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Abstract

We consider a Hamiltonian describing the weak decay of the massive
vector boson Z° into electrons and positrons. We show that the spectrum of
the Hamiltonian is composed of a unique isolated ground state and a semi-
axis of essential spectrum. Using an infrared regularization and a suitable
extension of Mourre’s theory, we prove that the essential spectrum below the
boson mass is purely absolutely continuous.
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1 Introduction

In this paper, we study a mathematical model for the weak decay of the vector
boson Z° into electrons and positrons. The model we consider is an example of
models of the weak interaction that can be patterned according to the Standard
Model of Quantum Field Theory. Another example, describing the weak decay
of the intermediate vector bosons W# into the full family of leptons, has been
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considered previously in [5, 3]. Comparable models describing quantum electrody-
namics processes can be constructed in a similar manner, see [6]. We also mention
[12, 15] where the spectral analysis of some related abstract quantum field theory
models have been studied.

Unlike [3], the physical phenomenon considered in the present paper only in-
volves massive particles. In some respects, e.g. as far as the existence of a ground
state is concerned, this feature considerably simplifies the spectral analysis of the
Hamiltonian associated with the physical system we study. The main drawback is
that, due to the positive masses of the particles, an infinite number of thresholds
occur in the spectrum of the free Hamiltonian (i.e. the full Hamiltonian where
the interaction between the different particles has been turned off). Understand-
ing the nature of the spectrum of the full Hamiltonian near the thresholds as the
interaction is turned on then becomes a subtle question. Spectral analysis near
thresholds, in particular by means of perturbation theory, is indeed well-known to
be a delicate subject. This is the main concern of the present work.

Our main result will provide a complete description of the spectrum of the
Hamiltonian below the boson mass. We will show that the spectrum is composed
of a unique isolated eigenvalue E (the ground state energy), and the semi-axis of
essential spectrum [E + me, 00), m, being the electron mass. Moreover, using a
version of Mourre’s theory allowing for a non self-adjoint conjugate operator and
requiring only low regularity of the Hamiltonian with respect to this conjugate
operator, we will prove that the essential spectrum below the boson mass is purely
absolutely continuous.

In order to prove our main results we use a spectral representation of the self-
adjoint Dirac operator generated by the sequence of spherical waves. See [17]
and Section 2. If we have been using the plane waves, for example the four ones
associated with the helicity (see [29]), the two kernels G(®)(-) of the interaction
(see below) would have had to satisfy an infrared regularization with respect to
the fermionic variables. By our choice of the sequence of the spherical waves, the
kernels of the interaction have to satisfy an infrared regularization for only two
values of the discrete parameters characterizing the sequence of spherical waves.
For any other value of the discrete parameters, we do not need to introduce an
infrared regularization. Thus we have reduced the problem of proving that the
spectrum is absolutely continuous in a neighborhood of a threshold to a simpler
one, which still remains to be solved.

Before precisely stating our main results in Section 3, we begin with introducing
in details the physical model we consider.



2 Description of the model

2.1 The Fock space of electrons, positrons and Z° bosons
2.1.1 Free Dirac operator

The energy of a free relativistic electron of mass m, is described by the Dirac
Hamiltonian (see [25, 29] and references therein)

1
Hp ::a-;V—&—ﬂme,

acting on the Hilbert space $ = L?(R?;C*), with domain D(Hp) = H'(R?;C*).
We use a system of units such that i = ¢ = 1. Here o = (a1, a9, a3) and 3 are
the Dirac matrices in the standard form:

I 0 0 g; .
ﬁ(o _I>7 a7<0'l 0)7 1*172737

where o; are the usual Pauli matrices. The operator Hp is self-adjoint, and
spec(Hp) = (—o00, —me] U [m,, +00).

The generalized eigenfunctions associated with the continuous spectrum of the
Dirac operator Hp are labeled by the total angular momentum quantum numbers

. 135 o . .
J€{§7§7§7}7 mje{_.]7_.]+1aa]_laj}? (1)

and by the quantum numbers

K e{i(j+%)}. (2)

In the sequel, we will drop the index j and set
’7:(]7 mj7K/])7 (3)

and a sum over v will thus denote a sum over j € N—i—%7 mj €{—j,—j+1,...,5—
1,5} and k; € {£(j + £)}. We denote by I the set {(j, m;, x;), j € N+ 3, m; €

For p € R? being the momentum of the electron, and p := |p|, the continuum
energy levels are given by +w(p), where
1
w(p) = (me” +p?)=. (4)

We set the notation
52(1%7) GRJrXF. (5)

The continuum eigenstates of Hp are denoted by (see Appendix A for a detailed
description)

’l]Z):t(E,.T) = qzb:t((pa V)ax) .
We then have
Hp ¢+ ((p,7),2) = w(p) ¥+((p,7), ).



The generalized eigenstates 1)1 are here normalized in such a way that

/ 1p:l: Y2 a wi(( )m)dx = 6’*{7'5(1)_]9/)7
/wi p:7)s @) Y=((0',7),x)dz = 0.

Here 1/11((17, v), x) is the adjoint spinor of ¥4 ((p,7), ).

According to the hole theory [20, 25, 26, 29, 31], the absence in the Dirac
theory of an electron with energy F < 0 and charge e is equivalent to the presence
of a positron with energy —F > 0 and charge —e.

Let us split the Hilbert space $ = L?(R3; C*) into

He- = P(foo,fmc] (HD)fJ and Het = P[mc,+00)(HD>ﬁ'

Here P;(Hp) denotes the spectral projection of Hp corresponding to the interval
1.
Let ¥ : =Ry, x I'. From now on, we identify the Hilbert spaces .+ with

9. = L*(%;C) ~ @, L*(Ry; C),

by using the unitary operators U + defined from $.+ to H. as

(Ue6)(p.7) = Lim / B ((p7) 2) é(z) de (6)

On ., we define the scalar products
(9. h) =/ §)d¢ = Z/ 9(p,7)h(p,7)dp. (7)
~yerl

In the sequel, we shall denote the variable (p, v) by & = (p1,71) in the case of
electrons, and & = (p2,72) in the case of positrons, respectively.

2.1.2 The Fock space for electrons and positrons
Let
a = Fa($e) @ D7 e,

be the Fermi-Fock space over $., and let

SD = Sa ®8’a

be the Fermi-Fock space for electrons and positrons, with vacuum Qp (see Ap-
pendix C for details).



2.1.3 Creation and annihilation operators for electrons and positrons

We set, for every g € 9.,
by+(9) = bi(Pyg),

b 4+(9) = bi(Pyg),

where P, is the projection of §). onto the y-th component, and by(P,g) and
b* (Pyg) are respectively the annihilation and creation operator for an electron
defined in Appendix C.

As above, we set, for every h € §,,

by_(h) = b_(P,h),

b:_(h) = b(Ph),

where b_ (P, g) and b* (P, g) are respectively the annihilation and creation operator

for a positron defined in Appendix C, according to which bi7 +(g) and b?y_ (9)
anticommute (see (89)).

As in [24, Chapter X], we introduce operator-valued distributions b4 (¢) and
b% (&) that fulfill for g € 9.,

bil9) = [ b2 0) Prg) (e
bul9) = [ 8,20) (Pr) () e
where we used the notation of (7).

2.1.4 Fock space for the Z° boson.

Let & be any separable Hilbert space. Let ®7& denote the symmetric n-th tensor
power of &. The symmetric Fock space over &, denoted by §(6), is the direct
sum

n=0
where ®& = C. The state Q, = (1,0,0,...,0,...) denotes the vacuum state in
3s(6).
Let

Y3 :=R?*x {~1,0, 1}.
The one-particle Hilbert space for the particle Z° is L?(X3) with scalar product

(.9) = [ T@alaica. ©)
X3
with the notations
& =(k, \) and dés = ) dk, (10)
3 A=—1,0,1/F°



where & = (k, \) € Xs.
The bosonic Fock space for the vector boson Z°, denoted by F o, is thus

Fz0 = T (L3(X3)) . (11)

For f € L?(X3), we define the annihilation and creation operators, denoted by
a(f) and a*(f) by

a(f) f(&3)a(&3)dEs (12)

X3
and

a*(f) = . f(&3)a”(€3)dgs (13)

where the operators a(€3) (respectively a*(£3)) are the bosonic annihilation (re-
spectively bosonic creation) operator for the boson Z° (see e.g [21, 4, 5]).

2.2 The Hamiltonian
2.2.1 The free Hamiltonian

The quantization of the Dirac Hamiltonian Hp, denoted by Hp, and acting on
$p, is given by

Hp — / w(p) b (6) by (€1)dEr + / w(p2) b (62) b (£2)dE,

with w(p) given in (4). The operator Hp is the Hamiltonian of the quantized Dirac
field.

Let ©p denote the set of vectors ® € Fp for which &%) is smooth and
has a compact support and ®("*) = 0 for all but finitely many (r,s). Then Hp
is well-defined on the dense subset ®p and it is essentially self-adjoint on Dp.
The self-adjoint extension will be denoted by the same symbol Hp, with domain
D(Hp).

The operators number of electrons and number of positrons, denoted respec-
tively by N4 and N_, are given by

No= [Ebiene wmd No= [i@b-@ae. 09

They are essentially self-adjoint on ®p. Their self-adjoint extensions will be also
denoted by N, and N_.
We have
spec(Hp) = {0} U [me, 00).

The set [me, 00) is the absolutely continuous spectrum of Hp.
The Hamiltonian of the bosonic field, denoted by Hyo, acting on §zo, is

Hyo = / ws(k) a* (€5)a(Es) dés



where

w3 (k) = v/|k|? + mzo?. (15)
The operator Hyo is essentially self-adjoint on the set of vectors ® € §Fzo such that
(") is smooth and has compact support and ®(™) = 0 for all but finitely many n.
Its self-adjoint extension is denoted by the same symbol.

The spectrum of Hyzo consists of an absolutely continuous spectrum covering
[mzo,00) and a simple eigenvalue, equal to zero, whose corresponding eigenvector
is the vacuum state 0, € Fo.

