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The transition to unsteadiness and the dynamics of weakly turbulent natural convec-

tion, coupled to wall or gas radiation in a differentially heated cubical cavity with

adiabatic lateral walls, are studied numerically. The working fluid is air with small

contents of water vapor and carbon dioxide whose infrared spectral radiative prop-

erties are modelled by the absorption distribution function model. A pseudo spectral

Chebyshev collocation method is used to solve the flow field equations and is coupled

to a direct ray tracing method for radiation transport. Flow structures are identified

by means of either the proper orthogonal decomposition or the dynamic mode de-

composition methods. We first retrieve the classical mechanism of transition to un-

steadiness without radiation, characterized by counter-rotating streamwise-oriented

vortices generated at the exit of the vertical boundary layers. Wall radiation through

a transparent medium leads to a homogenization of lateral wall temperatures and the

resulting transition mechanism is similar to that obtained with perfectly conducting

lateral walls. The transition is due to an unstable stratification upstream the verti-

cal boundary layers and is characterized by periodically oscillating transverse rolls

of axis perpendicular to the main flow. When molecular gas radiation is accounted

for, no periodic solution is found and the transition to unsteadiness displays complex

structures with chimneys-like rolls whose axes are again parallel to the main flow. The

origin of this instability is probably due to centrifugal forces, as suggested previously

for the case without radiation. Above the transition to unsteadiness, at Ra = 3 × 108, it

is shown that both wall and gas radiation significantly intensify turbulent fluctuations,

decrease the thermal stratification in the core of the cavity, and increase the global

circulation. C© 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4864265]

I. INTRODUCTION

Radiation effects on natural convection have been studied since a long time due to their relevance

to atmospheric physics1, 2 or to engineering applications involving cavities.3, 4 Wall and medium

radiation were soon recognized as important mechanisms since they either modify the energy

balance at the boundaries, or the local energy balance of the flowing medium. The numerical or

analytical treatment of radiation transport in unsteady flows remains however a challenge due to

its dependence on the propagation direction, frequency for radiating gases, in addition to time and

space. For these reasons, and to the best of our knowledge, the transition to turbulence in 3D natural

convection flows of radiating molecular gases has not been studied yet.

Transition to unsteadiness in differentially heated cavities without radiation has been investigated

either using stability analyses or numerical simulations. Many studies have been devoted during the
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last three decades to 2D rectangular enclosures (see Refs. 5–8 among others). We only summarize

here the studies related to 3D instabilities, for which different physical mechanisms have been

identified when considering either adiabatic or conducting horizontal and lateral walls. We also

focus on studies related to air flows with a Prandtl number close to 0.7.

For adiabatic side walls, Henkes and Le Quéré9 investigated the stability of 2D steady or unsteady

base flows with respect to 3D periodic perturbations. They used time integration of linearized

Navier-Stokes (NS) equations as well as full nonlinear time integrations. They showed that 3D

perturbations were less stable than 2D perturbations leading to a lower critical Rayleigh number

(Ra). Transition for adiabatic walls was detected between Ra = 107 and 108. The origin was

attributed to combined thermal and hydrodynamic effects. The critical Rayleigh number obtained

with periodic 3D perturbations of 2D base flow was given in a more recent study by Xin and Le

Quéré.10 An unstable steady mode was found around Ra = 1.55 × 107, followed by unsteady

instability between 4 and 4.5 × 107. Janssen and Henkes11 carried out 3D numerical simulations,

restricted to the symmetries satisfied by NS equations and boundary conditions, to study the first

instabilities appearing in a cubical cavity filled with air. They found a first transition from steady,

almost-2D flow, to steady 3D flows, followed by a low-frequency unsteady instability. The occurrence

of streamwise counter-rotating vortices in the curved flow regions at the exit of the vertical boundary

layers let them suggest that this 3D instability is probably caused by centrifugal forces, similar to the

Dean instability. Labrosse et al.12 released the symmetry assumptions made by Janssen and Henkes11

and carried out full 3D numerical simulations. They showed that first transition to unsteady flow in

a cubic cavity with adiabatic walls occurs at a Rayleigh number between 3.1 and 3.5 × 107, 6 times

lower than the corresponding 2D bifurcation. The unsteady instability was either a Hopf transition

occurring at Ra = 3.19 × 107 or a subcritical hysteretic transition between 3.3 and 3.5 × 107. The

physical origin of the instability was not discussed in this study.

The mechanism of the transition to unsteadiness seems to be quite different for perfectly

conducting horizontal walls. It was suggested in several studies, devoted to cubical cavities or to 3D

perturbations in 2D base flows with a Prandtl number close to 1, that the first unsteady instability

originates in a thermal instability resulting from an unstable stratification in the horizontal boundary

layers.9, 13 Janssen and Henkes13 have managed to recover the right magnitude of the frequency

obtained from direct numerical simulations (DNS) using a simple analytical model based on the

thickness of the unstable zone in the horizontal boundary layers and the resulting critical Rayleigh

number. However, the 3D stability analysis of 2D base flows carried out by Xin and Le Quéré14

shows that the most unstable modes and the physical mechanism at the origin of the instability

depend strongly on the fluid Prandtl number.

The effects of wall radiation on flow structure, temperature field, and heat transfer in confined

natural convection problems have been recently investigated in the case of two-dimensional15, 16 and

three-dimensional17 geometries. When the active walls are vertical and the top and bottom walls

are adiabatic, it is well established that wall radiation cools down the top horizontal wall, heats up

the bottom horizontal wall, and reduces then the thermal stratification parameter in the cavity core.

These effects may explain, at least partially, the discrepancies that were observed between numerical

simulations ignoring radiation and experimental results.18, 19 Some discrepancies remained however

concerning the vertical stratification even when top and bottom wall temperature distributions are

imposed in the numerical simulations equal to the measured ones.19 The full coupling between

convection, conduction in the walls, and radiation exchange between the six walls of the cavity,

yielded recently a good agreement between experimental measurements and numerical predictions

for a Rayleigh number close to 1.5 × 109.20

When the flowing medium absorbs and emits radiation, radiative transfer directly affects the

local energy balance and strong effects on flow field and heat transfer may be observed as a

result of changes in temperature distribution. Bdéoui and Soufiani21 and Borget et al.22, 23 have

studied, for instance, the effects of molecular gas radiation on the thresholds of instabilities in 2D

Rayleigh-Bénard and vertical tall cavity problems. They have shown very significant delays of the

instabilities due to thermal homogenization and to radiative dissipation of temperature disturbances.

Several studies were recently devoted to the interaction between medium radiation and natural

convection in square 2D cavities using either the gray gas approximation24, 25 or global models for
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the infrared radiation of molecular gases.26–28 Some attempts have also been made to study 3D

cubical differentially heated cavities filled with participating media but these studies were limited

to the gray gas assumption.29–31 The general trends of volumetric radiation are a thickening of

boundary layers and an increase of maximum velocities. However, the gray gas assumption fails

generally to predict actual behavior of real gases as shown, for instance, by Refs. 22 and 26. Even

qualitative trends may not be correctly captured when using this assumption. In a recent study,32

we have investigated the effects of wall and/or molecular gas radiation on steady natural convection

in 3D cubical cavities filled with humid air. Steady solutions were obtained for Ra = 105, 106, and

3 × 107, except at this highest Rayleigh number in the case of radiating walls. Both wall and gas

radiation were shown to decrease the thermal stratification in the core of the cavity and to increase

the global circulation.

The aim of the present paper is to investigate the effects of wall and gas radiation on the

transition to unsteady flows, and on the structure of weakly turbulent flows, beyond the transition,

for differentially heated 3D cavities. As the cubical enclosure with adiabatic passive walls has

been widely investigated without radiation, we adopt this configuration in the present study for

comparison purposes. Although linear stability analysis with radiative transfer has been carried out

for tall vertical and horizontal cavities,21, 22 this approach is no longer practicable for 3D cavities. We

adopt therefore direct numerical time integration of the Navier-Stokes equations, in the Boussinesq

approximation, coupled to radiative transfer equations.

