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❆❜str❛❝t✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s ❛rt✐❝❧❡ ✐s t♦ ♣r♦✈✐❞❡ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦ ❣✐✈✐♥❣ ❛❝❝❡ss
t♦ ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ✇❤✐st❧❡r✲♠♦❞❡ ❝❤♦r✉s ❡♠✐ss✐♦♥s ✐♥ s♣❛❝❡ ♣❧❛s♠❛s✳ ❚❤❡r❡ ✐s
♣r❡s❡♥t❧② ❛ ❣❡♥❡r❛❧ ❛❣r❡❡♠❡♥t ❬✶✵✱ ✶✽✱ ✷✷✱ ✷✹✱ ✷✻❪ t❤❛t t❤❡ ❡♠✐ss✐♦♥s ♦❢ ✇❤✐st❧❡r ✇❛✈❡s
✐♥✈♦❧✈❡ ❛ ♠❡❝❤❛♥✐s♠ ♦❢ ✇❛✈❡✲♣❛rt✐❝❧❡ ✐♥t❡r❛❝t✐♦♥ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡❝r✐❜❡❞ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦
♦❢ t❤❡ r❡❧❛t✐✈✐st✐❝ ❱❧❛s♦✈✲▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s✱ ✇✐t❤ ❛ ♣❡♥❛❧✐③❡❞ s❦❡✇✲s②♠♠❡tr✐❝ t❡r♠ ✇❤❡r❡
t❤❡ ✐♥❤♦♠♦❣❡♥❡✐t② ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♣❧❛②s ❛♥ ❡ss❡♥t✐❛❧ ♣❛rt✳ ❚❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡
r❡❧❛t❡❞ ♣❤❡♥♦♠❡♥❛ ✐s ❛❝❤✐❡✈❡❞ ✐♥ t✇♦ st❛❣❡s✳ ❚❤❡ ✜rst ♣r♦✈✐❞❡s ❛ ♥❡✇ ❛♣♣r♦❛❝❤ ❛❧❧♦✇✐♥❣
t♦ ❡①t❡♥❞ ✐♥ ❧♦♥❣❡r t✐♠❡s t❤❡ ❝❧❛ss✐❝❛❧ ✐♥s✐❣❤ts ♦♥ ❢❛st r♦t❛t✐♥❣ ✢✉✐❞s ❬✻✱ ✽✱ ✶✶✱ ✶✷✱ ✶✹✱ ✷✸❪✳
❚❤❡ s❡❝♦♥❞ ✐s ❜❛s❡❞ ♦♥ ❛ st✉❞② ♦❢ ♦s❝✐❧❧❛t♦r② ✐♥t❡❣r❛❧s ✐♠♣❧②✐♥❣ s♣❡❝✐❛❧ ♣❤❛s❡s✳

❑❡②✇♦r❞s✳ ❘♦t❛t✐♥❣ ✢✉✐❞s❀ ❞②♥❛♠✐❝❛❧ ❛♥❞ ❤❛♠✐❧t♦♥✐❛♥ s②st❡♠s❀ ♥♦♥ ❧✐♥❡❛r ❣❡♦♠❡tr✐❝
♦♣t✐❝s❀ ❲❑❇ ❝❛❧❝✉❧✉s❀ ♦s❝✐❧❧❛t♦r② ✐♥t❡❣r❛❧s❀ ♣❧❛s♠❛ ♣❤②s✐❝s❀ r❡❧❛t✐✈✐st✐❝ ❱❧❛s♦✈✲▼❛①✇❡❧❧
❡q✉❛t✐♦♥s❀ ✇❤✐st❧❡r ✇❛✈❡s✳

✶✳ ■♥tr♦❞✉❝t✐♦♥

❲❤✐st❧❡rs ❬✶❪ ❛r❡ ✈❡r② ❧♦✇ ❢r❡q✉❡♥❝② ✭❱▲❋✮ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✭r❛❞✐♦✮ ✇❛✈❡s ❣❡♥❡r❛t❡❞ ❜②
❧✐❣❤t♥✐♥❣✱ ❞❡s❝r✐❜❡❞ ✐♥ ✶✾✺✸ ❜② ❙t♦r❡② ❬✷✺❪ ❛s t❤❡ s♦✉♥❞ ♦❢ t❤❡ ❞❛✇♥ ❝❤♦r✉s✳ ■t ✇❛s t❤❡♥
s✉❣❣❡st❡❞ ❜② ❉✉♥❣❡② ❬✶✵❪ ✐♥ ✶✾✻✸ ✲ s❡❡ ❛❧s♦ ❬✷✷✱ ✷✹❪ ✲ t❤❛t t❤❡ ♥❛t✉r❛❧ ♦r ❛rt✐✜❝✐❛❧ ❡♠✐ss✐♦♥s
♦❢ ✇❤✐st❧❡r ✇❛✈❡s ♠❛② ❜❡ ❞✉❡ t♦ t❤❡ ♦s❝✐❧❧❛t✐♦♥s ✐♥ ❞❡♥s✐t② ♦❢ t❤❡ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s tr❛♣♣❡❞
✐♥ t❤❡ ❱❛♥ ❆❧❧❡♥ ❜❡❧ts ❬✹❪✳ ❙✐♥❝❡✱ ♠❛♥② ✇♦r❦s ❬✷✵❪ ❤❛✈❡ ❜❡❡♥ ♣✉t ❢♦rt❤ t♦ ❡①♣❧❛✐♥ ✇❤❛t
❤❛♣♣❡♥s✳ ❆r✐s✐♥❣ ♣r♦❜❛❜❧② ✐♥ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ ♣r♦❣r❡ss❡s ✐♥ s❛t❡❧❧✐t❡ ♦❜s❡r✈❛t✐♦♥s ✭✇❤✐st❧❡r
✇❛✈❡s ❛r❡ r❡❣✉❧❛r❧② ❞❡t❡❝t❡❞ ❜② ❈❧✉st❡r ❛♥❞ ❚❤❡♠✐s ❞✉r✐♥❣ s✉❜st♦r♠s✮✱ t❤❡r❡ ✐s ♥♦✇ ❛
♥✉♠❜❡r ♦❢ ❝♦♥tr✐❜✉t✐♦♥s ♦♥ t❤✐s s✉❜❥❡❝t✱ ❝♦♠✐♥❣ ❢r♦♠ ✈❛r✐♦✉s s❝✐❡♥t✐✜❝ ✜❡❧❞s✱ ❣✐✈✐♥❣ r✐s❡ t♦
❞✐✛❡r❡♥t ✐♥t❡r♣r❡t❛t✐♦♥s ♦❢ t❤❡ ♣❤❡♥♦♠❡♥❛✳ ❚❤❡ r❡❝❡♥t P❤❉ t❤❡s✐s ✐♥ ❛♣♣❧✐❡❞ ♠❛t❤❡♠❛t✐❝s
♦❢ ❙✳ ▲❡ ❇♦✉r❞✐❡❝ ❬✶✽❪✱ ✐♥ ❛str♦♣❤②s✐❝s ♦❢ ❆✳ ❚❡♥❡r❛♥✐ ❬✷✻❪ ❛♥❞ ✐♥ ♣❧❛s♠❛ ♣❤②s✐❝s ♦❢ P✳
P❢❛♥♥♠ö❧❧❡r ❬✷✶❪✱ ❛s ✇❡❧❧ ❛s ♠❛♥② r❡❢❡r❡♥❝❡s ❝✐t❡❞ t❤❡r❡✐♥✱ ❢✉r♥✐s❤ ✐♥t❡r❡st✐♥❣ ✐♥✈❡st✐❣❛t✐♦♥s
❜② ♠❡❛♥s ♦❢ ♦❜s❡r✈❛t✐♦♥s✱ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧✐♥❣s ❛♥❞ ♥✉♠❡r✐❝❛❧ st✉❞✐❡s✳

❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ✇❤✐st❧❡r ✇❛✈❡s✱ ✐♥ t✐♠❡ τ ∈ R+ ✭✇✐t❤ τ ∼ 1 r❡♣r❡s❡♥t✐♥❣ 103 s✮✱ ✐♥ ♣♦s✐t✐♦♥
x ∈ R

3✱ ❛♥❞ ✐♥ ✈❡❧♦❝✐t② v ∈ R
3✱ ✐s ❣♦✈❡r♥❡❞ ❜② t❤❡ r❡❧❛t✐✈✐st✐❝ ❱❧❛s♦✈✲▼❛①✇❡❧❧ s②st❡♠✳ ❚❤❡

❡q✉❛t✐♦♥s ❛r❡ ♣r❡s❡♥t❡❞ ❜❡❧♦✇ ❞✐r❡❝t❧② ✐♥ ❞✐♠❡♥s✐♦♥❧❡ss ✈❛r✐❛❜❧❡s✳ ❚❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦
P❛r❛❣r❛♣❤ ✸✳✶✳✶ ❢♦r ❛ ❞❡✜♥✐t✐♦♥ ♦❢ ε✱ ǫr ❛♥❞ κ✱ ❛♥❞ ❛ ❥✉st✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧✿

✭✶✳✶✮





∂τf + ε−1 v · ∇xf + ε−2 (v × B̃) · ∇pf+ (E + v ×B) · ∇pf = 0 , f |τ=0 ≡ f ,

∂τ (ǫr E) − ε−1 ❝✉r❧B = − ε−1 κ j , ❞✐✈ (ǫr E) = κ ρ , E |τ=0 ≡ 0 ,

∂τB + ε−1 ❝✉r❧E = 0 , ❞✐✈B = 0 , B |τ=0 ≡ 0 .

❉❛t❡✿ ✶✺✴✶✶✴✷✵✶✸✳

✶

http://en.wikipedia.org/wiki/Whistler_(radio)
http://en.wikipedia.org/wiki/Van_Allen_radiation_belt
http://tel.archives-ouvertes.fr/docs/00/14/62/58/PDF/manuscript_le_bourdiec.pdf
http://tel.archives-ouvertes.fr/docs/00/78/91/37/PDF/Tesi_PhD.pdf
http://ub-ed.ub.uni-greifswald.de/opus/volltexte/2011/1027/pdf/thesis_electronic_publication.pdf
http://ub-ed.ub.uni-greifswald.de/opus/volltexte/2011/1027/pdf/thesis_electronic_publication.pdf
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■t ✐s ✇❡❧❧❦♥♦✇♥ t❤❛t t❤❡ ♣❛rt✐❝❧❡s ❣②r❛t❡ ❛t ❢r❡q✉❡♥❝✐❡s ♠✉❝❤ ❣r❡❛t❡r t❤❛♥ t❤❡ t②♣✐❝❛❧ r❛t❡
♦❢ ❝❤❛♥❣❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤✐s ♠❡❛♥s ✐♥tr♦❞✉❝✐♥❣ ❛ s♠❛❧❧ ♣❛r❛♠❡t❡r✱ t❤❡ ❡❧❡❝tr♦♥
❣②r♦❢r❡q✉❡♥❝②✱ ♦❢ s✐③❡ ε ∼ 10−5✳ ❚❤❡ s②♠❜♦❧ ǫr ✭6= ε !✮ ✐s t❤❡ r❡❧❛t✐✈❡ ♣❡r♠✐tt✐✈✐t② ✭s♣❛❝❡
♣❧❛s♠❛s ❛r❡ ✐♥❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐❛✮✳ ❚❤❡ ✈❡❧♦❝✐t② v ✐s ❧✐♠✐t❡❞ ❜② t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t✱ 1 ✐♥
❞✐♠❡♥s✐♦♥❧❡ss ✈❛r✐❛❜❧❡s✳ ■t ✐s ❧✐♥❦❡❞ t♦ t❤❡ r❡❧❛t✐✈✐st✐❝ ✐♠♣✉❧s✐♦♥ p t❤r♦✉❣❤ t❤❡ r❡❧❛t✐♦♥s✿

✭✶✳✷✮ v(p) = p
(
1 + |p|2

)−1/2
, p(v) = v

(
1 − |v|2

)−1/2
.

❚❤❡ ❡❧❡❝tr✐❝ ❝✉rr❡♥t ❞❡♥s✐t② j ❛♥❞ t❤❡ ❡❧❡❝tr✐❝ ❝❤❛r❣❡ ❞❡♥s✐t② ρ ❛r❡ ❣✐✈❡♥ ❜②✿

✭✶✳✸✮ j :=

∫

R3

f v dp , ρ :=

∫

R3

f dp , dp := (1 − |v|2)−5/2 dv .

■♥ ✭✶✳✶✮✱ t❤❡ ❧❡tt❡r B̃ st❛♥❞s ❢♦r t❤❡ ❞✐♣♦❧❡ ♠♦❞❡❧ ♦❢ t❤❡ ❊❛rt❤✬s ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ■t ❜❡❛rs

♥♦t✐♥❣ t❤❛t B̃(x) ✐s ❛ ♥♦♥✲❝♦♥st❛♥t ❢✉♥❝t✐♦♥ ❣✐✈❡♥ ❜② ❢♦r♠✉❧❛s ✭✷✳✼✮ ❛♥❞ ✭✸✳✷✮✳ ■♥ ❢❛❝t✱ t❤❡

❝♦♥tr✐❜✉t✐♦♥ v×B̃(x) r❡✢❡❝ts ❤♦✇✱ ❛t ♣♦s✐t✐♦♥ x✱ t❤❡ ❡①t❡r♥❛❧ ❣❡♦♠❛❣♥❡t✐❝ ✜❡❧❞ B̃(x) ❞❡✢❡❝ts
t❤❡ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s t❤r♦✉❣❤ t❤❡ ▲♦r❡♥t③ ❢♦r❝❡✳ ❚❤❡ ♣❤②s✐❝❛❧ q✉❛♥t✐t✐❡s t♦ ❞❡t❡r♠✐♥❡ ❛r❡
t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ f ✭✇❤✐❝❤ ✐♥❞✐❝❛t❡s t❤❡ ♣❛rt✐❝❧❡ ❞❡♥s✐t②✮✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ s❡❧❢✲
❝♦♥s✐st❡♥t ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ (E,B)✳

❲❤✐st❧❡r ✇❛✈❡s ❛r❡ ✐♥❤❡r❡♥t❧② ❛ ♠❛tt❡r ♦❢ ❝r❡❛t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ♦s❝✐❧❧❛t✐♦♥s✳ ❚❤❡s❡
t✇♦ st❛❣❡s ❞♦ ♥♦t ♦❝❝✉r ♦♥ t❤❡ s❛♠❡ ♣❡r✐♦❞✳ ❚❤❡ r❡❧❡✈❛♥t ♦s❝✐❧❧❛t✐♦♥s ❛r❡ ❞❡✈❡❧♦♣❡❞ ❛t t❤❡
❧❡✈❡❧ ♦❢ t❤❡ ❱❧❛s♦✈ ♣❛rt ❛❢t❡r ❛ ❧♦♥❣ ♣r❡♣❛r❛t✐♦♥✱ ❢r♦♠ t := ε−1 τ ∼ ε t♦ t ∼ 1 ✇✐t❤ ❢❛st
r♦t❛t✐♦♥s✱ ❛♥❞ t❤❡♥ ❢r♦♠ t ∼ 1 t♦ t ∼ ε−1 ✇✐t❤ ❛❣❛✐♥ ❢❛st r♦t❛t✐♦♥s ✭♦❢ ❛ ❞✐✛❡r❡♥t ❦✐♥❞✮✳

❉✉r✐♥❣ t❤✐s ♠❛t✉r❛t✐♦♥ ♣r♦❝❡ss✱ t❤❡ ❢❡❛t✉r❡s ♦❢ B̃ ❤❛✈❡ ❛ ❢✉❧❧ ✐♠♣❛❝t✳ ❚❤❡ ♦s❝✐❧❧❛t✐♦♥s t❤✉s
❣❡♥❡r❛t❡❞ ✐♥❤❡r✐t s♣❡❝✐❛❧ str✉❝t✉r❡s✱ st❛❜❧❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡② ❛r❡ ♥♦t ❛✛❡❝t❡❞ ❜② t❤❡
s❡❧❢✲❝♦♥s✐st❡♥t ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ (E,B)✳ ❚❤❡② ❛r❡ ✈✐❡✇❡❞ ✐♥ ❧♦♥❣ t✐♠❡s τ ∼ 1 ❛s s♦✉r❝❡
t❡r♠s ❜② t❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s✳ ❚❤❡② ❛r❡ ❤❛♥❞❧❡❞ ❛♥❞ ♣r♦♣❛❣❛t❡❞ t❤❡r❡ ❛s s✐♥❣✉❧❛r✐t✐❡s✳
❚❤❡♥✱ ✇❤❛t ♠❛tt❡rs ❛r❡ t❤❡ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ✇❛✈❡✲❢r♦♥ts ✐♥❞✉❝❡❞ ❜② t❤❡ ♦s❝✐❧❧❛t✐♦♥s
❛♥❞ t❤❡ ❞✐r❡❝t✐♦♥s s❡❧❡❝t❡❞ ❜② t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✈❛r✐❡t② ♦❢ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s✳

❚❤✐s ❛rt✐❝❧❡ ✐s ♦r❣❛♥✐③❡❞ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ♣r❡❝❡❞✐♥❣ ❣✉✐❞❡❧✐♥❡s✳ ❚❤❡ P❛rt ✷ ✐s ❞❡✈♦t❡❞
t♦ t❤❡ st✉❞② ♦❢ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✐ss✉❡❞ ❢r♦♠ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥✳ ■t ✐s ❢♦❧❧♦✇❡❞ ❜②
P❛rt ✸ ❢♦❝✉s✐♥❣ ♦♥ ♣❛rt✐❝✉❧❛r ▲❛❣r❛♥❣✐❛♥ ❞✐str✐❜✉t✐♦♥s✱ ❜✉✐❧❞ ❛t t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ ▼❛①✇❡❧❧
❡q✉❛t✐♦♥ ✇✐t❤ t❤❡ ♦s❝✐❧❧❛t✐♦♥s ❡①❤✐❜✐t❡❞ ✐♥ P❛rt ✷✳

✶✳✶✳ ❆♥❛❧②s✐s ♦❢ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥✳ ❚❤❡ ❱❧❛s♦✈ ♣❛rt ♦❢ ✭✶✳✶✮ ✐s t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢
✭✶✳✶✮✱ t❤❡ ♦♥❡ ♦♥ f ✳ ■t ❝♦♥tr♦❧s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣❛rt✐❝❧❡s✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ❢✉♥❝t✐♦♥
(E,B)(ε, τ, x) ✐s ❦♥♦✇♥✱ ✐t ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ❢♦❧❧♦✇✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✢♦✇✿

✭✶✳✹✮ fε(τ, x, v) = f
(
xε(−τ, x, v), vε(−τ, x, v)

)
, fε(0, x, v) := f(x, v) ,

✇❤❡r❡ (xε, vε)(τ, x, v) ∈ R
3 × R

3 ✐s ♦❜t❛✐♥❡❞ t❤r♦✉❣❤✿

✭✶✳✺✮

{
∂τxε = ε−1 vε , xε(0, x, v) = x ,

∂τvε = ε−2 c(|vε|) vε × B̃ + Ñ (vε, E,B) , vε(0, x, v) = v ,

✇✐t❤ |v| < 1 ❛♥❞ ❝♦❡✣❝✐❡♥ts ❛❞❥✉st❡❞ ❜② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✭✶✳✷✮✿

✭✶✳✻✮ c(v) := (1−|v|2)1/2 , Ñ (v,E,B) := (1−|v|2)1/2
(
E−(E ·v) v+v×B

)
.
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⋄ P❤②s✐❝❛❧ ♦❜s❡r✈❛t✐♦♥s✳ ❚❤❡ tr❛❥❡❝t♦r✐❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✭✶✳✺✮ ❛r❡ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤r❡❡
♠♦t✐♦♥s✱ s❡❡ ❬✷❪ ❢♦r ✐❧❧✉str❛t✐✈❡ ♣✐❝t✉r❡s ❛♥❞ ❜❛s✐❝ ❤❡✉r✐st✐❝❛❧ ❞❡s❝r✐♣t✐♦♥s✿

✭P✶✮ ❋❛st t✐♠❡s t := ε−1 τ ∼ ε ∼ 10−3s ✿ ❚❤❡ ♣❛rt✐❝❧❡s ♦s❝✐❧❧❛t❡ ❛t t❤❡ ❝②❝❧♦tr♦♥ ❢r❡q✉❡♥❝②
❛r♦✉♥❞ t❤❡ ✜❡❧❞ ❧✐♥❡s✳ ❚❤❡② ♠♦✈❡ ❛♣♣r♦①✐♠❛t❡❧② ✐♥ ❝✐r❝❧❡s✱ ✇❤♦s❡ ❝❡♥t❡rs ❛r❡ ❛❧♦♥❣ t❤❡
✜❡❧❞ ❧✐♥❡s✳ ❚❤❡s❡ ❝✐r❝❧❡s ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣❧❛♥❡s t♦ t❤❡ ✜❡❧❞ ❧✐♥❡s✱ ❛♥❞ t❤❡②
❤❛✈❡ ▲❛r♠♦r r❛❞✐✉s ∼ ε≪ 1 ✭❤②♣♦t❤❡s✐s ♦❢ ❝♦❧❞ ♣❧❛s♠❛✮❀

✭P✷✮ ■♥t❡r♠❡❞✐❛t❡ t✐♠❡s t ∼ ε ∼ 1s ✿ ❚❤❡ ❝❡♥t❡rs ❢♦❧❧♦✇ t❤❡ ✜❡❧❞ ❧✐♥❡s✳ ❚❤❡ ♣❛rt✐❝❧❡s ❜♦✉♥❝❡
❜❛❝❦ ❛♥❞ ❢♦rt❤ ❜❡t✇❡❡♥ t✇♦ ♠✐rr♦r ♣♦✐♥ts ❧♦❝❛t❡❞ ❥✉st ❛❜♦✈❡ t❤❡ ❊❛rt❤✬s ♣♦❧❡s✱ ❝r♦ss✐♥❣
❡❛❝❤ t✐♠❡ t❤❡ ❡q✉❛t♦r✐❛❧ ♣❧❛♥❡❀

✭P✸✮ ▲♦♥❣ t✐♠❡s t ∼ ε−1 ∼ 103s ✭♦r τ ∼ 1✮ ✿ ❆ ❧♦♥❣✐t✉❞✐♥❛❧ ❞r✐❢t ✭✐♥✐t✐❛t✐♦♥ ♦❢ ❛ r♦t❛t✐♦♥
❛r♦✉♥❞ t❤❡ ❊❛rt❤✮ ❜❡❝♦♠❡s ♣❡r❝❡♣t✐❜❧❡✳ ■t ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝r❡❛t✐♦♥ ♦❢ ❛ r✐♥❣ ❝✉rr❡♥t✳
P♦s✐t✐✈❡ ♣❛rt✐❝❧❡s ❣♦ t♦✇❛r❞s ✇❡st✱ ♥❡❣❛t✐✈❡ t♦✇❛r❞s ❡❛st✳ ⋄
❚❤❡s❡ ♠♦t✐♦♥s ❤❛✈❡ ❧♦♥❣ ❜❡❡♥ ♦❢ ✐♥t❡r❡st t♦ ❜♦t❤ ♠❛t❤❡♠❛t✐❝✐❛♥s ❛♥❞ ♣❤②s✐❝✐sts✳ ❚❤❡✐r
❞❡s❝r✐♣t✐♦♥ r❛✐s❡s ❞✐✣❝✉❧t✐❡s ❦♥♦✇♥ ✉♥❞❡r t❤❡ ♥❛♠❡ ♦❢ t❤❡ ❙tör♠❡r ♣r♦❜❧❡♠✳ ❚❤✐s s✉❜❥❡❝t
❤❛s ❜❡❡♥ ✐♥t❡♥s✐✈❡❧② st✉❞✐❡❞ t❤r♦✉❣❤ t❤❡ ❤❛♠✐❧t♦♥✐❛♥ ❛♣♣r♦❛❝❤✱ ✇✐t❤ t♦♦❧s ✐ss✉❡❞ ❢r♦♠ ❑❆▼
t❤❡♦r②✳ ❚❤❡r❡ ❛r❡ ❛❝t✉❛❧❧② ❝♦♥t✐♥✉❛t✐♦♥s ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❝❤❛♦s✳ ❚♦ ❤❛✈❡ ❛♥ ♦✈❡r✈✐❡✇✱ ✇❡
r❡❢❡r t♦ t❤❡ s✉r✈❡② ❛rt✐❝❧❡s ❬✹✱ ✾❪✳ ❚❤❡ ✇❤♦❧❡ ♣✐❝t✉r❡ ❣✐✈❡s r✐s❡ t♦ t♦r♦✐❞❛❧ r❡❣✐♦♥s s✉rr♦✉♥❞❡❞
t❤❡ ❡❛rt❤✱ t❤❡ s♦✲❝❛❧❧❡❞ ❱❛♥✲❆❧❧❡♥ ❜❡❧ts✱ ✇❤❡r❡ t❤❡ ♣❛rt✐❝❧❡s ❛r❡ tr❛♣♣❡❞ ❛♥❞ ♦s❝✐❧❧❛t❡ ✇✐t❤
❛ ❧✐❢❡t✐♠❡ ❢r♦♠ ❛ ❢❡✇ ❤♦✉rs t♦ ✶✵ ②❡❛rs✳

❚❤❡ ❤❛♠✐❧t♦♥✐❛♥ ❛♣♣r♦❛❝❤ ✐s ♠♦r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ▲❛❣r❛♥❣✐❛♥ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ■t ❞♦❡s
♥♦t ♦✛❡r ♠✉❝❤ ✐♥s✐❣❤t ❛❜♦✉t t❤❡ ✈❛r✐❛t✐♦♥s ✇❤✐❝❤ ❝❛♥ ♦❝❝✉r ✭❛t ✜①❡❞ t✐♠❡s ❛♥❞ ❛t ❣✐✈❡♥
s♣❛t✐❛❧ s❝❛❧❡s✮ ✇❤❡♥ ♣❛ss✐♥❣ ❢r♦♠ ❛ tr❛❥❡❝t♦r② t♦ ♦♥❡ ❛♥♦t❤❡r✳ ❙✉❝❤ ✐♥❢♦r♠❛t✐♦♥ ✐s ❡♥❝♦❞❡❞
❡❧s❡✇❤❡r❡✱ ✐♥ t❤❡ ❊✉❧❡r✐❛♥ ❝♦♥❝❡♣t ♦❢ ✇❤❛t ✐s t❤❡ ♣❤❛s❡ ♦❢ ❛♥ ♦s❝✐❧❧❛t✐♦♥✳ ◆♦✇✱ t♦ ❝❛♣t✉r❡ t❤❡
♣❤❛s❡s ❣❡♥❡r❛t❡❞ ❜② ✭✶✳✺✮ ❞✉r✐♥❣ ❧♦♥❣ t✐♠❡s τ ∼ 1✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❝♦♥✈❡♥✐❡♥t❧② s❡♣❛r❛t❡
t❤❡ s❝❛❧❡s✳ ❚❤✐s ♠❡❛♥s t♦ r❡✈✐s✐t t❤❡ ❙tör♠❡r ♣r♦❜❧❡♠ ❜② t❤❡ ✇❛② ♦❢ ♠♦❞❡r♥ ❛✈❡r❛❣✐♥❣
♠❡t❤♦❞s✳ ■t ✐s t❤✐s ♣r♦❣r❛♠ t❤❛t ✐s ❛❝❤✐❡✈❡❞ ✐♥ P❛rt ✷✳

❙❡❝t✐♦♥ ✷✳✶ st❛rts ✇✐t❤ t❤❡ ❆ss✉♠♣t✐♦♥ ✷✳✶ ♦♥ B̃✱ ❛❧❧♦✇✐♥❣ t♦ str❛✐❣❤t❡♥ ♦✉t t❤❡ ✜❡❧❞ ❧✐♥❡s
✐♥ ❛♥ ♦rt❤♦❣♦♥❛❧ ✇❛②✳ ❖♥❝❡ t❤❛t ✐s ❛❝❝♦♠♣❧✐s❤❡❞✱ ❛♥❞ ❛s ❧♦♥❣ ❛s t ∼ 1✱ t❤❡ ❛s②♠♣t♦t✐❝
❛♥❛❧②s✐s ♦❢ ✭✶✳✺✮ r❡❧✐❡s ♦♥ ❛❞❛♣t❛t✐♦♥s ♦❢ t❤❡ ✜❧t❡r✐♥❣ ♠❡t❤♦❞ ❬✻✱ ✷✸❪✱ ✐♥ t❤❡ s♣✐r✐t ♦❢ ✇❤❛t
❤❛s ❜❡❡♥ ❞♦♥❡ ✐♥ ❬✶✷❪✳ ❚❤❡ s✐t✉❛t✐♦♥ ❞✉r✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ t✐♠❡s t ∼ 1 ✐s s✐♠✐❧❛r t♦ t❤❡ ✉s✉❛❧
r❡♣♦rts ✐♥ r♦t❛t✐♥❣ ✢✉✐❞s ❬✻✱ ✶✶✱ ✶✷✱ ✶✹✱ ✷✸❪✳ ■t ✐s ❛ st❛rt✐♥❣ ♣♦✐♥t✳

❈❤❛♥❣✐♥❣ t ✐♥t♦ τ ♣r♦❞✉❝❡s ♥❡✇ ♣r♦❜❧❡♠❛t✐❝❛❧ t❡r♠s ♦❢ s✐③❡ ε−1✳ ❚♦ ♣❛rt✐❛❧❧② ❛❜s♦r❜ t❤❡♠✱
❛ r❡❝t✐✜❝❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐s ❛❞♦♣t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳ ❚❤✐s ♥❡❡❞s t♦ ❝♦♥s✐❞❡r t❤❡ ❤♦♠♦❧♦❣✐❝❛❧
❡q✉❛t✐♦♥ ✭✷✳✷✼✮✳ ❚❤✐s ❛♠♦✉♥ts t♦ s♦❧✈❡ t❤❡ ♠♦❞✉❧❛t✐♦♥ ❡q✉❛t✐♦♥ ❣♦✈❡r♥✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥
❞✉r✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ t✐♠❡s✳ ❚❤❡r❡ ✐s ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ✢♦✇ ♠❛♣ Ξ✳ ■♥ ❛ ❝♦♥✈❡♥✐❡♥t ❝❤♦✐❝❡
♦❢ ❝♦♦r❞✐♥❛t❡s✱ t❤❡ ♣❤❛s❡ s♣❛❝❡ ✭♦❢ ❞✐♠❡♥s✐♦♥ 6✮ ✐s ❢♦❧✐❛t❡❞ ❜② ♣❧❛♥❡s ✇❤✐❝❤ ❛r❡ ❣❧♦❜❛❧❧②
✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ Ξ✳ ❊❛❝❤ ♦❢ t❤❡s❡ ♣❧❛♥❡s ✐s ❡q✉✐♣♣❡❞ ❢♦r Ξ ✇✐t❤ ❛♥ ❡♥❡r❣②
❢✉♥❝t✐♦♥ H✱ t❤❡ r❡❞✉❝❡❞ ❤❛♠✐❧t♦♥✐❛♥ ✭❉❡✜♥✐t✐♦♥ ✷✳✻✮✳ ❲❤❡♥ t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ♦❢ t❤❡
s✉r❢❛❝❡s ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ✜❡❧❞ ❧✐♥❡s ❝❤❛♥❣❡s ✐ts s✐❣♥ ❛❧♦♥❣ t❤❡ ✜❡❧❞ ❧✐♥❡s ✭t❤✐s ❝❛♥ t❛❦❡

♣❧❛❝❡ ♦♥❧② ✐❢ B̃ ✉♥❞❡r❣♦❡s ✈❛r✐❛t✐♦♥s ✐♥ ❞✐r❡❝t✐♦♥s✮✱ ❛s ✐t ✐s t❤❡ ❝❛s❡ ✭✇❤❡♥ ♣❛ss✐♥❣ t❤❡
❡q✉❛t♦r✐❛❧ ♣❧❛♥❡✮ ❢♦r t❤❡ ❣❡♦♠❛❣♥❡t✐❝ ✜❡❧❞✱ t❤❡ ❢✉♥❝t✐♦♥ H ✐s ❛ ♣♦t❡♥t✐❛❧ ✇❡❧❧✳

http://alteaspace.wordpress.com/tag/van-allen-belts/


✹ ❈❍✳ ❈❍❊❱❊❘❘❨

■t ❢♦❧❧♦✇s t❤❛t t❤❡ tr❛❥❡❝t♦r✐❡s ❛r❡ ♣❡r✐♦❞✐❝✳ ❍❡r❡ ✐s ❛♥ ❡①♣❧❛♥❛t✐♦♥ ❢♦r t❤❡ st❡♣ ✭P✷✮✳ ❍❡r❡
❧✐❡s ❛❧s♦ ❛ ❦❡② t♦ ❞❡r✐✈❡ ✉♥✐❢♦r♠ ❡st✐♠❛t❡s ✐♥ t ✭❡❧✐♠✐♥❛t✐♥❣✱ ❢♦r ✐♥st❛♥❝❡✱ ♣r♦❜❧❡♠s ♦❢ s❡❝✉❧❛r
❣r♦✇t❤✮✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ t❤❡ ♣❛r❛❣r❛♣❤s ✷✳✷✳✶ ❢♦r ♠♦r❡ ❝♦♠♠❡♥ts✳

❆❢t❡r r❡❝t✐✜❝❛t✐♦♥✱ t❤❡r❡ r❡♠❛✐♥s t❡r♠s ♦❢ s✐③❡ ε−1 ❜✉t t❤❡② ❛❝t ✇✐t❤ ❛ s♦rt ♦❢ ❞❡❝♦✉♣❧✐♥❣✳
■♥ ❙❡❝t✐♦♥ ✷✳✸✱ t❤❡ ❞✐s❝✉ss✐♦♥ ❢❛❧❧s ✇✐t❤✐♥ t❤❡ ✜❡❧❞ ♦❢ s✉♣❡r❝r✐t✐❝❛❧ ❲❑❇ ❛♥❛❧②s✐s✳ ❚❤✐s
✐♥❝❧✉❞❡s ❢♦r♠❛❧ ❝♦♠♣✉t❛t✐♦♥s✱ ❜❡❣✐♥♥✐♥❣ ✐♥ P❛r❛❣r❛♣❤ ✷✳✸✳✷✱ ✇✐t❤ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡
❧♦♥❣ t✐♠❡ ♠♦❞✉❧❛t✐♦♥ ❡q✉❛t✐♦♥ ✭✷✳✼✽✮✳ ■t ✐s ♦♥❧② t❤❡♥ t❤❛t ❛ ♣r❡❝✐s❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ st❡♣
✭P✸✮ ❜❡❝♦♠❡s ❛❝❝❡ss✐❜❧❡✳ ❚❤❡ ✐♥❞✉❝t✐♦♥ ❛♥❞ t❤❡ ❥✉st✐✜❝❛t✐♦♥ ✭✇✐t❤ ❛ ❧♦ss ♦❢ ♣r❡❝✐s✐♦♥ ❜② ❛
❢❛❝t♦r ε−2✮ ❝♦♠❡ ✐♥t♦ ♣❧❛② ❛❢t❡r✱ ✐♥ P❛r❛❣r❛♣❤s ✷✳✸✳✸ ❛♥❞ ✷✳✸✳✹✳ ■♥ t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ ✷✳✸✱
s❡❡ P❛r❛❣r❛♣❤ ✷✳✸✳✺✱ s♣❡❝✐❛❧ ❡♠♣❤❛s✐s ✐s ❣✐✈❡♥ t♦ t❤❡ ✐♠♣♦rt❛♥t ♥♦t✐♦♥s ♦❢ s❡❝♦♥❞❛r② ♣❤❛s❡
ψs ❛♥❞ ♦❢ ♣r✐♥❝✐♣❛❧ ♣❤❛s❡ ψpε✳

❚❤❡ st❛t❡♠❡♥t ❜❡❧♦✇✱ ♣r♦✈❡♥ ✐♥ P❛r❛❣r❛♣❤ ✷✳✸✳✻✱ ❤✐❣❤❧✐❣❤ts s♦♠❡ ❦❡② r❡s✉❧ts ♦❢ P❛rt ✷✳

❚❤❡♦r❡♠ ✶✳ ❬❣❧♦❜❛❧ ❛♥❞ ❧♦♥❣ t✐♠❡ ♠♦❞❡❧✐♥❣ ♦❢ r❛❞✐❛t✐♦♥ ❜❡❧t ❞②♥❛♠✐❝s❪ ❆ss✉♠❡ t❤❛t t❤❡
s❡❧❢✲❝♦♥s✐st❡♥t ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ (E,B)(ε, τ, x) ∈ C∞([0, 1] × R+ × R

3; R6) ✐s ❛ ❦♥♦✇♥

❣✐✈❡♥ ❢✉♥❝t✐♦♥✳ ❈♦♥s✐❞❡r t❤❡ ❝❡♥tr❡❞ ❞✐♣♦❧❡ ♠♦❞❡❧ ✭✷✳✼✮ ❢♦r t❤❡ ❣❡♦♠❛❣♥❡t✐❝ ✜❡❧❞ B̃e✳ ❚❤❡r❡
✐s ❛ t✐♠❡ T ∈ R

∗
+ ❛♥❞ ❛ ❞♦♠❛✐♥ EBēlt ♦❢ t❤❡ ♣❤❛s❡ s♣❛❝❡ (x, v) ∈ R

3 × R
3✱ ✇❤✐❝❤ ✐s

r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t ✐♥ (R3 \ {0})2✱ s✉❝❤ t❤❛t ✿

✶✮ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ EBēlt ♦♥t♦ t❤❡ x ❝♦♦r❞✐♥❛t❡ ✐s ❛ t♦r♦✐❞❛❧ r❡❣✐♦♥ ♦❢ R
3 ✇❤✐❝❤ ❝❛♥

❜❡ ♠❛❞❡ ❝♦♥❢♦r♠ t♦ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❱❛♥ ❆❧❧❡♥ ❜❡❧t✱ ❞❡s✐❣♥❛t❡❞ ❜② Bēlt❀
✷✮ ❢♦r ❛❧❧ (x, v) ∈ EBēlt✱ t❤❡ s♦❧✉t✐♦♥ (xε, vε)(τ, x, v) t♦ ✭✶✳✺✮ r❡♠❛✐♥s ❢♦r ❛❧❧ τ ∈ [0, T ]

✐♥ ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ EBēlt✱ t❤❛t ✐s ❝♦♠♣❛❝t ✐♥ (R3 \ {0})2❀
✸✮ t❤❡r❡ ❛r❡ ♣r♦✜❧❡s Xj(τ, x, v, ϑ, θ) ❛♥❞ Vj(τ, x, v, ϑ, θ) ✐♥ C∞([0, T ]×R

3×R
3×T

2; R3)
✇✐t❤ j ∈ N s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ N ∈ N

∗✱ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ✇❤❡♥ ε ❣♦❡s t♦ ③❡r♦
♦❢ t❤❡ s♦❧✉t✐♦♥ (xε, vε)(τ, x, v) t♦ ✭✶✳✺✮ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ✇✐t❤ ❛ ♣r❡❝✐s✐♦♥ O

(
εN−2

)
✐♥

L∞([0, T ] × EBelt; R6) t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✉❧t✐s❝❛❧❡ ❛♥❞ ♠✉❧t✐♣❤❛s❡ ❡①♣❛♥s✐♦♥✿

✭✶✳✼✮

(
xε
vε

)
(τ, x, v) ∼

ε→ 0

N∑

j=0

εj
(
Xj

Vj

) (
τ, x, v,

ψes(τ, x, v)

ε
,
ψepε(τ, x, v)

ε2

)
.

❚❤❡ s❡❝♦♥❞❛r② ♣❤❛s❡ ψes(τ, x, v) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ (E,B)✳ ■t ✐s s♣❡❝✐✜❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✻✱
t♦❣❡t❤❡r ✇✐t❤ ✭✷✳✶✵✾✮✳ ❚❤❡ ♣r✐♥❝✐♣❛❧ ♣❤❛s❡ ψepε(τ, x, v) ✐s ❛♥ ♦s❝✐❧❧❛t✐♦♥ ♦❢ s♠❛❧❧ ❛♠♣❧✐t✉❞❡✿

✭✶✳✽✮ ψepε(τ, x, v) := ψep0(τ, x, v) + εψep1

(
τ, x, v,

ψes(τ, x, v)

ε

)
.

❊①♣❧✐❝✐t ❢♦r♠✉❧❛s ❢♦r t❤❡ s❝❛❧❛r ❢✉♥❝t✐♦♥s ψep0(τ, x, v) ❛♥❞ ψep1(τ, x, v, ϑ) ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ t❤❡

❉❡✜♥✐t✐♦♥s ✷✳✻ ❛♥❞ ✷✳✼✳ ❋♦r ❛❧❧ k ∈ N✱ t❤❡ Ck✲♥♦r♠s ♦❢ t❤❡ ♣r♦✜❧❡s (Xj , Vj) ✇✐t❤ j ∈ N✱ ♦❢

ψep0 ❛♥❞ ♦❢ ψep1 ❝❛♥ ❜❡ ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ Ck✲♥♦r♠ ♦❢ (E,B)✳

❚❤❡ ♥♦t✐♦♥s ♦❢ ❡①t❡♥❞❡❞ ❱❛♥ ❆❧❧❡♥ ❜❡❧t EBēlt ❛♥❞ ♦❢ ❱❛♥ ❆❧❧❡♥ ❜❡❧t Bēlt ✇✐❧❧ ❜❡ ❝❧❛r✐✜❡❞
♠♦r❡ s♣❡❝✐✜❝❛❧❧② ❧❛t❡r ♦♥✱ s❡❡ ✭✷✳✶✵✮✱ ✭✷✳✺✺✮ ❛♥❞ P❛r❛❣r❛♣❤ ✷✳✸✳✻ t♦ ❣❡t ❛♥ ♦✈❡r✈✐❡✇✳ ❇♦t❤
♣❤❛s❡s ψes ❛♥❞ ψ

e
pε ❡♠❡r❣❡ ❛❧r❡❛❞② ❞✉r✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ t✐♠❡s t ∼ 1✳ ❇✉t ✐t ✐s ♥♦t ✉♥t✐❧ ❧♦♥❣

t✐♠❡s τ ∼ 1 t❤❛t t❤❡s❡ ♦❜❥❡❝ts ♦♣❡r❛t❡ ❛s ✐♥❞✐❝❛t❡❞ ✐♥ ✭✷✳✾✹✮ ❛♥❞ ✭✶✳✽✮✳ ❚❤❡ ✐♥❣r❡❞✐❡♥ts ψes
❛♥❞ ψepε ❛r❡ t❤❡ ❝♦r♥❡rst♦♥❡s ♦❢ ✉♥❞❡rst❛♥❞✐♥❣ ✇❤✐st❧❡r ✇❛✈❡s✳
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✶✳✷✳ ❆♥❛❧②s✐s ♦❢ t❤❡ ▼❛①✇❡❧❧ ♣❛rt✳ ❚❤❡ ▼❛①✇❡❧❧ ♣❛rt ♦❢ ✭✶✳✶✮ ❝♦♥s✐sts ♦❢ t❤❡ t✇♦ ❧❛st
❡q✉❛t✐♦♥s ✐♥ ✭✶✳✶✮✳ ■t ❣✐✈❡s ❛❝❝❡ss t♦ t❤❡ s❡❧❢✲❝♦♥s✐st❡♥t ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ (E,B)✱ ✇❤✐❝❤
✐s ✐♥ ❢❛❝t ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ❝✉rr❡♥t ❞❡♥s✐t② j✳ ❚❤❡
❛♣♣r♦❛❝❤ ❞❡✈❡❧♦♣❡❞ ✐♥ P❛rt ✸ ✐s ❜❛s❡❞ ♦♥ ❛ ❝♦♠♠♦♥ s❡♥s❡ ♣r✐♥❝✐♣❧❡✳ ❚❤❡ ✐♠♣❛❝t ♦❢ s♦❧❛r
✢❛r❡s ✐s ✜rst ♦❢ ❛❧❧ r❡✢❡❝t❡❞ ✐♥ t❤❡ ✐♥♣✉t ♦❢ ❧♦❝❛❧✐③❡❞ ✐♥✐t✐❛❧ ❞❛t❛ f✳ ❚❤✐s ❣❡♥❡r❛t❡s ❡①❛❝t
s♦❧✉t✐♦♥s (feε , E

e
ε , B

e
ε) t♦ ✭✶✳✶✮✳ ❚❤❡ ♦s❝✐❧❧❛t✐♥❣ ✇❛✈❡ ❢r♦♥t ♦❢ f

e
ε ✐s ❢♦r❝❡❞ ❜② t❤❡ ❢❛st ❞②♥❛♠✐❝s

❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❱❧❛s♦✈ ♣❛rt✱ t❤❛t ✐s ❜② ✭✶✳✺✮✳ ■♥ s♦ ❞♦✐♥❣✱ t❤❡ ✐♥❤♦♠♦❣❡♥❡✐t✐❡s ♦❢ t❤❡

♣❡♥❛❧✐③❛t✐♦♥ t❡r♠ B̃e(·) ♣❧❛② ❛ ❝❡♥tr❛❧ ♣❛rt✱ ✇❤❡r❡❛s (Eeε , B
e
ε) ❤❛s ❧✐tt❧❡ ❡✛❡❝t✳

■t ❢♦❧❧♦✇s t❤❛t t❤❡ ❢✉♥❝t✐♦♥s feε ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❡①♣r❡ss✐♦♥s fε ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣
t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥s ✇✐t❤ (E,B) = (0, 0)✳ ❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ❞♦❡s ♥♦t ❛✛❡❝t
t❤❡ ♠❛✐♥ ❤✐❣❤ ❢r❡q✉❡♥❝② ❛s♣❡❝ts✳ ❋r♦♠ t❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ❝♦✉♣❧✐♥❣ ✐s s❡❝♦♥❞❛r② ♦r
✐t ❝♦♠❡s ❛❢t❡r✱ ❞✉r✐♥❣ ✈❡r② ❧♦♥❣ t✐♠❡s τ ≫ 1✳ ❲✐t❤ t❤✐s ✐♥ ♠✐♥❞✱ ❛♣♣❧② ❚❤❡♦r❡♠ ✶ ✐♥
t❤❡ ❝❛s❡ (E,B) = (0, 0)✱ t♦ ❣❡t s♦♠❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ fε ❛♥❞ t❤❡r❡❢♦r❡✱ t❤r♦✉❣❤ ✭✶✳✸✮✱
s♦♠❡ ❡❧❡❝tr✐❝ ❝✉rr❡♥t ❞❡♥s✐t② jε✳ ❚❤❡♥✱ ❝♦♥s✐❞❡r t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ❜✉✐❧t ✇✐t❤ t❤❡ t✇♦ ❧❛st
❡q✉❛t✐♦♥s ♦❢ ✭✶✳✶✮✱ ✇❤❡r❡ t❤❡ s♦✉r❝❡ t❡r♠ j ✐s t❤❡ ❦♥♦✇♥ ❢✉♥❝t✐♦♥ jε✳ ■♥t❡r❡st✐♥❣ ✐♥❢♦r♠❛t✐♦♥
❛❜♦✉t ✇❤✐st❧❡r ✇❛✈❡s ❝❛♥ ❜❡ ❡①tr❛❝t❡❞ ❥✉st ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ r❡s✉❧t✐♥❣ s♦❧✉t✐♦♥ (Eε, Bε)✳
❲❤✐st❧❡r ✇❛✈❡s ❛r❡ ❛✉❞✐♦ ❢r❡q✉❡♥❝② ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡s ♣r♦❞✉❝❡❞ ❜② ❧✐❣❤t♥✐♥❣✱ ❞❡t❡❝t❡❞
t❤r♦✉❣❤ s♣❡❝tr♦❣r❛♠s✱ ❣✐✈✐♥❣ ❛ ✈✐s✉❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s♣❡❝tr✉♠ ♦❢ ❢r❡q✉❡♥❝✐❡s ✐♥ t❤❡
s✐❣♥❛❧ ❛s t❤❡② ✈❛r② ✇✐t❤ t✐♠❡✳

⋄ P❤②s✐❝❛❧ ♦❜s❡r✈❛t✐♦♥s✳ ■t ✐s ✇♦rt❤ ♣♦✐♥t✐♥❣ ♦✉t t❤❛t t❤❡ s♣❡❝tr♦❣r❛♠s r❡❝♦r❞❡❞ s❤❛r❡ t❤❡
❢♦❧❧♦✇✐♥❣ ♠❛✐♥ ❝❤❛r❛❝t❡r✐st✐❝s✿

✭❈✶✮ ❆ ❜r♦❛❞ ✭❱▲❋✮ ❢r❡q✉❡♥❝② r❛♥❣❡ ✭❢r♦♠ ✶✵✵ ❍③ t♦ ✶✵ ❦❍③✮ ✐s ✐♠♣❧✐❡❞✳ ❲✐t❤✐♥ t❤✐s
r❛♥❣❡✱ ❝❤♦r✉s ✇❛✈❡s ❝❛♥ ♦❝❝✉r ✐♥ ❞✐st✐♥❝t ❢r❡q✉❡♥❝② ❜❛♥❞s❀

✭❈✷✮ ❚❤❡ ♣r❡❝✐s❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛ ❝❤♦r✉s ❡❧❡♠❡♥t ❝❛♥ s❤♦✇ r✐s✐♥❣ ❢r❡q✉❡♥❝✐❡s✱ s❡❡ t❤❡ s❛♠♣❧❡
♣r♦❞✉❝❡❞ ✐♥ ✜❣✉r❡ ✶ ♣✳ ✻✷✸ ♦❢ ❬✷✵❪✳

✭❈✸✮ ❲❤✐st❧❡r✲♠♦❞❡ ❝❤♦r✉s ❡♠✐ss✐♦♥s ❝♦♥s✐st ♦❢ ❛ s✉❝❝❡ss✐♦♥ ♦❢ ❞✐s❝r❡t❡ ❡❧❡♠❡♥ts ✭❝❤♦r✉s
❡❧❡♠❡♥ts✮✱ ♦❝❝✉r✐♥❣ ✇✐t❤ ❛ r❡♣❡t✐t✐♦♥ ♣❡r✐♦❞ ♦❢ ❛❜♦✉t ♦r ❧❡ss t❤❛♥ 1 s❡❝♦♥❞✱ ♠❛r❦❡❞ ❜②
❧✐❣❤t✲❝♦❧♦✉r❡❞ ✈❡rt✐❝❛❧ ❧✐♥❡s ✐♥ t❤❡ r❡❧❛t❡❞ ♣✐❝t✉r❡s✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶❪✳ ⋄

❚❤❡ ♣r❡s❡♥t ❛♥❛❧②s✐s ✐s ❜❛s❡❞ ♦♥ t❤✐s ❝♦♥❝r❡t❡ ✐♥❢♦r♠❛t✐♦♥✳ ❋r♦♠ ✭❈✶✮✱ ✇❡ ✇✐❧❧ ❞❡❞✉❝❡ t❤❛t
s♦♠❡ s❡♠✐❝❧❛ss✐❝❛❧ r❡❣✐♠❡ ✐s ❛t st❛❦❡✱ ✇✐t❤ ❛♥ ❛❞❡q✉❛t❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥✳ ❋r♦♠ ✭❈✷✮✱ ✇❡
✇✐❧❧ ✐♥❢❡r t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❤❛r♠♦♥✐❝s✱ ✐♥❞✐❝❛t✐♥❣ ♥♦♥❧✐♥❡❛r ❡✛❡❝ts✳ ❇✉t ♦✉r ❢♦r❡♠♦st ❝♦♥❝❡r♥
✐s t♦ ❡①♣❧❛✐♥ ✭❈✸✮✳ ❚❤♦✉❣❤ t❤❡ ❣❡♥❡r❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ♦❢ ❝❤♦r✉s ❛❧❧✉❞❡❞ ✐♥ ✭❈✸✮ ❤❛s ❜❡❡♥
❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ✐♥ t❤❡ ♣❛st✱ ✐t ✐s ♥♦t ②❡t ✇❡❧❧ ✉♥❞❡rst♦♦❞✳ P❧❡❛s❡ r❡❢❡r t♦ ❬✷✵❪ ❢♦r r❡❝❡♥t
r❡s✉❧ts ♦❜t❛✐♥❡❞ ❞✉r✐♥❣ ✐♥✈❡st✐❣❛t✐♦♥ ✐♥ t❤❡ ❊❛rt❤✬s ♠❛❣♥❡t♦s♣❤❡r❡✳

P❛rt ✸ ✐s ❛✐♠❡❞ t♦ ♣r♦♣♦s❡ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ✇❤❛t ❤❛♣♣❡♥s ❝♦♥❝❡r♥✐♥❣ ✭❈✸✮✳
❙✉❜s❡❝t✐♦♥ ✸✳✶ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♠♦❞❡❧❧✐♥❣ ♦❢ ✇❤✐st❧❡r ✇❛✈❡s✳ ■t ❜❡❣✐♥s ✐♥ P❛r❛❣r❛♣❤ ✸✳✶✳✶
✇✐t❤ t❤❡ ♥♦♥❞✐♠❡♥s✐♦♥❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥s✱ t❤♦s❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✶✽✱ ✷✶✱ ✷✻❪✳
P❛r❛❣r❛♣❤ ✸✳✶✳✷ ♦✉t❧✐♥❡s t❤❡ ✇❛② ✇❤✐st❧❡r ✇❛✈❡s ❛r❡ ✉s✉❛❧❧② t❛❝❦❧❡❞✱ ✐♥ ♠❛t❤❡♠❛t✐❝❛❧ t❡r♠s✳
■t ✐s ❢♦❧❧♦✇❡❞ ✐♥ P❛r❛❣r❛♣❤ ✸✳✶✳✸ ❜② ❛ ♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ q✉✐t❡ ❞✐✛❡r❡♥t ♣❡rs♣❡❝t✐✈❡✱ ❜❛s❡❞
♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s✳

http://www.google.fr/images?client=safari&rls=en&q=whistler+spectrogram&oe=UTF-8&gws_rd=cr&hl=fr&sa=X&oi=image_result_group&ei=CaibUpqQFqfA0QXHkYHYBw&ved=0CCgQsAQ
http://vlf.stanford.edu/research/generation-magnetospheric-chorus-emissions
http://www.nonlin-processes-geophys.net/15/621/2008/npg-15-621-2008.pdf
http://www.google.fr/search?q=whistler+spectrogram&client=safari&rls=en&tbm=isch&oq=whistler+spectrogram&gs_l=img.3...4458.7685.0.8230.11.3.0.8.0.0.133.344.0j3.3.0....0...1ac.1.24.img..9.2.243.d-_3pW3vRV8


✻ ❈❍✳ ❈❍❊❱❊❘❘❨

❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡ ❢❛st ❞②♥❛♠✐❝s ✉♥❞❡r❧②✐♥❣ t❤❡ s②st❡♠ ♦❢ ❖❉❊s ✭✶✳✺✮ s❡r✈❡ t♦ ❢♦r❝❡ t❤❡
♦s❝✐❧❧❛t✐♥❣ str✉❝t✉r❡s ♦❢ t❤❡ ❡❧❡❝tr✐❝ ❝✉rr❡♥t ❞❡♥s✐t② jε✳ ■♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ✭❈✶✮✱ t❤❡② s❡❧❡❝t
❛ ♣❛rt✐❝✉❧❛r ❢r❡q✉❡♥❝② r❛♥❣❡✱ ❛s ✇❡❧❧ ❛s ✈❡r② s♣❡❝✐✜❝ ❣❡♦♠❡tr✐❝❛❧ ❢❡❛t✉r❡s✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ P❛r❛❣r❛♣❤ ✸✳✶✳✹✱ t❤❡ ❢r❡q✉❡♥❝✐❡s t❤✉s ♠✐❝♦❧♦❝❛❧✐③❡❞ ❛r❡ ♠❛♥❛❣❡❞
❜② ❛ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ✭❋✐❣✉r❡ ✶✵ ♦❢ ❬✸❪✮ ✇❤✐❝❤ ♠✉st t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣r❡s❡♥❝❡ ♦❢
❛ ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s ♠❛❣♥❡t✐③❡❞ ♣❧❛s♠❛✳ ❈♦♠❜✐♥✐♥❣ t❤❡s❡ t✇♦ ❛s♣❡❝ts ❧❡❛❞s t♦ ❛ ❝❧❛ss ♦❢
♦s❝✐❧❧❛t♦r② ✐♥t❡❣r❛❧s✱ ✐♥tr♦❞✉❝❡❞ ✐♥ P❛r❛❣r❛♣❤ ✸✳✶✳✺✱ ✐♥✈♦❧✈✐♥❣ ♣❤❛s❡s Ψ(±, q; t, x; s, y, ς, ξ)
✇❤♦s❡ ♣r✐♥❝✐♣❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛t t❤❡ ❧❡✈❡❧ ♦❢ ✭✸✳✷✼✮✳

