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STABLE DETERMINATION OF TWO COEFFICIENTS IN A DISSIPATIVE WAVE
EQUATION FROM BOUNDARY MEASUREMENTS

KAIS AMMARI AND MOURAD CHOULLI

ABSTRACT. We are concerned with the inverse problem of determining both the potential and the damping
coefficient in a dissipative wave equation from boundary measurements. We establish stability estimates
of logarithmic type when the measurements are given by the operator who maps the initial conditions to
Neumann boundary trace of the solution of the corresponding initial-boundary value problem. We build a
method combining an observability inequality together with a spectral decomposition.
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1. INTRODUCTION

We consider the following initial-boundary value problem (abbreviated to IBVP in the sequel) for the
wave equation:
02u — Au + q(z)u + a(x)opu =0 in Q x (0,7),
(1.1) u=0 in 9Q x (0,7),
’U,(,O) = Uo, atu(ao) = U,
where 2 C R™ is a bounded domain with smooth boundary 092 and 7 > 0.
In all of this text, the coefficients ¢ and a are assumed to be real-valued.
Under the assumptions that ¢,a € L>(Q), for each 7 > 0 and (ug,u1) € Hg(2) x L?(Q2), the IBVP (1.1)

has a unique solution u,, € C([0,7], H}(£2)) such that du,, € C([0,7], L*(R2)) (e.g. for instance pages
699-702 of [5]). On the other hand, by a classical energy estimate, we have

1.2 + [luallo)-

||Uq,a|\C([o,r],Hg(sz)) + 10sug.alle(o,,22(2)) < C([luol
Here and henceforth, || - ||, and || - [|sp, 1 < p < 00, s € R, denote respectively the usual LP-norm and the
W#P-norm.
We note that the constant C' above is a non decreasing function of ||g||ec + ||a]|co-
Now, since ug,q coincides with the solution of the IBVP (1.1) in which —g(2)ug,q — a(x)0iug,q is seen as

a right-hand side, we can apply Theorem 2.1 in [15] to deduce that 0,ug,q, the derivative of the w4, in the
1
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direction of v, the unit outward normal vector to 9, belongs to L?(09Q x (0,7)). In addition, the mapping
(uo,u1) € HY(Q) x L2(Q) — yug.q € L*(0Q x (0,7))
defines a bounded operator.

Let T’ be an open non empty subset of 9Q and ¥ =T x (0,7). To ¢,a € L*°(Q), we associate the
initial-to-boundary (abbreviated to IB in the following) operator A, , defined by

Mg : (wgsu1) € HYQ) x LA(Q) — Byugaps € LA(E).
Clearly, from the above discussion, Ay, € # (Hj(2) x L*(Q), L*(%)).

We also consider two partial IB operators: A, and /N\q,a given by

Ag(uo) = Mg o(u0,0),  Aga(ur) = Aga(0,ur).
Therefore, A, € % (H(Q), L2()) and Ay € B (L*(Q), L2(%)).

Next, we see that dyu is the solution of the IBVP (1.1) corresponding to the initial conditions u; and
Aug — qug — au1. Repeating for d,u the same arguments as for u, we get that

Aga € 2 ([H)(Q) N H*(Q)] x Hy(Q),H'((0,7), L*(I))) -
Consequently,
Aq € ’% (HOl(Q) N HQ(Q)a Hl((oa T)a L2(F))) )
Ngo € B (H)(Q),H((0,7), L*(I))) .

We are interested to the stability issue for the inverse problem consisting in the determination of both the
potential ¢ and the damping coefficient a, appearing in the IBVP (1.1), from the IB map A, ,. We succeed
in proving logarithmic stability estimates of determining ¢ from A,, a from Ay, and (g, a) from Ay ,.

We introduce the unbounded operators, defined on Hg () x L?(12),

A= (R g ) Do) = @) )] < H(@)

and A = Ay, = Ao + B with D(A) = D(Ayp), where
BBq_a< 00 >
, ¢ —a

C:D(Ay) = L*(T) : (¢, 0) — Duep.

