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RADIAL REPRESENTATION OF LOWER SEMICONTINUOUS
ENVELOPE

OMAR ANZA HAFSA AND JEAN-PHILIPPE MANDALLENA

ABSTRACT. We give an extension to a nonconvex setting of the classical radial
representation result for lower semicontinuous envelope of a convex function
on the boundary of its effective domain. We introduce the concept of radial
uniform upper semicontinuity which plays the role of convexity, and allows to
prove a radial representation result for nonconvex functions. An application to
the relaxation of multiple integrals with constraints on the gradient is given.

1. INTRODUCTION

In convex analysis, a convex and lower semicontinuous function is represented on
the boundary of its effective domain by a radial limit along segment from an interior
point. Our goal is to give an extension to a nonconvex setting of this result. More
precisely, if X is a topological vector space, the problem consists to find general
conditions on f : X —] — 0o,00] and D C domf such that for some ug € D the
following implication holds

Yu€ D lim f(v) = f(u) = VYu€dD  lim f(v) =lm f(tu+ (1 — t)ug).
D3v—u Do>v—u t11

Our motivation comes from the theory of relaxation in the calculus of variations
with constraints which consists to the study of the integral representation of the
lower semicontinuous envelope of integral functionals subjected to constraints on
the gradient. For convex constraints and when the lower semicontinuous envelope
is convex, the radial representation on the boundary holds and allows, under some
additional requirements, to extend the integral representation to the whole effective
domain of the functional (see for instance [CDAQ2]). However, even for convex
constraints, the lower semicontinuous envelope is not necessarily convex when the
gradient is a matrix. Indeed, in this case it is well known that if an integral
representation holds then, usually, the “relaxed” integrand is quasiconvex or rank-
one convex (in the sense of Morrey, see for instance [Dac08]). Therefore, the need of
a generalization of the radial representation to a nonconvex setting comes naturally.

The analysis of how the convexity concept plays to obtain the radial limit rep-
resentation highlights some kind of uniform upper semicontinuity property, more
precisely, when f : X —] — 00, 00] is convex we may write
m p L0 =0 =) |

wedomf 1+ [f(uo)| + | f(u)|
for any ug € domf. The left hand side of ([I)) is a kind of uniform semicontinuity
modulus which is lower than 0 when ¢ 1 1. This is exactly the property we need to
overcome the convex case. For a non necessary convex f satisfying (LI]), we will
say that f is radially uniformly upper semicontinuity (see Definition 2.T]).

The concept of radial uniform upper semicontinuity, to our best of knowledge,
finds its origin in [CDA02] Condition (10.1.13), p. 213] in connection with relaxation

Key words and phrases. Ru-usc functions, relaxation with constraints, radial representation,
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problems with constraints. Later, this concept was proved very useful for relaxation
problems in the vectorial case with bounded and convex constraints see [AHI0].
Then, it was used to study several homogenization and relaxation problems with
constraints (see for instance [AHM11l, [AHM12al Man13l [AHM12D]).

The plan of the paper is as follows. In Section Bl we first give the definitions
of radially uniformly upper semicontinuous functions and star-shaped sets (stated
here in an infinite dimensional framework) which play the role of convexity concepts
in a nonconvex setting.

In Section Bl we state and prove the main result Theorem[3.I] which gives a radial
representation of a lower semicontinuous envelope on the boundary of a star-shaped
set. A sequential version of Theorem [B.1]is stated and proved also.

In Section [ we deduce some general consequences from Theorem Bl In par-
ticular, we deal with the case of convex functions and minimization problems with
star-shaped constraints.

In Section Bl we study the stability of radially uniformly upper semicontinuity
concept with respect to calculus operations. We also give examples of some general
class of radially uniformly upper semicontinuous functions.

Section [@] is devoted to an application of a relaxation problem of the calculus of
variations with constraints on the gradient.

2. DEFINITIONS AND PRELIMINARIES

Let X be an Hausdorff topological vector space. For a function f : X —]—o00, 00|
we denote its effective domain by

domf :={u e X : f(u)<oo}.
For each >0, D C domf and ug € D, we define A%, , "+ [0,1] =] — 00, 00] by

fltu+ (1 —t)uo) — f(u)
¢ Do (t) :=sup .
1) = 0 T T )
If D = domf then we write A(},uo =A% Do

Remark 2.1. By analogy with the case of uniform continuity, the function A% 1, ()
can be seen as a (semi) radial uniform modulus of f on D relatively to ug.

Definition 2.1.

(1) Let D C domf and ug € D. We say that f is radially uniformly upper
semicontinuous in D relative to ug, if there exists a>0 such that

th_>_II% A?,D,ug(t) S 0'
Radially uniformly upper semicontinuous will be abbreviated to ru-usc in
what follows.

If D = domf then we simply say that f is ru-usc relative to ug € domf.
(2) We say that D C X is a strongly star-shaped set relative to ug € D, if

tD + (1 —t)yug C D for allt € [0,1],
where D is the closure of D in X.

When D C domf is strongly star-shaped relative to ug € D and f is ru-usc in D
relative to ug € D, we say that f is ru-usc in the strongly star-shaped set D relative
toug € D.

Remark 2.2.