❆t t❤✐s st❛❣❡✱ t❤❡ ♠❛✐♥ q✉❡st✐♦♥ t♦ ❛❞❞r❡ss ✐s t♦ ♦❜t❛✐♥ st❛t✐♦♥❛r② ♣❤❛s❡ ❡①♣❛♥s✐♦♥s✳ ❆s
♥♦t❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❙❡❝t✐♦♥ ✸✳✷✱ t❤✐s r❡❧✐❡s ♦♥ ❛ st✉❞② ♦❢ t❤❡ ✭✐♥t❡r✐♦r ❛♥❞ ❜♦✉♥❞❛r②✮
❝r✐t✐❝❛❧ ♣♦✐♥ts ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s❝❛❧❛r ❢✉♥❝t✐♦♥ Ψ(±, q; t, x; ·)✳ ❚❤❡ ❜❡❤❛✈✐♦✉r ♦❢ Ψ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡ s ❤❛s ❛ r❡♠❛r❦❛❜❧❡ ♣r♦♣❡rt②✳ ■♥❞❡❡❞✱ t❤❡ ♣r❡❧✐♠✐♥❛r② ❡st✐♠❛t❡s
♦❢ P❛r❛❣r❛♣❤ ✸✳✷✳✶ r❡✈❡❛❧s t❤❛t Ψ(±, q; t, x; ·, y, ς, ξ) ✐s ❝♦♠♣♦s❡❞ ♦❢ ❛ ❧✐♥❡❛r ♣❛rt ✐♥ s ✭✇✐t❤
❛ ♥♦♥③❡r♦ ❝♦❡✣❝✐❡♥t✮ ♣❧✉s s♦♠❡ ♣❡r✐♦❞✐❝ ♣❛rt✳

❋r♦♠ t❤❛t✱ ✐t ❜❡❝♦♠❡s ♣♦ss✐❜❧❡ t♦ s❤♦✇ ✭❛t ❧❡❛st ❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ t✐♠❡s t✮ t❤❡ ❛❜s❡♥❝❡
♦❢ ❜♦✉♥❞❛r② ❝r✐t✐❝❛❧ ♣♦✐♥ts ✭P❛r❛❣r❛♣❤ ✸✳✷✳✷✮✱ t♦ s♦rt t❤❡ ♣❡rt✐♥❡♥t ❤❛r♠♦♥✐❝s q ∈ Z ✭s❡❡
P❛r❛❣r❛♣❤ ✸✳✷✳✸✮✱ ❛♥❞ t♦ ❢♦❝✉s t❤❡ ❞✐s❝✉ss✐♦♥ ♦♥ t❤❡ s♣❛t✐❛❧ ♣❤❛s❡ Ψ(±, q; t, x; s, y, ς, π/2) ❜②
♣♦✐♥t✐♥❣ ♦✉t t❤❛t t❤❡ s✐❣♥❛❧s ❝❛♥ ♦♥❧② ❡♠❛♥❛t❡ ❢r♦♠ t❤❡ ♠✐rr♦r ♣♦✐♥ts✳ ❚❤❡♥✱ ❛ ❞✐st✐♥❝t✐♦♥
♠✉st ❜❡ ❞r❛✇♥ ❜❡t✇❡❡♥ t✇♦ ❞✐✛❡r❡♥t s✐t✉❛t✐♦♥s✳ ■♥ t❤❡ ❡♥❞✱ ✇❤❛t ♠❛tt❡rs ❛r❡ t❤❡ r❡s♣❡❝t✐✈❡
♣♦s✐t✐♦♥s ♦❢ t✇♦ q✉❛♥t✐t✐❡s✱ ✇❤✐❝❤ ❛r❡ r❡❧❡✈❛♥t ❢r♦♠ ❛ ♣❤②s✐❝s ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❚❤❡ ✜rst
q✉❛♥t✐t② ✐s t❤❡ ♠❛①✐♠✉♠ ❛♠♣❧✐t✉❞❡s bM ♦❢ t❤❡ ❣❡♦♠❛❣♥❡t✐❝ ✜❡❧❞ ❛❧♦♥❣ tr❛❥❡❝t♦r✐❡s ✭s❡❡
P❛r❛❣r❛♣❤ ✸✳✷✳✶ ❢♦r ❛ ♣r❡❝✐s❡ ❞❡✜♥✐t✐♦♥✮❀ t❤❡ s❡❝♦♥❞ q✉❛♥t✐t② ✐s t❤❡ t❤r❡s❤♦❧❞ ❧✐♠✐t λM
✐ss✉❡❞ ❢r♦♠ t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ✭s❡❡ ❆ss✉♠♣t✐♦♥ ✸✳✶✮✳

❚❤❡ ❝❛s❡ c(w) bM < λM ✐s ✐♥✈❡st✐❣❛t❡❞ ✐♥ P❛r❛❣r❛♣❤ ✸✳✷✳✺✳ ❚❤❡ ♦t❤❡r ❝❛s❡ c(w) bM > λM
✐s ❡①❛♠✐♥❡❞ ✐♥ P❛r❛❣r❛♣❤ ✸✳✷✳✻✳ ■♥ ❜♦t❤ s✐t✉❛t✐♦♥s✱ t❤❡ ❛✐♠ ✐s t♦ ✐❞❡♥t✐❢② t❤❡ s✉❝❝❡ss✐✈❡
t✐♠❡s sj ✭✇✐t❤ j ∈ N✮ ✇❤❡♥ t❤❡ s✐❣♥❛❧s ❝♦♠♣♦s✐♥❣ ❛ ❝❤♦r✉s ❡❧❡♠❡♥t ❛r❡ ❡♠✐tt❡❞✳ ❉❡♣❡♥❞✐♥❣
♦♥ t❤❡ s✐t✉❛t✐♦♥✱ t❤❡ ❡♣✐s♦❞❡s ♦❢ ✇❤✐st❧❡r✲♠♦❞❡ ❝❤♦r✉s ❡♠✐ss✐♦♥s ♠❛② ❜❡ s❤♦rt❡r ♦r ❧♦♥❣❡r✳
❇✉t✱ t❤❡② ❛❧❧ ❤❛✈❡ ♦♥❡ t❤✐♥❣ ✐♥ ❝♦♠♠♦♥✳ ❆s r❡✢❡❝t❡❞ ✐♥ ✭❈✸✮✱ t❤❡ s✐❣♥❛❧s ❛♣♣❡❛r ❛❣❛✐♥ ❛♥❞
❛❣❛✐♥✱ ♦✈❡r ❝♦♥s❡❝✉t✐✈❡ ♣❡r✐♦❞s ♦❢ ❛❧♠♦st ❡q✉❛❧ ❧❡♥❣t❤✳ ❚❤✐s ❛s♣❡❝t ✐s r♦✉❣❤❧② ❤✐❣❤❧✐❣❤t❡❞
❜❡❧♦✇✱ ✐♥ ❚❤❡♦r❡♠ ✷✳ ■t ✐s ♣r❡s❡♥t ✐♥ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♦❢ Pr♦♣♦s✐t✐♦♥s ✸✳✶ ❛♥❞ ✸✳✷✱ ✇❤✐❝❤
❝♦♥t❛✐♥ t❤❡ ❝♦♠♣❧❡t❡ ❛♥❞ r✐❣♦r♦✉s st❛t❡♠❡♥ts✳

❚❤❡♦r❡♠ ✷ ✭✇❤✐st❧❡r✲♠♦❞❡ ❝❤♦r✉s ❡♠✐ss✐♦♥s✮✳ ❚❤❡ ♣❤❛s❡ Ψ ✐♥✈♦❧✈❡ s❡✈❡r❛❧ ❝r✐t✐❝❛❧ ♣♦✐♥ts
✇❤✐❝❤ ❝❛♥ ❜❡ ❝❧❛ss✐✜❡❞ ❜② ♦r❞❡r ♦❢ ❛♣♣❡❛r❛♥❝❡ sj✱ ✇✐t❤ sj ≤ sj+1✱ t❤❡ ♠❛❥♦r✐t② ♦❢ ✇❤✐❝❤ ❛r❡
s❡♣❛r❛t❡❞ ❜② ❛ ✉♥✐❢♦r♠ ✐♥t❡r✈❛❧ ♦❢ t✐♠❡✳

▲❡t ✉s ❝❧♦s❡ t❤✐s ✐♥tr♦❞✉❝t✐♦♥ ✇✐t❤ t✇♦ ❜r✐❡❢ ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s✳ ❇❡②♦♥❞ t❤❡ ❝❛s❡ ♦❢ ❡❛rt❤✬s
♠❛❣♥❡t✐❝ ✜❡❧❞✱ t❤❡ ❛♥❛❧②s✐s ♦❢ P❛rt ✷ s❤♦✉❧❞ ❜❡ t❤❡ ❡♥tr② ♣♦✐♥t ✐♥t♦ ♠❛♥② ♥❡✇✱ ✐♥t❡r❡st✐♥❣
❛♥❞ ❝❤❛❧❧❡♥❣✐♥❣ ♣r♦❜❧❡♠s ✐♥ ♣❤②s✐❝s✱ s✐♥❝❡ ✐t ❢✉r♥✐s❤❡s ❛ s②st❡♠❛t✐❝ ♠❡t❤♦❞ t♦ st✉❞② ✈❡r②
❧♦♥❣✲t✐♠❡ ❡✛❡❝ts ✐♥❞✉❝❡❞ ❜② t❤❡ ❝r♦ss ♣r♦❞✉❝t ✇✐t❤ ❛ ♥♦♥ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞✳ ❙✐♠✐❧❛r❧②✱
t❤❡ P❛rt ✸ ♠✉st ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❛ ♣r❡❧✐♠✐♥❛r② st❡♣ t♦✇❛r❞s ♠♦r❡ r❡✜♥❡❞ st✉❞✐❡s✳ ❚❤❡r❡
r❡♠❛✐♥ ❛ ♥✉♠❜❡r ♦❢ ✐♠♣♦rt❛♥t ♠❛t❤❡♠❛t✐❝❛❧ ✐ss✉❡s t❤❛t ♥❡❡❞ t♦ ❜❡ ❛❞❞r❡ss❡❞✱ ❛❜♦✉t t❤❡
❣❡♦♠❡tr② ♦❢ ♣r♦♣❛❣❛t✐♦♥✱ t❤❡ ❡✛❡❝ts ♦❢ ❝♦✉♣❧✐♥❣✱ t❤❡ st❛❜✐❧✐t② ❡st✐♠❛t❡s✱ ❡t❝✳

http://farside.ph.utexas.edu/teaching/plasma/Plasmahtml/node51.html
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❚❛❜❧❡ ♦❢ ❝♦♥t❡♥ts

✶✳ ■♥tr♦❞✉❝t✐♦♥ ✶

✶✳✶✳ ❆♥❛❧②s✐s ♦❢ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥✳ ✷

✶✳✷✳ ❆♥❛❧②s✐s ♦❢ t❤❡ ▼❛①✇❡❧❧ ♣❛rt✳ ✺

✷✳ ▼✉❧t✐s❝❛❧❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❱❧❛s♦✈ ♣❛rt ✽

✷✳✶✳ ❚❤❡ ❛✈❡r❛❣✐♥❣ ♠❡t❤♦❞ ❞✉r✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ t✐♠❡s t ∼ 1✳ ✽

✷✳✶✳✶✳ ❆ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ✾

✷✳✶✳✷✳ ❙tr❛✐❣❤t❡♥✐♥❣ ♦✉t t❤❡ ✜❡❧❞ ❧✐♥❡s✳ ✶✶

✷✳✶✳✸✳ ❋✐❧t❡r✐♥❣ ♦✉t t❤❡ ♠❛✐♥ ♦s❝✐❧❧❛t✐♦♥s✳ ✶✷

✷✳✷✳ ❚❤❡ ❛♣♣r♦❛❝❤ t♦ r❡❛❝❤ ❧♦♥❣ t✐♠❡s t ∼ ε−1✳ ✶✸

✷✳✷✳✶✳ Pr❡❧✐♠✐♥❛r✐❡s ❛♥❞ ❣✉✐❞❡❧✐♥❡s✳ ✶✸

✷✳✷✳✷✳ ❆♣♣r♦①✐♠❛t❡ r❡❝t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r ✜❡❧❞ A✳ ✶✺

✷✳✷✳✸✳ ❚❤❡ ❛✉t♦♥♦♠♦✉s ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s Ξ1(z)✳ ✶✻

✷✳✷✳✹✳ ❚❤❡ r❡❞✉❝❡❞ ❤❛♠✐❧t♦♥✐❛♥✳ ✶✼

✷✳✷✳✺✳ ❚❤❡ ❛✉t♦♥♦♠♦✉s ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s Ξ2(z)✳ ✷✶

✷✳✷✳✻✳ ❚❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥t ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s Ξ3(t, z)✳ ✷✷

✷✳✸✳ ❚❤❡ ❧♦♥❣ t✐♠❡ ❲❑❇ ❝❛❧❝✉❧✉s✳ ✷✹

✷✳✸✳✶✳ ■♥✐t✐❛❧✐③❛t✐♦♥✳ ✷✹

✷✳✸✳✷✳ ▼♦❞✉❧❛t✐♦♥ ❡q✉❛t✐♦♥s✳ ✷✺

✷✳✸✳✸✳ ❚❤❡ ✐♥❞✉❝t✐♦♥✳ ✷✼

✷✳✸✳✹✳ ❏✉st✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❲❑❇ ❛♣♣r♦❛❝❤✳ ✷✽

✷✳✸✳✺✳ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣❤❛s❡s ✐♥ ❧♦♥❣ t✐♠❡s✳ ✷✽

✷✳✸✳✻✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳ ✸✶

✸✳ Pr♦♣❛❣❛t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s ❢♦r t❤❡ ▼❛①✇❡❧❧ ♣❛rt ✸✷

✸✳✶✳ ❋r♦♠ ❱❧❛s♦✈✲▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s t♦ ♦s❝✐❧❧❛t♦r② ✐♥t❡❣r❛❧s✳ ✸✷

✸✳✶✳✶✳ ❚❤❡ ♠♦❞❡❧✳ ✸✷

✸✳✶✳✷✳ ❆ ❜r✐❡❢ ❢♦r❛② ✐♥t♦ st❛❜✐❧✐t② ❛♥❞ ✐♥st❛❜✐❧✐t② ✐ss✉❡s✳ ✸✸

✸✳✶✳✸✳ ❆ ♥❡✇ ❛♣♣r♦❛❝❤ t♦ ✇❤✐st❧❡r ✇❛✈❡s✳ ✸✹

✸✳✶✳✹✳ ❉✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ❢♦r ✇❤✐st❧❡r ✇❛✈❡s✳ ✸✻

✸✳✶✳✺✳ ❆ ❝❧❛ss ♦❢ ♦s❝✐❧❧❛t♦r② ✐♥t❡❣r❛❧s✳ ✸✽

✸✳✷✳ ❙t❛t✐♦♥❛r② ♣❤❛s❡ ❡①♣❛♥s✐♦♥s✳ ✹✵

✸✳✷✳✶✳ Pr❡❧✐♠✐♥❛r② ❡st✐♠❛t❡s✳ ✹✶

✸✳✷✳✷✳ ❆❜s❡♥❝❡ ♦❢ ❜♦✉♥❞❛r② ❝r✐t✐❝❛❧ ♣♦✐♥ts ❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ t✐♠❡s✳ ✹✸

✸✳✷✳✸✳ ❙♦rt✐♥❣ ♦❢ t❤❡ ❤❛r♠♦♥✐❝s✳ ✹✸

✸✳✷✳✹✳ ❘❡❞✉❝t✐♦♥ t♦ ❛ s♣❛t✐❛❧ ♣❤❛s❡✳ ✹✹

✸✳✷✳✺✳ ❍❛r♠♦♥✐❝s q ❢♦r ✇❤✐❝❤ t❤❡ ✈❛r✐❛t✐♦♥s ♦❢ |q| c(w) be ◦ Ȳ0 ❛r❡ ❜❡❧♦✇ t❤❡ t❤r❡s❤♦❧❞ ❧✐♠✐t✳ ✹✺

✸✳✷✳✻✳ ❊♠✐ss✐♦♥ ♣♦✐♥ts ✐♥ t❤❡ ❝❛s❡ ♦❢ ♦✈❡r❧❛♣♣✐♥❣ ✈❛❧✉❡s✳ ✹✾

✸✳✷✳✼✳ ◗✉✐❝❦ ❝♦♠♠❡♥ts ❛❜♦✉t t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s✳ ✺✶

❘❡❢❡r❡♥❝❡s ✺✶



✽ ❈❍✳ ❈❍❊❱❊❘❘❨

✷✳ ▼✉❧t✐s❝❛❧❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❱❧❛s♦✈ ♣❛rt

▼❛♥② ✇♦r❦s ❛r❡ ❞❡✈♦t❡❞ t♦ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ❢❛st r♦t❛t✐♥❣ ✢✉✐❞s✳ ■♥ ❞✐♠❡♥s✐♦♥
t❤r❡❡✱ t❤❡ ♣❡♥❛❧✐③❛t✐♦♥ ♠❛tr✐① ❝❛♥ ❛❧✇❛②s ❜❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❝r♦ss ♣r♦❞✉❝t ✇✐t❤ s♦♠❡
✈❡❝t♦r ✜❡❧❞ B̃✳ ❚❤❡ ♠♦st st✉❞✐❡❞ ❝❛s❡ ✐s ✇❤❡♥ B̃ ✐s ❛ ❝♦♥st❛♥t ✈❡❝t♦r✳ ❋♦r ❛ ❞✐s❝✉ss✐♦♥ ❛♥❞
❢♦r ❛ ♥✉♠❜❡r ♦❢ r❡❢❡r❡♥❝❡s✱ ✇❡ ❝❛♥ r❡❢❡r t♦ t❤❡ ❜♦♦❦ ❬✻❪✳ ▲♦♦❦ ❛❧s♦ ❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ❬✶✶❪
❢♦r s♣❡❝✐✜❝ ❞❡✈❡❧♦♣♠❡♥t r❡❧❛t❡❞ t♦ r❛r❡✜❡❞ ♣❧❛s♠❛s✳

❆ ♣❤②s✐❝❛❧❧② ♠♦r❡ r❡❧❡✈❛♥t s✐t✉❛t✐♦♥ ✐s ✇❤❡♥ B̃ ✉♥❞❡r❣♦❡s ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ s♣❛t✐❛❧ ♣♦s✐t✐♦♥✳
❉❡❝♦♠♣♦s❡ s✉❝❤ ❛ B̃(x) ✐♥t♦ B̃(x) = b̃(x) r̃1(x)✱ ✇❤❡r❡ b̃(x) ❛♥❞ r̃1(x) ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡

❛♠♣❧✐t✉❞❡ ❛♥❞ t❤❡ ✉♥✐t❛r② ❞✐r❡❝t✐♦♥ ♦❢ B̃(x)✳ ❆s ❧♦♥❣ ❛s b̃ 6≡ 0 ❛♥❞ t ∼ 1✱ ✇✐t❤♦✉t ✐♥❞✉❝✐♥❣

s♣❡❝✐❛❧ ❞✐✣❝✉❧t✐❡s✱ ❛ r♦t❛t✐♦♥ ❜r✐♥❣s ❜❛❝❦ t♦ t❤❡ ❝❛s❡ ♦❢ ❛ ✈❡❝t♦r ✜❡❧❞ B̃ ❤❛✈✐♥❣ ❛ ❝♦♥st❛♥t
❞✐r❡❝t✐♦♥✳ ❚❤✐s ♠❡❛♥s t❤❛t✱ ✇✐t❤♦✉t ❧✐♠✐t✐♥❣ t❤❡ ❣❡♥❡r❛❧✐t② ♦❢ t❤❡ ❢♦r❡❣♦✐♥❣✱ t❤❡ ❞✐s❝✉ss✐♦♥
❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✇✐t❤ r̃1 ≡ ~e✱ ✇❤❡r❡ ~e ∈ R

3 ✐s ❛ ✜①❡❞ ✈❡❝t♦r ♦❢ ♥♦r♠ 1✳ ❚❤❡♥✱ t❤❡ ❛♥❛❧②s✐s
✐s ❛❧r❡❛❞② ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ t❤❛♥ ✐♥ t❤❡ ❝♦♥st❛♥t ❝❛s❡✳ ❚❤❡r❡ ❛r❡ s♣❡❝✐❛❧ ♣❤❡♥♦♠❡♥❛ ❛t
st❛❦❡✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ t❤❡ ❛rt✐❝❧❡s ❬✽✱ ✶✷❪✳

❲❤❡♥ ❧♦♦❦✐♥❣ ❛t t❤❡ ❧♦♥❣ t✐♠❡ ❡✈♦❧✉t✐♦♥✱ t❤❛t ✐s ❢♦r t ∼ ε−1 ✐♥st❡❛❞ ♦❢ t ∼ 1✱ t❤❡ ❝❤❛♥❣❡s
✐♥ t❤❡ ✉♥✐t ❞✐r❡❝t✐♦♥s ❣❡♥❡r❛t❡❞ ❜② B̃✱ t❤❛t ✐s ❝♦♥❝❡r♥✐♥❣ r̃1✱ ❛❧s♦ ❛♣♣❡❛r t♦ ♣❧❛② ❛ ❝r✉❝✐❛❧
r♦❧❡✳ ❚❤❡ r❡❞✉❝t✐♦♥ t♦ r̃1 ≡ ~e ✐s ♥♦ ♠♦r❡ ♣♦ss✐❜❧❡✳ ❖t❤❡r t♦♦❧s ♠✉st ❜❡ ❞❡✈❡❧♦♣❡❞✱ ❛♥❞
♦t❤❡r ❡✛❡❝ts ❛r❡ ❡①♣❡❝t❡❞✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s P❛rt ✷ ✐s ♣r❡❝✐s❡❧② t♦ ✜❧❧ t❤✐s ❣❛♣✳

❚❤❡ st❛rt✐♥❣ ♣♦✐♥t ✐s ✭✶✳✺✮✱ ✇❤❡r❡ ✐t ✐s ❛ss✉♠❡❞ t❤❛t (E,B) ✐s ❛ ❦♥♦✇♥ s♠♦♦t❤ ❢✉♥❝t✐♦♥✳
❚❤❡ ♠❛tt❡r ✐s t♦ ♦❜t❛✐♥ ❛ ❣♦♦❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ (xε, vε)(τ, x, v)
✇❤❡♥ ε ❣♦❡s t♦ 0✳ ❑❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❡ ♣❤②s✐❝❛❧ ♦❜s❡r✈❛t✐♦♥s ✭P❥✮✱ t❤❡ ❞✐s❝✉ss✐♦♥ ✇✐❧❧ ❜❡
s②st❡♠❛t✐❝❛❧❧② t❡st❡❞ ✐♥ t❤❡ ❡❛rt❤✬s ❝♦♥t❡①t✳ ❚❤✐s ✇✐❧❧ ❛♣♣❡❛r t❤r♦✉❣❤♦✉t t❤❡ t❡①t ✐♥s✐❞❡
♣❛r❛❣r❛♣❤s t❤❛t ✇✐❧❧ ❜❡ ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ✇♦r❞✿ ◦ ❆♣♣❧✐❝❛t✐♦♥✳ ❚❤❡ s✉❜s❝r✐♣t ✧e✧ ✇✐❧❧ ❜❡
❛❞❞❡❞ ❡❛❝❤ t✐♠❡ t❤❡ ❣❡♦♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ✐♠♣❧✐❡❞✳

❚❤❡ ♣r❡❧✐♠✐♥❛r② st❛❣❡ ✐s t♦ ✇❡❧❧ ✉♥❞❡rst❛♥❞ ✇❤❛t ❤❛♣♣❡♥s ❞✉r✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ t✐♠❡s t ∼ 1✳
❚❤✐s ✐s ❛❝❤✐❡✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✶✳ ❚❤✐s ❛❧❧♦✇s t♦ ❡①♣❧❛✐♥ t❤❡ ❝♦♥t❡♥ts ♦❢ ❙t❡♣ ✭P✶✮✱ ❛♥❞ t♦
❝❛t❝❤ ❜❛s✐❝ ❢❡❛t✉r❡s ❛❜♦✉t ✭P✷✮✳ ❚❤❡♥✱ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✱ ✇❡ ❝♦♥s✐❞❡r ❧♦♥❣❡r t✐♠❡s t ∼ ε−1✳
❚❤❡r❡✱ t❤❡ ❛♣♣r♦❛❝❤ ✐s ❝♦♠♣❧❡t❡❧② ♥❡✇✳ ❚❤❡ r❡❧❛t❡❞ r❡s✉❧ts ❛r❡ ✐♥ ❝♦❤❡r❡♥❝❡ ✇✐t❤ t❤❡
♦❜s❡r✈❛t✐♦♥s r❡♣♦rt❡❞ ✐♥ ❙t❡♣ ✭P✷✮ ❛♥❞ ❜❡②♦♥❞✱ t❤❡② ❣✐✈❡ ❛ ❣♦♦❞ ✐♥s✐❣❤t ✐♥t♦ ❙t❡♣ ✭P✸✮✳

✷✳✶✳ ❚❤❡ ❛✈❡r❛❣✐♥❣ ♠❡t❤♦❞ ❞✉r✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ t✐♠❡s t ∼ 1✳ ❈❤❛♥❣✐♥❣ t❤❡ t✐♠❡
✈❛r✐❛❜❧❡ τ ✐♥t♦ t := ε−1τ ✱ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✭✶✳✺✮ st✐❧❧ ❝♦♥t❛✐♥s ❢❛st r♦t❛t✐♥❣ t❡r♠s✿

✭✷✳✶✮

{
∂txε = vε , xε(0, x, v) = x ,

∂tvε = ε−1 c(|vε|) vε × B̃ + ε Ñ (vε, E,B) , vε(0, x, v) = v .

❇❡❢♦r❡ ❛♣♣❧②✐♥❣ ❛t t❤❡ ❧❡✈❡❧ ♦❢ ✭✷✳✶✮ t❤❡ ❝❧❛ss✐❝❛❧ ✜❧t❡r✐♥❣ ♠❡t❤♦❞ ✭P❛r❛❣r❛♣❤ ✷✳✶✳✸✮✱ ✐t ✐s
♥❡❝❡ss❛r② t♦ str❛✐❣❤t❡♥ ♦✉t t❤❡ ✜❡❧❞ ❧✐♥❡s ✭P❛r❛❣r❛♣❤ ✷✳✶✳✷✮✳ ❚♦ t❤✐s ❡♥❞✱ ❆ss✉♠♣t✐♦♥s

♦♥ t❤❡ ✈❡❝t♦r ✜❡❧❞ B̃ ❛r❡ ♥❡❡❞❡❞ ✭P❛r❛❣r❛♣❤ ✷✳✶✳✶✮✳ ❚❤❡s❡ ❤②♣♦t❤❡s❡s ♣r♦✈✐❞❡ s✐❣♥✐✜❝❛♥t
❛❞✈❛♥t❛❣❡s ✇✐t❤ ❛ ✈✐❡✇ t♦ ❛❝❤✐❡✈✐♥❣ t❤❡ ❛❜♦✈❡ ♦❜❥❡❝t✐✈❡s✳ ▼♦st ✐♠♣♦rt❛♥t❧②✱ t❤❡② ❡♥❛❜❧❡
t♦ ❛r❣✉❡ ❣❧♦❜❛❧❧② ✐♥ s♣❛❝❡✳ ❚❡❝❤♥✐❝❛❧❧②✱ t❤❡✐r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛❧❧♦✇s ✐♥ t❤❡ ♥❡①t P❛r❛❣r❛♣❤
✷✳✶✳✷ t♦ str❛✐❣❤t❡♥ ♦✉t t❤❡ ✜❡❧❞ ❧✐♥❡s ✐♥ ❛♥ ♦rt❤♦❣♦♥❛❧ ✇❛②✳ ❆❧s♦✱ t❤❡② ❣✐✈❡ ❛ ❞✐r❡❝t ❛❝❝❡ss
t♦ ❛ ❣❡♦♠❡tr✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ q✉❛♥t✐t✐❡s t❤❛t ✇✐❧❧ ❜❡ ✐♥tr♦❞✉❝❡❞ ❧❛t❡r ♦♥✳



❈❆◆ ❖◆❊ ❍❊❆❘❲❍■❙❚▲❊❘❲❆❱❊❙❄ ✾

✷✳✶✳✶✳ ❆ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❲❡ ✇♦r❦ ✉♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦t❤❡s❡s✱
✇❤✐❝❤ ❛r❡ ❜♦t❤ ✐♥tr✐♥s✐❝ ❬✷✼❪ ❛♥❞ q✉✐t❡ ❣❡♥❡r❛❧✳

❆ss✉♠♣t✐♦♥ ✷✳✶✳ ❬str✉❝t✉r❡ ♦❢ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s❦❡✇✲s②♠♠❡tr✐❝ ♠❛tr✐①❪ ●✐✈❡♥ s♦♠❡

♦♣❡♥ s❡t Õ ⊂ R
3✱ t❤❡ ✈❡❝t♦r ✜❡❧❞ B̃ : Õ −→ R

3 s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

✭✐✮ ❚❤❡ ❢✉♥❝t✐♦♥ B̃ ✐s ❛ s♠♦♦t❤ ♥♦♥③❡r♦ ❢✉♥❝t✐♦♥✿ B̃ ∈ C∞(
Õ; R3 \ {0}

)
✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱

t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t c ∈ R
∗
+ ❛♥❞ ❛ ✉♥✐t ✈❡❝t♦r ✜❡❧❞ r̃1 ∈ C∞(Õ; S2) s✉❝❤ t❤❛t✿

✭✷✳✷✮ B̃(x) = − b̃(x) r̃1(x) , |r̃1(x)| = 1 , b̃(x) := |B̃(x)| > c , ∀x ∈ Õ .

✭✐✐✮ ❚❤❡r❡ ✐s ❛ ❣❧♦❜❛❧ s♠♦♦t❤ ❞✐✛❡♦♠♦r♣❤✐s♠ y : Õ −→ O✱ ❞❡✜♥❡❞ t❤r♦✉❣❤ t❤❡ ❝✉r✈✐❧✐♥❡❛r

❝♦♦r❞✐♥❛t❡s yj : Õ −→ R ✇✐t❤ j ∈ {1, 2, 3}✱ s✉❝❤ t❤❛t ∇xy
1 ✐s ❡✈❡r②✇❤❡r❡ ❝♦❧❧✐♥❡❛r t♦ B̃✱

❛♥❞ ❣✐✈✐♥❣ r✐s❡ t♦ ❛ tr✐♣❧② ♦rt❤♦❣♦♥❛❧ s②st❡♠✳

❍❡r❡ ❛♥❞ ❧❛t❡r δjk ✐s t❤❡ ❑r♦♥❡❝❦❡r s②♠❜♦❧✿ δjk = 0 ✐❢ j 6= k ❛♥❞ δjk = 1 ✐❢ j = k✳ ▲♦❝❛❧❧②✱
t❤❡ ❝♦♥❞✐t✐♦♥ ✭✐✐✮ ❛♠♦✉♥ts t♦ t❤❡ s❛♠❡ t❤✐♥❣ ❛s✿

✭✷✳✸✮ ∇xy
j = d̃j tr̃j , tr̃j · r̃k = δjk , d̃j := |∇xy

j | , ∀ (j, k) ∈ {1, 2, 3}2 .

❊①❝❤❛♥❣✐♥❣ t❤❡ ✐♥❞✐❝❡s j = 2 ❛♥❞ j = 3 ✐❢ ♥❡❝❡ss❛r②✱ ✇❡ ❝❛♥ ❛❧✇❛②s ♠❛❦❡ s✉r❡ t❤❛t t❤❡
❜❛s✐s (r̃1, r̃2, r̃3) ✐s r✐❣❤t✲❤❛♥❞❡❞✳ ❚❤❡ ❝♦♥tr❛✈❛r✐❛♥t ♠❡tr✐❝ t❡♥s♦r (gij) ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡

❝❤❛♥❣❡ y ✐s ❞✐❛❣♦♥❛❧✱ ✇✐t❤ ❞✐❛❣♦♥❛❧ ❝♦❡✣❝✐❡♥ts gjj = (d̃j)2✳ ❘❡❝❛❧❧ t❤❛t d̃j = (d̃j)
−1✱ ✇❤❡r❡

t❤❡ d̃j ❛r❡ t❤❡ ▲❛♠é ❝♦❡✣❝✐❡♥ts✳ ❆❞♦♣t t❤❡ ❝♦♥✈❡♥t✐♦♥s✿

✭✷✳✹✮ rj := r̃j ◦ y−1 , dj := d̃j ◦ y−1 , ∀ j ∈ {1, 2, 3} , b := b̃ ◦ y−1 .

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✷✳✸✮✲✭✷✳✹✮✱ ✇❡ ❤❛✈❡✿

✭✷✳✺✮ Dxy ◦ y−1 = DO , D =




d1 0 0
0 d2 0
0 0 d3


 , O = tO−1 =




tr1
tr2
tr3


 .

❲❡ ✇✐❧❧ ♥♦t❡ y t❤❡ ❝✉rr❡♥t ✈❛r✐❛❜❧❡ ✐♥ t❤❡ ❞♦♠❛✐♥ O✳ ❚❤✐s ✈❛r✐❛❜❧❡ y ♠✉st ♥♦t ❜❡ ❝♦♥❢✉s❡❞
✇✐t❤ t❤❡ ❞✐✛❡♦♠♦r♣❤✐s♠ y : Õ −→ O✳ ❋r♦♠ ♥♦✇ ♦♥✱ ❛ s②♠❜♦❧ V r❡♣r❡s❡♥t✐♥❣ ❛ ✈❡❝t♦r ✐♥
R
d ✇✐t❤ d ∈ N

∗ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② V = t(V1, · · · ,Vd)✳ ❚❤❡ ❣❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ✭✐✐✮

✐s ❞✐s❝✉ss❡❞ ✐♥ ❬✷✼❪✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ✭✐✐✮ ❝❛♥ ❜❡ t❡st❡❞ t❤r♦✉❣❤ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦♥ B̃✳
■t ❛❧❧♦✇s t♦ ✐♥❝♦r♣♦r❛t❡ ♠♦st ♣❤②s✐❝❛❧ s✐t✉❛t✐♦♥s✱ ❢♦r ✐♥st❛♥❝❡ t❤❡ ❣❡♦♠❛❣♥❡t✐❝ ❝❛s❡✳

◦ ❆♣♣❧✐❝❛t✐♦♥ ✶ ❬t❤❡ ❣❡♦♠❛❣♥❡t✐❝ ✜❡❧❞❪✳ ❆ ❱❛♥ ❆❧❧❡♥ ❜❡❧t ✐s ♦♥❡ ♦❢ ❛t ❧❡❛st t✇♦ ❧❛②❡rs
♦❢ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s ✭♣❧❛s♠❛✮ t❤❛t ✐s ❤❡❧❞ ✐♥ ♣❧❛❝❡ ❬✹❪ ❛r♦✉♥❞ t❤❡ ♣❧❛♥❡t ❊❛rt❤ ❜② t❤❡

❣❡♦♠❛❣♥❡t✐❝ ✜❡❧❞ B̃e✳ ❲❤✐st❧❡r ♠♦❞❡ ✇❛✈❡s ❛r❡ ♣r✐♥❝✐♣❛❧❧② ✐ss✉❡❞ ❢r♦♠ t❤❡ ♦✉t❡r r❛❞✐❛t✐♦♥
❜❡❧t✱ ❞❡♥♦t❡❞ ❜② Belt ✐♥ ✇❤❛t ❢♦❧❧♦✇s✱ ❛♥❞ s✐♠♣❧② r❡❢❡r❡❞ t♦ ❛s t❤❡ ❱❛♥ ❆❧❧❡♥ ❜❡❧t✳ ■♥ t❤❡
✈✐❝✐♥✐t② ♦❢ Belt✱ t❤❡ ❢✉♥❝t✐♦♥ B̃e ❝❛♥ ❜❡ ❛❞❡q✉❛t❡❧② ❛♣♣r♦①✐♠❛t❡❞ ❛s ❛ ❞✐♣♦❧❡ ✜❡❧❞✱ ✇❤♦s❡
❞✐♣♦❧❡ ❛①✐s De ✐s t✐❧t❡❞ ❛t ❛♥ ❛♥❣❧❡ ♦❢ ✶✵ ❞❡❣r❡❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡❛rt❤✬s r♦t❛t✐♦♥❛❧
❛①✐s✳ ▲❡t R ≃ 6, 371 × 106 ♠ ❜❡ t❤❡ ❡❛rt❤ r❛❞✐✉s✳ ❚❤❡ ❝❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡ s②st❡♠ x✱ ✇✐t❤
❞✐♠❡♥s✐♦♥❧❡ss s♣❛t✐❛❧ ✈❛r✐❛❜❧❡ x := x/R✱ ♠❛② ❜❡ ❛❞❥✉st❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t De ❛♥❞ t❤❡
✭♠❛❣♥❡t✐❝✮ ❡q✉❛t♦r✐❛❧ ♣❧❛♥❡ Eq ❛r❡ ❣✐✈❡♥ ❜②✿

De :=
{
x ∈ R

3 ; x1 = x2 = 0
}
, Eq :=

{
x ∈ R

3 ; x3 = 0
}
.

http://en.wikipedia.org/wiki/Van_Allen_radiation_belt


✶✵ ❈❍✳ ❈❍❊❱❊❘❘❨

❚❤❡ ❞♦♠❛✐♥ Belt ❞♦❡s ♥♦t ✐♥t❡rs❡❝t De✳ ■t ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ✈♦❧✉♠❡ ♦❢ r❡✈♦❧✉t✐♦♥ ✇✐t❤
❛①✐s De✱ ✇❤✐❝❤ ✐s s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ Eq✳ ▼♦r❡♦✈❡r✱ t❤❡ r❡❣✐♦♥ Belt ✐s ❝♦♥t❛✐♥❡❞ ✐♥
❛ s♣❤❡r✐❝❛❧ s❤❡❧❧ ✇❤✐❝❤ ❡①t❡♥❞s ❢r♦♠ ❛♥ ❛❧t✐t✉❞❡ ♦❢ ❛❜♦✉t t❤r❡❡ t♦ t❡♥ ❊❛rt❤ r❛❞✐✐✳ ❚❤✐s ❧❛st
♣r♦♣❡rt② ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢r❛♠❡✇♦r❦✿

✭✷✳✻✮ Belt ⊂ Õe , Õe :=
{
x ∈ R

3 ; 3 < |x| < 9 , (x1)2 + (x2)2 6= 0
}
.

▲❡t b̃0 ≃ 3, 1 × 10−5 T ❜❡ t❤❡ s✐③❡ ♦❢ |B̃e|✱ ❛s ✐t ✐s ♠❡❛s✉r❡❞ ❛t t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ ❊❛rt❤✳ ■♥

r❡s❝❛❧❡❞ ✉♥✐ts✱ t❤❡ ❡①♣r❡ss✐♦♥ B̃e ✐s r❡♣❧❛❝❡❞ ❜② B̃e := B̃e/b̃0✳ ■♥ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❝②❧✐♥❞r✐❝❛❧

❝♦♦r❞✐♥❛t❡s ρ✱ φ ❛♥❞ z ✐ss✉❡❞ ❢r♦♠ x✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ B̃e(·) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ φ ∈ R✳ ■t
❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❬✹❪✿

✭✷✳✼✮ B̃e(ρ, z) = ∇× Ã =
1

(ρ2 + z2)5/2




−3 ρ z
0

ρ2 − 2 z2


, Ã =

−ρ
(ρ2 + z2)3/2




0
1
0


 .

❚❤❡ ❛♠♣❧✐t✉❞❡ b̃e ♦❢ B̃e ✐s t❤❡ ❢✉♥❝t✐♦♥✿

b̃e(ρ, z) := (ρ2 + z2)−5/2
[
(ρ2 + z2)2 + 3 z2 (ρ2 + z2)

]1/2
, b̃e(ρ, 0) = ρ−3 .

■t ✐s ❝❧❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s ♦❢ ❞❡❣r❡❡ −3✳ ❚❤✐s r❡♠❛r❦ ❝♦♠❜✐♥❡❞ ✇✐t❤ ✭✷✳✻✮ ❣✐✈❡s r✐s❡ t♦✿

✭✷✳✽✮ 0 < bm := 9−3 ≤ b̃e(x) ≤ bM := 2 × 3−3 , ∀x ∈ Õe .

■♥ ✈✐❡✇ ♦❢ ✭✷✳✽✮✱ t❤❡ ♣❛rt ✭✐✮ ♦❢ ❆ss✉♠♣t✐♦♥ ✷✳✶ ❜❡❝♦♠❡s ♦❜✈✐♦✉s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡

❤❛✈❡ div B̃e = 0✱ ❜✉t ❛❧s♦ curl B̃e = 0✳ ❚❤✉s✱ t❤❡ ❍❡❧♠❤♦❧t③ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ B̃e ❝❛♥ ❜❡
❛❝❤✐❡✈❡❞ ✐♥ t❤❡ ❢♦r♠ B̃e = ∇xy

1
e ✳ ❚❤✐s s♣❡❝✐❛❧ ❝❤♦✐❝❡ ♦❢ y1

e ✐♠♣❧✐❡s t❤❛t d̃1
e ≡ b̃e✳ ❚♦ s❡❡

✇❤② t❤❡ r❡♠❛✐♥✐♥❣ ❝♦♥❞✐t✐♦♥s ✐♥ ✭✐✐✮ ❛r❡ ✈❡r✐✜❡❞✱ ✐t s✉✣❝❡s t♦ ♣r♦❞✉❝❡✿

✭✷✳✾✮ y1
e := z (ρ2+z2)−3/2 ∈ R , y2

e := − ρ4 (ρ2+z2)−3 ∈ R
∗
− , y3

e := φ ∈ R .

❲✐t❤ t❤❡s❡ ❝♦♥✈❡♥t✐♦♥s✱ t❤❡ ❝♦♦r❞✐♥❛t❡s y1✱ y2 ❛♥❞ y3 ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ r❡s♣❡❝t✐✈❡❧② ❛s ❛
s♦rt ♦❢ ❧❛t✐t✉❞❡✱ ✭♥❡❣❛t✐✈❡✮ ❛❧t✐t✉❞❡ ❛♥❞ ❧♦♥❣✐t✉❞❡✳ ❋r♦♠ ✭✷✳✻✮✱ ✇❡ ❝❛♥ ✐♥❢❡r t❤❛t✿

Oe = ye(Õe) ⊂
{

(y1, y2, y3) ∈ R × R
∗
− × R ; |y1| < 3−1 , − 9−1 < y2 < 0

}
.

❋r♦♠ ✭✷✳✾✮✱ ✇❡ ❝❛♥ ❛❧s♦ ❝♦♠♣✉t❡ ∇xy
j
e = d̃je tr̃je ✇✐t❤ d̃je := |∇xy

j
e| ❢♦r ❛❧❧ j ∈ {1, 2, 3}✱

❛♥❞ ❝❤❡❝❦ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s tr̃je · r̃ke = δjk ❛r❡ s❛t✐s✜❡❞✳ ■t ❛♣♣❡❛rs ❤❡r❡ t❤❛t ❛ ❝♦♥✈❡♥✐❡♥t

❝❤♦✐❝❡ ❢♦r ye : Õe −→ Oe ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ ♦rt❤♦❣♦♥❛❧ ❝❤❛♥❣❡ ♦❢
✈❛r✐❛❜❧❡s✳ ❋✐rst✱ t❤❡ ♦♥❡ ❢r♦♠ x t♦ (ρ, φ, z)✳ ❚❤❡♥✱ t❤❡ ♦♥❡ ❢r♦♠ (ρ, φ, z) t♦ t❤❡ t♦r♦✐❞❛❧
❝♦♦r❞✐♥❛t❡s ye = t(y1

e , y
2
e , y

3
e) ❞❡✜♥❡❞ ✐♥ ✭✷✳✾✮✳ ■♥ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ y✱ t❤❡ ✜❡❧❞ ❧✐♥❡s

❜❡❝♦♠❡ ❛ ❢❛♠✐❧② ♦❢ ♣❛r❛❧❧❡❧ str❛✐❣❤t ❧✐♥❡s✿

Fl(ŷ) :=
{

(y1, ŷ) ∈ R × R
∗
− × R ; y1 ∈ R

}
, ŷ := (y2, y3) .

❚❤❡ ✐♥❝❧✉s✐♦♥ ✭✷✳✻✮ ✐s ♦♥❧② ✐♥❞✐❝❛t✐✈❡✳ ❚❤❡ ♠✐♥✐♠❛❧ ❞✐st❛♥❝❡ ρm ❛♥❞ t❤❡ ♠❛①✐♠❛❧ ❞✐st❛♥❝❡
ρM ✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ♠❡❛s✉r❡❞ ❢r♦♠ ❛ ♣❛rt✐❝❧❡ t♦ t❤❡ ❡❛rt❤✬s ❝❡♥t❡r ❦♥♦✇✐♥❣ t❤❛t t❤✐s ♣❛rt✐❝❧❡
✐s ❧♦❝❛t❡❞ ✐♥ Belt ∩ Eq✱ ❝❛♥ ❜❡ ♠❡❛s✉r❡❞ ♠♦r❡ ❛❝❝✉r❛t❡❧②✱ ✇✐t❤ 3 < ρm < ρM < 9✳
❘❡♠❛r❦ t❤❛t y2 = −ρ−2 ✇❤❡♥ y1 = 0✳ ❆❝❝♦r❞✐♥❣❧②✱ ❞❡✜♥❡ y2

m := −ρ−2
m ❛♥❞ y2

M := −ρ−2
M ✳

❚❤❡ ❛❧t✐t✉❞❡ y2 ❜❡✐♥❣ ✜①❡❞✱ ♠❛r❦ t❤❡ ♠❛①✐♠❛❧ ❧❛t✐t✉❞❡ he(y
2) ✇❤✐❝❤ ❝❛♥ ❜❡ r❡❛❝❤❡❞ ❜② ❛

♣❛rt✐❝❧❡ tr❛♣♣❡❞ ❛❧♦♥❣ t❤❡ ✜❡❧❞ ❧✐♥❡ Fl(y2, y3)✳ ❚❤❡ ✈❛❧✉❡ he(y
2) ❝♦rr❡s♣♦♥❞s ❛❧s♦ t♦ t❤❡

❡①tr❡♠❛❧ ♣♦s✐t✐♦♥ ♦❢ ❛ ♠✐rr♦r ♣♦✐♥t ❤❛✈✐♥❣ t❤❡ ❛❧t✐t✉❞❡ y2✳



❈❆◆ ❖◆❊ ❍❊❆❘❲❍■❙❚▲❊❘❲❆❱❊❙❄ ✶✶

❆❧❧ ✐♥❣r❡❞✐❡♥ts y2
m✱ y

2
M ❛♥❞ he(·) ❝❛♥ ❜❡ ❛❞❥✉st❡❞ ♦♥ t❤❡ ❜❛s✐s ♦❢ ❝♦♥❝r❡t❡ ♦❜s❡r✈❛t✐♦♥s✳

❚❤❡② ❛❧❧♦✇ t♦ ❞❡t❡r♠✐♥❡ ♣r❡❝✐s❡❧② t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❱❛♥ ❆❧❧❡♥ ❜❡❧t✱ ❧❡❛❞✐♥❣ t♦✿

✭✷✳✶✵✮ Belt =
{
y ; |y1| ≤ he(y

2)
}
, he ∈ C∞

0 (R∗
−; R+) , s✉♣♣he = [y2

m, y
2
M ] .

▲❡♠♠❛ ✷✳✶✳ ❚❤❡ ❢✉♥❝t✐♦♥s rje := r̃je ◦ y−1
e ✱ dje := d̃je ◦ y−1

e ❛♥❞ be := b̃e ◦ y−1
e s❛t✐s❢②✿

∂yjr3e = 0 , ∀ j ∈ {1, 2} ,✭✷✳✶✶❛✮

∂y3d
j
e = 0 , ∀ j ∈ {1, 2, 3} , (∂y3r

1
e) · r2e = 0 ,✭✷✳✶✶❜✮

∂y3be = 0 , ∂y1be(0, y
2) = 0 , ∂2

y1y1be(0, y
2) > 0 , ∂y2be < 0 .✭✷✳✶✶❝✮

❚❤❡ ❢✉♥❝t✐♦♥ be(·, y2) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ R
∗
+✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r ❛❧❧ y2 ∈ R

∗
−✱ t❤❡

♣❛rt✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s be(·, y2) ❛♥❞ dje(·, y2) ✇✐t❤ j ∈ {1, 2, 3} ❛r❡ ❡✈❡♥ ✐♥ y1 ∈ R✳

Pr♦♦❢✳ ❇② ❝♦♥str✉❝t✐♦♥ r3e = t(− sin y3, cos y3, 0)✱ ❡①♣❧❛✐♥✐♥❣ ✭✷✳✶✶❛✮✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥s

✐♥ ✭✷✳✾✮✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❞❡❞✉❝❡ t❤❛t d̃1
e ❛♥❞ d̃2

e ❞❡♣❡♥❞ ♦♥❧② ♦♥ (ρ, z)✱ ✇❤❡r❡❛s d̃3
e = ρ−1✳

❚❤✐s ❣✐✈❡s r✐s❡ t♦ t❤❡ ✜rst ♣❛rt ♦❢ ✭✷✳✶✶❜✮✳ ❑♥♦✇✐♥❣ ✇❤❛t ✐s r1e ❢♦r φ = 0✱ t❤❡ ✈❛❧✉❡s ♦❢ r1e
❢♦r φ 6= 0 ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❛ r♦t❛t✐♦♥ ♦❢ ❛♥❣❧❡ φ✳ ❚❤❡ ✈❡❝t♦r ∂y3r

1
e ✐s ❝♦❧❧✐♥❡❛r t♦ r3e ✱ ❛♥❞

t❤❡r❡❢♦r❡ (∂y3r
1
e) · r2e = 0✳ ❖❜✈✐♦✉s❧②✱ be ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ y3 ≡ φ✳ ■♥ ✈✐❡✇ ♦❢ ✭✷✳✾✮✱ ✇❡

❤❛✈❡ t❤❡ ✐♠♣❧✐❝✐t r❡❧❛t✐♦♥✿

✭✷✳✶✷✮ R4 (y1)2 +R
√
−y2 = 1 , R := (ρ2 + z2)1/2 .

❲✐t❤ ✭✷✳✼✮ ❛♥❞ ✭✷✳✶✷✮✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡✿

✭✷✳✶✸✮ b2e =
1 + 3 (y1)2R4

R6
, ∂y1R =

− 2 y1R5

1 + 3 (y1)2R4
, ∂y2R =

R2

2
√
−y2

[
1 + 3 (y1)2R4

] .

❋r♦♠ ✭✷✳✶✸✮✱ ✐t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t ∂y2be(y) < 0✱ ❛♥❞ t❤❛t ∂y1be(y) > 0 ✇❤❡♥ y1 > 0✳

❚❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ∂2
y1y1be(0, y

2) ❝♦♠❡s ❢r♦♠ ∂2
y1y1(be)

2(0, y2) = 18R−2✳ ❚❤❡ s②♠♠❡tr②

✇✐t❤ r❡s♣❡❝t t♦ Eq ❣✉❛r❛♥t❡❡s t❤❛t be(·, y2) ❛♥❞ dje(·, y2) ❛r❡ ❡✈❡♥ ✐♥ y1 ∈ R✳ �

❚❤❡ r❡q✉✐r❡♠❡♥ts ♦♥ B̃ ♠❛❞❡ ✐♥ ❆ss✉♠♣t✐♦♥ ✷✳✶ ❛r❡ ❢✉❧✜❧❧❡❞ ❜② ♦t❤❡r ♠❛❣♥❡t✐❝ ✜❡❧❞s✱ s✉❝❤
❛s ❏✉♣✐t❡r✬s ✭❱♦②❛❣❡r s♣❛❝❡❝r❛❢t ❞❡t❡❝t❡❞ ✇❤✐st❧❡r✲❧✐❦❡ ❛❝t✐✈✐t② ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ ❏✉♣✐t❡r✮✳
❊✈❡♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❡❛rt❤✱ t❤❡② ❛r❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ♠♦r❡ ❛❝❝✉r❛t❡ ♠♦❞❡❧s✱ ✇❤✐❝❤ ❢♦r
✐♥st❛♥❝❡ ✐♥❝♦r♣♦r❛t❡ s♦❧❛r ❡✛❡❝ts✳ ❍♦✇❡✈❡r✱ ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝t②✱ t❤❡s❡ ❛s♣❡❝ts ✇✐❧❧ ♥♦t
❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳

✷✳✶✳✷✳ ❙tr❛✐❣❤t❡♥✐♥❣ ♦✉t t❤❡ ✜❡❧❞ ❧✐♥❡s✳ ❈❤❛♥❣❡ (x, v) ✐♥t♦ (y, w) :=
(
y(x), O◦y(x) v

)
✳ ❲r✐t❡

t❤❡ s②st❡♠ ✭✷✳✶✮ ✐♥ t❡r♠s ♦❢ t❤❡s❡ ♥❡✇ ✈❛r✐❛❜❧❡s (y, w) t♦ ❣❡t✿

✭✷✳✶✹✮

{
∂tyε = D(yε)wε , yε(0, y, w) = y ,
∂twε = ε−1 c(|wε|)B(ε, yε, wε) × wε + ε N (yε, wε, E,B) , wε(0, y, w) = w .

❇② ❝♦♥str✉❝t✐♦♥✱ ✇❡ ❤❛✈❡ B(ε, ·) = B0(·) + εB1(·) ✇✐t❤✿

✭✷✳✶✺✮ B0 =



B1

0

B2

0

B3

0


 =



b
0
0


 , B1 =



B1

1

B2

1

B3

1


 =




[(Dw · ∇y)tr3] · r2
[(Dw · ∇y)tr1] · r3
[(Dw · ∇y)tr2] · r1


 .



✶✷ ❈❍✳ ❈❍❊❱❊❘❘❨

❚❤❡ ♥♦♥❧✐♥❡❛r ♣❡rt✉r❜❛t✐♦♥ N ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ Ñ ❛s ❢♦❧❧♦✇s✿

✭✷✳✶✻✮ N (y, w,E,B) := O(y) Ñ
(
tO(y)w,E ◦ y−1(y), B ◦ y−1(y)

)
.