One among the difficulties encountered when molecular gas radiation is involved is the impos-

sibility of defining a limited set of nondimensional parameters that could characterize the coupling

between different phenomena. This is due to the complex structure of molecular absorption and

emission spectra, and the resulting infinite number of optical thicknesses for a given length. The

true dimensions of the cavity, the mean temperature level, and molar fractions of the absorbing

species must be specified. We consider in this paper air with small contents of water vapor and

carbon dioxide as the working fluid. This mixture is representative of natural convection in building

applications. A dedicated spectral model is developed to deal with infrared H2O and CO2 radiative

properties.

The remainder of the paper is organized as follows. Problem description, mathematical formula-

tion, and numerical methods are described in Sec. II for both fluid flow and radiation modelling. The

observed scenarios of transition to unsteadiness are analyzed in Sec. III for conventional pure natural

convection, and for natural convection coupled to wall or molecular gas radiation. The effects of

radiative transfer on flow dynamics in weakly turbulent regimes, above the transition to unsteadiness,

are finally discussed in Sec. IV.

II. PROBLEM DESCRIPTION AND MODELLING

A. Geometrical and thermal configuration

The considered configuration, shown in Fig. 1, consists of a differentially heated cubical cavity of

side L, filled with an air/H2O/CO2 gaseous mixture with molar fractions XH2O = 0.02, XCO2
= 0.001

if not otherwise specified, at atmospheric pressure, and at a mean temperature T0 = 300 K. The

variations of thermophysical properties due to these small contaminant molar fractions are neglected

FIG. 1. Differentially heated cubical cavity. The walls y = 0, y = L, z = 0, and z = L are adiabatic, while the walls x = 0

and x = L are at fixed temperatures, Th and Tc, respectively.
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and the Prandtl number will be taken equal to 0.71 all throughout the paper. The two opposite walls

along the x direction, are maintained at uniform temperatures Th = T0 + �T/2 at x = 0 and Tc = T0

− �T/2 at x = L. Lateral walls, corresponding to y = 0 and y = L, and also top and bottom walls

are adiabatic. Concerning radiative properties, each of the six walls will be considered as perfectly

diffuse, and characterized by a uniform gray emissivity ǫ. Under the gravity acceleration field g =
−g ez, the buoyancy forces induce a natural convection flow in the cavity, which may be coupled to

gas radiation, due to the small amount of water vapor and carbon dioxide in the gaseous mixture,

and also to wall radiation at adiabatic walls.

B. Governing equations

The dimensionless governing equations, under Boussinesq approximation are given by

∇ · u = 0, (1)

∂u

∂t
+ (u · ∇) u = −∇ p + Pr θ ez +

Pr
√

Ra
�u, (2)

∂θ

∂t
+ (u · ∇) θ =

1
√

Ra
(�θ − ∇ · qR) , (3)

where u = (u, v, w), p, and qR designate the dimensionless fields of, respectively, velocity, dy-

namic pressure, and radiative flux, and θ = (T − T0)/(Th − Tc) is the reduced temperature.

Equations (1)–(3) were made dimensionless, using the reference length L, the reference time

L2/(a
√

Ra), and the reference flux λ�T/L, where λ and a designate, respectively, the gaseous

mixture thermal conductivity and diffusivity. Ra and Pr are the Rayleigh and Prandtl numbers,

respectively. The associated boundary conditions are the non-slip velocity at the walls while the

reduced temperature is maintained constant equal to −0.5 and 0.5 at, respectively, cold and hot

walls. At any point rw of the horizontal and lateral walls, the adiabaticity condition reads

(nw · ∇θ )(rw) = nw · qR(rw), (4)

nw being the normal to the wall at point rw, directed toward the gas.

Dimensionless radiation coupling terms ∇ · qR and nw · qR appearing in Eqs. (3) and (4) are

expressed, for a medium at local thermal equilibrium, according to

∇ · qR(r) =
L2

λ�T

(

4π

∫ ∞

0

κν Ib ν(T (r)) dν −
∫ ∞

0

∫

4π

κν Iν(r,�) d� dν

)

, (5)

nw · qR(rw) =
L

λ�T

(

π

∫ ∞

0

ǫ(rw) Ib ν[T (rw)] dν −
∫ ∞

0

ǫ(rw)

∫

�′·nw<0

Iν(rw,�′)|�′ · nw| d�′ dν

)

,

(6)

where Iν(r,�) designates the spectral radiative intensity at point r, direction �, and wave-number

ν, Ibν(T) is the spectral equilibrium radiative intensity at temperature T, and κν is the spectral

gaseous absorption coefficient, which is assumed hereafter to be uniform under the Boussinesq

approximation. The radiative intensity field is obtained by solving the Radiative Transfer Equation

(RTE), which reads for a non-scattering medium,

� · ∇ Iν(r,�) = κν {Ib ν(T (r)) − Iν(r,�)} , (7)

associated to the boundary condition at each point rw of the six diffuse walls, for any direction �

satisfying � · nw > 0

Iν(rw,�) = ǫ(rw)Ib ν(T (rw)) +
1 − ǫ(rw)

π

∫

�′·nw<0

Iν(rw,�′)|�′ · nw| d�′. (8)

As the walls are assumed to be diffuse, the leaving intensity Iν(rw,�) at a given boundary point does

not depend on � for � · nw > 0, and will be therefore simply denoted I l
ν(rw). Note that radiative
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intensity fields and RTE appear in dimensional form since real gas radiative properties will be

considered hereafter. Only radiative source terms Eqs. (5) and (6) are made dimensionless in the

flow field equations.

C. Gas radiative property model

In order to save computational time, a gas radiative property model based on the discretization

of the absorption coefficient distribution function (ADF)33 is used. This model was especially built

for weak temperature gradient applications, around T0 = 300 K, and for the air/H2O/CO2 gaseous

mixture considered here. The spectral absorption coefficient of the mixture κν is assumed not to

vary with temperature in the small temperature range �T around T0. It was calculated from a line

by line approach using the EM2C database.34 In quasi-isothermal media, radiative source terms in

Eqs. (5) and (6) appear as the difference between terms of similar orders of magnitude, which are

much greater than their difference, as pointed out in Ref. 35. To avoid numerical inaccuracies in

the computation of the net radiative source terms, an equilibrium intensity at a shift temperature Ts,

slightly lower than the minimum temperature of the system, was systematically subtracted from the

radiative intensities and equilibrium intensities appearing in Eqs. (7) and (8). Expressions (5) and (6)

are preserved when replacing actual radiative intensities by the shifted ones.35

In the particularly simple case of a spatially uniform absorption spectrum, the ADF model just

consists in substituting the wavenumber integration of radiative source terms with an integration on

the value k of the absorption coefficient. Note that such a global model may only be used with gray

boundary properties. In practice, the k range, between kmin = 6.3 × 10−7 m−1 and kmax = 570 m−1

was logarithmically discretized in Nk = 16 consecutive ranges [k−
i –k+

i ], i = 1, . . . , Nk, each one

characterized by a unique ki value

ki = (k−
i )1−α(k+

i )α, (9)

the parameter α being optimized. To each scale i is associated a partial shifted radiative intensity

Ii (r,�), which is obtained by solving the partial RTE

� · ∇ Ii (r,�) = ki

(

σ
T 4(r) − T 4

s

π
ai − Ii (r,�)

)

, (10)

associated to the boundary condition for � · nw > 0

I l
i (rw) ≡ Ii (rw,�) = ǫ(rw)

aiσ

π

[

T 4(rw) − T 4
s

]

+
1 − ǫ(rw)

π

∫

�′·nw<0

Ii (rw,�′)|�′ · nw| d�′.

