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DIRICHLET EIGENVALUES OF ASYMPTOTICALLY FLAT
TRIANGLES

THOMAS OURMIERES-BONAFOS*

Abstract

This paper is devoted to the study of the eigenpairs of the Dirichlet Laplacian on a family of
triangles where two vertices are fixed and the altitude associated with the third vertex goes to zero.
We investigate the dependence of the eigenvalues on this altitude. For the first eigenvalues and
eigenfunctions, we obtain an asymptotic expansion at any order at the scale cube root of this altitude
due to the influence of the Airy operator. Asymptotic expansions of the eigenpairs are provided,
exhibiting two distinct scales when the altitude tends to zero. In addition, we generalize our analysis
to the case of a shrinking symmetric polygon and we quantify the corresponding tunneling effect.

1 Introduction

1.1 Motivations and related questions

There are few planar domains for which we can have an explicit expression of the eigenpairs of the
Dirichlet Laplacian. Nevertheless there has been a recent interest about it on thin domains in R?. In
this limit, asymptotic expansions of the eigenvalues and eigenfunctions can be provided, which informs
about the spectrum of the Dirichlet Laplacian.

In this spirit, Borisov and Freitas give in [3] a construction of quasimodes of the Dirichlet Laplacian
expanded at any order in the height paramater on thin smooth planar domains. In [10], Friedlander and
Solomyak overcome the smooth domain hypothesis: they provide a two-term asymptotics using the
convergence of resolvents.

The result of Friedlander and Solomyak applies to triangles but, before investigating triangles in the
thin limit, one can cite the work of McCartin [19] who gives an explicit expression of the first eigenvalue
of the Dirichlet Laplacian, say ji;, on an equilateral triangle of altitude H: u,(H) = 47? H 2. Hillairet
and Judge prove in [13] the simplicity of the eigenvalues for almost every Euclidean triangle of R,

The question of an asymptotic expansion for the Dirichlet Laplacian on thin triangles has already
been studied by Freitas in [9]. In this paper a finite asymptotic expansion of the first two eigenvalues is
provided for a family of near isosceles triangles. We also refer to the work of Dauge and Raymond [6]
in which an asymptotics at any order is given for the first eigenvalues of the Dirichlet Laplacian on a
right-angled thin triangle.
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The question of finding an asymptotic expansion at any order for the Dirichlet Laplacian eigenmodes
on a non-smooth thin domain is still open. We tackle the question in this paper for triangles of altitude
h in the regime A — 0. In a first step we construct quasimodes involving simultaneously two scales:
h?/3 and h. The scale h?/? is due to the singularity of type (x + |x|). For smooth domains, in the case
of a non-degenerate maximum, the scale which plays the same role is h (see Theorem 1 in [3]). In
fact, in our case, there is also a boundary layer of scale A but this scale is not visible at first orders
in the eigenpair expansions. That is why in the eigenvalue expansions of [9] and [10] this scale does
not appear. Nevertheless it is present in the right-angled case exposed in [6] or in the case of a small
apertured cones (see [20]). One of the motivations for this paper is to understand this boudary layer. Is
it, for right-angled triangles or cones, induced by the Dirichlet boundary conditions ?

In a second step, we get the separation of eigenvalues thanks to the Feshbach method, the associated
eigenfunctions being localized near the altitude providing the most space. Unlike the resolvent
convergence method exposed in [10] we use Agmon localization estimates which allows to consider
cases with multiple peaks. For instance in the case of a symmetric mountain we can prove an exponential
decay of the eigenfunctions between the peaks which induces tunneling. This is reminiscent of the
case with symmetric electric potentials studied by Helffer [11] and Helffer and Sjostrand [12]: In the
semiclassical limit 2~ — 0 there are pairs of eigenvalues exponentially close. The same method can be
applied to thin planar domains containing a finite number of peaks.

1.2 The Dirichlet Laplacian

Let us denote by (21, 75) the Cartesian coordinates of the space R? and by 0 = (0, 0) the origin. The

positive Laplace operator is given by —9? — 92. Let s € R and h > 0 we define ﬁ(s, h), the convex
hull of the points of coordinates A = (—1,0), B = (1,0) and C' = (s, h). We are interested in the

eigenvalues of the Dirichlet Laplacian —A%i'(s By = —0? — 02 on the triangle ﬁ(s, h) in the regime
h — 0. 7
T2
pl---=S ¢
A | B A |
) 0 s 1 71 —1 o' 1 s T

Figure 1: The triangle 'I/'?i(s, h) in the acute and the obtuse configuration

The values of s define different configurations for the geometry of the triangle ﬁ(s, h):

s = 0 corresponds to isoscele triangles,

|s| < 1 corresponds to acute triangles (see Figure 1),
|s| = 1 corresponds to right-angled triangles,

|s| > 1 corresponds to obtuse triangles (see Figure 1).

Since Tri(s,h) is convex, the domain of the operator —A_'%:(sh is the space of functions in

)

Hz(ﬁ(s, h)) N H&(ﬁ(s, h)) (see [16]). Since ﬁ(s, h) is a bounded domain —A%ir(s " has com-

pact resolvent and its spectrum is a non-decreasing sequence of eigenvalues denoted (i, (S, h))n>1-
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1.3 First properties of the eigenvalues

Before stating the main results of this paper, one can notice that in the obtuse configuration of Figure 1
if, instead of points A and B, we fix the points A and C, the regime h — 0 is equivalent to the one
where the altitude from B goes to zero. In fact, for s > 1, if we denote by

- S i‘L 2h
S = ’ = s
(1+5s)%2+ h? (1+5s)%2+ h?
we have )
0<s<l1l, h—0,
h—0
and we get
s+12+n* -
pals ) = CED I 6y

The same kind of computations can be done for s < —1, so that, we can take s € (—1,1).

At fixed h, the question of the regularity of j,,(-, k) in |s| = 1 is considered in Section 2 but one
can see that thanks to a Dirichlet bracketing (see [21, Chap. XIII]) we have, for s in a left neighborhood
ofl: 2h 4 2h

(1) <o = (L2
“( 1+s < fnls )—(1+s)2“ 1+s
Since i, (1, -) is continuous for all A > 0 we obtain the left continuity of x, (-, h) in s = 1. We can
apply the same reasoning for the right continuity and we obtain the continuity of j,,(-,h) in s = 1.
We have the following lower bound for 1,,(s, h):

Proposition 1.1 Forall s € (—1,1) and h > 0, we have:

2 2

™ T
%) + T < fin(s, h).