❚❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✭✷✳✶✹✮ ✐s ♦❢ t❤❡ s❛♠❡ t②♣❡ ❛s ✭✷✳✶✮ ❡①❝❡♣t t❤❛t t❤❡ s✐♥❣✉❧❛r ♣❛rt
♦❢ t❤❡ ♣❡♥❛❧✐③❛t✐♦♥ ♠❛tr✐①✱ ✇❤✐❝❤ ✐s r❡♣r❡s❡♥t❡❞ ❛❜♦✈❡ ❜② B0✱ ♣♦✐♥ts ♥♦✇ ✐♥ t❤❡ ❝♦♥st❛♥t
❞✐r❡❝t✐♦♥ e1 = t(1, 0, 0)✳ ❚❤✉s✱ t❤❡ ❡✛❡❝t ❛♥❞ t❤❡ ✐♥t❡r❡st ♦❢ t❤❡ st❡♣ ✷✳✶✳✷ ✐s t♦ str❛✐❣❤t❡♥
♦✉t t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r ✜❡❧❞ B(·)✳ ❚❤✐s ✐s ❞♦♥❡ ♦♥❧② ❛t ❧❡❛❞✐♥❣ ♦r❞❡r✳ ❙✐♥❝❡ t❤❡

❞✐✛❡♦♠♦r♣❤✐s♠ y : Õ −→ O ✐s ❛♥ ♦rt❤♦❣♦♥❛❧ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱ t❤✐s ♦♣❡r❛t✐♦♥ ❝r❡❛t❡s
❛t t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ♦♥ wε ❛ s❦❡✇✲s②♠♠❡tr✐❝ O(1) ❝♦♥tr✐❜✉t✐♦♥ t❤❛t ✐s ♠❛t❡r✐❛❧✐③❡❞
❜② t❤❡ ❝r♦ss ♣r♦❞✉❝t B1×✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❛❝t✐♦♥ ♦❢ B1 ✐s ❛❜s❡♥t ✐❢ ❛♥❞ ♦♥❧② ✐❢ r1 ✭❛♥❞
t❤❡r❡❢♦r❡ r2 ❛♥❞ r3✮ ❝❛♥ ❜❡ t❛❦❡♥ ❛s ❛ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥✳

✷✳✶✳✸✳ ❋✐❧t❡r✐♥❣ ♦✉t t❤❡ ♠❛✐♥ ♦s❝✐❧❧❛t✐♦♥s✳ ❚❤❡ ✜❧t❡r✐♥❣ ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ✜rst ✐♥tr♦❞✉❝❡❞ ❜②
❙✳ ❙❝❤♦❝❤❡t ❬✷✸❪✱ ❛♥❞ t❤❡♥ ❜② ❊✳ ●r❡♥✐❡r ❬✶✹❪✳ ■t ✐s t♦❞❛② ✇❡❧❧✲❦♥♦✇♥✳ ■t ❤❛s ❜❡❡♥ ❛♣♣❧✐❡❞
✐♥ t❤❡ ❛rt✐❝❧❡ ❬✶✷❪ t♦ ❞❡❛❧ ✇✐t❤ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ♣r❡s❡♥t ❢r❛♠❡✇♦r❦✳ ❇❡❧♦✇✱
✐t ✐s ✐♠♣❧❡♠❡♥t❡❞ t♦ st❛rt t❤❡ ❛♥❛❧②s✐s✳ ■♥tr♦❞✉❝❡✿

Λ := e1× =




0 0 0
0 0 −1
0 1 0


, eθΛ =




1 0 0
0 cos θ − sin θ
0 sin θ cos θ


, θ ∈ T := R/(2πZ).

❈♦♥s✐❞❡r ❛ s♠♦♦t❤ s❝❛❧❛r ❢✉♥❝t✐♦♥ φε(t, y, w)✱ ❛♥❞ r❡♣❧❛❝❡ wε ❜② uε := e−φε Λ/εwε✳ ❉❡✜♥❡
zε := t(yε, uε) ∈ R

3 × R
3✱ ✇❤✐❝❤ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s (t, y, w)✳ ❲❤❡♥ ❡①♣r❡ss✐♥❣

t❤❡ ♣r❡❝❡❞✐♥❣ q✉❛♥t✐t✐❡s ✐♥ t❡r♠s ♦❢ z✱ ♦s❝✐❧❧❛t✐♦♥s ❛r❡ ✐♥tr♦❞✉❝❡❞✳ ❋♦r ✐♥st❛♥❝❡✿

c(|wε|) B1(ε, yε, wε) = c(|wε|) B1
0(yε) + ε c(|wε|) B1

1(yε, wε) = B
(
ε, ε−1 φε(t, y, w), zε

)
.

❲❡ ❤❛✈❡ tΛ = −Λ✳ ❚❤❡ ♠❛tr✐① eθΛ ✐s ♦rt❤♦❣♦♥❛❧ s♦ t❤❛t |wε| = |uε| ❛♥❞✿
B(ε, θ, z) = B0(z) + ε B1(θ, z) , B0(z) := c(|u|) b(y) , B1(θ, z) := c(|u|)B1

1(y, eθΛ u) .

❉❡✜♥✐t✐♦♥ ✷✳✶ ✭❡✐❦♦♥❛❧ ❡q✉❛t✐♦♥✮✳ ❚❤❡ ♣❤❛s❡ φε ✐s ❛❞❥✉st❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t✿

✭✷✳✶✼✮ ∂tφε = B
(
ε, ε−1 φε(t, y, w), zε

)
, φε(0) = 0 .

❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✶✼✮ ✐s ❜❛s❡❞ ♦♥ B1
0 ≡ b✳ ◆♦t❡ t❤❛t✱ ❢♦r s✉❜s❡q✉❡♥t ✐♠♣♦rt❛♥t

r❡❛s♦♥s✱ t❤❡ ❛♣♣❛r❡♥t❧② s♠❛❧❧ t❡r♠ εB1
1 ✐s ❛❧s♦ ✐♥❝♦r♣♦r❛t❡❞ ✐♥s✐❞❡ B✳ ❚❤❡ ❡q✉❛t✐♦♥ ✭✷✳✶✼✮

✐s ♥♦t s❡❧❢✲❝♦♥t❛✐♥❡❞✳ ■t ♠✉st ❜❡ ❝♦✉♣❧❡❞ ✇✐t❤ ❛ ❝♦♥❞✐t✐♦♥ ❛❧❧♦✇✐♥❣ t♦ ❞❡t❡r♠✐♥❡ zε✳ ❚❛❦✐♥❣
✐♥t♦ ❛❝❝♦✉♥t ✭✷✳✶✼✮✱ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ zε ✐s ❣♦✈❡r♥❡❞ ❜② ❛ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ t❤❛t ❝❛♥
❜❡ ❢♦r♠❛❧✐③❡❞ ❛❝❝♦r❞✐♥❣ t♦✿

✭✷✳✶✽✮ ∂tzε = A
(
ε, ε−1 φε(t, y, w), zε

)
, zε(0) = t(y, w) .

❆t t❤✐s st❛❣❡✱ ✇❡ ❛r❡ ❢❛❝❡❞ ✇✐t❤ t❤❡ s②st❡♠ ✭✷✳✶✼✮✲✭✷✳✶✽✮✳ ■♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ✭✷✳✶✹✮✱ t❤❡
s♦✉r❝❡ t❡r♠s ✐♥s✐❞❡ ✭✷✳✶✼✮ ❛♥❞ ✭✷✳✶✽✮ ❛r❡ ♥♦ ♠♦r❡ ♦❢ s✐③❡ ε−1✳ ❚❤❡ t✇♦ ❛♣♣❧✐❝❛t✐♦♥s B(·, θ, z)
❛♥❞ A(·, θ, z) ❛r❡ ♥♦✇ s♠♦♦t❤ ✐♥ ε ∈ [0, 1]✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s♦✉r❝❡ t❡r♠s ✐♥s✐❞❡ ✭✷✳✶✼✮
❛♥❞ ✭✷✳✶✽✮ ✐♥✈♦❧✈❡ ♠❛♥② ♦s❝✐❧❧❛t✐♦♥s ❛t ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ ♦r❞❡r ε−1✳ ■♥❞❡❡❞✱ ❜♦t❤ ❢✉♥❝t✐♦♥s
B(ε, ·, z) ❛♥❞ A(ε, ·, z) ❛r❡ ♣❡r✐♦❞✐❝ ✐♥ θ✱ ✇✐t❤ ♣❡r✐♦❞ 2π✳



❈❆◆ ❖◆❊ ❍❊❆❘❲❍■❙❚▲❊❘❲❆❱❊❙❄ ✶✸

■♥ ♣r❛❝t✐❝❡✱ ✇❡ ✜♥❞ t❤❛t A(ε, ·) = A0 + εA1 ✇✐t❤✿


A1

0

A2

0

A3

0


(θ, z) = D(y) eθΛ u =




d1(y) u1

d2(y) (cos θ u2 − sin θ u3)
d3(y) (sin θ u2 + cos θ u3)


 ,✭✷✳✶✾❛✮



A4

0

A5

0

A6

0


(θ, z) = c(|u|) e−θΛ




0
B2

1

B3

1


 × eθΛ u✭✷✳✶✾❜✮

= c(|u|)



(B2

1
sin θ −B3

1
cos θ)u2 + (B2

1
cos θ +B3

1
sin θ)u3

− (B2

1
sin θ −B3

1
cos θ)u1

− (B2

1
cos θ +B3

1
sin θ)u1


 ,



A1

1

A2

1

A3

1


(θ, z) =




0
0
0


 ,



A4

1

A5

1

A6

1


(θ, z) = e−θΛ N (y, eθΛ u,E,B) .✭✷✳✶✾❝✮

❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ✐ss✉❡❞ ❢r♦♠ t❤❡ ♣❛rt t(A4
0,A5

0,A6
0) ✐s ♥♦✇ ♥♦♥❧✐♥❡❛r s✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥s

B2
1 ❛♥❞ B3

1 ♠✉st ❜❡ ❡✈❛❧✉❛t❡❞ ❛t t❤❡ ♣♦✐♥t (y, eθΛu)✳ ❙t✐❧❧✱ s♦♠❡ s❦❡✇✲s②♠♠❡tr✐❝ ♣r♦♣❡rt②
❤❛s ❜❡❡♥ ♣r❡s❡r✈❡❞ ✐♥ s♦ ❢❛r ❛s✿

t(A4
0,A5

0,A6
0)(θ, z) = ∆(θ, z)u , t∆(θ, z) = −∆(θ, z) , ∀ (θ, z) ∈ T × R

6 .

❉❡✜♥❡ Ā0 ❛s ❜❡✐♥❣ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ A0 ✇✐t❤ r❡s♣❡❝t t♦ θ✳ ❖❜s❡r✈❡ t❤❛t Ā0 ✐s ❝♦♠♣♦s❡❞
♦❢ t❤❡ ❞✐❛❣♦♥❛❧ ♣❛rt t

(
d1(y)u1, 0, 0

)
❛♥❞ ♦❢ t❤❡ s❦❡✇✲s②♠♠❡tr✐❝ ❛❝t✐♦♥ ∆̄(z)u✳

✷✳✷✳ ❚❤❡ ❛♣♣r♦❛❝❤ t♦ r❡❛❝❤ ❧♦♥❣ t✐♠❡s t ∼ ε−1✳ ❈❤❛♥❣❡ t❤❡ ✈❛r✐❛❜❧❡ t ✐♥t♦ τ := ε t✳
❚❤❡♥✱ t❤❡ s②st❡♠ ✭✷✳✶✼✮✲✭✷✳✶✽✮ ✐s tr❛♥s❧❛t❡❞ ✐♥t♦✿

✭✷✳✷✵✮ ∂τ

(
zε
φε

)
=

1

ε

(
A
B

) (
ε,
φε
ε
, zε

)
,

(
zε
φε

)
(0) =

(
t(y, w)

0

)
.

❚❤❡ ❧♦♥❣ t✐♠❡ ❡✈♦❧✉t✐♦♥ ✭t ∼ ε−1 ♦r τ ∼ 1✮ ✐s ❛ ❞❡❧✐❝❛t❡ q✉❡st✐♦♥ ❢♦r ♠❛♥② r❡❛s♦♥s✳ ❚❤❡r❡ ✐s
t❤❡ ♣r❡s❡♥❝❡ ♦❢ s✐♥❣✉❧❛r t❡r♠s✱ ❧✐❦❡ ε−1 (A1

0,A2
0,A3

0) ❛♥❞ ε
−1 B0✱ ✇❤✐❝❤ ❛t ✜rst s✐❣❤t ✐♥❤❡r✐t

♥♦ s♣❡❝✐❛❧ str✉❝t✉r❡✳ ❆♥❞✱ ❡✈❡♥ ❝♦♥❝❡r♥✐♥❣ t❤❡ s❦❡✇✲s②♠♠❡tr✐❝ ♣❛rt ε−1 ∆(θ, z)u✱ t❤❡
✜❧t❡r✐♥❣ ♠❡t❤♦❞ ❝❛♥♥♦t ❜❡ r❡♣❡❛t❡❞ ❛❧♦♥❣ t❤❡ s❛♠❡ ❧✐♥❡s ❛s ❜❡❢♦r❡✳ ❖❜❥❡❝t✐♦♥s ❝♦♠❡ ❢r♦♠
t❤❡ ♣r❡s❡♥❝❡ ❛❧r❡❛❞② ♦❢ ♦s❝✐❧❧❛t✐♦♥s ✭∂θ∆ 6≡ 0✮ ❛♥❞ ❢r♦♠ t❤❡ ♥♦♥❧✐♥❡❛r✐t② ♦❢ t❤❡ ♣❡♥❛❧✐③❛t✐♦♥
♠❛tr✐① ✭∇z∆ 6≡ 0✮✳ ❚♦ ❣♦ ❢✉rt❤❡r✱ ♦t❤❡r ❛r❣✉♠❡♥ts ♠✉st ❜❡ ✐♠♣❧❡♠❡♥t❡❞✳

✷✳✷✳✶✳ Pr❡❧✐♠✐♥❛r✐❡s ❛♥❞ ❣✉✐❞❡❧✐♥❡s✳ ▲♦♦❦✐♥❣ ❛t ✭✷✳✷✵✮ ❣✐✈❡s t❤❡ ✐♠♣r❡ss✐♦♥ t❤❛t t❤❡ ❢❛st
❞②♥❛♠✐❝s ✐♥ ❧♦♥❣ t✐♠❡s ❛r❡ ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ✉♥✇♦r❦❛❜❧❡ t❡r♠ (A0,B0)✳ ❇✉t ✐t ✇♦✉❧❞ ❜❡
✇✐t❤♦✉t ♣❛②✐♥❣ ❛tt❡♥t✐♦♥ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t✇♦ s❝❛❧❡s✱ ♣❧❛②✐♥❣ ❞✐✛❡r❡♥t r♦❧❡s✳ ■♥ ❢❛❝t✱ t❤❡
♦s❝✐❧❧❛t✐♦♥s ✐♥s✐❞❡ (A0,B0) ♠✉st ❜❡ ❤❛♥❞❧❡❞ s❡♣❛r❛t❡❧②✳ ❆s ✇❡ ✇✐❧❧ s❡❡✱ ✇❤❛t ♣r✐♥❝✐♣❛❧❧②
♠❛tt❡rs ✐s t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ Ā0✳

⋄ ❆ ✜rst ✐❞❡❛ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ✭✷✳✷✵✮ ✐s t♦ ❛❞❡q✉❛t❡❧② s❡♣❛r❛t❡ t❤❡ ❞✐✛❡r❡♥t s❝❛❧❡s✳ ❚♦
t❤✐s ❡♥❞✱ ✇❡ ❤❛✈❡ t♦ ✐♥tr♦❞✉❝❡ ♥♦t❛t✐♦♥s✳ ●✐✈❡♥ T ∈ R

∗
+✱ ♥♦t❡ TT := R/(TZ) ❛♥❞✱ ❛s ✉s✉❛❧✱

♥♦t❡ s✐♠♣❧② T := T2π ≡ R/(2π Z)✳ ▲❡t Z(τ, t, θ) ∈ C0(R × TT × T)✳ ■♥tr♦❞✉❝❡✿

Z̄(τ, t) :=
1

2π

∫ 2π

0 Z(τ, t, θ) dθ , 〈Z̄〉(τ) :=
1

2π T

∫ T

0

∫ 2π

0 Z(τ, t, θ) dt dθ .



✶✹ ❈❍✳ ❈❍❊❱❊❘❘❨

❲❡ ❝❛♥ ❢✉rt❤❡r ❞❡❝♦♠♣♦s❡ t❤❡ ❋♦✉r✐❡r s❡r✐❡ ♦❢ Z ❛❝❝♦r❞✐♥❣ t♦✿

Z(τ, t, θ) =

Z̄(τ,t)︷ ︸︸ ︷
c(0,0)(τ)

︸ ︷︷ ︸
〈Z̄〉(τ)

+
∑

p∈Z∗

c(p,0)(τ) e
ipt/T

︸ ︷︷ ︸
Z̄⋆(τ,t)

+
∑

(p,q)∈Z×Z∗

c(p,q)(τ) e
i(pt/T+qθ)

︸ ︷︷ ︸
Z∗(τ,t,θ)

.

❚♦ ❜❡tt❡r s❡t t❤❡ s❝❡♥❡✱ ❧❡t ✉s ❝♦♠♠❡♥t t❤❡ ❛❜♦✈❡ ❝♦♥✈❡♥t✐♦♥s✳ ❚❤❡ s②♠❜♦❧s ·̄ ❛♥❞ 〈·〉 ♠❡❛♥
t❤❛t ✇❡ ❡①tr❛❝t t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ Z(τ, t, θ) ✐♥ θ✱ ❛♥❞ ♦❢ Z̄(τ, t) ✐♥ t✳ ❚❤❡ ♠❛r❦s ·∗ ❛♥❞ ·⋆
❛t t❤❡ t♦♣ r✐❣❤t ♦❢ Z ✐♥❞✐❝❛t❡ t❤❛t ✇❡ ❞❡❛❧ ✇✐t❤ t❤❡ ♦s❝✐❧❧❛t✐♥❣ ♣❛rt ♦❢ Z(τ, t, θ) ✐♥ θ✱ ❛♥❞
♦❢ Z̄(τ, t) ✐♥ t✳ ❚❤❡ ❛❝t✐♦♥s ∂−1

θ ❛♥❞ ∂−1
t ✇✐❧❧ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✐♥✈❡rs❡ ♦♣❡r❛t♦rs ♦❢ ∂θ ❛♥❞

∂t✱ t❤❛t ✐s ∂
−1
θ ∂θ = Id ❛♥❞ ∂−1

t ∂t = Id✱ ✇✐t❤ ✈❛❧✉❡s ✐♥ t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s ✇✐t❤ ③❡r♦ ♠❡❛♥✳
❋♦r ✐♥st❛♥❝❡✿

∂−1
t Z̄⋆(τ, t) :=

∫ t

0 Z̄(τ, s) ds− 1
T

∫ T

0

(∫ t

0 Z̄(τ, s) ds
)
dt , 〈∂−1

t Z̄⋆〉 = 0 .

❚❤❡ ♣r♦♣❡rt② ✭✷✳✷✶✮ ❜❡❧♦✇ ✐s ♦❜✈✐♦✉s✳ ❙t✐❧❧✱ ❛s ✐t ✇✐❧❧ ❜❡ ♦❢t❡♥ ✉s❡❞✱ ✐t ✐s ❡♠♣❤❛s✐s❡❞✳

▲❡♠♠❛ ✷✳✷✳ ▲❡t Z ∈ C0(TT )✳ ❚❤❡ ✐♥t❡❣r❛❧ ♦❢ Z ✐s t❤❡ s✉♠ ♦❢ ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♣❧✉s ❛
♣❡r✐♦❞✐❝ ✭❜♦✉♥❞❡❞✮ ❢✉♥❝t✐♦♥✿

✭✷✳✷✶✮
∫ t

0 Z(s) ds = 〈Z〉 t +
∫ t

0 Z
⋆(s) ds , sup

t∈R

|
∫ t

0 Z
⋆(s) ds| < +∞ .

⋄
⋄ ❆ s❡❝♦♥❞ ✐❞❡❛ ✐s t♦ r❡♠♦✈❡ A0 ❢r♦♠ t❤❡ s②st❡♠ ✭✷✳✷✵✮✳ ❚❤✐s r❡q✉✐r❡s ❛ r❡❝t✐✜❝❛t✐♦♥
♣r♦❝❡❞✉r❡ ✇❤♦s❡ ♣r✐♥❝✐♣❧❡ ✐s ❡①♣♦s❡❞ ✐♥ P❛r❛❣r❛♣❤ ✷✳✷✳✷✱ ❛♥❞ ✇❤♦s❡ ❡✛❡❝t✐✈❡ ❝♦♥str✉❝t✐♦♥
✐s ❛❝❤✐❡✈❡❞ ❢r♦♠ P❛r❛❣r❛♣❤ ✷✳✷✳✸ t♦ ✷✳✷✳✻✳ ❚❤✐s r❡❝t✐✜❝❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t✇♦ ♦♣❡r❛t✐♦♥s✳
❋✐rst✱ ❛ ❝♦♥❥✉❣❛✐s♦♥ ♦❢ t❤❡ s②st❡♠ ✭✷✳✷✵✮ ✇✐t❤ ❛ ✢♦✇ ✐♥❞✉❝❡❞ ❜② Ā0✳ ❚❤✐s ♣❡rt❛✐♥s t♦ ❛
♥♦♥❧✐♥❡❛r ❝♦♥❥✉❣❛✐s♦♥ s✐♥❝❡ Ā0 ✐s ❛ ♥♦♥❧✐♥❡❛r ❢✉♥❝t✐♦♥✱ s❡❡ ✭✷✳✸✺✮ ❛♥❞ ✭✷✳✸✼✮✳ ❙❡❝♦♥❞❧②✱
✇❤✐❧❡ ❜❡❛r✐♥❣ ✐♥ ♠✐♥❞ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♦s❝✐❧❧❛t✐♦♥s✱ ❛♥ ❛❜s♦r♣t✐♦♥ ♦❢ t❤❡ ♦s❝✐❧❧❛t✐♥❣ t❡r♠s
t❤r♦✉❣❤ ❛ s♦rt ♦❢ ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥✳ ⋄
⋄ ❆ t❤✐r❞ ✐❞❡❛ ✐s t♦ ❡①♣❧♦✐t t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❣❡♦♠❛❣♥❡t✐❝ ✜❡❧❞ t♦ s❤♦✇ t❤❛t t❤❡ ✢♦✇
❣❡♥❡r❛t❡❞ ❜② Ā0 ✐s ❣❧♦❜❛❧❧② ❞❡✜♥❡❞ ✐♥ t✐♠❡✱ ❛♥❞ ✐♥ ❢❛❝t ♣❡r✐♦❞✐❝ ✐♥ t✐♠❡ ✭Pr♦♣♦s✐t✐♦♥ ✷✳✶✮✳
■t ✐s ❛t t❤✐s ❧❡✈❡❧ t❤❛t t❤❡ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ✈❡❝t♦r ✜❡❧❞ r̃1✱ t❤❛t ✐s ♦❢ t❤❡ ✉♥✐t ❞✐r❡❝t✐♦♥s
❣❡♥❡r❛t❡❞ ❜② B̃✱ ❝♦♠❡ ✐♥t♦ ♣❧❛②✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐t✉❛t✐♦♥✱ t❤❡s❡ ✈❛r✐❛t✐♦♥s ❝❛♥ ✐♥❞✉❝❡
❞❡st❛❜✐❧✐③✐♥❣ ❡✛❡❝ts ♦r✱ ✐♥✈❡rs❡❧②✱ ❝♦♥✜♥❡♠❡♥t ♣r♦♣❡rt✐❡s✳ ❚❤❡ ❣❡♦♠❡tr✐❝❛❧ ❝r✐t❡r✐♦♥ ❣✐✈✐♥❣
r✐s❡ t♦ ❛ ♣♦t❡♥t✐❛❧ ✇❡❧❧ ✐s ❡①♣♦s❡❞ ✐♥ ❆ss✉♠♣t✐♦♥ ✷✳✷✳ ■t ✐s s❛t✐s✜❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♠❛❣♥❡t✐❝
❞✐♣♦❧❡s✱ s❡❡ ▲❡♠♠❛ ✷✳✺✳ ⋄
❚❤❡ ♠❛✐♥ ♣✉r♣♦s❡ ♦❢ t❤✐s ❙❡❝t✐♦♥ ✷✳✷ ✐s t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ♦❜s❡r✈❛t✐♦♥s ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥
r❡♣♦rt❡❞ ✐♥ ❙t❡♣s ✭P✷✮ ❛♥❞ ✭P✸✮✳ ❚❤r♦✉❣❤♦✉t t❤❡ ❞✐s❝✉ss✐♦♥✱ t❤❡ ❤❛♠✐❧t♦♥✐❛♥ str✉❝t✉r❡
✉♥❞❡r❧②✐♥❣ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✭✶✳✺✮ ✇✐❧❧ ❜❡ ♦♠♥✐♣r❡s❡♥t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✇✐❧❧ ♠❛♥✐❢❡st
✐♥ t❡r♠s ♦❢ ❛ r❡❞✉❝❡❞ ❤❛♠✐❧t♦♥✐❛♥✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✷✳✸✳ ■♥ P❛r❛❣r❛♣❤ ✷✳✷✳✹✱ ✇❡ ❛❧s♦ ✇✐s❤ t♦
❡♠♣❤❛s✐③❡ t✇♦ ♥❡✇ ▼❛t❤❡♠❛t✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥s ✭✶ ❛♥❞ ✷✮ ♦❢ ♣❤②s❝✐❝❛❧ ♣❤❡♥♦♠❡♥❛✿ t❤❡
✜rst ❡①♣❧❛✐♥s t❤❡ ❜♦✉♥❝✐♥❣ ❜❛❝❦ t❤r♦✉❣❤ s♦♠❡ ❣❡♦♠❡tr✐❝❛❧ ❛r❣✉♠❡♥t❀ t❤❡ s❡❝♦♥❞ ❤✐❣❤❧✐❣❤ts
t❤❡ ♥♦t✐♦♥ ♦❢ ❡①t❡♥❞❡❞ ❱❛♥ ❆❧❧❡♥ ❜❡❧t✱ ❢r♦♠ ✇❤✐❝❤ t❤❡ ❱❛♥ ❆❧❧❡♥ ❜❡❧t ✐s ❞❡r✐✈❡❞✳
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✷✳✷✳✷✳ ❆♣♣r♦①✐♠❛t❡ r❡❝t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r ✜❡❧❞ A✳ ❲❤❛t ✐s ❝❛❧❧❡❞ ❤❡r❡ ✧❛♣♣r♦①✐♠❛t❡
r❡❝t✐✜❝❛t✐♦♥✧✱ ✐t ✐s ❛ ✭t✐♠❡ ❞❡♣❡♥❞❡♥t✮ ♦s❝✐❧❧❛t♦r② tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ zε ✭❣✐✈❡♥ ❜② ❛ ❧✐❢t✮
❛❧❧♦✇✐♥❣ t♦ ❣❡t r✐❞ ♦❢ A0✳ ❈♦♥❝r❡t❡❧②✱ ❝♦♥s✐❞❡r t✇♦ ♠❛♣s✿

Ξ : R+ × R
6 −→ R

6

(t, z) 7−→ Ξ(t, z) ,
Ξ̃ : R+ × T × R

6 −→ R
6

(t, θ, z) 7−→ Ξ̃(t, θ, z) .

❚❤❡♥✱ ❧♦♦❦ ❛t t❤❡ s②st❡♠✿

✭✷✳✷✷✮ ∂τ

(
zε
ϕε

)
(τ) =

1

ε

(
A
b

) (
ε,
τ

ε
,
ϕε
ε
, zε

)
,

(
zε
ϕε

)
(0) =

(
ziε
0

)
,

✇❤❡r❡ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ziε ✐s ❛❞❥✉st❡❞ s✉❝❤ t❤❛t Ξ(0, ziε) + ε Ξ̃(0, 0, ziε) = (y, w)✱ ❛♥❞ ✇❤❡r❡✱
❛ss✉♠✐♥❣ t❤❛t t❤❡ ♠❛tr✐① DzΞ(t, z) ✐s ✐♥✈❡rt✐❜❧❡ ❢♦r ❛❧❧ (t, z)✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s A ❛♥❞ b ❛r❡
❣✐✈❡♥ ✭❢♦r ε s♠❛❧❧ ❡♥♦✉❣❤✮ ❜② t❤❡ ❝❤❛✐♥ r✉❧❡s✿

A(ε, t, θ, z) :=
[
DzΞ(t, z) + εDzΞ̃(t, θ, z)

]−1 [
A

(
ε, θ,Ξ(t, z) + ε Ξ̃(t, θ, z)

)

−∂tΞ(t, z) − B
(
ε, θ,Ξ(t, z) + ε Ξ̃(t, θ, z)

)
∂θΞ̃(t, θ, z) − ε ∂tΞ̃(t, θ, z)

]
,

✭✷✳✷✸✮

b(ε, t, θ, z) := B
(
ε, θ,Ξ(t, z) + ε Ξ̃(t, θ, z)

)
= B0

(
Ξ(t, z)

)
+O(ε) .✭✷✳✷✹✮

❚❤❡r❡ ✐s ❛ ❧✐♥❦ ❜❡t✇❡❡♥ ✭✷✳✷✵✮ ❛♥❞ ✭✷✳✷✷✮✳ ■♥❞❡❡❞✱ ❛♥② s♦❧✉t✐♦♥ (zε, ϕε) t♦ ✭✷✳✷✷✮ ❣✐✈❡s r✐s❡
t♦ ❛ s♦❧✉t✐♦♥ (zε, φε) t♦ ✭✷✳✷✵✮✱ ❥✉st ❜② ♣♦s✐♥❣✿

✭✷✳✷✺✮ zε(τ) := Ξ
(
ε−1 τ, zε(τ)

)
+ ε Ξ̃

(
ε−1 τ, ε−1 ϕε(τ), zε(τ)

)
, φε(τ) := ϕε(τ) .

❙✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥s A ❛♥❞ b ❛r❡ s♠♦♦t❤ ✇✐t❤ r❡s♣❡❝t t♦ ε ∈ [0, 1]✱ t❤❡② ❝❛♥ ❜❡ ❡①♣❛♥❞❡❞ ✐♥
♣♦✇❡rs ♦❢ ε✱ s❛② A(ε, ·) = A0 + εA1 + ε2 A2 + · · · ❛♥❞ b(ε, ·) = b0 + ε b1 + ε2 b2 + · · · ✇✐t❤✿
✭✷✳✷✻✮ A0(t, θ, z) := DzΞ(t, z)−1

[
A0

(
θ,Ξ(t, z)

)
− ∂tΞ(t, z) − B0

(
Ξ(t, z)

)
∂θΞ̃(t, θ, z)

]
.

■♥ ✈✐❡✇ ♦❢ ✭✷✳✷✷✮✱ t❤❡r❡ ✐s ❧✐tt❧❡ ♣♦ss✐❜✐❧✐t② t♦ ❣❡t ♦♥ zε ❛ ✉♥✐❢♦r♠ ❝♦♥tr♦❧ ✐♥ ε ∈ ]0, 1]✱ ✇❤✐❝❤
❝♦✉❧❞ ❜❡ ✈❛❧✐❞ ❢♦r ❧♦♥❣ t✐♠❡s τ ∼ 1✱ ❡①❝❡♣t ✐❢ A0 ≡ 0✳ ▲♦♦❦✐♥❣ ❛t t❤❡ ♠❡❛♥ ♣❛rt ♦❢ ✭✷✳✷✻✮✱
t❤✐s ❧❛st ❝♦♥❞✐t✐♦♥ ❛♠♦✉♥ts t♦ t❤❡ s❛♠❡ t❤✐♥❣ ❛s ✐♠♣♦s✐♥❣ t❤❡ ✜rst ♠♦❞✉❧❛t✐♦♥ ❡q✉❛t✐♦♥✿

✭✷✳✷✼✮ ∂tZ̄0 − Ā0(Z̄0) = 0 , Z̄0(t) ≡ Ξ(t, z) .

❚❤❡ ♣♦s✐t✐✈✐t② ♦❢ B0(z) = c(|u|) b(y) ✐s ❣✉❛r❛♥t❡❡❞ ❜② ✭✷✳✷✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ c(·)✳ ❚❤✐s
❛❧❧♦✇s t♦ ❞✐✈✐❞❡ ❜② B0✳ ❚❤❡♥✱ ❧♦♦❦✐♥❣ ❛t t❤❡ ♦s❝✐❧❧❛t✐♥❣ ♣❛rt ♦❢ ✭✷✳✷✻✮✱ ✇❡ ❝❛♥ ❣✐✈❡ ❛ s❡♥s❡
t♦ t❤❡ ❝♦♥❞✐t✐♦♥✿

✭✷✳✷✽✮ Ξ̃(t, θ, z) = B0 ◦ Ξ(t, z)−1 (∂−1
θ A∗

0)
(
θ,Ξ(t, z)

)
.

❆ss✉♠✐♥❣ t❤❛t Ξ(t, z) ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ t❤r♦✉❣❤ ✭✷✳✷✼✮✱ t❤❡ r❡❧❛t✐♦♥ ✭✷✳✷✽✮ ❞❡t❡r♠✐♥❡s Ξ̃ ≡ Ξ̃∗

✇✐t❤♦✉t ❛♠❜✐❣✉✐t②✳ ❇② t❤❡ ✇❛②✱ ✇❡ r❡❝♦✈❡r t❤❡ ♣r❡❞♦♠✐♥❛♥❝❡ ♦❢ Ā0 ♦✈❡r A∗
0✳ ❚❤❡ ♣r♦❜❧❡♠

✐s ❛❜♦✉t ✭✷✳✷✼✮✳ ■t ✐s t♦ s❤♦✇ t❤❛t t❤❡ ❛✉t♦♥♦♠♦✉s ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭✷✳✷✼✮ ❤❛s ❣❧♦❜❛❧
❜♦✉♥❞❡❞ s♦❧✉t✐♦♥s✳ ❋♦r ❝❧❛r✐t② ❛♥❞ t♦ ❡①❤✐❜✐t ✐♠♣♦rt❛♥t ✉♥❞❡r❧②✐♥❣ ❢❡❛t✉r❡s✱ ✐t ✐s ❜❡tt❡r t♦
❞❡t❛✐❧ t❤❡ t❤r❡❡ ✐♥t❡r♠❡❞✐❛t❡ ❝❤❛♥❣❡s Ξ1(z)✱ Ξ2(z) ❛♥❞ Ξ3(t, z) ❧❡❛❞✐♥❣ t♦✿

✭✷✳✷✾✮ Ξ(t, z) := Ξ1 ◦ Ξ2 ◦ Ξ3(t, z) .

❚❤❡r❡ ✇✐❧❧ ❜❡ ❛ P❛r❛❣r❛♣❤ ❞❡✈♦t❡❞ t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❡❛❝❤ ❝❤❛♥❣❡ Ξj ✱ ❢♦r j ∈ {1, 2, 3}✳
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✷✳✷✳✸✳ ❚❤❡ ❛✉t♦♥♦♠♦✉s ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s Ξ1(z)✳ ❯s❡ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s ✇✐t❤ r❛❞✐❛❧
❞✐st❛♥❝❡ u✱ ❛③✐♠✉t❤ ❛♥❣❧❡ ς ❛♥❞ ♣♦❧❛r ❛♥❣❧❡ a t♦ r❡♣r❡s❡♥t t❤❡ ✈❡❧♦❝✐t② ✈❡❝t♦r u ❛❝❝♦r❞✐♥❣
t♦ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ u = t(u‖, u⊥) ✇✐t❤ u‖ ≡ u1 ∈ R✱ u⊥ ≡ t(u2, u3) ∈ R

2✱ ❛♥❞✿

✭✷✳✸✵✮ u‖ := u cos ς , u⊥ = u sin ς t(cos a, sin a) , (ς, u, a) ∈ R × R
∗
+ × R .

❙✐♠✐❧❛r❧②✱ ❞❡❝♦♠♣♦s❡ w = t(w‖, w⊥) ✇✐t❤ w‖ ≡ w1 ∈ R ❛♥❞ w⊥ ≡ t(w2, w3) ∈ R
2 ✐♥t♦✿

✭✷✳✸✶✮ w‖ := w cos ςw , w⊥ = w sin ςw
t(cos aw, sin aw) , (ςw,w, aw) ∈ R×R

∗
+ ×R .

❉❡✜♥✐t✐♦♥ ✷✳✷✳ ❬❞❡✜♥✐t✐♦♥ ♦❢ Ξ1❪ ❚❛❦❡ z = t(y, ς, u, a) ❛♥❞ ❞❡✜♥❡✿

Ξ1(z) = t(Ξ1
1,Ξ

2
1,Ξ

3
1,Ξ

4
1,Ξ

5
1,Ξ

6
1)(z) := ( y1 , y2 , y3 , u cos ς , u sin ς cos a , u sin ς sin a ) .

❯♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ Ξ1✱ t❤❡ ✐❞❡♥t✐t② ✭✷✳✷✻✮ r❡❞✉❝❡s t♦✿

✭✷✳✸✷✮ A0(θ, z) = DzΞ1(z)
−1 A0

(
θ,Ξ1(z)

)
, Ā0(z) = DzΞ1(z)

−1 Ā0

(
Ξ1(z)

)
,

❛♥❞ t❤❡ ❡q✉❛t✐♦♥ ✭✷✳✷✼✮ ✐s tr❛♥s❧❛t❡❞ ✐♥t♦✿

✭✷✳✸✸✮ ∂tZ̄0 − Ā0(Z̄0) = 0 , Z̄0(0) = Z̄s1i0 := (y, ςw,w, aw) , Z̄0 = Ξ1(Z̄0) .

❲❡ ❤❛✈❡ ❛❧s♦✿

✭✷✳✸✹✮ A(ε, θ, z) = DzΞ1(z)
−1 A

(
ε, θ,Ξ1(z)

)
= A0(θ, z) + εA1(θ, z) ,

❛♥❞ ✇❡ ❝❛♥ ♦❜t❛✐♥✿

✭✷✳✸✺✮




A1

0

A2

0

A3

0


(θ, z) = u




d1(y) cos ς
d2(y) cos(θ + a) sin ς
d3(y) sin(θ + a) sin ς


 ,




Ā1

0

Ā2

0

Ā3

0


(z) = u



d1(y) cos ς

0
0


 .

❋r♦♠ ❛❜♦✈❡✱ ✇❡ ❞❡❞✉❝❡ t❤❛t Z̄2
0 ❛♥❞ Z̄3

0 ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t✳ ❚❤✐s ✐s ✐♥ ❝♦❤❡r❡♥❝❡ ✇✐t❤ ❬✹❪

❛♥❞ ❣②r♦❦✐♥❡t✐❝ t❤❡♦r② ❬✺❪✳ ❲❡ r❡❝♦✈❡r ❤❡r❡ t❤❛t t❤❡ ♠❛✐♥ s♣❛t✐❛❧ ❡✛❡❝t ✭✐♥ ♣♦s✐t✐♦♥ x ∈ Õ✮
❞✉r✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ t✐♠❡s ✭t ∼ 1✮ ✐s ❛ ❞r✐❢t ❛❧♦♥❣ t❤❡ ✜❡❧❞ ❧✐♥❡s✳

▲❡♠♠❛ ✷✳✸✳ ❬❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣②❪ ❆ss✉♠❡ t❤❛t E ≡ 0✳ ❚❤❡♥✱ t❤❡ q✉❛♥t✐t✐❡s
|vε|✱ |wε|✱ |uε| ♦r uε ❛r❡ ❝♦♥st❛♥t ❢♦r ❛❧❧ t✐♠❡s τ ∈ R+✱ ❡q✉❛❧ t♦ |v| = |w| = w✳

Pr♦♦❢✳ ❚❤❡ ❉❡✜♥✐t✐♦♥ ✷✳✸✵ ♦❢ uε s❛②s t❤❛t uε = |uε|✳ ❙✐♥❝❡ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s ❛❧❧♦✇✐♥❣ t♦
♣❛ss ❢r♦♠ vε t♦ wε✱ ❛♥❞ t❤❡♥ ❢r♦♠ wε t♦ uε✱ ❛r❡ ♦rt❤♦❣♦♥❛❧✱ ✇❡ ✜♥❞ t❤❛t✿

|vε|2 = |O ◦ y(xε) vε|2 = |wε|2 = |eφε Λ/ε uε|2 = |uε|2 = u2
ε .

■t s✉✣❝❡s t♦ ❛r❣✉❡ ❛t t❤❡ ❧❡✈❡❧ ♦❢ vε✳ ❋r♦♠ ✭✶✳✺✮ ❛♥❞ ✭✶✳✻✮✱ ✇❡ ❣❡t✿

∂τ |vε|2 = 2 vε · Ñ (vε, 0, B) = 2 (1 − |vε|2)1/2 vε · (vε ×B) = 0 . �

❚❤❡ tr❛❞✉❝t✐♦♥ ❛t t❤❡ ❧❡✈❡❧ ♦❢ ✭✷✳✸✸✮ ♦❢ t❤✐s r❡s✉❧t ✷✳✸ ✐s t❤❛t Z̄5
0(t) = w ❢♦r ❛❧❧ t ∈ R

∗
+✱ ♦r

❡q✉✐✈❛❧❡♥t❧② t❤❛t A5(ε, ·) ≡ 0✱ t❤❛t ✐s A5
0(·) ≡ 0 ❛♥❞ A5

1(·) ≡ 0✳ ◆♦✇✱ ✇❤❡♥ E 6≡ 0✱ t❤❡
♣r♦♦❢ ✐♥❞✐❝❛t❡s t❤❛t ∂t|vε|2 = O(ε)✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣②
r❡♠❛✐♥s tr✉❡ ❛t t❤❡ ♠❛✐♥ ♦r❞❡r ε0✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ st✐❧❧ ❤❛✈❡ A5

0 ≡ 0✱ ❛s ❝♦♥✜r♠❡❞
❜② ❛ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✳ ❇② ❝♦♥str✉❝t✐♦♥✿

✭✷✳✸✻✮

(
A4

0

A6

0

)
(θ, z) = c(u)

(
−B2

1
sin(θ + a) +B3

1
cos(θ + a)

− cotan ς
[
B2

1
cos(θ + a) +B3

1
sin(θ + a)

]
)
.
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■♥ ✭✷✳✸✻✮✱ t❤❡r❡ ✐s s♦♠❡ ❤✐❞❞❡♥ ❞❡♣❡♥❞❡♥❝❡ ✐♥ θ ❜❡❝❛✉s❡✱ ✐♥ ✈✐❡✇ ♦❢ ✭✷✳✶✺✮✱ t❤❡ ❢✉♥❝t✐♦♥s
B2

1(y, w) ❛♥❞ B3
1(y, w) ♠✉st ❜❡ ❡✈❛❧✉❛t❡❞ ❛t t❤❡ ♣♦✐♥t w = eθΛ u✳ ❚❛❦✐♥❣ t❤✐s r❡♠❛r❦ ✐♥t♦

❛❝❝♦✉♥t ❛♥❞ ❛✈❡r❛❣✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥s A4
0 ❛♥❞ A6

0 ✇✐t❤ r❡s♣❡❝t t♦ θ ❣✐✈❡s r✐s❡ t♦✿

✭✷✳✸✼✮

(
Ā4

0

Ā6

0

)
(z) = u c(u)

(
sin ς C (y)
cos ς E (y)

)
,

C (y) := [(d2 ∂y2
tr2 + d3 ∂y3

tr3) · r1](y)/2 ,
E (y) := [(d2 ∂y2

tr3 − d3 ∂y3
tr2) · r1](y)/2 .

❈♦♥s✐❞❡r t❤❡ s✉r❢❛❝❡s S k
c := {x ∈ Õ ; yk(x) = c}✱ ✇✐t❤ k ∈ {1, 2, 3}✳

▲❡♠♠❛ ✷✳✹✳ ❬❣❡♦♠❡tr✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts C ❛♥❞ E ❪ ❲❡ ❤❛✈❡ E (y) = 0✳
▼♦r❡♦✈❡r✱ C (y) ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ s✉r❢❛❝❡ S 1

y1 ✱ ❝♦♠♣✉t❡❞ ❛t t❤❡ ♣♦✐♥t

x s✉❝❤ t❤❛t y(x) = y✳

Pr♦♦❢✳ ▲❡t γj ❜❡ s♦♠❡ ✐♥t❡❣r❛❧ ❝✉r✈❡ ♦❢ rj ✳ ■t ❝❛♥ ❜❡ ♣❛r❛♠❡tr✐③❡❞ ❜② yj ♦r ❜② ✐ts ❛r❝
❧❡♥❣t❤ s✱ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞❛♥❝❡ dj ∂yj ≡ ∂s✳ ❇② ❉✉♣✐♥✬s t❤❡♦r❡♠✱ γj ✐s ♥❡❝❡ss❛r✐❧② ❛ ❧✐♥❡

♦❢ ❝✉r✈❛t✉r❡ ❢♦r t❤❡ s✉r❢❛❝❡s S k
c ✇✐t❤ k 6= j✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡ q✉❛♥t✐t✐❡s (dj ∂yj

trj · r1)(y)
✇✐t❤ j ∈ {2, 3} ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s ♦❢ t❤❡ s✉r❢❛❝❡ S 1

y1 ✱ ❝♦♠♣✉t❡❞ ❛t

t❤❡ ♣♦✐♥t x s✉❝❤ t❤❛t y(x) = y✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡s❡ t✇♦ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s✱
t❤❛t ✐s C (y)✱ ✐s t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ♦❢ S 1

y1 ❛t y−1(y)✳

❆♥♦t❤❡r ❛r❣✉♠❡♥t ♣r❡✈❛✐❧s ❝♦♥❝❡r♥✐♥❣ E ✳ ❚❤❡ q✉❛♥t✐t✐❡s d2 (∂y2
tr3) · r1 ❛♥❞ (d3 ∂y3

tr2) · r1
❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s t❤❡ t✇♦ ❡①tr❛✲❞✐❛❣♦♥❛❧ t❡r♠s ♦❢ t❤❡ ●❛✉ss ♠❛♣ Γ : S 1

c −→ S
2✳ ❉✉❡ t♦

t❤❡ s②♠♠❡tr② ♦❢ t❤❡ ❲❡✐♥❣❛rt❡♥ ❡♥❞♦♠♦r♣❤✐s♠✱ ✇❡ ❛r❡ s✉r❡ t❤❛t E ≡ 0✳ �

❋r♦♠ ✭✷✳✸✸✮✱ ✐t ❢♦❧❧♦✇s t❤❛t Z̄0(t, y, w) s❛t✐s✜❡s✿

✭✷✳✸✽✮ Z̄2
0 = y2 , Z̄3

0 = y3 , Z̄5
0 = w , Z̄6

0 = aw , ∀ t ∈ R ,

t♦❣❡t❤❡r ✇✐t❤ ❛ ♣❧❛♥❛r ♠♦t✐♦♥ ❞✐r❡❝t❡❞ ❜②✿

✭✷✳✸✾✮

{
∂tZ̄

1
0 = w d1(Z̄1

0, y
2, y3) cos Z̄4

0 , Z̄1
0(0) = y1 ,

∂tZ̄
4
0 = w c(w) C (Z̄1

0, y
2, y3) sin Z̄4

0 , Z̄4
0(0) = ςw .

✷✳✷✳✹✳ ❚❤❡ r❡❞✉❝❡❞ ❤❛♠✐❧t♦♥✐❛♥✳ ❇② s❤r✐♥❦✐♥❣ t❤❡ s✐③❡ ♦❢ O ✐❢ ♥❡❝❡ss❛r②✱ ✇❡ ❝❛♥ ❛❧✇❛②s
❛ss✉♠❡ t❤❛t t❤❡ ❞♦♠❛✐♥ O ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

✭✷✳✹✵✮ O =
{
y = t(y1, y2, y3) = t(y1, ŷ) ; y1 ∈ ]y1

−(ŷ), y1
+(ŷ)[ , ŷ := (y2, y3) ∈ Ô

}
.

■♥ ✭✷✳✹✵✮✱ ✇❡ ❛ss✉♠❡ t❤❛t✿

❚❤❡ s❡t Ô ⊂ R
2 ✐s ♦♣❡♥ ❛♥❞ ❜♦✉♥❞❡❞ ,✭✷✳✹✶❛✮

❚❤❡ ❢✉♥❝t✐♦♥s y
1
± ∈ C∞(Ô; R) ❛r❡ s✉❝❤ t❤❛t y

1
− ≤ y

1
+ .✭✷✳✹✶❜✮

❆ss✉♠♣t✐♦♥ ✷✳✷✳ ❬♠❡❛♥ ❝✉r✈❛t✉r❡ ✇✐t❤ ❛ ✉♥✐q✉❡ ♦r✐❡♥t❡❞ ❝❤❛♥❣❡ ♦❢ s✐❣♥❪ ❚❤❡ s❡t O ❝❛♥

❜❡ ❞❡s❝r✐❜❡❞ ❛s ✐♥ ✭✷✳✹✵✮✲✭✷✳✹✶✮✱ ❛♥❞ t❤❡r❡ ✐s ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ y
1
0 : Ô −→ R s✉❝❤ t❤❛t t❤❡

③❡r♦ s❡t ♦❢ C ✐s ❣✐✈❡♥ ❜② t❤❡ ❣r❛♣❤ ♦❢ y
1
0✳ ■♥ ♦t❤❡r ✇♦r❞s✿

✭✷✳✹✷✮ C
−1(0) =

{
y ; C (y) = 0

}
=

{ (
y
1
0(ŷ), ŷ

)
; ŷ ∈ Ô

}
.

▼♦r❡♦✈❡r✱ t❤❡ s✐❣♥ ♦❢ C (·) ❝❤❛♥❣❡s ❢r♦♠ − t♦ + ✇❤❡♥ ❝r♦ss✐♥❣ C−1(0) ✿

✭✷✳✹✸✮ ∂y1C
(
y
1
0(ŷ), ŷ

)
> 0 , ∀ ŷ ∈ Ô .



✶✽ ❈❍✳ ❈❍❊❱❊❘❘❨

◦ ❆♣♣❧✐❝❛t✐♦♥ ✷ ❬❝❤❛♥❣❡ ♦❢ s✐❣♥ ❛❧♦♥❣ t❤❡ ❡q✉❛t♦r✐❛❧ ♣❧❛♥❡❪✳ ❋♦r k ∈ {1, 2, 3}✱ ✐♥tr♦❞✉❝❡ t❤❡
s✉r❢❛❝❡s S k

ec := {x ∈ Õe ; yke (x) = c}✳ ▲❡t Ce(y) ❜❡ t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ s✉r❢❛❝❡ S 1
ec✱

❝♦♠♣✉t❡❞ ❛t t❤❡ ♣♦✐♥t x s✉❝❤ t❤❛t ye(x) = y✳

▲❡♠♠❛ ✷✳✺✳ ❚❤❡ ❢✉♥❝t✐♦♥ Ce(·) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ✈❛r✐❛❜❧❡ y3✳ ■t ✐s ❣✐✈❡♥ ❜②✿

✭✷✳✹✹✮ Ce(y
1, y2) =

3

2

[
1+3 (R2 y1)2

]−3/2 [
3+5 (R2 y1)2

]
Ry1 , R := (ρ2+z2)1/2 ,

✇✐t❤ R ❛s ✐♥ ✭✷✳✶✷✮✳ ❆ss✉♠♣t✐♦♥ ✷✳✷ ✐s ✈❡r✐✜❡❞ ✇✐t❤ y
1
e0 ≡ 0✳ ❋♦r ❛❧❧ y2 ∈ R

∗
−✱ t❤❡ ♣❛rt✐❛❧

❛♣♣❧✐❝❛t✐♦♥ Ce(·, y2) ✐s ♦❞❞ ♦♥ R✱ ❛♥❞ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ R
∗
+✳

Pr♦♦❢✳ ❙✐♥❝❡ t❤❡ s❡t S 1
ec ✐s ❛ s✉r❢❛❝❡ ♦❢ r❡✈♦❧✉t✐♦♥ ✇✐t❤ ❛①✐s De✱ t❤❡ ❢✉♥❝t✐♦♥ Ce(·) ❞♦❡s ♥♦t

❞❡♣❡♥❞ ♦♥ y3✳ ❚❤❡ ✐❞❡♥t✐t② ✭✷✳✹✹✮ ❝♦♠❡s ❢r♦♠ ❛ ❝♦♠♣✉t❛t✐♦♥ ❜❛s❡❞ ♦♥ ✭✷✳✾✮ ❛♥❞ ♦♥ t❤❡
❝❧❛ss✐❝❛❧ ✐❞❡♥t✐t② Ce(y) = − 2−1 (divx r̃

1
e) ◦ y−1(y)✳ ▲❡t a := R2 y1✳ ❊①♣❧♦✐t t❤❡ r❡❧❛t✐♦♥

✭✷✳✶✷✮ t♦ ❡①tr❛❝t✿

∂y1Ce(y) =
3

2

{
2 a2 G′(a2) +

1 + a2

1 − a2
G(a2)

} R2
√
−y2

1 + 3 (y1)2R4
, G(λ) :=

(3 + 5λ)

(1 + 3λ)3/2
.

❚❤❡ q✉❛♥t✐t② ✇✐t❤✐♥ t❤❡ ❜r❛❝❦❡ts ✐s ♣♦s✐t✐✈❡✱ s♦ t❤❛t ∂y1Ce(y) > 0 ✇✐t❤ ✐♥ ♣❛rt✐❝✉❧❛r✿

✭✷✳✹✺✮ ∂y1Ce(0, y
2) = 9

2 (−y2)1/2 > 0 , ∂2
y1y2Ce(0, y

2) = 9
4 (−y2)3/2 > 0 , ∀ y2 ∈ R

∗
− . �

■t ✐s ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ ❤♦✇ t♦ ❞❡r✐✈❡ ❆ss✉♠♣t✐♦♥ ✷✳✷ ❢r♦♠ ❣❡♦♠❡tr✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s✳ ■♥
✈✐❡✇ ♦❢ ✭✷✳✾✮✱ t❤❡ s✉r❢❛❝❡ S 1

e0 ✐s t❤❡ ♣❧❛♥❡ {z = 0}✳ ❚❤✐s ❣✐✈❡s C−1
e (0) ⊃ {z = 0}✳ ❲❤❡♥

c 6= 0✱ t❤❡ s✉r❢❛❝❡ S 1
ec ❤❛s ❡✈❡r②✇❤❡r❡ t✇♦ ♥♦♥✲③❡r♦ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s ♦❢ t❤❡ s❛♠❡ s✐❣♥✱

❛♥❞ t❤❡r❡❢♦r❡ ❡✈❡r②✇❤❡r❡ ❛ ♥♦♥✲③❡r♦ ♠❡❛♥ ❝✉r✈❛t✉r❡✳ ❚❤✐s ❢✉r♥✐s❤❡s ✭✷✳✹✷✮ ✇✐t❤ y
1
0 ≡ 0✳

▼♦r❡♦✈❡r✱ t❤❡ s✉r❢❛❝❡ S 1
ec ✐s t❤❡ ♠✐rr♦r ✐♠❛❣❡ ♦❢ S 1

e−c ❢♦r t❤❡ r❡✢❡❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
♣❧❛♥❡ S 1

e0✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t Ce(·, y2) ✐s ❛♥ ♦❞❞ ❢✉♥❝t✐♦♥✳ ❚❤❡ ❝♦♥✈❡♥t✐♦♥ ❛❞♦♣t❡❞ ❛❜♦✉t t❤❡
♦r✐❡♥t❛t✐♦♥ ✐♠♣❧✐❡s t❤❛t y1 7→ Ce(y

1, y2) ✐s ✐♥❝r❡❛s✐♥❣✱ ❡①♣❧❛✐♥✐♥❣ t❤❡ s✐❣♥ ✐♥ ✭✷✳✹✸✮✳ ◦
❉❡✜♥✐t✐♦♥ ✷✳✸✳ ■♥tr♦❞✉❝❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s✿

✭✷✳✹✻✮
P1 : O −→ R

y −→
∫ y1

y
1

0
(ŷ)

C (s,ŷ)
d1(s,ŷ) ds ,

P2 : ]0, π[×]0, 1[ −→ R

(ς, u) −→ − ln (sin ς)
c(u) .

❚❤❡ s✉♠ H ♦❢ P1 ❛♥❞ P2 ✐s ❝❛❧❧❡❞ t❤❡ r❡❞✉❝❡❞ ❤❛♠✐❧t♦♥✐❛♥✿

✭✷✳✹✼✮ H(z) := P1(y)+P2(ς, u) =
∫ y1

y
1

0
(ŷ)

C (s,ŷ)
d1(s,ŷ) ds−

ln (sin ς)

c(u)
, z = t(y, ς, u, a) .

