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ADAPTIVE ESTIMATION OF RANDOM-EFFECTS DENSITIES IN LINEAR
MIXED-EFFECTS MODEL
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92245 Malakoff, France

IMAPS5, Université Paris Descartes
45 rue des Saints-Péres
75006 Paris, France

ABSTRACT. In this paper we consider the problem of adaptive estimation of random-effects densities in
linear mixed-effects model. The linear mixed-effects model is defined as Y}, ; = ay + Bit; + ek,; where
Y}, ; is the observed value for individual k at time t; for k =1,...,N and j = 1,...,J. Random variables
(e, Br) are known as random effects and stand for the individual random variables of entity k. We denote
their densities fo and fg and assume that they are independent of the measurement errors (ej ;). We
introduce kernel estimators and present upper risk bounds. We also give rates of convergence. The focus of
this work lies on the optimal data driven choice of the smoothing parameter using a penalization strategy
in the particular case of fixed interval between times ¢;.

Keywords. Adaptive estimation. Nonparametric density estimation. Deconvolution. Linear mixed-effects
model. Random effect density. Mean square risk.

1. INTRODUCTION

Mixed models are models which bring together fixed effects and random effects. They allow analysis of
repeated measurements or longitudinal data. In this paper, we concentrate on linear mixed-effects models
defined as

Yiij=oar+ Bt +er;, k=1,...,N and j=1,...,J (1)
where Y} ; denotes the observed value for individual k at time ¢; and (o, k) represent the individual
random variables of entity k. They are known as random effects. (e ;) are the measurement errors. We
denote their densities f,, fg and f.. We do no assume that oy and [ are independent. We make the
following assumptions:

(A1) Times (t;)1<j<s are known and deterministic and A; = A for all j, t; = jA and J > 6.
(A2) (ex,j)k,; are i.9.d. with distribution f. and the Fourier transform of f. does not vanish on the real
line.
(A3) (ag,Br) are i.i.d. with respective distribution f, and fs.
(A4) (ag,Br) are independent of (e ;)x,;-
This aim of this paper is to recover the densities f, and fg from the data (Y} ;) in a non-parametric setting.

Mixed models have been widely studied in a parametric context. For example, Pinheiro and Bates (2000)
have considered the problem assuming that both random effects and measurement errors are Gaussian,
which enables them to use a maximum likelihood approach. Nonetheless the normality assumption can be
too strong in some cases. In this way, Wu and Zhu (2010) relaxed the normality assumption estimating the
first four moments of the random-effects density. We can also cite previous works of Shen and Louis (1999)
who consider a smoothing method without any assumption on the error distribution f., Zhang and Davidian
(2001) and Vock et al. (2011) who propose a semi-nonparametric approach based on the approximation of
the random-effects density by an Hermite series assuming that the error distribution is a Gaussian.

Here we consider an approach based on deconvolution methods. The convolution model a classical setting
in nonparametric statistics which has been widely studied. There exists a large amount of literature on the
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subject assuming first that the noise density is known. We can cite Carroll and Hall (1988), Stefanski
(1990), Stefanski and Carroll (1990), Fan (1991), Efromovich (1997) and Delaigle and Gijbels (2004) who
study rates of convergence and their optimality for kernel estimators or Butucea (2004), Butucea and
Tsybakov (2008a,b) for studies of rate optimality in the minimax sense. Yet the drawback of these methods
is that they all work under the assumption that the error distribution is known. However, the main goal of
this paper lies in an adaptive choice of a smoothing parameter. For the most part, the adaptive bandwidth
selection in deconvolution models has been addressed with a known error distribution, see for example Pensky
and Vidakovic (1999) for wavelet strategy, Comte et al. (2006), Butucea and Comte (2009) for projection
strategies, or Meister (2009) and references therein. Adaptive estimation in deconvolution problems with
unknown error density has been recently studied in a rigorous way. Several papers focus on that matter
as those of Comte and Lacour (2011), Johannes and Schwarz (2012), Dattner et al. (2013), Kappus (2014)
and Kappus and Mabon (2013). Rates of convergence have been presented in Neumann (1997) and, more
recently, in Johannes (2009), or Meister (2009) under the assumption that a preliminary sample of the noise
€ is observed.

More precisely, we follow an approach introduced in deconvolution literature but in this particular context
we apply a strategy based on repeated measurements in density estimation in deconvolution models. Rates
of convergence in a repeated observations model have been presented in Li and Vuong (1998), Neumann
(2007), Delaigle et al. (2008) and Comte et al. (2013). For the point of view of adaptive bandwidth selection,
we can cite Delaigle et al. (2008). More recently, Kappus and Mabon (2013) study deconvolution model
in the context of repeated measurements and achieve a new adaptive procedure. Their method has the
advantage of deriving a nearly optimal data driven choice of the smoothing parameter using a penalization
strategy under very weak assumptions: in particular no semi parametric assumptions on the shape of the
characteristic function of the noise is required. In this paper, we propose to adapt their method in the
context of mixed-effects model. For that we are aware of the work of Comte and Samson (2012) who
propose nonparametric and nonadaptive estimators of the random effects under several assumptions on the
noise, mainly assumed to be known and Dion (2013) who study nonparametric estimators based on Lepski’s
method and others based on a contrast penalization, but in another asymptotic framework.

This paper is organized as follows. In Section 2, we give the notations, specify the statistical model and
estimation procedure for f, and fz. In Section 3, we present upper bounds for both densities and rates of
convergence for fg. In Section 4, we introduce adaptive estimators and propose a new adaptive procedure
by penalization in the context of linear mixed-effects model under weak assumptions inspired by the work
of Kappus and Mabon (2013). Besides the theoretical properties of the adaptive estimators are studied. In
Section 5, we lead a study of the adaptive estimators through simulation experiments. Numerical results
are then presented. All the proofs are postponed to Section 6.

2. STATISTICAL MODEL AND ESTIMATION PROCEDURE

2.1. Notations. For two real numbers a and b, we denote a V b = max(a,b), a A b = min(a,b) and
(a)y = max(a,0). For two functions ¢,y : R — C belonging to L!(R) N L?(R), we denote ||¢|| the
L? norm of ¢ defined by |¢||> = [; le(x)]*dz, (p,v) the scalar product between ¢ and ¢ defined by

() = [p p(x)ih(x) dz. The Fourier transform ¢* is defined by

o) = [ eotu) du.

Besides, if ¢* belongs to L'(R) N L%(R), then the function ¢ is the inverse Fourier transform of ¢* and
can be written ¢(z) = 1/(27) [ e~ *“*(u) du. Lastly the convolution product * is defined as (p * ¥)(z) =

f oz —uw)(u) du.

2.2. Estimation procedure.

2.2.1. Adaptive estimator of f,. If observations for ¢y = 0 are available, then Model (1) writes
Yio=oax+ero and k=1,...,N. (2)

This is a classical deconvolution model. Nonetheless this model has been widely studied when f is assumed
to be known, see Stefanski and Carroll (1990), Fan (1991), Pensky and Vidakovic (1999) and Comte et al.
(2006).

In this paper, we consider the context of unknown measurement errors. This problem has been studied
by Comte and Lacour (2011) when a preliminary sample of the error distribution is available. Yet this is not
the case we consider. In the context of repeated observations models, we can refer to the works of Li and
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Vuong (1998), Neumann (2007), Delaigle et al. (2008), Comte et al. (2013) and the recent work of Kappus
and Mabon (2013).

The density distribution of Yj ¢ is noted fy. Under Model (2) and independence assumptions we have
clearly that

fY = foc * fa
which implies that
. Iy
fa= e
e
In this case, we have that
1 o —tux f;; (u)
am(T) = — e == du. 3
famle) = 5= [ il 3)

If f* were known, we could simply estimate f* with f;“, /fE where f{, is an estimator obtained directly
from the data with a simple empirical estimator. We should only apply the inverse Fourier transform to
get an estimate of f. Nevertheless, 1/f* is not integrable over R because f* decreases to 0 near infin-
ity. That is why we cannot compute the inverse Fourier transform over R. We need to regularize the
problem, for example, with a spectral cutoff parameter. In this particular case, the estimator of f would
be 1/(2m) f|u\grrm e~ fx (u)/ £ (u) du. We can notice that this estimator corresponds both to a kernel es-

timator built with a sinc kernel (Butucea (2004)) or to a projection type estimator as in Comte et al. (2006).

