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Proof of uniform convergence for a cell-centered AP
discretization of the hyperbolic heat equation on general
meshes

Christophe Buet*, Bruno Després! Emmanuel Franck! Thomas Leroy®

March 6, 2014

Abstract

We prove the uniform AP convergence on unstructured meshes in 2D of a generalization,
see [5], of the Gosse-Toscani 1D scheme for the hyperbolic heat equation. This scheme is also
a nodal extension in 2D of the Jin-Levermore scheme described in [18] for the 1D case. In
2D, the proof is performed using a new diffusion scheme.
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1 Introduction

We address the convergence analysis on unstructured meshes of diffusion asymptotic preserving
schemes for the discretization of a problem with a stiff parameter denoted as € < 1. The model
problem considered in this work is the hyperbolic heat equation in the domain ¢t > 0 and z € Q C
R2
owp° + %div(us) =0, p° ER,
pe (1)
1 o
o + -Vp° = ——=u®, u*eR
€ €
discretized with P° finite volume schemes. This problem is representative of many transport
problem such as transfer and neutron transport, for which the small parameter ¢ is the ratio of
two very different sound velocities and o is the absorption or the opacity. For simplicity both ¢
and o > 0 are kept constant in space in this study. The system (1) can also be introduced as a
specific linearization of a pressure-velocity system of partial differential equations in the acoustic
regime. We will consider well prepared data in the sense that: p®(¢ = 0) is independent of ¢ and
is sufficiently smooth; the initial velocity satisfies the equality in the second equation of (1) at
leading order. It writes

13
p°(t =0) = po and u(0) = —-Vno. (2)

For such well prepared data, it can be easily shown that the formal limit of P¢ for small ¢ is
0 1
P Op — ;Ap =0. (3)

Remark 1.1. In this work, we do not consider the regime o — 0, since it introduces a singularity
both in the initial data of the hyperbolic heat equation and in the limit parabolic equation.

Before addressing the main difficulty of this work which is the discretization on unstructured
meshes, we briefly recall the now well known notion of an asymptotic preserving technique [16]-
[17] which is illustrated in the figure 1. For the simplicity of the presentation, we will consider
mainly semi-discrete numerical methods, this is why the time step does not show up. In figure
1 the parameter h designs a numerical method with characteristic length A < 1: so we assume a
numerical method Pj; for the discretization of P*.

Definition 1.1 (Uniform AP). If Pf is consistent with P* uniformly with respect to e, then we
say that the scheme Py is uniformly AP (uniformly asymptotic preserving).

However the design of such methods and the numerical proof of this property is difficult. This
is why it has been proposed in [16] to rely on the simpler necessary condition, where the limit as
e — 0 of Pf is called the limit diffusion scheme P_.

Definition 1.2 (AP). If P{ is consistent with the limit model P°, then we say that the scheme
Pf is AP (asymptotic preserving).

This property is simpler to analyze than the uniform AP. It explains why it has been very
fruitful in the past. In 1D, many AP schemes have been designed for some PDE and physical
problems: S. Jin, C. D. Levermore [18] or L. Gosse, G. Toscani [14] for the hyperbolic heat
equation, M. Lemou, L. Mieussens, N. Crouseilles [20]-[8]-[9] for some kinetic equations, L. Gosse
[15], C. Buet and co-workers [4] or S. Jin and C. D. Levermore [19] for Sy equations and C.
Berthon, R. Turpault [1]-[2]-[3] for generic systems and a non linear radiative transfer model.
Recently some asymptotic preserving schemes for linear systems and non linear radiative transfer
model have been designed in 2D [5]-[6]-[7]. However for this type of schemes it is difficult to
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Figure 1: The AP (asymptotic diagram) diagram

obtain convergence estimates due to the competition between the two parameters € and h. To our
knowledge this type of proof are only given for uniform grids [5] (consistence and stability, Lax
theorem), [14] (L' and BV estimates), [21] (L? estimates). The goal of this work is to prove the
uniform AP property on unstructured grids.

To this end we adapt a strategy developped in [13] in a slightly different context. It relies
on the derivation of a priori estimates attached to the AP diagram 1. To have a more global
perspective on this strategy, let us assume some natural abstract a priori estimates for a given
norm which is in our work based on || f|| = || fl|2(jo,7]x @) Where T' > 0 is a given final time, Q = R,
in 1D or © = [0,1]? with periodic boundary conditions in 2D. We assume four positive constants
a,b,c,d > 0 and another universal constant C such that

|PF — P°|| < Ce?, (4)
1P = P*[lnaive < Ce™ A, (5)
|1Py — P°|| < Cn?. (6)

The first inequality expresses that P° is indeed the limit of P*. The second inequality is typically
based on non AP error bounds. This is why we refer to it as the naive error bound. The third
inequality is the AP property. A fourth inequality for || Pf — P?|| is of course required to close the
diagram. We assume that it can be obtained in a form similar to (4)

| Pf — PP < Ce®, e > 0. (7)

Proposition 1.2. Assume that all these inequalities are at hand and that d > ¢ and e > a. Then
the uniform AP holds with a rate at least O (haach)

Proof. The triangular inequality writes
1P; — P2l < min (| P — Plnaive; | P5 — PYII+ 1By — PPl +[|PF = P°|)
which yields, using min(z,y + z) < min(z, y) + min(z, z) and e > a.
|P; — P*|| < C (min (E_bhc,sa) + h% + min (5_bhc,5€)) < C (2min (s_bhc,sa) + hd) . (8)

We define a threshold value egpresn by st_hl;eshhc = Efyesh: D0 either € < egnresn so that
min (E_bhc,aa) < Ethresh = haaTCb, Or € > Ethresh and the same bound is obtained by taking the
other term as the minimum. And since d > ¢, one gets the abstract bound ||[Pf — P*|| < 3Chats

which ends the proof. O



The structure of these inequalities explains our strategy: that is we prove separately each of
these inequalities (4-7) with care, so that the inequalities d > ¢ and e > a are true. This part of
the proof relies on specific hyperbolic and parabolic numerical methods. Even if it is technical, the
first three inequalities (4-6) do not yield additional difficulties with respect to the state of the art.
The proof of inequality (7) is provided in 1D, and can be probably be generalized straightforwardly
on cartesian meshes in 2D and 3D. On the other hand our researches on proving (7) for ||Pf — P
show a fundamental obstruction in dimension greater than one on unstructured meshes which
was not expected initially. Since the main difficulty is related to PP, it motivates the definition
of a new diffusion scheme. To this end we remark that another diffusion scheme is naturally
defined from Pf by killing the derivative d;vy, in the discrete version of the second equation of (1).
Killing at the continuous level the d;v is absolutely equivalent to taking the formal limit & — 0.
But at the discrete level, it appears that it generates a new family of diffusion schemes, where
both parameters h and € are present. We call them Diffusion Asymptotic schemes, DAj. By
construction P = lim._,o DA5. This is summarized in figure 2. Finally since the scheme DA is
still an accurate discretization of P°, our proof of the uniform AP properties is based on the new
AP diagram displayed in figure 3.

_ Oy =0 e—0 0
P); DA% Ph

Figure 2: Definition of the diffusion asymptotic scheme DAj .

Our main theorem 3.19 in dimension 2 is based on this structure and it may be stated as follows:
The so-called JL-(b) scheme defined in [5] for the discretization of the hyperbolic heat
equation (1) (the scheme is cell-centered with nodal based fluxes) is uniformly AP on
unstructured meshes, with a rate of convergence at least O(h#) for sufficiently smooth
initial data.

This is an improvement with respect to [5] where only AP was proven. To our knowledge this
is the first time that such a result is obtained on general unstructured multidimensional meshes.
Some natural regularity assumptions are nevertheless imposed on the mesh in the hypothesis 2.1.
This hypothesis is not very restrictive. For example meshes with angles greater than 90 degrees
are allowed. If the mesh is made with triangles, the hypothesis is fulfilled if all angles are greater
than 12 degrees, see [5]. It is interesting to notice that the rate of uniform convergence is O(h?)
in dimension one. The difference essentially comes from the estimate of the reconstruction of the
initial velocity which is needed to rewrite a diffusion scheme as a non homogeneous hyperbolic
scheme: it is much simpler in dimension one (see equation (18)) than in dimension two (see
proposition (3.17)). In this work we considered only semi-discrete numerical schemes, since it
simplifies a lot the notations and allow to focus on the main difficulties, but the final estimates of
convergence can be generalized to fully discrete schemes, using the a priori estimates developed
in [10]. For explicit schemes, these estimates add a term proportional to the square root of the
maximal time step allowed by the CFL condition. Since our problem is an hyperbolic+relaxation
problem, with a limit which is parabolic, this additional term can be computed and is of the order
between h (for purely hyperbolic) to h? (for purely parabolic). We refer to [5] for the detail of
CFL condition in 1D and 2D. Concerning the implicit fully discrete version of the semi-discrete
scheme, the same kind of error terms can be analyzed. This is confirmed by he numerical results
of section 4, which show an even better rate of convergence.

This work is organized as follows. Section 2 is dedicated to the discretization of the model
problem in dimension one on irregular grids. The convergence is proved in theorem 2.9 with order
h% in the L2 space-time norm. In the next section, the nodal solvers for the hyperbolic equation
are defined, and the various a priori estimates proved. The main theorem of uniform AP for the
JL-(b) scheme with a rate O(h#) is proved at the end of the section. Section 4 provides numerical
results that sustain the fact that the convergence order depends on the relative value of € and h.,
and so is mixed hyperbolic/parabolic. Our final remarks will be gathered in a conclusion.
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Figure 3: The new AP diagram, where the previous branch is still displayed in dashed lines.

