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A RIGIDITY RESULT FOR GLOBAL MUMFORD-SHAH
MINIMIZERS IN DIMENSION THREE

ANTOINE LEMENANT

ABSTRACT. We study global Mumford-Shah minimizers in RY, introduced by
Bonnet as blow-up limits of Mumford-Shah minimizers. We prove a new mono-
tonicity formula for the energy of u when the singular set K is contained in a
smooth enough cone. We then use this monotonicity to prove that for any reduced
global minimizer (u, K) in R3, if K is contained in a half-plane and touching its
edge, then it is the half-plane itself. This partially answers to a question of Guy

Dayvid.
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1. INTRODUCTION

Global Mumford-Shah minimizers was introduced first by Bonnet [4] in dimension
2 as blow-up limit of minimizers of the Mumford-Shah functional, and are crucial
in the regularity result of [4]. They are couples (u, K), with K C RY a closed set
and u € Npoo WH(B(0, R) \ K), that locally minimizes in RY the Mumford-Shah

energy. More precisely, for any ball B C RY, (u, K') minimizes the sum
/ \Vul?dz + HY (K N B),
B\K

among all compettiting couples (u/, K') that are equal to (u, K) outside B, and
that keep the topology of K (see Definition 2.4 below for more details). The k-
dimensional Hausdorff measure H* generalizes the natural notion of k-area and will
be precisely defined in Section 2.

The list of global minimizers is nearly complete in dimension 2: if K is connected
then it is either a line, a half-line, or three half-lines meeting at the origin by 120°.
Knowing this without assuming “connected” would solve the famous Mumford-Shah
conjecture. Some improvements in this direction can be found in [14] and [10].

But on the other hand, almost nothing is known about global minimizers in di-
mension N > 2. A first discussion is given in Chapter H.76. of Guy David’s book
[8], and a few more results can be found in the paper [15].

For instance it is known in dimension 3 that, if u is locally constant, then K must
be a minimal cone (i.e. a Plane, three half planes meeting by 120°, or a cone over the
regular tetrahedron). This fact looks very natural but is surprisingly not obvious
at all, and a rigorous proof is contained in [9]. Tt is also known that a half-plane is
a minimizer with the corresponding function u = cracktip x R, where the cracktip
function is \/2r/msin(6/2) in polar coordinates. These are the only known examples
of global minimizers in R?, and we refer to [15] and [8] for more details.

There is also counter-examples. For instance in [15] it is proved that an angular
sector cannot be a global minimizer, unless it is a half-plane or a plane. In [18] a
tentative construction for an extra global minimizer of particular type is proved to
fail.

Notice that adding to K a piece of set negligible for HV~! does not change the
fact of being a Mumford-Shah minimizer. Therefore, it is convenient to work with
reduced minimizers only, for which one cannot remove from K more pieces of set
of zero measure without being enable to extend the associated function u as a
W12 function. For instance, reduced minimizers enjoy nice properties as Ahlfors-
regularity, or local C! regularity at points where the energy of u is small enough, that
non-reduced minimizers can obviously not expect to have in general. As proved in [8],
it is always possible to replace a minimizer by a reduced one (there is even a debate
between 3 different possibilities, the one used in this paper is called “topological
reduction” in [8]), but anyway in the case when the the global minimizer is coming
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from a blow-up procedure, then it is automatically reduced [8, Proposition 40.9].
We refer to [8, Section 8] for more details about reduced minimizers.

In this paper we focus our attention on the following conjecture which is stated
in [8, Page 571].

Conjecture 1.1 (Guy David). Let (u, K) be a reduced global minimizer in R such
that K is contained in a plane and not empty. Then K must be either a plane or a
half-plane.

In this paper we give a partial answer to this conjecture. We prove the following.

Theorem 1.2. Let (u, K) be a reduced global minimizer in R such that K is con-
tained in a half-plane, which contains a point of K on its edge. Then K must be the
whole half-plane.

The major obstacle which prevents us to prove the full conjecture will be explain
a the end of the introduction. It comes from geometrical requirements to control the
first eigenvalue of the Neumann-Laplace-Beltrami operator on spherical domains in
order to get a monotonicity formula for the normalized energy, with the right power.
We are able to control the first eigenvalue of SV~ \ K when K is contained in a
half-plane, but not larger.

We stress that in dimension N = 2, similar results have been obtained by J-C
Léger [14]. For instance Proposition 25 in [14] says that when N = 2, if K is
contained in a line then K is either the whole line, a half-line, or the empty set. The
proof of Léger relies strongly on complex analysis. In particular the beautifull (and
planar) formula showing the link between the set K and the complex derivative of u
is one of the key ingredient in [14]. The second main ingredient is the monotonicity
formula of Bonnet [4].

Therefore, the challenge in Conjecture 1.1 is to find a new strategy in higher
dimension, without complex analysis, and prioritary try to find a monotonicity
formula like the one of Bonnet valid in higher dimensions. The latter being also
a question in page 572 of [8].

In the present paper we indeed propose a monotonicity formula to replace the
one of Bonnet. It relies on the famous argument from Alt-Caffarelli-Friedman, and
is obtained here for solutions of the Neumann problem in the complement of a set
K C RY contained in a cone. According to us, this monotonicity result is probably
as interesting as our main result itself since, as far as we know, it is the first time
that some monotonicity is shown for the Neumann problem in dimension N > 2. On
the other hand to be valid, the singular set K must be contained in a cone, which
could be slightly restrictive but turns out to be exactly the case in Conjecture 1.1.

Let us recall the monotonicity formula of Bonnet [4] which says that if K C R? is
a closed connected set and u is a local energy minimizer in R?*\ K (i.e. u is harmonic
with Neumann boundary conditions on K'), then

1
T = |Vul*dz
" JB\K
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is nondecreasing (see also [8, Section E.47] or [6]). The proof of Bonnet seems not
to be directly extendable in higher dimensions.

On the other hand, using a classical argument from Alt-Caffarelli-Friedmann [2], it
is easy to show that, for the Dirichlet problem, if the first eigenvalue of the Dirichlet
Laplacian is uniformly bounded from below by (2N —3)/4 on 0B, \ K for a.e. r > 0,
then

1 |Vu|?

T —
T JB\K |z N2

is nondecreasing. See for instance [17, Lemma 16| for a proof. Notice that for N = 2
we recover exactly Bonnet’s energy.

Both in Bonnet [4] and Alt-Caffarelli-Friedman [2], the monotonicity formula is
established through an integration by parts which transforms the energy f(r) =
/ B, |Vu|?/|x|V~2dx as an integral over OB, and then estimate the later by Poincaré-
Wirtinger inequality to get f(r) < Cf’(r), where the constant C' is related to eigen-
value on the sphere.

