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❞✐❢❡��♦✱ ✈✐��♦ �✉❛♥�♦ ❡❜❜❡ ❛ ❞✐�❡ ✐❧ 4♦✐��♦♥ ✐♥�♦�♥♦ ❛❧❧❡ ❡�✉❛③✐♦♥✐ ❞❡❧❧✬✐❞�♦❞✐♥❛♠✐❝❛ ♦�❞✐♥❛�✐❛✳

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✺

❲❤✐❧❡ ✇✐�❤ �❤❡ ♣�❡�❡♥� ♠❡♠♦✐� ■ ✇✐❧❧ ❛✐♠ ❛❣❛✐♥ �♦ �❤❡ ❣♦❛❧ ♥♦✇ ❞❡✈✐�❡❞✱ ■ ✇✐❧❧ ♠❛♥❛❣❡ �♦

�❡❛❝❤ ❛❧�♦ ❛♥♦�❤❡� ♦♥❡✳ ❬■♥❞❡❡❞❪ ✐� ✐� �✐❣♦�♦✉�❧② ♣�♦✈❡♥ ✐♥ ♠❛♥② ♣❧❛❝❡� �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥

♦❢ ♠❡❝❤❛♥✐❝�✱ ✇�✐��❡♥ ✇✐�❤ �❤❡ ♥♦�❛�✐♦♥ ♦❢ ❝❛❧❝✉❧✉� ♦❢ ✈❛�✐❛�✐♦♥�✱ ✐♥ �❤❡ ❝❛�❡ ♦❢ ❛ ✇❤❛��♦❡✈❡�

❞✐�❝�❡�❡ �②��❡♠ ♦❢ ❜♦❞✐❡� �❡❣❛�❞❡❞ ❛� ♣♦✐♥�� ✐♥ ✇❤✐❝❤ ❞✐✛❡�❡♥� ♠❛��❡� ❛�❡ ❝♦♥❝❡♥��❛�❡❞ ❛♥❞

�✉❜❥❡❝�❡❞ �♦ ❡①�❡�♥❛❧ ❛❝�✐✈❡ ❢♦�❝❡� ❛♥❞ �♦ ✐♥�❡�♥❛❧ ❛❝�✐✈❡ ❛♥❞ ♣❛��✐✈❡ ❢♦�❝❡�✳ ❍♦✇❡✈❡�✱ ��❛��✐♥❣

❢�♦♠ �❤✐� ❧❛�� ❡�✉❛�✐♦♥ ❬✐✳❡✳ �❤❡ ❡�✉❛�✐♦♥ ❢♦� ❛ ❞✐�❝�❡�❡ �②��❡♠ ♦❢ ♣♦✐♥��❪ ❛♥❞ ♦❜�❛✐♥✐♥❣ �❤❡

❢♦�♠✉❧❛� �❡❧❛�✐✈❡ �♦ ❡�✉✐❧✐❜�✐✉♠ ❛♥❞ ♠♦�✐♦♥ ♦❢ ❜♦❞✐❡� ✇✐�❤ �❤�❡❡ ❞✐♠❡♥�✐♦♥❛❧ ❡①�❡♥�✐♦♥� ❬✐✳❡✳

❞❡❢♦�♠❛❜❧❡ ❜♦❞✐❡�❪✱ ✐� ✐� ❛ ��❡♣ ✈❡�② ❞✐✣❝✉❧� ❢♦� �❤♦�❡ ✇❤♦ ❛�❡ ✇✐❧❧✐♥❣ �♦ �❡❡ �❤✐♥❣� ❝❧❡❛�❧② ❛♥❞

❛�❡ ♥♦� ❤❛♣♣② �♦ ❣❡� ❛♥ ✐♥❝♦♠♣❧❡�❡ ✉♥❞❡���❛♥❞✐♥❣✳ ❖♥❡ ❛♠♦♥❣ ♠② ✜��� ❡✛♦��� ✐♥ �❤✐� �✉❜❥❡❝�

❝❛♥ ❜❡ �❡❝♦❣♥✐③❡❞ ✐♥ ♠② ▼❡♠♦✐� ✧❖♥ �❤❡ ♣�✐♥❝✐♣❧❡� ♦❢ ❆♥❛❧②�✐❝❛❧ ▼❡❝❤❛♥✐❝� ❜② ▲❛❣�❛♥❣❡✧

4✉❜❧✐�❤❡❞ ✐♥ ▼✐❧❛♥ ❛❧�❡❛❞② ✐♥ �❤❡ ②❡❛� ✶✽✷✺✱ ✇❤❡�❡ ■ ♣�❡�❡♥�❡❞ ✐♥ �❤✐� �❡❣❛�❞ �♦♠❡ ❝♦��❡❝�

✐❞❡❛� ❜✉� ✇✐�❤ �♦♠❡ �♣❡❝✐✜❝ �❡❝❤♥✐❝❛❧ ❞❡�❛✐❧� ❡✐�❤❡� �♦♦ ❝♦♠♣❧❡① ♦� ✐♥❞❡❡❞ �✉♣❡�✢✉♦✉�✳ ■ ❝❛♠❡

❜❛❝❦ �♦ �❤✐� ♣♦✐♥� ✐♥ �❤❡ ♠❡♠♦✐� ♣✉❜❧✐�❤❡❞ ✐♥ ❚✳ ❳❳■ ♦❢ �❤❡�❡ 4�♦❝❡❡❞✐♥❣� ❛♥❞ ■ ❜❡❧✐❡✈❡❞

�♦ ❤❛✈❡ ❛❝❤✐❡✈❡❞ ❛ �❡♠❛�❦❛❜❧❡ ✐♠♣�♦✈❡♠❡♥� ❜② ✐♥��♦❞✉❝✐♥❣ ♥♦� ♥❡❣❧✐❣✐❜❧❡ ❛❜❜�❡✈✐❛�✐♦♥� ❛♥❞

�✐♠♣❧✐✜❝❛�✐♦♥�✿ ❜✉� �❤❡�❡❛❢�❡� ■ ♣❡�❝❡✐✈❡❞ �❤❡ ♣♦��✐❜✐❧✐�② ♦❢ ❢✉��❤❡� ✐♠♣�♦✈❡♠❡♥�� ✇❤✐❝❤ ■

✐♥��♦❞✉❝❡❞ ✐♥ �❤❡ ♣�❡�❡♥� ♦♥❡✳ ●�❡❛� ❛❞✈❛♥�❛❣❡ ❝❛♥ ❛❧✇❛②� ❜❡ ♦❜�❛✐♥❡❞ ✇❤❡♥ ❤❛✈✐♥❣ �❤❡ ❝❛�❡

♦❢ ❝❧❛�✐❢②✐♥❣ ❛♣♣�♦♣�✐❛�❡❧② �❤❡ ✐❞❡❛� ❝♦♥❝❡�♥✐♥❣ �❤❡ ♥❛�✉�❡ ♦❢ ❞✐✛❡�❡♥� ❛♥❛❧②�✐❝❛❧ �✉❛♥�✐�✐❡� ❛♥❞

�❤❡ �♣✐�✐� ♦❢ �❤❡ ♠❡�❤♦❞�✿ ❬�♦ ❡��❛❜❧✐�❤❪ ✐❢ ❛❧�♦ ❢�♦♠ �❤✐� ♣♦✐♥� ♦❢ ✈✐❡✇ �♦♠❡�❤✐♥❣ ❤❛� ❜❡❡♥ ❧❡❢�

�♦ ❜❡ ❞♦♥❡✱ ■ ✇✐❧❧ ❧❡❛✈❡ �❤❡ ❥✉❞❣❡♠❡♥� �♦ ✐♥�❡❧❧✐❣❡♥� �❡❛❞❡��✳

❚❤❡ �❝❤♦❧❛� ✇✐❧❧ ♣❡�❝❡✐✈❡ �❤❛� ■ ♣�♦♣♦�❡ ♠②�❡❧❢ ❛❧�♦ ♦�❤❡� ❛✐♠� ✇✐�❤ �❤❡ ♣�❡�❡♥� ✇♦�❦✱

❤❛✈✐♥❣ ❡��❛❜❧✐�❤❡❞ ❤❡�❡ ✈❛�✐♦✉� ❢♦�♠✉❧❛�✱ ✇❤✐❝❤ ❝❛♥ �❡�✈❡ ❛� ❛ ��❛��✐♥❣ ♣♦✐♥� ❢♦� ❢✉��❤❡� ✐♥✈❡�✲

�✐❣❛�✐♦♥�✳ ■ ✇✐❧❧ ♥♦� ♦♠✐� �♦ ♠❡♥�✐♦♥ ♦♥❡ ♦❢ �❤❡�❡ ❛✐♠� ❛♥❞ ♣�❡❝✐�❡❧② �❤❛� ♦♥❡ ✇❤✐❝❤ ❝♦♥�✐���

✐♥ ❞❡♠♦♥���❛�✐♥❣ ❛♥❡✇ ✭❈❛♣♦ ❱✮✱ ❜② ❛❞♦♣�✐♥❣ �❤❡ ✐❞❡❛� ❜❡��❡� ❢♦✉♥❞❡❞ ✇❤✐❝❤ ❛�❡ ♣�♦✈✐❞❡❞

❜② ♠♦❞❡�♥ 4❤②�✐❝� ❛❜♦✉� ✢✉✐❞�✱ �❤❡ ❢✉♥❞❛♠❡♥�❛❧ ❡�✉❛�✐♦♥� ♦❢ �❤❡✐� ♠♦�✐♦♥�✳ ■♥ ❛� ♠✉❝❤ ❛� ■

��❡❛�❡❞ ❧❡♥❣�❤❧② ✐♥ ♦�❤❡� ♠② ✇♦�❦� �❤❡ ♣�♦❜❧❡♠� ♦❢ ❤②❞�♦❞②♥❛♠✐❝� ✭❙❡❡ �❤❡ ✜��� �✇♦ ✈♦❧✉♠❡�

♦❢ ▼❡♠♦✐�� ♦❢ ■✳ ❘✳ ■��✐�✉�♦ ▲♦♠❜❛�❞♦✮ ✐� ✇❛� ♦❜❥❡❝�❡❞ �❤❛� ♠② ❞❡❞✉❝�✐♦♥ ❝♦✉❧❞ ❜❡ ❞❡❢❡❝�✐✈❡✱

❝♦♥�✐❞❡�❡❞ ✇❤❛� ��❛�❡❞ ❜② 4♦✐��♦♥ ❛❜♦✉� �❤❡ ❡�✉❛�✐♦♥� ♦❢ ♦�❞✐♥❛�② ❍②❞�♦❞②♥❛♠✐❝�✳
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■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

❖�❛ ✐♦ ❝�❡❞❡��✐ ♣♦�❡� ❞✐♠♦���❛�❡ ❝❤❡ ❧❡ ❝♦♥�✐❞❡�❛③✐♦♥✐ ❞❡❧ ●❡♦♠❡��❛ ❢�❛♥❝❡�❡ ✐♥ �✉❡��❛ ❝✐�✲

❝♦��❛♥③❛ �♦♥♦ ❝♦��❡ ��♦♣♣♦ ✐♥♥❛♥③✐✱ ❝❤❡ ♥♦♥♦��❛♥�✐ ❧❡ �✉❡ ♦❜❜✐❡③✐♦♥✐ ❧❛ �❡♦�✐❝❛ ❢♦♥❞❛♠❡♥�❛❧❡

❞❡❧ ♠♦�♦ ❞❡✬ ✢✉✐❞✐ �✐♠❛♥❡ ❛ �✉��❛ ♣�♦✈❛ �✉❛❧❡ ❞✬❆❧❡♠❜❡�� ❡ ❊✉❧❡�♦ ❧✬❤❛♥♥♦ ��❛❜✐❧✐�❛✱ �✉❛❧❡

❢✉ �✐♣�♦❞♦��❛ ❞❛❧❧♦ ��❡��♦ ❋♦✉�✐❡� ❝♦♥ ❧✬❛❣❣✐✉♥�❛ ❞✐ ❛❧��❛ ❡�✉❛③✐♦♥❡ ❞❡❞♦��❛ ❞❛❧❧❛ �❡♦�✐❝❛ ❞❡❧

❝❛❧♦�❡✱ ❛❧❧❛ �✉❛❧❡ ♣❡�! ♥♦♥ " ♥❡❝❡��❛�✐♦ ❛✈❡� �✐❣✉❛�❞♦ ♥❡❧❧❡ �✉❡��✐♦♥✐ ♣✐# ♦✈✈✐❡ ❞❡❧❧❛ �❝✐❡♥③❛

❞❡❧❧❡ ❛❝�✉❡✳ $❡� �✉❡��❛ ♣❛��❡ ❧❛ ♣�❡�❡♥�❡ ♠❡♠♦�✐❛ �❡�✈❡ ❞✐ �♦��❡❣♥♦ ❡ ❞✐ ❝♦♠♣❧❡♠❡♥�♦ ❛❧❧❡ ❛❧��❡

�❡��" �✐❝♦�❞❛�❡✳

❈❆$❖ ■✳

◆❖❩■❖◆■ $❘❊▲■▼■◆❆❘■ ✭✯✮✶

✶✳ ❇✐�♦❣♥❛ ❞✐��✐♥❣✉❡�❡ ❝♦♥ ❛❝❝✉�❛�❡③③❛ ✐❧ ❝♦�♣♦ ❞❛❧❧♦ �♣❛③✐♦ ❞❛ ❡�♦ ♦❝❝✉♣❛�♦✳ ◗✉❡��♦ �♣❛③✐♦

" �❡♠♣�❡ ✉♥✬❡��❡♥�✐♦♥❡ ❝♦♥�✐♥✉❛ ❝❤❡ ♣♦��✐❛♠♦ ❝♦♥❝❡♣✐�❡ ❢♦�♠❛�❛ ❞❛❧❧❛ ❝♦♥❣❡�✐❡ ❞✐ ✐♥✜♥✐�✐ ♣✉♥�✐

❣❡♦♠❡��✐❝✐ ✭❝♦�3 ❞❡♥♦♠✐♥❛♥❞♦ ♥♦✐ ♣❡� ❝♦♠♦❞♦ ❣❧✐ ❡❧❡♠❡♥�✐ ❞❡❧❧✬❡��❡♥�✐♦♥❡✮ ♣♦��✐ ✐♥ ❛��♦❧✉�♦

❝♦♥�❛��♦ ❣❧✐ ✉♥✐ ❞❡❣❧✐ ❛❧��✐✱ �❡♥③❛ ❛❧❝✉♥❛ ❜❡♥❝❤" ♠✐♥✐♠❛ ✐♥�❡��✉③✐♦♥❡✳ ◆♦♥ ❜❛❞✐❛♠♦ ❛ �✉❡❧

❞✐❧❡♠♠❛ ❝❤❡ ❞✐❝❡✿ ♦ �✉❡��✐ ♣✉♥�✐ �♦♥♦ ✐♥❡��❡�✐✱ ❡ ❛❧❧♦�❛ ❧❛ ❧♦�♦ ❛❣❣�❡❣❛③✐♦♥❡✱ ♣❡� �✉❛♥�♦ ✈♦❣❧✐❛�✐

❛❝❝✉♠✉❧❛�❛✱ ♥♦♥ ❞❛�5 ♠❛✐ ❧✬❡��❡♥�✐♦♥❡✿ ♦ �♦♥♦ ❡��❡�✐✱ ❡ ❛❧❧♦�❛ ✉♥ ♥✉♠❡�♦ ✐♥✜♥✐�♦ ❞✐ ❡��✐ ❞❛�❡❜❜❡

�❡♠♣�❡ ✉♥♦ �♣❛③✐♦ ✐♥✜♥✐�♦✳ ❙❡❝♦♥❞♦ ❧❛ ✈❡�❛ ♠❡�❛✜�✐❝❛ ❞❡❣❧✐ ✐♥❞✐✈✐�✐❜✐❧✐ ✐♥�❡❣♥❛�❛❝✐ ❞❛ ❈❛✈❛❧✐❡�✐✱
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�✉❛♥
✐
$ ❝❤❡ ❝♦♥
❡♥❣♦♥♦ �✉❛❧❝❤❡ ❡❧❡♠❡♥
♦ ✈❛�✐❛❜✐❧❡✳ %�❡
❡♥❞❡�❡ ❞✐ ❝♦♥❞✉��❡ ❧✬✐♠♠❛❣✐♥❛③✐♦♥❡

❛ ✈❡❞❡�❡✱ �✉❛�✐ 
❡�
✐♠♦♥✐♦ ♦❝✉❧❛�❡✱ ❛♥❝❤❡ ✐♥ �✉❡�
❡ ♣�♦❢♦♥❞✐
$ ✐❧ ❝♦♠♣❡♥�❛��✐ �❡❝✐♣�♦❝♦ ❞❡✐ ❞✉❡

�✉♥♥♦♠✐♥❛
✐ ♣�✐♥❝✐♣❥✱ & ✈♦❧❡� ❝♦�❛ ♥♦♥ ❝♦♥❝❡��❛ ❛❧❧✬✉♦♠♦ ♥❡❧❧♦ �
❛
♦ ❛

✉❛❧❡✳ ▼❛ ❝✐" ❝❤❡ &

✐♥❞✐�❝❡�♥✐❜✐❧❡ ❛❧❧✬✐♠♠❛❣✐♥❛③✐♦♥❡✱ &✱ ♦�♦ ❞✐�❡✱ ❝❤✐❛�♦ ❛❧❧❛ �❛❣✐♦♥❡✱ ❧❛ �✉❛❧❡ ❝♦♥♦�❝❡ ❝❤❡ ❛ �✉❡❧❧❡

♣�♦❢♦♥❞✐
$ ❛��✐✈❛ ❧❛ ♣♦
❡♥③❛ ❞❡❧ ❝❛❧❝♦❧♦✳ ■♥ �✉❡�
❡ ❝♦♥�✐❞❡�❛③✐♦♥✐✱ ♣❡� ❞✐�❧♦ ❞✐ ♣❛��❛❣❣✐♦✱ �
❛

�✉❛♥
♦ ❜❛�
❛ ♣❡� ♣♦
❡� �✐�♣♦♥❞❡�❡ ❛❞ ♦❣♥✐ ❞✐✣❝♦❧
$ ♠♦��❛ ❝♦♥
�♦ ❧❡ ❛♣♣❧✐❝❛③✐♦♥✐ ❞❡❧ ❝❛❧❝♦❧♦

✐♥
❡❣�❛❧❡✳

✷✳ ▲✬❡�✐�
❡♥③❛ ❞✐ ✉♥ ❝♦�♣♦ & ✉♥ ❢❡♥♦♠❡♥♦ ❝❤❡ �✐ ❛✈✈❡�❛ ✐♥ ✈❛�✐❡ ♣❛�
✐ ❞❡❧❧♦ �♣❛③✐♦✳ ❉♦✈❡

❡�✐�
❡ ✉♥ ❝♦�♣♦✱ ❛❧❝✉♥✐ ♥♦♥ �✉��✐ ✐ ♣✉♥
✐ ❣❡♦♠❡
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♦ �♦♥♦ ❞♦
❛
✐

❞✐ ♣�♦♣�✐❡
$ ♣❛�
✐❝♦❧❛�✐✱ ❞❡❧❧❡ �✉❛❧✐ �❛�❡❜❜❡ �✉✐ ❢✉♦�✐ ❞✐ ❧✉♦❣♦ ✐♥❞❛❣❛� ❧❛ ♥❛
✉�❛✱ ❜❛�
❛♥❞♦

✐❧ ❞✐�❡ ❡��❡�❡ �✉❡❧❧❡ ♣�♦♣�✐❡
$ ❝❤❡ ❛❝❝♦♠♣❛❣♥❛♥♦ ❧✬❡��❡♥③❛ ❞❡❧❧❛ ♠❛
❡�✐❛❀ ❝❤✐❛♠❡�❡♠♦ �✉❡�
✐
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✐ ♣�✐✈✐❧❡❣✐❛
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❛❧✐ ♣✉♥
✐
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❡�✐❛❧✐ ❞✐�❣✐✉♥
✐ ❢�❛ ❧♦�♦ ❡ �
❛♥
✐ ❛ ❞✐�
❛♥③❡ ♣✐❝❝♦❧✐��✐♠❡ ✐♥ ♣�❡�❡♥③❛ ❣❧✐ ✉♥✐ ❞❡❣❧✐ ❛❧
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❤❡ ♣�❡✈✐♦✉� ♦♥❡� ✉♥
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�❡♥�❡� ♦� ❜② ✐♠❛❣✐♥❛
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❤❡ ♦
❤❡�
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❡ ♦♥❡ ✇✐
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❤❡ ♦
❤❡�✳ ❆ �✉♠ ♦❢ ♣♦�✐
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❡�♠� ✐♥❝�❡❛�❡� ❝♦♥
✐♥✉♦✉�❧② ✇❤❡♥


❤❡ ♥✉♠❜❡� ♦❢ �✉❝❤ 
❡�♠� ✐♥❝�❡❛�❡�✱ ❛♥❞ ❞❡❝�❡❛�❡�✱ ✇❤❡♥ 
❤❡ ♠❛❣♥✐
✉❞❡ ♦❢ ❡❛❝❤ ♦❢ 
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❝♦♥
✐♥✉♦✉�❧② ❞❡❝�❡❛�❡�✳ ❯♥❞♦✉❜
❡❞❧② ✐❢✱ ✇❤❡♥ �❡❛�♦♥✐♥❣ ❛❜♦✉
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♦♥❧② ♦♥❡ ♦❢ 
❤❡ 
✇♦ ❛❢♦�❡♠❡♥
✐♦♥❡❞ ♣�✐♥❝✐♣❧❡�✱ ♥❡❣❧❡❝
✐♥❣ 
❤❡ ♦
❤❡�✱ ✇❡ ✇✐❧❧ �❡❞✉❝❡ 
❤❡ ✈❛❧✉❡

❬♦❢ 
❤❡ �✉♠❪ 
♦ ✐♥✜♥✐
② ♦� 
♦ ③❡�♦✿ ❤♦✇❡✈❡� ✐
 ✐� ♥❡❡❞❡❞ 
♦ ❤❛✈❡ 
❤❡♠ ♦♣❡�❛
✐♥❣ �✐♠✉❧
❛♥❡♦✉�❧②✱

❛♥❞ ♦♥❡ ♥❡✈❡� ❤❛� 
♦ ❞✐�❥♦✐♥
 
❤❡♠✱ ✐♥ �✉❝❤ ❛ ✇❛② 
❤❛
 
❤❡ ❝♦♥
✐♥✉♦✉� ❣�♦✇
❤ ♦❢ 
❤❡ ♥✉♠❜❡�

♦❢ 
❤❡ 
❡�♠� ✐� ❛❧✇❛②� ❝♦♠♣❡♥�❛
❡❞ ❜② 
❤❡✐� ❝♦♥
✐♥✉♦✉� ❞❡❝�❡❛�❡ ♦❢ ✈❛❧✉❡✳ ❆♥❞ 
❤✐� ♦♣❡�❛
✐♦♥

❝❛♥ ❜❡ ❝♦♥❝❡✐✈❡❞ ❜② ✉� ❛� ♦✈❡�❝♦♠✐♥❣ ❡✈❡�② ❧✐♠✐
✱ ❜❡✐♥❣ ❛❜❧❡ 
♦ �❡❛❝❤ ❛❧❧ ❞❡
❛✐❧� ✇❤✐❝❤ ❛�❡

❤✐❞❞❡♥ ✐♥ 
❤❡ ✐♥
✐♠❛
❡ ♣�♦♣❡�
✐❡� ♦❢ ❝✉�✈❡�✱ ❬❛♥❞ ❜❡✐♥❣ ❛❜❧❡ 
♦ ❝♦♥
�♦❧❪ ❛❧❧ ♦�❞❡�� ♦❢ ♠❛❣♥✐
✉❞❡

♦❢ �✉❛♥
✐
✐❡� ✇❤✐❝❤ ❝♦♥
❛✐♥ ✈❛�✐❛❜❧❡ ❡❧❡♠❡♥
�✳ ❚♦ ❜❡❧✐❡✈❡ 
❤❛
 ✐♠❛❣✐♥❛
✐♦♥ ❝❛♥ ❜❡ ❛❜❧❡ 
♦

�❡❡✱ ♥❡❛�❧② ❛� ❛♥ ♦❝✉❧❛� ✇✐
♥❡��✱ ❛❧�♦ ✐♥ ❤✐� ❞❡♣
❤ 
❤❡ �❡❝✐♣�♦❝❛❧ ❝♦♠♣❡♥�❛
✐♦♥ ♦❢ 
❤❡ 
✇♦

❛❢♦�❡♠❡♥
✐♦♥❡❞ ♣�✐♥❝✐♣❧❡ ✐
 ✐� ♥♦
 �♦♠❡
❤✐♥❣ ✇❤✐❝❤ ✐� ❛❧❧♦✇❡❞ 
♦ ❤✉♠❛♥ ♠✐♥❞ ✐♥ 
❤❡ ♣�❡�❡♥
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✉❛
✐♦♥✳ ❍♦✇❡✈❡� ✇❤❛
 ✐� ✐♥❞✐�❝❡�♥✐❜❧❡ ❢♦� 
❤❡ ✐♠❛❣✐♥❛
✐♦♥ ❛❝
✉❛❧❧② ✐�✱ ■ ❞❛�❡ 
♦ �❛②✱ ❝❧❡❛�

❢♦� 
❤❡ �❡❛�♦♥✱ ✇❤✐❝❤ ❦♥♦✇� 
❤❛
 ❛
 
❤❡�❡ ❞❡♣
❤� ❝❛♥ ❛��✐✈❡ 
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❝♦♥�✐❞❡�❛
✐♦♥�✱ ❜② 
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❛♥�✐❝✐♣❛�✐✳ �❡� ♥♦✐ ❝❤❡ �✉✐ ♥♦♥ ♠✐�✐❛♠♦ �❡ ♥♦♥ ❛ ❢♦�♠❛�❝✐ ✐❞❡❡ ❝❤✐❛�❡✱ ❜❛��❛ ❛♠♠❡��❡�❡ ✐❧ ❢❛��♦

�❡♥③❛ ✐♥❞❛❣❛�♥❡ ❧❛ ❝❛✉�❛✳

✸✳ ▲❛ ❞✐���✐❜✉③✐♦♥❡ ❞❡✐ ♣✉♥�✐ ♠❛�❡�✐❛❧✐ ❢�❛ ✐ ❣❡♦♠❡��✐❝✐ ♣❡� ❝♦��✐�✉✐�❡ ✐ ❞✐✈❡��✐ ❝♦�♣✐ ✭ ❡ �✉ 

✐♥�❡♥❞✐❛♠♦ �❡♠♣�❡ ❝♦�♣✐ ❝❤❡ ✐♥ �✉��❡ ❧❡ ❧♦�♦ ♣❛��✐ �✐❛♥♦ ❞❡❧❧❛ ��❡��❛ ♥❛�✉�❛ ✮ ♣✉� ❛✈❡� ❧✉♦❣♦

✐♥ ✐♥✜♥✐�❡ ♠❛♥✐❡�❡✳ �♦��✐❛♠♦ �❛♣♣�❡�❡♥�❛�❝❡❧❛ ❛❧❧✬✐♠♠❛❣✐♥❛③✐♦♥❡ ♣❡� ♠♦❞♦ ❝❤❡ ❧❡ ♠✐♥✐♠❡

❞✐��❛♥③❡ ❢�❛ ❞❡��✐ ♣✉♥�✐ �✐❛♥♦ ♣✐$ ♣✐❝❝♦❧❡ ❞❛ ✉♥❛ ♣❛��❡ ❝❤❡ ❞❛❧❧✬❛❧��❛✱ ❡ ♣❛��✐♥♦ ♣❡� ♠♦❧�❡

❣�❛♥❞❡③③❡ ✈❛�✐❛❜✐❧✐ �❡❝♦♥❞♦ ❞✐✈❡��✐��✐♠❡ ❧❡❣❣✐✳ �❡� ❢♦�♠❛�❝❡♥❡ ♣❡�� ✉♥ ❝♦♥❝❡��♦ ♠❛�❡♠❛�✐❝♦✱

❝♦♥✈✐❡♥❡ ♣❛��✐�❡ ❝♦♠❡ ❞❛ �❡�♠✐♥❡ ❞✐ ❝♦♥❢�♦♥�♦✱ ❞❛ ✉♥❛ ❞✐�♣♦�✐③✐♦♥❡ �❡❣♦❧❛�❡✱ ❝❤❡ ❢♦��❡ ♥♦♥

❛✈�% ♠❛✐ ❧✉♦❣♦ ✐♥ ♥❛�✉�❛✱ ♠❛ ❝❤❡ ♥♦✐ ♣♦��✐❛♠♦ ❜❡♥✐��✐♠♦ ✐♠♠❛❣✐♥❛�❡✿ ❡♣♣❡�� ♥❡❧❧❛ ▼❡♠♦�✐❛

✐♥�❡�✐�❛ ♥❡❧ ❚♦♠♦ ❳❳■✱ ❧❛ ❝❤✐❛♠❛♠♠♦ ❞✐�♣♦�✐③✐♦♥❡ ✐❞❡❛❧❡✳ ❘✐❢❡�❡♥❞♦ ✐ ❞✐✈❡��✐ ♣✉♥�✐ ♠❛�❡�✐❛❧✐

❞✐ ✉♥ ❝♦�♣♦ ❛ ��❡ ❛��✐ ♦��♦❣♦♥❛❧✐ ❞✐ ❝♦♦�❞✐♥❛�❡ ①✱ ②✱ ③✱ �✉♣♣♦♥❣♦ ❧❡ ❝♦♦�❞✐♥❛�❡ ①✱ ②✱ ③ ❞✐ ✉♥♦

�✉❛❧✉♥�✉❡ ❞✐ �✉❡��✐ ♣✉♥�✐✱ ❢✉♥③✐♦♥✐ ❞✐ ��❡ ❝♦♦�❞✐♥❛�❡ ♦��♦❣♦♥❛❧✐ ❛✱ ❜✱ ❝ ♣❡� ❧♦ ��❡��♦ ♣✉♥�♦ ✐♥

✉♥❛ ❞✐���✐❜✉③✐♦♥❡ ❛♥�❡❝❡❞❡♥�❡ ✉♥✐❢♦�♠❡✱ ♥❡❧❧❛ �✉❛❧❡ ❣❧✬ ✐♥❝�❡♠❡♥�✐ ♣✐❝❝♦❧✐��✐♠✐ ❞❡❧❧❡ ❝♦♦�❞✐♥❛�❡

❛✱ ❜✱ ❝ ♣❡� ♣❛��❛�❡ ❞✬ ✉♥♦ ✐♥ ❛❧��♦ ♣✉♥�♦ ♠❛�❡�✐❛❧❡ ❢♦��❡�♦ ❝♦��❛♥�✐ ♣❡� ❝✐❛�❝✉♥ ❛��❡✱ ❡❣✉❛❧✐

❢�❛ ❧♦�♦ ❡❞ ❡�♣�❡��✐ ❞❛ ✉♥❛ ❝♦♠✉♥❡ ❧❡��❡�❛ σ ❞✐ ❣�❛♥❞❡③③❛ ❛�❜✐��❛�✐❛✱ ♠❛ �♦♠♠❛♠❡♥�❡ ♣✐❝❝♦❧❛✳

■♠♠❛❣✐♥♦ ❝❤❡ ❧❛ ❞✐✈❡��❛ ���✉��✉�❛ ❞❡✐ ❝♦�♣✐ �✉❛❧✐ ❝❡ ❧✐ ❞% ❧❛ ♥❛�✉�❛✱ ♥♦♥ ❝♦♥�✐��❛ �❡ ♥♦♥ ♥❡❧❧❛

❞✐✈❡��❛ ❢♦�♠❛ ❞❡❧❧❡ ❢✉♥③✐♦♥✐ ① ✭❛✱ ❜✱ ❝✮ ❀ ② ✭❛✱ ❜✱ ❝✮ ❀ ③ ✭❛✱ ❜✱ ❝✮ ♣❡� ❝✐❛�❝✉♥ ❝♦�♣♦✳ ◗✉❛♥❞♦

✐♦ �❡��♦❝❡❞♦ ❝♦❧❧✬ ✐♠♠❛❣✐♥❛③✐♦♥❡ ❛ ❝♦♥�✐❞❡�❛�❡ ✐ ♣✉♥�✐ ✜�✐❝✐ ❞❡✐ ❞✐✛❡�❡♥�✐ ❝♦�♣✐ ✭ ❞❡❧ ❧❡❣♥♦ ♣❡�

❡�❡♠♣✐♦✱ ♦ ❞❡❧❧✬ ♦�♦ ✮ ♥❡❧❧❛ ❞✐�♣♦�✐③✐♦♥❡ ❛♥�❡❝❡❞❡♥�❡ ✐❞❡❛❧❡✱ ♠❡ ❧✐ �❛♣♣�❡�❡♥�♦ �✉��✐ ✐♥ ❡❣✉❛❧✐

❝✐�❝♦��❛♥③❡✿ ♣❛��❛♥❞♦ ♣♦✐ ❞❛ �✉❡❧❧❛ ❛❧❧❛ ❞✐�♣♦�✐③✐♦♥❡ �❡❛❧❡✱ ♣❡♥�♦ ❝❤❡ ✉♥❛ ❝❡��❛ ❢♦�♠❛ ❞❡❧❧❡

❢✉♥③✐♦♥✐ ① ✭❛✱ ❜✱ ❝✮ ❀ ② ✭❛✱ ❜✱ ❝✮ ❀ ③ ✭❛✱ ❜✱ ❝✮ ♠✐ ❞❛�% ❧❛ ❞✐�♣♦�✐③✐♦♥❡

✽
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

�❤❡�❡ ♠❛�❡�✐❛❧ ♣♦✐♥�� ❛�❡ ❞✐�❥♦✐♥� ❛♥❞ ❦❡❡♣ ❛ ❞✐��❛♥❝❡ ❜❡�✇❡❡♥ �❤❡♠�❡❧✈❡� �♦ �❤❛� �❤❡② ❞♦ ♥♦�

❝♦❧❧❛♣�❡ ♦♥❡ ♦♥ �❤❡ ♦�❤❡�� ♦� �❤❡② ❛�❡ ♥♦� ❞✐�♣❡��❡❞✳ ❚❤❡�❡ ✐� �♦♠❡❜♦❞② ✇❤♦✱ ❤❛✈✐♥❣ ❛ ❞❡♣�❤

✉♥❞❡���❛♥❞✐♥❣ ♦❢ �❤❡ ❧❛✇� ♦❢ ❛���❛❝�✐✈❡ ❛♥❞ �❡♣✉❧�✐✈❡ ❢♦�❝❡� ❛♠♦♥❣ ♠❛�❡�✐❛❧ ♣♦✐♥��✱ ��✐❡❞ �♦

❣✐✈❡ ❛♥ ❡①♣❧✐❝❛�✐♦♥ ♦❢ �❤✐� ❢❛❝�❀ ❤♦✇❡✈❡� �❤❡�❡ ❝♦♥�✐❞❡�❛�✐♦♥� ✇♦✉❧❞ ❜❡ ♥♦✇ �♦♦ ♣�❡♠❛�✉�❡✳ ❚♦

♦✉� ❛✐♠�✱ ❛� ✇❡ ❛�❡ �✐♠♣❧② ❛✐♠✐♥❣ �♦ ❢♦�♠ ✐♥ ♦✉� ♠✐♥❞ ❬�❤❡ ♠♦��❪ ❝❧❡❛� ✐❞❡❛�✱ ✐� ✐� ❡♥♦✉❣❤ �♦

❛❞♠✐� �❤✐� ❢❛❝� ✇✐�❤♦✉� ��②✐♥❣ �♦ ✐♥✈❡��✐❣❛�❡ ❛❜♦✉� ✐�� ❝❛✉�❡✳

✸✳ ❚❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ ♠❛�❡�✐❛❧ ♣♦✐♥�� ❛♠♦♥❣ �❤❡ ❣❡♦♠❡��✐❝❛❧ ♦♥❡�✱ �♦ ❝♦♥��✐�✉�❡ �❤❡ ❞✐✛❡�✲

❡♥� ❜♦❞✐❡� ✭❛♥❞ ❤❡�❡ ✇❡ ❝♦♥�✐❞❡� ❛❧✇❛②� ❜♦❞✐❡� ✇❤✐❝❤ ✐♥ ❛❧❧ �❤❡✐� ♣❛��� ❤❛✈❡ �❤❡ �❛♠❡ ♥❛�✉�❡✮

❝❛♥ ♦❝❝✉� ✐♥ ❞✐✛❡�❡♥� ✇❛②�✳ ❲❡ ❝♦✉❧❞ �❡♣�❡�❡♥� ✐♥ ♦✉� ✐♠❛❣✐♥❛�✐♦♥ ❬�❤✐� ❞✐���✐❜✉�✐♦♥❪ ✐♥ �✉❝❤

❛ ✇❛② �❤❛� �❤❡ ✈❡�② �♠❛❧❧ ❞✐��❛♥❝❡� ❛♠♦♥❣ �❤❡�❡ ♣♦✐♥�� ❜❡ �♠❛❧❧❡� �♦♠❡✇❤❡�❡ �❤❛♥ �❤❡② ❛�❡

�♦♠❡✇❤❡�❡ ❡❧�❡✱ ❛♥❞ ❛��✉♠❡ ❞✐✛❡�❡♥� ✈❛�✐❛❜❧❡ ✈❛❧✉❡� ❢♦❧❧♦✇✐♥❣ ✈❡�② ❞✐✛❡�❡♥� ❧❛✇�✳ ❍♦✇❡✈❡�✱ ✐♥

♦�❞❡� �♦ ❤❛✈❡ ✐♥ ♦✉� ♠✐♥❞ ❢♦�♠❡❞ ❛ ♠❛�❤❡♠❛�✐❝❛❧ ❝♦♥❝❡♣�✱ ✐� ✐� ❝♦♥✈❡♥✐❡♥� �♦ ��❛��✱ ❛� ❛ �❡�♠

♦❢ ❝♦♠♣❛�✐�♦♥✱ ❢�♦♠ ❛ �❡❣✉❧❛� ❛��❛②✱ ✇❤✐❝❤ ♠❛②❜❡ ✇✐❧❧ ♥❡✈❡� ♦❝❝✉� ✐♥ ♥❛�✉�❡✱ ✇❤✐❝❤ ❤♦✇❡✈❡�

✇❡ ❝❛♥ ✈❡�② ✇❡❧❧ ✐♠❛❣✐♥❡✿ ❛♥❞ ❢♦� �❤✐� �❡❛�♦♥ ✐♥ �❤❡ ▼❡♠♦✐� ✐♥�❡��❡❞ ✐♥ �❤❡ ❚♦♠❡ ❳❳■ ✇❡

❝❛❧❧❡❞ ✐� �❤❡ ✐❞❡❛❧ ❛��❛②✳ ❇② �❡❢❡��✐♥❣ �❤❡ ❞✐✛❡�❡♥� ♠❛�❡�✐❛❧ ♣♦✐♥�� ♦❢ ❛ ❜♦❞② �♦ ❛ �②��❡♠ ♦❢

�❤�❡❡ ♦��❤♦❣♦♥❛❧ ❛①❡� ❤❛✈✐♥❣ ❛� ❝♦♦�❞✐♥❛�❡ ✈❛�✐❛❜❧❡� x, y, z, ■ ❛��✉♠❡ �❤❡ ❝♦♦�❞✐♥❛�❡� x, y, z,

♦❢ �❤❡ ❣❡♥❡�✐❝ ♦♥❡ ♦❢ �❤❡�❡ ♣♦✐♥�� ❣✐✈❡♥ ❛� ❢✉♥❝�✐♦♥� ♦❢ �❤❡ �❤�❡❡ ♦��❤♦❣♦♥❛❧ ❝♦♦�❞✐♥❛�❡� a, b, c

❧❛❜❡❧❧✐♥❣ �❤❡ �❛♠❡ ♣♦✐♥� ✐♥ ❛ ✉♥✐❢♦�♠ ❛♥❞ ❛♥�❡❝❡❞❡♥� ❛��❛②✱ ✐♥ ✇❤✐❝❤ �❤❡ ✈❡�② �♠❛❧❧ ✐♥❝�❡✲

♠❡♥�� ♦❢ �❤❡ ❝♦♦�❞✐♥❛�❡� a, b, c ♥❡❡❞❡❞ �♦ ♠♦✈❡ ❢�♦♠ ♦♥❡ �♦ �❤❡ ❝❧♦�❡�� ♥❡①� ♠❛�❡�✐❛❧ ♣♦✐♥�

✇❡�❡ ❝♦♥��❛♥� ❢♦� ❡❛❝❤ ❛①✐� ❛♥❞ ❡�✉❛❧ ♦♥❡ �♦ �❤❡ ♦�❤❡� ❛♥❞ ❡①♣�❡��❡❞ ❜② �❤❡ ❝♦♠♠♦♥ ❧❡��❡� σ

❤❛✈✐♥❣ ❛♥ ❛�❜✐��❛�✐❧② �♠❛❧❧ ❬♣♦�✐�✐✈❡❪ ✈❛❧✉❡✱ ■ ✐♠❛❣✐♥❡ �❤❛� �❤❡ ❞✐✛❡�❡♥� ���✉❝�✉�❡ ♦❢ �❤❡ ❜♦❞✐❡�✱

❛� ❞❡�❡�♠✐♥❡❞ ❜② �❤❡✐� ��✉❡ ♥❛�✉�❡✱ ❞♦❡� ❝♦♥�✐�� �✐♠♣❧② ✐♥ �❤❡ ❞✐✛❡�❡♥� ❢♦�♠ ♦❢ �❤❡ ❢✉♥❝�✐♦♥�

x(a, b, c); y(a, b, c); z(a, b, c) ❬❛��✉♠❡❞❪ ❢♦� ❡❛❝❤ ❜♦❞②✳ ❲❤❡♥ ✇✐�❤ ♠② ✐♠❛❣✐♥❛�✐♦♥ ■ ❣♦ ❜❛❝❦

�♦ ❝♦♥�✐❞❡� �❤❡ ♣❤②�✐❝❛❧ ♣♦✐♥�� ♦❢ ❞✐✛❡�❡♥� ❜♦❞✐❡� ✭♦❢ ✇♦♦❞✱ ♦� ♦❢ ❣♦❧❞✱ ❢♦� ✐♥��❛♥❝❡✮ ✐♥ �❤❡

❛♥�❡❝❡❞❡♥� ✐❞❡❛❧ ❛��❛②✱ ■ �❡♣�❡�❡♥� �❤❡♠ ✐♥ ♠② ♠✐♥❞ ❛❧❧ ✐♥ �❤❡ �❛♠❡ ❝✐�❝✉♠��❛♥❝❡�✿ ✇❤❡♥ �❤❡♥

♣❛��✐♥❣ ❢�♦♠ �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ✐❞❡❛❧ ❛��❛② �♦ �❤❡ �❡❛❧ ♦♥❡✱ ■ �❤✐♥❦ �❤❛� ❛ ❝❡��❛✐♥ ❢♦�♠ ♦❢ �❤❡

❢✉♥❝�✐♦♥� x(a, b, c); y(a, b, c); z(a, b, c) ✇✐❧❧ �✉♣♣❧② �♦ ♠❡ �❤❡ ❛��❛②



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✾

❞❡✐ ♣✉♥�✐ ✜
✐❝✐ ♥❡❧ ❧❡❣♥♦✱ ✉♥✬ ❛❧��❛ ❢♦�♠❛ ♠✐ ❞❛�� �✉❡❧❧❛ ❞❡✐ ♣✉♥�✐ ✜
✐❝✐ ♥❡❧❧✬ ♦�♦✱ ❡ ❝♦
� ✈✐❛ ✈✐❛✳

✹✳ ❘✐♣❡�❡�� �✉❡❧❧♦ ❝❤❡ ❞✐

❡ ◆❡✇�♦♥ ✐♥ ✉♥ ❝❛
♦ 
✐♠✐❧❡ ✿ ♠❛�❤❡♠❛�✐❝✉	 ❞✉♠�❛①❛� ❡	� ❤✐❝

❝♦♥❝❡♣�✉	✳ ◗✉❡
�❛ ♠❛♥✐❡�❛ ❞✐ ❝♦♥❝❡♣✐�❡ ❧❛ 
��✉��✉�❛ ❞❡✐ ❞✐✛❡�❡♥�✐ ❝♦�♣✐✱ # �✉❛♥�♦ ❜❛
�❛ ❛❧

▼❛�❡♠❛�✐❝♦ ❝❤❡ ✈✉♦❧ ♠❡��❡�♥❡ ✐♥ ❡�✉❛③✐♦♥❡ ❣❧✐ ❡�✉✐❧✐❜�❥ ❡ ✐ ♠♦✈✐♠❡♥�✐✳ (❡✐ ❜✐
♦❣♥✐ ❞❡❧ ❋✐
✐❝♦ #

♣❡�♠❡

♦ ❛♥❞❛�❡ ✐♥♥❛♥③✐✱ ❡ �✉❡✐ ♣✉♥�✐ ♠❛�❡�✐❛❧✐ ❝❤✐❛♠❛�❧✐ ♠♦❧❡❝♦❧❡ �✉��❡ ❡❣✉❛❧✐ ❢�❛ ❧♦�♦✱ ❛♥❝♦�❛

❡
�❡
❡✱ ❞✐✈❡�
❛♠❡♥�❡ ❝♦♥✜❣✉�❛�❡✱ ✐♠♣❡♥❡��❛❜✐❧✐✱ ✐♥❛❧�❡�❛❜✐❧✐❀ ♣❡�� ❞✐ �❛❧❡ ❡
✐❧✐�� ❝❤❡ ♥♦♥ 
✐❛

♣♦

✐❜✐❧❡ ❛✐ ♥♦
��✐ 
❡♥
✐✱ ❢♦

❡�♦ ❛♥❝❤❡ ❧❡ ❝❡♥�♦ ✈♦❧�❡ ♣✐+ ♣❡�❢❡��✐✱ ♥♦�❛�✈✐ ❞✐
�✐♥③✐♦♥✐ ❞✐ ♣❛��✐✳

(✉� ❛♥❝❤❡ ✐♠♠❛❣✐♥❛�❡ ❝✐❛
❝✉♥❛ ❞✐ �✉❡
�❡ ♠♦❧❡❝♦❧❡ ❝♦♠♣♦
�❛ ❞✐ ✉♥ ❡❣✉❛❧ ♥✉♠❡�♦ ❞✐ ♣❛��✐❝❡❧❧❡

✭ ❝❤✐❛♠❛�❡ ❛�♦♠✐ ✮ ❞✐ ❛❧��✐ ❝♦�♣✐ 
❡♠♣❧✐❝✐✱ ♣❛��✐❝❡❧❧❡ ♥♦♥ 
❡♣❛�❛❜✐❧✐ 
❡ ♥♦♥ ♣❡� ♠❡③③♦ ❞✐ ✉♥

❛❧��♦ ❣❡♥❡�❡ ❞✐ ❢♦�③❡ ❞✐✈❡�
❡ ❞❛ �✉❡❧❧❡ ❝❤❡ 
✐ ❝♦♥
✐❞❡�❛♥♦ ✐♥ ▼❡❝❝❛♥✐❝❛✱ ❝✐♦# ❞✐ ❢♦�③❡ ❝❤✐♠✐❝❤❡✿

❡ �✉✐♥❞✐ �❡
♣✐♥❣❡�❡ ❛ �✉❡
�❛ 
❡❝♦♥❞❛ 
♦��❛ ❞✐ ♣❛��✐❝❡❧❧❡ �✉❡❧❧❛ ❛

♦❧✉�❛ ✐♥✈❛�✐❛❜✐❧✐�� ❝❤❡ ✐❧

▼❡❝❝❛♥✐❝♦ ♣✉� 
✉♣♣♦��❡ ❛❞❞✐�✐��✉�❛ ♥❡❧❧❡ ♠♦❧❡❝♦❧❡✳ ■❧ ▼❡�❛✜
✐❝♦ ✈❛✱ 
❡ ❣❧✐ ♣✐❛❝❡✱ ❛♥❝♦�❛ ♣✐+

✐♥♥❛♥③✐✿ ♣❡� ❧✉✐ ✉♥♦ ❞✐ �✉❡
�✐ ❛�♦♠✐ �❡
✐
�❡♥�✐ ✐♥✈✐♥❝✐❜✐❧♠❡♥�❡ ❛❧❧❡ ❢♦�③❡ ✜
✐❝❤❡ ❡ ❝❤✐♠✐❝❤❡✱ ♣✉�

✐♥❣�❛♥❞✐�
✐ ❛♥❝♦�❛ �✉❛
✐ ✉♥ ♠♦♥❞♦✱ 
� ❝❤❡ 
✐❛ ❧❡❝✐�♦ ❝♦♥
✐❞❡�❛�✈✐ ♣❡� ❡♥��♦ ✉♥ ♥✉♠❡�♦ �✉❛♥�♦

✈✉♦❧
✐ ❣�❛♥❞❡ ❞✐ ♣✉♥�✐ �✐❞♦��✐ ❛❞❡

♦ ❛✛❛��♦ ✐♥❡
�❡
✐✱ ❞❛ ❝✉✐ ❡♠❛♥✐♥♦ ❢♦�③❡ ❝❤❡ ❧✐ �❡♥❣❛♥♦ ❛

❞✐
�❛♥③❡ 
❡♠♣�❡ ✐♥❛❧�❡�❛❜✐❧✐ ❞❛ ❛❣❡♥�✐ ❝�❡❛�✐✳ ▲❛
❝❡�❡♠♦ ❞❛ ♣❛��❡ �✉❡
�✬✉❧�✐♠❛ 
♣❡❝✉❧❛③✐♦♥❡✱

❢♦�
❡ ✈❡�❛✱ ♠❛ ♣❡� ♥♦✐ ♥♦♥ ♥❡❝❡

❛�✐❛✿ ❡ �✉❛♥�♦ ❛❧ ♠❡♥�♦✈❛�♦ ❝♦♥❝❡��♦ ✜
✐❝♦ ❞❡✐ ♣✉♥�✐ ♠❛�❡�✐❛❧✐✱

❧♦ �✐❝❤✐❛♠❡�❡♠♦ ♣✐+ ✐♥♥❛♥③✐ �✉❛♥❞♦ ❝❡�❝❤❡�❡♠♦ ❞✐ �❛✈✈✐❝✐♥❛�❡ ❧❛ ♥♦
��❛ ♠❛♥✐❡�❛ ❞✐ ✈❡❞❡�❡ ❛

�✉❡❧❧❛ ❞❡❣❧✐ ❙❝�✐��♦�✐ ♠♦❞❡�♥✐✳ (❡� ♦�❛ �✉��♦ ❝✐� ❝❤❡ �✐�❡��❡♠♦ ❞❡❧✬ ❛✈❡�♥❡ ❢❛��♦ ❝❡♥♥♦✱ 
❛��

❧✬❛�❜✐��✐♦ ❞✐ ✉
❛�❡ ♣�♦♠✐
❝✉❛♠❡♥�❡ ✐❧ ✈♦❝❛❜♦❧♦ ❞✐ ♠♦❧❡❝♦❧❡✱ ✐♥✈❡❝❡ ❞✐ ♣✉♥�✐ ✜
✐❝✐ ♦ ♠❛�❡�✐❛❧✐✳

✺✳ ❈♦♥
✐❞❡�❛♥❞♦ ✐ ❝♦�♣✐ ❢❛��✐ ❞✐ ♠♦❧❡❝♦❧❡ ❞✐
❣✐✉♥�❡✱ ❞✐✈❡♥�❛ ❛

❛✐ ❝❤✐❛�❛ ❧✬✐❞❡❛ ❞❡❧❧❛ ❞❡♥
✐��✱

❝❤❡ 
✐ ❢❛ ♠❛❣❣✐♦�❡✱ ❞♦✈❡ ❧❡ ♠♦❧❡❝♦❧❡ 
♦♥♦ ♣✐+ �❛✈✈✐❝✐♥❛�❡✱ ♠✐♥♦�❡ ❞♦✈❡ 
♦♥♦ ♣✐+ ❞✐�❛❞❛�❡✱