Proof: The triangle '/I'E(s, h) is included in the rectangle (—1,1) x (0, h) and the conclusion follows
by Dirichlet bracketing. U

1.4 Schrodinger operators in one dimension

In the analysis of —A_%iir(s ) 20ne dimensional operator, constructed in the spirit of the Born-Oppenheimer
approximation (see [4, 15, 18]), plays an important role: By replacing —8%2 in the expression of
—A%ii'(s B by its lowest eigenvalue on each slice of Tri(s, h) at fixed x; we obtain an effective potential

v, and, on L?(—1, 1), we arrive to the operator :

1 2
H—S))QWQ, for — 1 <z, < s,
_ag + h_zvs(ml)a with Us(ajl) = le
' (1-5)° ,

f < < 1.
(1_331)2%, or s < x



When h — 0, we know that the minimum of the effective potential v guides the behavior of the
ground eigenpairs of — A?'V( » (see [5, Chap. 11], [7] and [22]). This minimum is attained at x; = s.
In a neighborhood of z; = s, v5 can be approximated by its left and right tangents, it yields the operator

. 1 1
l’;an( ) . —82 + h™ 2 tan(sL,1>7 with U;an — 71'2 + 27‘(‘2 (—]]-xl<s<x1> + E]lxl>s($1)) ’131 - S|

1+s
(1.1
. . . h?/3
To arrive to a canonical form, we perform the scaling x; = \?)/T?u + s and we have:
[27(h) ~ h72m% 4 (202?417 (u; 0,),
where the model operator /™ is defined, on L?(R), as:
1 1
1M (u; 9,) == =02 + v (u), with o™ (u) := (1 n S]IR_(u) +1o 31R+(U)) |ul. (1.2)

The parameter s introduces a skewness in the effective potential v™9. We will see in Section 2 that this
model operator is related to the Airy functions.

1.5 Asymptotic expansion of eigenvalues

We recall that 1, (s, h) is the n~t" eigenvalue of the Dirichlet Laplacian AD” , on the geometrical

domain Tri (s, h). The main result of this paper is an asymptotic expansion of the elgenvalues of i, (s, h)

as h — 0. Indeed, the lowest eigenvalues of —A2" admit expansions at any order in power of h'/3.

Tri(s,h)
In the proof we also provide the structure of the eigenfunctions associated with these eigenvalues: at
first order they are, up to some constants, almost a tensor product between the first eigenfunction of the
Dirichlet Laplacian in the transverse variable x5 and, up to normalization constants, the eigenfunctions

of the model operator /™ in the x; variable. Moreover they are localized near the altitude from C.

Theorem 1.2 Let 0 < sy < 1. Forall s € [—so, so), the eigenvalues of —AB" | denoted by 1, (s, h),

Tri(s,h)
I o

7>0

admit the expansions:

uniformly in s (see Notation 1.3). The functions (s — ﬁjyn(s)) are analytic on (—1,1) and we have:
Bom = 72, Bin = 0 and By, (s) = (272)*3k,(s), where the k,(s) are the eigenvalues of the model
operator defined in (1.2). Moreover the eigenfunctions contains simultaneously the two scales h*/® and
h as it can be seen in equation (3.8).

Notation 1.3 Let A(s, i) be a function of s and h and let @ > 0. We say that A(s, h) Z I;(s)h??

if, for all J € N, there exists C;(s) > 0 and hy > 0, such that for all 4 € (0, ho)

J
A(s,h) = Ti(s)h%] < Cy(s)h?HD.

Jj=0

We say that the asymptotic expansion is uniform in s if C';(s) does not depend on s.
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1.6 Tunneling in a symmetric mountain

Thanks to the structure of the proof of Theorem 1.2, we can understand tunneling for the Dirichlet
Laplacian on a thin shrinking symmetric polygon. Let us choose s € (0, 1) and let & > 0, we consider
in R? the points A = (—1,0), B = (1,0),C; = (s, h), Cy = (—s,h) and D = (0, 2). Let Q"¢(h) be
the open convex hull of 0, B, C; and D. We define by Q'*f(h) the reflection of {2"€(h) with respect to
the z5-axis. Then, we define (2(h) (see Figure 2) by:

Q(h) = Q&(h) U Q= (h) U0, D).

Figure 2: The domain Q(h)

Let (v,(h))n>1 be the non-decreasing sequence of eigenvalues of — AD' a(n» the Dirichlet realization
of the Laplacian on §2(h).

We consider the Dirichlet realization of the Laplacian on 2'f(h) and 2"€(h), respectively denoted

Ag:; and AQL,rg (ny- For symmetry reasons, they are isospectral and we denote by (tn(h))n>1 their

elgenvalues

Let us define the operator D (h) := Ag:; n @ AQr,g(h
verify 7o;_1(h) = 19;(h) = p;(h) for all j > 1 We will prove
Theorem 1.4 For all N € N* there exist hy > 0, Cy > 0 and C' > 0 such that for all h € (0, hy) and
allj e {1,...,N}:

Its eigenvalues, denoted by (7,,(h))n>1,

73(h) = vy()] < Coe™O/".
As explained for the triangle, in the regime h — 0 the eigenfunctions are localized near the altitude

providing the most space. Here they are localized simultaneously near the altitude from C and C'y and
they interact at a scale exponentially small.

1.7 Structure of the paper

In Section 2 we study the model operator defined in (1.2). We describe its eigenvalues and their
dependence on the parameter s. In Section 3, we perform a change of variables that transforms the
triangle into a rectangle. The operator is more complicated but we deal with a simpler geometrical
domain. Thanks to this change of variables and some lemmas derived from the Fredholm alternative
we can construct quasimodes. We finish the proof of Theorem 1.2 using a Feshbach-Grushin projection
which justifies that the model operator is an actual approximation of our problem. Then we get the
separation of the eigenvalues. In Section 4 we study the symmetric mountain €2(h). We use properties
derived from Theorem 1.2 to discuss the tunneling effect between the peaks.

We conclude by Appendix A and B by providing with numerical experiments which agree with the
theoretical shape of the eigenfunctions.



2 Model operator

To deal with —A%‘ir(s ny We first need to study some basic properties of the model operator /™9, The
difference with the oi)erator studied by Dauge and Raymond in [6, Sec. 3] is that the model operator
is not, up to a constant, the Airy reversed operator with Dirichlet boundary condition at v = 0. The
effective potential of /™ is a combination on R_ of an Airy reversed operator and on R, of an Airy
operator. The non-symmetry of this potential and the transmission conditions at © = 0 complicate

the study: we cannot have an explicit expression of the eigenvalues of [ as zeros of an Airy function.

The behavior of the effective potential v™°¢ when |u| — +oc yields the
Proposition 2.1 For all s € (—1, 1), the model operator [T has compact resolvent.

Thus, the spectrum of the model operator /™ consists in a non-decreasing sequence of eigenvalues
denoted (K, (5))n>1-

Remark 2.2 When s = 0, the model operator is [7°%(u; 0,) = —0? + |u/| and its eigenvalues are, for
alln > 0:

Fant2(0) = 2a(n +1),

where, for all k£ € N*, za(k) and z), (k) are respectively the zeros of the Airy reversed function and the
zeros of the first derivative of the Airy reversed function. JAN

{ Kon+1(0) = zp(n + 1),

Thanks to the theory about Sturm-Liouville operators, we get
Proposition 2.3 Forall s € (—1,1), the eigenvalues of the model operator [T°% are simple.

Now, we are interested in the regularity of these eigenvalues. The family (l;“"d)se(,l,l) is an analytic
family of type (A) (see [14]). Jointly with Proposition 2.3, we have the

Proposition 2.4 For all n > 1, the functions (s — ky(s)) are analytic on (—1,1). Moreover
for all n € N* there exists an eigenfunction T associated with k., (s), such that the functions

(s — T% € Dom (l;“"d)) are also analytic on (—1,1).
Characterization of the eigenvalues (x,(s)),>1 We have the
Proposition 2.5 The eigenvalues (£,(s))n>1 of [T satisfy the following implicit equation in (s, k):
V1+sA(—(1+5)PR)A (—(1 — 8)35) + V1 — s A(—(1 — 8)PR)A' (—=(1 + 5)¥3k) = 0, 2.1)
where A denotes the Airy reversed function defined by A(u) = Ai(—u).
Proof: Let (r, V) be an eigenpair of [, We define:
U = Ulg,.