Now if one tries to use the proof of Alt-Caffarelli-Friedmann [2] for the Neumann
problem in RV \ K, while performing the integration by parts, a boundary term of

type

0 1
2 O N-1
(1) /K“ o (|:c|N—2) "

remains, which a priori prevents us to prove any monotonicity (here the integration
over K has to be understood as an integration on both sides of K and u may take
a different value on each side). Of course this term does not occur when u = 0 on
K, which happens for the Dirichlet problem.

Now the key point in our proof relies on the following simple observation: if
for instance K is contained in a vectorial N — 1-plane, then the normal vector on
K at point x must be orthogonal to the vector z itself. By consequence we have
2 (x> N) = (2= N)|z| M2z - v = 0 on K, and the above extra term disappears.
So follows the monotonicity, and it works the same way if K is contained in a more
general N — 1 dimensional cone.

Moreover, as for Bonnet’s monotonicity formula, the argument here is sharp too,
in the sense that constant normalized energy happens if and only if u is positively
homogeneous of right degree.

Even if the proof of Theorem 1.2 needs the monotonicity result for half-planes
only (and N = 3), we will prove it in any dimension for more general cones that we
will call Neumann cones, and that we define as follows.

Definition 1.3. If N > 3, a closed set K C RY will be called a Neumann cone if
the three following properties hold:

(1) K is a cone.
(2) KNSY1is (N — 2)-rectifiable.
(3) The embedding WH2(SN=1\ K) — L2(SN~1) is compact.

dx
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If N = 2 we keep the same definition but replacing (2) by
(2) KNS is a finite number of singletons.

It is easy to check that a vectorial hyperplane in RY is a Neumann cone, or that a
half-hyperplane is a Neumann cone. We recall that for instance, the so-called cone
property guarantees the compactness of W'%(Q) — L?*(Q) (see [1, Theorem 6.2.
p.144]). Moreover, when K is a Neumann cone then the first positive eigenvalue of
the Neumann Laplacian, denoted by A\;(S*\ K), is well defined. This is also the case
for any set K contained in a Neumann cone. We refer to Section 4 for the exact
definition of rectifiability and basic properties of Neumann cones.

Now here is an example of statement for the monotonicity result (see Lemma
7.5 for the general case where assumption (2) of Lemma 1.4 is replaced by a more
general topological assumption). We call energy minimizer in RY \ K, a function
u that locally minimizes [ |Vu|?dz in RY \ K (see Definition 2.1). This function is
harmonic in RY \ K with a Neumann boundary condition on K, i.e. zero normal
derivative on K, in a weak sense.

Lemma 1.4. Let K C RY be a closed set satisfying the following assumptions.

(1) K is contained in a Neumann cone.

(2) 0B, \ K is connected for a.e. > 0.

(3) Iy > 0 s.t. for a.e. v > 0, the first positive eigenvalue of the Neumann-
Laplace-Beltrami operator on OB, \ K satisfies \\(0B, \ K) > ~v/r?.

Then for every local energy minimizer u in RY \ K we have that

1 |Vu|?

1.2 T —
(1.2) por ro Jp N2

dx

is nondecreasing, where « is defined through
a=a(N,y) = V(N=27 + &y — (N -2).

Moreover, if o(r) is constant on an interval [a,b] then for a.e. r € [a,b] the value
v/r% is the first positive eigenvalue for the Neumann-Laplace-Beltrami operator on
0B, \ K and the restritction of uw on 0B, \ K is an associated eigenfunction.

For instance when N = 3, the eigenvalue v = 3/4 provides a monotonicity with
power o = 1. The monotonicity is then employed to characterize blow-up and blow-
in limits of a global minimizer when K is contained in a half-plane, and this is the
key ingredient to prove Theorem 1.2.

The assumption of existing a point of K on the edge of the half-plane is here the
guarantee the existence of a point at which the normalized energy (i.e. the quantity
denoted by ¢(r) in Lemma 1.4 with a = 1) will not converge to 0 when r goes to
zero. At this step of the proof we shall need the regularity result of [16]. For an
arbitrary closed K contained in a half-plane, it is tempting to try to find a point on
the edge of another suitable half-plane by moving the first one. But notice that for
instance the closed set K := {(z,y,0) € R3y > e~ 1*I} is contained in the half-plane
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{z = 0and y > —1} but does not touch the edge of any half-plane containing it,
thus we cannot avoid our assumption using this kind of strategy.

It is well known that the natural power in the normalized energy of a Mumford-
Shah minimizer is indeed a = 1, because of the standard energy estimate [ B, |Vul*dz <

CrN=!. To this respect, let us emphasis that regarding to the exponent « in the
monotonicity formula, the situation in dimension 3 is pretty much different than
the situation in dimension 2. This is due to the fact that A\;(S*\ K) is decreasing
with respect to increasing cracks on the sphere, at the contrary of what happens in
dimension 2, where \;(S' \ K) increases while removing increasing arc of circles K
(see Remark 6.1 and 6.2 for more details).

By consequence, in dimension 2, the more K N 0B(0,r) is large, better is the
decay of energy, and you always have o > 1 as soon K meets 0B(0,r) at least at
one point (for instance when K is connected and r is small enough). In dimension
3, it is not so easy to obtain « > 1, because to get this you need \; > 3/4 on the
sphere, which is not trivially verified in practice. It depends on the geometry of
the set K N B(0,r), which can now be complicated even with zero H" !-measure,
whereas consisting essentially in a finite number of points in dimension 2.

But the situation is even worst than that: if the value 3/4 is achieved for some
KNoB(0,r) (for instance when K is a half-plane), then any larger set K" D K (with
zero HY~l-measure on the sphere) would fail to have A\; > 3/4, and consequently
the larger set would imply a smaller exponent «. This phenomenon is somehow
counter-intuitive regarding to what happens in dimension 2.

All the above explains why we have the restriction of K being contained in a half-
plane in the statement of Theorem 1.2. By this way we guarantee that assumption
(3) of Lemma 1.4 is satisfied with v = 3/4, thus the monotonicity holds with o = 1.
If K was larger than a half-plane then we would have v < 3/4 and the monotonicity
with a < 1 would be useless regarding to blow-in or blow-down limits of a Mumford-
Shah minimizer.

2. PRELIMINARIES

We will denote by .Z" the Lebesgue measure on RY. Sometimes we use the
notation |A| for £¥(A) and the symbol dx in a integral will mean d.Z"(x), and
will be sometimes omitted if no confusion arizes. We denote by B(x, R) the open
ball of center x and radius R. The closed ball will be denoted by B(z, R), and
when # = 0 we will sometimes simply use the notation Bz and Br. The topological
boundary of a set A C RY will be denoted by by dA, and the unit sphere of RY will
be denoted either by 9B(0,1) or SV,

Let E be a subset of RY. The k-dimensional Hausdorff measure of F is

HE(E) = lim HE(A),

T—0t
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where

+00 +00
HE(A) := inf {ck Zdiam(Ei)k . B C U E; and diam(FE;) < T} ,

i=1 i=1
and ¢, = £*(B(0,1))/2%. Tt is well known that H* is an outer measure on RY for
which the Borel sets are measurable sets. Moreover, its restriction to k-dimensional
spaces coincides with the Lebesgue measure £ for k > 1, and H° is the standard
counting measure.