(i) Our definition of strongly star-shaped sets is more restrictive than the usual
one (see [Val64]) which requires

tD+ (1 —t)ug C D forallt €[0,1].

(ii) When X is a normed vector space, a convex set D C X with nonempty
interior is strongly star-shaped relative to any ug € int(D), this fact is also
known as the line segment principle (see [RW98, Theorem 2.33, p. 58]).
Moreover if D C X is strongly star-shaped relative to all ug € D then D
is convex. An example of strongly star-shaped set which is not necessarily
convex is given by the union of two different convex sets D U Dy with
int(D1 N Dy) # 0, indeed if ug € int(Dy N D) then for each u € Dy U Dy
either u € Dy or u € D, so tu+ (1 — t)ug € Dy or tu+ (1 — t)ug € Do for
all t € [0, 1] since Dy and Do are convex with nonempty interior and then
strongly star-shaped relative to wuyg.

Proposition 2.1. Let f : X —] — 00, 00] be a convex function. Let D C domf and
ug € D. Then f is ru-usc in D C domf relative to ug € D.

Proof. By convexity of f it is easy to see that for all t € [0, 1]

w tu+ (1 —t)uo) — f(u)

ALl 3y — gup il <1-t

roae O = S T ) + IF)l

which shows, by letting ¢ — 1, that f is ru-usc in D relative to ug. |

For each set D C X we denote by xp the indicator function of D given by

(u) = 0 ifueD
XDW= o ifue X\ D.

Remark 2.3. If a set D C X is strongly star-shaped relative to ug € D then xp is
ru-usc relative to ug.

We denote by f the lower semicontinuous envelope of f given by

Fu) = lim f(v) = sup inf f(v)
v—u Uev(u) veU
where V(u) denotes the set of neighborhoods of u € X.
The convergence of a sequence {u,}, C X to u with respect to the topology of
X is denoted by u,—u. We denote by fs the sequential relaxation of f given by

F(u) = inf{ lim f(up): X > un—m} .
n—o0

Remark 2.4. Tt is easy to see that f < f and ? = f. Tt is worth to note that f is

sequentially lower semicontinuous, i.e., for every {u,}, C X and u € X if u,, > u

then lim , _ f(u,) > f(u). We have f < 7’ < f and in general ? is different

from fs.

For each up € domf the radial extension };0 : X — [—o0,00] relative to ug is
defined by

Fuo () == lim f(tu + (1 — t)uo)
11
where

lim f(tu + (1 — t)ug) = inf{ lim f(t,u+ (1 —1ty)uo) : [0,1[3 t, — 1}.

t1T1 n—oo



Remark 2.5. The effective domain of fun satisfies domﬁ0 C domfS C domf, in-

deed, if we consider u € domfuo then for some {t,}, € [0, 1] such that lim,_, t, =
1, we have by Remark [Z.4]

oo>ﬁL0 (u) =lim f(tu+ (1 — t)ug) = lUm f(tpu+ (1 — t,)up) > 7S(u) > 7(u)

since tou + (1 — t,)ug — u as n — oo.

3. MAIN RESULTS

3.1. Radial representation on the boundary of a strongly star-shaped
set. Here is the main result of the paper which establishes a radial representation
of the lower semicontinuous envelope of a ru-usc function penalized by a strongly
star-shaped subset.

Theorem 3.1. Let f : X —]—o00,00] be a ru-usc function in a strongly star-shaped
set D C domf relative to ug € D. Assume that infp f>—o00, we have

G) f T+ xp=f on D then T+ xp = fuo + X

(i) ﬁm (u) = ltlTnll f(tu+(1—t)ug) for allu € D, and ﬁm is ru-usc in ﬁﬁdomﬁm.

Remark 3.1. The condition in Theorem B:I:I ie. f+xp = f on D, means that
f is lower semicontinuous in D in the sense that limpy5, ., f(v) = f(u) for all
u € D. Thus Theorem B:[I can be rewritten as

Vue D lim f(v)=f(u) = YuedD lim f(v)=1ULm f(tu+ (1—t)ug).

D3v—u D3v—u t11

Proof of Theorem [ Proof of[1)} Fix u € D. We have (1 — t)ug + tu € D for all
t € [0, 1] since D is strongly star-shaped relative to ug. Hence
Fuo () = %f(tu + (1= t)uo)
= ?Txxllf(tu + (1 = t)ug) + xp(tu + (1 — t)ug)
> [+ xp(u).

It remains to prove that fun +xp < f+ xp- It is equivalent to show that for
every 6 >0 and every u € D we have f,,(u)<d whenever f + xp(u)<$.

Fix >0 and u € D such that f + xp(u) <. Then there exists 7>0 such that
for every U € V(u) it holds
(3.1) inf (/ +xp) (0) = il f(v) <020

veUND

For each U € V(u) there exists vy € UND (Note that UND # @ for any U € V(u)
since u € D.) such that

. i <o0—
(32) flov)< inf f(o)+1<6—1
since (B1)).
Let {tn}n € [0, 1] be such that lim, o t,, = 1, and for every n € N

1
n+1

(3.3) AF Do (tn) <

since f is ru-usc in D relative to ug.



