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MINIMIZATION OF THE k-TH EIGENVALUE OF THE ROBIN-LAPLACIAN

DORIN BUCUR AND ALESSANDRO GIACOMINI

ABSTRACT. The paper is concerned with the minimization of the k-th eigenvalue of the Laplace
operator with Robin boundary conditions, among all open sets of RY satisfying a volume con-
straint. We prove the existence of a solution in a relaxed framework and find some qualitative
properties of the optimal sets. The main idea is to see these spectral shape optimization ques-
tions as free discontinuity problems in the framework of special functions of bounded variation.
One of the key difficulties (for k£ > 3) comes from the fact that the eigenvalues are critical points.
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1. INTRODUCTION

Given £2 C RY open, bounded and with a Lipschitz boundary, a number A € R is said to be an
eigenvalue of the Laplace operator under Robin (or Fourier) boundary conditions with constant
B > 0 if there exists a nontrivial u € W12(2) such that

—Au=Au in f2
% 4+ Bu=0 on 012,

which in the weak sense means

Yo € Wh2(02) :/Vu~V<pdac+ﬁ/ ugodHN*l:/\/ugadx.
Q a0 Q

A.G. is also member of the Gruppo Nazionale per L’Analisi Matematica, la Probabilita e loro Applicazioni
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Here v denotes the outer normal to 92, while " ~1 stands for the Hausdorff (IV — 1)-dimensional
measure on RY, which coincides with the usual area measure on regular hypersurfaces.
It is known that {2 admits an infinite diverging sequence of eigenvalues

)\1’5(0) < )\2,5(9) < )\3’5(9) << )\k”g(ﬂ) <..-—= +o0,

which are given (counting multiplicity) by the min-max formula

Vol? dr + 2dHN1
Ak g(£2) = min max fQ Vo do Bfém Y ,
’ VES, veV,v#£0 fQ v2dx

where S, denotes the family of vectorial subspaces of W12(£2) with dimension k.
In the present paper we are interested in the shape optimization problem

(L1) Jnf Ap(82),

where m > 0, and |§2| stands for the volume of 2.
The case k = 1 is connected to the Faber-Krahn inequality for the Robin-Laplacian, which states
that

(1.2) A1,6(£2) > A1,5(B),

where B is a ball such that |[£2] = |B|, with equality if and only if {2 is itself a ball. The
Faber-Krahn inequality was conjectured by POLYA in 1951, but it has been established only quite
recently by BOSSEL in 1986 for two dimensional smooth domains [5], and by DANERS in 2006 for
N-dimensional Lipschitz regular domains [18] (equality in (1.2) has been studied in [19], see also
[12]). In terms of the shape optimization problem (1.1), the inequality entails that optimal shapes
are balls of volume m.

The case k = 2 has been treated by KENNEDY in [25], where he proved that optimal shapes are
given by the union of two disjoint balls of volume m/2.

Existence of optimal shapes is an open problem as soon as k > 3. In reference [25], it is shown
that, in contrast with the cases k = 1,2, there cannot exist a “universal” optimal shape, that is
independent of the value of 5. We refer the reader to reference [4] for a numerical analysis of
the optimal shapes, as function of the parameter 5. The numerical evidence leads to conjecture
that the minimizing set for (1.1) is the union of k equal disjoint balls provided that § is smaller
than a critical value depending on k, m and the dimension of the space. On the other hand,
when [ is large, it is expected that the optimal shape will be close to the set minimizing the
Dirichlet-Laplacian eigenvalue, under the same volume constraint.

For Dirichlet boundary conditions (which formally corresponds to = 400) the equivalent
of problem (1.1) has been quite intensively studied in the last thirty years, starting with the
pioneering paper of Buttazzo and Dal Maso [14]. An up to date survey on this issue can be
found in the recent book [24]. As soon as = 0, we deal with the Neumann eigenvalues. In
this case, their minimization is not interesting as the minimum of the k-th eigenvalue is equal to
zero, being achieved on a union of k£ + 1 disjoint balls. The challenging problem is related to their
maximization, but in this case the nature of the problem is definitely different from (1.1) and the
absence of any control of the eigenfunctions at the boundary makes this question to be a very
difficult one for arbitrary k (see [24] and [2] for some numerical computations).

In order to study (1.1), a natural step in the Calculus of Variations is to find a relazation of
the problem, that is to extend the problem on a larger class of domains in such a way to prove
existence of solutions using the direct method.

The relaxation of spectral shape optimization problems is usually a difficult task. The only
general result available in the literature is due to Buttazzo and Dal Maso [14], and deals with
spectral problems associated to monotone increasing functions of the Dirichlet-Laplacian eigen-
values. The larger class of domains involved in the relaxation is that of quasi-open sets. The
solution of the original problem on Lipschitz domains becomes then an issue of regularity. In
this direction, the problem is still unsolved even in the simplest case of the minimization of k-th
eigenvalue under a volume constraint for k& > 3: it is known [10] that quasi-open optimal shapes
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are bounded and have finite perimeter, but it is not known even if they are topologically open.
Although the Dirichlet boundary conditions are much more studied in the literature (in the frame-
work of free boundary problems), the fact that the k-th eigenvalue is itself a critical point, leads
to those technical difficulties, not yet overcome. Another difficulty is also related to the kind of
constraint we require on the competing domains: if for example the volume constraint is replaced
by a perimeter constraint, the situation is completely different, as optimal shapes turn out to be
open with fairly smooth boundaries [20].

The optimization of the k-th eigenvalue of the Robin-Laplacian (1.1) cannot be relaxed using
the Buttazzo-Dal Maso result, basically because the Robin eigenvalues do not enjoy monotonicity
properties under inclusion of the domains (see e.g. [23]). By the way, neither the second funda-
mental requirement in the Buttazzo-Dal Maso theory, namely a good behavior of the spectrum to
the so called ~-convergence, does not occur. In this paper we propose a different kind of relaxation,
i.e., we “embed” the shape optimization problem into a free discontinuity problem on a suitable
class of functions of bounded variation.

This kind of relaxation has been carried out in the case of the first eigenvalue in [8], where the
problem has been dealt with by studying the free discontinuity functional

ul? dx 1(u)? o (u)? N—-1
(1.3) R ) o= 220 V0 Wf“’“hﬁ AR Ch L,
fRNu dz

where u belongs to a suitable space of functions of bounded variation, namely

SBVE(RY) := {ue L*([RY) : u>0,u” € SBV(RY)}

(see Section 2 for a precise definition of the space SBV). In (1.3), J,, stands as usual for the jump
set of u, while 1 (u) and 5 (u) denote the two traces of u from both sides of J,,. The connection of
R, g with the first eigenvalue is readily obtained by noticing that if 1 is the first eigenfunction of
{2, then its extension by zero outside the domain, denoted by ug := ¥ o1, is such that (J,, = 91?2

and 72 (ug) = 0)
(1.4) )\1’5(9) = RL[}(UQ).

In [8] it is shown that minimizers of Ry g on functions whose support has volume m are given by
functions of the form

U = ,(/JBlBa

where B is a ball of volume m. In view of (1.4) this entails immediately the Faber-Krahn inequality
for the Robin-Laplacian, showing indeed a stronger optimality of the ball, for example among
domains with irregular boundary (with suitably defined associated first eigenvalue).

While the analysis of [8] was based on the Bossel-Daners approach (adapted to the free dis-
continuity setting), the arguments employed in [13] are completely variational, and based on the
regularity properties of minimizers of Ry g. It is shown that the support of minimizers are open
bounded set whose topological boundary is rectifiable and with finite area. By means of reflection
arguments, it is then proved that they are indeed balls, yielding the Faber-Krahn inequality. Such
an analysis is not restricted to the first eigenvalue, but works as well for some semilinear variants
such as for example the torsional rigidity (not covered by the Bossel-Daners approach). Moreover
it can be employed to find a relaxed class of domains for shape optimization problems involving
energies with Robin conditions on the free boundary, as shown in [9]. In this direction, we refer
the reader also to [15, 27], where, in the context of insulation problems, the regularity of the free
boundary of optimal domains has been investigated.

The difficulty to adapt the analysis of [8, 13] to problem (1.1) consists in the fact that it is an
optimization problem of min-max type. Trying to preserve this structure, we concentrate on the
free discontinuity problem
(1.5) inf Rk,[g(’u)

|supp(u)|<m
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with
f]RN ‘V’U'Q dx + ﬁ fJ h’l (’U>2 + '72(/0)2] dHN_l
Ry p(u) := max s )
veV (u) Jan v?dx
where u = (uq,...,ux) and V(u) denotes the vectorial space generated by the components of w.

The function wu is now vector valued and belongs to the space (suggested by the case k = 1)

SBVERNRY) = {u=(m,...up) : uf € SBVERY),

L vuP st [ Im@P + aPlan < oo}

Ju
and with dim(V(u)) = k. The connection between Ry g and the k-th eigenvalue of a domain 2
is pretty close to what was pointed out for k = 1: if {¢},..., 95} is the family of the first k
eigenfunctions, then

(1.6) ug = (Whle,. .., vhlo) € SBVZ (RY;RY) and  Ryp(ug) = M\ s(02).

It is apparent that the vector valued functions u play for the free discontinuity problem the same
role of the vector spaces involved in the min-max formulation of the Robin eigenvalues.

