N

N

A semi-discrete scheme for the stochastic
Landau-Lifshitz equation

Francois Alouges, Anne de Bouard, Antoine Hocquet

» To cite this version:

Frangois Alouges, Anne de Bouard, Antoine Hocquet. A semi-discrete scheme for the stochastic
Landau-Lifshitz equation. 2014. hal-00958462

HAL Id: hal-00958462
https://hal.science/hal-00958462

Preprint submitted on 12 Mar 2014

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00958462
https://hal.archives-ouvertes.fr

A semi-discrete scheme for the stochastic
Landau-Lifshitz equation

Frangois Alouges; Anne De Bouard’and Antoine Hocquet*
CMAP Ecole Polytechnique CNRS, Route de Saclay,
91128 Palaiseau Cedex, FRANCE

March 12, 2014

Abstract

We propose a new convergent time semi-discrete scheme for the
stochastic Landau-Lifshitz-Gilbert equation. The scheme is only linearly
implicit and does not require the resolution of a nonlinear problem at
each time step. Using a martingale approach, we prove the convergence
in law of the scheme up to a subsequence.
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1 Introduction

Ferromagnetic materials possess a spontaneous magnetization m which evolu-
tion is classically modelized, when thermal fluctuations are negligible, accord-
ing to the so-called Landau-Lifshitz equation (see e.g. [13, 25])

0rm=—am x (m x Hegf) + m x Hegr, in(0,T)x D,
(1.1) 0,m(t,x)=0 on(0,T)x0D,
m(0,x) :=mp(x), x€D.
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In (1.1), D € R is the domain occupied by the sample, @ > 0 is a damping pa-

08
rameter. The effective field Heg := —ﬂ, where &(m) is the Brown energy

of m (see [12] for more details), which gg\lferns the dynamics, contains several
terms according to different physical phenomena : exchange, anisotropy, stray
field, external field, magnetostriction, etc. Notice that (1.1) preserves the local
magnitude of the magnetization, namely, assuming m(x) € $%:= {x eR3, |x| =
1}, we formally have

1.2) m(t,x)€S%, Y(t,x)€[0,T]xD.

There is an abundant literature on the mathematical properties of (1.1). We
refer the reader to [5, 15, 16, 17, 22, 28, 29, 31], and references therein for the
state-of-the-art of the analysis of (1.1).

In [13], thermal fluctuations are taken into account by adding to (1.1) a
(stochastic) noise term (¢, x). Following the presentation given in [7, 9, 10, 14],
and focusing on the case where only the exchange term is considered (i.e. Hegr =
Am) we modify (1.1) to

orm=—amx(mxAm)+mx(Am+¢), in(0,T)xD,
(1.3) 0,m(t,x)=0 on(0,T)x0D,
m(0,x) :=my(x) VxeD.

According to physicists, ¢ should be a Gaussian space-time white noise (see
for instance, the review article [11] and references therein), that is uncorrelated
in space. However, due to the lack of regularity of the space time white noise,
equation (1.3) is not expected to possess a well defined solution in this case,
and we therefore consider in this article a more regular noise in space. Namely,
let W be a cylindrical Wiener process that is given by the expression

W =) Bilde;,
ieN
where (e;);en denotes a complete orthonormal system of L2(D)3, and (Bi)ien
stands for a sequence of real valued and independent brownian motions. Then,
writing for each i €N, G; := Ge;, we set

Et,x)=GW =Y Bi(G;(x),
ieN

where G is a given Hilbert-Schmidt operator from the space L?(D)® into the
space H?(D)3.

As long as we have not specified the choice of the stochastic integral, (1.3)
may have different meanings [30]. It is well-known (see for instance [27]) thatin
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order to satisfy the geometrical constraint (1.2), the product with the noise term
must be understood in the Stratonovich sense, which leads to the stochastic
Landau-Lifshitz equation (SLL), where, for simplicity, we have set the parame-
ter @ to one:

(1.4) dm=(-mx(mxAm)+mxAm)dt+mxo(GdW), for (t,x) € [0, T] x D.

Here we have denoted by “od” the Stratonovich differential, and we will denote
by “d” the Ito differential. We set the initial condition m(0, x) = mg(x), for any
xeD.

In order to work with a non-anticipative integral, we change (1.4) to its Ito
form. Using the formal relation between the Stratonovich and Ito differentials,
a corresponding Ito formulation of (1.4) is obtained by adding a correction term
to the drift of (1.4). This term is what we may call in the sequel “the Ito correc-
tion”. In this sense, the noise term can be rewritten as follows (see e.g. [7,9, 14]) :

1
mxo(GdW):mx(GdW)+§Z(me,-)xGi dz.
ieN
Noticing furthermore that m x (m x Am) formally equals —Am — m|Vm/|?, we
rewrite equation (1.4) as

1
(1.5) dm= (Am+ mIVmI2 +mxAm+ 3 Z(m x Gi) % Gi) dt+mx (GdW).
ieN
We refer to [7] for a review of the existing results on equation (1.5).
The so-called Gilbert form (SLLG) is (still formally) obtained by applying the
operator (Id — m x -) to the previous equation :

dm-mxdm = [2(Am+m|Vm|2)+%Z(Id—mx)((mei)><Gl-)] dt
ieN
(1.6) +1d - mx)(m x (G dW)).

Equivalence between (1.5) and (1.6) is not clearly stated in the litterature and
we therefore establish it in Remark 2.

Developing numerical schemes for the simulation of LLG plays a prominent
role in the modeling of ferromagnetic materials. We refer the reader to [18, 19,
20] for an overview of the literature on the subject. However, reliable schemes
for the simulation of (SLL, SLLG) remain very few. Probably the first scheme
for which convergence can be proved is given in [9] and is based on a Crank-
Nicolson-type time-marching evolution which relies on a nonlinear iteration
solved by a fixed point method. On the other hand, there has been in the past
recent years an intensive development of a new class of numerical methods for
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LLG, based on a linear iteration, and for which unconditional convergence and
stability can be shown [3, 4, 8, 24]. The aim of this paper is to extend the ideas
developed there and generalize the scheme in order to take into account the
stochastic term. We only consider a time semi-discrete approximation of (SLL,
SLLG) for which we show the unconditional convergence when the time step
tends to 0. Proving the convergence of the fully discrete approximation (using
a finite element method in space) would not cause any major difficulty (see [4]
for details).

We think that the methodology we develop can be generalized for stochastic
differential or partial differential equations with a geometrical constraint. It is
definitely different from — though related to — the approach of [26] (see Remark
1 below).

Notation. Throughout this paper, we assume that T > 0 is a given constant
and (Q,Z,P,(F0) e, Wi reio,m) is a stochastic basis, that is (Q,Z,P) is a
probability space, (%) seo, 1) is a filtration and (W) (o, 7 @ cylindrical Wiener
process adapted to (&;). The domain D < R3 is supposed to be bounded ; we
denote by a- b, where a,b € R® (resp. R**3), the standard scalar product in R3
(resp. R3*3), and by |-| the associated euclidean norm. Norms in Banach spaces
are in turn denoted by | - ||. In particular, the notation | f||,  will be used to
designate indifferently the L (D)3 or LP(D)**3 norm. The inner product in the
space L?(D)? (respectively L?(D)3*3) of square integrable functions with values
in R3 (respectively R>*3) is denoted by (-, -)2,x, namely

Vf,g€L*(D), (f,g)z,x:=fo(x)-g(x) dx,

and
VEGe I*(D)®"3, (F,G)z,x::f F(x)-G(x) dx.
D

The notation ([0, T1; X), where X is a Banach space, is used to denote the
space of continuous functions from [0, T] into X. Classical Sobolev spaces of
R3-valued functions are denoted by W*P(D), a € R, or H*(D) when p = 2,
(see e.g. [1]). Finally, the norm of a Hilbert-Schmidt operator from L[?(D) into
H%(D) is denoted by | - [l2,o. For a given number of time intervals N € N*, we
define the time step At := %, and AW]G = W(n+ 1At — W(nAt), for any n
with 0 < n < N — 1. Therefore GAW}! is a gaussian random variable on L?(D)*
with covariance operator (At)GG*.