In order to solve
Moy = W, (2.2)



we consider this equation for both v < 0 and © > 0. For v < 0 equation (2.2) writes

(—35—1isu—m)‘1120.

It is an Airy reversed equation. For integrability reasons the Airy function of second kind not appear in
the expression of ¥~ and we have:

U (u) = o A((L+s) " Pu+ k(1 + 5))), (2.3)

where o~ € R.
For u > 0, the same reasoning yields:

Ut (u) = aTAi((1 - s) "3 (u— k(1 - s))), (2.4)

where ot € R.
If we denote by Dom(I/™°¢) the domain of the model operator /™9, the eigenfunction ¥ belongs to
Dom(I™°4). In particular, ¥ € H?(R) and we have the transmission conditions

{ v (0) = vT(0),
0, 97(0) = 9,97(0),
which becomes
o A((1+ 8)2/31€) —atA((1 - 8)2/3I€) = 0,
{ a (1=8)"BAN (= (145)*k) +at(1+8)3AN (= (1-35)"*k) = 0.
The k,,(s) are the values for which this system is linked and we get the implicit equation (2.1). U

Thanks to the explicit equations (2.3) and (2.4) and the properties of the Airy function of first kind
we have the

Proposition 2.6 For all n € N* the eigenfunction T" belongs to H2_(R) (see Notation 2.7 below).

exp

Notation 2.7 For k € N, we define the spaces
HE (D)= {f e L*D):36>0,M"fe H D)},

exp

where D C R? (d = 1, 2) and is unbounded in the u direction.

To understand the regularity of (s — k,(s)) near s = 1, we perform the change of variables
o = (1 — 5)'/3 in equation (2.1). It becomes:

(2= ®)EA((2 — 0®)PR) N (0%K) + oA(a? k)N (2 — 0®)*3k) = 0,

which is smooth near o = 0.
The same study for s > 1 gives the implicit equation

() A/<<m)”3ﬁ) (14535 1>1/3A((‘(*§11§3)2/%> N (o n) =0

which shows the same behavior of k,(s) for s > 1. We see that x,, is continuous at s = 1 with
kn(1) = 272/325(n). Nevertheless k,, has a cubic singularity on the left and on the right of s = 1.
Thanks to the implicit expressions (both for s < 1 and s > 1) we illustrated on Figure 2 the dependence
on s of k,(s) forn = 1,2, 3. It shows the cubic singularity at s = 1.
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Figure 3: This figure represents the dependence of «,,(s) on s for n = 1,2, 3. The black dots represent
the values 272/3z5(n) forn = 1,2, 3.

3 Proof of the main theorem

The aim of this section is to prove Theorem 1.2. We first perform the following change of variables to

transfer the dependence on h of —A~- (sh) into the coefficient of the operator:

1
T=0 s Y=gl

The triangle ﬁ(s, h) is transformed into Tri(s) := '/I'E(s, 1). The operator —hQA%'(S " becomes

Ly(h) = —h*0; — 0. (3.1)
It also has compact resolvent and we denote by (A, (s, h)),>1 its eigenvalues. They satisfy
(8, h) = in(s, h)h*. (3.2)

The operator L4(h) defined in (3.1) is partially semiclassical in z. Its investigation follows the lines of
the papers [8, 11, 12].

The proof is divided into two main steps: a construction of quasimodes and the use of the true
eigenfunctions of £,(h) as quasimodes for the model operator in order to obtain a lower bound for the
true eigenvalues.

We first perform a change of variables to transform the triangle Tri(s) into the rectangle
Rec(s) = (=1 —s,1—35) x (0,1):

u = t:(1+s)L for —1—s<z<0,

r+1+s (3.3)
u =z t:—(l—s)L for0 <z <1-—s.

x—(1-13s)
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For the sake of simplicity we define
s_i=1+s, s;.:=s5—1

In the coordinates (u,t) defined in (3.3), we denote by £ (h) and L} (h) the expression of Ls(h),
respectively for v < 0 and © > 0. We have:

2t 2t t? s
+ . e _32(n2 __ =Y o A~ W R - ¥
Es (h)(u,t, auaat) =—h (au u -+ Sia“at + (’LL + Si)Qat + (u + Si)Qat) (u + S:t)Qat '

The boundary condition are Dirichlet on (—1,1) x {0} and (—1,1) x {1}.

3.1 Quasimodes
To prove Theorem 1.2 we first construct quasimodes at any order in power of /3 and it yields the

Proposition 3.1 Ler S(L,(h)) denotes the spectrum of Ls(h) and sy € [0,1). There are sequences
(Bjn(8))j>0 for any integer n > 1 so that there holds: for all Ny € N* and J € N, there exist hy > 0
and C' > 0 such that for all s € [—sy, so) and all h € (0, hg)

J
dist<6(£s(h)), Zﬁj,n(s)hﬂ'/?') < CRVUHIB =1, N
7=0

Moreover, the functions (s — (3;,(s)) are analytic on (—1,1) and we have: 3y, (s) = 72, B1a(s) =0,
and (2,,(s) = (272)23k, ().

Proof: The proof is divided into three parts. The first one deals with the form of the Ansatz chosen to
construct quasimodes. The second part deals with lemmas about operators which appear in the first
part. The third part is the determination of the profiles of the Ansatz.

Ansatz We want to construct quasimodes (7s 5, 15 ) for the operator L, (h)(x, y; 0, 0,). It will be
more convenient to work in the rectangle Rec(s) with the operators £ (h)(u, t; 0y, 0;). We introduce
the new scales:

a=h"Bu; B=h"tu

We look for quasimodes 1), 5, (u, t) = t),.4(, y). Such quasimodes will have the form on the left and on
the right:
E(ut) ~ > [T (a,t) + O (B, 1)] W/,

Jj=0
associated with quasi-eigenvalues:

Vs,h ™ Zﬁj(S)hj/?’a

Jj=0
in order to solve the eigenvalue equation in the sense of formal series. An Ansatz containing the
scale h?/3 alone is not sufficient to construct quasimodes because one can see that the system is
overdetermined. Expanding the operators in powers of h?/3, we obtain the formal series:
LEM) (WP, t;h =220, 0,) ~ Zﬁi hi/3 with leading term Lyy:=Ly=-0,

8,27
j=>0



and in power of h:

LE(R)(hB,t;h™ 105, 0;) ~ Z}\/fgjhj/‘?, with leading term N, := Nj" = =95 — 97,
Jj=0
We consider these operators on the half-strips H_ := (—00,0) x (0,1) and H; := (0,00) x (0,1). On
the left and on the right, the leading term at the scale h>/? acts only in the transverse variable ¢ and is
the Dirichlet Laplacian on (0, 1). At the scale h, the leading term is the Laplacian on a half-strip. The

leading terms at both scales do not depend on s. Since 5 j, has no jump across the line z = 0, we find
that ¢, and ¢ should statisfy two transmission conditions on the interface I := {0} x (0, 1):

UE(0.0) =07 000) and (0, — 05 (0.0) = (9~ -0)uT (0.1),

forall t € (0,1). For the formal series, these conditions write for all ¢ € (0, 1) and all j > 0:

W i(0,t) + @7 ,(0,t) = T (0,t) + 7 ,(0,1), (3.4)

_ _ t _ t _
9oV 1(0,t) + 5P ;(0,t) — zat\lls,j—?)(()?t) - Zatq)s,j—i%(()Jt) 45)
= 0,0F,1(0,1) + 057 (0,1) — Siatqﬁ (0,1) — Siatw (0,1), '
+ +

s—1 5,j—3 $,J—3

where we understand that the terms associated with a negative index are 0. Finally, in order to ensure
the Dirichlet boundary condition on Tri(s) we will require for our Ansatz, for any j € N, the boundary
conditions:

Uri(0and1) =0; @, ;(-,0and 1) =0. (3.6)

Three lemmas To start the construction of our Ansatz, we will need three lemmas, but before let us
denote by (s,);>1 the eigenfunctions associated with the eigenvalues of the Dirichlet Laplacian on the
line (0, 1). We have 5;(t) = \/2sin(jmt) and this eigenfunction is associated with the eigenvalue j272.