Fix U € V(u). By 82) and 33) we have

(34) f(tnUU + (1 - tn)uo) < A;,D,uo (tn) (a’ + |f(UU)|) + f(UU)
1 .
< p—— (GJ‘FIH&X{*l%ff,(S*?]}) +0—n.

On the other hand, for every n € N it holds
tn 1—t, > inf tn 1—t, .
Fltww + (0~ ta)uo) > it f(tyw + (1~ ta)uo)
We have t,u+ (1 —t,)ug € D for all n € N since D is strongly star-shaped relative

to up. So, by using ([B.4]), the assumption f+ xp = f on D we obtain for every
neN

§— n = sup inf f(tn'U + (1 - tn)UO)
UeV(u) veUND

= f + XD(tnu + (1 - tn)UO)
= f(tou+ (1 —ty)ug).

Letting n — oo we find that fuc (u) <6 —n, which completes the Proof of
Proof of . We first have to prove that for every u € D

lim f(tu+ (1 —t)uo) = lim f(tu+ (1 —t)up).

t—1— =1~

Fix u € D. Tt suffices to prove that
: lim <l :
(3.5) T (1) < lim W(7)

t—1
where U(t) := f(tu + (1 — t)ug) for all ¢ € [0,1]. Without loss of generality we
can assume that lim, ., U(¢#) <oo. Choose two sequences {t,}n, {sn}n CJ0,1[ such
thatﬁtn—>1, Sp — 1, z—z<1foralln€N, and
lim W(t) = lim W(t,);
lim U(¢) = lim ¥(s,).
t—1 n—00

Since D is strongly star-shaped relative to ug we have t,u + (1 — ¢,)ug € D for all
n € N, so we can assert that for every n € N

(3.6) U(t,) = O (t—”sn)

(e s (1) )
< A () (@ 190500 + %o

We have that [B.3]) follows from (3.8) by letting n — oo since f is ru-usc in D
relative to ug. R R

It remains to prove that f,, is ru-usc in D N domf,,. Fix ¢t € [0,1] and u €
DN domfuo. By the first part of the Proof of we can assert that

o) = lim f(su+ (1 - 5)uo)
Fuo (tu+ (1 = tyug) = lim f(s(tu + (1 = t)uo) + (1 — s)uo).

LOnce the sequences {tn}n, {sn}n CJO, 1] satisfying t, — 1, s, — 1 choosen, we can extract
a subsequence {s,(n)}n such that % < 1 for all n € N. Indeed, it suffices to consider the

increasing map o : N — N defined by ¢(0) := min{vr € N: s, > to} and o(n + 1) := min{r € N:
v >o(n) and sy > tn41}.



So, we have

Fuo (tu+ (1= t)ug) = fug (u)
@+ | fuo (u)]
iy LA (3= s)uo) + (1~ Hug) — flsu+ (1~ s)uo)
s—1 a+ |f(su+ (1= s)ug)]
< AG Do ()
It follows that A;,ﬁﬂdomfuo,uo (t) < A% p ., (t) and the proof is complete by letting

t— 1. |

3.2. Sequential version of Theorem [B.l It is well known that if X has a
countable base of neighborhoods of 0 then 75 = f. For a subset D C X, we denote
by D’ the sequential closure of D, i.e., u € D’ if and only if there exists a sequence
{vn}n C D such that v, — u as n — oco. We say that D C X is a sequentially
strongly star-shaped set relative to ug € D, if

tD° 4+ (1 —t)ug C D for all ¢ € [0,1].
Here is a sequential version of Theorem [3.11

Theorem 3.2. Let f : X —]—o00,00] be a ru-usc function in a strongly star-shaped
set D C domf relative to ug € D. Assume that infp f>—o00, we have

Q) if F+xp =f onD then T+ xp = fuy + X1
(ii) ﬁto (u) = 1#{1 f(tu+ (1 = t)ug) for all w € D°, and fun is ru-usc in D° N
domfuo.

Proof. For the sake of completeness we give the proof of |(i)| although very similar

to the one of Theorem Bj:l
Fix u € D°. Let {tn}n C [0, 1] such that lim, o t, = 1 and

Fuo(u) = lim f(tyu+ (1= ta)uo).

We have (1 —tp)ug +tpu € D for all n € N since D is strongly star-shaped relative
to ug. Hence

Fuo(w) = Hm ftpu—+ (1= tn)ug)

n—oo

= nlglgo fltnu+ (1 —tn)uo) + xp(tnu + (1 — t,)uo)

> T+ xp (u)

since tpou + (1 — t,)ug — u as n — o0.
It remains to prove that fi, + x5+ < f + XDS. Fix 6 >0 and u € D° such that
F+ xp (u)<é. So we can find 7 €0, and a sequence {v,}, C D such that

v, —u and 1i_>m flop) <6 —n.
Choose a subsequence {v,}, C D (not relabelled) such that
(3.7) v, = u  and  |f(v,)] < max{fi%ff,é - 77} for all n € N.

Let {tx}r C [0, 1] such that limg_ . tx = 1, and for every k € N

. A% tp) < ——
(3.8) 700 (b)) < 3=



since f is ru-usc in D relative to ug. So, by B.1) and B.8), for every k,n € N we
have

(3.9) J(ton + (1 = te)uo) < AF by, (k) (a+ [f(vn)]) + f(vn)
< Tl (a—i—max{—i%ff,&—n}) +46—n.