Since we deal with the wave equation, it is necessary to make assumptions on I' and 7 in order to guarantee
that our system is observable. To this end, we assume that I' is chosen in such a way that there is 7y such
that the pair (A, C) is exactly observable for any 7 > 7y. The definition of exact observability will be given
in the next section in an abstract framework.

Let

We give sufficient conditions ensuring that the pair (A,C) is exactly observable. We fix 2o € R” \  and
we set
Top={z €0 v(z) (x —x9) >0} and d =max|r — x¢|.

€N

Let us assume that I' D T'g. Following Theorem 7.2.3 in page 233 of [22], (Ao, C) is exactly observable with
T > 79 = 2d. In light of Theorem 7.3.2 in page 235 of [22] and the remark following it, we conclude that
(A, C) is also exactly observable for 7 > 79, again with 7o = 2d.

We mention that sharp sufficient conditions on I' and 7y was given in a work by Bardos, Lebeau and
Rauch [6].

Henceforth, 7 > 7y is fixed and, for sake of simplicity, all operator norms will denoted by || - ||. Also, we
use the notation B), (resp. Bs ) for the unit ball of LP(£2) (resp. WP (Q)).

In the present work, we aim to prove the following theorem.
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Theorem 1.1. Let 0 < qp € L>°(Q), there is a constant 6 > 0 so that

_ —1/2
(12) lg = goll> < C 0 (C Ay = Agl)| ™%, g € g0+ 3B,
and for any M > 0,
R - —1/2
(3)  llalls < | (€7 g = Agpoll)| . a € BBl N[MBia],
_ —1/2
(14)  llg—aolla+ lallo < Cm (C7 Mg = Aguol)| ", ¢ € o+ 0B1c, a € [Bu] N[MBis].

Here, C is a generic constant not depending on q and a.

This theorem gives only stability estimates at zero damping coeflicient. The difficulty of stability estimates
at a non zero damping coefficient is related to the fact that the spectral analysis of the operator A is not
easier in that case. We observe that, contrary to case where a = 0, this operator is no longer skew-adjoint.
We detail a result on the stability estimate at a non zero damping coefficient in a separate section.

The problem of determining the potential in a wave equation from the so-called Dirichlet-to-Neumann
(usually abbreviated to DN) map was initiated by Rakesh and Symes [17] (see also [8] and [11]). They prove
that the potential can be recovered uniquely from the DN map provided that the length of the time interval
is larger than the diameter of the space domain. The key point in their method is the construction of special
solutions, called beam solutions. An extension was obtained by Bellassoued, Choulli and Yamamoto [2] in
the case of a partial DN map by a method built on the quantification of the continuation of the solution
of the wave equation from partial Cauchy data. In the case of the complete DN map, a sharp uniqueness
result was proved by the so-called boundary control method. More details on this method can be found for
instance in [4] and [14]. Also, when the DN map is given on the whole lateral boundary, Sun [19] establishes
Hélder stability estimates. Most recently, Bao and Yun [3] improve the result of [19]. Specifically, they
prove a nearly Lipschitz stability estimate. We refer to the introduction of [2] for a short overview of inverse
problems related to the wave equation.

This text is organized as follows. In Section 2, we consider the inverse source problem for exactly observable
systems in an abstract framework. This material is necessary in establishing stability estimates for the
determination of the potential and the damping coefficient appearing in the IBVP (1.1). The Section 3 is
devoted to the proof of Theorem 1.1. We give in Section 4 a sufficient condition that guarantee the existence
of Riesz basis consisting in eigenfunctions of the operator A, provided that the L°°-norm of a is small.
From this spectral decomposition we show that we can get a variant of Theorem 1.1 at a non zero damping
coefficient. In Section 5, we explain how our approach can be adapted to other exactly observable systems.
Precisely, we study the Euler-Bernoulli plate and Schrédinger equations in a rectangle of R?. The possible
adaptation of our method to the heat equation is discussed in Section 6. Due to the fact that the heat
equation is not exactly observable but only observable at final time, we obtain a stability estimate only when
we perturb the zero order term by a finite dimensional subspace.

