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A Banach algebra approach to the weak spectral
mapping theorem for locally compact abelian
groups

Jean Esterle and Eva Fasangova

Abstract. We give a general version of the weak spectral mapping theorem
for non-quasianalytic representations of locally compact abelian groups which
are weakly continuous in the sense of Arveson, based on a Banach algebra
approach.

Mathematics Subject Classification (2000). Primary 47A16; Secondary 47D03,
46740, 46H20.

Keywords. spectral mapping theorem, group representation, Arveson spec-
trum, infinitesimal generator, regular Banach algebra, Bochner integral.

1. Introduction

Let T = (T(t))ter be a strongly continuous one-parameter group of bounded
operators on a Banach space X, and let A be the infinitesimal generator of T.
Such a group is said to be non-quasianalytic if it satisfies the condition
log™ || T(n
Sl Il
1+ n?
nez

This condition implies that the spectrum of T'(¢) is contained in the unit circle.
The weak spectral mapping theorem says that if the group is non-quasianalytic
we have

et = (T (t)).

The weak spectral mapping theorem in this form was stated by Marschall
in 1986, [26], theorem 2.1-a, as a direct consequence of theorem 1.3 of [25] con-
cerning decomposable operators and local multipliers. In the more general context
of Banach modules and with the notion of Beurling spectrum, the weak spectral
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mapping theorem for representations of a group was stated by Baskakov in 1979,
[3], lemma 3.

The theorem has been obtained independently and published by Lyubich and
Vu in 1989 [37]. This paper is in fact a short note which shows how the theorem can
be obtained as an easy consequence of results on "separability of the spectrum"
of non-quasianalytic strongly bounded one-parameter groups proved by Lyubitch
and Matsaev in 1962 in the seminal paper [22], which was later generalized by Lyu-
bitch, Matsaev and Feldman [23], [24]. Finally, unaware of previous results, Nagel
and Huang obtained again independently the weak spectral mapping theorem in
[27]. Subsequently, Huang showed that the assumption of non-quasianalyticity is
essential by giving an example in the quasianalytic case where the spectrum of the
generator is empty [17], which obviously prevents any form of spectral mapping
theorem to hold.

Similar results can be obtained for more general groups of bounded operators
on Banach spaces. Let G be a locally compact abelian group, let T : g — T'(g) €
B(X) be a representation of G on a Banach space X, and assume that the represen-
tation is weakly continuous in Arveson’s sense, see section 2. Set wr(g) = ||T(g)||
for g € G, denote by M,,..(G) the convolution algebra of all Borel measures p on G
such that [, wr(g)d|p|(g9) < +oco. Also denote by L, (G) the convolution algebra
of all Haar measurable functions f on G such that [ |f(g)|wr(g9)dm(g) < +oo,
where m denotes the Haar measure on G. Then L!,_(G) is an ideal of M,,..(G),
and for p € My, (G),z € X, the formula

or(p)r = /G T (g)xdu(g)

defines an algebra homomorphism ¢ : M, (G) = B(X).
Now assume that lim,_, 1 | T(ng)||* = 1 for every g € G. Then wr(g) > 1
for g € G, My (G) C M(G) and the Fourier transform u — [,

Al = /G (0 x)dulg) (x € C),

is well-defined on M,,.(G). The Arveson spectrum of T is defined by the

formula o

spec(T) :={x € G: f(x) =0Vf € ker(¢T)N L}UT(G)}.
A well-known result, that we describe in section 5, shows that if we identify R to
iR then the spectrum o(A) of the generator of a one-parameter non-quasianalytic
Co-group (T'(t)):er equals the Arveson spectrum spec(T), and the weak spectral
mapping theorem means that the set {x(¢) : x € spec(T)} is dense in o(T'(¢)) for
every t € R.

The representation T is said to have the weak spectral mapping property if
the set {x(g) : x € spec(T)} is dense in (T (g)) for every g € G. In his celebrated
paper on classification of type III factors [5], Connes shows that this is indeed
the case for bounded representations (this result is stated in lemma 2.3.8 of [5]
for unitary representations of locally compact abelian groups on Hilbert spaces,
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but the same argument works for bounded strongly continuous representations on
general Banach spaces).

In the same direction d’Antoni, Longo and Zsidé observed in 1981 in [6] that
if T: g T(g) is a weakly continuous bounded representation of a locally compact
abelian group on a Banach space, then o(or(f))) = A(spec(T)) U {0} for every
feLl (G).