The free Hamiltonian is defined on H := §Fp ® §Fzo by

Hy=Hp®1+1®Hg . (16)

The operator Hj is essentially self-adjoint on © (Hp) ® ®(Hzo). Since m, < mzpo,
the spectrum of Hy is given by

spec(Hp) = {0} U [mg, o0) .
More precisely,
specpp(Ho) = {0}, specy(Ho) =0, spec,.(Hy) = [m,, c0), (17)

where spec,,, specg., spec,. denote the pure point, singular continuous and abso-
lutely continuous spectra, respectively. Furthermore, 0 is a non-degenerate eigen-
value associated to the vacuum Qp ® Q.

2.2.2 The Interaction

The interaction between the electrons/positrons and the boson vectors Z°, in the
Schrodinger representation, is given, up to coupling contant, by (see [18, (4.139)]
and [32, (21.3.20)])

1= [Tn (gl = 150 (0)Za(0)ds + hec, (18)

where 7%, a = 0,1,2,3, and 75 are the Dirac matrices, gy, is a real parameter
such that gi, ~ 0,074 (see e.g [18]), U(z) and U (x) are the Dirac fields for the
electron e_ and the positron ey of mass m., and Z, is the massive boson field for
A

With the notations of Subsection 2.1.1, ¥, (z) is formally defined by

W, (1) = / G (€, )by (€) + D (€, 2)b" (€) d,

where

O (& @) = 0 (), ) = -, (G =y, 1)), 7). (19)
The boson field Z, is formally defined by (see e.g. [31, Eq. (5.3.34)]),

Zo ()

_ T —% d£3 € a ik.x 6* Cl* —ik.x
=0 [ Gy (e NaE)e & 6t N ()67




with & = (k, A) according to (10), and where the vectors €, (k, A) are the polar-
izations vectors of the massive spin 1 bosons (see [31, Section 5.3]).

If one considers the full interaction I in (18) describing the decay of the gauge
boson Z° into massive leptons and if one formally expands this interaction with
respect to products of creation and annihilation operators, we are left with a finite
sum of terms with kernels yielding singular operators which cannot be defined as
closed operators. Therefore, in order to obtain a well-defined Hamiltonian (see e.g
[11, 6, 7, 5, 3]), we replace these kernels by square integrable functions G().

This implies in particular to introduce cutoffs for high momenta of electrons,
positrons and Z° bosons. Moreover, we confine in space the interaction between
the electrons/positrons and the bosons by adding a localization function f(|z|),
with f € C3°([0,00)). The interaction Hamiltonian is thus defined on H = §p ®
§zo0 by

H=HY + 7Y + g 4 g®" (20)

with

(1) AT r €u(€3) ke T
H] /(/ U 1ol )0 6, ) e d) o

x GW(&, &, &b (6)b7 (&)a(és) dGdéadés

* _ . - . (&) s .
H; —/</ HEDIREY ) "(gv —75)0+ (&1, )72w3(k‘)e d ) (22)
x GO (&1, &, &)a" (E3)b-(E2)by (61) d€rdéadés,

— ~ " (& ik
= [ ( [ £ 2 =200 ) dz> -
x G(&, &, &b (6)b7 (&)a” (&) A& dédEs,

2)* s — s T L&’)eik'm .
/(/ Fllz))y_ (&, ) ‘(9 — )¢+ (&1, ) 223 (k) d) (24)

x GO)(&, &, &3)a(&s)b—(E2)by (€1) dErdéadés .

Performing the integration with respect to = in the expressions above, we see that

and

Hl(l) and HI(Z) can be written under the form
HY = HM(FW) = / FO (&, &, &) (6D (&2)a(€s) dErdéades,  (25)
HY = HP(F?) = / FO (&, &, &) (6% (&2)a* (&) d61dEades,  (26)

where, for « = 1,2,

F(a)(flv 527 53) = h(a)(§1,€27£3)G(O¢) (£1a§2a€3)7 (27)



and h(M (&1, &, &3), K (€1, &, £3) are given by the integral over z in (21) and (23),
respectively.

Our main result, Theorem 3.9 below, requires the coupling functions F(%) (&;, &, &)
to be sufficiently regular near p; = 0 and py = 0 (where, recall, § = (p;,y;) for
I =1,2). The behavior of the generalized eigenstates ¥ (£, ) and ¥_ (&, ) near
¢ = 0, and therefore the behavior of k(™) (&1, &, &3) near p; = 0 and py = 0, will
be analyzed in Appendix A.

2.2.3 The total Hamiltonian

Definition 2.1. The Hamiltonian of the decay of the boson Z° into an electron
and a positron is
H:=Hy+gH;.

where g is a real coupling constant.

3 Main results

ForpERJr,je{%, %,---},’}/:(j,mj7l<;j) andwzj—i—%,wedeﬁne

A = A = 2 (“’(’jfg)““)é ([ as erar) @

where I' denotes Euler’s Gamma function, and f € C3°([0, 00)) is the localization
function appearing in (21)—(24). We make the following hypothesis on the kernels
G,

Hypothesis 3.1. Fora=1,2,
/A(fl)zA(§2)2(|k\2 +mz0?)7 |G (€1, &, &) i d§1déedés < oo, (29)

Remark 3.2. Note that up to universal constants, the functions A() in (28) are
upper bounds for the integrals with respect to © that occur in (21). These bounds
are derived using the inequality (see [31, Eq.(5.8.23)-(5.3.25)])

< Oy (1+ K% (30)

70

€ (&3)
2w (k)

For Cp,,,, being the constant defined in (30), and Cz = 156 Cyy,,,, let us define

K/(G@)? = 02 < [a@rae?icoe. s @)Fd&d&d@) 7

K3(G))? = Cy? (/A(fl)zA(fz)Q G (&1, &, &) (k> + 1)%d§1d§2d€3) :
(31)



Theorem 3.3 (Self-adjointness). Assume that Hypothesis 3.1 holds. Let gy > 0

be such that
1
90> ( > K1(G(a))2> (—+1)<1. (32)

m
a=1,2 €

Then for any real g such that |g| < go, the operator H = Ho + gHy is self-adjoint
with domain ©(Hy). Moreover, any core for Hy is a core for H.

Remark 3.4. 1) Combining (17), relative boundedness of Hy with respect to
Hy (see Section 4) and standard perturbation theory of isolated eigenvalues
(see e.g. [22]), we deduce that, for |g| < m,, inf spec(H) is a non-degenerate
eigenvalue of H. In other words, H admits a unique ground state.

2) Let @ be the total charge operator
Q = N+ - N—7

where Ny and N_ are respectively the operator number of electrons and the
operator number of positrons given by (14).

The total Hamiltonian H commutes with Q, and H is decomposed with re-
spect to the spectrum of the total charge operator as

H =~ @ZEZHz-

Fach H, reduces H and by mimicking the proof given in [28] one proves that
the ground state of H belongs to Hyg.

Theorem 3.3 follows from the Kato-Rellich Theorem together with standard
estimates of creation and annihilation operators in Fock space, showing that the
interaction Hamiltonian Hj is relatively bounded with respect to Hy. For the
convenience of the reader, a sketch of the proof of Theorem 3.3 is recalled in
Subsection 4.1.

For a self-adjoint operator A, we denote by spec
of A.

oss(A) the essential spectrum

Theorem 3.5 (Localization of the essential spectrum). Assume that Hypothesis
3.1 holds and let go be as in (32). Then, for all |g| < go,

SpeCess (H) = [inf spec(H) + m,, 00).

Theorem 3.5 is proven in Subsection 4.2. Our proof is based on a method due
to Derezitiski and Gérard [9] that we adapt to our context.

To establish our next theorems, we need to strengthen the conditions on the
kernels G(®). Given a function f € L([0,00)), we make the convention that the
Fourier transform of f is the Fourier transform of the function f € L'(R) defined

by f(p) = f(p) it p >0 and f(p) = f(—p) otherwise.
Hypothesis 3.6. For o = 1,2, the kernels G(*) € L?>(X x ¥ x ¥3) satisfy

10



(i) There exists a compact set K C Ry xRy xR? such that G (py, v1, p2, 2, k, \) =
0 Zf (plap2ak) ¢ K.

(i) There exists € > 0 such that

R 2
Z /(1 + 22 4 22) |G (21,91, 2,72, k, A) | daydaadk < oo,

Y1,72,A

where G denote the Fourier transform of G(®) with respect to the variables
(p1,p2), and x; is the variable dual to p;.

(111) If yi; =1 or o5 = 1, where for 1l = 1,2, vi; = |kj,| (with v = (§i, mj,, K5,)),
and prl =0 or b2 = 0, then G(a)<p17’717p27727ku )\) =0.

Remark 3.7. 1) The assumption that G is compactly supported in the vari-
ables (p1,p2,k) is an “ultraviolet” constraint that is made for convenience.
It could be replaced by the weaker assumption that G\ decays sufficiently
fast at infinity.

2) Hypothesis 3.6 (ii) comes from the fact that the coupling functions G'®) must
satisfy some “minimal” regularity for our method to be applied. In fact, Hy-
pothesis (ii) could be slightly improved with a refined choice of interpolation
spaces in our proof (see Section 5 for more details). In Hypothesis 3.6 (iit),
we need in addition an “infrared” reqularization. We remark in particular
that Hypotheses (it) and (i1i) imply that, if y1; =1 or 72; =1,

1
’G(a)(p17717p27727k7)‘)’ 5 |pl|§+87 l= 1723

for 0 < e < 1/2. We emphasize, however, that this infrared assumption
is required only in the case v;; = 1, that is, for j = 1/2. For all other
j € N+ %, we do not need to impose any infrared regularization on the
generalized eigenstates ¥+ (p,~y); They are already reqular enough.

3) One verifies that Hypotheses 3.6(i) and 3.6(ii) imply Hypothesis 3.1.

Theorem 3.8 (Localization of the spectrum). Assume that Hypothesis 3.1 holds.
There exists g1 > 0 such that, for all |g] < g1,

spec(H) = {inf spec(H)} U [inf spec(H) 4 mg, 00).