All our results and numerical methods in 2D can be generalized in 3D provided a convenient
definition of the nodal corner vector is used as in [11].

2 Analysis in 1D

The model problem in dimension one writes

O 4+ 10,u =0
£ . xT )
P { Oru® + F}azpe =—5u. (9)
As stressed already in (2), we consider well-prepared data p®(t = 0) = po and ug = —<0,po. The

equations (9) admit the formal diffusion limit when ¢ tends to 0:
0 1
pPY: Osp — gﬁmp =0. (10)
A useful variable will be the scaled gradient
= ——0yD. 11
v=——0up (11)

2.1 Notations

We denote x;41/2 the nodes, the cells j are the intervals [x;_; /2,211 /2], thus Az = 2,41/ —
T;_1/2, T; is the center of the cell j that is z; = %(xj+1/2 + i 1/2), and Az = T4 — 15 =
#(Azj41 + Az;). Natural assumptions on the mesh are summarized below:

Hypothesis 2.1 (Regularity of the mesh in 1D). We consider there exists a universal constant
C > 0 independent of the mesh size h = sup;c; Ax; so that one has

Ch<Az;<h VjcL

The semi-discrete JL(b) scheme, derived in [5] in 2D, can also be written in 1D on irregular
meshes as

€ g
LS B o B
dt’i eAx; -
P;i : € _ e ué 4ys (12)
K B e A e S
dt eAx; g2 2 ’



with the fluxes pj 41 and wS ; are the solutions of the well-posed linear system
2 2

Jt+
e e O—ij € e €
- Pipg Tl T 5" =P, 13)
JE L
€ +us +0Amj+1e =t 4 us
Pj+g T U544 9 ity T TPim Tl

This scheme is the same as the Gosse-Toscani scheme'. Other equivalent forms of Pf can be

obtained by various manipulations, as in (23). The natural cellwise initialization is chosen
€ .
p;(0) = po(z;) and u5(0) = — po(x;) for all j € Z. (14)

Our goal is this section is to show that this scheme is AP.
When ¢ tends to 0, the scheme P; admits the diffusion limit scheme P,?

d 1(pj+1 =P Pj—Pj-1
PO . Axi—p: — — 22 L _ BB =0 15
h T a( Azt Azr; 1 (15)
2 2
The natural cellwise initialization is
p;(0) = po(x;) for all j € Z. (16)
Other quantities are
i+ = v
2 o Amj+% (17)
_ Uit tUig
YT T
Provided that the initial data is smooth, the initialization gives us
[[u5(0) — ev;(0)[|2(m) < Che. (18)

We denote by Ve(t) = (p*(x;,t),u*(x;,1));c, the interpolation of the solution of the hy-
perbolic heat equations P* and by V5 (t) = (pj (), u5 (t))jeZ the solution of the JL-(b) scheme
Pg. Similarly we reconstruct similar quantities from the diffusion scheme: it yields W=(t) =
(p(x;,1),ev(zj,t)) ;o5 which is the interpolation of the solution of the diffusion limit PO (10)-(11),
and W5 (t) = (p;(t),ev;(t));c, which is the solution of the diffusion scheme PP (15)-(17). For
simplicity we choose a final time 7" > 0. All error estimates will be given for ¢ < T, either in the
norm || f(t)|| Lo (jo,7;22(R)), Or mostly in the norm || f|| z2(j0, 71 x®)

1A long and tedious computation shows that the scheme is strictly equivalent to the Gosse-Toscani’s scheme,
described in [14] but only for uniform meshes, which writes in terms of w®,v® = p® £ u®

M . 1 ws —ws

dw; j—% 1 1 Az, 1
J 2 J J 5 5 2 € 5
— t = 1-M,_ 1)@ —ws)=M,_ 1 ——= & — we
dt € Az EAacj( J—i)( 7 7) 73 Agy 252( J 5 )5
5 M. € _ e Ax.
dvj Mg i, — o3 _ 1 (= M 1) — o) = M, s i o B
dt € Az; eAx; it Ite Az 2207
i — 2¢e _ Azit+Azi .
with M].Jr% = Wand A$j+% = —1——=. By writing
3

Mjfé(w;ffl —w]“?) :Mjféwj_l _Mj+%wj+(Mj+% - M 7%)105
My o (WG —v5) =My a5y, — My gvf — (Mg = M;_1)05
then in terms of p¢ an u® we have evidently
dps 1 Miegviey Mgy
—J 4z =0,
dt € Ax;
M. < — M. e —
dug 1 MdPlay “ Mgy ATit} o A%y o\ e M Mg
A - = ) N — = L2 7 2 4E
dt € Az; 2 It Az e? T2 Az €2 )Y eAx; Pi
_ € 4+ ut pe. —pg.
i ; e PitPin | uiTu _Y j+1 J J+1
with the fluxes given by pj+% = 5 + 5 and Ujp1 = 3 + 5 .



2.2 Study of ||PF — P

In this section we prove a natural error estimate [13] between the solution of the hyperbolic heat
equations (9) and the solution of the diffusion limit equation (10).

Proposition 2.2. There ezists a constant C > 0 such that
[VE = WL (o,1):22R)) < C€l|OnaapollL2(r)
Proof. We define u® = —£0,p° and introduce R such that the solution of the diffusion equation

satisfies
{ Oup® + Lo,us =0,

Oyus +i83,p + Zuf = R (19)

where R® = Oyu® = —£0;p° = — 5 0z2.p°. Note that [[R*(t)|z2r) < [[R°(0) £2(r). Denoting
e® =p—p°, ¢ =u—u®, we make the difference between the systems (9) et (19)

{ e + 10,5 =0,

0+ L0pes + S f° = R (20)

Since data are well-prepared, one has e°(0) = f(0) = 0. Consider ||V® — W5||%2(R) = ||66||%2(R) +
fel2. Adding the first equation of 20) multiplied by e® and the second multiplied by f¢ and
L2(R)"

integrating on R, we find out that: 34|V — WEHLQ(]R < Jp REfedx < ||R¥||L2w) | VE — WE]| L2(R)-
The proof is ended by integration between 0 and T.
O

2.3 Stability estimates for P; and P}
These estimates characterize the dissipation rate of both schemes.

Proposition 2.3. The scheme P5 is stable in L> norm. Moreover,

\// Z Azjy ) dt < \;EHVZ(O)”LQ(R) (21)

and

T
S, -+ S, — )2 | d < VEIVEO)zacey. (22)
0

" 2
JEZ JEZL

Remark 2.4. The strategy of the proof of many estimates in this work consists to analyze the
balance between the dissipation of the fluxes and the physical dissipation (all source terms like

%u) on the one hand, and some truncation errors on the other hand. This is why it is convenient
to 'reformulate Py so that the pressure fluzes p 41 and p 1 are eliminated in the second equation

of (12). This elimination is technically convenient since all dissipation terms are expressed using
the same variable, namely w. It will simplify a lot the comparisons between all kinds of dissipation
terms and other errors terms.

Proof. According to the above remark we obtain the formulation (23) which is equivalent to P¢

e €
Ax‘ip‘?—i— A MRS 0
Tar -
d us,, +us . 9
Ay uf — =22 4 Sus =0, (23)
UAl‘j+1 -
2+ Uy = P5— Dip T UG UG



Consider now the discrete quadratic energy E(t) = 2 Y 5 Az;((p5)% + (u5)?). Multiplying the first
equation of (23) by p§ and the second equation by uj and adding on all the cells, one finds

+ ‘,l
E'(t):—z i, 2p]—|—2: uj—gZ(uj)Q
JEZ jez j
Since Z].(u;rl — in

rearranging the terms
+ (u®

UFS i Il S T A o WL T UG LS

JEZ JEZ JEZ

L)p5 =2, uJJr 1 (p5 — P§41), one has by using the third equation of (23) and

€ )2

Integrating (24) between 0 and t, one finds F(t) < E(0), that is the L? stability of Pf. The
estimate (21) comes from Az; 1 = 1(Az; + Azji1). The estimate (22) is directly deduced from

(24). 0

Some similar bounds hold for the quantities relatives to the diffusion scheme (15). First,
multiplying the diffusion scheme by p; and adding on all the cells, one has the L? stability in the

sense ( )2
Pj+1 — Dy
2 dt Z ijpj B ; Aﬁbj+% .