The weak spectral mapping theorem means that if J, denotes the Dirac mea-
sure associated to g € G, then the set gg(spec(T)) is dense in o(¢T(dy)) for g € G.
Takahashi and Inoue showed in [35] that fi(spec(T)) is dense in o(¢pr(u)) if u
is contained in the largest regular subalgebra Mo(G) of M(G) provided T is a
weakly continuous bounded representation of a compact abelian group G, and
Seferoglu extended this result to locally compact abelian groups in [32] (see also
his previous paper [31] for bounded one-parameter groups).

In the present paper we show in theorem 4.3 that, more generally, if T =
(T'(9))geq is a representation of a locally compact abelian group G on B(X) which
is weakly continuous in the sense of Arveson with respect to a dual pairing (X, X,)
(X, is a subspace of the dual space X’) and satisfies the non-quasianalyticity
condition .

X log ||T(n

n=0

then fi(spec(T)) is dense in o(¢T(u)) for every measure p € M, (G) which is
contained in some closed regular subalgebra of M. (G), or, equivalently, which is
contained in the largest closed regular subalgebra of M,,.(G). This result might
be seen as well-known, but we could only find a reference for this in the case of one-
parameter non-quasianalytic groups of bounded operators [33], in a slightly less
general form: the result of [33] is stated for one-parameter Co-groups (7'(t)):cr such
that [|T(¢)]] < w(t) for some non-quasianalytic weight w, while our result is valid
for all weakly continuous group representations where the weight wr : g — || T(g)l|
is itself non-quasianalytic.

This paper offers also a Banach algebra approach of these spectral mapping
theorems, which is a development of the methods used by the second author in
[12], [13], [14]. In section 3 we give a general theorem concerning continuous unital
homomorphisms ¢ : A — B(X), where A is a commutative semisimple unital
Banach algebra. Let Z be a closed ideal of A, and for x € 7 (the Gelfand space)
denote by x € A the unique extension of y to A. Assume that Z is a regular
Banach algebra which satisfies spectral synthesis (see section 3 for the definition),
and that we have

aiélfz\<¢(a)x—x,l>| =0 (zeX,leX,) (1.1)
for some dual pairing (X, X.) (see definition 2.1). We have for the hull (see section
3)

hz(ker(¢) NT) = hz(ker(¢iz)) = {x € Z : x(u) = 0 Vu € ker(¢p) NI} C .
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We can summarize the spectral properties obtained in theorem 3.2 in the following
table (in this table U denotes a closed regular subalgebra of A such that Z C U,”
is the Gelfand transform,”™ denotes the extension as above and spec(¢(a)) is the
spectrum of the operator ¢(a) € B(X)).

hz(ker(¢) NZ) compact hz(ker(¢) NZ) noncompact

a € A | spec(¢p(a)) =a (ﬁz(ker(@ NnZ

a €l | spec(d(a)) =a (ﬁz(ker((b)
a €T | spec(¢p(a)) =a

spec(g(a)) Ca (izz(ker(gb) OI)) 50

)
)) spec(p(a)) =@ (izz(ker(gb) mz)) 50
) @ (hz(ker(¢) NT)) UO

Theorem 4.3 concerning non-quasianalytic weakly continuous representations
of locally compact abelian groups is an application of theorem 3.2 in a concrete
situation: A := My,1.(G), ¢ := ¢1, I := L., _(G), U := a regular closed subalgebra
of M,,,.(G). Note that in this context the Arveson spectrum spec(T) is actually
hry_(a(ker(ér) N Ly, (G)).

The authors wish to thank Y. Tomilov for very valuable discussions concern-
ing the history of the weak spectral mapping theorem and for pointing to our
attention the references [23|, [24], [25], [26], and to I. Kryshtal for drawing our
attention to the works of A. G. Baskakov.

2. Representations of locally compact abelian groups

Let X = (X, |.||) be a Banach space. We denote by B(X) the Banach algebra of
bounded linear operators R : X — X with composition, we denote by GL(X) the
group of invertible elements of B(X) and we denote by I = Ix the identity map
on X. We also denote by ||.|| the operator norm on B(X) associated to the given
norm on X, and we denote by p(R) the spectral radius of R € B(X). If Y is a
subspace of the dual space X’ of X we will denote by o(X,Y) the weak topology
on X associated to Y.
We will use the following notion, introduced by Arveson in [2].

Definition 2.1. Let X be a Banach space, and let X, be a subspace of the dual
space X'. We will say that (X, X,) is a dual pairing if the two following conditions
are satisfied:

1. ||lz|| = sup{{x,l) : 1€ X, ||| <1} for every x € X.