In this paper the error distribution is assumed to be unknown. To make the problem identifiable, some
additional information on the noise is required. When ty = 0, linear mixed-effects models can be seen as
repeated observation models. Therefore we can recover an estimation of the error distribution from the
following data:

Uk =Ypa—Yios— Yio—Yi1) =€ra—€k3—Ex2+ k1

which imply have the following equality under (A2)
fi(@) =B [e*V] = |f ()"

For the estimation of f,, we add the following assumption:
(A5) € is symmetric.

This latest assumption implies that f* is real-valued and positive, so that f;(z) = (f*(z))*. As a conse-
quence f*4 can be estimated as follows

A 1 &
4 (x) = (N;cos(xUk)> . (4)

+

Nevertheless we need to prevent ?gl to become too small. For that we introduce a regularization of the
Fourier transform by truncating the estimator following methods presented in Neumann (1997), Comte and
Lacour (2011), Kappus (2014) and Kappus and Mabon (2013). We define the following threshold

kn(z) = sy(z)N~Y2 (5)

where sy(x) > 1 and sy(z) = O(NY2) when N — oo for all z. Now we can introduce another estimator

of fr.

: {(ﬁ%))ﬂ‘* it (@) = ky (@), ©)

f:(l’) = (kN(iU))l/4 otherwise.

So using the inverse Fourier transform, we can estimate f, ,, as follows

R _ 1 o —izu *(U)
fami) =gz [ i @

where fi(u) =1/N Zivzl efuYio,
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2.2.2. Adaptive estimator of fz. For the estimation of fz, we use another approach to see the problem as
a deconvolution problem. Without loss of generality we assume that J is even. So for 1 < j < J/2, we can
transform the data as follows

Yioj — Yioj—1 €k,2j — Ek,25—1 Nk, j

% =B+ % = B + A7]7 Mhj = Ek.2j — Ek.2j1- (8)
Let us notice that for a fixed j, the (Z; ;) for k = 1,..., N are i.i.d. but Zj ; and Z; for j # | are not
independent. It means that we preserve the independence between individuals of the sample.

Ly =

Since B is independent of 7 ; under (A4), we can write the following equality
ij = fﬂ * fh
A

which implies

So under (A2) we have

Now using all the observations j we can write that
.]/2 * (

Unlike in the estimation of f,, we do not need to estimate the Fourier transform of the error distribution
but only |fZ|%: that is why we do not assume here that the noise is symmetric. Let us notice the following
equality

U
N Zio— 2Ly = N (ks —€k3 —Eka +Ek1)-
Then we have

fir (@) =B [e072] = |12 ()" (9)
A

So |f#|* can be estimated as follows

|f*4| (%) —( ZCOS ) . (10)
+

And to prevent the denominator from becoming too small, we regularize the Fourier transform of the
error distribution as follows

R — 1/2 _—
Fayp o @ P=(5T@) 7 i ) 2k (5), a1
(kN (%))1/2 otherwise.

Thus we can estimate f as follows

J/2 ps N
; 2 f7,(x) 1
f5(z) = = with fZ e TYhi =3,...,J/2.
T (3 W

We emphasize that the previous definition uses distinct observations for fe* and f gj, so that the numerator
and the denominator are independent. This is why (A1) requires J > 6. We then define f3 ., as follows

J/2
Lo 2 [z, (u
m — 7’Ll‘u u. 12
foma)= 3= [ e 4Z|f* (12)
Applying the inverse Fourier transform, we get an estimate of f3
J/2 s
. 1 ™ 2 7 (u)
f/B,m(.T) - e—'LI’LL _ ]u du
3 ) TS (D r
1 ™m - £x
_ 7/ e twu __ Z(u) du (13)
2 ) wm 2 (R)P

where f%(z) = = 42‘1/2 f2.(@).
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3. UPPER BOUND ON THE L2 RISK

Before giving upper bounds for fmm and f57m, we need two key lemmas which are similar to Neu-
mann’s lemma but are derived for our particular estimators. These lemmas study the error induced by the
truncation.

3.1. Upper bound for f,.

Lemma 3.1. Let g > 1, under assumption (A2) there exists a constant Cy such that
1 1

1 K39 (z)
E|l— - —— <C NN : (14)
[ fr@)  fi(@) ! (lf:(sv)l?q |f:(a:>|1°q>
Proposition 3.2. Under assumptions (A2)-(A5), for kn(x) defined by (5) assume that sy(z) =1 and
for fom defined by (7) then there is a positive constant C such that

Lo ()2
foo Fon|| <o = fuml+ ( /mm() d“*%/_mm(un d“)’ (15)

where fo m s defined by (3) and C is a numerical constant.

2q

5|

Remark. The first two terms of the right-hand side of Equation (15) correspond to the usual terms when
the error distribution is known (see Comte et al. (2006)): a squared bias term (|| foa — fa.m||”) and a bound
on the variance depending only on f7. The last term is due to the estimation of f} and in addition depends
on fr.

For the rates of convergence, we refer to Lacour (2006) for a complete study of the known-error case,
Comte and Lacour (2011) for unknown noise. We refer also to Delaigle et al. (2008) who show that in sta-
tistical deconvolution problems there is no first-order loss of performance when estimating the error density
with repeated data compared to the known-error case under the assumption that ” f is smoother than half
a derivative of f.”. Finally, in that model, we also refer to Comte et al. (2013) who complete the theoretical
study of Delaigle et al. (2008) by studying this time the integrated risk.

3.2. Upper bound for f3.

Lemma 3.3. Let p > 1, under assumption (A2) there exists a constant C,, such that

1 1 1 k2P (z)
E||—= - <C N —N . (16)
U REERGE P (If:(x)l“P If;‘(fv)12”>
Proposition 3.4. Under assumptions (A1)-(A4), for kn(x) defined by (5) assume that sy(x) = 1, then
fa,m defined by (13) satisfies

_ 6m 12 1 /™  du 40, 1 ™ |5 @W))?
] N VN 4)27r/_m rEpP TN 27r/_,rm AT

2p

where fa.m is defined by (12) and Cy is defined in Lemma 3.3.

Remark. The first three terms of the right-hand side of Equation (17) correspond to the terms when the
error distribution f* is known as found in Comte and Samson (2012): a squared bias term (|| fz — fz.m|*)
and two terms of variance. The first term of variance with order m/N is the bound we would have if
we were in a direct density estimation context. The second term is a classical term appearing in density
deconvolution problems when the error distribution is known but the J — 4 factor is specific to the repeated
measurement framework. The last term of variance is due to the estimation of f!.

3.3. Discussion about resulting rates. In order to derive the corresponding rates of convergence of the
estimator of fz defined by (13) we assume that the density functions f3 and f. belong to some nonparametric
classes of functions. First, we introduce the following type of smoothness spaces

A(a,r, L) = {f e L' nL%(R), /|f*(u)|262aw du < L} (18)

5(5,L)={feL1mL2 /|f 1+u)5dugL} (19)
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with 7 > 0, a >0, > 1/2 and L > 0. Then if fz belongs to A(a,r, L), the bias term can be bounded as
follows

L r
_ 2 o = —2a|mm|
Ifs — famll” < 5. ,
or if fz belongs to S(J, L)
L —
||f,3 - fﬁ,m||2 < %((Wm)Q + 1) s,

In order to derive the order of the bound on the variance in Equation (17), we need more information about
the regularity of f.. We add the following classical assumption:

(A6) There exist positive constants ko, k{, v, i, and s such for any real z
ko(2? + 1)=7/2emrl=l” < | f2(2)| < kj(a® + 1)1/ 21l
If s =0, we say that f* € OS(v) (for ordinary smooth) and if v =0 f* € SS(s) (for supersmooth).
We introduce the notation g(x) < h(z) if there exists a positive constant C such that for all z, g(z) <
Ch(z) and the notation g(z) < h(z) if g(z) < h(z) and h(z) < g(x) .
Lemma 3.5. If f* satisfies assumption (A6) then

™m du .
/ - - (ﬂ_m)4’y+l—se4,u(rrm) ,
f2 (%)
™m * 2
M du < (7Tm)(47+175)A2(2y76)+64H(Trm)s]1 o
o |f2 (%) ton

—7Tm

+ (ﬂ_m)2(2'y—5)+e2(2#—a)(ﬂ'm)s]I{T:SJMZQ} n ]1{T>S}U{2uga}.