Thus the following estimate holds for the function ), = (vj +1 ) ~defined by (17)
j

18l (0.1 xR) = / ZAm 2 < Clpollzw. C>0. (25)

2.4 Study of ||P; — P?||naive
In this section we prove the convergence of Pf to P°. We still denote Ve (t) = (p°, u®).

Proposition 2.5. There exist a constant C(T) > 0 independent of € and h such that the following
estimate holds

h
[VE = VillL2o,mxr) < C(T)\ﬂ HVE(O)HHI(R)

Proof. In order to establish this estimate, we will use the method introduced by C. Mazeran [22]
in his PhD thesis. It starts with an estimate for the time derivative of & = 1||V5 — V5||%2(R). For

the sake of simplicity,for any quantity ¢, ¢’ stands indifferently for %q or Jyq. One has

80 = 5 [ (@1 + @i do+ 3 [ (07 + 0 PYdo
D, Do
+ [ i) = i)+ [ (i) = ui Yo

D3 D4

We will successively estimate each of those terms, the fundamental idea being that Dy < 0 and
Dy < 0 are used to control spurious contributions in D3 and D4. First D; corresponds to the
entropy production of the scheme. Thanks to the proof of the proposition 2.3, one has

1 5 £\2 1 5 £\2 g (u§+%)2+ (U;_ )2
D1:_22<uj+%_“j) _Ez(uj—%_uj) _EZA% 2 ="

(SIS




One also directly obtains
o 1 [T+,
JEZ J*%
For Dy, one gets directly

u(x; 1) — 1) —p°(zi_1 o Titd
D, = ZP; i . T +Z S KA ?uj/ “uf () da

JEZ JET JET

In this method the third term Ds is more complicated to study

T S I A T N
Ds=3ez E Aa; o oP (@) ) + 2 ez E oy Jo) 0 (@)da
2
u® 1+u€ 1
+= — 4 QC,
+Yjez DG —5—2 <A]:E]f Tt (x )d9€>

It is decomposed in several pieces. We add and subtract in each fluxes the value of the unknowns
in the cell. We also add and subtract to the two first integrals the value of the unknowns on the

edge. Denoting by (Sji (9) = A;J xﬁz g(x)dx — g(a:ji%), one gets after rearrangements

”"" w\»a

€ € us

Dy = LG )+EZ S )
JE Jj€
R n Pj=P;_1 _
+ 0 () + X ——=0; (u)
;Zuf( )y Py
- € b; — € J
= =
e e ST (0 ey
+ Zije—z 5 vl SAEKT (z)dx
JEZ 7732

Using the fluxes’ definition (13), one can eliminate the pressure fluxes. With a Young’s inequality
ab < aa® + ibQ where a > 0, one gets

+2 ‘7 g 1 g g g g £ 1>
Z P; +(u):Zg(ujfuwr%)é;‘(u)—TEQZijujJr%éf(U)

JEZ JEZ jJEZ
(us , —u)? 1
j+§ J +
<X S (g ) S 0+ g T (1)’
JEL JEZ
Using this expression in D3 and using again Young’s inequality, one gets for arbitrary a > 0
( ]+ _1 6)2
Y D e L e ke
JEZ JEZ
2 o 2
1 o 2 - 2 57 ()" + 65 (p°)
4 = St (uf 57 (uf ) J J
+ %((2a5+252>(](u)+3(u) + 2e
( 6,1 2+ us 1+ 1 1 T,
T e A )
JEZ JEZ TjJa 1
Ep ( 7+ ) p (x]—%) Uu (x_]-i-l) u (x]—l)
- J c - ij c
JEZ JEZ



We now sum all bounds contributing to &”(t) and we get:

(ue 1 —us)?+ (us_, —us)?
£t < (Flra)d 2 i B
JEZ €
LT st g () g 0 )6 ()
* j% ( (2045 252> (5j ()" + 65 () )+ 2ea
1 (Uj,;)Q + (U§+;)2
+ Z*O’Aa?? 2 2
jGZS c
€ € 2 € 2
o Wil TU 1 /1 [T} (us_2)* + (uf, 1)
Axi — 2 2 A 2 2
* Z g2 2 Am-/m (@)de Z % £
JEL I jez
Ti+d ity
+ ZA% <Ax/ ) ZAIJ (M/ (u )Q(x)dx)
JEZ JIr; 1 jEz I 1

We now examine the sum of all terms in the two last lines of the RHS of the above inequality ,
which we denote S. One finds

2 2

Using another Young’s inequality, one has for all @ > 0

—uf, )%+ (u§ —uf

d (uj — iy i Y1
80463 ;N (z)dz +az €

JEZ JEZ

t\:

and @ = 5, and coming back to &”(t) we get we obtain

1
2

&) < Z < (i + 2;) (6 (u)? + 05 (u°)?) + é (67 (r°)* + 5j(p5)2)> (26)

For example by choosing o =

jez
1 (ue_ 1 )2+ (us, 1)* 42 21 2
+ Zgan? Iz 5 It +4T:3 (/ ’ 2u€(x)da?> . (27)
JEZ JEZ i1

To estimate the contrlbutlons on the ﬁrst line we use the following fact: for any quantity ¢, one
can use q( 1 )+ f s)ds and integrate this expression in the cell Axz;; we get

Yjez (5]i( )2 g th||H1 R)" Therefore the first terms on the right hand side of (26) can be estimated

as
1 o
( 252) / > 6F &; (u)?)dt < h (5 + 252> 1112 0,4 111 (R) -

JEZ

Since % ||u® ||L2 (. @® < V(0 )HHl (by means of a generalization of the basic energy esti-
mate), one gets that

S )2 + 67 @)) dt < b ( S+ 2 ) V() s - (28)
=) ) S+

JEZ

10



A similar and simpler formula for the next terms is
1 +(,.€\2 — (€2 h €112 h e 2
=2 (67 @) + 85 0)) < Sl < ZIVEO) i )- (29)
JEL

Next, using the assumption (2.1) on the mesh and estimate (21), one can find a constant C > 0
such that the next term can be bounded like

[ gt

JEZ

2 (s, )

< ChlIVE(0) 72 w)- (30)

Finally the last term in (26) can be bounded using a Cauchy-Schwarz inequality

2 2
o
= 53 (/ d‘”) < gl e

JEZL

N\

so that

2 2
g 2 g 2
| / (o) < Tl B < LV Ol 6D

JEZ

by means of the energy 1dent1ty. So using (28-31) we obtain for all time ¢t < T

s <0 +h(S+ 5+ 50 L) VOl

The initialization stage is consistent so & (0) < Ch?||Ve(0)||2 71(r)- Making use of the initial remark
1.1, one obtains

h
IV = Villezo,rjxr) < C(T)\/:|VE(0)||H1(R)7 Cc(T) = 0.

The proof is ended. O

2.5 Study of |P) — P

We first recall a fundamental error estimate [12] for the diffusion limit scheme, assuming smooth
initial data. (15).

Proposition 2.6. There exists a constant C(T) > 0 such that
||W1€«L - WEHLOC([O,T];L?(R)) < C(T)h||am:cmp0||L2(]R)~

Proof. We use the method of Gallouet and al [12], which is based on a notion of consistency for
finite volumes schemes. We set

 Oapl@yy) — Oopla_y) p(@j+1) = ple;)

1
2

S5 = mp( andrH%:amp(ijr%)—

Ax; ijJr% ’
so that one has the identity
jp(x_) U (plain) —p(xy)  plag) —plzia)\ _ s S
™ oAx; Azjis Az;_y o oAx;
We next introduce the difference e; = p(x;) — p; which satisfies
dy 1 (emime eimeia) s Tavy T Tioy
dt 7 oAz, Az Az; 1 o oAx;
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with e;(0) = 0 for all j. By multiplying this equation by e; and denoting by [lex |72y = >=; Az;ef,
one finds that

1d 1 (ej11 — €5 o1
**”eh”; R) T = Q = Azjsje; + o~ Titd —€j+1)
Lt + 5220 o Do

The Cauchy-Schwarz inequality yields
1 €j+1 A
Za+( —€j41) 52 +Z$% +1
J J
One finds out with natural notations
(ej+1 —€j)?

1d 1 1
sallenliam 57 2 a2 <o M sull@llenllem + g lralliam  (32)
2 dt (R) 20; Agjﬂé (R) ®) T 5 (R)

Using the definitions of the truncation errors s;, and rj, these quantites can be bounded indepen-
dently of the time of observation T’

Isnllz2(o0,m1x®) + IR llL2 (0, 1) xR) < Ch(||6mwmp0”L2(]R) + ||awwp0||L2(R))- (33)

Rescaling for convenience 3, = %sh for any quantity s, one gets the bound

1d ~ 1, 1y 1/ o 1
2dt||ehHL2(R < lISullz®)llenllc2r) +%Hrh”L2(R) <3 5 lI72m) + ;HThHL2(R) +§||eh||L2(1R<)

where the term in parenthesis is bounded due to (33). The Gronwall’s inequality garantees the
boundedness of [[€},||2(r) at any time. Therefore

lenll o< (o, r1:m) < C(T) (10sapoll L2 @) + |0saapollL2m)) - (34)
The other term that we consider is f, = € (v(z;) — vj);o, = —¢€ (ampf(xj) - vj) L We notice that
j€
(32) and (34) yields
€j+1

< C(T)h ([|0zzpoll2®) + |0zaapoll L2 )
L2([0,T] xR)

which implies after some manipulations

Pitl — P
PHLZPE g g ) < O (|9rep22) + 1 Brsoll 2oy
Tj+d

L2([0,T] xR)

The definition (17) of v; implies the bound

I fnll 2o, my xRy < C(T)he ([|0zapollL2(®) + 110zzapollL2(R)) - (35)

Finally, ||[W¢ _WE”%Z([O,T]XR) = ||eh||%2([07T]XR) + Hfh||2L2([o,T]xR) is bounded using (34) and (35).
It ends the proof. O

2.6 Study of ||P; — P?||

In this section we prove an error estimate between the solution of the scheme (23) and the solution
of the diffusion scheme (15). It is necessary to use some comparison estimates between the intial
data of P and PP.

12



Proposition 2.7. There exists a constant C(T) > 0 such that the following estimate holds
Vi = WillLz2(o,1)xr) < C(T)e.

Proof. We define R; and S;, 1 such that the solution of (15) satisfies the various relations which
are generalizations of (23) and (17)

d U,
Azyopy+ 222 <o,
d

U+

Pj = Pi1 U+ Ui = 2u5 1 + oAz

_EPir1 T Dhi

Uj+l T U1
2

_l’_

B>

8
<.
¥
n
¥

UjJr

N

Uj:

A simple computation using the last two identities yields

Rj = iuj and Sj+

— dt (Uj —|— Uj+1 — 2Uj+%) .