2. The o(X, X.)-closed convexr hull of every o(X, X,)-compact subset of X is
(X, X,)-compact.

For example, (X, X’) is a dual pairing. Also if X =Y’ for some Banach space Y,
and if we identify Y to a subspace of X’ = (Y’) in the obvious way, then (X,Y)
is a dual pairing, see [2]|. Notice that condition 1 means that if we set Z(1) = (z,1)
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for x € X, € X, then the map = — Z is an isometry from X into the dual space
(X.).

Let S be alocally compact space, u : S — X. Since ||u(s)|| = sup;cx. [(u(s),1)]
for s € S, the function w, : s +— ||u(s)|| is lower semicontinuous on S, which allows
to compute the upper integral

/ lu(s)lldlul(s) = sup / £()dlul(s) € [0, +o0]

fEc+(S)

for every regular measure p on S, where C (S) denotes the space of all nonnegative
compactly supported continuous functions on S.

Let S be a locally compact space, and let (X, X,) be a dual pairing. A map
u: S — X is said to be weakly continuous with respect to (X, X,) if the map
s+ {(u(s),!) is continuous on S for every [ € X,, and we will often just say that
u is weakly continuous when no confusion may occur. In this situation it follows
from the Banach-Steinhaus theorem and from condition 1 of definition 2.1 that we
have, for every compact subset K of X,

sup [[u(s)|| = sup [[u(s)|| = sup  sup  (u(s),1) < +o0. (2.1)
sEK sEK seK e X, ||l|IL1

The following proposition is an immediate generalization of proposition 1.2 of [2].

Proposition 2.2. Let S be a locally compact space, let (X, X,) be a dual pairing,
and let u : S — X be a weakly continuous map. Set wy(s) = |Ju(s)| for s € S,
and denote by M,,, (S) the set of all regular measures v on S such that ||pl|w, =
fs [lu(s)||d|pl(s) < +o0. Then for every p € M., (S) there exists © € X satisfying

(2,1) = /S (u(s), Ddu(s) (1 € X,). (2.2)

Proof: Since fs >|d|M|( ) < lllllpllw, < +oo for every | € X, the
formula f,, (1) :== [q(u( w(s) for I € X, defines an element f,, € (X.)’, and we
have to show that fu =z f or some z € X. It follows from condition 1 of definition
2.1 that we have

/ (u(s), Dydp(s)
S

[full = sup < lplleo,-

leX.[ltfI<t

Denote by M_.(S) the space of all regular measures on S supported by some
compact subset of S. It follows from (2.1) that M.(S) C M, (S), and the fact
that property (2.2) holds for every p € M. (S) follows directly from [2], proposition
2.1. Set X := {& : 2 € X}. It follows from condition 1 of definition 2.1 that X is
closed in (X.). Let u € My, (S). There exists a sequence (p,)n>1 of elements of
M.(S) such that lim,, 4 o0 ||t — pin||w, = 0. Hence lim, 4 o || fu — fu. || = 0, and
fueX. 0
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When the conditions of proposition 2.2 are satisfied, we will use the notation

x:/u(s)d,u(s), (2.3)
S

where the integral is a Bochner integral computed with respect to the o(X, X,)
topology, which defines an element of X since (X, X,) is a dual pairing.

Notice that since w, is lower semicontinuous, it follows from the theory of
integration on locally compact spaces, see [4], chapter 4, that M., (5) is the space
of regular measures p such that w, is integrable with respect to the total variation
|| of w1, and it follows from [4], proposition 1, that we have for u € M, (5)

w :/SIIU(S)IIdIuI(S):/S [u(s)lldlpl(s) = sup /K [[u(s)l[dlpel(s)-

KCS,K compact

irg

Let G be a topological group. A representation of G on a Banach space X is a
unital homomorphism T : G — GL(X), i.e. a map g — T(g) satisfying T'(0g) = I
and T'(g1+g2) = T(91)T'(g2) for g1, g2 € G. We now introduce the notion of weakly
continuous representation.

Definition 2.3. Let G be a locally compact abelian group and let X be a Banach
space. A representation T of G on X is said to be weakly continuous with respect
to a dual pairing (X, X.) if the map g — (T(g)x,l) is continuous on G for every
z € X and everyl € X,.

We will often write T = (T(g))gec when T : g — T'(g) is a representation of
G on X.