In particular, H has no eigenvalue below its essential spectrum except for the
ground state energy, inf spec(H ), which is a simple eigenvalue.

Theorem 3.9 (Absolutely continuous spectrum). Assume that Hypothesis 3.6
holds with £ > 0 in Hypothesis 8.6(ii). For all 6 > 0, there exists gs > 0 such that,
for all |g| < gs, the spectrum of H in the interval

[inf spec(H) + m,, inf spec(H) + mgzo — ¢]

s purely absolutely continuous.

11



Remark 3.10. In Theorem 5.5 below, we prove a stronger result than Theorem
8.9, which is of independent interest, namely we show that a limiting absorption
principle holds for H in the interval [inf spec(H) + me, inf spec(H) + mzo — d].
Another consequence of the limiting absorption principle of Theorem 5.5 is the
local decay property (70).

Theorems 3.8 and 3.9 are proven in Section 5. Our proofs rely on Mourre’s
Theory with a non-self adjoint conjugate operator. Such extensions of the usual
conjugate operator theory [23, 2] have been considered in [19], [27], and later
extended in [13, 14].

We use in this paper a conjugate operator, A, similar to the ones of [19] and [13,
14], and prove regularity of the total Hamiltonian with respect to this conjugate
operator. Combined with a Mourre estimate, this regularity property allows us to
deduce a virial theorem and a limiting absorption principle, from which we obtain
Theorems 3.8 and 3.9.

Our main achievement consists in proving that the regularized physical inter-
action Hamiltonian H7 is regular enough for the Mourre theory to be applied,
except for the terms associated to the “first” generalized eigenstates (j = 1/2).
For the latter, we need to impose a non-physical infrared condition. To establish
the regularity of H; with respect to A, we use in particular real interpolation the-
ory, together with a version of the Mourre theory requiring only low regularity of
the Hamiltonian with respect to the conjugate operator.

We remark that if we make the further assumption that the kernels G(®) are
sufficiently regular with respect to the Z° variable k, similarly to what is assumed
in Hypothesis 3.6(ii) for the variables p1, po, it is possible to extend the result of
Theorem 3.9 to the interval [inf spec(H) 4+ me, M), for any M > inf spec(H ) + me.
To do that, one would have to add to the conjugate operator A a term acting
on §zo, similar to the ones acting on §p (see (40)), which would yield a Mourre
estimate on any interval of the form [inf spec(H) +me, M), M > inf spec(H) + me.
The regularity of G(® in p1, p» and k would insure that H is regular enough with
respect to A. For simplicity of exposition, we do not present the details of such
an extension of Theorem 3.9 here.

Our paper is organized as follows. As mentioned above, Section 4 is devoted
to the proof of Theorems 3.3 and 3.5, and Section 5 is devoted to the proof of
Theorems 3.8 and 3.9. In Appendix A, we give the estimates on the generalized
eigenfunctions of the Dirac operator that are used in this paper. In Appendix
B, we recall the abstract results from Mourre’s theory that we need. Finally, for
the convenience of the reader, standard definitions and properties of creation and
annihilation operators in Fock space are recalled in Appendix C.

4 Self-adjointness and localization of the essential
spectrum

In this section we prove Theorems 3.3 and 3.5.

12



4.1 Self-adjointness
We sketch the standard proof of Theorem 3.3 relying on the Kato-Rellich Theorem.

Proof of Theorem 3.3. We use the N, estimates of [11] and follow the proof of [7,
Theorem 2.6] (see also [6]). For

Ki(G)? = > Ki(GY)?, i=1,2, (33)

a=1,2

and

]. 1 1
Crpi=(—5 +1+28)}, Cagyi= (—5(1+28)4,

e €
Bisi=(1+ 5% Bagy =+ 35+ 7%,
we obtain, for any ¢ € D(H),

IHry| < (K1(G) Crp + K2(G)Co g) [[Hot|| + (K1(G)B1,g + Ka(G) Bz gy) ||¢(|| -)
34

Therefore, with (32) and for 8 and 5 small enough, using the Kato-Rellich Theorem
concludes the proof. O

If we note that K2(G) > K1(G), and set
K(G) = Ka(G), Cpyi=Crp+Copys Bpy:=Big+ Bagpy,
we obtain from (34) the following relative bound:
Corollary 4.1. For any ¢ € D(H),
[1H1¢|| < K(G) (Cpyl| Howl| + By ll¥[]) -

In the sequel, for the sake of simplicity, we shall use this relative bound instead
of the stronger result (34).

4.2 Localization of the essential spectrum

In this subsection, we prove Theorem 3.5. We use the Derezinski-Gérard partition
of unity [9] in a version that accommodates the Fermi-Dirac statistics and the
CAR (such a partition of unity was used previously in [1]). Let

Ua : Sa(ﬁc @573(') — Sa(ﬁc) & Sa(f)c) = Sa ® Sa;
be defined by

UyQp = Qe ® Qg
Uab* (01 @ 92) = (b" (1) @ 1+ (—1)N @ b*(2))Us,

13



where (—1)" denotes the bounded operator on §, defined by its restriction to
®rbhe as (—1)Nu = (—=1)"u for any u € ®"b,.. Clearly, using the anti-commutation
relations, U, extends by linearity to a unitary map on §o(9. ® H.). Let jo €
C*> ([0, 0); [0, 1]) be such that jo = 1 on [0,1/2] and jo = 0 on [1,00), and let jo be
defined by the relation j2 +j2 = 1. Let y := iV account for the position variable
of the fermions. Given R > 0, we introduce the bounded operators j{ := jo(|y|/R)
and 5% := joo(|yl/R) on Fa($e). Let

Ja' i e = He® e
¢ = (Jo'ps oo 0)-
Lifting the operator j to the Fock space F,(f.) allows one to define a map
LGE) : Fa(9e) = Fa(HeBHe). The Dereziniski-Gérard partition of unity is defined

by 3 3
o) §a = Fa ®Fa,  Ta(l) = UTGE).

Using the relation 52 + j2 = 1, one easily verifies that T, (j) is isometric.
We construct a similar partition of unity, I's(j¥), acting on the bosonic Fock
space Fzo0 = §s(L%(X3)). It is defined by

To(GB) 20 = §20 @ Fz0,  Ts(F) = UT(GH),

where
Us : §s(L*(Z3) @ L*(23)) — Fz0 ® T z0,

is the unitary operator defined by

U0, = Q, @ Q.
Usa™ (o1 @ ¢2) = (a* (1) @ 1+ 1@ a”(p2))Us,
and jF is the bounded operator defined by
JRLA(S)  T2(Ss) & I3(S)
= (Jg e, Joep).
Here we have used similar notations as above, namely j{* := jo(|ys|/R) and j£& :=
Joo(lys|/R), where y3 := iV} accounts for the position variable of the bosons.

Let N denote the number operator, acting either on §, or on Fzo. To shorten
notations, we define the operators

No=N®I1, Ny :=1® N,

acting on §, ® §, and on §zo ® Fzo.
We recall the following properties that can be easily proven using the definitions
of the operators involved (see [1, 9]).

Lemma 4.2. With the previous notations, we have the following properties.
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(i) Let p1,...,pn € He. Then

70N I I = [ 0" G5e) @ 1+ (=D)N @ b* (12 ¢:)) 2 © Q.
=1

=1

.

Let ©1,...,0n € L*(X3). Then

n

LG [ a( =[] (a"Gf'ei) @ 1+ 1@ a*(iE 1)) @ Q..
=1

i=1

(ii) Let w be an operator on $. such that the commutators [wJﬁ], defined as
quadratic forms on ®D(w), extend to bounded operators on $)., where ju
stands for jo and jo. Then
I(No + Now) ™2 ((dD(w) © 14 1® dT(@))Ta(5") — Ta (3T (w))

< Haaw(jf)Hv

where Po, denotes the orthogonal projection onto the vacuum sector in §a,
and ad,(j57) = ([w, 5, [w, 5E)).-
The same estimate holds if Ta, He, i5, Iy and Q. are replaced respectively
by Fzo, L2(23), jE, T's and Q.

Recall that the total Hilbert space can be written as H = §Fo @ o ® Fzo. As
in [1, 9], it is convenient to introduce an “extended” Hamiltonian, H***, acting on
the “extended” Hilbert space

4 2
HO = Q) Fa © Q) Fzo-
i=1 j=1

In our setting, the extended Hamiltonian is given by the expression
Hext . Hext + gH;Xt
where

ngt ::dF(HD) & ]1®23a ® ]1®ng0 + ]1®23a ® dF(HD) ® ]1®23Z0
+lgig, @A (Hzo) @ 1, + lgag, ® 1z, @ d['(Hzo),

and H$* is given by (20)—(24), except that the creation and annihilation operators
for the electrons, bf =7 ®1®1, acting on H = o @ Fu ® Fzo, are replaced by

b0 = 0% © 1gsg, © laeg

(acting on H®**), likewise, the creation and annihilation operators for the positrons,
b = (—1)N+ @ b# ® 1, are replaced by

0= ()M @ ()N @ b @ 15, © Dgeg,,
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and the creation and annihilation operators for the bosons, a#, are replaced by
a0 = 1gaz, @ a¥ @ 15 ,.
Here we have set
Nio:=(N®1g,)®lgeg, @ lg2g ,, Ny oo = (15, ® N) @ Igog, ® lg2g,,,
on H*. We define similarly the number operators
N_o:=1lgeg, @ (N Tg,) @ lg25,0,  Nooo i= lg25, @ (I, @ N) @ Ig2g,,
and
Nzog:i=lgiz, ® (N@ 15 ,), Nzo oo i=lgaz, ® (15, ® N),
and the creation and annihilation operators
b =15, @ b @ lgeg, ® lgog .,

b = (—1)Vo @ (~1)NVhe @ 15, @ b7 © 1g2g,,
and
a®™® = lguz, ® 1z, ® a*.
Now, we introduce an isometric map, I'r : H — H, by setting
L =Ta(55) ® Laliy) @ La(57).
Theorem 3.5 will be a consequence of the following lemma.