[N

ij+%

Thanks to the estimate (25) and as the scheme is linear, U‘lituj satisfies the estimate

< Ce
L2([0,T]xR)

d
%Ph(o)

d
T, Hu .
([ ]X ) dt ] L2(R)

The definition of d;py,(0) is from (15-16), which implies that || £ps(0)|lz2®) < Cllp(t = 0)|| g2(r)-
So one has the bound

1Rl 22 (jo,11xr) < Cellp(0)|| 2 (w) - (37)

It is seen in proposition 2.8 that

151 2@y < ellp(O)]l 2wy (38)

We now introduce the differences

ej=pj =P Ji=uj—ujand f 1 =u; 1 U1

Let us look at the difference between the scheme (23) and (36). We get

fiy1—f._1
d, 4 ity TiTg
Aasjdte]Jr - =0,

fivit+fi_1
Al‘j%fj — % + gfj = AijRj,

Fix

ol

ejfej+1+fj+fj+1*2fj+%fUA:UjJr% :ij+%sj+%.

We use the notation ||V§ — WZH%Q(R) =>;Az; (€5 + f7). Using the same kind of proof than for
the L? stability of proposition 2.3, one gets that
1d 9 fig1 o 9
sl Vi = Willlew < DAzR;fi =D Avjy =28 = 5 > Avjgfly
J J

JEL

13



Using a Young’s inequality on the second term of the right side of this inequality, one finds out
that

5 dtllva Aam <D AnR;f + ZA%# [
J
Using the Cauchy-Schwarz inequality, we thus have
1d € € €112 2 2
th”V ||L2(R) ||V rlzz@) + ClUIRIZ2@®) + 1522w |-

Integrating between 0 and t and using a Gronwall’s inequality, one finds for ¢t < T

IV5,(t) = Wi, (D)2 =) < exp(t) (HV‘Z(O) — Wi, (012 + CURI2 (0,17 xm) + ||S||2L2([07T]><R)))

Finally, using the previous estimates (37-38) and the well-preparedness of the data (14,16,18), one
gets [V5, — Wi || L2¢0,71xr) < C(T)e. The proof is ended. O

Proposition 2.8. The bound (38) holds.

Proof. Using the definition of u; and u, 1, one has

€ Az, d Az d
S 1 == 2 i+
) <ij+é " T Aayy dtt

at all time. Moreover, 2z, = %ph is solution of P,? :

d 1/ zjp1—25 25—z
A _ = J+1 o~ j—1 -0
T < Az, Az; 1 ’
with initial condition
d 1 (po(xj+1) —polz;)  po(x;) —polzj—1)
(0 - . 39
=40 = grle) = g (PR - (39)

One gets from a Taylor expansion with integral residue that

po($j+1) —po(ﬂcj)

Tjqa
Ar . — 83;p0(1‘j) S/ |8xacp0(y)|dy
Similarly one has the bound % upo(z;)| < f 1022p0(y)| dy. Therefore |2;(0)| <
xaso S, |0sapo(y)| dy from which the bound /37, Az;27(0) < 0" {|po|lm2(w) is deduced. Since

the scheme P,? being stable in L2, this bound is true at any time. Considering (39) the discrete
second derivative attached to P,? is bounded at any time, which ends the proof of the claim. [

2.7 End of the proof of uniform AP property

Theorem 2.9. Assuming a sufficiently smooth well prepared initial data, the scheme Py converges
to P¢ at order at least % in L*([0,T] x R), uniformly with respect to &

Proof. All the previous estimates show that (4-6) are true with a = 1, b = ¢ = % and d = 1.
Moreover ||[Pf — PP|| < C(T)e by proposition (2.7) which means this term has the same scaling
as |P¢ — PY|| ~ C(T)e. So it can be incorporated in estimate (4) with a = 1. Using the general
method described at the beginning of this work in proposition 1.2, one obtains the convergence

estimate of convergence ||V, — V¢|| 120, 1)xr) < C(T)h? with the order of convergence ¢ = %5 =

1
L 0
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3 The 2D case

In this section we prove the uniform convergence of the solution of the diffusion AP scheme
introduced in [5] to the solution of the hyperbolic heat equation. The structure of our proof is
globally the same as in the previous section. However two major difficulties will be treated: a)
the first one consists in the adaptation to our problem of a combination of specific finite volumes
techniques for hyperbolic and parabolic equations; b) the second one is to derive new bounds for
the scheme DAS,.

The model problem is the hyperbolic heat equation in the domain € =|0,1[?> with periodic
boundary conditions and well-prepared data

1
op® + B div(u®) =0,

1
opu® + ngE = —;—Qus,

p°(t =0) =po, u*(t =0) = u§ = —<Vpo.

When ¢ tends to zero, this problem admits the following diffusion limit
1
PY: Op — — div(Vp) =0, p(t =0) = po.
o

The rescaled gradient is v = —%Vp. We will admit the following proposition, the proof of which
can be easily obtained by a method similar to the one of proposition 2.2.

Proposition 3.1. The error between the two solutions can be upper bounded by

[p® = pllLee o, r)3 7 (@) + [0 (Lo 0,317 () < Cellpol|az+nie),  n €N (40)

Proof. The structure of the proof in the L>([0, T]; L?(£2)) norm is the same as the one of propo-
sition 2.2. Since the coefficients of the problem are constant, similar bounds are obtained at any
order of derivation which proves the estimate for any n > 0. O

3.1 Definition of P;

Let us consider an unstructured mesh in dimension 2. The mesh is defined by a finite number
of vertices x, and cells ;. We denote x; a point chosen arbitrarily inside §2;. For simplicity we
will call this point the center of the cell. By convention the vertices are listed counter-clockwise
Xy—1,Xr, Xp41 With coordinates x, = (z,,y,). We note /;,n;, the vector as follows

1
L = dist (%r—1,%p41) and = o (X1 = X,_1)" . (41)

1
2L,
This notion of a corner vector can be done also in any dimension using the abstract definition [11].
The scalar product of two vectors is denoted as (x,y).

The numerical approximation of the problem P that we study is the JL-(b) scheme defined
in [5]

d 1
| | 5 + < > (jpuging) =0

|95 ] w5+ z > lenyps, = ) > B,
with initial data p5(0) = po(x;) and u§(0) = —eo~'Vpy(x;). The fluxes are defined by the
so-called corner problem
o
{ Pl =5 = e ) = 26— ), (43)
Zj ljrpjrnjr =0.
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Figure 4: Notation for node formulation. The corner length /;. and the corner normal n;, are
defined in equation (41). The point x; is an arbitrary point inside the cell, typically the centroid
of the cell or an averaged of the corners.

This corner problem has been introduced in [5] as a multidimensional version of the 1D Jin-
Levermore technique [18]. Its solution is provided by the solution of the linear system

J o~
~ € _ e ~ e
§ Qjr + § gﬁjr u, = § erpjnjr + § Qjrly,
J J J J

where the geometry of the mesh serves to define the matrices &, and Bjr
&jr = ljrnjr ® n;,, and ﬁj?‘ = ljrnjr (%9 (Xr - Xj). (44)

We will use the notations A; = > a;r, A, = Zj ajr and B, = Zj Ej,«. By comparison with the
scheme P5 in dimension one, one see at once that the multi-dimensional scheme (42-44) is more
tricky than the 1D scheme (12-13).

Starting from (42) and taking into account of the definitions of the fluxes (43) and also the
identity > . lj,n;, = 0, the scheme Pj can also be rewritten as

d 1
|9 | 5 + 2 > (rus,ng) =0

P; : " (45)
d 1
| | g+ - > lir(nje, g — u$)n, =0
I
When € — 0 the scheme P§ admits the limit diffusion scheme P%
d
|Q]|£pj +Zl]'r Vi, Iy 207
P ’ (46)

1__
Vr = ;Br ! lerpjnjrv
J
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with B, = Zj Lirnjr ® (%, —x;). We define additionally v; by a kind of mean

(E O@‘,«) V= E Qi V.
T I

This is well defined since the matrix ) &j, is symetric positive by definition of the &;,.

3.2 Definition of DAj

We define now that is call thereafter the "diffusion approximation" scheme. We just neglect the
time derivative in the second equation, that we make dyu$ = 0 for (45). It leads to the scheme

d 1
| € | %pf + z Z(ljrufa n;) =0
DA : % > ir(myr, af — uj)nj,» =0 (47)

ag ~
~ c E ~
E Qjr + E gﬂjr u, = E Lirping, + E QU
J J J J

This scheme depends of two parameters, the size of the mesh h and the small parameter £. We
notice that DAj, # P9 for ¢ > 0, and that lim. ,o+ DAj = PY. The initial data for (47) is
p5(0) = po(x;). There is no need of initial data for (u5(0)), which will be obtained as a function
of (p5(0)) by solving a linear system.

3.3 Mesh assumptions

The characteristic length of the mesh is

h = max (diam(€2;)) .
J

By definition there exists a constant C' > 0 such that
ljr < Ch, Vg, 7. (48)

The control volume V,. around the vertex x, is defined by the closed loop ...,x;_1,x;, Xjydyoo
Here the x;’s are the center of the cells, and the x; 1 ’s are the middle of the edges around the
vertices x,.. A typical example is depicted in figure 5.

Additional geometrical assumptions are always necessary in dimension greater than one to
guarantee some minimal regularity of the mesh. We make the usual assumptions listed below
from 1 to 3. The two last items are more specific.

Hypothesis 3.2. Our geometrical assumptions will be the following
1. The mesh is regular in the sense that there are two constants Cy,Cs > 0 such that
C1h% < 1] < Coh?, Vj uniformly with respect to h. (49)

and that
C1h? < V| < Coh?, W uniformly with respect to h. (50)

We recall that V,. is the volume control (centered on x,) and Q; is the cell j.