The main results of the paper can be summarized as follows (Theorem 4.1).
(a) The free discontinuity problem (1.5) admits minimizers, which turn out to have a bounded
support.
(b) The free discontinuity problem can be considered as a relazation of the original shape
optimization problem thanks to the equality (1.6) and to the relation
(1.7) inf Rk’g(u) = inf )\k,g((z).
[2]<m

[supp(u)|<m

I<

Existence of minimizers follow by direct minimization of the functional Ry, g, thanks to its coerciv-
ity and lower semicontinuity properties (see Proposition 3.6 and Proposition 3.12), but it requires
a concentration-compactness analysis of inductive type. Fundamental in each step is to prove that
the functional admits minimizers with bounded support. This information, trivial for £ = 1 since
the support is a ball, follows in general by the analysis of minimizers which arise as limits of a
packet of eigenfunctions of a minimizing sequence of domains (see Lemma 4.5 and Theorem 4.6).
Coming to (1.7), an immediate observation from (1.6) is that

inf  Rypu) < ‘ nf A s(92).
m

i
|supp(u)|<m <
The converse inequality is proved in Theorem 4.3 and heavily relies on the theory of SBV-

functions. In a first step we approximate an element u € S BVE (RY; R*) by more regular functions
(with polyhedral jump sets), following the result of [16]. In a second step, by removing smooth
tubular neighbourhoods of the jump set, we recover from the support of u a Lipschitz domain 2
with a k-th eigenvalue lower or comparable to Ry g(u).

Given a minimizer of the free discontinuity problem (1.5), we expect its support to provide
an optimal shape for the original problem. To recover a classical solution however, we need a
regularity analysis which seems very difficult.

A final comment on the choice § > 0. In this case, (1.1) leads to a free discontinuity problem
in which the gradient and surface energies are in competition, as they are involved with the same
sign. The case § < 0 leads, as for Neumann boundary conditions, to well posed maximization
problems for the k-th eigenvalue. The nature of the problem changes dramatically, with respect
to the minimization problem (1.1). We refer the reader to [3] for a recent collection of results in
this direction. A natural relaxation for the problem involves sets with finite perimeter (see [11]).

The paper is organized as follows. After some preliminaries concerning the basic properties
of Robin eigenvalues and of functions of bounded variation, in Section 3 we introduce the free
discontinuity functional Ry g, and study its coercivity and lower semicontinuity properties in
detail. Section 4 contains the main relaxation result (Theorem 4.1), and is entirely devoted
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to its proof. Subsection 4.1 contains the approximation argument which yields equality (1.7),
while in Subsection 4.2 we collect some technical lemmas which are pivotal for the concentration-
compactness argument in the proof of the main result: in particular we treat here the issue of the
boundedness of the support of suitable “distinguished” minimizers. The proof of Theorem 4.1 is
finally addressed in Subsection 4.3.

2. NOTATION AND PRELIMINARIES

In this section we fix the basic notation employed throughout the paper, and recall some notions
concerning the eigenvalues of the Robin-Laplacian operator and the space BV of functions of
bounded variation. Moreover we recall a density result for free discontinuity functionals which
will be fundamental for our analysis.

2.1. Basic notation. Given E C RY  we will denote by |E| its Lebesgue measure, by 1z its
characteristic function, and we set tE := {tx : x € E} for every t € R. HN~1(E) will stand for
the Hausdorff (N — 1)-dimensional measure of E (see [21, Chapter 2]), which coincides with the
usual area measure if F is a piecewise regular hypersurface. Two measurable sets E;, E5 C RY are
said to be “well separated” if there exist two open sets Ay, Ay with |Ey\ A1| = 0 and |E3\ A2| =0,
and dist(A;, As) > 0.

For z € RN and r > 0, B,(x) stands for the ball of center z and radius r, while Q,.(z) denotes
the cube centered at x, with sides parallel to the axis of length r.

If 11 is a Borel measure on RY and A C R¥ is Borel regular, we will denote by 1| A the restriction
of pto A, and by |u| its total variation.

Given a function u, we will denote its positive and negative parts with u®. If 2 C RY is open
and 1 < p < 400, LP(£2;R) will stand for the usual space of (classes of) p-summable R*-valued
functions on (2, while W*P(£2) will denote the Sobolev space of p-summable functions whose
derivatives up to order k in the sense of distributions is also p-summable.

2.2. Eigenvalues of the Robin-Laplacian. Let £2 C RY be an open bounded set with Lipschitz
boundary. Given 8 > 0, it is known that there exists an infinite sequence
0 <A p(02) <Ap(2) <A3p(2) <--- < Xpp(2) <o = +00
of values such that for every k there exists ux € W1H2(£2) with uy, # 0 and
{—Auk =M g(2)uy in 02
% + Bug =0 on 042,
where v denotes the outer normal. The value Ag g({2) is said the k-th eigenvalue of the Laplace

operator under Robin (or Fourier) boundary conditions with coefficient S.
The eigenvalues can be recovered through the usual Courant-Fisher min-max formula: we have

Vol? dx + ZdHN !
(2.1) Aig(2) = min max Jo Vel dz 45 Jq v
’ VES, veV,v#£0 fQ v2dx

)

where Sy, denotes the family of vectorial subspaces of W12(2) with dimension k.
The following properties of the Robin eigenvalues will be used frequently throughout the paper.

(a) Scaling: If t > 0 we have
1
(2.2) Mg (82) = 25 Mt (£2).
(b) Faber-Krahn inequality (see [18, 6]): We have

A1s(£2) > A15(B),

where B C R¥ is a ball such that |B| = |2|.
(¢) Global estimate for the first eigenvalue of a ball (see e.g. [26, Theorem 4.5]): There exists
Cpy > 0 such that for every r > 0

s

(2.3) yr g

Cnp
< Ms(Br) < r(1+p8r)

Q4
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The properties above will be used throughout the paper. In particular the scaling property (a)
is used to establish the key inequality (4.17) in Remark 4.4, while properties (b) and (c) will be
fundamental in the proof of Theorem 4.6.

Remark 2.1 (Monotonicity under dilations). The rescaling property (2.2) entails for ¢t > 1

(2.4) /\kﬁ(tQ) < %Ak,,@(g) < /\k”g(_Q),

i.e., we get a monotonicity property under dilation. Notice that in general the eigenvalues of the
Robin-Laplacian do not enjoy monotonicity properties under a inclusion of the domains (see e.g.
[23)).

2.3. Functions of bounded variation. Let A C RY be an open set. We say that u € BV (A) if
u € L'(A) and its derivative in the sense of distributions is a finite Radon measure on A. BV (A)
is called the space of functions of bounded variation on A. BV (A) is a Banach space under the
norm |[ul gy (ay := |[ullL1(ay + [Du|(A). We refer the reader to [1] for an exhaustive treatment of
the space BV'.

Concerning fine properties, a function u € BV (A) (or better every representative of u) is a.e.
approximately differentiable on A, with approximate gradient Vu € L'(A;RY). Moreover, the
jump set .J,, is a HV~l-countably rectifiable set, i.e., J, C U;enM; up to a HY ~!-negligible set,
with M; a C'-hypersurface in RY. The measure Du admits the following representation for every
Borel set B C A:

Du(B) = /BVudx—i—/J ﬁB(vg(u) — 1 (w))vy dHN T + Du(B),

where v, () is the normal to J,, at z, 1 (u), ¥2(u) are the two traces of v on J,, (from the directions
Fryu(x)), and Dy is singular with respect to the Lebesgue measure and concentrated outside J,,.
D¢y is usually referred to as the Cantor part of Du. The normal v, coincides H¥'-a.e. on J,
with the normal to the hypersurfaces M;. Moreover, v (u), ¥2(u) are characterized H~ ~!-almost
everywhere on J, by following Lebesgue-type limit quotient relation

Jim i/ () — 7oy (w) ()| dz = 0

where B (x) := {y € B.(x) : v,(x) - (y — x) = 0} (see [1, Remark 3.79)).

If A is bounded and with a Lipschitz boundary, then BV (A) — LN/N=1(A). Moreover, the
following compactness result holds: if (uy)nen is bounded in BV (A), there exist u € BV (A) and
a subsequence (U, )xen such that

Up,, —> U strongly in L'(A)

and
* .
Du,,, — Du weakly* in the sense of measures.

We say that u € SBV(A) if u € BV(A) and D°u = 0. SBV(A) is called the space of special
functions of bounded variation on A. This space is very useful to deal with free discontinuity
problems in view of the following compactness and lower-semicontinuity result due to L. Ambrosio
(see [1, Theorems 4.7-4.8]).

Theorem 2.2. Let A C RY be open and bounded, p €]1,+o00[, and let (un)nen be a sequence in
SBV(A) such that

/ Vet [P da + HY (o) + tn]loe < C
A

for some C independent of n.
Then there exist u € SBV (A) with Vu € LP(A;RY) and a subsequence (un, )ken such that

Up,, — U strongly in L'(A),
Vu,, — Vu weakly in LP(A;RY)
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and
HN(J,) < liminf VYT, ).
n—-+o0o
Remark 2.3. Ambrosio’s theorem is still valid if the L*°-bound is replaced by a bound on the
total variation (see [7, Theorem 2.3]).