Lemma 4.3. Assume that Hypothesis 1 holds and let gy be as in (32). Let x €
C°(R). Then, for all |g] < go,

HFRX(H) - X(HeXt)f‘RH —0, as R— oo.

Proof. Using the Helffer-Sjostrand functional calculus, we represent x(H) as the

integral
1 [ox 1
Hy== [ X)H - 2)"'dRezdImz,
X = = [ S - o) dResd I
where Y € C5°(C) denotes an almost analytic extension of x satisfying x|g = x and
|0:X(2)| < Cp[Im 2|™ for any n € N. The same representation holds for x(H®*),

from which we deduce that

Crx(H) — x(H™)T'g

_1 %(z)wext — )Y H™ T — TR H)(H — 2)~*d Rezd Imz.
s z

By Lemma 4.2(ii), together with

HNﬁ(H —2)7Y| < Cllmz|7, |(H™* — 2) 7" (Ng0 + N#,w)% | < Clmz[,
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where Ny stands for Ny, N_ or Nyo (and likewise for N g and Ny ), we obtain

[(H™" = 2)"Y(H'T g — TrHo)(H — 2) 7! |
< C([|ladu GE) || + [|aduw, (55)]]) ITm 2] 2. (35)

Here, w is given by (4) and ws is given by (15). Using e.g. pseudo-differential
calculus, one easily verifies that |lad, ()| = O(R™!) and ||afolw3 G| =or™1),
as R — oo. Hence, (35) combined with the properties of the almost analytic
extension y show that

H/%(z)(He’“ — ) {(H§*Th — DaHo)(H — 2)"'dRez dImz|| = O(R™),

It remains to estimate

%(;«)(Hext —2) N H TR —TrH)(H — 2) 'dRez d Imz.
z

The different interaction terms appearing in the definition (20) of H; are treated

in the same way. Consider for instance the interaction Hamiltonian H }1)

(21), written under the form given in (25),

given by

HY = /F(l)(&, §a, €)% (§1)DZ(&2)a(&s) d€r1déadss

with F() € L?(d¢;déadés). We let HI(l)’eXt be defined by the same expression,
except that the creation and annihilation operators 0%, b* , a are replaced by bi’o,
b*°, ¥ defined above. Using Lemma 4.2(i), a straightforward computation gives

H}1)7eXtFR . fRHgl)
= / (i |, 11V, |, [iVENF D (€1, €a, €3)b50(€1)070(£2)a® (&3)T g d€1dE2dEs

+3° / 31V | iV, | [iVE) PO (€1, €2, €5)b7F (1) (E2)a (€3)T r d€1dEades,

>1

where we have set ji(|y1l, [yel, [ys]) = 1 — jo(|y1l/R)jo(|y2]/R)jo(ly3|/R) and, for

U# 1, 5i(lysl, |y2l, lys|) s of the form ji([yal, [yzl, [ys]) = Jua(lyrl/R)jza(y2]/ R)jss(lys|/R)
with ju; = jo or ju; = joo, and at least one of the ju;’s is equal to j... Moreover,

bi’ﬁ stands for bj_’o or b7, and likewise for b** and of.
It follows from the N, estimates (see [11]) that

[(Eet = =)~ (H T = D)) (H —2) 7
< Clmz| Y [|7(1Vp, | [V |, [V F D
l

Therefore, using the fact that

50011 s |, [V, ], iV ) FD || = 0,
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as R — oo and the properties of x, we deduce that
6~ ext - -
H / 8—{((2)(HCXt - z)_l(ngl)’ ‘Tr— FRHF))(H - z)_ldRezdImzH — 0,
Z
as R — oo. Since the other interaction terms in (20) are treated in the same way,
this concludes the proof. O

We are now ready to prove Theorem 3.5.

Proof of Theorem 3.5. We prove that
SpeCees(H) C [inf spec(H) 4 mg, 00). (36)
Let x € C°((—o0,inf spec(H) 4 m,)). Since I'p is isometric, we can write
X(H) = TxTrx(H) = TRpx(H™ )T + or(1), (37)

where o (1) stands for a bounded operator vanishing as R — oo. The last equality
above follows from Lemma 4.3. Observing that Niot 00 := Ni 0o + N oo + Nz0 oo
commutes with H®** and that

HeXt]l[lvOC) (NtOLOO) > (iIlf Spec(H) + mc)]l[l,oo)(Ntot,oo)y
we deduce that
X(Hext) — ]1{0} (Ntot,oo)X(HeXt) .
Hence (37) yields
X(H) = 1:\j%]l{O}(]V‘cot,oo)X(I_IeXt)f‘R + OR(l)
= I 10} (Niot,00) T rX(H) + 0R(1), (38)

where we used again Lemma 4.3 in the last equality. Inspecting the definition of
the operator I'g, it is easy to see that

I 21503 (Niot.oo) T r = T((G5)%) @ T((6H)?) @ T((4)?)-

Since
((a)?) ®T((a)?) ® T ((a)?) (Ho +) ™"
is compact, and since (Hy + ¢)x(H) is bounded, we conclude that
f‘}‘%]l{o} (Ntot,m)FRX(H)
is compact. Therefore, by (38), the operator x(H) is also compact, which proves
(36).
To prove the converse inclusion, it suffices to construct, for any A € (inf spec(H)+

m,, 00), a Weyl sequence associated to A. This can be done in the same way as in
[9, Theorem 4.1] or [1, Theorem 4.3]. We do not give the details. O
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5 Proofs of Theorems 3.8 and 3.9

In this section, we prove Theorems 3.8 and 3.9 by applying a suitable version of
Mourre’s theory. We begin with defining the conjugate operator A that we consider
in Subsection 5.1; We show that the semi-group generated by A preserves the form
domain of the total Hamiltonian H. In Subsection 5.2, we establish regularity of
H with respect to A and in Subsection 5.3, we prove a Mourre estimate. Putting
all together, we finally deduce in Subsection 5.4 that the statements of Theorems
3.8 and 3.9 hold.

5.1 The conjugate operator and its associated semigroup

Let a be the operator on L?(R) defined by the expression

o= 5(f(P)3p +pf(p)) = if(P)Dp + 51" (p), (39)
where f(p) = p~lw(p) = p~t/p? + m.2 and f’ stands for the derivative of f.
The operator a with domain C3°((0,00)) is symmetric; its closure is denoted by
the same symbol.

We construct the Cyp-semigroup, w;, associated with a. Let

p ere — M.
D= 709

Note that the function g is bijective on [0, 00), with inverse

g_l(p) = (p+me)2 —m,2.
For all t > 0, let ¢ be defined on [0,00) by 9:(p) :=0if p < \/(t + m¢)?2 — me2 =
g~ 1(t) and ¥y (p) := g~ 1(—t + g(p)) otherwise. Setting

(wew)(p) := (B (p)) 2 u(ee(p)),

one easily verifies that w; is the Cp-semigroup of isometries associated with a,
namely w;is = wiws for t,s > 0, and (Jywiu)|i=o(p) = i(au)(p). We observe that
a is maximal symmetric with deficiency index ny = dim Ker(a* — i) = 0.

On . = &,L*(R,), the operator ®~a is still denoted by the symbol a. Our
conjugate operator, A, acting on the full Hilbert space H = §, @ §o ® F o0, is then
given by

A:=dl(a)® 1@ 1+ 1©dl(a) ® 1. (40)

From the properties of a, we deduce that A is maximal symmetric and generates
the Cp-semigroup
Wt = F(U}t) ® F(wt) ® 1.

The adjoint semigroup, Wy, with generator —A*, is given as follows: For any
p,t >0, let ¢¢(p) := g~ 1(t + g(p)). One can verify that the adjoint semigroup of
wy is the Cp-semigroup of contractions given by

(wiu)(p) = (Bpr(p)) 2uln(p).
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We deduce that
W =T(w;) @ T'(wy) ® 1,

and that Wy is a Cy-semigroup (of contractions) on H.
The form domain of H is denoted by

1
G:=D(|H|?) = D(HE).

Proposition 5.1. For allt > 0, we have that
wigcg, Wigcg,

and . 1 1 1
[Hs Wi(H + )7 <1, |[HE Wy (H + D)7 < 1.

In particular, Hypothesis B.1 of Appendiz B is satisfied.

Proof. We prove the statement for W;*, the proof for Wy is similar. First, we show
that w; ®(w) C ®(w) and that

Hw_% Wy W Wy w2 | <1, (41)

where, recall, w is the multiplication operator by w(p) = \/p? + me2 on L?(R.).
For any u € C5°((0,00)), we have that

e} ul]? = / (D)2 |00 (0) | [u(6(p)) [Pdp.

Using the definition of ¢;, one sees that ¢;(p) > p for all t > 0, and hence

o w? w2 < / w(61(0))? |00 ()| |0 (0))2dp = lwul.

Since C§°((0,00)) is a core for w, this implies that w; D (w) C D(w) and that
||w wy ole <1.

Using the fact that w; is isometric and an interpolation argument, we obtain (41).
Now, let ¢ € Fo,mn(D(W)) @ Fa.in(D(w)) ® Fz0, where Fq an(D(w)) denotes the

o0

set of vectors (vo, p1,...) in B2, ®F D(w) (algebraic tensor product) such that
pn = 0 for all but finitely many n’s. We compute

| H5 Wiell” = (o W0 W)
= <g0, (dF(wtwf, wpwwy) @ T(wywy) @ 1
+ I'(ww; ) @ dTN(wpwy , www)) @ 1
+ D(wewy) ® D(wewy) @ dU(ws)) @),
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where, for ¢;, ¢y operators on )., the operator dI'(c;, ¢2) on §, is defined by (see
(1, 9])

dF(Cl, Cg)Qa = 0,

dF(Cl7 Cg)

o7 5 :;cl®~~®cl®c2®cl®~~®c1.