❝♦
�❛♥�❡ ✐♥ �✉❡✐ ❝♦�♣✐ ❝❤❡ ❞❛♣♣❡��✉��♦ 
♦��♦ ❡❣✉❛❧✐ ♣♦�③✐♦♥✐ ❞❡❧

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✾

❝❤❛�❛❝�❡�✐
�✐❝ ♦❢ �❤❡ ♣❤②
✐❝❛❧ ♣♦✐♥�
 ♦❢ ✇♦♦❞✱ ✇❤✐❧❡ ❛♥♦�❤❡� ❢♦�♠ ✇✐❧❧ ❣✐✈❡ ♠❡ �❤❡ ❛��❛② ❝❤❛�✲

❛❝�❡�✐
�✐❝ ♦❢ ❣♦❧❞ ❛♥❞ 
♦ ♦♥✳

✹✳ ■ ✇✐❧❧ �❡♣❡❛� ❤❡�❡ ✇❤❛� ◆❡✇�♦♥ 
❛✐❞ ✐♥ ❛ 
✐♠✐❧❛� ❝❛
❡✿ ♠❛�❤❡♠❛�✐❝✉	 ❞✉♠�❛①❛� ❡	� ❤✐❝

❝♦♥❝❡♣�✉	✳ ❬✇❤✐❝❤ ❝❛♥ ❜❡ ��❛♥
❧❛�❡❞ ❛
 ❢♦❧❧♦✇
✿ ❆� ❧❡❛	� �❤✐	 ✐	 ❛ ♠❛�❤❡♠❛�✐❝❛❧ ❝♦♥❝❡♣� ❪✳ ❚❤✐


✇❛② ♦❢ ❝♦♥❝❡✐✈✐♥❣ �❤❡ 
��✉❝�✉�❡ ♦❢ ❞✐✛❡�❡♥� ❜♦❞✐❡
✱ ✐
 ✇❤❛� ✐
 
✉✣❝✐❡♥� ❢♦� ❛ ▼❛�❤❡♠❛�✐❝✐❛♥✱

✇❤♦ ✇❛♥�
 �♦ ♠♦❞❡❧ ❜② ♠❡❛♥
 ♦❢ ❡�✉❛�✐♦♥
 �❤❡✐� ❡�✉✐❧✐❜�✐❛ ❛♥❞ �❤❡✐� ♠♦�✐♦♥
✳ ■♥ ♦�❞❡� �♦ ♠❡❡�

�❤❡ ♥❡❡❞
 ♦❢ �❤❡ (❤②
✐❝✐
� ✐� ✐
 ❛❧❧♦✇❡❞ �♦ ❣♦ ❢✉��❤❡�✱ ❛♥❞ �♦ ❝❛❧❧ �❤❡
❡ ♠❛�❡�✐❛❧ ♣♦✐♥�
 ♠♦❧❡❝✉❧❡
✱

❬�♦ ❛

✉♠❡ �❤❛� �❤❡②❪ ❛❧❧ ❡�✉❛❧ ♦♥❡ �♦ �❤❡ ♦�❤❡�
✱ 
�✐❧❧ ❡♥❞♦✇❡❞ ✇✐�❤ ❡①�❡♥�✐♦♥✱ ❤❛✈✐♥❣ ❞✐✛❡�❡♥�

❝♦♥✜❣✉�❛�✐♦♥
✱ ✐♠♣❡♥❡��❛❜❧❡✱ ✐♥❛❧�❡�❛❜❧❡✿ ❤♦✇❡✈❡� ❬�❤❡
❡ ♠♦❧❡❝✉❧❡
 ✇✐❧❧ ❜❡ ❛

✉♠❡❞ �♦ ❜❡❪ 
♦


♠❛❧❧ ✐♥ ❞✐♠❡♥
✐♦♥
 �❤❛� ✐� ❝♦✉❧❞ ♥♦� ❜❡ ♣♦

✐❜❧❡ �♦ ♦✉� 
❡♥
❡
✱ ❡✈❡♥ ✐❢ �❤❡② ✇❡�❡ ♦♥❡ ❤✉♥❞�❡❞

�✐♠❡
 ♠♦�❡ ♣❡�❢❡❝�✱ �♦ ❞❡�❡❝� ❛♥② ❬�❤❡✐�❪ ❞✐
�✐♥❝� ♣❛��✳ ❬❚❤❡ (❤②
✐❝✐
�❪ ❝❛♥ ❛❧
♦ ✐♠❛❣✐♥❡ ❡❛❝❤ ♦❢

�❤❡
❡ ♠♦❧❡❝✉❧❡
 ❛
 ❝♦♠♣♦
❡❞ ❜② ❛♥ ❡�✉❛❧ ♥✉♠❜❡� ♦❢ ♣❛��✐❝❧❡
 ✭❝❛❧❧❡❞ ❛�♦♠
✮ ♦❢ ♦�❤❡� 
✐♠♣❧❡�

❜♦❞✐❡
✱ ♣❛��✐❝❧❡
 ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ 
❡♣❛�❛�❡❞ ♦♥❡ ❢�♦♠ �❤❡ ♦�❤❡� ♦♥❧② ❜② ♠❡❛♥
 ♦❢ ❛♥♦�❤❡� ❦✐♥❞

♦❢ ❢♦�❝❡
✱ ❞✐✛❡�❡♥� ❢�♦♠ �❤♦
❡ ✇❤✐❝❤ ❛�❡ ❝♦♥
✐❞❡�❡❞ ✐♥ ▼❡❝❤❛♥✐❝
✱ �❤❛� ✐
 ❝❤❡♠✐❝❛❧ ❢♦�❝❡
✱ ❛♥❞

❝♦♥
❡�✉❡♥�❧② �♦ ❛���✐❜✉�❡ �♦ �❤✐
 
❡❝♦♥❞ ❦✐♥❞ ♦❢ ♣❛��✐❝❧❡
 �❤❛� ❛❜
♦❧✉�❡ ✐♥✈❛�✐❛❜✐❧✐�② ✇❤✐❝❤ �❤❡

▼❡❝❤❛♥✐❝✐❛♥ ❝❛♥ ❛

✉♠❡ ❡✈❡♥ ❢♦� ♠♦❧❡❝✉❧❡
✳ ❚❤❡ ▼❡�❛♣❤②❝✐
✐
� ✇✐❧❧ ♣✉
❤ ❤✐
 ✐♠❛❣✐♥❛�✐♦♥✱

✐❢ ❤❡ ❧✐❦❡
✱ ❡✈❡♥ ❢✉��❤❡�✿ ✐♥ ❤✐
 ♠✐♥❞ ♦♥❡ ♦❢ �❤❡
❡ ❛�♦♠
✱ ✇❤✐❝❤ ✐
 ❛❜❧❡ �♦ �❡
✐
� �♦ ♣❤②
✐❝❛❧

❛♥❞ ❝❤❡♠✐❝❛❧ ❢♦�❝❡
✱ ❝♦✉❧❞ ❜❡❝♦♠❡ ♥❡❛�❧② ❛
 ❣�❡❛� ❛
 ❛ ✇♦�❧❞✱ ✐♥ 
✉❝❤ ❛ ✇❛② �❤❛� ✐� ✇✐❧❧ ❜❡

❧✐❝✐� �♦ ❝♦♥
✐❞❡� ✐♥
✐❞❡ ✐� ❛ ♥✉♠❜❡�✱ ❛
 ❣�❡❛� ❛
 ♦♥❡ ✇❛♥�
✱ ♦❢ ♣♦✐♥�
 ♥♦✇ ❝♦♥
✐❞❡�❡❞ ❤❛✈✐♥❣ ❛

♥♦♥♥❡❣❧✐❣✐❜❧❡ ❡①�❡♥
✐♦♥✱ ♣♦✐♥�
 ❢�♦♠ ✇❤✐❝❤ ❡♠❛♥❛�❡ ❢♦�❝❡
 ✇❤✐❝❤ ❦❡❡♣ ❬❛❧❧ ♦❢❪ �❤❡♠ ❛� ❞✐
�❛♥❝❡


❛❧✇❛②
 ✐♥❛❧�❡�❛❜❧❡ ❜② ❛♥② ❝�❡❛�❡❞ ❛❣❡♥�✳ ❲❡ ✇✐❧❧ ❧❡❛✈❡ ❛
✐❞❡ �❤✐
 ❧❛
� 
♣❡❝✉❧❛�✐♦♥✱ ✇❤✐❝❤ ♠❛② ❜❡

��✉❡✱ ❜✉� ♥♦� ♥❡❡❞❡❞ ❢♦� ♦✉� ❛✐♠
✿ ❛♥❞ ❢♦� ✇❤❛� ❝♦♥❝❡�♥
 �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ♣❤②
✐❝❛❧ ❝♦♥❝❡♣�

❬�❤❛� ✐
 �❤❡ ❝♦♥❝❡♣�❪ ♦❢ ♠❛�❡�✐❛❧ ♣♦✐♥�
✱ ✇❡ ✇✐❧❧ �❡❝❛❧❧ ✐� ✐♥ ✇❤❛� ❢♦❧❧♦✇
✱ ✇❤❡♥ ✇❡ ✇✐❧❧ ��② �♦

�❡❝♦♥❝✐❧❡ ♦✉� ♣♦✐♥� ♦❢ ✈✐❡✇ ✇✐�❤ �❤❡ ♦♣✐♥✐♦♥ ♦❢ ♠♦❞❡�♥ ❲�✐�❡�
✳ ❋♦� �❤❡ ♠♦♠❡♥� ❛❧❧ ✇❤❛� ✇❡

✇✐❧❧ �❡�❛✐♥ ❢�♦♠ ♦✉� ♣�❡✈✐♦✉
 
✉♠♠❛�② ❞✐
❝✉

✐♦♥ ✇✐❧❧ ❜❡ �❤❡ ❛�❜✐��❛�② ❛♥❞ ✐♥�❡�♠✐��❡♥� ✉
❡ ♦❢

�❤❡ ✇♦�❞ ♠♦❧❡❝✉❧❡	 ❛� �❤❡ ♣❧❛❝❡ ♦❢ �❤❡ �❡�♠
 ♣❤②
✐❝❛❧ ♣♦✐♥�
 ♦� ♠❛�❡�✐❛❧ ♣♦✐♥�
✳

✺✳ ❲❤❡♥ ❝♦♥
✐❞❡�✐♥❣ �❤❡ ❜♦❞✐❡
 ❛
 ❝♦♠♣♦
❡❞ ♦❢ ❞✐
❥♦✐♥� ♠♦❧❡❝✉❧❡
✱ ✐� ✇✐❧❧ ❜❡❝♦♠❡ �❡❛❧❧②

❝❧❡❛� �❤❡ ✐❞❡❛ ♦❢ ❞❡♥
✐�②✱ ✇❤✐❝❤ ✐
 ❣�❡❛�❡� ✇❤❡�❡ �❤❡ ♠♦❧❡❝✉❧❡
 ❛�❡ ❝❧♦
❡�✱ ❬✐
❪ 
♠❛❧❧❡� ✇❤❡�❡

�❤❡② ❛�❡ ♠♦�❡ �❛�❡✜❡❞✱ ❬✐
❪ ❝♦♥
�❛♥� ✐♥ �❤♦
❡ ❜♦❞✐❡
 ✇❤✐❝❤ ❡✈❡�②✇❤❡�❡ ✐♥ ❡�✉❛❧ ♣❛��




✶✵
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

❧♦�♦ ✈♦❧✉♠❡ ❝♦♥
❡♥❣♦♥♦ ❡❣✉❛❧ ♥✉♠❡�♦ ❞✐ ♠♦❧❡❝♦❧❡ ✱ ✈❛�✐❛❜✐❧❡ ✐♥ �✉❡✐ ❝♦�♣✐ ❞♦✈❡ ❝✐� ♥♦♥ �✉❝❝❡❞❡✳

❙❝♦❧✐♦✳ �❡� ♣♦❝♦ ❝❤❡ �✐ �✐✢❡

❛✱ �✐ ✈✐❡♥❡ ❛ ❝♦♠♣�❡♥❞❡�❡ ✱ ❝❤❡ ✐ ❝♦�♣✐ ♣♦��♦♥♦ ❡��❡�❡ ❛ ❞❡♥�✐
�

❝♦�
❛♥
❡ ❛♥❝❤❡ ❝♦♥ ❞✐✈❡��❛ ❞✐�♣♦�✐③✐♦♥❡ �❡❧❛
✐✈❛ ❞❡❧❧❡ ❧♦�♦ ♠♦❧❡❝♦❧❡✱ ❜❛�
❛♥❞♦ ❝❤❡ �♦

♦ ❡❣✉❛❧✐

♣♦�③✐♦♥✐ ❞✐ ✈♦❧✉♠❡ ✐❧ ♥✉♠❡�♦ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡ �✐❛ ❞❛♣♣❡�
✉

♦ ✐❧ ♠❡❞❡�✐♠♦✱ ✐❧ ❝❤❡ ♣✉� ❛✈✈❡�❛��✐

✐♥ ✐♥✜♥✐
✐ ♠♦❞✐✳ ❋�❛ �✉❡�
✐ ♥❡ ❝✐
❡�� ❞✉❡✱ ❧✬ ✉♥♦ ❞❡✐ �✉❛❧✐ ! ♣✉�❛♠❡♥
❡ ✐❞❡❛❧❡✱ ❧✬ ❛❧
�♦ �❡❛❧❡✳ ▲✬

✐❞❡❛❧❡ ! �✉❡❧❧♦ �♣❡

❛♥
❡ ❛❧❧❛ ❞✐�
�✐❜✉③✐♦♥❡ ❞❡�❝�✐

❛ ♣✐# �♦♣�❛ ❛❧ ◆✳ ✸✳ ✐♥ �❡❧❛③✐♦♥❡ ❝♦♥ 
�❡ ❛��✐

♦�
♦❣♦♥❛❧✐ ❞✐ ❝♦♦�❞✐♥❛
❡ a, b, c ✿ ✐❧ �❡❛❧❡ ! �✉❡❧❧♦ ❞❡❧❧❛ ❞✐�
�✐❜✉③✐♦♥❡ ❝❤❡ ♣�❡♥❞♦♥♦ ❧❡ ♠♦❧❡❝♦❧❡ ❞❡✐

❝♦�♣✐ �✐❞♦

✐ ❛❧❧♦ �
❛
♦ ❧✐�✉✐❞♦✳ ❋❛�� ✈❡❞❡�❡ ❢�❛ ♣♦❝♦ ❝❤❡ ♥♦✐ ♣♦��✐❛♠♦ ❛✈❡� ❞✐ ♠✐�❛ ✐❧ �❡❝♦♥❞♦✱

❡ �✐❞✉�❧♦ ♠❡♥
❛❧♠❡♥
❡ ❛❧ ♣�✐♠♦✱ �❡♥③❛ ❝❤❡ ❝✐� ♣♦�
✐ ❛❧❝✉♥❛ ❛❧
❡�❛③✐♦♥❡ ♥❡❧❧❡ ❢♦�♠♦❧❡ ❛♥❛❧✐
✐❝❤❡✳

◆❡❧❧❛ ▼❡♠♦�✐❛ ✐♥�❡�✐
❛ ♥❡❧ ❚♦♠♦ ❳❳■ ❡ ❛♥❝❤❡ ❞♦♣♦✱ ❤♦ �
✉❞✐❛
♦ ❛ ❧✉♥❣♦ ♣❡� ❝❛♣✐�❡ ❝♦♠❡ �
✐❛

❧❛ ❝♦❧❧♦❝❛③✐♦♥❡ �✐�♣❡

✐✈❛ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ♥❡✐ ❧✐�✉✐❞✐ ✿ ♠❛ ❞❡❜❜♦ ❝♦♥❢❡��❛�❡✱ ❝❤❡ ❛✈❡♥❞♦ 
�♦✈❛
♦

♠♦❞♦ ❞✐ ❝♦♥❝❡♣✐�❧❛ ❝❤✐❛�❛♠❡♥
❡ ✐♥ ✉♥ ♣✐❛♥♦✱ ♥♦♥ ♠✐ ! �✐✉�❝✐
♦ ❧♦ �
❡��♦ ✐♥
❡♥
♦ ❛♥❝❤❡ ♥❡❧❧♦

�♣❛③✐♦ ❛ 
�❡ ❞✐♠❡�✐♦♥✐ ✭ ❱✳ ●✐♦�♥❛❧❡ ❞❡❧ ✬ ■�
✐
✉
♦ ▲♦♠❜❛�❞♦✳ ❚✳ ❱■✳ ♣❛❣✳ ✸✷✽ ✿ ◆♦
❛✳ ✮ ✳ ❖�❛

♣❡�� �♦♥♦ ❣✐✉♥
♦ ❛ ❝♦♠♣�❡♥❞❡�❡ ✭ ❡ ❧♦ ♠♦�
�❡�� ❢�❛ ♣♦❝♦ ✮ ❝❤❡ �✐ ♣✉� �❛❧
❛� ❞✐ ♣✐! ♣❛�✐ �✉❡�
❛

❞✐✣❝♦❧
�✱ �✐ ♣✉� ❝✐♦! ❢❛� ❞✐ ♠❡♥♦ ❞❡❧ ❝♦♥♦�❝❡�❡ ❧❛ ✈❡�❛ ❞✐�♣♦�✐③✐♦♥❡ �✐�♣❡

✐✈❛ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡

♥❡✐ ❧✐�✉✐❞✐ ✐♥ �✐♣♦�♦✱ ❜❛�
❛♥❞♦ ✐❧ �❛♣❡�❡ ❡��❡�❡ ❡��❛ 
❛❧❡ ❞❛ �✐�✉❧
❛�♥❡ ❞❛♣♣❡�
✉

♦ ❧❛ ❞❡♥�✐
�

❝♦�
❛♥
❡✳

❙❡ �✬ ✐♠♠❛❣✐♥❛ ❝❤❡ ❧❡ ♠♦❧❡❝♦❧❡ ❞✐ ✉♥ ❝♦�♣♦ ❛ ❞❡♥�✐
� ❝♦�
❛♥
❡ �✐❛♥♦ ❞✐�❛❞❛
❡ ✐♥ ✉♥♦ �♣❛③✐♦

❞♦♣♣✐♦✱ 
�✐♣❧♦✱ ❡❝❝✳✱ �❡�
❛♥❞♦ ♣❡�� �❡♠♣�❡ ❛ ❞❡♥�✐
� ❝♦�
❛♥
❡✱ ❧❛ ❞❡♥�✐
� �✐ ❞✐�� �✐�✉❧
❛�❡ ❧❛

♠❡
�✱ ✉♥ 
❡�③♦✱ ❡❝❝✳ ❞✐ �✉❡❧❧❛ ❞✐ ♣�✐♠❛ ❀ ❡ ✈✐❝❡✈❡��❛✱ �❡ ✐❧ ✈♦❧✉♠❡ �✐❛ �✐❞♦

♦ ❧❛ ♠❡
�✱ ✉♥ 
❡�③♦✱

❡❝❝✳ ❝♦♠♣�❡♥❞❡♥❞♦ ❧♦ �
❡��♦ ♥✉♠❡�♦ ❞✐ ♠♦❧❡❝♦❧❡✱ ❧❛ ❞❡♥�✐
� �✐ ❞✐�� �✐❞♦

❛ ❞♦♣♣✐❛✱ 
�✐♣❧❛✱ ❡❝❝✳

❆❞✉♥�✉❡ ❧❡ ❞✐✛❡�❡♥
✐ ❞❡♥�✐
� ❝♦�
❛♥
✐ ❞✐ ✉♥♦ �
❡��♦ ❝♦�♣♦ �♦♥♦ ❢�❛ ❧♦�♦ ✐♥ �❛❣✐♦♥❡ ✐♥✈❡��❛ ❞❡✐

✈♦❧✉♠✐ ♦❝❝✉♣❛
✐ ❞❛ ✉♥ ❡❣✉❛❧ ♥✉♠❡�♦ ❞✐ ♠♦❧❡❝♦❧❡✳ ❯♥❛ ❞✐ �✉❡�
❡ ❞❡♥�✐
� �✉♦❧❡ ❛��✉♠❡��✐ ♣❡�

✶✵
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡
❝✳

♦❢ 
❤❡✐� ✈♦❧✉♠❡ ❝♦♥
❛✐♥ ❛♥ ❡�✉❛❧ ♥✉♠❜❡� ♦❢ ♠♦❧❡❝✉❧❡�✱ ❬❛♥❞ ✐�❪ ✈❛�✐❛❜❧❡ ✐♥ 
❤♦�❡ ❜♦❞✐❡� ✇❤❡�❡


❤✐� ❧❛�
 ❝✐�❝✉♠�
❛♥❝❡ ❞♦❡� ♥♦
 ♦❝❝✉�✳

❙❝❤♦❧✐✉♠✳ ■❢ ♦♥❡ �❡✢❡❝
� ❛ ❧✐

❧❡✱ ❤❡ ✇✐❧❧ ❡❛�✐❧② ✉♥❞❡��
❛♥❞ 
❤❛
 
❤❡ ❜♦❞✐❡� ❝❛♥ ❤❛✈❡ ❛

❝♦♥�
❛♥
 ❞❡♥�✐
② ❛❧�♦ ✇✐
❤ ❞✐✛❡�❡♥
 �❡❧❛
✐✈❡ ♣❧❛❝❡♠❡♥
� ♦❢ 
❤❡✐� ♠♦❧❡❝✉❧❡�✱ ❛� ✐
 ✐� ❡♥♦✉❣❤ ❬❢♦�

❤❛✈✐♥❣ 
❤✐� ♣�♦♣❡�
②❪ 
❤❛
 ✐♥�✐❞❡ ❡�✉❛❧ ♣❛�
� ♦❢ ✈♦❧✉♠❡ 
❤❡ ♥✉♠❜❡� ♦❢ ✐♥❝❧✉❞❡❞ ♠♦❧❡❝✉❧❡� ❜❡


❤❡ �❛♠❡✱ ❝✐�❝✉♠�
❛♥❝❡ ✇❤✐❝❤ ❝❛♥ ❜❡ ✈❡�✐✜❡❞ ✐♥ ✐♥✜♥✐
❡ ♠❛♥♥❡��✳ ❆♠♦♥❣ 
❤❡�❡ ■ ✇✐❧❧ ❝✐
❡

❬❤❡�❡❪ 
✇♦✱ 
❤❡ ✜��
 ♦❢ ✇❤✐❝❤ ✐� ♣✉�❡❧② ✐❞❡❛❧✱ 
❤❡ �❡❝♦♥❞ ♦♥❡ ❜❡✐♥❣ �❡❛❧✳ ❚❤❡ ✐❞❡❛❧ ♠❛♥♥❡� ✐�


❤❡ ♦♥❡ �❡❧❛
✐✈❡ 
♦ 
❤❡ ❛��❛② ❞❡�❝�✐❜❡❞ ✐♥ 
❤❡ ♣�❡✈✐♦✉� ♣♦✐♥
 ✸✳ ❜② ♠❛❦✐♥❣ ✉�❡ ♦❢ 
❤❡ 
❤�❡❡

♦�
❤♦❣♦♥❛❧ ❛①❡� ♦❢ ❝♦♦�❞✐♥❛
❡� a, b, c : 
❤❡ �❡❛❧ ♠❛♥♥❡� ✐� 
❤❡ ♦♥❡ �❡❧❛
✐✈❡ 
♦ 
❤❡ ❛��❛② ✇❤✐❝❤

✐� ❛��✉♠❡❞ ❜② 
❤❡ ♠♦❧❡❝✉❧❡� ♦❢ 
❤❡ ❜♦❞✐❡� ✇❤❡♥ 
❤❡② ❛�❡ �❡❞✉❝❡❞ 
♦ 
❤❡✐� ❧✐�✉✐❞ �
❛
❡✳ ■ ✇✐❧❧

�❤♦�
❧② �❤♦✇ 
❤❛
 ✇❡ ❝❛♥ ❛✐♠ ❬
♦ �
✉❞② ❛ ❜♦❞② ✇❤♦�❡ ♠♦❧❡❝✉❧❡� ❛�❡ ♣❧❛❝❡❞ ✐♥ 
❤❡❪ 
❤❡ �❡❝♦♥❞

❛��❛② ❜② �❡❞✉❝✐♥❣ ✐
 ♠❡♥
❛❧❧② 
♦ 
❤❡ ✜��
✱ ❛♥❞ 
❤✐� ❬♠❡♥
❛❧ ♣�♦❝❡��❪ ✇✐❧❧ ♥♦
 ♣�♦❞✉❝❡ ❛♥② ❝❤❛♥❣❡

✐♥ 
❤❡ ❛♥❛❧②
✐❝❛❧ ❢♦�♠✉❧❛�✳ ■♥ 
❤❡ ▼❡♠♦✐� ✐♥�❡�
❡❞ ✐♥ 
❤❡ ❚♦♠❡ ❳❳■ ❛♥❞ ❛❧�♦ ❛❢
❡� ✐
✱ ■ ❤❛✈❡

❧♦♥❣❧② �
✉❞✐❡❞ 
♦ ✉♥❞❡��
❛♥❞ ❤♦✇ 
❤❡ ♠♦❧❡❝✉❧❡� ❞✐�♣♦�❡ 
❤❡♠�❡❧✈❡� ✐♥ ❧✐�✉✐❞�✿ ■ ♠✉�
 ❤♦✇❡✈❡�

❝♦♥❢❡�� 
❤❛
✱ ❡✈❡♥ ✐❢ ■ ❝♦✉❧❞ ❝♦♥❝❡✐✈❡ ✐
 ❝❧❡❛�❧② ✐♥ ❛ ♣❧❛♥❡ ■ ❞✐❞ ♥♦
 ♠❛♥❛❣❡ 
❤❡ �❛♠❡ 
❛�❦

❛❧�♦ ✐♥ 
❤❡ 
❤�❡❡✲❞✐♠❡♥�✐♦♥❛❧ �♣❛❝❡ ✭❙❡❡ ●✐♦�♥❛❧❡ ❞❡❧ ✬ ■�
✐
✉
♦ ▲♦♠❜❛�❞♦✳ ❚✳ ❱■✳ ♣❛❣✳ ✸✷✽ ✿

❢♦♦
♥♦
❡✳ ✮✳ ■♥�
❡❛❞ ♥♦✇ ■ ❞✐❞ ♠❛♥❛❣❡ 
♦ ✉♥❞❡��
❛♥❞ ✭❛♥❞ ■ ✇✐❧❧ �❤♦✇ 
❤✐� �❤♦�
❧②✮ 
❤❛
 ✇❡

❝❛♥ ❝♦♠♣❧❡
❡❧② ✐❣♥♦�❡ 
❤✐� ❞✐✣❝✉❧
②✱ ✐✳❡✳ ✐
 ✐� ♣♦��✐❜❧❡ 
♦ ✐❣♥♦�❡ 
❤❡ 
�✉❡ �❡�♣❡❝
✐✈❡ ❞✐�♣♦�✐
✐♦♥

♦❢ 
❤❡ ♠♦❧❡❝✉❧❡� ✐♥ ❧✐�✉✐❞� ❛
 �❡�
✱ ❛� ✐
 ✐� ❡♥♦✉❣❤ 
♦ ❦♥♦✇ 
❤❛
 ❬
❤✐� ❞✐�♣♦�✐
✐♦♥❪ ✐� �✉❝❤ 
❤❛



❤❡ ❝♦��❡�♣♦♥❞✐♥❣ ❞❡♥�✐
② ✐� ❝♦♥�
❛♥
 ✐♥ �♣❛❝❡✳

■❢ ♦♥❡ ✐♠❛❣✐♥❡� 
❤❛
 
❤❡ ♠♦❧❡❝✉❧❡� ♦❢ ❛ ❜♦❞② ❤❛✈✐♥❣ ❝♦♥�
❛♥
 ❞❡♥�✐
② ❛�❡ �❛�❡✜❡❞ ✐♥ ❛ �♣❛❝❡

❬❤❛✈✐♥❣ ✈♦❧✉♠❡❪ ❞♦✉❜❧❡❞✱ 
�✐♣❧❡❞✱ ❡
❝✳✱ ❦❡❡♣✐♥❣ ❤♦✇❡✈❡� 
❤❡✐� ❞❡♥�✐
② ❝♦♥�
❛♥
 ✐♥ �♣❛❝❡ ❬❛♥❞

❦❡❡♣✐♥❣ ✜①❡❞ 
❤❡ ♥✉♠❜❡� ♦❢ ♠♦❧❡❝✉❧❡�❪ 
❤❡♥ 
❤❡ ❞❡♥�✐
② ✇✐❧❧ ❜❡ �❡❞✉❝❡❞ 
♦ ♦♥❡ ❤❛❧❢✱ ♦♥❡ 
❤✐�❞

❡
❝ ✇✐
❤ �❡�♣❡❝
 
♦ 
❤❡ ♣�❡✈✐♦✉� ✈❛❧✉❡✳ ❚❤❡�❡❢♦�❡ 
❤❡ ❞✐✛❡�❡♥
 ❞❡♥�✐
✐❡� ❝♦♥�
❛♥
 ✐♥ �♣❛❝❡ ♦❢


❤❡ �❛♠❡ ❜♦❞② ❛�❡ ✐♥✈❡��❡❧② ♣�♦♣♦�
✐♦♥❛❧ 
♦ 
❤❡ ✈♦❧✉♠❡� ♦❝❝✉♣✐❡❞ ❜② 
❤❡ �❛♠❡ ♥✉♠❜❡� ♦❢

♠♦❧❡❝✉❧❡�✳ ❖♥❡ ♦❢ 
❤❡�❡ ❞❡♥�✐
✐❡� ✐� ✉�✉❛❧❧② ❛��✉♠❡❞ ❛�



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✶

✉♥✐�❛�✐❛✱ ❡❞ � �✉❡❧❧❛ ❝❤❡ ❝♦��✐�♣♦♥❞❡ ❛❞ ✉♥♦ ��❛�♦ ❞❡❧ ❝♦�♣♦ ✐♥ ❝❡��❡ ❞❡�❡�♠✐♥❛�❡ ❝✐�❝♦��❛♥③❡

✜�✐❝❤❡✱ ��❛�♦ ❝❤❡ �✐ � ❝♦♥✈❡♥✉�♦ ❞✐ ♣�❡♥❞❡�❡ ❛ ❜❛�❡ ❞❡✐ ❝♦♥❢�♦♥�✐✳

✻✳ ▲❛ �♦♠♠❛ ❞✐ �✉��❡ ❧❡ ♠♦❧❡❝♦❧❡ ❞✐ ✉♥ ❝♦�♣♦✱ ❢❛��❛ ❛���❛③✐♦♥❡ ❞❛❧❧❡ ❞✐��❛♥③❡ ❝❤❡ ❧❡ �❡♣✲

❛�❛♥♦ ✱ ❝❤✐❛♠❛�✐ ❧❛ ▼❛��❛ ❞❡❧ ❝♦�♣♦✳ �❡�� ❧✬ ❡�♣�❡��✐♦♥❡ ♥✉♠❡�✐❝❛ ❞✐ �✉❡��❛ ♠❛��❛ ♥♦♥ ♣✉�

✈❡♥✐�❡ ❢♦�♠❛�❛ ❞❛❧ ♥✉♠❡�♦ ❞✐ ❞❡��❡ ♠♦❧❡❝♦❧❡✱ ✐❧ �✉❛❧❡ ✐♥ ♦❣♥✐ ❡��❡♥�✐♦♥❡ ✜♥✐�❛ � �❡♠♣�❡ ✐♠✲

♠❡♥�❛♠❡♥�❡ ❣�❛♥❞❡ ✿ ♠❛ ❞❛❧ �❛♣♣♦��♦ ❞✐ ❞❡��♦ ♥✉♠❡�♦ ❣�❛♥❞✐��✐♠♦ ❛❧❧✬ ❛❧��♦ ♣✉�❡ ❣�❛♥❞✐��✐♠♦

❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ❞❡❧❧♦ ��❡��♦ ❝♦�♣♦ ❝♦♠♣�❡�❡ ❡♥��♦ ❧✬✉♥✐�" ❞✐ ✈♦❧✉♠❡✱ ❡ ❞✐���✐❜✉✐�❡✈✐ ❝♦❧❧❛ ❞❡♥�✐�"

❝♦��❛♥�❡ ✉♥✐�❛�✐❛✳ ❙✐ �❛ ❝❤❡ ✐❧ �❛♣♣♦��♦ ❛♥❝❤❡ ❞✐ ❞✉❡ ♥✉♠❡�✐ ❣�❛♥❞✐��✐♠✐ ♣✉� ❡��❡�❡ ❡�♣�❡��♦

✐♥ ♣♦❝❤❡ ❝✐❢�❡✱ �❛❧♦�❛ �❡♠♣❧✐❝✐��✐♠❡✳ ❙❡ ♣❡��❛♥�♦ ♣�❡♥❞❛�✐ ♣❡� ✉♥✐�❛�✐❛ ❧❛ ♠❛��❛ ❝♦♠♣�❡�❛ ♥❡❧❧✬

✉♥✐�" ❞✐ ✈♦❧✉♠❡ ❝♦❧❧❛ ❞❡♥�✐�" ✉♥✐�❛�✐❛✱ ❧❛ ♠❛��❛ M ✐♥ ✉♥ ✈♦❧✉♠❡ V ✱ �✉❛♥❞♦ ❧❛ ❞❡♥�✐�" ❝♦��❛♥�❡

❞❡❧ ❝♦�♣♦ � ❛♥❝♦�❛ ❧✬ ✉♥✐�❛�✐❛✱ ❝✐ �❛�" ❞❛�❛ ❞❛❧❧✬ ❡�✉❛③✐♦♥❡ M = V ❀ ❡ �❡ ❧❛ ❞❡♥�✐�" � Γ ✈♦❧�❡ ❧✬

✉♥✐�❛�✐❛ ✭ Γ ♥✉♠❡�♦ ❝❤❡ �♣❡��♦ � ✉♥❛ ❢�❛③✐♦♥❡ ✮ �❛�" ❡�♣�❡��❛ ❞❛❧❧❛ ❢♦�♠♦❧❛ M = Γ · V ✳

✼✳ ��✐♠❛ ❞✐ ♣�♦❝❡❞❡�❡ ✐♥♥❛♥③✐ �❛�" ❜❡♥❡ ✐♥��❛��❡♥❡�❝✐ ❛ �♣✐❡❣❛�❡ �✉❡❧❧♦ ❝❤❡ �✐ � �♦❧�❛♥�♦

❛❝❝❡♥♥❛�♦ ❛❧ ◆✳ 3✳✱ ❝✐♦� ❝❤❡ ❝♦♥�✐❞❡�❛♥❞♦ ❧❡ x(a, b, c); y(a, b, c); z(a, b, c) ✭❝♦♦�❞✐♥❛�❡ �❡❧❛�✐✈❡

❛❧❧♦ ��❛�♦ ✈❡�♦ ❞✐ ✉♥ ❝♦�♣♦ �✉❛❧✉♥�✉❡ ✮ �✐❝❝♦♠❡ ❢✉♥③✐♦♥✐ ❞❡❧❧❡ a, b, c ❝♦♦�❞✐♥❛�❡ �♣❡��❛♥�✐ ❛

�✉❡❧❧❛ ❞✐���✐❜✉③✐♦♥❡ ✐❞❡❛❧❡ ♥❡❧❧❛ �✉❛❧❡ ❧❡ ♠♦❧❡❝♦❧❡ �♦♥♦ �❛♣♣�❡�❡♥�❛�❡ ❛❣❧✐ ❛♥❣♦❧✐ ❞✐ �❛♥�✐ ❝✉❜✐

✐♠♠❡♥�❛♠❡♥�❡ ♣✐❝❝♦❧✐ ✐♥ ❝♦♥�❛��♦ ❣❧✐ ✉♥✐ ❞❡❣❧✐ ❛❧��✐✱ ♣♦��✐❛♠♦ ❛♥❝❤❡ ❞✐�❡ �✉❡��❡ a, b, c ❡��❡�❡ ❧❡

❝♦♦�❞✐♥❛�❡ ❞❡❧❧❡ ❞✐✈❡��❡ ♠♦❧❡❝♦❧❡ ✐♥ ✉♥♦ ��❛�♦ ❛♥�❡❝❡❞❡♥�❡ ❧✐�✉✐❞♦ ❞❛ ❝✉✐ �✐ ✐♠♠❛❣✐♥❛��❡�♦ �♦❧�❡

♣❡� ♣❛��❛�❡ ❛ �✉❡❧❧♦ ❝❤❡ ❤❛♥♥♦ ♥❡❧ ❝♦�♣♦ ♥❛�✉�❛❧❡ ❛♥③✐❞❡��♦✳ ❊ �✉❡��❛ �✐❞✉③✐♦♥❡ ❣✐♦✈❛✱ ♣❡�❝❤�

�✉❡��♦ ��❛�♦ ❛♥�❡❝❡❞❡♥�❡ ✐❞❡❛❧❡ ♥♦♥ � ❛❧❧♦�❛ ♣✐* ❢✉♦�✐ ❞❡❧❧❛ ♥❛�✉�❛ ✿ ❧❡ ✐❞❡❡ ✈❡♥❣♦♥♦ ♠❡❣❧✐♦

✜��❛�❡✿ ❡ �❡ ♥❡ ❤❛ ✉♥ ❞❡❝✐�♦ ✈❛�❛❣❣✐♦ ♣�✐♥❝✐♣❛❧♠❡♥�❡ ♥❡❧❧❛ ■❞�♦❞✐♥❛♠✐❝❛✳ ❚❛♥�♦ �❛③✐♦♥❛❧♠❡♥�❡

�✉❛♥�♦ ❛♥❛❧✐�✐❝❛♠❡♥�❡ �✐ �✐❝♦♥♦�❝❡ ♣❡�♠❡��♦ ❧♦ �❝❛♠❜✐♦✳ ▼❡♥�❛❧♠❡♥�❡ ♥✐❡♥�❡ ❝✐ ✈✐❡�❛ ❝♦♥❝❡♣✐�❡

❡♥��♦ ✉♥♦ ��❡��♦ ✈♦❧✉♠❡ ❧❡ ♠♦❧❡❝♦❧❡

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✶

�❤❡ ✉♥✐�❛�② ♦♥❡✱ ❛♥❞ ✐� ✐� �❤❛� ❬❞❡♥�✐�②❪ ✇❤✐❝❤ ❝♦��❡�♣♦♥❞� �♦ ❛ ♣❛��✐❝✉❧❛� ��❛�❡ ♦❢ �❤❡ ❜♦❞② ✐♥

❝❡��❛✐♥ ♣❤②�✐❝❛❧ ❝✐�❝✉♠��❛♥❝❡�✱ ❬�❤❛� ♣❛��✐❝✉❧❛�❪ ��❛�❡ ✇❤✐❝❤ ✐� ❝❤♦�❡♥ �♦ ❜❡ �❤❡ �❡❢❡�❡♥�✐❛❧ ♦♥❡✳

✻✳ ❚❤❡ �✉♠ ♦❢ ❛❧❧ �❤❡ ♠♦❧❡❝✉❧❡� ♦❢ ❛ ❜♦❞②✱ �❡❣❛�❞❧❡�� ♦❢ �❤❡ ❞✐��❛♥❝❡� �❡♣❛�❛�✐♥❣ �❤❡♠✱ ✐�

❝❛❧❧❡❞ �❤❡ ♠❛�� ♦❢ �❤❡ ❜♦❞②✳ ❍♦✇❡✈❡� �❤❡ ♥✉♠❡�✐❝❛❧ ❡①♣�❡��✐♦♥ ♦❢ �❤✐� ♠❛�� ❝❛♥♥♦� ❜❡ ❢♦�♠❡❞

❜② �❤❡ ♥✉♠❜❡� ♦❢ �❛✐❞ ♠♦❧❡❝✉❧❡�✱ ❛� �❤✐� ♥✉♠❜❡� ✐♥ ❛♥② ✜♥✐�❡ ❡①�❡♥�✐♦♥ ✐� ❛❧✇❛②� ✐♠♠❡♥�❡❧②

❣�❡❛�✿ ✐♥��❡❛❞ ❬♦♥❡ ❤❛� �♦ ❝♦♥�✐❞❡� ✐� �♦ ❜❡ ❣✐✈❡♥❪ ❜② �❤❡ �❛�✐♦ ❜❡�✇❡❡♥ �❤❡ �❛✐❞ ✐♠♠❡♥�❡❧②

❣�❡❛� ♥✉♠❜❡� ❛♥❞ �❤❡ ♦�❤❡� ♥✉♠❜❡�✱ ✐♠♠❡♥�❡❧② ❣�❡❛� �♦♦✱ ♦❢ �❤❡ ♠♦❧❡❝✉❧❡� ♦❢ �❤❡ �❛♠❡ ❜♦❞②

✐♥❝❧✉❞❡❞ ✐♥ �❤❡ ✉♥✐� ✈♦❧✉♠❡✱ ❬♠♦❧❡❝✉❧❡� ✇❤✐❝❤ ❛�❡❪ �❤❡�❡ ❞✐���✐❜✉�❡❞ ✇✐�❤ ❛ ❝♦♥��❛♥� ❬✐♥ �♣❛❝❡❪

✉♥✐�❛�② ❞❡♥�✐�②✳ ■� ✐� ✇❡❧❧✲❦♥♦✇♥ �❤❛� �❤❡ �❛�✐♦♥ ♦❢ �✇♦ ♥✉♠❜❡�� ❡❛❝❤ ♦❢ �❤❡♠ ❜❡✐♥❣ ❡✈❡♥

✐♠♠❡♥�❡❧② ❣�❡❛� ❝❛♥ ❜❡ �♦♠❡�✐♠❡� ❡①♣�❡��❡❞ ✐♥ ❢❡✇ ❞✐❣✐��✱ �♦♠❡�✐♠❡� ✈❡�② �✐♠♣❧❡✳ ■❢ �❤❡�❡❢♦�❡

♦♥❡ ❛��✉♠❡� ❛� ✉♥✐�❛�② �❤❡ ♠❛�� ✐♥❝❧✉❞❡❞ ✐♥ �❤❡ ✉♥✐� ♦❢ ✈♦❧✉♠❡ ✇❤❡♥ �❤❡ ❞❡♥�✐�② ✐� ✉♥✐�❛�②✱

�❤❡ ♠❛�� M ✐♥ ❛ ✈♦❧✉♠❡ V, ✇❤❡♥ �❤❡ ❝♦♥��❛♥� ❞❡♥�✐�② ♦❢ �❤❡ ❜♦❞② ✐� ��✐❧❧ �❤❡ ✉♥✐�❛�② ♦♥❡✱ ✇✐❧❧

❜❡ ❣✐✈❡♥ ❜② �❤❡ ❡�✉❛�✐♦♥ M = V ; ❛♥❞ ✐❢ �❤❡ ❞❡♥�✐�② ✐� Γ �✐♠❡� �❤❡ ✉♥✐�❛�② ♦♥❡ ✭Γ ❜❡✐♥❣ ❛

♥✉♠❜❡� ✇❤✐❝❤ ✐� ♦❢�❡♥ ❛ ❢�❛❝�✐♦♥✮ ✐� ✇✐❧❧ ❜❡ ❡①♣�❡��❡� ❜② �❤❡ ❢♦�♠✉❧❛ M = Γ · V ✳

✼✳ ❇❡❢♦�❡ ♠♦✈✐♥❣ ❢♦�✇❛�❞ ✐� ✇✐❧❧ ❜❡ ❛♣♣�♦♣�✐❛�❡ �♦ ❡①♣❧❛✐♥ ✐♥ ❛ ❣�❡❛�❡� ❞❡�❛✐❧ ✇❤❛� ❤❛� ❜❡❡♥

�✐♠♣❧② ♠❡♥�✐♦♥❡❞ ✐♥ �❤❡ �❡❝�✳ ✸✱ ✐✳❡✳ �❤❛� ✇❤❡♥ ❝♦♥�✐❞❡�✐♥❣ �❤❡ x(a, b, c); y(a, b, c); z(a, b, c)

✭❝♦♦�❞✐♥❛�❡� �❡❧❛�✐✈❡ �♦ �❤❡ ��✉❡ ��❛�❡ ♦❢ ❛ ❣❡♥❡�✐❝ ❜♦❞②✮ ❛� ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ❝♦♦�❞✐♥❛�❡� a, b, c

�❡❧❛�✐✈❡ �♦ �❤❛� ✐❞❡❛❧ ❛��❛② ✐♥ ✇❤✐❝❤ �❤❡ ♠♦❧❡❝✉❧❡� ❛�❡ �❡♣�❡�❡♥�❡❞ ✐♥ �❤❡ ❝♦�♥❡�� ♦❢ ♠❛♥②

❝✉❜❡�✱ ✐♠♠❡♥�❡❧② �♠❛❧❧ ✐♥ ❝♦♥�❛❝� ♦♥❡ ✇✐�❤ �❤❡ ♦�❤❡�✱ ✇❡ ❝❛♥ ❛❧�♦ �❛② �❤❛� �❤❡�❡ a, b, c ❛�❡ �❤❡

❝♦♦�❞✐♥❛�❡� ♦❢ �❤❡ ❞✐✛❡�❡♥� ♠♦❧❡❝✉❧❡� ✐♥ ❛ ❧✐�✉✐❞ ❛♥�❡❝❡❞❡♥� ��❛�❡ ❢�♦♠ ✇❤✐❝❤ �❤❡② ❛�❡ ❛��✉♠❡❞

�♦ ♠♦✈❡ �♦ �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ��✉❡ ��❛�❡✳ ❆♥❞ �❤✐� �❡❞✉❝�✐♦♥ ✐� ✉�❡❢✉❧✱ ❛� �❤✐� ✐❞❡❛❧ ❛♥�❡❝❡❞❡♥�

��❛�❡ ✐� ♥♦� ❛♥② ♠♦�❡ ♦✉��✐❞❡ �❤❡ ♥❛�✉�❡✿ �❤❡ ✐❞❡❛� ❛�❡ ❜❡��❡� ✜①❡❞✿ ❛♥❞ ♦♥❡ ❣❡�� ❛ �✐❣♥✐✜❝❛♥�

❛❞✈❛♥�❛❣❡ ❡①♣❡❝✐❛❧❧② ✐♥ ❍②❞�♦❞②♥❛♠✐❝�✳ ❇♦�❤ ❢�♦♠ �❤❡ �❛�✐♦♥❛❧ ❛♥❞ ❛♥❛❧②�✐❝❛❧ ♣♦✐♥�� ♦❢ ✈✐❡✇ ✐�

❝❛♥ ❜❡ �❡❝♦❣♥✐③❡❞ �❤❛� �❤✐� ❡①❝❤❛♥❣❡ ✐� ❛❧❧♦✇❡❞✳ ▼❡♥�❛❧❧② ♥♦�❤✐♥❣ ✐� ❢♦�❜✐❞❞✐♥❣ ✉� �♦ ❝♦♥❝❡✐✈❡

✐♥ �❤❡ �❛♠❡ ✈♦❧✉♠❡ �❤❡ ♠♦❧❡❝✉❧❡�



✶✷
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

❞❡❧ ❧✐	✉✐❞♦ �♦❣❧✐❡��✐ ❛ 	✉❡❧❧❛ ❞✐�♣♦�✐③✐♦♥❡ ✐♥ ❝✉✐ �♦♥♦ ✭ 	✉❛❧✉♥	✉❡ ❡��❛ �✐❛ ✮ ♣❡� ♠❡��❡��✐ ❛✐

✈❡��✐❝✐ ❞❡❣❧✐ ❛♥❣♦❧✐ ❞❡❣❧✐ ✐❞❡❛�✐ ❝✉❜❡��✐✱ ❡ ��❛�✈✐ �✉��❡✱ ♥❡��✉♥❛ ❡❝❝❡��✉❛�❛✱ ❡��❡♥❞❡♥❞♦�✐ ❛ �✉��♦

❛♥❝♦�❛ ✐❧ ✈♦❧✉♠❡✿ 	✉❛❧❝❤❡ ♠❛♥❝❛♥③❛ ♥❡✐ ❝✉❜❡��✐ ❛❧❧❡ �✉♣❡�✜❝✐❡ ❝♦♥�❡�♠✐♥❛♥�✐ ✐❧ ❞❡��♦ ✈♦❧✉♠❡✱

♥♦♥ ❢❛ ❞✐❢❡��♦✱ ❛��❡�❛ ❧✬ ❡���❡♠❛ ♣✐❝❝♦❧❡③③❛ ❞✐ ❡��✐✱ ✐❧ ❝❤❡ �✐ ❢❛�� ♠❛♥✐❢❡��♦ ♣❡� ❝✐ ❝❤❡ ❛ ♠♦♠❡♥�✐

�♦❣❣✐✉♥❣❡�❡♠♦✳ ❈♦�" ♣�♦❝❡❞❡♥❞♦✱ ❧❛ ❣�❛♥❞❡③③❛ σ ❞❡❧ ❧❛�♦ ❞✐ �✉��✐ 	✉❡✐ ❝✉❜✐✱ ❧❛ 	✉❛❧❡ �✉❧❧❡ ♣�✐♠❡

♣♦�❡✈❛ ♣❛�❡�❡ ✐♥❞❡�❡�♠✐♥❛�❛✱ ✈✐❡♥❡ ❛ �✐❝❡✈❡�❡ ✉♥❛ ❞❡�❡�♠✐♥❛③✐♦♥❡✱ ❛❜❜✐�♦❣♥❛♥❞♦ ❝❤❡ ❡��❛ �✐❛

♥# ♣✐$ ♥# ♠❡♥♦ ❞✐ 	✉❡❧❧❛ ❝❤❡ ❝✐ ✈✉♦❧❡ ❛✣♥❝❤# �♦��♦ ❧♦ ��❡��♦ ✈♦❧✉♠❡ ❞❡❧ ❧✐	✉✐❞♦ ��✐❛ ✉♥ ❡❣✉❛❧

♥✉♠❡�♦ ❞✐ ♠♦❧❡❝♦❧❡ �✐❞♦��❡ ❛❧❧❛ ❞✐�♣♦�✐③✐♦♥❡ ❞❡✐ ❝✉❜✐✳ ❯♥❛ �❛❧❡ ❣�❛♥❞❡③③❛ ♠✐♥✐♠❛ σ # ✉♥

❡❧❡♠❡♥�♦ �✐♥❣♦❧❛�❡ ❡ ❞✐ ❢�❡	✉❡♥�✐��✐♠♦ ✉�♦ ❛♥❝❤❡ ♣❡� ❧❡ ❝♦�❡ ♣♦��❡�✐♦�✐✳

❆♥❛❧✐�✐❝❛♠❡♥�❡ ♣♦✐ 	✉❡❧❧♦ �❝❛♠❜✐♦ ♥♦♥ ♣�♦❞✉❝❡ ❛❧❝✉♥❛ ❛❧�❡�❛③✐♦♥❡ �❡♥�✐❜✐❧❡✳ ❉❡��❡ p, q, r

❧❡ ❝♦♦�❞✐♥❛�❡ ❞✐ ✉♥❛ ♠♦❧❡❝♦❧❛ 	✉❛♥❞♦ ✐❧ ❝♦�♣♦ # ♥❡❧❧♦ ��❛�♦ ❧✐	✉✐❞♦ ❝♦♥ ❞❡♥�✐�� ❝♦��❛♥�❡✱ ❡ ❞❡��❡

a, b, c ❧❡ ❝♦♦�❞✐♥❛�❡ ❞❡❧❧❛ ��❡��❛ ♠♦❧❡❝♦❧❛ 	✉❛♥❞♦ ❧❛ ❞✐�♣♦�✐③✐♦♥❡ ♠♦❧❡❝♦❧❛�❡ �✬ ✐♥�❡♥❞❡ ❡��❡�❡

	✉❡❧❧❛ ❛♥③✐❞❡��❛ ❞❡✐ ❝✉❜✐✱ ❧❡ p, q, r ✭❜❛❞✐�✐ ❜❡♥❡✮ ♥♦♥ ♣♦��♦♥♦ ❞✐✛❡�✐�❡ ❞❛❧❧❡ a, b, c �❡ ♥♦♥ ♣❡�

❞✐✛❡�❡♥③❡ ♠✐♥♦�✐ ♦ ❡❣✉❛❧✐ ❛❧ ❧❛�♦ σ ❞✐ 	✉❡✐ ❝✉❜✐ ✱ �❛❧❝❤# �❛�❡❜❜❡�♦

a = p+ σl; b = q + σm; c = r + σn; ✭✶✮

❡��❡♥❞♦ l,m, n ❝♦❡✣❝✐❡♥�✐ ♥✉♠❡�✐❝✐ ♥♦♥ ♠❛❣❣✐♦�✐ ❞❡❧❧✬ ✉♥✐�� ❀ ♥# ❢❛�❡❜❜❡ ❞✐❢❡��♦ 	✉❛♥❞✬

❛♥❝❤❡ ❢♦��❡�♦ ❞✉❡ ♦ ��❡ ✈♦❧�❡ ♣✐$ ❣�❛♥❞✐✱ ✐❧ ❝❤❡ ♥♦♥ ❝�❡❞♦ ♣♦��❛ ♠❛✐ ❛❞❞✐✈❡♥✐�❡✳ ❖�❛ ❧✬ ❛��✉♠❡�❡

❧❡ a, b, c ✐♥✈❡❝❡ ❞❡❧❧❡ p, q, r ♥♦♥ ♣✉ ♣♦��❛�❡ ❛❧❝✉♥ ❞✐✈❛�✐♦ ❛♣�❡③③❛❜✐❧❡ ♥❡✐ ✈❛❧♦�✐ ❞❡❧❧❡ ❢♦�♠♦❧❡

❛♥❛❧✐�✐❝❤❡✱ ❧❡ 	✉❛❧✐ ✱ �✉♣♣♦♥❡♥❞♦ ❢❛��❛ ❧❛ �♦��✐�✉③✐♦♥❡ ❞❡✐ ✈❛❧♦�✐ ✭✶✮✱ ♣♦��♦♥♦ ✐♠♠❛❣✐♥❛��✐ �✈♦❧�❡

�❡❝♦♥❞♦ ❧❡ ♣♦�❡♥③❡ ♣♦�✐�✐✈❡ ❞❡❧❧❛ σ✱ ❡ ❝❛♥❣✐❛�❡ ✐♥ �❡�✐❡ ✐ ❝✉✐ ♣�✐♠✐ �❡�♠✐♥✐ �♦♥♦ 	✉❡✬ ♠❡❞❡�✐♠✐

❝❤❡ �✐ ❛✈�❡❜❜❡�♦ ♠❡��❡♥❞♦ ❧❡ ✈❡�❡ ❝♦♦�❞✐♥❛�❡ p, q, r✱ ❡ ❣❧✐ ❛❧��✐ ♣♦��♦♥♦ ❢�❛♥❝❛♠❡♥�❡ ��❛�❝✉�❛��✐

♣❡�❝❤# ♠♦❧�✐♣❧✐❝❛�✐ ❝♦❧❧❡ ♣♦�❡♥③❡ ❞✐ σ✳ ❱❡❞�❡♠♦ ♣✐$ ✈♦❧�❡ ♥❡❧ �❡❣✉✐�♦ ❞✐ 	✉❡��❛ ▼❡♠♦�✐❛ ✐❧

❜✐�♦❣♥♦ ❞✐ ��❛�❝✉�❛�

✶✷
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

♦❢ �❤❡ ❧✐	✉✐❞ �♦ ♠♦✈❡ ❢�♦♠ �❤❡ ❛��❛② ✐♥ ✇❤✐❝❤ �❤❡② ❛�❡ ✭✇❤❛�❡✈❡� ✐� ✇✐❧❧ ❜❡✮ �♦ ♣❧❛❝❡ �❤❡♠�❡❧✈❡�

❛� �❤❡ ✈❡��✐❝❡� ♦❢ �❤❡ ❝♦�♥❡�� ♦❢ �❤❡ ❝♦♥❝❡✐✈❡❞ ❧✐��❧❡ ❝✉❜❡�✱ ❛♥❞ �♦ ✜♥❞ ❛❧❧ ♦❢ �❤❡♠ ♣❧❛❝❡✱ ♥♦✲♦♥❡

❡①❝❧✉❞❡❞✱ ❜❡✐♥❣ ❬�❤❡�❡ ♠♦❧❡❝✉❧❡�❪ ��✐❧❧ ❞✐���✐❜✉�❡❞ ✐♥�✐❞❡ �❤❡ ✇❤♦❧❡ ✈♦❧✉♠❡✿ �♦♠❡ ❧❛❝❦✐♥❣ ❝✉❜❡�

❛� �❤❡ ❜♦✉♥❞❛�② ♦❢ ❝♦♥�✐❞❡�❡❞ ✈♦❧✉♠❡ ✇✐❧❧ ♥♦� ❜❡ ❛ ��✉❡ ❞✐✣❝✉❧�②✱ ❬✐❢ ♦♥❡ ❤❛�❪ ❝♦♥�✐❞❡�❡❞ �❤❛�

�❤❡② ❛�❡ ❡①��❡♠❡❧② �♠❛❧❧✱ �❤✐� ✐� ❬❛ ❧♦❣✐❝❛❧ ❛�❣✉♠❡♥� ✇❤✐❝❤ ✇✐❧❧ ❜❡❝♦♠❡❪ ❝❧❡❛�❡� ❜❡❝❛✉�❡ ♦❢ �♦♠❡

❢✉��❤❡� ❛�❣✉♠❡♥� ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❛❞❞ ✐♥ �❤❡ �❡	✉❡❧✳ ❇② �❡❛�♦♥✐♥❣ ✐♥ �❤✐� ✇❛② �❤❡ ❞✐♠❡♥�✐♦♥ σ ♦❢

�❤❡ ❡❞❣❡ ♦❢ ❛❧❧ �❤❡�❡ ❝✉❜❡�✱ ✇❤✐❝❤ ❛� �❤❡ ❜❡❣✐♥♥✐♥❣ ❝♦✉❧❞ ❤❛✈❡ �❡❡♠❡❞ ✉♥❞❡�❡�♠✐♥❡❞✱ ❛❝�✉❛❧❧②

✐� ❞❡�❡�♠✐♥❡❞✱ ❛� ✐� ❧♦❣✐❝❛❧❧② ♥❡❡❞� �♦ ❛��✉♠❡ ❡①❛❝�❧② �❤❡ ✈❛❧✉❡ ♥❡❝❡��❛�② �♦ �❤❛� ✐♥ �❤❡ �❛♠❡

✈♦❧✉♠❡ ♦❢ ❧✐	✉✐❞ ✇✐❧❧ ❜❡ ♣❧❛❝❡❞ ❛♥ ❡	✉❛❧ ♥✉♠❜❡� ♦❢ ♠♦❧❡❝✉❧❡� �❡❞✉❝❡❞ �♦ �❤❡ ❛��❛② ♦❢ ❝✉❜❡�✳

❚❤✐� ✈❡�② �♠❛❧❧ 	✉❛♥�✐�② σ ✐� ❛ ✈❡�② ♣❡❝✉❧✐❛� ♦♥❡ ❛♥❞ ✇✐❧❧ ❜❡ ✉�❡❞ ✈❡�② ♦❢�❡♥ ✐♥ �❤❡ �❡	✉❡❧✳

❆♥❛❧②�✐❝❛❧❧② �❤❡♥ �❤❛� ❛❢♦�❡♠❡♥�✐♦♥❡❞ ❡①❝❤❛♥❣❡ ❬♦❢ ❛��❛②❪ ✇✐❧❧ ♥♦� ♣�♦❞✉❝❡ ❛♥② �❡♥�✐❜❧❡

❛❧�❡�❛�✐♦♥✳ ❖♥❝❡ ❝❛❧❧❡❞ p, q, r �❤❡ ❝♦♦�❞✐♥❛�❡� ♦❢ ♦♥❡ ♠♦❧❡❝✉❧❡ ✇❤❡♥ �❤❡ ❜♦❞② ✐� ✐♥ ❛ ❧✐	✉✐❞

��❛�❡ ✇✐�❤ ❝♦♥��❛♥� ❞❡♥�✐�②✱ ❛♥❞ ❝❛❧❧❡❞ a, b, c �❤❡ ❝♦♦�❞✐♥❛�❡� ♦❢ �❤❡ �❛♠❡ ♠♦❧❡❝✉❧❡ ✇❤❡♥ �❤❡

♠♦❧❡❝✉❧❛� ❛��❛② ✐� ✐♥�❡♥❞❡❞ �♦ ❜❡ �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ♦♥❡ ♦❢ �❤❡ ❝✉❜❡�✱ �❤❡ p, q, r ✭♦♥❡ ❤❛� �♦

♠✐♥❞ �❤✐� ��❛�❡♠❡♥� ❝❧♦�❡❧②✮ ❝❛♥♥♦� ❞✐✛❡� ❢�♦♠ �❤❡ a, b, c ✐❢ ♥♦� ❢♦� ❞✐✛❡�❡♥❝❡� �♠❛❧❧❡� ♦� ❡	✉❛❧

�♦ �❤❡ �✐❞❡ �✐③❡ σ ♦❢ �❤♦�❡ ❝✉❜❡�✱ �♦ �❤❛� �❤❡② ❝❛♥ ❜❡ ❡①♣�❡��❡❞ ❜② ♠❡❛♥� ♦❢

a = p+ σl; b = q + σm; c = r + σn; ✭✶✮

✇❤❡�❡ l,m, n ❛�❡ ♥✉♠❡�✐❝❛❧ ❝♦❡✣❝✐❡♥�� ♥♦� ❣�❡❛�❡� �❤❛♥ ✉♥✐�❀ ❛♥❞ �❤❡�❡ ❝♦✉❧❞ ♥♦� ❜❡ ❛♥②

♣�♦❜❧❡♠ ❡✈❡♥ ✐❢ �❤❡② ✇❡�❡ �✇♦ ♦� �❤�❡❡ �✐♠❡� ❣�❡❛�❡�✱ ❝✐�❝✉♠��❛♥❝❡ ✇❤✐❝❤ ■ ❞♦ ♥♦� ❜❡❧✐❡✈❡ ❝♦✉❧❞

♥❡✈❡� ♦❝❝✉�✳ ◆♦✇ ❜② ❝♦♥�✐❞❡�✐♥❣ a, b, c ✐♥��❡❛❞ ♦❢ �❤❡ p, q, r ✇✐❧❧ ♥♦� ♣�♦❞✉❝❡ ❛♥② �❡♠❛�❦❛❜❧❡

❞✐✛❡�❡♥❝❡ ✐♥ �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ ❛♥❛❧②�✐❝❛❧ ❢♦�♠✉❧❛�✱ ✇❤✐❝❤✱ ❜② ❛��✉♠✐♥❣ �❤❛� �❤❡ ✈❛❧✉❡� ❣✐✈❡♥

✐♥ ✭✶✮ ❛�❡ �❡♣❧❛❝❡❞✱ ❝❛♥ ❜❡ ✐♠❛❣✐♥❡❞ ❛� ❡①♣❛♥❞❡❞ ✐♥ �❡�♠� ♦❢ �❤❡ ♣♦�✐�✐✈❡ ♣♦✇❡�� ♦❢ �❤❡ σ✱

❛♥❞ �❡❝♦❣♥✐③❡❞ �♦ ❜❡ �❡�✐❡� ✇❤❡�❡ �❤❡ ✜��� �❡�♠� ❛�❡ �❤❡ �❛♠❡ ✇❤✐❝❤ ♦♥❡ ❝♦✉❧❞ ♦❜�❛✐♥ ❜②

❝♦♥�✐❞❡�✐♥❣ �❤❡ ��✉❡ ✈❛❧✉❡� ♦❢ �❤❡ ❝♦♦�❞✐♥❛�❡� p, q, r✱ ❛♥❞ �❤❡ �❡♠❛✐♥✐♥❣ ♦♥❡� ❝❛♥ ❜❡ �❡❛❧❧②

♥❡❣❧❡❝�❡❞ ❜❡❝❛✉�❡ �❤❡② ❛�❡ ♠✉❧�✐♣❧✐❡❞ �✐♠❡� ❤✐❣❤❡� ♣♦✇❡�� ♦❢ σ✳ ❲❡ ✇✐❧❧ �❡❡ ♠❛♥② �✐♠❡� ✐♥ �❤❡

❢♦❧❧♦✇✐♥❣ ♦❢ �❤✐� ▼❡♠♦✐� �❤❡ ♥❡❝❡��✐�② ♦❢ ♥❡❣❧❡❝�✐♥❣



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✸

�❡�♠✐♥✐ ❝❤❡ ❡��❡♥❞♦ ♠♦❧�✐♣❧✐❝❛�✐ ♣❡� ❧❛ σ✱ ❞❛♥♥♦ ✈❛❧♦�✐ ❞✐ �✉❛♥�✐�� ✐♥❛♣♣�❡③③❛❜✐❧✐ ❞❛✐ ♥♦���✐ �❡♥�✐

✿ �✐❝❝♦♠❡ �✉✐♥❞✐ �✐ ��❛��❛ ❞✐ ✉♥ ♣�✐♥❝✐♣✐♦ ❞✬ ✉�♦ ❢�❡�✉❡♥�❡✱ ❣✐♦✈❡�❛♥♥♦ ❧❡ �❡❣✉❡♥�✐ �✐❧❡��✐♦♥✐✳

❙❝♦❧✐♦✳ ▲✬ ❛♠♠✐��✐❜✐❧✐�� ❞❡❧ ♣�✐♥❝✐♣✐♦ �✐ �✐❢❡�✐�❝❡ ❛❧❧❛ ❝♦♥❞✐③✐♦♥❡ ❛��✉❛❧❡ ❞❡❧❧✬ ✉♦♠♦ ❝♦❧❧♦❝❛�♦✱

❞✐❝❡ �❛�❝❛❧ ♥❡✐ �✉♦✐ �❡♥�✐❡�✐ ✭�❛��❡ ■a ❆��✳ ■❱✮ ❛ ✐♠♠❡♥�❡ ❞✐��❛♥③❡ �❛♥�♦ ❞❛❧❧✬ ✐♥✜♥✐�♦ �✉❛♥�♦

❞❛❧❧♦ ③❡�♦✿ ❞✐��❛♥③❡ ♥❡❧❧❡ �✉❛❧✐ & ♣❡�♠❡��♦ ✐♠♠❛❣✐♥❛�❡ �❛♥�✐ ♦�❞✐♥✐ ❞✐ ❣�❛♥❞❡③③❡✱ ❞✐ ❝✉✐ ❝✐❛�❝✉♥♦

�✐❛ ❝♦♠❡ ✉♥ �✉��♦ �❡❧❛�✐✈❛♠❡♥�❡ ❛ �✉❡❧❧♦ ❝❤❡ ❧♦ ♣�❡❝❡❞❡✱ ❡ �✉❛�✐ ✉♥ ♥✐❡♥�❡ �❡❧❛�✐✈❛♠❡♥�❡ ❛ �✉❡❧❧♦

❝❤❡ ❧♦ �❡❣✉❡✳ ◗✉✐♥❞✐ �✐�✉❧�❛ ❝❤❡ �✉❡❧❧❡ ��❡��❡ �✉❛♥�✐�� ❛��❡�✐�❡ �✐❝❝♦♠❡ ��❛�❝✉�❛❜✐❧✐ ♣❡� ♥♦✐ �❡♥③❛

�❡♠❛ ❞✐ ❡��♦�❡✱ ♣♦��❡❜❜❡�♦ ❡��❡�❡ ❣�❛♥❞✐ ❡ �✉��✬ ❛❧��♦ ❝❤❡ ��❛�❝✉�❛❜✐❧✐ ♣❡� ❡��❡�✐ ✐ �✉❛❧✐ ❢♦��❡�♦✱

♣❡� ❡�❡♠♣✐♦✱ ❛❞❛��✐ ❛ ♣❡�❝❡♣✐�❡ ❧❡ ♣�♦♣♦�③✐♦♥✐ ❝❤❡ �❡❣❣♦♥♦ ❧✬ ♦�❣❛♥✐③③❛③✐♦♥❡ ❞❡❣❧✐ ❛♥✐♠❛❧❡��✐

✐♥❢✉�♦�❥✳ �❡� �❛❧✐ ❡��❡�✐ �✉❡✐ ❝♦�♣✐ ❝❤❡ ❛ ♥♦✐ ♣❛❥♦♥♦ ❝♦♥�✐♥✉✐✱ ♣♦��❡❜❜❡�♦ ❛♣♣❛�✐�❡ ❝♦♠❡ ♠✉❝❝❤❥

❞✐ �❛❝❝❤✐ ✿ ❧✬ ❛❝�✉❛✱ ❝❤❡ ♣❡� ♥♦✐ & ✉♥ ✈❡�♦ ❧✐�✉✐❞♦✱ ♣♦��❡❜❜❡ ❝♦♠♣❛�✐�❡ ❝♦♠❡ ♣❡� ♥♦✐ ✐❧ ♠✐❣❧✐♦

♦ ✉♥ ❛♠♠❛��♦ �❝♦��❡✈♦❧❡ ❞✐ ♣❛❧❧✐♥✐ ❞✐ ♣✐♦♠❜♦✳ ▼❛ ❛♥❝❤❡ ♣❡� �❛❧✐ ❡��❡�✐ ❝✐ �❛�❡❜❜❡�♦ ♣♦✐ ✐ ✈❡�✐

✢✉✐❞✐✱ �✐�♣❡��♦ ❛✐ �✉❛❧✐ ✈❛��❡❜❜❡�♦ ♣❡� ❡��✐ ❧❡ ��❡��❡ ❝♦♥�❡❣✉❡♥③❡ ❝❤❡ ♥♦✐ ❞❡❞✉❝✐❛♠♦ �✐�♣❡��♦

❛❧❧✬ ❛❝�✉❛✳ ❱✐ ❤❛♥♥♦ ❞✉♥�✉❡ �✉❛♥�✐�� ❝❤❡ �✐❞✉❝♦♥�✐ ♥✉❧❧❡ ❛��♦❧✉�❛♠❡♥�❡ ♣❡� �✉��✐ ❣❧✐ ♦�❞✐♥✐ ❞✐

❡��❡�✐✱ ❝♦♠❡ ❣❧✐ ❡❧❡♠❡♥�✐ ❛♥❛❧✐�✐❝✐ ❛❞♦♣❡�❛�✐ ♥❡❧ ❝❛❧❝♦❧♦ ✐♥�❡❣�❛❧❡✱ ❡ ✈✐ ❤❛♥♥♦ �✉❛♥�✐�� ♥✉❧❧❡ �♦❧♦

♣❡� ❡��❡�✐ ❞✐ ✉♥ ❝❡��✬ ♦�❞✐♥❡✱ ❝❤❡ ♥♦♥ ❧♦ �❛�❡❜❜❡�♦ ♣❡� ❛❧��✐✱ ❝♦♠❡ ❛❧❝✉♥✐ ❡❧❡♠❡♥�✐ ❝❤❡ ❡♥��❛♥♦

♥❡❧❧❡ ❝♦♥�✐❞❡�❛③✐♦♥✐ ❞✐ ▼❡❝❝❛♥✐❝❛✳ ■♦✱ ❡❞✉❝❛�♦ ❞❛ ❇�✉♥❛❝❝✐ ❛❧❧❛ �❝✉♦❧❛ ❞✐ ▲❛❣�❛♥❣❡✱ ❤♦ �❡♠♣�❡

✐♠♣✉❣♥❛�♦ ❧✬✐♥✜♥✐�❡�✐♠♦ ♠❡�❛✜�✐❝♦✱ �✐�❡♥❡♥❞♦ ❝❤❡ ♣❡� ❧✬ ❛♥❛❧✐�✐ ❡ ❧❛ ❣❡♦♠❡��✐❛ ✭�❡ �✐ ✈♦❣❧✐♦♥♦

❝♦♥�❡❣✉✐�❡ ✐❞❡❡ ❝❤✐❛�❡✮ ✈✐ �✐ ❞❡✈❡ �❡♠♣�❡ �♦��✐�✉✐�❡ ❧✬ ✐♥❞❡�❡�♠✐♥❛�♦ ♣✐❝❝♦❧♦ �✉❛♥�♦ ❢❛ ❜✐�♦❣♥♦ ✿

♠❛ ❛♠♠❡��♦ ❝✐, ❝❤❡ ♣♦��❡❜❜❡ ❝❤✐❛♠❛��✐ ❧✬✐♥✜♥✐�❡�✐♠♦ ✜�✐❝♦✱ ❞✐ ❝✉✐ & ❝❤✐❛�✐��✐♠❛ ❧✬✐❞❡❛✳ ◆♦♥ &

✉♥♦ ③❡�♦ ❛��♦❧✉�♦✱ & ❛♥③✐ �❛❧ ❣�❛♥❞❡③③❛ ❝❤❡ ♣❡� ❛❧��✐ ❡��❡�✐ ♣♦��❡❜❜❡ �✐✉�❝✐�❡ ❛♣♣�❡③③❛❜✐❧❡✱ ♠❛ &

✉♥♦ ③❡�♦ �❡❧❛�✐✈❛♠❡♥�❡ ❛❧❧❛ ♣♦��❛�❛ ❞❡✐ ♥♦���✐ �❡♥�✐✱ ♣❡✐ �✉❛❧✐ �✉��♦ �✉❛♥�♦ & ❛❧ ❞✐�♦��♦ ❞✐ ❧♦�♦✱

& ♣�❡❝✐�❛♠❡♥�❡ ❝♦♠❡ ♥♦♥ ❡�✐��❡��❡✳

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✸

�❡�♠� ✇❤✐❝❤✱ ❜❡✐♥❣ ♠✉❧�✐♣❧✐❡❞ ❜② �❤❡ �✉❛♥�✐�② σ✱ ❣✐✈❡ ✈❛❧✉❡� �♦ �✉❛♥�✐�✐❡� ✇❤✐❝❤ ❝❛♥♥♦� ❜❡

❞❡�❡❝�❡❞ ❜② ♦✉� �❡♥�❡�✿ ❛� ❛ ♣�✐♥❝✐♣❧❡ ✐� ❞❡❛❧� ✇✐�❤ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❢�❡�✉❡♥�❧② ✉�❡❞✱ ❝♦♥�❡�✉❡♥�❧②

�❤❡ ❢♦❧❧♦✇✐♥❣ �❡✢❡❝�✐♦♥� ♠❛② ❜❡ ✉�❡❢✉❧✳

❙❝❤♦❧✐✉♠✳ ❚❤❡ ❛❞♠✐��✐❜✐❧✐�② ♦❢ �❤❡ ♣�✐♥❝✐♣❧❡ �❡❢❡�� �♦ �❤❡ ��✉❡ ❝♦♥❞✐�✐♦♥ ♦❢ �❤❡ ❤✉♠❛♥

❜❡✐♥❣✱ ♣❧❛❝❡❞✱ ❛� �❛✐❞ ❜② �❛�❝❛❧ ✐♥ ❤✐� ❚❤♦✉❣❤�� ✭�❛�� ■✳ ❆��✳■❱✮ ❛� ✐♠♠❡♥�❡ ❞✐��❛♥❝❡� ❜♦�❤

❢�♦♠ ✐♥✜♥✐�② ❛♥❞ �❤❡ ③❡�♦✿ ❞✐��❛♥❝❡� ✐♥ ✇❤✐❝❤ ♦♥❡ ❝❛♥ ✐♠❛❣✐♥❡ ♠❛♥② ♦�❞❡�� ♦❢ ♠❛❣♥✐�✉❞❡✱

♦❢ ✇❤✐❝❤ ♦♥❡ ❬♦�❞❡� ♦❢ ♠❛❣♥✐�✉❞❡❪ ❝❛♥ ❜❡ �❡❣❛�❞❡❞ ❛� ❛ ✇❤♦❧❡ ✇❤❡♥ ❝♦♠♣❛�❡❞ ✇✐�❤ �❤❡ ♦♥❡

✇❤✐❝❤ ✐� ♣�❡❝❡❞✐♥❣ ✐�✱ ❛♥❞ ♥❡❛�❧② ♥♦�❤✐♥❣ ✇❤❡♥ ❝♦♠♣❛�❡❞ ✇✐�❤ ❬�❤❡ ♦�❞❡� ♦❢ ♠❛❣♥✐�✉❞❡❪ ✇❤✐❝❤

❢♦❧❧♦✇� ✐�✳ ❚❤❡�❡❢♦�❡ ✐� �❡�✉❧�� �❤❛� �❤❡ �❛♠❡ �✉❛♥�✐�✐❡� ✇❤✐❝❤ ❛�❡ ❛��❡��❡❞ �♦ ❜❡ ♥❡❣❧✐❣✐❜❧❡ ❢♦�

✉� ✇✐�❤♦✉� ❜❡✐♥❣ ❛❢�❛✐❞ ♦❢ ❣♦✐♥❣ ✇�♦♥❣✱ ❝♦✉❧❞ ❜❡ ❣�❡❛� ❛♥❞ ♥♦� ❛� ❛❧❧ ♥❡❣❧✐❣✐❜❧❡ �✉❛♥�✐�✐❡� ❢♦�

❜❡✐♥❣� ✇❤✐❝❤ ❝♦✉❧❞ ❜❡✱ ❢♦� ✐♥��❛♥❝❡✱ ❝❛♣❛❜❧❡� �♦ ♣❡�❝❡✐✈❡ �❤❡ ♣�♦♣♦��✐♦♥� ✇❤✐❝❤ ❝❤❛�❛❝�❡�✐③❡❞

�❤❡ ���✉❝�✉�❡ ♦❢ ♠✐❝�♦♦�❣❛♥✐�♠�✳ ❋♦� �❤♦�❡ ❜❡✐♥❣� �❤♦�❡ ❜♦❞✐❡� ✇❤✐❝❤ ❛♣♣❡❛� �♦ ✉� �♦ ❜❡

❝♦♥�✐♥✉♦✉� ❝♦✉❧❞ ❛♣♣❡❛� ❛� ❜✉♥❝❤❡� ♦❢ �❛❝❦�✿ ✇❛�❡�✱ ✇❤✐❝❤ ❢♦� ✉� ✐� ❛ ��✉❡ ❧✐�✉✐❞✱ ❝♦✉❧❞ ❛♣♣❡❛�

❛� ❢♦� ✉� ❬❛♣♣❡❛��❪ ♠✐❧❧❡� ♦� ❛ ✢♦✇✐♥❣ ❜✉♥❝❤ ♦❢ ❧❡❛❞ �❤♦��✳ ❇✉� ❛❧�♦ ❢♦� �❤❡�❡ ❜❡✐♥❣� �❤❡�❡

✇♦✉❧❞ ❡①✐�� ��✉❡ ✢✉✐❞�✱ �❡❧❛�✐✈❡ �♦ ✇❤✐❝❤ �❤❡ �❛♠❡ ❝♦♥�❡�✉❡♥❝❡�✱ ✇❤✐❝❤ ✇❡ ❞❡❞✉❝❡ �❡❧❛�✐✈❡❧②

�♦ ✇❛�❡�✱ �❤♦✉❧❞ ❤♦❧❞ ��✉❡ ❢♦� �❤❡♠✳ ❚❤❡�❡ ❛�❡ �❤❡�❡❢♦�❡ �✉❛♥�✐�✐❡� ✇❤✐❝❤ ❛�❡ ♥✉❧❧ ❛❜�♦❧✉�❡❧②

❢♦� ❛❧❧ ♦�❞❡�� ♦❢ ❜❡✐♥❣�✱ ❛� �❤❡ ❛♥❛❧②�✐❝❛❧ ❡❧❡♠❡♥�� ✉�❡❞ ✐♥ �❤❡ ■♥�❡❣�❛❧ ❈❛❧❝✉❧✉�✱ ❛♥❞ �❤❡�❡ ❛�❡

�✉❛♥�✐�✐❡� ✇❤✐❝❤ ❛�❡ ♥✉❧❧ ♦♥❧② ❢♦� ❜❡✐♥❣� ♦❢ ❛ ❝❡��❛✐♥ ♦�❞❡�✱ ❛♥❞ �❤❡�❡ �✉❛♥�✐�✐❡� ✇♦✉❧❞ ♥♦� ❜❡

♥✉❧❧ ❢♦� ♦�❤❡� ❜❡✐♥❣�✱ ❛� �♦♠❡ ❡❧❡♠❡♥�� ✇❤✐❝❤ ❛�❡ ❝♦♥�✐❞❡�❡❞ ✐♥ ▼❡❝❤❛♥✐❝�✳ ❆� ■ ✇❛� ❡❞✉❝❛�❡❞

❜② ❇�✉♥❛❝❝✐ ❛� �❤❡ �❝❤♦♦❧ ♦❢ ▲❛❣�❛♥❣❡✱ ■ ❛❧✇❛②� ♦♣♣♦�❡❞ �❤❡ ♠❡�❛♣❤②�✐❝❛❧ ✐♥✜♥✐�❡�✐♠❛❧✱ ❛� ■

❜❡❧✐❡✈❡ �❤❛� ❢♦� �❤❡ ❛♥❛❧②�✐� ❛♥❞ �❤❡ ❣❡♦♠❡��② ✭✐❢ ♦♥❡ ✇❛♥�� �♦ ❛❝❤✐❡✈❡ ❝❧❡❛� ✐❞❡❛�✮ ✐� ❤❛� �♦ ❜❡

�❡♣❧❛❝❡❞ ❜② �❤❡ ✧✐♥❞❡�❡�♠✐♥❛�❡❧② �♠❛❧❧✧ ❛� ♠✉❝❤ ❛� ✐� ✐� ♥❡❡❞❡❞✿ ❤♦✇❡✈❡� ■ ❛❝❝❡♣� ✇❤❛� ❝♦✉❧❞

❜❡ ❞❡✜♥❡❞ �❤❡ ♣❤②�✐❝❛❧ ✐♥✜♥✐�❡�✐♠❛❧✱ ♦❢ ✇❤✐❝❤ �❤❡ ✐❞❡❛ ✐� ❝❧❡❛� ❛� ❛❧❧✳ ■� ✐� ♥♦� ❛♥ ❛❜�♦❧✉�❡ ③❡�♦✱

✐� ✐� ♥❛② ❛ ♠❛❣♥✐�✉❞❡ ✇❤✐❝❤ ❢♦� ♦�❤❡� ❜❡✐♥❣� ❝♦✉❧❞ ❜❡ ❛♣♣�❡❝✐❛❜❧❡✱ ❜✉� ✐� ✐� ❛ ③❡�♦ �❡❧❛�✐✈❡❧②

�♦ �❤❡ ❛❝✉✐�② ♦❢ ♦✉� �❡♥�❡�✱ ❢♦� ✇❤✐❝❤ ❡✈❡�②�❤✐♥❣ ✇❤✐❝❤ ✐� ❜❡❧♦✇ �❤❡✐� �❡♥�✐�✐✈✐�② �❤�❡�❤♦❧❞ ✐�

❡①❛❝�❧② ❛� ✐❢ ✐� ✇❡�❡ ♥♦� ❡①✐��✐♥❣✳



✶✹
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

❈♦♥❝❧✉❞✐❛♠♦ ♣❡❧ ❝❛�♦ ❛��✉❛❧❡✳ ❉❡❧❧❡ ❞✉❡ ♠❛♥✐❡�❡ ✐♥❞✐❝❛�❡ ❛❧ ◆✳ ✸✳ ♣❡� ❧❛ ❞✐���✐❜✉③✐♦♥❡ ❞❡❧❧❡

♠♦❧❡❝♦❧❡ ♦♥❞❡ ♦��❡♥❡�❡ ❧❛ ❞❡♥�✐�� ❝♦��❛♥�❡✱ ♣♦��✐❛♠♦ ❞✐�❡ ❡��❡�❡ �✉❡❧❧❛ ❞❡❧❧♦ ��❛�♦ ❧✐�✉✐❞♦ ❧❛

♣�❡❝❡❞❡♥�❡ ❝♦❧❧❡ ❝♦♦�❞✐♥❛�❡ a, b, c, ❞❛ ❝✉✐ ✐♠♠❛❣✐♥✐❛♠♦ ��❛�♣♦��❛�✐ ✐ ❝♦�♣✐ ❛❧❧♦ ��❛�♦ ❛��✉❛❧❡ ❝♦❧❧❡

❝♦♦�❞✐♥❛�❡ x(a, b, c); y(a, b, c); z(a, b, c)✿ ❡ ♥♦♥❞✐♠❡♥♦ ��❛��❛�❡ ❛♥❛❧✐�✐❝❛♠❡♥�❡ ❧❡ a, b, c ❝♦♠❡ �❡

❧❛ ❞✐�♣♦�✐③✐♦♥❡ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ❢♦��❡ �✉❡❧❧❛ ❞❡✐ ❝✉❜✐✳ ◗✉❛♥�✉♥�✉❡ ♣♦✐ �✉❡��❛ ♣�♦♣♦�✐③✐♦♥❡✱ ✐♥

❢♦�③❛ ❞❡❣❧✐ ❛❞❞♦��✐ �❛❣✐♦♥❛♠❡♥�✐✱ �✐❛ ❛ ♠✐♦ ♣❛�❡�❡ �✉✣❝✐❡♥�❡♠❡♥�❡ ♣�♦✈❛�❛✱ ♠✐ �✐❝♦�❞❡�! ❞✐

�❡❝❛�♥❡ ♣✐" �❛�❞✐ ✉♥❛ �✐❝♦♥❢❡�♠❛✳

✽✳ ❱❡❞✐❛♠♦ ❞✐ ❢♦�♠❛�❝✐ ❧✬✐❞❡❛ ❡ ❧✬ ❡�♣�❡��✐♦♥❡ ❞❡❧❧❛ ❞❡♥�✐�� ✈❛�✐❛❜✐❧❡✱ ❡ ♣❡� �✐✉�❝✐�✈✐ ✐♠♠❛❣✲

✐♥✐❛♠♦ ❞✐ ❛��✐��❡�❡ ❛ �✉❡❧❧❛ ♦♣❡�❛③✐♦♥❡ ♠❡❞✐❛♥�❡ ❧❛ �✉❛❧❡ ❧❡ ♠♦❧❡❝♦❧❡ �✐ �♦❧❣♦♥♦ ❛❧❧❛ ❞✐�♣♦✲

�✐③✐♦♥❡ (a, b, c) ❞✐ ❞❡♥�✐�� ❝♦��❛♥�❡ ❛��✉♥�❛ ❝♦♠❡ ✉♥✐�❛�✐❛✱ ♣❡� ♣❛��❛�❡ ❛❧❧❛ ❞✐�♣♦�✐③✐♦♥❡ �❡❛❧❡

[x(a, b, c), y(a, b, c), z(a, b, c)]✳ ■♥ �✉❡❧❧❛ ♣�✐♠❛ ✐♠♠❛❣✐♥✐❛♠♦ ❧❛ ♠❛��❛ ❞✐✈✐�❛ ❡♥��♦ ✉♥♦ �♣❛③✐♦

�✉❛❧✉♥�✉❡ ✐♥ �❛♥�✐ ♣❛�❛❧❧❡❧❡♣✐♣❡❞✐ kij ✭ ❞✐ ❧❛�✐ k, i, j ✮ ❝♦♠♣�❡♥❞❡♥�✐ ❝✐❛�❝✉♥♦ ✉♥ ❝❡��♦ ♥✉♠❡�♦

❡❣✉❛❧❡ ❞✐ �✉❡✐ ❝✉❜❡��✐ ❞❡�❝�✐��✐ ❛❧ ♣�✐♥❝✐♣✐♦ ❞❡❧ ◆.◦ ♣�❡❝❡❞❡♥�❡✱ ❡ ✐♥ ❝♦♥�❛��♦ ❣❧✐ ✉♥✐ ❞❡❣❧✐ ❛❧��✐✳

◆❡❧ ��❛♣❛��♦ ❛❧❧❛ ❞✐�♣♦�✐③✐♦♥❡ �❡❛❧❡ �✉❡❧❧❡ ♣✐❝❝♦❧❡ ♠❛��❡ ❡❣✉❛❧✐ ✐♥ ❝♦♥�❡❣✉❡♥③❛ ❞✐ ✉♥ ♠✉♦✈❡��✐

❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ♣✐❝❝♦❧✐��✐♠♦✱ ❡ ❝❤❡ ❛❧�❡�❛ ❧❡ ❧♦�♦ �❡❝✐♣�♦❝❤❡ ❞✐��❛♥③❡✱ �❛�❛♥♥♦ ✈❡♥✉�❡ ❛ ❞✐�♣♦��✐

�♦��♦ ✈♦❧✉♠✐ v1, v2, v3, ...vn �✉❝❝❡❞❡♥�✐�✐ ❣❧✐ ✉♥✐ ❛❝❝❛♥�♦ ❛❣❧✐ ❛❧��✐✱ ✐ �✉❛❧✐ ♥♦♥ �❛�❛♥♥♦ ❡❣✉❛❧✐

❢�❛ ❧♦�♦✱ ❝♦♠❡ ❧♦ ❡�❛♥♦ �✉❡✐ ♣�✐♠✐ ♣❛�❛❧❧❡❧❡♣✐♣❡❞✐✱ ❡ �❛�❛♥♥♦ ❛♥❝❤❡ ❞✐ ❞✐✈❡��❛ ❝♦♥✜❣✉�❛③✐♦♥❡

�❡❧❛�✐✈❛♠❡♥�❡ ❛❧❧❡ �✉♣❡�✜❝✐❡ ❝❤❡ ❧✐ ❝♦♠♣�❡♥❞♦♥♦✳ ■♠♠❛❣✐♥✐❛♠♦ ♦�❛ ❝❤❡ ✐♥ ❝✐❛�❝✉♥♦ ❞✐ �✉❡��✐

✈♦❧✉♠❡��✐ ❝♦�, ��❛❜✐❧✐�✐✱ ❧❡ ♠♦❧❡❝♦❧❡ ✭❧❡ �✉❛❧✐ �♦♥♦ ♣❡� �✉��✐ ✐♥ ❡❣✉❛❧ ♥✉♠❡�♦ ✮ �❡♥③❛ ✉�❝✐�❡ ❞❛

❡��✐ �♦�♥✐♥♦ ❛❞ ✉♥❛ ❞✐�♣♦�✐③✐♦♥❡ ❝❤❡ ❞✐❛ ❧❛ ❞❡♥�✐�� ❝♦��❛♥�❡✳ -♦✐❝❤. ✐ ✈♦❧✉♠✐ v1, v2, v3, ..... �♦♥♦

❢�❛ ❧♦�♦ ❞✐✈❡��✐✱ ❧❡ ❛♥③✐❞❡��❡ ❞❡♥�✐�� ❝♦��❛♥�✐ ✐♥ ❝✐❛�❝✉♥♦✱ �❛�❛♥♥♦ ❞✐✈❡��❡ ❢�❛ ❧♦�♦✱ ❡ ❞✐✈❡��❡

❞❛❧❧❛ ❞❡♥�✐�� ✉♥✐�❛�✐❛ ♣�✐♠✐�✐✈❛✱ ❡❞ ❡�♣�❡��❡ ✭❱❡❞✐ ◆✳ ✺✳ �✉❧ ✜♥❡✮ ❞❛❧❧❡ ❢�❛③✐♦♥✐

kij

v1
;
kij

v2
;
kij

v3
; ✳✳✳✳✳✳✳✳

kij

vn
. ✭✷✮

✶✹
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

❲❡ �❡�✉♠❡ ❤❡�❡ ♦✉� ❛�❣✉♠❡♥� ❛� ❤❛♥❞✳ ❇❡�✇❡❡♥ �❤❡ �✇♦ ♠❛♥♥❡�� ✐♥❞✐❝❛�❡❞ ✐♥ �❡❝�✳ ✸

❢♦� ✜♥❞✐♥❣ �❤❡ ❛��❛②� ♦❢ �❤❡ ♠♦❧❡❝✉❧❡� ❤❛✈✐♥❣ ❛ ❝♦♥��❛♥� ❞❡♥�✐�②✱ ✇❡ ❝❛♥ �❛② �❤❛� �❤❡ ❛��❛②

�❡❧❛�✐✈❡ �♦ �❤❡ ❧✐�✉✐❞ ��❛�❡ ✐� �❤❡ ♦♥❡ ✇❤✐❝❤ ✐� ♣�❡❝❡❞✐♥❣ �❤❡ ❛��❛② ❝❤❛�❛❝�❡�✐③❡❞ ❜② �❤❡ ❝♦♦�✲

❞✐♥❛�❡� a, b, c✱ ❢�♦♠ ✇❤✐❝❤ ✇❡ ❛��✉♠❡ �❤❡ ❜♦❞✐❡� ❛�❡ ��❛♥�♣♦��❡❞ �♦ �❤❡ ❛❝�✉❛❧ ��❛�❡✱ �❤❡ ♦♥❡

❤❛✈✐♥❣ ❛� ❝♦♦�❞✐♥❛�❡� ❬❢♦� �❤❡ ❝♦♥�✐❞❡�❡❞ ♠❛�❡�✐❛❧ ♣♦✐♥�❪ x(a, b, c); y(a, b, c); z(a, b, c)✿ ❤♦✇❡✈❡�

❬✇❡ ❝❛♥❪ ��❡❛� ♥♦♥❡�❤❡❧❡�� �❤❡ ❝♦♦�❞✐♥❛�❡� a, b, c, ❛� ✐❢ �❤❡ ❛��❛② ♦❢ �❤❡ ♠♦❧❡❝✉❧❡� ✇❡�❡ �❤❡ ♦♥❡

❬❝♦♥���✉❝�❡❞ ❜② ♠❡❛♥�❪ ♦❢ �❤❡ ❝✉❜❡�✳ ❆❧❜❡✐� �❤✐� ♣�♦♣♦�✐�✐♦♥✱ ❜❡❝❛✉�❡ ♦❢ �❤❡ ❛❞❞✉❝❡❞ �❡❛�♦♥✲

✐♥❣�✱ ♠❛② ❜❡ ✐♥ ♠② ♦♣✐♥✐♦♥ ❝♦♥�✐❞❡�❡❞ ❛� �✉✣❝✐❡♥�❧② ♣�♦✈❡♥✱ ■ ✇✐❧❧ �❡♠❡♠❜❡� �♦ ❡��❛❜❧✐�❤ ✐��

�❡❛��❡��✐♦♥ ✇✐�❤ ❢✉��❤❡� ❛�❣✉♠❡♥��✳

✽✳ ▲❡� ✉� ��② ♥♦✇ �♦ ❢♦�♠ ✐♥ ♦✉� ♠✐♥❞ �❤❡ ✐❞❡❛ ❛♥❞ �❤❡ ❬♠❛�❤❡♠❛�✐❝❛❧❪ ❡①♣�❡��✐♦♥ ♦❢

✈❛�✐❛❜❧❡ ❬✐♥ �♣❛❝❡❪ ❞❡♥�✐�② ❬✜❡❧❞❪✱ ❛♥❞ ✐♥ ♦�❞❡� �♦ �✉❝❝❡❡❞ ✐♥ �❤✐� �❛�❦ ❧❡� ✉� ✐♠❛❣✐♥❡ �♦ ✇✐�♥❡��

�❤❛� ♦♣❡�❛�✐♦♥ ❜② ♠❡❛♥� ♦❢ ✇❤✐❝❤ �❤❡ ♠♦❧❡❝✉❧❡� ♠♦✈❡ ❢�♦♠ �❤❡ ❛��❛② (a, b, c) ❤❛✈✐♥❣ ✉♥✐�❛�②

�♣❛�✐❛❧❧② ❝♦♥��❛♥� ❞❡♥�✐�② �♦ ❛��❛♥❣❡ ✐♥ �❤❡ �❡❛❧ ❛��❛② [x(a, b, c), y(a, b, c), z(a, b, c)]. ■♥ �❤❡

✜��� ❛��❛② ✇❡ ✐♠❛❣✐♥❡ �❤❡ ♠❛�� ✐♥ ❛♥② ✈♦❧✉♠❡ ❛� ❞✐✈✐❞❡❞ ✐♥ ♠❛♥② ♣❛�❛❧❧❡❧❡♣✐♣❡❞� kij ✭ ❤❛✈✐♥❣

❛� �✐❞❡� k, i, j ✮ ❡❛❝❤ ✐♥❝❧✉❞✐♥❣ ❛ ❝❡��❛✐♥ ❡�✉❛❧ ♥✉♠❜❡� ♦❢ �❤♦�❡ ❧✐��❧❡ ❝✉❜❡� ❞❡�❝�✐❜❡❞ ❛� �❤❡

❜❡❣✐♥♥✐♥❣ ♦❢ �❤❡ ♣�❡❝❡❞❡♥� �❡❝�✳❬ ✼❪✱ ❛❧❧ ❜❡✐♥❣ ✐♥ ❝♦♥�❛❝� ♦♥❡ ✇✐�❤ �❤❡ ♦�❤❡��✳ ■♥ �❤❡ ♣❛��❛❣❡

�♦ �❤❡ �❡❛❧ ❛��❛② �❤♦�❡ �♠❛❧❧ ❡�✉❛❧ ♠❛��❡� ❜❡❝❛✉�❡ ♦❢ ❛ �♠❛❧❧ ❞✐�♣❧❛❝❡♠❡♥� ♦❢ �❤❡ ♠♦❧❡❝✉❧❡�✱

❬❞✐�♣❧❛❝❡♠❡♥�❪ ✇❤✐❝❤ ❛❧�❡�� �❤❡✐� �❡❧❛�✐✈❡ ❞✐��❛♥❝❡�✱ ✇✐❧❧ ❛��✐✈❡ �♦ ♣❧❛❝❡ �❤❡♠�❡❧✈❡� ✐♥�♦ �❤❡

✈♦❧✉♠❡� v1, v2, v3, ...vn ❬✇❤✐❝❤ ❛�❡❪ ♣❛❝❦❡❞ ♦♥❡ ❝❧♦�❡ �♦ �❤❡ ♦�❤❡��✱ ❬✈♦❧✉♠❡�❪ ✇❤✐❝❤ ✇✐❧❧ ♥♦� ❜❡

❬❛♥②♠♦�❡❪ ❡�✉❛❧ ♦♥❡ �♦ �❤❡ ♦�❤❡�✱ ❛� ❤❛♣♣❡♥❡❞ ❢♦� �❤❡ ♦�✐❣✐♥❛❧ ♣❛�❛❧❧❡❧❡♣✐♣❡❞�✱ ❛♥❞ ✇✐❧❧ ❛��✉♠❡

❛ ❞✐✛❡�❡♥� ❝♦♥✜❣✉�❛�✐♦♥ ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ �✉�❢❛❝❡� ✇❤✐❝❤ ✐♥❝❧✉❞❡� �❤❡♠✳ ▲❡� ✉� ✐♠❛❣✐♥❡

�❤❡♥ �❤❛� ✐♥ ❡❛❝❤ ♦❢ �❤❡�❡ ❧✐��❧❡ ✈♦❧✉♠❡� �♦ ❝♦♥���✉❝�❡❞✱ �❤❡ ♠♦❧❡❝✉❧❡� ✭✇❤✐❝❤ ❛�❡ ❢♦� ❛❧❧ ♦❢

�❤❡♠ ✐♥ ❡�✉❛❧ ♥✉♠❜❡�✮ ✇✐�❤♦✉� ❝♦♠✐♥❣ ♦✉� ♦❢ �❤❡♠ ❜❡ ♣❧❛❝❡❞ ❛❣❛✐♥ ✐♥ ❛♥ ❛��❛② ❛❧❧♦✇✐♥❣ ❢♦� ❛

❝♦♥��❛♥� ❞❡♥�✐�②✳ ❆� �❤❡ ✈♦❧✉♠❡� v1, v2, v3, ..... ❛�❡ ♥♦✇ ❞✐✛❡�❡♥� ♦♥❡ ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ♦�❤❡�✱

�❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ❝♦♥��❛♥� ❞❡♥�✐�✐❡� ✐♥ ❡❛❝❤ ♦❢ �❤❡♠ ✇✐❧❧ ❜❡ ❞✐✛❡�❡♥�✱ ❛♥❞ ❞✐✛❡�❡♥� ❢�♦♠ �❤❡

✉♥✐�❛�② ✐♥✐�✐❛❧ ❞❡♥�✐�②✱ �♦ �❤❛� �❤❡② ✇✐❧❧ ❜❡ ❡①♣�❡��❡❞ ✭�❡❡ �❡❝�✳ ✺ ❛� �❤❡ ❡♥❞✮ ❜② �❤❡ ❢�❛❝�✐♦♥�

kij

v1
;
kij

v2
;
kij

v3
; ✳✳✳✳✳✳✳✳

kij

vn
. ✭✷✮



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✺

■❧ ❝♦�♣♦ ❝❤❡ �✐�✉❧�❡�❡❜❜❡ ❞♦♣♦ ❧✬ ✐❞❡❛�❛ �✐❞✉③✐♦♥❡ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡✱ �❛�❡❜❜❡ ❜❡♥�� ✉♥ ❝♦�♣♦ ❛

❞❡♥�✐�� ❝❛♥❣✐❛♥�❡ ❞✐ ��❛��♦ ✐♥ ��❛��♦✱ ♠❛ ♥♦♥ ✐❧ ✈❡�♦ ❝♦�♣♦ ❛ ❞❡♥�✐�� ✈❛�✐❛❜✐❧❡✳ ◆♦♥❞✐♠❡♥♦ ♥♦✐

♣♦��✐❛♠♦ ❝♦❧ ♣❡♥�✐❡�♦ ✐♠♣✐❝❝✐♦❧✐�❡ ❝♦♥�✐♥✉❛♠❡♥�❡ ❞✐ ❣�❛♥❞❡③③❛ ❡ ❝�❡�❝❡�❡ ❞✐ ♥✉♠❡�♦ ✐ ♣�✐♠✐�✐✈✐

♣❛�❛❧❧❡❧❡♣✐♣❡❞✐ kij ✱ ❡ ✐ ❝♦��✐�♣♦♥❞❡♥�✐ ✈♦❧✉♠❡��✐ v1, v2, v3, ...vn ❝❤❡ ❝♦❧❧❛ ❧♦�♦ �♦♠♠❛ ❝♦♠♣♦♥✲

❣♦♥♦ ✐❧ ✈♦❧✉♠❡ ✐♥�❡�♦ ❞❡❧ ❝♦�♣♦✳ ❈✐ �✐ ♣�❡�❡♥�❛ ❛❧❧♦�❛ ❛❧❧❛ ♠❡♥�❡ ✉♥❛ �❡�✐❡ ✐♥❞❡✜♥✐�❛ ❞✐ ❝♦�♣✐ ❛

❞❡♥�✐�� ❝❛♥❣✐❛♥�❡✱ ❝❤❡ ♦❝❝✉♣❛♥♦ �✉��✐ ✉♥♦ ��❡��♦ ✈♦❧✉♠❡ V ✱ ♥❡✐  ✉❛❧✐ ✐ �❛❧�✐ ❞✐ ❞❡♥�✐�� ❞✬✉♥♦ ✐♥

❛❧��♦ ✈♦❧✉♠❡ ❞✐✈❡♥�❛♥♦ �❡♠♣�❡ ♣✐! ❢�❡ ✉❡♥�✐✱ ❡ ✉♥❛ ��❡��❛ ❞❡♥�✐�� ♣❡��❡✈❡�❛ �❡♠♣�❡ ♣✐! ♣♦❝♦✳

■❧ ❝♦�♣♦ ❛ ❞❡♥�✐�� ✈❛�✐❛❜✐❧❡ #  ✉❡❧❧♦✱ ❧♦ ��❛�♦ ❞❡❧  ✉❛❧❡ ✈✐❡♥❡ �❡♠♣�❡ ♠❡♥♦ ✐♠♣❡�❢❡��❛♠❡♥�❡