2.4. A density result for free discontinuity functionals. We will make use of a density result
in SBV due to Cortesani and Toader [16]. In order to formulate the statement, we will say that
u € SBV(£2) with 2 open set in R has polyhedral jumps if .J, N §2 is the intersection with 2 of
the union of a finite number of (N — 1)-dimensional simplexes. The density result is the following
(see [16, Theorem 3.1]).

Theorem 2.4. Let 2 C RN be open and with Lipschitz boundary, and let p > 1. Let u €
SBV () N L>(82) be such that Vu € LP(§2;RN) and HN~1(J,) < +o0.
There exists (up)nen such that the following items hold true for every n € N.
(a) HN-L ((Z\ Ju,) N 82) =0.
(b) Ju, is polyhedral in (2.
(¢) up, € WE(0Q\ J,,)) for every k > 1.

Moreover
Up — U strongly in L'(£2),
Vu, = Vu strongly in LP(§2;RY),
and
(25)  lim Sup/ (71 (un), Y2 (), v, ) AHN T < / (71 (u), v (), v) AHN !
n—+oc JJj, NA JuNA

for every open set A CC (2 and every upper semicontinuous function ¢ : 2 x R x R x SN=1 —
[0, 400 such that p(x,a,b,v) = o(x,b,a,—v) for every x € 2, a,b € R and v € SN~1 := {v €
RN : |v| = 1}.

3. THE FREE DISCONTINUITY PROBLEM

In this section we define a free discontinuity functional connected to the min/max formulation
of the Robin eigenvalues (2.1), following the ideas developed in [8], where the case of the the
first eigenvalue was considered. The functional will be defined in Subsection 3.3, after some
preliminaries needed to settle the precise functional framework.

3.1. The functional space SBV2(RY). We recall here the results contained in [8], where a
variational approach to the Faber-Krahn inequality for the Robin-Laplacian, i.e., the optimization
of the first eigenvalue, is presented.

We consider the space
(3.1) SBVY2(RNY) := {u e L2RY) : w >0 ae. in RN and u? € SBV(RY)}.
Fine properties of functions in SBVY/2(RY) are detailed below (see [8, Lemma, 1]).

Lemma 3.1. Let u € SBV2(RN). Then the following facts hold true.

(a) w is a.e. approzimately differentiable (see [1, Definition 3.70]) with approzimate gradient
Vu such that
V(u?) = 2uVu a.e. in RY.
(b) The jump set J,, is HN~'-countably rectifiable with normal v, such that the jump part of
the derivative is given by

DI (u2) = [ya(u)? = 71 (w)?] v dHN 1L
(c) For every e > 0 we have (u —¢)* € SBV(RY).
The main compactness and lower semicontinuity properties of SBV?: are contained in the

following result. For the convenience of the reader, we describe it briefly since it involves arguments
that will be used frequently in the rest of the section. For details we refer to [8, Theorem 2].
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Theorem 3.2. Let (u,)nen be a sequence in SBV2(RN) such that

(3.2) / \Vun|2d:r+/ [v1 (un)? + v (un)?] d’l—lN—1+/ u?dr < C
RN RN

for some C > 0. Then there exist u € SBV2(RY) and a subsequence (un, )ren such that the
following items hold true.

(a) Compactness: un, — u strongly in L, (RN) and

(3.3) Vi, —®  weakly in L*(RY;RY)
with
(3.4) D1 yupp(u) = V.
(b) Lower semicontinuity: for every open set A C RN we have
(3.5) / |Vu|? dz < liminf/ |V, |* do
and
66 [ e <timint [ a(n)? +2a(un, 2RV
JuNA k=+4co S, na

ung
Proof. A direct calculation shows that
||U3L||BV(JRN) <C

for some C' > 0. Then there exist a subsequence (un, )xen, u € L*(RY) with u> € BV(RYN) and
® € L?(RM;RY) such that
Upy, —> U strongly in L% (RY)
and
Vuy,, — ® weakly in L*(RY;RY).
Let us fix ¢ > 0. Then we have
(tn, —€)T € SBV(RY),

with
(tn, —€)T — (u—e)T  strongly in L? (RY).
Moreover
/ IV (tn, —e)t|? dz g/ |V, |* do
RN RN
and

_ 1 _
Y ) € 5 [ I+ i P

wny,
Finally, (u,, — €)% has a uniformly bounded total variation.

By Ambrosio’s Theorem 2.2, taking into account Remark 2.3, we deduce that (u — &)™ €
SBV(RM). Moreover

V(ty, —e)t = V(u—e)t weakly in L2(RY;RY)
and for every A C RY open, by lower semicontinuity in SBV (see for example [7, Theorem 2.12])

/ s (= £)*)2 + 7o — ) )2 dHY
Tyt NA

< mint | (11t = £+ (1, — €))% N
k—+o0 J(unk 7s)+ﬂA
< lim inf [’Yl (unk)Q + 72 (unk)Q] dHN_l'

NA
k

Un,
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Letting ¢ — 0, we get u?> € SBV(RY), and recover inequality (3.6). Since
V(unk — €)+ = Vunkl{unk >e}s
we get
Vulpusey = ®lpusey
so that we recover relation (3.4) and the lower semicontinuity inequality (3.5). O

The main result contained in [8] is the following weak form of the Faber-Krahn inequality for Q0
the Robin-Laplacian. It will play an important role it in the proof of Theorem 4.6.

Theorem 3.3 (Faber-Krahn inequality in SBV = (RN)). For every u € SBV2(RYN) we have
Jen [VulPdz + 8 [ [71(u)? +92(u)?] dHV
S~ u? dx

where B, C RY is a ball such that |B,| = |supp(u)|, and A1 5(B.) is the associated first eigenvalue
of the Robin-Laplacian.

> )‘175(Bu)v

1
3.2. The functional space SBV}? (R";R*). In order to handle the case of higher eigenvalues,
and thus in particular to admit functions which change sign, we consider the following space.

Definition 3.4. We say that
wi=(ur, ..., u) € SBVE (RY;R¥)

if
(u))* € SBVIRY)  i=1,... .k
and
(3.7) /1Iszw%ﬁ/[hﬂ@?+ﬁw&0ﬁdHN_l<+&%
RN

u

where Jy = Jy, U---UJy, and y1/2(u) == (71/2(u1), .-, 71/2(ur)). a7

In the case k = 1, we will denote the space simply by SBVE (RM).

1
Remark 3.5. Notice that if u = (uy,...,u;) € SBV? (RY;RF), then in view of Lemma 3.1, for
every i = 1,...,k we have that u; is a.e. approximately differentiable with

Vu; = Vu; — Vu; .

Moreover we have that
Ju;, = Ju:r U JUZ

is countably HY ~I-rectifiable. Since

Vu = (Vus,...,Vuyg)
and

Ju=Juy U Udy with yi(u) = (auf) = yi(uy)soovi(uy) —viluy)),

all terms in (3.7) are well defined.

The following compactness and lower semicontinuity result holds true.

1
Proposition 3.6 (Compactness and lower-semicontinuity in SBV? (RY;R¥)). Let (up)nen
be a sequence in SBV? (RY;R¥) such that

68 [ Vuldes [ )P+ ) Plae

[un|? dz < C
RN

for some C > 0. Then there eist u & SBVE (RY;RY), ® € L2(RY;RMY), and o subsequence
(tn,, Jhen such that
Up, — U strongly in L} (RY;RF),
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and
(3.9) Vu,, —=®  weakly in L*(RY;RFY)
with

Q1 supp(u) = Vu.

Moreover, for every open set A C RN we have

(3.10) / |Vu|? de < 1iminf/ |V, |? da
and
(3.11) / (71 (@) + [r2(w) ] dHY T < lim inf (171 ()1 + P2 (uny, ) P YT
JuNA h=+oe JJ,,, nA
Proof. If
Up = (uf, ..., uy),

we can apply Theorem 3.2 to the functions (u?)* € SBV z(RN) for every i = 1,..., k.

We deduce that we can find a subsequence (un, )hen such that for every i =1,...,k

ut =y strongly in L2 (RY),

loc
Vu;" — @, weakly in L*(RY;RY)
with uf € SBVZ(RN) and ®;1.ppw,) = Vui. We deduce that (3.9) holds true with @ :=
(®1,..., D). Clearly also (3.10) holds true.
In order to prove (3.11), let us fix € > 0 and consider

Uy, = ((up, )1, -5 (ug, k)
where
(up,)i = ((un,)T —&)" = ((un,); —)"
Let us denote by u® the corresponding function for u. By Lemma 3.1 we get ug,, € SBV (RN;R¥),
with
Uy, — U strongly in L% (RY;R¥).

Moreover by construction we have

/|Vuih|2dx§/ |V, |* de
RN RN

and
/J I s, )2 + (e, 2] dHN 1 < / [ty 12 + o) 2] BN 1.
s, ung,
Finally
_ 1 _
MY ) < 5 [ () + bl PR < C.

As a consequence, by lower semicontinuity in SBV (see for example [7, Theorem 2.12]) we deduce
that for every open set A C RN

/ (72 (u)? + [ ()] AR~ < lim inf (I, )P + a(us, )P dHY
JueNA h—+o0 J“ih nA )

2] dHN_l.