= j-1 n—j
Combining (41), the bound |Jw;wy|| < 1, and [1, Lemma 2.3] (see also [9, Lemma
2.8]), we obtain

[HE W ol < (dP(@)? © 10 1)g|* + |1 dT(w)? @ 1)e’

+|(1® 1@ dl(ws)?) |
1
ol

This concludes the proof. O

5.2 Regularity of the Hamiltonian with respect to the con-
jugate operator

Recall that the conjugate operator A is defined by the expressions (39) and (40).
In this subsection, we prove the following proposition.

Proposition 5.2. Assume that Hypothesis 3.6 holds. Let |g| < m,. Then we
have that
H e ChY(Ag; Agr),

in the sense of Hypothesis B.5 of Appendix B.

To prove Proposition 5.2, we use real interpolation. We have that
[Hp,iA] =N, @11+10 N_®1,

in the sense of quadratic forms on ®(Hp) N D(A). Since D(Hp) ND(A) is a core
for Hy and since Ny @ 1® 1+ 1® N_ ® 1 is relatively Hyp-bounded, Proposition
5.1 together with Proposition B.3 imply that Hy belongs to C!(Ag; Ag-). Next,
since [Hy,iA] commutes with A, we easily deduce that Hy € C?(A4g; Ag~), and
hence in particular Hy € C1*(Ag; Ag~). Here we recall that, for all 0 < # < 1 and
1<q <o,

CP(Ag; Ag-) = {T € B(G;G"), W/ TW; — T € B(g;G") for all t € (0,1),
1

/ 0|\ wWrTwW,
0

— T gyt < 0} (42)

In order to prove that H € C11(Ag; Ag~), it remains to show that the interac-

tion Hamiltonian H; € C11(Ag; Ag~). Using in particular Proposition B.3, we see
that it suffices, in fact, to verify that the commutator [H;,iA] belongs to B(G; G*)
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and that [H,iA] € C%'(Ag; Ag+). This is the purpose of the remainder of this
section.

We use the notation (27). Using Hypothesis 3.6 and the estimates of Appendix
A (see (80)—(81) and (83)—(86)), we can rewrite

F(a)(€17 527 £3) = ﬁ(a)(§1,€27£3)é((1) (§1a§2553)7 (43)
where h(® )(&1, &9, &3) is of the form
R (&1, &2, €5) = pipas'® (€1, &, ), (44)

with s(®) satisfying, for all n,m € {0, 1,2},

|0 0 s() (&1, 62, &) S oy ™ (45)

in a neighborhood of 0.
Moreover the kernels G(®) satisfy

(ag) There exists a compact set K C Ry xR, xR3 such that G(®) (py, 1, pa, y2, k, ) =
0 if (pl,p27]€) ¢ K.

(bo) There exists € > 0 such that

2 2
Z /(1 + x? + x%)“e G(a)($1,’yl,$27’72, k,A)| dexidaedk < oo,
Y1,725A

where, recall, G(® denote the Fourier transform of G(® with respect to the
variables (p1,p2), and x;, { = 1,2, is the variable dual to p;.

(co) If p1 =0 or pp = 0, then G (p1, 71, p2, 72, k, \) = 0.

Our strategy consists in working with interaction operators of the form (20)
with H}l), H}Q) given by (25)-(26) and F(1), F?) satisfying (43)-(45). We then
use an interpolation argument for the kernels G(®).

Lemma 5.3. Consider the operator Hy of the form (20) with H}l), H}z) given by
(25)-(26) and F, F?) satisfying (43)—(45).

(i) Suppose that G\ € L*(X x ¥ x 3) satisfy the following conditions

(i)(a) There exists a compact set K C Ry xR, xR3 such that G (py,v1, p2, Yo, k, \) =
0 Zf (pl,pg, k) ¢ K.

(1)(b)

2 2
Z (1422 4+ 22) |G (21,71, 22,72, k, \) | dzydaadk < oo.

V1,725

(i)(c) If pr =0 or ps = 0, then G (p1, 1, p2, 72, k, A) = 0.
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Then Hy = [Hy,iA] € C%(Ag; Ag-) = B(G;G%).
(ii) Suppose that G\ € L2(X x ¥ x X3) satisfy the following conditions

(ii)(a) There exists a compact set K C Ry xRy xR? such that G (p1,v1, pa, y2, k, A) =
0 if(p17p2ak) ¢ K.

() ()
2 2
Z /(1 + 22 + 22)% |G (@1, 71, T, Y2, ky N) | dzydaadk < co.

Y1,725A

(ii)(c) If p1 =0 or py = 0, then Dﬁé(a)(pl,wl,pg,vg,h)\) = 0 for all multi-
index 8 = (81, B2), |B] < 2, with DP = 8'81+B2/8$51 D pa-
1 2

Then H} = []:I[7 ZA] S Cl(Ag; Ag*).
Proof. (i) Recall that the conjugate operator A is defined by Eq. (40), with

a= i3, + 51 (),

and f(p) = p~'y/p> + m2. We use the notation a; = if(p)0p, + %/ (p1), for
[ =1,2. We then have that

[H], ZA] = H](—i(llF) + H[(—iagF) R (46)

in the sense of quadratic forms on ©(Hy) N D(A).
Recalling the notations & = (p;,y;), we compute

(@ F ) (&, 6,8) = [%p1p2f’(ﬁ1)3(a)(€1752753) +ipa f(p1)s' (&1, €2, &)

+ip1p2f (01) (D55 ) (61, 2, 69) | GO (61, 62, 65)
+ip1paf(p1)s' (&1, 62, €3)(0p, G V) (&1, &2, &3). (47)

Using (45) and the definition of f, we see that the term in brackets satisfy

o (1)) €0, 60,65) + 2 f (1) (€1, 60, 85) + imrpa (p1) (B8 ) (1,60, 63)
S pl_poa

in any compact set. Now, since p; — G (py,71,62,83) € H}(R,) by the con-
ditions (i)(b) and (i)(c), and since G(® is compactly supported in the variables
(p1,p2, k) by the condition (¢)(a), we deduce that

pripeG (€, &, &) € L (dE1dE2dEs).

Here we used that

Hp1_1p2é(a) (gla §2a 53) HL2(d61d§2d53) 5 Hp28p1 é(a) (gla §27 53) HLz (d&;dgadeEs)’
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by Hardy’s inequality at the origin in H} (R, ). Likewise, we have that
’ip1p2f(p1)8(a) (617 527 53)| 5 1,

in any compact set, and hence, using again that p; G (p1,71,&2,&3) € HY(Ry)
and that G(® is compactly supported in the variables (p1,p2, k), it follows that

ip1pa f(p1)s' (€1, o, €3) (0, GV (€1, 2, &) € L?(dE1dExdEs).

The previous estimates show that

(a1 F™)(&1,6,&) € L2 (d€1dédEs),

and proceeding in the same way, one verifies that (ay F(®)) (£, &, €3) € L?(d€;d€adEs).
Using the expression (46) of the commutator [H;,iA] and the N, estimates of [11],
we immediately deduce that [H;,iA] € B(G;G*) = C°(Ag; Ag-).

(#4) It suffices to proceed similarly. More precisely, we compute the second
commutator

[[H;,iA],iA] = —H;(alF) — H;(a3F) — 2H[(aya2F). (48)

Computing a?F, a3F and ajasF yields to several terms that are estimated sep-
arately. Each term, however, can be treated in the same way, using Hardy’s
inequality together with the assumptions (i¢)(a), (i7)(b), (ii)(c). We give an ex-
ample. Consider the first term inside the brackets of (47) and apply to it the
operator i f(p1)9d,,. This gives in particular a term of the form

—%pzf(m)f'(m)s(a)(éu £2,6)G Y (61,6, 83),

that will appear in the expression of a?F. From (45) and the definition of f, it
follows that

[p2f (p1) f/ (p1)s'™ (&1, &2, €3)G ) (&1, &2, &)| S 1 Pp2| G (61, &2, &)

in any compact set. Since p; + G (p1,71,6,&) € H3(Ry) by the conditions
(43)(b) and (i7)(c), and since G(*) is compactly supported in the variables (p1, pa, k)
by the condition (ii)(a), we obtain as above that

p2f (1) f (p1)s ) (€1, &2, &) GV (&1, &2, &) € L (A& dExdEs).

Here we used that

)

HpIJPZG(a) (517 527 53) |‘L2(d§1d§2df3) 5 HPQa;?;I é(a) (617 523 53) HL2 (d€1dgxdes)’

by Hardy’s inequality at the origin in H(Ry). Treating all the other terms in a
similar manner, we deduce that

a3 F + a3F + 2010, F € L?(dé;déydés),
and therefore that [[Hy,iA],iA] € B(G;G*). Together with Proposition 5.1, this
shows (7). O
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Proof of Proposition 5.2. By the observation after the statement of Proposition
5.2, we already know that Hy € C11(Ag; Ag+). Hence, to conclude the proof of
Proposition 5.2, it suffices to verify that H; € C1!(Ag; Ag-). Recall that Hj is
the sum of 4 terms, see (20). We consider for instance the first one, H}l). The
other terms can be treated in the same way.

Let Ko C Ry x Ry x R3 be a compact set. Let S(i) denote the set of all

G € [2(X x ¥ x ¥3) satisfying the conditions (i)(a) (with K = Kj), (i)(b) and
(i)(¢), equipped with the norm

~ 2 2
HG(”HSO = /(1+x%+x§) ‘G(l)(xl,vl,xg,fyg,k,)\)‘ dzydzadk.
Y1572,A
Likewise, we denote by S(;;) the set of all G e [2(Z x ¥ x X3) satisfying the
conditions (i¢)(a) (with K = Kj), (i¢)(b) and (i7)(c), equipped with the norm

16D, = 7I%;A/(l + a2+ a2)3 ‘é“)(xl,yl,xg,yg, k, A)‘Q daydasdk.
By Lemma 5.3 and its proof, the map
Sy 3 G s HY' (RWEGW) € CO(Ag; Ag-) (49)
is linear and continuous, and, likewise, the map
Sty 2 G s HY (RWGW) € ¢ (Ag; Ag-) (50)
is linear and continuous. Here we have used the notation
Y (ROGW) = [HD (RWEW), iA).
By real interpolation, we deduce that
(S Sin)gn 3 GV = HY (RDGW) € (CO(Ags Ag-), C1(Agi Ag-)) 5,0 (51)
forall0 <60 <1.
Now, by [2, Section 5], we have that
(C°(Ag; Ag-), C'(Ags Ag-)), , = C2(Ag; Ag-), (52)
for all 0 < @ < 1, and using the definition (42), one easily verifies that
C?2(Ag; Ag-) C C%'(Ag; Ag-).