■♥ ❝♦♥tr❛st ✇✐t❤ t❤❡ ❢✉❧❧ ❤❛♠✐❧t♦♥✐❛♥ ❛ss♦❝✐❛t❡❞ t♦ ✭✶✳✺✮✱ t❤❡ ❢✉♥❝t✐♦♥ H ✐s r❡❧❛t❡❞ t♦ t❤❡
♠♦❞✉❧❛t✐♦♥ ❡q✉❛t✐♦♥ ✭✷✳✷✼✮✳ ▲❡♠♠❛ ✷✳✻ ❜❡❧♦✇ s❛②s t❤❛t ✐t ❣♦✈❡r♥s ✇❤❛t ❤❛♣♣❡♥s ❛t ❧❡❛❞✐♥❣
♦r❞❡r ❞✉r✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ t✐♠❡s t ∼ 1✳ ❚❤✐s ✐s ✇❤② H ✐s ❝❛❧❧❡❞ t❤❡ r❡❞✉❝❡❞ ❤❛♠✐❧t♦♥✐❛♥✳

▲❡♠♠❛ ✷✳✻✳ ❋✐① (ŷ,w) ∈ Ô×]0, 1[✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ H(·, y2, y3, ·,w) ♣❧❛②s t❤❡ ♣❛rt ♦❢ ❛♥
❡♥❡r❣② ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ♣❧❛♥❛r ♠♦t✐♦♥ ✭✷✳✸✾✮✱ ♠❡❛♥✐♥❣ t❤❛t✿

✭✷✳✹✽✮ ∂t(H ◦ Z̄0)(t, y, w) = 0 , ∀ (t, y, w) ∈ R+ ×O .
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Pr♦♦❢✳ ❏✉st ❝♦♠♣✉t❡✿

∂t(H ◦ Z̄0) = (∂y1P1)(Z̄
1
0, y

2, y3) ∂tZ̄
1
0 + (∂ςP2)(Z̄

4
0,w) ∂tZ̄

4
0 ,

❛♥❞ ✉s❡ ✭✷✳✸✽✮✱ ✭✷✳✸✾✮ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ P1 ❛♥❞ P2 t♦ ✜♥❞ 0✳ �

❙❡❧❡❝t u ∈]0, 1[✳ ❚❤❡ ♣❛rt✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ P2(·, u) : ]0, π[−→ R ✐s str✐❝t❧② ❝♦♥✈❡①✳ ■t ❤❛s ❛
❣❧♦❜❛❧ ♠✐♥✐♠✉♠ ❛t ς = π/2✱ ✇✐t❤ P2(π/2, u) = 0✳ ❚❤✐s ✐s ❛ ♣♦t❡♥t✐❛❧ ✇❡❧❧✳ ❉❡✜♥❡✿

✭✷✳✹✾✮ g(ς, u) := sgn
(
ς− π

2

) ( | ln (sin ς)|
c(u)

)1/2
, g2 ≡ P2 , (ς, u) ∈ ]0, π[×]0, 1[ .

❚❤❡ ❢✉♥❝t✐♦♥ g(·, u) : ]0, π[−→ R ✐s s♠♦♦t❤ ❛♥❞ str✐❝t❧② ✐♥❝r❡❛s✐♥❣✳ ■ts ✐♥✈❡rs❡ ✐s ❞❡♥♦t❡❞
❜② g−1

u ✳ ◆♦✇ ✇❤❛t ❛❜♦✉t P1 ❄ ❚❤❡ str✉❝t✉r❡ ♦❢ P1 ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ d1 ❛♥❞ C ✳
❚❤❡ ❝♦♥❞✐t✐♦♥ ✭✷✳✷✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✷✳✸✮ ✐♠♣❧② t❤❛t d1 > 0✳ ❚❤✉s✱ ❛❧❧ ❝♦♥✜♥❡♠❡♥t ❛♥❞
❣❡♦♠❡tr✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✢♦✇ ✭✷✳✸✾✮ ❛r❡ ❡♥❝♦❞❡❞ ✐♥ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ C ✳

▲❡♠♠❛ ✷✳✼✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✷✳✷✱ ❢♦r ❛❧❧ ŷ ∈ Ô✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ P1(·, ŷ) ✐s ❛ ♣♦t❡♥t✐❛❧
✇❡❧❧✳ ❚❤❡r❡ ✐s ❛ s♠♦♦t❤ ❛♥❞ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ f(·, ŷ) : ]y1

−, y
1
+[−→ R✱ ✇✐t❤ ✐♥✈❡rs❡

❞❡♥♦t❡❞ ❜② f−1
ŷ ✱ s✉❝❤ t❤❛t f2 ≡ P1 ❛♥❞✿

✭✷✳✺✵✮ ∂y1f(y) > 0 , f
(
y
1
0(ŷ), ŷ

)
= 0 , y = (y1, ŷ) ∈ ]y1

−(ŷ), y1
+(ŷ)[×Ô .

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥✿

P1

(
y
1
0(ŷ), ŷ

)
= 0 , (∂y1P1)(y) = d1(y)−1 C (y) , d1(y) > 0 , ∀ y ∈ O .

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✷✳✹✷✮ ❛♥❞ ✭✷✳✹✸✮✱ ✇❡ ✜♥❞ t❤❛t✿

(∂y1P1)
(
y
1
0(ŷ), ŷ

)
= 0 , (∂2

y1y1P1)
(
y
1
0(ŷ), ŷ

)
= d1

(
y
1
0(ŷ), ŷ

)−1
(∂y1C )

(
y
1
0(ŷ), ŷ

)
> 0 .

❏✉st t❛❦❡ f(y) := sgn
(
y1 − y

1
0(ŷ)

)
P1(y)

1/2✳ �

❚❤❡ ❢✉♥❝t✐♦♥ H = f2 + g2 ❤❛s ❛ str✐❝t ♠✐♥✐♠✉♠ ❡q✉❛❧ t♦ ③❡r♦✱ ❛t (y1, ς) = (y1
0,
π
2 )✳ ❚❤❡

❧❡✈❡❧ ❝✉r✈❡s ♦❢ H ❛r❡ ✐♥✈❛r✐❛♥t s❡ts ❢♦r ✭✷✳✸✾✮✱ ❞✐✛❡♦♠♦r♣❤✐❝ t♦ ❛ ❢❛♠✐❧② ♦❢ ❝♦♥❝❡♥tr✐❝ ❝✐r❝❧❡s✳
❚❤✐s ✐♥❞✐❝❛t❡s t❤❛t t❤❡ tr❛❥❡❝t♦r✐❡s ❛r❡ ♣❡r✐♦❞✐❝✳ ❚❤✐s ✇✐❧❧ ❜❡ ❝♦♥✜r♠❡❞ ❢✉rt❤❡r✳

◦ ❆♣♣❧✐❝❛t✐♦♥ ✸ ❬r❡❛s♦♥ ♦❢ t❤❡ ❜♦✉♥❝✐♥❣ ❜❛❝❦❪ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❧❛♥❛t✐♦♥
❤❛s ♥♦t ②❡t ❜❡❡♥ ♣r♦❞✉❝❡❞ ✐♥ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ ❙t❡♣ ✭P✷✮✳ ❚❤✐s ✐s ✇❤② ✐t ✐s ♣✉t ❢♦r✇❛r❞✳

▼❛t❤❡♠❛t✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ✶ ✭♦❢ t❤❡ ❜♦✉♥❝✐♥❣ ❜❛❝❦✮✳ ❚❤❡ ♣❛rt✐❝❧❡s ❜♦✉♥❝❡ ❜❛❝❦ ❛♥❞
❢♦rt❤ ❜❡t✇❡❡♥ t✇♦ ♠✐rr♦r ♣♦✐♥ts ❜❡❝❛✉s❡ t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ Ce(·, y2) ♦❢ t❤❡ s✉r❢❛❝❡s ✇❤✐❝❤
❛r❡ ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ✜❡❧❞ ❧✐♥❡s ❝❤❛♥❣❡s ✐ts s✐❣♥ ❛❧♦♥❣ t❤❡ ✜❡❧❞ ❧✐♥❡s Fl(y2, y3)✳ ◦
❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇✐❧❧ ✇♦r❦ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✷✳✷✱ ✇✐t❤ ❡♥❡r❣② ❧❡✈❡❧s H(z) ❜❡❧♦✇ h(ŷ)2

✇❤❡r❡ h ∈ C∞(Ô; R+) ✐s s✉❝❤ t❤❛t✿

✭✷✳✺✶✮ 0 ≤ h(ŷ) < min
(

lim sup
y1 → y

1
−(ŷ)

|f(y1, ŷ)| ; lim sup
y1 → y

1
+(ŷ)

f(y1, ŷ)
)
.

■♥ ✈✐❡✇ ♦❢ ✭✷✳✸✾✮✱ t❤❡ ❛♠♣❧✐t✉❞❡ u ♦❢ u ✐♥✢✉❡♥❝❡s t❤❡ s♣❡❡❞s ❛t ✇❤✐❝❤ t❤❡ tr❛❥❡❝t♦r✐❡s ❛r❡
tr❛✈❡rs❡❞✳ ❉✉❡ t♦ t❤❡ r❡❧❛t✐✈✐st✐❝ ❝♦rr❡❝t✐♦♥ c(u) ✐♥ ✭✷✳✹✼✮✱ ✐t ❛❧s♦ ♠♦❞✐✜❡s t❤❡ ❢♦r♠ ♦❢ t❤❡
tr❛❥❡❝t♦r✐❡s✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ P1 ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ u✱ t❤❡ ♣r♦❥❡❝t✐♦♥s ✐♥ ♣♦s✐t✐♦♥ ♦❢ t❤❡
tr❛❥❡❝t♦r✐❡s ❛r❡ ♥♦t ❛✛❡❝t❡❞ ❜② ❝❤❛♥❣❡s ✐♥ t❤❡ ✈❛❧✉❡s ♦❢ u✳
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❲❤❡♥ u = 0 ♦r ✇❤❡♥ He(z) = 0✱ t❤❡ ♣❛rt✐❝❧❡ ✐s st❛t✐♦♥❛r②✳ ❚❤✐s s✐t✉❛t✐♦♥ ❤❛s ♥♦ ❞②♥❛♠✐❝❛❧
✐♥t❡r❡st✳ ■t ❝❛♥ ❜❡ ❛✈♦✐❞❡❞ t❤r♦✉❣❤ t❤❡ t✇♦ ❝♦♥❞✐t✐♦♥s 0 < um ≤ u ❛♥❞ 0 < Hm ≤ He(z)✱
✐♠♣♦s❡❞ ❢♦r s♦♠❡ um ∈ ]0, 1[ ❛♥❞ ❢♦r s♦♠❡ Hm ∈ R

∗
+✳ ❚❤❡ ❝❛s❡ u = 1 ✐s ❛❧s♦ ♥♦t ♣❡rt✐♥❡♥t✱

❜❡❝❛✉s❡ ❡✈❡♥ t❤❡ ♠♦st ❡♥❡r❣❡t✐❝ ♣❛rt✐❝❧❡s ✇❤✐❝❤ ❛r❡ ✐♠♣❧✐❡❞ ♠♦✈❡ ❜❡❧♦✇ t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t✳
❲❡ ✇✐❧❧ ✐♠♣♦s❡ u ≤ uM < 1 ❢♦r s♦♠❡ uM ✇✐t❤ um < uM < 1✳ ❆❧❧ t❤✐s ❛♠♦✉♥ts t♦ ❢♦❝✉s ♦♥
❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ♦❢ t❤❡ ♣❤❛s❡ s♣❛❝❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t②♣❡✿

✭✷✳✺✷✮
O ≡ O(h) :=

{
z ; z = t(y1, ŷ, ς, u, a) , ŷ = t(y2, y3) ∈ Ô ,

0 < Hm ≤ H(z) < h(ŷ)2 , 0 < um < u < uM < 1
}
.

❈♦♠✐♥❣ ❜❛❝❦ ✐♥ t❤❡ ✈❛r✐❛❜❧❡s (y, u)✱ ❛♥❞ t❤❡♥ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ✈❛r✐❛❜❧❡s (x, v)✱ ✇❡ ❣❡t✿

✭✷✳✺✸✮ Ω :=
{
Ξ1(z) ; z ∈ O

}
, Ω̃ :=

{
(x, v) ;

(
y(x), O ◦ y(x) v

)
∈ Ω

}
.

❚❤❡ s❡t Ω̃ ✐s t❤❡ ❞♦♠❛✐♥ ❛❧❧✉❞❡❞ ✐♥ ❚❤❡♦r❡♠ ✶✳ ■♥tr♦❞✉❝❡ ❛❧s♦✿

✭✷✳✺✹✮ Ǒ :=
{

ž = t(h, ŷ, u) ; 0 ≤ h < h(ŷ) , ŷ ∈ Ô , um < u < uM
}
.

◦ ❆♣♣❧✐❝❛t✐♦♥ ✹ ❬❞r❛✇✐♥❣ t❤❡ s❤❛♣❡ ♦❢ ❱❛♥ ❆❧❧❡♥ ❜❡❧ts❪✳ ❈♦♥s✐❞❡r ❛ ♣❛rt✐❝❧❡ st❛rt✐♥❣ ❛t t✐♠❡

t = 0 ❢r♦♠ t❤❡ ♣♦s✐t✐♦♥ (y, w)✳ ❉❡✜♥❡ h :=
√
He(y, w)✳ ❉✉r✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ t✐♠❡s✱ t❤❡

tr❛❥❡❝t♦r② ♦❢ t❤✐s ♣❛rt✐❝❧❡ ✐s ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ❜② ž = t(h, ŷ,w)✳ ❚❤❡ ✈❛❧✉❡ ♦❢ H ✐s
❝♦♥st❛♥t ❛❧♦♥❣ t❤❡ ♠♦t✐♦♥✱ ❡q✉❛❧ t♦ h2✱ ❜✉t t❤❡ ✈❛❧✉❡s ♦❢ Pe1 ❛♥❞ Pe2 ❛r❡ ♥♦t✳

❚❤❡ ♣♦t❡♥t✐❛❧ ✇❡❧❧ Pe1(·, y2) ✐s ♠❛①✐♠❛❧ ✇❤❡♥ |y1| r❡❛❝❤❡s ✐ts ♠❛①✐♠✉♠ ✈❛❧✉❡ ❛❧♦♥❣ t❤❡
tr❛❥❡❝t♦r②✳ ❚❤✐s ♦❝❝✉rs ✇❤❡♥ y1 = ±y1

m(y2)✱ ✇✐t❤ y1
m ❛❞❥✉st❡❞ s✉❝❤ t❤❛t y1

m(y2) = f−1
ey2

(h)✳

❚❤✐s ✐s ✇❤❡♥ Z̄1
0(t) = ±y1

m✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ Z̄4
0(t) = π/2✳ ❆t t❤✐s t✐♠❡ t✱ t❤❡r❡ ✐s ♥♦ ❞r✐❢t

❛❧♦♥❣ t❤❡ ✜❡❧❞ ❧✐♥❡ Fl(y2, y3)✳ ❚❤❡ ♣❛rt✐❝❧❡ ✐s ❜♦✉♥❝✐♥❣ ❜❛❝❦✳

❚❤❡ ♣♦t❡♥t✐❛❧ ✇❡❧❧ Pe2(·,w) ✐s ♠❛①✐♠❛❧ ✇❤❡♥ |ς−π/2| r❡❛❝❤❡s ✐ts ♠❛①✐♠✉♠ ✈❛❧✉❡ ❛❧♦♥❣ t❤❡
tr❛❥❡❝t♦r②✳ ❚❤✐s ♦❝❝✉rs ✇❤❡♥ ς = ςm ✭♠♦❞✉❧♦ π✮✱ ✇✐t❤ ςm ❛❞❥✉st❡❞ s✉❝❤ t❤❛t ςm := g−1

w (h)✳
❚❤✐s ❤❛♣♣❡♥s ✇❤❡♥ Z̄1

0(t) = 0✱ t❤❛t ✐s ✇❤❡♥ t❤❡ ♣❛rt✐❝❧❡ ❝r♦ss❡s t❤❡ ❡q✉❛t♦r✐❛❧ ♣❧❛♥❡ Eq✳
❚❤❡ ✈❛❧✉❡ ♦❢ ςm ✐s ❝❛❧❧❡❞ t❤❡ ❡q✉❛t♦r✐❛❧ ♣✐t❝❤ ❛♥❣❧❡ ❜② ♣❤②s✐❝✐sts✳

❚♦ ❡♥s✉r❡ t❤❛t t❤❡ ♣❛rt✐❝❧❡s ✇✐❧❧ ♥♦t str✐❦❡ t❤❡ ❛t♠♦s♣❤❡r❡ ✭❛♥❞ t❤❡r❡❢♦r❡ ❜❡ ❧♦st✮✱ t❤❡
✈❡❧♦❝✐t② ✈❡❝t♦rs Ū0(t) ♠✉st ♣♦✐♥t ♦✉ts✐❞❡ t❤❡ ❧♦ss ❝♦♥❡ ❬✷✷❪✱ ♠❡❛♥✐♥❣ t❤❛t |Ū⊥

0 (t)| 6= 0✱ ❛♥❞

♠♦st ✐♠♣♦rt❛♥t❧②✱ t❤❛t t❤❡ q✉♦t✐❡♥t Ū
‖
0 (t)/|Ū⊥

0 (t)| ≡ cotan ς ✐s ❛❞❡q✉❛t❡❧② ❜♦✉♥❞❡❞✳ ❚❤✐s
❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ t❤r♦✉❣❤ ❛ ❝♦♥tr♦❧ ♦♥ t❤❡ ♣✐t❝❤✲❛♥❣❧❡s ςm ✭❛✇❛② ❢r♦♠ 0 ❛♥❞ π✮ ♦r t❤r♦✉❣❤ ❛
❝♦♥tr♦❧ ♦♥ t❤❡ ♠✐rr♦r ♣♦✐♥ts y1

m✳ ■♥ ❢❛❝t✱ ❜♦t❤ y1
m ❛♥❞ ςm ❛r❡ ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡

✈❛❧✉❡ ♦❢ hm := fey2(y
1
m) = gw(ςm)✳ ❚❤✐s ❜r✐♥❣s t♦ ❧✐❣❤t t❤❡ ♥♦t✐♦♥ ♦❢ ❡①t❡♥❞❡❞ ❱❛♥ ❆❧❧❡♥

❜❡❧t EBelt✱ ✇❤✐❝❤ ✐s t❤❡ r❡❣✐♦♥ ✐♥ ♣♦s✐t✐♦♥✲✈❡❧♦❝✐t② ❞❡✜♥❡❞ ❜②✿

✭✷✳✺✺✮ EBelt :=
{
(y, ς, u, a) ∈ Oe × T × [um, uM ]× T ;

√
He(y, ς, u) ≤ fey2 ◦ he(y2)

}
,

✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ he(·) ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ P❛r❛❣r❛♣❤ ✷✳✶✳✶✳

▼❛t❤❡♠❛t✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ✷ ✭♦❢ t❤❡ ❱❛♥ ❆❧❧❡♥ ❜❡❧ts✮✳ ❚❤❡ ❱❛♥ ❆❧❧❡♥ ❜❡❧t Belt ♠❛②
❜❡ s❡❡♥ ❛s t❤❡ s♣❛t✐❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛♥ ❡①t❡♥❞❡❞ ❱❛♥ ❆❧❧❡♥ ❜❡❧t EBelt✳ ❚❤❡ s❤❛♣❡ ♦❢ EBelt
❝❛♥ ❜❡ ❞r❛✇♥ ❜② ♣r❡s❝r✐❜✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ u ❛♥❞ ❛❞❡q✉❛t❡ ❜♦✉♥❞s ♦♥ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ♦❢ t❤❡
r❡❞✉❝❡❞ ❤❛♠✐❧t♦♥✐❛♥ He✱ s❡❡ ✭✷✳✺✺✮✳
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◦
■t ✐s EBelt ✇❤✐❝❤ ✐s ♣❡rt✐♥❡♥t ❢r♦♠ ❛ ❞②♥❛♠✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❢♦r ✐♥st❛♥❝❡ ✇❤❡♥ ❞❡❛❧✐♥❣
✇✐t❤ ❧♦❝❛❧✐③❛t✐♦♥ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ (y, ςw,w, aw)✳

✷✳✷✳✺✳ ❚❤❡ ❛✉t♦♥♦♠♦✉s ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s Ξ2(z)✳ ❚♦ ❛✈♦✐❞ ♠✉❧t✐♣❧❡ ♥♦t❛t✐♦♥s✱ ✇❡ ✇✐❧❧
❝♦♥s✐❞❡r ❞✉r✐♥❣ t❤✐s s❡❝♦♥❞ st❡♣ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ A ♦❜t❛✐♥❡❞ ❜❡❢♦r❡✱ ❛t t❤❡ ❧❡✈❡❧ ♦❢ ❧✐♥❡
✭✷✳✸✹✮✱ ✐s t❤❡ ♥❡✇ st❛rt✐♥❣ ♣♦✐♥t✱ ❛♥❞ t❤❡r❡❢♦r❡ r❡♥❛♠❡ ✐t A✳ ❚❤✉s✱ ✐♥ t❤✐s ♣❛r❛❣r❛♣❤ ✷✳✷✳✺✱
✇❡ ♥♦t❡ z = t(y, ς, u, a)✳ ❋♦r s✉❝❤ ❛ ♣♦✐♥t z ❝❤♦s❡♥ ✐♥ Ω✱ ✇❡ ❝❛♥ ✇r✐t❡✿

✭✷✳✺✻✮ (y1, ς) =
(
f−1
ŷ (h cos υ), g−1

u (h sin υ)
)
, h :=

√
H(y1, ŷ, ς, u) ∈ [0, h(ŷ)] .

❚❤❡ s②st❡♠ ✭✷✳✸✾✮ r❡❞✉❝❡s t♦ ∂th = 0✱ t♦❣❡t❤❡r ✇✐t❤ ❛ s❝❛❧❛r ❡q✉❛t✐♦♥ ♦♥ υ✱ ♥❛♠❡❧②✿

✭✷✳✺✼✮ ∂tυ = wµž(υ) , µž(υ) := −
C (f−1

ŷ (h cos υ),ŷ)

2 h cos υ
cos g−1

w
(h sin υ)

h sin υ .

❖❢ ❝♦✉rs❡✱ t❤❡ ❢✉♥❝t✐♦♥ µž(·) ✐s ♥♦t ❞❡✜♥❡❞ ✇❤❡♥ h = 0✱ υ = 0 (mod π) ♦r υ = π
2 (mod π)✱

❜✉t ✐t ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t❤❡r❡ ❜② ❝♦♥t✐♥✉✐t②✳ ❚❤❡♥✱ ✐t ❜❡❝♦♠❡s ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ♦♥ t❤❡
✇❤♦❧❡ ❞♦♠❛✐♥ R✱ ✇❤✐❝❤ ✐s ♣❡r✐♦❞✐❝ ✐♥ υ ✇✐t❤ ♣❡r✐♦❞ 2π✳ ▼♦r❡♦✈❡r✿

▲❡♠♠❛ ✷✳✽✳ ❚❤❡ s♣❡❡❞ ♦❢ r♦t❛t✐♦♥ µ ✐s ❜♦✉♥❞❡❞ ❛♥❞ ♥♦✇❤❡r❡ ③❡r♦✳ ▼♦r❡ ♣r❡❝✐s❡❧②✿

✭✷✳✺✽✮ ∃ (µ−, µ+) ∈ (R∗
+)2 ; µ− ≤ µž(υ) ≤ µ+ , ∀ (ž, υ) ∈ Ǒ × R .

Pr♦♦❢✳ ❇② ❝♦♥str✉❝t✐♦♥✱ C
(
f−1
ŷ (·), ŷ

)
❛♥❞ − cos g−1

u (·) ❛r❡ t✇♦ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s✱
t❛❦✐♥❣ t❤❡ ✈❛❧✉❡ 0 ❛t t❤❡ ♣♦✐♥t 0✱ ✇✐t❤ ♥♦♥ ③❡r♦ ❞❡r✐✈❛t✐✈❡s ❛t ❛❧❧ ♣♦✐♥ts✳ ■t ❢♦❧❧♦✇s t❤❛t
µž(υ) ∈ R

∗
+ ❢♦r ❛❧❧ (ž, υ)✳ ❚❤❡ ✉♥✐❢♦r♠ ❝♦♥tr♦❧ ✐♥ ✭✷✳✺✽✮ ❝♦♠❡s ❢r♦♠ ❛♥ ❛r❣✉♠❡♥t ♦❢ ❝♦♠✲

♣❛❝✐t②✳ ■♥❞❡❡❞✱ ž ∈ Ǒ ❛♥❞ Ǒ ✐s r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t ✐♥ ✈✐❡✇ ♦❢ ✭✷✳✹✶❛✮ ❛♥❞ ✭✷✳✺✹✮✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ υ ∈ T ❛♥❞ t❤❡ t♦r✉s T ✐s s✐♠♣❧② ❝♦♠♣❛❝t✳ �

❚❤❡ ♠✐♥♦r❛t✐♦♥ ✐♥s✐❞❡ ✭✷✳✺✽✮ ✐s ✈❡r② ✐♠♣♦rt❛♥t ✐♥ ✇❤❛t ❢♦❧❧♦✇s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ❛❧❧♦✇s t♦
❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ 1/µž(υ)✳ ❚❤✐s ✐s ❛❣❛✐♥ ❛ ❜♦✉♥❞❡❞✱ str✐❝t❧② ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ✐s

♣❡r✐♦❞✐❝ ✐♥ υ ✇✐t❤ ♣❡r✐♦❞ 2π✳ ❋♦r ❛❧❧ ž ∈ Ǒ✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥✿

✭✷✳✺✾✮ Kž : R −→ R , Kž(υ) :=
∫ υ

0
dr
µž(r)

,

✐s ❛ ❞✐✛❡♦♠♦r♣❤✐s♠✳ ❲✐t❤ ▲❡♠♠❛ ✷✳✷ ✐♥ ♠✐♥❞✱ ✐♥tr♦❞✉❝❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥✿

✭✷✳✻✵✮ Kž(υ) = kžυ + K
p
ž(υ) , kž :=

1
2π

∫ 2π

0
dr
µž(r)

∈ [µ−1
+ , µ−1

− ] ,

✇❤❡r❡ K
p
ž(·) ✐s ❛ 2π−♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥✳ ❚❤❡ ✐♥✈❡rs❡ ♦❢ Kž✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t Kž◦K−1

ž (ν) = ν✱
❝❛♥ ❜❡ ♣✉t ✐♥ t❤❡ ❢♦r♠✿

✭✷✳✻✶✮ K−1
ž (ν) = k−1

ž ν + K̃
p
ž(ν) , K̃

p
ž(ν + 2π kž) = K̃

p
ž(ν) , ∀ ν ∈ R .

❯s✐♥❣ Kž✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♥♦r♠❛❧✐③❡ t❤❡ s♣❡❡❞ ♦❢ r♦t❛t✐♦♥✳ ❚♦ t❤✐s ❡♥❞✱ ✐t s✉✣❝❡s t♦ r❡♣❧❛❝❡
t❤❡ ✈❛r✐❛❜❧❡ υ ❜② ν := Kž(υ)✳ ❚❤❡ ♠♦t✐♦♥ ♦♥ t❤❡ ✐♥✈❛r✐❛♥t t♦r✐ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡
❝❛♥♦♥✐❝❛❧ ❝♦♦r❞✐♥❛t❡s (h, ν) ❜❡❝♦♠❡s ❧✐♥❡❛r ✐♥ t❤❡ ❛♥❣❧❡ ✈❛r✐❛❜❧❡ ν✿

✭✷✳✻✷✮ ∂th = 0 , ∂tν = w .



✷✷ ❈❍✳ ❈❍❊❱❊❘❘❨

❉❡✜♥✐t✐♦♥ ✷✳✹✳ ❬❞❡✜♥✐t✐♦♥ ♦❢ Ξ2❪ ❚❛❦❡ z = t(h, y2, y3, u, a, ν) ❛♥❞ ❞❡✜♥❡✿

Ξ1
2(z) := f−1

ŷ

(
h cos K−1

ž (ν)
)
, Ξ2

2(z) := y2 , Ξ3
2(z) := y3 ,

Ξ4
2(z) := g−1

u

(
h sin K−1

ž (ν)
)
, Ξ5

2(z) := u , Ξ6
2(z) := a .

❚r❛♥s❢♦r♠✐♥❣ ✭✷✳✷✼✮ t❤r♦✉❣❤ Ξ1 ◦ Ξ2 ②✐❡❧❞s✿

✭✷✳✻✸✮ ∂tZ̄0 − Ā0(Z̄0) = 0 , Z̄0(0) = Z̄s2i0 , Z̄0 = Ξ1◦Ξ2(Z̄0) , Ā0 = t(0, · · · , 0, u) .

❚❤❡ ✐♥✐t✐❛❧ ❞❛t❛ Z̄s2i0 ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ t❤r♦✉❣❤ t❤❡ r❡❧❛t✐♦♥ Ξ1 ◦ Ξ2(Z̄
s2
i0 ) = z = t(y, w)✳

❲✐t❤ hz :=
√
H(y, ςw,w) ❛♥❞ ž = t(hz, ŷ,w)✱ t❤✐s ♠❡❛♥s t❤❛t✿

✭✷✳✻✹✮ Z̄s2i0 = (hz, ŷ,w, aw, νz) , νz := Kž ◦ arccos
[
h−1
z fŷ(y

1)
]
.

❆t t❤✐s st❛❣❡✱ t❤❡ ✈❡❝t♦r ✜❡❧❞ Ā0 ✐s r❡❝t✐✜❡❞✳ ❚❤❡ ❝♦♠♣♦♥❡♥ts Z̄
j
0 ✇✐t❤ j ∈ {1, 2, 3, 4, 5} ❛r❡

✜①❡❞ ♣❛r❛♠❡t❡rs✱ ✇❤❡r❡❛s Z̄6
0(t) ✐s s✐♠♣❧② ❧✐♥❡❛r✿ Z̄6

0(t) = Z̄6
i0 + w t✳

✷✳✷✳✻✳ ❚❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥t ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s Ξ3(t, z)✳ ❏✉st ♠♦❞✐❢② t❤❡ ❧❛st ❝♦♠♣♦♥❡♥t✳

❉❡✜♥✐t✐♦♥ ✷✳✺✳ ❬❞❡✜♥✐t✐♦♥ ♦❢ Ξ3❪ ❚❛❦❡ z = t(h, y2, y3, u, a, b) ❛♥❞ ❞❡✜♥❡✿

Ξj3(t, z) := zj , ∀ j ∈ {1, · · · , 5} , Ξ6
3(t, z) := b + w t .

❚❤✐s ♦♣❡r❛t✐♦♥ ❝❤❛♥❣❡s Ā0 ✐♥t♦ Ā0 ≡ 0✳ ❇✉t ✐t ♠❛❦❡s t❤❡ ✈❛r✐❛❜❧❡ t ❛♣♣❡❛r ❛t t❤❡ ❧❡✈❡❧ ♦❢
t❤❡ ❢✉♥❝t✐♦♥ A ❞❡✜♥❡❞ ❜② ✭✷✳✷✸✮✱ ✇✐t❤ Ξ = Ξ1 ◦ Ξ2 ◦ Ξ3 ❛♥❞ Ξ̃ ≡ 0✳ ❘❡♠❛r❦❛❜❧②✱ s✐♥❝❡ Ξ2

✐s ♣❡r✐♦❞✐❝ ✐♥ ν ✇✐t❤ ♣❡r✐♦❞ 2π kz✱ t❤❡ ❧✐♥❡❛r ❣r♦✇t❤ ♦❢ Ξ3 ✐♥ t❤❡ ✈❛r✐❛❜❧❡ t ✐s ❝♦♥✈❡rt❡❞ t♦
❛ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦✉r ✐♥ t ♦❢ Ξ(·, z)✳
Pr♦♣♦s✐t✐♦♥ ✷✳✶✳ ❬♣❡r✐♦❞✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ✜rst ♠♦❞✉❧❛t✐♦♥ ❡q✉❛t✐♦♥❪
❙❡❧❡❝t Z̄s1i0 = (y, ςw,w, aw) ∈ O ✇✐t❤ O ❛s ✐♥ ✭✷✳✺✷✮✳ ❉❡✜♥❡ Z̄s2i0 = (hz, ŷ,w, aw, νz) ❛s

✐♥❞✐❝❛t❡❞ ✐♥ ✭✷✳✻✹✮✳ ▼❛r❦ t❤❡ ♣♦s✐t✐♦♥ ž := t(hz, ŷ,w) ∈ Ǒ✳ ■♥tr♦❞✉❝❡ bz := νz ❛s ✇❡❧❧ ❛s✿

✭✷✳✻✺✮ T ≡ T (Z̄s1i0 ) ≡ T (ž) := 2 π kž w−1 .

❚❤❡ s♦❧✉t✐♦♥ Z̄0 t♦ ✭✷✳✸✸✮✱ ♦r ❡q✉✐✈❛❧❡♥t❧② t♦ ✭✷✳✸✾✮✱ r❡♠❛✐♥s ❢♦r ❛❧❧ t✐♠❡s t ∈ R+ ✐♥ t❤❡

❡♥❡r❣② ❧❡✈❡❧ H(Z̄s1i0 )✳ ❲✐t❤ hz =
√
H(Z̄s1i0 )✱ ✐t ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜②✿

✭✷✳✻✻✮ Z̄0(t) =
(
f−1
ŷ

(
hz cos K−1

ž (bz+w t)
)
, y2 , y3 , g−1

w

(
hz sin K−1

h (bz+w t)
)
,w, aw

)
.

■t ✐s ♣❡r✐♦❞✐❝ ✐♥ t✐♠❡ t✱ ✇✐t❤ ❛ ♣❡r✐♦❞ T ❞❡♣❡♥❞✐♥❣ ♦♥ ž ❛s ✐♥ ✭✷✳✻✺✮✳ ❚❤❡ ❞♦♠❛✐♥ Ω✱ s❡❡
✭✷✳✺✸✮✱ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ✢♦✇ ✐♥❞✉❝❡❞ ❜② ✭✷✳✸✾✮✳ ●✐✈❡♥ F ∈ C0(O; R)✱ ✇❡ ❤❛✈❡✿

✭✷✳✻✼✮ 〈F ◦ Z̄0(·, Z̄s1i0 )〉 =
∫ π

−π F
(
f−1
ŷ (hz cos υ), y2, y3, g−1

w (hz sin υ),w, a
)
Pž(υ) dυ ,

✇❤❡r❡ Pž(υ) := (2π kž)
−1 µž(υ)

−1 ✐s ❛ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [−π, π]✳

Pr♦♦❢✳ ❆ ♣r❡❧✐♠✐♥❛r② r❡♠❛r❦ ✐s t❤❛t ❛❧❧ ❝♦♠♣♦♥❡♥ts ♦❢ ž = t(hz, ŷ,w) ❛r❡ ❝♦♥st❛♥ts ♦❢ t❤❡
♠♦t✐♦♥✳ ❚❤❡ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛ ✭✷✳✻✻✮ ✐s ❛♥ ♦✉t❝♦♠❡ ♦❢ t❤❡ ♣r❡❝❡❞✐♥❣ ❛♥❛❧②s✐s✳ ❚♦ ✈❡r✐❢② t❤❡
♣❡r✐♦❞✐❝✐t②✱ ✉s❡ ✭✷✳✻✶✮ t♦ ♦❜t❛✐♥✿

K−1
ž

(
bz+w (t+T )

)
= k−1

ž (bz+w t+2 π kž)+K̃
p
ž(bz+w t+2 π kž) = K−1

ž (bz+w t)+2π .

❚♦ ❣❡t ✭✷✳✻✼✮✱ ❥✉st ♣❡r❢♦r♠ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s υ = K−1
ž (b + w t)✱ ❛♥❞ ✉s❡ t❤❡ ❞❡✜♥✐t✐♦♥

♦❢ kž ✐♥ ✭✷✳✻✵✮ t♦ s❡❡ t❤❛t Pž ✐s ✐♥❞❡❡❞ ❛ ♣r♦❜❛❜✐❧✐t②✳ �
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❚❤❡ ✐❞❡♥t✐t② ✭✷✳✻✼✮ s❛②s t❤❛t t❤❡ t✐♠❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡ ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥ F ◦ Z̄0(t, Z̄
s1
i0 ) ♦✈❡r ✐ts

♣❡r✐♦❞ T ❝❛♥ ❜❡ ❝♦♥✈❡rt❡❞ ✐♥t♦ ❛ s♣❛t✐❛❧ ✐♥t❡❣r❛❧✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ ✢♦✇ ✐♥❞✉❝❡❞ ❜② ✭✷✳✸✾✮
✐s ❝♦♠♣❧❡t❡❧② ❡r❣♦❞✐❝ ✇❤❡♥ r❡str✐❝t❡❞ t♦ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ♦❢ H✳ ❚❤✉s✱ t❤❡ t✐♠❡ ❛✈❡r❛❣❡
♦❢ t❤❡ ♦❜s❡r✈❛❜❧❡ F ❛❧♦♥❣ ❛ tr❛❥❡❝t♦r② ♦❢ ❡♥❡r❣② h ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s t❤❡ ♠✐❝r♦❝❛♥♦♥✐❝❛❧
❡♥s❡♠❜❧❡ ❛✈❡r❛❣❡ ♦❢ F ✳ ■t t✉r♥s ♦✉t t❤❛t t❤❡ r❡s✉❧t✐♥❣ ❡①♣r❡ss✐♦♥ 〈F ◦ Z̄0(·, Z̄s1i0 )〉 ❞❡♣❡♥❞s
♦♥❧② ♦♥ ž✳ ❚❤✐s ❛❧❧♦✇s t♦ ❞❡✜♥❡ ❛ ♠❛♣✿

✭✷✳✻✽✮
A : C0(O; R) −→ C0(Ǒ; R)

F (z) −→ A (F )(ž) := 〈F ◦ Z̄0(·, z)〉 .
❚❤❡ ✐♥t❡❣r❛♥❞ ✐♥ ✭✷✳✻✼✮ ✐s t❤❡ ♣✉❧❧✲❜❛❝❦ ♦❢ F ✐♥ t❤❡ ❛❝t✐♦♥✲❛♥❣❧❡ ✈❛r✐❛❜❧❡s (h, υ)✳ ❲❤❡♥ t❤✐s
✐♥t❡❣r❛♥❞ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ υ✱ ✇❡ s✐♠♣❧② r❡❝♦✈❡r A (F ) ≡ F ✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥
♦❢ A (F ) ❝❛♥ ❜❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ F ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛❜❧❡ y1 ♦♥❧②✱
t❤❡ ❛❝t✐♦♥ ♦❢ A ♦♥ t❤❡ ♦❜s❡r✈❛❜❧❡ F ♣r♦❞✉❝❡s ❛ ❢✉♥❝t✐♦♥ A (F )(ž) ✇❤✐❝❤ ❝❛♥ ❞❡♣❡♥❞ ♦♥ ❛❧❧
t❤❡ ❝♦♦r❞✐♥❛t❡s ✐♥ ž✳ ❇❡❧♦✇✱ ✇❡ r❡♠❛r❦ t❤❛t✱ ✉♥❞❡r s②♠♠❡tr② ❝♦♥❞✐t✐♦♥s✱ s✐♠♣❧✐✜❝❛t✐♦♥s
❝❛♥ ♦❝❝✉r ✇❤❡♥ ❝♦♠♣✉t✐♥❣ A (F )(ž)✳

▲❡♠♠❛ ✷✳✾✳ ▲❡t F (y1, ŷ, ς, u, a) ∈ C0(O; R)✳ ❆ss✉♠❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s C (·, ŷ) ❛♥❞ d1(·, ŷ)
❛r❡ r❡s♣❡❝t✐✈❡❧② ♦❞❞ ❛♥❞ ❡✈❡♥✳ ❚❤❡♥✱ t❤❡ ❢♦r♠✉❧❛ ✭✷✳✻✼✮ ❝❛♥ ❜❡ ❢✉rt❤❡r s✐♠♣❧✐✜❡❞ ✐♥t♦✿

✭✷✳✻✾✮ A (F )(ž) = − 1

π kž

∫ h

0

r E(F )
(
f−1
ŷ (

√
h2 − r2), ŷ, g−1

w (r),w, aw
)

C
(
f−1
ŷ (

√
h2 − r2), ŷ

)
cos g−1

w (r)
dr ,

✇❤❡r❡ E(F ) ✐s t❤❡ ❡✈❡♥ ♣❛rt ♦❢ F (·, ŷ, ·,w, aw) ❝❡♥t❡r❡❞ ❛t t❤❡ ♣♦✐♥t (0, π/2)✱ t❤❛t ✐s✿

✭✷✳✼✵✮ E(F )(y1, ς) := F (y1, ς) + F (−y1, ς) + F (y1, π − ς) + F (−y1, π − ς) .

Pr♦♦❢✳ ■♥ ✭✷✳✻✼✮✱ ❞❡❝♦♠♣♦s❡ t❤❡ ❞♦♠❛✐♥ ♦❢ ✐♥t❡❣r❛t✐♦♥ ✐♥t♦✿

[−π, π] = [−π,−π/2] ∪ [−π/2, 0] ∪ [0, π/2] ∪ [π/2, π] .

❖♥ ❡❛❝❤ ♦❢ t❤❡s❡ s✉❜❞♦♠❛✐♥s✱ ❝❤❛♥❣❡ υ ✐♥t♦ r = hz sin υ✱ ✇✐t❤ ❛❞❡q✉❛t❡ ❢♦r♠✉❧❛s t♦ ❡①♣r❡ss
hz cos υ ✐♥ t❡r♠s ♦❢ r✳ ❚❤✐s ②✐❡❧❞s ❢♦✉r ✐♥t❡❣r❛❧ ❝♦♥tr✐❜✉t✐♦♥s✳ ❯♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s ♦❢
▲❡♠♠❛ ✷✳✾✱ t❤❡ ❢✉♥❝t✐♦♥s f(·, ŷ) ❛♥❞ C

(
f−1
ŷ (·), ŷ

)
❛r❡ ♦❞❞✳ ❚❤✐s ❛❧❧♦✇s t♦ r❡❝♦♠❜✐♥❡ t❤❡

❢♦✉r ✐♥t❡❣r❛❧s ✐♥t♦ ❛ s✐♥❣❧❡ ✐♥t❡❣r❛❧✱ ✇✐t❤ E(F ) ❛s ✐♥ ✭✷✳✼✵✮✳ �

◦ ❆♣♣❧✐❝❛t✐♦♥ ✺ ❬❞❡s❝r✐♣t✐♦♥ ♦❢ ❙t❡♣ ✭P✷✮❪✳ ❋r♦♠ ▲❡♠♠❛ ✷✳✶✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❞❡❞✉❝❡ t❤❛t t❤❡
♣♦t❡♥t✐❛❧ Pe1 ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ y3✱ s♦ t❤❛t He(z) = He(y

1, y2, ς, u)✳ ❋♦r s✐♠✐❧❛r r❡❛s♦♥s✱
✐♥ t❤❡ ❡❛rt❤✬s ❝♦♥t❡①t✱ t❤❡ ❢♦r♠✉❧❛s ✭✷✳✻✹✮ ❛♥❞ ✭✷✳✻✺✮ ❜❡❝♦♠❡ s✐♠♣❧②✿

Te(z) = Te(y
1, y2, ςw,w) = 2 π k(h,y2,w) w−1 , h =

√
He(y

1, y2, ςw,w) ,✭✷✳✼✶❛✮

νe(z) = νe(y
1, y2, ςw,w) = K(h,y2,w) ◦ arccos

[
h−1 fy2(y

1)
]
.✭✷✳✼✶❜✮

▼♦r❡♦✈❡r✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ y1 7→ Pe1(y
1, y2) ✐s ❡✈❡♥ ✐♥ y1 ∈ R✳ ❋✐① (y2, u) ∈ R

∗
+ × [um, uM ]✳

❙❡❧❡❝t h ∈ R
∗
+✱ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❡♥❡r❣② ❝✉r✈❡ Ce(h) :=

{
(y1, ς); He(y

1, y2, ς, u) = h2
}
✳ ❆s

❛❧r❡❛❞② ♦❜s❡r✈❡❞✱ t❤❡ ♠✐♥✐♠❛❧ ❛♥❞ ♠❛①✐♠❛❧ ✈❛❧✉❡s ♦❢ y1 ❛❧♦♥❣ Ce(h) ❝♦rr❡s♣♦♥❞ t♦ ♠✐rr♦r
♣♦✐♥ts✳ ❚❤❡② ❛r❡ ♦❜t❛✐♥❡❞ ❢♦r ς = π/2✱ ✇❤❡♥ gu(ς) ✐s ♠✐♥✐♠❛❧✱ ❡q✉❛❧ t♦ 0✳ ❚❤❡② ❛r❡
♦♣♣♦s✐t❡✱ ❧♦❝❛t❡❞ ❛t t❤❡ ♣♦s✐t✐♦♥s ±y1

m(y2) ✇✐t❤ y1
m(y2) ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ t✇♦ ❝♦♥❞✐t✐♦♥s✿

y1
m(y2) ∈ R

∗
+ , He

(
y1
m(y2), y2, π/2, u

)
= h2 .



✷✹ ❈❍✳ ❈❍❊❱❊❘❘❨

❚❤❡ ♣❤❛s❡ ♣♦rtr❛✐t ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✭✷✳✸✾✮✱ ❞r❛✇♥ ✐♥ t❤❡ ♣❧❛♥❡ {(y1, ς)}
❝♦♥t❛✐♥s Ce(h) ❛s ❛ tr❛❥❡❝t♦r②✳ ❙t❛rt✐♥❣ ❛t t✐♠❡ t = 0 ❢r♦♠ ❛ ♣♦s✐t✐♦♥ (y1, ςw) ♦♥ Ce(h)✱ t❤❡
s♦❧✉t✐♦♥ t♦ ✭✷✳✸✾✮ ❢♦❧❧♦✇s t❤❡ ❝✉r✈❡ Ce(h) ✇✐t❤ ❛ ♥♦♥ ③❡r♦ ❞❡r✐✈❛t✐✈❡✳ ■t t✉r♥s ✐♥ ❛ ❞✐r❡❝t
s❡♥s❡ ❛r♦✉♥❞ t❤❡ ♣♦✐♥t (0, π/2)✳ ❚❤❡ ❢✉♥❝t✐♦♥ Z̄1

0(·) ✐s ❣✐✈❡♥ ❜② t❤❡ ✜rst ❝♦♠♣♦♥❡♥t ✐♥ ✭✷✳✻✻✮✳
■t ❞❡❝r❡❛s❡s ✉♣ t♦ −y1

m ✐❢ ςw ≥ π/2✳ ■t ✐♥❝r❡❛s❡s ✉♣ t♦ y1
m ✐❢ ςw ≤ π/2✳ ❇♦t❤ ♣♦s✐t✐♦♥s

−y1
m ❛♥❞ y1

m ❛r❡ t✉r♥✐♥❣ ♣♦✐♥ts✳ ❚❤❡ ✐♥❢♦r♠❛t✐♦♥s ❣✐✈❡♥ ❜❡❧♦✇ ❡①♣❧❛✐♥ ✇❤❛t ❤❛♣♣❡♥s ♥❡①t✱
st❛rt✐♥❣ ❢r♦♠ (y1

m, π/2)✳

▲❡♠♠❛ ✷✳✶✵✳ ❬♣❡r✐♦❞✐❝ ♣r♦♣❡rt✐❡s ❛♥❞ s♣❡❝✐❛❧ ❢❡❛t✉r❡s ♦❢ t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❣❡♦♠❛❣♥❡t✐❝
✜rst ♠♦❞✉❧❛t✐♦♥ ❡q✉❛t✐♦♥❪ ▲❡t h ∈ R

∗
+ ❛♥❞ y1

m ∈ R
∗
+ s✉❝❤ t❤❛t He(y

1
m, y

2, π/2,w) = h2✳
❈♦♥s✐❞❡r t❤❡ s♦❧✉t✐♦♥ (Z̄1

0, Z̄
4
0) t♦ ✭✷✳✸✾✮✱ ✐ss✉❡❞ ❛t t✐♠❡ t = 0 ❢r♦♠ t❤❡ ♣♦s✐t✐♦♥ (y1

m, π/2)✳
❚❤❡ ❢✉♥❝t✐♦♥ Z̄1

0(·) ✐s ♣❡r✐♦❞✐❝ ✇✐t❤ t❤❡ ♣❡r✐♦❞ T ❣✐✈❡♥ ✐♥ ✭✷✳✻✺✮✳ ■t ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ♦♥
t❤❡ ✐♥t❡r✈❛❧ [0, T/2] ✇✐t❤ Z̄1

0(T/4) = 0 ❛♥❞ Z̄1
0(T/2) = −y1

m✳ ■t ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ t❤❡
✐♥t❡r✈❛❧ [T/2, T ] ✇✐t❤ Z̄1

0(3T/4) = 0 ❛♥❞ Z̄1
0(T ) = y1

m✱ ❛♥❞ s♦ ♦♥✳

▲❡♠♠❛ ✷✳✶✵ ❣✐✈❡s ❛ ♠❛t❤❡♠❛t✐❝❛❧ ❥✉st✐✜❝❛t✐♦♥ t♦ t❤❡ st❡♣ ✭P✷✮✱ ❢r♦♠ ✇❤✐❝❤ r❡❢❡r❡♥❝❡ ✇❛s
♠❛❞❡ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✳ ■♥❞❡❡❞✱ t❤❡ ❝♦♠♣♦♥❡♥t Z̄1

0 (t) = Ξ1
1 ◦ Z0(t) = Z̄1

0(t) ♦s❝✐❧❧❛t❡s
❛r♦✉♥❞ t❤❡ ♣♦s✐t✐♦♥ y

1
0(ŷ) = 0✱ ✇❤✐❝❤ ✐s ✐♥ t❤❡ ❡q✉❛t♦r✐❛❧ ♣❧❛♥❡ Eq✳ ◦

✷✳✸✳ ❚❤❡ ❧♦♥❣ t✐♠❡ ❲❑❇ ❝❛❧❝✉❧✉s✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇♦r❦ ✇✐t❤ z = t(h, y2, y3, u, a, b)✳

❲❡ ✉s❡ ✭✷✳✷✺✮ ✇✐t❤ Ξ ❛s ✐♥ ✭✷✳✷✾✮ ❛♥❞ Ξ̃ ❛s ✐♥ ✭✷✳✷✽✮ t♦ tr❛♥s❢♦r♠ ✭✷✳✷✵✮ ✐♥t♦ ✭✷✳✷✷✮✳ ❆s ❛
❝♦♥s❡q✉❡♥❝❡ ♦❢ ❙❡❝t✐♦♥ ✷✳✷✱ ✇❡ ❝❛♥ ❛ss❡rt t❤❛t A0 ≡ 0✳ ❑♥♦✇✐♥❣ t❤❛t A0 ≡ 0✱ ✇❡ ❝❛♥ t✉r♥
t♦ t❤❡ st✉❞② ♦❢ ✭✷✳✷✷✮✳ ❲❤❛t ❢♦❧❧♦✇s ✐s ✐♥s♣✐r❡❞ ❜② t✇♦✲t✐♠✐♥❣ t♦♦❧s ❛♥❞ ❜② s✉♣❡r❝r✐t✐❝❛❧
❲❑❇ t❡❝❤♥✐q✉❡s✱ ✐♥ t❤❡ s♣✐r✐t ♦❢ ❬✼❪✳

✷✳✸✳✶✳ ■♥✐t✐❛❧✐③❛t✐♦♥✳ ●✐✈❡♥ N ∈ N
∗✱ ✇❡ s❡❡❦ t❤❡ s♦❧✉t✐♦♥ (zε, ϕε) t♦ ✭✷✳✷✷✮ ✐♥ t❤❡ ❢♦r♠✿

✭✷✳✼✷✮

(
zε
ϕε

)
(τ) =

(
zaε
ϕaε

)
(τ) + εN

(
rz
ε

rϕε

)
(τ),

(
zaε
ϕaε

)
(τ) =

(
Zε
Φε

) (
τ,
τ

ε
,
ϕε(τ)

ε

)
,

✇❤❡r❡ t❤❡ ♣r♦✜❧❡s Zε ❛♥❞ Φε ❞❡♣❡♥❞ ♦♥ t❤❡ t❤r❡❡ ✈❛r✐❛❜❧❡s (τ, t, θ) ∈ R+ × TT × T✳ ❲❡
❛ss✉♠❡ t❤❛t (Zε,Φε) ✐s ❣✐✈❡♥ ❜② ❛♥ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t②♣❡✿

✭✷✳✼✸✮

(
Zε
Φε

)
(τ, t, θ) = ε−1

(
0

〈Φ̄p〉

)
(τ) +

N−1∑

j=0

εj
(

Z̄j
Φ̄j

)
(τ, t) +

N∑

j=2

εj
(

Z∗
j

Φ∗
j

)
(τ, t, θ) .

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✭✷✳✷✷✮ t♦ r❡♣❧❛❝❡ ∂τϕε✱ t❤❡ ❞❡r✐✈❛t✐✈❡ ∂τ ❛♣♣❧✐❡❞ ✇✐t❤ t❤❡ s✉❜st✐t✉t✐♦♥
♣❡r❢♦r♠❡❞ ✐♥ ✭✷✳✼✷✮ ❧❡❛❞s t♦ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❛❝t✐♦♥✿

Op(z; ∂) ≡ Op(ε, t, θ, z; ∂τ , ∂t, ∂θ) := ∂τ + ε−1 ∂t + ε−2 b
(
ε, t, θ, z) ∂θ .

P❧✉❣ t❤❡ ❛♥s❛t③ ✭✷✳✼✷✮ ✐♥t♦ ✭✷✳✷✷✮ t♦ ✐♥❢❡r t❤❡ ❝♦♥str❛✐♥t✿

✭✷✳✼✹✮ Op(Zε; ∂)

(
Zε

Φε

)
(τ, t, θ) − 1

ε

(
A
b

)
(ε, t, θ,Zε) = εN

(
Rz

Rϕ

)
(ε, τ, t, θ) = O

(
εN

)
.

◆♦t❡ t❤❛t ϕε ✐s ♥♦t ❛t ❛❧❧ ♣r❡s❡♥t ❛t t❤❡ ❧❡✈❡❧ ♦❢ ✭✷✳✼✹✮✳ ❚❤✉s✱ ✇❤❡♥ ❞✐s❝✉ss✐♥❣ ✭✷✳✼✹✮✱ t❤❡
❦♥♦✇❧❡❞❣❡ ♦❢ ϕε ✐s ♥♦t ♥❡❡❞❡❞ t♦ ♠♦✈❡ ❢♦r✇❛r❞✳
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✷✳✸✳✷✳ ▼♦❞✉❧❛t✐♦♥ ❡q✉❛t✐♦♥s✳ ❚❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ ✭✷✳✼✹✮✱ ❛❜♦✉t Zε✱ ✐s ❞❡❝♦✉♣❧❡❞ ❢r♦♠ t❤❡
s❡❝♦♥❞ ❡q✉❛t✐♦♥✱ ❛❜♦✉t Φε✳ ▲❡t ✉s st❛rt ✇✐t❤ t❤❡ ❢♦r♠❛❧ ❛♥❛❧②s✐s ❝♦♥❝❡r♥✐♥❣ Zε✳ ❚♦ t❤✐s
❡♥❞✱ s✉❜st✐t✉t❡ t❤❡ ❡①♣❛♥s✐♦♥ ✭✷✳✼✸✮ ✐♥t♦ ✭✷✳✼✹✮ ❛♥❞ ❝♦❧❧❡❝t t❤❡ t❡r♠s ✇✐t❤ ε−1 ✐♥ ❢❛❝t♦r✳
❇② ❛✈❡r❛❣✐♥❣ ✐♥ θ✱ ✇❡ ♦❜t❛✐♥ t❤❡ ✜rst ♠♦❞✉❧❛t✐♦♥ ❡q✉❛t✐♦♥✿

✭✷✳✼✺✮ ∂tZ̄0 − Ā0(t, Z̄0) = 0 , Ā0 ≡ 0 .

❲❡ r❡❝♦❣♥✐③❡ ❤❡r❡ t❤❡ r❡❝t✐✜❡❞ ✈❡rs✐♦♥ ♦❢ ✭✷✳✷✼✮✱ ✐♠♣❧②✐♥❣ t❤❛t Z̄0(τ, t) = 〈Z̄0〉(τ)✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ t❤❡ ❡①❛♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♦s❝✐❧❧❛t✐♥❣ ♣❛rt ✐♥ θ ❧❡❛❞s t♦✿

Z∗
1 = b0(t, Z̄0)

−1 (∂−1
θ A∗

0)(t, θ, Z̄0) , b0(t, z) := c(u) b
(
Ξ1(t, z), y2, y3

)
.