2 Main result

Our purpose is to analyse a semi-implicit scheme with parameter 0 € (%, 1].
Unlike the approach used in [9], we use the Gilbert form of the equation, i.e.
equation (1.6). This approach allows us to overcome the difficulty of solving
a nonlinear system at each step of the algorithm. Given the data m, where
N is the number of time steps, and n € {0,..., N — 1}, which is an approxima-
tion of m(nAt), the unknown vy, namely the tangential increment of mj},, can
be found simply by solving a linear system. Indeed, following an idea of [4],
one may search vy, in the subset of H 1(D)® whose elements are almost every-
where orthogonal to mJ’Z], so that the non linear term in mJ’Z, X (m]’Z] x Am]’zl) =
—Amy, — ml’\’ZIVmJ’Z,I2 vanishes when testing against functions that also satisfy
this constraint. Roughly speaking, the test functions in the following formula-
tion (2.4) "only see" the part of m/*! — m¥, which is orthogonal to m¥,, but this
is however sufficient, as shown in Section 6.
Let us now describe the scheme rigorously. We fix the parameter

1
21 _rl )
2.1) 96(2 ]

and assume that the operator G : L?(D)3 — H?(D)?® satisfies

2.2) IG5, =Y 1Gillp s < 00
ieN

Our algorithm reads as follows, for a given integer N > 0:
Algorithm (¥): Fix
(2.3) mY; := mpe H'(D)?,

and for any n € {0,...,N — 1}, suppose that the random variable mJ’Z,(w,-)
e HY (D)3 is known. Let vl’\’,(w, -) be the unique solution in the space

Wan(@) = {y e H'(D)®, Vxe D, y(v) L myw, 0},
of the variational problem : YV € Wy, (w),

(UJ’Z, —mpy % vl’\’,,q))z +29At(Vv]’Z,,V<p)
y X

2,
= —ZAI(VmK,, V(p) + ((Id— mj’z,x)(m]’z, % GAWI@"”)

2,x 2,Xx

At
(2.4) +—= ((Id—m]’Z,x)((m,”VxGi) xGi),w)
2 ieN 2%



Then, we set, for all (w,x) € QA x D,

(2.5) mlr\l;-l(w’x) _ mp (o, x) + vy (w, X)

|mf (0, x) + vy, )]

Note that the formulation (2.4) is a 8-scheme applied to the variational for-
mulation of equation (1.6) (see [4]). One has m}, € H L(D)? as., for any n €
{0,..., N} and (m})o<n<n is adapted to the filtration (F},)o<n<n defined by

(2.6) Fi:= o {GW (kAD),0 < k < n}.

Indeed, it is not difficult to prove that under the above assumptions, problem
(2.4) admits a unique solution vy (w, ) € Wy, (w) (see [4] for a proof in the de-
terministic case). The noise and correction terms do not alter the hypotheses
of the Lax-Milgram theorem. Moreover, this solution depends continuously in
H'(D)? on the two arguments (my,, GAW}), for the H'(D)* x L*(D)* topology.
It implies in particular that the law of v}, on H' (D) only depends on the law of
(m},, GAW) on H'(D)® x L*(D)3.

Remark 1. As mentioned before, the approach here is different from the one in
[26], where the approximation of solutions of some Stratonovich stochastic dif-
ferential equation with values in a manifold is considered. Indeed, in [26], the
scheme consists in using the explicit Euler scheme (which approximates the Ito
equation) on one time step, and then projecting the solution on the manifold.
Here, we do not approximate the It6 equation, since part of the It6 correction is
put in the increment. We will see that the projection on the manifold (the sphere
here) brings the remaining part of the It6 correction..

We now give the definition of the martingale solutions of equation (1.5) that
we consider here, which is similar to the one in [9, 14]).

Definition 1 (Martingale solution). Given T >0, a martingale solution on [0, T]
of (1.5) is given by a filtered probability space (Q,F,P,(%,)), together with
HY(D)3-valued, progressively measurable processes GW and m defined on this
space, where GW is a Wiener process on (Q,g} P, (jt)), with covariance opera-
tor GG*, and m satisfies the following assumptions :

1. m(w,-) € C([0, T]; L2(D)3), a.s.

2. forany t € [0, T, m(t) belongs to H' (D)3, and the random variable A +
MV +mxAm+3 Y jen (i x G;) x G; takes its values in the space L' (0, T;
[*(D)%), as.



3. m satisfies (1.5); more precisely,
t
m() = my +[ (Ar’h(s) + () |Vm(s)|? + m(s) x Ar(s)
0

t
+% Y (m(s) x G;) x G,-) ds+f m(s) x (G dW (s))
0

ieN

where the first integral is the Bochner integral in L[%(D)3, and the second is
the Ito integral of a predictable H' (D)*-valued process.

4. |m(w,t,x)| =1 for almost every (w, t,x) € Q x [0, T] x D.

Remark 2. Note that if m is a martingale solution of (1.5), then we can rewrite
the stochastic integral of the predictable process s — m(s)x with respect to the
semimartingale m as

t
f m(s) x dm(s)
0

t S t N
:f m(s) x d(f I(a)da) +f m(s) x d(f m(o) x GAW (o)
0 0 0 0

where is given byVse [0, T]:

I(s) = Am(s)+m(s)|Vm(s)|* + m(s) x Am(s)

1
+= Y (m(s) x G;) x G; € L*(Q x D)*.
2z‘el\l

It then follows from classical properties of stochastic integrals with respect to
semimartingales that

t r t
f (Id — m(s) x)dm(s) :f (Id — m(s)x)I(s) ds+f (Id — m(s)x)GAW (o),
0 0 0

and since for almost all w, t, x, |m(w, t,x)| = 1, m is also a solution to (1.6). Thus
(1.5) and (1.6) are in fact equivalent.

Our main result is then given by the following theorem, and says that, up to
a subsequence, the discrete solution my of the algorithm (*) converges in law
to a martingale solution of equation (1.5).

