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ON CLOSED IDEALS IN THE BIG LIPSCHITZ ALGEBRAS OF
ANALYTIC FUNCTIONS

BRAHIM BOUYA AND MOHAMED ZARRABI

ABSTRACT. In this paper we study the closed ideals in the big Lipschitz algebras of
analytic functions on the unit disk. More precisely we give the smallest closed ideal with
given hull and inner factor.

1. INTRODUCTION AND STATEMENT OF MAIN RESULT

Let D be the open unit disk of the complex plane and T its boundary. By H* we denote
the space of all bounded analytic functions on ID. The big Lipschitz algebra is defined by

the following
Lip, = {f € H®: sup M

z,weD |Z - w|a
zF#w

where 0 < a <1 is a real number. It is clear that Lip, is included in A(DD), the usual disk
algebra of all analytic functions f on D that are continuous on D. It is well known that
Lip, is a non separable commutative Banach algebra when equipped with the norm

£ (2) = f(w)|

|2 — wl|

< +oo},

[ fllec := 1lflloo + sup
z;'ii]]])

)

where || f]|c :=sup |f(z)] is the supremum norm. We note that
zeD

£ 16 = 1fllee + sup(l — )1 f (=),

defines an equivalent norm on Lip,, see for example [5, Theorem 5.1|. From now on, we
denote by U € H>™ an inner function and by E C T a closed set such that E O o(U)NT,
where
o(U):={\eD : lim inf [U(z)| = 0},
zeD

is called the spectrum of U, see [15, Pages. 62-63]. It is known that o(U) = Zy Usupp(j1,,),
where Zy is the zero set in D of U and supp(p,,) is the closed support of the singular
measure y,, associated to the singular part of U. We set

IA(]D))<E, U) = {f S A(]D)) : f\E =0 and f/U S HOO}
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2 B. BOUYA AND M. ZARRABI

The structure of closed ideals in the disk algebra was given independently by Beurling and
Rudin, see [8, Page. 85| and [17]. They proved that if Z is a closed ideal of A(ID), then
1= I.A(]D) (E17 UI), where

E ={£eT: f({) =0, Vfel}
is known as the hull of Z and U, is the greatest inner common divisor of the inner parts
of the non-zero functions in Z. Later in [2, 3, 11, 13, 18, 20] the authors described the
complete structure of the closed ideals in some separable Banach algebras of analytic
functions. They proved that they are standard in the sense of the above Beurling and
Rudin characterization. However, the structure of the closed ideals of non separable Banach
algebras of analytic functions seems to be much more difficult, see [6, 7, 9] and references
therein for the analytic case and [19] for the non analytic case.

We set
Z.(E,U) = Zam) (E,U) N Lip,
and
Ja(E.U) = {f € T(B,U) : lim sup (1 - |2])"~[f(2)| = 0},
0=0 2eR(s)
where

E(0):={z€D : d(z,E) <4}, 0<d<1,
and d(z,E) notes the Euclidian distance from the point z € D to E. The spaces Z,(E, U)
and J,(E, U) are clearly closed ideals of the algebra Lip, and J,(E,U) C Z,(E,U). It is
known that there exists a non zero function f € Lip, with boundary zero set E and inner
factor U if and only if the following condition holds

21
/ log d(e, E U Zy)df > —oo, (1.1)
0

see Theorem 4 below. So under condition (1.1), we have E, = E and U, = U when T equals
Z.(E,U) or J,(E,U). For every closed ideal Z C Lip, we obviously have Z C Z,(E_, U,).
On the other hand, T. V. Pederson proved in [16, Theorem 4.1] that J,(E,,U,) C Z,
for every Z such that E_ is a countable set. A result of this type was stated first in [7]
by Hedenmalm in the algebras H> and Lip;, for closed ideals Z such that [, is a single
point. We also note that the closed ideals with countable hull in many different separable
Banach algebras were characterized in [1|. In [7, 16] the authors use the classical resolvent
method (also called the Carleman transform) which seems to be difficult to apply when
E, is uncountable. In this paper we show that the above inclusion always holds. To do
this we give an adaptation in the space J,(E, U) of Korenblum’s functional approximation
method [11], see also [2, 14]. Our main result is the following Theorem.

Theorem 1. Let 7 C Lip, be a closed ideal, where 0 < o < 1. Then J,(E,,U,) C T.