(11)

In the above equations, σ designates the Stefan-Boltzmann constant, while the weight ai, associated

to the scale i, was calculated from the absorption coefficient distribution function

F(k, T ) =
π

σ (T 4 − T 4
s )

∫

ν/κν≤k

[Ib ν(T ) − Ib ν(Ts)] dν, (12)

according to ai = F(k+
i , T0) − F(k−

i , T0), neglecting its dependence versus temperature.

In the framework of this ADF model, the radiative source terms given in Eqs. (5) and (6) are

calculated as the sum of the contributions of the different scales i = 1, . . . , Nk, according to

∇ · qR(r) =
L2

λ�T

Nk
∑

i=1

ki

{

4σai

[

T 4(r) − T 4
s

]

−
∫

4π

Ii (r,�) d�
}

, (13)

nw · qR(rw) =
Lǫ(rw)

λ�T

Nk
∑

i=1

{

σai

[

T 4(rw) − T 4
s

]

−
∫

�′·nw<0

Ii (rw,�′)|�′ · nw| d�′
}

. (14)

More details on the development and accuracy of this ADF model may be found in Ref. 32.
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D. Numerical methods

1. Radiative transfer

A ray-tracing algorithm has been implemented to calculate the contribution of each ADF scale

to the radiative source terms. This approach consists in generating N� (respectively, N w
� ) rays from

each center point r of volume (resp. surface) cells at which the source term ∇ · qR (resp. nw · qR) has

to be calculated. The direction � of each ray issued from a volume cell center is defined by its zenithal

ϑ and azimuthal ϕ angles around the z axis according to � = ez cos ϑ + (ex cos ϕ + ey sin ϕ) sin ϑ .

Azimuthal angles ϕℓ are discretized into Nϕ regularly spaced values between 0 and 2π , while zenithal

angles are discretized according to Nϑ regularly spaced cos ϑ j values between −1 and 1, enabling

one to achieve the solid angle integration in Eq. (13), using N� = Nϑ × Nϕ directions, according to

∫

4π

Ii (r,�) d� =
4π

N�

Nϑ
∑

j=1

Nϕ
∑

ℓ=1

Ii (r,�ℓj ). (15)

The directions �′ of rays issued from wall boundary points are similarly characterized by their

zenithal ϑ and azimuthal ϕ angles, but now defined around the local normal to the wall nw. N w
ϕ

regularly spaced ϕℓ values between 0 and 2π , and N w
ϑ regularly spaced cos 2ϑ j values between 0

and 1, have been used, enabling one to achieve solid angle integration in Eq. (14) following:

∫

�′·nw<0

Ii (rw,�′)|�′ · nw| d�′ =
π

N w
�

N w
ϑ

∑

j=1

N w
ϕ

∑

ℓ=1

Ii (rw,�′
ℓj ), (16)

with N w
� = N w

ϑ × N w
ϕ .

The intensity Ii (r,�) incoming at each point r in the direction � is obtained by solving

Eq. (10) along the ray ranging from the current point r of abscissa s = 0 to the wall at point

rw = r − l� of abscissa s = l, according to

Ii (r,�) =
∫ l

0

ki

aiσ

π

[

T 4(s) − T 4
s

]

e−ki s ds + I l
i (rw)e−ki l . (17)

The discretization of the integrations along the rays in the above equation is easily achieved using

exact intersection calculations between rays and the Cartesian mesh on which the temperature field

is provided. The set of Eq. (17) expressed at each boundary point rw for the incoming intensities in

each direction �′
ℓj , together with Eqs. (11) and (16), enable us to calculate iteratively the leaving and

incoming intensities at each boundary point. Equations (15) and (17) enable therefore to calculate the

incoming intensity at each point of the medium, using the previously obtained leaving intensities at

boundaries. The radiative source terms are then easily calculated from Eqs. (13) and (14). Validations

of the above described ray-tracing algorithm were provided in a previous study by comparison with

results obtained from a Monte Carlo approach, considering a 3D prescribed analytical temperature

profile in a cubical enclosure.32

In practice, the ray tracing algorithm is implemented in a parallel way by distributing the NϑNϕ

and the Nw
ϑ Nw

ϕ rays among different processors. Numerical tests showed that the values Nw
ϑ = 30,

Nϑ = Nϕ = Nw
ϕ = 60, used in the following, yield excellent accuracy.

2. Flow field DNS solver

The algorithm implemented to solve the natural convection flow equations Eqs. (1)–(3) is close

to the one developed by Xin and Le Quéré36 and is based on a Chebyshev collocation method for

the three dimensions of space. The pressure-flow coupling is ensured by a projection method, in

two steps. First, momentum and energy equations are solved using the previous time step pressure

field. Then, a pressure correction term is calculated from a Poisson equation and the predicted

velocity is corrected in order to force the velocity divergence free condition. Time integration is

performed through a second order temporal scheme combining a Backward Differentiation (BDF2)

scheme for the linear terms with an Adams Bashforth extrapolation of convective terms. This
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TABLE I. Comparison between present average results and average results of Trias et al.38–40 for a rectangular cavity of

aspect ratios Lz/Lx = 4, Ly/Lx = 1, and RaLz = 2 × 109.

Our results Trias et al.38–40

Nu 66.55 66.63

σ (Nuz)max 11.09 10.92

θ top 0.389 0.391

∂θ/∂z(x = 0.125, z = 0.5) 1.02 1.01

wmax(x, z = 0.5) 2.22 × 10−1 2.22 × 10−1

umax(x = 0.125, z) 1.78 × 10−2 1.76 × 10−2

ε 7.96 × 10−5 8.08 × 10−5

algorithm is implemented for parallel computations applying domain decomposition along the z-

vertical direction.

Previous validations of the implementation of the pseudo-spectral solver were provided in Ref.

32, where steady solutions of the natural convection problem for different Rayleigh numbers varying

from Ra = 105 to 107, without radiation (i.e., ∇ · qR = 0 in the medium and nw · qR = 0 at the

walls) were calculated and successfully compared with the 3D benchmark solutions of Ref. 37.

These previous validations are completed here by considering weakly turbulent benchmark results

provided by Trias et al.38–40 in the case of a rectangular differential heated cavity of aspect ratio

Lz/Lx = 4, Ly/Lx = 1, filled with air (Pr = 0.71), without radiation, at a Rayleigh number based on

the height of the cavity Ra = 2 × 109. Boundary conditions are the same as described in Sec. II A,

except for lateral boundaries (y = 0 and y = L) where periodic boundary conditions are used for

both energy and momentum equations. In this case, the pseudo-spectral solver is adapted by using a

Fourier collocation method in y direction and a Chebyshev collocation along x and z directions. The

domain is decomposed into 8 identical rectangles along the z axis, each one being meshed by 160 ×
80 × 40 collocation points. The dimensionless time step used is δt = 5 × 10−4. These discretization

features are to be compared to those used in Ref. 38, where a spatial mesh of 144 × 64 × 318 points

(regular along the periodic direction, and based on a hyperbolic-tangent function along the other

ones), and a dimensionless time step of δt = 1.27 × 10−3, were used. The initial state is that of a

fluid at rest and at θ = 0.