2. INVERSE SOURCE PROBLEM: AN ABSTRACT FRAMEWORK

Let H be a Hilbert space and A : D(A) C H — H be the generator of continuous semigroup 7'(t). An
operator C' € B(D(A),Y), Y a Hilbert space that we identify with its dual space, is called an admissible
observation for T'(t) if for some (and hence for all) 7 > 0, the operator ¥ € Z(D(A), L?((0,7),Y)) given by

(x)(t) =CT(t)x, t€[0,7], € D(A),
has a bounded extension to H.

We introduce the notion of exact observability of the system
(2.1) 2(t) = Az(t), 2(0) =z,
(2.2) y(t) = C=(b),
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where C' is an admissible observation for T'(¢). Following the usual definition, the pair (A, C) is said exactly
observable at time 7 > 0 if there is a constant s such that the solution (z,y) of (2.1) and (2.2) satisfies

‘AHmm@ﬁzﬁWﬂ&,weDM)

Or equivalently

(2.3) /O () () [3-dt > K*|2[|%, = € D(A).
We consider the Cauchy problem
(2.4) 2'(t) = Az(t) + A(t)x, 2(0) =0,
and we set
(2.5) y(t) = Cz(t), t€][0,7].
By Duhamel’s formula, we have
t t
(2.6) y(t) = / At — $)CT (s)xds = / At — 8)(Pz)(s)ds.
0 0
Let

H{((0,7),Y) ={ue H'((0,7),Y); u(0) =0} .
We define the operator S : L%((0,7),Y) — H}((0,7),Y) by

t
(2.7) (Sh)(t) = / At — s)h(s)ds.
0
If E = SV, we observe that (2.6) takes the form

y(t) = (Bx)(t)-

Theorem 2.1. We assume that (A, C) is exactly observable and A € H*((0,T)) satisfies A(0) = 1. Then E
is one-to-one from H onto H}((0,7),Y) and

(2.8) (fﬁ/\/i)«foTHA W22 0my 2]l x < ||E$HH,}((0,T),Y), reX.

Proof. First, taking the derivative with respect to ¢ of each side of the integral equation

Axa—wﬂamzww,

we get a Volterra equation of second kind

t
o)+ [ Xt = 9)pls)ds = v'(0)
0
Mimicking the proof of Theorem 2 in page 33 of [13], we obtain that this integral equation has a unique
solution ¢ € L*((0,7),Y) and
lellz20.7).v) < ClY (|2 (0.7).v)
< ClKllm 0. v)-
Here C' = C()) is a constant.

Next, we estimate the constant C' above. From the elementary convexity inequality (a + b)? < 2(a? + b?),

we deduce 5

|w@n%sz(4|xusn¢$Md§ ol ()
Hence

t
le@®I1F < 2||X||iz<<o,f>>/0 le(s)II5-ds + 2llv' (15
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by the Cauchy-Schwarz’s inequality. Therefore, using Gronwall’s lemma, we obtain in a straightforward
manner that

lellzz(0,7).y) < V2e? Wiz (om) 14" 12 (0,7),v)
and then

lpllza(o.ryv) < Ve Tazomn 1Sellmio.m.v)-
In light of (2.3), we end up getting

1EZ| 2 ((0,7).v) = (k/V2)e T2 (0 ||2] .
O

Let us note that the condition A(0) = 1 can be relaxed. It is enough to assume that A\(0) # 0. In that
case k has to changed to [A\(0)|1x.

We need a variant of Theorem 2.1. Let (A, C) be as in Theorem 2.1. As a consequence of Proposition
6.3.3 in page 189 of [22], we obtain that there is § > 0 such that for any P € Z(H) satisfying ||P| < 4,
(A+ P,C) is exactly observable with k(P + A) > k/2.

We define ET similarly to E by replacing A by A + P.