Sometimes we will need to integrate over spheres of RY, and this will mean en-

dowed with the Hausdorff measure H™¥~! but sometimes abbreviated by dw, or even
omitted when there is no possible ambiguity.

Definition 2.1. Let K C RN be a closed set and u € (oo WH(Bg \ K). We say
that u is a local energy minimizer in RN \ K if for every R > 0, u is a solution for
the problem

min{/ \Vol2dz;v € WY (B \ K) and v =u on 8BR\K}.
BR\K

Remark 2.2. It is standard to check that w will satisfy —Au = 0 in Bg \ K, and

% =0 on K, in a weak sense. In particular u is a C'*° function outside K.

We introduce the set of admissible pairs

A= {(u,K); K C R" is closed and u € ﬂ WI’Q(BR\K)} :
R>0
Following [4] and [8] we introduce the following definitions.

Definition 2.3. Let (u, K) € A and B C RY be a ball. A competitor for the pair
(u, K) in the ball B is a pair (v, L) € A such that

K2y bR s
and satisfying furthermore the following topological condition: if x and y are two

points in RNV \ (BU K) that lie in different connected components of RN \ K, then
they also lie in different connected components of RN \ L.

We can now define what is a global minimizer.

Definition 2.4. A global minimizer in RY is a pair (u, K) € A such that for every
ball B in RN and every competitor (v, L) in B we have

/ |Vul*de +HY (K N B) < / Vo2 dx + HY YL N B).
B\K B\L

The minimizer (u, K) is called reduced if whenever (K, 1) is a competitor in a ball
B with K C K and @ is an extension of u in W"?(B\ K) then K = K.
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Remark 2.5. In particular, if (u, K) is a global minimizer in RY then u is a local
energy minimizer in RV \ K.

We end this section with a regularity result that will be needed later. We recall
that a minimal cone in R? is a set belonging to the following list.

e A plane.
e A union of three half-planes meeting along their edges with 120°.
e A cone over the edges of a regular tetrahedron.

We shall need the use of the following 3-dimensional “c-regularity” result. There
is no comparable theorem in higher dimensions (essentially because the minimal
cones for N > 4 are unknown), and this is the principal reason why our main result
will be proved in dimension 3 only.

Theorem 2.6. [16, Theorem 9] We can find some absolute positive constants gy > 0,
a € (0,1) and ¢ < 1 such that the following holds. Let (u, K) be a reduced global
minimizer in R®. Let v € K and r > 0 be such that

1

— |Vul*dz < .
T JB(z,r)\K

Then there is a diffeomorphism ¢ of class C** from B(0,cr) to its image, verifying
#(0) = x, |6(y) — (y + x)| < 1073¢cr, and there is a minimal cone Z such that
KN B(xz,er)=¢(Z)N B(z,cr).

3. BLow-uP AND BLOW-IN LIMITS OF MINIMIZERS

In this section we recall some known facts about blow-up or blow-in limits of
Mumford-Shah minimizers. Extracting sequences which converge to a minimizers
in a fairly weak sense is not very difficult. The most difficult part is to show that
this convergence holds strongly in L7 (RY) for the gradients.

If K and K’ are two compact subsets of RY the Hausdorff distance between K
and K’ is

dy(K, K'") = max (sup dist(z, K'), sup dist(z, K)) .
reK reK’

when a sequence of compact sets K, is said to converge to a set K, it will always
refer to the convergence in the sense of the Hausdorff distance.

Subsequently, the convergence of a sequence of minimizers (uy, Kj) will be under-
stood in the following way.

Definition 3.1. We say that a sequence of couples (uy, Ky) € A converges to some
(uo, Ko) € A if the following holds.

(1) Ky N By — Ko N By for every M > 0.

(2) for any connected component U C RN\ Ky, there exists a sequence of numbers
ap such that uy — ay converges to ug strongly in L'(H), for every compact
set HCU.

(3) Vuy — Vug strongly in L*(By;), for every M > 0.
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The following statement summarizes the properties that we shall need later. It is
mainly coming from gluing together several Propositions contained in the book [8],
applied to the special case of global minimizers.

Theorem 3.2. Let (u, K) be a reduced global minimizer in RY and for allr > 0 let
(uy, K,.) be the new global minimizer defined by

1 1
up(x) ;= —=u(rx) and K, .= - K.
(x) = utr) :
Then, there exists two sequences 1, — 0 and Ry, — 400 such that (u,,, K,,) con-
verges to some (ug, Ko) and (ug,, Kg,) converges to some (us, Ko) in the sense of

Definition 3.1. Moreover (ug, Ko) and (U, K) are reduced global minimizers in
RY.

Proof. The convergence of K, and u,, together with a weak convergence for Vu, in
L?(Byy) are consequences of standard compactness results, as explained for instance
in [8, Proposition D.37.8.]. The starting point is the fact that u, have a uniform
Dirichlet energy in B,;, due to the classical energy estimate for Mumford-Shah
minimizers [, [Vul?’dz < Cr¥~', obtained by taking (ulgwg,, (K \ B,) U dB,)
as competitor. This “weak” convergence is enough to obtain that (ug, Ky) and
(Uoo, K ) are again reduced global minimizers. This fact is quite not obvious but a
proof is, for instance, given in [8, Theorem D.40.9]. In addition, by [8, Proposition
D.37.18.] (which is just semicontinuity with respect to the weak convergence), we

get
/ |Vu|?da < liminf/ |Vu,, |*dz, and
B]\/[\K() k B]\/[\KTk

/ |Vug|?dr < lim inf/ |Vug, |*dx.
By \Koo k By \Kr;,

Finally, the reverse inequality in the above with a limsup is again not obvious,
but follows from [8, Corollary D.38.48.], which together with the weak convergence
implies strong convergence in L?(B)) for the gradients. O

Remark 3.3. Actually, since u, is a sequence of harmonic functions, the convergence
in compact sets of R\ K is even better: it is a uniform convergence [8, Proposition
D.37.25.], but we will not need it.

4. GEOMETRIC PROPERTIES OF NEUMANN CONES

The purpose of this section is to give a rigorous formulation and justification of
the fact that the normal vector to a Neumann cone K at some point x € K, is
always orthogonal to the vector x itself, which is one of the key ingredient to prove
the monotonicity Lemma of Section 7.
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If EC RY and 1 < k < N, we say that E is k-rectifiable if there exists at most
countably many Lipschitz mappings f; : R¥ — R such that

HE(E\ U, f;(RF)) = 0.

We denote the Grassmannian by G(IV, k), i.e. the set of all vectorial subspaces of
R of dimension k.

Let 1 <k < N and K C R" be a set with locally finite H* measure. We say that
a plane P € G(N, k) is an approximate tangent plane of K at point x if

ﬁ(K )SO(?/)d’Hk(y) — i D) ) Yo € CORM).