�❛♣♣�❡�❡♥�❛�♦ ❞❛✐ ❝♦�♣✐ ❞❡❧❧✬ ❛♥③✐❞❡��❛ �❡�✐❡ ♣✐! ❝❤❡ ❝✬ ✐♥♥♦❧��✐❛♠♦ ✐♥ ❡��❛✱ ❡ ��❛ ❝♦♠❡ ❧✐♠✐�❡

❞✐ �❛❧✐ �✉❝❝❡��✐✈✐ ❛✈✈✐❝✐♥❛♠❡♥�✐✳

✾✳ ❋✐��❛�❛ ❧✬ ✐❞❡❛ ❞❡❧❧❛ ❞❡♥�✐�� ✈❛�✐❛❜✐❧❡✱ ❝❡�❝❤✐❛♠♦♥❡ ❧✬❡�♣�❡��✐♦♥❡✳ ■❧ ✈♦❧✉♠❡��♦ vn �✐❛

 ✉❡❧❧♦ ❝♦♥�❡♥❡♥�❡ ❧❛ ♠❛��❛ ❝❤❡ ♥❡❧❧❛ ❞✐�♣♦�✐③✐♦♥❡ ♣�❡❝❡❞❡♥�❡ ✐❞❡❛❧❡ ♦❝❝✉♣❛✈❛ ✐❧ ♣❛�❛❧❧❡❧❡♣✐♣❡❞♦

kij ✐❧ ❝✉✐ ✈❡��✐❝❡ ♣✐! ✈✐❝✐♥♦ ❛❧❧✬ ♦�✐❣✐♥❡ ❞❡❣❧✐ ❛��✐ ❛✈❡❛ ❧❡ ❝♦♦�❞✐♥❛�❡ a, b, c✳ ➮ ♠❛♥✐❢❡��♦ ❝❤❡ ❧❡

❞✐♠❡♥�✐♦♥✐ ❞❡❧ ✈♦❧✉♠❡ vn ❞✐♣❡♥❞❡�❛♥♥♦ ❞❛❧❧❡ ❢♦�♠❡ ❞❡❧❧❡ ❢✉♥③✐♦♥✐

x(a, b, c), y(a, b, c), z(a, b, c) ❝❤❡ �❡❣♦❧❛�♦♥♦ ❧❛ ❝♦❧❧♦❝❛③✐♦♥❡ �✐�♣❡��✐✈❛ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ♥❡❧ ��❛♣❛��♦

❛❧❧❛ ❞✐�♣♦�✐③✐♦♥❡ �❡❛❧❡✳ ❊��♦ # ✐♥ ❣❡♥❡�❛❧❡ ❡�♣�❡��♦ ❞❛❧❧❛ ❢♦�♠♦❧❛

vn =

∫

dx

∫

dy

∫

dz.1

❞♦✈❡♥❞♦�✐ ✐♥�❡♥❞❡�❡ ❧❡ ✐♥�❡❣�❛③✐♦♥✐ ❞❡✜♥✐�❡ �❡❝♦♥❞♦ ✐ ✈❛❧♦�✐ ❝❤❡ ♣�❡♥❞♦♥♦ ❧❡ x, y, z ❛❧❧❡ �✉♣❡�✜❝✐❡

❝♦♥�❡�♠✐♥❛♥�✐ ✐❧ ✈♦❧✉♠❡ ✿ ♠❛ ♥♦♥ �✐ ✈❡❞❡ ❛ ♣�✐♠❛ ❣✐✉♥�❛ ❝♦♠❡ ❡✛❡��✉❛�❡ �❛❧❡ ♦♣❡�❛③✐♦♥❡

❛♥❛❧✐�✐❝❛✳ ❙✐ ❛��✐✈❛ ♣❡�+ ❛❧❧✬✐♥�❡♥�♦ ��❛❢♦�♠❛♥❞♦ ❞❡��♦ ✐♥�❡❣�❛❧❡ ��✐♣❧✐❝❛�♦ ♥❡❧❧✬❛❧��♦ ❡ ✉✐✈❛❧❡♥�❡

♣�❡�♦ ♣❡� ❧❡ ✈❛�✐❛❜✐❧✐ a, b, c ❞❡❧❧❡  ✉❛❧✐ ❝♦♥♦�❝✐❛♠♦ ✐ ❧✐♠✐�✐ ❝❤❡ �✐ �✐❢❡�✐�❝♦♥♦ ❛❧❧❡ ❞✐♠❡♥�✐♦♥✐ ❞❡❧

♣❛�❛❧❧❡❧❡♣✐♣❡❞♦ kij ✳ ❆❜❜✐❛♠♦ ♣❡� �❛❧ ♠♦❞♦✱ ❣✐✉��❛ ❧❛ ♥♦�❛ �❡♦�✐❝❛ ♣❡� ❧❛ ��❛�❢♦�♠❛③✐♦♥❡ ❞❡❣❧✐

✐♥�❡❣�❛❧✐ ��✐♣❧✐❝❛�✐ ✭✯✮✶

✶✭✯✮▲❛❝�♦✐①✳ ❚�❛✐
� ❡❝✳ ❚✳ ■■✳ ♥✳ ✺✸✙✳ ♣❛❣✳ ✷✵✽ ❀ ♦✈✈❡�♦ ❇♦�❞♦♥✐✳ ▲❡③✐♦♥✐ ❡❝✳ ❚✳ ■✳ ♣❛❣ ✸✽✵✳

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✺

❚❤❡ ❜♦❞② ✇❤✐❝❤ ✇♦✉❧❞ �❡�✉❧� ❛❢�❡� �❤❡ ❝♦♥❝❡✐✈❡❞ �❡❞✉❝�✐♦♥ ♦❢ �❤❡ ♠♦❧❡❝✉❧❡�✱ ✇♦✉❧❞ ❜❡ ❤♦✇❡✈❡� ❛

❜♦❞② ❤❛✈✐♥❣ ❛ ♣✐❡❝❡✇✐�❡ ❝♦♥��❛♥� ❞❡♥�✐�②✱ ❛♥❞ ✇♦✉❧❞ ♥♦� ❜❡ �❤❡ ��✉❡ ❜♦❞② ✇✐�❤ ✈❛�②✐♥❣ ❞❡♥�✐�②✳

◆❡✈❡��❤❡❧❡�� ✇❡ ❝❛♥ ✇✐�❤ ♦✉� �❤♦✉❣❤� ❞❡❝�❡❛�❡ �❤❡ ❞✐♠❡♥�✐♦♥� ❛♥❞ ✐♥❝�❡❛�❡ �❤❡ ♥✉♠❜❡� ♦❢ �❤❡

♣�✐♠✐�✐✈❡ ❧✐��❧❡ ♣❛�❛❧❧❡❧❡♣✐♣❡❞� kij ✱ ❛♥❞ �❤❡ ❝♦��❡�♣♦♥❞✐♥❣ ❧✐��❧❡ ✈♦❧✉♠❡� v1, v2, v3, ...vn ✇❤✐❝❤

✇✐�❤ �❤❡✐� �✉♠ ❝♦♠♣♦�❡ �❤❡ ✇❤♦❧❡ ✈♦❧✉♠❡ ♦❢ �❤❡ ❜♦❞②✳ ❚❤❡�❡ ❛♣♣❡❛�� �❤❡♥ �♦ ♦✉� ♠✐♥❞

❛♥ ✐♥❞❡✜♥✐�❡ �❡�✐❡� ♦❢ ❜♦❞✐❡� ❤❛✈✐♥❣ ✈❛�②✐♥❣ ❞❡♥�✐�②✱ ✇❤✐❝❤ ❛❧❧ ♦❝❝✉♣② �❤❡ �❛♠❡ ✈♦❧✉♠❡ V, ✐♥

✇❤✐❝❤ �❤❡ ❥✉♠♣� ♦❢ ❞❡♥�✐�② ❢�♦♠ ♦♥❡ �♦ �❤❡ ♦�❤❡� �♠❛❧❧ ✈♦❧✉♠❡ ❜❡❝♦♠❡ ♠♦�❡ ❛♥❞ ♠♦�❡ ❢�❡ ✉❡♥�✱

❛♥❞ �❤❡ �❛♠❡ ✈❛❧✉❡ ♦❢ ❞❡♥�✐�② �❡♠❛✐♥� ❝♦♥��❛♥� ❢♦� �♠❛❧❧❡� ❛♥❞ �♠❛❧❧❡� ❞✐��❛♥❝❡�✳ ❚❤❡ ❜♦❞②

✇✐�❤ ✈❛�②✐♥❣ ❞❡♥�✐�② ✐� �❤❡♥ ❝❤❛�❛❝�❡�✐③❡❞ ❛� �❤❡ ♦♥❡ ✇❤♦�❡ ��❛�❡ ✐� ❧❡�� ❛♥❞ ❧❡�� ✐♠♣❡�❢❡❝�❧②

�❡♣�❡�❡♥�❡❞ ❜② �❤❡ ❜♦❞✐❡� ♦❢ ❛❢♦�❡♠❡♥�✐♦♥❡❞ �❡�✐❡� ✐♥❝�❡❛�✐♥❣❧② ❢♦�✇❛�❞ ✇❡ ❛❞✈❛♥❝❡ ✐♥ ✐�✱ ❛♥❞

❬�❤❡ ❜♦❞②❪ ❝❛♥ ❜❡ �❡❣❛�❞❡❞ ❛� �❤❡ ❧✐♠✐� ♦❢ �✉❝❤ �✉❜�❡ ✉❡♥� ❛♣♣�♦①✐♠❛�✐♦♥�✳

✾✳ ❖♥❝❡ �❤❡ ✐❞❡❛ ♦❢ ✈❛�✐❛❜❧❡ ❞❡♥�✐�② ❬✜❡❧❞❪ ✐� ��❛�❡❞✱ ❧❡� ✉� ✜♥❞ ✐�� ❡①♣�❡��✐♦♥✳ ▲❡� �❤❡ ❧✐��❧❡

✈♦❧✉♠❡ vn ❜❡ �❤❛� ♦♥❡ ✇❤✐❝❤ ❝♦♥�❛✐♥� �❤❡ ♠❛�� ✇❤✐❝❤ ✐♥ �❤❡ ♣�❡❝❡❞❡♥� ✐❞❡❛❧ ❛��❛② ♦❝❝✉♣✐❡❞

�❤❡ ♣❛�❛❧❧❡❧❡♣✐♣❡❞ kij, ✇❤♦�❡ ✈❡��❡① ❝❧♦�❡� �♦ �❤❡ ♦�✐❣✐♥ ♦❢ ❛①❡� ❤❛❞ �❤❡ ❝♦♦�❞✐♥❛�❡� a, b, c. ■�

✐� ♠❛♥✐❢❡�� �❤❛� �❤❡ ❞✐♠❡♥�✐♦♥� ♦❢ �❤❡ ✈♦❧✉♠❡ vn ✇✐❧❧ ❞❡♣❡♥❞ ♦♥ �❤❡ ❢♦�♠ ♦❢ �❤❡ ❢✉♥❝�✐♦♥�

x(a, b, c), y(a, b, c), z(a, b, c) ✇❤✐❝❤ ❞❡�❡�♠✐♥❡ �❤❡ �❡❧❛�✐✈❡ ♣❧❛❝❡♠❡♥� ♦❢ �❤❡ ♠♦❧❡❝✉❧❡� ✐♥ �❤❡

♣❛��❛❣❡ �♦ �❤❡ �❡❛❧ ❝♦♥✜❣✉�❛�✐♦♥✳ ■� ✐� ✐♥ ❣❡♥❡�❛❧ �❡♣�❡�❡♥�❡❞ ❜② �❤❡ ❢♦�♠✉❧❛

vn =

∫

dx

∫

dy

∫

dz.1

✇❤❡�❡ ♦♥❡ ♠✉�� ❝♦♥�✐❞❡� �❤❡ ✐♥�❡❣�❛�✐♦♥� ❜♦✉♥❞❛�✐❡� ❞❡✜♥❡❞ ❢♦❧❧♦✇✐♥❣ �❤❡ ✈❛❧✉❡� ✇❤✐❝❤ �❤❡

✈❛�✐❛❜❧❡� x, y, z ❛��✉♠❡ ❛� �❤❡ �✉�❢❛❝❡ ✇❤✐❝❤ ❜♦✉♥❞� �❤❡ ✈♦❧✉♠❡✿ ❤♦✇❡✈❡� ✐� ✐� ♥♦� ❡❛�② �♦ �❡❡

❛� ✜��� �✐❣❤� ❤♦✇ �❤✐� ❛♥❛❧②�✐❝❛❧ ♦♣❡�❛�✐♦♥ ❤❛� �♦ ❜❡ ♣❡�❢♦�♠❡❞✳ ■� ✐� ❤♦✇❡✈❡� ♣♦��✐❜❧❡ �♦ �❡❛❝❤

�❤❡ ✐♥�❡♥❞❡❞ �❡�✉❧� ❜② ��❛♥�❢♦�♠✐♥❣ �❤✐� ��✐♣❧❡ ✐♥�❡❣�❛❧ ✐♥�♦ �❤❡ ❡ ✉✐✈❛❧❡♥� ♦♥❡ ✐♥ �❡�♠� ♦❢ �❤❡

✈❛�✐❛❜❧❡� a, b, c ♦❢ ✇❤✐❝❤ ✇❡ ❦♥♦✇ �❤❡ ✐♥�❡❣�❛�✐♦♥ ❧✐♠✐�� ✇❤✐❝❤ ❝❛♥ ❜❡ ❡❛�✐❧② �❡❢❡��❡❞ �♦ �❤❡

❞✐♠❡♥�✐♦♥� ♦❢ �❤❡ ♣❛�❛❧❧❡❧❡♣✐♣❡❞ kij. ■♥ �❤✐� ✇❛②✱ ❜② ❛♣♣❧②✐♥❣ �❤❡ ✇❡❧❧✲❦♥♦✇♥ �❤❡♦�② ❢♦� �❤❡

��❛♥�❢♦�♠❛�✐♦♥ ♦❢ ��✐♣❧❡ ✐♥�❡❣�❛❧� ✭✯✮✶ ✇❡ ❤❛✈❡

✶✭✯✮▲❛❝�♦✐①✳ ❚�❛✐
� ❡❝✳ ❚✳ ■■✳ ♥✳ ✺✸✙✳ ♣❛❣✳ ✷✵✽ ❀ ♦� ❇♦�❞♦♥✐✳ ▲❡③✐♦♥✐ ❡❝✳ ❚✳ ■✳ ♣❛❣ ✸✽✵✳



✶✻
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

vn =

∫ a+k

a

da

∫ b+i

b

db

∫ c+j

c

dc.H ✭✸✮

❡		❡♥❞♦ H ✉♥ 	❡	�✐♥♦♠✐♦ ❝♦♠❡ 	❡❣✉❡

H =
dx

da

dy

db

dz

dc
−

dx

db

dy

da

dz

dc

+
dx

db

dy

dc

dz

da
−

dx

dc

dy

db

dz

da
✭✹✮

+
dx

dc

dy

da

dz

db
−

dx

da

dy

dc

dz

db

➮ ❢❛❝✐❧❡ 	✈♦❧❣❡�❡ ❧✬ ✐♥�❡❣�❛❧❡ ��✐♣❧✐❝❛�♦ ❞❡❧❧✬ ❡�✉❛③✐♦♥❡ ✭✸✮ ✐♥ ✉♥❛ 	❡�✐❡ ♦�❞✐♥❛�❛ 	❡❝♦♥❞♦ ❣❧✐

❛✉♠❡♥�✐ k, i, j ✿ ❡ ❝✐� ♣❡� ❧❛ ❞♦♣♣✐❛ �❛❣✐♦♥❡ ❝❤❡ �✉❡	�✐ ❛✉♠❡♥�✐ 	♦♥♦ ✐♥❞❡�❡�♠✐♥❛�✐✱ ❡ ❝❤❡ ✐

❧✐♠✐�✐ ❞❡❧❧❡ 	✉❝❝❡		✐✈❡ ✐♥�❡❣�❛③✐♦♥✐ 	♦♥♦ ✐♥❞✐♣❡♥❞❡♥�✐ ❣❧✐ ✉♥✐ ❞❛❣❧✐ ❛❧��✐✳

■♥❢❛��✐ ❝❤✐❛♠✐❛♠♦ ♣❡� ✉♥ ♠♦♠❡♥�♦ F (c) ❧✬ ✐♥�❡❣�❛❧❡
∫

dc.H ✐♥❞❡✜♥✐�♦ ❡❞ ✐♥❝♦♠♣❧❡�♦✱

❛✈�❡♠♦

∫ c+j

c

dc.H = F (c+ j)− F (c) = j
dF

dc
+

j2

2

d2F

dc2
+ ❡❝✳

♦		✐❛✱ 	✐❝❝♦♠❡ dF
dc

= H ✱

∫ c+j

c

dc.H = j H +
j2

2

dH

dc
+ ❡❝✳

❈✐ $ �✉✐♥❞✐ ❧❡❝✐�♦ ❝❛♠❜✐❛�❡ ✐❧ ✈❛❧♦�❡ ❞✐ vn ❞❛�♦ ❞❛❧❧❛ ✭✸✮ ♥❡❧ 	❡❣✉❡♥�❡

vn =

∫ a+k

a

da

∫ b+i

b

db

(

j H +
j2

2

dH

dc
+ ❡❝✳

)

❡ ❝♦♠❡ ❛❜❜✐❛♠♦ ♣♦�✉�♦ ❢❛�❡ 	♣❛�✐�❡ ✉♥ 	❡❣♥♦ ✐♥�❡❣�❛❧❡✱ ❝♦❧❧♦ 	�❡		♦ ❛��✐✜③✐♦ ❢❛�❡♠♦ 	♣❛�✐�❡

❛♥❝❤❡ ❣❧✐ ❛❧��✐ ❞✉❡✱ ❡ ❝✐ �✐	✉❧�❡�&

vn = k i j H +
k2ij

2

dH

da
+

ki2j

2

dH

db
+

kij2

2

dH

dc
+ ❡❝✳

❙♦	�✐�✉❡♥❞♦ �✉❡	�♦ ✈❛❧♦�❡ ❞✐ vn ♥❡❧❧✬ ✉❧�✐♠❛ ❞❡❧❧❡ ❡	♣�❡		✐♦♥✐ ✭✷✮✱ ❡ ❞✐✈✐❞❡♥❞♦ ✐ ❞✉❡ �❡�♠✐♥✐

❞❡❧❧❛ ❢�❛③✐♦♥❡ ♣❡� k i j ✱ ❛✈�❡♠♦

✶✻
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

vn =

∫ a+k

a

da

∫ b+i

b

db

∫ c+j

c

dc.H ✭✸✮

✇❤❡�❡ H ✐	 �❤❡ 	❡①�✐♥♦♠✐❛❧ ✇❤✐❝❤ ❢♦❧❧♦✇	

H =
dx

da

dy

db

dz

dc
−

dx

db

dy

da

dz

dc

+
dx

db

dy

dc

dz

da
−

dx

dc

dy

db

dz

da
✭✹✮

+
dx

dc

dy

da

dz

db
−

dx

da

dy

dc

dz

db

■� ✐	 ❡❛	② �♦ ❞❡✈❡❧♦♣ �❤❡ ��✐♣❧❡ ✐♥�❡❣�❛❧ ✐♥ �❤❡ ❡�✉❛�✐♦♥ ✭✸✮ ✐♥�♦ ❛ 	❡�✐❡	 ✇✐�❤ �❡	♣❡❝� �♦ �❤❡

✐♥❝�❡♠❡♥�	 k, i, j ❛♥❞ �❤✐	 ❢♦� �❤❡ ❞♦✉❜❧❡ �❡❛	♦♥ �❤❛� �❤❡	❡ ✐♥❝�❡♠❡♥�	 ❛�❡ ✐♥❞❡�❡�♠✐♥❡❞ ❛♥❞

�❤❡ ❧✐♠✐�	 ♦❢ �❤❡ 	✉❝❝❡		✐✈❡ ✐♥�❡❣�❛�✐♦♥	 ❛�❡ ✐♥❞❡♣❡♥❞❡♥� ♦♥❡ ♦❢ �❤❡ ♦�❤❡�	✳

■♥❞❡❡❞ ❧❡� ✉	 ❝❛❧❧ ❢♦� ❛ ♠♦♠❡♥� F (c) �❤❡ ✐♥❞❡✜♥✐�❡ ❛♥❞ ✐♥❝♦♠♣❧❡�❡ ✐♥�❡❣�❛❧
∫

dc.H✱ ✇❡ ✇✐❧❧

❤❛✈❡

∫ c+j

c

dc.H = F (c+ j)− F (c) = j
dF

dc
+

j2

2

d2F

dc2
+ ❡�❝✳

✇❤✐❝❤✱ ❛	 dF
dc

= H ✱ �❡❛❞	

∫ c+j

c

dc.H = j H +
j2

2

dH

dc
+ ❡�❝✳

■� ✐	 �❤❡�❡❢♦�❡ ❧✐❝✐� �♦ ❝❤❛♥❣❡ �❤❡ ✈❛❧✉❡ ♦❢ vn, ❛	 ❣✐✈❡♥ ❜② ✭✸✮ ✐♥�♦ �❤❡ ❢♦❧❧♦✇✐♥❣

vn =

∫ a+k

a

da

∫ b+i

b

db

(

j H +
j2

2

dH

dc
+ ❡�❝✳

)

❛♥❞ ❡①❛❝�❧② ❛	 ✇❡ ♠❛♥❛❣❡❞ �♦ �❡♣❧❛❝❡ ♦♥❡ ✐♥�❡❣�❛❧ 	✐❣♥✱ ✈✐❛ �❤❡ 	❛♠❡ ♣�♦❝❡❞✉�❡ ✇❡ ✇✐❧❧ �❡♣❧❛❝❡

❛❧	♦ �❤❡ ♦�❤❡� �✇♦✱ ❛♥❞ ✇✐❧❧ ❣❡�

vn = k i j H +
k2ij

2

dH

da
+

ki2j

2

dH

db
+

kij2

2

dH

dc
+ ❡�❝✳

❘❡♣❧❛❝✐♥❣ �❤✐	 ✈❛❧✉❡ ❢♦� vn ✐♥ �❤❡ ❧❛	� ♦❢ �❤❡ ❡①♣�❡		✐♦♥	 ✭✷✮✱ ❛♥❞ ❞✐✈✐❞✐♥❣ �❤❡ �✇♦ �❡�♠	 ♦❢

�❤❡ ❢�❛❝�✐♦♥ ❜② k i j ✱ ②✐❡❧❞



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✼

1

H + k
2
dH
da

+ i
2
dH
db

+ j
2
dH
dc

+ ❡❝✳
✭✺✮

♣❡
 ❧✬ ❡
♣
❡

✐♦♥❡ ❞❡❧❧❛ ❞❡♥
✐�� ❝♦
�❛♥�❡ ❡♥�
♦ ✐❧ ✈♦❧✉♠❡��♦ vn✳ ▼❡♥�
❡ ❝♦❧ 
✉❝❝❡

✐✈♦ ✐♠♣✐❝❝✐✲

♦❧✐

✐ ❞❡✐ ✈♦❧✉♠❡��✐ v1, v2, .....vn✱ ✈❡♥✐❛♠♦✱ ❝♦♠❡ 
♦♣
❛ ❛❜❜✐❛♠♦ ❞❡
❝
✐��♦✱ ❛❞ ❛❝❝♦
�❛
❝✐ ❝♦♥�✐♥✲

✉❛♠❡♥�❡ ❛❧ ✈❡
♦ ❝♦
♣♦ ❛ ❞❡♥
✐�� ✈❛
✐❛❜✐❧❡✱ ✐❧ ✈❛❧♦
❡ ❞❡❧❧❛ ♣
❡❝❡❞❡♥�❡ ❢
❛③✐♦♥❡ ✭✺✮✱ ❛ ♠♦�✐✈♦ ❞❡❧❧✬

✐♠♣✐❝❝✐♦❧✐♠❡♥�♦ ❝♦♥�✐♥✉♦ ❞❡❧❧❡ k, i, j, 
✬❛❝❝♦
�❡
� ❡

♦ ♣✉
❡ ❝♦♠❡ ❛ ❧✐♠✐�❡ ❞❡❧❧❛ ❢
❛③✐♦♥❡ 1
H

✿

�✉✐♥❞✐ ❞❡��❛ Γ ❧✬ ❡
♣
❡

✐♦♥❡ ❞❡❧❧❛ ❞❡♥
✐�� ✈❛
✐❛❜✐❧❡✱ ❛✈
❡♠♦

Γ =
1

H
. ✭✻✮

➮ �✉❡
�❛ ✉♥❛ ❢♦
♠♦❧❛ ❝❛♣✐�❛❧❡✱ ❞✐ ❝✉✐ ❝✐ ♦❝❝♦

❡
� �
❛��♦ �
❛��♦ ❧✬❛♣♣❧✐❝❛③✐♦♥❡✱ ❡ ❞❛ ❝✉✐ 
✐

❞❡❞✉❝♦♥♦ ♣
♦♥�❛♠❡♥�❡ ❝♦♥
❡❣✉❡♥③❡ ❝❤❡ ❛❧�
✐♠❡♥�✐ 
✐ ❛✈❡✈❛♥♦ ❝♦♥ ♠♦❧�♦ 
�❡♥�♦✳ ❱✐❡♥❡ ❡

❛ ❞❛❧❧✬

❛✈❡
❡ ❝♦♥
✐❞❡
❛�❛ ❧❛ ❝♦♠♣♦
✐③✐♦♥❡ ❞❡✐ ❝♦
♣✐ ❝♦♠❡ ♣
❡❝❡❞❡♥�❡ ❞♦♣♦ ✉♥❛ ♣
✐♠✐�✐✈❛ ❞✐
♣♦
✐③✐♦♥❡

✐❞❡❛❧❡ ❡❞ ✉♥✐❢♦
♠❡ ❞❡❧❧❡ ❧♦
♦ ♠♦❧❡❝♦❧❡✱ �✉❛❧❡ 
✐ ❤❛ ♥❡❧❧♦ 
�❛�♦ ❞✐ ✢✉✐❞✐��✿ ❡ ❞❛❧❧✬ ❛✈❡
 
✐❣✉❛
❞❛�❡

❧❡ ❝♦♦
❞✐♥❛�❡ x, y, z ❞❡❧❧♦ 
�❛�♦ 
❡❛❧❡ ❝♦♠❡ ❢✉♥③✐♦♥✐ ❞❡❧❧❡ ❝♦♦
❞✐♥❛�❡ a, b, c 
♣❡��❛♥�✐ ❛ �✉❡❧❧♦


�❛�♦ ♣
❡❝❡❞❡♥�❡✭✯✮✶✳

❆❣❣✐✉♥❣✐❛♠♦ ✉♥❛ ❝♦♥
✐❞❡
❛③✐♦♥❡ ❣✐� ❢❛��❛ ❞❛ ▲❛❣
❛♥❣❡✱ ❝✐♦) ❝❤❡ ❞❛❧❧❡ ❡�✉❛③✐♦♥✐

x = x (a, b, c) ❀ y = y (a, b, c) ❀ z = z (a, b, c) ✭✼✮

♣♦

♦♥♦ ✐♥�❡♥❞❡

✐ ❞❡❞♦��❡ ❧❡ ✐♥✈❡

❡

a = a (x, y, z) ❀ b = b (x, y, z) ❀ c = c (x, y, z) ✭✽✮

♣❡
 ❝✉✐ 
✐ ❛❜❜✐❛♥♦ ❧❡ a, b, c ✐♥ ❢✉♥③✐♦♥❡ ❞❡❧❧❡ x, y, z ✿ ❡ ❝❤❡ �✉✐♥❞✐ ♦❣♥✐ ❢✉♥③✐♦♥❡ K(a, b, c) ❞❡❧❧❡

a, b, c ♣✉, ❡

❡
❡ 
✐❣✉❛
❞❛�❛ 
✐❞♦��❛ ❛❞ ✉♥❛ ❢♦
♠❛ K(x, y, z) ✐♥ ❢✉♥③✐♦♥❡ ❞❡❧❧❡ x, y, z

✶✭✯✮ ◆❡❧❧❛ ♠❡♠♦
✐❛ ✐♥
❡
✐�❛ ♥❡❧ ❚✳ ❳❳■ ❞✐ �✉❡
�✐ ❆��✐ ❤♦ ❞❛�♦ ✉♥❛ ❞✐♠♦
�
❛③✐♦♥❡ ❞❡❧❧❛ ❢♦
♠♦❧❛ ✭✻✮ ❞✐✈❡

❛
❞❛❧❧❛ ♣
❡
❡♥�❡ ❡ ♠♦❧�♦ ♣✐� ❧✉♥❣❛ ✿ ❡

❛ ❡
❛ ❞❡❞♦��❛ ❞❛ ❝♦♥
✐❞❡
❛③✐♦♥✐ ❣❡♦♠❡�
✐❝❤❡ ❝❤❡ ♣♦✐ ❝♦♥♦❜❜✐ ♣♦�❡
 ❡✈✐�❛
❡✱
❛❞♦��❛♥❞♦✱ ❝♦♠❡ �✉✐ ❢❡❝✐✱ ❧❛ �❡♦
✐❛ ❞❡✐ ❧✐♠✐�✐✳

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✼

1

H + k
2
dH
da

+ i
2
dH
db

+ j
2
dH
dc

+ ❡�❝✳
✭✺✮

❢♦
 �❤❡ ❡①♣
❡

✐♦♥ ♦❢ �❤❡ ❝♦♥
�❛♥� ❞❡♥
✐�② ✐♥
✐❞❡ �❤❡ ❧✐��❧❡ ✈♦❧✉♠❡ vn✳ ❲❤✐❧❡ ✇✐�❤ �❤❡ ♣
♦❣
❡

✐✈❡

❞❡❝
❡❛
❡ ♦❢ �❤❡ ❧✐��❧❡ ✈♦❧✉♠❡
 v1, v2, .....vn✱ ✇❡ ❣❡�✱ ❛
 ✇❡ ❞❡
❝
✐❜❡❞ ❜❡❢♦
❡✱ ❝❧♦
❡
 ❛♥❞ ❝❧♦
❡


�♦ �❤❡ �
✉❡ ❜♦❞② ✇✐�❤ ✈❛
✐❛❜❧❡ ❞❡♥
✐�②✱ �❤❡ ✈❛❧✉❡ ♦❢ �❤❡ ♣
❡❝❡❞❡♥� ❢
❛❝�✐♦♥ ✭✺✮✱ ❜❡❝❛✉
❡ ♦❢ �❤❡

❝♦♥�✐♥✉♦✉
 ❞❡❝
❡❛
❡ ♦❢ �❤❡ ✈❛
✐❛❜❧❡
 k, i, j, ✇✐❧❧ ❜❡❝♦♠❡ ❝❧♦
❡
 ❛♥❞ ❝❧♦
❡
 ❛
 ❛ ❧✐♠✐� �♦ �❤❡

❢
❛❝�✐♦♥ 1
H

✿ �❤❡
❡❢♦
❡ ♦♥❝❡ ❝❛❧❧❡❞ Γ �❤❡ ❡①♣
❡

✐♦♥ ♦❢ �❤❡ ✈❛
✐❛❜❧❡ ❞❡♥
✐�②✱ ✇❡ ✇✐❧❧ ❤❛✈❡

Γ =
1

H
. ✭✻✮

❚❤✐
 ✐
 ❛ ❢♦
♠✉❧❛ ♦❢ ❝❛♣✐�❛❧ ✐♠♣♦
�❛♥❝❡ ✇❤♦
❡ ❛♣♣❧✐❝❛�✐♦♥ ✇❡ ✇✐❧❧ ♥❡❡❞ ✈❡
② ♦❢�❡♥✱ ❬✐♥❞❡❡❞ ✐� ✐
 ❛

❢♦
♠✉❧❛❪ ❢
♦♠ ✇❤✐❝❤ ♦♥❡ ❝❛♥ ❡❛
✐❧② ❞❡❞✉❝❡ ❝♦♥
❡�✉❡♥❝❡
 ✇❤✐❝❤ ♦�❤❡
✇✐
❡ ❝❛♥ ❜❡ ♦❜�❛✐♥❡❞ ✈❡
②

♣❛✐♥❢✉❧❧②✳ ■� ❝♦♠❡
 ♦✉� ❜❡❝❛✉
❡ �❤❡ ❬
❡❢❡
❡♥�✐❛❧❪ ♣
❡❝❡❞❡♥� ✢✉✐❞ ❝♦♥✜❣✉
❛�✐♦♥ ♦❢ �❤❡ ❜♦❞✐❡
 ✇❛


❛

✉♠❡❞ �♦ ❜❡ 
❡❛❝❤❡❞ ❢
♦♠ ❛ ♣
✐♠✐�✐✈❡ ✐❞❡❛❧ ❛♥❞ ✉♥✐❢♦
♠ ❛

❛② ♦❢ �❤❡ ♠♦❧❡❝✉❧❡
 ❛♥❞ ❜❡❝❛✉
❡

�❤❡ ❝♦♦
❞✐♥❛�❡
 x, y, z ♦❢ �❤❡ 
❡❛❧ 
�❛�❡ ✇❡
❡ 
❡❣❛
❞❡❞ ❛
 ❢✉♥❝�✐♦♥
 ♦❢ �❤❡ ❝♦♦
❞✐♥❛�❡
 a, b, c


❡❧❛�✐✈❡ �♦ �❤❛� ♣
❡❝❡❞❡♥� 
�❛�❡✳✭✯✮✶

❲❡ ❛❞❞ ❤❡
❡ ❛ ❝♦♥
✐❞❡
❛�✐♦♥ ✇❤✐❝❤ ✇❛
 ❛❧
❡❛❞② ♣
❡
❡♥�❡❞ ❜② ▲❛❣
❛♥❣❡✱ ✐✳❡✳ �❤❛� ❢
♦♠ �❤❡

❡�✉❛�✐♦♥


x = x (a, b, c) ❀ y = y (a, b, c) ❀ z = z (a, b, c) ✭✼✮

✇❡ ❝❛♥ ❛

✉♠❡ �♦ ❜❡ ❛❜❧❡ �♦ ❞❡❞✉❝❡ �❤❡✐
 ✐♥✈❡

❡ ❡�✉❛�✐♦♥


a = a (x, y, z) ❀ b = b (x, y, z) ❀ c = c (x, y, z) ✭✽✮

❢
♦♠ ✇❤✐❝❤ ✇❡ ❝❛♥ ❣❡� �❤❡ ✈❛
✐❛❜❧❡
 a, b, c ❛
 ❢✉♥❝�✐♦♥
 ♦❢ �❤❡ ✈❛
✐❛❜❧❡
 x, y, z : ❛♥❞ �❤❡
❡❢♦
❡

❬✇❡ ❝❛♥ ❛

✉♠❡❪ �❤❛� ❡✈❡
② ❢✉♥❝�✐♦♥ K(a, b, c) ♦❢ �❤❡ ✈❛
✐❛❜❧❡
 a, b, c ❝❛♥ ❜❡ 
❡❞✉❝❡❞ �♦ ❛ ❢♦
♠

K(x, y, z) ❛
 ❛ ❢✉♥❝�✐♦♥ ♦❢ �❤❡ ✈❛
✐❛❜❧❡
 x, y, z.

✶✭✯✮ ■♥ �❤❡ ▼❡♠♦✐
 ✐♥
❡
�❡❞ ✐♥ ❚✳❳❳■ ♦❢ �❤❡ ♣
❡
❡♥� $
♦❝❡❡❞✐♥❣
 ■ ❣❛✈❡ ❛ ❞❡♠♦
�
❛�✐♦♥ ♦❢ �❤❡ ❢♦
♠✉❧❛ ✭✻✮
❞✐✛❡
❡♥� ❢
♦♠ �❤❡ ♦♥❡ ✇❤✐❝❤ ■ ♣
❡
❡♥�❡❞ ❤❡
❡ ❛♥❞ ♠✉❝❤ ♠♦
❡ ✐♥✈♦❧✈❡❞✿ ✐♥❞❡❡❞ ✐� ✇❛
 ❞❡❞✉❝❡❞ �❤❡
❡ ❢
♦♠ 
♦♠❡
❣❡♦♠❡�
✐❝❛❧ ❝♦♥
✐❞❡
❛�✐♦♥
 ✇❤✐❝❤ ■ ✉♥❞❡

�♦♦❞ ❧❛�❡
 �❤❛� ■ ❝♦✉❧❞ ❛✈♦✐❞✱ ❜② ❛❞♦♣�✐♥❣✱ ❛
 ■ ❤❛✈❡ ❞♦♥❡ ❤❡
❡✱ �❤❡
�❤❡♦
② ♦❢ ❧✐♠✐�
✳

✳



✶✽
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

♠❡❞✐❛♥�❡ ❧❛ 
♦
�✐�✉③✐♦♥❡ ❞❡✐ ✈❛❧♦�✐ ✭✽✮ ✳ ❆❞✉♥�✉❡ ❧❛ ❞❡♥
✐�� Γ (x, y, z) ♥❡❧ ♣✉♥�♦ (x, y, z) �

�✉❡❧❧❛ ❢✉♥③✐♦♥❡ ❞❡❧❧❡ ❝♦♦�❞✐♥❛�❡ ❞❡❧❧♦ 
�❛�♦ �❡❛❧❡ ❝❤❡ 
✐ ♦��✐❡♥❡ ❞❛❧ 
❡❝♦♥❞♦ ♠❡♠❜�♦ ❞❡❧❧❛ ✭✻✮

♦✈❡ 
✬ ✐♠♠❛❣✐♥✐♥♦ ❡
❡❣✉✐�❡ �✉��❡ ❧❡ ❞❡�✐✈❛③✐♦♥✐ ✐♥❞✐❝❛�❡ ♥❡❧ 
❡
�✐♥♦♠✐♦ ✭✹✮ ❡ ❛❞ ♦♣❡�❛③✐♦♥✐ ✜♥✐�❡


♦
�✐�✉✐�✐ ✐ ✈❛❧♦�✐ ✭✽✮ ✳

✶✵✳ ➮ ♦�❛ ❢❛❝✐❧❡ ❛✈❡�❡ ❧✬❡
♣�❡

✐♦♥❡ ❞❡❧❧❛ ♠❛

❛ ❞✐ ✉♥ ❝♦�♣♦ ❛ ❞❡♥
✐�� ✈❛�✐❛❜✐❧❡ ♣❡� ♠❡③③♦

❞❡❧❧❡ ❞✐♠❡♥
✐♦♥✐ ❝❤✬ ❡

♦ ❤❛ ♥❡❧ 
✉♦ 
�❛�♦ �❡❛❧❡✳ ▲❛ ♠❛

❛ M ❝❤❡ 
�❛ ♥❡❧ ✈♦❧✉♠❡ V ❞✐ ❞❡��♦

❝♦�♣♦✱ 
�❛✈❛ ✐♥ ✉♥ ❞✐✈❡�
♦ ✈♦❧✉♠❡✱ �✉❛♥❞♦ ❧❛ ❞✐
♣♦
✐③✐♦♥❡ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ❡�❛ ❧❛ ♣�❡❝❡❞❡♥�❡

✐❞❡❛❧❡ ❝♦❧❧❛ ❞❡♥
✐�� ✉♥✐�❛�✐❛✱ ❡ ❛❧❧♦�❛ 
❛�❡❜❜❡
✐ ❛✈✉�♦ ✭ ❱❡❞✐ ◆✳ ✻ ✮

M =

∫

da

∫

db

∫

dc. 1 ✭✾✮

✐♥�❡♥❞❡♥❞♦ ❧❡ ✐♥�❡❣�❛③✐♦♥✐ ❞❡✜♥✐�❡ ❣✐✉
�❛ ✐ ✈❛❧♦�✐ ❞❡❧❧❡ a, b, c ❛❧❧❡ 
✉♣❡�✜❝✐❡ ❝♦♥�❡�♠✐♥❛♥�✐ ✐❧

✈♦❧✉♠❡✳ ▼❡��❡♥❞♦ ✐♥✈❡❝❡ ❞❡❧❧✬ ✉♥✐�� ✐❧ ✈❛❧♦�❡ ❡�✉✐✈❛❧❡♥�❡ ΓH ✭ ❡�✉❛③✐♦♥❡ ✭✻✮ ✮✱ ❧❛ ❢♦�♠♦❧❛

♣�❡❝❡❞❡♥�❡ ❞✐✈❡♥�❛

M =

∫

da

∫

db

∫

dc.HΓ

❞❛❧❧❛ �✉❛❧❡✱ ♣❡� ❧❛ �❡♦�✐❝❛ ❞❡❧❧❛ ��❛
❢♦�♠❛③✐♦♥❡ ❞❡❣❧✐ ✐♥�❡❣�❛❧✐ ��✐♣❧✐❝❛�✐ ♣✐* 
♦♣�❛ �✐❝♦�❞❛�❛✱ 
✐

♣✉+ ♣❛

❛�❡ ✐♠♠❡❞❛�❛♠❡♥�❡ ❛❧❧✬❛❧��❛

M =

∫

dx

∫

dy

∫

dz.Γ (x, y, z) ✭✶✵✮

❞♦✈❡ ❛❞❡

♦ ✐ ❧✐♠✐�✐ ❞❡❧❧❡ ✐♥�❡❣�❛③✐♦♥✐ 
✐ ❤❛♥♥♦ ♣❡✐ ✈❛❧♦�✐ ❝❤❡ ♣�❡♥❞♦♥♦ ❧❡ x, y, z ❛✐ ❧✐♠✐�✐

❞❡❧❧❡ 
✉♣❡�✜❝✐❡ ♥❡❧❧♦ 
�❛�♦ �❡❛❧❡ ❞❡❧ ❝♦�♣♦✳ ❙❡ ❛✈❡

✐♠♦ �❛♣♣♦��❛�♦ ❧♦ 
�❛�♦ �❡❛❧❡ ❞❡❧ ❝♦�♣♦ ♥♦♥

❛❞ ✉♥♦ 
�❛�♦ ❛♥�❡❝❡❞❡♥�❡ ❞✐ ❞❡♥
✐�� ❝♦
�❛♥�❡ ✉♥✐�❛�✐❛✱ ♠❛ ❞✐ ❞❡♥
✐�� ❝♦
�❛♥�❡ ❡
♣�❡

❛ ❞❛ ✉♥

♥✉♠❡�♦ μ ❝✐ 
❛�❡❜❜❡ �✐
✉❧�❛�♦ ♠♦❧�✐♣❧✐❝❛�♦ ♣❡� �✉❡
�♦ 
�❡

♦ ♥✉♠❡�♦ μ �❛♥�♦ ✐❧ 
❡❝♦♥❞♦ ♠❡♠❜�♦

❞❡❧❧❛ ❢♦�♠♦❧❛ ✭✻✮ �✉❛♥�♦ �✉❡❧❧♦ ❞❡❧❧❛ ❢♦�♠♦❧❛ ✭✶✵✮ ✳

-♦

✐❛♠♦ ♦

❡�✈❛�❡ ❝❤❡ ♥❡❧❧❛ ❢♦�♠♦❧❛ ✭✶✵✮ ❧✬❡✛❡��♦ ❞❡❧❧❛ ❢✉♥③✐♦♥❡ Γ ✐♥��♦❞♦��❛ 
♦��♦ ❧✬✐♥�❡❣�❛❧❡

��✐♣❧✐❝❛�♦✱ 
✐ � �✉❡❧❧♦ ❞✐ �❡��✐✜❝❛�❡ ✉♥ ❡��♦�❡ ❝❤❡ 
❡♥③❛ ❞✐ ❡

❛ ❝✐ �✐
✉❧�❡�❡❜❜❡✱ ♥♦♥ ♣♦�❡♥❞♦ ♣✐*

❧❛ ♠❛

❛ ❛✈❡�❡ ♣❡� ❡
♣�❡

✐♦♥❡ ❧❛ 
�❡

❛ ❡
♣�❡

✐♦♥❡ ❞❡❧ ✈♦❧✉♠❡✱ ❝♦♠❡ ♥❡❧❧❛ ❢♦�♠♦❧❛ ✭✾✮ ✿ ✐♥❢❛��✐

❧❛ ♠❛

❛ � ❛♥❝♦�❛

✶✽
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

❜② ♠❡❛♥
 ♦❢ �❤❡ �❡♣❧❛❝❡♠❡♥� ♦❢ �❤❡ ✈❛❧✉❡
 ✭✽✮✳ ❚❤❡�❡❢♦�❡ �❤❡ ❞❡♥
✐�② Γ (x, y, z) ✐♥ �❤❡ ♣♦✐♥�

(x, y, z) ✐
 �❤❛� ❢✉♥❝�✐♦♥ ♦❢ �❤❡ ❝♦♦�❞✐♥❛�❡
 ♦❢ �❤❡ �❡❛❧ 
�❛�❡ ✇❤✐❝❤ ✐
 ♦❜�❛✐♥❡❞ ❢�♦♠ �❤❡ 
❡❝♦♥❞

♠❡♠❜❡� ♦❢ �❤❡ ✭✻✮✱ ✇❤❡�❡ ❛❧❧ �❤❡ ❞❡�✐✈❛�✐♦♥
 ✐♥❞✐❝❛�❡❞ ✐♥ �❤❡ 
❡①�✐♥♦♠✐❛❧ ✭✹✮ ❛�❡ ✐♠❛❣✐♥❡❞ ❛


♣❡�❢♦�♠❡❞✱ ❜② �❡♣❧❛❝✐♥❣ �❤❡ ✈❛❧✉❡
 ❣✐✈❡♥ ❜② ✭✽✮✳

✶✵✳ ■� ✐
 ♥♦✇ ❡❛
② �♦ ♦❜�❛✐♥ �❤❡ ❡①♣�❡

✐♦♥ ♦❢ �❤❡ ♠❛

 ♦❢ ❛ ❜♦❞② ❤❛✈✐♥❣ ❛ ❬
♣❛�✐❛❧❧②❪ ✈❛�✐❛❜❧❡

❞❡♥
✐�② ❜② ♠❡❛♥
 ♦❢ �❤❡ ❝♦♥✜❣✉�❛�✐♦♥ ✇❤✐❝❤ ✐� ❛

✉♠❡❞ ✐♥ ✐�
 �❡❛❧ 
�❛�❡✳ ❚❤❡ ♠❛

 M ♣❧❛❝❡❞

✐♥ �❤❡ ✈♦❧✉♠❡ V ♦❢ 
❛✐❞ ❜♦❞② ✇❛
 ♣❧❛❝❡❞ ✐♥ ❛ ❞✐✛❡�❡♥� ✈♦❧✉♠❡ ✇❤❡♥ �❤❡ ❝♦♥✜❣✉�❛�✐♦♥ ♦❢ �❤❡

♠♦❧❡❝✉❧❡
 ✇❛
 �❤❡ ♣�❡❝❡❞❡♥� ✐❞❡❛❧ ♦♥❡ ❛♥❞ �❤❡ ❞❡♥
✐�② ✇❛
 ✉♥✐�❛�②✳ ■♥ �❤❛� ❝❛
❡ ♦♥❡ ✇♦✉❧❞

❤❛✈❡ ❤❛❞ ✭❙❡❡ 
❡❝�✳ ✻✮

M =

∫

da

∫

db

∫

dc. 1 ✭✾✮

�❡❣❛�❞✐♥❣ �❤❡ ✐♥�❡❣�❛�✐♦♥ ❧✐♠✐�
 ❜❡✐♥❣ ❞❡✜♥❡❞ ❜② �❤❡ ✈❛❧✉❡
 ♦❢ a, b, c ✇❤✐❝❤ ❞❡❧✐♥❡❛�❡❞ �❤❡

✈♦❧✉♠❡✳ ❘❡♣❧❛❝✐♥❣ �❤❡ ✉♥✐� ✇✐�❤ �❤❡ ❡�✉✐✈❛❧❡♥� ✈❛❧✉❡ ΓH ✭ ❡�✉❛�✐♦♥ ✭✻✮ ✮✱ �❤❡ ♣�❡❝❡❞❡♥�

❢♦�♠✉❧❛ ❜❡❝♦♠❡


M =

∫

da

∫

db

∫

dc.HΓ

❢�♦♠ ✇❤✐❝❤✱ ❜❡❝❛✉
❡ ♦❢ �❤❡ �❤❡♦�② ♦❢ ��❛♥
❢♦�♠❛�✐♦♥ ♦❢ ��✐♣❧❡ ✐♥�❡❣�❛❧
 ♣�❡✈✐♦✉
❧② ❛❧�❡❛❞②

�❡❝❛❧❧❡❞✱ ♦♥❡ ❝❛♥ ♦❜�❛✐♥ ✐♠♠❡❞✐❛�❡❧② �❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡

M =

∫

dx

∫

dy

∫

dz.Γ (x, y, z) ✭✶✵✮

✇❤❡�❡ ♥♦✇ �❤❡ ✐♥�❡❣�❛�✐♦♥ ❧✐♠✐�
 ❛�❡ ❣✐✈❡♥ ❜② �❤❡ ✈❛❧✉❡
 ❛

✉♠❡❞ ❜② �❤❡ ✈❛�✐❛❜❧❡
 x, y, z ♦♥

�❤❡ 
✉�❢❛❝❡ ✇❤✐❝❤ ✐
 �❤❡ ❜♦✉♥❞❛�② ♦❢ ❬�❤❡ ✈♦❧✉♠❡ ♦❝❝✉♣✐❡❞ ❜②❪ �❤❡ ❜♦❞② ✐♥ �❤❡ �❡❛❧ 
�❛�❡✳ ■❢✱

✐♥
�❡❛❞ ♦❢ �❡❢❡��✐♥❣ ❬�❤❡ ❜♦❞②❪ �♦ ❛♥ ❛♥�❡❝❡❞❡♥� 
�❛�❡ ❤❛✈✐♥❣ ✉♥✐�❛�② ❞❡♥
✐�②✱ ✇❡ ❤❛❞ �❡❢❡��❡❞

❬✐�
❪ �❡❛❧ 
�❛�❡ �♦ ❛ �❡❢❡�❡♥�✐❛❧ ❝♦♥✜❣✉�❛�✐♦♥ ❤❛✈✐♥❣ ❝♦♥
�❛♥� ❞❡♥
✐�② ❣✐✈❡♥ ❜② ❛ ♥✉♠❜❡� μ ✇❡

✇♦✉❧❞ ❤❛✈❡ ❤❛❞ ♠✉❧�✐♣❧✐❡❞ �✐♠❡
 �❤❡ 
❛♠❡ ♥✉♠❜❡� μ ❜♦�❤ �❤❡ 
❡❝♦♥❞ ♠❡♠❜❡�
 ♦❢ �❤❡ ❢♦�♠✉❧❛


✭✻✮ ❛♥❞ ✭✶✵✮✳

❲❡ ❝❛♥ �❡♠❛�❦ �❤❛� ✐♥ �❤❡ ❢♦�♠✉❧❛ ✭✶✵✮ �❤❡ ❡✛❡❝� ♦❢ �❤❡ ❢✉♥❝�✐♦♥ Γ ✐♥��♦❞✉❝❡❞ ✐♥ �❤❡ ��✐♣❧❡

✐♥�❡❣�❛❧✱ ✐
 �❤❛� ♦❢ �❡❝�✐❢②✐♥❣ �❤❡ ❡��♦� ✇❤✐❝❤✱ ✇✐�❤♦✉� ✐�✱ ✇❡ ✇♦✉❧❞ ❣❡�✱ ❛
 �❤❡ ♠❛

 ❬✐♥ �❤❡ �❡❛❧


�❛�❡❪ ❝❛♥♥♦� ❤❛✈❡ �❤❡ 
❛♠❡ ❡①♣�❡

✐♦♥ �❡❧❛�✐✈❡❧② �♦ �❤❡ ❬♦❝❝✉♣✐❡❞❪ ✈♦❧✉♠❡✿ ✐♥❞❡❡❞ �❤❡ ♠❛

 ✐


�❡♠❛✐♥❡❞



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✾

❧❛ ��❡��❛ ❡ ✐❧ ✈♦❧✉♠❡ 
 ❝❛♠❜✐❛�♦✳ ❉✐ ♣✐� ✿ ❧❛ ���✉��✉�❛ ❞❡❧ ❝❛❧❝♦❧♦ ✐♥�❡❣�❛❧❡ �✉♣♣♦♥❡ ❝♦��❛♥�✐