The analyticity of the solutions in the following lemmas is a direct consequence of the analyticity
of the datas.

Lemma 3.2 Let F, = F_(3,t) and F = F}(B,t) be functions respectively in L _(H_) and

s exp

L} _(H.), depending analytically on s € (—1,1). Let G, € H*?(I) N HX(I) and H, € HY?(I) be

exp

data on the interface I, depending analytically of s € (—1,1). Then, for all s € (—1,1) there exist
unique coefficients & and 64 such that the transmission problem:

(NG —7)0F = F* inHy, ®*(-0andl) =0,
O (0,8) — 7(0,t) = Gy(t) + €51 (¢)
Dp®7(0,1) — Dg®F(0,1) = H,(t) + 551 (1),

has a unique solution (®;,®F) in H2 (H_) x H2_(H.) and we have

exp exp

0 +oo
£S = _/ <Fs_(5a ')751>tﬁd5 B /O <Fs+(ﬁv ')751>tﬁd5 - <GS’51>t’

—00

o= [ 0 e [ e - ).

—00

Moreover &, G and (P, ®F) depend analytically on s € (—1,1).
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Proof of the lemma: We look for a solution (®_, 1) that we decompose, in the transverse coordinates,
along the basis of the eigenfunction of the Dirichlet Laplacian on (0, 1):

OE(B, ) =) PE(B
5>1

For all j > 1, the following equations are satisfied:
(=B + (" —1)0; = (F s55),

and we are looking for exponentially decaying solutions. For 7 = 1, we find:

B & +oo  pHoo
=/ /<ﬂ@wﬁﬁ%ﬂ% @ﬂmz—/ / (F (B, ), 51)1dBad .
—o0 =00 B 1

Using the data on the interface I we find the expression of £ and d5. For j > 2, we solve the ordinary
differentials equations. Taking into account the exponential decay and data on the interface I it achieves
the proof of Lemma 3.2. o

The following lemma can be found in [6, Sec. 5]. It is a consequence of the Fredholm alternative:

Lemma 3.3 Let ;" = F*(a,t) be a function in L2, (Hx), and depending analytically on s € (—1,1).
Then, there exist solution(s) Y € H2_(H.) such that:

exp
(L —7HVE =F* inHy, V¥(a,0and1) =0
if and only if:
(F¥(a,+),81); =0 foralla € RY.

In this case, they write:
U (a,t) = Vot (a,t) + g5 ()8 (t),

with W51 € H2 _(Hi). Moreover, V=, WL and gF are analytic in the s-variable.

exp

Lemma 3.4 Ler f; = f;(a) € L2, (R), ff = fif(a) € L2, (Ry) and c,,0, € R depending

exp
analytically on s € (—1,1). There exists a unique w(s) such that the system

(-2 - 1 =)o = S+ w@T iR, gh0) g7 (0) =,

(=08 + 2 = ral))a? = 7+ T Ry, (GE(0) — (6 (0) = 6.

has a unique solution (g, , g¥) € HZ (R_)x HZ (R.). Moreover g; , g+ and w(s) depend analytically
on s.

Proof of the lemma: Let us define g, := g, 1g_ + g 1g, . In the distribution sense we have:

(178 = ko)) = (17 — rn(9)) (55 L) + (7 — 5a9)) 0 1)

After computations we find:
(1med — Fn(8))gs = fs + w(s)T2 — 0,60 — 56,

11



where f, := fo1g_ + f1r, and ¢, is the Dirac delta function at o = 0. Then, we define the function
m:
m(a) = (G + c5) g, .

In the distribution sense, we have:
m'(a) = 0,1g, + cs00, m"(a) = 0500 + 50

We introduce a smooth cut-off function x which is 1 near 0. Finally, we define the auxiliary function
Js := gs — xm and we obtain:

(170 = £ (5)) s = fo + @ (8)TE + ((O2x)m + 2604(0ax) Tr, — 07 (@)xm + ru(s)xm).  (3.7)

By definition, g, belongs to the form domain of the operator /™. The right hand side of equation
(3.7) being in L?(RR), g, is also in the domain of the operator /™9, As a consequence, equation (3.7) is
also true in L?(R) and we can apply the Fredholm alternative to find a solution g, and w(s), this latest
satisfying:

w(s) = (U = wa(s))xm — (92)m — 20,0 X) 1z, — f5, 7).
It concludes the proof of Lemma 3.4. o

In the following construction we use a version of this lemma up to some normalization constants.

Determination of the profiles
Now we can start the construction of the Ansatz.

Terms of order h° Let us write the equations inside the strip:
Hio: _atQ\Ijsi,o = 70<5)\I/si,0 Hipg: _<8t2 + a%)q)si,o = 70<5)q)si,0

The transmission conditions are:

(‘1/;0 + @;0)(07 t) = (\I/:,o + CD:,(J)(Q t)a

(0595 — 05%70)(0,1) = 0.

With the Dirichlet boundary conditions (3.6), we get:

Yo(s) = Wila,t) = gig(a)si(t).
We now apply Lemma 3.2 with F, =0, F.; =0, G, = 0 and H; = 0 to get:

& =0 and 0, =0.

We deduce @, = 0 and &7, = 0 and, since & = g/ ((0) — g5,(0), 9:5(0) = g;(0). At this step we
do not have determined gfo yet.

12



Terms of order 1!/ The equations inside the strip read:
Hio: (=0} — Wz)llfil = 71(5)\1151’0 Hig: (=072 — 8% — 7T2)(I);t71 =0
The transmission conditions are:
((I);l + @;1)(0775) - ((I):,l + qj:l)(07t)7
(0aWso + 050,1)(0,t) = (0¥ + 05P71)(0,1).
We also take the Dirichlet boundary conditions (3.6) into account. Lemma 3.3 implies:
n(s) =0, 3i(at) = gia(a)si(t).
We now apply Lemma 3.2 with F, =0, F;" =0, Gy, = 0 and H, = 0, we get:
£ =0, 0;,=0.
Since & = g11(0) — g1(0) and J, = (g,)'(0) — (g50)'(0) we have:
9I1(0> = 95_,1(())» (9:0),@) = (gs_,O)/(O)'

We also deduce that _, = 0 and &, = 0.

s,1 — s,1 —

Terms of order 1%/ The equations inside the strip read:
Hio: (=07 =72, = =L,V +7(s)Vey Hig: (=07 — 03 —7%)d,, =0

where we have: i
«Q
+ 2 2
ES,Q - at - aa.
S+

The transmission conditions are:
(Voo +@.5)(0,1) = (‘I’5+2 + (I):Q)(Oa t),

0¥, 1(0,1) + 05D, ,(0,1) = 8a@;1(0, t)+ 8ﬁ<b;2(0, t),

We also have to take the Dirichlet boundary conditions (3.6) into account. Then, we apply a renor-
malized version of Lemma 3.3. Consequently, there exists a solution (¥ 5, \I/ZQ) if and only if the
following system is verified:

2am? _ ) _
(=02 75 () gpl@) =0 inR_. g5(0) — g5 (0) =0
2am? . . .,
( B S 72(5))930(06) =0 inRy, (g50)'(0) = (g50)'(0) = 0.