Let (X, X,) be a dual pairing, and let T = (T'(g))4ec be a weakly continuous
representation. We have, for g € G,

IT(9)|l = sup{(T'(9)z,1) : v € X, [|lz|| < 1,1 € X, [|I]| <1}

and so the weight wr : g — ||T(g)|| is lower semicontinuous on G. Let K be a
compact subset of G. Since sup ¢ i [|T(g)z[| < +o0 for every x € X, it follows again
from the Banach-Steinhaus theorem that sup,cx [|7(g)[| < +occ. In this situation
we can define the weighted space M,,..(G) counsisting of all regular measures p
on @G such that the upper integral [, [|7(g)||d|u|(g) is finite. Since wr(g1 + g2) <
wr(g1)wr(g2) for g1, g2 € G, it follows from [4], Chap. 8, Prop. 2 that p and v are
convolable for p, v € M. (G) and that (M. (G), ||-]lwr) is a Banach algebra with
respect to convolution which contains the convolution algebra M (G) of compactly
supported regular measures on G as a dense subalgebra.

Denote by L{,_(G) the convolution algebra of all Haar-measurable (classes
of) functions f on G such that fwr is integrable with respect to the Haar measure
m on G, identified to the space of all measures p € M,,.(G) which are absolutely
continuous with respect to the Haar measure.

The following result is an easy extension of [2]|, proposition 1.4.



Weak spectral theorem 7

Proposition 2.4. Let G be a locally compact abelian group, let (X, X,) be a dual
pairing, and let T = (T(g)gec be a weakly continuous representation of G on X.
The formula

pr()z = /G T(g)adp(g) (2.4)

defines for every x € X and every p € M,.(G) an element of X, ¢r(p) € B(X)
for every p € My (G), and ¢ : p+— d1(u) is a norm-decreasing unital algebra
homomorphism from the convolution algebra M,..(G) into B(X).

Moreover we have, for x € X,l € X,,

inf  |(ér(f)z - 2,0 = 0.

FELL (G)

Proof: Since ||T(g9)x| < ||T(g9)|lllz]|, the fact that formula (2.4) defines an
element of X for z € X and p € M,,.(G) follows directly from proposition 2.2.
We have

oxel = sw | [ (@ bants)
lex.. i<t
S leX., |l|<1/ | 1’ l |d|/"L‘( ) < Hx””,uHWTa

and so ¢ (u) € B(X) for p € My, (G) and ||¢T(p)|| < ||pt]lwr- As observed in [2],
a routine application of Fubini’s theorem shows that ¢ (u * v) = ¢r(p)dr(v) for
w, v € M. (G). Since M.(G) is dense in M,,..(G), this shows that ¢ is an algebra
homomorphism.

The last assertion follows from the existence of bounded approximate iden-
tities in L}, _(G), see for example [7], theorem 3.3.23 or [29], section 5.1.9, as
indicated in [2], but we give the details for the sake of completeness. Let K be
a compact neighbourhood of 0g. For every open set U C K containing Og set
fulg) = m(U) " if g € U, fu(g) = 0 otherwise, so that [, fu(g)dm(g) = 1. We
have, for x € X, € X,,

(or(fv)e—=,l)| =

[ @@ sutgrinte) - . fU<g>dm<g>|
U U
< sup [(T(g)z — T(0)z, 1) /U fo(9)dm(g)

geU

= sup|(T(g9)x — T(0g)z, )|,
geU

and so there exists a sequence (U, ),>1 of open subsets of K containing O such
that lim,,_, 1 oo (¢ (fu, ) —x,1) = 0, since the representation is weakly continuous.
O
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3. A general spectral mapping theorem

Let A be a Banach algebra, and let p(a) := lim,,_, ;o ||a™||# be the spectral radius
of a € A, so that p(a) = sup, 7,10} Ix(a)| if A is commutative, where A denotes
the space of characters of A, endowed with the Gelfand topology. A commutative
Banach algebra A is said to be radical if p(a) = 0 for every a € A, which means
that A = (). In the other direction a commutative Banach algebra A # {0} is
said to be semisimple if N _ zker(x) = {0}, which means that p(a) > 0 for every
a € A\ {0}. It follows from Shilov’s idempotent theorem [7], theorem 2.4.33 that
if A is semisimple and A is compact, then A is unital. If A is unital and a € A,
spec(a) denotes the spectrum of a.

Let A be a commutative Banach algebra, and let S C A. The hull of S is
defined by the formula

ha(S):={x €A :x(a)=0Vae S},

and we have h(S) = h(Z(S)), where Z(S) denotes the ideal of A generated by S.
We will often write h(S) instead of h4(S) if there is no risk of confusion. If A is

~

not radical, the Gelfand transform @ € C(A) of a € A is defined by the formula

-~

a(x) == x(a) (x € A).
We now introduce the classical notions of regularity and spectral synthesis.