On the other hand, from the definition of the interpolated space (5(1)75(11‘))9 )
and mimicking the method allowing one to compute the interpolation of Sobolev
spaces (see e.g. [30]), it is not difficult to verify that, for 0 < ¢ < 20 < 1, the
set of all kernels G € L2(X x ¥ x X3) satisfying the conditions (ag), (by) and
(co) stated above is included in (S(i)’s(ii))a,z' This shows, in particular, that

HY € €% (Ag; Ag.), and hence that H'" € CL1(Ag; Ag.). Since the other

terms, HI(I)*, HI(2) and Hf)*, can be treated in the same way, this concludes the
proof. 0

25



5.3 The Mourre estimate

Given F = (F),F®) € (§, ® H. ® L*(S3))?, and for HY(FD) given by (25)-
(26), we define

Hy(F) = B (FO) + (HD(FEO)* + HP(E®) + (HP (F@))*.

Proposition 5.4. Assume that Hypothesis 3.6 hold and let § € (0, m,). There
exist gs > 0, ¢ > 0 and C € R such that, for all |g| < g5, and for

A = [§,mzo — 4],
we have, in the sense of quadratic forms on D(A) N D(Hy),
H' = [H,iA] > cs1 — Cl5(H — E)(H), (53)

where we have set E := infspec(H), 1x(H — E) := 1— 1a(H — E) and (H) :=
(1+ H?)/2.

Proof of Proposition 5.4. As in Subsection 5.2, we have, in the sense of quadratic
forms on D(A) N D(Hy),

[Ho, iAl] =N, @1@1+10N_@1, (54)

where N, (respectively N_) is the number operator for electrons (respectively
positrons) as defined in (14). In the sequel, by abuse of notation, we shall omit
the identity operators in N; ® 1® 1 and 1® N_ ® 1 and denote them respectively
again by Ny and N_.

Let a; = a ® 1® 1 be the conjugate operator for electron acting on the p;
variable in $, ® H. ® LQ(Eg) and a2 = 1® a ® 1 be the conjugate operator for
positron acting on the py variable. As in (46), we have that

[H[, ’LA] = H[(—ialF) + H](—iagF) y (55)

in the sense of quadratic forms on D(A) N D(Hp). Here we recall that a; F and
asF belong to L?(d¢;déxdés) as follows from the estimates of Appendix A and
Hypothesis 3.6 (see more precisely the proof of Lemma 5.3 (7)).
For Pq_ xq, := Pa, ® Po, ® 1 being the projection onto the electron/positron
vacuum, we have that
N++N_+PQQ><QG > 1. (56)

Since H = Hy + gHj, and for E = inf spec(H ), we obtain from (54)-(55) that

[H, iA] = (N4 + N- + Pa,xq,) — Pa,xe, + 9 (Hi(—ia1F) + Hi(—iaz F))
>1- Po, xq, +9(Hi(—ia1 F) + Hi(—iaxF)), (57)

where we used the operator inequality (56) in the last inequality. We estimate
separately the two remainder terms occuring in the right hand side of (57).
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Let us define a function fa € C§°(R) such that 0 < fa <1 and

[ 1 ifxe[dmy — 0],
fA(A)_{ 0 ifA<8/2o0r A>mg — /2. (58)
We observe that
Po,xq, fa(Hy) =0. (59)

The last identity holds because Pq,xq, is a projection commuting with Hy and
because supp(fa) N spec(HoPo,xq,) = 0. As in the proof of Lemma 4.3, let
f € C§°(C) denote an almost analytic extension of fa satisfying flr = fa and

|0:f(2)| < CplImz|™ for any n € N. Thus, for df(z) := f%%(z) dRe z dIm z,
using Helffer-Sjostrand functional calculus and the second resolvent equation, we

obtain
FaCH ~ E) = fa(Ho) = [(H = B~ '(H - E = Hy)(Ho — ) 4] (2

= /(HfEf 2)rgH(F)(Ho — 2) "t df(2)

—E/(H—E—z)—l(Ho—z)—ldf(z). (60)
From Corollary 4.1, since Hypothesis 3.1 holds, there exists a constant C' such that
1H: (F)(Ho +1)71|| < CK(G), (61)

where h(¥G(®) = F(®) (see (27)) and K(G) = K5(G) is given by (31) and (33).
Therefore, with the inequality

1+ ||

[Tm 2|

|(Ho+1)(Ho — 2) 7| <1+ (62)

and the properties of f , we obtain that there exists a constant C7 > 0 depending
only on fa and K(G) such that

H [ 2 g -7 g

1+
< 1
<lol [+ T

Moreover, using again (61), standard perturbation theory yields that there
exists g1 > 0 such that for all |g| < g1, we have

K(G)Bﬂn
El < _—
| |_‘g|1*91K(G)C/3n

j|'> \(H = B — 2| || Hi (G)(Ho + 1)~1[| (=) < C: |g|. (63)

(64)

where Bg, and Cpg, are the positive constants defined in Subsection 4.1. Thus,
there exists a constant Cy depending on fa and K(G) such that

|2 / (H— B~ =)\ (Hy —2) " df()| < Colal. (65)
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Inequalities (60), (63) and (65) give
Ifa(H — E) — fa(Ho)|l < (C1 + C2) gl (66)
For shortness, let 1o = Ia(H — E) and 15 = 1x(H — E). We have that
—Pa,x0, = —1aPa, xa,1a — 1aPa, xa, Ix — IxPa, x0,1a — IxPo, xo, 1
> —1aPo,xa,1a — 1aPo, x0,1x — 1xPo, <o, 1a — 1x. (67)
Using (59) and (66), we obtain that
< || fa(H = E)Po, xq.
= ||(fa(H — E) = fa(Ho)) Pa, x.|
from which we deduce that
—1aPo,x0,1a — 1aPo, xa, 15 — 13 Po, x0,1a > —3(C1 + C2) [g| 1.
Together with (67), this shows that
—Pa,x0, = —3(C1 + Ca)|g|1— 1. (68)

To bound the last term in the right hand side of (57), it suffices to use the
relative bound in Corollary 4.1 and the fact that Hypothesis 3.6 holds (and hence
also Hypothesis 3.1), to obtain that the operators Hy(—ia;F) (I = 1,2) are norm
relatively bounded with respect to Hy with relative bounds depending on K(G)
and K(—iq;G). Therefore, there exists C5 depending on K(G) and K(—ia;G)
such that

9(Hr(—ia\F) 4+ H;(—iazF)) > —Cs|g|(H)
= ~Cs|g[(H)1a(H — E) — C3|g|(H)1x(H — E)
> —Culg|Ia(H — E) — C3|g|(H)1x(H — E)
> —Cilg|1 = Cs|g|(H)IX(H — E), (69)

1aPa, xq,

< (C1+ C2)lgl,

for some constants Cy4, C5 € R.
The estimates (57), (68) and (69) yield (53), which concludes the proof. O

5.4 Proofs of the main theorems

Proof of Theorem 3.8. As above, we use the notation E = inf spec(H). The proof
of Theorem 3.8 is divided into two main steps.

Step 1. Let 0 < 0 < m,. There exists gs > 0 such that, for all 0 < |g| < g5,
inf (spec(H) \ {E}) > 4.

To prove this, we use the min-max principle. Let o denote the second point above
FE in the spectrum of H. The min-max principle implies that

po 2 inf (¥, Hyp) = inf (v, Hov) + (v, Hr)),
Y eDH),[[Y]| =1, Y e D(H), [l9]l =1,
7/16 [§2D®529}L 1/J€ [QD®QS]L
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where [Q2p ®Q,]* denotes the orthogonal complement of the subspace spanned by
Qp ® € in the total Hilbert space H. Since H; is relatively bounded with respect
to Hy, there exists a positive constant C such that (¢, Hry) > —C(, Hot)), and
therefore

po > inf (1 = Clgl){®, Hoy) > (1 = Clg|)me,
b eD(H), ¢l =1,
'l/J € [QD X Qs]l

the last inequality being a consequence of (17). This proves Step 1.
Step 2. Let 0 < § < m,. There exists gs > 0 such that, for all 0 < |g| < gs,
spec(H)N[6,me + E) = 0.

Observe that E < 0 satisfies E > —C|g| with C a positive constant, as follows from
standard perturbation theory (see (64)), and therefore, for gs small enough and
lg| < gs, we have that § < m.+E. By Theorem 3.5, we know that inf spec.(H) =
me + FE. Thus we only have to show that H do not have discrete eigenvalue in the
interval [, m, + E): This is a simple, usual consequence of the virial theorem (see
Theorem B.4) combined with the Mourre estimate of Proposition 5.4. O

We introduce the notation (A) = (1 4+ A*A)Y/2 = (1 + |A|?)}/? for any closed
operator A. As mentioned before, Theorem 3.9 is a consequence of the following
stronger result, which itself follows from Propositions 5.1, 5.2, 5.4, and the abstract
results of Appendix B.