A proof can be found in Comte and Lacour (2011).
Proposition 3.6. Suppose that (A6) is fullfiled, f* € OS(a) and fg € S(J, L) defined by (18), then

2 6m m4'y+lfse4,u(7rm)s m(4’y+175)/\2(277§)+ 64#(7rm)s
<C —26 2 Cl "
<Om ™ + N + N(J —4) + N
where C,C" and C" are positive constants independent of N or J.
Proposition 3.7. Suppose that (A6) is fullfiled, f € SS(s) and fg € A(a,r,L) defined by (19), then
~ 2 - 6m m4'y+1 c
E H _ H <C —28 ,—2a(mm) ohe o ~
Jo = Joum| < Cm e TN T NI TN

where C,C" and C" are positive constants independent of N or J.

E

‘fﬁ - f,@,m

(20)

(21)

The rates are reported in Table 1. We clearly see that the rates of convergence depend on unknown
quantities since they describe the regularity of the density function under estimation as well as the error
distribution. When J is considered as a constant, we find the usual rates of convergence corresponding to
density deconvolution already presented in the literature.

feAla,r L), [z €0S() | feS8(6,L),fr €5S(s) | f € Ala,r, L), f2 € OS(y)

)

(log N.J (log N) 7
NJ N

Sl

r=0 | (NJ)yzeam  N-(a0s) (log N.J)=20/s

TABLE 1. Rates of convergence for the MISE

The idea now for the adaptive estimation is to find a penalty term which would have the same order as
the bound on the variance. Thus the adaptive estimator will reach automatically the rates of convergence
presented in Table 1. The following section will show that we can obtain an adaptive procedure under weak
assumptions.
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4. MODEL SELECTION
In this section, we introduce an adaptive estimator of | £*|> which can be uniformly controlled on the real
line which brings a model selection procedure with very weak assumptions on the error distribution f!. For
that we need to precise a sy (z) which will allow us to apply concentration inequalities of Talagrand type.
For § > 0, let us introduce the weight function w defined as

Vz € R, w(z) = (log(e + |z[)) "2 °

which has originally been proposed in Neumann and Reifl (2009). In this context, as from now, we set the
threshold ky as follows

kn(z) =k (log N)Y? w(z) ' N~1/2 (22)

which means that we take sy (z) = x (log N)*? w(z)~L.

We want to propose an estimator fm of f completely data driven. Following the model selection paradigm,
see Birgé (1999), Birgé and Massart (1997) or Massart (2003), we select 7 as the minimizer of a penalized
criterion

i = argmin { = full® + Ben(m) }
meMy,
where M., describes the model collections.

The penalty term should be chosen large enough to counterbalance the fluctuation of fm around f , but on
the other hand, should ideally not be much larger than the variance terms presented in Equation (17). Here
the penalty term is stochastic since the variance terms depend on the error distribution which is supposed
unknown.

4.1. Adaptive estimation procedure for f,. In this section, we adapt the results of Kappus and Mabon
(2013) who proposed a completely data driven procedure in the framework of density estimation in deconvo-
lution problems with unknown error distribution. In the present paper, Model (2) can be seen as a repeated
observation model, which is studied is their paper. The only difference lies in the fact that in Kappus and
Mabon (2013) f*? can be estimated directly from the data with an empirical estimator whereas we can only
estimate f’* which is due to our access of the e-sample. This, in our case, implies that f* is raised to a
greater power in the term specific to the unkown noise density.

We introduce the following notations

™ (w) "2 o (w) T2 f* (u)]?
O(m) 1/ 7() 5 du  and 0% (m) 1/ —() [fa(wl du

o ) W) T ) e FE@P
Som) = [ B g Gy = L[ e W)
o) =g [ (it wmd &m =g [

This terms correspond to the deterministic and stochastic bounds on the variance appearing in Equa-
tion (15). The difference lies in the introduction of the function w essential for the adaptive procedure.
Thus, we define empirical penalty as

pen(m) = 12X°(m, @mﬁ@ + 1652 log(Nm) @ajgm)

where & is defined in Equation (22), and a deterministic penalty

pen(m) = 12 (m, @(m))% + 1682 log(Nm) @ajsfm) 7

with
16v2
A(m, D) = max 8log (1 + Dm?), —= log (1 4+ Dm?) » .
(m. D) {¢g< ) o s ﬁ
Then, we select the cutoff parameter m as a minimizer of the following penalized criterium

T = argmin {*H]L:az.,mn2 + ﬁeﬁ(m)} (23)

meM,,

where M,, = {1,...,n}. We can now state the following oracle inequality:
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Theorem 4.1. Under assumptions (A1)-(A4), let fr o be defined by (7) and (23). Then there are positive
constants C** and C such that

. C
E|lfa — fam|l? < C% inf — 2 —. 24
| fa fa,m” <C mg}\/[n {”fa foc,mll —|—pen(m)} + N ( )

Remark. The latest result is an oracle inequality which means that the bias variance compromise is auto-
matically made and completely data driven in an almost non-asymptotic setting. So rates of convergence
are reached by themselves without being specified in the framework. This result is of high interest since in
deconvolution problems, rates of convergence are classically intricate and depend on the regularity types of
the function f under estimation and the error density f* (see Section 3.3).

However the penalty term is not exactly the same as the upper bound terms shown in Equation (15). We
may wonder if a loss due to adaptation occurs. To answer that question, right-hand side of Equations (15)
and (24) have to be compared. More precisely, since the bias term || fo — fa,m|* is unchanged and N~ i
a negligible term, it comes down to compare pen(m) with

1 1/’”" 1 | faw)? )
— du+ — du | .
N ( o [fZ(@)]? 27T e | 2@

Clearly the difference lies in the logarithmic terms, and thus, the loss is negligible.

4.2. Adaptive estimation procedure for fg. Asin the previous section, we start by defining the bound
appearing in the known-error case then the one appearing in the known-error case and introduce the function
w which is principal for the adaptive procedure.

E(m):i/ﬂm ﬂdu and

(1]

W |f5(w)]?
ﬂ(m)—i/ ( ) B

2 ) —wm | f2 (%)| L - |/ (%H
T w)~? ™m w) "2 fx
Zm) = o [ B oy g 2y - L [ B V0P,
2 —7mm 5* (%) 2T _am f: (%)

We can now define the stochastic penalty associated to the adaptive procedure
qen(m) = qen, (m) + geny(m) + qenz(m)

2 (m, E(m))E(m)
(J 4)

= (m)

I
74— 1
6 + 16 N

+ 162 log(Nm)

and the deterministic penalty
qen(m) = qen; (m) + geny(m) + qeng(m)

2(m 28 (m
N(HJ(_)4)+16/<;210g(Nm) (m)

= 64% +16p2(m, Z(m))

with weight

16v/2

m, D) = max 8log (1 + Dm?2), ————
p(m, D) { g ( )3 N1

log (1 + DmQ)} .

It is worth mentioning that the penalty takes into account the three terms of variance showed in Equa-
tion (17) which is consistent with the upper bound given in Proposition 3.4. So the penalty has the same
order as the bounds on the variance. As in Kappus and Mabon (2013), the model selection procedure has
the advantage of keeping track of the inverse Fourier transform of the target density fz by estimating it by
f} / fE* in the term éﬁ(m) which is a difficulty in deconvolution problems as showed in Section 6. Besides
we can also point out that the model collection M,, = {1,...,n} is a deterministic one.