2 + |72 (unn)

< lim inf .
—éﬂlilio/, mA[I%(u n)

uny,
Property (3.11) is recovered by sending € to 0.
Notice finally that

/ Vul? d + / [ () + () ) dHN 1 < oo,
RN

u

so that u € SBVE (RN;R¥), and the proof is concluded. O
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Remark 3.7. We will make use of the following strengthened version of the lower semicontinuity
inequality (3.11): for every ¢ € C2°(RY) with ¢ >0

(MmL@wMMWHMWWWHSMMAﬂﬂM%WHM%Wwﬁﬁ

h—+oco

This improvement follows by using again [7, Theorem 2.12] to infer

2+ e (ug, )] dHY

h—+o00

/ - [ () + ()Pl arN ! < 1iminf/ @ [l (ug,)
JueNA J”ih NA

< lim inf @ [ (un, )1 + P2 (un, )P dHY
h—+oco J“'nh NnA

and letting ¢ — 0.

When dealing with the free discontinuity functional introduced in the next section, we need to

1
consider linear combinations of the components of functions in SBV? (RY; RF).

1
Lemma 3.8. Let u = (uy,...,ux) € SBV?(RY;R¥). Then for every a = (ay,...,a;) € R*¥ we
have )

a1u1 + -+ agug € SBVf(]RN).

Proof. Tt suffices to check the result for k = 2 and a = (1,1). Given u = (u1, us), let us check that
setting
V= U1 + us

we have

(3.13) vE € SBVE(RY)

and

(3.14) /RN |Vv|? da +/J [v1(v)% + Y2 (v)} ] dHY ! < 4o0.

Let us start with (3.13), dealing for example with the positive part. Let &, \, 0. Since uj,us €
1
SBV? (RY), we get that

+

Up = (UT - €n)+ - (Ul_ - €n)+ + (’UJ;— - En) - (U‘Q_ - 6")+ = SBV(RN)'

As a consequence vt € SBV(RY) with

(3.15) v — o strongly in L*(RY).

Notice that

(3.16) |Vl < [Vu| + [Vusl, [o | < |ug| + |ug] a.e. on RY
and that

(3.17) Tyt € Juy Uduy = o

Moreover, on J,+ we obtain readily the inequality
1)+ (v <2 [71(U1)2 + 72 (u1)? + 41 (uz)? + 72(112)2] .
1
Since u € SBV? (RV;R?) entails

(318) / |VU1‘2 + ‘VU2|2 dr + / [71(’&1)2 + 71(712)2 + 72(1141)2 + ’YQ(UQ)Q] dHN_l < +00,
RN

in view of (3.16), (3.17) and of the chain rule in BV (see [1, Theorem 3.96]), we get that (v;7)? €
SBV(RN), with

[ veiPdet [ nh? et <
RN JU:{

for some C' > 0 independent of n. From (3.15) and Theorem 3.2 we thus deduce v+ € SBV 2 (RV).
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Inequality (3.14) is then a consequence of (3.18), so that the proof is complete. O

3.3. The free discontinuity functional. In order to mimic the min/max representation of the
Robin-Laplacian eigenvalues (2.1), we consider the following free discontinuity functional.

Definition 3.9 (The space F;(R") and the functional Ry ). We say that u € Fx(RY) if
we SBVERV;RY)  and  dim(V(w)) = k,

where V (u) := span{uq, ..., u}.
Given B> 0 and u € F(RN) we set

Jan Vo2 dz + [} [71(v)? + y2(v)?] dHN T
Ry g(u) := max o .
veV (u),v#0 .[RN v2dx

Remark 3.10. Some comments are in order.
(a) Thanks to Lemma 3.8, for u € Fj(R"), we have that

V(u) C SBVE(RN).

As a consequence the functional Ry g(u) is well defined and finite (the jump term is finite
thanks to the bound (3.7)).

(b) Notice that the integration of the surface term in Ry g(u) takes place on the entire jump
set Jy, so that it may happen that on some of its parts the function v does not admit
discontinuities.

Remark 3.11 (Link with the Robin eigenvalue). Let 2 C RY be an open bounded set with
Lipschitz boundary, and let {uq,...,ux} denote the first k-eigenfunctions of the Robin-Laplacian
with constant 8. After an extension by zero outside the domain (still denoted by the same symbol),
we get easily
u = (uy,...,ug) € Fp(RY)
with J, = 012 and
Ry, 5(u) = Ak,5(£2).
We will need the following lower semicontinuity result.

Proposition 3.12 (Lower semicontinuity of Ry ). Let (un)nen be a sequence in Fj(RY)
such that
Up —> U strongly in L*(R™; R¥)
for some u € Fr(RY). Then
(3.19) Ry p(u) < lim}_nf Ry 5(un).
n—-+0oQ

Proof. It is not restrictive to assume that (R g(un))nen is bounded. Since every component of
u, belongs to V(u,), we infer immediately that

(320) [ 1wl et [ )+ hatw)Plan— < 0

Up,

for some C > 0.
Let u = (ug,...,u;) and let us consider

vi=ajuy + -+ agug € V(u)

with a = (al,.. ,ar) € RF \ {0}, so that v # 0.
Writing u,, == (u},...,u}) we get

(3.21) Up = arut + -+ agup = v strongly in L?(R™).

By Lemma 3.8 we deduce that v, € SBVE (RM): moreover, thanks to (3.20), we have

[ TP et [ b o) an <
RN J,

vn
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for some constant C independent of n. In view of Proposition 3.6 we get that
[ e e+ [ pu@? + a0 an
RN Jo

< liminf
n——+oo

/RN |an|2dx+/ 1 ()2 + o (vn)2] dHY 1

Jon

Since v, € V(uy,) with v, # 0 if n is large enough, taking into account (3.21) we deduce

Jox VO da + [; [y1(v)? +92(0)*] dHN

3.22
(3.22) S~ v? dx
[Vop?dz + [, [y1(vn)? + 72(vn)?] dHN 1
< liminf fRN " fJ”" " " < liminf Ry, g(up).
n—+4oo f]RN v2 dx n—too

Recall that the set D of vectors a := (ay,...,a;) € R* for which
Jo = Jagurttapup = Jug U Jug - Uy, = Jy up to HY "L-negligible sets

is dense in R¥ (see Remark 3.13 below). Then for such functions v we can replace J, with J,, in
(3.22) so that by density we infer

~ [Vw|?dz + w)? + Yo (w)2] dHN 1
Jo (V0P do [y on (0 ¥t

3.23
(3.23) Jpn w2 dz n—+oo

for every w € V(u). The desired lower semicontinuity result now follows passing to the max on
w. O

Remark 3.13. In the previous proof we used the following property: the set of parameters
a:=(ai,...,a;) € R* for which
Jarui+-tapur = Jug U Jug U Jy, = Jy up to HY ~l-negligible sets

is dense in R*. The proof that follows employees arguments similar to those of [22, Lemma 3.1]
and [17, Lemma 4.5].
Let us consider firstly the case k = 2. Let N be the set of vectors b = (by,by) € R? such that
Jbyus +bsusy 18 strictly contained in J,,, that is
HN_l (Ju \ Jb1u1+b2u2) > 0.
This means that if we set

Cyr:={x € Jy : biyi(ur)(@) 4 bayr (u2) () = brya(ur) () + baya(uz)(z)}
we have HV~1(Cy) > 0. If ¥’ € N is not a multiple of b, then we have immediately
HN L (Cy N Cy) =0,

since otherwise on Cy N Cy C J,, we would get v1(u1) = v2(u1) and 41 (uz2) = Y2(uz). Since J,,
is o-finite with respect to HV~!, we deduce that the set A/ is composed, up to a scaling factor,
by at most countably many vectors (the family {C}, : b € N, |b] = 1} is composed by at most a
countable number of sets), so that R? \ A is dense in R2.This proves our density property.

The case k > 2 can be treated easily by induction. Given b € R¥, we can find (b},...,b, ;)
arbitrarily closed to (by,...,bkr—1) in such a way that

Toj gttt gy = Jug U Udyy up to HN " -negligible sets.

Setting v := bjuy + -+ + bj_ uk—1, by the previous step we can find (a, b},) arbitrarily close to
(1,bx) and such that

Joviviwy = Jo U Juy = Juy U---Udy, = Ju up to HY '-negligible sets.

Since
av + apug = abjug + -+ ozb;c_luk_l + b;uk,

Q10
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we see that (abl,...,ab)_,,b},) can be chosen arbitrarily closed to (b1, ...,bx), so that the con-
clusion follows.

4. THE MAIN RESULT

As mentioned in the Introduction, we are interested in the minimization of the k-th eigenvalue
of the Robin-Laplace operator with coefficient 8 > 0 among bounded Lipschitz domains with
volume m > 0. Using the monotonicity of the eigenvalues under dilation, this is equivalent to the
shape optimization problem

4.1 inf A\, g(f2

(41) Qef{g(ﬂw) kp(02),

where

(4.2) A (RY) := {2 ¢ RY open, bounded, with Lipschitz boundary and [£2| < m}.

Following the considerations of the previous section, in particular in view of Remark 3.11, we
are led to consider the free discontinuity problem

4.3 inf R ,

(4.3) . S k(1)

where

(4.4) FIHRY) = {u € Fi(RY) : [supp(u)| < m}.