2. The numbers of cells which share a node r is bounded independently of h, which means there
exists P € N independent of h such that

> 6 <P (51)
J
For example, for a structured mesh of quadrangular cells P = 4.
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Figure 5: Definition of the control volume V,. around vertex x,. The control volume around the
vertex X, is defined by the closed loop that joins the center of the cells (x;’s) and the middle of
the edges (x;,1’s).

3. For each cell of the mesh, the number of edges is bounded independently of h, or equivalently
the numbers of vertices for a cell is bounded independently of h.

4. A consequence of the items 1-3 is that there exists a constant 5 > 0 such that
(Ajua 11) > 6h(ua 11). (52)
It can be proved with a geometrical identity that we borrow from [11] (proposition 8).

5. The matrix B, is positive and that there exists a constant o > 0 independent of r such that
(Bru,u) = (Bju,u) > alVy|(a,u) (53)

where Bf = L(B, + B!) is the symmetric part of B,. Square meshes satisfy (53). This
assumption is however not trivial to check in the general case. We point out [5] where
sufficient conditions such that (53) is satisfied can be found; in particular it is shown that
triangular meshes with all angles greater than 12 degrees satisfy it.

We use the convention that the quadratic norm of any cell centered quantity f = (f;);jecens is

I1fllz2) = /Zj 1€2;1] f;12, while the quadratic norm of any vertex based quantity g = (¢r)reVertices

is |lgllz2) = v/2_. [Villgr|?. Usefull quantities are
* Vi = (#5,%)

o V© = (p°(x;), u%(X})) jccens i the solution of P<,

fa y : e
jeCels the solution of P5.
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e W5 = (p], ) J€Calls is the solution of DA} . Notice that an abuse of notations is been made
with the solutlon of P;.

o W¢ = (p(x;), —§Vp(xj))j€CeHs is the solution of P?.
With these notations, (40) is rewritten as

||VVE — VE||L2([07T]><L2(Q)) < (Ce. (54)

3.4 Study of |Pj — P¢|haive
In this part, we exploit the hyperbolic nature of both P* and Pj. We first prove the L? stability
of the scheme JL-(b) defined in (42,43).

Proposition 3.3 (Stability). Under the geometrical assumption (53), the semi-discrete general
JL-(b) scheme defined by (42,43) is stable in the L* norm in the sense that 2||V5(t)|| < 0.
Moreover we have the bounds

[[u]| 20, 11x0) < Cel|Vi (0)[|L2(0)s ¢ >0, (55)
T
/0 Zzljr(njra (u5 —up))?dt < O€||Vi(0)|\%2(9)a C>0. (56)
7 r
and
[[as]|L2 (o, 11x0) < CVhe +€2[|Vi (0)[22(0), C >0, (57)

Proof. We define the functions pj and uj by p; = p; and uj, = u; on Q;. We set for convenience
E(t) =||V5(t)]|*. One has

d e |2 € £ d d €
B0 =g [ 500 P i) = [ i+ w0 5 -3 1] 275+ (05, 6.

Using the definition of scheme

=1 DD Lin (05, my0) — 2 DD e ws) = 5 30D (Byrutw). (58)
J r J T

J T

Using (43) we expand the second term of the previous equation

ZZ jrPj e, U ZZW% uj, ) +ZZO‘W —up), uj _*ZZBJT“T’ Uj

(59)
Since ), lj;nj, = 0 the first term of (59) is zero. Summing on r the second equation of (43) and

permuting the sums, we show that 0 = Z Z Lirpjr(u,,nj,) which yields that
7 T

0=>"% L5 (uf,nj) Z > (@ + 2B, + z > (@) (60
7 T
Plugging (59) and (60) in (58) and permuting the sums in E’(¢) gives

:—722 Qjr(uf — u5),uf — u; ZZ Bjrut, )

which gives

+ é Zler(nj,., (u —u; 2 Z (Brui,us . (61)
T
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By geometrical assumption (53) we have E (t) < 0, that is the L? stability, and by integrating
this equality on [0, T] we obtain

) EE St [ 5 Y ) = FO

Using again the geometrical assumption (53) for the terms (B,uf, u?) we have
T4 ) T 2
+/0 22D Lir(nge, (w5 — 7)) +a/0 = 2 IVal [uf* < B(0)
T 7 -

which gives (55) and (56).
The last inequality can be obtained as follows. One has

uSllz2) < CX;h2u)?
<Chz > ljr(nﬁ,uj)2
<Ch2 > lir2(nye, ) +0h2 Z lJT2(nJT’ _ui)z
< Cljug ||L2(Q +Chy2; >, l.7r2(nara S —up)?

Using inequalities (55) and (56), one gets
T
105172 0. 1702y < C||ui||2L2([o,T]xQ)+C/O hZler(an,uj—ui)Q < C(e2+he)||[VR(0)][Z2 (0

The proof is ended. O

Our goal now is to prove the following result which will be the consequence of propositions
3.5 to 3.10. This part is the more technical one of the paper, but is essential to be able to use
the general strategy of proposition 1.2 with convenient exponents. As one will see below, the
convergence estimate (62) is not trivial. It indicates that, for a problem with O(¢72) terms, a
scheme converges, with h, with at rate O(s’%) with respect to €.

Proposition 3.4 (Convergence). There exist a constant C(T') > 0 which depends on the regularity
of the initial data py such that the following estimate holds

h
V5, = V|| oo (jo,71x £2(02)) < C(T) - (62)

In the whole proof, we will use a constant C' > 0 large enough. Like in 1D, we use the method
introduced by Mazeran [22]. We introduce &(t) = 1| V® — VZH%Z(Q). As for the 1D proof and for

the sake of simplicity,for any quantity ¢, ¢’ stands indifferently for %q or 0yq.
Proposition 3.5. One has the formula

()= =2 3 by — u)?
-
+iZZ(lj,r<ui—u§>,nj,T) o0+ S (et ). )
+ - ZZlFJAPJ (0,5 65 ( szgr|<uwngr djr(p )) (63)
HET (e / uﬁdx) (], o)
_%Z/Q (u®,u* dx——ZBu ul)

j i
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where the extra notations are: 0;,(f) = ‘Qlj‘ fQj fdx — f(x,) is an interpolation error term that
compares mean values and point values; I'j , = [X,,X,41] is the edge oriented toward the outside
of the cell j, with length |T'; »|; and Sj,,,(h) = ﬁ fl“m hds — %}l(zr“) is another interpolation
error contribution that compares the mean value and the mid sum, on the edge.

Proof. We first consider the time derivative

&"(t) =/Q(pi(pi)”r(ui,(UZ)’))dXﬂL/Q(pa(pg)’Jr(ug»(us)’))dx

D1 D2
4 /Q (—(@0)'P° — ((u5)', u®))dx + /Q (=0 ()’ — (u, (uF)'))dx.
D3 Dy
One has thanks to (61)
1 o
D= =23 le(ng w5 —up)” = 5 3 (Bruf,u).

One also directly has
g £ I _ a g g
Dy = 75—2/9(u ,uf)dx = 52;/ﬂj(u ,u’)dx.
Then, we have by definition
Da= 15,5, (Ihruion ) by fo, 7o
+% Zj (ZT ljrnjrpjr + % ZT Bj,rui s ﬁ fQJ ude)
Since ), lj;nj, = 0, we can write
Dy = é Zj Zr <ljﬂ"(u‘7€' - uj)rnj,r> ‘S;]‘ fQj pidx
+lz.21- (D5, — %) Lf ed
e 24j r biryr\Pjr = Pj) s 1o;7 Jo, B 04X
;(Z > Bt \Q \ fQ de)

One gets
Do =155, (o0 = ) )35 00) + L35, 5, (Bomno, = ). 61000
8,8 (bt - w)mg o) + 255 (07, - 20w
+2 ( Do Zj Bj,ruf- ) ﬁ fQj u%lx).

We have the identities >, . l;yn; = 0 and >, l;n;.p5, = 0 by definition (43). Therefore one
can simplify the third and fourth term in the previous expression and get

ZZ(wu —u>nm~)m~ ZZ@nﬂpﬂ p5) . 6. (u >)
- ZZ (lj,ruj,nj,r>p8(xr) —C EJ: 27: <lj,rp§nj,r , uE(X'r‘)>
Z(Zzﬁ”““ 11 Je Ed")'
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We now look at D4. By definition, one has

“EAL e s S (35 ( T e [ wan))

where i, is the normal to the edge I';, = [x;,X;11] oriented toward the outside of the cell j.
This expression needs an important manipulation which is to approximate the integral on edges
by corner values. This necessary manipulation is one of the ideas that was introduced in [22] in
order to proceed to the numerical analysis of such corner based finite volume schemes. This is
why interpolation terms d;,,( IF ‘ fr - M are introduced. One gets after an

algebraic manipulation

D4:izj:z:|rj7,.|p§<ﬁj,r,5% ) ZZF],|<uWnJ7 . ) 52Z< / )
i izj:;m’mp? (ﬁj,ra u®(x,) +2u (%41 ) ZZ|PJT< p°(x,) +2p (er))

.. | Djr |47 1| T e
By definition (41), nj,l;, = UZRIINE |+”§' 1|0, 1', so one can see that

ZZ|Fj?T‘p§ (ﬁ”’us(xy.) +2u (Xr41 ) Zzlarp] nj, u (x,)).
7 r

It yields a slightly simpler expression

Di= L3S el (B 23 Sl (i r0)) + 5 5 (v )
7 r 7 2
1
+ = DD b (g, w(x) Zzljrp ;) (0, u5)
7 T
One can now compute the sum D3 + Dy

D3+ Dy = - ZZ(jT - ) njr) o ZZ( RR VRS pj'r p;),(sj,r(lla)>
+t2 Z > 1T pS (nmv 5m(u5)) +o > o> Tl <u§> nj,rgj,r(ps))
J r 7 T
~ 1
+;<;gﬁj,rui7Qj\/ﬂjusdx>+;;<u§a/ﬂjusdx>'

One finally gets after rearrangement the final result (63). O

Before going further in the examination of each term in the right hand side of (63), it is
worthwhile to notice that terms like 0;,-(...) and d;,(...) are small in some sense.