Theorem 1 (Convergence of the algorithm). For every N € N*, we define the
progressively measurable H' (D)* -valued process my by:

mpy(t):=my, ifte[nAt,(n+1)A¢).
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There exists a martingale solution of (1.5) (Q,%,P, (%) e0,11, Wi tei0,11, 1),
and a sequence (imy) yen+ 0f random processes defined on Q, with the same law
as mpy, so that up to a subsequence, the following convergence holds :

mn — m, inL*Qx[0,T]x D)>.
N—o0

In order to prove Theorem 1, we proceed in several steps. In Section 3, we
establish uniform estimates for several processes. We first establish a uniform
bound on the Dirichlet energy of my, thanks to the variational formulation,
and an appropriate choice of the test function. Section 4 is devoted to the
proof of the tightness of the sequence (my) on the space L2([0, T] x D)3. Af-
ter a change of probability space, we can assume that there exists an almost
sure limit m of (my), thatis

my — m a.s. ian([O,T]xD)B.
N—oo

Then, setting
2.7) mp(t) = mg + Fn (1) + Xn (1),

where (Xy(nA1))o<n<n—1 defines an L?(D)3-valued discrete parameter martin-
gale, with respect to the filtration ([F]’Z])OS n<N-1 (see (2.6)), and Fy(¢) is, for each
N, a deterministic function of myl|y ,, we use (2.4) and the previous energy
estimates to identify Fx(#) and its limit up to a subsequence. In section 5, we
show that, still up to a subsequence, Xy (t) converges to a limit X(¢) which is a
square-integrable continuous martingale with an explicit quadratic variation.
The martingale representation theorem allows us to conclude : there exists a
new filtered probability space for which the limit of the martingale part is a
stochastic integral with respect to a Wiener process GW with covariance oper-
ator GG™. Finally we use the limit of (2.7) and this latter stochastic integral in
order to identify the equation satisfied by m(#). The explicit form of the limit
F(t) of Fy(t) as N — oo is the Bochner integral of the [?(D)3-valued process
t— Am(t) + m(t)|IVm()|? + m(t) x Am(t") + %Zie,\,(m(t’) x G;) x G; on the
time interval [0, £], which allows us to conclude.

3 Energy estimates

Fix N > 0, and set m?\, = mp. Let (my)osn=n and (vy)osn<n be given by the
algorithm (*). In all what follows, we write

(3.1 AR = miy x (GAWY).



This term corresponds to the noise term which is added at each step of the algo-
rithm. Thanks to the Gaussian properties of GAWY, the fact that || m || ;oo p)s <
1, and the Sobolev embeddings, we have the following obvious, but useful esti-
mates: forall n €{0,..., N},

(3.2) E[IANI5 ] < AtlIGl3,,
and
(3.3) E[IA}N:] = CADIGI3,.
Proposition 1. There exists a constant C = C(T, my, |Gll2,2), so that for all N €
N*,
A4 E[IVm)2%.]<C,
(3.4) max [IVmyll; | <C
N-1
(3.5) E| Y llvy— ANl | <CAg,
n=0
N-1 )
3.6) E| Y llvyls,| <C,
n=0
N-1
(3.7) E| Y IVuRls.|=C.
n=0

The proof of Proposition 1 uses the following remark, together with the es-
timate of Lemma 1 below, whose proof is postponed to the end of section 3.

Remark 3. The renormalization stage decreases the Dirichlet energy. Indeed, it
was shown in [2] that for any map v € H (D)3, such that a.e. in D, |y/(x)| = 1,

one has
o
[y (x)]

(3.8) f
D

Lemma 1. For alle with 0 < € <20 —1, there exists C = C(€,|Gll2,2, T) > 0 such
that forall N eN*, andn=0,...,N—1:

2
dxsf IV (w)|* dx.
D

(1-e)
(3.9) E[IVm}i5,] + T[E[|| v — ANIG ]+ 20 -1-E[ VRl ]

< (1+ CADE[[IVm} 3 ] + CAt.



Let us now prove Proposition 1 with the help of Lemma 1.

Proof of Proposition 1. In the sequel, we fix € € (0,20 — 1). We first prove (3.4).
We deduce from (3.9) thatforall n=0...N

E[IVm} 5] < A+ CADE[IVmI3 ] + CAt.

We then apply the discrete Gronwall lemma. There exists C = C(||Gll2,2, T) >0
such thatforalln=0...N,

E[IVmy 3.1 < CA+E[Vmol3 D),

and (3.4) is proved.
We now turn to the proof of (3.5)-(3.7). We note that (3.9) implies in partic-
ular

(1-¢) )
E[lvf - AR5,

+ (20 -1-E[IVvyll5 ] = CAE[IVmy 5 ] + CAt.

E(IVmy 13 ] ~E[IVmyl; ] +

By summing these inequalities for n =0... N — 1, we obtain

(1-e) N
E[IVmylz. ] —E[(IVmylz.] + ——= X Ellvy— ARl
n=0
N-1 N-1 N-1
+20-1-¢) Y E[IVuRI3,] = Y CAE[IVm}I5,]+ Y CAt
n=0 n=0 n=0
s CIGlz2, T, mo),
thanks to (3.4). This implies that :
- = ny2
> E[lvy—ANlz ] +@0-1-6) 3 E[IVryl,]
At n=0 ' n=0 '

< C(IGll22, T, mo) —E[IVmylI3 ] + E[IVmY 13 ]
< C'(IGlla2, T, mp).

Thus, (3.5) and (3.7) follow. Finally, we may deduce (3.6) from (3.5) and (3.2).
This ends the proof of Proposition 1. [

We now turn to the proof of the lemma.
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Proofof Lemma 1. Let 0 < n < N —1. Since, by definition of the variational
problem (2.4), m},(x) - v, (x) = 0, almost everywhere, and almost surely, it fol-
lows that for a.e. x€ D, a.s.

|my(x) + v (0] = /1 + v (02 21,

and thanks to Remark 3, one has a.s.
2
mt +p?
IVmEts, = f V(—f;’ N
D Imy + vyl

f IVmp+ Vol |* dx.
D

IA

Then, by expanding the right hand side of this inequality:

(3.10) IVmy 5 < IVmR I3 +2(Vmpy, VoR),  + IVoR I3 .

To find an expression of 2(Vm[, Vv}) 5,0 We use (2.4) with the test function
p=vy— AN €Wn,p.

Then, observing that for any x € D

(vy —mpy x ) (x) - (v — AR (X)
—(Id — mp,x)(m? x GAW (x) - (v, — A%) (x)
= ((Id = myx) (vy — AR (0) - (vy () = AR (%))

= vy (x) — AR (07,

one has

1
3.11) 2(Vmg,Vy),, = - IR — AR5, — 260 IIVv]’Z,Ilgyx +20(V va,VAZ"V)m

1
+2(Vmpy, VAY), .+ > Y (ad - mpyx)((my x Gi) x Gi), vy — AN)

2,x°
ieN

which, using (3.10) and taking the expectation yields to
1
(3.12) E[IVm}I5,] + A—t[E[ll v — AR5 ] + 20 - DE[IVUNI ]

<E[IVmR 3] +20E[(Voy, VAR), ] + 2E[(Vmy, VAR), ]

1
+oE[ X ((d=miy <) (Omiy x G x Go), vy = AR ]
ieN

11



all terms on the left hand side being non negative, due to 6 € (%, 1].
Now, since mJ’Z, and GA WN” are independent, and [E[GAW]G] =0, we have

(3.13) E|(Vmp,vAR), .| =0.

Moreover, by (3.1) and the Sobolev embedding H?(D)? c L®(D)3,

A

E[IVAR I3, = 2(EIVmI3 E[IGAWRIZ, ] +E[IVGAWRIS,])
(3.14) CAL|GII5 5 (E[IVmMEI3 ] +1).

IA

Therefore
n n € n2 CAt 2 n2
(3.15) E|(VoR,VAR),,| < SEIVURIZ ]+ = NGI5,(E [IVm15 ] +1).

Similarly, one has

(3.16) E (Z(Id—m;’,) x ((mpy x Gy) XGi));V]’z[_AK[)

ieN

2,x
At 4 2€ 2
= 2_€||G||2,2 + A_t[E[” VN~ AK{”Z,x] .