❣❧✐ ❛✉♠❡♥�✐ ❞❡❧❧❡ ✈❛�✐❛❜✐❧✐ ❛❞♦♣❡�❛�❡ ♥❡❧❧❡ ✐♥�❡❣�❛③✐♦♥✐✱ ♠❡♥��❡ x, y, z ❝❤❡ ♣❛��❛♥♦ ❞✬ ✉♥❛ ✐♥

❛❧��❛ ♠♦❧❡❝♦❧❛ ❞❡❧❧♦ ��❛�♦ �❡❛❧❡✱ ♥♦♥ ❤❛♥♥♦ ✈❡�❛♠❡♥�❡ ✐ ❧♦�♦ ❛✉♠❡♥�✐ ❡❣✉❛❧✐ ✿ ♣❛�❡ �✉✐♥❞✐ ❝❤❡

�✐ ❝♦♠♠❡��❛ ✉♥ ❡��♦�❡ ❝♦❧❧✬ ✉�❛�❡ ❞❡❧❧❡ x, y, z ❝♦♠❡ �✐ ❢❛�❡❜❜❡ ❞✐ ✈❛�✐❛❜✐❧✐ �❡♠♣❧✐❝✐ ✐♥ ❢♦�♠♦❧❡

✐♥�❡❣�❛❧✐✳ ◆♦♥ 
 ✈❡�♦ ✿ ❧✬ ✐♥��♦❞✉③✐♦♥❡ ❞❡❧ ❢❛��♦�❡ Γ ❝♦��❡❣❣❡ �✉❡��♦ ❡��♦�❡✱ ❝✐♦
 ❢❛ � ❝❤❡ �✐

❛❜❜✐❛♥♦ �✐�✉❧�❛�✐ ❣✐✉��✐ ❛♥❝❤❡ ❛❞♦♣❡�❛♥❞♦ ❝♦♠❡ ✈❛�✐❛❜✐❧✐ �❡♠♣❧✐❝✐ ❧❡ x, y, z ❝❤❡ ✐♥ �❡❛❧�! ♥♦♥

❧♦ �♦♥♦✳ ➮ �✉❡��❛ ✉♥❛ ♦��❡�✈❛③✐♦♥❡ ❧❛ �✉❛❧❡ ♣♦��! �✐❝♦��❡�❡ ❢�❡�✉❡♥�❡♠❡♥�❡ ♥❡❧❧♦ ��✉❞✐♦ ❞❡❧❧❛

�❡❣✉❡♥�❡ ▼❡♠♦�✐❛✳

✶✶✳ ❙♦❣❧✐♦♥♦ ✐ ▼❛�❡♠❛�✐❝✐ ❝♦♥�✐❞❡�❛�❡ �❛❧✈♦❧�❛ ❧❛ ♠❛�❡�✐❛✱ ♥♦♥ ❝♦♥✜❣✉�❛�❛ �❡❝♦♥❞♦ ✉♥

✈♦❧✉♠❡ ❛ ��❡ ❞✐♠❡♥�✐♦♥✐ ♠❛ ✐♥ ✉♥❛ ❧✐♥❡❛ ♦ ✐♥ ✉♥❛ �✉♣❡�✜❝✐❡ ✿ �✐ ❤❛♥♥♦ ❛❧❧♦�❛ �✐��❡♠✐ ❝❤✐❛♠❛�✐

❧✐♥❡❛�✐ ♦ �✉♣❡�✜❝✐❛❧✐✳ ❱❡�❛♠❡♥�❡ ❡��✐ ♥♦♥ �♦♥♦ ❝❤❡ ❛���❛③✐♦♥✐✱ ❡❞ 
 ♣❡�❝✐' ❝❤❡ ❧❛ ♠❛❣❣✐♦�❡

❛��❡♥③✐♦♥❡ ❞❡❧ ●❡♦♠❡��❛ ❞❡✈❡ �❡♠♣�❡ �✐✈♦❧❣❡��✐ ❛✐ �✐��❡♠✐ ❛ ��❡ ❞✐♠❡♥�✐♦♥✐✳ ◆♦♥❞✐♠❡♥♦ ♥❡ 


✉�✐❧❡ ❧❛ ❝♦♥�✐❞❡�❛③✐♦♥❡✱ ❣✐❛❝❝❤
 ❧❡ ❞✐✈❡��❡ ❛♥❛❧✐�✐ ♣❡� ❧❡ ��❡ �♦��❡ ❞✐ �✐��❡♠✐ ♦✛�♦♥♦ �✐�❝♦♥��✐ ❝❤❡

❧❡ �✐�❝❤✐❛�❛♥♦✱ ❡ ❞✐ ♣✐� �❡�✈♦♥♦ ❛♥❝❤❡ ❛❞ ❛♣♣❧✐❝❛③✐♦♥✐ ✜�✐❝❤❡✱ �✉❛♥�✉♥�✉❡ ♣❡�' �❡♠♣�❡ ✐♥ ✈✐❛

❞✐ ❛♣♣�♦��✐♠❛③✐♦♥❡✱ ♥♦♥ ❡��❡♥❞♦ ✐♥ ♥❛�✉�❛ ♠❛✐ ✐❧ ❝♦�♣♦✱ �✐❣♦�♦�❛♠❡♥�❡ ♣❛�❧❛♥❞♦✱ ❞❡��✐�✉✐�♦ ❞✐

✉♥❛ ♦ ❞✐ ❞✉❡ ❞✐♠❡♥�✐♦♥✐✳

◗✉❛♥�✉♥�✉❡ �❛♥�♦ ♣❡✐ �✐��❡♠✐ ❧✐♥❡❛�✐ �✉❛♥�♦ ♣❡✐ �✉♣❡�✜❝✐❛❧✐ ❝✐ ❛❜❜✐�♦❣♥✐♥♦ �♣❡❝✐❛❧✐ ❝♦♥�✐❞❡�✲

❛③✐♦♥✐ ❛✣♥❡ ❞✐ �❛♣♣�❡�❡♥�❛�❝✐ ❧❛ ❞✐���✐❜✉③✐♦♥❡ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡✱ ❡ ❢♦�♠❛❝✐ ❧✬✐❞❡❛ ❞❡❧❧❛ ❞❡♥�✐�! ❡ ❧❛

♠✐�✉�❛ ❞❡❧❧❛ ♠❛��❛✱ ♣✉�❡ �♦♥♦ ❡��❡ ❛✛❛��♦ ❛♥❛❧♦❣❤❡ ❛❧❧❡ �✉��✐❢❡�✐�❡ ♣❡✐ ✐ �✐��❡♠✐ ❛ ��❡ ❞✐♠❡♥�✐♦♥✐

✿ �✉✐♥❞✐ ❧❡ ❡�♣♦��' ✐♥ ♠❛♥✐❡�❛ �✉❝❝✐♥�❛✳

-❡❧ �✐��❡♠❛ ❧✐♥❡❛�❡ ❝♦♠✉♥�✉❡ ❝✉�✈✐❧✐♥❡♦✱ ❝♦♥✈✐❡♥❡ ❝♦♥�✐❞❡�❛�❡ ❧❡ ♠♦❧❡❝♦❧❡ ♥❡❧❧♦ ��❛�♦ �❡❛❧❡✱

✐✈✐ ��❛�♣♦��❛�❡ ❞❛ ✉♥♦ ��❛�♦ ❛♥�❡❝❡❞❡♥�❡ ✐❞❡❛❧❡ ♥❡❧ �✉❛❧❡ ❡�❛♥♦ �✉��❡ ❝♦❧❧♦❝❛�❡ ✐♥ ✉♥❛ ❧✐♥❡❛ �❡��❛

♣❛�❛❧❧❡❧❛ ❛❧❧✬❛��❡ ❞❡❧❧❡ ❛�❝✐��❡✱ ❡ ❞✐��❛♥�✐ ❢�❛ ❧♦�♦ ❞✬ ✐♥�❡�✈❛❧❧✐ ♣✐❝❝♦❧✐��✐♠✐ ❡❣✉❛❧✐✳ ❈❤✐❛♠❛�❛ a

❧✬ ❛�❝✐��❛ ✈❛�✐❛❜✐❧❡ ♣❡� ✉♥❛ ♠♦❧❡❝♦❧❛ ❣❡♥❡�✐❝❛ ♥❡❧❧♦ ��❛�♦ ❛♥�❡❝❡❞❡♥�❡ ✭ ❧❡ ❛❧��❡ ❞✉❡ ❝♦♦�❞✐♥❛�❡

✜❣✉�❛♥♦ ❢�❛ ❧❡ ❝♦��❛♥�✐ ✮✱ ❧❡ ❝♦♦�❞✐♥❛�❡ �❡��❛♥❣♦❧❡

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✾

�❤❡ �❛♠❡ ❛♥❞ �❤❡ ✈♦❧✉♠❡ ✐� ❝❤❛♥❣❡❞✳ ■ ✇✐❧❧ ❛❞❞ ♠♦�❡ �♦ �❤✐� ❛�❣✉♠❡♥�✿ �❤❡ ���✉❝�✉�❡ ♦❢

�❤❡ ✐♥�❡❣�❛❧ ❝❛❧❝✉❧✉� ❛��✉♠❡� �❤❛� �❤❡ ✐♥❝�❡❛�❡� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� ✉�❡❞ ✐♥ �❤❡ ✐♥�❡❣�❛�✐♦♥� ❛�❡

❝♦♥��❛♥�✱ ✇❤✐❧❡ �❤❡ ✈❛�✐❛❜❧❡� x, y, z ✇❤✐❝❤ ❝❤❛♥❣❡ ✇❤❡♥ ♣❛��✐♥❣ ❢�♦♠ ♦♥❡ �♦ ❛♥♦�❤❡� ♠♦❧❡❝✉❧❡

✐♥ �❤❡ �❡❛❧ ��❛�❡✱ ❞♦ ♥♦� �✉✛❡� ❡�✉❛❧ ❝❤❛♥❣❡�✿ ♦♥❡ ❝♦✉❧❞ �❤❡�❡❢♦�❡ ❜❡❧✐❡✈❡ �❤❛� ❤❡ ✐� ✇�♦♥❣

✇❤❡♥ ✉�✐♥❣ �❤❡ ✈❛�✐❛❜❧❡� x, y, z ❛� �❤❡ �✐♠♣❧❡ ✈❛�✐❛❜❧❡� ✐♥ ✐♥�❡❣�❛❧ ❢♦�♠✉❧❛�✳ ■� ✐� ♥♦� ��✉❡✿ �❤❡

✐♥��♦❞✉❝�✐♦♥ ♦❢ �❤❡ ❢❛❝�♦� Γ ❝♦��❡❝�� �❤✐� ❡��♦�✱ �❤❛� ✐�✱ ✐� ❧❡❛❞� �♦ �❤❡ ❝♦��❡❝� �❡�✉❧�� ❛❧�♦ ✇❤❡♥

✉�✐♥❣ ❛� �✐♠♣❧❡ ✈❛�✐❛❜❧❡� ❬✐✳❡ ❛� ✐♥�❡❣�❛�✐♦♥ ✈❛�✐❛❜❧❡�❪ �❤❡ ✈❛�✐❛❜❧❡� x, y, z ✇❤✐❝❤ ❛❝�✉❛❧❧② ✇❡�❡

♥♦� �❤♦�❡ ✉�❡❞ ✐♥ �❤❡ ✐♥�❡❣�❛�✐♦♥✳ ❚❤✐� ✐� ❛♥ ♦❜�❡�✈❛�✐♦♥ ✇❤✐❝❤ ✇✐❧❧ ❜❡ �❡❝✉��✐♥❣ ❢�❡�✉❡♥�❧② ✐♥

�❤❡ ��✉❞② ♦❢ �❤❡ ❢♦❧❧♦✇✐♥❣ ▼❡♠♦✐�✳

✶✶✳ ❙♦♠❡�✐♠❡� ♠❛�❤❡♠❛�✐❝✐❛♥� ❛�❡ ✉�❡❞ ❝♦♥�✐❞❡�✐♥❣ �❤❡ ♠❛��❡� ❝♦♥✜❣✉�❡❞ ♥♦� ✐♥ ❛ ✈♦❧✉♠❡

✇✐�❤ �❤�❡❡ ❞✐♠❡♥�✐♦♥� ❜✉� ❬❝♦♥✜❣✉�❡❞❪ ✐♥ ❛ ❧✐♥❡ ♦� ✐♥ ❛ �✉�❢❛❝❡✿ ✐♥ �❤❡�❡ ❝❛�❡� ✇❡ ❤❛✈❡ �❤❡ �♦

❝❛❧❧❡❞ ❧✐♥❡❛� ♦� �✉♣❡�✜❝✐❛❧ �②��❡♠�✳ ■♥❞❡❡❞ ❬�❤❡�❡ �②��❡♠�❪ ❛�❡ ♥♦�❤✐♥❣ ♦�❤❡� �❤❛� ❛❜���❛❝�✐♦♥�

❛♥❞ ✐� ✐� ❥✉�� ❢♦� �❤✐� �❡❛�♦♥ �❤❛� �❤❡ ●❡♦♠❡�❡� �❤♦✉❧❞ ♣❛② �❤❡ ❣�❡❛�❡�� ❛��❡♥�✐♦♥ �♦ �❤❡ �❤�❡❡

❞✐♠❡♥�✐♦♥❛❧ �②��❡♠�✳ ◆❡✈❡��❤❡❧❡��✱ ✐� ✐� ✉�❡❢✉❧ �♦ ❝♦♥�✐❞❡� ❬�❤❡�❡ �②��❡♠�❪ ❜❡❝❛✉�❡ �❡✈❡�❛❧

❛♥❛❧②�❡� ❢♦� �❤❡ �❤�❡❡ ❦✐♥❞� ♦❢ �②��❡♠� ♣�♦✈✐❞❡ ❢❡❡❞❜❛❝❦ �❤❛� ♠❛❦❡ ❬�✉❝❤ ❛♥❛❧②�❡�❪ ❝❧❡❛�✱ ❛♥❞

♠♦�❡♦✈❡� ❬�✉❝❤ ❛♥❛❧②�❡�❪ ❛�❡ ✉�❡❢✉❧ ❢♦� ♣❤②�✐❝❛❧ ❛♣♣❧✐❝❛�✐♦♥�✱ ❡✈❡♥ �❤♦✉❣❤ ❛❧✇❛②� ✐♥ ❛♣♣�♦①✐♠❛�❡

✇❛②✱ ❜❡❝❛✉�❡ �❤❡ ❜♦❞✐❡�✱ �✐❣♦�♦✉�❧② �♣❡❛❦✐♥❣✱ ❛�❡ ❜❡✐♥❣ ♥❡✈❡� ❞❡♣�✐✈❡❞ ✐♥ ◆❛�✉�❡ ♦❢ ♦♥❡ ♦� �✇♦

❞✐♠❡♥�✐♦♥�✳

❆❧�❤♦✉❣❤ ❢♦� ❜♦�❤ ❧✐♥❡❛� ❛♥❞ �✉♣❡�✜❝✐❛❧ �②��❡♠� ✇❡ ♥❡❡❞ �♣❡❝✐❛❧ ❝♦♥�✐❞❡�❛�✐♦♥� ✐♥ ♦�❞❡� �♦

�❡♣�❡�❡♥� �❤❡ ❞✐���✐❜✉�✐♦♥ ♦❢ �❤❡ ♠♦❧❡❝✉❧❡�✱ ❛♥❞ ❬✐♥ ♦�❞❡�❪ �♦ ❢♦�♠ �❤❡ ✐❞❡❛ ♦❢ �❤❡ ❞❡♥�✐�② ❛♥❞

♦❢ �❤❡ ♠❡❛�✉�❡ ♦❢ �❤❡ ♠❛��✱ ❬�❤❡ ✐❞❡❛ ❛♥❞ �❤❡ ♠❡❛�✉�❡❪ ❛�❡ ��✐❧❧ �✐♠✐❧❛� �♦ �❤❡ ❛❜♦✈❡ �❡❢❡��❡❞

❢♦� �❤❡ �❤�❡❡ ❞✐♠❡♥�✐♦♥❛❧ �②��❡♠�✿ �❤✉�✱ ■ ✇✐❧❧ ❡①♣♦✉♥❞ ♦♥ �❤❡♠ �❤♦��❧②✳

❋♦� ✇❤❛� ❝♦♥❝❡�♥� �❤❡ ❧✐♥❡❛� ❣❡♥❡�❛❧❧② ❝✉�✈✐❧✐♥❡❛� �②��❡♠✱ ✐� ✐� ✉�❡❢✉❧ �♦ ❝♦♥�✐❞❡� �❤❡

♠♦❧❡❝✉❧❡� ✐♥ �❤❡ �❡❛❧ ��❛�❡✱ �❤❡�❡✐♥ ��❛♥�♣♦��❡❞ ❢�♦♠ ❛♥ ❛♥�❡❝❡❞❡♥� ✐❞❡❛❧ ��❛�❡ ✐♥ ✇❤✐❝❤ ❬�❤❡

♠♦❧❡❝✉❧❡�❪ ✇❡�❡ ❝♦❧❧♦❝❛�❡❞ ✐♥ ❛ �❡❝�✐❧✐♥❡❛� ❧✐♥❡ ♣❛�❛❧❧❡❧ �♦ �❤❡ ❛❜�❝✐��❛ ❛①✐�✱ ❛♥❞ ❢❛� ❛♣❛��

✈❡�② �♠❛❧❧ ❡�✉❛❧ ✐♥�❡�✈❛❧� ❢�♦♠ ❡❛❝❤ ♦�❤❡�✳ ▲❡� ✉� ❝❛❧❧ a �❤❡ ✈❛�✐❛❜❧❡ ❛❜�❝✐��❛ ❢♦� ❛ ❣❡♥❡�❛❧

♠♦❧❡❝✉❧❡ ✐♥ �❤❡ ♣�❡✈✐♦✉� ��❛�❡ ✭�❤❡ ♦�❤❡� �✇♦ ❝♦♦�❞✐♥❛�❡� ❛♣♣❡❛� ✐♥ ❬�❤❡ ❧✐�� ♦❢❪ ❝♦♥��❛♥��✮✱ �❤❡

�❡❝�❛♥❣✉❧❛� ❝♦♦�❞✐♥❛�❡�



✷✵
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

x, y, z ❞❡❧❧❛ 	
❡		❛ ♠♦❧❡❝♦❧❛ ♥❡❧❧♦ 	
❛
♦ �❡❛❧❡ ❞❡❜❜♦♥♦ �✐❣✉❛�❞❛�	✐ ❢✉♥③✐♦♥✐ ❞❡❧❧❡ a✱

x = x (a) ❀ y = y (a) ❀ z = z (a) ❀ ✭✶✶✮

❢✉♥③✐♦♥✐ ❝❤❡ ♠❡❞✐❛♥
❡ ❧❛ ❧♦�♦ ❢♦�♠❛ �❡❣♦❧❡�❛♥♥♦ ❧❛ ❞✐	
�✐❜✉③✐♦♥❡ ❞❡❧❧❛ ♠❛
❡�✐❛ ♥❡❧❧♦ 	
❛
♦ �❡❛❧❡✱

❡ ❞♦♣♦ ❧✬ ❡❧✐♠✐♥❛③✐♦♥❡ ❞❡❧❧❛ a ❝✐ ❞❛�❛♥♥♦ ❧❡ ❞✉❡ ❡�✉❛③✐♦♥✐ ❞❡❧❧❛ ❝✉�✈❛ ❣❡♦♠❡
�✐❝❛ ✐♥ ❝✉✐ ❧❡

♠♦❧❡❝♦❧❡ 	♦♥♦ ❞✐	
�✐❜✉✐
❡✳

❈♦♥	✐❞❡�✐❛♠♦ ♥❡❧❧♦ 	
❛
♦ ❛♥
❡❝❡❞❡♥
❡ ♠♦❧
❡ ♣✐❝❝♦❧❡ ♣❛�
✐ ❡❣✉❛❧✐ k ❞✐ �✉❡❧❧❛ �❡

❛✱ ❝♦♠✲

♣�❡♥❞❡♥
✐ ✉♥ ❡❣✉❛❧ ♥✉♠❡�♦ ❞✐ ♠♦❧❡❝♦❧❡✱ ❧❡ �✉❛❧✐ ♥❡❧❧♦ 	
❛
♦ �❡❛❧❡ ♦❝❝✉♣❡�❛♥♥♦ ❣❧✐ ❛�❝❤❡

✐

v1, v2, v3, .....vn ❞✐	❡❣✉❛❧✐ ❢�❛ ❧♦�♦✳ ❙❡ ❛♥❝❤❡ �✉" ❝♦♥❝❡♣✐❛♠♦ ❝❤❡ ✐♥ ❝✐❛	❝✉♥♦ ❞✐ �✉❡	
✐ ❛�❝❤❡

✐

❧❡ ♣✐❝❝♦❧❡ ♠❛		❡ ❡❣✉❛❧✐ 
♦�♥✐♥♦ ❛ ♠❡

❡�	✐ ❝♦♥ ❞✐	
❛♥③❡ ❡❣✉❛❧✐ ❢�❛ ❧❡ ❧♦�♦ ♠♦❧❡❝♦❧❡ ✭ ❞✐	
❛♥③❡ ❝❤❡

	❛�❛♥♥♦ ♣❡�# ❞✐✈❡�	❡ ♣❡� ❝✐❛	❝✉♥ ❛�❝❤❡

♦ ✮ ❧❛ ❞❡♥	✐
$ ❞❡❧❧✬❛�❝❤❡

♦ vn �❛♣♣♦�
❛
❛ ❛❧❧❛ ♣�✐♠✐
✐✈❛

	❛�$ ❡	♣�❡		❛ ❞❛

k

vn
✭✶✷✮

❆❜❜✐❛♠♦ ♣❡� vn 
�❡ ❡	♣�❡		✐♦♥✐ ✿ ❧❛ ♣�✐♠❛

vn =

∫

dx ·

√

ı+

(

dy

dx

)2

+

(

dz

dx

)2

❝♦♥	✐❞❡�❛♥❞♦ ❧❡ y, z ❢✉♥③✐♦♥✐ ❞✐ x ❡❞ ❡		❡♥❞♦ ✐ ❧✐♠✐
✐ ❞❡❧❧✬ ✐♥
❡❣�❛❧❡ ❞❡
❡�♠✐♥❛
✐ ❞❛✐ ✈❛❧♦�✐ ❞✐ x

♣❡� ❧❡ ❞✉❡ ❡	
�❡♠✐
$ ❞✐ ❞❡

♦ ❛�❝♦✳ ▲❛ 	❡❝♦♥❞❛

vn =

∫ a+k

a

da ·
dx

da

√

ı+

(

dy

dx

)2

+

(

dz

dx

)2

�✉❛♥❞♦ 	✐ 
�❛	❢♦�♠❛ ❧✬ ✐♥
❡❣�❛❧❡ ❡ ❧♦ 	✐ ♣�❡♥❞❡ ♣❡� ❧❛ ✈❛�✐❛❜✐❧❡ a ❞✐ ❝✉✐ ❧❛ x ( ❢✉♥③✐♦♥❡✳ ▲❛ 
❡�③❛

vn = k
dx

da

√

ı+

(

dy

dx

)2

+

(

dz

dx

)2

+
k2

2
·
d · dx

da

√

ı+
(

dy
dx

)2

+
(

dz
dx

)2
+ ❡❝✳

da
✭✶✸✮

✷✵
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡
❝✳

x, y, z ♦❢ 
❤❡ 	❛♠❡ ♠♦❧❡❝✉❧❡ ✐♥ 
❤❡ �❡❛❧ 	
❛
❡ ❤❛✈❡ 
♦ ❜❡ 	❡❡♥ ❛	 ❢✉♥❝
✐♦♥	 ♦❢ a✱

x = x (a) ❀ y = y (a) ❀ z = z (a) ❀ ✭✶✶✮

❢✉♥❝
✐♦♥	 
❤❛
✱ 
❤�♦✉❣❤ 
❤❡✐� ❢♦�♠✱ ✇✐❧❧ �❡❣✉❧❛
❡ 
❤❡ ❞✐	
�✐❜✉
✐♦♥ ♦❢ ♠❛

❡� ✐♥ 
❤❡ �❡❛❧ 	
❛
❡✱

❛♥❞ ❛❢
❡� 
❤❡ ❡❧✐♠✐♥❛
✐♦♥ ♦❢ a ✇✐❧❧ ❣✐✈❡ ✉	 
❤❡ 
✇♦ ❡�✉❛
✐♦♥	 ♦❢ 
❤❡ ❣❡♦♠❡
�✐❝ ❝✉�✈❡ ✐♥ ✇❤✐❝❤


❤❡ ♠♦❧❡❝✉❧❡	 ❛�❡ ❞✐	
�✐❜✉
❡❞✳

▲❡
 ✉	 ❝♦♥	✐❞❡�✱ ✐♥ 
❤❡ ❛♥
❡❝❡❞❡♥
 	
❛
❡✱ ♠❛♥② 	♠❛❧❧ ❛♥❞ ❡�✉❛❧ ♣❛�
	 k ♦❢ 
❤❛
 	
�❛✐❣❤


❧✐♥❡✱ ✐♥❝❧✉❞✐♥❣ ❛♥ ❡�✉❛❧ ♥✉♠❜❡� ♦❢ ♠♦❧❡❝✉❧❡	✱ ✇❤✐❝❤ ✐♥ 
❤❡ �❡❛❧ 	
❛
❡ ✇✐❧❧ ✜❧❧ 
❤❡ 	♠❛❧❧ ❛�❝❤❡	

v1, v2, v3, .....vn ✉♥❡�✉❛❧ 
♦ ❡❛❝❤ ♦
❤❡�✳ ■❢✱ ❡✈❡♥ ✐♥ 
❤✐	 ❝❛	❡✱ ✇❡ ❝♦♥❝❡✐✈❡ 
❤❛
 ✐♥ ❡❛❝❤ ♦❢ 
❤❡	❡

	♠❛❧❧ ❛�❝❤❡	 
❤❡ 	♠❛❧❧ ❛♥❞ ❡�✉❛❧ ♠❛		❡	 ❝♦♠❡ ❜❛❝❦ 
♦ 	❡
 
❤❡♠	❡❧✈❡	 ✇✐
❤ ❡�✉❛❧ ❞✐	
❛♥❝❡	

❜❡
✇❡❡♥ 
❤❡✐� ♠♦❧❡❝✉❧❡	 ✭❞✐	
❛♥❝❡	✱ ❤♦✇❡✈❡�✱ 
❤❛
 ✇✐❧❧ ❜❡ ❞✐✛❡�❡♥
 ❢♦� ❡❛❝❤ ❛�❝❤✮✱ 
❤❡♥ 
❤❡

❞❡♥	✐
② ♦❢ 
❤❡ 	♠❛❧❧ ❛�❝❤ vn ✇✐
❤ �❡	♣❡❝
 
♦ 
❤❡ ♣�✐♠✐
✐✈❡ ♦♥❡ ✇✐❧❧ ❜❡ ❡①♣�❡		❡❞ ❛	 ❢♦❧❧♦✇	

k

vn
✭✶✷✮

❲❡ ❤❛✈❡ ❢♦� vn 
❤�❡❡ ❡①♣�❡		✐♦♥	✿ 
❤❡ ✜�	


vn =

∫

dx ·

√

ı+

(

dy

dx

)2

+

(

dz

dx

)2

	✐♥❝❡ ✇❡ ❝♦♥	✐❞❡� y✱ z ❛	 ❢✉♥❝
✐♦♥	 ♦❢ x ❛♥❞ ❜❡✐♥❣ 
❤❡ ❧✐♠✐
	 ♦❢ 
❤❡ ✐♥
❡❣�❛❧ ❣✐✈❡♥ ❜② 
❤❡ ✈❛❧✉❡	

♦❢ x ❢♦� 
❤❡ 
✇♦ ❡①
�❡♠❡ ♣♦✐♥
	 ♦❢ 
❤❡ ❝✐
❡❞ ❛�❝❤✳ ❚❤❡ 	❡❝♦♥❞ ♦♥❡

vn =

∫ a+k

a

da ·
dx

da

√

ı+

(

dy

dx

)2

+

(

dz

dx

)2

✇❤❡♥ 
❤❡ ✐♥
❡❣�❛❧ ✐	 
�❛♥	❢♦�♠❡❞ ❛♥❞ ✐
 ✐	 ❡①♣�❡		❡❞ ✐♥ 
❡�♠	 ♦❢ 
❤❡ ✈❛�✐❛❜❧❡ a✱ ♦❢ ✇❤✐❝❤ x ✐	 ❛

❢✉♥❝
✐♦♥

vn = k
dx

da

√

ı+

(

dy

dx

)2

+

(

dz

dx

)2

+
k2

2
·
d · dx

da

√

ı+
(

dy
dx

)2

+
(

dz
dx

)2
+ ❡
❝✳

da
✭✶✸✮



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✷✶

�✉❛♥❞♦ 	✐ �✐❞✉❝❡ ❧✬ ✐♥�❡❣�❛❧❡ ✐♥ 	❡�✐❡✱ ❝♦♠❡ 	✐ � ❢❛��♦ ❛❧ ◆✳ ✾✳ ❉❛❧❧❡ ❡	♣�❡		✐♦♥✐ ✭✶✷✮ ❡ ✭✶✸✮

❝❛✈✐❛♠♦ ♠❡❞✐❛♥�❡ ✉♥❛ �✐❞✉③✐♦♥❡ ❛❧ ❧✐♠✐�❡ ❛♥❛❧♦❣❛✱ ♠❛ ♣✐ 	❡♠♣❧✐❝❡✱ ❞❡❧❧✬ ✉	❛�❛ ❛❧ ◆✳ ✾✱ ❧❛

❞❡♥	✐�! ✈❛�✐❛❜✐❧❡ Γ ♣❡❧ ♣✉♥�♦ (x, y, z) ❡	♣�❡		❛ ❞❛❧❧❛ ❢♦�♠♦❧❛

Γ =
ı

dx
da

√

ı+
(

dy
dx

)2

+
(

dz
dx

)2

✭✶✹✮

♦✈✈❡�♦✱ ♣♦✐❝❤�

dy

da
=

dy

dx
·
dx

da
;

dz

da
=

dz

dx
·
dx

da
✭✶✺✮

Γ =
ı

√

(

dx
da

)2
+
(

dy
da

)2

+
(

dz
da

)2
;
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✐❧ 	❡❝♦♥❞♦ ♠❡♠❜�♦ ❞✐ �✉❡	�❛ ❡�✉❛③✐♦♥❡ ❝✐ ♣�❡	❡♥�❛ ❧❛ ❞❡♥	✐�! Γ ❝♦♠❡ ❢✉♥③✐♦♥❡ ❞✐ a✱ ♠❛ ❝✐ �

	❡♠♣�❡ ❧❡❝✐�♦ ❝♦♥	✐❞❡�❛�❧❛ ❢✉♥③✐♦♥❡ ❞✐ x✱ ✐♠♠❛❣✐♥❛♥❞♦ 	♦	�✐�✉✐�♦ ❛❞ a ✐❧ 	✉♦ ✈❛❧♦�❡ a = a (x)

❝❛✈❛�♦ ❞❛❧❧❛ ♣�✐♠❛ ❞❡❧❧❡ ✭✶✶✮✳

◗✉❛♥�♦ ❛❧❧❛ ♠✐	✉�❛ ❞❡❧❧❛ ♠❛		❛ ▼✱ ❧❡ ��❡ ❢♦�♠♦❧❡ ❝❤❡ ❝♦��✐	♣♦♥❞♦♥♦ 	✉❝❝❡		✐✈❛♠❡♥�❡ ❛

�✉❡❧❧❡ ❞❡❧ ◆✳ ✾✱ 	♦♥♦ ❧❡ 	❡❣✉❡♥�✐

M =

∫

da · ı

M =

∫

da ·
dx

da
Γ

√

ı+

(

dy

dx

)2

+

(

dz

dx

)2

M =

∫

dx · Γ

√

ı+

(

dy

dx

)2

+

(

dz

dx

)2
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▲❛ ♣�✐♠❛ ❞! ❧❛ ♠❛		❛ ♠✐	✉�❛�❛ ❞❛❧ ✈♦❧✉♠❡ ♥❡❧❧❛ ❞✐	��✐❜✉③✐♦♥❡ ♣�✐♠✐�✐✈❛✱ ✐♥�❡♥❞❡♥❞♦ ❝❤❡ ✐ ❧✐♠✐�✐

❞❡❧❧✬ ✐♥�❡❣�❛❧❡ 	✐❛♥♦ ✐ ✈❛❧♦�✐ ❞❡❧❧❛ a ♣❡� ❧❡ ❞✉❡ ❡	��❡♠✐�! ❞✐ �✉❡❧❧❛ �❡��❛ ✿ ❧❛ 	❡❝♦♥❞❛ � ❛♥❝♦�❛

❧❛ ♣�✐♠❛ ♦✈❡ 	✐ � ✐♥��♦❞♦��❛ 	♦��♦ ✐❧ 	❡❣♥♦ ✐♥�❡❣�❛❧❡ ✉♥✬ ❡	♣�❡		✐♦♥❡ ❡❣✉❛❧❡ ❛❧❧✬ ✉♥✐�! ✐♥ ❢♦�③❛

❞❡❧❧✬ ❡�✉❛③✐♦♥❡ ✭✶✹✮ ✿ ❧❛ �❡�③❛ � �✉❡❧❧❛ ❝❤❡ 	✐ ♦��✐❡♥❡ ��❛	❢♦�♠❛♥❞♦ ❧✬ ✐♥�❡❣�❛❧❡ ✐♥ ♠❛♥✐❡�❛ ❝❤❡

	✐❛ ❡	♣�❡		♦ ♠❡❞✐❛♥�❡ ❧❡ ✈❛�✐❛❜✐❧✐ ♣�♦♣�✐❡ ❞❡❧❧♦ 	�❛�♦ �❡❛❧❡✳

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✷✶

✇❤❡♥ �❤❡ ✐♥�❡❣�❛❧ ✐	 �❡❞✉❝❡❞ ✐♥ 	❡�✐❡	✱ 	❡❡ ❡✳❣✳ ✇❤❛� ✇❡ ❞✐❞ ❛� 	❡❝�✳ ✾✳ ❋�♦♠ �❤❡ ❡①♣�❡		✐♦♥	

✭✶✷✮ ❛♥❞ ✭✶✸✮ ✇❡ ♦❜�❛✐♥✱ �❤�♦✉❣❤ ❛ ❧✐♠✐� �❡❞✉❝�✐♦♥✱ �❤❛� ✐	 	✐♠✐❧❛�✱ ❜✉� 	✐♠♣❧❡�✱ ♦❢ �❤❛� ✉	❡❞

❛� 	❡❝�✳ ✾✱ �❤❡ ✈❛�✐❛❜❧❡ ❞❡♥	✐�② Γ ❛� �❤❡ ♣♦✐♥� (x, y, z) ❡①♣�❡		❡❞ ✐♥ �❤❡ ❢♦�♠✉❧❛✱

Γ =
ı

dx
da

√

ı+
(

dy
dx

)2

+
(

dz
dx

)2

✭✶✹✮

♦�✱ 	✐♥❝❡

dy

da
=

dy

dx
·
dx

da
;

dz

da
=

dz

dx
·
dx

da
✭✶✺✮

Γ =
ı

√

(

dx
da

)2
+
(

dy
da

)2

+
(

dz
da

)2
;
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�❤❡ �✐❣❤�✲❤❛♥❞ 	✐❞❡ ♦❢ �❤✐	 ❬❛❜♦✈❡❪ ❡�✉❛�✐♦♥ ❣✐✈❡	 ✉	 �❤❡ ❞❡♥	✐�② Γ ❛	 ❛ ❢✉♥❝�✐♦♥ ♦❢ a✱ ❤♦✇❡✈❡�

✐� ✐	 ❛♥②✇❛② ❝♦��❡❝� �♦ ❝♦♥	✐❞❡� ❬�❤❡ ❢✉♥❝�✐♦♥ Γ❪ ❛	 ❛ ❢✉♥❝�✐♦♥ ♦❢ x✱ �❛❦✐♥❣ �❤❡ 	✉❜	�✐�✉�✐♦♥

a = a (x) ✐♥�♦ ❛❝❝♦✉♥�✱ �❤❛� ✐	 ♦❜�❛✐♥❡❞ ❢�♦♠ �❤❡ ✜�	� ♦❢ �❤❡ ✭✶✶✮✳

❋♦� ✇❤❛� ❝♦♥❝❡�♥	 �❤❡ ♠❡❛	✉�❡ ♦❢ �❤❡ ♠❛		 M ✱ �❤❡ �❤�❡❡ ❢♦�♠✉❧❛	 �❤❛� ❝♦��❡	♣♦♥❞ �❡	♣❡❝✲

�✐✈❡❧② �♦ �❤♦	❡ ♦❢ 	❡❝�✳ ✾✱ ❛�❡ �❤❡ ❢♦❧❧♦✇✐♥❣

M =

∫

da · ı

M =

∫

da ·
dx

da
Γ

√

ı+

(

dy

dx

)2

+

(

dz

dx

)2

M =

∫

dx · Γ

√

ı+

(

dy

dx

)2

+

(

dz

dx

)2

. ✭✶✼✮

❚❤❡ ✜�	� ♦♥❡ ❣✐✈❡	 �❤❡ ♠❛		 �❤❛� ✐	 ♠❡❛	✉�❡❞ ❢�♦♠ �❤❡ ✈♦❧✉♠❡ ✐♥ �❤❡ ♣�✐♠✐�✐✈❡ ❞✐	��✐❜✉�✐♦♥✱

�❛❦✐♥❣ ✐♥�♦ ❛❝❝♦✉♥� �❤❛� �❤❡ ❧✐♠✐�	 ♦❢ �❤❡ ✐♥�❡❣�❛❧ ❛�❡ �❤♦	❡ ✈❛❧✉❡	 ♦❢ a ❝♦��❡	♣♦♥❞✐♥❣ �♦ �❤❡

�✇♦ ❡①��❡♠❡	 ♦❢ �❤❛� 	��❛✐❣❤� ❧✐♥❡✿ �❤❡ 	❡❝♦♥❞ ♦♥❡ ✐	 ❛❣❛✐♥ �❤❡ ✜�	� ✇❤❡�❡ ✐� ✐	 ✐♥��♦❞✉❝❡❞

✉♥❞❡� �❤❡ ✐♥�❡❣�❛❧ 	✐❣♥ ❛♥ ❡①♣�❡		✐♦♥ ❡�✉❛❧ �♦ ✉♥✐� ❜② ✈✐��✉❡ ♦❢ �❤❡ ❡�✉❛�✐♦♥ ✭✶✹✮✿ �❤❡ �❤✐�❞

♦♥❡ ✐	 �❤❛� ♦❜�❛✐♥❡❞ ❜② ��❛♥	❢♦�♠✐♥❣ �❤❡ ✐♥�❡❣�❛❧ ✐♥ 	✉❝❤ ❛ ✇❛② �❤❛� ✐� ✐	 ❡①♣�❡		❡❞ �❤�♦✉❣❤

�❤❡ ✈❛�✐❛❜❧❡	 �❤❛� ❛�❡ ♥❛�✉�❛❧ ✐♥ �❤❡ �❡❛❧ 	�❛�❡✳



✷✷
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

✶✷✳ �❡✐ �✐�	❡♠✐ �✉♣❡
✜❝✐❛❧✐ ❝♦♠✉♥�✉❡ ❝✉
✈✐✱ ❧❡ ♠♦❧❡❝♦❧❡ ♥❡❧❧♦ �	❛	♦ ❛♥	❡❝❡❞❡♥	❡ ✐❞❡❛❧❡ �✐

�✉♣♣♦♥❣♦♥♦ ❞✐�	
✐❜✉✐	❡ ✐♥ ✉♥ ♣✐❛♥♦ ❝❤❡ ♣✉� ♣
❡♥❞❡
�✐ ♣❛
❛❧❧❡❧♦ ❛ �✉❡❧❧♦ ❞❡❧❧❡ x, y, ❡ ❝♦��

✉♥✐❢♦
♠❡♠❡♥	❡ ❝❤❡ ❞✐�	✐♥♦ ❢
❛ ❧♦
♦ ❞✐ ♣✐❝❝♦❧✐ ✐♥	❡
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♦✱ ❝✐�
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♥❛ ❧♦ �	❡��♦✱ �✐❛♥♦ ❝♦❧❧♦❝❛	❡ ❛❣❧✐ ❛♥❣♦❧✐ ❞✐ 	❛♥	✐ �✉❛❞
❛	❡❧❧✐ ✉❣✉❛❧✐ ❝❤❡ 
✐❝♦♣
❛♥♦ 	✉		❛

�✉❡❧❧❛ �✉♣❡
✜❝✐❡ ♣✐❛♥❛✱ ♣♦	❡♥❞♦ ♣❡
� ❧❛�❝✐❛
❡ ✭ ✐❧ ❝❤❡ ♥♦♥ ❢❛ ❞✐❢❡		♦ ✮ �✉❛❧❝❤❡ ♠❛♥❝♦ ✈✐❝✐♥♦ ❛❧❧❡

❧✐♥❡❡ ❝✉
✈❡ ❞❛ ❝✉✐ ♣✉� ✐♥	❡♥❞❡
�✐ ❧✐♠✐	❛	❛ ❧❛ ✜❣✉
❛ ♣✐❛♥❛✳ ❈❤✐❛♠❛	❡ a, b ❧❡ ❝♦♦
❞✐♥❛	❡ ✈❛
✐❛❜✐❧✐

❞❡❧❧❛ ♠♦❧❡❝♦❧❛ ❣❡♥❡
✐❝❛ ✐♥ 	❛❧❡ �	❛	♦ ❛♥	❡❝❡❞❡♥	❡✱ ❧❡ ❝♦♦
❞✐♥❛	❡ 
❡		❛♥❣♦❧❡ x, y, z ❞❡❧❧❛ �	❡��❛

♠♦❧❡❝♦❧❛ ♥❡❧❧♦ �	❛	♦ 
❡❛❧❡✱ ❞❡❜❜♦♥♦ 
✐❣✉❛
❞❛
�✐ ❢✉♥③✐♦♥✐ ❞❡❧❧❡ a, b,

x = x (a, b) ; y = y (a, b) ; z = z (a, b) ; ✭✶✽✮

❢✉③✐♦♥✐ ❝❤❡ ♠❡❞✐❛♥	❡ ❧❛ ❧♦
♦ ❢♦
♠❛ 
❡❣♦❧❡
❛♥♥♦ ❧❛ ❞✐�	
✐❜✉③✐♦♥❡ ❞❡❧❧❛ ♠❛	❡
✐❛ ♣❡
 ❡♥	
♦ ❛❧❧❛

�✉♣❡
✜❝✐❡ ❝✉
✈❛ ❞❡❧❧♦ �	❛	♦ 
❡❛❧❡✳ ❙✐ ♣✉� ✐♥	❡♥❞❡
❡ ❝❤❡ ✈❡♥❣❛♥♦ ❡❧✐♠✐♥❛	❡ ❢
❛ ❡��❡ ❧❡ ❞✉❡

✈❛
✐❛❜✐❧✐ a, b, ❡ ❝♦�� ♦		❡♥✉	❛ ✉♥❛ ❡�✉❛③✐♦♥❡ ❢
❛ ❧❡ x, y, z, ❝❤❡ �❛
# �✉❡❧❧❛ ❞❡❧❧❛ �✉♣❡
✜❝✐❡ ❞❡❧

�✐�	❡♠❛✳

❈♦♥�✐❞❡
✐❛♠♦ ♥❡❧❧♦ �	❛	♦ ❛♥	❡❝❡❞❡♥	❡ 	❛♥	✐ ♣✐❝❝♦❧✐ 
❡		❛♥❣♦❧✐ k i ❝❤❡ ❝♦♠♣
❡♥❞❛♥♦ ✉♥ ❡❣✉❛❧

♥✉♠❡
♦ ❞✐ ♠♦❧❡❝♦❧❡ ✿ ♣❛��❛♥❞♦ ❛❧❧♦ �	❛	♦ 
❡❛❧❡✱ �✉❡�	❡ ♣✐❝❝♦❧❡ ♠❛��❡ ❡❣✉❛❧✐ �✐ ♠❡		❡
❛♥♥♦ ✐♥

	❛♥	❡ ♣♦
③✐♦♥❝❡❧❧❡ v1, v2, v3, .....vn ❞✐ �✉♣❡
✜❝✐❡ ❝✉
✈❛✱ ❧❡ �✉❛❧✐✱ ❣❡♥❡
❛❧♠❡♥	❡ ♣❛
❧❛♥❞♦✱ �❛
❛♥♥♦

❞✐✈❡
�❡ ❢
❛ ❧♦
♦✱ ❡ ✐♥ ♥❡��✉♥❛ ❞✐ ❡��❡ ❧❛ ❞❡♥�✐	# �❛
# ❝♦�	❛♥	❡✳ �❡
� ✐♠♠❛❣✐♥❛♥❞♦ ❝❤❡ ✐♥

❝✐❛�❝✉♥♦ ❞✐ �✉❡�	✐ �♣❛③✐❡		✐ ❧❡ ♠♦❧❡❝♦❧❡ �✐ 
✐♠❡		❛♥♦ ✐♥ ✉♥❛ ❞✐�	
✐❜✉③✐♦♥❡ ✉♥✐❢♦
♠❡✱ ❛✈
❡♠♦ ✉♥

�✐�	❡♠❛ �✉♣❡
✜❝✐❛❧❡ ❛ ❞❡♥�✐	# ❝❛♥❣✐❛♥	❡✱ ❝❤❡ �✐ ❛✈✈✐❝✐♥❡
# �❡♠♣
❡ ♣✐% ❛❧ �✐�	❡♠❛ ✈❡
♦✱ �✉❛♥	♦

♣✐% ✐ ♠❡♥	♦✈❛	✐ �♣❛③✐❡		✐ ❝
❡�❝❡
❛♥♥♦ ❞✐ ♥✉♠❡
♦ ❡ �❝❡♠❡
❛♥♥♦ ❞✐ ❣
❛♥❞❡③③❛✳ ▲❛ ❞❡♥�✐	# ♥❡❧❧♦

�♣❛③✐❡		♦ vn 
❛♣♣♦
	❛	❛ ❛❧❧❛ ♣
✐♠✐	✐✈❛ ❞❡❧❧♦ �	❛	♦ ✐❞❡❛❧❡✱ �❛
# ❡�♣
❡��❛ ❞❛

k i

vn
. ✭✶✾✮

❆❜❜✐❛♠♦ ♣❡
 vn 	
❡ ❡�♣
❡��✐♦♥✐✳ ▲❛ ♣
✐♠❛

✷✷
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡	❝✳

✶✷✳ ❋♦
 ✇❤❛	 ❝♦♥❝❡
♥� 	❤❡ �✉♣❡
✜❝✐❛❧ ❣❡♥❡
❛❧❧② ❝✉
✈❡❞ �②�	❡♠�✱ 	❤❡ ♠♦❧❡❝✉❧❡� ✐♥ 	❤❡ ✐❞❡❛❧

❛♥	❡❝❡❞❡♥	 �	❛	❡ ❛
❡ ❛��✉♠❡❞ 	♦ ❜❡ ❞✐�	
✐❜✉	❡❞ ✐♥ ❛ ♣❧❛♥❡ 	❤❛	 ❝❛♥ ❜❡ ❝♦♥�✐❞❡
❡❞ ♣❛
❛❧❧❡❧ 	♦

	❤❛	 ♦❢ x✱ y✱ ❛♥❞ �♦ ✉♥✐❢♦
♠❧② ❬❞✐�	
✐❜✉	❡❞❪ 	❤❛	 ❬	❤❡ ♠♦❧❡❝✉❧❡�❪ ❛
❡ ❢❛
 ❛♣❛
	 ❢
♦♠ ❡❛❝❤ ♦	❤❡


❜② �♠❛❧❧ ✐♥	❡
✈❛❧� 	❤❛	 ❛
❡ ❡�✉❛❧ ❛❧♦♥❣ 	❤❡ 	✇♦ ❛①❡�✱ ♦
✱ 	❤❛	 ✐� 	❤❡ �❛♠❡✱ ❜❡✐♥❣ ❝♦❧❧♦❝❛	❡❞ ❛	

	❤❡ ❝♦
♥❡
� ♦❢ ♠❛♥② ❛♥❞ ❡�✉❛❧ ❧✐		❧❡ ��✉❛
❡� 	❤❛	 ❝♦✈❡
 ❛❧❧ 	❤❛	 ♣❧❛♥❡ �✉
❢❛❝❡✱ ❜❡✐♥❣ ♣♦��✐❜❧❡ 	♦

❧❡❛✈❡ ✭	❤❛	 ✐� ♥♦	 ❛ ❢❛✉❧	✮ �♦♠❡ ❣❛♣� ♥❡❛
 	❤❡ ❝✉
✈❡❞ ❧✐♥❡� ❢
♦♠ ✇❤✐❝❤ ✐	 ❝❛♥ ❜❡ ✐♥	❡♥❞❡❞ 	❤❡

♣❧❛♥❡ ❞♦♠❛✐♥ 	♦ ❜❡ ❧✐♠✐	❡❞✳ ▲❡	 ✉� ❝❛❧❧ a✱ b 	❤❡ ✈❛
✐❛❜❧❡ ❝♦♦
❞✐♥❛	❡� ♦❢ 	❤❡ ❣❡♥❡
✐❝ ♠♦❧❡❝✉❧❡

✐♥ 	❤❛	 ❛♥	❡❝❡❞❡♥	 �	❛	❡✱ 	❤❡ 
❡❝	❛♥❣✉❧❛
 ❝♦♦
❞✐♥❛	❡� x✱ y✱ z ♦❢ 	❤❡ �❛♠❡ ♠♦❧❡❝✉❧❡ ✐♥ 	❤❡ 
❡❛❧

�	❛	❡ ❤❛✈❡ 	♦ ❜❡ �❡❡♥ ❛� ❢✉♥❝	✐♦♥� ♦❢ 	❤❡ a✱ b✱

x = x (a, b) ; y = y (a, b) ; z = z (a, b) ; ✭✶✽✮

❢✉♥❝	✐♦♥� 	❤❛	✱ 	❤
♦✉❣❤ 	❤❡✐
 ❢♦
♠✱ ✇✐❧❧ 
❡❣✉❧❛	❡ 	❤❡ ❞✐�	
✐❜✉	✐♦♥ ♦❢ ♠❛		❡
 ✐♥�✐❞❡ 	❤❡ ❝✉
✈❡❞

�✉
❢❛❝❡ ♦❢ 	❤❡ 
❡❛❧ �	❛	❡✳ ■	 ✐� ♣♦��✐❜❧❡ 	♦ ✐♥	❡♥❞ 	❤❛	 	❤❡ 	✇♦ ✈❛
✐❛❜❧❡� a✱ b ❛
❡ ❡❧✐♠✐♥❛	❡❞

❛♠♦♥❣ ❬	❤❡ 	❤
❡❡ ❡�✉❛	✐♦♥� ✐♥ ✭✶✽✮❪ ❛♥❞ 	❤❛	 ❛♥ ❡�✉❛	✐♦♥ ❛♠♦♥❣ x✱ y✱ z ✐� ♦❜	❛✐♥❡❞✱ ✇❤✐❝❤ ✇✐❧❧

❜❡ 	❤❛	 ♦♥❡ ♦❢ 	❤❡ �✉
❢❛❝❡ ♦❢ 	❤❡ �②�	❡♠✳

▲❡	 ✉� ❝♦♥�✐❞❡
✱ ✐♥ 	❤❡ ❛♥	❡❝❡❞❡♥	 �	❛	❡✱ ♠❛♥② �♠❛❧❧ 
❡❝	❛♥❣❧❡� k i ✐♥❝❧✉❞✐♥❣ ❛♥ ❡�✉❛❧