It follows that for every closed ideal Z of Lip,, J,(E,,U,) CZ C Z,(E,,U,). We note
that for s > 0, it is shown in [16, Corollary 4.7| that the set of closed ideals lying between
Ja({1}, %) and Z,, ({1}, 1) is uncountable, where 1, is the following singular function

Ys(2) == = z € D.
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We also obtain the following Corollary.

Corollary 1. The closed ideal J,(E,U) is principal and is generated by any function
g € JL(E,U) with inner factor U and boundary zero set E.

To prove Theorem 1 we extend some approximation results obtained in [16] by using the
factorization property (also called the F-property) of the space J,(E) := J,(E, 1), which
we state in the following Theorem.

Theorem 2. Let g € Lip, be a function and V € H>™ be an inner function dividing g,
that is g/V € H>®. If g € Jo(E), then g/V € J,(E).

We note that Lip, possesses the F-property; If f € Lip, and V € H* is an inner
function such that f/V € H*™ then f/V € Lip, and ||f/V]a < callfllas where ¢, is a
positive constant independent of the functions f and V, see [21].

The remaining of this paper is organized as follows: In section 2, we use Theorem 2 to give
the proof of Theorem 1. Section 3 contains the proof of Theorem 2. The last section is

devoted to presenting an elementary proof of Theorem 2 in the case 0 < a < 1.

2. PROOF OF THEOREM 1

2.1. Some technical results. For f € H* we denote by U; and Oy the inner and the
outer factor of f. By By the Blaschke product with zeros

Zy ={zeD : f(z) =0},

counting the multiplicities. For a closed ideal Z of Lip,, we set Z, := (| Z; and we denote
fez
by B, the Blaschke product with zeros Z., counting the multiplicities. In fact B, is the

Blaschke product factor of U,. We need the following result to show the next one.
Lemma 1. Let p € N be a number. The set Jo(E,U)NZE(E) is dense in Jo(E,U), where
IP(E) :={f € Lip, : 3C >0, |f(&)| < Cd°(&,E) for all £ € T}.

o

Proof. Here, we will just point out the steps in the proof of [16, Proposition 5.3] that prove
the present lemma. For a real number ¢ € (0, 1), we let E, 5 and E, 5 be two closed disjoint
subsets of T such that E C E, 5 C E(d) and Ef = E; sUE, 5. By using [16, Proposition 5.4],
we have Oy = Oy5 X Oq5, where O; 5 € Lip, are outer functions such that Eo,; = E;;,

o0

(i =1,2). We have T\ E; s = U (an,b,), where (a,,b,) C T\ E; s is an open arc joining

n=1
the points a,, b, € E; 5. For N € N, we define Fy to be the outer function with boundary
modulus defined as follows

LG U .
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e}

where Qn = |J (an,b,). Since the set E \ 00y is finite we can set E \ 0Qy =
{c1,¢9, ..y cmN}.nXi[sJ(r)l, we define

zZ—¢
In [16, Pages 52-53] it is shown that for every € > 0 there exist parameters ¢, t, N, ¢, p
and p such that the function

K;u(z) = 2 eD.

My
ni= (11 KW)pF]‘{,OL;
=1

belongs to A(D) and ||fh — f|lo < . Hence every function f € J,(E,U) can be approxi-
mated by functions in J,(E,U) NZP(E), using the simple fact that J,(E,U) C J,(E) and
that U divides fh. So J,(E,U) NZF(E) is dense in J,(E,U). This finishes the proof of
Lemma 1. 0J

To prove our main Theorem we need the following Proposition which in particular gives
an answer to the question (2) in [16, Page 47].

Proposition 3. Let f € Lip, be a function such that f € Jo(Ey). Then
Lipa f = ja<Ef, Uf)

Proof. Let f € J,(Ey) be a function. It is clear that Lip, f C Jo(Ef, Ur). We have to
show that J,(Es,Uy) C Lip, f. Using Lemma 1 it is sufficient to show that J,(Es, Us) N
IP(Ey) C Lip, f for some p € N. Let g € Jo(Ef, Us) NZE(E;) be a function and suppose
that p > 2a. We note that Oy € J,(Ef), by Theorem 2. According to the proof of [16,
Proposition 5.2| the function ¢ can be approximated by functions of the form ghO¢, where
h € Lip,, (see assertions (i) — (#i) in [16, p. 48| and assertions (11) — (a) — (b) in [16,
p. 50]). By using the F-property g/Us € Lip,. Then hgO; = h(g/Uy) f € Lip, f. It
follows that g € Lip, f. Hence J,(Ef, Ur) NIE(Es) C Lip, f. The proof of Proposition 3
is finished. 0J

The following space
A'D) = {f € AD) : [ € AD)},
endowed with norm
1 llar = [ flloo + 1 loes € AYD),

is a Banach algebra. Clearly A'(D) is continuously embedded in Lip,. The following
theorem is proved in [10, Theorems 2 and 4], see also [22, Theorem|.