This leads to the choice:

2(s) = (27°)*Pkn(s);  gsola) = TY((27%)*a),
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with g;(a) = T2((27?)*3a)1p, (a). Particularly, this determines the unknown functions of the

previous steps (this choice of g, o gives an explicit expression of \Ifio). We are led to take:

\11:2(04’ t) = \I’;t,éj_(aa t) + g;%Q(a)gl (t)7
with \I':’Ql =0and ‘I/;’QL = (. Finally we have to solve the system:

(-0} — 9% — n%)®,, = 0in Hy,

®7,(-,0and 1) = 0,

CD;Q(O, t) — @:2(0, t) = (9:2(0) - 9;2(0))51(t)

0P, 5(0,) — 05P;,(0,%) = ((951)'(0) — (9..1)(0))51 (%)

Then, we apply Lemma 3.2 with F,” =0, F;" =0,G, = 0and H, = 0= ((g7,)'(0) — (951)'(0))s1(2)
and we get:
s = 9:2(0) - 9;2(0) =0, 4= (9:1)/(0) - (9;1)/(0) = 0.

This gives @:2 =0,0,,=0.

Terms of order 7 The equations inside the strip read:
Hio: (=0} — 7T2)\IJ§3 = 73(5)\112%0 Hig: (—07 — 8% — 7T2)<I>if3 =0
The transmission conditions are:

(\IJ;; + @;3)(0, t) = (‘I’js + @:3)(07 t),

0u,(0,1) + 0540, 1) — 0 5(0,1) = Da5,(0,0) + 05 75(0,1) - iat\lfj,o(o, 0.
We also take the Dirichlet boundary conditions (3.6) into account. Lemma 3.3 gives:
Y3(s) =0, \Ijis(%t) = 9::’,(04)51(75)‘
We have to solve the system:

(—07 — 03 — 7))@, 3 =0 inHy,
® (-, 0and 1) =0
0, 5(0,t) — ©75(0,) = (9,5(0) — g,5(0))s1(t)

- _ tm tm
(05955 — 05%%5) (0.1) = ((912) (0) = (9 ()1 (1) + g20(0) ({7 + 175 ) cos(m)
: - + 0 — + tm tm
Hence, we apply Lemma 3.2 with £, =0, F." = 0, GY = 0and H(t) = g7,(0) <1 + 7 n ) cos(mt)
’ — s s

and we get:

2\/§7T

1—s2

& = 9a3(0) = go3(0) = 0, d5 = (g)'(0) — (92)'(0) = — TE(0)(t cos(mt), 1)s-

This determines @, and ®/, which are not necessarily zero.

14



Continuation Let us assume that we can write \If;'fk(a,t) = \Ifi}j(oz,t) + g:k(a)sl(t) for all
0 < k < n and that (g;‘?k)ogkgn_y,, (\II:,’{L)OSkSn_I are determined. Let us also assume that

Gon—2(0) = 910—2(0), (950-2)"(0) = (g5—2)'(0), (7&(5))o<sn and (P, )o<rk<n- 2 are already known.
Finally, we assume that g, ,(0) — g/, ,(0), ®_,_, are known once Yom_o and g7, are determined
and all that functions are exponentially decaying and analytic in the s variable for s € (—1,1).

The equations inside the strip read:

Hia (=07 = m)U5, = ls) Vi — L, V50 — Z(ﬁi () Vo
n—1 j=2
Hiﬁ : (_atQ - 8,3 - 71-2)(1)2:,71 = - ('/\/‘i /7]( ))q)sin—]

1

<.
Il

The transmission conditions are:

(Ve + @, (0,1) = (W], + ©7,)(0,1)

0555, — 0525)(0,1) = ((62)(0) — (g5 (O)s2(6) + (BuTF1E, — DU T3E,)(0, 1)
b %3+ 005, 0 t>+1—<atw“3+at F 08

+\/_7T< gsn 5(0) + ﬁgs’n_?)(O))tcos(wt).

In order to apply Lemma 3.3 we need to solve equations in the form:

(=2 = 2 = 30(9)) 7 -2le) = (@) + f (@),

200
(=02 + =7 = 72(5) ) 9Fma(@) = mls)gia(@) + £ (@),
We can apply Lemma 3.4 because fsi, Jom—2(0) — g5, _5(0) and (g5 ,,_»)"(0) — (g,_5)"(0) are known.
It provides an unique 7, (s), moreover g, , are now determined. From the recursion assumption, we
deduce that @in_l are now determined. Lemma 3.3 uniquely determines \Ilsjf;lL such that:

\Ilgfn(a, t) = \I’f:;f(a, t)+ g;'fn(a)sl(t).
We can now write the system in the form:

( 5%0 - Trg)q);’t,n = Fs:tain Hia

¥, (-,0and 1) = 0,

O, (0,1) — @F,(0,) = (U5E — Vb (0,4) + (92,(0) — g2, (0)sa(2).

0507, (0.1) — s, (0.1) = Ho(t) 1 (g, 1)(0) — (g5,) () (9).
where H, is known. We can apply Lemma 3.2 which determines g, (0)—gZ,,(0), (95,,_1)'(0) = (95,,_1)'(0),
@, and OF .

Quasimodes The previous construction leads to introduce:

J+2
PO t) = (U (uh ™ ) + ©F (uh ™! )W — uxt(uh )RS, (p), whenu € Ry, (3.8)

J=0
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where the correctors are

J+2
. t
RE, (1) = 0.V, (0, )n73 — — Z(atxp;'fj(o, t) + 0,2%,(0,1))

S
ij:J

are added to make wLJ,l satisfy the second transmission condition. Here x* are two smooth cut-off

functions being 1 near 0. Then, by construction, wﬂ defined by

P (2, ) = x(u) ) (u, 1)

belongs to the domain of £;(h). Using the exponential decay, for all s, € (—1,1), J € N we get the
existence of hy > 0, C(.J, so, ho) > 0 such that for all s € [—s, so] and all h € (0, hy):

J
o) = sl < €0, ho)n 07,
=0

3.2 Agmon estimates

In order to prove Theorem 1.2, we need Agmon localization estimates about L£4(h) (see the work [1, 2]
and in the semiclassical context [7, Chap. 6]) and [12]). We remark that thanks to Propositions 1.1 and
3.1, for all sy € (0, 1) the N lowest eigenvalues \; of L4(h) satisfy for all s € [—so, so|:

1A, — 72 < Doh?3, (3.9)

for some positive constant I'y depending on N, and s,. We define Tri*(s) := Tri(s) N {z € R.}. We
have the following two Agmon localization estimates for the true eigenfunctions of L£,(h):

Proposition 3.5 Ler s € [0,1). Let Ty > 0 and py € (0,7). There exist hy > 0, Cy > 0 and
no > 0 such that for all s € [—sg, s0), h € (0, ho) and all eigenpair (\s,1s) of Ls(h) satisfying
|\ — 72| < Toh?/3, we have:

4 +
/ PO (o, P4 (12739, 2)dady < Collvs]|? and / @D (| 2Ry 2)dady < Collus 1,
Trit(s) Trit(s)

with 7 .
OF () = —2—|2*/? and ®F(x) := —po|ss|In <1 + —)

Vsl S+

In the regime h — 0, Proposition 3.5 localize the eigenfunctions of L.(h) in a neighborhood of
Tri(s) N {x = 0} and gives decay estimates away from this set. These estimates justify that the
Feshbach-Grushin projections of the true eigenfunctions of L£,(h) are good quasimodes for the one
dimensional operator (u — h2[®™"(u + s;0,)), cf. (1.1), that is the tangent approximation of the
Born-Oppenheimer approximation of £,(h).

Because the shape of the effective potential v defined in (1.4) is close to the one of [6], the proof
of Proposition 3.5 uses the technical background of Propositions 5.5. and 5.6 of [6].
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3.3 Approximation of the first eigenfunctions by tensor products

In this subsection we will work with the operator Lgec(s) () defined on the left side u < 0 by L (h)
and on the right side u > 0 by £78(h). Let us consider the N, first eigenvalues of Lrec(s) () (shortly

denoted by A, ,,(h)). In each corresponding eigenspace we choose a normalized eigenfunction 1) ,, s0
that (s ., Vs ») = 0 if n # p. We introduce:

gs,No(h) = Span(d}s,lu . 7¢3,N0)~

Then, we follow the same lines as in [6, Sec. 4.3] and define the following quadratic form:

N > ~ u
%ec(s) (ws) = /; (S)Oatws'Q - WQ‘ws‘Z) (1 -+ S_>dUdt +

|0 =1 (1+ )t
R+ (s) St

where R_(s) = Rec(s) N {u <0} and R, (s) = Rec(s) N {u > 0}. We consider the projection:

~

Hois(ua t) = Ws(% ')7 51>t51(t)'
We can now state a first approximation result:
Proposition 3.6 Ler sy € (0, 1), there exists hy > 0 and C > 0 such that for all s € [—sy, sq), all

h € (0, ho) and all b, € S, n, (h):

0< QRec(s) (&s) < Oh2/3||¢s||2

and

(1d = o)eby || + [|0: ((1d — To) ) || < CR3jab] -
Moreover we have, 11 : §s Ny — 1o (S\s No) is an isomorphism.

Proof: We use the same reasoning as in [6, Sec 4.3] and [20, Sec 4.3]. [

3.4 Reduction to the model operator

The aim of this subsection is to prove Theorem 1.2 using the projections of the true eigenfunctions
(ITpeps ) as test functions for the quadratic form of the model operator. We apply the technical

background of [20, Sec. 4.4]. Let us consider zZ S :S'\s, No (h). We will need the two following lemmas to

estimate the quadratic form of the model operator tested on (I1yt)). The key in their proof is the use of
Proposition 3.5.

Lemma 3.7 Let sy € (0,1). Forall ¢ € S, n, there exist hy > 0 and C' > 0 such that for all
s € [—s0,80] and all h € (0, hy):

2

)

ym/' 0,000 (14+ ) dudt|” < |7,
R (s) S+
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Lemma 3.8 Let s € (0,1). Let ¢, € S..ny(h). There exist hy > 0 and C > 0 such that for all
s € [—s0,80] and all h € (0, hy):

2 ~ ~
h—/ 0t Pluldudt| < CHY[ 5,
S+ R+ (s)

5 | 1B PuPau] < ons) )
53 JRi(s)

We can now prove the

Proposition 3.9 Ler sy € (0,1), 1), € §S7N0(h). There exist hg > 0 and C' > 0 such that for all
s € [—so, So] and h € (0, hy) we have:

T () < s (h) = ) [l + CRY [,

where

2 R R 2 2
Sl Pdudt [ W -

R4 (s)

I Cy -—/ h2|0uths|? + ||| | 2dudt.
R_(s) s

We remark that Q™% is, up to h? in front of the derivative term and a factor 272 for the potential, the
quadratic form of the model operator in two dimension.

-----

Qsn(Ws) < Aoy (W) [0,

By definition, for all » € Dom(Qs ;) we have:

Qui) = [ ol @l fdndy.

The last inequality combined with the convexity of the effective potential v, yields:

Ig_(z)  1g_(2)
h2|0,14|* + 27 + sPdzdy < (s no (R) — 72) [|00s]|?.
/m(s) 002+ 20 (== + == ol dady < (o () = 7)1

Then, we perform the change of variables (3.3) to get:

2

. A . B2 .
D) S Qo) — I [Pt [Pt +
+(s

o2 _2 2 .
= (a2 |uf2dudt + = [ |22 dudt +
= JRrR_(s) s3 R, (s)

2?2 / tau@z)saﬂps(u )dudt—2h2 / tau@zisatgzs<1+ﬂ)dudt
R-(s) R (s) S+

To obtain Proposition 3.9 we apply Lemmas 3.7 and 3.8 taking into account (3.9). U
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Proof of Theorem 1.2 We apply Proposition 3.6 to the result of Proposition 3.9 and we obtain:

QT (1) < (Ao (B) — 72) || oty ||* + CY2|

Then, equation (3.9) and Lemma 3.6 yield:

") < o (h) = 7)ot 2o ey + O 108

)

where R
H%H%%Rec (s) H%HL?(R ), dudt) T H%Hm(m(s) dudt)*

Moreover, we have

med (1) = QMY (Igthy) + Qe ((Id — Io)ehs) + 26724 (Mg, (Id — II)ehy),

where b7 is the bilinear form associated with QT3¢ We remark that

A A 2 A
08 (Mo (= To)) = [ (to((= %02+ 77 [ul) ) (1d — o)) duct +

R_(s)

/ (Mo ((— 202 +
Ry(s)

272 .
= ful) s, ), (1 = THo) o) dudt = 0.
Finally we have

QIR o) < (o) — 72) [Tt 22 g+ Y Tt

)

Now the conclusion is standard. We denote by moth, := (¥, (u, ), 1);. Let us consider the smooth

1 1
cut-off function x being 1 for |u| < 1 and O for |u| > 7 We define x,(u) := X<1 “ > it holds:

b

q;ngd (XSWUQ@S) < ()‘SJVo(h) - 7T2)H7T077/A)3H2 + Oh4/3H7T07vZ}s ?

where ) () ()
s ]lR7 u ]IR, Uu
mod 2 2 2 2
= [ Bl + 27 Il
() /_1_8 Oupl® +2m*( - + =, ) lullel du
Then, we consider s; v, (k) := span (77'0’!7[)571, ceey WO@ZS, No) and we apply the min-max principle to the

Ny dimensional space xSs v, (k) wich yields
w2+ (272 ()R < Ao ().

Jointly with Proposition 3.1, this finishes the proof of Theorem 1.2.