Therefore we select the cutoff parameter 1 as a minimizer of the following penalized criterium

g cﬁ(m)} : (25)

m = argmin {
meMny

Theorem 4.2. Under assumptions (A1)-(A4), consider fg s defined by (13) and (25). Then there are

positive constants C* and C such that
2 2 . C
E|fs = foul| < inf {1fs— fouml®+aen(m)} +

c
NO DTN (26)



ADAPTIVE ESTIMATION OF RANDOM-EFFECTS DENSITIES IN LINEAR MIXED-EFFECTS MODEL 9

Remark. The same kind of remarks as in Theorem 4.1 hold here. The latest result is an oracle inequality
which means that the bias variance compromise is automatically made and completely data driven in an
almost non-asymptotic setting. So rates of convergence are reached by themselves without being specified
in the framework. As far as we know this result is new in the literature.

5. SIMULATION

In this section, we only concentrate on a simulation study of fg. Indeed, the proposed method for the
estimation of f, being mainly taken from Kappus and Mabon (2013), we refer to that paper for the perfor-
mance of the estimator.

The whole implementation is conducted using R software. The integrated squared error ||f — fﬁ,mHQ is
computed via a standard approximation and discretization (over 300 points) of the integral on an interval of
R denoted by I. Then the mean integrated squared error (MISE) E|| f — fg,m||2 is computed as the empirical
mean of the approximated ISE over 100 simulation samples.

Practical estimation procedure. The adaptive procedure is implemented as follows:

> For m € M,, = {my,...,my}, compute —|| fz.. > + qen(m).
> Choose 7 such as 1 = argmin § —|| fz.m|? + qe/\n(m)}
meM,,
T A*
> And compute fg () :/ e’”“%du
— i 172 (%)

Riemann’s sums are used to approximate all the integrals. The penalties are chosen according to Theorem 4.2
and as in Comte et al. (2007) we consider that m can be fractional by taking the following model collection

associated with the following penalty

_ m  log(1 4 Z(m)m?)Z(m)

Moreover the interval ¢; are chosen as t; = jA with A =2 and J = 6 as in Comte and Samson (2012). We
consider the four following distributions for (3 :

> Standard Gaussian distribution, I = [—4, 4].

> Cauchy distribution, f(x) = (7(1+ 22))~!, I = [-10,10].

> Gamma distribution : 5-T'(25, 52), I = [-1,13].

> Mixed Gamma distribution : X = W/v/5.48, with W ~ 0.4I'(5,1) + 0.6I'(13,1), I = [-1.5, 26].
All the densities are normalized with unit variance except the Cauchy density. Unlike in Comte and Samson
(2012), we do not study the influence of the distribution of f, on the estimation of fz. In all considered
cases, « is a standard gaussian distribution.

The results of the first and third distribution can be compared to those of Comte and Samson (2012)

and the first, second and third can be compared to Kappus and Mabon (2013).

We consider the two following noise densities with same variance 2. In the simulation the variance takes
the values 1/10 and 1/4. The first one is a gaussian density (supersmooth density) which means f* € SS(2).
The second one is a Laplace density (ordinary smooth density) which means f* € OS(2).

( ) /2 2‘/E D ’ JE ( ) Qx
(}aIISSIan noise : ? eXI) ? eXI) .
=\ X

1
-j € (fL’)

1y o2x?
The calibration of the two constants are done with intensive preliminary simulations with a sample size
of 500. In the end, we choose k; = k3 = 1. We can notice that in Kappus and Mabon (2013) the constant
are bigger. It seems that the greater the power of f7 is in the denominator, the smaller the constants are.

1
Laplace noise : f.(z) = o exp (_|x>7
o o
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Results. The results of the simulations are given in Tables 2 and 3. For both tables, the MISE is multiplied
by 100 and computed from 100 simulated data sets. We also give the medians of the MISE. A first remark:
estimating the Fourier transform of the noise f} reduces the risk compared to knowing the density of the
noise, a fact already pointed in Comte and Lacour (2011). This can be explained by the fact that an
additional regularization of the characteristic function of the noise comes in. This regularization is not
applied in the procedure when the error distribution is known.

Table 2 corresponds to an estimation procedure where the error distribution is a Laplace density while
Table 3 corresponds to a Gaussian noise. We notice that increasing the sample size improves the estimation
and increasing the variances degrades the estimation but in an acceptable way. Concerning the medians of
the MISE, they are always lower than the means of the MISE.

For all the test densities, the results are very good. If we compare to Kappus and Mabon (2013) the
results are very close. It is quite remarkable that they have the same order since in this paper we have
access to an estimate of (f*)* when they have access to an estimate of f* or (f*)2. Still it proves that their
methodology is robust since it does not fail to estimate in that particular case. If we compare the results
to those of Comte and Samson (2012), we see that our procedure does not outdo theirs. But the results are
very close. Nonetheless our adaptive procedure has the advantage of being based on theoretical properties.

2= L o2 =1
N 200 2000 200 2000

Gaussian fe known 0.344 0.054 0.514  0.129
(0.273) (0.045) (0.513) (0.105)

fe unknown  0.331 0.042 0.317 0.057

(0.251) (0.033) (0.236) (0.051)

Cauchy fe known 0.625 0.105 0.804 0.216
(0.573) (0.097) (0.765) (0.211)

fe unknown  0.507  0.075  0.657  0.090

(0.427) (0.071) (0.599) (0.079)

Gamma fe known 0.398 0.069 0.620 0.161
(0.360) (0.063) (0.517) (0.140)

fe unknown  0.381 0.051 0.506  0.066

(0.347) (0.044) (0.430) (0.051)

Mixed Gamma f. known 0.545  0.095 0.715  0.150
(0.480) (0.084) (0.620) (0.141)

fe unknown  0.506  0.082  0.518  0.092

(0.453) (0.080) (0.495) (0.084)

TABLE 2. Results of simulation as MISE E <||f - fﬂ,mHQ) x 100 averaged over 100 samples.

In brackets we give the median of the MISE also averaged over 100 samples with a Laplace
noise.
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2 _ 1 2 _ 1
e = 10 0c =1

N 200 2000 200 2000

Gaussian fe known 0.349 0.054 0.650 0.142
(0.296) (0.045) (0.598) (0.128)

fe unknown  0.285  0.038  0.349  0.052

(0.239) (0.029) (0.273) (0.053)

Cauchy fe known 0.588 0.119 0.848 0.272
(0.532) (0.112) (0.791) (0.263)

fe unknown  0.481 0.076 0.680 0.089

(0.449) (0.070) (0.607) (0.084)

Gamma fe known 0.401 0.072 0.956 0.207
(0.332) (0.063) (0.910) (0.190)

fe unknown  0.402 0.049 0.461 0.067

(0.316) (0.041) (0.418) (0.055)

Mixed Gamma f. known 0.504 0.089 0.704  0.163
(0.454) (0.084) (0.639) (0.146)

fe unknown  0.504 0.079 0.552 0.101

(0.446) (0.072) (0.484) (0.093)

TABLE 3. Results of simulation as MISE E <||f - f5m||2) % 100 averaged over 100 samples.

g

In brackets we give the median of the MISE also averaged over 100 samples with a Gaussian
noise.

6. PROOFS

6.1. Proof of Lemma 3.3. We start by proving Lemma 3.3 since Lemma 3.1 is obtained as a consequence
of it. Let p > 1 be. Using that 1/|[f*(z)|* + | f2(2)|?|* < 1/|fZ(x)|*, we have

1

{172 @) < kn (@ ‘W T

2p
1

2p
9} e~ TP ]
172 - Vi@
kn (z)P
172 @)1t = 1z @)
@I @) || )R + 1z @]
@~ Vi@

kN(.’E)p

<@ |12 @) < kn(2)]

2p

+E [1{If2 @] = kn(2)

<[f2(@)]"

~ 2p
172 @)t = 12 @)l
[f2 @) 2 (@)l

+E 1 {IZ@I* > kn(2)}
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L
|2 (@) | fx ()2

o 15¢ case : |f*(z)|* < 2ky(z). In this case we have = |f*(x)|=*". Then starting

from (27), we get

@~ 1@
@

.