Using (3.13), (3.15) and (3.16) in (3.12) gives

1-e¢
(3.17) E[IVmyI5,] + A—t[E[II v — ANIS ]+ (20 -1-00)E[IVVRI3 ]
COAt At
<E[IVmR 2] + —— NGz E[IVmRl5,] +1) + = 1Gllz,.-

Since 0 < 1, this proves the lemma. [ ]

Let us fix N € N*. Let wy, = A%(v]’f, - AY) for n=0,..., N. In the following, we
will also denote by vy, wy, the piecewise constant processes (indexed by the
time interval(0, T'), whose values on [nAt, (n + 1)Af) are (respectively) vy, wy,.
The previous energy estimates can now be written in the form:

(3.18) esssup E[[IVmn(z,)l5,]<C,
te[0,T] ’

T
(3.19) | [ twnte )1, de
0

<C,

(3.20) E

T
fo lon ()15, dt| < CAt,

12



and

T
(3.21) [Ef IVon(z,)l3,, df | < CAL.
0

Note in addition that, since |my(t, x)| = 1 for a.e. (w,t,x) € Q x [0, T] x D, one
has

T
(3.22) [Ef (6,13, di| < C.
0

4 Tightness

The aim of this section is to show that the sequence (my) yen= is tight. Applying
then the classical Prokhorov and Skorohod theorems (see for instance [21]), we
first get the relative compactness of the sequence of laws, and secondly we can
assume the almost sure convergence to a certain limit m, up to a change of
probability space. In the sequel, we use the following notations: forall ¢ € [0, T,
we set

@) Xy®:= Y = mix@GAWH= Y AR e*(Q;H' (D)),
0s(n+DAt=<t 0=s(n+1)At=<t
and
4.2) Xi=XymAn = Y mkxGawd).
O<ksn-1

The process ¢ — Xy (?) is the martingale part of the semi-martingale my. It
is a martingale with respect to a natural piecewise constant filtration, and cor-
responds to the noise induced fluctuations of the process t — my(t). In order
to get an almost sure convergence for the martingale part Xy, we consider the
triplet (my, X, GW)nen+, and show that it forms a tight sequence on a suitable
space. This classical technique is used essentially to retrieve the noise term in
this new probability space. This has the drawback that the new Wiener process
depends on the integer N € N*.

Proposition 2. The sequence
(my, Xn, GW) Nen+
is tight in the space

L?([0, T1; L*(D)*) x L*([0, T1; L*(D)®) x 6(0, T; L*(D)?).
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The following result whose proof can be found e.g. in [23] will be needed for
the proof of Proposition 2, which will be done later on.

Lemma 2. Let By < B be two reflexive Banach spaces such that By is compactly
embedded in B. Let a > 0. Then the embedding

L2(0, T; By) N H*(0, T; B) — L?(0, T; B)
is compact.

We shall apply this lemma with B = L2(D)3, and By = H'(D)3. Therefore,
in order to deduce the tightness, we need uniform H%(0, T; L?(D)®) estimates
on my and Xy for some a > 0. These estimates are stated in the following
proposition.

Proposition 3. Forany a € (0, %), there exists a constant C = C(||Gll22, T, @) such

that

2
4.3) E [ll M g0, 7,12 (D)3)] =G,
(4.4) E [llXN"fn;a(o,T;LZ(D)s)] =C

Proof of Proposition 3. We have to evaluate the following quantities for a € (0, %) :

E[llmn(t) — mn(s)5
ff — drds.
10,7712

|L‘—S|l+2a

and

E[IXn(8) - Xn ()13, ]
ff ~ dt ds.
[0,T72

|L‘—S|l+2a

Notice that these integrals measure the regularity in time of the two processes
t— my(t) and t — Xn(?). Since X} is expected to be the martingale partin the
canonical decomposition of the semi-martingale m, one expects my to be at
least as regular as Xy. In the sequel, we take ¢, s € [0, T], and assume without
loss of generality that ¢ > s. Thus, we first evaluate the following quantity :

nZ]
2 AR,

s<(n+1)At<t
Observe that for n # m, the random variables GAW};, GAW ' are independent,
with zero mean. Using also the fact that mj, is independent of GA W]f, forl <

4.5) E[1Xn(0) - Xn (513, | = E|

14



n < k < N, Fubini’s theorem, and the identitya-(bxc) =axb-c, for a,b,c € R3,
one has for m > n,

E[(AR AR ). ]
(4.6) :fD[E[(m,"V(x) x GAWR(x)) - (my (x) x GAWS (x))] dx

:fD[E[((m]”V(x) x GAWR(x)) x my (x))]-E[GAWS (x)] dx
4.7) =0.

Developing the sum (4.5) and using (3.2), one has

=B Y AN,

s<(n+1)At<t

IVTIN
s<(n+1)At<t

s<(m+1)At<t
n<m

= B Y 1A,

s<(n+1D)At<t

CIGI, Y. At

s<(n+1)At<t

|1 X (0) = X9,

+2E

IA

r—s
We observe that the number of terms in the sum above is bounded by A +1,
and deduce thatforall0<s<t¢t=<T,

(4.8) E[1Xv () = XN I | < CIGIE o2 = 51+ AD).

Now, remark that (4.8) implies the uniform estimate of the H* norm. Indeed,

since Xy is a piecewise constant function, the integrand E [ | Xn(t,)—Xn(s,-) ||§y x]
vanishes for (t,s) € [nAt,(n+ 1)At)? for0<n< N-1. Using moreover (4.8),

there exists a constant C = C(||Gll2,0, T) such that

Ell Xn () - XN (915 ,]
ff — drds
0,7)2 |t S|1+2a

drds (n+DAr pm+DAL qt ds
— + CAt —
(0,7)2 |t Sl a 0<m, n<N— nAt |t Sl a

|[n—-m|=1

=A+B.
Since

U  [nAf,(n+ DAt[x[mAL, (m+ DAL[S {(t,9) € [0, T1?, |t - s| > At}
0<n,m<N-1
|[n—m|=2

15



we remark that

(n+1)At p(m+DAL CAL dE ds
B < Z f f 11 _ ol+2a ff 15 _ ol+2a dr ds.
vemZn1 dnne AL |t —s] [t — sI

|n—-m|=1
It s|>At

Finally, we get

ElXn(0) - Xn(5)13,]
(4.9) ff — dt ds
0,712

|t—S|1+2a

dr ds (+DAL p(+2At dr ds
= 2 ff 2a ZCAt Z f f 1+2a
0,712 |t — S| nA m+1)Ar |E— 5]

The first term of the right hand side of (4.9) is bounded because a € (0, 3).
Then, it is easy to show that

(n+1)At p(n+2)At drds )
(4.10) f f —————=0(At™"),
nA (m+1Ar [E—s]

and (4.4) is proved.

We now turn to (4.3). Note that since we have already estimated Xy, it re-
mains only to consider my — Xpy. Using the definition of my and Xy together
with (2.5), we write :

(mpn(1) — Xn(5)—(mpy(s) — Xn(s))
= Y (m-mi-ay)
s<(n+1DAt<t
- Y (D)
s<(niDAr=s My + Ayl
my + vy ~ m]’Z,+A]’z,)

+ (
n n n n
s<inarse \Imy + vyl Imyg+ AR

Then, taking the L?(D)® norm, and the expectation, we get

4.11) E[llmn(0) = Xn(0)—(mpn(s) — XN(S))II%,X]
my, + A}

<2F N TN an|?
[“ s<(n+zl)At<t|m _l_AnI N N”Z,x]
my + vy vtAN

4.12) +2E[| D

n n ”2x
s<(n+1)At§t|mN+UN| Im + ARl

16



For the first term in the right hand side of (4.12), observe that for any m, V €
R3,s.t. V L mand |m| =1, one has :

m+V
|m+ V|

-m-V|=<

1 2
(4.13) 1+|V|2—155|V| .