Table I compares some global average quantities of the flow field, as calculated in the present

study, to results obtained in Refs. 38–40. As in Refs. 38–40, the mean flow quantities are averaged

here over the three statistically invariant transformations in the asymptotic state, i.e., time and y-

direction translations, and central point symmetry around the center of the cavity. The compared

quantities in Table I are the overall averaged Nusselt number at active walls (Nu), the maximum of

the standard deviation of the local (z-dependent) averaged Nusselt number (σ (Nuz)max ), averaged

temperature on the top wall (θ top), dimensionless stratification in the core of the cavity (∂θ/∂z(x =
0.125, z = 0.5)), maximum value of velocity components w and u at, respectively, the horizontal

mid-height plane (z = 0.5) and the vertical mid-width plane (x = 0.125), and the overall averaged

turbulent dissipation rate, made non-dimensional according to

ε =
Pr

√
Ra

∂u′
i

∂x j

∂u′
i

∂x j

. (18)

For all these average quantities, the differences with Refs. 38–40 do not exceed 1%. The left part

of Figure 2 shows comparisons of turbulent kinetic energy k = 1
2
u′

i u
′
i profiles and of its dissipation

ε = (∂u′
i/∂x j )(∂u′

i/∂x j ) at z = 0.8 versus x, while the right part of the figure shows comparisons

of Nusselt number profile, and of its standard deviation, along the hot wall at x = 0. Here also,

discrepancies remain very small, and may be probably attributed to the difference of time averaging

(�t = 420 in our calculations instead of 550 in Refs. 38–40) and to the different numerical methods

and meshes.
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FIG. 2. Left: turbulent kinetic energy k = 0.5u′
i u

′
i and turbulent kinetic dissipation ε = (∂u′

i /∂x j )(∂u′
i /∂x j ) at z = 0.8.

Right: mean Nusselt number and its standard deviation Nu′ on the hot wall x = 0. Our results in solid lines are compared to

those of Trias et al.38, 40 in dashed lines.

3. Coupling with radiation

An explicit coupling is carried out between the pseudo-spectral flow calculations described

above and ray tracing radiation calculations. In practice, it is not necessary to compute radiation

at each convection time step, which is mainly imposed by numerical stability constraints. The

radiative source terms are updated typically every 10 convection time steps. During this period,

integration of Navier-Stokes equations and radiation equations are carried out simultaneously in

an asynchronous way. Radiative calculations are carried out on a coarser mesh than the convective

one. The convective cells have been grouped by two in each direction for the calculations presented

below to save computational time. Radiative source terms are calculated at cell centers of the coarse

mesh, and are just interpolated (using Lagrange interpolation) at collocation points used to solve

the energy balance equation. We have checked that the use of a 2 times coarser grid for radiation

calculations enables us to capture all spatial structures of the radiative field without loss of accuracy

when compared to radiation calculations carried out on the finest mesh.

III. ONSET OF UNSTEADINESS

The effects of wall and real gas radiation on the transition to unsteadiness are investigated

considering three configurations listed in Table II. Wall and gas radiations may occur simultaneously

in practical applications but it seems necessary to investigate their separate effects in order to

analyze the underlying physical mechanisms. The “No-radiation” case corresponds to pure natural

convection, considering a transparent medium and perfectly reflecting adiabatic walls. The isothermal

walls are black but the resulting radiative flux does not affect the local energy balance or the thermal

boundary conditions. In this configuration, the transition to unsteadiness, for the given Prandtl

number Pr = 0.71, only depends on the Rayleigh number. In the “Wall radiation” case, the medium

is assumed transparent and the six cavity walls are assumed black. Surface-surface radiative transfer

modifies the thermal boundary condition on the adiabatic walls and the transition depends in this

case on the Rayleigh number and on the size of the cavity L. In the “Gas radiation” case, the

concentration of water vapor and carbon dioxide in air are accounted for and thus the medium emits

and absorbs radiation. The adiabatic walls are assumed perfectly reflecting. In this last case, the

transition to unsteadiness depends on the Rayleigh number, on the size of the cavity L and on the

TABLE II. Studied radiation configurations.

No-radiation Wall radiation Gas radiation

Isothermal walls ǫ = 1 ǫ = 1 ǫ = 1

Adiabatic walls ǫ = 0 ǫ = 1 ǫ = 0

Medium Transparent Transparent Participating
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FIG. 3. No-radiation case – Ra = 3.5 × 107. Mean temperature 〈θ〉 and mean kinetic energy 〈uiui/2〉 in the plane y = 0.5.

The gap between two isotherms is 0.05 and the gap between two kinetic energy isovalues is 1.08 × 10−3.

molar fractions XH2O and XCO2
. In practice, the ratio XH2O/XCO2

is kept constant equal to 20, and the

only supplementary considered parameter is XH2O. For the No-radiation case, we perform unsteady

calculations just above the critical Rayleigh number in order to retrieve literature results. For the

wall and gas radiation cases, we start from steady solutions obtained in a previous study32 and vary

the transition parameters listed above until an unsteady state is reached.

A. Transparent gas, perfectly reflecting adiabatic walls

Unsteady simulation of pure natural convection is carried out at Ra = 3.5 × 107, which

corresponds to the end of the transition range Rac ∈ [3.1 − 3.5 × 107] given by Labrosse et al.41

Starting from the initial state u = 0, p = 0 and θ = 0, Navier-Stokes equations are integrated using

a spatial mesh made of 80 × 80 × (4 × 20) points (80 Chebyshev-Gauss-Lobatto points in x and

y directions, 20 Chebyshev-Gauss-Lobatto points in each of 4 subdomains in z direction) and a

time step equal to δt = 10−3. A total integration time equal to 2700 was required to capture several

periods of the low frequency regime obtained in the asymptotic state. The final asymptotic solution

is obtained from t = 1800 with a frequency (made dimensionless by a
√

Ra/L2) f = 6.7 × 10−3

close to the frequency f = 7.6 × 10−3 found in Ref. 12.

The mean temperature field and the mean kinetic energy field, averaged between t = 2100 and t =
2700, are shown in Fig. 3 in the cavity mid-plane y = 0.5. The isotherms and the flow are characterized

by a sudden expansion at the exit of the vertical boundary layers. This feature has been interpreted

by Ravi et al.41 as a thermal effect: the fluid oscillates because of the temperature disequilibrium

at a given height between the corner region and the core. The temperature stratification ∂θ /∂z in

the stagnant core of the cavity is close to 1. In order to extract the unsteady flow structures, the

Dynamic Mode Decomposition (DMD) (see Appendix B for details) is carried out on 120 snapshots

of temperature and velocity fields sampled at �t = 5. A dominant mode of amplitude one order of

magnitude higher than the other’s and of frequency f = 6.7 × 10−3 is found. The real and imaginary

parts of this mode are depicted in Fig. 4. The mode temperature and velocity fields show counter-

rotating rolls aligned along the x-axis, created at the exit of the vertical boundary layer and vanishing

at the cavity mid-width. They display a wave-like modulation along the y-direction of wavelength

λ ≃ 0.25 which is strongly attenuated near the lateral walls. The DMD mode retains the 2D

centrosymmetry ((u, v, w, θ )(x, y, z) = −(u,−v,w, θ )(1 − x, y, 1 − z)), but breaks the reflection

symmetry relative to the mid-plane y = 0.5 ((u, v, w, θ )(x, y, z) = (u,−v,w, θ )(x, 1 − y, z)), and

the 3D centrosymmetry ((u, v, w, θ )(x, y, z) = −(u, v, w, θ )(1 − x, 1 − y, 1 − z)). These counter-

rotating streamwise-oriented vortices have been previously observed by Janssen and Henkes.11 They

performed 3D numerical simulations at Ra = 108 where they found a steady flow because of the

symmetry assumptions they made to reduce the computational domain. They suggested that these

rolls are caused by a centrifugal instability (Görtler instability) because of the curvature of the flow

in the corner region. Similar structures have also been extracted by Xin and Le Quéré10 from a linear

stability analysis of periodic perturbations along y-axis.
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FIG. 4. No-radiation case – Ra = 3.5 × 107. Real part (top) and imaginary part (bottom) of the dominant DMD mode of

frequency f = 6.7 × 10−3. Left: mode temperature isovalue surfaces at ψθ = 1 × 10−3 (lighter gray/red online) and at ψθ =
−1 × 10−3 (darker gray/blue online); right: mode velocity vector colored by mode temperature ψθ in the plane x = 0.175.