Theorem 4. Let f be a nonzero function in Lip,. Then the closed set By U Zy satisfies
the condition (1.1). Conversely if E U Zy satisfies the condition (1.1), then there exists a
function f € AY(D) such that Uy = U, E; =E and Ey D E.

Now we can give the proof of our main Theorem by using Proposition 3 and Theorem 4.
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2.2. Proof of Theorem 1. Let Z C Lip, be a closed ideal. Since A'(D) is continuously
embedded in Lip, then Z, := A'(D)NZ is a closed ideal of A'(D). Tt is clear that E, CE,_
and U, divides U, . Now, let f € Z'\ {0} be a function. It is easily seen that f, := fO;
belongs to J,(Ey,). Then Lip, fi = Jo(Ey,, Uy, ), by using Proposition 3. Since E;, = Ey,
Uf1 = Uf and f1 € 7 then ja(Ef,Uf) CcT.

By Theorem 4 there exists a function g € A*(D) such that U, = Uy, E, = E; and E, D E;.
It is clear that g € J,(Ef, Us). Then g € Z and by consequence g € Z;. We conclude that
U,, divides Uy and E, C E; for every function f € Z\ {0}. So E, =E, and U, = U,.
According to the structure of closed ideals in A'(D) given in [12]

{feA'D) : f/U, €eH*and f=f =00nE, } CT. (2.1)
It follows that
{fe AYD) : f/U, €H®and f=f =0onE,} CT. (2.2)

By using Theorem 4 there exists a function fy € A'(D) such that Uy, = U,, E; = E,
and Eyy O E,. Then f, € T by (2.2). It follows that Lip, fo € Z. Since fo € Ja(Ey,)
then Lip, fo = Jo(E,,U,), by using Proposition 3. Hence J,(E,,U,) C Z. The proof of
Theorem 1 is completed.

2.3. Proof of Corollary 1. It follows clearly from Theorem 1 that J,(E, U) is generated
by any function g € J,(E,U) such that U, = U and E;, = E. So we have just to check
that such functions exist. If J,(E,U) # {0} then E U Z satisfies the Condition (1.1)
by Theorem 4. Now the existence of such functions follows again from Theorem 4, which
finishes the proof of Corollary 1.

3. PROOF OF THEOREM 2

Let g be a nonzero function in J,(E) such that V' divides U,. We set k := g/V. For
a real number § € (0,1), we let E;s and E;s5 be two closed disjoint subsets of T such
that E C E;5s C E(0) and E; = E; 5 U Eys. By using [16, Proposition 5.4], we have
Oy = O15 X Oy5, where O; 5 € Lip, are outer functions such that Eo, ; = E;5, (i = 1,2).
The function O; s is constructed such that log |O; 5| = x;1log|Oy| = x;log |g| on T, where
X: is a function such that 0 < y; < 1. This implies in particular that |O; | < |g| + 1. We
have

(gOia —g) = tOi,aOi,aOzéUg + (Oi,s - 1)g.
Then

19016 = glle < v(t.6) + ([lgllec +2) S;;(I;&)(l =)' g (2)], (3.1)
ze

where ¢t € (0,1) is a real number and

v(t,0) = [lg015 = gllc + tO16]1% | O2sllocl|Orslle + llglls  sup  [O15—1.
2€D\E(265)
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It is plain to see that, for every real number §" > 0,
lim sup |O}4(z) — 1] =0. (3.2)
t=0% 2eD\E, 5(5")

It follows

lim sup |O}s(2) — 1] =0, (3.3)
t=0% LeD\E(25)

by using the fact that D\ E(26) C D\ E; 5(6). From (3.2) and the fact that g is continuous
on D and vanishes on E, 5, we get that

lim 905 — glloe = 0. (3.4
t—0t ’
Thus, for a fixed § € (0,1), we have
li t,0) =0 3.5
Jim w(t,9) =0, (35)
by using (3.3) and (3.4). Now, since g € Jo(E, U) then
lim sup (1—|z)'"|¢'(2)| = 0. (3.6)
6—=0T L cE(26)

We deduce from (3.1), (3.5) and (3.6) that for every § € (0,1) there exists a number
t(9) > 0 such that

. 0
lim [|gO} — gl =0. (3.7)
By using the F-property of Lip,
1k(O1 = Dlla < callg(OfF = Doy~ forallo<s<1, (3.8)
where ¢, > 0 is a constant independent of J. Hence
. t(s
Jim [0V~ 1)]la = 0. (3.9)

By computing the derivative we see easily that k:O'iEg) € J.(E), for all 0 < § < 1. Hence
k € J.(E), as consequence of the fact that J,(E) is closed and (3.9). This finishes the
proof of Theorem 2.