T

We shall denote this plane by T,(K). If K C RY is k-rectifiable then it well known
that it admits an approximate tangent plane at H* a.e. point [3, Theorem 2.83 (i)].

The following proposition is an easy exercise, but we provide a detailed proof since
it appears as a crucial fact regarding to our main result.

Proposition 4.1. Assume N > 3. Let E C SN~ be (N —2)-rectifiable and C C RY
be the cone generated by F, i.e.

C::{thRN;tZOandwEE}.

Then C' is (N — 1)-rectifiable and for HN"'-a.e. x € C, if T,(C) € G(N,N — 1) is
the approzimate tangent plane to C at point x and v, is a normal vector to T,(C),
then x - v, = 0.

Proof. Since the cone SV~! x Rt is, away from the origin, locally bi-Lipschitz equiv-
alent to an orthogonal cartesian product of type RY~! x R, it follows from [11,
Theorem 3.2.23] that C' is (N — 1)-rectifiable in RY. By consequence C' admits an
approximative tangent plane T,,(C) € G(N, N — 1) at H¥ !-a.e. point.

Let E := C NS~ By assumption, E is a (N — 2)-rectifiable set. Let S C E be
the HY ~2-negligible set such that E\ S admits a (N — 2)-dimensional approximate
tangent plane T,,(F) € G(N, N —2) for every x € E'\ S.

In virtue of [11, Theorem 2.10.45], the cone generated by S, namely (1),-,tS is
HYNL-negligible. We deduce that for HV¥ !-a.e. € C, we can assume that both
T,(C) exists and moreover Ty, (E) € G(N, N — 2) also does exist. But then it is
easy to check that T,(C') = Ty /5(E) x vect{x}.

Indeed, let xg € C be given and let us seek for the approximate tangent plane
at point zy. Since C' is invariant under dilatation, we can assume without loss
of generality that |zo| = 1. For r > 0 we set C, := 1(C — xp). Then for every
¢ € CP°(RY), the coarea formula [3, (2.72)] applied on the rectifiable set C, with
the r-Lipschitz function f : x — 7|z + x|, for which under the notation of [3] the
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coarea factor is equal to Cyd” f, = r for all P € G(N, N — 1), yields

[ ewaw) = 1 [ (f o ) ) )
(4.1) -/ ( / - so<w>dHN2<w>) at

But since C' is conical, we have that C' N 0B; = tF for all t and from the fact that
HN2(tE) = tNPHN2(E) we deduce that

‘P(w)dHNﬂ(w) — Lo + zo(t — 1) /)t 2dHN 2 (2).
/%(tE_m) /;(E_%) s )

r

Let us denote by p, the o-finite measure on RY defined by p, := HY ’2|%( F—ag)» that

we know to converge weakly to o := H"?|r, (z). Returning to (4.1) and applying
Fubini Theorem we arrive to

/T p(y)dH " (y) = /RN (/w %w(tz +a(t — 1)/7’)tN1dt) dpu(2)

or, using the change of variable u = (¢ — 1)/r in the integral on the ¢ variable, we
can also write it as

/ o(y)dHY Hy) = /RN (/joo o((ru+ 1)z + zou) (ru + 1)N1du> dpir(2)

1

T

(4.2) _ /RN (/jw o((ru+ 1)z + zou) (ru + 1)N1du) A (2),

o0

the latter being true for r small enough, depending on the size of the support of ¢,
i.e. the integration being in reality computed on a compact domain only. Now we
notice that, for 0 < r <1 the family of continuous functions

+oo
Gr @ 2> / o((ru+ 1)z + zou) (ru+ 1)"'du

are all supported on a same compact set, and converges uniformly as » — 0 to the
function

90(2) ZZ/ch(z+xou)du.

Therefore, passing to the limit in (4.2) we obtain that

[ o) = [ ([ duotn = [ i
" 70 JRN \JR Ty (E) xR

and this is exactly saying that T,,(C) = T,,,(E) X vect{zo}, as desired. O

Remark 4.2. A direct consequence of Proposition 4.1 is that Neumann cones are
(N — 1)-rectifiable.
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Corollary 4.3. Let N > 2, C C RY be a Neumann cone and K C C a closed set.
Then K is (N — 1)-rectifiable and for HY ta.e. x € K we have that z - v, = 0 for
any vector v, orthogonal to T,(C).

Proof. The statement is trivial for N = 2 thus we assume that N > 3. From the
fact that K C C we directly get that K is (N — 1)-rectifiable (because C' is), and
moreover T, (K) must be contained in 7,(C'). But since they have same dimension
we must have T,(K) = T,(C). The conclusion then follows from Proposition 4.1. [

5. INTEGRATION BY PARTS FOR SBV FIELDS

Let us recall some standard definitions and properties of the functional spaces BV
and SBV that will be used later, and that one can find for instance in [3].

5.1. Short review on SBV theory. For any open set Q C RY, the space BV ()
is the class of all functions u € L}, (2, R) such that Du (the derivative of u in the
distributional sense) is a finite measure. If u € (BV(2))" is a BV vector field, a
point z € RV is an approximate limit for u at point z if

lim — z|dy = 0.
pHO\Bxp\/xp [y

The set S, of points where this property does not hold is called the approzimate
discontinuity set of u, and the points z for which the limit exists is called an ap-
proximative limit of w at point = and is denoted by @(z). A remarkable result of
Federer and Vol'pert (see [3, Th. 3.78.]) says that when u € (BV(Q))", then S,
is (N — 1)-rectifiable and D*u (the singular part of Du with respect to .Z" in the
Radon-Nikodym decomposition Du = D% + D%u) restricted to S, is absolutely
continuous with respect to H¥~1. We will say that u € (SBV(Q))Y when Du is
actually concentrated on S,.

The density of the regular part D% of Du with respect to £, denoted by Vu,
coincides £N-a.e. with the approzimate differential of u (see [3, Th. 3.83.]). A
function u is approximately differentiable at x if there exists a matrix Vu(z) such

that
L1 / — i) = Vu().(y )|,
\Brp\ (@.0)

p—0 P

In the sequel we will also use the notion of trace of u on the singular set S,. Since
S, is rectifiable, one can fix an orientation v, : S, — S¥~! in such a way that for
HNlae. x € S, the approximate tangent plane to S, at x is orthogonal to the
vector v, (z). Then for any z € S, and p > 0 we define B(z,p)* := B(z,p) N
{y; (y, v(z)) > 0} and B(x,p)~ := Bz, p) N {y; (y,vu(z)) < 0}. For HV lae.
r € S,, Theorem 3.77. of [3] provides the existence of traces u™(z) and u™ ()
satisfying

(5.1) lim |/$p — u®(x)|dy = 0.

p—0 |B(x, p)
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The set of points z € S, where u®(z) exist is called the jump set and is denoted
by J,. It can be shown that H¥=1(S, \ J,) = 0 and for x € J, the quantity
(ut(z) — u(z)) is called the jump of w at point x, which sign depends on the
orientation of S,. Moreover for any u € (SBV(Q))" the representation

(5.2) Du = D+ D*u = Vu Y + (ut —u™) @ v, HY 1S,

holds.