1 2p

1
N TCEIEGE

<P @I + 12 @) E |1 {12 @)1 2 kv (@)}
< 0P| f2 (@) + |f2 (2)| Pk (2)"*E [ @) — | f2 (@)
< 9|2 ()| + |2 ()| () PN

< 9|2 ()| + | £2 ()|~ * (log N) Pw(z)* NPN P

< O(|f2 (@) 7).

i) k()

1
@ @ e

o 2°d case : |fX(z)[* > 2kn(x). In this case we have

Now using the

Markov and Rosenthal inequalities.

7

fre < /fN(fU)] p [[77](@) < /fN(l“)]

£271(@) = 72 @)1 > 172 @) = k()]
1:7(2) x\]>|f )I4/2]

— 2p

F27@) — 12 @)l
(12 (@) /2)

< cp NP

— Sz

Then we can bound the first term of Equation (27) as follows

2p

[f2(@)? = Vkn(2)

2@ [If @) < k()]

kN({,C)p
o (1 + \/kN(x)>2p
<|f pP{ ; </€N ] k‘N(l‘)p
< |fX(z)| %P {|f§(x ) < ky } i]jvj\éx)ip
< O(N7P|f2(x)|~"2P)
< O(kn ()| f2(x)|~12P). (28)

- 2
*(2))? + |f€*(m)|2‘ < 1/|fX(x)|*, we can bound the second term of

.

Equation (27) as follows

1 1

£ B EREGE

7@l > i)}

O R N S N SO w1 750G el o

[ VE@ 2@} rtm] |Fep] (iFwr s er

@R | F @ s k| L L] Eeler [
~ e E[ﬂ{fa”' 2O 7R @R @ @+ 1 wF ]
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.

£7](@) — £ (@)l

2 @)P + 17z (@)

[7271() — 112 |
72 (@)

2p:|

7@ = 12 (@)
|f2 ()|
< 20|12 () [T NP 21 @) by () PN
< 2P| fE ()| TP NTP 4 2| f2 ()| TP NPN TP
<O (1fz(@) P N)
< Ol (@2 (@) ~120). (29)
Then gathering Equations (28) and (29), we just proved that if |f*(z)|* > 2kx(x) then

We then deduce the following bounds

: [ﬂ @I 2 k(o) ’ |f:<1x>|2 B \f;<1x>|2

<2712 (@) T E [ﬂ {z@I 2 k(o)) ‘

:

+20f2@)E (1 {2 @) = kv (@)}

<2 @ E i) - 152 )

4
4 P

+20f2 @) E [T {If @) = k(@) ]

< O(kn ()| f2 ()| 712).

E‘ 1 1
fr@)2 f2(2)]?
In the end

2p

1 kY (2) ) |

1 1
= — C
=\ om0 p<|f§‘(w)4pA|f:(w)I12P

6.2. Proof of Lemma 3.1. Under (A5) and applying Lemma 3.3, we have
2p
2p/

1
(f2(x)

K (
£ (x)

2
x)
E

1 1

fx(z) - fr(@)

1

» 1 1 1
] - U @R P

F) @
1 1
fx( fz(x)

:])
)

1 1
- U P @R
1 J—
(f2(x))?
_ * T 2p 1
- |fs( )| C:D <|f:(m)|4p A

_ 1 Ky (z)
-G <|f:<x>|2p : If:(x)|1°p>

@R U

2
2p

We just proved the desired result.

6.3. Proof of Proposition 3.4. As aforementioned f@m can be seen as a projection estimator. We can
then write the following equality using Pythagoras’ theorem

T VAR S T
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Now using Plancherel’s formula, we can write

Hfﬁ,m—fB,mHQ /|f5m fﬁm (uw)|? du

. 2
| fw s [
/.. (R )
. . 2
Lo fz(w) [z (u) fz(u) fz(u
= — p - + — du
() R &) @
. 2
L™ wy o Jz(w) — f7(u)
— o [ wR(z) + d
N T
. 2
L™ 4 uy|? L™ 7 () — f7(w)
<2 [ Mseon@f a2 [ HERCSE an )
1
with R (E) = — . Taking the expectation, we get:
VR @7
N 2 T™m " 2 T™m _ " 2
Bt~ fonl[ <2 [ B ||0R [ a2 [ 18 @) |0 - 50| au
Yet
Fx * 2 4 X uZq ; 4 wZy j iuZy
E[ (u)—fZ(u)‘ ] = mZVar (e + N =17 Z Cov (€414, e 414" )
=3 3<j,j'<J/2
i#3’
4 J—4 (J—4)? ‘(u
< N ( A g I (5))
2
< o5 (1 @),
hence

e @relaw sl |acs g [ @S @

Now noticing that |f§ (u) — f5(u)| and |R (%) | are independent and applying Lemma 3.3 for p = 1, we get
mw™m 2 T™m R
[ { } aw=["g [ .

<2 [ iperER@)P are [ |

—Tm —7Tm

§2/_7;:|fz PE|R ()] /_:m]E

Q)

Fr (R (%)

()= f30 + F5(f 1R (2]

fatw) ~ 30| R x)ﬂ du

) - £300[ BIR (%) du
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Plugging (31) and (32) into Equation (30) yields

. 2 6 6 m . 20 ) k2
EHfﬁ,m_fﬁ,mH §%+m fs (Z)| du +71 |fZ(u)|2*N7UU)12du
—mm - |f€ (Z)‘
6m 12 L (™ u 2C unid K% (u)
—W*W%/ﬂmﬂfs (8] dut =2 7m|fﬁ W’ [£ (%)] |f;&)|udu
6m 12 1 ™ N 201 Loz k()
=N TNU- 27r/,,r 2 (@) s =2 4m|fﬁ(u)} |1 (%)ygdu
6m 12 1 T eyt gy g 200 L[ | f5(u)[?
In the end
2 1 /™ 1 40, 1 ™™ | f5(w)]?
E f,B_f,Bm <||f/3 fﬂm” + +7 / ﬁdu‘F / ﬁdu
H N NUJ—-4)27 J_. fr (Z)’ N 27 —rm | f (Z)‘
O

6.4. Proof of Theorem 4.1. The proof is similar to the proof of Theorem 4.2 and particularly of Theorem
3.1 in Kappus and Mabon (2013). For the last one, the only difference lies in ©* since f* is raised to a
greater power. Then the proof can be easily adapted.

6.5. Proof of Theorem 4.2. Before proving any result, let us introduce some notations: for k > m,
E(m, k) = 2(k) — Z(m),
=P (m, k) = 2P (k) — 2P (m).

Moreover,
gen(m, k) = gen, (m, k) + qeny(m, k) + qens(m, k)
64(k —m) [2(m, k)E(m, k) 9 28 (m, k)
= 1 1 log(N(k — _—
N +16 N —4) + 16k log(N(k — m)) I
with

16v/2
3N —4)

Now we can start the proof of Theorem 4.2. We denote by m* the oracle cutoff defined by

f(m, k) = max {\/8 log (1 +E(m, k)mQ) (1 + E(m, k) (k — m)2> } .

m* = argmin {—||fg,|° + qen(m)} .

me

We have
2 R R 2
+2 Hfﬂ,m* - fﬁ,m” .

Hfﬁ - fﬁ,mHQ <2 Hfﬁ — fome

e Let us notice on the set G = {rin < m*} :

. . 2 . 2 . 2
Hfﬁ,m* — fom| 1o = <Hfﬁ,m* ’ > g
Besides according to the definition of 7, one has the following inequalities:
~ 2 2
= || fam|| + dEmG) < + Gen(m*) (33)
which implies
. 2 2
- fﬂ,mH < - + qen(m”).

Thus
2

2
fﬁ,mH > 1e < gen(m™).