We have tpu+ (1 —tr)ug € D for all k € N since D is strongly star-shaped relative
to ug. Letting n — oo in (B9) and using the assumption f+ xp = f on D we
obtain for every k € N

flteu+ (1 —tp)uo) = f + xp(tru + (1 —t)uo)

1
< Tl (aerax{fi%ff,éfn}) +d—n
Letting kK — oo we find that fuc (u) < 6 —n, which completes the Proof of
The proof of [(ii)|is the same as the proof of Theorem B.I[(ii)] |

4. GENERAL CONSEQUENCES

4.1. Radial representation with the effective domain as constraint. When
D = domf we have the following result.

Corollary 4.1. Let f : X —] — 00,00] be a function such that f is ru-usc in the
strongly star-shaped set domf relative to ug € domf. If g : X —] — 00, 00] is such
that f = g on domf and infgoms g>—o00 then

f = g’u.o + Xdom?
where Gy, (u) = limgpy g(tu + (1 — t)ug) for all u € domf.

Proof. Since f = g on domf and domf is strongly star-shaped relative to ug €
domf the function g is ru-usc in domf relative to ug. Thus applying Theo-
rem IB]:I we obtain for every u € domf

Guo(w) = lim g(tu+ (1= H)uo).

Now, we have to prove that f = Gy, + XdomF- It is easy to see that
? < 7+ Xdomf < f =+ Xdomf

hence f + Xdoms = f since f + Xdoms = f and ? = f. Apply Theorem B:I:I with
f in place of f and D = domf, we obtain f + Xdomf = f= 7u0 + Xqomy- Taking
account of Remark we deduce that

~

7 = fug + Xdom?'

It remains to prove that 7u0 = Ju, on domf. Fix u € domf, then tu + (1 — t)ug €
domf for all ¢ € [0,1] since domf is strongly star-shaped relative to ug. It follows
that

oo (u) = lim F(tu+ (1 — t)uo) = lim g(tu + (1 — £)1tg) = Guo (1)
1 1

since f = ¢g on domf, which completes the proof. |

Remark 4.1. The previous result can be useful in relaxation problems, indeed, in
practice we are able to prove an integral representation of f, say g, on domjf only.
Then we can use Corollary ELI] to have a representation on domf. To obtain a
full integral representation on domf, we have then to commute “lim¢q” with the
integration in the radial limit g, (see for instance TheoremG.1]).



Analysis similar to that in the proof of CorollarydTlgives the following sequential
version.

Corollary 4.2. Let f : X —] — 0o, 0] be a function such that [ is ru-usc in the
strongly star-shaped set domf relative to ug € domf. If g : X —] — 00, 00] is such
that fs =79° =g ondomf and infgoms g>—o00 then

?S = §u0 + Xdom?s
where G, (1) = limgpy g(tu + (1 — t)ug) for all u € domf .

In the following, we state a consequence of Corollary [£1] and Corollary in
the particular case where g is replaced by f.

Corollary 4.3. Let f : X —] — 00,00] be a function such that f (resp. TS) 18
ru-usc in the strongly star-shaped set domf relative to ug € domf. If f = f (resp.
7= f) on domf and infyomys f>—o00 then

T = Fuo (resp. T* = fuo).
Proof. Apply Corollary 1] (resp. Corollary d2]) with f in place of g, we obtain

f=fu + XdomF (resp. 75 = qu + Xdom?s)' To finish the proof it suffices to see
that domfuo C domf’ C domf since Remark |

We examine the case f convex and bounded below.

Corollary 4.4. Let f : X —]—00,00] be a convex function. If there exists ug € X
such that f is bounded above in a neighborhood of ug and infi,igomy) f>—00 then

(4'1) 7 = ﬁlo'
Moreover fuo =f, forallv € int(domf) (where int(domf) is the interior of domf ).

Proof. The assumption implies that f is continuous on int(domj) the interior of
domf. So, f 4 Xint(doms) = f on int(domf). By Proposition 21l a convex function
is ru-usc in int(dom f) relative to all v € int(domf). It is well known that int(domf)
is convex, then by Remark the set int(dom f) is strongly star-shaped relative
to all v € int(domf). By applying Theorem Bl we find f = ﬁ} + Ximtt@ompy- On

the other hand it holds that domf C domf = int(domf) since domf is convex.
Therefore (4.1]) holds since Remark 2.5 |

Remark 4.2. In fact equality (@I) still holds for convex functions which are not
bounded below. When X has finite dimension, more general results involving con-
vexity exist, see for instance [Roc70, Theorem 7.5 p. 57, Theorem 10.3 p. 85].
Indeed, in finite dimension, the relative interior of domf is not empty whenever
domf # @) and f is continuous on it, so ([&I]) holds without any assumption on f
unless to be convex.

4.2. Minimization with strongly star-shaped constraints. The following re-
sult deals with minimization problems with strongly star-shaped constraints, it can
be seen as a nonconvex version of [FLOT, Corollary 4.41, p. 272].

Corollary 4.5. Let f: X —] —00,00] be a function. Let D C domf be a strongly
star-shaped set relative to ug € D such that D C domf. Assume that f : X —
] — 00, 00] is ru-usc in D relative to ug. If f+ xp = f on D then

1%ff = 1%f f.