B. Transparent gas, six black walls

From the coupled steady solution obtained at Ra = 106 and L = 1 m, coupled simulations of

wall radiation and natural convection are made by increasing the Rayleigh number and retaining the

same cavity length. At Ra = 3 × 106, we obtain a steady solution but at Ra = 5 × 106 we obtain an

asymptotic periodic solution of frequency f = 0.22 roughly from t = 1700. This unsteady solution

has been computed using a spatial mesh of 80 × 80 × (4 × 20) points and a time step of δt = 2 ×
10−3.

The mean temperature field and the mean kinetic energy field, averaged between t = 1900 and t

= 2300, are shown in Fig. 5 in the cavity mid-plane y = 0.5. As it was already noticed for the steady

solution,32 the effect of wall radiation is to heat the bottom wall, to cool the top wall, and to reduce

the thermal stratification at the center of the cavity. The isotherms are no more perpendicular to the

adiabatic walls which leads to unstable stratification zones for 0 ≤ x ≤ 0.5 near the bottom wall

and for 0.5 ≤ x ≤ 1 near the top wall. As the fluid is heated up (cooled down) upstream the vertical

FIG. 5. Wall radiation case – Ra = 5 × 106. Mean temperature 〈θ〉 and mean kinetic energy 〈uiui/2〉 in the plane y = 0.5.

The gap between two isotherms is 0.05 and the gap between two kinetic energy isovalues is 1.33 × 10−3.
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FIG. 6. Wall radiation case – Ra = 5 × 106. Real part (top) and imaginary part (bottom) of the dominant DMD mode of

frequency f = 0.22. Left: mode temperature isovalue surfaces at ψθ = 0.01 (lighter gray/red online) and at ψθ = −0.01

(darker gray/blue online); right: mode velocity vector colored by mode temperature ψθ in the plane y = 0.5.

boundary layer along the hot (cold) wall, the flow driven in the cavity is increased. The typical flow

expansion at the exit of the vertical boundary layers, described in the simulations without radiation,

disappears because the thermal stratification is much smaller. The horizontal boundary layer is thus

thinner and the velocity magnitude is higher in this region. The dynamic mode decomposition is

applied on 100 snapshots of temperature and velocity fields sampled at �t = 0.5. A dominant mode

of frequency f = 0.22 is found and its real and imaginary parts are depicted in Fig. 6. The mode

temperature and velocity structures are made of rolls whose axes are perpendicular to the flow

direction. These rolls grow in the unstable stratification zones before being convected in the vertical

boundary layers, which suggests that they are due to a thermal instability of Rayleigh-Bénard type.

The DMD mode retains the 2D centrosymmetry, but breaks the reflection symmetry relative to the

mid-plane y = 0.5 and the 3D centrosymmetry. Strictly speaking, radiative transfer should break

the 2D centrosymmetry through its nonlinear dependence on the temperature field. However, the

temperature differences are very small here and, as an indicator of quasi-linear radiative transfer, the

mean temperature in the core of the cavity 〈θ (0.5, 0.5, 0.5)〉 is about 5 × 10−5, very close to zero.

The thermal rolls grow along the top and bottom walls with roughly symmetric shapes according

to the mid-plane y = 0.5, but are stretched in the y-direction when they are advected in the vertical

boundary layers.

In an analysis of unsteady coupled wall radiation and natural convection in 2D cavities, Wang

et al.15 pointed out that radiating wall effects are similar to perfectly conducting horizontal wall

effects and that the transition mechanism to unsteadiness might be similar. When the top and bottom

cavity walls are perfectly conducting, their temperature profile is linear between Th and Tc along x,

which also leads to unstable stratification zones upstream the vertical boundary layers. Janssen and

Henkes,13 who studied in detail the transition to unsteadiness in this configuration for Pr = 0.71,

concluded that the instability mechanism is the same for 2D and 3D conducting cavities and that it

is a thermal instability in the unstable stratification zones. They predicted the oscillation frequency

at the onset of unsteadiness, by adapting the empirical relations of Sparrow et al.42 for “thermals”

in unstable deep layers according to

f = 2.772

(

�θbl

Rabl

)2/3

Ra1/6. (19)

For the 2D cavity, the equivalent Rayleigh number for the horizontal boundary layers Rabl is

estimated by averaging a local equivalent Rayleigh number Rabl(x), based on the boundary layer
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FIG. 7. Comparison between the cavity with perfectly conducting lateral and horizontal walls at Ra = 3 × 106 and the wall

radiation case at Ra = 5 × 106. Equivalent Rayleigh number of the bottom boundary layer and profiles of the bottom wall

temperature θbot(x) and of the boundary layer temperature θbl(x, z = δbl(x)). Results are computed from a 2D time averaged

temperature field extracted at the mid-plane y = 0.5.

thickness δbl(x), defined as the temperature inversion height satisfying ∂θ
∂z

(x, z = δbl(x)) = 0, and on

the temperature difference �θbl = θbot(x, z = 0) − θbl(x, z = δbl(x)) for the bottom wall, for instance.

We applied this analysis on the unsteady solution obtained at Ra = 5 × 106 for the wall radiation

case and on an unsteady solution obtained at Ra = 3 × 106 for a cavity with perfectly conducting

lateral and horizontal walls. Figure 7 compares the profiles of the equivalent Rayleigh number Rabl

in the bottom boundary layer, of the bottom temperature θbot and of the boundary layer temperature

θbl, for the two cases. The main difference relies on the temperature profile on the horizontal wall

which is closer to zero in the wall radiation case. This may explain why the Rayleigh number must

be higher in the wall radiation case in order to reach approximatively the same equivalent boundary

layer Rayleigh number as in the case of conducting lateral walls. Equation (19) leads, with our

averaged temperature field, to a nondimensional frequency f equal to 0.19, which is very close to the

numerical value f = 0.22.

The transition to unsteadiness has been studied here for a fixed cavity length. An increase of

this parameter would probably decrease the critical Rayleigh number as the radiation effects would

be stronger, without changing the physical transition mechanism.

C. Radiating gas, perfectly reflecting adiabatic walls

In a previous study,32 we obtained a steady solution for coupled gas radiation and natural

convection for Ra = 3 × 107, L = 1 m, XH2O = 0.02, and XH2O/XCO2
= 20. In order to check

if an unsteady regime could occur beneath the critical Rayleigh number of the No-radiation case,

gas radiation effects could be made stronger by increasing either the cavity size or the participating

species molar fractions. As the water vapor molar fraction should be smaller than the saturation

molar fraction X sat
H2O(300K) = 0.0345 at atmospheric pressure, we choose to increase the cavity size

to L = 3 m keeping the initial concentration XH2O = 0.02 and the Rayleigh number. Starting from

the coupled steady solution obtained with L = 1 m, an unsteady solution is found at Ra = 3 × 107

with a strong chaotic behavior. The same computation was then carried out with the cavity size L =
3 m but with lower molar fractions: an unsteady solution is found for XH2O = 0.004 and a steady

solution is found for XH2O = 0.002. The unsteady solution obtained at Ra = 3 × 107 for L = 3 m

and XH2O = 0.004 is presented here in detail as it is the closest unsteady solution to steady regimes

among the configurations mentioned above. This solution has been computed using a spatial mesh

of 80 × 80 × (4 × 20) points and a time step of δt = 1 × 10−3. An asymptotic unsteady regime

seems to be reached around t = 200 but without converging toward a periodic solution as it can

be seen in Fig. 8 which presents the instantaneous Nusselt number at the mid-plane x = 0.5. This

Nusselt number, defined for a given plane x, by43

Nu(x, t) =
∫ 1

y=0

∫ 1

z=0

(

−
dθ

dx
(x, y, z, t) +

√
Ra u(x, y, z, t) θ (x, y, z, t)

)

dy dz (20)
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FIG. 8. Gas radiation case – Ra = 3 × 107. Instantaneous Nusselt number Nu(x = 0.5, t) averaged over y and z directions.