Using Cauchy-Schwarz inequality, and (4.13) on each term of the sum (re-
member that A%, | m}, see (3.1)), one has:

mpy, + A}
s<iare My + Ay 2,x
[-s mp+ AR, 2
<% ) e R
At s<(n+1)At<t |m +A 2,x
1it—s
<—(==+1] ¥ [EHAn
4% At s<(n+D)Ar<t 4,x
Then we have by (3.3) :
m”+A” 2
@19 E[ Y AN ]sC(||G||2,1,T)(|r—s|+At)2,
s<(niDar= My + Ayl 2%

X
Similarly, for the second term in (4.14), we use the fact that the map x — —,
X

is 1-Lipschitz for |x| = 1, together with Cauchy-Schwarz inequality and (3.5).
Then

n n n n
My + Uy _ My + Ay

| >

s<(n+DAr<t |m1’z[ + le 2,x
r—s "

- =(r el 2 k-,

s<(n+1)At<t

= C(IGllz2, T) (It = sl + A1).

Using (4.14) and (4.15) in (4.12), together with (4.4), we conclude that there
exists a constant C = C(||Gll2,2, T), independent of N € N*, such that

E[llmn(t,) = my(s, )5 ] < CUt—s|+AD).

We have proved the same inequality as for the process Xy (see (4.8)), thus the
conclusion follows in the same way as before. [

We now turn to the proof of Proposition 2.

17



Proof of Proposition 2. Remark that thanks to (3.22) and (3.18),
(my) Nen+ is bounded in L?(Q x [0, T1; H' (D)®). Let us prove the same for the
process Xy. One has:

N-1
E[ X0 rizop | = E| X IXRIE,cA1]
n=0
N-1 r
= Y || ¥ Ak
n=0 k=n
N-1
= Y adfe| Y
n=0 k<n

w2E[ Yk Ala]).

O<k<lI<n

2
2,X

2
2,x

44

As before, the second term vanishes (see (4.7)), while the first term is bounded
by C(lGll2,0, T) thanks to (3.2).

Similarly, for k # [, we have E[(VAF ,VAﬁv)z,x] = 0. Moreover, using (3.14),
we get

N-1
Y arY E[1vakii,

n=0 k<n

N-1
< CIGl5, Y Aty At

n=0 k<n

< C'(IGll22, T).

E[VXnlI3,]

Therefore, there exists a constant C = C([|Gll2,2, T) > 0 such that

2
[E["XN“LZ(O,T;HI(D)S)] = C

The tightness of the sequence (my, X, W) is now obtained in a classical
way. Let R >0, and fix a € (0, 1y We consider the product space

E:=[*(0, T; L*(D)*) x L*(0, T; L*(D)*)) x €10, T1; L*(D)?),

endowed with its classical product norm. Thanks to lemma 2, and a standard
Ascoli compactness theorem, the space

F:=1%(0,T; H'(D)*) x L*(0, T; H'(D)*) x €([0, T]; H' (D)?)
(M H*(0, T; L*(D)*) x H*(0, T; L*(D)*) x € ([0, T1; L*(D)*)

18



is compactly embedded in E. Using Markov inequality, one has
P(0mn, Xy, GW) € Br(0,R))

1 ) ,
< E(IE [II lele(OyT;Hl)] +E [”’”N”Ha([o,T];Lz)]

(4.16) +E[1XnI2 B [1X0 e g0 111 | +EIGW

2
LZ(O,T;HI)] H O,T];LZ)] c5‘)‘([0,T];H1)] ) )

Then, using the bounds (4.3), and (4.4), (2.2), the classical properties of a GG*-
Wiener process and also (3.4), the right hand side of (4.16) tends to 0 as R — oo
uniformlyin N € N*. Since the sets Br(0, R) are precompacts in E, the sequence
(mn, XN, GW) yen- is tight in E, and the proposition is proved. [ |

A simple application of Prokhorov and Skorohod theorem leads to the fol-
lowing corollary :

Corollary 1. There exists a new probability space (Q, F,P), a sequence of ran-
dom variables on this space (my, Xn, GWn) nen+ faking its values in the space
L2(0, T; L*(D)%) x L?(0, T; L>(D)3) x € (0, T; L*(D)®), with the same laws, for each
N e N*, as (my, Xy, GW), and a triplet (m, X, GW) of r.v. in L(0, T; L*(D)3) x
L2(0, T; L?(D)%) x €(0, T; L?(D)3), so that up to a subsequence,

my — m as. inL*([0, T]; L*(D)%),

N—oo

Xy — X as. inI*([0,T;;L*(D)%),

N—oo

GWy — GW as. in€(0, T; L*(D)*).

N—oo

Since my, Xy are piecewise constant processes, the same is also true for
their counterparts in the new probability space Q). We define the following dis-
crete parameter processes, for0<n<N:

iy = my(nAr) € L*(D)?,

Xy := Xn(nAr) € (D),

and also
GAW]G = GWx((n+ 1At — GWyx(nAt),

A% = il x (GAWDY),
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and DI’;‘, as the unique solution of (2.4) associated to the data (rhl”\‘,, GAWN"), ie.

forall0<n<N,andall g € Wy 5,

(o= mfyx 0 0), +20A8(VOR, V),
X , X

_ —2At(Vrh,”v, V(p) + ((Id— myx)(my GAWN”),<P)

2,x 2,x

At
@17+ =Y (ad-mfx(0nf x G x Gi)g)
2 jeN 2,x
where
Wy n (@) = {w e H'(D)®, VxeD, w(x) L m]’z,(w,x)}.

These random variables have the same laws as their counterparts in Q that is
(respectively) ml"\‘,, Xl’;‘,, GAWN” and A]’Z, = ml”\‘, X (GAW]G). We already noticed
that v]’Z, depends continuously on the couple (mJ’Z,,GAW]G) through (2.4), and
thus the law of 7}, is the same as the law of vy;. It also follows that we have the
identity

(4.18) mtt = My + O

=——— a.s.
v (4 -n
ImN+ vNI

We still need to define the following processes on Q:Vtel0,T],

(4.19) on(8) =0y ifte[nAt, (n+1)AD),
and

o — An
(4.20) wy (1) = % if £ € [nAt, (n+1)AL).

Remark 4. By (3.18) and a classical compactness argument, we may assume that
up a subsequence the following convergence holds

(4.21) Viny — Vm weaklyin L>(Q x [0, T] x D)**3.

N—oo

5 Convergence of the martingale part

In section 4 we proved that the process XN converges almost surely in L3([0, T]
x D) to X. Here we show that X defines a square integrable continuous mar-
tingale with values in L?(D)>. We define the filtration (%) sc[o, 7] as

(5.1) F=0{GW(s),s<t}.
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Proposition 4. The process t € [0, T] — X(t,w) € L>(D)® isa square integrable
continuous martingale with respect to the filtration (¥;), with quadratic varia-
tion defined for all a,b € L*(D)3 by:

t
(<< X>,a, b) :f (m x (Ga), m x (Gb)) ds.
2,X 0 2,X
The proof needs an additional martingale-type uniform estimate on Xy.