Theorem 2.2. We assume that (A, C) is exvactly observable and A € H'((0,T)) satisfies \(0) = 1. There is
§ > 0 such that, for any P € B(H) satisfying ||P|| <6, E' is one-to-one from H onto H}((0,7),Y) and

—27|I\))?
(29) (K/(Q\/i))e l ”LQ((O,T)) H,’L‘HX S HEP:CHH;((O,T),Y)’ r e X.

We apply the preceding theorem to the following IBVP for the wave equation:

0?u — Au+ q(x)u + a(x)du = A\(t) f(z) in Q x (0,7),
(2.10) u=01in 0Q x (0,7),
u(+,0) =0, dpu(-,0) =0.

We recall that
dv= (3 g )+ DlAo) = [2(@) 0 ()] x HY(0)
D(A)

and A = Ay, = Ao + By,q with = D(Ap), where

0 0
B (0 %)

C:D(Ag) — L*(I) : (p,70) — 0.

We fix qo, ap € L™(2) and we assume that (Ag,.a,,C) is exactly observable with constant «. This is for
instance the case when I' D Ty = {z € 9Q; v(x) - (x — x9) > 0} (e.g. Theorem 1.2 in page 141 of [10]').

Also

Corollary 2.1. There is 6 > 0 such that, for any q € qo + 051,00 and a € ag + 6B, we have

27|\
11 < @v2/R)e* X V520 0]l 0.0, 200
where uy is the solution of the IBVP (2.10).
This result gives a Lipschitz stability estimate for the inverse problem consisting in the determination of

the source term f from the boundary data d,uy s, when A is supposed to be known.

We notice that from the proof of this theorem it is not possible to extract the dependance of K on go and ag.
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3. PROOF OF THEOREM 1.1

Proof of Theorem 1.1. Let (\x) and (¢y) be respectively the sequence of Dirichlet eigenvalues of —A + g,
counted according to their multiplicity, and the corresponding eigenfunctions. We assume that the sequence
(¢) forms an orthonormal basis of L2(2).

We recall that by the min-max principle, we have the following two-sided estimates
(3.1) TR < N < ek

Here, the constant ¢ > 1 depends only on € and go.

Let uq be the solution of the IBVP (1.1) corresponding to ¢, a = 0, ug = ¢, and u; = 0. Taking into
account that ug, = cos(tv/Ax)@x is the solution of the IBVP (1.1) corresponding to ¢ = qo, a = 0, ug = ¢x,
and u; = 0, we see that u = uq — ug, is the solution of the IBVP

Ofu — Au+ qu = —(q — qo) cos(tv/Ax)dr in 2 x (0,7),
(3.2) u=0 ondQ x (0,7),
u(-,0) =0, dpu(-,0) =0.

In the remaining part of this proof, C' is a generic constant not depending on k.

Let 6 be as in Corollary 2.1. If ¢ € gy + 0B1 0, we get by applying Corollary 2.1:
(g = q0)kll2 < Ce“*||Byul 1 ((0,7),L2(0))-
Since |(q — qo, %) < [Q*?||(q — q0)®k||12(0) by the Cauchy-Schwarz’s inequality, the last inequality entails
(@ = o0, 61)| < Ce“|Oull (0,1, 12(r))-
Or d,u = (Ag, — Ay)Px. Therefore
(3.3) |(q — qo, ¢k)|2 < CeH HAqo - Aq||2'
Let A > A\; and N = N(\) be the smallest integer satisfying Ay < A < Ay41. Then

g — qoll3 :ZKQ*%,%)F
*ZW*QO@H + > I(a—qo0,00)

k<N k>N
<> Ha—qodn)l*+ 1 Z Al (g = g0, ¢x)|?
k<N A

Z (g — g0, on) +—

k<N

1/2
Here we used the fact that (Zkzl(l + i) (s, <Pk)2) defines an equivalent norm on H*(£2).
In light of (3.3), we get

2 [@DN 2 052
lg —qollz < CNe"[Agy — Agll” + -~
Or by (3.1), N < C\"/2. Hence
C?
g — qoll3 < Ce“*|Agy — Agll” + N

We minimize with respect to A\, we obtain that there is dp > 0 such that if ||[A,, — A4l] < do, then

_ —1/2
lg = qoll2 < C I(C~|[Agy — Agl)| ™

Estimate (1.2) follows then from the continuity of the mapping g € L>(Q) — A, € B(H}(Q), L*(2)).