Definition 3.1. A non radical commutative Banach algebra A is said to be reqular
if for every proper closed subset F ofyzl\ and every xo € VZ\ F there exists a € A
such that xo(a) =1 and x(a) =0 for every x € F.

A commutative non unital Banach algebra A is said to satisfy spectral syn-
thesis if h(Z) # 0 for every proper closed ideal T of A.

We list below some standard properties of a commutative semisimple regular
Banach algebra A.

1. A is normal: for every closed subset F' of A and every compact subset K of
A disjoint from F there exists a € A such that y(a) = 0 for every a € F and
x(a) =1 for every x € K, see for example [7], proposition 4.1.14.

2. Let F C A be closed and nonempty, set Zp = {a €A :x(a) =0Vx € F}
and denote by Jr the set of all a € A such that there exists an open subset
U, O F of A satisfying x(a) = 0 for every x € U,. Then h(Jr) = h(Zp) = F,
and every ideal Z of A such that h(Z) = F satisfies Jr C T C Zp, see for
example [29], proposition 3.2.6 or 7.3.2. In particular, if A4 is not unital and
hZ) = 0, then a € T for every a € A such that @ is supported by some
compact subset of A.

3. Let (Z))xea be a family of closed ideals of A. Then

U{h(Z)) : A€ A}isdensein h(N{Z) : A € A}). (3.1)



Weak spectral theorem 9

4. Let ¢ be a homomorphism from A into a commutative unital Banach algebra
B of unit element ep. Set ¢*(x) = x o ¢ for x € B. Then we have, see for
example [7], proposition 4.1.27.,

A~

h(ker(¢)) C ¢"(B) C h(ker(¢)) U{0}, (3.2)
a(h(ker(¢)) C specp(p(a)) C a(h(ker(@/)\u {0} (a € A). (3.3)

If ep € ¢(A), then ep € ¢(A), h(ker(¢)) = ¢*(B) is compact, and we have
specg(¢p(a)) = a(h(ker(¢)) (a € A). (3.4)

Conversely if h(ker(¢)) is compact and nonempty, then ¢(.A) is unital.
Moreover ¢* is a homeomorphism from B onto h(ker(e)) if ¢(A) is dense

in B.

Property 3 is well-known and easy to prove: denote F' the closure of U{h (Z,) :
A€ A}, sothat F Ch(N{Zy : A€ A}).If x ¢ F, let U C A be an open set such
that F C U and x ¢ U. There exists a € A such that a(y) = 1 and a(U) = {0}.
Since h(Zy) C U, we have a € T, for A € A, and x ¢ h (N{Z\ : A€ A}).

Property 4 means that ¢(A) is a "full subalgebra" of B if A is semisimple
and if ¢(.A), or, equivalently, A, contains the unit element of B, since in this case
inv(d(A)) = inv(B) N $(A) (inv denotes the set of invertible elements). Since the
group G of invertible elements of a unital Banach algebra is open, and since the
map x — x ! is continuous on G, this shows that in this situation the Banach
algebra ¢(A) is also a full subalgebra of B (this property also follows from the
regularity of ¢(A), see [21], lemma 1).

The fact that eg € ¢(A) implies that eg € ¢(A) when A is semisimple and
regular is also standard. In this situation h(ker(¢)) is compact and nonempty. Let
U be a compact subset of A the interior of which contains h(ker(¢)), and let u € A
such that w(U) = {1}. Then a — au € Jp(ker(¢)) C ker(¢) for every a € A. So ¢(u)
is a unit element of ¢(A), and ¢(u) = ep.

Notice that it may happen that es € ¢(A) and that ¢(A) is not unital when
¢ is a homomorphism from a commutative semisimple Banach algebra A into a
commutative unital Banach algebra: for r > 0 denote by A, the Banach algebra of
holomorphic functions on the open disc D, := D(0, r) which admit an holomorphic
extension to the closed disc D,.. Set M; := {f € Ay : f(1) = 0}. For f € M,
denote by ¢(f) the restriction of f to the closed disc Dy /. Set €, (2) = ﬁ
for [2] < 1. Then e, € My, limy,— 400 SUP||<1/2 |1 —€n(2)| = 0, an easy verification
shows that ¢(M;) is dense in the unital Banach algebra A, 5, but ¢(M;) does
not contain 1 and ¢(e,) ™" ¢ ¢(M;) for n > 1.