N o 2 N
e = ([

Taking expectation, we apply the following Lemma
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Lemma 6.1. There is a positive constant C' such that for any arbitrary m € M,
E [qen(m)] < Cqen(m), (34)
It yields for some positive constant C
~ 2 ~
E [Hfﬁ ~ foum| ng} < 2F [Hfﬁ ~ fom:

< 2|5 = fome||” + 2Cqen(m”).

|+ 22 i@

We just proved the desired result on G
E[lfs = fomllc] <€ inf {lfs = foml>+pen(m)} . (35)

e We now consider the set G¢ = {rh > m*}.

2 ~ ~
lge = (Hf,@,m — fpm>

. 2 1
2 — ~
fam — fm= — 4| fam — fom " — 2qen(m*7m)) 1ge

1__ .
(41 = o I+ S0 ) L

2 s 1
— 4l = Fome|* = 5@, B)

< sup {Hf/sk - fb’,m*

k>m* +
keM,
1 o N
+ 4| fam — fomelI” + 3 > qen(m*, k)1 {rm = k}. (36)
k>m*
kEM,,

Let us first notice the following inequality
Vk >m, qen(m,k) < qen(k). (37)

Besides by definition of m (see Equation (25)), on the set {/i = k} N G¢ and applying Equation (33), one
has

1

~ ~ 2
5 @) — @n(m) < | fon — Fe || — 3 .

— Saeu(k) + SGen(m’)

> 1, 1,
— iqen(m k) + iqen(m )

1 . .
5@ (k) < ||fm = fom:

A A 2 1__, 1__,
< <Hfﬁfn — foame || = 4150 = fome|* = SH(m ,k>) 4l fan — Fom|* + 5aE0(mY).
(38)
Now using Equations (37) and (38)
1 —— % 7 £k 2 1__ *
3 2. @ k)< sup { [ Foan = Fgome || = 41850 = Foome I = 50R(m ,k>}
E>m* >m +
kgMn keM,,
2 1/\ *
4 = fome |+ 5@@(m"),
From Equation (36), we now have
2 2 2 2 2 2 2 1__
fom = fam+|| 1ge <2 Sup Hfﬁ,k = o || =4l fs — fome|I” — aen(m”, k)
>m*
keMy, "
2 1 __
+8|lfm = fomI” + Sqen(m?). (39)
Taking expectation the first summand is negligible by applying the following Proposition.
Proposition 6.2. There is a positive constant C such that for any arbitrary m € M,
R . 2 9o 1__ C
E | sup q|fok = fom| = 4l1fon = Foml® = FaRmE) p | <. (40)
k>m +

keMy,
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Finally we have
5= do[ 0] < € (11 = e I aentm®)) + 5=+ -
0

This combining with (35) complete the proof

6.6. Proof of Lemma 6.1. e First consider geny(m). For ¢ = 1/2 or 1, using Cauchy-Schwarz’s inequality,

ﬁ(m)mQ)} E {é%m)} .

we have
{log ( é(m)m2> é(m)} S\/ [log (
2
- 1 ™y (L -2
23 (m) = 27r/ - N*(Au) 7 du
E(K)
9 2
1 /Trm 9 1 1 1
<3 w(i) =T | e
A%\ S Pl 1@ |fa (%)’
9 2
1 ™m 9 1 1 -2 1 ’
) / w(z) | s e TR || e
o AR 72 ()]
9 2
92 /7r7n 9 1 1 —2
< — w (% = du | +8=*(m).
= ( LB R EEE ) .
Now noticing that we can write the first term of the lastest inequality, we have
5 2
™m o 1 1
E / w(2) 7 - du
(m S EwE EEr )
1 1 ’ 1 1 i
71]3/ / () 2w (2) 77 | = - . - du dv
LB SRR T Eme [Fer ERr
R S [
= du dv.
FEE P ]

= ”f (R 17 (R)P

™m
E
A
—mm J —mm

u
A

J ‘fa(@? If* %

<\Jeulfz (%)1- 8¢C2\fa (%)
SClfE ()T (X))

(m)} < (8Cs + 8)=2(m).

Now applying Cauchy-Schwarz’s inequality and Lemma 3.3 for p = 2
2 2
‘ 1 1 1
2 (k)12 1f2(R) P |17 <%) 21z (X1
4
1
|fa (5) 1P 12 (%) P

So we have
E [EQ
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Besides we have

1
1f2 ()12 12 (%) 17

o s/t:ww{

< l /Trm, w (E)_2
o ™ —7Tm A

Once again applying Lemma 3.3 for p =1

E{/:Zwm?

1 1
PP ()P

So we have
E [é(m)} < (2C4 + 2)Z(m).
Now using Jensen’s inequality (since log is concave)

E [long (1 + E(m)m2>} <log? (E [1 + é(m)mﬂ)

So
E {logq (1 + E(m)mQ) E(m)} < Clog? (1+E(m)m?*) E(m)

which means E[qgen,(m)] < Cqeny(m).
2p 2
L
/<|f;<x)4p 72 (%) [ ) '

—
—_

e Consider now geng(m). Let A, (%) = |—

other application of Lemma 3.3 yields

1o [ ™ w(2) 72 )
NE lQW /_Wm |f* ) 12 du}

9 2 [ 1 ™ w (%) fpu) - f3(u)? ]
<FE > —E |— = d
TN R TN [%/—wm 7 R)1

4 |1 ™ w ()72 | 5 (u) 2 [ w ] 2 |1 /™ w (L) F5 () — f3(u)?
<yEla )" IO IC I R S S =Y I il = A AR

Let us notice that
eiuBhi _ | [ Zhs] = s — fr(u)| £ () [2
= Bt /8) fau)lfe (%)
= e (S 2 (R) ) + (e g00) 12 (5) P

hence
. 1 N . 9 N J/2 ' 4
}(u) _ }(u) — N Z (ezuﬂk _ f;(u)) |f: (%) |2 + mzz (ezuBk (ezunk,j/A _ |f€* (%) |2)) .
k=1 k=1 j=3
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Then

1o e () i) - <“>'2du] 12
N 2m /—Trm |f5 (Z) |12 ( )
o (1 ™ w(®) 7 1f5) — fr)P1f7 (%) [* ]

“E|= — du
=N 2w/w 15 (—)|12

2 |1 ow ()7 Iy ey S (e (e /A — |2 (£) 7)) 12

ZE| = du| . 4
Y 27r/_m 72 (%) ]2 1)

Let us consider the first term on the right-hand side of Equation (43). We use the fact that [fZ( A
N~Y2(log N)Y/2w(u)~" as well as the independence of fﬁ and f* to find

—rm |f€* (Z) 12

1 /’" w () wlu)"2w(w)?| f5(u) — )P (%) [ du]
2 |f’; (%) |4N—1(10g N)w (Z)_Q

<E [Zlémfﬂ( ) — *(U)|2w(u)2} E 2177/7:; w(u)|}*£)|(})| du] .

Thanks to Theorem 5.1 in Neumann and Reifl (2009), for some positive constant C

1w ()72 fiu) — i) PIfz (%) 1
g/ A B A du‘|

. C

E * % 2 2 < .
s 750 - f5(0)Putu?] <
Applying Lemma 3.3 for p = 1, we get

L™ w(u) 2| f2 (%) |*
E|— - d
[% /_m FEpE

which means that there exists C' such that

1
—E
N

L w (R) ) - P ()1
2m /—7r7n ‘fNE* (%) |12

IN
=E

C

Now let us consider the second term on the right-hand side of Equation (43) and let us notice that

no

J/

E v i (" (R -1 ()

2

k=1

<.
w

J/2

E Z Z wu(Br—LB) ( ung, /A |f: (%) |2> (eiunk/,j//A |fe <%)| )
k,k'=13,7'=3
N J/2

o 3 3 e [(emr - () F) (¢ 15 ()P
kk'=17,j'=3
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The term e =Fx') is equal to 1 if k = k' otherwise E[e?*(Pk—Fi)] = | f5(u)[* < 1. Moreover if k # k" and
3B [(Eml 12 () P) (e 2 — |72 (£) )] =0, then

N J/2
N 2o 2 e (el 11z () )
k 175=3
J/2

< N= 4QZE[( womafS gz (1) ) (et~ 11z (2) P)]

4 * 4
< so—p (- @
4

SNT—4)

Now noticing the independence between the numerator and the denominator, using that | f*(u)|* > N='/2(log N)*/2w(u)~!
and applying Lemma 3.3 for p = 1, we have

lg i/m w(g)” e Soaiy S0 (e (ermes /A — |2 (%) 7)) 2

du
N 2 |f: (Z) ‘12
4 g
SNT-a" [% /_wm [z (%) 1 du]
< LE(m)
=N —4)

This completes the proof.
O

6.7. Proof of Proposition 6.2. Before proving Proposition 6.2, we first to need prove two auxiliary
lemmas. In the sequel, C will always denote some universal positive constant, but the value may vary from
line to line. For k > m, let us introduce the following notation : A(m, k) := {u € R, |u| € [rm, 7k]}. .