❘❡❝❛❧❧ t❤❛t A∗
0 ≡ 0 ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✷✳✷✽✮✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✜♥❞ Z∗

1 ≡ 0✱ ❛s ✐t ❤❛s ❜❡❡♥
❛❧r❡❛❞② ❛♥t✐❝✐♣❛t❡❞ ✐♥ ✭✷✳✼✸✮✳ ❚❤❡♥✱ ❡①❛♠✐♥❡ ✇❤❛t ❛♣♣❡❛rs ✇✐t❤ ε0 ✐♥ ❢❛❝t♦r t♦ ✜♥❞✿

✭✷✳✼✻✮ ∂τ 〈Z̄0〉 − A1(t, θ, 〈Z̄0〉) + b0(t, 〈Z̄0〉) ∂θZ2 + ∂tZ̄1 = 0 .

❚♦ ❝♦♠♣✉t❡ A1(t, θ, z)✱ ❝♦♠❡ ❜❛❝❦ t♦ ✭✷✳✷✸✮ ✐♥ ♦r❞❡r t♦ ❡①tr❛❝t✿

✭✷✳✼✼✮
A1(t, θ, z) = DzΞ(t, z)−1

[
A1

(
θ,Ξ(t, z)

)
+

(
Ξ̃(t, θ, z) · ∇z

)
A0

(
θ,Ξ(t, z)

)

−B1(t, θ, z) ∂θΞ̃(t, θ, z) − ∂tΞ̃(t, θ, z)

−
(
Ξ̃(t, θ, z) · ∇z

)
b0(t, z) ∂θΞ̃(t, θ, z)

]
,

✇❤❡r❡ Ξ̃ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❛s ✐♥❞✐❝❛t❡❞ ✐♥ ✭✷✳✷✽✮✳ ❚❛❦❡ t❤❡ ❛✈❡r❛❣❡ ♦❢ ✭✷✳✼✻✮ ✐♥ ❜♦t❤ t ❛♥❞ θ
t♦ ❡①❤✐❜✐t t❤❡ s❡❝♦♥❞ ♠♦❞✉❧❛t✐♦♥ ❡q✉❛t✐♦♥✿

✭✷✳✼✽✮ ∂τ 〈Z̄0〉 − 〈Ā1〉(〈Z̄0〉) = 0 , 〈Z̄0〉(0) = zi0 ≡ Z̄s2i0 , Ξ(0, zi0) = t(y, w) .

❚❤❡ ♥♦♥ ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭✷✳✼✽✮ ❛❧❧♦✇s t♦ ❞❡t❡r♠✐♥❡ Z0(τ, t, θ) ≡ 〈Z̄0〉(τ) ♦♥ s♦♠❡
✐♥t❡r✈❛❧ [0, T ] ✇✐t❤ T ∈ R

∗
+✳ ❚♦ ✉♥❞❡rst❛♥❞ t❤❡ ❧♦♥❣ t✐♠❡ ❞②♥❛♠✐❝ ✭t ∼ ε−1 ♦r τ ∼ 1✮✱

❛s ✐t ❛♣♣❡❛rs ❛t ❧❡❛❞✐♥❣ ♦r❞❡r ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ✈❛r✐❛❜❧❡s z = t(y, u)✱ t❤❡ ♣r♦❝❡❞✉r❡ ✐s t♦ ♣❛ss
t❤r♦✉❣❤ ✭✷✳✼✽✮✱ ❛♥❞ t❤❡♥ t♦ ❡①♣❧♦✐t ✭✷✳✷✺✮✱ ❣✐✈✐♥❣ r✐s❡ t♦✿

✭✷✳✼✾✮ Z̄0(τ, t) = Ξ
(
t, 〈Z̄0〉(τ)

)
, 〈Z̄0〉(τ) =

〈
Ξ

(
·, 〈Z̄0〉(τ)

)〉
.

❇❡ ❝❛r❡❢✉❧✱ ♥♦t❤✐♥❣ ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ♠❛♣ z −→ 〈Ξ(·, z)〉 ✐s ❛ ❞✐✛❡♦♠♦r♣❤✐s♠✳ ❚❤✉s✱ ✐t
♠❛② ❜❡ t❤❛t ❛ s❡❧❢✲❝♦♥t❛✐♥❡❞ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ♦♥ 〈Z̄0〉 ✐s ♥♦t ❛✈❛✐❧❛❜❧❡✳ ❆❧s♦✱ t❤❡r❡ ✐s ♥♦
❡✈✐❞❡♥t ❧✐♥❦ ❜❡t✇❡❡♥ 〈Z̄0〉(0) = 〈Ξ(·, zi0)〉 ❛♥❞ (y, w) = Ξ(0, zi0)✳

◦ ❆♣♣❧✐❝❛t✐♦♥ ✻ ❬❞❡s❝r✐♣t✐♦♥ ♦❢ st❡♣ ✭P✸✮❪✳ ❈♦♠❡ ❜❛❝❦ t♦ t❤❡ ❱❧❛s♦✈ ♣❛rt ♦❢ ✭✶✳✶✮✳ ❚❤❡
✐♥✢✉❡♥❝❡ ♦❢ (E,B) ♦♥ t❤❡ s❡❝♦♥❞ ♠♦❞✉❧❛t✐♦♥ ❡q✉❛t✐♦♥ ✐s ❞✐s♣❧❛②❡❞ t❤r♦✉❣❤ t❤❡ t❡r♠ A1

✐♥s✐❞❡ A1✱ s❡❡ ✭✷✳✶✾❝✮ ❛♥❞ ✭✷✳✼✼✮✳ ❊✈❡♥ ✐❢ (E,B) ≡ (0, 0)✱ t❤❡ s♦✉r❝❡ 〈Ā1〉 ✐s ❧✐❦❡❧② t♦ ❜r✐♥❣
❛ ♥♦♥ tr✐✈✐❛❧ ❝♦♥tr✐❜✉t✐♦♥✱ ❜② ❛ ♠❡❝❤❛♥✐s♠ ✐ss✉❡❞ ❢r♦♠ t❤❡ ❢❛st ❞②♥❛♠✐❝s✳

▲❡♠♠❛ ✷✳✶✶✳ ❬s❡❧❢✲✐♥❞✉❝❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ ❞r✐❢t ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❣❡♦♠❛❣♥❡t✐❝ ✜❡❧❞❪ ❈♦♥s✐❞❡r
t❤❡ ❡q✉❛t✐♦♥ ✭✷✳✼✽✮ ✇✐t❤ ❞❛t❛ ✐ss✉❡❞ ❢r♦♠ t❤❡ ❡❛rt❤✬s ❝♦♥t❡①t✳ ❆ss✉♠❡ t❤❛t (E,B) ≡ (0, 0)✳
❚❤❡♥✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥s 〈Z̄0〉(τ, zi0) ❛r❡ ❞❡✜♥❡❞ ❢♦r ❛❧❧ t✐♠❡s τ ∈ R+✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ t❤❡② ❛r❡ ❣✐✈❡♥ ❜② ❛ tr❛♥s♣♦rt ❛t ❝♦♥st❛♥t s♣❡❡❞✿

✭✷✳✽✵✮ 〈Z̄0〉(τ, zi0) =
(
z1i0 , z2i0 , z3i0 + 〈Ā3

1〉(zi0) τ , z4i0 , z5i0 + 〈Ā5
1〉(zi0) τ , z6i0

)
.



✷✻ ❈❍✳ ❈❍❊❱❊❘❘❨

■♥ ✭✷✳✽✵✮✱ t❤❡ ❝♦❡✣❝✐❡♥ts 〈Ā3
1〉 ❛♥❞ 〈Ā5

1〉 ❞❡♣❡♥❞ ♦♥❧② ♦♥ (z1i0, z
2
i0, z

4
i0)✳ ❘❡❝❛❧❧ ✭✷✳✸✶✮✳ ❚❤❡

❝♦♦r❞✐♥❛t❡s (z1i0, z
2
i0, z

4
i0) ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ (y, w) ❛❝❝♦r❞✐♥❣ t♦✿

✭✷✳✽✶✮ z1i0 =
√
He(y

1, y2, ςw,w) , z2i0 = y2 , z4i0 = w .

❇❡s✐❞❡s✱ t❤❡ ❧♦♥❣ t✐♠❡ ♠❡❛♥ ♠♦t✐♦♥✱ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ✈❛r✐❛❜❧❡s t(y, u)✱ s❛t✐s✜❡s ✿

✭✷✳✽✷✮ (〈Z̄1
0 〉, 〈Z̄2

0 〉, 〈Z̄3
0 〉, 〈Z̄4

0 〉)(τ, y, w) = t( 0 , y2 , y3 + 〈Ā3
1〉(zi0) τ , 0

)
.

Pr♦♦❢✳ ❚❤❡ ❛❝❝❡ss t♦ 〈Z̄0〉(τ, zi0) ✐s ✈✐❛ ✭✷✳✼✽✮✳ ❙♦❧✈✐♥❣ ✭✷✳✼✽✮ r❡q✉✐r❡s t♦ ❝♦♠♣✉t❡ 〈Ā1〉✳ ❚♦
t❤✐s ❡♥❞✱ ♥♦t❡ t❤❛t t❤❡ ❢♦r♠✉❧❛ ✭✷✳✼✼✮ ❛♣♣❧✐❡s ✐♥ ❛♥② ♦❢ t❤❡ st❛❣❡s ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s✳
❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❝❛♥ ✉s❡ ✐t ❛❢t❡r t❤❡ ✜rst tr❛♥s❢♦r♠❛t✐♦♥ Ξ1✳ ❘❡♠❛r❦ t❤❛t (E,B) ≡ (0, 0)
♠❡❛♥s t❤❛t A1 ≡ 0✳ ❲✐t❤ ✭✷✳✷✽✮✱ t❤❡s❡ ♦✈❡r✈✐❡✇s ♣r♦✈✐❞❡✿

✭✷✳✽✸✮
A1 = b−1

0 (DzΞ2)
−1

[
(∂−1
θ A∗

0 · ∇z)A0 − b1 A∗
0 − b0 ∂t(b

−1
0 ∂−1

θ A∗
0)

−(∂−1
θ A∗

0 · ∇z)(ln b0) A∗
0

](
θ,Ξ2 ◦ Ξ3(t, z)

)
,

✇❤❡r❡ t❤❡ q✉❛♥t✐t✐❡s ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ❛r❡ t❤❡ ❡①♣r❡ss✐♦♥s ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞
❥✉st ❜❡❢♦r❡ ▲❡♠♠❛ ✷✳✹✳ ❚❤✉s✱ ✇❡ ✇♦r❦ ❤❡r❡ ✇✐t❤ bj := Bj ◦ Ξ1 ❢♦r j ∈ {0, 1}✱ ❛♥❞ ✇✐t❤ A∗

0

❣✐✈❡♥ ❜② ✭✷✳✸✺✮ ❛♥❞ ✭✷✳✸✻✮✳ ■♥ t❤❡ ❡❛rt❤✬s ❝♦♥t❡①t✱ t❤❡r❡ ❛r❡ ♠❛♥② s✐♠♣❧✐✜❝❛t✐♦♥s ❝♦♠✐♥❣

❢r♦♠ ✭✷✳✶✶✮ ❛♥❞ ❢r♦♠ t❤❡ s♣❡❝✐❛❧ ❢♦r♠s ♦❢ B0 ❛♥❞ Ξ̃✳ ❚❤❡ t❡r♠ b1 ✐s s✐♠♣❧②✿

b1(t, θ, z) = Ξ̃(t, θ, z) · (∇zB0)
(
Ξ(t, z)

)
+ B1

(
θ,Ξ(t, z)

)

= u sin ς sin (θ + a)
[
d2 ∂y2(ln b) + d3 (∂y3

tr3) · r2
]
.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✭✷✳✸✻✮ r❡❞✉❝❡s t♦✿
(

A4∗
0

A6∗
0

)
= u c(u)

(
d1 (∂y1

tr2) · r1 cos ς cos(θ + a) + D sin ς
[
cos2(θ + a)

]∗
−d1 (∂y1

tr2) · r1 cos2 ς (sin ς)−1 sin(θ + a) − D cos ς cos(θ + a) sin(θ + a)

)

✇✐t❤ D := d2 (∂y2
tr2) · r1 − d3 (∂y3

tr3) · r1✳ ❚❤✐s ♣r♦✈✐❞❡s ✉s❡❢✉❧ ✐♥❢♦r♠❛t✐♦♥ ❢♦r ❝♦♠♣✉t✐♥❣
t❤❡ ❝♦♥tr✐❜✉t✐♦♥ A1✱ ❛s ✐♥❞✐❝❛t❡❞ ✐♥ ❧✐♥❡ ✭✷✳✽✸✮✳ ▼❛♥② s✐♠♣❧✐✜❝❛t✐♦♥s ♦❝❝✉r ✇❤❡♥ ❛✈❡r❛❣✐♥❣
A1 ✇✐t❤ r❡s♣❡❝t t♦ θ✳ ❋♦r ✐♥st❛♥❝❡✱ s✐♥❝❡ b0 ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ θ✱ ✇❡ ✜♥❞ t❤❛t✿

〈(DzΞ2)
−1 ∂t(b

−1
0 ∂−1

θ A∗
0)〉 ≡ 〈∂−1

θ

[
(DzΞ2)

−1 ∂t(b
−1
0 A∗

0)
]
〉 ≡ 0 .

▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❛❧❧ ❝♦♥tr✐❜✉t✐♦♥s ✇❤✐❝❤ ❛r❡ ❧✐♥❡❛r ♦r ❝✉❜✐❝ ✐♥ cos(θ+a) ❛♥❞ sin(θ+a)✱ ❛s ✇❡❧❧
❛s t❤❡ ♣r♦❞✉❝ts cos(θ + a) sin(θ + a)✱ ❛r❡ ❝❛♥❝❡❧❡❞✳ ❚❤❡r❡ r❡♠❛✐♥s Ā1 = t(0, 0, Ā3

1, 0, Ā
5
1, 0)

✇✐t❤ ✭t❤❡r❡ ✐s ❛ s✐♠✐❧❛r ❢♦r♠✉❧❛ ❝♦♥❝❡r♥✐♥❣ Ā5
1✮✿

Ā3
1(t, z) = u2

{
1
2

[
d2 d3

d1
∂y2 ln

(
d3

d1

)
− (d3)2

d1
(∂y3

tr3) · r2
]
(y1, y2) sin2 ς

+
[
d3 (∂y1

tr2) · r1
]
(y1, y2) cos2 ς

}
| (y1

, ς, u) = (Ξ1
2, Ξ

4
2, Ξ

5
2) ◦ Ξ3(t, z) .

❚❤❡ ❡①♣r❡ss✐♦♥s Āj
1 ✇✐t❤ j ∈ {3, 5} ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ (z3, z5) ≡ (y3, a)✳ ❲❡ ❝❛♥ ❡①♣❧♦✐t

✭✷✳✻✼✮ t♦ ❝♦♠♣✉t❡ t❤❡ ❛✈❡r❛❣❡ ♦❢ Ā1 ✇✐t❤ r❡s♣❡❝t t♦ t✳ ❚❤✐s ❛❧❧♦✇s t♦ r❡♠♦✈❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡
✐♥ z6 ≡ b✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts 〈Ā3

1〉 ❛♥❞ 〈Ā5
1〉 ❞❡♣❡♥❞ ♦♥❧② ♦♥ (z1i0, z

2
i0, z

4
i0)✳

❚❤❡♥✱ ❝♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥ ✭✷✳✼✾✮✳ ❙✐♥❝❡ 〈Ξj〉(z) = z
j
i0 = yj ❢♦r j ∈ {2, 3}✱ t❤❡ r❡s✉❧t

✭✷✳✽✷✮ ❛❜♦✉t 〈Z̄2
0 〉 ❛♥❞ 〈Z̄3

0 〉 ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦r♠✉❧❛s ✐♥ ✭✷✳✼✾✮✳ ❚♦ ❣❡t t❤❡
✐♥❢♦r♠❛t✐♦♥ ✭✷✳✽✷✮ ❝♦♥❝❡r♥✐♥❣ 〈Z̄1

0 〉 ❛♥❞ 〈Z̄4
0 〉✱ ✐t s✉✣❝❡s t♦ ❛♣♣❧② ✭✷✳✻✾✮ ✇✐t❤ r❡s♣❡❝t✐✈❡❧②

F (y1, ς) = y1 ❛♥❞ F (y1, ς) = cos ς✳ �
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■t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t Ā3
1(t, z) ✐s ❛ s✉♠ ♦❢ ♣♦s✐t✐✈❡ t❡r♠s ❛s ❧♦♥❣ ❛s |z|/ρ ≤ arctan

√
2✳ ■♥

♣r❛❝t✐❝❡✱ t❤❡ ❡①♣r❡ss✐♦♥ 〈Ā3
1〉(z) ✐s ♣♦s✐t✐✈❡ ✐♥ ❛ ♠✉❝❤ ❧❛r❣❡r r❡❣✐♦♥✳ ❚❤❡ ❧♦♥❣ t✐♠❡ ♠❡❛♥

♠♦t✐♦♥ ✐s ❛ s✐❣♥❡❞ r♦t❛t✐♦♥ ❛r♦✉♥❞ t❤❡ ❡❛rt❤✱ ❧♦❝❛❧✐③❡❞ ✐♥ t❤❡ ❡q✉❛t♦r✐❛❧ ♣❧❛♥❡ Eq✱ ✇✐t❤ ❛
s✐❣♥ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝❤❛r❣❡ ♦❢ t❤❡ s❡❧❡❝t❡❞ ♣❛rt✐❝❧❡s ✭❡❧❡❝tr♦♥s ♦r ♣r♦t♦♥s✮✳ ❚❤✐s ♠✉st ❜❡
❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡ ❝r❡❛t✐♦♥ ♦❢ ❛ r✐♥❣ ❝✉rr❡♥t✳

❚❤❡ ❝♦♥t❡♥ts ♦❢ ▲❡♠♠❛ ✷✳✶✶ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♦❜s❡r✈❛t✐♦♥s r❡♣♦rt❡❞ ✐♥ st❡♣ ✭P✸✮ ♦❢
t❤❡ ✐♥tr♦❞✉❝t✐♦♥✳ ❚❤❡ ❧♦♥❣ t✐♠❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ ✧❡♥❡r❣② ❧❡✈❡❧s✧ h ❛♥❞ ♦❢ t❤❡ ✧❤❡✐❣❤ts✧
y2✱ r❡♣r❡s❡♥t❡❞ ❜② 〈Z̄1

0〉(τ, zi0) ❛♥❞ 〈Z̄2
0〉(τ, zi0) ❛t t❤❡ ❧❡✈❡❧ ♦❢ ✭✷✳✽✵✮✱ ❢✉rt❤❡r s✉♣♣♦rts t❤❡

st❛❜✐❧✐t② ♦❢ t❤❡ ❡①t❡♥❞❡❞ ❱❛♥ ❆❧❧❡♥ ❜❡❧t EBelt ✭✇❤✐❝❤ ✐s ❞❡❧✐♠✐t❡❞ ❜② ✈❛❧✉❡s ♦❢ h ❛♥❞ y2✮
❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ ♦❢ t❤❡ ❱❛♥ ❆❧❧❡♥ ❜❡❧t✳ ◦
✷✳✸✳✸✳ ❚❤❡ ✐♥❞✉❝t✐♦♥✳ ❯s❡ t❤❡ ❡q✉❛t✐♦♥ ✭✷✳✼✻✮ t♦ ❞❡r✐✈❡✿

✭✷✳✽✹✮ Z̄⋆1(τ, t) = (∂−1
t Ā⋆

1)
(
t, 〈Z̄0〉(τ)

)
, Z∗

2(τ, t, θ) = b0(t, 〈Z̄0〉)−1 ∂−1
θ A∗

1(t, θ, 〈Z̄0〉) .
❲❡ ♣r♦❝❡❡❞ t♦ s❡❡ ✇❤❡t❤❡r ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✜♥❞ t❤❡ Zj ❢♦r j ≥ 2✳ ❲❡ ❛r❣✉❡ ❜② ✐♥❞✉❝t✐♦♥✱
✇✐t❤ t❤❡ ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s✿

(Hj) ✿

{
❚❤❡ ❡①♣r❡ss✐♦♥s Zk ❛r❡ ❦♥♦✇♥ ♦♥ t❤❡ ❞♦♠❛✐♥ [0, T ] × TT × T ❢♦r 1 ≤ k ≤ j − 2 ✱
❚❤❡ ❡①♣r❡ss✐♦♥s Z̄⋆j−1 ❛♥❞ Z∗

j ❛r❡ ❦♥♦✇♥ ♦♥ t❤❡✐r ❞♦♠❛✐♥s ♦❢ ❞❡✜♥✐t✐♦♥✳

❲❡ ❤❛✈❡ ❛❧r❡❛❞② ❝❤❡❝❦❡❞ t❤❡ ✈❛❧✐❞✐t② ♦❢ (H2)✳ ❆ss✉♠❡ (Hj) ❢♦r ❛❧❧ j ∈ {2, · · · , N}✳ ❚❤❡♥✱
❝♦♥s✐❞❡r ✇❤❛t ❝♦♠❡s ✇✐t❤ εj−1 ✐♥ ❢❛❝t♦r✳ ❚❤✐s ✐s ❛ ❧✐♥❡❛r✐③❡❞ ✈❡rs✐♦♥ ♦❢ ✭✷✳✼✻✮ :

✭✷✳✽✺✮ ∂τ 〈Z̄j−1〉 − (〈Z̄j−1〉 · ∇z)A1 + b0 ∂θZ
∗
j+1 + ∂tZ̄

⋆
j = Gj−1 ,

✇❤❡r❡ Gj−1 ✐s ❛ ❦♥♦✇♥ ❢✉♥❝t✐♦♥✳ ❋r♦♠ t❤❡r❡✱ t❤❡ ♣r♦❝❡❞✉r❡ t♦ ❞❡❞✉❝❡ (Hj+1) ✐s ❛ r❡♣❡t✐t✐♦♥
♦❢ ✇❤❛t ❤❛s ❜❡❡♥ ❞♦♥❡ ✐♥ P❛r❛❣r❛♣❤ ✷✳✸✳✷✳ ❚❤❡r❡ ✐s ❥✉st ❛ ♣♦✐♥t t❤❛t ♠✉st ❜❡ str❡ss❡❞✳ ❇②
❛✈❡r❛❣✐♥❣ ✭✷✳✽✺✮ ✐♥ t ❛♥❞ θ✱ ✇❡ r❡❝♦✈❡r t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✿

✭✷✳✽✻✮ ∂τ 〈Z̄j−1〉−(〈Z̄j−1〉·∇z)〈A1〉 = 〈Ḡj−1〉 , 〈Z̄j−1〉(0) = −Z̄⋆j−1(0, 0)−Z∗
j−1(0, 0, 0) .

■t ❢♦❧❧♦✇s t❤❛t t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ✭✷✳✽✻✮ ❤❛s ❛ s♦❧✉t✐♦♥ 〈Z̄j−1〉 ♦♥ t❤❡ ✇❤♦❧❡ ✐♥t❡r✈❛❧ [0, T ]✳
■t ♠❡❛♥s t❤❛t t❤❡ ❧✐❢❡ s♣❛♥ ♦❢ ❛❧❧ t❤❡ Zj ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ♦❢ ✭✷✳✼✽✮✳ ❙t♦♣ t❤❡ ✐♥❞✉❝t✐♦♥
✇❤❡♥ j = N ✳ ❲✐t❤ t❤❡ Zj ✱ ❜✉✐❧❞ Zε ❛s ✐♥❞✐❝❛t❡❞ ✐♥ ✭✷✳✼✸✮✳

❚♦ ✐❞❡♥t✐❢② t❤❡ ♣r♦✜❧❡ Φε(τ, t, θ)✱ ❝♦♥s✐❞❡r t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♣r♦♣♦s❡❞ ✐♥ ✭✷✳✼✸✮✱ ❛♥❞
♣❡r❢♦r♠ ❛ ❢♦r♠❛❧ ❛♥❛❧②s✐s ❛t t❤❡ ❧❡✈❡❧ ♦❢ ✭✷✳✼✹✮✳ ❚❤❡ st✉❞② ♦❢ ✇❤❛t ❝♦♠❡s ✐♥ ❢❛❝t♦r ♦❢ ε−1

❢✉r♥✐s❤❡s ✇✐t❤ Z̄0(τ, t) = Ξ
(
t, 〈Z̄0〉(τ)

)
= t(Ȳ0, Ū0)(τ, t) ∈ R

3 × R
3 ✿

✭✷✳✽✼✮ 〈Φ̄p〉(τ) = c(w)
∫ τ

0 〈b(Ȳ0)〉(s) ds , Φ̄⋆
0 = c(w) ∂−1

t

[
b(Ȳ0)

⋆
]
.

❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ✇✐t❤ εj ✐♥ ❢❛❝t♦r✱ ✇✐t❤ j ∈ {0, · · · , N}✱ ❣✐✈❡s r✐s❡ t♦✿
✭✷✳✽✽✮ ∂τΦj + ∂tΦj+1 +

∑j
k=0 bk ∂θΦ2−k+j − bj+1 = 0 .

❚❤✐s ♠✉st ❜❡ ❝♦♠♣❧❡t❡❞ ❜② ✇❤❛t ❝♦♠❡s t❤❡ ❝♦♥str❛✐♥t ϕε(0) ≡ 0 ✐♥ ✭✷✳✷✷✮✱ t❤❛t ✐s✿

✭✷✳✽✾✮ 〈Φ̄j〉(0) = − Φ̄⋆
j (0, 0) − Φ∗

j (0, 0, 0) .

❆❧❧ ❝♦❡✣❝✐❡♥ts bk ❤❛✈❡ ❜❡❡♥ ♣r❡✈✐♦✉s❧② ✐❞❡♥t✐✜❡❞✳ ❊①♣❧♦✐t✐♥❣ ✭✷✳✽✽✮ ❛♥❞ ✭✷✳✽✾✮✱ t❤❡ Φj ❝❛♥
❜❡ ❞❡t❡r♠✐♥❡❞ s✉❝❝❡ss✐✈❡❧②✱ ❢♦r j = 1 t♦ N ✳ ❇② ♣✐❡❝✐♥❣ t❤❡ Φj t♦❣❡t❤❡r✱ ✇❡ ❣❡t Φε✳
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✷✳✸✳✹✳ ❏✉st✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❲❑❇ ❛♣♣r♦❛❝❤✳ ❋✐① ❛♥② ✐♥t❡❣❡r N ∈ N
∗✳ ❆s ❧♦♥❣ ❛s t❤❡ s♦❧✉t✐♦♥

t♦ ✭✷✳✷✷✮ ❡①✐sts✱ ✐t ❝❛♥ ❜❡ ♣✉t ✐♥ t❤❡ ❢♦r♠ ✭✷✳✼✷✮✳ ❆s ❛ ❜②✲♣r♦❞✉❝t ♦❢ t❤❡ ❢♦r♠❛❧ ❛♥❛❧②s✐s ♦❢
P❛r❛❣r❛♣❤ ✷✳✸✱ ✇❡ ❝❛♥ r❡❧② ♦♥ ✭✷✳✼✹✮✳ ❙✐♥❝❡ (Rz, Rφ) ✐s ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ❝♦♠♣❛❝t
s❡t [0, 1]× [0, T ]×TT ×T✱ ✐t ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ♦❢
✭✷✳✶✽✮ ❛♥❞ t❤❡ ♣r❡❝❡❞✐♥❣ ❛❞❥✉st❡♠❡♥ts✱ ✇❡ ❛r❡ ❢❛❝❡❞ ✇✐t❤✿

✭✷✳✾✵✮ ∂τ

(
rz
ε

rϕε

)
=

(
Rz

Rφ

) (
ε, τ,

τ

ε
,
ϕε
ε
, rz
ε

)
,

(
rz
ε

rϕε

)
(0) = −

(
Z∗
N

Φ∗
N

)
(0, 0, 0) ,

✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞✿

(Rz,Rφ)(ε, τ, t, θ, r) := ε−N−2
[
b(ε, t, θ,Zε) − b(ε, t, θ,Zε + εN r)

]
∂θ(Zε,Φε)

+ ε−N−1
[
(A,b)

(
ε, t, θ,Zε + εN r) − (A,b)

(
ε, t, θ,Zε)

]
− (Rz, Rφ)(ε, τ, t, θ) .

❘❡❝❛❧❧ t❤❛t ∂θZε = O(ε2) ❛♥❞ A0 ≡ 0✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C ∈ R
∗
+ s✉❝❤ t❤❛t✿

sup
{
|Rz(ε, τ, t, θ, r)| ; (ε, τ, t, θ, r) ∈ [0, 1] × [0, T ] × TT × T ×B(0, 1]

}
≤ C (|r| + 1) .

◆♦t❡ Tε ∈ R
∗
+ t❤❡ ❧✐❢❡ s♣❛♥ ❛ss♦❝✐❛t❡❞ t♦ ✭✷✳✷✷✮✳ ■❢ Tε > T ✱ r❡♥❛♠❡ Tε = T ✳ ❇② ❛♣♣❧②✐♥❣

●r♦♥✇❛❧❧✬s ❧❡♠♠❛ t♦ t❤❡ ✜rst ❧✐♥❡ ♦❢ ✭✷✳✾✵✮✱ ✇❡ ❣❡t ❡❛s✐❧②✿

✭✷✳✾✶✮ sup
{
|rz
ε(τ)| ; (ε, τ) ∈ ]0, 1] × [0, Tε]

}
< +∞ .

❘❡❝❛❧❧ t❤❛t ∂θΦε = O(ε2)✳ ❚❤✉s✱ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✭✷✳✾✶✮ ❝❛♥ ❜❡ ❡①♣❧♦✐t❡❞ t♦ ✐♥❢❡r t❤❛t✿

✭✷✳✾✷✮ sup
{
|ε rϕε (τ)| ; (ε, τ) ∈ ]0, 1] × [0, Tε]

}
< +∞ .

❚❤✐s ❧❛st ❡st✐♠❛t❡ ✐s ♥♦t ❛s ❣♦♦❞ ❛s ✭✷✳✾✶✮ ❜✉t ✐t ♣r❡✈❡♥ts t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✾✵✮ t♦ ❡①♣❧♦❞❡✳
❲❡ ❝❛♥ ❛ss❡rt t❤❛t Tε ≡ T ❢♦r ❛❧❧ ε ∈ ]0, ε0]✱ ❛♥❞ t❤❛t rz

ε ✐s ✐♥❞❡❡❞ ❛ r❡♠❛✐♥❞❡r✳ ❈♦♥❝❡r♥✐♥❣

t❤❡ ❝♦♠♣♦♥❡♥t rφε ✱ ❜② ✐♠♣❧❡♠❡♥t✐♥❣ ✭✷✳✾✷✮ ❛t t❤❡ ❧❡✈❡❧ ♦❢ ✭✷✳✾✵✮✱ ✇❡ ♦❜s❡r✈❡ ❛ ❧♦ss ♦❢
♣r❡❝✐s✐♦♥ ❜② ❛ ✜①❡❞ ❢❛❝t♦r ε−1✳ ❇r✐❡✢②✿

▲❡♠♠❛ ✷✳✶✷✳ ❋♦r ❛❧❧ ε ∈ ]0, 1]✱ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♦❞❡ ✭✷✳✷✷✮ ✐s ❞❡✜♥❡❞ ❢♦r ❛❧❧ τ ∈ [0, T ]✳
▼♦r❡♦✈❡r✱ ✇✐t❤ (Zε,Φε) ❛s ✐♥ ✭✷✳✼✸✮✱ ❛♥❞ ✇✐t❤ ❛ ♣r❡❝✐s✐♦♥ ✐♥ L∞ t❤❛t ✐s ✉♥✐❢♦r♠ ✇✐t❤ r❡s♣❡❝t
t♦ τ ∈ [0, T ] ❛♥❞ ✐♥✐t✐❛❧ ❞❛t❛ ziε ✐♥ ❛ ❝♦♠♣❛❝t s❡t✱ ✇❡ ❝❛♥ ❛ss❡rt t❤❛t✿

✭✷✳✾✸✮

(
zε
εϕε

)
(τ) −

(
Zε
εΦε

) (
τ,
τ

ε
,
ϕε(τ)

ε

)
= O

(
εN

)
.

✷✳✸✳✺✳ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣❤❛s❡s ✐♥ ❧♦♥❣ t✐♠❡s✳ ❲❡ ❝❛♥ ♥♦✇ ❛ss❡rt t❤❛t t❤❡ ❛s②♠♣t♦t✐❝
❜❡❤❛✈✐♦✉r ✭✇❤❡♥ ε ❣♦❡s t♦ ③❡r♦✮ ♦❢ (xε, vε) ❞✉r✐♥❣ ❧♦♥❣ t✐♠❡s ✐s ❣✐✈❡♥ ❜② ✭✷✳✼✷✮ ❛♥❞ ✭✷✳✼✸✮✳
❚❤✐s r❡✈❡❛❧s t❤❡ ♣r❡s❡♥❝❡ ♦❢ t✇♦ t②♣❡s ♦❢ ♦s❝✐❧❧❛t✐♦♥s✳

⋄ ❖s❝✐❧❧❛t✐♦♥s ❛t ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ ♦r❞❡r ε−1 ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦✉r ✐♥ t ♦❢
t❤❡ ♣r♦✜❧❡s✳ ❲❤❡♥ ✐♥❝♦r♣♦r❛t✐♥❣ t❤❡ ✭s♠♦♦t❤✮ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ (y, w)✱ t❤❡
♣❡r✐♦❞ T ❜❡❝♦♠❡s ❛ ❢✉♥❝t✐♦♥ ♦❢ (y, w)✳ ❚♦ st✉❞② t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ❢❛st ✈❛r✐❛t✐♦♥s ✐♥ (y, w)✱
✐t ✐s ♥❡❝❡ss❛r② t♦ ♣✉t t❤❡♠ ❛t ❛ ✉♥✐❢♦r♠ s❝❛❧❡✱ t❤❛t ✐s t♦ ♥♦r♠❛❧✐③❡ T ✭s❛② ❛t t❤❡ ✈❛❧✉❡ 2π✮✳
❚❤✐s ♦♣❡r❛t✐♦♥ ♠❛❦❡s ❛ ♣❤❛s❡ ❛♣♣❡❛r✳

❉❡✜♥✐t✐♦♥ ✷✳✻✳ ❬♥♦t✐♦♥ ♦❢ s❡❝♦♥❞❛r② ♣❤❛s❡❪ ❚❤❡ ❢✉♥❝t✐♦♥✿

✭✷✳✾✹✮ ψs : (τ, y, w) 7−→ ψs(τ, y, w) := 2π τ/T = τ w/kž ,
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✇❤❡r❡ ž = t(hz, ŷ,w) ❛♥❞ hz =
√
H(y, ςw,w)✱ ✐s ❝❛❧❧❡❞ t❤❡ s❡❝♦♥❞❛r② ♣❤❛s❡✳ ❚❤❡ ❡①♣r❡ss✐♦♥s

H✱ kh ❛♥❞ ςw ❛r❡ ❣✐✈❡♥ ❜② ✭✷✳✹✼✮✱ ✭✷✳✺✾✮ ❛♥❞ ✭✷✳✸✶✮✳ ■♥ ✭✷✳✾✹✮✱ t❤❡ ✭s♠♦♦t❤✮ ❞❡♣❡♥❞❡♥❝❡
♦♥ (y, w) ❤❛s ❜❡❡♥ ✐♥❝♦r♣♦r❛t❡❞✳

■♥tr♦❞✉❝✐♥❣ Z̃ε(τ, ϑ, θ) := Zε(τ, T ϑ/2π, θ)✱ ✇❡ ✜♥❞ t❤❛t✿

✭✷✳✾✺✮ zε(τ) = Z̃ε

(
τ,
ψs(τ)

ε
,
ϕε(τ)

ε2

)
+O

(
εN

)
, Z̃ε ∈ C∞([0, T ] × T

2; R6) . ⋄
⋄ ❖s❝✐❧❧❛t✐♦♥s ❛t ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ ♦r❞❡r ε−2 ❛ss♦❝✐❛t❡❞ ✇✐t❤ ϕε✳ ❚❤❡ ❛❝❝❡ss t♦ ϕε ✐s ♣♦ss✐❜❧❡
t❤r♦✉❣❤ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭✷✳✷✷✮✱ ✇❤✐❝❤ ♠❛② s❡❡♠ ❧✐tt❧❡ ❞❡s❝r✐♣t✐✈❡✱ ♦r t❤r♦✉❣❤ t❤❡
r❡❧❛t✐♦♥ ✭✷✳✼✷✮✱ ✇❤✐❝❤ ♠❛② s♦✉♥❞ ♥❡st❡❞✳ ■♥ ❢❛❝t✱ ❛♣❛rt ❢r♦♠ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ϕε ♦♥ [0, T ]✱
t❤❡ ❛♥❛❧②s✐s ❤❛s s♦ ❢❛r ❧❡❢t ❛s✐❞❡ ❛ ♣r❡❝✐s❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ✇❤❛t ✐s ϕε✳ ■♥❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡
♦❜t❛✐♥❡❞ ❜② ❢r❡❡③✐♥❣ ❛ ❧❡❛❞✐♥❣ ♣❛rt ♦❢ ϕε✱ ❛♥❞ ❜② ❛❜s♦r❜✐♥❣ t❤❡ r❡st ✐♥s✐❞❡ t❤❡ ♣r♦✜❧❡s✳ ❚❤✐s
❝❛♥ ❜❡ ❞♦♥❡ ❜② s❡❡❦✐♥❣ ϕε ✐♥ t❤❡ ❢♦r♠✿

✭✷✳✾✻✮ ϕε(τ) =
〈Φ̄p〉(τ)

ε
+ Φ̄0

(
τ,
τ

ε

)
+ ε Φ̂c

ε

(
τ,
τ

ε
,
〈Φ̄p〉(τ)
ε2

+
Φ̄0(τ, ε

−1 τ)

ε

)
.

❚❤❡♥✱ t❤❡ r❡❧❛t✐♦♥ ✭✷✳✼✷✮ ♦♥ ϕε ✐s ❡q✉✐✈❛❧❡♥t t♦✿

✭✷✳✾✼✮
[
Φ̂c
ε − Φ̄1 −

∑N−1
j=1 εj Φj+1(θ + Φ̂c

ε)
]
| θ= 〈Φ̄p〉

ε2
+

Φ̄0
ε

= εN−1 rϕε .

❈♦♥s✐❞❡r t❤❡ ❝♦♥❞✐t✐♦♥✿

✭✷✳✾✽✮ I(ε, τ, t, θ, Φ̂ε) := Φ̂ε − Φ̄1(τ, t) −
∑N−1

j=1 εj Φj+1(τ, t, θ + Φ̂ε) = 0 .

❙✐♥❝❡ ∂Φ̂I = 1+O(ε)✱ t❤❡ ✐♠♣❧✐❝✐t ❚❤❡♦r❡♠ ❛♣♣❧✐❡❞ t♦ ✭✷✳✾✽✮ ❛❧❧♦✇s t♦ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡

t❤❡ ❢✉♥❝t✐♦♥ Φ̂ε(τ, t, θ)✳ ■t s❛②s t❤❛t Φ̂ε ✐s s♠♦♦t❤ ✐♥ (ε, τ, t, θ) ∈ [0, 1] × [0, T ] × TT × T✳
■♥✈♦❧✈❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ r❡❧❛t✐♦♥ ✭✷✳✾✼✮✱ ✇✐t❤ t❤❡ ❡st✐♠❛t❡ ✭✷✳✾✷ ✮ ♦♥ rϕε ✐♥ ♠✐♥❞✱ ✐t

❛❧s♦ ❣✉❛r❛♥t❡❡s t❤❛t Φ̂c
ε − Φ̂ε = O

(
εN−2

)
✱ s♦ t❤❛t✿

✭✷✳✾✾✮ ϕε(τ) =
〈Φ̄p〉(τ)

ε
+Φ̄0

(
τ,
τ

ε

)
+ε Φ̂ε

(
τ,
τ

ε
,
〈Φ̄p〉(τ)
ε2

+
Φ̄0(τ, ε

−1 τ)

ε

)
+O

(
εN−1

)
.

❆t t❤✐s st❛❣❡✱ r❡❛s♦♥✐♥❣ ♠♦❞✉❧♦ O
(
εN−1

)
✱ r❡s♦rt✐♥❣ t♦ ϕε ✐s ♥♦ ♠♦r❡ ♥❡❝❡ss❛r②✳

❉❡✜♥✐t✐♦♥ ✷✳✼✳ ❬♥♦t✐♦♥ ♦❢ ♣r✐♥❝✐♣❛❧ ♣❤❛s❡❪ ■♥tr♦❞✉❝❡✿

ψp0(τ) := 〈Φ̄p〉(τ) ∈ C∞([0, T ]; R) , ψp1(τ, ϑ) := Φ̄0(τ, T ϑ/2π) ∈ C∞([0, T ] × T; R) ,

✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥s 〈Φ̄p〉 ❛♥❞ Φ̄⋆
0 ❛r❡ ❣✐✈❡♥ ❜② ✭✷✳✽✼✮✱ ✇❤❡r❡❛s t❤❡ ♣❛rt 〈Φ̄0〉 ✐s ❞❡t❡r♠✐♥❡❞

❜② s♦❧✈✐♥❣ ∂τ 〈Φ̄0〉 − 〈b1〉 = 0 ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ 〈Φ̄0〉(0) = −Φ̄⋆
0(0, 0)✳ ❚❤❡ ❡①♣r❡ss✐♦♥s ψp0

❛♥❞ ψp1 ❛r❡ s♠♦♦t❤ ✇✐t❤ r❡s♣❡❝t t♦ (y, w)✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥✿

ψpε : [0, T ] × Ω −→ R

(τ, y, w) 7−→ ψpε(τ, y, w) := ψp0(τ, y, w) + εψp1

(
τ, y, w, ψs(τ,y,w)

ε

)
,

✐s ❝❛❧❧❡❞ t❤❡ ♣r✐♥❝✐♣❛❧ ♣❤❛s❡✳

❚❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❢❛♠✐❧② {zε}ε ✇❤❡♥ ε ❣♦❡s t♦ ③❡r♦ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ t❤r♦✉❣❤ ❛ ♠✉❧t✐s❝❛❧❡
❛♥❞ ♠✉❧t✐♣❤❛s❡ ❡①♣❛♥s✐♦♥✳ ▼♦r❡ ♣r❡❝✐s❡❧②✿
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▲❡♠♠❛ ✷✳✶✸✳ ❉❡✜♥❡ Ẑε(τ, ϑ, θ) := Z̃ε
(
τ, ϑ, θ + Φ̂ε(τ, T ϑ/2π, θ)

)
✳ ❚❤❡♥✿

✭✷✳✶✵✵✮ zε(τ) = Ẑε

(
τ,
ψs(τ)

ε
,
ψpε(τ)

ε2

)
+O

(
εN

)
, Ẑε ∈ C∞([0, T ] × T

2; R6) .

Pr♦♦❢✳ ❘❡♣❧❛❝✐♥❣ Φ̂c
ε ✇✐t❤ Φ̂ε ❣✐✈❡s r✐s❡ t♦ ❛ ❧♦ss ♦❢ εN−2✳ ❇✉t t❤✐s ✐s ❝♦♠♣❡♥s❛t❡❞ ❜② t❤❡

❢❛❝t t❤❛t ∂θZ̃ε = O
(
ε2

)
✳ ❲❡ st✐❧❧ ❤❛✈❡ ✭✷✳✶✵✵✮ ✐♥ L∞✳ �

■♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ✭✷✳✾✺✮✱ t❤❡ ♣r♦❣r❡ss ✐♥ ✭✷✳✶✵✵✮ ✐s t❤❛t ψpε ✐s ❛ ✇❡❧❧ ✐❞❡♥t✐✜❡❞ ❢✉♥❝t✐♦♥✳
❙t✐❧❧✱ t❤❡ ❢♦r♠ ♦❢ t❤❡ ♣❤❛s❡ ψpε ✐s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❛s ✉s✉❛❧✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ✭❧♦♥❣✮ t✐♠❡
❞❡r✐✈❛t✐✈❡ ♦❢ ψpε ✐s ❛♥ ♦s❝✐❧❧❛t✐♦♥ ♦❢ ❧❛r❣❡ ❛♠♣❧✐t✉❞❡✳ ■♥❞❡❡❞✱ r❡❝❛❧❧✐♥❣ ✭✷✳✽✼✮✱ ✇❡ ❤❛✈❡✿

✭✷✳✶✵✶✮ ∂τψpε(τ, y, w) = c(w) b ◦ Ȳ0

(
τ, y, w,

τ

ε

)
+ ε (∂τ Φ̄0)

(
τ, y, w,

τ

ε

)
.

❯s✐♥❣ ❛❣❛✐♥ ✭✷✳✽✼✮✱ ❛♥❞ ✭✷✳✽✾✮ ✇✐t❤ j = 0 ✭❦♥♦✇✐♥❣ t❤❛t Φ∗
0 ≡ 0✮✱ ✇❡ ❣❡t✿

✭✷✳✶✵✷✮ ψpε(0, y, w) = 〈Φ̄p〉(0) + ε 〈Φ̄0〉(0) + ε Φ̄⋆
0(0, 0) = 0 . ⋄

◦ ❆♣♣❧✐❝❛t✐♦♥ ✼ ❬❛❜♦✉t t❤❡ ♣r✐♥❝✐♣❛❧ ♣❤❛s❡ ✐♥❞✉❝❡❞ ❜② t❤❡ ❣❡♦♠❛❣♥❡t✐❝ ✜❡❧❞❪✳ ❋r♦♠ ✭✷✳✶✵✶✮
❛♥❞ ✭✷✳✶✵✷✮✱ ✐t ✐s ❡❛s② t♦ ❞❡❞✉❝❡ t❤❛t✿

✭✷✳✶✵✸✮ ψpε(ε t, y, w) = ε c(w)
∫ t

0 be ◦ Ȳ0(0, y, w, s) ds+O
(
ε2

)
.

❚❤❡ ♣r✐♥❝✐♣❛❧ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ✭✷✳✶✵✸✮✱ t❤❡ ♦♥❡ ✇✐t❤ ε ✐♥ ❢❛❝t♦r✱ ❤❛s ❛ s♣❡❝✐✜❝ r♦❧❡ t♦ ♣❧❛② ✐♥
P❛rt ✸✳ ❚❤✐s ✐s ✇❤② ✐t ✐s ❡①❛♠✐♥❡❞ ❜❡❧♦✇✳

▲❡♠♠❛ ✷✳✶✹✳ ❘❡❝❛❧❧ t❤❛t Te(h, y
2,w) ❛♥❞ νe(h, y

1, y2,w) ❛r❡ t❤❡ t✇♦ s♠♦♦t❤ ❢✉♥❝t✐♦♥s
✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ t❤r♦✉❣❤ t❤❡ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛s ✭✷✳✼✶❛✮ ❛♥❞ ✭✷✳✼✶❜✮✳ ❚❤❡r❡ ❡①✐sts ❛
s❝❛❧❛r ❢✉♥❝t✐♦♥ Γe(·) s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ (τ, t) ∈ [0, T ] × R+✿

✭✷✳✶✵✹✮ be ◦ Ȳ0(τ, y, w, t) = Γe(h, y
2,w, νe + w t) , h =

√
He(y

1, y2, ςw,w) .

Pr♦♦❢✳ ❘❡❝❛❧❧ ✭✷✳✶✶❝✮ ❛♥❞ t❤❛t Ξj1(z) = yj ❢♦r j ∈ {1, 2}✳ ❇② ❝♦♥str✉❝t✐♦♥✿

be ◦ Ȳ0(τ, t) = be
(
J̄1

0(τ, t), J̄
2
0(τ, t)

)
, (J̄1

0, J̄
2
0)(τ, t) := (Ξ1

2 ◦ Ξ3,Ξ
2
2 ◦ Ξ3)

(
t, 〈Z̄0〉(τ, zi0)

)

✇❤❡r❡ 〈Z̄0〉(τ, zi0) ✐s ❣✐✈❡♥ ❜② ✭✷✳✽✵✮✳ ■♥ t❤❡ ❝❛s❡ ♦❢ B̃e✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s Ξ1
2 ◦Ξ3 ❛♥❞ Ξ2

2 ◦Ξ3✱
❣✐✈❡♥ ❜② ❉❡✜♥✐t✐♦♥s ✷✳✹ ❛♥❞ ✷✳✺✱ ❞♦ ♥♦t ✐♠♣❧② t❤❡ ✈❛r✐❛❜❧❡s y3 ❛♥❞ a✿

Ξ1
2 ◦Ξ3(t, z) = f−1

y2

(
h cos K−1

(h,y2,w)
(b + u t)

)
, Ξ2

2 ◦Ξ3(t, z) = y2 , z = t(h, y2, y3, u, a, b) .

■♥ ✈✐❡✇ ♦❢ ✭✷✳✽✵✮✱ t❤❡ ❢♦✉r r❡♠❛✐♥✐♥❣ ❝♦♠♣♦♥❡♥ts h✱ y2✱ u ❛♥❞ b ❛r❡ st❛t✐♦♥❛r②✱ s♦ t❤❛t✿

J̄1
0(τ, t) = J̄1

0(0, t) = f−1
z2i0

(
z1i0 cos K−1

(z1i0,z
2
i0,z

4
i0)

(z6i0 + z4i0 t)
)
, J̄2

0(τ, t) = J̄2
0(0, t) = z2i0 .

❋✐♥❛❧❧②✱ ♥♦t✐♥❣ t❤❛t zi0 = Z̄s2i0 ✇✐t❤ Z̄s2i0 ❛s ✐♥ ✭✷✳✻✹✮✱ ✇❡ ❝❛♥ ❞✐r❡❝t❧② r❡❝♦✈❡r ✭✷✳✶✵✹✮✱ ✇✐t❤ Te
❛♥❞ νe ❣✐✈❡♥ ❜② ✭✷✳✼✶❛✮ ❛♥❞ ✭✷✳✼✶❜✮✱ ❛♥❞✿

✭✷✳✶✵✺✮ Γe(h, y
2,w, θ̃) := be

(
f−1
y2

(
h cos K−1

(h,y2,w)
(θ̃)

)
, y2

)
.

�
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❆s ❛ ❜②✲♣r♦❞✉❝t ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✱ ▲❡♠♠❛ ✷✳✾ ✭❛♣♣❧✐❡❞ ❤❡r❡ ✇✐t❤ F = be ◦ Ξ1 ≡ be✮ ❛♥❞
▲❡♠♠❛ ✷✳✶✹✱ ✇✐t❤ ž = (ž1, ž2, ž4) = (h, y2,w)✱ ✇❡ ✜♥❞ t❤❛t✿

✭✷✳✶✵✻✮ 〈be ◦ Ȳ0(τ, ·)〉 = 〈Γe〉(h, y2,w) =
− 4

π k(h,y2,w)

∫ h

0

r be
(
f−1

y2 (
√

h2−r2),y2
)
dr

C

(
f−1

y2 (
√

h2−r2),y2
)

cos g−1
w (r)

. ◦
✷✳✸✳✻✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳ ❚❤❡♦r❡♠ ✶ ✐s ❛ ❝♦♠♣✐❧❛t✐♦♥ ♦❢ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳ ■t
♠❛❦❡s r❡❢❡r❡♥❝❡ t♦ t❤❡ ❞♦♠❛✐♥s Bēlt ❛♥❞ EBēlt✱ ✇❤✐❝❤ ❝♦♠❡ ❢r♦♠ ✐♥t❡r♣r❡t❛t✐♦♥s ♦❢ ✭✷✳✶✵✮
❛♥❞ ✭✷✳✺✺✮ ✐♥ t❡r♠s ♦❢ t❤❡ ✈❛r✐❛❜❧❡s (x, v)✳ ▼♦r❡ ♣r❡❝✐s❡❧②✿

✭✷✳✶✵✼✮ Bēlt :=
{
x ; y(x) ∈ Belt

}
, EBēlt :=

{
(x, v) ;

(
y(x), ς, |v|, a

)
∈ EBelt

}
.

❚❤❡ ❆ss❡rt✐♦♥ ✶✮ ✇❛s ❞✐s❝✉ss❡❞ ❛t t❤❡ ✈❡r② ❡♥❞ ♦❢ P❛r❛❣r❛♣❤ ✷✳✷✳✹✱ s❡❡ t❤❡ ▼❛t❤❡♠❛t✐❝❛❧
✐♥t❡r♣r❡t❛t✐♦♥ ✷✳ ❍♦✇ t❤❡ s❡t Bēlt ❝❛♥ ❜❡ ❛❞❥✉st❡❞ t♦ ✜t ✇✐t❤ ❝♦♥❝r❡t❡ ♦❜s❡r✈❛t✐♦♥s ✐s
❡①♣❧❛✐♥❡❞ ✐♥ P❛r❛❣r❛♣❤ ✷✳✶✳✶✱ ❥✉st ❜❡❢♦r❡ ▲❡♠♠❛ ✷✳✶✳

❚❤❡ ❆ss❡rt✐♦♥ ✷✮ ❜r✐♥❣s ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❝♦♠♣❛❝✐t② ❛♥❞ t❤❡ st❛❜✐❧✐t② ♦❢ EBēlt✳ ❙✐♥❝❡
t❤❡ ❛♣♣❧✐❝❛t✐♦♥ y(·) ✐s ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ ❛♥❞ O ◦ y(x) ✐s ❛♥ ♦rt❤♦❣♦♥❛❧ ♠❛tr✐①✱ ✐t s✉✣❝❡s
t♦ ❛r❣✉❡ ❛t t❤❡ ❧❡✈❡❧ ♦❢ EBelt✳ ❆s st❛t❡❞ ✐♥ ▲❡♠♠❛ ✷✳✻✱ t❤❡ s❡t EBelt ✐s ♣r❡s❡r✈❡❞ ❢♦r ❛❧❧
✐♥t❡r♠❡❞✐❛t❡ t✐♠❡s t ∈ R ❜② t❤❡ ✢♦✇ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✜rst ♠♦❞✉❧❛t✐♦♥ ❡q✉❛t✐♦♥ ✭✷✳✷✼✮✱
t❤❛t ✐s ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ Ξ(t, ·) ❢♦r ❛❧❧ t ∈ R✳ ■♥ ✈✐❡✇ ♦❢ ✭✷✳✽✵✮✱ ✐t ✐s ❛❧s♦ ✐♥✈❛r✐❛♥t ✉♥❞❡r
t❤❡ ✢♦✇ ✐♥❞✉❝❡❞ ❜② t❤❡ s❡❝♦♥❞ ♠♦❞✉❧❛t✐♦♥ ❡q✉❛t✐♦♥ ✭✷✳✼✽✮✱ t❤❛t ✐s ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢
〈Z̄0〉(τ, ·) ❢♦r ❛❧❧ τ ∈ [0, T ]✳ ❈♦♥s✐❞❡r✐♥❣ ✭✷✳✼✾✮✱ ♥♦t❤✐♥❣ ✐s ❝❤❛♥❣✐♥❣ ❛t t❤✐s ❧❡✈❡❧✳

❚♦ r❡❛❝❤ t❤❡ ❡①❛❝t ✢♦✇ (xε, vε)(τ, ·)✱ s❡❡ ✭✷✳✼✷✮✱ t❤❡ ❡①tr❛ t❡r♠s ♦❢ t❤❡ ❡①♣❛♥s✐♦♥ ✭✷✳✼✸✮ ❛♥❞
t❤❡ r❡♠❛✐♥❞❡r εN rz

ε ♠✉st ❜❡ ✐♥❝♦r♣♦r❛t❡❞✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡ ♣r♦✜❧❡s Z̄j ❛♥❞ Z∗
j ✇✐t❤

j ∈ N
∗ ❛r❡ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s ✭✇✐t❤ ❛t ❧❡❛st ε ✐♥ ❢❛❝t♦r✮✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞ rz

ε ✐s ❝♦♥tr♦❧❡❞
❛s ✐♥❞✐❝❛t❡❞ ✐♥ ✭✷✳✾✶✮✳ ❚❤✐s ♠❡❛♥s t❤❛t (xε, vε) r❡♠❛✐♥s ❛t ❛ ❞✐st❛♥❝❡ ∼ ε ♦❢ EBēlt✳

❚♦ ❥✉st✐❢② t❤❡ ♣❛rt ✸✮ ♦❢ ❚❤❡♦r❡♠ ✶✱ t❤❡ st❛rt✐♥❣ ♣♦✐♥t ✐s ▲❡♠♠❛ ✷✳✶✸✳ ❚❤❡ ♠❛tt❡r ✐s
t♦ ❢♦❧❧♦✇ ❤♦✇ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✭✷✳✶✵✵✮ ✐s tr❛♥s❢♦r♠❡❞ ✇❤❡♥ ❝♦♠✐♥❣ ❜❛❝❦ t♦ t❤❡
♦r✐❣✐♥❛❧ ✈❛r✐❛❜❧❡s (x, v)✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ✜rst ❜② ♣❛ss✐♥❣ ❢r♦♠ zε t♦ zε = t(yε, uε) t❤r♦✉❣❤
✭✷✳✷✺✮✱ ❛♥❞ t❤❡♥ ❜② ✉s✐♥❣ t❤❡ ✐♥✈❡rs❡ tr❛♥s❢♦r♠❛t✐♦♥✿

✭✷✳✶✵✽✮ (xε, vε)(τ, x, v) =
(
y−1(yε) ,

tO(yε) e
ϕε Λ/ε uε

)(
τ, y(x), O ◦ y(x) v

)
.

❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ Ξ(t, ·)+ε Ξ̃(t, θ, ·) ✐s s♠♦♦t❤✱ ✇✐t❤ ✉♥✐❢♦r♠ ❡st✐♠❛t❡s ✐♥ (t, θ) ∈ TT ×T✳ ❖♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ t❤❡ ♠❛tr✐① Λ ✐s s❦❡✇✲s②♠♠❡tr✐❝✱ t❤❡ ❛❝t✐♦♥ ♦❢ eϕε Λ/ε ✐s ✉♥✐t❛r②✳ ■t
✐s ♥♦t ❛t t❤❡s❡ ❧❡✈❡❧s t❤❛t ❞✐✣❝✉❧t✐❡s ❛♣♣❡❛r✳ ❚❤❡ ♣r♦❜❧❡♠ ❝♦♠❡s ✇❤❡♥ r❡♣❧❛❝✐♥❣ ϕε ❛t t❤❡
❧❡✈❡❧ ♦❢ ✭✷✳✶✵✽✮ ❜② t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ϕε ♦❜t❛✐♥❡❞ ❧✐♥❡ ✭✷✳✾✾✮✱ ✐♥ ♦r❞❡r t♦ ♠❛❦❡ ψpε ❛♣♣❡❛r✳
❚❤✐s ✐♥tr♦❞✉❝❡s ❛ ❧♦ss ♦❢ ♣r❡❝✐s✐♦♥ ❜② ❛ ❢❛❝t♦r ε−2✳ ❙t✐❧❧✱ ❜② ❝❤♦♦s✐♥❣ N ❧❛r❣❡ ❡♥♦✉❣❤✱
t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✭✶✳✼✮ ❜❡❝♦♠❡s ✈❛❧✐❞ ❢♦r ❛r❜✐tr❛r② ♣♦✇❡rs ♦❢ ε✳ ❚❤❡ ♥♦♥❧✐♥❡❛r ❣❡♦♠❡tr✐❝
♦♣t✐❝s ✐s t❤❡r❡❢♦r❡ ❝♦♠♣❧❡t❡❧② ❥✉st✐✜❡❞ ✐♥ L∞ ♦♥ t❤❡ ❧♦♥❣ t✐♠❡ ✐♥t❡r✈❛❧ [0, T ]✳

❚❤❡ ❧❛st ♣♦✐♥t t♦ ❤✐❣❤❧✐❣❤t ✐s ❤♦✇ t♦ ❦❡❡♣ tr❛❝❦ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ t(x, v) ✐♥ ✭✶✳✺✮✳ ❆s
❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞✱ t❤❡r❡ ✐s ❛ s♠♦♦t❤ ❞❡♣❡♥❞❡♥❝❡ ♦❢ zε ♦♥ ziε✱ ✇❤❡♥ s♦❧✈✐♥❣ ✭✷✳✷✷✮✳ ❚❤❡
❛✐♠ ♦❢ ✭✷✳✽✶✮ ✇❛s t♦ ❡①♣r❡ss ziε ✐♥ ❢✉♥❝t✐♦♥ ♦❢ t(y, w)✱ r❡s✉❧t✐♥❣ ✐♥ ❉❡✜♥✐t✐♦♥s ✷✳✻ ❛♥❞ ✷✳✼✳
◆♦✇✱ t♦ r❡❝♦✈❡r ✭✶✳✼✮✱ ✐t s✉✣❝❡s t♦ t❛❦❡✿

✭✷✳✶✵✾✮ ψepε(τ, x, v) := ψpε
(
τ, y(x), O◦y(x) v

)
, ψes(τ, x, v) := ψs

(
τ, y(x), O◦y(x) v

)
.



✸✷ ❈❍✳ ❈❍❊❱❊❘❘❨

✸✳ Pr♦♣❛❣❛t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s ❢♦r t❤❡ ▼❛①✇❡❧❧ ♣❛rt

❖✉r ❛✐♠ ✐♥ t❤✐s P❛rt ✸ ✐s t♦ ❣❡t ❛ q✉❛❧✐t❛t✐✈❡ ♠❡❝❤❛♥✐s♠ t♦ ❡①♣❧❛✐♥ ✇❤❛t ❝♦♥t❛✐♥s t❤❡
s♣❡❝tr♦❣r❛♠s✱ ❛♥❞ ❡s♣❡❝✐❛❧❧② t❤❡ ❛s♣❡❝ts ✉♥❞❡r❧✐♥❡❞ ✐♥ ❧✐♥❡ ✭❈✸✮ ♦❢ ❙✉❜s❡❝t✐♦♥ ✶✳✷✱ s❡❡ t❤❡
♣✐❝t✉r❡ ❞✐s♣❧❛②❡❞ ✐♥ ❬✶❪ ❛♥❞ t❤❡ ✜❣✉r❡ ✶✱ ♣✳ ✻✷✸ ♦❢ ❬✷✵❪✳ ❋r♦♠ t❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡
s✉❜s❡q✉❡♥t ❛♥❛❧②s✐s ✐s ❝♦♥✈✐♥❝✐♥❣✱ ❛❧t❤♦✉❣❤ ✐t ✐s st✐❧❧ ❛t ❛ ♣r❡❧✐♠✐♥❛r② st❛❣❡✳ ■t ♠✉st ❜❡
s❡❡♥ ❛s ❛ ❝r✐t✐❝❛❧ st❡♣♣✐♥❣ st♦♥❡ t♦✇❛r❞s ♠♦r❡ r❡✜♥❡❞ st✉❞✐❡s✳ ❚♦ ❜❡❣✐♥ ✇✐t❤✱ ✐t ✐s ✐♠♣♦rt❛♥t
t♦ ❢✉rt❤❡r ❞✐s❝✉ss t❤❡ ♠♦❞❡❧ ✭✶✳✶✮✳

✸✳✶✳ ❋r♦♠ ❱❧❛s♦✈✲▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s t♦ ♦s❝✐❧❧❛t♦r② ✐♥t❡❣r❛❧s✳ ❚❤❡ ✜rst t❤✐♥❣ t♦ ❞♦
✐s t♦ ❞❡t❛✐❧ t❤❡ ♦r✐❣✐♥ ♦❢ ✭✶✳✶✮✱ st❛rt✐♥❣ ❢r♦♠ t❤❡ st❛♥❞❛r❞ ❢♦r♠✉❧❛t✐♦♥✳

✸✳✶✳✶✳ ❚❤❡ ♠♦❞❡❧✳ ❘❡❧❛t✐✈✐st✐❝ ❱❧❛s♦✈✲▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❬✶✽✱ ✷✻❪✿

✭✸✳✶✮





∂tf + v · ∇xf + qe (E + v × B + v × B̃e) · ∇pf = 0 ,

ǫr ∂tE − c2 ❝✉r❧B = −qe
ǫ0

∫

R3

f v dp , ❞✐✈ (ǫr E) =
qe
ǫ0

∫

R3

f dp ,

∂tB + ❝✉r❧E = 0 , ❞✐✈B = 0 ,

✇❤❡r❡ qe ≃ 1, 6 × 10−19C ✐s t❤❡ ❝❤❛r❣❡ ♦❢ t❤❡ ❡❧❡❝tr♦♥✱ ❛♥❞ ǫ0 ≃ 8, 8 × 10−12 F m−1 ✐s t❤❡
✈❛❝✉✉♠ ♣❡r♠✐tt✐✈✐t②✳ ❚❤❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐① εr ✐s t❤❡ r❡❧❛t✐✈❡ ♣❡r♠✐tt✐✈✐t②✳ ❚❤❡ ❧❡tt❡r
B̃e st❛♥❞s ❢♦r t❤❡ ❞✐♣♦❧❡ ♠♦❞❡❧ ♦❢ t❤❡ ❊❛rt❤✬s ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❞❡s❝r✐❜❡❞ ✐♥ ❆♣♣❧✐❝❛t✐♦♥ ✶✳
❲✐t❤ B̃e(·) ❛s ✐♥ ✭✷✳✼✮✱ ✐t ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜②✿

✭✸✳✷✮ B̃e(x) = b̃0 B̃e(R
−1 x) , b̃0 ≃ 3, 1 × 10−5 T , R ≃ 6, 37 × 106m.

❚❤❡ r❡❧❛t✐✈✐st✐❝ ❢r❛♠❡✇♦r❦ ❝♦♠❡s ❢r♦♠ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❡♥❡r❣❡t✐❝ ❡❧❡❝tr♦♥s ❝♦♥t❛✐♥❡❞ ✐♥
t❤❡ ♦✉t❡r r❛❞✐❛t✐♦♥ ❜❡❧t✳ ❚❤❡ ✈❡❧♦❝✐t② v ✐s ❧✐♠✐t❡❞ ❜② t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t c ≃ 3 × 108ms−1✱
❛♥❞ ✐t ✐s ❧✐♥❦❡❞ t♦ t❤❡ r❡❧❛t✐✈✐st✐❝ ♠♦♠❡♥t✉♠ p t❤r♦✉❣❤ t❤❡ r❡❧❛t✐♦♥s✿

✭✸✳✸✮ v(p) =
p

me

(
1 +

|p|2
m2
e c

2

)−1/2
, p(v) = me v

(
1 − |v|2

c2

)−1/2
,

✇❤❡r❡ me ≃ 9, 1 × 10−31 kg ✐s t❤❡ ♠❛ss ♦❢ t❤❡ ❡❧❡❝tr♦♥✳ ■t ❢♦❧❧♦✇s t❤❛t✿

∇p =
1

me

(
1 − |v|2

c2

)1/2 [
∇v −∇v

(v

c
⊗ v

c

)]
, |Dvp(v)| = m3

e

(
1 − |v|2

c2

)−5/2
.

❚❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✮ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❢♦r♠✿

✭✸✳✹✮




f
E
B


(t, x, v) =




af f

b̃0 amE

c−1 b̃0 amB




( t

T
,
x

R
,
v

c

)
, t :=

t

T
, x :=

x

R
, v :=

v

c
.

■♥ ✭✸✳✹✮✱ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② c−1 ✐s ❛✐♠❡❞ t♦ r❡❝♦✈❡r t❤❡ ❝❧❛ss✐❝❛❧ s②♠♠❡tr✐❝ ❢♦r♠ ♦❢ t❤❡

▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s✳ ❚❤❡ ❢❛❝t♦r b̃0 ✐s ✐♥tr♦❞✉❝❡❞ t♦ ♠❛❦❡ ❝❧❡❛r✱ t❤r♦✉❣❤ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥
❜② t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❝♦❡✣❝✐❡♥t am ✭✇✐t❤ ✧♠✧ ❢♦r ♠❛❣♥❡t✐❝✮✱ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❡①t❡r♥❛❧

♠❛❣♥❡t✐❝ ✜❡❧❞ B̃e ✇✐t❤ t❤❡ s❡❧❢✲❝♦♥s✐st❡♥t ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ (E,B)✳ ❋✐① t❤❡ ♦❜s❡r✈❛t✐♦♥
t✐♠❡ T s✉❝❤ t❤❛t T := c−1 R ≃ 10−2 s✳

http://en.wikipedia.org/wiki/File:Whistler_radio_palmer_2004-07-23_T035528.png
http://www.nonlin-processes-geophys.net/15/621/2008/npg-15-621-2008.pdf
http://en.wikipedia.org/wiki/Van_Allen_radiation_belt
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■♥ t❤❡ ♥♦♥❞✐♠❡♥s✐♦♥❛❧ ✈❛r✐❛❜❧❡s ✭✸✳✹✮✱ ✇✐t❤ p ❛♥❞ v ❧✐♥❦❡❞ ❛s ✐♥❞✐❝❛t❡❞ ✐♥ ✭✶✳✷✮✱ ❛♥❞ j ❛♥❞
ρ ❞❡✜♥❡❞ ❛s ✐♥ ✭✶✳✸✮✱ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ✭✸✳✶✮ ❛r❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ t❤❡ s②st❡♠✿

✭✸✳✺✮





∂tf + v · ∇xf + (ωce am/c) (E + v ×B) · ∇pf

+ωce
[
v × B̃e(x)

]
· ∇pf = 0 ,

ǫr ∂tE − ❝✉r❧B = −κ j , ❞✐✈ (ǫr E) = κ ρ ,
∂tB + ❝✉r❧E = 0 , ❞✐✈B = 0 ,

✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ♣❧❛s♠❛ ♣❛r❛♠❡t❡rs✿

✭✸✳✻✮ ωce :=
qe R b̃0
cme

, κ :=
qe Rm3

e c
3 af

ǫ0 b̃0 am
, ωpe :=

(4π ne q
2
e

me

)1/2
.

❚❤❡ ♥✉♠❜❡r ωce ✭✐♥ R ✉♥✐ts✮ ✐s t❤❡ ❡❧❡❝tr♦♥ ❣②r♦❢r❡q✉❡♥❝②✳ ❚❤❡ ♥✉♠❜❡r κ r❡❣✉❧❛t❡s t❤❡
str❡♥❣t❤ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣✳ ❚❤❡ ♥✉♠❜❡r ωpe ✭✐♥ ❝❣s ✉♥✐ts✮ ✐s t❤❡ ❡❧❡❝tr♦♥ ♣❧❛s♠❛ ❢r❡q✉❡♥❝②✳ ■t
❞♦❡s ♥♦t ❛♣♣❡❛r ❞✐r❡❝t❧② ❛t t❤❡ ❧❡✈❡❧ ♦❢ ✭✸✳✺✮✳ ■♥ ❢❛❝t✱ ✐t ✐s ❤✐❞❞❡♥ ✐♥s✐❞❡ ǫr✳ ■t ✇✐❧❧ ♦❝❝✉r ✐♥
P❛r❛❣r❛♣❤ ✸✳✶✳✹✱ ✇❤❡♥ ❞✐s❝✉ss✐♥❣ t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ✭❢♦r ❛❞❡q✉❛t❡ ❢r❡q✉❡♥❝✐❡s✮✳ ❘❡t❛✐♥
t❤❛t ✐t ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ ne✱ t❤❡ ♥✉♠❜❡r ❞❡♥s✐t② ♦❢ ❡❧❡❝tr♦♥s✳

❖❜s❡r✈❡ t❤❛t ωce ≃ 105✳ ■♥tr♦❞✉❝❡ t❤❡ s♠❛❧❧ ♣❛r❛♠❡t❡r ε := 10−5 ≪ 1✳ ❆❞❥✉st am ✐♥ s✉❝❤
❛ ✇❛② t❤❛t am ω

2
ce c

−1 = 1✳ ❚❤✉s✱ t❤❡ ❝♦♠♣❛r✐s♦♥ ❝♦❡✣❝✐❡♥t am ✐s ♦❢ s✐③❡ am ≃ 0, 03✳ ◆♦✇✱
✐t s✉✣❝❡s t♦ ❝❤❛♥❣❡ t ✐♥t♦ τ := ε t ✐♥ ♦r❞❡r t♦ r❡❝♦✈❡r t❤❡ s❝❛❧✐♥❣s ♦❢ t❤❡ s②st❡♠ ✭✶✳✶✮✳

✸✳✶✳✷✳ ❆ ❜r✐❡❢ ❢♦r❛② ✐♥t♦ st❛❜✐❧✐t② ❛♥❞ ✐♥st❛❜✐❧✐t② ✐ss✉❡s✳ ❆ ❣❧♦❜❛❧ ❡①✐st❡♥❝❡ t❤❡♦r❡♠ ❢♦r ✭✸✳✶✮
❤❛s ❜❡❡♥ ❡st❛❜❧✐s❤❡❞ ✐♥ ✶✾✽✽✱ ✐♥ t❤❡ ♣✐♦♥❡❡r✐♥❣ ✇♦r❦ ❬✶✸❪✳ ❙✐♥❝❡ t❤❡♥✱ ♠❛♥② ✐♠♣r♦✈❡♠❡♥ts
❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞✳ ❇❡②♦♥❞ t❤❡ ❡①✐st❡♥❝❡ t❤❡♦r②✱ ✐♥ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ✐♥
♣❤②s✐❝s✱ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ s♦❧✉t✐♦♥s ✐s ❛♥ ✐♠♣♦rt❛♥t ❛s♣❡❝t t♦ ❞❡✈❡❧♦♣✳ ■♥ t❤❡ ❢r❛♠❡✇♦r❦
♦❢ ✭✸✳✶✮✱ ❛ ❝♦♠♠♦♥ ❛♣♣r♦❛❝❤ ❬✶✽✱ ✷✻✱ ✷✶❪ ✐s t♦ ♣r✐♠❛r✐❧② ❝♦♥s✐❞❡r ❛ st❡❛❞② st❛t❡ s♦❧✉t✐♦♥
(f0, 0, 0)✱ ✇❤❡r❡ f0 ✐s t❤❡ ▼❛①✇❡❧❧✲❇♦❧t③♠❛♥♥ ❞✐str✐❜✉t✐♦♥✿

✭✸✳✼✮ f0(t, x, v) ≡ f0(v) =
1

π3/2 α3
❡①♣

(
−|v|2
α2

)
, α ∈ R

∗
+ .

■♥ t❤❡ ❝♦♥t❡①t ♦❢ ♣❧❛s♠❛s ❝♦♥✜♥❡❞ ✐♥ ❱❛♥ ❆❧❧❡♥ ❜❡❧ts✱ t❤❡ ♣❤②s✐❝❛❧ ♠❡❛s✉r❡s r❡✈❡❛❧✿

✵❛✳ ❆♥✐s♦tr♦♣✐❝ ❢❡❛t✉r❡s✳ ■♥❞❡❡❞✱ t❤❡ ❛♠♣❧✐t✉❞❡s ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts v‖ ❛♥❞ v⊥ ♦❢ t❤❡
✈❡❧♦❝✐t② v✱ ✇❤✐❝❤ ❛r❡ r❡s♣❡❝t✐✈❡❧② ♣❛r❛❧❧❡❧ ❛♥❞ ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ✜❡❧❞ ❧✐♥❡s✱ ✢✉❝t✉❛t❡
❞✉r✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ t✐♠❡s ✭t ∼ 1✮ ❛❧♦♥❣ t❤❡ ✜❡❧❞ ❧✐♥❡s❀

✵❜✳ ❚✇♦✲str❡❛♠ ❡✛❡❝ts✳ ■♥❞❡❡❞✱ t❤❡ ♣❛rt✐❝❧❡s ❛r❡ ❣♦✐♥❣ ❜❛❝❦ ❛♥❞ ❢♦rt❤ ❜❡t✇❡❡♥ t❤❡ t✇♦
♠✐rr♦r ♣♦✐♥ts✳ ❚②♣✐❝❛❧❧②✱ ❛❜♦✈❡ ❛ s♣❛t✐❛❧ ♣♦s✐t✐♦♥ x✱ t❤❡ ✈❡❧♦❝✐t② v‖ ✐s ❡①♣❡❝t❡❞ t♦
❜❡ ❧♦❝❛❧✐③❡❞ ♥❡❛r ♦♣♣♦s✐t❡ ✈❛❧✉❡s ±β ❢♦r s♦♠❡ β ∈ R

∗
+✳

❲❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ❱❧❛s♦✈ ❡q✉❛t✐♦♥s✱ ❛ ✉s✉❛❧ ✇❛② t♦ ✐♥❝♦r♣♦r❛t❡ t❤❡ t✇♦ ❝❤❛r❛❝t❡r✐st✐❝s ✵❛
❛♥❞ ✵❜ ✐s t♦ ❝❤❛♥❣❡ ❛t t✐♠❡ t = 0 t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ f0 ✐♥t♦ f0 + ν f1 ✇✐t❤ ν ≪ 1✱ ✇❤❡r❡ f1 ✐s
✭✐♥ ❝❛s❡ ✵❛✮ ❛ ❜✐✲▼❛①✇❡❧❧✐❛♥ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ t❤❡r♠❛❧ ❛♥✐s♦tr♦♣②✿

✭✸✳✽✮ f1(v) :=
1

β π3/2 α3
❡①♣

(
−

v2
‖

α2

)
❡①♣

(
−|v⊥|2
β α2

)
, β ∈ R

∗
+ ,

file:///Users/christophecheverry/Desktop/Whistler22nov/physique/phy7.webarchive
http://en.wikipedia.org/wiki/Plasma_oscillation
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❛♥❞ ✭✐♥ ❝❛s❡ ✵❜✮ ❛ ❜✐♠♦❞❛❧ ▼❛①✇❡❧❧✐❛♥ ❞✐str✐❜✉t✐♦♥ ♣❡❛❦❡❞ ❛r♦✉♥❞ ♦♣♣♦s✐t❡ s♣❡❡❞s✿

✭✸✳✾✮ f1(v) :=
1

2π3/2 α3

[
❡①♣

(
−(v‖ − β)2

α2
+ ❡①♣

(
−(v‖ + β)2

α2

)]
❡①♣

(
−|v⊥|2

α2

)
.

❚❤❡ s♦❧✉t✐♦♥s f(ν, t, x, v) ♦❢ ✭✸✳✶✮✱ ✇❤✐❝❤ ❛r❡ ✐ss✉❡❞ ❢r♦♠ ✐♥✐t✐❛❧ ❞❛t❛ ❧✐❦❡ (f0 + ν f1)(v) ❝❛♥
❛❧✇❛②s ❜❡ ♣✉t ✐♥ t❤❡ ❢♦r♠ f(ν, t, x, v) = f0(v) + ν f l1(t, x, v) +O

(
ν2

)
✇✐t❤ f(0, t, x, v) = f0(v)

✇❤❡r❡ f l1 ✐s t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❡q✉❛t✐♦♥s ✭✸✳✶✮ ❧✐♥❡❛r✐③❡❞ ❛r♦✉♥❞ (f0, 0, 0)✳ ◆✉♠❡r✐❝❛❧ st✉❞✐❡s
❬✶✽❪ ✐♥❞✐❝❛t❡ t❤❛t t❤❡ t✐♠❡ ❜❡❤❛✈✐♦✉r ♦❢ f l1 ♠✐❣❤t ✉♥❞❡r❣♦ ✇❡✐❜❡❧ ✐♥st❛❜✐❧✐t✐❡s ✭✐♥ ❝❛s❡ ✵❛✮
♦r t✇♦✲str❡❛♠ ✐♥st❛❜✐❧✐t✐❡s ✭✐♥ ❝❛s❡ ✵❜✮✳ ❚❤❡s❡ t✇♦ t②♣❡s ♦❢ ✐♥st❛❜✐❧✐t✐❡s ❛r❡ ❛♠♦♥❣ t❤❡
❢❛❝t♦rs ✇❤✐❝❤ ❛r❡ ♣✉t ❢♦r✇❛r❞ t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ s✉❞❞❡♥ ♦♥s❡t ♦❢ ✇❤✐st❧❡r ✇❛✈❡ ♣❤❡♥♦♠❡♥❛✳
❍♦✇❡✈❡r✱ t❤❡r❡ ❛r❡ s♦♠❡ ♣♦t❡♥t✐❛❧ ❞r❛✇❜❛❝❦s t♦ t❤✐s ❛♣♣r♦❛❝❤✿

✶❛✳ ❈♦♥tr❛r② t♦ t❤❡ ♦❜s❡r✈❛t✐♦♥s ✭♣r❡s❡♥❝❡ ♦❢ ✇❡❧❧ ❧♦❝❛t❡❞ ❱❛♥ ❆❧❧❡♥ ❜❡❧ts✮✱ ♦❜❥❡❝ts ❧✐❦❡
f0 ❛♥❞ ♠♦st ✐♠♣♦rt❛♥t❧② f1✱ ✇❤✐❝❤ ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ ▼❛①✇❡❧❧✐❛♥ ❞✐str✐❜✉t✐♦♥s✱ ❛r❡
♥♦t ✇❡❧❧ ❧♦❝❛❧✐③❡❞ ✐♥ s♣❛❝❡❀

✶❜✳ ◆❡✐t❤❡r f0 ♥♦r f1 t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♦s❝✐❧❧❛t✐♦♥s ✐♥❞✉❝❡❞ ❜② t❤❡ ❱❧❛s♦✈ ♣❛rt✱ ❛♥❞
❡s♣❡❝✐❛❧❧② t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ s❡✈❡r❛❧ ❞✐✛❡r❡♥t s❝❛❧❡s✱ r❡✈❡❛❧❡❞ ❛t t❤❡ ❧❡✈❡❧ ♦❢ ✭✶✳✶✮ ❜②
t❤❡ ♥♦♥❞✐♠❡♥s✐♦♥❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s❀

✶❝✳ ■♥ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ t❤❡ ✐t❡♠s ❛✮ ❛♥❞ ❜✮✱ t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ♦❢ ✭✸✳✶✮ ❛❧♦♥❣ f0
❡♠♣❤❛s✐s❡s t❤❡ ✐♥st❛❜✐❧✐t✐❡s ✐♥❞✉❝❡❞ ❜② t❤❡ t❡r♠ (Ė+v×Ḃ)·∇vf0✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❡✛❡❝ts✱ ❛❧t❤♦✉❣❤ ✐♥t❡r❡st✐♥❣✱ ❛r❡ ♥♦t s✉r❡ t♦ ♣r❡✈❛✐❧✳

✶❞✳ ❚❤✐s ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r② ❢❛✐❧s t♦ r❡❛❧❧② ❣r❛s♣ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❡①t❡r♥❛❧ ✜❡❧❞ B̃e✱
✇❤✐❝❤ ✐s ✐♥ ❢❛❝t ❛t t❤❡ ❝♦r❡ ♦❢ t❤❡ s✉❜❥❡❝t✳

✸✳✶✳✸✳ ❆ ♥❡✇ ❛♣♣r♦❛❝❤ t♦ ✇❤✐st❧❡r ✇❛✈❡s✳ ❖t❤❡r ❛s♣❡❝ts ❞❡s❡r✈❡ t♦ ❜❡ ❞❡✈❡❧♦♣❡❞ ✐♥ ❛❞❞✐t✐♦♥
t♦ t❤❡ ❢♦r❡❣♦✐♥❣✳ ▲❡t ✉s ♠♦✈❡ ♦♥ t♦ ❛♥♦t❤❡r ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ✇❤❛t ♦❝❝✉rs✳ ■♥st❡❛❞ ♦❢
✇♦r❦✐♥❣ ❛t t❤❡ ❧❡✈❡❧ ♦❢ ✭✸✳✶✮✱ ✇✐t❤ ❛ ❣r♦✉♥❞ st❛t❡ f0(v) ❛♥❞ ✐ts ♣❡rt✉r❜❛t✐♦♥s✱ ✐t s❡❡♠s
♠♦r❡ r❡❛❧✐st✐❝ t♦ ❝♦♥s✐❞❡r t❤❡ s②st❡♠ ✭✶✳✶✮ ✐♥ ♦r❞❡r t♦ ❝♦♥str✉❝t s♦❧✉t✐♦♥s✱ ♦r ❛♣♣r♦①✐♠❛t❡
s♦❧✉t✐♦♥s✱ ✇❤✐❝❤ r❡♠❛✐♥ ❝♦♥✈❡♥✐❡♥t❧② ❧♦❝❛❧✐③❡❞ ♦✈❡r ❛ ❧♦♥❣ ♣❡r✐♦❞ ♦❢ t✐♠❡✱ t✐❧❧ τ ∼ 1✳ ❚❤❡
s♣❛t✐❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ s✉♣♣♦rt ♦❢ f(t, ·) s❤♦✉❧❞ ❜❡ ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ❝♦♠♣❛❝t ♥❡✐❣❤❜♦✉r❤♦♦❞
♦❢ t❤❡ ❱❛♥ ❆❧❧❡♥ ❜❡❧ts✳ ❚❤❡ ❛♥❛❧②s✐s ♦❢ P❛rt ✷ ❛❧❧♦✇s t♦ ❣♦ ✐♥ t❤❛t ❞✐r❡❝t✐♦♥✳

❲❤❡♥ ❞✐s❝✉ss✐♥❣ ❧♦❝❛❧✐③❛t✐♦♥ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❞❡♥s✐t② f ✱ t❤❡ ✜rst st❛❣❡ ✐s t♦ ❞❡s❝r✐❜❡ ✇❤❛t
❤❛♣♣❡♥s ❛t t❤❡ t✐♠❡ t = 0✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❝❧❛r✐✜❝❛t✐♦♥s ❛r❡ ♥❡❡❞❡❞ ❛s t♦ t❤❡ ❝❤♦✐❝❡ ♦❢
t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ f ✐♥ ✭✶✳✹✮✳ ❆t t❤✐s ❧❡✈❡❧✱ ♣❤②s✐❝❛❧ ❛s♣❡❝ts ♠✉st ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❆s ❛
❜②✲♣r♦❞✉❝t ♦❢ ❛ s♦❧❛r ✢❛r❡✱ ❧❡ss t❤❛♥ ❤❛❧❢ ♦❢ t❤❡ ❡❛rt❤ ✐s ❧✐t ❜② t❤❡ s✉♥✱ s❛② ❛t t✐♠❡ t = 0✳
■♥ t❤❡s❡ ❝✐r❝✉♠st❛♥❝❡s✱ t❤❡ s✉♣♣♦rt ♦❢ f ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ y3 ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ ❝♦♥t❛✐♥❡❞ ✐♥
s♦♠❡ ❝❧♦s❡❞ ✐♥t❡r✈❛❧ J ♦❢ ❧❡♥❣t❤ ❧❡ss t❤❛♥ π✳

❚❤❡ ❱❛♥ ❆❧❧❡♥ ❜❡❧t ♦❝❝✉♣✐❡s ❛ ♥♦♥✲③❡r♦ ✜♥✐s❤❡❞ ✈♦❧✉♠❡ ✐♥ t❤❡ ♠❛❣♥❡t♦s♣❤❡r❡✳ ❚❤✐s ❝❛♥
❜❡ ❛❝❤✐❡✈❡❞ ♦♥❧② ❜② ❛❧❧♦✇✐♥❣ ✈❛r✐❛t✐♦♥s ♦❢ ❛❧❧ ✈❛r✐❛❜❧❡s y1✱ y2 ❛♥❞ y3✳ ❆s ❛❧r❡❛❞② ❡①♣❧❛✐♥❡❞
✐♥ ❆♣♣❧✐❝❛t✐♦♥ ✹✱ ❢r♦♠ ❛ ❞②♥❛♠✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ✐s ♦r❣❛♥✐③❡❞ ❜② ❡♥❡r❣②
❧❡✈❡❧s✳ ◆♦✇✱ ❛t ❛ ❝♦♥st❛♥t ❡♥❡r❣② ❧❡✈❡❧ h✱ ✈❛r✐❛t✐♦♥s ✐♥ y1 ❛r❡ ❧✐♥❦❡❞ ✇✐t❤ ✈❛r✐❛t✐♦♥s ✐♥ ς✳
❆♥❞ ✜♥❛❧❧②✱ ✐t ✐s ♠♦r❡ ❝♦♥✈❡♥✐❡♥t t♦ ❛r❣✉❡ ✇✐t❤ t❤❡ ✈❛r✐❛❜❧❡s h✱ y2 ❛♥❞ y3✱ ✇❤✐❝❤ ❧❡❛❞ t♦
❛♥ ❛❞❡q✉❛t❡ ❧♦❝❛❧✐③❛t✐♦♥ ♥❡❛r t❤❡ ❡①t❡♥❞❡❞ ❱❛♥ ❆❧❧❡♥ ❜❡❧t✳
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❉✉r✐♥❣ ❛ ✇❤✐st❧❡r ❡✈❡♥t✱ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② Ec ♦❢ t❤❡ ❢❛st✲♠♦✈✐♥❣ ♣❛rt✐❝❧❡s ✐s ♣r❡s✉♠❛❜❧②
❝♦♥❝❡♥tr❛t❡❞ ♥❡❛r ❛ s♣❡❝✐✜❝ ✈❛❧✉❡✳ ❙✐♥❝❡ Ec ❞❡♣❡♥❞s ♦♥ t❤❡ ❛♠♣❧✐t✉❞❡ u ♦❢ t❤❡ ✈❡❧♦❝✐t②✱
t❤✐s ❢✉r♥✐s❤❡s ❛ ♣❤②s✐❝❛❧ ❛r❣✉♠❡♥t t♦ ✇♦r❦ ♥❡❛r ❛ ♣❛rt✐❝✉❧❛r ✈❛❧✉❡ w ♦❢ u✳ ❚❤❡ ✈❛❧✉❡s ✇❤✐❝❤
❛r❡ ♣✉t ❢♦r✇❛r❞ ❝♦♥❝❡r♥✐♥❣ Ec ❛r❡ t②♣✐❝❛❧❧② ♦❢ t❤❡ ♦r❞❡r ♦❢ ≃ 1▼❡✈✳ ❚♦ ♣r♦✈✐❞❡ ✇✐t❤ s♦♠❡
♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡✱ u ≃ 0, 95 ❝ ✐s ❡q✉✐✈❛❧❡♥t t♦ Ec ≃ 1, 69▼❡✈ ❛♥❞ c(u) ≃ 0, 33✳ ❚❤❡r❡
✐s ❛❧s♦ ❛ ♠❛t❤❡♠❛t✐❝❛❧ r❡❛s♦♥ ❢♦r s❡❧❡❝t✐♥❣ ❛ s♣❡❝✐❛❧ ✈❛❧✉❡ w ♦❢ u✳ ■♥❞❡❡❞✱ t❤❡ ❛♠♣❧✐t✉❞❡
u ♦❢ t❤❡ ✈❡❧♦❝✐t② ✐s ❛ ❝♦♥s❡r✈❡❞ q✉❛♥t✐t② ❛s ❧♦♥❣ ❛s E ≡ 0✳ ❆♥❞ t❤✐s ❛❧❧♦✇s t❡❝❤♥✐❝❛❧❧② t♦
❡①❛♠✐♥❡ s❡♣❛r❛t❡❧② ✇❤❛t ❤❛♣♣❡♥s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ u✳ ❈♦♥s✐❞❡r t❤❡ s②st❡♠
✭✶✳✶✮ ✇r✐tt❡♥ ✐♥ t❤❡ ✈❛r✐❛❜❧❡s (y, ς, u, a)✳ ❚❤❡ ❛❜♦✈❡ ♣♦✐♥ts ❝❛♥ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❜②
❛❞❥✉st✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ f ✐♥ t❤❡ ❢♦r♠✿

✭✸✳✶✵✮ f(y, ς, u, a) = f̃
(√

He(y
1, y2, ς, u), y2, y3

)
δw(u) , f̃ ∈ C∞

0 (R+ × R
∗
− × R; R) .

❚❤❡ ❝♦♥tr♦❧ ♦♥ He ✐♠♣♦s❡❞ t❤r♦✉❣❤ ✭✸✳✶✵✮ ❣✐✈❡s r✐s❡ t♦ ❛ ❜♦✉♥❞ ♦♥ y1✳ ❚❤✉s✱ t❤❡ s✉♣♣♦rt
♦❢ f(·) ✐s ❝♦♠♣❛❝t✳ ❚♦ ❜❡ ♠♦r❡ ♣r❡❝✐s❡✱ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ s❡❧❡❝t t❤❡ ✈❛❧✉❡s (h, y2) ❝♦♠✐♥❣
❢r♦♠ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❡①t❡♥❞❡❞ ❱❛♥ ❆❧❧❡♥ ❜❡❧t✳ ❚♦ t❤✐s ❡♥❞✱ ✐t s✉✣❝❡s t♦ ✐♠♣♦s❡✿

✭✸✳✶✶✮ s✉♣♣ f̃(·) ⊂ Kf̃ :=
{
(h, y2, y3) ; 0 ≤ h ≤ fey2

(
he(y

2)
)
, y2 ∈ s✉♣♣ he(·) , y3 ∈ J

}
.

❆♣♣❧② ❚❤❡♦r❡♠ ✶ ✐♥ t❤❡ ❝❛s❡ (E,B) ≡ (0, 0)✳ ❚❤❡♥✱ t❤❡ ❢♦r♠✉❧❛ ✭✶✳✹✮ ✇✐t❤ f ❛s ✐♥ ✭✸✳✶✵✮
♣r♦✈✐❞❡s ❛❝❝❡ss t♦ s♦♠❡ s♦❧✉t✐♦♥ fε ♦❢ t❤❡ ❱❧❛s♦✈ ♣❛rt ♦❢ ✭✶✳✶✮✳ ▼♦r❡♦✈❡r✱ ✐♥ ✈✐❡✇ ♦❢
❆♣♣❧✐❝❛t✐♦♥ ✻✱ t❤❡ t✇♦ q✉❛♥t✐t✐❡s He ❛♥❞ y2 ❛r❡ ♣r❡s❡r✈❡❞✱ ✇❤❡r❡❛s y3 ✉♥❞❡r❣♦❡s s♦♠❡
r♦t❛t✐♦♥✳ ❚❤✐s ✐s ❝♦❤❡r❡♥t ✇✐t❤ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛ r✐♥❣ ❝✉rr❡♥t ✐♥s✐❞❡ t❤❡ ❱❛♥ ❆❧❧❡♥ ❜❡❧t✳
❚❤❡ ✉s❡ ♦❢ t❤✐s ❡①♣r❡ss✐♦♥ fε ✐♥st❡❛❞ ♦❢ f0(v) ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞✈❛♥t❛❣❡s✿

✷❛✳ ❚❤❡ ❡①♣r❡ss✐♦♥ fε ✐s ✇❡❧❧ ❧♦❝❛❧✐③❡❞ ✐♥ s♣❛❝❡ ❛♥❞ ❛❧s♦ ✐♥ ✈❡❧♦❝✐t②❀
✷❜✳ ❚❤❡ ❡①♣r❡ss✐♦♥ fε ✐♥❤❡r✐ts ❛❧❧ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ❢♦r❝❡❞ ❜② t❤❡ ❢❛st ❞②♥❛♠✐❝s ♦❢ t❤❡

❱❧❛s♦✈ ♣❛rt✱ ✐♥❝❧✉❞✐♥❣ ❛❜♦✈❡ ❡❛❝❤ ♣♦s✐t✐♦♥ x ∈ R
3 ✭✇✐t❤ ✈❛r②✐♥❣ ♣❛r❛♠❡t❡rs ❛❧♦♥❣

t❤❡ ✜❡❧❞ ❧✐♥❡s✮✱ s♦♠❡ t❤❡r♠❛❧ ❛♥✐s♦tr♦♣② ❛♥❞ t✇♦✲str❡❛♠ ❡✛❡❝ts❀

✷❝✳ ❚❤❡ ❣❡♦♠❡tr✐❝ ❢❡❛t✉r❡s ♦❢ B̃ r✉♥ t❤r♦✉❣❤ ❛❧❧ t❤❡ ❛♥❛❧②s✐s ♦❢ P❛rt ✷✱ ❧❡❛❞✐♥❣ ✜♥❛❧❧②
t♦ t❤❡ r❡✜♥❡❞ ♥♦t✐♦♥s ♦❢ ♣r✐♥❝✐♣❛❧ ❛♥❞ s❡❝♦♥❞❛r② ♣❤❛s❡s✳

❚❤❛t ❜❡✐♥❣ s❛✐❞✱ ✇♦r❦✐♥❣ ✇✐t❤ fε r❛✐s❡s ♠❛♥② ♥❡✇ ❞✐✣❝✉❧t✐❡s✳ ❆ ✜rst ♣r♦❜❧❡♠ st❡♠s ❢r♦♠
t❤❡ ❢❛❝t t❤❛t (fε, 0, 0) ✐s ♥♦t ❛t ❛❧❧ ❛ s♦❧✉t✐♦♥ t♦ ✭✶✳✶✮✳ ❚❤❡ s✐t✉❛t✐♦♥ ✐s ❡✈❡♥ ✇♦rs❡✱ s✐♥❝❡ t❤❡
❢✉♥❝t✐♦♥ fε ✐s ♥♦t ✐♥t❡♥❞❡❞ t♦ ❜❡ t❤❡ ❧❡❛❞✐♥❣ ♣❛rt ♦❢ ❛♥ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ t♦ t❤❡ s②st❡♠
✭✶✳✶✮✳ ❙t✐❧❧✱ t❤❡ ♦s❝✐❧❧❛t✐♦♥s ✐♥✈♦❧✈❡❞ ✐♥ fε ❛r❡ ♣❡rt✐♥❡♥t✳ ❚❤✐s ✐s ❛ r❛t❤❡r s✉❜t❧❡ ❛s♣❡❝t t❤❛t
✇❡ ♥❡❡❞ t♦ ❛❞❞r❡ss ❜❡❧♦✇✳

❚❤❡ ✜rst ✐♥st❛❜✐❧✐t✐❡s t♦ ❛♣♣❡❛r ❛r❡ ♥♦t ❧✐♥❦❡❞ ✇✐t❤ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ (E,B)✳ ■♥st❡❛❞✱ t❤❡②
❛r❡ ❞✉❡ t♦ t❤❡ s✐♥❣✉❧❛r ❢❛❝t♦rs ε−2 ❛♥❞ ε−1 ❛t t❤❡ ❧❡✈❡❧ ♦❢ ✭✶✳✶✮✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡ s♦❧✉t✐♦♥
♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✭✶✳✶✮ ✐s ✈❡r② s❡♥s✐t✐✈❡ t♦ ❝❤❛♥❣❡s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛✳
❙✉❝❤ ❝♦♥s✐❞❡r❛t✐♦♥s ❛r❡ ✉s✉❛❧ ✐♥ ♥♦♥ ❧✐♥❡❛r ❣❡♦♠❡tr✐❝ ♦♣t✐❝s✳ ❚❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ❬✶✾❪
❢♦r ❛ ❣❡♥❡r❛❧ ❞✐s❝✉ss✐♦♥ ❛♥❞ ❝♦♥❝r❡t❡ ❡①❛♠♣❧❡s✳ ❚♦ ❣❡t ❛r♦✉♥❞ t❤✐s✱ t❤❡ ✜❧t❡r✐♥❣ ♠❡t❤♦❞s ♦❢
P❛rt ✷ s❡♣❛r❛t❡ t❤❡ s❝❛❧❡s✳ ❚❤❡② ❜r✐♥❣ t♦ ❧✐❣❤t ♠♦❞✉❧❛t✐♦♥ ❡q✉❛t✐♦♥s✱ s❡❡ P❛r❛❣r❛♣❤ ✷✳✸✳✷✱
✇❤✐❝❤ ❛r❡ ✇❡❧❧✲♣♦s❡❞ ❡q✉❛t✐♦♥s ♣r♦✈✐❞✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❛♥❞ ❧♦♥❣ t✐♠❡
❞②♥❛♠✐❝s✳ ❚❤❡ ❢❛❝t t❤❛t ψs ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ (E,B)✱ ❛♥❞ t❤❛t t❤❡ ❝♦♠♣♦♥❡♥ts ψp0 ❛♥❞
ψp1 ♦❢ ψpε ❞❡♣❡♥❞ ♦♥ (E,B) ✐♥ ❛ s♠♦♦t❤ ✇❛②✱ ✐s ♦❢ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡st✳
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❚❤❡ str✉❝t✉r❡s ♦❢ t❤❡ ♣❤❛s❡s ❛♥❞ ♦❢ t❤❡ ♣r♦✜❧❡s ❛r❡ q✉✐t❡ st❛❜❧❡ ✉♥❞❡r t❤❡ ✐♥✢✉❡♥❝❡ ♦❢
(E,B)✳ ❚❤✐s ✐s ❛ ❜❛s✐❝ ♣♦✐♥t ❜❡❝❛✉s❡ t❤✐s ❥✉st✐✜❡s ✇❤② t❤❡ ❞❡t❡❝t❡❞ ♣❤❛s❡s ❤❛✈❡ ❛ ❢✉❧❧
♠❡❛♥✐♥❣✳ ■♥ t❤✐s ❛rt✐❝❧❡✱ ♦✉r ❛✐♠ ✐s t♦ ❣✐✈❡ ❛ str❛✐❣❤t❢♦r✇❛r❞ ❛❝❝❡ss t♦ t❤❡ ♠❛❥♦r ❛s♣❡❝ts
✐♥✈♦❧✈❡❞ ❞✉r✐♥❣ t❤❡ ❝r❡❛t✐♦♥ ♦❢ ✇❤✐st❧❡r ✇❛✈❡s✳ ❋r♦♠ t❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✐t ❥✉st ❤❛♣♣❡♥s
t❤❛t t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ψs ❛♥❞ ψpε ✐s ❛ ❣r❡❛t ❤❡❧♣✳

❚❤❡ P❛rt ✷ r❡✈❡❛❧s t❤❛t t❤❡ ✐♥st❛❜✐❧✐t✐❡s ❝♦♠❡ ❢r♦♠ t❤❡ s✉❜st✐t✉t✐♦♥ ♦❢ t❤❡ ❢❛st ✈❛r✐❛❜❧❡s θ
❛♥❞ ϑ ❢♦r t❤❡ ♣r✐♥❝✐♣❛❧ ❛♥❞ s❡❝♦♥❞❛r② ♣❤❛s❡s✳ ❆ s♠❛❧❧ ♠♦❞✐✜❝❛t✐♦♥ ❝❛♥ ✐♥❞❡❡❞ ❜❡ ❛♠♣❧✐✜❡❞
❜② ❛ ❢❛❝t♦r ε−2 ♦r ε−1✳ ❚❤✐s ✐s ✇❤② t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❱❧❛s♦✈ ♣❛rt✱ ♦❜t❛✐♥❡❞ ❛❢t❡r
s✉❜st✐t✉t✐♦♥✱ ❛r❡ ❞✐✣❝✉❧t t♦ ❝♦♥tr♦❧✳ ❆❢t❡r t❤❡ ♣r❡s❡♥t st✉❞②✱ t❤❡ q✉❡st✐♦♥ ✇✐❧❧ r❡♠❛✐♥ ♦❢
✜♥❞✐♥❣ ❛ ❝♦♠♣❧❡t❡ ❲❑❇ ❡①♣❛♥s✐♦♥✳ ❇❡②♦♥❞✱ ❛ ✇❤♦❧❡ r❛♥❣❡ ♦❢ st❛❜✐❧✐t② ✐ss✉❡s ❛r✐s❡s✳ ❚❤❡
❝♦♥s✐❞❡r❛t✐♦♥s ♦❢ P❛r❛❣r❛♣❤ ✸✳✶✳✷ s❤♦✉❧❞ ❝♦♠❡ ✉♣ ❛❣❛✐♥✱ ✐♥ ❛ ❞✐✛❡r❡♥t ❝♦♥t❡①t✳ ❆❧s♦✱ ✐♥
❝♦♥♥❡❝t✐♦♥ ✇✐t❤ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛rt✐✜❝✐❛❧ ✇❤✐st❧❡r ❡♠✐ss✐♦♥s✱ ❛ st✉❞② ♦❢ r❡s♦♥❛♥t ✐♥t❡r❛❝t✐♦♥
♦❢ ♦s❝✐❧❧❛t✐♦♥s s❤♦✉❧❞ ❜❡ r❡q✉✐r❡❞✱ ✐♥ t❤❡ s♣✐r✐t ♦❢ ✇❤❛t ❤❛s ❜❡❡♥ ❞♦♥❡ ✐♥ ❬✶✼❪✳ ❆❧❧ t❤❡s❡
✐t❡♠s ✇✐❧❧ ❜❡ ❛❞❞r❡ss❡❞ ✐♥ ❢♦rt❤❝♦♠✐♥❣ ♣✉❜❧✐❝❛t✐♦♥s✳ ❇❡❢♦r❡ ❣♦✐♥❣ t❤❛t ❢❛r ✐♥ t❤❡ ❛♥❛❧②s✐s✱
t❤❡r❡ ✐s ❛♥ ❡ss❡♥t✐❛❧ st❡♣✳ ■t ✐s t♦ ❝♦♥s✐❞❡r t❤❛t fε ✐s ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥ ❛♥❞ ❢r♦♠ t❤✐s✱ t♦
❡①❛♠✐♥❡ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡ (Eε, Bε) ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❧✐♥❡❛r ❈❛✉❝❤② ♣r♦❜❧❡♠✿

✭✸✳✶✷✮

{
∂τ (ǫr Eε) − ε−1 ❝✉r❧Bε = − ε−1 κ jε , ❞✐✈ (ǫr Eε) = κ ρε , Eε(0, ·) = 0 ,
∂τBε + ε−1 ❝✉r❧Eε = 0 , ❞✐✈Bε = 0 , Bε(0, ·) = 0 ,

✇❤❡r❡ jε ❛♥❞ ρε ❛r❡ ❣✐✈❡♥ ❜② ✭✶✳✸✮✱ ✇✐t❤ fε ❛s ✐♥ ✭✶✳✹✮✳ ❆s ✉s✉❛❧ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ❤②♣❡r❜♦❧✐❝
s②st❡♠s ❬✶✻❪✱ t❤❡ s♦❧✉t✐♦♥ (Eε, Bε) t♦ ✭✸✳✶✷✮ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ ✜♥✐t❡ s✉♠✱ ✐♠♣❧②✐♥❣
s♣❡❝tr❛❧ ♣r♦❥❡❝t♦rs Πi(ξ) ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s λi(ξ)✳ ❚❤❡ ♠❛♣♣✐♥❣s Πi(·) ❛♥❞
λi(·) ❛r❡ C∞ ♦♥ R

3 \ {0} ❛♥❞ ♣♦s✐t✐✈❡❧② ❤♦♠♦❣❡♥❡♦✉s ♦❢ ❞❡❣r❡❡ ③❡r♦ ❛♥❞ ♦♥❡ r❡s♣❡❝t✐✈❡❧②✿

✭✸✳✶✸✮

(
Eε

Bε

)
(t, x) =

∑

i

∫ τ

0

∫

R3

ei (τ−s)ωi(ξ)/ε ei (x−y)·ξ Πi(ξ) jε(s, y) ds dy dξ .

❚❤❡ ❛✐♠ ♦❢ ✇❤❛t ❢♦❧❧♦✇s ✐s t♦ ❞❡s❝r✐❜❡ ❛s ♣r❡❝✐s❡❧② ❛s ♣♦ss✐❜❧❡✱ ❢♦r ❞❛t❛ ♠✐❝r♦❧♦❝❛❧✐③❡❞
❛t ♣❤②s✐❝❛❧❧② ♣❡rt✐♥❡♥t ❢r❡q✉❡♥❝✐❡s✱ ❡①♣r❡ss✐♦♥s (Eε, Bε) ❣✐✈❡♥ ❜② ✐♥t❡❣r❛❧s ❧✐❦❡ ✐♥ ✭✸✳✶✸✮✳
P❛rt✐❝✉❧❛r ❝❛r❡ ✇✐❧❧ ❜❡ ♣❛✐❞ t♦ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ fε ✈✐❛ jε✳

✸✳✶✳✹✳ ❉✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ❢♦r ✇❤✐st❧❡r ✇❛✈❡s✳ ■t ✐s t✐♠❡ t♦ ❝❧❛r✐❢② t❤❡ ❝❤♦✐❝❡ ❛♥❞ t❤❡ r♦❧❡ ♦❢
t❤❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐① ǫr✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ µ ≃ µ0 ✭✇✐t❤ µ0 ❜❡✐♥❣ t❤❡
♣❡r♠❡❛❜✐❧✐t② ♦❢ t❤❡ ❢r❡❡ s♣❛❝❡✮ ✐s ❝♦rr❡❝t ❢♦r s♣❛❝❡ ♣❧❛s♠❛s✳ ■♥ ✈❛❝✉✉♠✱ t❤❡ ♣❡r♠✐tt✐✈✐t②
✐s ❝♦♥st❛♥t ǫ ≡ ǫ0✱ s♦ t❤❛t ǫr ≡ Id✳ ❚❤❡♥✱ t❤❡ s②st❡♠ ✭✸✳✶✷✮ r❡❞✉❝❡s t♦ ❛ ✇❛✈❡ ❡q✉❛t✐♦♥
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✭r❡s❝❛❧❡❞✮ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ω(ξ) ✐♥❞✐❝❛t❡❞ ❜❡❧♦✇✿

∂2
ττE − ε−2 ∆E = F(ε, fε) , ω(ξ) = ±|ξ| .

❚❤❡ s✐t✉❛t✐♦♥ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ✐s ✐♥ ❢❛❝t ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❜❡❝❛✉s❡ t❤❡ ♠❛❣♥❡t♦s♣❤❡r❡
✐s ❛ ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s ♠❛❣♥❡t✐③❡❞ ♣❧❛s♠❛✳ ❚❤❡ s✉❜st✐t✉t✐♦♥ ♦❢ µ ❢♦r µ0 ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s
❝♦rr❡❝t✱ ❜✉t t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ǫ ≃ ǫ0 ✐s ❝❡rt❛✐♥❧② ♥♦t✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ s♦♠❡ ♥♦♥ tr✐✈✐❛❧
❞✐❡❧❡❝tr✐❝ t❡♥s♦r ǫr 6≡ Id ♠✉st ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧t✐♥❣
❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ω(·) ✐s ✉s✉❛❧❧② ❛❝❤✐❡✈❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❆♣♣❧❡t♦♥✲❍❛rtr❡❡ ❡q✉❛t✐♦♥✱
s❡❡ ❬✶✺❪✳ ❋♦r r✐❣❤t✲❤❛♥❞❡❞ ✇❛✈❡s ♣r♦♣❛❣❛t✐♥❣ ♣❛r❛❧❧❡❧ t♦ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ t❤❡ r❡❧❡✈❛♥t
❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❛r❡ ❞r❛✇♥ ✐♥ ❋✐❣✉r❡ ✶✵ ♦❢ ❬✸❪✳

http://farside.ph.utexas.edu/teaching/plasma/Plasmahtml/node51.html
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❚❤✐s ❝❛♥ ❜❡ s♣❡❝✐✜❡❞ ❢♦r ✇❛✈❡♥✉♠❜❡rs k ✐♥ ❛ r❛♥❣❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✇❤✐st❧❡r ♠♦❞❡s✱ t❤❛t
✐s k ∼ 10−5m−1 ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ t②♣✐❝❛❧ ❢r❡q✉❡♥❝② 1 − 10 ❦❍③✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣
♠♦❞❡❧ ❧❛✇ ✭s❡❡ ✺✳✸✳✸ ♦r ❬✶✺❪✮ ❢♦r ω(k) ✐s ✉s✉❛❧❧② ♣r♦♣♦s❡❞ ❜② ♣❤②s✐❝✐sts ✭❜❡❧♦✇ c̃ ∈ ]0, 1/2]✮✿

✭✸✳✶✹✮
c2 |k|2
ω(k)2

= 1 +
ε ω2

pe

ω(k) (1 − ε ω(k))
∼

ε ω2
pe

ω(k) (1 − ε ω(k))
, c̃ ε−1 ≤ ω(k) ≤ ε−1 .