The closed subalgebra reg(A) of a commutative Banach algebra generated by
the union of all closed regular subalgebras of A is itself a closed regular subalgebra
of A, called the maximal regular subalgebra of A. This result goes back to Albrecht
[1] in the semisimple case, see also the proof of [28] given in [7], proposition 4.1.17.
A very simple proof of this fact based on the hull-kernel topology was obtained by
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Inoue and Takahasi in [20], see [29], corollary 3.2.11. Notice that reg(.A) is unital
if A has a unit element e, since Ce is regular.

We now state an abstract version of the spectral mapping theorem. We will
use below the fact that if 7 is a closed ideal of A not contained in the radical
of A, then every xy € Z has a unique extension y to A given by the formula
x(a) := x(au), where u is any element of Z such that y(u) = 1. The map x — X
is clearly an homeomorphism from Z onto A \ W(T).

Theorem 3.2. Let A be a commutative unital Banach algebra, let X be a Banach
space, let X, be a subspace of X' such that supcx, <1 [(z,0)| = ||z|| for z € X,
and let ¢ : A — B(X) be a continuous unital homomorphism. Let T be a closed
ideal of A, and for x € 7 denote by X the unique extension of x to A.

Assume that T is a semisimple reqular Banach algebra which satisfies spectral
synthesis, and that we have

aiélfz|<¢(a)x —z,)|=0 (zeX,leX,). (3.5)

Then the following properties hold:

(i) The set hz(ker(¢) NZI) is not empty.

(ii) If hz(ker(¢) NZ) is compact, then I € ¢(T), ¢(Z) = ¢(A), h(ker(¢)) = {x :
X € hz(ker(¢) NI)}, and

spec(p(a)) = {x(a) : x € hz(ker(¢) NI)} (a € A).

(iii) If hz(ker(¢) NTI) is not compact, then the weak*-closure of hz(ker(¢) NT)
in the unit ball of the dual of T contains 0, 0 € a(hz(ker(¢)NI)), and
spec(p(a)) \ {0} C a(hz(ker(¢)NI)) foracT.

(iv) If U is a closed regular subalgebra of A containing T, then the set {xu :
X € hz(ker(¢) NI)} is dense in hy(ker(¢) NI), and the set {x(¢p(a)) : x €

hz(ker(¢) NI)} is dense in spec(p(a)) for every a € U.

Proof: (i) Let x € X \ {0} and | € X, be such that (x,l) # 0. It follows from
(3.5) that (¢(a)z,l) # 0 for some a € Z, ker(¢) NZ is a proper closed ideal of T
and hz(ker(¢)NZI) # 0.

(ii) If hz(ker(¢)NT) is compact, then ¢(Z) is unital and it follows from (3.5)
that I € ¢(Z), and so ¢(Z) = ¢(.A) since ¢(Z) is an ideal of ¢(A). Let u € Z such
that e —u € ker(¢), where e denotes the unit element of .A. Then x(u) = x(e) =1
for x € h(ker(¢)), and x ¢ h(Z). Hence h(ker(¢)) = {x : x € hz(ker(¢) NI)},
since X € h(ker(¢)) for every x € hz(ker(¢)NZ). Let B be a maximal commutative
subalgebra of B(X) containing ¢(.A). Then it follows from (3.4) applied to B that
spec(p(a)) = spec(plau)) = specp(plau)) = {x(au) : x € hz(ker(¢) NI)} =
{X(a) : x € hz(ker(¢) NI)}.

(iii) Now assume that hz(ker(¢) NZ) is not compact. Then I ¢ ¢(Z), 0 €
hz(ker(¢)NZ), and 0 € a(hz(ker(¢) NZ)). The fact that spec(p(a)) \ {0} C
a(hz(ker(¢)NTI)) for a € T follows from (3.2) applied to B.
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(iv) Denote by IC(f) the set of all nonempty compact subsets of f, and for

K € K(Z) denote by Tk the set of all a € Z such that x(a) = 0 for every x € K.
Then Zx is a closed ideal of A. Set

Xk ={rxeX:¢(a)r =0Va eIk}

Then X is a closed subspace of X, and ¢(a)(Xg) C Xk for every a € A. Set
¢ (a) = ¢(a)|, for a € A Then ¢x : A — B(Xk) is a unital homomorphism.

Let xo € Z\ K, and let u € T be such that yo(u) = 1 and x(u) = 0 for every
X € K. Then u € Tx C ker(¢k), and xo ¢ hz(ker(é¢x) NZ). This shows that
hz(ker(¢x)NI) C K is compact. It follows then from that h(ker(¢x)) = {X :
X € h(ker(¢px)NTI)}.