Here F(RY) and Ry, g are given in Definition 3.9.
The main result of the paper is the following.

Theorem 4.1 (The main result). For every k > 1 the free discontinuity problem (4.3) admits
a solution with bounded support. Moreover

4.5 min Ry g(u) = inf  Apg(02) = Ay,

(4.5) e k(1) N L ke (82) = Alg

Remark 4.2. In view of the previous theorem, we can consider the well posed free discontinuity
problem (4.3) as a sort of relazation of the original shape optimization problem (4.1). Intuitively
speaking, the optimal shape should be given by the support of a minimizer u € F(RY): to put
this intuition on a solid ground, a regularity analysis for the support of minimizers is required.
In this direction, we are able at the moment to treat only the case k = 1 (and some semilinear
variants), in which we can show that the support is a ball (see [13]).

The rest of the section is devoted to the proof of Theorem 4.1: in Subsection 4.1 we prove an
approximation result which yields the relazation equality (4.5). In Subsection 4.2 we collect some
technical lemmas which are essential to prove the existence of minimizers for problem (4.3), which
is addressed in Subsection 4.3 by means of a combination of a concentration-compactness principle
and an induction argument, as done in [10].

4.1. A density issue. In Remark 3.11 we pointed out a connection between the free discontinuity
functional Ry s on the space Fj, (RN) and the k-th eigenvalue of the Robin-Laplacian of a bounded
Lipschitz domain. We improve the connection with the following result.

Theorem 4.3 (Density). For every u € Fx(RY) with |supp(u)| < m, there exists a sequence
(2,)nen of bounded Lipschitz domains in RN with |§2,| < m and

lim sup Ak,ﬂ(ﬂn) < Rkwg(u).

n—-4o0o
Proof. The idea is to approximate u using the Cortesani-Toader regularization given in Theorem
2.4. We divide the proof in several steps.

Step 1. It is not restrictive to assume u = (uy, ..., ux) € (SBVNL>®)(RY;R*) with HVN~1(J,) <
400, and with support contained in a compact set.
Indeed it is sufficient to consider for every i = 1,...,k and €, \,0 the functions

(uf —en) = (u7 —en)®
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truncated at levels +n and multiplied by smooth cut-off functions between B, (0) and B;,4+1(0).
Let us denote these functions by «', and let us set
Up = (Ul ... up).

Clearly |supp(uy,)| < m. By Lemma 3.1 we get u,, € (SBV N L>®)(RY;R¥), and dim(V (u,)) = k
for n large enough, i.e. u, € Fx(RY). In addition

MY 1) < 5 [ (m@P + haw)Pl a1 < oc,

n JJy

The claim follows if we prove that

(4.6) lim Ry g(un) = Ry p(u).

n— oo
Notice that
Up —> U strongly in L*(R™; R¥)
with
[ vz [ ()P + et an < €
R

Un

for some C > 0 independent of n. By Proposition 3.12 we get
(4.7) Ry,p(u) < liminf Ry, p(un).
For every n, let
Up = atul + .. agup € V(uy)

be a function which realizes Ry g(u,). We may assume that up to a subsequence

ap = (at,...,a3) = a:= (a1,...,ax)
with |a| = 1. Then

Up — V= aiuy + - + apug strongly in LQ(RN)

with

Vv, = Vv strongly in L*(R™;RY)
and

lim 11 (00)? + 72(vn) ] dHN = / [11(0)" +72(0)*] dHN T,

n=too Jr,. Ju

the last relation coming by dominated convergence (recall that J,, C J, and that |v;(u,)| <
|vi(w)]). We infer

Jan IVon?dz + [ [y1(vn)? + 72 (vn)?] dHN
48) i ) =i
(4.8) P R (un) i Jew V2 da
e VU da A+ [ In(v)? 4 92(v)?] dHN !
- Jpn v2dx

Equation (4.6) follows gathering (4.7) and (4.8), so that the claim of the step follows.

< Rk”@(u).

Step 2. Let us consider u € (SBV N L*)(RY;R*) with HV~1(J,) < 400, supp(u) compactly
contained in Bg(0) for some R > 0, and such that |supp(u)| < m.
We claim that we can find w,, € SBV(RY;R¥) with J,, polyhedral, HN=1(J,, \ Ju,) = 0,
w, € (WH2N CO)(RN \janRk)a
(4.9) supp(wn) CC Br(0),  [supp(wn) \ supp(wn)| =0, limsup jsupp(wn)| < m,
n——+00o
such that
Vw, — Vu strongly in L2(RN; R*V),
Wp = U strongly in L*(R™;R¥),
limsup BV~ () < HV (),

n—-+o0o
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(4.10) lim sup/
J

n—-+o0o

(172 (wn)? + Iz (wn) [P dH YT < /, (72 (w)* + [z (u) 2] dH Y,

wn

and

n—-+oo

(4.11) limsup/J [y1(a1(wn)1 + -+ + ar(wn)i)? + y2(a1 (wn)1 + - -+ + ag(wn)i) ] dHN !

< / [y1(aruy + -+ + apug)® + 2(arus + - + apug)’] dHY
for every a = (ay,...,a;) € R¥ with |a| = 1. Moreover, since the Sobolev 2-capacity of the
intersection of simplexes is zero, we may assume that the jump set is composed of a union of
disjoint, closed, (N — 1) dimensional simplexes.
Indeed, let (vp)nen be the approximation of w given by Theorem 2.4 in Bg(0). If n > 0, let us
denote by u" the function obtained by replacing each component w; with the function

(u =m)" = (uy =n)",
and let v;] denote the function obtained operating in the same way on vj. Clearly we have
Vol — Vu'" strongly in L*(RN; R*V),
vl — u” strongly in L*(R™;R¥),

and

limsup/ [ @)I? + e (o) ] dHY S/ [ (@) + [z (u) ] Y1

h—+o00 JJ n Ju

h

The last inequality follow by the corresponding one for vy, in view of the choice p(a, b, v) = |a|>+|b|?
in Theorem 2.4. Moreover, since the choice ¢(a,b,v) =1 yields

limsup HY 71 (J,,,) < HY7H(T),
h—-+oo

we deduce that for every a = (aq,...,ax) € R* (choose ¢(c,d,v) := (a-c)® + (a - d)?)

limsup/ [a(ar (o)1 + -+ + ax(v)e)? + y2(ar (o)1 + - -+ + ag (o)) ] dHN
7

h—+oco n
o]l

< limsup/J [vi(ar(vn)1 4 -+ ar(vp)e)® + v2(ar(vp)1 + -+ + a(vp)e)?] dHN 7 + €,(a)

h—4o00 .

< / [(1(aruy + -+ + apur)® + y2larur + -+ + apug)* ] dHY 1 + ey (a),
Ju
where e, (a) — 0 as n — 0 uniformly for a varying in compact sets of RY.

Finally notice that

lim sup |supp(v}))| < m,
h—+oco

and that it is not restrictive, multiplying by a suitable cut-off function, to assume that supp(v;)
is compactly contained in Bg(0).
Finally for a.e. 7 > 0 and for every h € N, i = 1,...,k we have (the sets are disjoint)

(4.12) (e e RN\ T, : [(un)i(a)] = n}] = .

The required approximation is then obtained in the form w, := UZ:, by considering 7, — 0
satisfying (4.12), and using a diagonal argument to define h,,.

Step 3. Let (wy)nen be given by Step 2. Let us choose A,, CC Bg(0) open with smooth boundary,
containing supp(w,,), and such that

limsup |A4,| < m.

n—-+oo

This is possible in view of the properties of supp(wy,) given in (4.9). Let us infinitesimally enlarge
the disjoint (N — 1)-simplexes forming .J,,, by considering the closed neighborhood U,, := {z €
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— }

FIGURE 1. The domain 2,.

RN : dist(x, J,, ) < n,} with 1, — 0 small enough such that U,, C A,, and U, is Lipschitz. Let
us denote §2,, := A, \ U, (see Figure 1). Then (2, is Lipschitz with

(4.13) limsup [£2,| < m.

n—-+4oo

Let u, be the restriction of w, to £2,. We have u,, € W12(£2,), and u,, = 0 on 9A,. The
enlargement of J_wn can be chosen so small that, after an extension by zero outside (2, (still
denoted by the same symbol)

Vu, = Vu strongly in L2(RY; R*V),
Uy, — U strongly in L*(R™;R¥),
and, in view of (4.10) and (4.11), also such that
(4.14) limsup/ |, |2 dHN L < / (71 (w)]? + |y2(uw)|?] dHN 1
82y,

n—+4oo Ju

and

n—-+4oo

(4.15) limsup/ (ay(un)y + - 4 ap(un)r)? dHN 1
092

= / [yi(arus + -+ + apue)® + Y2 (aruy + - + agug) ] dHY
Ju

for every a € R¥ with |a] = 1.
Notice that for n large enough, {(un )1, - ., (un )i } are linearly independent. Let a™ := (af,...,a})
with |a™| = 1 be such that

Jo, |Vou|?dz + B Joa, v dHN 1

vEspan{(umnz)lf(,...,(un)k} fﬂn v2dx

is achieved on
Up = al(un)1 + -+ ap(un)g € Wl’z(!?n).