Proof. Without loss of generality we can assume that infp f > —o0. It is sufficient
to show that infp f <infy f. By applying Theorem B.1] we have

(4.2) inf f = inf T+ xp = inf .
Now we claim that for every u € D we have f, (u) < f(u), indeed,

Fuolw) = lim f(tu + (1= Huo) ST AG 5, (Da+ /(W) + () < Fw)

11
since f is ru-usc in D relative to ug. We deduce from [@Z) that infp f < inf f,
and the proof is complete. |

The following result can be useful in scalar problems of the calculus of variations
when the lower semicontinuous envelope f of a nonconvex f is convex.

Corollary 4.6. Let f : X —] — oo, 00| be such that f is convez. Let D C domf be
a strongly star-shaped set relative to ug € D such that D C domf. Then

11[1)ff = 1%ff.

Proof. We have

fF<f+xp<f+xp.

Thus f + XD = f on D. By Proposition 21 f is ru-usc in D C domf relative
to any ug € D, so we can apply Corollary .5 with f in place of f. The proof is
complete. |

5. OPERATIONS ON RU-USC FUNCTIONS

In this section we study the stability of ru-usc functions with respect to some
operations. We also give some examples of class of ru-usc functions.

5.1. Stability of ru-usc functions with respect to pointwise sum and prod-
uct. We need the following result in the proof of Proposition Bl

Lemma 5.1. Let f: X —] — 00, 00| be a ru-usc function in D C domf relative to
ug € D. Then

(i) f+ ¢ is ru-usc in D relative to ug for all c € R;

(ii) Af is ru-usc in D relative to ug for all A € RT.

Proof. Proof of. Fix u € D and ¢ € R. Fix € >0. There exists t. €]0, 1] such
that supseje. 11 A% D ug (t) <e since f is ru-usc in D relative to ug.
We set f.:= f 4 ¢. Then for every t €]t., t[ we have

(5.1) fe(tu+ (1 = t)uo) — fe(u) = f(tu+ (1 —t)uo) — f(u)
< A% b, @) (a+ | f(u)))
< ela+|[fe(u)] + |e]).

It follows that lim,_,; A‘;:B[UO (t) < e. The proof ofis complete by letting ¢ — 0.

Proof of (i)} Fix u € D and A € RT. Fix ¢ >0. There exists t. €]0,1[ such that
SUPse)e. 11 A% D oue (t) <e since f is ru-usc in D relative to ug.
We set fx := Af. Then for every t €]t.,t[ we have

Fa(tu+ (1= tyuo) = fa(u) = A (f(tu+ (1= t)up) — f())
< A} Do Oa+ [ fr(w)])
< emax{Aa, 1}(1+ |fr(u)]).



It follows that lim; A}, pa(t) < emax{Aa, 1}. The proof of [(if)] is complete by
letting € — 0. ]

The stability for the operations sum and product (pointwise) of ru-usc functions
is specified below.

Proposition 5.1. Let f,g: X —]—00,00] be two ru-usc functions in D C domf N
domg relative to ug € D.
(i) Ifinfp f>—00 and infp g>—o0 then f + g is ru-usc in D relative to up;

(ii) If infp f>0 and infp g>0 then fg is ru-usc in D relative to ug.

Proof. Proof of Assume first that f > 0 and ¢ > 0 on D. Fix € > 0. There
exists ¢ €]0,1[ such that sup,cy,. 1{ A% p o, (1) <& (vesp. supyep 1AL, (H) <€)
since f (resp. g) is ru-usc in D relative to ug. Fix t €]t., 1] and v € D. We have
(5:2) flu+ (1 —tuo) <e(a+ f(u)) + f(u)
(5:3) g(tu+ (1 —thuo) < e (b+g(u)) + g(u),
so by adding (52) with (&3] we obtain

Fltu-+ (1= ) + gt -+ (1~ o) < )1+ () + glu) + () + g(u0)
where §(¢) := emax{a + b,1} and satisfies lim._,9 6(¢) = 0. Therefore

hm Aerg D uo( ) < 6(5)

t—1

which gives the result by letting € — 0.

We now remove the restrictions made on f and g and we set m := infp f+infp g.
We denote by fT := f—infp f and g* := g—infp g. By LemmaG.][(i)| the functions
fT and ¢gT are ru-usc in D relative to ug, so by applying the first part of the Proof
of [(Q)] the function f* + g is ru-usc in D relative to ug. But f*+g"+m = f+g,
so again by applying Lemma [5.1] we find that f + g is ru-usc in D relative to ug.
Proof of By taking the product of (5:2)) with (B3] we obtain
(5.4)

fltu+ (1 =t)uo)g(tu+ (1 = t)uo) < 5(e)(1 + f(u) + g(u) + f(u)g(u)) + f(u)g(u)

where §(¢) := max {¢,e?} max{ab, 2a, 2b, 3} and satisfies lim._,o §(¢) = 0. But

(5:5) )+ 900 < Fllg(w) (57
From (B.4) and (B.3) we deduce that

Fltu+ (1~ Dug)g(tu + (1~ ug) < Q+mhf i ) (1 Fwgw)
+ f(u)g

infp f mfpg)

so lim; Ay Do (t) < 6(e) (1 + me 7+ ) which gives the result by letting

e — 0.