Proposition 5. For all g € N, there exists a constant C = C(||Gll2,0, T, q) > 0 inde-
pendent of N e N*, such that

E <C.

- Zq
max || X2
nelo,., Ny NU2x

To prove proposition 5, we state a discrete version of the Burkholder-Davis-
Gundy inequality with values in a Hilbert space. The following result is a par-
ticular case of Proposition 2 of [6], and we therefore omit the proof.

Lemma 3. For a given discrete parameter martingale (M) o<n<n With values in
a Hilbert space H, for any q € N*, there exist C = C(q) > 0 such that the following
inequality holds :

2
E| max |M"|}]|=<CE
0=n=N

N-1 q
(X it -mmiz)).
n=0

Remark 5. Since for all N € N*, the laws of Xy and Xy are equal, note that for
all t €10, T1, and almost surely,

(5.2) Xn= ) mxGAWY.
0=(n+1)Ar<t

It is easily seen, using (4.17) and (4.18) that (my)o<n<n is adapted to
(5.3) Fr =0 {GWyn(kAD); keN*, k< n},

and the process X  defines a martingale with respect to this filtration. In par-
ticular, we have the following identity : for all0 < n < n' < N, and any bounded
continuous function ¢ on (L*>(D)3)",

(5.4) E

(X2 = XD P(GWN(AD, ..., GWN(nAt))] -0,
The reader may also check that for any n, n', ¢ as above, and for all a, b € [%(D)3,
(5.5) [E[((X"’, @21 (X3, D)2~ (X2, @), x (X1, D)

-y At(mjlﬁ, x (Ga), ”71]]% X (Gb))z,x)

n<k<n'-1

(p(GWN(At),...,GWN(nAt))] = 0.

Equation (5.5) gives us the quadratic variation of (X\)o<n<N-
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Proof of Proposition 5. Assume that N € N* is given. We apply Lemma 3 to the
discrete parameter martingale (X}'),_, -y, Which takes values in the Hilbert
space H = L?(D)3. Thanks to (5.2), and Hélder’s inequality, one has
N-1 i q
(X Xt - %2,
n=0

E =E

N-1 . I
(X I Gawp)

N-1
— - = 2
< N7 Y E[Imfy < GAWRDIZY] .
n=0

It is known (see for instance [21], corollary 2.17) that since GA WZ(’, is a gaussian
random variable with covariance AtGG*, there exists a constant C(||Gll2,0,q) >
0 (independent of n and N) such that:

(5.6) E[|GAWR]S%| < CUIGIz0 )AL,

Thus one has, recalling that Im]’Z]I =1a.e.,

N-1
E[( X & - %3,

n=0

< N(C(IGll20, ) ALtT)NT < C'(IGll20, T, ).

This proves proposition 5. |
We now turn to the proof of Proposition 4.

Proof of Proposition 4. X is a martingale :

We use equalities (5.4) and (5.5). We have to show that for any bounded contin-
uous function ¢ defined on the space (L?(D)®)X, any a, b € L?(D)?® the following
relations hold for almostall0<s<t<T,allKeN*,and {1 <...tx < $:

(5.7) E[(X(t) - X(s)p(GW (t1),...,GW (tx))] = 0.

and
(5.8) [E[((X(t);a)Z,x(X(t)yb)Z,x_(X(S),a)Z,x(X(S);b)Z,x
—f: (m(0) x (Ga), (@) x (GB), do|¢(GW (1),..., GW (1)) | =0.
First, observe that as a consequence of Proposition 5, and Egorov’s Theorem,
(5.9) Xy — Xin L*(Qx[0,T] x D).
Hence, up to a subsequence, one has for almostall ¢, s € [0, T,
Xn(0) = Xn(s) — X0 -X(s), in L*(Qx D)3,
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Forall 0 < k < K, if [%] denotes the floor of %, then [%] At tends to f; as

N — oo. Taking into account the almost sure continuity of the limit process
GW, and the fact that the process GWy converges almost surely to GW in
€([0, T]; L*(D)3) as N tends to co, one has
(GW ([gF] A7), GWh ([§5] A1)
o (GW(n), -+, GW () in (LA(D)Y)".
—00

The application ¢ being continuous, we conclude that

E[(Xn(0) = Xn()p (GWy ([£]AL),--,GWy ([£] Ar))]
N:O[E[(XN(I) - Xn()P(GW (1), ,GW (tx))] -

On the other hand, by (5.4)
E[(Xn(0) - Xn () (GWn ([£] A7), ,GWN ([£]Ar))] =0,
and (5.7) is proved.
If a, b e L*([0, T] x D)3, then (5.5) implies that :
E| ((Xn(0), @, (Xn (1), Do = (R (), @) (Kn(9), D)a,e

- Y Al x(Ga), mly x (GD),,)

s<(n+1)At<t

PGWN (D, -, G (51A0)| =0
NEAe T TN A o
Moreover,

(Xn (1), @)2,x (Xn(8), D)2,x — (Xn(S), @)2,x (Xn(S), D)a,x

tends to
(X(1), @)2,x (X (1), b)2,x — (X(5), @)2,x(X(5), D)2 x
in L'(Q)), while
Y. At(myx(Ga), iy x (GD),

s<(n+1)At<t

converges to

t
f (m(o) x Ga, m(o) x Gb)zyxda,

in L'(Q). This proves (5.8). It remains to prove that X has continuous trajecto-
ries.
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Proof of the continuity.

We prove that the limit X satisfies the assumptions of Kolmogorov’s test (see
e.g. [21], theorem 3.3). More precisely, we show that for any g € N*, there exists
Cq4 > 0, such that for almost every (¢,s) € [0, T 12,

(5.10) E[1X(®0 - XI5

< Cylt—sl.

Let T>=t>s>=0, andn,n' €N, theunique integers such that ¢ € [n'At, (n' +
1A and s € [nAt,(n+ 1)At][. One has |t — n'At| < At and |s — nAt| < At. We
consider the discrete parameter martingale which starts at nAt, and whose in-
crements are the same as (X 1’{,) ke(o.... ;- More precisely, let (M L )o<i=n—n be the
discrete parameter process defined by

n+l
MZZ\,:X{\’,”—XK,: Y Ak for 0<l<n -n.
k=n+1

The process (]\_/I]l\,)oS 1<n'—n defines a martingale for the discrete filtration
(Fusmar)osi<n—n, (see (2.6)). Using similar arguments as for the proof of Propo-
sition 5, and in particular Lemma 3,

E (I Xn(0) - Xn(9)157

IA

“rl 129
E max || Myl
L:O ..... n'-n NT2,x

IA

n/
c Y EAKIZL ] - mya!
k=n+1

CUIGllz0, ) (n'At - nADT
CUIGlz0 @) (It =sI+AD7.

IA

IA

Then, (5.10) follows from (5.9) and Fatou’s Lemma. Thus, X defines a conti-
nous martingale with respect to (%) (0,77 (see (5.1)). As we saw in the proof
of Proposition 2 the processes Xy, for N € N* are square-integrable, uniformly
in N, thus the almost sure limit X is square-integrable. This proves Proposition
4. |

We are now ready to apply the continuous martingale representation theo-
rem for Hilbert space-valued Wiener processes. We have shown that the limit
process X satisfies its hypotheses. The quadratic variation of X is given, for any
a,be L*(D)3, by:

t

(<« X>;a, b)z,x :f (rm(s) x (Ga), m(s) x (Gb))z,x ds, tel0,TI.