FIG. 9. Gas radiation case – Ra = 3 × 107. Mean temperature 〈θ〉 and mean kinetic energy 〈uiui/2〉 in the plane y = 0.5.

The gap between two isotherms is 0.05 and the gap between two kinetic energy isovalues is 2.22 × 10−3.

FIG. 10. Gas radiation case – Ra = 3 × 107. Mode temperature isovalue surfaces ψθ = ±2 of the three first POD modes

and POD spectrum.

takes into account both conductive and convective fluxes, and is more sensitive to flow unsteadiness

than the pure conductive Nusselt numbers at the walls. Both temperature and velocity fields display

this chaotic temporal behavior.

The mean temperature field and the mean kinetic energy field, averaged between t = 200

and t = 372, are shown in Fig. 9 in the cavity mid-plane y = 0.5. Gas radiation is known to

decrease the thermal stratification, due to non-local gas-gas radiative exchanges, and to increase

the vertical boundary layer thicknesses since the medium can be heated or cooled by radiation

far from the isothermal walls. An unstable stratification near the horizontal walls does not occur

here as the adiabatic walls are perfectly reflecting and thus the conductive flux on these walls

is zero. It can be noticed again that the flow expansion downstream the vertical boundary layers,

described for the No-radiation case, disappears due to the smaller thermal stratification. The dynamic

mode decomposition does not bring here concluding results because of the temporal complexity of

temperature and velocity fields. In order to capture the coherent structures of the solution, the

Proper Orthogonal Decomposition (POD) (see Appendix A for details), which is based on statistical

correlation between different time realizations, is preferred here. It is applied on 64 snapshots of

temperature and velocity fields sampled at �t = 1. Figure 10 displays the three first POD modes and

the POD spectrum. Fourteen modes are required to capture 90% of the fluctuating energy. Thermal

rolls aligned along the x axis can be observed on Fig. 10 for the three modes near the horizontal
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FIG. 11. Gas radiation case – Ra = 3 × 107. Top: instantaneous velocity fluctuations colored by temperature fluctuations

(lighter gray/red online for positive values and darker gray/blue online for negative values) in the plane x = 0.42; bottom:

radiative power fluctuations in the same plane.

walls but the position and the number of these rolls differ between the modes. The biggest rolls are

located at the exit of the vertical boundary layer. Their size diminishes along the top and bottom

walls (for modes 1 and 3 mainly) and grows again as vertical rolls along the isothermal walls. All

the modes break the symmetries of the problem even if radiation can be still linearized in this case.

An instantaneous velocity fluctuation field colored by the temperature fluctuation field is shown in

Fig. 11 in a x-plane, where five counter-rotating rolls, arbitrarily located along y, can be seen. The

corresponding radiative power (∇ · qR) fluctuation field is also given in Fig. 11: positive radiative

power fluctuations are correlated with positive temperature fluctuations while negative radiative

power fluctuations are correlated with negative temperature fluctuations.

The shape of temperature POD structures and instantaneous velocity fields are closer to the

structures observed in the No-radiation case than those observed in the Wall radiation case. Counter-

rotating rolls are clearly visible at the exit of the vertical boundary layers. Their strength decreases

along the top and bottom walls but they remain active along the isothermal walls. Unlike the No-

radiation case, there is no flow expansion that slows down the fluid and the fluctuations do not have

time to completely disappear along the horizontal walls. These observations let us suggest that the

instability mechanism is due to a hydrodynamic instability rather than a thermal instability. Like the

No-radiation case, it may be caused by centrifugal forces at the exit of the vertical boundary layers.

The examination of the time and volume averaged terms in the fluctuating kinetic energy balance

also shows that the production term due to the mean shear −〈u′
i u

′
j 〉

∂〈ui 〉
∂x j

is about three times greater

than the buoyancy production term Pr〈w′θ ′〉.

IV. WEAKLY TURBULENT FLOWS

In order to study wall and gas radiation effects in a weakly turbulent regime, unsteady simulations

are performed for the three configurations listed in Table II at the same Rayleigh number Ra = 3 ×
108, far from the onsets of unsteadiness described in Sec. III. For wall and gas radiation cases, the

cavity size is fixed at L = 3 m and for the gas radiation case, the molar fractions of active species are

fixed at XH2O = 0.02 and XCO2
= 0.001. The solutions have been computed using a spatial mesh of

160 × 80 × (8 × 20) points for the No-radiation case and a spatial mesh of 160 × 160 × (8 × 20)

points for the wall and gas radiation cases. For these last two cases, the mesh was refined because

stronger variations were observed in the y-direction. The time step is equal to δt = 1 × 10−3 for the

three cases.

Unsteady simulation results are analyzed here in terms of statistics on flow and thermal variables.

The solution has to be integrated over a sufficiently long period in order to eliminate the transient

features due to the initial condition and to obtain a large averaging time representative of the

statistical average in the asymptotic regime. Starting from the initial state u = 0, p = 0, and
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FIG. 12. Mean temperature field on the adiabatic walls (top) and in the cavity mid-plane y = 0.5 (bottom) at Ra = 3 × 108.

The gap between two isotherms is equal to 0.05.

θ = 0, the asymptotic regime for the No-radiation case is reached after t ≃ 600 and the results are

time averaged over a period of �t = 300. Starting from the solution obtained for the No-radiation

case at t = 600, the asymptotic regime for the wall and gas radiation cases is reached after t ≃ 300

and the results are time averaged over a period of �t = 200. It should be pointed out that taking

into account radiative transfer is very expensive in terms of computational time, compared to pure

natural convection simulations. At Ra = 3 × 108, for the gas radiation case, around 50 000 h CPU

time (Intel Sandy Bridge E5-4650, 2.7 GHz processors) are required to perform 100 000 iterations

(�t = 100). The CPU time is 15 times smaller for the wall radiation case and 60 times smaller for

the No-radiation case.

A. Mean fields

The mean temperature fields on the adiabatic walls and in the cavity mid-plane are depicted

in Fig. 12. The temperature field features are similar to those obtained at lower Rayleigh number.

When radiation is ignored, a sudden flow expansion occurs downstream the vertical boundary

layers. The thermal stratification is close to 1 and the top and bottom walls are quasi-isothermal.

When the six walls of the cavity are black and the gas is transparent, the temperature field on the

adiabatic walls, imposed by radiation-conduction coupling, is almost linear along x around the mean

temperature θ = 0, which leads to a decrease of the stratification in the cavity core by conduction and

convection transport. It can be noticed that the isotherms along the adiabatic walls are a little noisy

in this case. This may be caused by the unphysical instantaneous radiation-conduction coupling

on the adiabatic walls. Taking into account the wall thermal inertia, like in Ref. 20, for example,

would overcome this numerical artifact. In the Gas radiation case (with black isothermal walls and

perfectly reflecting adiabatic walls), the local emission and absorption of radiation homogenizes

the temperature field and also strongly decreases the thermal stratification. In this configuration,

the temperature distribution on the adiabatic walls follows that of the gas: the bottom (top) wall

temperature is thus heated up (cooled down) compared to the No-radiation case. The temperature

distribution on the vertical adiabatic walls is vertically stratified as for the No-radiation case. Fig. 12

shows that the reflection symmetry relative to the mid-plane y = 0.5 is strongly broken on the top
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FIG. 13. Thermal stratification in the cavity core at Ra = 3 × 108: time averaged temperature field along the line y = 0.5, x

= 0.5.

and bottom walls for the Gas radiation case. This symmetry breaking is probably due to a lack of

time averaging and to the low frequencies appearing in the fluctuations. The thermal stratification in

the cavity core is shown more quantitatively in Fig. 13. Both wall and gas radiation strongly decrease

the thermal stratification: the vertical temperature gradient at the point (x, y, z) = (0.5, 0.5, 0.5) is

equal to 1, 0.4, and 0.32 for the No-radiation, Wall radiation, and Gas radiation cases, respectively.