Proposition 3.6. Assume py € H*(Q). Then by Sobolev embeddings, one has the inequalities
16jr(P*)|Loe < Ch and [|6;r(u®)]| Lo < Che.
Assume pg € H5(Q). Then one gains an extra h in

1850(p°) |z < CR? and ||, (u®)|| L < Che.
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Proof. The function p°(t) is as regular in space than pg. By Sobolov embedding theorem in 2D
one has that Vp® € H%(Q) C L>(f) , so the first inequality hold. Concerning the other variable
u®(t), the well preparedness of the initial data u®(0) = —<Vpy causes the gain of one power of €
and loose of one derivative in space: this is why po € H*(f) is required.

If now po € H>(Q), one gets the control of an extra derivative in L>. Since the mid rule used
in the definition of gjr is a second order approximation of the integral, this is enough to get the
extra power of h. O

Our aim is to now examine each term in the right hand side of (63). Its first line is already
non positive. We look at the second line of (63) which we call E;.

Proposition 3.7. One has the bound
o 1
El < 72%7‘ nj T ] T)2+ﬁzzlj’r6j7r(p )2
ST (e b0) LSS (2 )

Proof. We use a Young’s inequality ab < 2 a +3 L b2 for the second term and the definition of the
fluxes (43) for the third term: we get

By < 7Zlﬂnﬂ,uj— Zzzﬂﬂ
T2 ZZ(O‘M —u;), d; )ZZ( Bjrus jr(u€)>

By definition of &, ,, one rewrites

573 (). 50 ) = 37 3 e ) 51

Another Young’s inequality with the same coefficient v for this term yields the desired result. [

(64)

We now look at the last term of (64), which we call W.

Proposition 3.8. One has

WgC?(Z(B ui,ui))é. (65)

T

Proof. One has, by definition of Bj’r
weXY (280 03, 0)) == 5 X () mge o 6, = st (050405, ()
Using the Cauchy-Schwarz inequality, we get
ves(TTu 1) (Zzwmeor)
oo

Using the assumptions of the mesh, there exist a constant C' > 0 such that |x, —x;| < Ch. Using
successively assumptions (50),(51) and (53), we get

W < C};j (Xr: (B,ui,ui)) : <zj:zr:ljr|6',r(us)|2>

i

njr®( _XJ
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Furthermore, using the classical interpolation results of proposition 3.6 , there exists a constant
C > 0 such that

1
3
(ST brn?) < cant
7 T
This finally gives the claim. O

Gathering (64), (65) and the interpolation results of proposition 3.6, one gets a simpler in-
equality

Nl=

v C h h
Br <o JZ L (e, w5 —ug)? + S(CHhe)+ Cg(z (Byus, ui))

T

[N

Since the norm of (u¢) can be estimated using (55), that (Zr (Brui,ui)> = O(e), one gets

finally after simplications

T T
h
/ Ey(t)dt < g/ > sy, us —ub)? + CT—. (66)
0 0 i Y

Now we consider the third line of &”(¢), which we call Fs.

Proposition 3.9. One has the bound

/OT Eo(t)dt < CTh (1 + m> (67)

Proof. F5 = A+ B is made of two contributions. Making use of the second set of inequalities of
proposition 3.6, one gets concerning the first one

1 e N € & €
Al = |- > Y TPy, 850 (w))| < CRY B2 |pS| < CR|V5 (1) 120
Jj T j

J

The L? stability of the scheme P35, yields that | V5 ()|l 12 < [V5(0)]|12(q)- So this term is O(h).
The second contribution is more stiff. One has

1 = h h
B = |2 0 S 0 (wmg 3, 07) )| < 02 3 #2fu] < O
i T J
Using the stability inequality (57), the integral in time is bounded like

T
h h
/ [Bldt < OT=V/he + [ V5,(0) 120 < OThy/1+ Z[ V50120
0

We now study the two last lines of &”(¢), which we call S.

Proposition 3.10. There exists a constant C > 0 such that one has for all 4 > 0

h\ | CF A
S§C<h2+%>+522zjr<njr,uruj> (68)
L
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Proof. These two last lines write

e2zz<ﬂf’““’“’|ﬂ|/ wix) + 22(4“)

Using the Cauchy-Schwarz inequality on the third term [(u®,u®), one gets
o ~ 1 o
52 EXE (vt gy [, ) + 52 (05, )
roj J J j J
2
g 1 o ~

which can be written

1
S < —— ﬁ 7rur ) ui / de) ) (/ ust, 7/ u“dx — u§>.
ZZ( ! 191 Q, €451 Jo, !

We can rewrite this inequality on the form

o ~ 1 1
S<—-— <B<7T (ui — —/ usdx> , ul — —/ usdx)
Ezzr:zj: ! 1€ Q; 1€2; Q;
UZZ(B L/ u®dx uefi/ uedx>
e? S =\ g, Yl e,

g
—? . (/Q ngm de—uj).

One has, using the geometric identity ). Bjr = |Q;|I4 which can be found in [5, 11},
ZZ(E'rl u®dx uE—L/ usdx> :ZZ(E‘rl/ u®dx ue—u?)
5 ” Q 19l Je, — 5 P90 Ja, Y

1
—Z(/ uadx,—/ uadx—uj).
— g, 195 Jao,

We thus get

S< =530 Bir (ui - ﬁf% uedx) , us — ﬁf% uedx) =5

AN (©9)
_a% Zr ZJ ﬁj,?‘m fﬂj u®dx s ui — uj) . = SQ

We add and subtract at each average on the cell the nodal value. We recall the notation d; »(u®) =
IQilr'I Jo. ufdx —u®(x,). We get for the term under the first sum in (69)

3 £ _ L € € _ L 3
(e (0~ [, i) e = iy [ wei)
- (Bj,r <Ui - ua<xr>) uf - uf(x») - (/?m <ui - uf(xm) , 5j,r<u€>)
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= (Bt =) ) 4 (Bt ) 03,0 ). (70)

The first of these quantities is purely nodal, so one has

XY (B (s - 00 i = a0
! G G A ) B M 7

with the help of (53).

The second and third term in the identity (70) can be bounded by a Young’s inequality with
a convenient constant so that all terms containing u$ — u®(x,) are controlled by (71). We obtain

concerning S7 defined in (69)
h2
S <C5 Y Y 10w
rog

Using the standard interpolation result stressed in proposition 3.6, one has in dimension two
|0;,r(u®)| < Ceh. So we have for the first term

S < Ch2.

We now consider the second term in (69)
g 2 1 € e €
ng——QZZ Bjrie u“dx, u; —uj |.
e €25 Q;
Using (@ ® b é,d) = (b,&)(@, d), one has

o 1
5= =5 2 S (60— i [ i) (s )
eSS 121 Q;

Using the Young’s inequality ab < %a? + ﬁbQ, we get

~ 2 2
No o 1
Sy < — lvr<nvr,uiu’?> 4+ — Z'T<XTX' ,—/ uadx>
2 25223 J J 2,753 2;] ( J) ‘Q]‘ Q,

The last double sum is bounded by Ch[u®||72 ) < C"he?. One finally obtains the claim with a
new constant C' > 0. O

End of the proof of (62). One gets
1 T T T T
&(T) géa(())fg/ le,r(nj7r,u§fui)2+/ El(t)dt+/ E2(t)dt+/ S(t)dt
0 Gr 0 0 0

where integrals are estimated in (66), (67) and (68). Using &(0) < Ch, it yields
E(T) <Ch

1 T
5 e\2
*g/ E (0,05 —us)
0 g

Y r 2 h
+27€/0 ;zj,r(nj,r,uj—ui) +CT—

ve
[ h
+CTh (1 +14/1+ E)

h, Cy [T A
+CT(h2+%)+7/O ZZ%(WM ur_uj>
T
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Therefore

EM<C|1+T h+£+h\/1+ﬁ+h2+£ 1 1-2-c5 /TZZ» n;.,us—u th
N Ve € e € 9 7 0 4 gor \ Bjyry Uy~ Uy :

This estimate is fundamental, since it shows the competition between different kind of error terms
and the dissipation of the fluxes. Choosing 7 = % and vy = %, the last term is non positive, which
means that the dissipation of the fluxes is dominant in some sense. Since h and ¢ can be taken
less than 1, elementary comparison principes yield &(t) < C % The proof is ended. O

3.5 Study of |[DA: — PY||

We consider the semi-discrete scheme (47) wherein for convenience we made the following change

of unknowns
_ ut _ us
u; = — and u§ = -
€ €
But in order to keep a simple notation we dropped the superscript € and the bars. Thus the
scheme (47) is now written as:

(72)

d
| | v+ > () =0

> bir (g, wp — wj)myp = 0
(=33, G+ 0By ) ur = X2, Ly + £ 5, 50w,

(73)

Remark 3.11. If wet set € = 0 we naturally recover the limit diffusion scheme (46).

Well-posedness

What we mean about well-posedness is the following: if we are able to write the last two relations
of (73) as a non singular linear system with the u,’s and u;’s as unknowns, then we have a unique
solution in terms of the p;’s. This notion is the relevant one for numerical discretization.