Let us also mention that a simple approximation argument [3, Proposition 4.4.]
says that, if K C Qis closed and HYN 7! (K) < 400, then any u € L= (Q)NW1(Q\K)
belongs to SBV () and H¥ (S, \ K) = 0.

5.2. Sets of finite perimeter. If U C R" is open we say that U has finite perime-
ter if 1, € BV(RY). The reduced boundary 9*U is the set of points + € RY
such that the limit lim, o0 D(1y)(B,.(z))/|B.(z)| =: —vy(z) exists and satisfies
lvy(z)] = 1 (here we chosed the normal to be pointing outwise). In particular
when HN=1(9Q) < 400, then 1y € SBV(RY) and 9*U is equal to the jump set of
1g. By consequence the following Gauss-Green formula holds

/diwda; = Vo -vgdHY Y z) Ve e (CHRY)N.
U o*U

5.3. A Gauss-Green Formula for SBV fields.

Lemma 5.1. Let Q C RY be open and F € L>® N (SBV(Q))N. Let div F* be the
trace of the absolutely continuous part of DF with respect to the Lebesgue measure
and Sg be the singular set of F'. Then for any open set U such that

(1) UcQ
(2) HN-HOU) < +o00
(3) HN-Y(Sp N U) =0
we have that
(5.3) / div F* do = / Fovy diN1 +/ (F~ = F%) vp dHN 7Y,
U o*U SpNU

where F denotes the approzimative limit of F', which exists HN"'-a.e. on the recti-
fiable set O*U.

Proof. When F € (SBV(2))" we recall that
(5.4) DF =VFZN + (Ft —F ) @uveHY Y,
By consequence div F' is a measure and taking the trace in the above identity
yields
(5.5) divF = div F* LY + (Ft — F7) - vp HY Y,

Now let U be such that U C Q. It is well known that L>® N (SBV(Q))" is an
algebra, i.e. stable by products, as a consequence of the Chain-Rule in BV (see
[3, Example 3.97.]). By consequence, G = 1y F € (SBV(Q))Y and Sg C Sp U U
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(Remember that 1y € SBV because HY"1(9U) < +o0). Since by assumption
HN=L(SEpNOU) = 0, we obtain that the decomposition of div G as a measure is the
following

(5.6) divG =divF LNy +(FT = F ) - vp HY Y jone — Fvg HY o

(see again [3, Example 3.97.] for the characterization of G* and G~ on the jump
set in terms of F'* and 13).

Now let us prove (5.3). For this purpose we take a test function ¢ € C°(Q2) such
that ¢» = 1 on U. Then in the sense of distributions, (divG, ) = (G,divy) =
Jo G divepdz = 0. But now returning to (5.6) we get

0 = (diVG,lMZ/QQ/Jd(diVG)

= /divF“d:p—/ F’-I/Ud’HN_1+/ (F* —F7)-vp dHY L
U oU SpnU

6. SPECTRUM OF THE LAPLACIAN ON A FRACTURED SPHERE

The purpose of this section is to study a Neumann eigenvalue problem on SV =1\ K
when K is a Neumann cone, or more generally contained in a Neumann cone.

We first assume that K is a Neumann cone. We will call Neumann-Laplace-
Beltrami operator on S 1\ K, the operator associated to the quadratic form Q(u) =
fstl\K |Vul?>dHN! on the Hilbert space L?(SY~1), with domain W12(SN=1\ K).
Since by assumption the embedding W1?(S¥~1\ K) — L*(SV~!) is compact, the
quadratic form Q(u) + ||u||? has a compact resolvent and it follows that the eigen-
values of the Neumann-Laplace-Beltrami operator on S¥~1\ K is a countable and
discrete set starting from 0 and going to +oo, denoted by A\ (S¥~!'\ K), k € N.
Actually the eigenvalue problem can be studied separately in each connected com-
ponent of S¥~1\ K, in which the eigenvalue \o(SV¥~!\ K) = 0 is simple. If U is
one connected component and v denotes the first positive eigenvalue in this domain,
then the following Wirtinger inequality holds

v

where m denotes the average of v on U and V. is the tangential gradient on the
sphere.

Notice that if C' is a Neumann cone and if K is an arbitrary closed set such that
K C C, then the embedding W2(SV=1\ K) — L?(SV~!) is still compact because
ullwr2ey-1\¢) = |lullwr2@gnv-1\k). By consequence all the above applies with K.

We will use several times the following simple fact.

(6.1) /U(u(x) —m)2dH () < 1 /U \Vou(z)PdHY N z), Yu e WH(U),
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Remark 6.1. Let £ =S?N{(z,y,2); z =0} be the equator, and let F' and G be
two subsets of E verifying F' C G C E. Then

M(SP\G) < M(S*\ F).

This is a simple consequence of the Rayleigh formula, which says that

|Vol?
)\1(82 \ G) = min fS2\G72
VEWL2(S2\@) fSQ\Gv
The claim then follows from the fact that W12(S? \ F) C W'2(S? \ G), thus the

eigenfunction in S? \ F is a competitor in the minimum above, and its Rayleigh
quotient in §? \ G is still equal to A;(S? \ F) because G \ F has zero measure.

Remark 6.2. Notice that the monotonicity described in Remark 6.1 is the exact
opposite of what happens in dimension 2 ! Indeed, if I C S' is an arc of circle, then
M (I) = (w/|I])?, where |I| is the length of the arc I. Therefore if F C G are two
arcs in S*, then A\ (S'\ G) > A\ (S'\ F'). What does not work in the above argument
in dimension 2 is that the L? norm is not preserved in the respective two domains so
that the Rayleigh quotient is not the same in the two domains, even if the inclusion
of the spaces W12 still holds.

The eigenvalue in the special case of a half-plane is explicit. We sumarize some
known facts in the following proposition.

Proposition 6.3. Let
Sp = {(—cos(),0,sin(y)) € 8% ¢ €[5, B]}

be an arc of circle of aperture 23 on the unit sphere (vertical and left sided according

to our parametrization). Then A (S* \ Sz) = 3 is simple and the eigenspace is

generated by the restriction on S\ Sz of the following cracktip function written in
cylindrical coordinates

(6.2) f(r,0,2) =+/rsin(0/2), r>0and0 e (—m, ).
In addition for B8 close to 5 we have the following expansion :

3 2
(6.3) M(82\ S5) = 5 + = cos(B) + olcos(3)).

By consequence \(S* \ Sg) = 3/4 if and only if f =% (i.e. Sg is a half-equator).