Q15 i

Q15 ii

Q15 ii

18 D. BUCUR AND A. GIACOMINI

We may assume up to a subsequence that
a” = a:=(ay,...,a).

Then we have, by considering o, := a1 (un)1 + - -+ + ax(un ) and taking into account (4.14) and
(4.15)

Vo, |?dz + 3 v2 dHN L
lim sup Mg, 5(£2,) < limsup fn" | | ffm"

n—+4o0o n—+4o0o fﬂn U»,zl dx
Jo Vo2 de+ B [, 02dHN?
=1 n n <R .
i ap T o2 dx < B plu)

Thanks to (4.13), the conclusion follows up to a small dilation (see (2.2)), if necessary, to match
the constraint [£2,,| < m. O

Remark 4.4. The approximation result of Theorem 4.3 and Remark 3.11 entail immediately the
validity of equality (4.5). In view of the rescaling property (2.2), we get also that for every ¢ > 0

1
4.16 inf R —— inf R .
(4.16) wert wo(u) =3 Al ke ()

Finally, using the monotonicity property (2.4), we deduce that for every ¢ > 1
NG < AT < AT,
The last strict inequality is a consequence of the fact that for every S,m > 0 we have A\;"s > 0.
We conclude that for every t > 1
(4.17) A < Mg
This inequality will be used in the proof of Theorem 4.1.

4.2. Some technical lemmas. In this subsection we collect some technical lemmas which will
be pivotal in the proof of the existence of minimizers of the free discontinuity problem (4.3), based
on a concentration compactness principle. Lemma 4.5 and Theorem 4.6 will be used to deal with
the so called “compact” case, while Lemma 4.7 will be employed in the “dichotomy” case.

Lemma 4.5 (Distinguished minimizers). Let (£2,)nen be a sequence of Lipschitz domains
with |£2,| = m and

4.18 A g(£2,) = A= inf R .
( ) k,ﬁ( ) k.3 uefl;{{(RN) k,ﬁ(u)
Let {u},...,u}} denote the first k eigenfunctions of the Robin-Laplacian for 2,,, which we assume,

as usual, to form an orthonormal system in L*(£2,).
After an extension by zero outside {2, still denoted by the same symbol, we have

Up = (u?a s ’UZ) € ]:I::n(RN)a
and the following items hold true.

(a) (un)nen s a minimizing sequence for problem (4.3).
(b) Assume that

Up —> U= (U1, ..., Uk) strongly in L*(R™; R¥).

Then {uy,...,ux} forms an orthonormal system in L*(RY), and u is a minimizer of
problem (4.3) such that for everyi=1,...,k and ¢ € C°(RY) with p >0

(4.19) /RN Vu, - V(pu;) de + 5/] @ [y (us)® + 2 (us) 2 dHN 1 < A /RN u? dz.
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Proof. The fact that u, € F"(RY) together with point (a) follow from Remark 3.11 in view of

equation (4.18). In particular we have for every n € N (recall that J,,, = 042 since u,, = 0 outside
2,)
@) [ VuPdos B [ )l + el PR < s (2,).

R Jun

Let us come to point (b). Thanks to (4.20), by Proposition 3.6 we infer
1
u € SBV? (RV;R").

Moreover |supp(u)| < m, and dim(V (u)) = k, as {u1, ..., ux} is an orthonormal system in L2(R™).
We thus conclude that u € F;"(R"Y). Moreover u is a minimizer of problem (4.3) thanks to the
lower semicontinuity property of Ry g given in Proposition 3.12.

Let us prove inequality (4.19). Let ¢ € C°(RY) with ¢ > 0. Since u? is an eigenfunction for
2, we may write

/ Val V(e ulyde B [ g ()2 dHN T = A () / o (ul')? dr.
2,

02, 2,
After the extension to zero outside {2, we get

@2n) [ var-Vig-wdetp [ oo pala Pt anY T = (@) [ o),

We know that, up to a subsequence,
Vul? — &' weakly in L*(RY;R")

with ®1,,,,(u) = Vu,. This is a consequence of (4.20) and the strong convergence in L?. By
expanding the first term in (4.21) as

Vul - V(p-ul)de :/

urVui - Vodr + / @ - |Vul? de,
RN RN

RN
in view of the strong convergence of u,, and since ¢ > 0, we obtain

(4.22) liminf Vul - V(euy) de > /

n—+oo RN

ul'(bi-Vapdx—&—/ @ - |®? dr
RN RN

2/ uiVui-VgodJH—/ <p-|Vui|2dx:/ Vu; - V(pu;) de.
RN RN RN

Moreover by Remark 3.7 we get also

(4.23) lig}rnf @ [y1(u?)? 4+ yo(u?)?] dHN T > / © - [y1(ug)? + Yo (ug)? dHN L.
T S Ju;
Finally since
Aig(£2n) < Akg(£2n) = Ry p(un) = Ails,

we infer

(4.24) lim sup )\iﬁ(Qn)/ ¢ (uM)?de < )\;:B/ @ - u? d.
RN RN

n——+o0o

Collecting (4.22), (4.23) and (4.24), we deduce that inequality (4.19) holds true, so that point (b)
follows, and the proof is concluded. O

Theorem 4.6 (Boundedness of the support of distinguished minimizers). Let u €
FMRN) be a minimizer of problem (4.3) satisfying point (b) of Lemma 4.5. Then supp(u) is
bounded.

Q17
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Proof. Assume by contradiction that supp(u) is unbounded. Up to a rotation and a translation,
it is not restrictive to assume that

supp(u) N {z1 > t}
has positive volume for every ¢ > 0 . We divide the proof in several steps.

Step 1. For a.e. ¢t € R large enough we have uly, <1} € F;*(RY). We claim that for a.e. t >0
large enough

236t
(4.25) Ry p(ul 4, <1y) < Ry p(u) + 02(7(5))’
where
k
(@20 0= [ [VuPantlapy ()P + )] 1Y
{:El:t} i=1 Juiﬂ{zlzt}
and
(4.27) ca(t) = A1p(B'(t)),

where B’(t) € RV~! is a ball such that
|B'(t)] = HN " (supp(u) N {z; = t}) > 0.

In order to prove the claim, let us write the quantity Ry g(ul{,, <) as (notice that {z; =t} is
now a possible jump set for uly,, <)

Jovra IV 18 [, 1 ol (U0 + 22002 dHY = + 6 [, U0 dHN=
f{wl<t} U2(t) dx ’

where
k k
U) =Y a(tyu € SBVERY)  with > a,(t)? =1
i=1 i=1
is such that U(t)11,, <4 realizes Ry g(ul{y, <4). Since {uy,...,ux} forms an orthonormal system
in L?(RY) we have
/ Ut de =1 — / U(t)? da,
{z1<t} {z1>t}
so that
1
(4.28) Rip(ulgy,<yy) < Rip(u) + U?(t)dHN
S T Jay U de {z1=t)
- vuePd-s ((U(0)? + 12U (1)) !
{z1>t} JuN{z1>t}
We have
k
/ U?(t) da < Z/ w2 dx "2 0.
{z1>t} i=1 {z1>t}

The last equality can be seen as a consequence of the dominated convergence theorem. Thus we
can write for ¢ large enough

U?(t) dHN 1 —/ VU (t)|* dz

{z1>t}

Ry p(uliz, <py) < <Rk,5(u)+5 ety
:vlzt

fﬂ/ M (U)* + 72U ()% dHNl) : <1+2/ U(t)2d93> ;
Jun{z1>t} {z1>t}

using the fact that the second factor on the right hand side in (4.28) is nonnegative since

Q18
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Rk:,[ﬁ('lLl{:z|<t}) > 0. Finally,

Rus(ul o, <ty) < Rip(u) + 2R 5(u) / U (1) dx + 28 U(t)? dHN !
{z1>t} {z1=t}

- / VU2 dr — B / P (U(0))® + (U (1)) dHY .
{z1>1} JuN{z1>t}

If we reflect the function U(t)1¢,,~ across the hyperplane {z; = ¢}, we obtain a new function
v(t) € SBVE (RY). We can thus use the Faber-Krahn inequality of Theorem 3.3 for the positive
and negative parts of v(t) and obtain (in terms of U(t))
/ IVU(t)]* dz + 8 1 (U(#))? +72(U#)* dHN ! > e () / U(t) dzx
{z1>1} {z1>t}
with
(4.29) ci(t) = A p(B(1)),
where B(t) C RY is a ball such that
|B(t)] = 2[supp(U(t)) N {z1 > t}| < 2[supp(u) N {1 > t}|

Notice that ¢1(t) — 400 as t — +oo since |B(t)| = 0 (see (2.3)). We conclude that for ¢ large
enough

Jun{z1>t}

k
(4.30) Ry p(ulgy, <) < Rip(u)+28 U(t)?dHN 1 < Rw(u)wﬁZ/ u? dHN L
{w1=t} ; {w1=t}

Note that the above inequality entails immediately that HY ~!(supp(u)N{z; = t}) > 0, otherwise
it would be against the strict inequality (4.17), since |supp(u) N {zy > t}| > 0.

In view of the theory of sections for BV functions (see [1, Section 3.11]), we have that for a.e.