1nfD g
|

Remark 5.1. The Proposition |5:|:| answers to the question whether class of ru-
usc functions contains more than convex functions, indeed it is sufficient to consider
two finite positive convex functions such that their pointwise product is not convex.

Example 5.1. Assume that X is a normed space. Let g : X — R be a function
satisfying:



(A1) there exist a > 0 and a function & : [0,1] — R satisfying lim;_,, 5(t) < 0
such that for every t €]0,1[ and every u € X
lg(tu+ (1 = t)uo) — g(w)] < @)L + flull* + [[uol|*);
(Ag) there exist c>0, ¢ >0, and B > « such that for every u € X
cllull® = ¢ < g(u);

then g is ru-usc in D relative to ug. Indeed, by[(A3)| we have ||ul|® < |jul|® +1 <
Lg(u)+ ) +1. Set a:=c +c(2+ ||uol|®) then it is easy to deduce from[(A7)| that

for every u € D and every t € [0,1]
5(t)

gltu+ (1= thuo) — glw) < =2 (a-+ g(u)

Therefore A p, () < &Ct) which shows, by letting t — 1, that g is ru-usc in D

relative to ug. Note also that infx g>—oc0.

Corollary 5.1. Assume that X is a normed vector space. Let f : X —] — 00, 0]
be a ru-usc function in D C domf relative to ug € D. If infp f > —oc0 and if

g: X =] — 00,00] satisfies and then f + g is ru-usc in D relative to ug.

Remark 5.2. Corollary 5.1l can be seen as stability of ru-usc functions with respect
to a type of “radial Holder” perturbation.

The following result is an alternative to the Proposition EII[()}

Proposition 5.2. Let f,g: X —]—00,00] be two ru-usc functions in D C domf N
domyg relative to ug € D. If g is bounded on D, i.e., sup,cp |g(u)| <oo then f+g
is ru-usc in D relative to ug.

Proof. Fix ¢ > 0. There exists t. €]0,1[ such that sup;ej,. 1A% p ., (£) <& (resp.

SUPyejr, 1 AZ,D,UU (t)<e) since f (resp. g) is ru-usc in D relative to ug. Fix t €]t., 1]
and v € D. We have

(5.6) fltu+ (1 =tuo) <e(a+[f(u)])+ f(uw)
(5.7) g(tu+ (1 = t)ug) <& (b+ [g(w)]) + g(uw),
so by adding (5.8) with (5.7) we obtain

Fltu+ (1 = tyug) + gltu + (1 — t)ug)

<o)+ [f (W] +lg()]) + f(u) + g(u)

< 0@+ [f(w) +g(w)] + 2sup lg()]) + f(u) + 9(u)

< ooy max {1.25up low)] } (1 + 170 + ) + £ + g(0)

where §(g) := emax{a + b,1}, and satisfies lim._,o §(¢) = 0. Then
T} Al .00, (1) < 8(6) max {1,250p 0]

which gives the result by letting e — 0. ]

Example 5.2. Assume that X is a normed vector space. Let D C X be a compact
and strongly star-shaped set relative to ug € D. Let g : X —] — 00, 00] be a function
which is continuous and finite on D. Then g is ru-usc in D relative to ug. Indeed,
let w : [0,00[— R be defined by

w(9) =sup{|g(u) — g(v)| : u,v € D and ||u — v|| <d}.



We have lims_,ow(d) = 0 since g is continuous and D is compact. We have for
every u € D and every t € [0,1]

gltu+ (1~ hup) — g(u) < w (<1 1) sup - uon) |

Therefore we have A}, (t) < w (1 —t)sup,ep [u—uol|) for all t € [0,1[. Pass-

ing to the limit t — 1 we obtain that g is ru-usc in D relative to ug.

By using Example and Proposition we establish, in the following result,
that the class of ru-usc functions are stable with respect to a continuous perturba-
tion when D is strongly star-shaped and compact.

Corollary 5.2. Assume that X is a normed vector space and D C X is a compact
and strongly star-shaped set relative to ug € D. Let f : X —] — 00,00] be a ru-usc
function in D C domf relative to ug. If g : X — R is a continuous function then
f =+ g is ru-usc in D relative to uyg.

5.2. Inf-convolution of ru-usc functions. For two functions f, g : X —]—00, 0]
their inf-convolution is the function fvg: X — [—o00, 00| defined by

(fvg) (u) = inf {f(u—v)+g(v)}.

The following result establishes the conditions to keep the ru-usc property by the
inf-convolution operation.