Remark 5. In the appendix below we give an elementary proof of Theorem 2 for 0 < o < 1
based on an estimation of some classical Toeplitz operators. However we do not know how
to extend this proof to the limit case a = 1.

4. APPENDIX: A TOEPLITZ METHOD FOR THE F-PROPERTY OF 7,(E)

In this section we consider the spaces Lip, such that 0 < o < 1. The proof in the
following section is inspired from [21, Page. 8|. Let E C T be a closed set. We define in
Lip,, the following Toeplitz operator

T (9)(2) = 1 g(C)V(C)d

= eD
21 Jp (—z s ==

where V' € H™ is a function. We start with the following Proposition.
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Proposition 6. Let g € Lip, where 0 < a < 1 is a real number. For every function
V e H>™, we have

1— /
sup(1 — |2])""?(T,, (9)) (2)] < +oo. (4.1)

z€D
If moreover g € J,(E), then we have

lim sup (1 - 2D 1(T (9)) ()] = 0, (4.2)

=0 2eE(5)
uniformly with respect to all functions V' such that ||V || < 1.

Proof. Let g € Lip, where 0 < a < 1 is a real number. We have

(T, (9)) (=) :—LA“OWO«

2mi Jp (¢ — 2)? -
(O,
= 2m’/T =22 acg, e D. (4.3)
It follows
(1 [)'=I(T, (9)) )
VIl = B /1500 =5t/
< /' el 3 (4.4)
< mwwmmal—vnkféﬁtééﬁlwq, 2D, (4.5

The following classical equality
, A 1
e = [2]e”[* = (1 = [2])* + 4]z sin®(5(6 — 1)),

gives the following one
=2/l 2sin(k@—p)I°
[C=2* (1= 2]+ 4lz|sin®(5(0 — 1))
where 2z := |z]e?? € D and ( := ¢ € T. Therefore
€ — 2/l /” s -1
—————|d{| <c | —————=ds <c,(l—]z])*", z €D, 4.7
JEeR e | ot <t - e

where ¢ and ¢, are constants. By combining (4.5) and (4.7),

(L= 120" N7 (9) )] < cal Vieelgllay 2z €D, (4.8)

which proves (4.1).
Now we suppose that g € J,(E) and that ||V||. < 1. Let € > 0 be a positive number. It
follows from [16, Proposition 3.1|, there exists a real number 0 < 6 < 1 such that

19(0) — g(&)| <el¢—¢|*, ¢ E€EB)NT.

(4.6)
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For a point z € E(0

/ 19(<) z/lz“\Q)HV( )‘IdCI

< [lO—alelily
- b0 LDy [ 1909 =9
E(8)NT T\E(9)

¢ — 2 ¢ — =]

<=2/l [EIE
A e L (4.9

Let 0 < ¢ < 6/2 and z € E(J"). By using (4.6),

I = 2/ 1211 [ 5
| < ¢ SR A
/m() C—ep XS TR

uOé
< en(1 =2t d E(& 4.10
<l [ patn 2€BO). (@10

where ¢ and ¢, are constants not depending on § and ¢§’. Hence, for sufficiently small ¢,

19(<) Z/\Z|)||V( )l o
[ g < et - seB@), @)
by combining (4.7), (4.9) and (4.10). We deduce that (4.2) holds as consequence of (4.4)
and (4.11). This finishes the proof of Lemma 6. O

The following Corollary gives the F-property of the spaces Lip, and J,(E) directly from
Proposition 6.

Corollary 2. Let g € Lip, where 0 < a < 1 is a real number. Let V &€ H> be an inner
function dividing U,. We have the following assertions

1. The function g/V belongs to Lip,.
2. If g € Ju(E), then g/V € J.(E).

Proof. Since V € H> is an inner function dividing U,, then T, (g) = ¢/V. The proof of
the assertions 1 and 2 are deduced by applying Proposition 6. 0
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