Let U be a closed regular subalgebra of A containing Z. We have that
hy (ker(éx) NU) = {Xju : x € hz(ker(ox) NI)} C {Xpu : x € hz(ker(¢) NI)}.

Clearly, ker(¢) C N{ker(¢x) : K € K(Z)}. Conversely assume that a € A
and that ¢x(a) = 0 for every K € K(Z). Set Ag = 13\ f» where K denotes

the interior of K € IC@) Let x € X, and let | € X,. Since T satisfies spectral

~

synthesis, U{Ak : K € K(Z)} is dense in Z, and there exists a sequence (uy,)n>1 of
clements of U{Ag : K € K(Z)} such that (¢(a)z, 1) = limy,_, oo (p(un)d(a)z, 1) =
limy, 4 oo (0(a)d(up )z, 1). Let K, € K(Z) such that u, € Ak, . If b € I, , then
bup, € N cpker(x) = {0}, and so ¢(un)r € Xk, and ¢(a)p(un)z = 0. Hence
(p(a)x,l) = 0 and a € ker(p).

Hence ker(¢) = N{ker(¢x) : K € IC(f)}, ker(¢)NU = N{ker(¢px)NU : K €

IC(f)}, and it follows from (3.1) that {X; : x € hz(ker(¢)NZI)} D U{hy(ker(¢x)N

~

U): K € K(Z)} is dense in hy(ker(é) NU).
It follows then from (3.4) that the set {x(a) : x € hz(ker(¢) NZ)} is dense
in spec(¢p(a)) for every a € U. O

4. The weak spectral mapping theorem for representations of locally
compact abelian groups

Consider again a locally compact abelian group G. A submultiplicative locally
bounded measurable weight on G is a function w : G — (0, +00) which is mea-
surable with respect to the Haar measure m on G and satisfies w(g1 + g2) <
w(g1)w(gz) for gi,92 € G and sup,¢ w(g) < +oo for every compact subset K
of G. In this situation the space L} (G) of all Haar measurable functions f on G
satisfying || fll := [ |f(9)lw(g)dm(g) < +o0 is a Banach algebra with respect to
convolution. If lim,_, 4. w(ng)= = 1 for every g € G, then w(g) > 1 for every
g € G, and the map s — Y, is a homeomorphism from the dual group G onto

—

Ll

w

(G), where the character x; is defined by the formula
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xo(f) = /G £(9) (g, s)dm(g) = J(s) (f € LL(G)). (4.1)

Definition 4.1. A submultiplicative measurable locally bounded weight on G is said
to be nongquasianalytic when it satisfies the condition

—+o0

) log(w(ng))

2 <400 (g€@q). (4.2)

n=1

Notice that if w is any submultiplicative weight on G then we have w(g) >

limnHJroow(ng)% for g € G. Condition (4.2) implies that lim, w(ng)% <1

for every g € G. Since lim,,_, w(ng)% limy oo w(—ng)% > 1, we have in fact

w(g) > lim, 400 w(ng)% =1 for g € G if w is nonquasianalytic. This allows to

identify the character space IZ(E) to the dual group G by using formula (4.1).
The following result goes back to Domar [§].

Theorem 4.2. [8] Let G be a locally compact abelian group, let w be a submultiplica-
tive measurable locally bounded nonquasianalytic weight on G. Then the convolu-
tion algebra L1 (G) is a reqular Banach algebra which satisfies spectral synthesis.

We now state a general version of the weak spectral mapping theorem.

Theorem 4.3. Let G be a locally compact abelian group, let (X,X.) be a dual
pairing and let T = (T(g))gec be a representation of G on X which is weakly
continuous with respect to (X, X.). Assume that the representation satisfies the
condition

i’o log || T (ng)|l

L2 <400 (g€@q). (4.3)

n=1
Set Mur(G) = {n € M(G) : [ IT(9)lld|ul(g) < +oo}, and let 7 : Moy (G) —
B(X) be the unital homomorphism defined by the formula

(), 1) = /G (T(g)x.1)dulg) (1€ Mun(G), z€ X, 1€ X.).

Let
spec(T) :={s € G : f(s) =0 Vf € ker(¢1) N L. (G)}
be the Arveson spectrum of the representation. Then the following properties hold.

(i) spec(T) is nonempty.

(ii) If spec(T) is compact, then the representation is continuous with respect
to the norm of B(X), ¢r(Mur(G)) = 6(LLy(G)) and spec(én(n)) =
f(spec(T)) for every p € My (G).