Theorem 5.5 (Limiting absorption principle). Assume that Hypothesis 3.6 holds
with € > 0 in Hypothesis 3.6(ii). For all § > 0, there exists g5 > 0 such that, for
all |g] < gs and 1/2 < s < 1,

sup [[(A) 7 (H — 2)7H{A) 7| < oo,

zEA
with A := [inf spec(H) + me, inf spec(H) + mzo — 8] and A = {z € C,Rez €
A0 < [Imz| < 1},. Moreover, the map z — (A)™*(H — 2)"'(A)™* € B(H) is
uniformly Holder continuous of order s —1/2 on A and the limits

(AY75(H — X —i0%)"HA) ™ := lim (A)"5(H — X —ie)"1(A)~%,

e—0+
exist in the norm topology of B(H), uniformly in A € A. Finally, the map A —
(A)=3(H—-\—i0%)"1(A)~* € B(H) is uniformly Hélder continuous of order s—1/2
on A and, for any 1/2 < s <1, H satisfies the local decay property
164) e 1A () (A) || < (1) F 2, (70)
for allt € R.

Proof. By Propositions 5.1, 5.2 and 5.4, we see that Hypotheses B.1, B.5 and B.6
of Appendix B are satisfied, the open interval I of Hypothesis B.6 being chosen,
for instance, as I = (inf spec(H) 4+ m, — §, inf spec(H) + mzo — §/2). Therefore we
can apply Theorem B.7 with J = A, which proves Theorem 5.5. O
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A Generalized eigenfunctions of the free Dirac
operator

In this section we describe the properties of the generalized eigenfunctions of the
Dirac operator Hp introduced in subsection 2.1.1. More details can be found in
[17, section 9.9, (44), (45), (63)].

Recall that the generalized eigenfunctions of Hp are labeled by the angular
momentum quantum numbers

135

]€{§7§a§7"

and by the quantum numbers

'}7 mje{—.]7_]+17a]—17]}a

5 € {£G + 3}

We define, for v; = |&;],
__CF (@) 1 T(y)
lwp)|z r 2702y +1)

X {e*iprei”j*ij(ﬂyj +1, 2v, + 1, 2ipr) + ei”re*i"i’ij(ij +1, 27, + 1, —2ipr)}
(71)

gﬂj,i(p7 Ir)

with C)f = \/w(p) + me when we consider a positive energy w(p) > m, and
C; = v/w(p) — m, when we consider a negative energy —w(p) < —me.
We also define
_ 00y 1 (2pr) T(y)
Clw)z2vT o D(2v+1)
x {e" iy F(vy; 4+ 1, 2v; + 1, 2ipr) — e®e™ iy F(vy; + 1, 2v; + 1, —2ipr) }
(72)

with Cf = \/w(p) — m,, for energies w(p) > m, and C; = —/w(p) + m, for
energies —w(p) < —Ie.

The functions F that occur in (71) and (72) are the confluent hypergeometric
functions. Their integral representations for v; > 1/2 are

fNj,i(pa ’I")

I(2y; +1 L.
F(y;+1, 29 + 1, £2ipr) = (2 +1) )/ T2y i (1 — w)Vdu.  (73)
0

Ly + DT (y;
The generalized eigenfunctions
/(/):I:,(j,mj,nj)(pa ‘T) = Z/H:,v(??? .’E) = U&(& .’ﬂ) 3

where + refers to positive energies w(p) > me and — refers to negative energies
—w(p) < —m,, fulfill

Hp ¢+ ((p,7),7) = £w(p) ¥+ ((p,7), ),
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and are defined by

igfcj,:l:(pv T)(p"(""llz"’{j (9790) > (74)

1/&, M K (p71') = 2
s ) ~fa (0, 1) O (0,0)

where the spinors q)ﬁ,llj.,nj and @gz},ﬁ ; are orthogonal and defined by

j—m ;41
q)(l) (9 ),_ - ]2ji2 .5/}+%7mj7%(97<p) (75)
my (1) T jEmitly, 9
2712 j+%,m,~—%( %)
—
@(2) 0 . ’ 2j )/j_%’mj_%(97 90) 76
my+p 0 0) = | o (76)
25 ijé,ijr%(ea‘P)
and
(1) —_o®
(I)mj»—(j'*'%)(a’w) —@mj,(j+%)(9,<p) (77)

@) —_eM
q).mj,_(j_;'_%)(e? 50) _émj,(j-‘r%) (07 90)
It follows from (19) that

. (1)

~ 19w, —(DT)P o (0,0)
— Gims e (D) == e

1/’ 7(],mgvﬁj)(p ) <_fli_7’, (p7 7“)(1)(_27),”]7_,,% (07 90)

For positive energies w(p) > me, we have the following estimates for the func-
tiOnS gﬁj7i and flij,i?

w(p)+mc : p ; 1
|g]+% +(p,?")| S < w(p) > 7(2]77') F('Y]) )
w(p) — me 2p 4 1
g < (LRI 2 o s L
s < (SEE) " o s,
W(p)—me >p ¥; 1
et < () S
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and for negative energies —w(p) < —m, , we have

w(p) B me) %
w(p)

w(p) + me)i 2
w(p)

1
w(p)—mc)2 2p 1
— ) —=(2pr)” :

w(p) VT L'(v5)
1
w(p) + me) 2 p 1
— | —=(2pr)V .

w(p) VT ()
We also can bound the first and second derivatives. Below, we give such bounds

for |p| < 1. For p larger than one, the functions are locally in L9 for any value of
q.

QH;_@WN§<

ezl =
(79)

m4ﬁ@¢@wng<

|Gy, - (o) < (

There exists a constant C' such that for |p| < 1, and for positive energies
w(p) > m, we have

';pg”%’*(p’r) = F(ij) [(2pr) + pr(y; = 1)(2pr) =+ pr(2pr) 7]

‘é?p fivger0m)| < F(ij) [p(2pr) =+ p?r(7; = 1)(2pr) =% + p*r(2pr) 7] |
‘;p 9= +(P7)] < F(ij) [(2pr) ™+ pr(y; = 1)(2pr) ™ % + pr(2pr) ]
‘(z)f_(j+é)’+(p’r) < F(ij) [p(2pr)"7 + pr(y; — 1)(2pr) 1 + pPr(2pr)i 1],

(80)

and for [p| < 1 and negative energies —w(p) < —m,, we have

‘aapgﬂg,(p, r)| < F((j;j) [p(2pr) % + p2r(v; — 1)(2pr) ™~ + p2r(2pr) 1]
’3{; fivp-por))| < F(ij) [(2pr) =+ pr(y; — 1D(2pr) 7 2 + pr(2pr)V]
’gpg(“é)’(p’ n| s F(ij) [p(2pr) =1+ p?r(y; = 1)(2pr) =2 + p?r(2pr) ]

‘ai foGrp.-pr)) < F(C%,) [(2pr)7 + pr(y; — 1)(2pr) =1 + pr(2pr) 1] .

(81)

The estimates (80) and (81) yield, for a being the operator defined by (39),
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and for positive energies w(p) > m,,

lagjrz4+P.7)| < T [% ((2pr) +pr(y; = 1)(2pr)» =" + pr(2pr) V)
)1+ 5)p(2em) )]
la firs (0] < ng) [w;p) (p(2pr) =t + pPr(y; — 1)(2pr) =2 4 pr(2pr) ™)
o)1+ ) )]
lag_ 1)+ (07)] < F(C;j) [w;p) (@pr) ="+ pr(v; = 1)(2pr)" =2 + pr(2pr)™7)

o)1+ )ppr) ]

ng) [w;p) (p(2pr) + p?(7; = 1)(2pr) V"~ + p*r(2pr)V7Y)

laf i+l <

+(p)(1L+ 5 )
(52)

And for negatives energies —w(p) < —m,, we get the same estimates for |a . (p,7)],
lafirs (P, 7)llag_(js1y —(p,r)l and |a f_(;, 1y _(p,7)], respectively for la f_(;, 1y o (p,7)],
10934 ) 10 fy 1y ()] and Jagyy (3.7l

Estimates for the second derivatives are given for (p,r) near (0,0) by

0? Cvi
I vi—1.75
’5])2 gj+ 1.+ (ps T)‘ < 0,)” R (83)
92 N 1 oas
‘apg fj—‘—%,—i—(pa )| < 7F(’)/j)p% riTe, (84)

0? ’ C(’Yj _ 1)’Yj =2 y;—1 C;j Coyi—
— g (i1 DT S 723’7.7 rr-'YJ + 731)%7«"/] 1, 85
‘81?29 i) T (v;) L(v;) (85)
0? C;
i ) < 1 vl ]6
’ap2 f—(]+%)a+(par) = F(,y])p r ) ( )

and the same estimates for negatives energies hold respectively for

2
3871)2 f—(j+%)7—(pa T) )

)

2 2 2
s ey -0y |2 iy —0rr)| and |22 g10p (0,7)

B Mourre theory: abstract framework

In this section, we recall some abstract results from Mourre’s theory that were used
in Section 5. We work with an extension of the original Mourre theory [23] that
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allows, in particular, the so-called conjugate operator to be maximal symmetric
(not necessarily self-adjoint). Such an extension was considered in [19] and further
refined in [13, 14] (see also [10, 16]). Here we mainly follow the presentation of
[10].

Let H be a complex separable Hilbert space. Consider a self-adjoint operator
H on H and a symmetric operator H' on H such that ©(H) C ©(H'). Let

G :=D(H|*),
equipped with the norm

el == [|1H1Ze|| + el

We set Lo

lellg- = [ (1H| + D)~ =2 ¢|".
The dual space G* of G identifies with the completion of H with respect to the
norm || - [|g=, and the operators H, H’ identify with elements of B(G;G*), the set
of bounded operators from G to G*.

Let A be a closed and maximal symmetric operator on H. In particular,
the deficiency indices ny = dimKer(A* £ 1) of A obey either ny = 0 or n_ =
0. We suppose that n, = 0, so that A generates a Cg-semigroup of isometries
{Wi}iso (see e.g. [8, Theorem 10.4.4]). Recall that a Cy-semigroup on [0, c0)
is, by definition, a map ¢ — W, € B(H) such that Wy = 1, W, W, = W, for
t,s > 0, and w- lim;_,q+ Wy = 1, where B(H) denotes the set of bounded operators
on ‘H and w-lim stands for weak limit. The fact that A is the generator of the
Co-semigroup {W,};>0 means that

D(A) = lim (it) ' (Wyu — ists
(A)={ue H’t_l)%i(z )~ (Wiu — u) exists},
iAu = lim t~(Wyu — u).

t—0+
We make the following hypotheses.
Hypothesis B.1. For allt > 0, W, and W preserve G and, for all ¢ € G,
S [Wigllg <o, sup [Wielg < oo.
In particular, t — Wi|g € B(G) is a Co-semigroup, and the extension of Wy to G*

(which will be denoted by the same symbol) defines a Co-semigroup on B(G*) (see
[10, Remark 1.4.1)]. Their generators are denoted by Ag and Ag-, respectively.