Let us denote Y = ({u,},{u,}) the vector of unknowns. We can write the last two relations
of (73) as MY = b where M is a (J + R)? square matrix, J is the number of cells and R. One can
observe that unless € = 0, M is not a blockwise triangular matrix. One has

(MY,Y) = Z (cBru,,u,) + EZZZJ-T (u, — uy, njr)2
T g T

Assume (MY,Y) = 0: in this case the geometrical assumption (53) implies that all the u, are
null and therefore it remains to study >, >°, I;» (uj,an)Q = 0 that is }; (u;, Cju;) = 0 where
C; = Zr ljrnj, ® nj,.. Since the C; are all invertible unless the mesh is degenerate, all the u;
are null: we have proved the invertibility of the matrix M and thus the scheme (73) exists and is
uniquely defined.

Stability

1
The L? norm of the solution is defined as E(t) = 3 Z 12, |p3
J

Proposition 3.12. Under the geometrical assumption (53), the diffusion approzimation scheme
(73) is stable in the L* norm, in the sense that E'(t) < 0. Moreover we have

(74)

[larl[L20.71x0) < C H(I’J‘(O))j L2(@)

and
(75)

L2(Q)

 fun Z St < 0,
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Proof. One has
E(t) = Z |Qj|pj%pj =- ij > Gruemg) =Y | uy, lernjrpj
J j T T J
Now using the last equation of (73), one finds
E/(t) = —Z u,, gZajr +o0B, | u, — Ez&jruj
r J J

We expand the right hand side of the previous equation

E (t) = _Z(UBrurvur) _EZ ur,zaﬁ(ur —u;
T r ]
Permuting the sums in the second term of the right hand side , we show that

E'(t)=-> (¢Bu,,u,) ngZ(ur,ajT(ur —uj)). (76)

Using the definition of the u;, second line of (73), one has

> (uj, > a(u, - uj>> = 0. (77)

J

Combining (77)xe with (76) and using the definition of the matrices @, one has finally

E/(t) =— Z (oBruy,u,) — EZ ler (u, — uy, njr)2 .

T

By the geometrical assumption (53) we have E/(t) < 0, that is the L? stability. By integrating
this equality on [0, 7] we obtain

E(T) + > (eByuy,u,) + / e> > L (ur —u;,ny,)% = E(0)
[O’T] T [OvT] ] r

Using again the geometrical assumption (53) for the terms (B,u,,u,) we have

B+ [ S [ 3T (- wng)? < EO)
(0.7 < o1 S5
which gives (74) and (75). O

Consistency

For convenience we set
_ _ 1 _ 1
pj = p(x;,t) u; = —;VP(vat) u, = —;VP(XTJ)

where p(z,t) is the solution of the diffusion equation. We define the consistency error by inserting
these quantities into the three equations of (73). It yields

d 1
aj = —p;j + E (l'rﬁmn'r)

J dt J |Qj | . J J

by = i (0Brt — 5, Lnbinye +2 5, 650, — 1))

r |
¢j =3 >, ir(njp, 0y — )0, = 0.
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Lemma 3.13. Assume the geometrical assumptions (3.2). Assume po € H*(Q). Then there exists
a constant C > 0 such that the following estimates hold

laj| < Ch  for all j, (78)
|b.| < C(h+c¢), forallr (79)

and
Ic;| < Ch, for all j. (80)

Proof. Since py € H*(£2), one has that p(t) € H*(Q2) which turns into the fact that Vp(t) € L>=(Q)
and V2p(t) € L*>®(Q2) by means of Sobolev embeddings. It is sufficient to justify the Taylor
expansions done hereafter. By construction

1 fQ,- Oyp(z,t)dx fQj Apdz 1

1

By definition of /;,n;, one has

ler n;,, Vp(x,,t Z/{m § k) ;va (x;k) 1y | do

where n; = 7, defined in the previous part and the nodes x;rk and T, are the end of the edge
0Qj, = Q; Q. Note that 99, = |J 0. Therefore

11 Vp fﬁk +Vp (7,
ajO(h)+U|Qj|;/mjk Vp — (J) <J>,nj do

2

Since the function under the integral is approximated by the trapezoidal rule, the error of inte-
gration is O(h?)

/ Vp— v () + ¥ () 0, | do| < Ch2 (09,4 < CH®.
09,1,

2

After division by | ©; | and using the lower bound of the regularity hypothesis (49), one gets that
aj = O(h). Now we write b, = b? + b® with

and

bb
" 0|V|

Z Lirmjr @ 0jr (Vp(x, 1) = V(i 1))
A simple Taylor expansion shows that
p(x;,t) + (X — X4, Vp(x,, 1)) = p(X;, t) + Ojr(h?).

So b% = ﬁ > Oj,(h*)lj;m . = O(h) due to (48), (50). Another Taylor expansion shows that
Vp(x;,t) — Vp(x,,t) = O;j,-(h) so that ||bb|| = O(e) and |b,| = O(h + ). We finally obtain with
similar arguments |c;| = O(h). It ends the proof of the lemma. O
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Convergence

Let us define three error variables
ej=p;—pj,fr=u—1u, and f; =u; —u;

The numerical error is E(t) = %”6”%2(9) =>; 19 (pj — p(x;, £))?. We will also consider F(t) =
t t 2
122 0,0 x0) = Jo 220 Vel 12, and [Igl1320,0xa) = Jo 22 €461 1617

Theorem 3.14. Assume p € W3>(Q) and assume that geometrical conditions (3.2) are verified.
There exists a constant C(T) > 0 such that

lell e (0,122 (0)) < C(T)(h +¢), (81)

£l 22(0,71x ) < C(T)(h +¢), (82)

e/TZsz,. (£ — £5,m5,)° < C(T)(h +¢)?, (83)
o 5

I8l 10 < CT)(R+ €)1+ 1) (34)

| QJ | 69 + Z(ljrfmnjr) = — | QJ | aj

(5@ +0B,) £ = Ty seymy, —e 5585 = — | Vi [ b,
ZT ljr(njr, f, — fj)njr = 7hcj.

and

Proof. By construction

By proceeding as for the results of stability one has the identity

E'(t) = Z|Qj|€j i= Zej <— (ler (njmfr)> - Qj%)
= —ZZ(ljrnjrejyfr) =19l e5a,

J

:—Z f,, EZ(/X\J‘T-FUBT fr—azaﬁfj —Z|Qj|ajej—Z|VT\brfr
r J J J r

==Y (0B g, £) —ed | £, aE £ | =Y 19]ae; = > [Vi| b,
T T 7 7 T
==Y (B £) = D> > L (f = £5,m50)° = Y |Q]aje; — > Vel b+ hfje;.
T 7 T 7 T 7

Using a Young’s inequality and the Cauchy-Schwarz inequality, one gets
E'(1) <llellza@) lallzy + (51112 + 5 blEa(0 ) — ol
=lellL2(Q) L2 () g MHL2@) ™ g, L2(Q) L2(Q)

2 g 1
- Szzla‘r (fr — £, m;0)" + BT (77|g||%2(9) + TIHCH%Q(Q))
i T
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where p,n > 0 are two arbitrary coefficients that will be specified later. Now using (52) we have

Q] 167 < ChY (0, ).

Therefore
1] 1512 < Ch <2Zzﬂ nj,,f; — +2Zzﬂ|f| )

So there exists two constant C7 and Cy such that

gll72) < C1h Y~ L (e, £ = £,)° + CollE|[Z: o) (86)

jT

So from (85) we obtain

p Caen
5+ ;h — O)|fll720)

1
E'(t) <llellr2o) llallL2@) + ﬂ”b\ﬁm(n) +

777_1 Zzl]r T an) +7HC|| V,LL,’I]>0
Let us choose p = § and n = Inin(c%, g—fg), so that

(1) <V2VE({) [lallz2(0) **F **ZZZJT - £,05,)°

1 eCq OQE
b2 g + max(CEL, S .

where we have used = max(%, ;). By the consistency estimates (78-79-80) and since the

mm(a b)
domain 2 is bounded, one finds a constant C such that
E'(t) < B(t) — —F’ _fZZz], . —f5,0,,)° + C (h+e)°. (87)

Thus
E'(t) <E(t)+C(h+¢)”.

By construction E(0) = O(h?) for a smooth initial data. So by the Grénwall lemma E(t) <
C(t)(h + €)? which gives (81). Integrating (87) in the time interval [0, ], we find that for any for
t<T

t t
Et)+ S F(t) +/ = SO L (£ = £5,m5,)° < E(0) +/ (E@t) + C(h+¢)?) dt < C'(T)(h+e)
4 0 2 i 0
It shows the estimates (82) and (83). Using (86) one gets
T a2 g 2 . 2 h
| el < €k [ St <2 4.C [ 1By < OO0+ P+ D)
Jr

from which (84) follows. The proof is finished. O

Corollary 3.15. From (81) and (82) we deduce

W5 = We|L2(0,77x0)) < C(T)(h +¢). (88)
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L™ stability of the derivative
This estimate is needed in the next section.