Proposition 5.3. Let f : X —]—o00,00] be a ru-usc function relative to ug € domf.
Let g : X =] —00,00] be a ru-usc function relative to 0 € domg. Then Vg is ru-usc
relative to ug if one of the following conditions holds:

(i) infx f>—o00 and infx g > —o00;

(i) sup |g(v)|<oo.
vEdomg

Proof. Proof of. Assume first that f > 0 and g > 0. Fix u € domfvg. Choose
{vn}n C domg such that f(u—v,)+g(vn) = (fVg) (u) asn — co. Fix € >0. There
exists o €]0, 1] such that sup,ep,_ 1{ A% p ., (t) <€ (vesp. sup,eje, 1 A;Dﬂm (t)<e)
since f (resp. g¢) is ru-usc in D relative to ug. Fix t €]t.,1[. We have for every
n €N

(5.8) (fvg) (tu+ (1 = t)uo) < f(t(u —vn) + (1 = t)uo) + g(tvn)
(a+ flutvy)) +e(b+ g(v,))
(u —vn) + g(vn)

@)L+ flu—vn) +g(vn))

(

+ flu—vn) +g(vn).

f
€
f
)

IN + IAN A

where 0(¢) := e max{1,a+b} and satisfies lim. o 6(g) < 0. Letting n — oo in (5.8)
we obtain limy_,; A}vgﬂm (t) < 6(e) which gives, by letting ¢ — 0, that fvg is
ru-usc relative to ug.

We remove the restrictions on f and g. Set f* := f—infx f and g* := g—infy f.
By Lemma [E] the function f* (resp. gT) is ru-usc relative to ug (resp. relative
to 0), so we apply the first part of the proof to have fTvg" is ru-usc relative to
ug. But fTvgt + (infx f+infx g) = fVg, so again by Lemma 5.1l we deduce that
fVg is ru-usc relative to ug.



Proof of [(i)] Choose {v,},, C domg such that f(u —v,) + g(va) — (fVg) (u) as
n — oo. Fix t €]t., 1[. Then for every n € N

(5.9)  (fvg) (tu+ (L —t)uo) < f(t(u —vn) + (1 — t)uo) + g(tvy)
<ela+|f(u—wn)l) +e(b+Ig(vn)l)
+ flu—vn) + g(vn)
<)+ [f (w—vn)| + [g(vn)])
+ f(u—vn) + g(vn)

<4(e) <1+|f(u—vn)+g(vn)l+2 sup Ig(v)l>

veEdomg
+ f(u—vn) + g(vn)

where §(¢) := e max{1, a+b} and satisfies lim. o 5(¢) = 0. Letting n — oo in (5.9)
we obtain limg 1 Alg . (t) < 3(e) (1 + 25upP,cdomg [9(v)[) which gives, by letting
e — 0, that fVvg is ru-usc relative to ug. |

If g = x¢ with C C X a strongly star-shaped set relative to 0 € C, then g is ru-
usc relative to 0 since Remark 23l By noticing that sup,cgomg 19(v)| = 0 <00, we
may apply Proposition F.3][(ii)] to obtain that the function X 3 u — (fVxc) (u) =
inf,co f(u—v) is ru-usc when f is ru-usc relative to ug € domf.

Corollary 5.3. Let f : X =] — 00, 00] be a ru-usc function relative to ug € domf.
Let C C X be a strongly star-shaped set relative to 0 € C. Then fVxc is ru-usc
relative to ug.

6. APPLICATION TO THE RELAXATION WITH CONSTRAINTS

Let d,m > 1 be two integers and p €]1,00[. Let @ C R? be a bounded open set
with Lipschitz boundary. We denote by M™*¢ the space of m rows and d columns
matrices.

6.1. Star-shaped subsets in W1P(Q;R™). We consider the class of subsets
S € M™*? gatisfying
(Hi) 0€5;
(Hz) for every sequence {uy }, C WHP(Q; R™) such that u, — uin WHP(Q;R™),
if for every n € N we have Vu,(-) € S a.e. in Q then for every ¢ € [0,1] it
holds tVu(-) € S a.e. in Q.

Define D ¢ WhP(Q;R™) by
(6.1) D :={ue W"(;R™): Vu(z) € S ae. in Q}.

We say that D is weakly sequentially strongly star-shaped relative to 0 in WP (£; R™)
when WP (Q; R™) is endowed with the weak topology and D is sequentially strongly
star-shaped relative to 0. We denote by D™ the sequential weak closure of D in
WLP(Q; R™).

The following result shows that the conditions and on S give rise to
sequentially strongly star-shaped sets of the form D.

Lemma 6.1. If S satisfies and [(Hg)| then D is weakly sequentially strongly

star-shaped relative to 0.

Proof. For every t € [0,1] and every u € D°" we have tu € D since [[Hy) |



Example 6.1. It is not difficult to see that if S is conver with 0 € int(S) then S
satisfies (Hy)| and [(Ha)| Indeed, using Mazur lemma we have Vu(:) € S a.e. in

Q. Then for every t € [0,1] it holds tVu(-) € S a.e. in Q since S is conver and
0 € int(S).

We give an example of a family of nonconvex sets satisfying |(H; )| and |[(Hz )|

Example 6.2. Assume that m = d = 2. For each ¢>0 consider the set
Se:={€ € M**? : e 4+ det (&) >tr(¢)*} .