Hypothesis B.2. The operator H € B(G;G*) is of class C*(Ag; Ag~), meaning
that there exists a positive constant C such that, for all0 <t <1,

Wi H — HW;||5(g:6+) < Ct.

Moreover, for all ¢ € D(H),

lim L (o, WiHp) — (Ho, Wig)) = (o, H').

t—0+ t
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Proposition B.3. Suppose that Hypothesis B.1 holds and that the sesquilinear
form [H,iA] defined on D(A) NG by

(u, [H,iAv) := i{u, HAv) — i(A*u, Hv),

extends to a bounded quadratic form on G. Then H is of class C1(Ag; Ag+) in the
sense of Hypothesis B.2, and the operator H' € B(G;G*) is the operator associated
with the quadratic form [H,iA].

Under Hypotheses B.1 and B.2, we have the following version of the virial
theorem.

Theorem B.4 (Virial Theorem). Assume Hypotheses B.1 and B.2. For any
eigenstate v of H, we have that

(¢, H'@) = 0.

The limiting absorption principle stated in Theorem B.7 below requires some
more regularity of H with respect to A:

Hypothesis B.5. The operator H € B(G;G*) is of class CY'(Ag; Ag+), i.e.

! dt
LW 0 g 5 <

We recall that (A) = (1 + A*A)Y/2 = (14 |A]*)'/2 for any closed operator A.
Our last hypothesis is a version of a strict Mourre estimate.

Hypothesis B.6. There exist an open interval I C R and constants cg > 0,
C € R, such that, in the sense of quadratic forms on D(H),

H' > coll - Cly (H)(H), (87)
where 1+ (H) := 1 — 1;(H).

The following theorem shows that a limiting absorption principle holds for
H in any compact interval where a Mourre estimate is satisfied in the sense of
Hypothesis B.6. The proof of Theorem B.7 can be found in [13] (see also [19] for
a similar result under slightly stronger assumptions).

Theorem B.7 (Limiting absorption principle). Assume that Hypotheses B.1, B.5
and B.6 hold. Let J C I be a compact interval, where I is given by Hypothesis
B.6, and let

J={2€C,Rez€ J,0< [Imz| <1}.

For any 1/2 < s <1, we have that

sup [[(A) 7 (H — 2)7H{4) 7| < o0,
z€J
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and the map z — (A)~5(H — z)"'(A)~* € B(H) is uniformly Holder continuous
of order s —1/2 on J. In particular, the limits

(A)"(H = A —i0%) "1 (A) ™" = lim (A)"*(H — X —ic)~}(4)~*,

e—0F

exist in the norm topology of B(H), uniformly in X € J. This implies that the
spectrum of H in J is purely absolutely continuous. Moreover, the map \ —
(A)=S(H — X\ —i0F)~Y(A)=* € B(H) is uniformly Hélder continuous of order
s—1/2 on J.

Remark B.8. 1) Theorem B.7 is established in [13] in the more general context
of singular Mourre theory. More precisely, as shown in [13], the assumption
that the commutator H' is relatively bounded with respect to H can be relazed.
This is of fundamental importance for the application to massless quantized
fields considered in [14], but is not needed for the model studied in the present
paper. Therefore, we content ourselves with the simpler setting of regular
Mourre theory (i.e. we suppose that H' is H-bounded).

2) The results in [13] are formulated under a stronger assumption than Hypoth-
esis B.5, namely that H € C?(Ag; Ag~). Nevertheless, as mentioned in [13],
one can verify that Hypothesis B.5 is sufficient for Theorem B.7 to hold.

3) By Fourier transform, Theorem B.7 implies the local decay property
[{A) e " X (H)(A) || = O((t)~**2),

for any x € C°(I;R) and 1/2 < s < 1.

C Creation and annihilation operators in Fermi-
Fock space

Let & be any separable Hilbert space. Let ®[® denotes the antisymmetric n-th
tensor power of &, appropriate to Fermi-Dirac statistics. We define the Fermi-Fock
space over &, denoted by F,(®), to be the direct sum

F.(6) =P @n o,
n=0

where, by definition, we have set ®2® := C. We shall denote by Q, the vacuum
vector in §o(®), i.e., the vector (1,0,0,---).
Let §, be the Fermi-Fock space over $),

ga = Sa(ﬁc) .

The Fermi-Fock space for electrons and positrons, denoted by §p, is the following
Hilbert space

SD = 3a ® 'S:a . (88)
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We denote by Qp := Q, ® Q, the vacuum of electrons and positrons. One has

Sp= & 9,

r,5=0
where 37 = (R19:) ® (®iH.).

For every ¢ € $ we define in §, (%) the annihilation operator, denoted by b(y)
as:

and, for any n € N,

b(p) (Ant1(p1 ® ... @ Png1))

= ,Zsyn (©:Po(1) Po(2) ® - - - @ Po(n+1)

where ; € $. Note that the operator b(p) maps @716 to ®@7§. It extends by
linearity to a bounded operator on Fo($).

The creation operator, denoted by b*(¢), is the adjoint of b(y). The operators
b*(¢) and b(p) satisty [|b(s)|| = [[b" ()| = [l

We now define the annihilation and creation operators in the Fermi-Fock space
§p for electrons and positrons.

We first define the creation and annihilation operators for the electrons. For
any g € $., we define in §p = §Fo, ® F, the annihilation operator, denoted by

by(g), as

Observe that b (g) maps U into S(T’S as follows

b+(g) (Ar-l-l(gl Q... ®gr+1) & As(hl ... hg))
= [b(g)AT+1(gl & ... ®gr+1)] &® As(hl ®R...Q0 hs)

The creation operator b% (g) = b*(g) ® 1 is the adjoint of by (g). The operators
b% (g) and by (g) are bounded operators in Fp.
We set, for every g € $.,

b~,,+(g) = b+(Pyg)
bl4(9) = bi(Pyg)

where P, is the projection of §). onto the y-th component.
We next define the creation and annihilation operators for the positrons. For
every h € §)., we define in §p the annihilation operator, denoted by b_(h), as

b_(h) := (=1)Ne @ b(h),

where (—1)Me denotes the bounded operator on §, defined by its restriction to
@b as (—1)Ney = (=1)"u for any u € Q" h,.
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In other words, b_(h) maps 35[’5“) into &(f’s) as follows:

b_(h)(Ar(gl ®...Q0 gr) ® As+1(h1 ®...Q hs+1))
=A(g1®...©9)®[(=1)"b(h)Asi1(h1 ® ... & hsi1)]

The creation operator b* (h) = (—1)Ne @ b*(h) is the adjoint of b_(h); b* (h) and
b_(h) are bounded operators in §p.
As above, we set, for every h € §,

b%*(h) = b_(Pyh)
b _(h) = b (Pyh).

A simple computation shows that the following anti-commutation relations
hold

{b4.+(91),b5 1. (92)} = 64 5(Pyg1, Pyg2)r2(m, ) 5
and
{09 (90): 0 _(92)} = 0,

where g1, g2 € H¢, and #; (i = 1,2) stand either for * or for no symbol.
As in [24, chapter X], we introduce operator-valued distributions b, +(p) and
b3 1 (p) that fulfills

bse) = [ b)) Gy

alo) = [ 820 (P )

where g € ..
We also define for £ = (p,7),

V() =, 2 (p).
Note that with the notation of (7), we have

b () = / B (€)g(@) de .

We now give a representation of b, +(p) and b L (p). Recall that Dp denote
the set of smooth vectors ® € Fp for which &%) has a compact support and
®(73) = 0 for all but finitely many (r, s).

For every & = (p,7), b+ (£1) maps 3'((:“’8) N®p into ng’s) N®p and we have

(b+(£1)®)(r’8)(p13717 .o 7p7“377”;p/1a717 ce. 7p/97’7/9)
=V 10N (p oy pr Y1, ey Y D Vs s D VL)
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b% (&1) is then given by:

(b1(§1)¢)(r+1’3)(p1a’717 e 7pT+1a’YT+1;pllafyia SRR 7p/57'Y;) =
1 r—+1

\/m Z(_l)i—i_l(s’)’ﬂ’a(p - pl)

‘I)(T’S)(Ply’h, o e 7m7 ... 7p7“+1777‘+1;pl177£a ce ap/sa’y;)

where ~ denotes that the i-th variable has to be omitted.

Similarly, for & = (p’,v'), b—(&2) maps 30D 4 into §Y ND p such that

(b— (52)(?)(7,’8)(})13717 cee 7p7“377”;p/17’717 s 7p/97/7/9) =
(D)™ @ b(2)®) ™ (p1, 71, -+ Pry Wi P Ve -0 P Ve) =
V'S 1(71)T(I)(T,S+1)(p13717 s 7p7“377’;p/7’7/7p/1a’717 s 7p/977/9)

b* (&) is then given by

(bt(£2)q))(ns+1)(p1a’yh e vprvl}/T;p/h’Yia e 7pls+1a’yg+1) =
1

s+1
m(_l)r Z(_l)wrl(sﬁ/ﬁ;é(p/ - p;)
i=1

q)(rA'S)(pl’th e 7p7“777‘;p/17’>/i? e 7p;‘a’77€7 e 7p;+17fy;+1)

Let us recall that ®(™*) is antisymmetric in the electron and the positron variables
separately. We have

{by,+(p), 05, (1)} = {by,~(p), 05, _ (1)} = 0y6(p —P). (89)

Any other anti-commutators equal zero.
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