0
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There exists an enlarged probability space (Q,%,P), with Q < Q, a filtration
(%}, and a L?(D)3-valued Wiener process GW defined on (Q,.%,P), such that
X, m can be extended to random variables on this space, and

t
(5.11) X(r,@):f m(s,@) x GAW (s,®).
0

6 Identification of the limit

In this section, the purpose is to find a relation between X and the limit .
Noticing that ¥ o<+ 1ar<; (M — ml) = mn () — mo, and by definition of w?},
in (4.20), one may write Xy (#) as:

6.1) Xy =mn®-mo— Y. Atwh- Y (my-ml-oy)
0=(n+DAt=t 0=(n+DAt=t

forany ¢t € [0, T].

Proposition 6. Up to a subsequence :

wy — W weaklyin L*(Qx[0,T] x D)®,

—00

with
w=Am+mVmlP* + mxAm+ =T Y (mxG) x G,

ieN

N | =

and Iz, ; »L stands for the R3 orthogonal projection on m(w, t,x)*, for each
w,l,X.

Corollary 2. Up to a subsequence, for any t € [0, T], Z At wy; converges
) 0s(n+1)Atst
weakly in L2(Q x [0, T] x D)3 to

t
f (Aﬁz(s) + m(8)|IVm(s)|* + m(s) x Am(s)
0

+ %Hm(s)L Z (m(s) x G;) x G;| ds.
ieN
Proof of Proposition 6. Thanks to (3.19), the equality of the laws of wy and wy,
and Alaoglu theorem, we can assume that up to a subsequence, wy converges
weakly to a limit i in L?(Q x [0, T] x D)3. Because of the strong convergence of
my to min L2(Q x [0, T] x D)3, one has also :

(6.2) (d—myx)iwy — (d-mx)w weaklyin L*(Q2 % [0,T] x D)*.

—00
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let us first identify the limit of (Id — my x) wy.

Step 1 : let us prove that (I1d — mx) w(t, x) L m(t, x) a.s.
By definition of wy, almost surely, and for almost every (t, x) € [0, T] x D, one
has wy(w, t, x) - my(w, t,x) = 0. Thus for any R-valued test function ¢ € L®(Q x

[0, T] x D), one has .
f f (wn-my)¢p dx dt
o Jp

On the other hand, by weak convergence of iwy and strong convergence of

myao,
T T
ff(LDN-rhN)(,bdxdt ff(w-m)q)dxdt
o Jp o Jp

Thus, m(w, t,x) - w(w, t, x) = 0, for almost all (w, t, x), and (Id— mx)w L m.

E =0.

E

—_ [E
N—oo

Step 2 : identification of the limit for specific test functions.
We use the definition of 1wy (4.20), and (2.4). Let us take

® e 6 ([0, T1; L™(Q; W),
and consider a test function of the form
(6.3) mw,t,x) x P, t,x), weQ,te[0,T],xeD.

We approximate this test function by the sequence of piecewise constant func-
tions (mpy x @), where we set for all N e N*, all0 < n < N, and for ¢t € [nAt, (n+
1)A1),

Oy (w, t,x) = PN (w, x) := O(w, nAL, X).

On the one hand, using the strong convergence of my to m in L2(Qx[0, T]x D)3,
and (3.18) we have :

(6.4) myx®y — mx® stronglyin L*(Q x [0, T] x D)?,

N—o00

(6.5) V(mpy x @) is bounded in L*(Q % [0, T] x D)**3 uniformlyin N,
and for any k € {1, 2,3},

(6:6) X0 Py — Mx0y;® stronglyin L*(Qx[0,T] x D).
—00
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On the other hand, almost surely, (my x ®n) € Wy, and is therefore a suitable
test function in the variational formulation (4.17). Using then (4.20) and the
definition of AI’@, and summingon n € {0,..., N — 1}, one obtains

T
[E[fo ((1d= 1Ay x) o, iy x D), , di]

T
(6.7) :—29[Ef (VDN,V(meCDN))Zxdt]
0 :

T
—2[Ef (VmN,V(meCDN))Zxdt]
0 :

T
Y ((d = myx) (A x G) x Gi), iy x On), , d | .

1
+—-E
2 0 jeN

The first term in the right hand side above converges to zero, because of
(3.20), and (6.5). For the second term, we observe that since forall k=1,2, 3,

O, T - (B, N, x D) =0,

then

T
2[Ef (va,V(me<DN))2xdt]
A :

=2

T
f ( Z akaN) mN X axchN)zx dr| .
0 k=123 '

By (6.6), and the weak convergence of Vimy to Vi in L2(Q x [0, T] x D)3 (see
Remark 4) , this tends to 2E [fOTZksz,g (0x, 17, 12 % 0, @), dt] as N — co.

Eventually, it easily follows from assumption (2.2), the Sobolev embedding
H?(D)3 < L*°(D)3, and the boundedness of the sequence (my)y in L®(Q x
[0,1] x D)® and (6.4) that the third term of the right hand side of (6.7) converges
strongly in L?(Q x [0, T] x D)3 to

1
s LE

T
f (Ad—mx)((m x G)) x G;), mx ®), dt] :
ieN 0 '

Identifying all the limits in the right hand side of (6.7), we get :

T
(6.8) [Ef ((Id—mx)w,mch)Zth]:—Z[E
0 ,

1
+§Z[E

ieN

T
fo (Vi Vimx @), dt]

T
fo (Ad-mx)((mx G) x G;), mx @), . dt] :
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By a density argument, (6.8) remains true for any ® € L2(Q % [0, T]; HY(D))3.

Step 3 : identification of the limit for any test function.
We are going to use (6.8) with

O:=mxZ=,

where = € L2(Q x [0, T]; Wb*°(D))? and thus @ € L2(Q x [0, T]; H'(D))3. First,
observe that for any unit vector V € S?, one has

(6.9) Vx(Vx)=-Ily,
where IT;,. denotes the orthogonal projection on V+, hence from Step 1,
(6.10) (Id—mx)w)-mx (mx =) =—(Id-mx)w)-E.
Moreover, for any 1 < k < 3, since m-0;m =0, one has

(@x, M x M) -0y, (M x E) = @y, m x M) - ((0x, 1 x ) + (1M x 0y, Z))
6.11) =10, P2~ By, 1110, 2.

Using (6.10) and (6.11) in (6.8) with @ := m x =, we obtain:

T
—[E[fo (1d-mx)w,2), , di]

T T
(6.12) :2[E[f0 (Vin,VE),  di] —2[E[f0 (vml*m,2), . di|
- %[E[foT(nml[iEZNad— mx)((m x G;) x Gi)],E)m dt] :

from which we deduce that

1
(id = 17) i = 2(Arm+ Vi 1) + ST | ¥ ad=mx) (7 x Gi) x Gi)
ieN
in L*(Q x [0, T] x D)*.

Step 4 : end of the proof.
Note thatif V-m =0, then

1
(Id-mx)" 'V = 5(Id+ mx)V,

so that

2 ].