Figure 14 displays the time-averaged vertical component of the velocity in the vertical boundary

layer near the hot wall. For the No-radiation case, the boundary layer is very thin (δ ≃ 0.05) upstream

(z = 0.25) and exhibits a spatial oscillation at higher locations due to the flow expansion. For the wall

radiation case, the boundary layer is significantly thickened upstream, because of the pre-heating of

the gas along the bottom wall, and thus a larger amount of fluid is set in motion. At higher locations,

the boundary layer thickness decreases and tends toward the boundary layer thickness of the No-

radiation case, although the velocity profile does not oscillate because of the smaller stratification.

For the gas radiation case, the velocity profile never vanishes and the cavity core is no more stagnant.

The flow driven in the cavity and the w maximum value are the highest in this case. More precisely,

the flow driven in the cavity, calculated by averaging the vertical velocity component on a half plane

at mid-height (0 ≤ x ≤ 0.5, 0 ≤ y ≤ 1, z = 0.5), is equal to 1.11 × 10−2 for the gas radiation

case, while it is equal to 3.95 × 10−3 and 7.11 × 10−3 for the No-radiation and wall radiation

cases, respectively. An explanation can be found regarding the radiative power profiles in Fig. 14,

plotted on the same locations as the velocity profiles. The radiative power is mainly negative, except

very close to the hot wall, which means that the gas is rather absorbing than emitting. It reaches a

minimum value in the cavity bottom where the fluid is colder and increases at higher locations as the
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FIG. 14. Left: w velocity profiles along a x-line at y = 0.5 and z = 0.25, z = 0.5 and z = 0.75 at Ra = 3 × 108. Right:

corresponding radiative power profiles for the gas radiation case.
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TABLE III. Nusselt numbers averaged on vertical planes and on time at Ra = 3 × 108.

No-radiation Wall radiation Gas radiation

〈Nu(x = 0)〉 39.95 36.52 35.58

〈Nu(x = 0.5)〉 39.95 45.07 73.38

〈Nu(x = 1)〉 39.95 36.52 35.58

wall and gas temperatures become closer. In the cavity core, wall-gas and gas-gas radiative transfers

do not vanish, which activates the buoyancy forces and the fluid motion far from the active walls.

The mean Nusselt number at the isothermal walls and at the plane x = 0.5 are also affected by

wall and gas radiative transfer. They are given for the three cases in Table III. The mean Nusselt

numbers at the hot and cold walls are equal in each case thanks to the mean energy conservation. As

wall and gas radiation homogenize the temperature field, the averaged temperature gradients on the

isothermal walls are smaller compared to the No-radiation case. For wall and gas radiation cases,

the Nusselt number at x = 0.5 is no more equal to the Nusselt number at the isothermal walls and is

significantly higher than for the No-radiation case due to the increase of fluid motion.

B. Second order statistics

Table IV gives typical second order statistics averaged over the whole cavity volume: the

turbulent kinetic energy 1
2

〈

u′
i u

′
i

〉

, the variance of temperature fluctuations 〈θ ′2〉, the turbulent kinetic

dissipation rate
〈

(∂u′
i/∂x j )(∂u′

i/∂x j )
〉

, and the thermal dissipation rate 〈(∂θ ′/∂xi)(∂θ ′/∂xi)〉. All of

these quantities are two orders of magnitude smaller when radiation is ignored and are the highest

for the Wall radiation case even if the levels are of the same order in the Gas radiation case.

Figure 15 shows the turbulent kinetic energy and the variance of temperature fluctuations in the mid-

plane y = 0.5 (these quantities do not strongly vary along the y direction). The 2D centrosymmetry

of these fields is not exactly satisfied, probably due to a lack of sufficient time averaging. For the

No-radiation case, velocity and temperature fluctuations are only located on the corner at the exit of

the vertical boundary layers. The shape of the isovalue surfaces looks like the structures that have

been highlighted at the onset of unsteadiness. For the Wall and Gas radiation cases, velocity and

temperature fluctuation maxima are one order of magnitude higher. The turbulent kinetic energy is

mainly produced along the isothermal walls and is convected throughout all the cavity. Regarding

the variance of temperature fluctuations, we observe that in both cases a maximum is reached at the

exit of the vertical boundary layers. However, a strong temperature fluctuation production occurs on

the top wall for 0.5 ≤ x ≤ 1 and on the bottom walls for 0 ≤ x ≤ 0.5 for the Wall radiation case,

while temperature fluctuations are negligible in this region for the Gas radiation case. This region

corresponds to the unstable stratification zone for the wall radiation case, which has been previously

discussed.

The proper orthogonal decomposition has been carried out for each cases from 100 snapshots

of velocity and temperature fields sampled at �t = 1. The POD spectrum and 3D temperature

isovalue surfaces of the three first dominant modes are presented in Fig. 16. For the No-radiation

TABLE IV. Turbulent kinetic energy, variance of temperature fluctuations, turbulent kinetic dissipation, and thermal dissi-

pation averaged over the whole volume and on time at Ra = 3 × 108.

No-radiation Wall radiation Gas radiation

1
2

〈

u′
i u

′
i

〉

4.06 × 10−6 3.53 × 10−4 2.54× 10−4

〈θ ′2〉 3.66 × 10−6 4.10 × 10−4 2.43 × 10−4

〈

∂u′
i

∂x j

∂u′
i

∂x j

〉

4.74 × 10−2 6.52 3.52
〈

∂θ ′
∂xi

∂θ ′
∂xi

〉

2.63 × 10−2 4.86 1.85
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FIG. 15. Turbulent kinetic energy 1
2

〈

u′
i u

′
i

〉

(top) and variance of temperature fluctuations 〈θ ′2〉 (bottom) in the mid-plane y

= 0.5 at Ra = 3 × 108. For the No-radiation case, the step between two kinetic energy isovalues is 1.5 × 10−5 and the step

between two temperature variance isovalues is 2.5 × 10−5. The same color map is used for Wall and Gas radiation cases and

the corresponding scale is ten times greater than for the No-radiation case.

FIG. 16. Mode temperature isovalue surfaces ψθ = ±2 of the three first POD modes and POD spectrum at Ra = 3 × 108.
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case, the POD extracts two different types of modes: streamwise-oriented structures that oscillate

along the horizontal walls (modes 1 and 3) and longitudinal structures along the y-axis typical of

the boundary layer instability. These two types of modes have also been highlighted at a higher

Rayleigh number by Puragliesi and Leriche,44 who performed POD in this configuration at Ra =
109. The POD spectrum exhibits a fast decrease: 14 modes are sufficient here to capture 90% the

energy content. On the contrary, the POD spectrum for the wall radiation case decreases slowly and

the last modes still contain a significant part of the total energy. The POD modes display indeed the

most chaotic behavior and are made of a large number of structures with various shapes and sizes

depending on the mode. The thermal structures that were extracted at the onset of unsteadiness no

longer appear probably because the intensity of the flow promotes streamwise-oriented structures.

The most chaotic flow is obtained in this case because the transition to unsteadiness occurs at the

lowest Rayleigh number, almost two orders of magnitude below 3 × 108. Finally, concerning the

gas radiation case, the POD gives results close to those obtained at Ra = 3 × 107, even if the results

are more chaotic here as it can be seen from the shape of the structures and in the POD spectrum.

The biggest thermal structures are still located along the horizontal walls, at the exit of the vertical

boundary layers.