Lemma 6.3. For an estimator of f: defined by (11), assume k > \/c1p. Let T > 2k and © > 1. Then for
some positive constant C

P [3ue R |(2)*(w) = (£2)*(w)] > 7 (log(Nw))/* w(w) ' N~1/2] < Cam?N "

Proof.
() = (24| < | (F2) ) = (f2)H )| +
By Lemma A.4, we have
P[3ueR: () w) - (£ ()] > 7 (log(Na)/? wiu) " N=1/2]
(F2)H ) = (£2)* ()| + 2 (w) > 7 (log(N2) "/ w(w) " N/2]
<P [JueR:[(F) ()~ (£)* ()] > (7 — 26) (log(Na)) '/ w(u) T N=1/2]
< Cx PN7P,

S]P’{HUER:

O

Lemma 6.4. In the situation of the preceding Lemma

e log(Nz))/?w(u) "' N~1/2 o
P |3u e R |17 - 2P| {12 ) < 172 )} > TEE) < CamIN
|2 (w)
Proof. This is a direct consequence of Lemma 6.3 using the fact that for z,y > 0, |[\/z — \/y| < 2'%
holds. O
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Lemma 6.5. There is a positive constant C' such that for any arbitrary m € M,
2
1N

. 1
E | sup / — ePe — A (w))| du— —qeny (m, k <
S Y i | N ( 5(u)) 579601 (7, k)
keM, +

zlQ

Proof.

1
E | sup /
k>m 271— A(m,k)
keM,,

1 1 <=, i
<E Z o NZ(ewﬁ’“ = f5(u))| du— qen1 m, k }

k>m A(m.k) k=1
keM.,,
_ : X N 2
< Y Els [ G - )] du- g )
k>m (m,k) k=1
k‘EMTl -
N
1 m(k —m)
< E sup 7/ t*(u) = > (e f*(u))du TN
k;n testm) |27 Jagmpy N ; N
kEM, = !

We then study the following empirical process

et qu—F | - Tl ei B du

and define the following space: S(m, k;) = {t € A(m, k), ||t|| =1}. Then we can write

2
1 ——
sw i@F =|[ e — fi(w)
tes(m.k) A(mk) 2T N Z o
1 1 1 & ’

< sup |t* (u)|* du — =) e — fr(u)| du

tes(mk) 27 Jatmp) 27 J (k) N;; ’

2

1
S o ezuﬁk du7

27 A(m,k) Z

hence
N 2
: FY e = )| d
E| sup |uvn@®)*| < — — Y e u
teS(m,k) 2 A(m,k) Nk:l ’
(k —m) 2
< = H~-.
- N
, 2
Var —/ t*(u)e™P du|| <E —/ t* (u)e™? du

27 J A(m,k) 27 J A(m.k)

Let us notice that the expectation can be rewritten as follows

1

2
—_ 1
—/ t* (u)e™? du
27 A(m,k)

— t* (u)et™ du/ t*(v)e P dudv
472 /A('rn,k) A(m,k)

) /// fﬁ(iﬂ)@i(ufv)zt*(u)t*(v) dudvdz
T an RX A(m,k)x A(m,k)
= Ja(u—v)t* v) dudv.
an? //A(m’k)xA(m,k) 5 (u— o)t (u)t*(v)

=E

21

(44)
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Now applying Cauchy-Schwarz’s inequality

1 . ) .
] Ar? //A(m,k)xA(m,k) /5 (w = v)t" ()t (v)] dudv
1 . ]
: 47T2\///A(m,k)xA(m,k) | f5(u—v)|[t*(u)]? dudv
| \/// 73 (u—v)llt* (@) dud
A(m,k)x A(m,k)
B —
= 42 \///A(m k)XR|f5(w)||t (u)]? du duw
\/// | f5(w)][t*(v)[* dw dv
RxA(m,k)

<=/ F5 @l () dudu
d A(m, k) x A(m,k)

1

Var ||— / t*(w)e™Pr du
27 J Am k) w)

IN

gl
- 2w
hence
1 *
op var|| L[ e a| <L
teS(m,k) 27 J A(m k) o
And
1 2
7/ meiua: du < E— m,
2m A(m,k)
hence
1 -
o o [ F@e aul < V=
zER o A(m,k)

We can now apply Talagrand’s inequality

2

1
du — 4qen1(m k)

1 N
E | sup / — etuBr _ (u
k>m (m,k) N kz:: )

keM,, 4
f30 —ra k—m e, /Nm
k>m
keM.,,
Finally
N 2
1 1 ) 1 c
wuf * —
B %/ v (e = fi(w)| du— demy(m.k) o | <
= A(m,k) =1
keM, N
O
Lemma 6.6. There is a positive constant C' such that for any arbitrary m € M,
2
J/2 i i j u
E 1/ | g Sl G e (el Ife(z)|)’d ! g m )y | <O
A U — —qeny(m, <
k>m | 27 J a(m,k) | fx (L) 1692 NG =1

keMy,
(45)
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Proof. We introduce the notation E [X | fg*, 6} which corresponds to the conditional expectation of a random
variable X given f1,...,8y and € j for j=1,2and k=1,...,N.

, 2
| |y Tl Sy el (eiwmeals — | f2 (%) P)| -
E| sup ¢ — du — —qeny(m, k)
E>m A(m,k) |fr (%) 4 16
keM,, +
[ 2
N J/2 i iu . * (U ~
L / | vy T S s (el — £z (2) ) oy 2 E(m B)
- 9 u U=
E>m 21 A(m,k) ‘f; (Z) |4 N(‘]74)
| kEM., +
[ 2
J/2 'Lu U i * U
’N(J Y e L gLt (e mal S —|fr (%) P )‘ fi2(m, k) -
<El Y o . - - J.8| du
k>m m A(mk |fe (Z)' (J 4 |fe (Z)‘
| kEM., +
Now (ﬁ Sy Zj/i emﬂkeiunk,j/A) /12 (%) |? (conditional on fX (%) and f,...,By) is the sum of
N(J — 4) independent and identically distributed random variables with variance v2 < 1/|f* (%) |* which
are surely bounded by 1/|f* (%) |?. Thus Lemma A.1 gives
2
N J/2 iu U i u
’N(J2—4) D k=1 Zg/?) etBr (etemal® —|f2 (%) )‘ 2 (m, k) 7
2 (%) 1 NI =4z @[
+
32 12 k 128+v/2 3
——exp <_H (m, )> + = 2\( XD <— N(J - 4)ﬂ(m,k)>
N(J =4l fz (%) 1* 8 N2(J =42 f2 (%) 16v/2
2 A 128+/2 A
3 — 4(kfm)725(m,k)71 + 82\( ” 4(/€fm)725(m,k) !
N(J = 9Ifz (%) N2(J = 92| fz (%) |
where we used the fact that
- 16v2 A
i(m, k) < max 8log (14 Z(m, k)(k —m)?), ————1log (1 4+ Z(m, k)(k —m)?) ;.
fim, ) {\/ g (1 Zm )5 = m)2). o (1 ) >)}
We have thus shown for a universal positive constant C' that for any m, k € M,,
2
]/2 'Lu TUNk, 5 * (U
/ . ‘NJ 5 Zk DG Bi (etumea/A — | fx (&2 )’ [a%(m, k) 75| d
, u
(m.k) 1z (%) 11 N(J =4I fz (%) It )
+
C - du
< ————(k—m)2E(m, k)*l/ —_—
N(J—4) Almr) |f2 (&) 14
C
< ——(k—m)72
Syg—pk-m™
Finally
2
N JI2 i unp. u
. 1 / ‘N(}_4) Zk:1zj/ge ﬂk( Mei /A _ |.f5 (Z)' )’ d 1 ( k) < C
sup { — u — —qeny(m, < —
k>m A(m.k) [ (%) 1 1677 N(J —4)
kEM,, n
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Proof of Proposition 6.2. Using Plancherel’s formula, we get

|f3(w)?