♥✉♠❜❡
 ♦❢ ♠♦❧❡❝✉❧❡�✿ ❜❡✐♥❣ 	
❛♥�♣♦
	❡❞ 	♦ 	❤❡ 
❡❛❧ �	❛	❡✱ 	❤❡�❡ �♠❛❧❧ ❡�✉❛❧ ♠❛��❡� ✇✐❧❧ ❜❡

❝♦❧❧♦❝❛	❡❞ ✐♥ ❛� ♠❛♥② ❧✐		❧❡ ♣♦
	✐♦♥� v1, v2, v3, .....vn ♦❢ ❝✉
✈❡❞ �✉
❢❛❝❡✱ ✇❤✐❝❤ ❬❧✐		❧❡ ♣♦
	✐♦♥�❪✱

❣❡♥❡
❛❧❧② �♣❡❛❦✐♥❣✱ ✇✐❧❧ ❜❡ ✉♥❡�✉❛❧ 	♦ ❡❛❝❤ ♦	❤❡
 ❛♥❞ ✐♥ ♥♦♥❡ ♦❢ 	❤❡♠ 	❤❡ ❞❡♥�✐	② ✇✐❧❧ ❜❡

❝♦♥�	❛♥	✳ ❍♦✇❡✈❡
✱ ✐❢ ✇❡ ❝♦♥❝❡✐✈❡ 	❤❛	 ✐♥ ❡❛❝❤ ♦❢ 	❤❡�❡ ❧✐		❧❡ �♣❛❝❡� 	❤❡ ♠♦❧❡❝✉❧❡� ✇✐❧❧ ❜❡

❝♦❧❧♦❝❛	❡❞ ✐♥ ❛ ✉♥✐❢♦
♠ ❞✐�	
✐❜✉	✐♦♥✱ 	❤❡♥ 	❤❡ �✉♣❡
✜❝✐❛❧ �②�	❡♠ ✇✐❧❧ ❤❛✈❡ ❛ ✈❛
✐❛❜❧❡ ❞❡♥�✐	②✱

	❤❛	 ✇✐❧❧ ❜❡ ❝❧♦�❡
 ❛♥❞ ❝❧♦�❡
 	♦ 	❤❡ 
❡❛❧ �②�	❡♠✱ ❛� ♠✉❝❤ ❛� 	❤❡�❡ ♠❡♥	✐♦♥❡❞ ❧✐		❧❡ �♣❛❝❡� ✇✐❧❧

✐♥❝
❡❛�❡ 	❤❡✐
 ♥✉♠❜❡
 ❛♥❞ ❞❡❝
❡❛�❡ 	❤❡✐
 �✐③❡✳ ❚❤❡ ❞❡♥�✐	② ♦❢ 	❤❡ ❧✐		❧❡ �♣❛❝❡ vn ❝♦♠♣❛
❡❞ 	♦

	❤❡ ♣
✐♠✐	✐✈❡ ♦♥❡ ♦❢ 	❤❡ ✐❞❡❛❧ �	❛	❡ ✇✐❧❧ ❜❡ ❡①♣
❡��❡❞ ❛� ❢♦❧❧♦✇�

k i

vn
. ✭✶✾✮

❲❡ ❤❛✈❡ 	❤
❡❡ ❡①♣
❡��✐♦♥� ❢♦
 vn✿ 	❤❡ ✜
�	 ♦♥❡



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✷✸

vn =

∫

dx

∫

dy ·

√

ı+

(

dz

dx

)2

+

(

dz

dy

)2

✐♥�❡♥❞❡♥❞♦ z ❢✉♥③✐♦♥❡ ❞✐ x, y, ❡ �✉♣♣♦♥❡♥❞♦ ❧❡ ✐♥�❡❣�❛③✐♦♥✐ ❞❡✜♥✐�❡ �❡❝♦♥❞♦ ✐ ✈❛❧♦�✐ ❝❤❡ ♣�❡♥❞♦♥♦

❧❡ x, y ❛❧❧❡ ❧✐♥❡❡ ❝♦♥�❡�♠✐♥❛♥�✐ ❧♦ �♣❛③✐❡��♦ �✉♣❡�✜❝✐❛❧❡✳ ▲❛ �❡❝♦♥❞❛ ❡�♣�❡��✐♦♥❡ ❞✐ vn ❝✐ � ❞❛�❛

��❛�❢♦�♠❛♥❞♦✱ �❡❝♦♥❞♦ ❧❛ ♥♦�❛ �❡♦�✐❝❛✱ ✐❧ ♣�❡❝❡❞❡♥�❡ ✐♥�❡❣�❛❧❡ ❞✉♣❧✐❝❛�♦ ✐♥ ✉♥ ❛❧��♦ ♣�❡�♦ ♣❡�

❧❡ a, b ❞✐ ❝✉✐ ❧❡ x, y �♦♥♦ ❢✉♥③✐♦♥✐ ❡ �✐�✉❧�❛

vn =

∫ a+k

a

da

∫ b+i

b

db ·K

❡��❡♥❞♦�✐ ♣♦��♦ ♣❡� ❛❜❜�❡✈✐❛�❡

K =
dx

da

dy

db
−

dx

db

dy

da

√

ı+

(

dz

dx

)2

+

(

dz

dy

)2

. ✭✷✵✮

❉❛ ✉❧�✐♠♦ ♦��❡♥✐❛♠♦

vn = k i ·K +
k2i

2

dK

da
+

ki2

2

dK

db
+ ❡❝✳ ✭✷✶✮

�✈♦❧❣❡♥❞♦ ✐♥ �❡�✐❡ ❧✬ ✐♥�❡❣�❛❧❡ ❞✉♣❧✐❝❛�♦ ♥❡❧❧❛ ♠❛♥✐❡�❛ ✐♥❞✐❝❛�❛ ❛❧ ◆✳ ✾✳

❉❛❧❧❡ ❡�♣�❡��✐♦♥✐ ✭✶✾✮ ❡ ✭✷✶✮ ❝✐ �✐�✉❧�❛ ❝♦❧❧❛ �❡♦�✐❝❛ ❞❡✐ ❧✐♠✐�✐ ❧❛ ❞❡♥�✐�$ ✈❛�✐❛❜✐❧❡ Γ ♣❡❧ ♣✉♥�♦

(x, y, z) ❞❡❧ �✐��❡♠❛ �✉♣❡�✜❝✐❛❧❡✱ ❡�♣�❡��❛ ❞❛

Γ =
ı

K
. ✭✷✷✮

◆♦�❡�❡♠♦ ❝❤❡ �✐❝❛✈❛♥❞♦ ✐ ✈❛❧♦�✐ ❞✐ dz
dx

✱ dz
dy

❞❛❧❧❡ ❞✉❡ ❡%✉❛③✐♦♥✐

dz

da
=

dz

dx

dx

da
+

dz

dy

dy

da
;

dz

db
=

dz

dx

dx

db
+

dz

dy

dy

db
; ✭✷✸✮

❡ �♦��✐�✉❡♥❞♦❧✐ ♥❡❧❧❛ ❢♦�♠♦❧❛ ✭✷✵✮✱ ❡��❛ �✐❞✉❝❡�✐ ❛❧❧❛ ♣✐& �✐♠♠❡��✐❝❛

K =

√

(

dx

da

dy

db
−

dx

db

dy

da

)2

+

(

dz

da

dx

db
−

dz

db

dx

da

)2

+

(

dy

da

dz

db
−

dy

db

dz

da

)2

; ✭✷✹✮

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✷✸

vn =

∫

dx

∫

dy ·

√

ı+

(

dz

dx

)2

+

(

dz

dy

)2

�✐♥❝❡ ✇❡ ❝♦♥�✐❞❡� z ❛� ❛ ❢✉♥❝�✐♦♥ ♦❢ x✱ y✱ ❛♥❞ ❬�✐♥❝❡❪ ✇❡ ❛��✉♠❡ �❤❡ ❞❡✜♥✐�❡ ✐♥�❡❣�❛�✐♦♥ ❛�

❧✐♠✐�❡❞ ❜② �❤❡ ✈❛❧✉❡� ✇❤✐❝❤ �❤❡ x✱ y �❛❦❡ ❛❧♦♥❣ �❤❡ ❧✐♥❡� ❧✐♠✐�✐♥❣ �❤❡ ❧✐��❧❡ �✉♣❡�✜❝✐❛❧ �♣❛❝❡�✳

❚❤❡ �❡❝♦♥❞ ❡①♣�❡��✐♦♥ ♦❢ vn ✐� ♦❜�❛✐♥❡❞ ❜② ��❛♥�❢♦�♠✐♥❣✱ ❢♦❧❧♦✇✐♥❣ �❤❡ ✇❡❧❧✲❦♥♦✇♥ �❤❡♦�②✱ �❤❡

♣�❡❝❡❞❡♥� ❞♦✉❜❧❡ ✐♥�❡❣�❛❧ ✐♥ ❛♥♦�❤❡� ♦♥❡ ❝❛❧❝✉❧❛�❡❞ ✐♥ �❡�♠� ♦❢ �❤❡ a✱ b ♦❢ ✇❤✐❝❤ x✱ y ❛�❡

❢✉♥❝�✐♦♥� ❛♥❞ ✐� ②✐❡❧❞�

vn =

∫ a+k

a

da

∫ b+i

b

db ·K

✇❤❡�❡✱ ❢♦� �❤♦��♥❡��✬ �❛❦❡✱ ✇❡ ❤❛✈❡ �❛❦❡♥

K =
dx

da

dy

db
−

dx

db

dy

da

√

ı+

(

dz

dx

)2

+

(

dz

dy

)2

. ✭✷✵✮

❋✐♥❛❧❧② ✇❡ ♦❜�❛✐♥

vn = k i ·K +
k2i

2

dK

da
+

ki2

2

dK

db
+ ❡�❝✳ ✭✷✶✮

�✐♥❝❡ �❤❡ ❞♦✉❜❧❡ ✐♥�❡❣�❛❧ ✐� ❞❡✈❡❧♦♣ ✐♥ �❡�✐❡� ❛� ✇❡ ❞✐❞ ❛� �❡❝�✳ ✾✳

❋�♦♠ �❤❡ ❡①♣�❡��✐♦♥� ✭✶✾✮ ❛♥❞ ✭✷✶✮ ✐� �❡�✉❧��✱ ❢�♦♠ �❤❡ �❤❡♦�② ♦❢ ❧✐♠✐��✱ �❤❛� �❤❡ ✈❛�✐❛❜❧❡

❞❡♥�✐�② Γ ❛� �❤❡ ♣♦✐♥� (x, y, z) ♦❢ �❤❡ �✉♣❡�✜❝✐❛❧ �②��❡♠ ✐� ❣✐✈❡♥ ❜②

Γ =
ı

K
. ✭✷✷✮

❲❡ ✇✐❧❧ ♥♦�❡ �❤❛�✱ ❡①♣�❡��✐♥❣ �❤❡ ✈❛❧✉❡� dz
dx

✱ dz
dy

❢�♦♠ �❤❡ �✇♦ ❡%✉❛�✐♦♥�

dz

da
=

dz

dx

dx

da
+

dz

dy

dy

da
;

dz

db
=

dz

dx

dx

db
+

dz

dy

dy

db
; ✭✷✸✮

❛♥❞ �✉❜��✐�✉�✐♥❣ ❬ dz
dx

✱ dz
dy
❪ ✐♥�♦ ✭✷✵✮✱ ❬�❤❡ ✭✷✵✮❪ ✐� �❡❞✉❝❡❞ �♦ �❤❡ ♠♦�❡ �②♠♠❡��✐❝

K =

√

(

dx

da

dy

db
−

dx

db

dy

da

)2

+

(

dz

da

dx

db
−

dz

db

dx

da

)2

+

(

dy

da

dz

db
−

dy

db

dz

da

)2

; ✭✷✹✮



✷✹
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

♣❡� ❧❛ 
✉❛❧❡ ❧❛ ✭✷✷✮ ❝✐ ♣�❡�❡♥�❛ ❧❛ ❞❡♥�✐�� Γ ❢✉♥③✐♦♥❡ ❞❡❧❧❡ a, b ✿ ♠❛ ❝✐ � �❡♠♣�❡ ❧❡❝✐�♦ ❝♦♥�✐❞❡�❛�❧❛

❢✉♥③✐♦♥❡ ❞✐ x, y, ✐♠♠❛❣✐♥❛♥❞♦ �♦��✐�✉✐�✐ ❛❞ a, b ✐ ❧♦�♦ ✈❛❧♦�✐

a = a (x, y) ; b = b (x, y) ✭✷✺✮

❞❡❞♦��✐ ❞❛❧❧❡ ♣�✐♠❡ ❞✉❡ ❞❡❧❧❡ ❡
✉❛③✐♦♥✐ ✭✶✽✮✳

◗✉❛♥�♦ ❛❧❧❛ ♠✐�✉�❛ ❞❡❧❧❛ ♠❛��❛ M ✱ ❧❡ ❢♦�♠♦❧❡ ❝❤❡ ❝♦��✐�♣♦♥❞♦♥♦ �✉❝❝❡��✐✈❛♠❡♥�❡ ❛ 
✉❡❧❧❡

❞❡❧ ◆✳ ✾✳ �♦♥♦ ❧❡ �❡❣✉❡♥�✐ ✿

M =

∫

da

∫

db · 1

M =

∫

da

∫

db ·

(

dx

da

dy

db
−

dx

db

dy

da

)

Γ

√

ı+

(

dz

dx

)2

+

(

dz

dy

)2

M =

∫

dx

∫

dy · Γ

√

ı+

(

dz

dx

)2

+

(

dz

dy

)2

. ✭✷✻✮

❉✐ ❡��❡ ❧❛ ♣�✐♠❛ ❞� ❧❛ ♠❛��❛ ♠✐�✉�❛�❛ ❞❛❧ ✈♦❧✉♠❡✱ ♥❡❧❧❛ ❞✐���✐❜✉③✐♦♥❡ ♣�✐♠✐�✐✈❛ ✿ ❧❛ �❡❝♦♥❞❛

� ❛♥❝♦�❛ ❧❛ ♣�✐♠❛✱ ♠❡��❛✈✐ �♦��♦ ✐❧ ❞♦♣♣✐♦ �❡❣♥♦ ✐♥�❡❣�❛❧❡✱ KΓ ✐♥ ❧✉♦❣♦ ❞❡❧❧✬ ✉♥✐�� ♣❡� ❡✛❡��♦

❞❡❧❧❛ ❢♦�♠♦❧❛ ✭✷✷✮✱ ❛✈❡♥❞♦ �♦��✐�✉✐�♦ ♣❡� K ✐❧ ✈❛❧♦�❡ ✭✷✵✮ ✿ ❡ ❞❛ ❡��❛ �✐ ♣❛��❛ ❛❧❧❛ �❡�③❛ ✐♥ ❢♦�③❛

❞❡❧❧❛ �❡♦�✐❝❛ ❞❡❧❧❛ ��❛�❢♦�♠❛③✐♦♥❡ ❞❡❣❧✐ ✐♥�❡❣�❛❧✐ ❞✉♣❧✐❝❛�✐✱ ❛✈❡♥❞♦�✐ ❝♦� ✉♥ ✐♥�❡❣�❛❧❡ ❡�♣�❡��♦

♠❡❞✐❛♥�❡ ❧❡ ✈❛�✐❛❜✐❧✐ ♣�♦♣�✐❡ ❞❡❧❧♦ ��❛�♦ �❡❛❧❡✳

✶✸✳ ❉❛❧❧❡ ❢♦�♠♦❧❡ ♦��❡♥✉�❡ ✐♥ $✉❡��✐ ✉❧�✐♠✐ ♥✉♠❡�✐ ♣♦��♦♥♦ ❞❡❞✉��✐ ♣�♦♥�❛♠❡♥�❡ ❛❧❝✉♥❡

❝♦♥�❡❣✉❡♥③❡ ❛❧❧❡ $✉❛❧✐ ❛❧��✐♠❡♥�✐ ♥♦♥ �✐ ❛��✐✈❛ �❡ ♥♦♥ ❝♦♥ $✉❛❧❝❤❡ ��❡♥�♦✳ &�✐♠❛ ♣❡�' ❢❛�'

♦��❡�✈❛�❡ ❝❤❡ $✉❛♥❞♦ �✐ ❝♦♥�✐❞❡�❛♥♦ ✐ ❝♦�♣✐ ♥❡❧❧♦ ��❛�♦ ❞✐ ♠♦�♦✱ ❧❡ ❝♦♦�❞✐♥❛�❡ x, y, z ❞✐ ✉♥

♣✉♥�♦ $✉❛❧✉♥$✉❡ ❞❡❧ ❝♦�♣♦ ❛❧❧❛ ✜♥❡ ❞❡❧ �❡♠♣♦ t✱ �✐ ❞❡❜❜♦♥♦ ❝♦♥�✐❞❡�❛�❡ ❢✉♥③✐♦♥✐ ❞✐ ❝♦♦�❞✐♥❛�❡

p, q, r ❝♦��✐�♣♦♥❞❡♥�✐ ❛ $✉❡❧ ♣✉♥�♦ ❛❧ ♣�✐♥❝✐♣✐♦ ❞❡❧ �❡♠♣♦✱ ❡ ❞✐ t✳ ▲❡ ❝♦♦�❞✐♥❛�❡ p, q, r ♣♦✐

❞❡❧❧♦ ��❛�♦ �❡❛❧❡ ❛❧ ♣�✐♥❝✐♣✐♦ ❞❡❧ �❡♠♣♦ ❞❡❜❜♦♥♦ ❝♦♥�✐❞❡�❛��✐ ❢✉♥③✐♦♥✐ ❞❡❧❧❡ a, b, c ❝♦♦�❞✐♥❛�❡ ❞✐

✉♥♦ ��❛�♦ ❛♥�❡❝❡❞❡♥�❡ ✐❞❡❛❧❡✳ ◆♦♥❞✐♠❡♥♦ � ❧❡❝✐�♦ �❛❧�❛� ✈✐❛ ❧❛ ❝♦♥�✐❞❡�❛③✐♦♥❡ ❞❡❧❧❡ ❝♦♦�❞✐♥❛�❡

✐♥�❡�♠❡❞✐❡ p, q, r ❡ ✐♥✈❡❝❡ ❞✐ ❝♦♥�❡♠♣❧❛�❡ ❢♦�♠❡ ❝♦♠❡ ❧❛

x [p (a, b, c) , q (a, b, c) , r (a, b, c) , t]

✷✹
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

❢♦� ✇❤✐❝❤ �❤❡ ✭✷✷✮ ❣✐✈❡� ✉� �❤❡ ❞❡♥�✐�② Γ ❛� ❛ ❢✉♥❝�✐♦♥ ♦❢ �❤❡ a✱ b✿ ❤♦✇❡✈❡�✱ ✐� ✐� ❛♥②✇❛② ❝♦��❡❝�

�♦ ❝♦♥�✐❞❡� ❬�❤❡ ❢✉♥❝�✐♦♥ Γ❪ ❛� ❛ ❢✉♥❝�✐♦♥ ♦❢ x✱ y✱ ♣�❡�✉♠✐♥❣ �✉❜��✐�✉�❡❞ �♦ a✱ b �❤❡✐� ✈❛❧✉❡�

a = a (x, y) ; b = b (x, y) ✭✷✺✮

❞❡❞✉❝❡❞ ❢�♦♠ �❤❡ ✜��� �✇♦ ♦❢ �❤❡ ❡$✉❛�✐♦♥� ✭✶✽✮✳

❋♦� ✇❤❛� ❝♦♥❝❡�♥� �❤❡ ♠❡❛�✉�❡ ♦❢ �❤❡ ♠❛�� M ✱ �❤❡ ❢♦�♠✉❧❛� �❤❛� ❝♦��❡�♣♦♥❞ �❡�♣❡❝�✐✈❡❧②

�♦ �❤♦�❡ ♦❢ �❡❝�✳ ✾✱ ❛�❡ �❤❡ ❢♦❧❧♦✇✐♥❣✿

M =

∫

da

∫

db · 1

M =

∫

da

∫

db ·

(

dx

da

dy

db
−

dx

db

dy

da

)

Γ

√

ı+

(

dz

dx

)2

+

(

dz

dy

)2

M =

∫

dx

∫

dy · Γ

√

ı+

(

dz

dx

)2

+

(

dz

dy

)2

. ✭✷✻✮

❆♠♦♥❣ �❤❡♠✱ �❤❡ ✜��� ❣✐✈❡� �❤❡ ♠❛�� �❤❛� ✐� ♠❡❛�✉�❡❞ ❢�♦♠ �❤❡ ✈♦❧✉♠❡ ✐♥ �❤❡ ♣�✐♠✐�✐✈❡

❞✐���✐❜✉�✐♦♥✿ �❤❡ �❡❝♦♥❞ ♦♥❡ ✐� ❛❣❛✐♥ �❤❡ ✜��� ♦♥❡✱ ✇❤❡�❡ �❤❡ ❡①♣�❡��✐♦♥ KΓ ✐� ✐♥��♦❞✉❝❡❞ ✉♥❞❡�

�❤❡ ✐♥�❡❣�❛❧ ❞♦✉❜❧❡ �✐❣♥ ✐♥��❡❛❞ ♦❢ �❤❡ ✉♥✐� ❜❡❝❛✉�❡ ♦❢ �❤❡ ❡$✉❛�✐♦♥ ✭✷✷✮✱ ❤❛✈✐♥❣ �✉❜��✐�✉�❡❞

�❤❡ ✈❛❧✉❡ ✭✷✵✮ ❢♦� K✿ ❬❢�♦♠ �❤❡ �❡❝♦♥❞ ❡①♣�❡��✐♦♥❪ ✇❡ ♣❛�� �♦ �❤❡ �❤✐�❞ ♦♥❡ �❤❛� ✐� ♦❜�❛✐♥❡❞ ❜②

✈✐��✉❡ ♦❢ �❤❡ �❤❡♦�② ♦❢ �❤❡ ��❛♥�❢♦�♠❛�✐♦♥ ♦❢ ❞♦✉❜❧❡ ✐♥�❡❣�❛❧�✱ ✐♥ �✉❝❤ ❛ ✇❛② �❤❛� ❛♥ ✐♥�❡❣�❛❧ ✐�

❡①♣�❡��❡❞ �❤�♦✉❣❤ �❤❡ ✈❛�✐❛❜❧❡� �❤❛� ❛�❡ ♥❛�✉�❛❧ ✐♥ �❤❡ �❡❛❧ ��❛�❡✳

✶✸✳ ❋�♦♠ �❤❡ ♦❜�❛✐♥❡❞ ❢♦�♠✉❧❛� ✐♥ �❤❡�❡ ❧❛�� �❡❝�✐♦♥�✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ �❡❛❞✐❧② �♦♠❡ ❝♦♥�❡✲

$✉❡♥❝❡� �♦ ✇❤✐❝❤ ♦�❤❡�✇✐�❡ ✇❡ ❝♦✉❧❞ ♥♦� ❣❡� ✉♣ ✇✐�❤♦✉� �♦♠❡ ❞✐✣❝✉❧�✐❡�✳ ❋✐���✱ ❤♦✇❡✈❡�✱ ■ ✇✐❧❧

♦❜�❡�✈❡ �❤❛� ✇❤❡♥ ♦♥❡ ❝♦♥�✐❞❡�� �❤❡ ❜♦❞✐❡� ✐♥ ❛ ��❛�❡ ♦❢ ♠♦�✐♦♥✱ �❤❡ ❝♦♦�❞✐♥❛�❡� x, y, z ♦❢ ❛

❣❡♥❡�✐❝ ♣♦✐♥� ♦❢ �❤❡ ❜♦❞② ❛� �❤❡ ❡♥❞ ♦❢ �✐♠❡ t✱ ❤❛✈❡ �♦ ❜❡ ❝♦♥�✐❞❡�❡❞ ❛� ❢✉♥❝�✐♦♥� ♦❢ ❝♦♦�❞✐♥❛�❡�

p, q, r ❝♦��❡�♣♦♥❞✐♥❣ �♦ �❤❛� ♣♦✐♥� ❛� �❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ �✐♠❡✱ ❛♥❞ ♦❢ t✳ ❚❤❡ ❝♦♦�❞✐♥❛�❡� p, q, r✱

�❤❡♥✱ ♦❢ �❤❡ �❡❛❧ ��❛�❡ ❛� �❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ �✐♠❡ ❤❛✈❡ �♦ ❜❡ ❝♦♥�✐❞❡�❡❞ ❛� ❢✉♥❝�✐♦♥� ♦❢ �❤❡ a, b, c✱

❬�❤❛� ❛�❡❪ ❝♦♦�❞✐♥❛�❡� ♦❢ ❛♥ ❛♥�❡❝❡❞❡♥� ✐❞❡❛❧ ��❛�❡✳ ◆❡✈❡��❤❡❧❡��✱ ✐� ✐� ❥✉��✐✜❛❜❧❡ �♦ �❦✐♣ �❤❡

❬♣�❡✈✐♦✉�❪ ❝♦♥�✐❞❡�❛�✐♦♥ ♦❢ �❤❡ ✐♥�❡�♠❡❞✐❛�❡ ❝♦♦�❞✐♥❛�❡� p, q, r ❛♥❞✱ �❛�❤❡� �❤❛♥ ❝♦♥�❡♠♣❧❛�✐♥❣

❢♦�♠� ❛� �❤❡ ❬❢♦❧❧♦✇✐♥❣❪

x [p (a, b, c) , q (a, b, c) , r (a, b, c) , t]



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✷✺

♣�♦♣♦�❝✐ ❛ ❞✐�✐

✉�❛ ❧❡ ❢♦�♠❡ x (a, b, c, t) , y (a, b, c, t) , z (a, b, c, t) �✉❛❧✐ �✐�✉❧
❡�❡❜❜❡�♦ ❞❛❧❧❡

♣�❡❝❡❞❡♥
✐ ♣❡� ❧♦ �❝✐♦❣❧✐♠❡♥
♦ ❡ ❧❛ ❢✉�✐♦♥❡ ❞❡❧❧❡ ❢✉♥③✐♦♥✐ p (a, b, c) , q (a, b, c) , r (a, b, c) . ◗✉❛♥❞♦

♣♦✐ ✐❧ ❝♦�♣♦ �✐❛ ✉♥ ❧✐�✉✐❞♦ ❝❤❡ ♣❛�
❡ ❞❛❧❧❛ �✉✐❡
❡ ❛❧ ♣�✐♥❝✐♣✐♦ ❞❡❧ 
❡♠♣♦ t✱ � ♠❛♥✐❢❡�
♦ ❝❤❡ ❧❡

a, b, c 
❡♥❣♦♥♦ ✐❧ ❧✉♦❣♦ ❞❡❧❧❡ p, q, r, ❣✐✉�
❛ ❧✬ ✐❞❡❛ ❝❤❡ ❝✐ �✐❛♠♦ ❢♦�♠❛
✐ ❞❡❧❧♦ �
❛
♦ ♣�❡❝❡❞❡♥
❡

✐❞❡❛❧❡ �✉❧❧❛ ✜♥❡ ❞❡❧ ◆✳ ✼✳

✶✹✳ ❆✐ ♥✉♠❡�✐ ✭✹✸✮ ❡ ✭✹✹✮ ❞❡❧❧❛ ▼❡♠♦�✐❛ ✐♥�❡�✐
❛ ♥❡❧ ❚✳ ❳❳■ ❤♦ ❢❛

♦ ✈❡❞❡�❡ ❝♦♠❡ ❞❛❧❧❛

❡�✉❛③✐♦♥❡ ✭✻✮ ❞✐♣❡♥❞❡ ❧❛ ❢♦�♠♦❧❛ ❞❡❧❧❡ ❝♦♥❞❡♥�❛③✐♦♥✐✱ ❡ ❧❛ ❝♦�( ❞❡

❛ ❡�✉❛③✐♦♥❡ ❞❡❧❧❛ ❝♦♥
✐♥✉✐
)✱

❧❛ �✉❛❧❡ ♥♦♥ �✐ ✈❡�✐✜❝❛ �♦❧
❛♥
♦ ♣❡✐ ❝♦�♣✐ ✢✉✐❞✐✱ ♠❛ ✐♥ ❣❡♥❡�❛❧❡✳ ▼✐ �❛�❡❜❜❡ ❝♦♠♦❞♦ �✐♠❛♥❞❛�❡ ✐❧

❧❡

♦�❡ ❛❧ ❧✉♦❣♦ ❝✐
❛
♦ ✿ ❛✣♥❝❤� ♣❡�- ❧✬ ❛

✉❛❧❡ ▼❡♠♦�✐❛ ♣♦��❛ ❡��❡�❡ ❧❡

❛ ✐♥❞✐♣❡♥❞❡♥
❡♠❡♥
❡

❞❛ �✉❡❧❧❛✱ �✐♣�♦❞✉��- �✉✐ ❛❧♠❡♥♦ ❧❛ ❞✐♠♦�
�❛③✐♦♥❡ ❞❡❧❧✬ ❡�✉❛③✐♦♥❡ ❞❡❧❧❛ ❝♦♥
✐♥✉✐
)✳

❙✐ ♣♦♥❣♦♥♦ ❧❡ �❡❣✉❡♥
✐ ❞❡♥♦♠✐♥❛③✐♦♥✐ ✐♥
�♦❞♦

❡ ❧❛ ♣�✐♠❛ ✈♦❧
❛ ❞❛ ▲❛❣�❛♥❣❡ ✭ ❤♦ ❝❛♠❜✐❛
❡

❧❡ ❧❡

❡�❡ ♣❡� ❡✈✐
❛�❡ ❡�✉✐✈♦❝✐ ✮

l1 =
dy
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dz

dc
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dz
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dc

l2 =
dz
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dx
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−
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dz
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−

dy
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m1 =
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dz
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−
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da

dx

dc
✭✷✼✮

m3 =
dy

da

dx

dc
−

dx

da

dy

dc

n1 =
dy

da

dz

db
−

dz

da

dy

db

n2 =
dz

da

dx

db
−

dx

da

dz

db

n3 =
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da

dy

db
−

dy

da

dx

db

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✷✺


♦ ❜�✐♥❣ 
♦ ♦✉� ❛

❡♥
✐♦♥ ❡✈❡♥ 
❤❡ ❢♦�♠� x (a, b, c, t) , y (a, b, c, t) , z (a, b, c, t) ❛� �❡�✉❧
✐♥❣

❢�♦♠ 
❤❡ ♣�❡❝❡❞❡♥
 ❬♥♦
 ♥✉♠❜❡�❡❞ ❡�✉❛
✐♦♥�❪ ❢♦� 
❤❡ ❞✐��♦❧✉
✐♦♥ ❛♥❞ 
❤❡ ❢✉�✐♦♥ ❬✱ ✐✳❡✳ ❢♦� 
❤❡

❝♦♠♣♦�✐
✐♦♥✱❪ ♦❢ 
❤❡ ❢✉♥❝
✐♦♥� ❬x(p, q, r, t) ❛♥❞ 
❤❡ ❢✉♥❝
✐♦♥�❪ p (a, b, c) , q (a, b, c) , r (a, b, c) .

❲❤❡♥✱ 
❤❡♥✱ 
❤❡ ❜♦❞② ✐� ❛ ❧✐�✉✐❞ 
❤❛
 �
❛�
� ❢�♦♠ �❡�
 ❛
 
❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ 
❤❡ 
✐♠❡ t✱ ✐
 ✐�

♦❜✈✐♦✉� 
❤❛
 
❤❡ a, b, c 
❛❦❡ 
❤❡ ♣❧❛❝❡ ♦❢ 
❤❡ p, q, r✱ ❬❜❡✐♥❣ ❝♦♥✜�♠❡❞❪ 
❤❡ ✐❞❡❛ 
❤❛
 ✇❡ ❤❛✈❡

❢♦�♠❡❞ ❛❜♦✉
 
❤❡ ♣�❡❝❡❞❡♥
 ✐❞❡❛❧ �
❛
❡ ❛
 
❤❡ ❡♥❞ ♦❢ 
❤❡ �❡❝
✳ ✼✳

✶✹✳ ■♥ 
❤❡ �❡❝
✐♦♥� ✭✹✸✮ ❛♥❞ ✭✹✹✮ ♦❢ 
❤❡ ▼❡♠♦✐� ✐♥❝❧✉❞❡❞ ✐♥ ❚✳ ❳❳■✱ ■ ❤❛✈❡ �❤♦✇♥ ❤♦✇ ❢�♦♠


❤❡ ❡�✉❛
✐♦♥ ✭✻✮ ❞❡♣❡♥❞� 
❤❡ ❢♦�♠✉❧❛ ♦❢ ❝♦♥❞❡♥�❛
✐♦♥� ❛♥❞ 
❤❡ �♦ ❝❛❧❧❡❞ ❡�✉❛
✐♦♥ ♦❢ ❝♦♥
✐♥✉✐
②✱


❤❛
 ✐� 
�✉❡ ♥♦
 ♦♥❧② ❢♦� ✢✉✐❞ ❜♦❞✐❡� ❜✉
 ❛❧�♦ ✐♥ ❣❡♥❡�❛❧✳ ■ ❝♦✉❧❞ �❡❛❧❧② �❡❢❡� 
❤❡ �❡❛❞❡� 
♦ 
❤❡

❛❢♦�❡♠❡♥
✐♦♥❡❞ ▼❡♠♦✐�✿ ❤♦✇❡✈❡�✱ ✐♥ ♦�❞❡� 
♦ ♠❛❦❡ 
❤✐� ▼❡♠♦✐� ✐♥❞❡♣❡♥❞❡♥
 ❢�♦♠ 
❤❛
 ❬❝✐
❡❞

▼❡♠♦✐�❪✱ ■ ✇✐❧❧ �❡❝❛❧❧ ❤❡�❡ ❛
 ❧❡❛�
 
❤❡ ❞❡♠♦♥�
�❛
✐♦♥ ♦❢ 
❤❡ ❡�✉❛
✐♦♥ ♦❢ ❝♦♥
✐♥✉✐
②✳

❲❡ ❣✐✈❡ 
❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐
✐♦♥� ✐♥
�♦❞✉❝❡❞ ❜② ▲❛❣�❛♥❣❡ ❢♦� 
❤❡ ✜��
 
✐♠❡ ✭■ ❤❛✈❡ ❝❤❛♥❣❡❞


❤❡ ❧❡

❡�� 
♦ ❛✈♦✐❞ ♠✐�✉♥❞❡��
❛♥❞✐♥❣�✮
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■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

�✐❝❤✐❛♠❛♥❞♦ ❛❧��❡�� ❧✬ ❡�♣�❡��✐♦♥❡ ❞❡❧❧❛ H ❞❛�❛ ♥❡❧❧❛ ✭✹✮ ✿ ❡ �✐ ♦��❡�✈❛ ♠❡❞✐❛♥�❡ ❧✬ ❛��✉❛❧❡

�♦��✐�✉③✐♦♥❡ ❧✬ ✐❞❡♥�✐�� ❞❡❧❧❡ ♥♦✈❡ ❡�✉❛③✐♦♥✐

l1
dx

da
+m1

dx

db
+ n1

dx

dc
= H

l2
dx

da
+m2

dx

db
+ n2

dx

dc
= 0

l3
dx

da
+m3

dx

db
+ n3

dx

dc
= 0

l1
dy

da
+m1

dy

db
+ n1

dy

dc
= 0

l2
dy

da
+m2

dy

db
+ n2

dy

dc
= H ✭✷✽✮

l3
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da
+m3

dy

db
+ n3

dy

dc
= 0

l1
dz

da
+m1

dz

db
+ n1

dz

dc
= 0

l2
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+m2

dz

db
+ n2

dz

dc
= 0

l3
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+m3
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db
+ n3
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dc
= H.

■♥❞✐❝♦ ❝♦♥ ✉♥ ❛♣✐❝❡ ❧❛ ❞❡�✐✈❛�❛ �♦�❛❧❡ ❞❡❧❧❛ ❞❡♥�✐�� Γ ♣❡❧ �❡♠♣♦ ✭ ✐♥❞✐❝❛③✐♦♥❡ ♠❛♥�❡♥✉�❛ ❛♥❝❤❡

♣❡� ❛❧��❡ �✉❛♥�✐�� ✮✱ ❡ ♥♦�♦ ❡��❡�❡

Γ′ =
dΓ

dx
u+

dΓ

dy
υ +

dΓ

dz
w +

dΓ

dt
✭✷✾✮

�✉❛♥❞♦ �✐ ❝♦♥�✐❞❡�❛ Γ (x, y, z, t) �✐❞♦��❛ ❢✉♥③✐♦♥❡ ❞❡❧❧❡ ��❡ ❝♦♦�❞✐♥❛�❡ ❡ ❞❡❧ �❡♠♣♦ ❡�♣❧✐❝✐�♦✱

❝♦♠❡ �✐ " ❞❡��♦ �✉❧ ✜♥✐�❡ ❞❡❧ ◆✳ ✾✳ ▲❡ u, υ, w ��❛♥♥♦ ✐♥ ❧✉♦❣♦ ❞❡❧❧❡ ❞❡�✐✈❛�❡ dx
dt
, dy
dt
, dz
dt

❞❡❧❧❡

x, y, z ♣❡❧ �❡♠♣♦✱ ❞❡�✐✈❛�❡ ❝❤❡ ❞❛♣♣�✐♠❛ ❢✉♥③✐♦♥✐ ❞✐ a, b, c, t �✐ �✐❣✉❛�❞❛♥♦ �✐❞✐✈❡♥✉�❡ ❢✉♥③✐♦♥✐

❞✐ x, y, z, t, �❡♠♣�❡ ♣❡❧ ❣✐✉❝♦ ❞❡✐ ✈❛❧♦�✐ ✭✽✮✱ �❛❧❝❤" �✐ ❛❜❜✐❛♥♦ ❧❡ ❡�✉❛③✐♦♥✐ ✐❞❡♥�✐❝❤❡

dx

dt
= u (x, y, z, t) ;

dy

dt
= υ (x, y, z, t) ;

dz

dt
= w (x, y, z, t) ; ✭✸✵✮

✷✻
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

❛❧�♦ �❡❝❛❧❧✐♥❣ �❤❡ ❡①♣�❡��✐♦♥ ♦❢ �❤❡ H ❣✐✈❡♥ ✐♥ ✭✹✮✿ ❛♥❞ ✇❡ ♦❜�❡�✈❡ ✈✐❛ �❤❡ ♣�❡�❡♥� �✉❜��✐�✉�✐♦♥

�❤❡ ✐❞❡♥�✐�② ♦❢ �❤❡ ♥✐♥❡ ❡�✉❛�✐♦♥�

l1
dx

da
+m1

dx

db
+ n1

dx

dc
= H

l2
dx

da
+m2

dx

db
+ n2

dx

dc
= 0

l3
dx

da
+m3

dx

db
+ n3

dx

dc
= 0

l1
dy

da
+m1

dy

db
+ n1

dy

dc
= 0

l2
dy

da
+m2

dy

db
+ n2

dy

dc
= H ✭✷✽✮

l3
dy

da
+m3

dy

db
+ n3

dy

dc
= 0

l1
dz

da
+m1

dz

db
+ n1

dz

dc
= 0

l2
dz

da
+m2

dz

db
+ n2

dz

dc
= 0

l3
dz

da
+m3

dz

db
+ n3

dz

dc
= H.

■ ✐♥❞✐❝❛�❡ ✇✐�❤ ❛♥ ♣�✐♠❡ �❤❡ �♦�❛❧ ❞❡�✐✈❛�✐✈❡ ♦❢ �❤❡ ❞❡♥�✐�② Γ ✇✐�❤ �❡�♣❡❝� �♦ �✐♠❡ ✭�❤✐� ✐♥❞✐❝❛�✐♦♥

✐� ♠❛✐♥�❛✐♥❡❞ ❢♦� ♦�❤❡� �✉❛♥�✐�✐❡� �♦♦✮✱ ❛♥❞ ■ ♥♦�❡ �❤❛�

Γ′ =
dΓ

dx
u+

dΓ

dy
υ +

dΓ

dz
w +

dΓ

dt
✭✷✾✮

❞♦❡� ❤♦❧❞ ✇❤❡♥ Γ (x, y, z, t) ✐� ❝♦♥�✐❞❡�❡❞ ❛� ❛ �❡❞✉❝❡❞ ❢✉♥❝�✐♦♥ ♦❢ �❤❡ �❤�❡❡ ❝♦♦�❞✐♥❛�❡� ❛♥❞

♦❢ �❤❡ ❡①♣❧✐❝✐� �✐♠❡✱ ❛� ✐� ❤❛� ❜❡ ��❛�❡❞ ❛� �❤❡ ❡♥❞ ♦❢ �❡❝�✳ ✾✳ ❚❤❡ u, v, w ❛�❡ ✐♥ ❧✐❡✉ ♦❢ �❤❡

❞❡�✐✈❛�✐✈❡� dx
dt
✱ dy

dt
✱ dz

dt
♦❢ �❤❡ x, y, z ✇✐�❤ �❡�♣❡❝� �♦ �✐♠❡✱ ❞❡�✐✈❛�✐✈❡� �❤❛�✱ ❬❜❡✐♥❣❪ ✐♥✐�✐❛❧❧②

❢✉♥❝�✐♦♥� ♦❢ a, b, c, t✱ ❛�❡ �❤❡♥ �❡❡♥ ❛� ❢✉♥❝�✐♦♥� ♦❢ x, y, z, t✱ ❛❣❛✐♥ ❜② ♣❧❛②✐♥❣ ✇✐�❤ �❤❡ ✈❛❧✉❡� ♦❢

✭✽✮✱ �♦ �❤❛� ✇❡ ❤❛✈❡ �❤❡ ✐❞❡♥�✐�✐❡�

dx

dt
= u (x, y, z, t) ;

dy

dt
= υ (x, y, z, t) ;

dz

dt
= w (x, y, z, t) ; ✭✸✵✮



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✷✼

❧❛ dΓ
dt

✐♥❞✐❝❛ ❧❛ ❞❡
✐✈❛�❛ ♣❛
③✐❛❧❡ ❞❡❧❧❛ Γ (x, y, z, t) ♣❡❧ t �♦❧❛♠❡♥�❡ ❡�♣❧✐❝✐�♦✳

❉❛❧❧❛ ❡�✉❛③✐♦♥❡ ✭✻✮ ❞❡
✐✈❛�❛ ❧♦❣❛
✐�♠✐❝❛♠❡♥�❡ ❡ �♦�❛❧♠❡♥�❡ ♣❡❧ �❡♠♣♦✱ ❛❜❜✐❛♠♦

Γ′

Γ
+

H ′

H
= 0; ✭✸✶✮

❛❜❜✐❛♠♦ ♣♦✐ ❞❛❧❧❛ ✭✹✮ ❡ ❞❛❧❧❡ ✭✷✼✮

H ′ = l1
d2x

dadt
+m1

d2x

dbdt
+ n1

d2x

dcdt

+ l2
d2y

dadt
+m2

d2y

dbdt
+ n2

d2y

dcdt
✭✸✷✮

+ l3
d2z

dadt
+m3

d2z

dbdt
+ n3

d2z

dcdt
.

❖
❛ ❞❛❧❧❡ ✭✸✵✮ ❞❡❞✉❝✐❛♠♦ ♣
♦♥�❛♠❡♥�❡ ❧❡ ♥♦✈❡

d2x

dadt
=

du

dx

dx

da
+

du

dy

dy

da
+

du

dz

dz

da

d2x

dbdt
=

du

dx

dx

db
+

du

dy

dy

db
+

du

dz

dz

db

d2x

dcdt
=

du

dx

dx

dc
+

du

dy

dy

dc
+

du

dz

dz

dc

d2y

dadt
=

dυ

dx

dx

da
+

dυ

dy

dy

da
+

dυ

dz

dz

da

d2y

dbdt
=

dυ

dx

dx

db
+

dυ

dy

dy

db
+

dυ

dz

dz

db

d2y

dcdt
=

dυ

dx

dx

dc
+

dυ

dy

dy

dc
+

dυ

dz

dz

dc

d2z

dadt
=

dw

dx

dx

da
+

dw

dy

dy

da
+

dw

dz

dz

da

d2z

dbdt
=

dw

dx

dx

db
+

dw

dy

dy

db
+

dw

dz

dz

db

d2z

dcdt
=

dw

dx

dx

dc
+

dw

dy

dy

dc
+

dw

dz

dz

dc

❡ �✉❡��✐ ✈❛❧♦
✐ �♦��✐�✉✐�✐ ♥❡❧ ♣
❡❝❡❞❡♥�❡ ❞✐ H ′ ✭ ❡�✉❛③✐♦♥❡ ✭✸✷✮ ✮ ❧♦ 
✐❞✉❝♦♥♦

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✷✼

�❤❡ dΓ
dt

✐♥❞✐❝❛�❡� �❤❡ ♣❛
�✐❛❧ ❞❡
✐✈❛�✐✈❡ ♦❢ �❤❡ Γ (x, y, z, t) ✇✐�❤ 
❡�♣❡❝� �♦ t ❬�❤❛� ✐� �❤❡❪ ♦♥❧②

❡①♣❧✐❝✐� ❬✈❛
✐❛❜❧❡❪✳

❋
♦♠ �❤❡ ❧♦❣❛
✐�❤♠✐❝ ❛♥❞ �♦�❛❧ ❞❡
✐✈❛�✐✈❡� ♦❢ ✭✻✮ ✇✐�❤ 
❡�♣❡❝� �♦ �✐♠❡✱ ✇❡ ❤❛✈❡✱

Γ′

Γ
+

H ′

H
= 0; ✭✸✶✮

�❤❡♥✱ ✇❡ ❤❛✈❡ ❢
♦♠ �❤❡ ✭✹✮ ❛♥❞ ❢
♦♠ �❤❡ ✭✷✼✮

H ′ = l1
d2x

dadt
+m1

d2x

dbdt
+ n1

d2x

dcdt

+ l2
d2y

dadt
+m2

d2y

dbdt
+ n2

d2y

dcdt
✭✸✷✮

+ l3
d2z

dadt
+m3

d2z

dbdt
+ n3

d2z

dcdt
.

◆♦✇✱ ❢
♦♠ �❤❡ ✭✸✵✮ ✇❡ ❞❡❞✉❝❡ �❤♦
�❧② �❤❡ ❢♦❧❧♦✇✐♥❣ ♥✐♥❡

d2x

dadt
=

du

dx

dx

da
+

du

dy

dy

da
+

du

dz

dz

da

d2x

dbdt
=

du

dx

dx

db
+

du

dy

dy

db
+

du

dz

dz

db

d2x

dcdt
=

du

dx

dx

dc
+

du

dy

dy

dc
+

du

dz

dz

dc

d2y

dadt
=

dυ

dx

dx

da
+

dυ

dy

dy

da
+

dυ

dz

dz

da

d2y

dbdt
=

dυ

dx

dx

db
+

dυ

dy

dy

db
+

dυ

dz

dz

db

d2y

dcdt
=

dυ

dx

dx

dc
+

dυ

dy

dy

dc
+

dυ

dz

dz

dc

d2z

dadt
=

dw

dx

dx

da
+

dw

dy

dy

da
+

dw

dz

dz

da

d2z

dbdt
=

dw

dx

dx

db
+

dw

dy

dy

db
+

dw

dz

dz

db

d2z

dcdt
=

dw

dx

dx

dc
+

dw

dy

dy

dc
+

dw

dz

dz

dc

❛♥❞ �❤❡�❡ ✈❛❧✉❡� �✉❜��✐�✉�❡❞ ✐♥ �❤❡ ♣
❡❝❡❞❡♥� H ′ ✭❡�✉❛�✐♦♥ ✭✸✷✮✮✱ 
❡❞✉❝❡ ✐� �♦



✷✽
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

H ′ =
du

dx

(

l1
dx

da
+m1

dx

db
+ n1

dx

dc

)

+
du

dy

(

l1
dy

da
+m1

dy

db
+ n1

dy

dc

)

+
du

dz

(

l1
dz

da
+m1

dz

db
+ n1

dz

dc

)

+
dυ

dx

(

l2
dx

da
+m2

dx

db
+ n2

dx

dc

)

+
dυ

dy

(

l2
dy

da
+m2

dy

db
+ n2

dy

dc

)

+
dυ

dz

(

l2
dz

da
+m2

dz

db
+ n2

dz

dc

)

+
dw

dx

(

l3
dx

da
+m3

dx

db
+ n3

dx

dc

)

+
dw

dy

(

l3
dy

da
+m3

dy

db
+ n3

dy

dc

)

+
dw

dz

(

l3
dz

da
+m3

dz

db
+ n3

dz

dc

)

✐❧ �✉❛❧❡ ♣❡� ❧❡ ✐❞❡♥�✐❝❤❡ ❡�✉❛③✐♦♥✐ ✭✷✽✮ ❞✐✈❡♥�❛ ❛ ❝♦❧♣♦ ❞✬ ♦❝❝❤✐♦

H ′ = H

(

du

dx
+

dυ

dy
+

dw

dz

)

;

�✉✐♥❞✐ ❧✬ ❛♥�❡❝❡❞❡♥�❡ ❡�✉❛③✐♦♥❡ ✭✸✶✮ �✐�✉❧�❛

Γ′

Γ
+

du

dx
+

dυ

dy
+

dw

dz
= 0; ✭✸✸✮

♦��✐❛ ♠♦❧�✐♣❧✐❝❛♥❞♦ ♣❡� Γ ❡ ♠❡��❡♥❞♦ ♣❡� Γ′ ✐❧ ✈❛❧♦�❡ ✭✷✻✮

d · Γu
dx

+
d · Γυ
dy

+
d · Γw
dz

+
dΓ

dt
= 0. ✭✸✹✮

➮ ♠♦❧�♦ ✐♠♣♦��❛♥�❡ ❧✬ ♦��❡�✈❛③✐♦♥❡ ❝❤❡ �✉❡��❛ ❡�✉❛③✐♦♥❡ ❞❡❧❧❛ ❝♦♥�✐♥✉✐�� ♥♦♥ ❝♦♥�✐❡♥❡ ♣✐�

❛❧❝✉♥❛ ��❛❝❝✐❛ ❞❡❧❧❡ a, b, c ✈❛�✐❛❜✐❧✐ ❞❡❧❧♦ ��❛�♦ ❛♥�❡❝❡❞❡♥�❡✱ ❧❡ �✉❛❧✐ ♥♦♥❞✐♠❡♥♦ ❢❛♥♥♦ �❛♥�♦

❣✐✉♦❝♦ ♥❡❧❧❛ ❞✐♠♦���❛③✐♦♥❡✳

✷✽
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

H ′ =
du

dx

(

l1
dx

da
+m1

dx

db
+ n1

dx

dc

)

+
du

dy

(

l1
dy

da
+m1

dy

db
+ n1

dy

dc

)

+
du

dz

(

l1
dz

da
+m1

dz

db
+ n1

dz

dc

)

+
dυ

dx

(

l2
dx

da
+m2

dx

db
+ n2

dx

dc

)

+
dυ

dy

(

l2
dy

da
+m2

dy

db
+ n2

dy

dc

)

+
dυ

dz

(

l2
dz

da
+m2

dz

db
+ n2

dz

dc

)

+
dw

dx

(

l3
dx

da
+m3

dx

db
+ n3

dx

dc

)

+
dw

dy

(

l3
dy

da
+m3

dy

db
+ n3

dy

dc

)

+
dw

dz

(

l3
dz

da
+m3

dz

db
+ n3

dz

dc

)

✇❤✐❝❤ ❬H ′❪✱ ❜❡❝❛✉�❡ ♦❢ �❤❡ ✐❞❡♥�✐�✐❡� ✭✷✽✮✱ ✐� ��❛♥�❢♦�♠❡❞ ❛� ❛ ❣❧❛♥❝❡

H ′ = H

(

du

dx
+

dυ

dy
+

dw

dz

)

;

❤❡♥❝❡✱ �❤❡ ♣�❡✈✐♦✉� ❡�✉❛�✐♦♥ ✭✸✶✮ ❜❡❝♦♠❡�

Γ′

Γ
+

du

dx
+

dυ

dy
+

dw

dz
= 0; ✭✸✸✮

♦�✱ ♠✉❧�✐♣❧②✐♥❣ ❜② Γ ❛♥❞ ❛��✐❣♥✐♥❣ �❤❡ ✈❛❧✉❡ ✭✷✻✮ �♦ Γ′ ②✐❡❧❞�

d · Γu
dx

+
d · Γυ
dy

+
d · Γw
dz

+
dΓ

dt
= 0. ✭✸✹✮

■� ✐� ✈❡�② ✐♠♣♦��❛♥� �♦ ♦❜�❡�✈❡ �❤❛� �❤✐� ❡�✉❛�✐♦♥ ♦❢ ❝♦♥�✐♥✉✐�② ❞♦❡� ♥♦� ❝♦♥�❛✐♥ ❛♥② ��❛❝❡

♦❢ �❤❡ a, b, c✱ ✈❛�✐❛❜❧❡� ♦❢ �❤❡ ♣�❡✈✐♦✉� ��❛�❡✱ ✇❤✐❝❤ ♥❡✈❡��❤❡❧❡�� ❤❛✈❡ ❜❡❡♥ �♦ ✉�❡❢✉❧ ✐♥ �❤❡

❞❡♠♦♥���❛�✐♦♥✳



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✷✾

✶✺✳ ❋♦�♠✐❛♠♦❝✐ ❛ 
❡❝♦♥❞❛ ❞❡❣❧✐ 
�❡

✐ ♣�✐♥❝✐♣❥ ❧❡ ❡�✉❛③✐♦♥✐ ❞❡❧❧❛ ❝♦♥�✐♥✉✐�� ❛♥❝❤❡ ♣❡� ❣❧✐

❛❧��✐ ❞✉❡ 
✐
�❡♠✐ ❧✐♥❡❛�❡ ❡ 
✉♣❡�✜❝✐❛❧❡✳

❈♦♠✐♥❝✐❛♥❞♦ ❞❛❧ ❧✐♥❡❛�❡ ❀ ❧❛ ❢♦�♠♦❧❛ ✭✶✻✮ ❝✐ ❞�

Γ′

Γ
+

dx
da

d2x
dadt

+ dy
da

d2y
dadt

+ dz
da

d2z
dadt

(

dx
da

)2
+
(

dy
da

)2

+
(

dz
da

)2
= 0.