4 An application to tunneling: a symmetric mountain

The aim of this section is to prove Theorem 1.4. We follow the philosophy of [12] about tunneling.
After the proof of some Agmon localization estimates in Subsection 4.1 we study in Subsection 4.2
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the splitting of eigenvalues for this problem. To avoid the dependence on h of the domain Q2(h) we
perform the scaling:

J— . J— 1
T = T, Yy = ELEQ.
The domain Q(h) is now Q := (1) and we respectively denote by L(h), L' (h), L1&(h) and £(h)
the operators —Agf,), —AgQ ;). —Agh ) and D(h) in this new variables, up to a multiplication by

h?. L(h), L' (h) and L"&(h) are the Dirichlet realization of —h?d2 + 97 on each associated geometric
domain (denoted 2, ' and 2"€). We denote by ((,(h)),>1 the eigenvalues of £(h) and (A, (h))n>1
the eigenvalues of the two iso-spectral operators £'*(h) and L£"€(h). In terms of physical variables, we
obtain:

v(h) = K2 (h);  pin(h) = h™2\0(R).

For the operator £(h) we construct an effective potential in the spirit of the Born-Oppenheimer
approximation as in Subsection 1.4, we obtain the operator:

—h?02 +v(x),
where the effective potential v is:

(1—s)2 452 452 (1—s)? 1

@y g @)+ et @) + rrm e @) + o (s,l)(ﬂf))

v(x) = 7r2<

The shape of the potential helps us to get the Agmon estimates of Subsection 4.1.

4.1 Agmon estimates

To enlighten tunneling we need Agmon localization estimates on 2 for the true eigenfunctions of L(h),
L' (h) and L"8(h).

Agmon estimates for £(/) between the two peaks

Proposition 4.1 Let 'y > 0. There exist hy > 0, Cy > 0 and C > 0 such that for all h € (0, hy) and
all eigenpair (¢, 1) of L(h) satisfying |¢ — 72| < Toh?/3, we have:

/ B[ + [R5 0,|2dady < Coe /.
QN {(—s/2,5/2) xR}

Proof: For ® a Lipschitz function to be dertermined, if (¢, ¢) is an eigenpair of L(h), the IMS formula
reads:

/ 1210,(e®M )P + [0, W2 — |@'e/Mp|* — (e My Pdudy = 0.
Q

Consequently we have:
/ 1210, )P + v(@) e M — |9 Ml — (e p[Pdady < 0.
Q

We denote by:
Il = (—]., —S), IQ = (—S,O), Ig = (O,S), I4 = (S, 1),
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these intervals. Let ; = Q N {Z; x R} Then, by convexity near each minimum, and for symmetry
reasons we have:

4
/ 210, () Pdady + 3 / (2 4 t5(z) — € — @ (2)?)]e*o Pdady < 0,
@ j=1 7%

where we have:

_12is(m+s), t2($)=%($+s), tg(x):—%(x_s)’ t4(w):12i8($—3)-

tl({[') =

Then, we apply the same reasoning as in the proof of Proposition 3.5 and, using the reflection symmetry,
we obtain a Cy > 0 such that:

/ 2O (]2 + |h230,0[?)dady < Collv?, @1
Q

with, for some 7,72 > 0:
O(z) = m|z+s>2 1(=1, —s)(x)+na|z+s>2 1(=s,0)(x)+na|z—5>? 1(0, s) () +m1 |z —s[> 1(s, 1) ().
We have 1(_,/2,5/2)® < ®. moreover there exists a constant C > 0 such that:

C < ®(x),Vx € (—s/2,5/2).

Combined with (4.1), it yields for some constant C' > 0:
/ 012+ [12/20, 0 Pdady < Coe™/ju2.
QN {(—s/2,5/2) xR}
O

Agmon estimates for £'**(h) and £"€(h) Using the same philosophy as in the proof of Proposition
4.1 and adapting the proof of Proposition 3.5 we have:

Proposition 4.2 Let 'y > 0. There exist hy > 0, Cy > 0 and C' > 0 such that for all h € (0, hy) and
all eigenpair (\, ) of L' (h) satisfying |\ — 72| < Toh*/3, we have:

/ 1|2 + |R*30, P dady < Coe™ /M2
Qlef N {(—s/2,0)xR}

The same proposition holds for L"€(h).

4.2 Spectrum of L(h)

In our way to prove Theorem 1.4 we need the

Proposition 4.3 For all N € N* there exist hg > 0, Cy > 0 and C > 0 such that for all h € (0, hg)
andall j € {1,...,N}:

ngfl(h) S Coeic/h + )\j(h), CQj (h) S Coeic/h + )\]<h)
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Proof: Let x'*" and x"& be a smooth cut-off functions such that x'*'(z) = 1 forall z € (—1, —s/2) and
X (z) = 0forall z € (—s/4,0) and x"&(x) = x'*'(—z) forall z € (—1,1). We take ¢'*" and ©}*
two eigenfunctions associated with \;(h), respectively for £'*(h) and £8(h), and we define the two

dimensional space E; := span (x'*)!¢f, y"€y®) C Dom(L(h)). Let ¢ € Ej, thanks to Proposition 4.2

there exist hy > 0, Cyp > 0 and C' > 0 such that, for all A € (0, hy):
I(£(R) = X ()l < Coe™ ([
The spectral theorem yields the existence of k1 (j, h) € N* such that:
[Chaimy (B) = Aj(R)| < Coem /M.

Nevertheless, because dim(E;) = 2 we can find another k»(j) € N* such that:

[Chaimy (B) = A ()] < Coe™@/™.
Without loss of generality we can assume that k1 (j, ) < ko(j, h). Now, we prove in three steps that

(j — ki(5,h)) and (j — ko(j,h)) are injective functions Assume that there exists such that
k1(j1, h) = k1(j2, h). We have

|/\]1 (h) - Ckl(jlvh)(h” < OOG_C/ha |A]2(h) - Ckl(j2,h)(h)| < COG_C/ha

which gives
|)‘j1 (h> - )‘j2 (h>| < ZCoe_C/h_

Nevertheless, two distinct eigenvalues in the spectrum of £(h) satisfy [A;, (h) — Aj,(h)| > Ch2/3, for
some C' > 0. Consequently j; = j5. The proof is the same for ks (7, h).

) — k(9 and (j — ko(y are non-decreasing functions Let j5 > j;, we have:
(J = k15, ) and (5 — ka(j, 1)) d ing functi Ja > J h
Ch(]éﬁ)(h) > )‘jz (h) - Coeic/la Ckl(jhh)(h) < )\jl (h) + CUeic/h'
We obtain:
Qﬁ(jz,h)(h) - Ckl(jl,h)(h) > )‘jz(h) - >‘j1 (h‘) - 200670/]17

where the right-hand side of the inequality is positive for & small enough. Necessarily k1 (j2, h) >
k1(j1, h) and thanks to the first step k;(j1, h) > ki(j2, h). The same reasoning hold for k(j;, h) and
ka(j2, k). Moreover we can prove with the same technical background that ,j, 1)(h) < Ci,(ja,n) (R).