+mxAm+ =Il;. Z(ﬁ’LXGi)XGi,

w=Am+m|Vm|
2 ieN

and Proposition 6 is proved. |
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Proof of Corollary 2. Tt is an immediate consequence of Proposition 6, and the
fact that

E

t
f[ (II/N(S),CD)M ds| tendsto0

At

as N — oo, for any ® € L2(Q) x D)3, thanks to (3.19). [

Proposition 7. For almosteveryte|[0,T],

Y (T —my—oy)
0=(nDAt=t
converges strongly in L' (Q x D)3 to
1 t
—f Mg | ) (MxG)xGi .
2Jo ieN

Corollary 3. For almosteveryte[0,T],

_ t 1
(6.13) X (1) = m(t)— mo—f (Am+m|Vm|* +mx Am+ > Y (mxG;) xG;) ds,
0 ieN

and me €([0, T); L2(D)3).

Proof of Proposition 7. We setforeach0O<n<N:

1 -
(6.14) Rl = miH —mi — 171’\’,+§|A1’1,|2m1’3,.
It suffices to prove the following two facts :

(6.15) > Ry — 0
0<(niDAt<t  N—o©

strongly in L' (2 x D)3, and

t
(6.16) Y mi < (GAW)Pmp, — —f Iy | Y (mxG)xG;| ds,
0=(n+DAr<t N=co Jo ieN
strongly in L?(Q x D)3.
Proof of (6.15):
Let us decompose Ry, into four terms, namely
my + vy 1 -
R =—L_N _mqmn 17]’3,+5|AX,|2m;’,: I+I1I+1IT+1V

\/ 1+ 10512
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with

- 1 1 an 2
I:= m]’;‘,(——1+§|Af\l;|

\/ LHIAL 2

I11:= b}

1
—L
N (,/1+|A7V|2
and treat each of them separately.
Convergence of I: Using

II:=m} | —— - —=
’ N\ iage )’

V= == -—
N\ \roge\ieidge )

and

1
|\/1+x2

1
—(1- §x2)| <Cx* forall xeR,

we get
= n

G Lt -t 247

( 1
0<(n+DAr=<t \J1+1A%2 2

1 -
<JE X IARIL
2 0=s(n+1)At=<t

4 2
<ClGly, ), A,
0<(n+1)At<t

which tends to zero as N tends to infinity.
Convergence of II: we have by Cauchy-Schwarz inequality and a Holder-type
inequality :

=N 1 1
m.( -
N — -
0<(n+DAr<t VIHTEE 1A

sC[E[ > |||17N|2_|Alr\lf|2”1yX]
0<(n+1)Ar<t

<CE Y. |on+AR
0<(n+1)Ar<t

C _
Blx iok-An3,]
2VAL Yosinar<t o

CVAL o
+ 3 D S R LT
2 0<s(n+1)At<t

E

1,x

|on - Ay

”2,x | ” 2,X

=<

We then use (3.2), (3.5) and (3.6) to conclude that I tends to 0 as N tends to
infinity.
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Convergence of 111 : Working as above, one has

X, it ol
05(n+zl‘)‘Atst N(m )l,x

Y ) e X 1A%,
2 N2 x 2\/A_t 0<(n N4 x

0<(n+1)At<t +1)At<t

<

Then, using again (3.6), and (3.3), the above quantity tends to 0 as N — oo.
Convergence of IV : Cauchy-Schwarz inequality implies :

E

=n 1 _ 1
178 = Tt )

sE T i) T i)

0=s(n+1)At=<t 0=s(n+DAt=<t

Using (3.5) and (3.6), we conclude that IV tends to 0 as N — oco. Finally (6.15) is
proved.

Proof of (6.16).

For each N € N*, and 0 < n < N, observe that if we denote by [E[-I[_FZ’\’,] the
conditional expectation with respect to [_FK, (see (5.3)), we have

(6.17) E[Imy x (GAWDIP|FR] = At Y 1ml x GiI*.
ieN
We set

t
y m;mm?vx(GAWﬁnz—f Y mlmx Gil2 ds=1+11,
0=<(n+1)At<t 0 jeN

where
1= Y m(im < GAWDIE - Y 1l x Gil*At),
0<s(n+1)At<t ieN
and ,
=% Zmz|m,’;x(;,-|2m—f Y mlmx Gil* ds.
0=(n+1)At<t ieN 0 jeN

Let us prove that the first term above tends to zero as N tends to infinity in
L*(Qx D)3,

ENIIS =E[] 3 (g < GAWRIP = X iy x GiP a3,
0<(n+1)Ar<t ieN
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Developing the square under the expectation above, we get a sum over two in-
dices k < n, which contains the following terms :

E| (7l (s x GAWRIE = Y- 1y x GiPAD),
ieN

my(Impy x GAWSE = 3 |y x GiPAD),

ieN
When k < n, this is equal to
E| (RyE[1mly < (GAWRE - ¥ 1miy x Gil*AtlF ],
ieN
my(my x GAWS = 3 |m}; x GiI*AD),
ieN

Thus, using (6.17), these terms vanish. It follows, using again (6.17)

B3 = Y E[[imkx Gawdr? —ZI rx GilP Aty
0=(n+1)Ar=<t
= f| X (GAWDI = (Y Im xG|)AL‘2dx].
0<(n+1)At<t ieN

Both terms on the right hand side are bounded by C(T) ||G||‘21,1At (see (3.3)),
hence tend to zero as N tends to infinity.
For 11, we write

(1At

Y ) mplmy < Gil*At = Y mylmn x Gif* ds,
0<(n+1)At<tieN 0 ieN

and note that f[tALt]AtZi‘EN my|my x G;|? ds tends to zero in L?(Q x D)3. More-
over, we have that

(6.18)

t t
|| X mnliiy x Gi? ds— | Y il x G2 dsllz,xl
0 jeN 0 jeN

T
< CIGIZ,E f ity — il y ds
0

tends to 0 as N tends to infinity. We conclude that

t
Y ZmN|meG|Ar—» Y mimx Gil* ds
0<(n+1)At=<tieN 0 jeN
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strongly in L' (Q; L?(D)3). Eventually, (6.16) follows from
t t
f Y mimx G;|? ds:—f Iy Y (Mm% G;) x G;) ds.
0 jeN 0 ieN
[ |

Proof of Corollary 3. We recall that we have for almost every ¢ € [0, T'] and for all
NeN*

_ ] ] el
Xn=mny@®)-mo— Y. Arwh- ). my -mi -0
0=(n+1D)At=<t 0=(n+DAt=t

and that, up to the extraction of a subsequence,
my — m  stronglyin L*(Q x [0, T] x D)3,
and thus without loss of generality, we can assume that for almostany ¢ € [0, T1,
mn(t) — m() L*(Qx D).

Then, thanks to Corollary (2) and Proposition 7,

-n - n+1 - n —-n
- ) Atwn- ). (myT -my -0
0<s(n+1)At<t 0<(n+1)At<t

converges weakly in L2(Q x D) to

t 1
—f (Aﬁ’l+ﬁ’t|Vﬁ’l|2+ﬁ’lXAﬁ’l+—HmL Z(ﬁlXGi)XGi ds
0 2 ieN
1 t
——f My | Y (MmxG)xG;||ds
2Jo ieN

The continuity of m follows from (6.13), the continuity of X (Proposition 4), and
the fact that w € L' (0, T; L?(D)3) a.s. (see Proposition 6). [

End of proof of Theorem 1. The conclusion follows, thanks to (6.13), together
with (5.11) : there exists a martingale solution (Q, P, %o 11, W, m) of (1.5), i.e.
for any time ¢ € [0, T,

t
ﬁ’l([):n’lo-l-]v
0

1
Am+m|vm|2+mxAm+§ Z(mx G;) x Gl-) ds
ieN

t
+f m x (G dW(s)).
0
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