❖

❡�✈✐❛♠♦ ❝❤❡ ✐♥ �✉❡
�♦ ❝❛
♦ ❧❡ u, υ, w �✐
♣❡��✐✈❛♠❡♥�❡ ❡❣✉❛❧✐ ❛❧❧❡ dx
dt
, dy
dt
, dz
dt
,
♦♥♦ ❞❛ ❝♦♥
✐❞✲

❡�❛�
✐ ❢✉♥③✐♦♥✐ 
♦❧�❛♥�♦ ❞❡❧❧❡ x, t ✿ �✉✐♥❞✐ d2x
dadt

= du
da

= du
dx

dx
da
, ❡ 
✐♠✐❧♠❡♥�❡

d2y

dadt
=

dυ

dx

dx

da
;

d2z

dadt
=

dw

dx

dx

da
;

❡ �❛♠♠❡♥�❛�❡ ❛♥❝❤❡ ❧❡ ✭✶✺✮✱ ❧❛ ♣�❡❝❡❞❡♥�❡ ❢♦�♠♦❧❛ ❝✐ 
✐ ♠✉�❡�� ♥❡❧❧✬ ❛❧��❛

Γ′

Γ

{

1 +

(

dy

dx

)2

+

(

dz

dx

)2
}

+
du

dx
+

dy

dx

dυ

dx
+

dz

dx

dw

dx
= 0 ✭✸✺✮

❝❤❡ ) ❧✬ ❡�✉❛③✐♦♥❡ ❝❡�❝❛�❛✱ ❧❛ �✉❛❧❡ ♦�❛ ♣✐* ♥♦♥ ❝♦♥�✐❡♥❡ 
❡ ♥♦♥ �✉❛♥�✐�� ✐♥ �❡❧❛③✐♦♥❡ ❝♦❧❧♦ 
�❛�♦

�❡❛❧❡ ❞❡❧ 
✐
�❡♠❛✳

+❡✐ 
✐
�❡♠✐ 
✉♣❡�✜❝✐❛❧✐ ✿ ❞❡�✐✈❛♥❞♦ ♣❡❧ �❡♠♣♦ ❧✬ ❡�✉❛③✐♦♥❡ ✭✷✷✮ ♦✈❡ K ❤❛ ✐❧ ✈❛❧♦�❡ ✭✷✹✮ ❡

�✐❝❤✐❛♠❛♥❞♦ ♣❡� ❛❜❜�❡✈✐❛�❡ ❧❡ ✉❧�✐♠❡ ��❡ ❞❡♥♦♠✐♥❛③✐♦♥✐ 
❝�✐��❡ ♥❡❧❧❡ ✭✷✼✮ ❛❜❜✐❛♠♦

Γ′

Γ
+

n1n
′
1 + n2n

′
2 + n3n

′
3

n2
1
+ n2

2
+ n2

3

= 0. ✭✸✻✮

◆❡❧ ❝❛
♦ ❛��✉❛❧❡ ❧❡ u, υ, w, ❡❣✉❛❧✐ �✐
♣❡��✐✈❛♠❡♥�❡ ❛❧❧❡ dx
dt
, dy
dt
, dz
dt
, 
✐ ❞❡❜❜♦♥♦ ❝♦♥
✐❞❡�❛�❡ �✐❞♦��❡

❢✉♥③✐♦♥✐ ❞✐ x, y, t ✿ ❛❜❜✐❛♠♦ �✉✐♥❞✐ ♣�✐♠✐❡�❛♠❡♥�❡

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✷✾

✶✺✳ ▲❡� ✉
 ❢♦�♠✉❧❛�❡ ❛❝❝♦�❞✐♥❣ �♦ �❤❡ 
❛♠❡ ♣�✐♥❝✐♣❧❡
 �❤❡ ❡�✉❛�✐♦♥
 ♦❢ ❝♦♥�✐♥✉✐�② ❢♦� �❤❡

♦�❤❡� �✇♦ ❧✐♥❡❛� ❛♥❞ 
✉♣❡�✜❝✐❛❧ 
②
�❡♠
✳

❙�❛��✐♥❣ ✇✐�❤ �❤❡ ❧✐♥❡❛� ♦♥❡✱ �❤❡ ❢♦�♠✉❧❛ ✭✶✻✮ ❣✐✈❡
 ✉


Γ′

Γ
+

dx
da

d2x
dadt

+ dy
da

d2y
dadt

+ dz
da

d2z
dadt

(

dx
da

)2
+
(

dy
da

)2

+
(

dz
da

)2
= 0.

❲❡ ♦❜
❡�✈❡ �❤❛� ✐♥ �❤✐
 ❝❛
❡ �❤❡ u, υ, w �❡
♣❡❝�✐✈❡❧② ❡�✉❛❧ �♦ dx
dt
, dy
dt
, dz
dt
✱ ❛�❡ �♦ ❜❡ ❝♦♥
✐❞❡�❡❞

♦♥❧② ❢✉♥❝�✐♦♥
 ♦❢ x, t✿ ❤❡♥❝❡
d2x

dadt
=

du

da
=

du

dx

dx

da
,

❛♥❞ 
✐♠✐❧❛�❧②

d2y

dadt
=

dυ

dx

dx

da
;

d2z

dadt
=

dw

dx

dx

da
;

❜② �❡❝❛❧❧✐♥❣ ❛❧
♦ �❤❡ ✭✶✺✮✱ �❤❡ ♣�❡❝❡❞❡♥� ❢♦�♠✉❧❛ 
❤❛❧❧ ❜❡ �✉�♥❡❞ ✐♥ �❤❡ ♦�❤❡�

Γ′

Γ

{

1 +

(

dy

dx

)2

+

(

dz

dx

)2
}

+
du

dx
+

dy

dx

dυ

dx
+

dz

dx

dw

dx
= 0 ✭✸✺✮

�❤❛� ✐
 �❤❡ ❡�✉❛�✐♦♥ 
♦✉❣❤�✱ ✇❤✐❝❤ ♥♦✇ ♥♦ ❧♦♥❣❡� ❝♦♥�❛✐♥
 �✉❛♥�✐�✐❡
 ✐❢ ♥♦� ✐♥ �❡❧❛�✐♦♥ ✇✐�❤ �❤❡

�❡❛❧ 
�❛�❡ ♦❢ �❤❡ 
②
�❡♠✳

❋♦� 
✉♣❡�✜❝✐❛❧ 
②
�❡♠
✿ ❞❡�✐✈✐♥❣ ✇✐�❤ �❡
♣❡❝� �♦ �✐♠❡ �❤❡ ❡�✉❛�✐♦♥ ✭✷✷✮ ✇❤❡�❡ K ❤❛
 �❤❡

✈❛❧✉❡ ✭✷✹✮ ❛♥❞ �❡❝❛❧❧✐♥❣ �♦ 
❤♦��❡♥ �❤❡ ❧❛
� �❤�❡❡ ❞❡✜♥✐�✐♦♥
 ✇�✐��❡♥ ✐♥ ✭✷✼✮ ✇❡ ❤❛✈❡

Γ′

Γ
+

n1n
′
1 + n2n

′
2 + n3n

′
3

n2
1
+ n2

2
+ n2

3

= 0. ✭✸✻✮

■♥ �❤❡ ♣�❡
❡♥� ❝❛
❡ �❤❡ u, υ, w✱ ❡�✉❛❧ �❡
♣❡❝�✐✈❡❧② �♦ dx
dt
, dy
dt
, dz
dt
✱ ♠✉
� ❜❡ ❝♦♥
✐❞❡�❡❞ ❛
 �❡❞✉❝❡❞

❢✉♥❝�✐♦♥
 ♦❢ x✱ y ✱ ❬z ✇✐�❤ �❡
♣❡❝� �♦❪ t✿ ✇❡ �❤❡♥ ✜�
� ♣❧❛❝❡



✸✵
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

n′
1 =

dy

da

dw

db
+

dz

db

dv

da
−

dz

da

dυ

db
−

dy

db

dw

da

n′
2 =

dz

da

du

db
+

dx

db

dw

da
−

dx

da

dw

db
−

dz

db

du

da

n′
3 =

dx

da

dυ

db
+

dy

db

du

da
−

dy

da

du

db
−

dx

db

dυ

da
,

♣♦✐ ♦		❡
✈❛♥❞♦ ❡		❡
❡

dw

db
=

dw

dx

dx

db
+

dw

dy

dy

db
;

dv

da
=

dv

dx

dx

da
+

dv

dy

dy

da
;

❡ ❝♦	� ♣❡
 ❛❧�
❡ �✉❛��
♦ ❡	♣
❡		✐♦♥✐ 	✐♠✐❧✐✱ �❡♥✉�✐ ❞✬ ♦❝❝❤✐♦ ✐ ✈❛❧♦
✐ ❞✐ ❝✉✐ n
1
, n

2
, n

3
	♦♥♦ ✉♥✬

❡	♣
❡		✐♦♥❡ ❝♦♠♣❡♥❞✐♦	❛✱ ❝✐ 
✐	✉❧�❛♥♦

n′
1 = −n3

dw

dx
− n2

dυ

dx
+ n1

dυ

dy

n′
2 = n2

du

dx
− n1

du

dy
− n3

dw

dy

n′
3 = n3

(

du

dx
+

dυ

dy

)

;

❡ ♦		❡
✈❛♥❞♦ ✐♥♦❧�
❡ ❝❤❡ ❞❛❧❧❡ ❡�✉❛③✐♦♥✐ ✭✷✸✮ 	❝✐♦❧�❡ ♣❡
 dz
dx
, dz
dy
	✐ ❝❛✈❛♥♦

dz

dx
= −

n1

n3
,

dz

dy
= −

n2

n3

❞❛ ❝✉✐ ♣♦		♦♥♦ ❞❡❞✉
	✐ ✐ ✈❛❧♦
✐ ❞✐ n1, n2 ❞❛�✐ ♣❡
 n3 ✿ ❢❛��❡ �✉��❡ ❧❡ 	♦	�✐�✉③✐♦♥✐✱ ❧❛ ✭✸✻✮ 	✐ 
✐❞✉❝❡

Γ′

Γ

{

1 +

(

dz

dx

)2

+

(

dz

dy

)2
}

+

{

1 +

(

dz

dy

)2
}

du

dx
✭✸✼✮

−
dz

dx

dz

dy

(

du

dy
+

dυ

dx

)

+

{

1 +

(

dz

dx

)2
}

dυ

dy
+

dz

dx

dw

dx
+

dz

dy

dw

dy
= 0.

◗✉❡	�❛ ! ❧❛ ❝❡
❝❛�❛ ❡�✉❛③✐♦♥❡ ❞❡❧❧❛ ❝♦♥�✐♥✉✐�" ♣❡✐ 	✐	�❡♠✐ 	✉♣❡
✜❝✐❛❧✐✱ ❝❤❡ ♥♦♥ ❝♦♥�✐❡♥❡ 	❡ ♥♦♥

�✉❛♥�✐�" ✐♥ 
❡❧❛③✐♦♥❡ ❝♦❧❧♦ 	�❛�♦ 
❡❛❧❡✳ ■♦ ❧❛ ❞✐❡❞✐ ♣❡
 ❧❛ ♣
✐♠❛ ✈♦❧�❛ ✜♥♦ ❞❛❧❧✬ ❛♥♥♦ ✶✽✷✺✱ ❡

✐❧ ❝❤✳ ❙✐❣♥♦
 ❉♦��♦
 +✐❡�
♦ ▼❛❣❣✐ ♥❡ ❤❛ ❢❛��♦ ✉♥ ✉	♦ ❢❡❧✐❝❡ ♥❡❧❧❛ 	✉❛ ▼❡♠♦
✐❛ 	✉❧❧❡ ❧✐♥❡❡ ❞✐

	�
✐♥❣✐♠❡♥�♦ ❡ ❞✐ ❛❧❧❛
❣❛♠❡♥�♦ ♣✉❜❜❧✐❝❛�❛ ✐♥ ❱❡
♦♥❛ ❧✬ ❛♥♥♦ ✶✽✸✺✳

✸✵
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

n′
1 =

dy

da

dw

db
+

dz

db

dv

da
−

dz

da

dυ

db
−

dy

db

dw

da

n′
2 =

dz

da

du

db
+

dx

db

dw

da
−

dx

da

dw

db
−

dz

db

du

da

n′
3 =

dx

da

dυ

db
+

dy

db

du

da
−

dy

da

du

db
−

dx

db

dυ

da
,

♦❜	❡
✈✐♥❣ �❤❡♥ �♦ ❜❡

dw

db
=

dw

dx

dx

db
+

dw

dy

dy

db
;

dv

da
=

dv

dx

dx

da
+

dv

dy

dy

da
;

❛♥❞ 	♦ ❢♦
 ❢♦✉
 ♦�❤❡
 	✐♠✐❧❛
 ❡①♣
❡		✐♦♥	✱ ❦❡❡♣✐♥❣ ❛♥ ❡②❡ ♦♥ �❤❡ ✈❛❧✉❡	 ♦❢ ✇❤✐❝❤ n
1
, n

2
, n

3
❛
❡

❛ ❝♦♠♣❡♥❞✐♦✉	 ❡①♣
❡		✐♦♥✱ ②✐❡❧❞

n′
1 = −n3

dw

dx
− n2

dυ

dx
+ n1

dυ

dy

n′
2 = n2

du

dx
− n1

du

dy
− n3

dw

dy

n′
3 = n3

(

du

dx
+

dυ

dy

)

;

❛♥❞ ❢✉
�❤❡
 ♥♦�✐♥❣ �❤❛� ❢
♦♠ �❤❡ ❡�✉❛�✐♦♥	 ✭✷✸✮ ❡①♣
❡		❡❞ ✐♥ �❡
♠	 ♦❢ dz
dx
✱ dz

dy
❛
❡ ♦❜�❛✐♥❡❞

dz

dx
= −

n1

n3
,

dz

dy
= −

n2

n3

❢
♦♠ ✇❤✐❝❤ �❤❡ ✈❛❧✉❡	 ♦❢ n1, n2 ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ✐♥ �❡
♠	 ♦❢ n3✿ ❛❧❧ �❤❡ 	✉❜	�✐�✉�✐♦♥	 ❤❛✈✐♥❣

❜❡❡♥ ❞♦♥❡✱ �❤❡ ✭✸✻✮ 
❡❞✉❝❡	 �♦

Γ′

Γ

{

1 +

(

dz

dx

)2

+

(

dz

dy

)2
}

+

{

1 +

(

dz

dy

)2
}

du

dx
✭✸✼✮

−
dz

dx

dz

dy

(

du

dy
+

dυ

dx

)

+

{

1 +

(

dz

dx

)2
}

dυ

dy
+

dz

dx

dw

dx
+

dz

dy

dw

dy
= 0.

❚❤✐	 ✐	 �❤❡ 	♦✉❣❤� ❡�✉❛�✐♦♥ ♦❢ ❝♦♥�✐♥✉✐�② ❢♦
 �❤❡ 	✉♣❡
✜❝✐❛❧ 	②	�❡♠	✱ �❤❛� ❞♦❡	 ♥♦� ❝♦♥�❛✐♥

✐❢ ♥♦� �✉❛♥�✐�✐❡	 ✐♥ 
❡❧❛�✐♦♥ ✇✐�❤ �❤❡ 
❡❛❧ 	�❛�❡✳ ■ ❣❛✈❡ ✐� ❢♦
 �❤❡ ✜
	� �✐♠❡ 	✐♥❝❡ �❤❡ ②❡❛


✶✽✷✺✱ ❛♥❞ �❤❡ ❝❤✳ ▼
✳ ❉
✳ +✐❡�
♦ ▼❛❣❣✐ ❤❛	 ♠❛❞❡ ❛ ❤❛♣♣② ✉	❡ ♦❢ ✐� ✐♥ ❤✐	 ♠❡♠♦✐
 ♦♥ �❤❡

♣
✐♥❝✐♣❛❧ ❞✐
❡❝�✐♦♥	 ❬♦❢ 	✉♣❡
✜❝✐❛❧ 	②	�❡♠	❪ ♣✉❜❧✐	❤❡❞ ✐♥ ❱❡
♦♥❛ ✐♥ �❤❡ ②❡❛
 ✶✽✸✺ ❬+✐❡�
♦ ▲✉✐❣✐

▼❛❣❣✐✱ ❘✐❝❡
❝❤❡ 	✉❧❧❡ ❧✐♥❡❡ ❞✐ 	�
✐♥❣✐♠❡♥�♦ ❡ ❞✬❛❧❧❛
❣❛♠❡♥�♦✿ ❛❣❣✐✉♥�❡✈✐ ❛❧❝✉♥❡ ❝♦♥	✐❞❡
❛③✐♦♥✐

♠❡❝❝❛♥✐❝❤❡ ❡❞ ✐❞
❛✉❧✐❝❤❡✱ ●✳ ❆♥�♦♥❡❧❧✐✱ ✶✽✸✺ ✲ ✽✺ ♣❛❣❡	✳❪✳



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✸✶
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❙❝❤✐❛�✐♠❡♥
✐ �❡❧❛
✐✈✐ ❛❧ ♣❛��❛❣❣✐♦ ❞❛❧❧✬ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ❞❡❧❧❛ ▼❡❝❝❛♥✐❝❛ ♣❡✐ �✐�
❡♠✐ ❞✐�❝�❡
✐

❛ �✉❡❧❧❛ ♣❡� ❧❡ 
�❡ �♦�
❡ ❞✐ �✐�
❡♠✐ ❝♦♥
✐♥✉✐✳

▲✬ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ❞❡❧❧❛ ▼❡❝❝❛♥✐❝❛ �❡❧❛�✐✈❛ ❛❧ ♠♦�♦ ❡ ❛❧❧✬❡�✉✐❧✐❜�✐♦ ❞✐ ✉♥ �✐��❡♠❛ ❞✐�❝�❡�♦

❞✐ ♣✉♥�✐ ♦✈❡ �✐ ❝♦♥�✐❞❡�✐♥♦ ❝♦♥❝❡♥��❛�❡ ❞✐✛❡�❡♥�✐ ♠❛��❡ ✜♥✐�❡✱ ❡ ✐♥ �✉❛❧✉♥�✉❡ ♠♦❞♦ ❛❣❡♥�✐ ❣❧✐

✉♥✐ �✉❣❧✐ ❛❧��✐✱ ♦ ❛��♦❣❣❡��❛�✐ ❛ ❝♦♥❞✐③✐♦♥✐ �❝�✐��❡ ✐♥ ❡�✉❛③✐♦♥✐ ❛❧❧❡ �✉❛❧✐ ❧❡ ❝♦♦�❞✐♥❛�❡ ❞✐ �✉❡✐

♣✉♥�✐ ❞❡❜❜❛♥♦ �❡♠♣�❡ �♦❞❞✐�❢❛�❡ ✿ ✉♥❛ �❛❧❡ ❡�✉❛③✐♦♥❡✱ ❞✐❝♦✱ ❡�♣�❡��❛ ♠❡❞✐❛♥�❡ ✐ �✐♠❜♦❧✐ ♣�♦♣�❥

❞❡❧ ❝❛❧❝♦❧♦ ❞❡❧❧❡ ✈❛�✐❛③✐♦♥✐✱ % ❞✐♠♦���❛�❛ ✐♥ ♣✐& ❧✐❜�✐ ❝♦♥ �❛❧ �✐❣♦�❡ ❝❤❡ ♥♦♥ ♣✉( ❧❛�❝✐❛� ❧✉♦❣♦

❛❞ ❛❧❝✉♥ ❞✉❜❜✐♦ �❛❣✐♦♥❡✈♦❧❡✳ ❈✐�❡�(✱ ♦❧��❡ ❧❛ ▼✳a ❆✳a ✱ ❧❛ ▼❡❝❝❛♥✐❝❛ ❈❡❧❡��❡ ❚✳ ■✳ ♣❛❣✳ ✸✽ ✿ ❡

❢♦��❡ ♣❡� �✐❣✉❛�❞♦ ❛❧❧❛ ❝♦♥�✐❞❡�❛③✐♦♥❡ ❞❡❧❧❡ ❞✐✛❡�❡♥�✐ ♠❛��❡✱ ♥♦♥ ❞✐�♣✐❛❝❡�+ ✈❡❞❡�❡ �✉❛♥�♦ ✐♦ ♥❡

�❝�✐��✐ ♥❡❧❧❛ ▼❡♠♦�✐❛ ♣✉❜❜❧✐❝❛�❛ ✜♥ ❞❛❧❧✬ ❛♥♥♦ ✶✽✷✺ ✿ ✭ ♣❛❣✳ ✹✷ ❡ �❡❣✉❡♥�✐ ✮✳ ❆��✉♠❡�( ♣❡��❛♥�♦

✉♥❛ �❛❧❡ ❡�✉❛③✐♦♥❡ �✐❝❝♦♠❡ ✉♥❛ ✈❡�✐�+ ♥♦�❛✱ ❡ �♦❧♦ ♠✐ ❢❛�( ❛ ❞❡�❝�✐✈❡�❧❛ ♣❡� ❜❡♥ ✜��❛�❡ ❧❡ ✐❞❡❡

❞❛ ❛♥♥❡��❡��✐ ❛✐ ❞✐✛❡�❡♥�✐ ❡❧❡♠❡♥�✐ ❛♥❛❧✐�✐❝✐ ❝❤❡ ❧❛ ❝♦♠♣♦♥❣♦♥♦✳ ▼❛ ♣❡✐ ♣❛��❛❣❣✐ ❞❛ ❡��❛ ❛

�✉❡❧❧❡ ❝❤❡ �✐ �✐❢❡�✐�❝♦♥♦ ❛❧❧❡ ��❡ �♦��❡ ❞✐ �✐��❡♠✐ ❝♦♥�✐♥✉✐✱ ��♦♣♣❡ ❝♦�❡ ❢✉�♦♥♦ ❧❛�❝✐❛�❡ �♦��✐♥�❡�❡✱

❧❛ ❞✐ ❝✉✐ ♠❛♥❝❛♥③❛ % ♠❛❣❣✐♦�♠❡♥�❡ �❡♥�✐❜✐❧❡ ♥❡❧ ♣�♦♣♦�✐�♦ ❞✐ ❝♦♥�✐❞❡�❛�❡ ✐ ❝♦�♣✐ ❝♦♠❡ ❛♠♠❛��✐

❞✐ ♠♦❧❡❝♦❧❡ ❞✐�❣✐✉♥�❡ ✿ �✉✐♥❞✐ �❛❧✉♥♦ ❢♦��❡ ♠✐ �❛♣�+ ❜✉♦♥ ❣�❛❞♦ ❞✬❛✈❡� �✉✐ �✐✉♥✐�❡ ❧❡ ♦♣♣♦��✉♥❡

�♣✐❡❣❛③✐♦♥✐✱ ✈✐��♦ ❝❤❡ % ♣♦✐ ❞❛❧❧❡ ��❡ ❛❝❝❡♥♥❛�❡ �✐❞✉③✐♦♥✐ ❞❡❧❧✬ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡✱ ❝❤❡ ❡♠❡�❣♦♥♦

✐ ♠❡③③✐ ❛ ��❛��❛�❡ ❧❡ ♣✐& ❣�❛♥❞✐ ❡ ❞✐✣❝✐❧✐ �✉❡��✐♦♥✐ ❞❡❧❧❛ ▼❡❝❝❛♥✐❝❛✳

✶✻✳ ■ ♣✉♥�✐ ✜�✐❝✐ �♦♥♦ ❞✐ ♥✉♠❡�♦ n ✱ ❡❞

x1, y1, z1; x2, y2, z2; .....xn, yn, zn

❡�♣�✐♠♦♥♦ ❧❡ �✐�♣❡��✐✈❡ ❝♦♦�❞✐♥❛�❡ ♦��♦❣♦♥❛❧✐ ❛❧❧❛ ✜♥❡ ❞✐ ✉♥ �❡♠♣♦ t ❀

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✸✶
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❙♦♠❡ ❝❧❛�✐✜❝❛
✐♦♥� �❡❧❛
✐✈❡❧② 
♦ 
❤❡ ❞❡❞✉❝
✐♦♥ ❢�♦♠ 
❤❡ ❣❡♥❡�❛❧ ❡�✉❛
✐♦♥ ♦❢ 
❤❡ ▼❡❝❤❛♥✐❝�

♦❢ ❉✐�❝�❡
❡ ❙②�
❡♠� ♦❢ 
❤❡ ❣❡♥❡�❛❧ ❡�✉❛
✐♦♥ ✈❛❧✐❞ ❢♦� 
❤❡ ▼❡❝❤❛♥✐❝� ♦❢ ❖♥❡✲❉✐♠❡♥�✐♦♥❛❧✱ ❚✇♦✲

❛♥❞ ❚❤�❡❡✲❞✐♠❡♥�✐♦♥❛❧ ❈♦♥
✐♥✉♦✉� ❙②�
❡♠�✳

❚❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ♦❢ �❤❡ ▼❡❝❤❛♥✐❝�✱ �❡❧❛�✐✈❡❧② �♦ ❬❜♦�❤❪ ♠♦�✐♦♥ ❛♥❞ ❡�✉✐❧✐❜�✐✉♠✱ ♦❢ ❛

❞✐�❝�❡�❡ �②��❡♠ ♦❢ ♠❛�❡�✐❛❧ ♣♦✐♥�� ✐♥ ✇❤✐❝❤ ❞✐✛❡�❡♥� ✜♥✐�❡ ♠❛��❡� ❛�❡ ❝♦♥❝❡♥��❛�❡❞✱ ❛♥❞ ❬�❤♦�❡

♣♦✐♥��❪ ❛♥②❤♦✇ ✐♥�❡�❛❝�✐♥❣ ♦♥❡ ✇✐�❤ �❤❡ ♦�❤❡� ♦� �✉❜❥❡❝�❡❞ �♦ ❝♦♥❞✐�✐♦♥� ✇�✐��❡♥ ✐♥ ❡�✉❛�✐♦♥�

✇❤✐❝❤ ♠✉�� ❜❡ ✈❡�✐✜❡❞ ❜② �❤❡ �♣❛�✐❛❧ ❝♦♦�❞✐♥❛�❡� ♦❢ �❤❡�❡ ♣♦✐♥��✿ �❤❛� ❡�✉❛�✐♦♥✱ ■ ♠❡❛♥✱ ✇❤✐❝❤

✐� ❡①♣�❡��❡❞ ✐♥ �❡�♠� ♦❢ �❤❡ ♣�♦♣❡� ♥♦�❛�✐♦♥ ♦❢ �❤❡ ❝❛❧❝✉❧✉� ♦❢ ✈❛�✐❛�✐♦♥� ✐� ❞❡♠♦♥���❛�❡❞ ✐♥ ♠❛♥②

❜♦♦❦�✱ ✇✐�❤ �✉❝❤ ❛ �✐❣♦� �❤❛� �❤❡�❡ ✐� ♥♦ �♣❛❝❡ ❧❡❢� �♦ ❛♥② ❞♦✉❜� ✇❤❛��♦❡✈❡� ❬❛❜♦✉� ✐�� ✈❛❧✐❞✐�②❪✳

■ ✇✐❧❧ ❝✐�❡ ❤❡�❡✱ ❜❡②♦♥❞ �❤❡ ❆♥❛❧②�✐❝❛❧ ▼❡❝❤❛♥✐❝� ❛❧�♦ �❤❡ ❈❡❧❡��✐❛❧ ▼❡❝❤❛♥✐❝� ❚✳■✳ ♣❛❣✳✸✽✱ ❛♥❞

♠❛②❜❡ ✲❢♦� ✇❤❛� ❝♦♥❝❡�♥� �❤❡ ❝♦♥�✐❞❡�❛�✐♦♥ ♦❢ ❞✐✛❡�❡♥� ♠❛��❡�✲ �❤❡ �❡❛❞❡� ✇✐❧❧ ❜❡ ✐♥�❡�❡��❡❞

❛❜♦✉� ✇❤❛� ■ ✇�♦�❡ ✐♥ �❤❡ ▼❡♠♦✐� ♣✉❜❧✐�❤❡❞ ✐♥ �❤❡ ②❡❛� ✶✽✷✺ ✭♣❛❣✳ ✹✷ ❛♥❞ ❢♦❧❧♦✇✐♥❣✮✳ ■ ✇✐❧❧

❛��✉♠❡ �❤❡�❡❢♦�❡ �✉❝❤ ❡�✉❛�✐♦♥ ❛� ❛ ✇❡❧❧✲❦♥♦✇♥ ��✉�❤ ❛♥❞ ■ ✇✐❧❧ ❞❡�❝�✐❜❡ ✐� ♦♥❧② �♦ ❜❡��❡� ❝❧❛�✐❢②

�❤❡ ❝♦♥❝❡♣�� ✇❤✐❝❤ ❛�❡ �❡❧❛�❡❞ �♦ �❤❡ ❞✐✛❡�❡♥� ❛♥❛❧②�✐❝❛❧ ❡❧❡♠❡♥�� ✇❤✐❝❤ ❝♦♠♣♦�❡ ✐�✳ ❍♦✇❡✈❡�

❬✐♥ �❤❡ ♣❛�� ��✉❞✐❡�❪ �♦♦ ♠❛♥② ❛�♣❡❝�� ♦❢ �❤❡ ❞❡❞✉❝�✐♦♥ ✇❤✐❝❤ ❢�♦♠ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ❢♦�

❞✐�❝�❡�❡ �②��❡♠� ❧❡❛❞� �♦ �❤♦�❡ ✈❛❧✐❞ ❢♦� �❤❡ �❤�❡❡ ❦✐♥❞� ♦❢ ❬❝♦♥�✐❞❡�❡❞❪ ❝♦♥�✐♥✉♦✉� �②��❡♠� ✇❡�❡

❧❡❢� ♥♦� ❝♦♠♣❧❡�❡❧② ❝❧❛�✐✜❡❞✱ ❛♥❞ �❤❡ ❧❛❝❦ ♦❢ �❤❡�❡ ❞❡❞✉❝�✐✈❡ ❛�❣✉♠❡♥�� ✐� ❡✈❡♥ ♠♦�❡ ♥♦�✐❝❡❛❜❧❡

✇❤❡♥ ♦♥❡ ❛✐♠� �♦ ❝♦♥�✐❞❡� �❤❡ ❜♦❞✐❡� ❛� ❝♦♥��✐�✉�❡❞ ❜② ❛ ♠❛�� ♦❢ ❞✐�❥♦✐♥� ♠♦❧❡❝✉❧❡�✿ �❤❡�❡❢♦�❡

♠❛②❜❡ �♦♠❡❜♦❞② ✇✐❧❧ ❛♣♣�❡❝✐❛�❡ �❤❛� ■ ❣❛�❤❡�❡❞ ❤❡�❡ ❛❧❧ ♥❡❡❞❡❞ ❛♥❞ �✉✐�❛❜❧❡ ❡①♣❧✐❝❛�✐♦♥�✱ ✐♥

❝♦♥�✐❞❡�❛�✐♦♥ ♦❢ �❤❡ ❢❛❝� �❤❛� ✐� ✐� ❡①❛❝�❧② ❢�♦♠ �❤❡ �❤�❡❡ �❡❞✉❝�✐♦♥� ♦❢ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ �♦

✇❤✐❝❤ ✇❡ ❛❧❧✉❞❡❞ �❤❛� �❤❡ ❬❝♦♥❝❡♣�✉❛❧❪ �♦♦❧� ❡♠❡�❣❡ ✇❤✐❝❤ ❛�❡ ❛❜❧❡ �♦ ��❡❛� �❤❡ ♠♦�� ❞✐✣❝✉❧�

�✉❡��✐♦♥� ✐♥ ▼❡❝❤❛♥✐❝�✳

✶✻✳ ❚❤❡ ♥✉♠❜❡� ♦❢ ♣❤②�✐❝❛❧ ♣♦✐♥�� ✐� n ❛♥❞

x1, y1, z1; x2, y2, z2; .....xn, yn, zn

�❡♣�❡�❡♥� �❤❡ �❡�♣❡❝�✐✈❡ ♦��❤♦❣♦♥❛❧ ❝♦♦�❞✐♥❛�❡� ❛� �❤❡ ❡♥❞ ♦❢ ❛ �✐♠❡ ✐♥�❡�✈❛❧ t❀



✸✷
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

X
1
, Y

1
, Z

1
; X

2
, Y

2
, Z

2
; .....X

n
, Y

n
, Z

n

❧❡ �✐	♣❡��✐✈❡ ❝♦♠♣♦♥❡♥�✐ 	❡❝♦♥❞♦ ✐ ��❡ ❛		✐ ❞❡❧❧❡ ❢♦�③❡ ❛❝❝❡❧❡�❛��✐❝✐ ❡	�❡�♥❡ ❛❧❧❛ ✜♥❡ ❞❡❧❧♦ 	�❡		♦

�❡♠♣♦ t ❀

K
1,2

,K
1,3

K
2,3

.....❡ ✐♥ ❣❡♥❡�❛❧❡ Ki, j

❧❡ ❢♦�③❡ ❛❝❝❡❧❡�❛��✐❝✐ ✐♥�❡�♥❡ ❝❤❡ ❛❣✐	❝♦♥♦ 	❡❝♦♥❞♦ ❧❡ �❡��❡ ❝♦♥❣✐✉♥❣❡♥�✐ ✐ ♣✉♥�✐ (1, 2) , (1, 3) ,

.... (2, 3) .....❡ ✐♥ ❣❡♥❡�❛❧❡ (i, j) ;

m
1
;m

2
; .....mn

❧❡ ♠❛		❡ ❞❡✐ �✐	♣❡��✐✈✐ ♣✉♥�✐ ✜	✐❝✐❀

L = 0, M = 0; N = 0; ❡❝✳

✈❛�✐❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ❝❤❡ ❤❛♥♥♦ ❧✉♦❣♦ ❢�❛ ❧❡ ❝♦♦�❞✐♥❛�❡ ❞❡✐ ❞✐✈❡�	✐ ♣✉♥�✐✳

▲✬❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡✱ ❞✐ ❝✉✐ 	✐ ❞✐		❡✱ � ❧❛ 	❡❣✉❡♥�❡

S m

{(

X −
d2x

dt2

)

δx+

(

Y −
d2y

dt2

)

δy +

(

Z −
d2z

dt2

)

δz

}

✭✶✮

+ Smimj Kδp+ λδL+ μδM + υδN + ❡❝✳ = 0;

✐❧ ♣�✐♠♦ 	❡❣♥♦ S 	✐❣♥✐✜❝❛ ❧❛ 	♦♠♠❛ ❞✐ �❛♥�✐ ��✐♥♦♠❥ �✉❛♥�✐ 	❡ ♥❡ ♦��❡♥❣♦♥♦ ♠❛�❝❛♥❞♦ 	✉❝✲

❝❡		✐✈❛♠❡♥�❡ ✐❧ ��✐♥♦♠✐♦ 	❝�✐��♦✱ ❝♦❣❧✐ ✐♥❞✐❝✐ 1, 2, 3, .....n ❞❡✐ ❞✐✈❡�	✐ ♣✉♥�✐ ❛✐ ♣✐❡❞✐ ❞❡❧❧❡ ❧❡��❡�❡

❝❤❡ ❧♦ ❝♦♠♣♦♥❣♦♥♦✱ ❡❝❝❡��✉❛�❡ �✉❡❧❧❡ ❝❤❡ ✐♥❞✐❝❛♥♦ ♦♣❡�❛③✐♦♥✐ ❝✐♦� ❧❛ d, δ ✳ ■❧ 	❡❝♦♥❞♦ 	❡❣♥♦ S

❡	♣�✐♠❡ ❧❛ 	♦♠♠❛ ❞✐ �✉��✐ ✐ �❡�♠✐♥✐ ✐♥��♦❞♦��✐ ❞❛❧❧❡ ❢♦�③❡ ✐♥�❡�♥❡ ❛��✐✈❡✱ ❡		❡♥❞♦

p =

√

(xj − xi)
2
+ (yj − yi)

2
+ (zj − zi)

2
.

▲❡ ❧❡��❡�❡ λ, μ, ν✱ ❡❝✳ 	✐❣♥✐✜❝❛♥♦ ♠♦❧�✐♣❧✐❝❛�♦�✐ ✐♥❞❡�❡�♠✐♥❛�✐❀ ❧❛ ❝❛�❛��❡�✐	�✐❝❛ δ � ❝♦♠❡ ♥❡❧

❝❛❧❝♦❧♦ ❞❡❧❧❡ ✈❛�✐❛③✐♦♥✐✳

❈✐�❝❛ ❛✐ �❡�♠✐♥✐ ❞✐ �❡�③❛ 	♣❡❝✐❡ ♣♦��❛�✐ ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ✭✶✮ ❞❛❧❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡✱

♣✉% ♦		❡�✈❛�	✐ ❝❤❡ 	♣❡		♦ ♥♦♥ ❞✐✈❡�	✐✜❝❛♥♦ ��❛ ❞✐ ❧♦�♦ 	❡ ♥♦♥ ♣❡❧ ♣❛		❛❣❣✐♦ ❞❛ ✉♥ ♣✉♥�♦ ❛❧❧✬

❛❧��♦ ✐♥ ❝♦♥❞✐③✐♦♥✐ ❛✛❛��♦ 	✐♠✐❧✐✱ ❡ ❝❤❡ ❛❧❧♦�❛ ♠♦❧�✐ ❞✐ ❡		✐ ♣♦		♦♥♦ ❛❜❜�❛❝❝✐❛�	✐ ❝♦♥ ✉♥ 	❡❣♥♦

	♦♠♠❛�♦�✐♦✱ ❡ ✐♥✈❡❝❡ ❞✐ �✉❡❧❧❛ �❡�③❛ ♣❛��❡✱ 	✐ ♣✉% 	❝�✐✈❡�❡

SλδL+ SμδM + SυδN + ❡❝✳ ✭✷✮

✸✷ ❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

X
1
, Y

1
, Z

1
; X

2
, Y

2
, Z

2
; .....X

n
, Y

n
, Z

n

�❡♣�❡	❡♥� �❤❡ �❡	♣❡❝�✐✈❡ ❝♦♠♣♦♥❡♥�	 ❛❧♦♥❣ �❤❡ �❤�❡❡ ❬❝♦♥	✐❞❡�❡❞ ♦�❤♦❣♦♥❛❧❪ ❛①❡	 ♦❢ �❤❡ ❛❝❝❡❧✲

❡�❛�✐♥❣ ❡①�❡�♥❛❧ ❢♦�❝❡	 ❛� �❤❡ ❡♥❞ ♦❢ �❤❡ 	❛♠❡ �✐♠❡ t❀

K
1,2

,K
1,3

K
2,3

.....❛♥❞ ✐♥ ❣❡♥❡�❛❧ Ki, j

❬�❡♣�❡	❡♥�❪ �❤❡ ✐♥�❡�♥❛❧ ❛❝❝❡❧❡�❛�✐♥❣ ❢♦�❝❡	 ✇❤✐❝❤ ❛❝� ✐♥ �❤❡ ❞✐�❡❝�✐♦♥ ♦❢ �❤❡ ❧✐♥❡	 ❥♦✐♥✐♥❣ �❤❡

♣♦✐♥�	 (1, 2) , (1, 3) , .... (2, 3) .....❛♥❞ ✐♥ ❣❡♥❡�❛❧ (i, j)❀

m
1
;m

2
; .....mn

❬❞❡♥♦�❡❪ �❤❡ ♠❛		❡	 ♦❢ �❤❡ ❝♦��❡	♣♦♥❞✐♥❣ ♣❤②	✐❝❛❧ ♣♦✐♥�	❀

L = 0, M = 0; N = 0; ❡�❝✳

❬�❡♣�❡	❡♥�❪ ✈❛�✐♦✉	 ❡�✉❛�✐♦♥	 ♦❢ ❝♦♥❞✐�✐♦♥	 ✇❤✐❝❤ ❤♦❧❞ ❛♠♦♥❣ �❤❡ ❝♦♦�❞✐♥❛�❡	 ♦❢ �❤❡ ❞✐✛❡�❡♥�

♣♦✐♥�	 ❬✐✳❡✳ �❤❡ ❡�✉❛�✐♦♥	 ♦❢ ❛♣♣❧✐❡❞ ▲❛❣�❛♥❣✐❛♥ ❝♦♥	��❛✐♥�	❪✳

❚❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✇❤✐❝❤ ❤❛	 ❜❡❡♥ ♠❡♥�✐♦♥❡❞ ❛❜♦✈❡ ✐	 �❤❡ ❢♦❧❧♦✇✐♥❣✿

S m

{(

X −
d2x

dt2

)

δx+

(

Y −
d2y

dt2

)

δy +

(

Z −
d2z

dt2

)

δz

}

+ Smimj Kδp+ λδL+ μδM + υδN + ❡�❝✳ = 0; ✭✶✮

�❤❡ ✜	� 	✐❣♥ S ♠❡❛♥	 �❤❡ 	✉♠ ♦❢ ❛	 ♠❛♥② ��✐♥♦♠✐❛❧	 ❛	 ♦♥❡ ❝❛♥ ♦❜�❛✐♥ ❜② 	✉❝❝❡		✐✈❡❧② ❧❛✲

❜❡❧❧✐♥❣ ✇✐�❤ ❛ 	✉❜	❝�✐♣� ❛❧❧ �❤❡ ❧❡��❡�	 ♦❢ �❤❡ ✇�✐��❡♥ ��✐♥♦♠✐❛❧ ✉	✐♥❣ �❤❡ ❬	❡�✉❡♥❝❡ ♦❢❪ ✐♥❞✐❝❡	

1, 2, 3, ...., n ♦❢ �❤❡ ❞✐✛❡�❡♥� ❬♣❤②	✐❝❛❧❪ ♣♦✐♥�	✱ ❜✉� ❡①❝❧✉❞✐♥❣ ❬✐♥ �❤❡ ❧❛❜❡❧✐♥❣ ♣�♦❝❡		❪ �❤❡ ❧❡��❡�	

✇❤✐❝❤ ✐♥❞✐❝❛�❡ ♦♣❡�❛�✐♦♥	✱ �❤❛� ✐	✱ �❤❡ ❧❡��❡�	 d ❛♥❞ δ. ❚❤❡ 	❡❝♦♥❞ 	✐❣♥ S ❡①♣�❡		❡	 �❤❡ 	✉♠

♦❢ ❛❧❧ �❡�♠	 ✐♥��♦❞✉❝❡❞ ❜② �❤❡ ✐♥�❡�♥❛❧ ❛❝�✐✈❡ ❢♦�❝❡	✱ ❜❡✐♥❣

p =

√

(xj − xi)
2
+ (yj − yi)

2
+ (zj − zi)

2
.