Proof. The fact that )\1(82\55) = % is simple and the eigenspace is generated by the
function in (6.2) is part of [7, Lemma 4.1.]. Notice that a completely independent
and somehow exotic proof can be found in [15, Section 3].

The expansion (6.3) has been proved by Robert Legendre in [13] (see alternatively
[12, page 53] or [5]). More precisely, Legendre found the expansion o = 5+ = cos 6+
o(cosB) for the first degree of homogeneity of an homogeneous Harmonic function
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with Neumann condition on a plane sector with aperture 20. Since the degree « is
linked to the eigenvalue A\; through the relation

1
a==(V1+4)\ 1),

2

we deduce (6.3) from Legendre’s expansion.

Finally, the fact that A\;(S*\.S3) = 3/4 if and only if 3 = 5 follows by monotonicity
of the eigenvalue with respect to the length of Sz (i.e. Remark 6.1), together with
(6.3) which proves a strict monotonicity near the value 3/4. O

Our main result is intimelly related to the knowledge of eigenvalues on the sphere.
For instance the following rigidity result will be pivotal.

Proposition 6.4. Let £ C S? be a half-equator and K C E a closed set such that
M (S2\ K)=3/4. Then K = E.

Proof. We already know by Proposition 6.3 that A\;(S? \ E) = 3/4. We also know
that A\;(S?\ C') > 3/4 for any arc of circle C' C F with C # FE.

Now assume that K C F is closed and K # E. Even if all cases could be treated
the same way, we shall give a separated and simpler argument in the case when,
denoting by dg the geodesic distance in F,

xrgzg(dp;(x,y) =a <.
If this occurs then there exists an arc of circle C' such that H'(C) = a < 7 and
K C C. We deduce that A\;(S*\ K) > A\(S*\ C) > 3/4 (see Proposition 6.3), a
contradiction.
Thus we are left with the case when

max dg(s,y) = .
Since K is closed and K # FE, there exists an open interval I C E \ K. Then
A (S2P\K) > A (S?\ (E\I)). Now we will prove that \;(S*\ (F'\ 1) > 3/4. Assume
by contradiction that A\;(S?\ (E \ I) = 3/4, and let ¢ be an eigenfunction. Then
p € WH(S?\ E), and

3 fS2\E Vel . fSQ\E [Vol?
=—F/———= min ———.

4 fSQ\E<p2  vEW2(S2\E) fSQ\EUQ

We deduce that ¢ is an eigenfunction for the Neumann-Laplacian in §? \ E as well,
but since the corresponding eigenspace have dimension 1, ¢ must be a multiple of
the first eigenfunction in S* \ E, which is given in (6.2) (up to a suitable choice of
cylindrical coordinates). We deduce that ¢ must have a jump on I, in other words
does not belong to W12(S?\ (E'\ I)). This is a contraction. O
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7. A MONOTONICITY LEMMA

Definition 7.1. Let K C RY be a closed set. We say that K satisfies the topological
condition (T) if the following holds. For almost every r > 0 such that OB, \ K is not

connected, and for every connected component U of OB, \ K, there exists an open
set D C B, \ K such that 0D\ U C K.

Remark 7.2. For instance if 0B, \ K is connected for a.e. r > 0, then K satisfies
the topological condition (T). In particular this happens when K is contained in a
half-plane in R3.

The monotonicity Lemma relies on the following integration by parts formula.

Lemma 7.3. Let K C RY be a closed set satisfying the following assumptions.

(1) K satisfies the topological condition (T).
(2) K is contained in a Neumann cone.

Then for every local energy minimizer u in RN \ K (as in Definition 2.1) and for
a.e. v >0 we have that

|Vul|? . ou N —2 :
(7.1) /BT\K |x|N_2d:c < Zfr (u— mi)adw t o Ui(u —m;) dw,

iel Ui

where (U;)ie; denotes the connected components of 0B, \ K and m; is the average

of u on U;.

Proof. This is just an integration by parts, but since the domain is not smooth, the
full details are a bit technical.
We first regularize |z|*>~" in the following way. For € > 0 we define

|| = \/x%+x%+---+x%\,+e
so that |z|. is a C* function on RY. A simple computation shows that

2-N €
A(lz]777) = (Q_N)NWT” <0,
in other words |z|>7" is superharmonic. Let us write, to lighten the notation,
he :=|z|>™N.

We will successively integrate two times by parts. The first one can be treated
by a variational argument, using the fact that u is an energy minimizer. Indeed,
let § > 0 be a small parameter, and let f(z) € Lip(R*,R) be the piecewise affine
function such that f(z) =1 forallz € [0,r—4], f(z) = 0forall z > r and f'(z) < 5
a.e. on RT. Then let ps(z) := f(|x]).

Next, using that for any ¢ € R, the function u + t(psuh.) is a competitor for u in
Wh2(B, \ K), we deduce that

/ Vu-V(psuh)dr =0,
B\K
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which implies

/ |Vu\2g05h€dx+/ uhEVu-Vgo(;dij/ wsuVu - Vh.dr = 0.
BA\K BA\K BA\K

Letting 0 — 0, we observe that s converges increasingly to 1 so that the first term
in the above converges by the monotone convergence theorem. For the convergence

2
||

of the second term we notice that Vs = —% ( ) 1B,\B,_s thus from Lebesgue’s

differentiation theorem we deduce that
/ uh€Vu~V<p5daz—>5%0—/ uwh.Vu-v,
BA\K OB \K

for almost every r > 0. Finally, the last term easily converges by the dominated
convergence theorem so in total we arrive to

(7.2) / |Vu|2h€dx—/ uhEVu-l/der/ uVu-Vh.dr =0.
BA\K 9B \K Br\K

Now we want to apply a second integration by parts on the last term. Observe
that we cannot argue as before because, even if |z|>~ is harmonic outside the origin,
it is not an energy minimizer since it has infinite energy. So we need to integrate by
parts for real, and for this we shall use the SBV formula of Section 5.

We first assume u € L> and we remark that ' := u>*Vh, € WYY B\ K)NL>(B,)
and therefore belongs to SBV(B,) due to [3, Proposition 4.4.]. In addition since
F is smooth outside K we have that Sp C K and HY"1(K N dB,) = 0 because it
is contained in a Neumann cone. By consequence, applying Lemma 5.1 to F' with

U = B, yields

(7.3) / divFdx :/ F-vdH"V? +/ (F~ = F) - vp dHN
r OB KNB,

Now let us identify each term: since F' is smooth outside K it directly follows that
divF® = 2uVu - Vhe + u?Ah, a.e. in B,,

and o
F.v=u*== H"lae ondB,.
ov

Now we claim that
(F~—F%)vp=0 , H" 'ae onkK.

This is because F'* = (u*)*Vh,, H¥"1- ae. on K and Vh. - vp = 0. Indeed,
by definition, vg(x) must be orthogonal to the approximative tangent plane of K
at point z. But since K is contained in a Neumann cone, Corollary 4.3 says that
x - vp(x) = 0. Therefore, (7.3) simply becomes

Oh.