STABLE DETERMINATION OF TWO COEFFICIENTS 7

We proceed similarly for proving (1.3). In the actual case we have to replace the previous ug, by ug, =
)\,;1 sin(tyv/ Ak )bk, corresponding to the initial conditions ug = 0 and u; = ¢x. Therefore in place of (3.2),
we have

0?u — Au = —acos(tv/ M) ok, inQ x (0,7),
(3.4) u=0 ondN x (0,7),
u(-,0) =0, dru(-,0) =0.

We continue the proof as in the preceding case. We get
[(a, ¢)|* < Ce“ || Agya — Mg oll-
We finish the proof as above.

We complete the proof by showing how we proceed for proving (1.4). Taking into account that the solution
corresponding to ¢ = qo, a = 0, up = ¢ and uy = APy is Uy, = eimtqﬁk, in place of (3.2) we have the
following IBVP

O?u — Au+qu = —[(qg — qo) + i\/)\_ka]eimtqﬁk, in Q x (0,7),
(3.5) u=20 ondf x (0,7),
u(-,0) =0, dpu(-,0) = 0.

Here again we can argue as in the proof (1.2). We find

[(p.q — q0) + i/ Ak, a@)|* < Ce“ [ Aga — Mgy oll,

entailing
|(p,q — qO)|2 < CQC/\kHAq,a - Aqo,OHQa
(i, a)? < Ce“ [ Aga — Agooll*
We end up getting (1.4) by mimicking the rest of the proof of the estimate (1.2). O

4. STABILITY ESTIMATES AROUND A NON ZERO DAMPING COEFFICIENT
For sake of simplicity, we assume that the potential ¢ is equal to zero. But the analysis carried out in the
present section is still applicable for any non negative bounded potential.

In the sequel 0 < A} < Ay < ... Ax < ... denote the sequence of eigenvalues, counted according to their
multiplicity, of —A under Dirichlet boundary condition.

We introduced in the first section the unbounded operators, defined on H}(Q2) x L?(9),

A 0
and A, = Ap + B, with D(A) = D(Ap), where

0 0
s (0 %)

We know that —iAg is self-adjoint operator whose spectrum is reduced to the sequence (1/Ar). We make
the assumption that © is chosen in such a way that the following gap condition holds true?:

(4.1) Vs = VA >d >0, k>1.

We set

Aoz( 0 I), D(Ao) = [H*(Q) n HY(@)] x H(Q)

1 d
K= —— and a = ————.
2 (2k + 1) 2/2(1 + k)

k>1

In light of Theorem 2 and Lemma 10 in [18], we can state the following result.

2An example of such a domain will be given in Section 5.



8 KAIS AMMARI AND MOURAD CHOULLI

Theorem 4.1. Under the assumption
p = llaollec <,
the spectrum of Aa, consists in a sequence (ijg) such that, for any § € (0,1 — p?/a?), there is an integer k

such that
pd =

sk
VAap? +d?6

In addition, H(Q) x L?(Q) admits a Riesz basis (¢r) = << i/;p]:p )), each ¢y, is an eigenfunction corre-
k¥k

lig — i/ M| <@ =afa) :=

sponding to iu.

We pick ap as in the preceding theorem and let (¢y) = << WWZD )) the corresponding Riesz basis
EPk

consisting of the eigenfunctions of the operator A,,. It is straightforward to check that u,, = e#*!y; is the

solution of the IBVP (1.1) with ¢ = 0, a = ao, ( ZO ) = ¢p. If u, is the solution of the IBVP (1.1), then
1

U = Ug — Ug, 1S the solution of the IBVP

0?u — Au + a(2)0pu = (ag — a)ipge™ oy in Q x (0,7),
(4.2) u=0 ondQ x (0,7),
u(+,0) =0, dpu(-,0)=0.