❚❤❡ s♣❡❡❞ ♦❢ ♣r♦♣❛❣❛t✐♦♥ ✐s 1 ❛t t❤❡ ❧❡✈❡❧ ♦❢ ✭✸✳✺✮✳ ❚❤✉s✱ ✐♥ ❞✐♠❡♥s✐♦♥❧❡ss ✈❛r✐❛❜❧❡s✱ t❤❡
❢r❡q✉❡♥❝② c |k| ∼ 104 ♠✉st ❜❡ r❡♣❧❛❝❡❞ ❜② |ξ| ∼ ε−1✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ s❡♠✐❝❧❛ss✐❝❛❧
r❡❣✐♠❡✳ ■♥ ✭✸✳✶✹✮✱ t❤❡ s②♠❜♦❧ ωpe r❡♣r❡s❡♥ts t❤❡ ❡❧❡❝tr♦♥ ♣❧❛s♠❛ ❢r❡q✉❡♥❝②✱ s❡❡ ✭✸✳✻✮✳ ❚❤❡
r❛t✐♦ µ := (ε ωpe)

−1 ❜❡t✇❡❡♥ t❤❡ ❡❧❡❝tr♦♥ ❢r❡q✉❡♥❝② ❛♥❞ t❤❡ ♣❧❛s♠❛ ❢r❡q✉❡♥❝② ✐s ❛ s♠❛❧❧
♣❛r❛♠❡t❡r✱ t②♣✐❝❛❧❧② ♦❢ t❤❡ ♦r❞❡r 10−1✳ P❧❡❛s❡ r❡❢❡r t♦ ❬✷✶❪✲ ♣✳ ✺✶ ❢♦r ❛ r❡♣r❡s❡♥t❛t✐✈❡ s❛♠♣❧❡
♦❢ ❡①♣❡r✐♠❡♥t❛❧ ✈❛❧✉❡s✳ ❉✉r✐♥❣ ❣❡♦♠❛❣♥❡t✐❝ ❞✐st✉r❜❛♥❝❡s✱ t❤❡ ♥✉♠❜❡r ❞❡♥s✐t② ♦❢ ❡❧❡❝tr♦♥s
ne ❛♥❞ t❤❡r❡❢♦r❡ ωpe ✭✇❤✐❝❤ ❞❡♣❡♥❞s ❧✐♥❡❛r❧② ♦♥

√
ne✮ ✐♥❝r❡❛s❡s ✐♥s✐❞❡ ✇❤✐st❧❡r ❞✉❝ts✳ ❆s

❛ r❡s✉❧t✱ t❤❡ ♦✈❡r❞❡♥s❡ ❝♦♥❞✐t✐♦♥✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t µ ✐s s♠❛❧❧✱ ❝❛♥ ❜❡ r❡✐♥❢♦r❝❡❞ ✉♣ t♦ t❤❡
✈❛❧✉❡ µ ∼ 10−2 ♦r ❛ ❧✐tt❧❡ ❧❡ss✱ ❜✉t st✐❧❧ ✇✐t❤ ε ≪ µ✳ ■♥ ✈✐❡✇ ♦❢ t❤✐s ♠❡❝❤❛♥✐s♠ ❬✶✺❪✱ t❤❡
❡q✉❛❧✐t② ✐♥ ✭✸✳✶✹✮ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ∼ ♦♥ t❤❡ r✐❣❤t s✐❞❡ ♦❢ ✭✸✳✶✹✮✱ ❧❡❛❞✐♥❣
t♦ ❛ s✐♠♣❧✐✜❡❞ r❡❧❛t✐♦♥✿

✭✸✳✶✺✮ ω(ξ) = ± 1

ε
λ(ε µ |ξ|) , λ(z) = λM

z2

1 + z2
≤ 1 .

❚❤❡ ❢❛❝t♦r λM ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ t❤❡ t❤r❡s❤♦❧❞ ❧✐♠✐t ✭♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ❧❛✇✮✳ ■t ❛♣♣❡❛rs ✇❤❡♥
t❤❡ ❢r❡q✉❡♥❝② ω(k) ♦❢ ✭✸✳✶✹✮✱ ❡①♣r❡ss❡❞ ✐♥ s❡❝♦♥❞s✱ ✐s ❝❤❛♥❣❡❞ t♦ ✜t ✇✐t❤ t❤❡ s❝❛❧❡ ♦❢ t✱
♠❡❛♥✐♥❣ t❤❛t λM ≃ T ∈ R

∗
+✳ ❘❡❝❛❧❧ ✭✷✳✽✮ ❛♥❞ t❤❛t c(w) ≃ 3−1✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛♥t✐t✐❡s✿

✭✸✳✶✻✮ λM ≃ 10−2 , c(w) bm ≃ 3−7 , c(w) bM ≃ 2 × 3−4 ,

❛r❡ ❝❧❡❛r❧② ❝♦♠♣❛r❛❜❧❡✱ ✇✐t❤ c(w) bm < λM ✳ ❋♦r ♣✉r♣♦s❡s ♦❢ t❤❡ s✉❜s❡q✉❡♥t ❛♥❛❧②s✐s✱ ✇❤❛t
❝♦✉♥ts ♠♦st ✐s t❤❡ s❝❛❧✐♥❣s ♦❢ ✭✸✳✶✺✮✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♠❛❥♦r❛t✐♦♥ ♦❢ λ(·)✳ ❚❤❡ ♣r❡❝✐s❡
str✉❝t✉r❡ ♦❢ λ ✐s ♦❢ ❝♦✉rs❡ ✐♠♣♦rt❛♥t t♦ ❝❛♣t✉r❡ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ❛s♣❡❝ts ♦❢ t❤❡ ♣r♦♣❛❣❛t✐♦♥✱
❜✉t ✐t ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ❜❛s✐❝ ❡✛❡❝ts ❤✐❣❤❧✐❣❤t❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳

❆t t❤✐s st❛❣❡✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❛t ✇❤✐st❧❡r ✇❛✈❡s ❝♦rr❡s♣♦♥❞ t♦ ❞❛t❛ ✐♥✈♦❧✈✐♥❣ ❢r❡q✉❡♥❝✐❡s
♦❢ s✐③❡ µ |ξ| ∼ ε−1✳ ▼♦r❡♦✈❡r✱ t❤❡✐r ♣r♦♣❛❣❛t✐♦♥ ✐s ❛❝❤✐❡✈❡❞ t❤r♦✉❣❤ ❛ ♣♦❧❛r✐③❛t✐♦♥ ❛❝❝♦r❞✐♥❣
t♦ ❛ s♣❡❝tr❛❧ ♣r♦❥❡❝t♦r Πi(ξ) ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ωi(ξ) s❛t✐s❢②✐♥❣ ✭✸✳✶✺✮✳
❚❤✐s ❝❛♥ ❜❡ s✉♠♠❡❞ ✉♣ ❛s ❢♦❧❧♦✇s✳

❆ss✉♠♣t✐♦♥ ✸✳✶✳ ❬❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥❪ ❚❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ✇❤✐st❧❡r ✇❛✈❡s ✐s ❣♦✈❡r♥❡❞ ❜② ❛
❧❛✇ ♦❢ t❤❡ ❢♦r♠ ✭✸✳✶✺✮✱ ✐♠♣❧②✐♥❣ ❛ r❡❛❧ ❛♥❛❧②t✐❝ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ λ(·) s❛t✐s❢②✐♥❣✿

λ : R
∗
+ −→ ]0, λM ] , λ′ : R

∗
+ −→ R

∗
+ ,✭✸✳✶✼❛✮

λ(0) = 0 < c(w) bm < λM := lim
z→+∞

λ(z) .✭✸✳✶✼❜✮

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ❜❡❝❛✉s❡ t❤✐s ✐s ♠♦r❡ ♣r❛❝t✐❝❛❧✱ ✇❡ ✇✐❧❧ ✇♦r❦ ✇✐t❤ (y, w)✱ ✐♥st❡❛❞ ♦❢ t❤❡
♦r✐❣✐♥❛❧ ✈❛r✐❛❜❧❡s (x, v)✳ ❚❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ♣❡r❢♦r♠❡❞ ✐♥ P❛r❛❣r❛♣❤ ✷✳✶✳✷ ✐s ♦rt❤♦❣♦♥❛❧✱
✇❤❡r❡❛s ω(·) ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ♥♦r♠ |ξ| ♦❢ ξ✳ ❚❤✉s✱ t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥s ✭✸✳✶✺✮ ✐s ♥♦t
♠♦❞✐✜❡❞ ❜② s✉❝❤ ❛ tr❛♥s❢♦r♠❛t✐♦♥✳

http://silas.psfc.mit.edu/introplasma/chap5.html
http://en.wikipedia.org/wiki/Plasma_parameters
http://hal.archives-ouvertes.fr/docs/00/25/39/83/PDF/ajp-jp4199505C620.pdf
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✸✳✶✳✺✳ ❆ ❝❧❛ss ♦❢ ♦s❝✐❧❧❛t♦r② ✐♥t❡❣r❛❧s✳ ❆t t❤❡ ❧❡✈❡❧ ♦❢ ✭✸✳✶✷✮✱ t❤❡ ❝♦♥str❛✐♥t ♦♥ t❤❡ ❞✐✈❡r❣❡♥❝❡
✐s ♣r♦♣❛❣❛t❡❞✳ ■t ❝❛♥ ❜❡ ❢♦r❣♦tt❡♥✳ ❲❤❛t ♠❛tt❡rs ✐s t❤❡ s♦✉r❝❡ t❡r♠ j✱ ✇❤✐❝❤ ✐s ♥♦✇ ❣✐✈❡♥
❜② ❛♥ ✐♥t❡❣r❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ w✳ ◆♦t❡ (yε, ςε, uε, aε)(τ, ·) t❤❡ ✢♦✇ ✐♥❞✉❝❡❞ ❜② ✭✶✳✺✮ ✐♥
t❤❡ ❝❛s❡ (E,B) = (0, 0)✱ ✐♥t❡r♣r❡t❡❞ ❛❢t❡r t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ Ξ1 ♦❢ P❛r❛❣r❛♣❤ ✷✳✷✳✸✳ ❙✐♥❝❡
uε(τ, ·) ≡ w ❢♦r ❛❧❧ τ ∈ [0, T ]✱ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② t❤❡ ❉✐r❛❝ ♠❛ss δw(u) ✐s ♠❛✐♥t❛✐♥❡❞
❛t t❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ u = w✳ ◆♦✇✱ t❤❡ ❛♠♣❧✐t✉❞❡ w ♦❢ t❤❡ ✈❡❧♦❝✐t② ❜❡✐♥❣ ✜①❡❞✱ t❤❡ ✈❡❝t♦r
w ❜❡❝♦♠❡s ❛ ❢✉♥❝t✐♦♥ w(ς, a) ♦❢ (ς, a)✱ ❛s ✐♥❞✐❝❛t❡❞ ✐♥ ✭✷✳✸✶✮✱ ❛♥❞ s♦♠❡t✐♠❡s s✐♠♣❧② ❞❡♥♦t❡❞
❜② w ✐♥ ✇❤❛t ❢♦❧❧♦✇s✳ ❚❤❡ ❢♦r♠✉❧❛ ✭✶✳✸✮ ❣✐✈❡s r✐s❡ t♦✿

✭✸✳✶✽✮ jε(τ, y) =

∫

T2

f̃ε(τ, y, ς, a) dς da ,

✇✐t❤ ❜② ❝♦♥str✉❝t✐♦♥✿

f̃ε(τ, y, ς, a) = f
(
(yε, ςε,w, aε)(−τ, y, w)

)
(1 − w2)−5/2 w2 sin ς × tO(y)w(ς, a) .

❚❤❡ ♦s❝✐❧❧❛t✐♥❣ str✉❝t✉r❡ ♦❢ (yε, ςε, aε) ✇❤✐❝❤ ❤❛s ❜❡❡♥ ❡①❤✐❜✐t❡❞ ✐♥ P❛rt ✷ ✐s ♣r❡s❡r✈❡❞ ✉♥❞❡r
♥♦♥❧✐♥❡❛r ❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡r❡❜②✿

✭✸✳✶✾✮ f̃ε(τ, y, ς, a) = F̃
(
ε, τ, y, ς, a,

ψs(τ, y, w)

ε
,
ψpε(τ, y, w)

ε2

)
+O

(
εN

)
.

❚❤❡ ♣r♦✜❧❡ F̃ ∈ C∞([0, 1]× [0, T ]×R
3 ×T

4; R) ❝❛♥ ❜❡ ❡①♣❛♥❞❡❞ ✐♥ ❛ ❋♦✉r✐❡r s❡r✐❡s t♦ ❣❡t✿

✭✸✳✷✵✮ F̃ =
∑

(p,q)∈Z2

apq(ε, τ, y, ς, a) ei (p ϑ+q θ) , apq ∈ C∞([0, 1]×[0, T ]×R
3×T

2; R) ,

✇✐t❤✿
apq(ε, τ, y, ς, a) =

∑N
j=0 ε

j apqj (τ, y, ς, a) +O
(
εN+1

)
, ∀ (p, q,N) ∈ Z

2 × N .

❆❢t❡r t❤❡ s❡♣❛r❛t✐♦♥ ♦❢ s❝❛❧❡s✱ t❤❡ ❧♦♥❣ t✐♠❡ s♣❡❡❞ ♦❢ ♣r♦♣❛❣❛t✐♦♥ ✐s ✜♥✐t❡✳ ■t ❢♦❧❧♦✇s t❤❛t
t❤❡ ❢✉♥❝t✐♦♥ F̃ (ε, τ, ·, ς, a) r❡♠❛✐♥s ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ✐♥ y ❛s ❧♦♥❣ ❛s τ ✐s ❜♦✉♥❞❡❞✳ ❚❤✐s
♣r♦♣❡rt② ✐s tr❛♥s❢❡r❡❞ t♦ t❤❡ ❝♦❡✣❝✐❡♥ts apqj ✳ ❋✐① T ∈ R

∗
+ ❛s ✐♥ P❛r❛❣r❛♣❤ ✷✳✸✳✷✳ ❚❤❡r❡ ✐s

❛ ❝♦♠♣❛❝t s❡t K ⊂ R × R
∗
− × R s✉❝❤ t❤❛t✿

✭✸✳✷✶✮ s✉♣♣ apqj (τ, ·, ς, a) ⊂ K , ∀ (τ, ς, a, p, q, j) ∈ [0, T ] × T
2 × Z

2 × N .

❚❤❡ ❢r❡q✉❡♥❝✐❡s ✐♠♣❧✐❡❞ ✐♥ ❱▲❋ s✐❣♥❛❧s ❛r❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ 1 ❦❍③ ✭✐♥ ❛ r❛♥❣❡ ❢r♦♠ 100❍③
t♦ 10 ❦❍③✮✳ ■♥ t❡r♠s ♦❢ t❤❡ ♣r❡s❡♥t s❝❛❧✐♥❣s✱ t❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ ❧♦❝❛❧✐③❛t✐♦♥ ♦❢ ξ ✐♥ ❛♥
❛♥♥✉❧✉s ♦❢ s✐③❡ µ |ξ| ∼ ε−1✳ ❚❤✐s ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ✐♠♣❧❡♠❡♥t✐♥❣ ❛ ❝✉t♦✛ ❢✉♥❝t✐♦♥✿

✭✸✳✷✷✮ χ ∈ C∞
0 (R∗

+; R+) , χ 6≡ 0 , s✉♣♣ χ ⊂ A :=
{
ξ ; 0 < r ≤ |ξ| ≤ R < +∞

}
.

❚♦ ❜❡ s✉r❡ t❤❛t µ |ξ| ∼ ε−1✱ ✇❡ ♠✉❧t✐♣❧② ❜② χ(ε µ |ξ|) ♦♥ t❤❡ ❋♦✉r✐❡r s✐❞❡✳ ❚❤❡ ❡q✉❛t✐♦♥
✭✸✳✶✷✮ ♦♥ (Eε, Bε) ✐s ❧✐♥❡❛r✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ❜r♦✉❣❤t ❜② t❤❡ ❞✐✛❡r❡♥t
♣r♦❥❡❝t✐♦♥s Πi ❛♥❞ t❤❡ ✈❛r✐♦✉s t❡r♠s ✐♥ t❤❡ ❡①♣❛♥s✐♦♥ ✭✸✳✷✵✮ ❝❛♥ ❜❡ st✉❞✐❡❞ s❡♣❛r❛t❡❧②✳ ❖♥
t❤✐s ❜❛s✐s✱ t❤❡ s♦❧✉t✐♦♥ (Eε, Bε) t♦ ✭✸✳✶✷✮ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥✿

✭✸✳✷✸✮

(
Eε

Bε

)
(ε t, x) =

∑

i

∑

±

∑

p∈Z

∑

q∈Z

∑

j

I(i,±, p, q, j; ε, t, x) ,

♦❢ ♦s❝✐❧❧❛t♦r② ✐♥t❡❣r❛❧s ❤❛✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

✭✸✳✷✹✮ I(ε, t, x) :=
−κ

ε1−j

∫ ε t

0

∫

K×T2×R3

ei Ψ̃(ε,ε t,x;s,y,ς,a,ξ)/ε2 ã(s, y, ς, a, ξ) dV,
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✇❤❡r❡ t❤❡ ♥♦t❛t✐♦♥ dV ✐s ❢♦r t❤❡ ✈♦❧✉♠❡ ❡❧❡♠❡♥t dV := ds dy dς da dξ ✳ ❋♦r t❤❡ ✐♥❞✐❝❡s i
❣✐✈✐♥❣ r✐s❡ t♦ ✭✸✳✶✺✮✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ P❛r❛❣r❛♣❤ ✸✳✶✳✹✱ ✇❡ ✜♥❞ t❤❛t ✭❛❢t❡r s♣❡❝✐❢②✐♥❣ ❛❣❛✐♥
t❤❡ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs✮✿

Ψ̃(±, p, q; ε, τ, x; s, y, ς, a, ξ) := ± (τ − s)λ(ε µ |ξ|) + (x− y) · (ε2 ξ) ,
+ ε pψs

(
s, y, w(ς, a)

)
+ q ψpε

(
s, y, w(ς, a)

)
,

ã(p, q, j; s, y, ς, a, ξ) := χ(ε µ |ξ|) Πi(ξ) a
pq
j (s, y, ς, a) .

❆t t❤❡ ❧❡✈❡❧ ♦❢ ✭✸✳✷✹✮✱ ♣❡r❢♦r♠ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s s = ε s̃ ❛♥❞ ξ = ε−1µ−1ξ̃✳ ❘❡♥❛♠❡ s̃

❛♥❞ ξ̃ ❛s r❡s♣❡❝t✐✈❡❧② s ❛♥❞ ξ t♦ ✜♥❞✿

✭✸✳✷✺✮ I(ε, t, x) :=
−κ

ε3−j

∫ t

0

∫

K×T2×R3

ei Ψ̃(ε,ε t,x;εs,y,ς,a,(εµ)−1ξ)/ε2 ã
(
εs, y, ς, a, (εµ)−1ξ

)
dV.

▲♦♦❦ ❛t t❤❡ ♣❛rt ψpε(εs, y, w) ✐♥s✐❞❡ t❤❡ ❢✉♥❝t✐♦♥ Ψ̃(·) ♦❢ ✭✸✳✷✺✮✳ ❘❡❝❛❧❧ ✭✷✳✶✵✸✮ ❛♥❞ ✭✷✳✶✵✹✮✳
❙✐♥❝❡ w ✐s ✜①❡❞✱ ❛♥❞ ❜❡❝❛✉s❡ y3 ❛♥❞ a ❞♦ ♥♦t ❛♣♣❡❛r ❛t t❤❡ ❧❡✈❡❧ ♦❢ be ◦ Ȳ0 ✭▲❡♠♠❛ ✷✳✶✹✮✱
✇❡ ❝❛♥ s❦✐♣ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ (y3,w, a) ❛t t❤❡ ❧❡✈❡❧ ♦❢ ✭✷✳✶✵✸✮ ✇❤✐❝❤ ❜❡❝♦♠❡s✿

✭✸✳✷✻✮ ψpε(εs, y, w) = ε c(w)

∫ s

0
be ◦ Ȳ0(0, y

1, y2, ς, r) dr +O
(
ε2

)
.

■t ❢♦❧❧♦✇s t❤❛t t❤❡ ❢✉♥❝t✐♦♥ Ψ̃(·) ♦❢ ✭✸✳✷✺✮ ✐s ♦❢ s✐③❡ O(ε)✳ ■s♦❧❛t✐♥❣ t❤❡ ♠❛✐♥ t❡r♠✱ t❤❛t ✐s
t❤❡ ♦♥❡ ✇✐t❤ ε ✐♥ ❢❛❝t♦r✱ ♠❛❦❡s ❛ ♥❡✇ ♣❤❛s❡ Ψ(±, q; t, x; s, y, ς, ξ) ❛♣♣❡❛r✱ ♥❛♠❡❧②✿

✭✸✳✷✼✮
Ψ ≡ Ψ(±, q; ·) := ± (t− s)λ(|ξ|) + µ−1 (x− y) · ξ

+ q c(w)

∫ s

0
be ◦ Ȳ0(0, y

1, y2, ς, r) dr .

❙✐♥❝❡ Ψ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ a✱ ✇❡ ❝❛♥ ❛♣♣❧② ❋✉❜✐♥✐ t♦ ♣✉t ❛♣❛rt t❤❡ ✐♥t❡❣r❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t
t♦ a✱ ✐♥ ♦r❞❡r t♦ ❡①❤✐❜✐t✿

✭✸✳✷✽✮ I(ε, t, x) =

∫ t

0

∫

K×T×R3

eiΨ(t,x;s,y,ς,ξ)/ε a(ε, s, y, ς, ξ) ds dy dς dξ ,

✇❤❡r❡ a(p, q, j; ·) ∈ C∞(]0, 1] × [0, t] × R × R
∗
− × R × T × R

3) ✐s ❣✐✈❡♥ ❜②✿

a(ε, s, y, ς, ξ) :=
−κ

ε3−j
χ(|ξ|) Πi(ξ)

(∫

T

e
2 i π p s
Te(y,w) ei Φ̌(ε,s,y,w) apqj (ε s, y, ζ, a) da

)
,

✇✐t❤ w ≡ w(ς, a) ❛♥❞✱ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✿

Φ̌(ε, s, y, w) := q c(w)

∫ s

0

{
∂τ Φ̄0(εr, ·) + ε−1

[
b ◦ Ȳ0(εr, ·) − b ◦ Ȳ0(0, ·)]

}
| · ≡(y,w,r)

dr .

❋r♦♠ ✭✸✳✷✶✮ ❛♥❞ ✭✸✳✷✷✮✱ ✐t ❢♦❧❧♦✇s t❤❛t a(·) ✐s ✉♥✐❢♦r♠② ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ✐♥ t❤❡ s❡♥s❡
t❤❛t ❢♦r ❛❧❧ (p, q, j) ∈ Z

2 × N✱ ✇❡ ❤❛✈❡✿

✭✸✳✷✾✮ s✉♣♣ a(ε, s, ·) ⊂ K := K × T ×A , ∀ (ε, s) ∈ ]0, 1] × R .

❲❡ ❝❛♥ r❡❝♦❣♥✐③❡ I(ε, ·) ❛s ❛♥ ♦s❝✐❧❧❛t♦r② ✐♥t❡❣r❛❧ ✐♠♣❧②✐♥❣ t❤❡ ♣❤❛s❡ Ψ ❛♥❞ t❤❡ ♣r♦✜❧❡ a✳
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✸✳✷✳ ❙t❛t✐♦♥❛r② ♣❤❛s❡ ❡①♣❛♥s✐♦♥s✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ❙❡❝t✐♦♥ ✸✳✷ ✐s t♦ ❡①❛♠✐♥❡ t❤❡
❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ I(ε, t, x) ✇❤❡♥ ε ∈ ]0, 1] ❣♦❡s t♦ ③❡r♦✳ ■♥ t❤✐s ♣❡rs♣❡❝t✐✈❡✱ t❤❡
✐♥✢✉❡♥❝❡ ♦❢ (p, q, j) ✐♥s✐❞❡ a(·) ♣❧❛②s ♥♦ r♦❧❡✳ ▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ ♥♦r♠❛❧✐③❡ a ❜② ♣✉tt✐♥❣ t❤❡
♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② εj−3 ❛♣❛rt✳ ■♥ ❢❛❝t✱ ✇❤❛t ❝♦✉♥ts ✐s ♦♥❧② t❤❡ s♠♦♦t❤♥❡ss ♦❢ a(·) ❛♥❞ t♦
✐♠♣♦s❡ ✭✸✳✷✾✮ ♦♥ a(·)✳ ◆♦♥❡ t❤❡ ❧❡ss✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ s✐❣♥ ± ❛♥❞
t❤❡ ❝❤♦✐❝❡ ♦❢ q ∈ Z✱ ✇❤✐❝❤ ❛r❡ ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♣❤❛s❡ Ψ✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✇❤❡♥ ♥❡❡❞❡❞✱
✇❡ ✇✐❧❧ ♠❛r❦ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ (±, q)✳ ❚♦ ❞❡s❝r✐❜❡ I ≡ I(±, q; ε, t, x)✱ ✇❡ ✇✐❧❧ ❛❞♦♣t t❤❡
♣❡rs♣❡❝t✐✈❡ ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✶✻❪✱ ✇✐t❤ ❛❞❛♣t❛t✐♦♥s✳

❋✐① ❛ ♣♦s✐t✐♦♥ (t, x)✳ ❆ ♣r❡❧✐♠✐♥❛r② st❡♣ ✐s t♦ ❧♦❝❛t❡ t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts C ≡ C(±, q; t, x) ♦❢
t❤❡ ♣❤❛s❡ Ψ ≡ Ψ(±, q; t, x)✳ ❲❤❡♥ ❞♦✐♥❣ t❤✐s✱ ♣❛rt✐❝✉❧❛r ❝❛r❡ ♠✉st ❜❡ ❣✐✈❡♥ t♦ t❤❡ ✐♥✐t✐❛❧
t✐♠❡ s = 0 ❛♥❞ t♦ t❤❡ ✜♥❛❧ t✐♠❡ s = t✱ ✇❤✐❝❤ ❛r❡ ❜♦✉♥❞❛r② ♣♦✐♥ts✳ ❚❤❡ s❡t C ❝❛♥ ❜❡
s❡♣❛r❛t❡❞ ✐♥t♦ C = Ci ∪ Cb✱ ✇❤❡r❡ Ci ❝♦❧❧❡❝ts t❤❡ ✐♥t❡r✐♦r ❝r✐t✐❝❛❧ ♣♦✐♥ts✿

Ci ≡ Ci(±, q; t, x) :=
{

(s, y, ς, ξ) ∈ ]0, t[×K ; ∇s,y,ς,ξΨ(t, x; s, y, ς, ξ) = 0
}
,

✇❤❡r❡❛s Cb = C0
b ∪ Ctb ✐♥❝❧✉❞❡s t❤❡ ❜♦✉♥❞❛r② ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ t②♣❡ r ∈ {0, t}✱ t❤❛t ✐s✿

Crb ≡ Crb(±, q; t, x) :=
{

(y, ς, ξ) ∈ K ; ∇y,ς,ξΨ(t, x; r, y, ς, ξ) = 0
}
, r ∈ {0, t} .

❚❤❡ ♥♦♥✲st❛t✐♦♥❛r② ♣❤❛s❡ ♣r✐♥❝✐♣❧❡ s❛②s t❤❛t✱ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ I✱ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ❜r♦✉❣❤t
❜② ✐♥t❡❣r❛t✐♥❣ ♦✉ts✐❞❡ ❛♥② ✜①❡❞ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ C ✐s ♦❢ s✐③❡ O(ε∞)✳ ❚❤✐s ❛❧❧♦✇s t♦
r❡str✐❝t t❤❡ ❞✐s❝✉ss✐♦♥ t♦ ♣♦✐♥ts ❧♦❝❛t❡❞ ✐♥ C✳ ◆♦✇✱ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❝♦♥❞✐t✐♦♥s ✐♥✈♦❧✈❡❞ ✐♥
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ C ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦✿

∂sΨ = 0 ⇐⇒ 0 = ∓λ(|ξ|) + q c(w) be ◦ Ȳ0(0, y
1, y2, ς, s) ,✭✸✳✸✵❛✮

∇yΨ = 0 ⇐⇒ 0 = − ξ + µ q c(w)

∫ s

0
∇y(be ◦ Ȳ0)(0, y

1, y2, ς, r) dr ,✭✸✳✸✵❜✮

∂ςΨ = 0 ⇐⇒ 0 =

∫ s

0
∂ς(be ◦ Ȳ0)(0, y

1, y2, ς, r) dr ,✭✸✳✸✵❝✮

∇ξΨ = 0 ⇐⇒ 0 = ±µ (t− s) λ′(|ξ|) |ξ|−1 ξ + x− y .✭✸✳✸✵❞✮

❚♦ ♠♦✈❡ ❢♦r✇❛r❞✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❣❛t❤❡r ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❢✉♥❝t✐♦♥ be ◦ Ȳ0✱ ✇❤✐❝❤
r❡♣r❡s❡♥ts ❤♦✇ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❣❡♦♠❛❣♥❡t✐❝ ✜❡❧❞ ✢✉❝t✉❛t❡s ❛❧♦♥❣ t❤❡ ✜❡❧❞ ❧✐♥❡s✳ ❚❤✐s
✐s ❞♦♥❡ ✐♥ P❛r❛❣r❛♣❤ ✸✳✷✳✶✳ ❚❤❡ st✉❞② ♦❢ Cb ✐s ❜❛s❡❞ ♦♥ t❤❡ r❡❧❛t✐♦♥s ✭✸✳✸✵❜✮ ❛♥❞ ✭✸✳✸✵❝✮✳
■♥ P❛r❛❣r❛♣❤ ✸✳✷✳✷✱ ✇❡ s❤♦✇ t❤❛t Cb = ∅ ❢♦r t ❧❛r❣❡ ❡♥♦✉❣❤✳ ■♥ P❛r❛❣r❛♣❤ ✸✳✷✳✸✱ ✇❡ ❡①♣❧❛✐♥
✇❤② ❛❧❧ ❤❛r♠♦♥✐❝s ❛r❡ ♥♦t r❡❧❡✈❛♥t ✭❞✉❡ t♦ ❛ ❞✐s♣❡rs✐✈❡ ❡✛❡❝t✮✱ ❛♥❞ ✇❤② ♦♥❧② ♠✐rr♦r ♣♦✐♥ts
❝❛♥ ❜r✐♥❣ ♥♦♥ tr✐✈✐❛❧ ❝♦♥tr✐❜✉t✐♦♥s✳ ❚❤❡♥✱ ✐t r❡♠❛✐♥s t♦ ❡①❛♠✐♥❡ Ci✳ ◆♦t❡ t❤❛t t❤❡ t❤r❡❡
❝♦♥❞✐t✐♦♥s ✭✸✳✸✵❛✮✱ ✭✸✳✸✵❜✮ ❛♥❞ ✭✸✳✸✵❝✮ ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ✈❛r✐❛❜❧❡s (t, x)✱ ❡①❝❡♣t t❤r♦✉❣❤
t❤❡ ❝♦♥❞✐t✐♦♥ s ≤ t✳ ❚❤❡② s❡❧❡❝t✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ (t, x)✱ t❤❡ ❡♠✐ss✐♦♥ ♣♦✐♥ts
(s, y, ς, ξ)✱ t❤❛t ✐s t❤❡ ♣♦s✐t✐♦♥s ❢r♦♠ ✇❤✐❝❤ t❤❡ s✐❣♥❛❧s ❛r❡ ❧❡❛✈✐♥❣✳ ❚❤❡✐r ❞❡s❝r✐♣t✐♦♥ ✐s
❛❝❤✐❡✈❡❞ ✐♥ P❛r❛❣r❛♣❤s ✸✳✷✳✺ ❛♥❞ ✸✳✷✳✻✳ ❚✇♦ s✐t✉❛t✐♦♥s ❝❛♥ ❜❡ ❞✐✛❡r❡♥t✐❛t❡❞ ❛❝❝♦r❞✐♥❣
t♦ t❤❡ r❡s♣❡❝t✐✈❡ ♣♦s✐t✐♦♥s ♦❢ c(w) be ◦ Ȳ0(·) ❛♥❞ λM ✳ ❚❤❡ ❝❛s❡ ✇❤❡r❡ c(w) be ◦ Ȳ0(·) ✐s
❡✈❡r②✇❤❡r❡ ❜❡❧♦✇ t❤❡ t❤r❡s❤♦❧❞ ❧✐♠✐t λM ✐s ✜rst ❡①❛♠✐♥❡❞✱ ✐♥ P❛r❛❣r❛♣❤ ✸✳✷✳✺✳ ❚❤❡ ❝❛s❡ ♦❢
♦✈❡r❧❛♣♣✐♥❣ ✈❛❧✉❡s ✐s ❞✐s❝✉ss❡❞ ♥❡①t✱ ✐♥ P❛r❛❣r❛♣❤ ✸✳✷✳✻✳ ❋✐♥❛❧❧②✱ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ❛s♣❡❝ts
❛r❡ ❡♥❝♦❞❡❞ ✐♥s✐❞❡ ✭✸✳✸✵❞✮✳ ❚❤❡② ❛r❡ ❜r✐❡✢② ❛❧❧✉❞❡❞ ✐♥ P❛r❛❣r❛♣❤ ✸✳✷✳✼✳
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✸✳✷✳✶✳ Pr❡❧✐♠✐♥❛r② ❡st✐♠❛t❡s✳ ❘❡❝❛❧❧ t❤❡ ❢♦r♠✉❧❛s ✭✷✳✼✶❜✮ ❛♥❞ ✭✷✳✶✵✹✮ ✇❤✐❝❤ ✐♥❞✐❝❛t❡ t❤❛t
t❤❡ ❢✉♥❝t✐♦♥s νe ❛♥❞ Γe✱ ❛♥❞ t❤❡r❡❢♦r❡ be◦ Ȳ0 ❛s ✇❡❧❧ ❛s ❞❡r✐✈❡❞ q✉❛♥t✐t✐❡s ❧✐❦❡ (be◦ Ȳ0)

⋆✱ · · · ✱
❞❡♣❡♥❞ ♦♥ ς ♦♥❧② t❤r♦✉❣❤ h✳ ❚❤❡ s✉❜st✐t✉t✐♦♥ ♦❢ h ✐s t❤❡ ♦♥❡ ♦❢ ✭✷✳✶✵✹✮✳ ❚♦ ❛✈♦✐❞ ♠✉❧t✐♣❧❡
♥♦t❛t✐♦♥s✱ ✇❡ ✇✐❧❧ ♥♦t ❝❤❛♥❣❡ ♥♦t❛t✐♦♥s ✇❤❡♥ s✉❝❤ ❢❛❝t♦r✐③❛t✐♦♥s ❛r❡ ✐♠♣❧✐❡❞✳ ❲✐t❤ t❤✐s
❝♦♥✈❡♥t✐♦♥✱ ✇✐t❤♦✉t ❧❡❛❞✐♥❣ t♦ ❝♦♥❢✉s✐♦♥✱ ✇❡ ❝❛♥ ❢♦r ✐♥st❛♥❝❡ ✇r✐t❡✿

✭✸✳✸✶✮ be ◦ Ȳ0(0, y
1, y2, ς, r) = be ◦ Ȳ0

(√
He(y

1, y2, ς), y1, y2, r
)
.

▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ t❤❡ ❡①♣r❡ss✐♦♥ 〈be ◦ Ȳ0〉(0, ·) ≡ Γe ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ (h, y2)
♦♥❧②✱ ❛s r❡✈❡❛❧❡❞ ❜② ✭✷✳✶✵✻✮✳ ❋✐① (y1, y2, ς) ∈ R×R

∗
−×T✳ ❚❤❡ ❢✉♥❝t✐♦♥ be ◦ Ȳ0(0, y

1, y2, ς, ·)
✐s ♣❡r✐♦❞✐❝✳ ■t ✉♥❞❡r❣♦❡s ✈❛r✐❛t✐♦♥s ❜❡t✇❡❡♥ ❛ ♠✐♥✐♠❛❧ ✈❛❧✉❡ bm(y1, y2, ς) ❛♥❞ ❛ ♠❛①✐♠❛❧
✈❛❧✉❡ bM (y1, y2, ς)✳ ❚❤✐s ♠❡❛♥s t❤❛t ✭✷✳✽✮ ❝❛♥ ❜❡ ♣r❡❝✐s❡❞ ✐♥t♦ ✿

✭✸✳✸✷✮ bm ≤ bm(y1, y2, ς) ≤ be◦Ȳ0(0, y
1, y2, ς, s) ≤ bM (y1, y2, ς) ≤ bM , ∀ s ∈ R+ ,

✇✐t❤ ❢♦r ❡①❛♠♣❧❡✱ ✐♥ ✈✐❡✇ ♦❢ ✭✷✳✶✵✹✮✿

0 < bm(y1, y2, ς) ≡ bm(h, y2) := inf Γe(h, y
2,w, ·) , h =

√
He(y

1, y2, ς) .

❆❣❛✐♥✱ ❞✉❡ t♦ t❤❡ ♣❡r✐♦❞✐❝✐t②✱ t❤❡r❡ ❛r❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧s Cj(y
1, y2, ς) ∈ R

∗
+ ✇✐t❤ j ∈ {1, 2, 3}

s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ s ∈ R+✿

‖ ∇y(be ◦ Ȳ0)(0, y
1, y2, ς, s) ‖≤ C1(y

1, y2, ς) ,✭✸✳✸✸❛✮

‖
∫ s

0
∇y(be ◦ Ȳ0)

⋆(0, y1, y2, ς, r) dr ‖≤ C2(y
1, y2, ς) .✭✸✳✸✸❜✮

‖
∫ s

0
∂h(be ◦ Ȳ0)

⋆ dr ‖≤ C3(y
1, y2, ς) .✭✸✳✸✸❝✮

❚❤❡♥✱ ❝♦♠♣❛❝t♥❡ss ❛r❣✉♠❡♥ts ❛❧❧♦✇ t♦ ❞❡r✐✈❡ ✉♥✐❢♦r♠ ❜♦✉♥❞s✿

✭✸✳✸✹✮ Cj(y
1, y2, ς) ≤ Cj < +∞ , ∀ (y1, y2, ς) ∈ K × T , ∀ j ∈ {1, 2, 3} .

❆❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ t♦ t❤❡ ❡①♣r❡ss✐♦♥ be ◦ Ȳ0(0, y
1, y2, ς, ·)

t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ▲❡♠♠❛ ✷✳✷✳ ❲✐t❤ h ❛♥❞ 〈Γe〉 ❛s ✐♥ ✭✷✳✶✵✹✮ ❛♥❞ ✭✷✳✶✵✻✮✱ t❤✐s ❧❡❛❞s t♦✿

✭✸✳✸✺✮

∫ s

0
(be ◦ Ȳ0)(0, y

1, y2, ς, r) dr = 〈Γe〉(h, y2) s+

∫ s

0
(be ◦ Ȳ0)

⋆(0, y1, y2, ς, r) dr .

■♥ ✈✐❡✇ ♦❢ ❝♦♥❞✐t✐♦♥s ✭✸✳✶✵✮ ❛♥❞ ✭✸✳✶✶✮✱ t❤❡ ♣❛rt 〈Γe〉(h, y2) ♦❢ ✭✸✳✸✺✮ ♦♥❧② ✐♥✈♦❧✈❡s s♣❡❝✐✜❝
✈❛❧✉❡s ♦❢ h✱ t❤♦s❡ ✇❤✐❝❤ ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❡①t❡♥❞❡❞ ❱❛♥ ❆❧❧❡♥ ❜❡❧t✳
❙✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥ 〈Γe〉(·) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ y3✱ ✐t s✉✣❝❡s t♦ ❝♦♥s✐❞❡r t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢
t❤❡ ❝♦♠♣❛❝t Kf̃ ✱ ❣✐✈❡♥ ❜② ✭✸✳✶✶✮✱ ♦♥t♦ t❤❡ t✇♦ ✜rst ✈❛r✐❛❜❧❡s h ❛♥❞ y2✱ t❤❛t ✐s✿

✭✸✳✸✻✮ Pr(Kf̃) :=
{
(h, y2) ; 0 ≤ h ≤ fey2

(
he(y

2)
)
, y2 ∈ s✉♣♣ he(·)

}
.

❆ss✉♠♣t✐♦♥ ✸✳✷✳ ❬t❤❡ ♠❡❛♥ ✈❛❧✉❡ 〈Γe〉 ≡ A (Γe)(h, y
2) ♦❢ Γe ✐s ✇✐t❤♦✉t ❝r✐t✐❝❛❧ ♣♦✐♥ts❪

❚❤❡r❡ ❛r❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts ci ∈ R
∗
+ ❛♥❞ Ci ∈ R

∗
+ ✇✐t❤ j ∈ {4, 5} s✉❝❤ t❤❛t✿

0 < c4 ≤ |∂h〈Γe〉(h, y2)| ≤ C4 , ∀ (h, y2) ∈ Pr(Kf̃) ,✭✸✳✸✼❛✮

0 < c5 ≤ ∂y2〈Γe〉(h, y2) ≤ C5 , ∀ (h, y2) ∈ Pr(Kf̃) .✭✸✳✸✼❜✮

❆ss✉♠♣t✐♦♥ ✸✳✷ ✐s r❡❛❧✐st✐❝✳ ■♥❞❡❡❞✿



✹✷ ❈❍✳ ❈❍❊❱❊❘❘❨

▲❡♠♠❛ ✸✳✶✳ ❬❛❜♦✉t t❤❡ r❡❧❡✈❛♥❝❡ ♦❢ ❆ss✉♠♣t✐♦♥ ✸✳✷❪ ❋♦r ❡♥❡r❣② ❧❡✈❡❧s h ∈ R
∗
+ ✇❤✐❝❤ ❛r❡

s♠❛❧❧ ❡♥♦✉❣❤✱ ❆ss✉♠♣t✐♦♥ ✸✳✷ ✐s s✉r❡ t♦ ❜❡ ✈❡r✐✜❡❞✳

Pr♦♦❢✳ ❙✐♥❝❡ w ✐s ✜①❡❞✱ ✇❡ ❝❛♥ ♦♠✐t t♦ ♠❡♥t✐♦♥ w ✇❤❡♥ ✐t ✐s ♥♦t ♥❡❝❡ss❛r②✳ ■♥ t❤❡ ✐♥t❡❣r❛❧
❞❡✜♥✐♥❣ 〈Γe〉 ❛t t❤❡ ❧❡✈❡❧ ♦❢ ❧✐♥❡ ✭✷✳✶✵✻✮✱ ❝❤❛♥❣❡ r ✐♥t♦ h−1r t♦ ❣❡t✿

✭✸✳✸✽✮ 〈Γe〉(h, y2) =
− 4

π k(h,y2,w)

∫ 1

0

h2 r be
(
f−1

y2 (h
√

1−r2),y2
)
dr

C

(
f−1

y2 (h
√

1−r2),y2
)

cos g−1
w (hr)

.

❚❤❡r❡ ❛r❡ t✇♦ ✇❛②s ♦❢ ❧♦♦❦✐♥❣ ❛t ✭✸✳✸✽✮✳ ❚❤❡ ✜rst ✐s t♦ ❡①♣❧♦✐t t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✭✷✳✹✸✮
t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ fy2(·) ❛♥❞ gw(·) t♦ ❞❡r✐✈❡✿

C
(
f−1
y2

(h
√

1 − r2), y2
)

= (∂y1C )(0, y2) (f−1
y2

)′(0) h
√

1 − r2 +O
(
h2 (1 − r2)

)
,

cos g−1
w (h r) = − (g−1

w )′(0) h r +O
(
h2 r2

)
.

❚❤✐s ❛❧❧♦✇s t♦ ❥✉st✐❢② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✐♥t❡❣r❛❧ ✭✸✳✸✽✮✱ ❛♥❞ t♦ s❡❡ t❤❛t 〈Γe〉(0, y2) 6= 0✳
❚❤❡ ♦t❤❡r ✈✐❡✇ ✐s t♦ r❡❝❛❧❧ Pr♦♣♦s✐t✐♦♥ ✷✳✶✱ ✇❤❡r❡ ✐t ✇❛s ♥♦t❡❞ t❤❛t t❤❡ ♦♣❡r❛t✐♦♥ A (·) ≡ 〈·〉
❛♠♦✉♥ts t♦ ✐♥t❡❣r❛t❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t②✱ s♦ t❤❛t✿

〈Γe〉(h, y2) = be(0, y
2)+

2 (∂2
y1y1be)(0, y

2) (f−1
y2

)′(0)

π k(0,y2,w) (∂y1C )(0, y2) (g−1
w )′(0)

(∫ 1

0

√
1 − r2 dr

)
h2+O

(
h4

)
.

❚❤❡ r❡❛s♦♥ ❡①♣❧❛✐♥✐♥❣ t❤❡ O
(
h4

)
✐♥st❡❛❞ ♦❢ ❛ O

(
h3

)
✐s t❤❛t 〈Γe〉(·, y2) ✐s ❛♥ ❡✈❡♥ ❢✉♥❝t✐♦♥✳

❋r♦♠ t❤✐s ❛♥❞ ✭✷✳✺✵✮✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t✿

∂y2〈Γe〉(h, y2) = ∂y2be(0, y
2) +O

(
h2

)
, ∂y2be(0, y

2) < 0 .

■♥ ✈✐❡✇ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ❧❡❛❞✐♥❣ t♦ f ❛♥❞ g✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ✭✷✳✺✵✮✱ ✇❡ ❤❛✈❡✿

(f−1
y2

)′(0) = f ′y2(0)−1 > 0 , (g−1
w )′(0) = g′w(0)−1 =

√
2 c(w) > 0 .

❚❤✐s ❧✐♥❡✱ ❝♦♠♣❧❡t❡❞ ✇✐t❤ ✭✷✳✶✶❝✮ ❛♥❞ ✭✷✳✹✺✮✱ ❣✐✈❡s r✐s❡ t♦✿

h−1 ∂h〈Γe〉(h, y2) = c+O
(
h2

)
, c > 0 .

■t s✉✣❝❡s t♦ s❡❧❡❝t h ∈ R
∗
+ s♠❛❧❧ ❡♥♦✉❣❤ t♦ r❡❝♦✈❡r ✭✸✳✸✼✮✳ ■t ✐s ❡✈❡♥ ♣♦ss✐❜❧❡✱ ✇✐t❤ t❤❡

❛❜♦✈❡ ✐♥❢♦r♠❛t✐♦♥s✱ t♦ q✉❛♥t✐❢② ❛ ♠❛①✐♠❛❧ s✐③❡ ♦❢ h ❛❧❧♦✇✐♥❣ t♦ ❣❡t t❤❡ ♠✐♥♦r❛t✐♦♥s ♦❢
✭✸✳✸✼✮✳ ❙✐♥❝❡ t❤❡ r❡♠❛✐♥❞❡rs ❛r❡ O

(
h2

)
✐♥ ♣❧❛❝❡ ♦❢ O(h)✱ t❤❡ ❡✛❡❝t ✐s ❡♥❤❛♥❝❡❞✳ �

▲❡♠♠❛ ✸✳✷✳ ❬❡①tr❛ ♣r♦♣❡rt✐❡s r❡❧❛t❡❞ t♦ 〈Γe〉 ❛❢t❡r s✉❜st✐t✉t✐♦♥ ♦❢ h ❢♦r
√
He(y

1, y2, ς,w)❪
❚❤❡r❡ ❛r❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts c6 ❛♥❞ C6 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ (y1, y2, ς) ∈ K × T✱ ✇❡ ❤❛✈❡✿

✭✸✳✸✾✮ 0 < c6 ≤‖ ∇y

[
〈Γe〉

(√
He(y

1, y2, ς,w), y2
)]

‖≤ C6 < +∞ .

Pr♦♦❢✳ ❚❤❡ ❞♦♠❛✐♥ K × T ✐s ❝♦♠♣❛❝t✳ ❚❤✉s✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ✉♥❞❡r
❝♦♥s✐❞❡r❛t✐♦♥ ✐s ♥♦♥③❡r♦✳ ❋✐rst✱ r❡♠❛r❦ t❤❛t✿

∂y1
[
〈Γe〉(h, y2)

]
= 1

2 ∂h〈Γe〉(h, y2) He(y
1, y2, ς)−1/2 d1(y1, y2)−1 C (y1, y2) .

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❆ss✉♠♣t✐♦♥s ✷✳✷ ❛♥❞ ✸✳✷✱ t♦❣❡t❤❡r ✇✐t❤ ❝♦♥❞✐t✐♦♥ ✭✸✳✸✼✮✱ t❤✐s ❡①♣r❡ss✐♦♥
❝❛♥ ❜❡ ③❡r♦ ✐❢ ❛♥❞ ♦♥❧② ✐❢ y1 = 0✳ ❇✉t t❤❡♥ t❤❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ y2 ❝❛♥♥♦t ❛❧s♦ ❜❡
③❡r♦✳ ■♥❞❡❡❞✱ t❤❡ ✐❞❡♥t✐t② He(0, y

2, ς) = P2(ς,w) ❛♥❞ ✭✸✳✸✼❜✮ ❣✐✈❡ r✐s❡ t♦✿

∂y2He(0, y
2, ς) = 0 , ∂y2

[
〈Γe〉

(
He(0, y

2, ς), y2
)]

= ∂y2〈Γe〉(h, y2) 6= 0 . �
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✸✳✷✳✷✳ ❆❜s❡♥❝❡ ♦❢ ❜♦✉♥❞❛r② ❝r✐t✐❝❛❧ ♣♦✐♥ts ❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ t✐♠❡s✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡
s✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥ ✸✳✷ ✐s ✈❡r✐✜❡❞✳ ❑♥♦✇✐♥❣ t❤❛t ξ ∈ A✱ t❤❡ r❡❧❛t✐♦♥ ✭✸✳✸✵❜✮ ✇r✐tt❡♥
❛t t✐♠❡ s = 0 ♦r ❢♦r q = 0 ②✐❡❧❞s✿

‖ ∇yΨ(±, q; t, x; 0, y, ς, ξ) ‖= ‖ ∇yΨ(±, 0; t, x; s, y, ς, ξ) ‖= ‖ ξ ‖≥ r > 0 .

❚❤❡r❡❢♦r❡ C0
b(±, q; t, x) = ∅ ❛♥❞ C(±, 0; t, x) = ∅ ❢♦r ❛❧❧ (t, x)✳ ❚❤✐s ♣r❡❧✐♠✐♥❛r② r❡s✉❧t ❝❛♥

❜❡ ❢✉rt❤❡r ❡❧❛❜♦r❛t❡❞✳

▲❡♠♠❛ ✸✳✸✳ ❬❡①❝❧✉s✐♦♥ ♦❢ ❜♦✉♥❞❛r② ❝r✐t✐❝❛❧ ♣♦✐♥ts❪ ●✐✈❡♥ q ∈ Z
∗✱ ❞❡✜♥❡✿

✭✸✳✹✵✮ tm(q, µ) := µ−1 |q|−1C−1
1 r , tM (q, µ) := c−1

6

(
(µ |q| c(w)

)−1
R+ C2

)
.

❋♦r ❛❧❧ t > tM (q, µ)✱ ✇❡ ✜♥❞ t❤❛t Cb(±, q; t, x) = ∅ ❛♥❞ t❤❛t✿

Ci(±, q; t, x) ∩
{
(s, y, ς, ξ) ; s ∈ [0, tm(q, µ)[

}
= ∅ ,✭✸✳✹✶❛✮

Ci(±, q; t, x) ∩
{
(s, y, ς, ξ) ; s ∈ ]tM (q, µ), t[

}
= ∅ .✭✸✳✹✶❜✮

Pr♦♦❢✳ ❚❤❡ ♣❛rt ✭✸✳✹✶❛✮ ✐s ❛ s✐♠♣❧❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢✿

‖ ∇yΨ(±, q; t, x; s, y, ς, ξ) ‖≥ r − µ |q| C1 s > 0 , ∀ s ∈ [0, tm(q, µ)[ .

❚♦ ❡①tr❛❝t ✭✸✳✹✶❜✮✱ ❡①♣❧♦✐t ✜rst ✭✸✳✸✺✮ t♦ ✐♥t❡r♣r❡t ✭✸✳✸✵❜✮ ❛❝❝♦r❞✐♥❣ t♦✿

∇y

[
〈Γe〉(h, y2)

]
s =

(
µ q c(w)

)−1
ξ −

∫ s

0
∇y(be ◦ Ȳ0)

⋆(0, y1, y2, ς, r) dr , q 6= 0 .

❚❤❡♥✱ ✉s❡ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✭✸✳✷✷✮✱ ✭✸✳✸✸❜✮ ❛♥❞ ✭✸✳✸✾✮✳ �

❋♦r t > tM (q, µ)✱ t❤❡ st✉❞② ♦❢ C(±, q; t, x) ✐s r❡❞✉❝❡❞ t♦ t❤❡ ♦♥❡ ♦❢ Ci(±, q; t, x)✳ ❚❤✐s
✐♥❢♦r♠❛t✐♦♥ ✇✐❧❧ ❜❡ ❝r✉❝✐❛❧ ✐♥ t❤❡ ♥❡①t ♣❛r❛❣r❛♣❤ ✸✳✷✳✸ s✐♥❝❡ ✐t ❛❧❧♦✇s t♦ ✐♥t❡❣r❛t❡ ❜② ♣❛rts✱
s❡♣❛r❛t❡❧② ✇✐t❤ r❡s♣❡❝t t♦ s✳

✸✳✷✳✸✳ ❙♦rt✐♥❣ ♦❢ t❤❡ ❤❛r♠♦♥✐❝s✳ ❆s ✉s✉❛❧ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ♥♦♥❧✐♥❡❛r ❞✐s♣❡rs✐✈❡ ❡q✉❛t✐♦♥s✱
♥♦t ❛❧❧ ❤❛r♠♦♥✐❝s q ❛r❡ r❡❧❡✈❛♥t✳

▲❡♠♠❛ ✸✳✹✳ ❬s❡❧❡❝t✐♦♥ ♦❢ t❤❡ ♣r♦♣❛❣❛t❡❞ ❤❛r♠♦♥✐❝s❪ ❋✐① ❛♥② t✐♠❡ t ✇✐t❤ t > tM (1, µ)✳ ❚❤❡
❝♦♥❞✐t✐♦♥ C(±, q; t, x) 6= ∅ ❝❛♥ ❜❡ r❡❛❧✐③❡❞ ♦♥❧② ✐❢✿

✭✸✳✹✷✮ q ∈ H :=
{
q ∈ Z

∗ ; |q| ≤ λM b−1
m c(w)−1

}
, CardH < +∞ .

Pr♦♦❢✳ ❋✐① ❛♥② q ∈ Z✳ ❘❡♠❛r❦ t❤❛t tM (1, µ) ≥ tM (q, µ) ❢♦r ❛❧❧ q ∈ Z
∗✳ ❋r♦♠ ▲❡♠♠❛ ✸✳✸✱

❢♦r t > tM (1, µ)✱ ✇❡ ❤❛✈❡ t❤❛t✿

Ctb(±, q; t, x) = ∅ , C(±, q; t, x) ≡ Ci(±, q; t, x) , ∀ q ∈ Z .

■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ❢✉♥❝t✐♦♥ a(·) ♠❛② ❛s ✇❡❧❧ ❜❡ ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ✐♥
t❤❡ ✐♥t❡r✈❛❧ ]0, t[✳ ❚❤❡♥✱ t♦ ♠❛❦❡ ❛ ♣r❡❧✐♠✐♥❛r② s❡❧❡❝t✐♦♥ ♦❢ t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts✱ ✇❡ ❝❛♥ ❧♦♦❦
✐♥❞❡♣❡♥❞❡♥t❧② ❛t ✭✸✳✸✵❛✮✳ ❊①♣❧♦✐t ✭✸✳✸✷✮ t♦ ❣❡t✿

|∂sΨ(±, q; t, x; s, y1, y2, ς, ξ)| ≥
{

|q| c(w) bm(y1, y2, ς) + inf
r≤|ξ|≤R

λ(|ξ|) ✐❢ ± q ∈ Z− ,

|q| c(w) bm(y1, y2, ς) − λM ✐❢ ± q ∈ N
∗.