Proposition 3.16. Consider a smooth enough initial pg. One has

< C'max (1, E) ,
L= ([0,T);L2(02)) h
d

[e
(=u,), < C'max (1, ) . (89)
H dt L2([0,T]xQ) h

Proof. Let us denote the time derivative of any f as f = d,.f. By linearity of the system (73), one
has

|

and

| € | dtpj + Z (ljr0y,m5,) =0

o ljr(nJTaur u;)n;, =0
£ Zj Qjr + O'B7~> . = Zj lj,.ﬁjnjr +e Zj (/)z\j,«flj

The L? stability property yields
t
IO oy + | (B )t < 150)] s

where this last quantity can be estimated with the first equation of (73): the square of the norm
in (89) is also bounded by the same quantity. It remains to bound ||5(0)||12(q)). At t = 0 one has

d 11
%pj = ;m XT:le(Vp(XT)vn]r - |Q | ler qrvnjr

Using the same consistency arguments as before, the first term in the right hand side is bounded
in L? uniformly with respect to h and €. The second one is bounded in L? by a term of order

o lvmax(hZ,eh) max(hz =) — C'max (1 \/%) The proof is ended. O

Proposition 3.17. One has that

< Cy/hmax(h,¢)
L2(Q)

H (w4 290x)) ¢ =0)

and

| (w+ 2vpt) =0

< C\/ﬁmax(h €). (90)
L2(Q)

Proof. Let us write q, = u, + %Vp(xr) and s; = u; + %Vp(xj). These quantities are solution of
the system

{ (6 >0, Ly @y + JBT> ar —€X;lpmj, ®njs; =dp+d7, v,
—€ 2 Lir(jr, qp)myy +e >, Lir(yr, sy =dj, vJ,

where the right hand sides are

d71 = Z ljrp(xj)njr + Z ljr(xr - Xy, Vp(x'r))njra
J J

d? = Uy (0, Vp(x,) — Vp(x;)) 0,

J
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and
d; = ngle (nj,, Vp(x,) — Vp(x;)) .

Taking the scalar product of the first line by q, and of the second line by s;, one gets the identity

(o2 Z (qur, qr) +e€ Z lj'r (an7 qr — sj)2
r Jr

=Y (dha,) + Ezljr (nr, ar —s5) (njr, Vp(xr) = Vp(x;)) .

A Young’s inequality yields

UZ (qura qr) + % leT‘ (njra qr — Sj)2 < Z (divqr’) + % leT (njra VP(XT) - VP(XJ'))2 .
T Jr T Jr

(91)
One gets
|d}| < Ch? and ler (njr, Vp(x,) — Vp(xj))2 < Ch.
Jr
So (91) implies
lallZ2) < ChllallLz) + Ceh.

It means that [|q||z2(q) is below the maximal root of the polynomial p(z) = #* — Cha — Ceh, that
is for some constant K > 0

W
b Cht VOIRTHACER _ o s

lall 2oy < = ! (92)
It yields the proof of the first inequality.
Concerning the second inequality, we note that
2
Isl172(q) < 2llallZz) + Chz Lir (yr,ar — s;)
Jr
which can be upper bounded using (91) and (92). We obtain
2 2 h 2
[sll72(0) < Cmax(h”, he) +Cgh max(h?, he)
The numbers h and € can be considered less than 1. There are two cases:
e Either h < e: so ||s||2L2(Q) < Che for another constant C.
o Ore<h:so|s|fzq < CN'%S for another constant C.
So we can writes
h
sl 2y < C\/Zmax(h,s), C>0.
The proof of (90) is ended. O

3.6 Study of |P; — DA||

In this section we prove that for fixed step mesh, the discrete solution of the heat equation scheme
tends to the discrete solution of the diffusion equation scheme when ¢ tends to zero. Indeed, we
will prove the following result:
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Proposition 3.18. Assume a smooth initial data. There exists a constant C(T) > 0 such that
the following estimate holds:

g
Vi = Willisguraoy < 1) (smas (1/2) + 02 +29). (93)

Proof. We introduce R; = %uj such that the solution V}, of the diffusion scheme (47) satisfies

d 1

| Qj | %pj + z Z(ljrnjraur) =0,
d 1< ~
|%|$W+52NMWW+%Nw—WD=Wﬁ% (94)
g " ~
(Ar + EBT) u, — lerpjnjr - Z ol = 0.
J J

By definition |R||z2(q) = |4 ;| 12(q). Using the third line of (47), one has u; = Aj_1 Do, ey
and thus || 4 u;||12(q) < C[|4u,|12(q). Using (89) (and taking care that a rescaling by a factor e
was systematically used in the previous section, see (72)), one gets for a smooth initial data

13
IR 22(j0,71x0) < Cemax (1, \/2) .

We denote by e; = p; —p5, f; = u; —uf and f, = u, — u;. One finds, making the difference
between the schemes (94) and (42):

d 1
| €2 | 79Tz Z(la‘rnjmfr) =0,
s
d

1 ~
RO e > (renye + a5, (5 — £,)) = [4|R,;,

o T
A, fBr)frfE Lreng, — > @£ = 0.
( JFE - gr€ily - Ajrl;

We are going to write an inequality satisfied by E(t) = [le(t)[72(q) + [£(t)72(q). knowing that
e(0) = 0. Using the same kind of proof than for the L? stability of the JL-(b) scheme (proposition
3.3), one can show that

1d

B < D IR, ) < Ifll2@) R 20) < VEDIR] L2(0)-
J

So one has for ¢t < T
VE@) < E) + CtR] L2(0,71x0) = [I£(0)]|22(0) + CtIR 22(j0,71x0) -

One has [[f(0)[|z2(0) = O(Vhe max(h,€)) by virtue of (90) (taking care that there is a rescaling by
a factor e, see (72)). In any case, one has [|f(0)]|12(q) < C(h*+¢€?). Since [|[V5 —W5 || L2(j0,1)x0)) =

fOT E(t)dt, the proof is ended. O

3.7 End of the proof of the uniform AP property in 2D
We have the following result of uniform convergence.

Theorem 3.19. We assume the initial data is smooth. Under the geometrical assumptions (3.2)
in 2D, there exists a constant C(T)>0 independent of €, such that the following estimate holds:

Ve = Vi || 2(o.11x0) < C(T)hA.
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Proof. The proof is a slight adaptation of our initial proposition 1.2, where we use the norm
|-l = 1 [lz2(jo,7)x0))- Indeed one has

Vi, = VoI < min ([[V}, = V| |naive, [[V5, = Wi [ + [[W5, — W[ + [W® — V)

where each estimates are given in order in (62), (93), (88) and (54). Therefore

V5, — Ve[| < C(T') min <\/§ , £max (1, ﬁ) +h+(h+e) +5>
ecmma((E )

< C(T) min (675h5 , 8>—|—C'(T)h7%min (87%h , 5%>.

o

< C(T) min (

-

The first contribution is estimated with a =1 and b=c = % as in 1D and as in the inequality (8)
of proposition 1.2: it yields a contribution O(h%). The second contribution can also be estimated

ac _ 1 _ 3
" 2) where now a = 3,

b= 1 and c = 1: that is O(h1). The worst case is O(h1) which ends the proof. O

in the context of proposition 1.2. One gets a convergence rate O (

4 Numerical illustration

To illustrate the theory and have a more quantitative version of the error estimates studied in
this work, we consider the academic square and discretize the hyperbolic heat equation of a
mesh made with random quads. A random quad mesh is made of quads where the vertices are
moved randomly around their initial position, by a factor between 10% and 30%. We use the
fully implicit time discretization version of the 2D scheme detailed in this work. The solution
of the linear systems is computed via an iterative GMRES algorithm, which converges smoothly
in our numerical experiments. The reference analytical solution used in our tests is designed by
separation of variables. A solution of (1) is

82 13
p=f+=0fandu=-"Vf,
ag ag

with f solution of 0, f + %8,52 f- %A f =0. We add periodic boundary conditions and consider

[tz y) = aft) cos(mx)) cos(my).
The function « is determined as the solution of

2
, e 21
t)+ — t —a =0
o' (t) Ua()—f—oa

whith o/(0) = 0 and «(0) = 1. For small €, which is the case we are interested in, the solution is

computed as follows. First determine
0(\/ 5;87r2+1> O'<\/ f;Z87T21>
2¢2 ’

A= —
! 2e2

and Ay =

Then

_ )\2 Aot )\1 At
at) = ~ _)\16 % _)\16

from which p(t) and u(t) are easily recovered.
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Figure 6: The error is plotted in log scale versus the number of cells per direction in the academic
square. Each curve corresponds to a value of v € {0, %, %, 1,2}, plus a reference line for order one.
One sees that the order of convergence is an increasing function of ~.

We decide that an exact relation is enforced between ¢ and h = %, so that the error can

be expressed as a function of h solely. The relation between e and h writes ¢ = 0.01(40h)" for
~ € {0, %, %, 1,2}. The error between the exact solution and the numerical solution is computed
numerically in function of h = %, for different values of ~, and the results of some of these
numerical experiments is displayed in figure 6. The results correspond to the time 7" = 0.02 using
the time step At = 0.2h2.

As predicted by the theory, the scheme is uniformly AP and the error behavior is a continuous
function of v between the hyperbolic and parabolic limits. However the results are much better,
in the sense the order is greater than the theoretical prediction since the order is approximatively
1 for 4y = 0 (hyperbolic limit) and 2 for v = 2 (parabolic regime). The reason is probably that the
theory is based on worst case estimates, as it is often the case for the numerical analysis of finite
volume schemes [12].

5 Conclusion

The proof that was given of the uniform AP property is quite technical. It relies on specific
hyperbolic and parabolic estimates for linear nodal finite volume schemes on general meshes.
We observe that the multidimensional case yields an additional contribution in the error that
ultimately slightly degrades the convergence rate. It is an open problem to determine if these
inequalities are optimal. The numerical results indicate that it is probably not the case.

More important for applications is the fact that the scheme studied in this work is the only
one in 2D we know for which it is possible to prove this property. The fact that the finite volume
scheme is nodal based and not edge based has been stressed in [5]. This fact is important if one
has in mind to really use such methods in research or industrial codes to compute the solutions
of problems which admit some diffusion limits in certain regimes. It is another open problem to
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identify alternative finite volume schemes, valid on unstructured meshes, which can be used to
compute the solution of such problems with uniform accuracy. If ever edge based finite volume
techniques are indeed strongly limited for such problems, as was suggested in [5], it is a good
reason to still continue to develop nodal based finite volume techniques.
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