We observe that uy are not necessarily real, but asymptotically, || behaves like v/ Ag. Indeed, for fixed
0 as in the statement of Theorem 4.1, we have for some integer k

‘ei,u,kt| S e|’L'lu.)€fi\/Ak‘t ei\/)\kt S ea'r’ k 2 k,

k] < Ve + @, k> k.

With the help of these estimates, we can proceed as in the previous section to get, where 1, = iur ek,

@3 @-awf=[((,°, )o0)

Now since the biorthogonal basis to (¢y) is also a Riesz basis, we can apply Proposition 2.5.2 in page 37

of [22] to deduce that, where m is some constant,
0
I ORIED

(ol
@= a0 Jllgy@oxrz@ =1

In light of (4.3) and (4.4), we have

2
< CQC/\kHAa — Mg *.

2 2
2 <

(4.4) mlla— agll3 = m

1
m?|la — aoll5 < CNe“||Aq — Mg, ||* + " > Aella = ag, ¥
k>N
1
(4.5) SC’NeCAHAa*Aao||2+XZ/\M(G*GOJ/%)F-
E>1
Here A > A\; and N = N()) be the smallest integer satisfying Ay < A < An1.

We note that we cannot pursue the proof similarly to that of (1.2) because (1) is not necessarily an
orthonormal basis of L?(£2). So instead of the boundedness of a — ag in H'(Q2), we can only assume the
following estimate, where M > 0 is fixed,

(4.6) > Akl(a — ag,vr) < M.

k>1
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Under the assumption (4.6), (4.5) entails

M
m?|la = aol3 < Ce“Aa = Aao|* + -

The same minimization argument used in the proof of (1.2) (see Section 3) yields: there are constants C' > 0
and § > 0 so that

- - —-1/2
lla — agll2 < C ‘m (C‘1||Aa - AaUH)‘ . a€ap+ 0B and (4.6) holds.

5. EXTENSION TO EULER-BERNOULLI PLATE AND SCHRODINGER EQUATIONS

For sake of clarity, we limit ourselves to the case where Q) is a rectangle of the form Q = (0,a) x (0,b).
However, we believe that the analysis we carry out in the sequel is extendable to other domains.

Following [1], we introduce the following space

H1/2 = H&(Q)a

Hyjo = {h € H*(Q); h = Ah =0 on 99},

Hspo = {h € H°(Q); h = Ah = A”h = 0 on 09}.
The natural norm of H will denoted by || - ||ls, s=7+1/2,7=0,1,2.
On H = Hj/y x Hy /o, we introduce the unbounded operator A given by

0 I
A= ( ~(=A)2 0 ) , D(A) = Hsjy < Hyo.

Henceforth, I' denotes an open subset of 0f2 containing both a horizontal and a vertical segment of non
zero length. We define C' : Hy = H?*(Q2) N H{(Q) — L*(T') by
Cw = 0,w
and we set C = [0 C], that we consider as an element of Z(D(A), L*(I)).
We consider the following IBVP for the Euler-Bernoulli plate equation
O?u+ A%u =0 in Q x (0,7),
(5.1) u=Au=0 ondQ x (0,7),
u(+,0) = ug, Oru(-,0) = u;.
From Theorem 3.2 in [1], for any < ZO > € Hs/; X Hgjy the IBVP (5.1) has a unique solution u €
1
C([0,7], Hs/2) N c([o, 7], Hs)5). Moreover, (A,C) is exactly observable and there is a constant s such that
(5.2) &2 (luoll3 /o + llurll? o) < N0uullF 0,0y, p2(r)-

Here the constant x is independent on ug and wu;.
Let B, be the operator, where a = a(x),
0 0
B, = < 0o > |

This operator is bounded on H whenever a € W1°°(Q). Therefore, bearing in mind that A + B, generates
a continuous semigroup, the IBVP