V. CONCLUDING REMARKS

Transitional regimes of natural convection in a differentially heated 3D cavity, coupled with

wall or molecular gas radiation, have been investigated by means of direct numerical simulations

based on accurate pseudo-spectral and ray tracing numerical methods. The aim was to study the

influence of radiation on the mechanisms driving the transition to unsteadiness and to investigate

radiation effects in weakly turbulent regimes. The horizontal and lateral walls were assumed to

be perfectly insulated. Results with radiation have been systematically compared to pure natural

convection results for which previously analyzed mechanisms have been retrieved.

In the case of radiating walls and transparent medium, surface radiation leads to an homoge-

nization of lateral wall temperatures, especially for top and bottom walls, and the resulting transition

mechanism is similar to that obtained with perfectly conducting lateral walls without radiation.

The transition is due to an unstable stratification, of Rayleigh-Bénard type, upstream the vertical

boundary layers and is characterized by periodically oscillating transverse rolls of axis perpendicular

to the main flow. Above the transition, at Ra = 3 × 108, wall radiation was found to significantly

increase fluctuation intensities with coherent structures mainly in the form of streamwise oriented

rolls.

When gas radiation, due to small contents of H2O and CO2 in air, is accounted for, the transition

to unsteadiness displays complex non-periodic structures with chimneys-like rolls whose axes are

also parallel to the main flow direction. The origin of this instability is probably due to centrifugal

forces as was previously suggested for configurations without radiation. The flow structure with

streamwise-oriented rolls was found to be persistent at higher Rayleigh numbers for which the

turbulence levels were also increased in comparison with the No-radiation case.

In both Wall and Gas radiation cases, the mean thermal stratification in the cavity core is

significantly reduced due to different mechanisms. For wall radiation, the top and bottom walls are,

respectively, cooled and heated, which decreases the amplitude of vertical temperature variations. A

direct homogenization of the temperature field in the fluid is obtained for radiating gases. The global

circulation is also significantly enhanced by radiative transfer, especially for the Gas radiation case

where the boundary layers are thickened due to the non-local radiative transfer.

The numerical simulations presented in this paper were carried out for specified values of the

Rayleigh number, the cavity side length L for wall radiation, and L and molar fractions of the

active species for gas radiation. While supplementary nondimensional parameters (Planck number

Pl = λ�T/(Lσ T 4
0 ) and the ratio �T/T0) can be used for gray wall radiation, the treatment of gas

radiation requires to take into account the so many optical thicknesses resulting from the discrete

rovibrational molecular transitions. Calculations (not presented here) carried out with different molar

fractions (XH2O between 0 and 0.02) and cavity side lengths (between 1 and 3 m) have shown that
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the identified mechanisms of the transition to unsteadiness are not sensitive to these parameters,

although the threshold Rayleigh number depends on them.

A natural continuation of this work will be the extension to higher Rayleigh numbers in order to

analyze radiation effects in fully turbulent natural convection flows. This will require further models

for radiation transport since direct numerical simulation of radiation, accounting for all turbulent

length scales, becomes quickly prohibitive. Such models would also help to develop efficient tools

for coupled radiation-large eddy simulations.
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APPENDIX A: PROPER ORTHOGONAL DECOMPOSITION

The POD (see Ref. 45) aims at constructing an optimal basis for a vector field φ(r, t), of zero

statistical mean 〈φ(r, t)〉 = 0, with regard to its energy content
〈

φ(r, t)2
〉

. Spatial modes ψn(r) are

sought such that they maximize the projection of φ(r, t)

max
‖ψ‖=1

〈

(φ,ψ)2
〉

, (A1)

where the scalar product for two vector fields f (r) and g(r) and the associated norm are given by

( f , g) =
∫

�

M
∑

m=1

f m(r)gm(r)dr, (A2)

‖ f ‖ =
√

( f , f ), (A3)

M being the dimension of the vector fields. Equation (A1) leads to the following eigenvalue problem:

∫

�

M
∑

k=1

〈

φm(r, t)φk(r′, t)
〉

ψk(r′)dr′ = λψm(r). (A4)

As the statistical average is estimated in practice by averaging N snapshots φ(r, ti ) extracted at

discrete times ti, Sirovich46 proposed an equivalent problem of lower dimension

Kαn = λnαn, (A5)

Ki j =
1

N
(φ(r, ti ),φ(r, t j )), (A6)

where K is a real symmetric matrix which has real positive eigenvalues λn and orthogonal eigenvec-

tors αn . The spatial modes are built by combining the eigenvectors and the snapshots according to

ψn(r) =
N

∑

i=1

φ(r, ti )α
i
n. (A7)

These spatial modes form an orthonormal basis, allowing the decomposition of the signal

φ(r, t) ≃
N

∑

n=1

an(t)ψn(r). (A8)

Thanks to the spatial mode orthogonality, the projection coefficients an(t) are statistically uncorre-

lated and their variance is equal to the eigenvalue λn. The signal φ can be approximated by a small

number of modes with dominant eigenvalues.
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The analysis of natural convection flow involves fluctuating velocity and temperature fields

which are combined according to φ = {u′, γ θ ′}, where γ is a factor (introduced, for instance, in

Ref. 47) which compares the energy content of velocity and temperature fields

γ 2 =
〈

‖u′‖2

‖θ ′‖2

〉

. (A9)

Snapshots are sampled at fixed frequency over a large time interval in order to be representative

of the statistical average and to capture low frequency dynamics. The number of snapshots N is

sufficient when almost all of the energy content of the signal is captured by a number n of modes

such that n ≪ N.

APPENDIX B: DYNAMIC MODE DECOMPOSITION

The DMD (see Refs. 48 and 49) provides a decomposition of time evolving data sequence in

terms of modes with temporal frequency and growth rate. The dynamic modes are the eigenvectors

of a matrix A which could rely linearly two instants of a data sequence φi ≡ φ(r, ti )

φi+1 = Aφi . (B1)

If the sequence comes from a nonlinear process, the application A is a linear tangent approximation

of the dynamical system. Eigenvalues and eigenvectors of A are estimated from a sequence of N

snapshots sampled at a fixed period such as ti = i�t

�N
2 = [φ2, . . . ,φN ] = A�N−1

1 = �N−1
1 C + r, (B2)

where C is the companion matrix of A which has the same first eigenvalues, and r is non-zero residual

if the snapshot φN cannot be expressed as a linear combination of the previous ones φ1, . . . ,φN−1.

The computation of matrix C from Eq. (B2) leads to an overdetermined problem which is solved at

the least square sense following:

C = ((�N−1
1 )T �N−1

1 )−1(�N−1
1 )T �N

2 . (B3)

The companion matrix is then diagonalized according to

C = T−1�T, (B4)

where �i j = λiδi j (λi ∈ C) is the eigenvalue matrix and Ti j = λ
j−1

i is the Vandermonde matrix.

The dynamic modes are built by combining the eigenvectors of C and the snapshots

ψn(r) =
N−1
∑

i=1

φ(r, ti )T
−1
in . (B5)

Introducing the eigenvalue decomposition (B4) in Eq. (B2) allows the approximate decomposition

φ(r, t) ≃
N−1
∑

n=1

exp(ωnt)ψn(r) (B6)

with ωn = ln λn/�t. A selection of the dominant dynamic modes can be done by computing their

norm ‖ψ i‖ with Eq. (A3), for example. The temporal growth rate and temporal frequency of the

modes are given, respectively, by the real and imaginary parts of ωn.

In this study, the data are made of spatial temperature and velocity fields φ = {u, θ}. The

sampling frequency �t and the number of snapshots N are chosen using the Nyquist criterion,

according to the frequency range that should be captured.
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21 F. Bdéoui and A. Soufiani, “The onset of Rayleigh–Bénard instability in molecular radiating gases,” Phys. Fluids 9,

3858–3872 (1997).
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