(iii) If p is contained in a regular subalgebra of M. (G), then the set fi(spec(T))
is dense in spec(¢pr(w)). In particular the set {(g,s) : s € spec(T)} is dense
in spec(T(g)) for every g € G.
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Proof: It follows from proposition 2.4 that inffeL;T(G) [{pr(f)z —x,1)| =0,
and it follows from theorem 4.2 that the convolution algebra L, (G) is regular and
satisfies spectral synthesis. Denote by d, the Dirac measure at g € G. Then T'(g) =
¢1(04). Since the discrete topology on G is locally compact, the convolution algebra
1L(G) = span{d,}sec is also regular, and it follows from theorem 2.4 that (i),
(iii) and the last two assertions of (i7) hold. Since the map g + f*d, is continuous
on G with respect to the norm of L!(G) and since ¢t is continuous, a density
argument shows that the map g — ¢ (f)T(g) is continuous with respect to the
norm of B(X) for every f € L.,_(G). Hence the representation is continuous with
respect to the norm of B(X) if spec(T) is compact, since in this case I = ¢r(f)
for some f € L}, (G). O

Notice that if 7 is a locally compact group topology on G coarser than the
given one, then L}, (G, m;) is a regular subalgebra of M,,..(G), and so fi(spec(T))
is dense in spec(¢r(p)) for p € LY, (G, m.) if T is non-quasianalytic. The union

of all these convolution algebras may be strictly contained in reg(M,,..(G)), see
[19].

5. Link between the Arveson spectrum and the spectrum of the
generator of a Cy-group

Consider the case G = R, X, = X', T a Cp-group on X with non-quasianalytic
weight. Denote by A the infinitesimal generator of T'; this is an unbounded linear
operator on X with dense domain D4. We identify G = iR and for f € L. (R)
the Fourier transform is

Flis) = /R F)e™ dt = i (f).

For the convenience of the reader, we give a proof of the following well-known
result (stated in a slightly less general form in corollary 4.1 of [34]).
Theorem 5.1.
spec(T) = o(A)

Proof: For the inclusion “2” we use the following two poperties:

i) For f € LL,_(R) with ¢1(f) =0 we have 0,,(A) C kerf (0ap is the approxi-
mate point spectrum of the operator).
ii) 0(A) = 0ap(4)

Proof of the inclusion “D>”:

0(A) = o4p(A) C m kerf = spec(T).
FELL_(R),ér(f)=0
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Proof of i): Let A € 04,(A), x, € D4 asequence with ||z,|| = 1, Az, — Az, —
0. Then

t
eMa, — T(t)z, = / AT (s) (At — Ay )ds,
0

and ez, — T(t)z, — 0. We compute

lox (Ol = Sup, [ (f)z
> Talén(fenl
= hm||/ T, — Mz, +eM,) f()dt
> Tl / M F()dt] | — Tim / 20— M) f(0dt]
—

So ¢ (f) = 0 implies f( )=0.
Proof of ii): This follows from the non-quasianalyticity of the weight, since
o(A) C iR, and therefore o0(A) = do(A), the boundary.

For the opposite inclusion “C” we use the following two properties:
iii) For f € L}UT (R) such that fhas compact support and vanishes on an open
set containing o(A) we have ¢ (f) = 0.
iv) L. (R) is a regular Banach algebra.
Proof of the inclusion “C” : If A € iR\ 0(A), choose first a closed neighbourhood
U of 0(A) (in the euclidean topology) such that A ¢ U. Then, by regularity, there
exists f € L}, (R) such that f=00nU and f(\) = 1, and there exists g € L, . (R)
such that g has compact support and g(A) = 1. Set h = f*g. Then by iii) we Thave
¢r(h) =0, with h(\) = 1. Hence A ¢ spec(T).
Proof of iii): By Lebesgue and by inverse Fourier transform theorems we have

or(fe= tim [ e MT@)f()dr, f(t):%/w Flis)ciotds

§—0+ J_

Furthermore, for RA > 0 we have

(A= A) "z = /0 T e NT(Wadt, (A4 Az = / " AT (bt

— 00

We compute, using Fubini and Lebesgue theorems:

orl(fe = oo lim / ([ + ) eesrmarti-isyis

= 2 -1 ; —1.\ Fr_s
T oor 515& . ((5 —is — A)Tlw — (=0 —is — A)'x) f(—is)ds
= 0.

Proof of iv): This follows from the non-quasianaliticity of the weight (4.3).
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The theorem is proved. t
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