❚❤❡ s❡❝♦♥❞ ♠✐♥♦r❛t✐♦♥ ✐♥✈✐t❡s t♦ ❝♦♠♣❛r❡ c(w) bm ✇✐t❤ λM ✳ ■♥t❡r❡st✐♥❣ s✐t✉❛t✐♦♥s ❛r❡ s✉r❡
t♦ ❛♣♣❡❛r ❜❡❝❛✉s❡ 1 < λM b−1

m c(w)−1 ≃ 22✱ s❡❡ ✭✸✳✶✻✮✳



✹✹ ❈❍✳ ❈❍❊❱❊❘❘❨

■t s❤♦✉❧❞ ❜❡ ❡♠♣❤❛s✐③❡❞ ❤❡r❡ t❤❛t t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ t✇♦ q✉❛♥t✐t✐❡s c(w) bm ❛♥❞ λM
♠❛❦❡s s❡♥s❡ ❢r♦♠ ❛ ♣❤②s✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡ ♥♦♥❞✐♠❡♥s✐♦♥❛❧✐③❛t✐♦♥ ♦❢
P❛r❛❣r❛♣❤ ✸✳✶✳✶ ②✐❡❧❞s ❛ ❢✉♥❝t✐♦♥ be ◦ Ȳ0(0, y

1, y2, ς, ·) ✇❤✐❝❤ ✐s ♦❢ s✐③❡ ≃ 1✱ ✇✐t❤ ♠✐♥✐♠✉♠
❛♥❞ ♠❛①✐♠✉♠ ✈❛❧✉❡s ❡st✐♠❛t❡❞ ✐♥ ♦♣t✐♠❛❧ ♠❛♥♥❡r ❛s ✐♥ ✭✸✳✸✷✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡
t❤r❡s❤♦❧❞ ❧✐♠✐t λM ✱ ✇❤✐❝❤ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❆ss✉♠♣t✐♦♥ ✸✳✶✱ ✐s ❛♥ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ t❤❛t
✐s ❛❧s♦ ♦❢ s✐③❡ ≃ 1✳

❚❤❡ ♣❤❛s❡ Ψ(±, q) ❢♦r ± q ∈ Z−✱ ♦r ❢♦r ± q ∈ N
∗ ✇✐t❤ |q| > λM b−1

m c(w)−1✱ ❤❛s ♥♦ st❛t✐♦♥❛r②
♣♦✐♥ts✱ ✇❤❡r❡❛s t❤❡ ❞♦♠❛✐♥ ♦❢ ✐♥t❡❣r❛t✐♦♥ ✐s ❝♦♠♣❛❝t✳ ❆s ❛ r❡s✉❧t ♦❢ ♥♦♥st❛t✐♦♥❛r② ♣❤❛s❡
t❤❡♦r❡♠✱ ✇❡ ✜♥❞ I(±, q) = O(ε∞) ✐♥ s✉❝❤ ❝❛s❡s✳ ❚❤❡ q✉❛♥t✐t② I(±, q) ♠❛② ❜❡ ♥♦♥✲♥❡❣❧✐❣✐❜❧❡
♠♦❞✉❧♦ ε∞ ♦♥❧② ✐❢ ± q ∈ N

∗ ❛♥❞ |q| ≤ λM b−1
m c(w)−1✳ �

❖❜✈✐♦✉s❧②✱ t❤❡r❡ ✐s ♦♥❧② ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❤❛r♠♦♥✐❝s q ✇❤✐❝❤ ❝❛♥ s❛t✐s❢② ✭✸✳✹✷✮✳ ▼♦r❡♦✈❡r✱
✇❤❡r❡ s✉❝❤ q ❡①✐st✱ t❤❡ ✈❛❧✉❡s q = ±1 ❛r❡ ♥❡❝❡ss❛r✐❧② ✐♥❝❧✉❞❡❞✳

✸✳✷✳✹✳ ❘❡❞✉❝t✐♦♥ t♦ ❛ s♣❛t✐❛❧ ♣❤❛s❡✳ ❋r♦♠ t❤❡ ♣❡rs♣❡❝t✐✈❡ ♦❢ t❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ✭✸✳✶✷✮✱
t❤❡ ✈❛r✐❛❜❧❡s x ❛♥❞ v ❞♦ ♥♦t ✐♥t❡r✈❡♥❡ ✐♥ t❤❡ s❛♠❡ ✇❛②✳ ❚❤❡ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥t v ❛♣♣❡❛rs
✇❤❡♥ ✐♥t❡❣r❛t✐♥❣ t♦ ✐❞❡♥t✐❢② j✳ ❖♥ t❤❡ ❜❛s✐s ♦❢ P❛r❛❣r❛♣❤ ✸✳✶✳✺✱ ✐t ✐s ✐♥✈♦❧✈❡❞ ♦♥❧② t❤r♦✉❣❤
t❤❡ ❝♦♠♣♦♥❡♥t ς ♦❢ w✳

▲❡♠♠❛ ✸✳✺✳ ❬t❤❡ s✐❣♥❛❧s ❛r❡ ♥❡❝❡ss❛r✐❧② ❡♠❛♥❛t✐♥❣ ❢r♦♠ t❤❡ t✇♦ ♠✐rr♦r ♣♦✐♥ts❪ ❚❤❡r❡ ✐s
µ0 ∈ R

∗
+ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ µ ∈ ]0, µ0[ ❛♥❞ t > tM (1, µ)✱ t❤❡ ❝♦♥❞✐t✐♦♥ (s, y, ς, ξ) ∈ C(±, q; t, x)

✐s ❡q✉✐✈❛❧❡♥t t♦ ς = π/2✳

Pr♦♦❢✳ ❋r♦♠ ▲❡♠♠❛ ✸✳✸✱ t❤❡ ❞✐s❝✉ss✐♦♥ ✐s r❡❞✉❝❡❞ t♦ t✐♠❡s s s✉❝❤ t❤❛t s ≥ tm(q, µ)✳ ◆♦✇✱
❧♦♦❦ ❛t ✭✸✳✸✵❝✮✳ ❚❤❡ ❢♦r♠✉❧❛s ✭✷✳✼✶❜✮ ❛♥❞ ✭✷✳✶✵✹✮ ✐♥❞✐❝❛t❡ t❤❛t be ◦ Ȳ0 ❞❡♣❡♥❞s ♦♥ ς ♦♥❧②
t❤r♦✉❣❤ h✳ ❘❡❝❛❧❧ t❤❡ ❝♦♥✈❡♥t✐♦♥ ✭✸✳✸✶✮✳ ❲❡ ❤❛✈❡✿

✭✸✳✹✸✮ ∂ςΨ = −
[
∂h〈Γe〉 s+

∫ s

0 ∂h(be ◦ Ȳ0)
⋆ dr

]
H−1/2
e c(w)−1 2−1 cotan ς .

❚❤❡ ❝♦♥❞✐t✐♦♥ ∂ςΨ = 0 ✐s s✉r❡ t♦ ❜❡ s❛t✐s✜❡❞ ✇❤❡♥ ς = π/2✳ ❚❤❡ ✈❛❧✉❡ ς = π/2 ❝♦rr❡s♣♦♥❞s
t♦ ♣♦s✐t✐♦♥s ✇❤❡r❡ w‖ = 0✱ t❤❛t ✐s t♦ ♠✐rr♦r ♣♦✐♥ts✳ ■♥ t❤✐s s❡♥s❡✱ ✇❤❡♥ ς = π/2✱ ✇❡ ♠❛②
s❛② t❤❛t t❤❡ s✐❣♥❛❧s ❛r❡ ❣❡♥❡r❛t❡❞ ❢r♦♠ t❤❡ t✇♦ ♠✐rr♦r ♣♦✐♥ts✳

■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ς = π/2 ✐s ❛❧s♦ ♥❡❝❡ss❛r② t♦ ♦❜t❛✐♥ ∂ςΨ = 0✳ ❚♦ t❤✐s
❡♥❞✱ ❛t t❤❡ ❧❡✈❡❧ ♦❢ ✭✸✳✹✸✮✱ ❝♦♥s✐❞❡r t❤❡ ❡①♣r❡ss✐♦♥ ✇❤✐❝❤ ✐s ✐♥s✐❞❡ t❤❡ ❜r❛❝❦❡ts✳ ■t ✐s t❤❡
s✉♠ ♦❢ t✇♦ ❢✉♥❝t✐♦♥s✳ ❉✉❡ t♦ ✭✸✳✸✼❛✮✱ t❤❡ ✜rst ❢✉♥❝t✐♦♥ ✐s ❧✐♥❡❛r ✐♥ s ✇✐t❤ ❛ ♥♦♥ ③❡r♦ s❧♦♣❡✳
■♥ ✈✐❡✇ ♦❢ ✭✸✳✸✸❝✮✱ t❤❡ s❡❝♦♥❞ ❢✉♥❝t✐♦♥ ✐s ❜♦✉♥❞❡❞ ❢♦r ❛❧❧ s ∈ R+✳ ❈♦♥❝r❡t❡❧②✿

✭✸✳✹✹✮
∣∣(∂h〈Γe〉 s+

∫ s

0 ∂h(be ◦ Ȳ0)
⋆ dr

∣∣ ≥ c4 tm(q, µ) − C3 , ∀ s > tm(q, µ) .

❋♦r µ ∈ ]0, µ0[ ✇✐t❤✿

µ0 = r c(w) bm C4 C
−1
1 C−1

3 λ−1
M ,

t❤❡ r✐❣❤t✲❤❛♥❞ t❡r♠ ♦❢ ✭✸✳✹✹✮✱ t❤❡ ♠✐♥✐♠✐③❡r✱ ✐s s✉r❡ t♦ ❜❡ ♥♦t ③❡r♦✳ �

❚❤❡ ❧❡✈❡❧ ❡♥❡r❣② h ∈ R
∗
+ ❛♥❞ t❤❡ ❛❧t✐t✉❞❡ y2 ∈ R

∗
− ❜❡✐♥❣ ✜①❡❞✱ t❤❡ ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥

be ◦ Ȳ0(0, y
1, y2, ς, ·) ♦s❝✐❧❧❛t❡s ❜❡t✇❡❡♥ ❛ ♠✐♥✐♠❛❧ ✈❛❧✉❡ bm(h, y2) ❛♥❞ ❛ ♠❛①✐♠❛❧ ✈❛❧✉❡

bM (h, y2)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❛❧②s✐s ❞❡♣❡♥❞s ♦♥ ❤♦✇ c(w) bM (h, y2) ✐s ♣♦s✐t✐♦♥❡❞ ✇✐t❤ r❡s♣❡❝t
t♦ λM ✳ ●✐✈❡♥ q ✇✐t❤ |q| c(w) bm(h, y2) < λM ✱ t✇♦ s✐t✉❛t✐♦♥s ♠❛② ❛r✐s❡✳



❈❆◆ ❖◆❊ ❍❊❆❘❲❍■❙❚▲❊❘❲❆❱❊❙❄ ✹✺

❆s ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ♥❡①t P❛r❛❣r❛♣❤s ✸✳✷✳✺ ❛♥❞ ✸✳✷✳✻✱ t✇♦ ❝❛s❡s ❝❛♥ ❜❡ ❞✐st✐♥❣✉✐s❤❡❞ ♦♥
t❤❡ ❜❛s✐s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤✐❡❢ ❝❤❛r❛❝t❡r✐st✐❝s✿

✸❛✳ ❚❤❡ ❝❛s❡ |q| c(w) bM (h, y2) < λM ✳ ❚❤❡ ✇❤✐st❧❡r ❡♣✐s♦❞❡ ✐s s♣r❡❛❞ ♦✈❡r ❛ ✜♥✐t❡ ♣❡r✐♦❞
♦❢ t✐♠❡ t✱ st✐❧❧ ❧❛r❣❡ ❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ µ✳ ◆❛♠❡❧②✱ ✐t ✐s ♦❢ s✐③❡ c µ−1 ✇✐t❤ ❛ ✜①❡❞
❝♦♥st❛♥t c ♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ R ❀

✸❜✳ ❚❤❡ ❝❛s❡ |q| c(w) bM (h, y2) > λM ✳ ❚❤❡ ✇❤✐st❧❡r ❡♣✐s♦❞❡ ✐s ♦❢ s✐③❡ c(R)µ−1 ✇✐t❤ ❛
❝♦♥st❛♥t c(R) ❣r♦✇✐♥❣ t♦ ✐♥✜♥✐t② ✇❤❡♥ t❤❡ ❝♦♥tr♦❧ R✱ ♦♥ t❤❡ ♥♦r♠s |ξ| ♦❢ ❢r❡q✉❡♥❝✐❡s✱
t❡♥❞s t♦ +∞✳ ❋r♦♠ t❤✐s ♣❡rs♣❡❝t✐✈❡✱ ✐t ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ❜❡②♦♥❞ ❛♥② t✐♠❡ t ∈ R

∗
+✳

❇✉t✱ ✐♥ ♣r❛❝t✐❝❡✱ t❤❡ s✐③❡ ♦❢ |ξ| ✐s ❧✐♠✐t❡❞✳

✸✳✷✳✺✳ ❍❛r♠♦♥✐❝s q ❢♦r ✇❤✐❝❤ t❤❡ ✈❛r✐❛t✐♦♥s ♦❢ |q| c(w) be ◦ Ȳ0 ❛r❡ ❜❡❧♦✇ t❤❡ t❤r❡s❤♦❧❞ ❧✐♠✐t✳
❚❤✐s ✐s t❤❡ ❝❛s❡ ✸❛✱ t❤❛t ✐s ✇❤❡♥ t❤❡ ❞♦♠❛✐♥ ♦❢ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ λ−1(·) ❝♦♥t❛✐♥s t❤❡
✐♥t❡r✈❛❧ [|q| c(w) bm, |q| c(w) bM ]✳ ❙❡❧❡❝t t > tM (1, µ)✳ ❈♦♠❜✐♥✐♥❣ ▲❡♠♠❛s ✸✳✸ ❛♥❞ ✸✳✺✱ t❤❡
❝♦♥❞✐t✐♦♥ (s, y, ς, ξ) ∈ C(±, q) ❛♣♣❡❛rs t♦ ❜❡ ❡q✉✐✈❛❧❡♥t t♦ ς = π/2✱ t♦❣❡t❤❡r ✇✐t❤ ✭✸✳✸✵❛✮
❛♥❞ ✭✸✳✸✵❜✮✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❢r♦♠ ✭✸✳✸✵❛✮✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t |ξ| < λ−1(|q| c(w) bM )✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢r♦♠ t❤❡ ❡q✉❛t✐♦♥ ✭✸✳✸✵❜✮✱ t♦❣❡t❤❡r ✇✐t❤ ✭✸✳✸✸❜✮✱ ✭✸✳✸✺✮ ❛♥❞ ✭✸✳✸✾✮✱ ✐t
✐s ❡❛s② t♦ ✐♥❢❡r t❤❛t |ξ| ≥ µ |q| c(w) (c6 s− C2)✳ ■t ❢♦❧❧♦✇s t❤❛t✿

(s, y, ς, ξ) 6∈ C(±, q) , ∀ s > t̃M (q, µ) := c−1
6

[(
µ |q| c(w)

)−1
λ−1(|q| c(w) bM ) + C2

]
.

❋♦r s ≤ t̃M (q, µ)✱ t❤❡ r❡❧❛t✐♦♥ ✭✸✳✸✵❜✮ ❛♥❞ t❤❡ ♠❛❥♦r❛t✐♦♥ ✭✸✳✸✸❛✮ ❣✐✈❡ r✐s❡ t♦✿

|ξ| ≤ RM (q, µ) := c−1
6 C1 λ

−1(|q| c(w) bM ) + µ c−1
6 C1 C2 |q| c(w) .

❙✐♥❝❡ q ∈ H ❛♥❞ µ ≤ µ0✱ ❛ ✉♥✐❢♦r♠ ❜♦✉♥❞ ♦♥ |ξ| ✐s ❛✈❛✐❧❛❜❧❡✿
|ξ| ≤ RM := c−1

6 C1

[
λ−1(λM b−1

m bM ) + µ0C2 λM b−1
m

]
.

❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✜① R ✇✐t❤ R > RM ✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s ♥♦ r❡str✐❝t✐♦♥
❝♦♠✐♥❣ ❢r♦♠ ✭✸✳✸✵❜✮ ✇❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤ ✭✸✳✸✵❛✮ ♦♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, t̃M (q, µ)]✳ ■♥❞❡❡❞✱
s✐♥❝❡ t❤❡ ❝♦♥tr♦❧ ♦♥ |ξ| ✐s ♥♦t t♦♦ r❡str✐❝t✐✈❡✱ t❤❡ ❝♦✉♥t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ ξ s❤❛❧❧ ❜❡
❡①❤❛✉st✐✈❡✳ ❚❤❡ ❞✐r❡❝t✐♦♥ ξ ❝❛♥ ❜❡ ❢r❡❡❧② ❛❞❥✉st❡❞ ✐♥ ♦r❞❡r t♦ r❡❝♦✈❡r ✭✸✳✸✵❜✮✳ ❚❤❡♥✱ ✇❡
❝❛♥ s✉❜st✐t✉t❡ ξ ✐♥ ✭✸✳✸✵❛✮ ✇✐t❤ t❤❡ ✈❛❧✉❡ ❡①tr❛❝t❡❞ ❢r♦♠ ✭✸✳✸✵❜✮✱ ❛♥❞ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡
✐❞❡♥t✐t② t❤✉s ♦❜t❛✐♥❡❞✳

❚❤❡ s✐t✉❛t✐♦♥ ✸❛✱ ✐❢ ✐t ❤❛♣♣❡♥s✱ ✐♥❝❧✉❞❡s ❛t ❧❡❛st t❤❡ ✈❛❧✉❡ q = 1 ✇✐t❤ t❤❡ s✐❣♥ +✳ ◆♦✇✱ t❤❡
❞✐s❝✉ss✐♦♥ ❜❡✐♥❣ s✐♠✐❧❛r ❢♦r ❛❧❧ ♦t❤❡r r❡❧❛t❡❞ ✈❛❧✉❡s ♦❢ q✱ ✐t ❝❛♥ ❜❡ ✐❧❧✉str❛t❡❞ ❜② ✐♥✈❡st✐❣❛t✐♥❣
♦♥❧② t❤❡ ❝❛s❡ ♦❢ I ≡ I1

+ ✇✐t❤ Ψ ≡ Ψ1
+✳ ❋✐① (y1, y2) ∈ R × R

∗
−✳ ❈♦♠❜✐♥✐♥❣ ✭✸✳✸✵❛✮ ❛♥❞

✭✸✳✸✵❜✮✱ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t (s, y, π2 , ξ) ∈ C(+, 1) ✐❢ ❛♥❞ ♦♥❧② ✐❢ s ✐s ❛❞❥✉st❡❞ s♦ t❤❛t✿

✭✸✳✹✺✮ Osc(s) = µ c(w) ‖
∫ s

0 ∇y(be ◦ Ȳ0)(0, y
1, y2, π/2, r) dr ‖

✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❢✉♥❝t✐♦♥✿

Osc : R+ −→
[
λ−1

(
c(w) bm

)
, λ−1

(
c(w) bM

)]
⊂ R

∗
+ ,

❣✐✈❡♥ ❜②✿

Osc(s) := λ−1
(
c(w) be ◦ Ȳ0(0, y

1, y2, π/2, s)
)
, ∀ s ∈ R+ .

❲❡ ❝❛❧❧ S
y
µ t❤❡ s❡t ♦❢ ❛❧❧ s♦❧✉t✐♦♥s t♦ ✭✸✳✹✺✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❝❛r❞✐♥❛❧ ♦❢ S

y
µ ✐s ❞❡♥♦t❡❞

❜② Ny
µ := Card (Syµ)✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ♦✈❡r❞❡♥s❡ ❝♦♥❞✐t✐♦♥ ♠❡❛♥s t❤❛t µ ∈ ]0, µ0] ✇✐t❤ µ0

s✉✣❝✐❡♥t❧② s♠❛❧❧ ✭t♦ ❜❡ ✜①❡❞ ❧❛t❡r✮✳



✹✻ ❈❍✳ ❈❍❊❱❊❘❘❨

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ❬❛s②♠♣t♦t✐❝ t✐♠❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❡♠✐ss✐♦♥ ♣♦✐♥ts ✉♥❞❡r t❤❡ ♦✈❡r❞❡♥s❡
❝♦♥❞✐t✐♦♥❀ ❝❛s❡ ✇❤❡r❡ c(w) bM ✐s ❜❡❧♦✇ t❤❡ t❤r❡s❤♦❧❞ ❧✐♠✐t❪ ❚❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C8 ∈ R

∗
+

s✉❝❤ t❤❛t t❤❡ ♥✉♠❜❡r Ny
µ ♦❢ s♦❧✉t✐♦♥s t♦ ✭✸✳✹✺✮ ✐s ✜♥✐t❡✳ ■t ✐s ❡q✉✐✈❛❧❡♥t t♦ Ny

µ ∼ C8 µ
−1

✇❤❡♥ µ ❣♦❡s t♦ ③❡r♦✳ ❚❤❡ ❡❧❡♠❡♥ts sjµ ♦❢ S
y
µ ❝❛♥ ❛❧✇❛②s ❜❡ r❛♥❦❡❞ ✐♥ ♦r❞❡r ♦❢ ✐♥❝r❡❛s❡✱

✇✐t❤ 1 ≤ j ≤ Ny
µ ✳ ❚❤❡r❡ ❡①✐sts µ0 ∈ R

∗
+ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ C ∈ ]0, C8[✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t

M(C) ∈ R
∗
+ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ µ ∈ ]0, µ0]✱ t❤❡r❡ ✐s ❛ s✉❜s❡t S̃

y
µ ⊂ S

y
µ s❛t✐s❢②✐♥❣✿

✭✸✳✹✻✮ C µ−1 ≤ Card (S̃yµ) , M(C) ≤ sj+1
µ −sjµ ≤ T (y1, y2, π/2,w)/4 , ∀ sjµ ∈ S̃

y
µ .

Pr♦♦❢✳ ❋✐① ❛♥② y ∈ K✳ ❇② ❝♦♥str✉❝t✐♦♥✿

He(y, π/2,w, a) = P1(y) − c(w) ln (sin π
2 ) = P1(y) .

❚❤✐s ♠❡❛♥s t❤❛t Ȳ0(0, y, π/2, ·) st❛rts ❛t ✐♥✐t✐❛❧ t✐♠❡ s = 0 ❢r♦♠ ❛♥ ❡①tr❡♠❛❧ ♣♦s✐t✐♦♥ ±y1
m✳

▲❡♠♠❛ ✷✳✶✵ ❝❛♥ t❤❡r❡❢♦r❡ ❜❡ ❛♣♣❧✐❡❞✳ ❙✐♥❝❡ be(·, y2) ✐s ❛♥ ❡✈❡♥ ❢✉♥❝t✐♦♥✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡
❢✉♥❝t✐♦♥ Osc(·) ✐s ♣❡r✐♦❞✐❝ ♦❢ ♣❡r✐♦❞ T/2✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐t ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ♦♥ t❤❡
✐♥t❡r✈❛❧ [0, T/4] ❢r♦♠ ❛ ♠❛①✐♠✉♠ ✈❛❧✉❡ OM ≤ λ−1

(
c(w) bM

)
✇❤❡♥ s = 0✱ t♦ ❛ ♠✐♥✐♠✉♠

♣♦s✐t✐✈❡ ✈❛❧✉❡ Om ≥ λ−1
(
c(w) bm

)
t❤❛t ✐s r❡❛❝❤❡❞ ✇❤❡♥ s = T/4✳ ■t ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣

♦♥ t❤❡ ✐♥t❡r✈❛❧ [T/4, T/2] ❢r♦♠ Om t♦ OM ✱ ❛♥❞ s♦ ♦♥✳ ❇r✐❡✢②✱ ✇❡ ❝❛♥ ❛ss❡rt t❤❛t✿

Osc (0) = OM , Osc (T/4) = Om , Osc (T/2) = OM ,✭✸✳✹✼❛✮

Osc′(0) = 0 , Osc′(T/4) = 0 , Osc′(T/2) = 0 ,✭✸✳✹✼❜✮

Os′′(0) < 0 , Osc′′(T/4) > 0 , Osc′′(T/2) < 0 ,✭✸✳✹✼❝✮

Osc′(s) < 0 , ∀ s ∈ ]0, T/4[ , Osc′(s) > 0 , ∀ s ∈ ]T/4, T/2[ .✭✸✳✹✼❞✮

❋✐rst ♦❢ ❛❧❧✱ t❤❡r❡ ✐s ❛ ♥❡❡❞ t♦ ❡①♣❧❛✐♥ ✇❤② Ny
µ ✐s ✜♥✐t❡✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ❛❧❧ ❡①♣r❡ss✐♦♥s

✐♥✈♦❧✈❡❞ ✐♥ ✭✸✳✹✺✮ ❛r❡ r❡❛❧ ❛♥❛❧②t✐❝✿ t❤❡ ❢✉♥❝t✐♦♥s be ❛♥❞ λ ❜② ❞❡✜♥✐t✐♦♥✱ ❛♥❞ t❤❡ ❛♣♣❧✐❝❛t✐♦♥
Ȳ0 ❜② ✈✐rt✉❡ ♦❢ t❤❡ ❖❉❊ ✈❡rs✐♦♥ ♦❢ ❈❛✉❝❤②✲❑♦✈❛❧❡✈s❦❛②❛ ❚❤❡♦r❡♠✳ ❚❤✉s✱ ✇❡ ❝❛♥ ✐♥t❡r♣r❡t
t❤❡ ❝♦♥❞✐t✐♦♥ ✭✸✳✹✺✮ ✐♥ t❤❡ ❢♦r♠✿

µ−1 = A(s) , A(s+ T/2) = A(s) + c T/2 , ∀ s ∈ R , c ∈ R ,

✇❤❡r❡ A(·) ✐s r❡❛❧ ❛♥❛❧②t✐❝✳ ❚❤❡r❡❢♦r❡✿
Card

{
s ∈ [0, T/2] ; µ−1 = A(s)

}
≤ P := Card

{
s ∈ [0, T/2] ; A′(s) = 0

}
< +∞ .

❙✐♥❝❡ A′(·) ✐s ♣❡r✐♦❞✐❝ ✇✐t❤ ♣❡r✐♦❞ T/2✱ ✇❡ ❝❛♥ ❛❧s♦ ❞❡❞✉❝❡ t❤❛t✿

✭✸✳✹✽✮ Card
{
s ∈ [nT/2, (n+ 1)T/2] ∩ S

y
µ

}
≤ P , ∀ (µ, n) ∈ ]0, µ0] × N .

❚♦ ❤❛✈❡ ❛ ♠♦r❡ ❛❝❝✉r❛t❡ ❝♦✉♥t ♦❢ t❤❡ ❡❧❡♠❡♥ts ❝♦♥t❛✐♥❡❞ ✐♥ S
y
µ✱ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ tr❛♥s❝r✐❜❡

t❤❡ r❡❧❛t✐♦♥ ✭✸✳✹✺✮ ✐♥ ❛♥♦t❤❡r ❡q✉✐✈❛❧❡♥t ❢♦r♠✳ ■t t✉r♥s ♦✉t t❤❛t s ∈ S
y
µ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

✭✸✳✹✾✮ F (s, µ) = 0 , F (s, µ) := Osc(s) − µ η s− µ Rsc(s) ,

✇❤❡r❡✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✭✸✳✸✾✮✱ ✇❡ ❤❛✈❡ t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ♣♦s✐t✐✈❡ ♥✉♠❜❡r✿

η := c(w) ‖ ∇y〈be ◦ Ȳ0〉(0, y1, y2, π/2) ‖= c(w) ‖ ∇y

[
〈Γe〉(h, y2)

]
‖∈ R

∗
+ ,

❛♥❞ t❤❡ ❛✉①✐❧❧✐❛r② ❢✉♥❝t✐♦♥ Rsc(s) := Rsc1(s) +Rsc2(s) ✇✐t❤✿

Rsc1(s) := + c(w) ‖ ∇y

[
〈Γe〉(h, y2)

]
s+

∫ s

0 ∇y(be ◦ Ȳ0)
⋆(0, y, π/2, r) dr ‖ ,

Rsc2(s) := − c(w) ‖ ∇y

[
〈Γe〉(h, y2)

]
‖ s .
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❚♦ ❤❡❧♣ t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ♣r♦♦❢✱ ♣❧❡❛s❡ r❡❢❡r t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣✐❝t✉r❡ ✶✳

❋✐❣✉r❡ ✶✳ ❇❡❧♦✇ t❤❡ t❤r❡s❤♦❧❞ ❧✐♠✐t✳

❉✐s♣❧❛② ♦❢ t❤❡ s♦❧✉t✐♦♥s t♦ F (s, µ) = 0✳

❚❤❡ r❡❧❛t✐♦♥ ✭✸✳✹✺✮ ❝❛♥ ❜❡ r❡❛❧✐③❡❞ ♦♥❧② ✐❢ s ≥ sm := OmC
−1
1 µ−1 c(w)−1✳ ❉❡✜♥❡✿

µ0 := min
(
r c(w) bm C4 C

−1
1 C−1

3 λ−1
M ; c6Om c(w)−1C−1

1 C−1
2

)
.

❋♦r µ ≤ µ0 ❛♥❞ s ❛s ❛❜♦✈❡✱ t❤❡ ♣❛rt Rsc1(·) ♦❢ Rsc(·) ✐s s✉r❡ t♦ ❜❡ ♥♦♥ ③❡r♦✳ ■t ❢♦❧❧♦✇s t❤❛t
t❤❡ ❢✉♥❝t✐♦♥ Rsc1(·)✱ ❛♥❞ t❤❡r❡❢♦r❡ Rsc(·)✱ ✐s s♠♦♦t❤ ❢♦r s ≥ sm✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ Rsc1(·)
❤❛s ❛ ♣❛rt✐❝✉❧❛r ❢♦r♠✳ ■t ✐s t❤❡ ♥♦r♠ ♦❢ ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♣❧✉s ❛ ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥✳ ❉✉❡
t♦ t❤✐s s♣❡❝✐✜❝✐t②✱ ✐t ✐s ❜♦✉♥❞❡❞✱ ✇✐t❤ ❛ ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡✳ ❚❤❡ s❛♠❡ ✐s tr✉❡ ❝♦♥❝❡r♥✐♥❣
Rsc(·)✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❤❛✈❡✿

|Rsc(s)| ≤
∫ T/4

0 ‖ ∇y(be ◦ Ȳ0)
⋆(0, y, π/2, r) ‖ dr ≤ C2(h, y

2) , ∀ s ∈ R+ .

❲❡ ❝❛♥ ✐♥tr♦❞✉❝❡✿

R0
M := sup

{
|Rsc(s)| ; s ∈ R+

}
< +∞ , R1

M := sup
{
|Rsc′(s)| ; s ≥ sm

}
< +∞ .

❆ ♣r❡❧✐♠✐♥❛r② r❡♠❛r❦ ✐s t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ s ∈ S
y
µ ∩ [nT/2, (n + 1)T/2] ❝❛♥ ❜❡ r❡❛❧✐③❡❞

♦♥❧② ✐❢ t❤❡ ✐♥t❡❣❡r n ✐s s✉❝❤ t❤❛t✿

✭✸✳✺✵✮
2

η T
(µ−1Om −R0

M ) − 1 ≤ n ≤ 2

η T
(µ−1OM +R0

M ) .

■♥ ✈✐❡✇ ♦❢ ✭✸✳✹✼✮✱ Osc′(s) = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ Osc(s) = Om ♦r Osc(s) = OM ✳ ❆❢t❡r s❤✐❢t✐♥❣
t❤❡ ✈❛❧✉❡ ♦❢ Osc(s) ❛ ❧✐tt❧❡ ❛✇❛② ❢r♦♠ Om ❛♥❞ OM ✱ ✇❡ ❝❛♥ ❣❡t ❛ q✉❛♥t✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤✐s
♣r♦♣❡rt②✳ ■♥ ❢❛❝t✱ ❢♦r C9 ∈ R

∗
+ ❛♥❞ µ0 ∈ R

∗
+ r❡s♣❡❝t✐✈❡❧② s✉✣❝✐❡♥t❧② ❧❛r❣❡ ❛♥❞ s♠❛❧❧✱ ✇❡

❤❛✈❡ ❢♦r ❛❧❧ µ ∈ ]0, µ0] t❤❛t✿

✭✸✳✺✶✮ 2 µ (η +R1
M ) ≤ |Osc′(s)| , ∀ s := Osc−1([Om + C9 µ,OM − C9 µ]) .
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●✐✈❡♥ n ∈ N✱ ❝♦♥s✐❞❡r t❤❡ ❝♦♥❞✐t✐♦♥✿

✭✸✳✺✷✮
2

η T
(µ−1Om + C9 +R0

M ) + 1 ≤ n ≤ 2

η T
(µ−1OM − C9 −R0

M ) − 1 .

❚❤❡ s❡t S
y
µ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ S

y
µ = S̃

y
µ ∪ (S̃yµ)c✱ ✇❤❡r❡✿

S̃
y
µ :=

{
s ∈ S

y
µ ; s ∈ [nT/2, (n+ 1)T/2] , n ✐s ❛s ✐♥ ✭✸✳✺✷✮

}
.

❈♦♠❜✐♥✐♥❣ ✭✸✳✹✽✮✱ ✭✸✳✺✵✮ ❛♥❞ ✭✸✳✺✷✮✱ ✐t ✐s ❡❛s② t♦ ✐♥❢❡r t❤❛t✿

✭✸✳✺✸✮ Card (S̃yµ)
c ≤ 4 (C9 + 2R0

M + 2) P η−1 T−1 .

❉❡✜♥❡ t❤❡ t✐♠❡s tjµ ✇✐t❤ j ∈ {1, 2, 3, 4} ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t✿

(t1µ, t
2
µ) ∈ ]0, T/4[2 , Osc (t1µ) = OM − C9 µ , Osc (t2µ) = Om + C9 µ ,✭✸✳✺✹❛✮

(t3µ, t
4
µ) ∈ ]T/4, T/2[2 , Osc (t3µ) = Om + C9 µ , Osc (t4µ) = OM − C9 µ .✭✸✳✺✹❜✮

❈♦♥s✐❞❡r ❛❧s♦ t❤❡ tr❛♥s❧❛t❡❞ ✈❡rs✐♦♥s ♦❢ t❤❡s❡ t✐♠❡s✿

✭✸✳✺✺✮ tjµ(n) := tjµ + nT/2 , (j, n) ∈ {1, 2, 3, 4} × N .

❙❡❧❡❝t n ❛s ✐♥ ✭✸✳✺✷✮✳ ❇② ❝♦♥str✉❝t✐♦♥✱ ✇❡ ❤❛✈❡✿

✭✸✳✺✻✮ Om + µC9 ≤ Osc (s) ≤ OM − µC9 , ∀ s ∈ S
y
µ ∩ [nT/2, (n+ 1)T/2] ,

✐♠♣❧②✐♥❣ t❤❛t✿

S
y
µ ∩ [nT/2, (n+ 1)T/2] ⊂ Iµ(n) := [t1µ(n), t2µ(n)] ∪ [t3µ(n), t4µ(n)] .

❋♦r s✉❝❤ n✱ ♦❜s❡r✈❡ t❤❛t✿

✭✸✳✺✼✮ F
(
tjµ(n), µ

)
> 0 , ∀ j ∈ {1, 4} , F

(
tjµ(n), µ

)
< 0 , ∀ j ∈ {2, 3} .

❙❡❝♦♥❞❧②✱ ❞❡❞✉❝❡ ❢r♦♠ ✭✸✳✺✶✮ ❛♥❞ ✭✸✳✺✻✮ t❤❛t✿

✭✸✳✺✽✮ |∂sF (s, µ)| ≥ µ (η +R1
M ) > 0 , ∀ s ∈ Iµ(n) .

❖♥ ♦♥❡ s✐❞❡✱ ✇❡ ❤❛✈❡ ✭✸✳✺✸✮ ✇✐t❤ ❛ ❜♦✉♥❞ ♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ µ ∈ ]0, µ0]✳ ❖♥ t❤❡ ♦t❤❡r s✐❞❡✱
❢r♦♠ ✭✸✳✺✼✮ ❛♥❞ ✭✸✳✺✽✮✱ ✐t ❢♦❧❧♦✇s t❤❛t✱ ❢♦r ❛❧❧ ✐♥t❡❣❡r n s❛t✐s❢②✐♥❣ ✭✸✳✺✷✮✱ ✇❡ ❤❛✈❡✿

Card S
y
µ ∩ [t1µ(n), t2µ(n)] = 1 , Card S

y
µ ∩ [t3µ(n), t4µ(n)] = 1 , Card S

y
µ ∩ Iµ(n) = 2 .

❚❤✐s ❡①♣❧❛✐♥s ✇❤② Ny
µ(µ) ∼ C8 µ

−1 ✇✐t❤ C8 := 4 (OM −Om)/(η T )✳

▲❡t ✉s ♥♦✇ t❛❦❡ ❛ ❧♦♦❦ ❛t t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ✭✸✳✹✻✮✳ ❋✐① ❛♥② ❝♦♥st❛♥t C ∈ ]0, C8[✳ ❉❡✜♥❡
δ := (C8 − C) η T/8 ∈ R

∗
+✳ ■❢ ♥❡❝❡ss❛r②✱ ❞✐♠✐♥✐s❤ µ0 t♦ ❜❡ s✉r❡ t❤❛t✿

0 < µ0 ≤ δ (2 C9 + 2 R0
M + η T )−1 .

❘❡♣❧❛❝❡ ✭✸✳✺✷✮ ✇✐t❤ t❤❡ ♠♦r❡ r❡str✐❝t✐✈❡ ❝♦♥❞✐t✐♦♥✿

✭✸✳✺✾✮ 2 (Om + δ) (µ η T )−1 ≤ n ≤ 2 (OM − δ) (µ η T )−1 .

❉❡✜♥❡ t❤❡ t✐♠❡s s̃j ✇✐t❤ j ∈ {1, 2, 3, 4} ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t✿

(s̃1, s̃2) ∈ ]0, T/4[2 , Osc (s̃1) = OM − (δ/2) , Osc (s̃2) = Om + (δ/2) ,✭✸✳✻✵❛✮

(s̃3, s̃4) ∈ ]T/4, T/2[2 , Osc (s̃3) = Om + (δ/2) , Osc (s̃4) = OM − (δ/2) .✭✸✳✻✵❜✮



❈❆◆ ❖◆❊ ❍❊❆❘❲❍■❙❚▲❊❘❲❆❱❊❙❄ ✹✾

❚❤❡ s❡t ♦❢ ✐♥t❡❣❡rs n s❛t✐s❢②✐♥❣ ✭✸✳✺✾✮ ②✐❡❧❞s ❛t ❧❡❛st C µ−1 s♦❧✉t✐♦♥s ✐♥ S
y
µ✳ ▼♦r❡♦✈❡r✱ ❛♥②

♦❢ t❤❡s❡ s♦❧✉t✐♦♥s sjµ ✐s s✉❝❤ t❤❛t✿

Om + (δ/2) ≤ Osc (sjµ) ≤ OM − (δ/2) , sjµ ∈ [nT/2, (n+ 1)T/2] ,

❛♥❞ t❤❡r❡❢♦r❡✿

0 < M(C) ≤ sj+1(µ) − sj(µ) , M(C) := min ( s̃3 − s̃2 ; s̃1 + (T/2) − s̃4 ) . �

✸✳✷✳✻✳ ❊♠✐ss✐♦♥ ♣♦✐♥ts ✐♥ t❤❡ ❝❛s❡ ♦❢ ♦✈❡r❧❛♣♣✐♥❣ ✈❛❧✉❡s✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ✸❜✱ ❛s ✐s ♠❡♥t✐♦♥❡❞
❛t t❤❡ ❡♥❞ ♦❢ ❙✉❜s❡❝t✐♦♥ ✸✳✷✳✹✳ ❆❣❛✐♥✱ t❤❡ r❡❧❛t❡❞ ❞✐s❝✉ss✐♦♥ ✐s s✐♠✐❧❛r ❢♦r ❛❧❧ ❝♦rr❡s♣♦♥❞✐♥❣
✈❛❧✉❡s ♦❢ q✳ ❆s ❜❡❢♦r❡✱ ✐t ❝❛♥ ❜❡ ✐❧❧✉str❛t❡❞ ❜② ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ❝❛s❡ ♦❢ I ≡ I1

+✱ ✇✐t❤ Ψ ≡ Ψ1
+

❛♥❞ c(w) bm(h, y2) < λM < c(w) bM (h, y2)✳ ❋✐① h ❛♥❞ y✳ ●✐✈❡♥ δ ∈ [0, λM −c(w) bm[✱ ❞❡✜♥❡
t❤❡ t✐♠❡s šj ✇✐t❤ j ∈ {1, 2, 3, 4} s♦ t❤❛t✿

š1 ∈ ]0, T/4[ , c(w) be ◦ Ȳ0(h, y
1, y2, š1δ) = λM ,✭✸✳✻✶❛✮

š2 ∈ ]0, T/4[ , c(w) be ◦ Ȳ0(h, y
1, y2, š1δ) = λM − δ ,✭✸✳✻✶❜✮

š3 ∈ ]T/4, T/2[ , c(w) be ◦ Ȳ0(h, y
1, y2, š2δ) = λM − δ ,✭✸✳✻✶❝✮

š4 ∈ ]T/4, T/2[ , c(w) be ◦ Ȳ0(h, y
1, y2, š2δ) = λM .✭✸✳✻✶❞✮

❇② r❡str✐❝t✐♥❣ µ0 ✐❢ ♥❡❝❡ss❛r②✱ ✇❡ ❝❛♥ ❛❧✇❛②s ✐♠♣♦s❡✿

✭✸✳✻✷✮ 0 < 2 µ0 (η +R1
M ) ≤ |Osc′(s)| , ∀ s ∈ [š1, š2] ∪ [š3, š4] .

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳ ❬❛s②♠♣t♦t✐❝ t✐♠❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❡♠✐ss✐♦♥ ♣♦✐♥ts ✉♥❞❡r t❤❡ ♦✈❡r❞❡♥s❡
❝♦♥❞✐t✐♦♥❀ ❝❛s❡ ♦❢ ♦✈❡r❧❛♣♣✐♥❣ ✈❛❧✉❡s❪ ❚❤❡r❡ ❡①✐st t✇♦ ❝♦♥st❛♥ts µ0 ∈ ]0, 1] ❛♥❞ c10 ∈ R

∗
+

s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ r❛❞✐✉s R > C1 c10✱ µ ∈ ]0, µ0] ❛♥❞ ❢♦r ❛❧❧ n ∈ [c10 µ
−1, C−1

1 Rµ−1]∩N✱ t❤❡r❡
❛r❡ ❡①❛❝t❧② t✇♦ ❡♠✐ss✐♦♥ ♣♦✐♥ts (s1n, y, ς, ξ) ✇✐t❤ s1n ∈ ]nT/2, (2n + 1)T/4[ ❛♥❞ (s4n, y, ς, ξ)
✇✐t❤ s4n ∈ ](2n+ 1)T/4, n T/2[✱ ✇❤✐❝❤ ❛r❡ s✉❝❤ t❤❛t ✭✇❤❡♥ n→ +∞ ♦r µ→ 0✮✿

✭✸✳✻✸✮ s1n = nT/2 + š10 + o(1) , s4n = nT/2 + š4 + o(1) .

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✸✳✻✸✮✱ t✇♦ s✉❝❝❡ss✐✈❡ ❡♠✐ss✐♦♥ ♣♦✐♥ts ❛r❡ ❛s②♠♣t♦t✐❝❛❧❧② s❡♣❛r❛t❡❞ ❜②
❛ ✉♥✐❢♦r♠ ❣❛♣✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t✿

✭✸✳✻✹✮ s4n − s1n = š4 − š1 + o(1) , s1n+1 − s4n = T/2 + š1 − š4 + o(1) .

Pr♦♦❢✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ λ−1(·) ✐s ♥♦t ❞❡✜♥❡❞ ♦♥ t❤❡ ✇❤♦❧❡ ✐♠❛❣❡ ♦❢ c(w) be ◦ Ȳ0(h, y
1, y2, ·)✳

❚❤✐s ✐s ✇❤② t❤❡ ❢♦r♠✉❧❛t✐♦♥ ✭✸✳✹✾✮ ❝❛♥♥♦t ❜❡ ✉s❡❞ ❤❡r❡✳ ❙t✐❧❧✱ t❤❡ s②st❡♠ ✭✸✳✸✵❛✮✲✭✸✳✸✵❜✮ ✐s
❡q✉✐✈❛❧❡♥t t♦✿

✭✸✳✻✺✮ F̃ (s, µ) = 0 , F̃ (s, µ) := c(w) be ◦ Ȳ0(h, y
1, y2, s) − λ

(
µ η s+ µRsc(s)

)
,

❈❤♦♦s❡ µ0 ∈ R
∗
+ t♦ r❡❝♦✈❡r ❛❧❧ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❝♦♥❞✐t✐♦♥s✱ ✐♥❝❧✉❞✐♥❣ ✭✸✳✻✷✮ ❛s ✇❡❧❧ ❛s

µ0 ≤ (R0
M )−1 λ−1(λM − δ)✳ ▲❡t (s, ξ) ❜❡ ❛ ♣♦s✐t✐♦♥ t❤❛t ✐s ❛❞❥✉st❡❞ ❛s ✐♥❞✐❝❛t❡❞ ✐♥ ✭✸✳✸✵❜✮✳

❉❡✜♥❡ c10 := 2 c−1
6 λ−1(λM − δ)✳ ❲❡ ✜♥❞ t❤❛t✿

✭✸✳✻✻✮ λ−1(λM − δ) ≤ µ η s+ µRsc(s) = |ξ| ≤ R , ∀ s ∈ [c10 µ
−1, C−1

1 Rµ−1] .

❙❡❧❡❝t n ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳ ❇② ❝♦♥str✉❝t✐♦♥✿

F̃ (nT/2, µ) ≥ c(w) bM − λM > 0 , F̃
(
(2n+ 1)T/4, µ

)
< c(w) bm − λM + δ < 0 .



✺✵ ❈❍✳ ❈❍❊❱❊❘❘❨

❋✐❣✉r❡ ✷✳ ❈❛s❡ ♦❢ ♦✈❡r❧❛♣♣✐♥❣ ✈❛❧✉❡s✳

❉✐s♣❧❛② ♦❢ t❤❡ s♦❧✉t✐♦♥s t♦ F̃ (s, µ) = 0✳

❚❤✉s✱ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ s♦❧✉t✐♦♥ s1n t♦ ✭✸✳✻✺✮ ✐♥ t❤❡ ✐♥t❡r✈❛❧ [nT/2, (2n + 1)T/4]✱ ❛♥❞
❛t ❧❡❛st ♦♥❡ s♦❧✉t✐♦♥ s4n t♦ ✭✸✳✻✺✮ ✐♥ t❤❡ ✐♥t❡r✈❛❧ [(2n+ 1)T/4, (n+ 1)T/2]✳ ❉✉❡ t♦ ✭✸✳✻✻✮✱
t❤❡s❡ s♦❧✉t✐♦♥s ♠✉st s❛t✐s❢②✿

λM − δ ≤ λ
(
µ η s1n + µRsc(s1n)

)
= c(w) be ◦ Ȳ0(h, y

1, y2, s1n) ,

λM − δ ≤ λ
(
µ η s4n + µRsc(s4n)

)
= c(w) be ◦ Ȳ0(h, y

1, y2, s4n) .

❚❤✐s ✐♠♣❧✐❡s t❤❛t✿

s1n ∈ ]nT/2 + š1, n T/2 + š2[ , s4n ∈ ]nT/2 + š3, n T/2 + š4[ .

❋r♦♠ ❆ss✉♠♣t✐♦♥ ✸✳✶ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✸✳✻✷✮✱ ✇❡ ❝❛♥ ✐♥❢❡r t❤❛t✿

∂sF̃ (s1n, µ) = λ′ ◦Osc (s1n)
[
Osc′(s1n) − µ η − µRsc′(s1n)

]

≤ −λ′ ◦Osc (s1n) µ0 (η +R1
M ) < 0 ,

✭✸✳✻✼❛✮

∂sF̃ (s4n, µ) = λ′ ◦Osc (s4n)
[
Osc′(s4n) − µ η − µRsc′(s4n)

]

≥ λ′ ◦Osc (s4n) µ0 (η +R1
M ) > 0 .

✭✸✳✻✼❜✮

■t ❢♦❧❧♦✇s t❤❛t ✭✸✳✻✺✮ ❤❛s ❛t ♠♦st ♦♥❡ s♦❧✉t✐♦♥ s1n ✐♥ t❤❡ ✐♥t❡r✈❛❧ ]nT/2, (2n+ 1)T/4[✱ ❛♥❞
❛t ♠♦st ♦♥❡ s♦❧✉t✐♦♥ s4n ✐♥ t❤❡ ✐♥t❡r✈❛❧ ](2n+ 1)T/4, (n+ 1)T/2[✳

❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ t❤r❡s❤♦❧❞ ❧✐♠✐t λM ✱ ✇❡ ❤❛✈❡✿

λM = lim
n−→+∞

λ
(
µ η sjn+µRsc(sjn)

)
= lim

n−→+∞
c(w) be◦Ȳ0(h, y

1, y2, sjn) , ∀ j ∈ {1, 4} .
❇② ❝♦♥str✉❝t✐♦♥✱ ✇❡ ❤❛✈❡✿

d
ds(be ◦ Ȳ0)(h, y

1, y2, š1) < 0 , d
ds(be ◦ Ȳ0)(h, y

1, y2, š4) > 0 .

❚❤❡ ❢✉♥❝t✐♦♥ c(w) be◦Ȳ0(h, y
1, y2, ·) ✐s ✐♥✈❡rt✐❜❧❡ ✐♥ ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ š1✱ ✇✐t❤ ❛ ❝♦♥t✐♥✉♦✉s

✐♥✈❡rs❡✳ ■t t❛❦❡s t❤❡ ✈❛❧✉❡ λM ❛t š1✳ ❇❡❝❛✉s❡ ✐t ✐s ♣❡r✐♦❞✐❝ ✇✐t❤ ♣❡r✐♦❞ T/2✱ ✇❡ ❤❛✈❡
c(w) be ◦ Ȳ0(h, y

1, y2, s1n − nT/2) = λM + o(1)✳ ❙✐♥❝❡ s1n − nT/2 ∈ ]0, T/4[✱ ❜② ✉s✐♥❣ t❤❡
✐♥✈❡rs❡ ❛❧❧✉❞❡❞ ❛❜♦✈❡✱ ✇❡ ❝❛♥ r❡❝♦✈❡r ✭✸✳✻✸✮✳ ❆ s✐♠✐❧❛r r❡❛s♦♥✐♥❣ ❛♣♣❧✐❡s ❢♦r s4n✳ �
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✸✳✷✳✼✳ ◗✉✐❝❦ ❝♦♠♠❡♥ts ❛❜♦✉t t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s✳ ❚❤❡ ▲❛❣r❛♥❣✐❛♥ ♠❛♥✐❢♦❧❞
❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♣❤❛s❡ Ψ(±, q; ·) ✐s t❤❡ s❡t ♦❢ ♣♦✐♥ts✿

L(±, q; ·) :=
{ (
t, x,∇t,xΨ(±, q; t, x; s, y, ς, ξ)

)
; (s, y, ς, ξ) ∈ C(±, q; t, x)

}
.

❆s ❛ ❜②✲♣r♦❞✉❝t ♦❢ ✭✸✳✺✽✮ ♦r ✭✸✳✻✼✮✱ ✉s✐♥❣ t❤❡ ✐♠♣❧✐❝✐t t❤❡♦r❡♠✱ ✐t ❝❛♥ ❜❡ st❛t❡❞ t❤❛t t❤❡
t✐♠❡s s(±, q; y) ❣✐✈✐♥❣ r✐s❡ t♦ ❡♠✐ss✐♦♥ ♣♦✐♥ts ❜② ❛♣♣❧②✐♥❣ Pr♦♣♦s✐t✐♦♥s ✸✳✶ ❛♥❞ ✸✳✷ ❛r❡
s♠♦♦t❤ ❢✉♥❝t✐♦♥s ♦❢ (y1, y2)✱ ♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ y3✳ ❋r♦♠ ✭✸✳✸✵❜✮✱ ❡①tr❛❝t✿

ξ(±, q; y) := µ q
∫ s(±,q;y)
0 ∇y(be ◦ Ȳ0)(0, y

1, y2, π2 , r) dr .

❚❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ s(±, q; y) ❛♥❞ ξ(±, q; y) ❢✉r♥✐s❤❡s ❣❧♦❜❛❧ ♣❛r❛♠❡tr✐③❛t✐♦♥s ♦❢ L(±, q; ·)✱ ❜②
✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♣♣✐♥❣ ı(±, q) ✇❤❡r❡✱ ❢♦r s✐♠♣❧✐❝✐t②✱ t❤❡ r❡❢❡r❡♥❝❡ t♦ (±, q) ✐s
s❦✐♣♣❡❞ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✿

ı(±, q) : (t, y) 7−→




t
x
∂tΨ
∇xΨ


 =




t
y ∓ µ

(
t− s(y)

)
λ′(|ξ(y)|) |ξ(y)|−1 ξ(y)

±λ(|ξ(y)|)
µ−1 ξ(y)


 .

❚❤❡ s♣❛❝❡✲t✐♠❡ ♣r♦❥❡❝t✐♦♥s ♦❢ t❤❡ ❜✐❝❤❛r❛❝t❡r✐st✐❝ ❝✉r✈❡s t 7→ ı(±, q; t, y) ❣✐✈❡ r✐s❡ t♦ t❤❡ r❛②s
♦❢ ❣❡♦♠❡tr✐❝ ♦♣t✐❝s✱ ✇❤✐❝❤ ❛r❡ str❛✐❣❤t ❧✐♥❡s tr❛✈❡❧❧✐♥❣ ❛t t❤❡ ❣r♦✉♣ ✈❡❧♦❝✐t②✳ ❚♦ ❛♣♣❧② t❤❡
st❛t✐♦♥♥❛r② ♣❤❛s❡ t❤❡♦r❡♠ t♦ t❤❡ ✐♥t❡❣r❛❧ I(±, q; ε, t, x) ♥❡❛r s♦♠❡ ✐♥t❡r✐♦r ❝r✐t✐❝❛❧ ♣♦✐♥t✱
s❛② (s, y, ς, ξ) ∈ Ci(±, q; t, x)✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ♦❢ Ψ(±, q; t, x, ·)
✇✐t❤ r❡s♣❡❝t t♦ (s, y, ς, ξ) ✐s ♥❡❡❞❡❞✱ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ t❤❡ ❝❛✉st✐❝ s❡t✱ t❤❛t ✐s ❞❡❣❡♥❡r❛t❡
s✐t✉❛t✐♦♥s✳ ❚❤❡ st✉❞② ♦❢ t❤✐s ❛s♣❡❝t✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❛ ♠♦r❡ ❛❝❝✉r❛t❡
♠♦❞❡❧ ❢♦r t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ λ(·)✱ ✇✐❧❧ ❜❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ♦t❤❡r ❝♦♥tr✐❜✉t✐♦♥s✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts✳ ❚❤✐s ✇♦r❦ r❡❝❡✐✈❡❞ t❤❡ s✉♣♣♦rt ♦❢ t❤❡❆❣❡♥❝❡ ◆❛t✐♦♥❛❧❡ ❞❡ ❧❛ ❘❡❝❤❡r❝❤❡✿
♣r♦❥❡t ◆❖❙❊❱❖▲ ✭❆◆❘ ✷✵✶✶ ❇❙✵✶✵✶✾ ✵✶✮ ❛♥❞ ❆◆❘ ❜❧❛♥❝ ❉❨❋■❈❖▲❚■✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❤tt♣✿✴✴❡♥✳✇✐❦✐♣❡❞✐❛✳♦r❣✴✇✐❦✐✴❲❤✐st❧❡r❴✭r❛❞✐♦✮✳
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