Induction For j = 1 wehave ky(j, h) > k1(j,h) > 1. Let j € N* such that ko (5, h) > ki(j, h) > 27.
Thanks to the previous steps we have:

We deduce that &y (j+1, h) > 2j+2. Because ko(j+1,h) > ki1(j+1,h), we have ko(j+1,h) > 2543,
which concludes the induction and the proof of Proposition 4.3. U

Now, we prove that there is at most two eigenvalues of £(h) at a distance of order O(e~¢/") from
an eigenvalue of £(h).
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Proposition 4.4 Forall N € N*, Cy > 0, C' > 0, there exist hg > 0 such that for all h € (0, hy) and
allje{l,...,N):

#{((h) € S(L(h); [X;(h) = C(h)| < Coe™ M}y < 2.

Proof: Let us assume that there exist (;, (h) < (j,(h) < (j,(h) in &(L(h)) such that, for all p €
{1,2, 3}, we have:
X (8) = G (B)] < Coe O

We consider the family of orthonormal functions (¢;,)pc(1,233 Where, for p € {1,2,3}, ¢;, is an
eigenfunction of £(h) associated with \; (k). Now we define v;, = (x'*'¢;,, X", ) and the space
E; = span(1}, )peq1,2,3)- We will also be lead to investigate the eigenspace F; of £(h) associated with
Aj(h): we denote by @, and @, » an orthonormal basis of F;. Let us take ¢» # 0 € &; such that, for
p=1,2, (¢, ®;,) = 0. Such a function exists because dim(€;) = 3 and, thanks to Proposition 4.1, we
have:

I(€(R) = X;()wll < Coe™“*[[].
The spectral theorem yields n(j, h) € N*, with n(j, h) # j, such that

Ay (h) = Aj(R)] < Coe= ",
Finally, we know that there exists C' > 0 such that |\,; ) (h) — Aj(h)| > Ch??. For h small enough

we have a contradiction. O

Proposition 4.5 For all N € N* there exist hy, Cy > 0 and C > 0 such that for all h € (0, hy) and all
je{l,...,2N}:
IGi(h) = Ay (R)] < Coe /M,

for some n(j, h) € N*.

Proof: Let ; be an eigenfunction of £(h) associated with the eigenvalue ¢;(h). Let us take y'*" and
X" like in the proof of Proposition 4.3. We define ®; = (\'* p;, x"¢¢;) € Dom(£(h)) and we have,
thanks to Proposition 4.1:

1(€(h) = ¢(R) @5l < Coe™ " @5.

The spectral theorem yields the conclusion. U

Proof of Theorem 1.4 We prove that in Proposition 4.5 we have:

The proof is organized in three steps, as in Proposition 4.3.
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(j—n(2j—1,h))and (j — n(2j —1, h)) are injective functions Let j;, jo € N* such that j; < js
and

Consequently we have:
Cajy (h) — Cojy (R) < 2Coe™ 7,

There exists j € N* such that 2j; — 1 < j < 2j, — 1 and we have:
G(h) = Cajy (h) < Cojp(h) — Gojy (R) < 2Cpe~ /",
Finally, we get:
Anin—1m) (h) = G(R)] = [An@ji—1,m (h) = Cojy—1(B) + Coju—1(h) — G(h)| < 3Coe™ /™.

Then, we apply Proposition 4.4 and we have a contradiction because we found three eigenvalues
exponentially close to A, (2;,—1,5)(h). The proof is the same for (j — n(2j — 1, h)).

(j—n(2j—1,h)) and (j — n(2j — 1, h)) are non-decreasing functions Let j;, jo» € N* such that
J1 < j2, we have:

An(2ja—1,1) () = Angajs—1.m) (h) + 2Coe " > Cojo—1(h) = Gaj—1(R) > 0.
Thanks to the injectivity, for some C >0, we get:
sgn(n(2js — 1,h) — n(2j, — 1, h))Ch¥3 > 0,

where sgn denotes the function sign. Necessarily we get n(2j, — 1,h) > n(2j; — 1, h).

Induction For j =1 wehave n(1,h) > 1 and n(2,h) > 1. Let j € N* such that n(2j — 1,h) > j
and n(27, h) > j. Thanks to the previous step we have:

n(2j +1,h) >n(2j —1,h) > 5, n(2j +2,h) > n(24,h) > j.
which achieves the induction. Finally we get:
Aj(h) < Coem M 4 Gy a(h),  Aj < Coe™ " + Gy (h).

Combined with Proposition 4.3 it gives Theorem 1.4.

Figure 4 illustrates Theorem 1.4 and enlighten the localization of the spectrum of L(h).

Remark 4.6 Due to symmetry reason, we can be more accurate about the spectrum &(L(h)). In fact,
for all j > 1, we necessarily have (5;_1(h) < A;(h) and (o (h) = A;(h). A

A Shape of the eigenfunctions in the semiclassical limit

Let us now illustrate some theoretical properties of the eigenfunctions of £(h) with numerical
simulations. These computations are performed in the domain Tri(s) with the finite element library
Melina++ [17]. The mesh is constituted of triangles with 4 subdivisions on Tri~ (s) and Tri*(s) with
6 as interpolation degree. Figure 5 pictures the dominant term in the construction (3.8): It is almost
a tensor product of the eigenfunction of the toy model operator and the sinus (respectively along the
X-axis and the Y-axis). The eigenfunctions are localized near the altitude of the triangle. This matches
with the Agmon estimates of Proposition 3.5.
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O(e=C/M)

Figure 4: Repartition of &(L(h)) around S(£(h))

Ai(s, h) = 14.119615 Aa(s, h) = 16.461797
As(s, h) = 18.59000 Au(s, h) = 20.63603

Figure 5: This figure represents the four first eigenfunctions of L£4(h) and their corresponding eigenvalue
fors =0.5and h = 0.1.

B Illustrations of tunneling

To illustrate some properties of the eigenfunctions of a symmetric mountain we compute some of them.
These computations are performed in the domain €2 for the operator £(h). The mesh is constituted
of triangles with 3 subdivisions on the €2; (j = 1,...,4) with 6 as interpolation degree. Figure 6
depicts the phenomenon of tunneling discussed in Section 4. We remark that the localization of the
eigenfunctions matches with the Agmon estimates of Subsection 4.1. Moreover a pair of exponentially
close eigenvalues is associated with eigenfunctions even or odd along the X —axis.

Figure 7 pictures Theorem 1.4 and the exponentially close difference between (5,1 () and (3;(h)
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(for j = 1...3). The interaction is of order e~“/" (for some C' > 0). Nevertheless for small 4 there
is a stalling in the computations: we can not do the computation correctly because the difference
between the eigenvalues is two close to zero to compute them correctly. Consequently we did a linear
approximations for small & but before the stalling. These linear approximations go to —1 as i goes to

0.

¢1(h) = 12.996729 (a(h) = 12.996730
¢3(h) = 17.395903 Ca(h) = 17.396014
(5(h) = 21.411375 (s(h) = 21.413785

Figure 6: Computation for s = 0.5 and A = 0.15. Numerical values of the first six eigenvalues. Plots
of the associated eigenfunctions in the domain ).

Acknowledgment 1 would like to thank Luc Hillairet who gives the impulse to write this paper as
well as Monique Dauge and Nicolas Raymond for all their advices on this subject. My thanks also go
to Yvon Lafranche who built a mesh constructor adapted to this problem for the finite element library
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0.3 0.35

Figure 7: Divided differences of log,,(— In((a;(h) — (2j-1(R))) G=1... 3)on h.
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