O?u + Au + a(x)du =0 in Q x (0,7),
(5.3) u=Au=0 ondQ x (0,7),
u(+,0) = ug, dru(-,0) = uq,
has a unique solution u € C([0,T], Hs/2) N C*([0,T], Hs5), for any < ZO > € Hs/y x Hsjo. Moreover, the
1

same perturbation argument used in the proof of Theorem 2.2 enables us to show that (A+ B,,C) is exactly
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observable with constant k2 > x2/2 provided the operator norm of B, is sufficiently small. That is, there is
d > 0 such that for any B, € Z(H) with ||B,|| < ¢, we have

(5.4) (1/2)5*(luoll3 2 + llusllF/2) < 10vullip (0,0, z2(r)-

It is known that A is skew-adjoint and its spectrum is given by o(A) = {idre; k,¢ € N*} (here N* =

N\ {0}), where
kK2 2
Akliﬂj <¥+b—2)

We recall that a finite or infinite sequence of real numbers is said to be non resonant if every nontrivial
rational linear combination of finitely many of its elements is different from zero.

In the sequel we assume that (a/m,b/m) are non resonant. In light of the fact that the sequence (Ag)
represents the sequence of the Dirichlet-Laplacian on = (0, a) x (0,b), these eigenvalues are simple as it is
noticed in Proposition 5 of [16]. Hence

min( i1y — Ae, A1) — Ae) = 7 min(1/a?, 1/b%) = d.
Henceforth the eigenvalues of A are relabeled as i\g.
We set A, = A+ B,. We have similarly to Theorem 4.1,
Theorem 5.1. Let « and k be as in Section 4. Then, under the assumption
p = llaollie0 <a,

the spectrum of Aa, consists in a sequence (ijy) such that, for any & € (0,1 — p?/a?), there is an integer k
such that

d ~
i — i <T@ =a(a) 1= ——be | k> k.

NZVZEw

In addition, H admits a Riesz basis (¢r) = << @'/;0]:0 >), each ¢y, is an eigenfunction corresponding to L.
k¥Pk

A similar analysis to that carried out after Theorem 4.1 leads in the present case to the following stability
estimate: let M > 0 ; there are constants C' > 0 and § > 0 so that

- ~ —1/4
o= aollo < € |tn (R0 = Ragll)|

if a € ap + dB1,0 and
Z Ak|(a‘ - aOawk)|2 S Ma
k>1

where 9, = turpk-

With the same assumptions as those in the present section, we know from Theorem 1.4 in [20] that the
Schrédinger equation is exactly observable for the same boundary observation as above. We will not develop
here the analysis of the inverse problem corresponding to the Schrodinger equation. It is quite similar to
that for Euler-Bernoulli plate equation. We leave to the interested reader to write down the details.

6. THE CASE OF THE HEAT EQUATION
We consider the following IBVP for the heat equation

O — Au+ q(x)u =0 in Q x (0,7),
(6.1) u=0 ondN x (0,7),
u(+,0) = uo.
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From Theorem 1.43 in page 27 of [9], for any ¢ € L°°(2) and ug € H}(Q2), the IBVP has a unique solution
ug = ug(ug) € H**(Q x (0,7)) * and, for any M > 0,

lugll 21 (@) < Clluollr 2,
where the constant C' = C(M) is independent on ¢, ||¢||cc < M.

Let T be a nonempty open subset of 9. According to the trace theorem in page 26 of [9], we can say
that the following IB map

Ay i ug € Hy(2) — Opug(ug) € L*(T x (0,7))
is bounded.

Without loss of generality, in the rest of this subsection we always assume that ¢ > 0. In fact, substituting
u by ue~llll=t e see that ¢ in (6.1) is changed to ¢ + ||q|o-

Next, we fix go € L™(Q) satisfying 0 < qo. Let then 0 < A7 < A2... < Ay — 400 be the sequence of
eigenvalues, counted according to their multiplicity, of —A + ¢ under Dirichlet boundary condition. The
orthonormal basis consisting in the corresponding eigenfunctions is denoted by (¢y).