(7.4) / 2uVu - Vh, + u*Ah, do = / w = dHN
- 9B, 81/
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This was assuming u € L, but if not we could replace u by

u™ = min(max(u(z), —M), M),

establish (7.4) for u* and then let M — 400 to get (7.4) for u (notice that u € L?,
Vu € L? Vh. € L™ and that |[u™] < |u|, [VuM| < |Vu| so that u™Vu - Vh,
strongly converges in L' to uVu - Vh, as M — +oo by the dominated convergence
theorem. The other terms are treated by a similar way).

Gathering (7.4) together with (7.2) we obtain that

1 Oh,
/ \Vu|2h€d:c:/ uhg@— —/ u? +/ u?Ah.dz.
B\K OB \K ov 2 OB \K v BA\K

and since A(|z|>~") < 0, we deduce that

0 1 Oh.
(7.5) Og/ |Vu\2h€dx§/ uhe—u——/ u?——.
B\K OB \K ov 2 OB \K v

%’fj on the sphere 0B, we get

Now if we write the explicit expressions of h. and

0 S/ \Vul?h.dr < (r? +5)¥ (/ u@) + (N — 2)% </ u2) :
B\K oB, OV 2(r2 +¢e)2 \Jos,

Finally, letting ¢ — 0 we obtain

2 —
Og/ |V;fb|2da:§'r2N</ u@>+%(/ u2>.
B \K ||V OB\K v 2r- OB \K

Indeed notice that [ \ . [Vul[*h-dz — [\ ‘L‘VT“LQQ dx by the monotone convergence

theorem.

We are almost done, excepted the subtraction by the constants m;. But this fol-
lows easily by applying all the above argument to the function @ := u—>) .., 1p,()m,,
where the D; are given by the topological condition (7"). Notice that the domains D;
are necessarily disjoint and that % remains an energy minimizer in B, \ K because
we subtracted a locally constant function. O

Remark 7.4. Observe that, from the fact that w € W'?(B\ K) for all B, the right
hand side of the inequality is bounded for a.e. r > 0, thus a free consequence of
Lemma 7.3 is that [, |Vu[?|z[*"Vdz < +oo, which is not obvious since a priori

Vu is only in L?(B(0,1)). This says that Vu is more integrable at the origin than
expected, and could be understood as a regularity result for energy minimizers
outside a set K contained in a Neumann cone.

Lemma 7.5. Let K C RY be a closed set satisfying the following assumptions.

(1) K satisfies the topological condition (T).
(2) K is contained in a Neumann cone.
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(3) Iy > 0 s.t. for a.e. v >0 and for every connected component U of OB, \ K,
the first positive eigenvalue of the Neumann-Laplace-Beltrami operator on U
satisfies Ay (U) > ~v/r2.

Then for every local energy minimizer u in RY \ K we have that

1 |Vu|?
(7.6) pire — o a2 dx

TCV

is nondecreasing, where « is defined by
a=a(N,y) = V(N=27 + &y - (N —2).

Moreover, if ¢(r) is positively constant on an interval [a,b] then for a.e. r € |a,b]
and for every connected component U of OB, \ K, the value ~v/7? is the first positive
eigenvalue for the Neumann-Laplace-Beltrami operator on U and the restritction of
u on U is an associated eigenfunction.

Proof. We first apply Lemma 7.3 and then use Cauchy-Schwarz and the elementary
inequality ab < 1 a2 + 5b2 to write

|Vu|2 2— N/ N—1 N—Z/ 2 124/N—1
_ —d — m:)2d
Jytars 20 [ = mi gt s [ e

< 5 () (L) 2t [
5 (o) (L 8)) -5 e
s m () (LR S

< S (5[ v [ (5)) W/ww

< Yo (2\%+(N2;2)) el 25[ (a“).

el

Then we choose § > 0 so that

(5 ) = mm

This gives the value

V(N =2)2 +4y — (N —2)

5:
2/
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which implies the inequality,

2 1

(77) [ oL [,
BA\K || a OB \K
with the « defined in the statement of the Lemma. But this exactly says that
1
E(r) < —rFE'
() < —rE(r)

with

|Vul?
E(r :/ ,
(r) BA\K |z[N=2

in other words < (r~“E(r)) > 0 and r~“E(r) is nondecreasing.

Finally to finish the proof, we observe that when ¢ is constant, the derivative is
zero, in other words we must have E(r) = LrE'(r) for a.e. > 0, thus, since all
the inequalities that we used to prove the monotonicity (starting from the second
line) are nonnegative, or sum of nonnegative terms, they must all be equalities. In
particular the equality in the third line says that the restriction of u to almost every
sphere must be the optimal function in the Poincaré-Wirtinger inequality associated

with the constant 7%/, and so follows the Lemma. U

Remark 7.6. Here for our convenience we considered energy minimizers, but the
statement of Lemma 7.5 (or a simple variant) would still be true for stationary solu-
tions, i.e. weak solution of a Neumann problem in all the B(0, R)\ K. Furthermore,
arguing like in [6], it would be possible to prove a similar monotonicity result for
solutions of more general elliptic equations of the form —divAVu = f for some
f € L? and Hélder regular coefficients A(x).

8. PROOF OF MAIN RESULT

Proof of Theorem 1.2. Without loss of generality, we can assume that the origin is
situated on the edge of the half-plane, and contained in K. Thanks to Remark 6.1
and Proposition 6.3, we are exactly under the hypothesis of Lemma 7.5 with v = 3/4
because K is contained in a half plane. Therefore

) 1/ |Vul?
o(r) = -
" JB\K || N—2

is nondecreasing, and the limit in 0 and 400 exists, let us denote them respectively
by fo and f... We claim that f, and f,, are finite. To check this we shall use the
following elementary inequality valid for any global Mumfors-Shah minimizer (u, K')
in RY,

/ |Vul?de < wyr™™1 ¥r >0,
BA\K

obtained simply by taking (ulgm\ p,, K U 0B,) as a competitor. Notice that the
constant is only dimensional: wy is the measure of the N — 1-dimensional unit
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sphere. Now using Fubini and Chebychev, for any r > 0 we can chose ry € (r,2r)

such that .
/ |Vu|*dw < —/ |Vul?de < wy(2r)V 2.
dBro \K T J(Bay\B )\K

From (7.7) we deduce that

2 2
(8.1) [Vl < [Vl < 17’03’]\7 |Vul|?> < C(N,a)r
|z[N-2 2V -2 = & » AT

BA\K Brg\K 0B, \K

with C'(N, ) = a 12V "1wy. This implies that o(r) is uniformly bounded for r > 0
thus fo and f,, are finite, and we readily have that fy < f., < +o0.
Let us check moreover that fy > 0. Indeed if not, then one would have, for » > 0

small enough,
1 1 Vul?
N—l/ [Vul* < _/ | ;L|_2 < o,
r BA\K " JB\K 2]

where g¢ is the same as the statement of Theorem 2.6. But then K N B, must be
the image of a minimal cone by a C'-smooth map, containing 0 in its interior. This
is a contradiction with the fact that the origin lies on the edge of the half-plane
containing K. We therefore conclude that fy > 0.