~ N 2 1
o= Fonll =7 ] 17 () 2
1 ()2 1 50w
27 S |f:Z(%) E {f;(Z)I>f$(Z)}du+27r/A(m,k> |f:Z(%) @

1 |z ) = f )P 1f5(w)] i
Sw/f«mym( THESIE +|f*(Z)>ﬂ{' (R (31 ¢

2
l [k 2
ST (fz<u>

Then it follows that

S

1 1
HOERASE

) Loz 1 1Fx(u) — F2(u))? 1 [f2 ()
[ A e HE@EE et Lo B M G ()

2 i P <£> iz @)l E @S

2 o R oo 2 [ S i oy
= 727/,4(m,k.) W ot 2 /A(m k) fJ:%((z))'T“ @
< iA(mk)Wdu+4||fﬂk ol

# 7 y FE0F - (A)Ul (X'f}(”' ’ RUCSIERIESI A (46)

To bound the second term on the right-hand-side of inequality (46), we introduce the following set

m)w (%) "N }

- 4k2log (N (k
)

E P -1z @ P @) < @) < 7

—~

C(m,k) = {Vu eER:

On C(m, k), the following inequalities can be deduced

| o Eermer )

7T/A<m,k> 2w 2 (%) 18 ! {|f€ (R 1=1£ () |} v

41 (l) Ifz Fe (w w "
~/A(mk) A* {|f€ (A)|<|fe (A)|}

< 8% log (N(k = m)) N~ o 72 (%) |12

qeng(m, k).

. 1__
< 8k2log (N(k —m)) N~128(m, k) := 5@
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To bound the first term on the right-hand-side of inequality (46), we use Equation (41) and so we have

g>/‘ FAQES QIS
T J A(m.k) | f2(u)|?
. 2
=y % S 1z () Pl - gen]
T J A(m.k) lf2 (%) 14
. 2
=y v S B e (A -1 (@) )]
T J A(m,k) |2 (%) [*
i 2
Y [ S0 (@) P - )]
T J A(m,k) If2 (%) 14
. 2
+é/ ‘ 2y Sy Doyl el (efumes /A — | fx (£ |2 )) du
T J A(m,k) Iz (%) )4
8 1 & ’ 1 1
+2 - () (2P ~ d
s [ ¥ M2 P~ 5 |~ |
2
8 1 al iufgk *
< w/A(m,k) N;(e fiw)| du
2
+é/ ‘ J 5 Zk 12J/2 zu[ﬂk(zunkﬁj/A ‘f*(%)|)‘ du
T J A(m.k) fz (%)
2 2
1 ! du.

N
ﬁz zuﬁki )

ECGIRIAGIE

We can now write the following inequalities, using (46) and the above remarks

[ = | = 5~ £l — S0 1)
2

8 1 & 1
< — — Y (™ — fi(u))| du— —qen,(m,k)
@ /A(m,k) N ; Y 4 !
2 N JI2 B (siunn /D | g% (u ’
1 ﬂZkzl >ilse (erme.d 1f2 (%) %) 1
+ 7/ - du — =qeny(m, k)
T J A(m.k) |2 (%) 14 2
2 2
1 1 1
du — —qen; (m, k)

4

8 N
+7/ * i zuﬁk f )
m A(m,k) I A Z:: o

1 1__
+ §qen3(m, k) — §qen3(m7 k)

IHCERASE

u

2
Fr(2)P -1z (2 )
1/(mk)|<>2’| |(“wnﬁﬁunswoo&mmwmm

+ —
4 f2 (%) B
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Taking expectation, we get

}

+

L2 1
E| sup {ka—me —4||fk—fm||2—2qen(m,k>}
kZm —+
KEM,,
2 , 1
< Y0 B Al 405 Sl - SR R)
k>m +
keM,
[ 1 1 & ’ 1
zuﬁ
<16 Z E {277/ o NZ ) duMQenl(m,k)} ]
k>m k=1
keEM, - +
8 1 & ’ 1 [ 1
+ E 7/ |f2 % ePr _ £ (u)) — - du — —qeny (m, k)
k; H” A(m,) ,;1 ISR SE 4
KEM,,
2 N J/2 ; 2
1 ‘N(J—AL) Yooy Ll e (et S — |2 (%) 1P) 1__
+8 Z E|qd— " du — —qeny(m, k)
E>m 2m A(m,k) |f* (Z) ‘ 16
KEM,,
ORI
) ’ . (2 ) i
=D D1} N0 L{F (2) 1< 17 ()1} du Lo
T kzz’m A(mk) |f*(x)|8 { E(A) E(A) } {C(m,k)°}
keM,

2

_ 2
Now noticing that ’% Zszl(e“ﬁk - fg(u))‘ and ‘f (:L%)Iz - \f*(lﬁ)P
Lemma 3.3, we have
N 2 2
8 / L1 . 1 1
—E fr(x — ek _ fx(u = du
m [ A(m,k)l (@) Nz::( 302) IAOEAGE

N
NZ Wﬁki )
k=1
eyl e gy e
/A(m,k) 72 (%) AL (%)™ du

16(k —m 1
< % = qunl(m,k).

S

[>

8 /
- 2 (
T J A(m,k) :

8
<=
™

’ 1 1
] : “ BORACE

Lemma 6.3 implies that P [C(m, k)¢] < N—3

E / |fZ
A(m,k)

<4E

(k: —m)~3, we then get

-1 ®P

Lo (2 1<ir: () A Liompey

opee (B ]

<AE

< 4x(log N)"2N2(k — m)P[C(m, k)°]
<4k *(log N)2N?%(k — m)N=3(k —m) 3
<4rkTAINTHE —m) 72

are independent and applying

J
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Finally applying Lemma 6.5 and 6.6, we have

. . 2 1 1 2
5| s {[Fos— Fonl 4155 ol o) | oLy 2 ).
0 { [V = Foo| = s ol = G 10} | <€ (5 + 57—
keTA/In
This completes the proof of Proposition 6.2. O
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APPENDIX A.
We remind, for the readers convenience, some useful results.

Lemma A.1. Let X1,..., X, be i.i.d. random variables with Var[X1] < v? and suppose that almost surely
IXi|loo < B. Let S, =1/n E?Zl(Xj —E[X4]). Let E|S,| < H. Then

2 2 2
, v H B H
3

Lemma A.2. (Talagrand’s inequality). Let I be some countable index set. For eachi € I, let Xl(i), . ,Xr(f)

be centered i.i.d. random variables, defined on the same probability space, with ||X£i) || < B for some B < oo.
Let v? := sup;e; VarXy. Then for arbitrary e > 0, there are positive constants ¢1 and ca = c2(€) depending
only on € such that for any k >0 :

2
P Hsup ISWI < (1+eE {sup |Sr(f)|} + HH < 2exp (n <I€2 A H>) .
il iel c1v B

A proof can be found, for example, on page 170 in Massart (2003).

Next we give some technical results which will be essential for the proofs.

Lemma A.3 (Lemma 2 p.35 (Butucea and Tsybakov (2008a))). Let vy, u, and s be positive constants then
for any m >0

m
/ (22 +1)7e*7 dg = mP T =se2im
0

Lemma A.4. In the definition of fa*, assume k > J/cip. Let 7 > 2k and © > 1. Then for some positive
constant C'
P [au ER: | (w)* = £ (u)*| > 7 (log(Nz))? w(u) 'N~/2| < Ca PN~7.

See Lemma 5.5 in Kappus (2014) for the proof.
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