Let ¢ € L*°(Q) satisfying ||¢|lcc < M. We pick an integer k. Taking into account that ug, (px) = ety
we obtain that u = uq(pr) — ug, (¢r) is the solution of the IBVP

0w — Au+ q(z)u = (qo — q)e Mty in Q x (0,7),
(6.2) u=0 on dQ x (0,7),
u(-,0) =0.
We set f = (¢ — qo)¢x and A(t) = e~ *!. Therefore (6.2) becomes

Oru — Au+ q(z)u = A(t) f(z) inQ x (0,7),
(6.3) u=0 ondQ x (0,7),
u(-,0) = 0.

It is straightforward to check that

(6.4) u(z,t) = /0 At — s)v(z, s),

where v is the solution of
O — Av+ q(z)v =0 in Q x (0,7),
v=0 ondQx (0,7),
v(-,0) = f.
In light of the Carleman estimate in Theorem 3.4 in page 165 of [9], we can extend Proposition 3.5 in
page 170 of [9] in order to get the following final time observability inequality

(6.5) [v(s D ) < CllOv[ L2 (0,7))-
Here C is a constant depending on M but not on gq.
By the continuity of trace operator w € H*!(Q x (0,7)) = d,wjrx(0,r) € L*(I' x (0,7)), we get from (6.4)

(e, s = [ A= (e ecor
We proceed as in the beginning of the proof of Theorem 2.1 to deduce the following estimate
(6.6) 10,0l 2 x 0.7y < V262 (10l 111 (0,7, 22 -
On the other hand
(6.7) vz, t) =Y e M, p0) e

>1

3We recall that H21(Q x (0,7)) = L2((0,7), H2(2)) N H((0, 7), L2(2)).
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Hence

loC, 73 =D e >MTI(f 0o

0>1
Arguing as in Section 3, we get, for any A > A\ and N = N () satisfying Ay < A < An1,

1
(6.8) 113 < 2Tl mlle + 37 3 M ol
>N

By Green’s formula, we obtain

Ae(fspe) = */ A(g — qo)pesprdr + 2/ V(g — qo) - Veorped + Ak (f, ¢e)-
Q Q
Therefore, under the assumption that ¢ — go € W2°°(Q) and ||¢ — qo|2.00 < M,

Al (f o)l < (L4 VAR)M + Xl (f, 00)-
This estimate in (6.8) yields

; 2(1 + M) M2 + 22
1£13 < e llo(- )3 + ES N eo

A2 (>N
< 2|y )2 + 2LE A'%W nal 17115
<ol IR + 3113
<ol ) + 2.
This inequality together with (6.6) imply
(6.9) 13 < V262 522710, 0l 0.0y, 12y + %

Now the usual way consists in minimizing the right hand side of the above inequality. This argument is
possible only if

)\26—272Ai

k > 1.

10 ull 1 (0,20
But this estimate does not guarantee that ||0,ullg1((0,7),22(r)) can be chosen arbitrarily small uniformly in
k. However, the minimization argument works if we perturb gy by a finite dimensional space. That what we
will discuss now.

Let m > 0 be a given integer and F,, = span{p1,...,pm}. Since |(¢ — qo, vr)]* < |Q|l(q — qo)er]|3 by
the Cauchy-Schwarz’s inequality, we get from (6.9)

m . 1
la=aoll3 = > 1((a = a0), )| < Com <62A 10w ull 1 (0.7).L2(r)) + F) ’
k=1

for some constant C,, depending on m. We notice that from the remark above, C), surely blows-up when
m — +0oQ.
Minimizing with respect to A the right hand side of the inequality above, we get

lg = qoll2 < Con [ (|0 ull 11 (0,7, 22(r))) ’71/4 ;

provided that [|0,u|| g1 ((0,r),z2(r)) is sufficiently small. We observe that a simple continuity argument shows
that [|0,ull g1 ((0,r),22(r)) is small whenever [lg — qol|oo is small. If A7 = Ay|g,,, we end up getting

la = aollz < Com [In (IAT = A7,

if [|¢ — qo||oo is sufficiently small.
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