1

t € R the section of u; on the hyperplane {z; = t} belongs to SBV? (RN ~1), with associated
jump set given by J,, N {x1 = t}, and pair of traces given again by (v1(u;),72(u;)). Using the
Faber-Krahn inequality in dimension N — 1 we obtain

(4.31) / u? dHN !
{z1=t}

<L
- Cz(t)

where V' stands for gradient with respect to z3,...,zn, and co(t) is given in (4.27). Claim (4.25)
follows by combining (4.30) and (4.31).

(/ [V ui* dHN ! 4+ 8 [y (us)® + 2 (us)?] dHN_2> ;
{z1=t} J(ui)n{z1=t}

Step 2. We claim that for a.e. t > 0 large enough

20(t
(4.32) / |Vul? daz—i—ﬂZ/ [v1 (i) + Yo (us) 2] dHY 71 < 200 )
{w1>t} JN{z1>t) ca(t)

where §(t) and cy(t) are given in (4.26) and (4.27) respectively.

In order to prove the claim, let us make use of inequality (4.19). By letting ¢ approach the
function
(x1 —t)*

€

ve(x) == Al,

we obtain for every i = 1,...,k

/ Qe[ Vuil* do + = / w;Vu; - erdz + 5/ e - [y1(ui)? + 7o (i) dHN !
RN {t<z1<t+e} Ju;

S/\Zfﬁ/RN%-ufdx,
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where e; is the horizontal vector (1,0,...,0). Letting ¢ — 07, we obtain for a.e. t € R

/ |Vu,|? dz + B (1 (ui)? + 72 (ui)?) dHN
{z1>t} Ju; N{z1>t}
< )‘2176/ u? dx +/ |wi||[ V| dHN
{z1>t} {z1=t}

1/2
gA;ng/ u? dx + / |ul—|2d7-lN’1/ |V ? dHN 1 .
{z1>t} {z1=t} {m1=t}

We estimate the last term using the Faber-Krahn inequality on the section of u; on {1 = t} as

in the previous step: recalling (4.31), and replacing the tangential gradient with the full one we

may write

(4.33) / |Vu,|? de + 3 [y (ug)? + 2 (ui) 2 dHN T < A / u? da
{z1>t}

Juiﬁ{3?1>t} {$1>t}

1
+ \/Cg(t)

By employing a reflection with respect to {x; = t}, and using the Faber-Krahn inequality of
Theorem 3.3 for the positive and negative parts of u; we have

[/ |Vui|2 dHN "+ 8 ! (ui)Q + ’Yg(ui)z] dHN_2] .
{z1=t} J,in{z1=t}

T alt)

where ¢;(¢) is given in (4.29). Since ¢i(t) — 400 as t — +oo, we deduce that the first term
on the right hand side of (4.33) is negligible with respect to the left hand side. Summing over
i=1,...,k, we obtain claim (4.32).

1
/ ui dr < [/ Vui|? do + 8 (e (i)? + 2 (ui)?] dHNl] ;
{x1>t} {Il>t} Ju,iﬂ{m1>t}

Step 3. Let
(4.34) o(t) == |supp(u) N {z1 = t}|.
We claim that there exist C' > 0 and tg € R such that for a.e. t > t,
+oo

(4.35) / o(r)dr < Clo(t)| ™ (1 + |o(t)|77)d(t)

t
and

+OO 1 1

(4.36) / 6(r)dr < Clo(t)[7V=2 (1 + [o(t)[77=2)d(t),

t

where (¢) is defined in (4.26).
In order to prove inequality (4.35), recall that

+oo
m(t) := |supp(u) N {x1 > t}| = /t o(r)dr.

Using the optimality of w together with the rescaling formula (4.16) we obtain that for a.e.
teR
1
2(t) Rk,n(t)B(U1{];1<t})

R g(u) <
k,ﬁ()_n

with
|supp(u)| —m(t)
Since n(t) > 1 we have

1
< 1 .
Ry p(u) < e Ry p(ul (e, <iy)
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Using inequality (4.25) we obtain for a.e. ¢ > 0 large enough
256(t)
co(t)

n(t)Re,p(u) < Ry, p(u) +

which yields for ¢ large enough

Cy6(t)

ca(t)

for some C; > 0. By the very definition of ¢o(t) given in (4.27) and estimate (2.3) for the first
Robin eigenvalue we have

m(t) <

g
4.37 C2 t 2 1 1
0 " Ao ()71 (1+ Blo(t)|¥T)

)

so that inequality (4.35) follows.
Inequality (4.36) is a consequence of (4.32), in view of Fubini’s theorem and of the coarea
formula on the H™ ~!-countably rectifiable sets .J,,, (see [1, Theorem 2.93]), and using again (4.37).

Step 4: Conclusion. Let us consider
e(t) ==o(t) +0(t)

and the absolutely continuous decreasing function E : [tg, +00[—]0, +00]

B(t) == /t - e(r)dr,

where o(t) and 0(¢) are given in (4.34) and (4.26) respectively.
Summing inequalities (4.35) and (4.36), we deduce that for a.e. t > tg

/
B0
S-1(E(t) ~
where @ : [0, +oo[— [0, +00[ is the increasing function
D(s) := C’ls”mu + Czsﬁ]

for suitable C, Co > 0. This inequality leads immediately to a contradiction. Indeed on one hand

we have
Y EG@) [P ds e
L wme = aa el

as for s near zero we have

(4.38)

& (s) > CysItavm)
for some C3 > 0. On the other, (4.38) entails
+oo EI(T)
—— = dT = -0,
/to O=H(E(7))

a contradiction. Note that this contradiction heavily relies on the fact that the support was
supposed unbounded, so that the above integration in ¢ could be carried up to +oc. O

Lemma 4.7 (Splitting geometry). Let u € Fi(RY) be such that
U = Uy + usz
with supp(u1) and supp(ug) well separated (see subsection 2). The following items hold true.
(a) If uy = (v1,0) and uz = (0,v2) with vy € Fr,(RY) and vy € Fp,(RY), we have
Ry p(u) = max{Ry, (v1), R, 6(v2)}-
(b) If m; := |supp(u;)| > 0, then
Ry p(u) > j_min kmax{)\;':%7 AeZigh

=0,...,

with the convention /\gfﬁ = 0.
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Proof. Let us start with point (b), proving that
(4.39) Ry p(u) > max{)\znll’ﬁ, )\Tjﬂ}

for some hi + hy = k.
Let us consider the finite dimensional spaces V(u1) and V (uz) and their direct sum

V.= V(Ul) ) V(’LLQ)
If we denote the associated dimensions by k1 and ko, we have clearly
k<ky+ ko <2k.

Let us proceed by computing some kind of “discrete” eigenvalues on V using the standard
Rayleigh minimization process. More precisely, let w; be a minimizer of the quadratic energy

Q)= [ VR da+5 [ (e + P )an

on those functions v € V with ||v|2gvy = 1, and let w; be a minimizer of Q on those functions
in V, with unit L?-norm, and L?-orthogonal to {w1,...,wj_1}. Let p; denote the associated

“eigenvalues”.
a+b a b
> mind —, -
c+d _mm{c, d}’

Using the inequality
we see that wq, and recursively each w;, belongs either to V(uq) or to V(uz). As a consequence

{/“1’17"'7/"Lkl+k2} = {7717"'7nk17<17"'7<k2}7

where 7; and ¢; are the “discrete” eigenvalues associated to V(u1) and V(usz), obtained by the
same variational procedure.

Assume
{H’la'-'muk} = {7717'~'777h1a<1a-"a<h2}3
with hq + he = k. Since we can find in V(u) an element which is L?-orthogonal to wn, ..., wk_1
(since the orthogonality requires k — 1 linear relations), we get that
(4.40) Ry g(uw) > py = max{na, , Cp, }-

Since np, > A5 and (p, > Aj2 5, inequality (4.39) follows, and point (b) is proved.
Let us come back to point (a). Notice that by assumption

Vi(u) = Vi, (u1) @ Vi, (u2).

Then we get that in the preceding argument hy = ki and hy = ko, with n,, = R, g(u1),
Chy = Ri, p(u2), and Ry g(u) = pg. From (4.40) we deduce that point (a) holds true, and the
proof is concluded. O

4.3. Proof of Theorem 4.1. We are now ready to prove Theorem 4.1. Equality (4.5) is a
consequence of Theorem 4.3 and of Remark 3.11. We can thus concentrate on the existence of
minimizers with bounded support: this is obtained through a vanishing/dichotomy/compactness
alternative together with an induction argument.

The result is known for k = 1, being essentially the Faber-Krahn inequality of Theorem 3.3:
minimizers are given by the first eigenfunctions of the ball, extended by zero to the entire space.
We now proceed by induction, assuming that the result holds true for £ — 1, and proving it for k.