Now we take blow-up and blow-in limits. We begin with the blow-up. Let
up = \/%fku(rkx) and Kj = iK. Then, by Theorem 3.2, up to a subsequence

(not relabeled), as ry — 0 the sequence (uy, K}) converges to some (ug, Ky) (in the
sense of Definition 3.1), and (ug, Kj) is still a reduced global minimizer, with K,
still satisfying assumptions (1), (2), and (3) of Theorem 1.2. Moreover for any R > 0
and k € N we have that

1 2 1 2
(8.2) L Vul,, [Vl

R Jp, |22 R g [wV2 ke

On the other hand, we know that Vuy, converges to Vug in L?(Byy) for any M > 0.
We actually claim that the following stronger convergence holds true

(8.3) / Vel —>/ Vol
Bp\K |Z[ N2 koo Bp\K || N2

To prove the claim, we use the estimate (8.1) and write

AT MY B AT M Vsl Vol
| |N72 | |N72 — |N72 |N72
Br T Br |T Br\B: T Br\B: T
‘VUk|2 / |VU0|2
d d
+/BE A2 )

N—-2 N—-2
Br\B. 7] Br\B. 7|

+2C¢e

IN
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where C' = C(N,«). Passing to the limsup and using the strong convergence of
|Vug| in L? we deduce that

‘VUk|2 ‘VU0|2
/ N~z dr — v zdr| < 2Ce.
Br || Br ||

The claim then follows letting ¢ — 0.
Returning now to (8.2), we obtain that

1 |VU0|2

R Jp, |x[Y2
But, since fy # 0, the last conclusion of Lemma 7.5 then says that \;(0Bg \ Ky) =
3/4 for a.e R > 0, and therefore Lemma 6.4 implies that, up to a H"~! negligible
set GG, Ky is a half-plane. Since Kj is reduced, then we claim that it must be the
half-plane itself. Indeed, applying Proposition 19 of [15] to the couple (Ko U G, ug)
we get that v must be the function cracktip x R, where cracktip is the function
\/2r/msin(0/2) + C in suitable polar coordinates. But then the only reduced global
minimizer in the equivalent class of couples (K, u) for which K coincides with the
half plane a.e. and u = cracktip xR a.e., is the whole half plane (because any “hole”
in the half plane would create an irreversible jump for the function u which would
not be admissible in W1?).

Then we do exactly the same for u., and conclude that, akin to the blow-up limit,
the normalized energy associated to the blow-down limit must be constant as well.
Thus up to an additive constant, u., is the same function \/2r/7sin(0/2) as wg
(with the same constant in front), and therefore f; = f,. But then returning to
the function w and in virtue of the monotonicity of ¢(r), we deduce that ¢(r) is
constant for all » > 0, and by consequence K must be a half-plane itself. O

lim sup
k——o00

dr = fy, VR > 0.

Acknowledgments. This work was supported by the ANR research project
GEOMETRYA, ANR-12-BS01-0014-01.

REFERENCES

[1] Robert A. Adams and John J. F. Fournier. Sobolev spaces, volume 140 of Pure and Applied
Mathematics (Amsterdam). Elsevier/Academic Press, Amsterdam, second edition, 2003.

[2] Hans Wilhelm Alt, Luis A. Caffarelli, and Avner Friedman. Variational problems with two
phases and their free boundaries. Trans. Amer. Math. Soc., 282(2):431-461, 1984.

[3] Luigi Ambrosio, Nicola Fusco, and Diego Pallara. Functions of bounded variation and free
discontinuity problems. Oxford Mathematical Monographs. The Clarendon Press Oxford Uni-
versity Press, New York, 2000.

[4] A. Bonnet. On the regularity of edges in image segmentation. Ann. Inst. H. Poincaré Anal.
Non Linéaire, 13(4):485-528, 1996.

[5] S. Brown and K. Stewartson. Flow near the apex of a plane delta wing. J. Inst. Math. Appl.,
5:206-216, 1969.

[6] Antonin Chambolle and Antoine Lemenant. The stress intensity factor for non-smooth frac-
tures in antiplane elasticity. Calc. Var. Partial Differential Equations, 47(3-4):589-610, 2013.



24

[7]

A. LEMENANT

Monique Dauge. Neumann and mixed problems on curvilinear polyhedra. Integral Fquations
Operator Theory, 15(2):227-261, 1992.

Guy David. Singular sets of minimizers for the Mumford-Shah functional, volume 233 of
Progress in Mathematics. Birkh&auser Verlag, Basel, 2005.

Guy David. C'T?-regularity for two-dimensional almost-minimal sets in R™. J. Geom. Anal.,
20(4):837-954, 2010.

Guy David and Jean-Christophe Léger. Monotonicity and separation for the Mumford-Shah
problem. Ann. Inst. H. Poincaré Anal. Non Linéaire, 19(5):631-682, 2002.

Herbert Federer. Geometric measure theory. Die Grundlehren der mathematischen Wis-
senschaften, Band 153. Springer-Verlag New York Inc., New York, 1969.

V. A. Kozlov, V. G. Maz'ya, and J. Rossmann. Spectral problems associated with corner singu-
larities of solutions to elliptic equations, volume 85 of Mathematical Surveys and Monographs.
American Mathematical Society, Providence, RI, 2001.

Robert Legendre. Ecoulement subsonique transversal a un secteur angulaire plan. C. 7. hebd.
Séanc. Acad. Sci., 243:1716-1718, 1956.

J. C. Léger. Flatness and finiteness in the Mumford-Shah problem. J. Math. Pures Appl. (9),
78(4):431-459, 1999.

Antoine Lemenant. On the homogeneity of global minimizers for the Mumford-Shah functional
when K is a smooth cone. Rend. Semin. Mat. Univ. Padova, 122:129-159, 2009.

Antoine Lemenant. Regularity of the singular set for Mumford-Shah minimizers in R? near a
minimal cone. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 10(3):561-609, 2011.

Antoine Lemenant, Emmanouil Milakis, and Laura V. Spinolo. Spectral stability estimates for
the Dirichlet and Neumann Laplacian in rough domains. J. Funct. Anal., 264(9):2097-2135,
2013.

Benoit Merlet. Numerical study of a new global minimizer for the Mumford-Shah functional
in R3. ESAIM Control Optim. Calc. Var., 13(3):553-569, 2007.

(A. Lemenant) UNIVERSITE PARIS DIDEROT — PARIS 7, CNRS, UMR 7598 LABORATOIRE
JAcQUEs-Louis LioNs, PARIs, F-75005, FRANCE
E-mail address: lemenant@1jll.univ-paris-diderot.fr