We have for every e >0

(i) 0e5: (e is satisfied);

(ii) for every & € S. we have t& € S. for all t € [0,1[;

(iii) Se s not conver;

(iv) Sc is not bounded;

(v) Sc is rank-one convex.
Fiz £>0. The set S. satisfies[(Ha)| for all p>2. Indeed, let {u,}, C WHP(Q;R™)
be such that u, — u in WHP(Q; R™) and for every n € N it holds Vu,(-) € S: a.e.
in Q. By a classical result (see [Dac08, Theorem 8.20, p. 395]) we have

(6.2) det(Vau, (1)) — det(Vu(-)) in L% (Q;R™).
The function tr(-)? is convexr and continuous, so for every Borel set A C Q we have
(6.3) lim [ tr(Vun(z))*de > / tr(Vu(z))?dz.

n—oo J A A

Using (62) and [63) we find for almost all x € Q and p>0

1 1 )
T o TN 2 Ty [ T

then by passing to the limit p — 0 we obtain Vu(-) € S. a.e. in Q. By we have
tVu(-) € Se a.e. inQ for allt € [0,1].

The properties and are immediate.

Proof of [[i)] Lett € [0,1[ and & € S.. We have

det(t€) = t* det(&) > t2(tr(€)?) — t’e > tr(t€)* —e.

Proof Of. Consider

(e VEY g e 0 &
(F ) (e )

It is easy to see that £, € S. and %§+ %C ¢ S..

Proof of. We have to show that t& + (1 — t)¢ € Se for all t €]0, 1] whenever
&, ¢ € 8: satisfy rk(€ — () < 1. Propertyfollows by using the fact that det(-) is
quasiaffine (see [Dac08, Example 5.21(i), p. 179]) and tr(-)? is convez.

6.2. Relaxation of multiple integrals with star-shaped constraints. Let
L : M™*4 — [0,00[ be a quasiconvex (in the sense of Morrey) integrand with
p-polynomial growth, i.e., L satisfies

(Hy) L(¢) = inf {/]0 ” L€+ Vu(z))dz : u € Wy ™(]0, 1[d;Rm)} for all £ €

med;
(HS) There exist ¢, C >0 such that c[¢]P < L(€) < C(1 + [£]P) for all £ € M™*4.



Define the integral functional F : WP (Q;R™) — [0, o] by

L(Vu(z))dx if Vu(x) € S a.e. in
Pl = d ] Hvuta) (x)
00 otherwise.

Our goal here is to give a representation of the lower semicontinuous envelope F' in
WLP(Q;R™) endowed with the strong topology of LP(2;R™):

F(u) == inf{ lim F(uy) : WHP(Q;R™) 3 u, L u} .
n—oo
If J: WHP(Q; R™) — [0, 00] is defined by
J(u) == / L(Vu(z))dx.
Q
then for every u € WHP(; R™)
F(u) = J(u) + xp(u),

where D is given by (6.1)).
Lemma 6.2. If L satisfies[(H})| and then J is ru-usc in D relative to 0.
Proof. Since L satisfies and we have for some C’ >0

(6.4) IL(€) = L(O)| < C'le = (L + [P~ + [¢[P~)

for all ¢, ¢ € M™*? (see for instance [Dac08, Proposition 2.32, p. 51]). For every
w € D and every t € [0, 1]

[7(t) = Jw)] < / 2C"(1 = 1) Vu(@)|(1 + [Vu(@) P~ )de
Q
<4C'(1 —t)/ 1+ |Vu(z)[Pdx
Q

<40'(1 - t)/ 1+ 2 L(Vu())dz

Q ¢
< 40" max {1, %} (1= 0)(9Q] + I (u)).
Then A‘fbo(t) < 4C" max {1, %} (1—t), the proof is complete by letting ¢t — 1. W
Theorem 6.1. If S satisﬁes and and if L satisﬁes cmd then
for every u € WHP(Q; R™)
(6.5) F(u) = J(u) + x5 (u).
Proof. The sequential relaxation of a functional ® : WP(Q; R™) — [0, 00] with

respect to the weak convergence in W1P(Q; R™) is given by

™ (u) = inf{ lim ®(u,): WHP(QR™) 5 u, — u} :

n—o0

Note that F = F" since the coercivity condition [[H)| So, it suffices to show that

F™(w) = J(u) + xppoe ().
We have J° = .J since [(H})| and (see for instance [AF84]). Then it holds
J+ XDsw = J on D, indeed we have

J:78w§J+XDsw§J+xD.



Using Lemma and Lemma we obtain by Theorem [3.7]

F™ = Jo+xpw  with  Jo(u) = lim J (tu).

It remains to prove that jo =Jon ESM\D since F™" =T+ XDsw =Jon D. Fix
uw e D™\D. Using the polynomial growth we have for almost all z € Q

sup L(tVu(z)) < C(1+ [|[Vu(z)|?).

tel0,1]

The integrand L is continuous since (64)). We may apply the dominated conver-
gence theorem to obtain

Jo(u) = 1i = [ limL = J(u).
Jo(u) im J(tu) /Q im (tVu(x))dz = J(u)
The proof is complete. |

Remark 6.1. The equality (6.3]), which can be rewritten as
(6.6) J+xp=J+ XD

looks natural since J is of “p-polynomial growth” (and lsc with respect to the strong
topology in LP(2; R™)) and since the star-shaped property (of the constraints) can
be seen as a kind of “regularity” on the constraints. An interesting further extension
is to study whether similar equality holds when we replace the lsc envelope by
a I-limit procedure and J by a sequence of funtionals {J,}, (for an interesting
discussion about constrained problems see [DG79| p. 499]).
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