Let (£2,)nen be a “minimizing” sequence of Lipschitz domains, i.e., such that [§2,,| < m and

/\k,ﬁ(ﬂn) — )\kmﬁ = EJ-H'}ERN) Rkﬁ(u).
ueSTg

Its existence is secured by relation (4.5). By Lemma 4.5, we know that

Up = (ul',...,up) € SBVE(RN;RIC)
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is a minimizing sequence for problem (4.3), where {ul'};—1 ... is the orthonormal family of the first
k eigenfunctions, extended to zero outside 2,,. Notice that

@a [ VuPdoes [ )+ halu) PR < p(2,) < C,

where C' is independent of n.
Let us perform a concentration compactness alternative by considering the function

Fhunl? = [(5)7 -+ ()] € L ®Y),

For every r > 0 let us consider the monotone increasing functions v, : [0, +00[— [0, +00]
1
ap(r) == sup / —|up|? da.
yerN JQ.(y)
Up to a subsequence, in view of Helly’s selection theorem, we may assume that up to a subsequence

ap =« pointwise on [0, +-o00[
for a suitable monotone increasing function « : [0, +oo[— [0, +00].
The following situations may occur.
(a) Vanishing: im,_, 1o a(r) = 0;
(b) Dichotomy: lim,_,  a(r) = & €]0,1];
(¢) Compactness: lim,_, oo a(r) = 1.
Let us deal with the three cases separately.

Step 1: Vanishing cannot occur. Let us see that the vanishing case cannot occur. Thanks to
(4.41), by [8, Lemma 4] applied to the positive and negative parts of the components of u,,, we
can find y,, € RY such that

(4'42) |5uPp(un) N Ql(yn)| >c>0,
with ¢ independent of n. Since
lim |tp|? da = 0,
n—+4oo Ql(yn)
up to reducing the side of the cube, we may assume that for every n € N
HN ! (Ju, N Q1 (yn)) =0
and

lim [un |2 dHN " =0,
noo 0Q1(yn)
still preserving (4.42). Let us consider

1
Wy, 1= uanN\Ql(yn) S SBVi2 (RN;Rk).

Notice that [supp(w,)| < m — ¢ . Assume for a moment that w,, € F;" “(R"), that is that the
associated vectorial space V' (wy,) has dimension k. A direct calculation shows that

- < limi

lim inf Ry g(wn) < liminf Ry, g(un),
so that

Mog” < Mg
This is against the monotonicity property (4.17).
Notice that if V' (w,,) has not dimension k, we can perturb the components by adding vanishing

perturbations in C°(Q1(yn)) without affecting the previous considerations. We conclude that the
vanishing case cannot occur.

Step 2: Existence in the dichotomy case. Let us assume that
lim Q(r) =a

r—+00
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with 0 < & < 1. Following [28, Lemma 1.1] , for every 0 < € < 1 there exist R > 0 and (2, )nen
such that, up to a subsequence, we can find R,, — 400 with

1 1
/ —|u,|? dz — a / —|un|?dr — (1 —a)| <e.
Br(wa) ¥ RN\ B, (2n) ¥

We can thus construct a cut-off function ¢,, € C°(RY) with ||V, < &, ¢n = 1 on Br(z,)
and on RN \ Bp, , and such that supp(¢,) = A, U B,, with Bg(z,) C A,, (RV \ Bg,) C B, and
dist(An, By) — +o0.

Let us concentrate on the function ¢, u, which we may see as

(4.43) <e and

Pl = Un + Wy

with supp(v,) C A, and supp(w,) C B,. We have

(4.44) lter, — vy, — wn||%2(RN) < 2ke.

Moreover, taking into account (4.41) and the properties of ¢,,, we have
(1.45) L uP et [ )R + ()Pt < 0
and h

(1.46) L et [ o) + bt an¥ = < co

for some C1,Cs > 0 independent of €.
Let
lsupp(vn)| =mp1 and  |supp(wn)] = My 2.

We may assume up to a subsequence
My,1 —> M and My 2 —> M3

with m§+m§ < m. In view of (4.45), (4.46), (4.43) and of the Faber-Krahn inequality of Theorem
3.3 (applied to positive and negative parts of v,, and w,,), we deduce that m§ > n and m§ > n for
some 7 > 0 independent of €.

It is not restrictive to assume @, u, € Fx(RY): indeed, the associated vectorial space V (¢, )
can be made k-dimensional up to adding vanishing smooth functions with small compact support,
without affecting the asymptotic behaviour outlined above.

Taking into account (4.41) and (4.44) we get

e(e) + Rip(un) > Ri p(vn + wp),

where e(e) - 0ase — 07.
Up to a subsequence we obtain thanks to Lemma 4.7

e(e) + Ri g(un) > h:rglin kmax{)\f:g’l , )\;n_",ﬁﬁ},

,,,,,

with the convention Ay’ := 0. Passing to the limit for n — 400 and & — 07, and using a rescaling
argument, we find m; > 0, mo > 0 with m; + ms = m and such that

(4.47) Neg = h:Hol,i.I.l.,k max{)\’{flﬁ, )\an’hﬁ} = max{)\;%, )\;cnfj’ﬁ}

m

for some 0 < j < k. We can exclude the cases j = 0 and j = k: indeed we would get Aig = )\ZLE
or Aj's > A}'3 against the monotonicity property (4.17).

Using the inductive hypothesis, let v € F}" H(RY) and w € Fi; (R™) be minimizers for ALS
and A" B with bounded support, which up to a translation, we may assume to be well separated.
Let us consider the function

u:= (v,0) + (0,w) € F"(RV).
By Lemma 4.7 we deduce

R p(u) = max{R; 3(v), Rx—j,5(w)} = max{A"}, \["*, 5}.
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Thanks to (4.47) we deduce that u is a minimizer of problem (4.3) with bounded support, and
the step is concluded.

Step 3: Existence in the compact case. Let us assume that lim, . a(r) = 1. There exists
(zn)nen such that for every e > 0 there exist R > 0 with

1
/ —|up)? dz —1
Qr(zn) *

We may assume x,, = 0. Up to a subsequence, thanks to (4.41) and to Theorem 3.6 (recall that
+ Jan |un|? dz = 1) we have

(4.48) <e.

Up — U strongly in L2 (RY;RF)

loc

for some u € L?(RY;R¥). Since by (4.48) we get |lu|/z> = 1, we deduce
Up — U strongly in L*(R™;R¥).

We can now apply Lemma 4.5 and Theorem 4.6: we deduce that u € F;" (R™) is a minimizer of
problem (4.3) with bounded support. The proof is now concluded.

5. FURTHER REMARKS AND OPEN QUESTIONS

More regularity of optimal geometries. Obtaining more qualitative results on the optimal
solution is a challenging problem. In particular, just to prove that the optimal solution corresponds
to an open set, with a topological boundary of finite 7~ ~!-measure, would be a very interesting
result. Some techniques have already been developed in [9, 15] to handle energy type problems,
as for instance corresponding to the first eigenvalue. A nontrivial such a problem is to replace the
full space RV (where the minimum for A1 s is the ball) by a bounded, Lipschitz, open set D, i.e.
to solve

min{A; g(£2) : 2 C D, |£2] = m}.

If D does not contain a ball of volume m, one could prove that an optimal set exists, it is open
and has a topological boundary of finite H™ ~!-measure. Moreover, it is likely that the regularity
techniques developed in [15] could be extended to this problem.

Nevertheless, in order to get qualitative information for higher order eigenvalues, the crucial
difficulty comes from the fact that A\ is itself a critical point. In the case of Dirichlet boundary
conditions, some properties of the corresponding optimal sets have been obtained in [10] using the
tool of shape subsolutions. The key idea was to transform optimality of the critical point Ak, in
some suboptimality of the torsion energy. This was a consequence of the possibility to control the
variation of the k-th eigenvalue by the variation of the torsion energy for inner perturbations of
a domain. In the case of Robin boundary conditions, this strategy seems to fail. In fact, if such
a control would be available, it would also give an ordering of the shape derivatives of the k-th
eigenvalue, and the torsion energy, respectively. Looking to the both shape gradients, this seems
to be false, as their expression contains both curvature terms multiplied by the state functions
and tangential parts of their gradients. These terms are difficult, if not impossible, to compare.

About simplicity of eigenvalues at optimal sets. For Dirichlet boundary conditions, it is a
longstanding conjecture to prove that the k-th eigenvalue on an optimal set is multiple, precisely
equal to A\x_1. For Robin boundary conditions, the same property is expected to occur. We can
even justify it, at least for solutions 2 of (1.1) which are open sets. Assume for contradiction,
that (2 is such a solution for (1.1), and that g g(£2) > Ax_1,5(£2). One can moreover assume that
{2 is connected, otherwise we contradict the statement for some 1 < k' < k. Necessarily, the k-th
eigenfunction uy has a nontrivial nodal line N, = {uy = 0} N 2. There exists a point zg € N
such that N}, is an analytic surface around xy. We remove a set S from this neigbourhood which is
analytic surface of dimension (N — 1) and has a small capacity. The size in terms of capacity can
be chosen such that the (k — 1) eigenvalue of the mixed problem with Robin boundary conditions
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on 02 and Dirichlet boundary conditions on S is still lower than A g(f2). For this mixed problem,
we notice

Agined < A g(£2) = Apired,

The last equality is true, since uy, is already vanishing on S, hence is an eigenfunction of the mixed
problem.

On the other hand, by monotonicity of spaces {u € H'(2\S) :u=0on S} C H(£2\ S) , one
can order

Aes(12\ S) S AF#ed = g 5(£2).

Since the inequality above can not be strict, as {2 is an optimal set, we have to have equality, and
in this case the eigenfunction uy of 2 is also an eigenfunction for Ay g(§2\ S). From the Robin
boundary condition on S, this means that Vuy has to vanish on S. This is in contradiction with
the Hopf principle.
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