❚❤❡ ❧❡��❡�	 λ, μ, ν✱ ❡�❝✳ ♠❡❛♥ 	♦♠❡ ✐♥❞❡�❡�♠✐♥❡❞ ♠✉❧�✐♣❧✐❡�	✱ �❤❡ ❝❤❛�❛❝�❡�✐	�✐❝	 δ ✐	 ✐♥�❡♥❞❡❞

❛	 ✐♥ �❤❡ ❝❛❧❝✉❧✉	 ♦❢ ✈❛�✐❛�✐♦♥	✳

■♥ �❡❣❛�❞ �♦ �❤❡ �❡�♠	 ♦❢ �❤❡ �❤✐�❞ ❦✐♥❞ ✐♥��♦❞✉❝❡❞ ✐♥ �❤❡ ❡�✉❛�✐♦♥ ✭✶✮ ❜② �❤❡ ❡�✉❛�✐♦♥	

♦❢ ❝♦♥❞✐�✐♦♥✱ ✐� ❝❛♥ ❜❡ �❡♠❛�❦❡❞ �❤❛�✱ ✈❡�② ♦❢�❡♥✱ �❤❡② ❞✐✛❡� ♦♥❡ ❢�♦♠ �❤❡ ♦�❤❡� ♦♥❧② ❢♦� �❤❡

❡①❝❤❛♥❣❡ ♦❢ ♦♥❡ ♣♦✐♥� ✇✐�❤ ❛♥♦�❤❡� ✐♥ ❝♦♥❞✐�✐♦♥	 ✇❤✐❝❤ ❛�❡ ❝♦♠♣❧❡�❡❧② 	✐♠✐❧❛� 	♦ �❤❛� ❬✐♥ �❤✐	

❧❛	� ❝❛	❡❪ �❤❡② ❝❛♥ ❛❧❧ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ ❛ 	✉♠♠❛�✐♦♥ 	✐❣♥ ❛♥❞✱ ✐♥	�❡❛❞ ♦❢ �❤❡ �❤✐�❞ ♣❛�� ♦❢ ❡�✉❛�✐♦♥

✭✶✮✱ ♦♥❡ ❝❛♥ ✇�✐�❡

SλδL+ SμδM + SυδN + ❡�❝✳ ✭✷✮



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✸✸

✶✼✳ ➮ ♥♦�♦ ❝❤❡ ❧✬ ❡�✉❛③✐♦♥❡ ✭✶✮ �✐ �♦♠♣❡ ✐♥ �❛♥�❡ �✉❛♥�❡ �♦♥♦ ❧❡ ✈❛�✐❛③✐♦♥✐ ✐♥❞✐♣❡♥❞❡♥�✐

δx
1
, δy

1
, δz

1
; δx

2
, δy

2
, δz

2
; .....,❝✐♦� 3n❀ ❡ ❝❤❡ �❡ ♠❡��✐❛♠♦ ❢�❛ ❧❡ x1, y1, z1, x2, ec✳ ✉♥ ♥✉♠❡�♦

p ❞✐ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡✱ ❧♦ �♣❡③③❛♠❡♥�♦ ♥♦♥ �✐ ❡✛❡��✉❛ ♣✐ ❛❧❧♦ ��❡��♦ ♠♦❞♦✱ ♠❛ ♣♦��♦♥♦

�❡❣✉✐��✐ ❞✉❡ ✈✐❡✱ ❧❡ �✉❛❧✐ ❝♦♥❞✉❝♦♥♦ ❛✐ ♠❡❞❡�✐♠✐ �✐�✉❧�❛♠❡♥�✐✳ "♦��♦♥♦ ❞❡��❡ ❡�✉❛③✐♦♥✐ ��❛��❛��✐✱

❝♦♠❡ ✈❡❞❡�✐ ♥❡❧❧❛ �❡�③❛ ♣❛��❡ ❞❡❧❧✬ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✮❀ ❡ ❛❧❧♦�❛ ❧❡ δx
1
, δy

1
, δz

1
; δx

2
, ..... �✐

❝♦♥�✐❞❡�❛♥♦ ❛♥❝♦�❛ ❝♦♠❡ �❡ ❢♦��❡�♦ ❢�❛ ❞✐ ❧♦�♦ ✐♥❞✐♣❡♥❞❡♥�✐✱ ❛ ♠♦�✐✈♦ ❞❡✐ ♥✉♦✈✐ ♠♦❧�✐♣❧✐❝❛�♦�✐

✐♥��♦❞♦��✐ ✐ �✉❛❧✐ �♦♥♦ �❛♥�✐✱ �✉❛♥�❡ ❧❡ ❛♥③✐❞❡��❡ ❡�✉❛③✐♦♥✐ ❢�❛ ❧❡ ✈❛�✐❛❜✐❧✐✳ ❊ �✐ ♣♦��♦♥♦ ♠❡❞✐❛♥�❡

❧❡ ✈❛�✐❛�❡ ❞✐ ❞❡��❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ❞❡�❡�♠✐♥❛�❡ ❧✐♥❡❛�♠❡♥�❡ ♣❡� ❧❡ ❛❧��❡ �❛♥�❡ ❞❡❧❧❡

✈❛�✐❛③✐♦♥✐ δx
1
, δy

1
, δz

1
; δx

2
, ..... �✉❛♥�❡ �♦♥♦ �✉❡❧❧❡ ❡�✉❛③✐♦♥✐✳ ❆❧❧♦�❛✱ ❢❛��❛ ❧❛ �♦��✐�✉③✐♦♥❡ ❞❡✐

✈❛❧♦�✐ ♦��❡♥✉�✐✱ ✐❧ ♥✉♠❡�♦ ❞❡❧❧❡ �❡�✐❞✉❡ ✈❛�✐❛③✐♦♥✐ ✐♥❞✐♣❡♥❞❡♥�✐ �✐ �✐❞✉❝❡ 3n− p✿ ❡ �✉✐♥❞✐ 3n− p

�♦♥♦ ❧❡ ❡�✉❛③✐♦♥✐ ❝❤❡ �✐ �✐❝❛✈❛♥♦ ❝♦❧ ♠❡��❡�❡ ✐ ❧♦�♦ ❝♦❡✣❝✐❡♥�✐ ❛ ③❡�♦ ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡

❀ ✐ �✐�✉❧�❛♠❡♥�✐ �♦♥♦ ✐ ♠❡❞❡�✐♠✐ ❝❤❡ �✐ ❛✈�❡❜❜❡�♦ �❡♥❡♥❞♦ ❧❛ ♣�✐♠❛ ���❛❞❛ ❡ ♣♦✐ ❡❧✐♠✐♥❛♥❞♦ ❢�❛

❧❡ ❡�✉❛③✐♦♥✐ ♦��❡♥✉�❡ ✐ ❝♦❡✣❝✐❡♥�✐ ✐♥❞❡�❡�♠✐♥❛�✐ ✐♥��♦❞♦��✐ ♦♣❡�❛♥❞♦ ❛ �✉❡❧❧❛ ♠❛♥✐❡�❛✳ ➮ ♣♦✐

♣❡�♠❡��♦ ❛❞♦��❛�❡ ✉♥ ♠❡�♦❞♦ ♠✐��♦✱ ✈❛❧❡ ❛ ❞✐�❡ ❝♦♥�❡�✈❛�❡ ❛❧❝✉♥❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ❡

��❛��❛�❧❡ ❝♦♠❡ �✐ ✈❡❞❡ ♥❡❧❧❛ �❡�③❛ ♣❛��❡ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✮✱ ❡ ♣❡� ✉♥ ❛❧��♦ ♥✉♠❡�♦ ❞✐

❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡✱ ❝♦♥�❡♠♣❧❛�❧❡ �❡♥❡♥❞♦ ✐❧ �❡❝♦♥❞♦ ❞❡✐ �♦♣�❛ ❞❡�❝�✐��✐ ❛♥❞❛♠❡♥�✐✳

✶✽✳ "�✐♠❛ ❞✐ ♣�♦❣�❡❞✐�❡ �♣✐❡❣❛♥❞♦ ❧❡ ♠♦❞✐✜❝❛③✐♦♥✐ ♣�❡�❡ ❞❛❧❧✬ ❡�✉❛③✐♦♥❡ ✭✶✮ ♥❡✐ ��❡ ❝❛�✐ ❞❡✐

�✐��❡♠✐ ❝♦♥�✐♥✉✐✱ � ❜❡♥❡ ❝❤❡ ❝✐ ��❛��❡♥✐❛♠♦ ❛❧�✉❛♥�♦ ✐♥ ❝♦♥�✐❞❡�❛③✐♦♥✐ �❡❧❛�✐✈❡ ❛❧❧❡ �✉❛♥�✐�* X✱

Y ✱ Z ❀ d2x
dt2

✱d
2y

dt2
✱d

2z
dt2

✱ ❝✉✐ �✐❛♠♦ �♦❧✐�✐ ❝❤✐❛♠❛�❡ ❢♦�③❡ ❛❝❝❡❧❡�❛��✐❝✐ ❛♣♣❧✐❝❛�❡✱ ♦ ❢♦�③❡ ❛❝❝❡❧❡�❛��✐❝✐

❛��✉❛❧✐ ♣❡❧ ♣✉♥�♦ ❣❡♥❡�✐❝♦ ❞✐ ✉♥ ❝♦�♣♦ ❀ �✐❛ ♣♦✐ ✐❧ �✐��❡♠❛ ❛ ��❡ ❞✐♠❡♥�✐♦♥✐✱ ♦ �✉♣❡�✜❝✐❛❧❡ ♦

❧✐♥❡❛�❡✳ ◆♦♥ ❝✬� ❞✉❜❜✐♦ ❝❤❡ �✉❡��❡ ��❡��❡ ❡�♣�❡��✐♦♥✐ ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✮ ❞❡✐ �✐��❡♠✐

❞✐�❝�❡�✐✱ �✐❣♥✐✜❝❛♥♦ ❢♦�③❡ �❛♣♣♦��❛�❡ ❛❞ ✉♥❛ ❢♦�③❛ ✉♥✐�❛�✐❛ ❛♣♣❧✐❝❛�❛ ❛❧❧✬ ✉♥✐�* ❞✐

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✸✸

✶✼✳ ■� ✐� ✇❡❧❧✲❦♥♦✇♥ �❤❛� �❤❡ ❡�✉❛�✐♦♥ ✭✶✮ ❝❛♥ ❜❡ �♣❧✐� ✐♥ ❛� ♠❛♥② ❡�✉❛�✐♦♥� ❛� ♠❛♥② ❛�❡ �❤❡

✐♥❞❡♣❡♥❞❡♥� ✈❛�✐❛�✐♦♥� δx
1
, δy

1
, δz

1
; δx

2
, δy

2
, δz

2
; .....,�❤❛� ✐� 3n❀ ❛♥❞ �❤❛� ✐❢ ✇❡ ✐♠♣♦�❡ ❛♠♦♥❣

�❤❡ ✈❛�✐❛❜❧❡� x1, y1, z1, x2, ec✳ ❡①❛❝�❧② p ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥�✱ �❤❡ �♣❧✐��✐♥❣ ✇✐❧❧ ♥♦� ❜❡

♣❡�❢♦�♠❡❞ ✐♥ �❤❡ �❛♠❡ ✇❛②✱ ❜✉� ✐� ✐� ♣♦��✐❜❧❡ �♦ ❢♦❧❧♦✇ �✇♦ ✇❛②�✱ ✇❤✐❝❤✱ ❤♦✇❡✈❡�✱ ♣�♦❞✉❝❡

❜♦�❤ �❤❡ �❛♠❡ �❡�✉❧��✳ ❚❤❡ �❛✐❞ ❡�✉❛�✐♦♥� ❝❛♥ ❜❡ ��❡❛�❡❞ ❛� ✐� ✐� ♣♦��✐❜❧❡ �♦ �❡❡ ✐♥ �❤❡ �❤✐�❞

♣❛�� ♦❢ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✭✶✮❀ ❛♥❞ �❤❡♥ �❤❡ ✈❛�✐❛�✐♦♥� δx
1
, δy

1
, δz

1
; δx

2
, ..... ✇✐❧❧ ❜❡ �❡❣❛�❞❡❞

❛� ✐❢ �❤❡② ✇❡�❡ ✐♥❞❡♣❡♥❞❡♥� ♦♥❡ ❢�♦♠ �❤❡ ♦�❤❡��✱ ❜❡❝❛✉�❡ ♦❢ �❤❡ ♥❡✇❧② ✐♥��♦❞✉❝❡❞ ♠✉❧�✐♣❧✐❡��

✇❤✐❝❤ ❛�❡ ❛� ♠❛♥② ❛� �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ❡�✉❛�✐♦♥� ❛♠♦♥❣ �❤❡ ✈❛�✐❛❜❧❡�✳ ❖♥ �❤❡ ♦�❤❡� ❤❛♥❞

❜② ✉�✐♥❣ �❤❡ ✈❛�✐❛�✐♦♥� ♦❢ �❛✐❞ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ✐� ✐� �❤❡♥ ♣♦��✐❜❧❡ �♦ ❞❡�❡�♠✐♥❡ ❧✐♥❡❛�❧②

❛� ♠❛♥② ❛♠♦♥❣ �❤❡ ✈❛�✐❛�✐♦♥� δx
1
, δy

1
, δz

1
; δx

2
, ..... ❛� ❛�❡ �❤❡ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥� ✐♥ �❡�♠�

♦❢ �❤❡ �❡♠❛✐♥✐♥❣ ✈❛�✐❛�✐♦♥�✳ ❚❤❡♥✱ ♦♥❝❡ �❡♣❧❛❝❡❞ �❤❡ ♦❜�❛✐♥❡❞ ✈❛❧✉❡�✱ �❤❡ ♥✉♠❜❡� ♦❢ �❡�✐❞✉❛❧

✐♥❞❡♣❡♥❞❡♥� ✈❛�✐❛�✐♦♥� �❡❞✉❝❡� �♦ 3n − p✿ ❛♥❞ �❤❡�❡❢♦�❡ 3n − p ❛�❡ �❤❡ ❡�✉❛�✐♦♥� ✇❤✐❝❤ ❛�❡

♦❜�❛✐♥❡❞ ✐♠♣♦�✐♥❣ �❤❛� �❤❡✐� ❝♦❡✣❝✐❡♥�� ❛�❡ ✈❛♥✐�❤✐♥❣ ✐♥ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥❀ �❤❡ �❡�✉❧�� ❛�❡

�❤❡ �❛♠❡ ❛� �❤♦�❡ ✇❤✐❝❤ ♦♥❡ ✇♦✉❧❞ ❤❛✈❡ ♦❜�❛✐♥❡❞ ❜② ✉�✐♥❣ �❤❡ ✜��� ❞❡�❝�✐❜❡❞ ✇❛② ❛♥❞ �❤❡♥ ❜②

❡❧✐♠✐♥❛�✐♥❣ ❛♠♦♥❣ �❤❡ ♦❜�❛✐♥❡❞ ❡�✉❛�✐♦♥� �❤❡ ✐♥❞❡�❡�♠✐♥❡❞ ❝♦❡✣❝✐❡♥�� ✇❤✐❝❤ ❛�❡ ✐♥��♦❞✉❝❡❞

❜② ❤❛✈✐♥❣ ❝❤♦�❡♥ �❤❛� ♣�♦❝❡❞✉�❡✳ ■� ✐� ❛❧�♦ ♣♦��✐❜❧❡ �♦ ❛❞♦♣� ❛ ♠✐①❡❞ ♠❡�❤♦❞✱ �❤❛� ✐� �♦

❝❤♦♦�❡ �♦♠❡ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ❛♥❞ ��❡❛� �❤❡♠ ❛� ✐� ✐� �❡❡♥ ✐♥ �❤❡ �❤✐�❞ ♣❛�� ♦❢ �❤❡ ❣❡♥❡�❛❧

❡�✉❛�✐♦♥ ✭✶✮ ❛♥❞ �♦ ❛❝❝♦✉♥� ❢♦� �❤❡ �❡♠❛✐♥✐♥❣ �❡� ♦❢ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ❜② ✉�✐♥❣ �❤❡ �❡❝♦♥❞

❜❡�✇❡❡♥ �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ♠❡�❤♦❞�✳

✶✽✳ ❇❡❢♦�❡ ♣�♦❣�❡��✐♥❣ ❜② ❡①♣❧❛✐♥✐♥❣ �❤❡ ❞✐✛❡�❡♥� ❢♦�♠� ❛��✉♠❡❞ ❜② �❤❡ ❡�✉❛�✐♦♥ ✭✶✮ ✐♥ �❤❡

�❤�❡❡ ❝❛�❡� ♦❢ ❝♦♥�✐♥✉♦✉� �②��❡♠�✱ ✐� ✐� �✉✐�❛❜❧❡ �❤❛� ✇❡ ❞✐�❝✉�� ❡①�❡♥�✐✈❡❧② ❛❜♦✉� �❤❡ �✉❛♥�✐�✐❡�

X✱ Y ✱ Z ❀ d2x
dt2

✱d
2y

dt2
✱d

2z
dt2

✱ ✇❤✐❝❤ ✇❡ ❛�❡ ✉�❡❞ �♦ ❝❛❧❧ ❛♣♣❧✐❡❞ ❛❝❝❡❧❡�❛�✐♥❣ ❢♦�❝❡�✱ ♦� ❛❝�✉❛❧ ✭✐✳❡✳
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❤❡ �✐♥❣❧❡ ♣♦✐♥
� ♦❢ ❛ ❜♦❞②✱ ✇❤❛


❞♦ ✇❡ �❡❛❧❧② ♠✉�
 ♠❡❛♥❄ ■
 ✐� ♠❛♥✐❢❡�
 
❤❛
 ✐❢ ❡❛❝❤ ♦❢ �✉❝❤ ❢♦�❝❡� ✇❡�❡ ♦❢ 
❤❡ �❛♠❡ ♦�❞❡� ♦❢

♠❛❣♥✐
✉❞❡ ♦❢ 
❤♦�❡ ✇❤✐❝❤ ♠♦✈❡ 
❤❡ ✉♥✐
 ♠❛��✱ ❛� 
❤❡ ♥✉♠❜❡� ♦❢ ♠♦❧❡❝✉❧❡� ♦❢ ❛ ❣✐✈❡♥ ❜♦❞② ✐�

❛❧✇❛②� ❣�❡❛
❡� 
❤❛♥ ❛♥② ❝♦♥❝❡✐✈❡❛❜❧❡ ♦♥❡✱ 
❤❡ �✉♠ ♦❢ ❛❧❧ �✉❝❤ ❢♦�❝❡� ✇♦✉❧❞ ❛❧✇❛②� ❜❡✱ ❢♦� ✉�✱ ❛♥

✐♥✜♥✐
❡ ❢♦�❝❡✳ ❚❤❡�❡❢♦�❡✱ ✐♥ 
❤❡ ❝♦♥�✐❞❡�❡❞ ✐♥�
❛♥❝❡✱ �✉❝❤ ❢♦�❝❡� ❛�❡ �✐♠✐❧❛� 
♦ 
❤♦�❡ ❡❧❡♠❡♥
❛�②

❢♦�❝❡� ✐♥
♦ ✇❤✐❝❤ ✇❡ �❛✐❞ ❥✉�
 ❜❡❢♦�❡ ✐
 ✐� ♣♦��✐❜❧❡ 
♦ ✐♥
❡♥❞ ❛� ❞✐✈✐❞❡❞ 
❤❡ ✉♥✐
 ❢♦�❝❡✱ 
❤❛
 ✐�✿


❤❡ ❧❡

❡�� X,Y, Z ♠✉�
 ❜❡ �❡❣❛�❞❡❞ ❛❣❛✐♥ ❛� ♥✉♠❜❡�� �❡♣�❡�❡♥
✐♥❣ �✉✐
❛❜❧❡ �❛
✐♦� 
♦ 
❤❡ ✉♥✐


❢♦�❝❡ ❛� ❛♣♣❧✐❡❞ 
♦ 
❤❡ ✉♥✐
 ♦❢ ♠❛��✱ ✇❤✐❝❤ ❛�❡ ❡①
�❡♠❡❧② �♠❛❧❧ ❜❡❝❛✉�❡ ♦❢ 
❤❡ ❢❛❝
♦� m, ✇❤✐❝❤

❛♣♣❡❛�� ✐♥ 
❤❡ ❣❡♥❡�❛❧ ❡�✉❛
✐♦♥ ✭✶✮ ❛♥❞ ✇❤✐❝❤ ❜❡❝♦♠❡� ✐♥ 
❤❡ ❝♦♥�✐❞❡�❡❞ ✐♥�
❛♥❝❡ ✈❡�② �♠❛❧❧✳

■
 ✐� ✈❡�② ✐♠♣♦�
❛♥
 
♦ ❦♥♦✇ 
❤❡ ❡①♣�❡��✐♦♥ ♦❢ 
❤✐� ❢❛❝
♦�✳ ❇② ❛��✉♠✐♥❣ 
❤❛
 ✭✇❤✐❝❤ ✐� ❧✐❝✐


✇✐
❤♦✉
 ❧♦�� ♦❢ ❣❡♥❡�❛❧✐
②✮ ❛❧❧ 
❤❡ ♠♦❧❡❝✉❧❡� ♦❢ 
❤❡ ❜♦❞② ❛�❡ ❡�✉❛❧ ❡❛❝❤ 
♦ 
❤❡ ♦
❤❡�� ❬
❤❛
 ✐�


❤❛
 
❤❡ ❜♦❞② ✐� ❤♦♠♦❣❡♥❡♦✉�❪ 
❤❡♥ 
❤❡ ♥✉♠❜❡� m, ✇❤✐❝❤ ❡①♣�❡��❡� 
❤❡ ♠❛�� ♦❢ ❡❛❝❤ ♦❢ 
❤❡♠✱

✐� ❡�✉❛❧



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✸✺

♣❡� �✉��❡✳ ■♠♠❛❣✐♥✐❛♠♦ ❧✬ ✉♥✐�� ❞✐ ♠❛��❛ ❞✐���✐❜✉✐�❛ ♥❡❧ ❝✉❜♦ ❡❣✉❛❧❡ ❛❧❧✬ ✉♥✐�� ❞✐ ✈♦❧✉♠❡✱ ❝♦♠❡

�✐ � ❞❡��♦ ❛❧ ◆✳ ✻ ❞❡❧ ❈❛♣♦ ♣�❡❝❡❞❡♥�❡✱ ❞✐ ♠❛♥✐❡�❛ ❝❤❡ �✉��❡ ❧❡ ♠♦❧❡❝♦❧❡ ❞✐ ❡��❛ ♠❛��❛ �✐❛♥♦

♥❡❧ ✈❡��♦ ❞❡✐ ��❡ ❧❛�✐ ❞❡❧ ❝✉❜♦ ❢�❛ ❧♦�♦ ❞✐��❛♥�✐ ❞✐ ✐♥�❡�✈❛❧❧✐ ❡❣✉❛❧✐ ❡ ♣✐❝❝♦❧✐��✐♠✐ ❡�♣�❡��✐ ❞❛❧❧❛

❧❡��❡�❛ σ ✳ ❙✐❛ n ✐❧ ♥✉♠❡�♦ ❞❡❣❧✐ ✐♥�❡�✈❛❧❧✐ ❡❣✉❛❧✐ ❢�❛ ♠♦❧❡❝♦❧❛ ❡ ♠♦❧❡❝♦❧❛ ✐♥ ✉♥ ❧❛�♦ ❞❡❧ ❝✉❜♦✱

�❛❧❝❤ ✱ ♣❡� ❡��❡�❡ ♦❣♥✐ �♣✐❣♦❧♦ ❞❡❧ ❝✉❜♦ ❡❣✉❛❧❡ ❛❧❧✬ ✉♥✐�� ❧✐♥❡❛�❡✱ �✐ ❛❜❜✐❛

1 = nσ; ✭✸✮

✐❧ ♥✉♠❡�♦ �♦�❛❧❡ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ♥❡❧ ❞❡��♦ ❝✉❜♦ �❛�� (n+ 1)
3
❀ $✉✐♥❞✐✱ ❡��❡♥❞♦ ♣❡� ♠❡③③♦ ❞❡❧❧✬

✉♥✐�� ❡�♣�❡��❛ ❧❛ ♠❛��❛ ❝✐♦� ❧❛ �♦♠♠❛ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ✐♥ �✉��♦ ✐❧ ❝✉❜♦✱ ❞❡��❛ ♠❛��❛ ♣❡� ✉♥❛

�♦❧❛ ♠♦❧❡❝♦❧❛ ❛✈�� ❧✬ ❡�♣�❡��✐♦♥❡ 1
(n+1)3

♦✈✈❡�♦ σ3

(1+σ)3
✱ ❛✈❡♥❞♦ ♠❡��♦ ♣❡� n ✐❧ �✉♦ ✈❛❧♦�❡ ❝❛✈❛�♦

❞❛❧❧❛ ✭✸✮ ✿ ♠❛ ❧❛ ♠❛��❛ ❞✐ ✉♥❛ ♠♦❧❡❝♦❧❛ � ❛❧��✐♠❡♥�✐ �✐❣♥✐✜❝❛�❛ ❞❛ m ❀ ❞✉♥$✉❡ ❧✬ ❡$✉❛③✐♦♥❡

m =
σ3

(1 + σ)
3 = σ3 − 3σ4 + 6σ5 − ❡❝✳; ✭✹✮

❞❡❧❧❛ $✉❛❧❡ �❡�✐❡ ❜❛��❡�� �❡♥❡�❡ ✐❧ ♣�✐♠♦ �❡�♠✐♥❡✱ ❣✐❛❝❝❤� ✐ �❡❣✉❡♥�✐ ❡��❡♥❞♦ ❡���❡♠❛♠❡♥�❡

♣✐❝❝♦❧✐ ❛❧ ❢�♦♥�❡ ❞❡❧ ♣�✐♠♦✱ ❞❛�❡❜❜❡�♦ ♥❡❧❧✬ ❡$✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ �❡�♠✐♥✐ ❞❡❧❧❛ ��❡��❛ ♥❛�✉�❛ ❞✐

$✉❡❧❧✐ ❝❤❡ ❛❧ ◆✳ ✼ ❞✐❝❡♠♠♦ ♣♦�❡��✐ ❢�❛♥❝❛♠❡♥�❡ ��❛�❝✉�❛�❡✳

✶✾✳ ❋♦�③❛ ❡❧❡♠❡♥�❛�❡ ❞✐ ❞✐✈❡��♦ ❣❡♥❡�❡ ❞❛ $✉❡❧❧❛ ♦�❛ ❞❡�❝�✐��❛✱ ♦❝❝♦�❡ $✉❛♥❞♦ �✬ ✐♥�❡♥❞❡

❝❤❡ ✉♥❛ ♠❛��❛ ✜♥✐�❛ �✐❛ ♠♦��❛✱ ♥♦♥ ❞❛ ❢♦�③❡ ❛♣♣❧✐❝❛�❡ ❛ �✉��✐ ✐ �✉♦✐ ♣✉♥�✐✱ ❝♦♠❡ ♥❡❧ ❝❛�♦ ❞❡❧❧❛

❣�❛✈✐��✱ ♠❛ ❞❛ ❢♦�③❡ ❛♣♣❧✐❝❛�❡ ❛✐ �♦❧✐ ♣✉♥�✐ ❞✐ ✉♥❛ ♣❛��❡ ❞❡❧❧❛ �✉❛ �✉♣❡�✜❝✐❡✱ ❝♦♠❡ ♥❡❧ ❝❛�♦ ❞❡❧❧❛

♣�❡��✐♦♥❡ ❛�♠♦�❢❡�✐❝❛ �✉❧❧❛ �✉♣❡�✜❝✐❡ ❞❡✐ ❝♦�♣✐✳ ◆♦♥ ✐♠♣❡❣♥❛♠♦❝✐ ♣❡� ♦�❛ ❛ ✈♦❧❡� ❝♦♥❝❡♣✐�❡ ✐❧

♠♦❞♦ ❝♦❧ $✉❛❧❡ ❧✬❛③✐♦♥❡ ❡✛❡��✉❛�❛ �✉✐ ♣✉♥�✐ ❞❡❧❧❛ �✉♣❡�✜❝✐❡ �✐ ��❛�♠❡��❡ ❛ �✉��✐ ❣❧✐ ❛❧��✐ ♣✉♥�✐

❞❡❧❧❛ ♠❛��❛ ✿ ❛♠♠❡��✐❛♠♦ ✐❧ ❢❛��♦✱ ❡ ✐♠♠❛❣✐♥❛♥❞♦ ✐❧ ❝✉❜♦✱ ❝♦♠❡ �♦♣�❛ ❝♦♥�❡♥❡♥�❡ ❧✬ ✉♥✐�� ❞✐

♠❛��❛✱ ♠♦��♦ ❞❛ �❛♥�❡ ❢♦�③❡ ❡❧❡♠❡♥�❛�✐ ❡❣✉❛❧✐ ❛♣♣❧✐❝❛�❡ ❛❧❧❡ �♦❧❡ ♠♦❧❡❝♦❧❡ ❝❤❡ �♦♥♦ ✐♥ ✉♥❛ �♦❧❛

�✉❛ ❢❛❝❝✐❛✱ ❝❡�❝❤✐❛♠♦ ❧✬ ❡�♣�❡��✐♦♥❡ ❞✐ ✉♥❛ ❞✐ ❡��❡ ✿ ✈❡❞�❡♠♦ ❝♦�. ❝♦♠❡ ❞❡❜❜❛ ✐♥�❡�♣�❡�❛��✐ ✐♥

�❛❧ ❝❛�♦ ❧❛ ❧❡��❡�❛ m ❝❤❡ ♠♦❧�✐♣❧✐❝❛��❡ ✉♥✬ ❡�♣�❡�

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✸✺

❢♦� ❛❧❧ ♦❢ �❤❡♠✳ ▲❡� ✉� ❛��✉♠❡ �❤❛� �❤❡ ✉♥✐� ♠❛� ✐� ❞✐���✐❜✉�❡❞ ✐♥ ❛ ❝✉❜❡ ✇❤✐❝❤ ✐� �❤❡ ✉♥✐�

♦❢ ✈♦❧✉♠❡✱ ❛� �❛✐❞ ✐♥ �❡❝�✳ ✻ ♦❢ �❤❡ ♣�❡❝❡❞✐♥❣ ❈❛♣♦✱ ✐♥ �✉❝❤ ❛ ✇❛② �❤❛� ❛❧❧ �❤❡ ♠♦❧❡❝✉❧❡�

❝♦♥��✐�✉�✐♥❣ ❬�❤❡❪ ❝♦♥�✐❞❡�❡❞ ❬✉♥✐�❪ ♠❛�� ❛�❡ ❞✐���✐❜✉�❡❞ ❛❧♦♥❣ �❤❡ �❤�❡❡ �✐❞❡� ♦❢ �❤❡ ❝✉❜❡✱

❡$✉❛❧❧② ❞✐��❛♥� ♦♥❡ ❢�♦♠ �❤❡ ♦�❤❡�✱ ♣❧❛❝❡❞ ❛� �❤❡ ❡♥❞♣♦✐♥�� ♦❢ ✈❡�② �♠❛❧❧ ✐♥�❡�✈❛❧� ✐♥❞✐❝❛�❡❞ ❜②

�❤❡ ❧❡��❡� σ. ▲❡� n ❜❡ �❤❡ ♥✉♠❜❡� ♦❢ �❤❡ ❡$✉❛❧ ✐♥�❡�✈❛❧� ❜❡�✇❡❡♥ ❛♥② ♣❛✐� ♦❢ ❝❧♦�❡�� ♠♦❧❡❝✉❧❡�

✐♥ ❛♥② �✐❞❡ ♦❢ �❤❡ ❝✉❜❡✱ �♦ �❤❛�✱ ❛� �❤❡ ❡❞❣❡ ♦❢ �❤❡ ❝✉❜❡ ✐� ❡$✉❛❧ �♦ �❤❡ ✉♥✐� ❧❡♥❣❤�✱ ✇❡ ❤❛✈❡

�❤❛�

1 = nσ; ✭✸✮

❛♥❞ �❤❡ �♦�❛❧ ♥✉♠❜❡� ♦❢ �❤❡ ♠♦❧❡❝✉❧❡� ♦❢ �❛✐❞ ❝✉❜❡ ✇✐❧❧ ❜❡ (n+ 1)
3
; �❤❡�❡❢♦�❡✱ ❛� �❤❡ ✉♥✐� ♠❛��

❤❛� ❜❡❡♥ ❝❤♦�❡♥ ❡$✉❛❧ �♦ �❤❡ �✉♠ ♦❢ �❤❡ ♠❛��❡� ♦❢ �❤❡ ♠♦❧❡❝✉❧❡� ✐♥ �❤❡ ❝✉❜❡ ♦❢ ✉♥✐� ✈♦❧✉♠❡✱

�❤❡ ♠❛�� ♦❢ ❛ �✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❜② �❤❡ ❡①♣�❡��✐♦♥ 1
(n+1)3

♦� ❡$✉✐✈❛❧❡♥�❧② σ3

(1+σ)3
✱

❤❛✈✐♥❣ �✉❜��✐�✉�❡❞ ❢♦� n �❤❡ ✈❛❧✉❡ ❝❛❧❝✉❧❛�❡❞ ❢�♦♠ ✭✸✮✿ ❛� �❤❡ ♠❛�� ♦❢ ❡❛❝❤ ♠♦❧❡❝✉❧❡ ❤❛� ❜❡❡♥

❞❡♥♦�❡❞ ❜② m,✇❡ ❣❡� �❤❡ ❡$✉❛�✐♦♥

m =
σ3

(1 + σ)
3 = σ3 − 3σ4 + 6σ5 − ❡�❝✳ ; ✭✹✮

❚❤❡ ✜��� �❡�♠ ♦❢ �❤❡ ❧❛�� �❡�✐❡� �❤❛❧❧ ❜❡ �✉✣❝✐❡♥� �♦ ❜❡ ❤❡❧❞ ❛� �❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡� ❛�❡ ❡①��❡♠❡❧②

�♠❛❧❧✱ ✇❤❡♥ ❝♦♠♣❛�❡❞ ✇✐�❤ �❤❡ ✜��� ❛♥❞ ✇♦✉❧❞ ♣�♦❞✉❝❡ ✐♥ �❤❡ ❣❡♥❡�❛❧ ❡$✉❛�✐♦♥ �❡�♠� ❤❛✈✐♥❣

�❤❡ �❛♠❡ ♥❛�✉�❡ ♦❢ �❤♦�❡ �❡�♠� ✇❤✐❝❤ ✐♥ �❡❝�✳ ✼ ✇❡ �❛✐❞ ❝❛♥ ❜❡ ❞❡✜♥✐�✐✈❡❧② ♥❡❣❧❡❝�❡❞✳

✶✾✳ ❆♥ ❡❧❡♠❡♥�❛�② ❢♦�❝❡ ♦❢ ❛ ❦✐♥❞ ❞✐✛❡�❡♥� ❢�♦♠ �❤❡ ♦♥❡ ♥♦✇ ❝♦♥�✐❞❡�❡❞ ♦❝❝✉�� ✇❤❡♥ ♦♥❡

❝❛♥ ❡��❛❜❧✐�❤ �❤❛� ❛ ✜♥✐�❡ ♠❛�� ✐� ♠♦✈❡❞ ♥♦� ❜② ❢♦�❝❡� ❛♣♣❧✐❡❞ �♦ ❡❛❝❤ ♦❢ ✐�� ♣♦✐♥��✱ ❛� ✐♥ �❤❡

❝❛�❡ ♦❢ ❣�❛✈✐�②✱ ❜✉� ❜② ❢♦�❝❡� ❛♣♣❧✐❡❞ ♦♥❧② �♦ �❤❡ ❬♣❤②�✐❝❛❧❪ ♣♦✐♥�� ♦❢ ❛ ♣❛�� ♦❢ ✐�� �✉�❢❛❝❡✱ ❛� ✐♥

�❤❡ ❝❛�❡ ♦❢ ❛�♠♦�♣❤❡�✐❝ ♣�❡��✉�❡ ♦♥ �❤❡ �✉�❢❛❝❡ ♦❢ ❜♦❞✐❡�✳ ▲❡� ✉�✱ ❢♦� �❤❡ ♠♦♠❡♥�✱ �❡❢�❛✐♥ ❢�♦♠

�❤❡ ❡✛♦�� ♦❢ ✉♥❞❡���❛♥❞✐♥❣ �❤❡ ✇❛② ✐♥ ✇❤✐❝❤ �❤❡ ❛❝�✐♦♥ ❡①❡��❡❞ ♦♥ �❤❡ ♣♦✐♥�� ♦❢ �❤❡ �✉�❢❛❝❡

✐� ��❛♥�♠✐��❡❞ �♦ ❛❧❧ �❤❡ ♦�❤❡� ♣♦✐♥�� ♦❢ �❤❡ ♠❛��✿ ❧❡� ✉� ❛❞♠✐� �❤✐� ❝✐�❝✉♠��❛♥❝❡✱ ❛♥❞ ❜②

✐♠❛❣✐♥✐♥❣ �❤❛� �❤❡ ❝✉❜❡✱ ✇❤✐❝❤✱ ❛� ❛��✉♠❡❞ ❜❡❢♦�❡✱ ❝♦♥�❛✐♥� �❤❡ ✉♥✐� ♠❛�✱ ✐� ♠♦✈❡❞ ❜② ♠❛♥②

❡$✉❛❧ ❛♥❞ ❡❧❡♠❡♥�❛�② ❢♦�❝❡� ❛♣♣❧✐❡❞ ♦♥❧② �♦ �❤❡ ♠♦❧❡❝✉❧❡� ✇❤✐❝❤ ❛�❡ ♣❧❛❝❡❞ ♦♥❧② ♦♥ ♦♥❡ ♦❢ ✐��

❢❛❝❡�✱ ✇❡ ❧♦♦❦ ❢♦� �❤❡ ❡①♣�❡��✐♦♥ ♦❢ ♦♥❡ ♦❢ �❤❡�❡ ❬❡❧❡♠❡♥�❛�② ❢♦�❝❡�❪✿ ✇❡ ✇✐❧❧ �❤✉� �❡❡ ❛� ♦♥❡ ❤❛�

�♦ ✐♥�❡�♣�❡� ✐♥ �✉❝❤ ❝❛�❡ �❤❡ �②♠❜♦❧ m ✇❤✐❝❤ ♠❛② ❜❡ ❛ ❢❛❝�♦� ✐♥ ❛♥ ❡①♣�❡��✐♦♥ ❬�❡♣�❡�❡♥�✐♥❣

�✉❝❤ ❛❪



✸✻
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

�✐♦♥❡ ❞✐ ❢♦�③❛ ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡✳ ❊��❡♥❞♦ (n+ 1)
2
✐❧ ♥✉♠❡�♦ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ✐♥ ✉♥❛ ❞✐

�✉❡❧❧❡ ❢❛❝❝❡✱ ✉♥ ♥✉♠❡�♦ (n+ 1)
2
❞✐ ❢♦�③❡ ❡❧❡♠❡♥�❛�✐ ❡❣✉❛❧✐ ♣�♦❞✉��❡❜❜❡ ❧♦ ��❡��♦ ❡✛❡��♦ ❞❡❧❧❛

❢♦�③❛ ♦♣❡�❛♥�❡ �✉❧❧✬ ✉♥✐�� ❞✐ ♠❛��❛✱ �✉✐♥❞✐ ✉♥❛ ❞✐ �✉❡❧❧❡ � 1
(n+1)2

❞✐ �✉❡��❛✳ �❡��❛♥�♦ ✐❧ ❢❛��♦�❡

❝❤❡ ✐♥ �❛❧ ❝❛�♦ ✐♠♣✐❝❝✐♦❧✐�❝❡ ❧❡ ❢♦�③❡ X,Y, Z � 1
(n+1)2

= σ2

(1+σ)2
✱ ❡ �✐ ❤❛

m =
σ2

(1 + σ)
2 = σ2 − 2σ3 + 3σ4 − ❡❝✳ ✭✺✮

✷✵✳ ❆❧��❛ ❢♦�③❛ ❡❧❡♠❡♥�❛�❡ ❞✐ ❞✐✈❡��♦ ❣❡♥❡�❡ ❞❡❧❧❡ ❞✉❡ �♦♣�❛ ❞❡�❝�✐��❡ � �✉❡❧❧❛ ❝❤❡ �✐ �✉♣♣♦♥❡

♣�♦❞✉��❡ ♠♦�♦ ✐♥ ✉♥❛ ♠❛��❛ ✜♥✐�❛ ❡��❡♥❞♦ ❛♣♣❧✐❝❛�❛ ❛✐ �✐♥❣♦❧✐ ♣✉♥�✐ ❞✐ ✉♥❛ �♦❧❛ ❧✐♥❡❛ ��❛❝❝✐❛�❛

�✉❧❧❛ �✉♣❡�✜❝✐❡ ❞✐ ✉♥ ❝♦�♣♦✳ �❡� ❛✈❡�♥❡ ❧✬ ❡�♣�❡��✐♦♥❡✱ ✐♠♠❛❣✐♥✐❛♠♦ ❛♥❝♦�❛ ❧♦ ��❡��♦ ❝✉❜♦ ❝♦❧❧✬

✉♥✐�� ❞✐ ♠❛��❛✱ ♠♦��♦ ❞❛ �❛♥�❡ ❢♦�③❡ ❡❧❡♠❡♥�❛�✐ ❡❣✉❛❧✐ ❛♣♣❧✐❝❛�❡ ❛✐ �✐♥❣♦❧✐ ♣✉♥�✐ ❞✐ ✉♥ �✉♦ ❧❛�♦✱

❝❤❡ �♦♥♦ ❞✐ ♥✉♠❡�♦ n+1✳ ❙✐ ✈❡❞❡ ❝❤❡ ✉♥ ♥✉♠❡�♦ n+1 ❞✐ �❛❧✐ ❢♦�③❡ ❡❧❡♠❡♥�❛�✐ ♣�♦❞✉❝❡ ❧♦ ��❡��♦

❡✛❡��♦ ❞❡❧❧❛ ❢♦�③❛ ♦♣❡�❛♥�❡ �✉❧❧✬ ✉♥✐�� ❞✐ ♠❛��❛✱ ❡ ❝❤❡ �✉✐♥❞✐ ✉♥❛ ❞✐ �✉❡❧❧❡ � 1
n+1 ❞✐ �✉❡��❛✳ ❉✐

�❛❧ ♠❛♥✐❡�❛ ✐❧ ❢❛��♦�❡ ❝❤❡ ✐♠♣✐❝❝✐♦❧✐�❝❡ ❧❡ X,Y, Z � ✐♥ �❛❧ ❝❛�♦ 1
n+1 = σ

1+σ
✱ ❡ �✐ ❤❛

m =
σ

1 + σ
= σ − σ2 + σ3 − ❡❝✳ ✭✻✮

❋✐♥❛❧♠❡♥�❡ �✐ ❤❛ ✐❧ ❝❛�♦ ❞✐ ✉♥❛ ❢♦�③❛ X ❝❤❡ ♣�♦❞✉❝❡ ♠♦�♦ ♥❡❧❧❛ ✉♥✐�� ❞✐ ♠❛��❛ ❡��❡♥❞♦ ❛♣♣❧✐❝❛�❛

❛❞ ✉♥ �♦❧♦ �✉♦ ♣✉♥�♦✱ ❡ ❛❧❧♦�❛ ♥♦♥ ♦❝❝♦��❡ ♣✐* ❧❛ ❝♦♥�✐❞❡�❛③✐♦♥❡ ❞✐ ❢♦�③❡ ❡❧❡♠❡♥�❛�✐ ✿ �✉❡❧❧❛

♠❡❞❡�✐♠❛ ❤❛ ✐❧ ❝♦♥❝❡��♦ ❝❤❡ �❡�✈❡ ❞✐ ❜❛�❡ ❛❧❧❡ ♣�❡❝❡❞❡♥�✐ ❞❡❞✉③✐♦♥✐✳

✷✶✳ ◆❡❧❧❡ �✉❡��✐♦♥✐ ❞✐ ♠♦�♦ ♦ ❞✐ ❡�✉✐❧✐❜�✐♦ ♣❡� ❝♦�♣✐ ❡��❡�✐✱ �✐ ♣�❡�❡♥�❛♥♦ �♣❡��♦ ❛ ❝♦♠♣♦��❡

✐❧ ❢❡♥♦♠❡♥♦ ❢♦�③❡ ❞✐ �✉��❡ �✉❛���♦ ❧❡ ❞✐✛❡�❡♥�✐ �♣❡❝✐❡ �♦♣�❛ ❞❡�❝�✐��❡ ❀ ♣❡�/ ❧❡ ❧❡��❡�❡ X,Y, Z, ❡

�✉❛❧✉♥�✉❡ ❛❧��❛ ❡�♣�❡��✐♦♥❡ ❞✐ ❢♦�③❛ �✐❣♥✐✜❝❛♥♦ �❡♠♣�❡ ♥✉♠❡�✐ �❛♣♣♦��❛�✐ ❛ ❢♦�③❡ ❞❡❧❧❛ �✉❛��❛

�♣❡❝✐❡ ❞❡❧❧❡ �✉♥♥♦♠✐♥❛�❡✱ ❝✐♦� ♠✉♦✈❡♥�✐ ♠❛��❡ ✜♥✐�❡ ❡��❡♥❞♦ ❛♣♣❧✐❝❛�❡ ❛❞ ✉♥ �♦❧♦ ❧♦�♦

✸✻
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

❢♦�❝❡ ✐♥ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥✳ ❇❡✐♥❣ (n+ 1)
2
�❤❡ ♥✉♠❜❡� ♦❢ �❤❡ ♠♦❧❡❝✉❧❡� ✐♥ ♦♥❡ ♦❢ �❤♦�❡ ❢❛❝❡�✱

❛ ♥✉♠❜❡� ♦❢ (n+ 1)
2
♦❢ ❡�✉❛❧ ❡❧❡♠❡♥�❛�② ❢♦�❝❡� ✇♦✉❧❞ ♣�♦❞✉❝❡ �❤❡ �❛♠❡ ❡✛❡❝� ♦❢ �❤❡ ❢♦�❝❡

❛❝�✐♥❣ ♦♥ �❤❡ ✉♥✐� ♠❛��✱ �❤❡�❡❢♦�❡ ♦♥❡ ♦❢ �❤❡ ❡❧❡♠❡♥�❛�② ❢♦�❝❡� ✐� ❣✐✈❡♥ ❜② �❤❡ ❢�❛❝�✐♦♥ 1
(n+1)2

♦❢ �❤❡ ❢♦�❝❡ ♣❡� ✉♥✐� ♠❛��✳ ❚❤❡�❡❢♦�❡ �❤❡ ❢❛❝�♦� ✇❤✐❝❤ �❡❞✉❝❡� �❤❡ ❢♦�❝❡� X,Y, Z ❬�♦ ❣❡� �❤❡

❝♦��❡�♣♦♥❞✐♥❣ ❡❧❡♠❡♥�❛�② ❢♦�❝❡❪ ✐�✱ ✐♥ �❤❡ ❝♦♥�✐❞❡�❡❞ ❝❛�❡✱ 1
(n+1)2

= σ2

(1+σ)2
✱ ❛♥❞ ✇❡ ❣❡�

m =
σ2

(1 + σ)
2 = σ2 − 2σ3 + 3σ4 − ❡�❝✳ ✭✺✮

✷✵✳ ❆♥♦�❤❡� ❦✐♥❞ ♦❢ ❡❧❡♠❡♥�❛�② ❢♦�❝❡✱ ❞✐✛❡�❡♥� ❢�♦♠ �❤❡ �✇♦ ❦✐♥❞� ♣�❡✈✐♦✉�❧② ❞❡�❝�✐❜❡❞✱

✐� �❤❛� ♦♥❡ ✇❤✐❝❤ ✐� ✐� ❛��✉♠❡❞ �♦ ♣�♦❞✉❝❡ �❤❡ ♠♦�✐♦♥ ♦❢ ❛ ✜♥✐�❡ ♠❛�� ❜❡✐♥❣ ❛♣♣❧✐❡❞ �♦ ❡❛❝❤

♣♦✐♥� ♦❢ ❛ ❣✐✈❡♥ ❧✐♥❡ ❞�❛✇♥ ♦♥ ❛ �✉�❢❛❝❡ ♦❢ ❛ ❜♦❞②✳ ❚♦ ❣❡� ✐�� ❡①♣�❡��✐♦♥✱ ❧❡� ✉� ✐♠❛❣✐♥❡ ❛❣❛✐♥

�❤❡ �❛♠❡ ❝✉❜❡ ❤❛✈✐♥❣ ✉♥✐� ♠❛��✱ ❛� ♠♦✈❡❞ ❜② ♠❛♥② ❡�✉❛❧ ❡❧❡♠❡♥�❛�② ❢♦�❝❡� ❛♣♣❧✐❡❞ �♦ ❡❛❝❤

♣♦✐♥� ♦❢ ♦♥❡ ♦❢ ✐�� ❡❞❣❡�✱ �❤❡ ♥✉♠❜❡� ❬♦❢ �❤❡�❡ ♣♦✐♥��❪ ❜❡✐♥❣ n+ 1. ■� ❝❛♥ ❜❡ �❡❡♥ �❤❛� n+ 1 ♦❢

�✉❝❤ ❡❧❡♠❡♥�❛�② ❢♦�❝❡� ♣�♦❞✉❝❡ ❡①❛❝�❧② �❤❡ �❛♠❡ ❡✛❡❝� ❛� �❤❡ ❢♦�❝❡ ❛♣♣❧✐❡❞ �♦ �❤❡ ✉♥✐� ♦❢ ♠❛��✱

❛♥❞ �❤❡�❡❢♦�❡ �❤❛� ♦♥❡ ♦❢ �❤❡�❡ ❬❡❧❡♠❡♥�❛�②❪ ❢♦�❝❡� ✐� ❣✐✈❡♥ ❜② �❤❡ ❢�❛❝�✐♦♥ 1
n+1 ♦❢ �❤❡ ❢♦�❝❡ ♣❡�

✉♥✐� ♠❛��✳ ❚❤❡�❡❢♦�❡ �❤❡ ❢❛❝�♦� ✇❤✐❝❤ ❞❡❝�❡❛�❡� �❤❡ ❢♦�❝❡� X,Y, Z ❬�♦ ❣❡� �❤❡ ❝♦��❡�♣♦♥❞✐♥❣

❡❧❡♠❡♥�❛�② ❢♦�❝❡❪ ✐�✱ ✐♥ �❤❡ ❝♦♥�✐❞❡�❡❞ ❝❛�❡✱ 1
n+1 = σ

1+σ
✱❛♥❞ ✇❡ ❣❡�

m =
σ

1 + σ
= σ − σ2 + σ3 − ❡�❝✳ ✭✻✮

❋✐♥❛❧❧② ✐� ❤❛� �♦ ❜❡ ❝♦♥�✐❞❡�❡❞ �❤❡ ❝❛�❡ ♦❢ ❛ ❢♦�❝❡ X ✇❤✐❝❤ ♣�♦❞✉❝❡� �❤❡ ♠♦�✐♦♥ ♦❢ �❤❡ ✉♥✐� ♠❛��

❜❡✐♥❣ ❛♣♣❧✐❡❞ �♦ ♦♥❧② ♦♥❡ ♦❢ ✐�� ♣♦✐♥��✱ ❛♥❞ �❤❡♥ ✐� ✇✐❧❧ ♥♦� ❜❡ ♥❡❡❞❡❞ �♦ ❝♦♥�✐❞❡� ❡❧❡♠❡♥�❛�②

❢♦�❝❡�✿ �❤❡ �❛♠❡ ❢♦�❝❡ ❬X❪ ✐� ❛ �✉✣❝✐❡♥� ��❛��✐♥❣ ♣♦✐♥� ❢♦� �❤❡ ♣�❡❝❡❞❡♥�❧② ❞❡�❝�✐❜❡❞ ❞❡❞✉❝�✐♦♥�✳

✷✶✳ ■♥ �❤❡ �✉❡��✐♦♥� ❝♦♥❝❡�♥✐♥❣ �❤❡ ♠♦�✐♦♥ ♦� �❤❡ ❡�✉✐❧✐❜�✐✉♠ ♦❢ ❡①�❡♥❞❡❞ ❜♦❞✐❡�✱ ✈❡�②

♦❢�❡♥ ❛�❡ ♣�❡�❡♥� ✲✐♥ �❤❡ ♦❝❝✉��❡♥❝❡ ♦❢ �❤❡ ♣❤❡♥♦♠❡♥♦♥✲ ❛❧❧ ❢♦✉� ❦✐♥❞ ♦❢ ❢♦�❝❡� ❞❡�❝�✐❜❡❞ ❛❜♦✈❡❀

❤♦✇❡✈❡� �❤❡ ❧❡��❡�� X,Y, Z,❛♥❞ ❛♥② ✇❤❛��♦❡✈❡� ♦�❤❡� ❡①♣�❡�✐♦♥ ♦❢ ❢♦�❝❡ ❛❧✇❛②� ♠❡❛♥ ♥✉♠❜❡��

❡①♣�❡��✐♥❣ �❤❡ ❢♦�❝❡� ♦❢ �❤❡ ❢♦✉��❤ ❦✐♥❞ ✇❤✐❝❤ ✇❡�❡ ♠❡♥�✐♦♥❡❞ ❜❡❢♦�❡✱ ✐✳❡✳ ❬❢♦�❝❡�❪ ✇❤✐❝❤ ♠♦✈❡

✜♥✐�❡ ♠❛��❡� ❜❡✐♥❣ ❛♣♣❧✐❡❞ �♦ ♦♥❧② ♦♥❡ ♦❢ �❤❡✐�



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✸✼

♣✉♥�♦✳ 	❡� ❧❡ ❛❧��❡ ��❡ �♣❡❝✐❡ ✐ ♥✉♠❡�✐ X,Y, Z, ❡ �✐♠✐❧✐✱ �✬ ✐♥�❡♥❞♦♥♦ ✐♠♣✐❝❝✐♦❧✐�✐ ❞❛ ❢❛��♦�✐ �♦♠✲

♠✐♥✐���❛�✐ ❞❛❧❧❛ ❧❡��❡�❛ m ❝❤❡ ❛♣♣❛�✐�❝❡ ♥❡❧❧✬ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✮✱ ❣✐✉��❛ ✐❧ ❝❛♥♦♥❡ �❡❣✉❡♥�❡✳

✏ ◗✉❛♥❞♦ �✐ ♣❛�❧❛ ❞✐ ❢♦�③❡ ❛♣♣❧✐❝❛�❡ ❛✐ �✐♥❣♦❧✐ ♣✉♥�✐ ❞✐ ✉♥❛ ❧✐♥❡❛ ✜�✐❝❛✱ ❛❧❧❛ ❧❡��❡�❛ m ♥❡❧❧❛

❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ❞❡✈❡�✐ �♦��✐�✉✐�❡ ❧❛ σ ✐♥�❡�✈❛❧❧♦ ❢�❛ ♠♦❧❡❝♦❧❛ ❡ ♠♦❧❡❝♦❧❛ ♥❡❧❧❛ ❞✐�♣♦�✐③✐♦♥❡

❛♥�❡❝❡❞❡♥�❡ ✐❞❡❛❧❡❀ �✉❛♥❞♦ �✐ ♣❛�❧❛ ❞✐ ❢♦�③❡ ❛♣♣❧✐❝❛�❡ ❛✐ �✐♥❣♦❧✐ ♣✉♥�✐ ❞✐ ✉♥❛ �✉♣❡�✜❝✐❡✱ ❞❡✈❡�✐

❛❧❧❛ m �♦��✐�✉✐�❡ ✐❧ ❢❛��♦�❡ σ2 ❀ ❡ ✐♥�❡�♣�❡�❛�❡ ❧❛ ��❡��❛ m ❝♦♠❡ ❛✈❡♥�❡ ✐❧ ✈❛❧♦�❡ σ3 ✱ �✉❛♥❞♦ �✐

��❛��❛ ❞✐ ❢♦�③❡ ❛♣♣❧✐❝❛�❡ ❛✐ �✐♥❣♦❧✐ ♣✉♥�✐ ✜�✐❝✐ ❞✐ ✉♥ ❝♦�♣♦ ❞♦�❛�♦ ❞❡❧❧❡ ��❡ ❞✐♠❡♥�✐♦♥✐✳ ✑

✷✷✳ ❈✐& ❝❤❡ �✐ ' ❞❡��♦ ❞❡❧❧❡ ❢♦�③❡ ❡❧❡♠❡♥�❛�✐ ❞✐ �❡❝♦♥❞❛ ❡ �❡�③❛ �♣❡❝✐❡ ❛♣♣❧✐❝❛�❡ ❛ �✉♣❡�✜❝✐❡

♦ ❛ ❧✐♥❡❡ ✜�✐❝❤❡ ✱ ✈❛❧❡ ❡③✐❛♥❞✐♦ �✉❛♥❞♦ �✉❡��❡ �✉♣❡�✜❝✐❡ ♦ �✉❡��❡ ❧✐♥❡❡ ♥♦♥ �✐ ❝♦♥�✐❞❡�❛♥♦ ♥❡✐

❝♦�♣✐✱ ♠❛ ❛���❛��❛♠❡♥�❡ ✐♥ �✉❡✐ �✐��❡♠✐ ❝❤❡ ❞❡♥♦♠✐♥✐❛♠♦ �✉♣❡�✜❝✐❛❧✐ ♦ ❧✐♥❡❛�✐✳ ●✐) ❞✐❝❡♠♠♦

✭ ❈❛♣✳ ■◦✱ ♥✳ ■■ ✮ ❝❤❡ �❛❧✐ �✐��❡♠✐✱ �✐❣♦�♦�❛♠❡♥�❡ ♣❛�❧❛♥❞♦✱ ♥♦♥ �✐ ❞❛♥♥♦✱ ❣✐❛❝❝❤' ✉♥❛ �❡�③❛

❞✐♠❡♥�✐♦♥❡ ♥❡❧ ❝❛�♦ ❞✐ ✉♥ ✈❡❧♦ ♠❛�❡�✐❛❧❡✱ ❡ ❞✉❡ ❛❧��❡ ❞✐♠❡♥�✐♦♥✐ ♥❡❧ ❝❛�♦ ❞✐ ✉♥ ✜❧♦ ♠❛�❡�✐❛❧❡ ✱

✈❡�❛♠❡♥�❡ ♥♦♥ ♠❛♥❝❛♥♦ ✿ ♣�♦✈❛ ♥❡ ' ✐❧ ♣♦�❡��✐ ❧❡ ♠❛��❡ ✐♥ �✉❡��✐ ❞✉❡ ❝❛�✐ ❝♦♥❢�♦♥�❛�❡ ❝♦♥ �✉❡❧❧❡

❞❡✐ ❝♦�♣✐ ❛ ��❡ ❞✐♠❡♥�✐♦♥✐✳ ❙✐❝❝♦♠❡ ❞✉♥�✉❡ ✉♥ �✐��❡♠❛ ❧✐♥❡❛�❡ ♦ ✉♥ �✐��❡♠❛ �✉♣❡�✜❝✐❛❧❡ ♥♦♥

�♦♥♦ ❝❤❡ �✉♣♣♦�✐③✐♦♥✐ ❛♠♠✐��✐❜✐❧✐ ♣❡� ❛♣♣�♦��✐♠❛③✐♦♥❡✱ ♥♦♥ ❞❡✈❡ ❢❛� ✉��♦ ✐♥ �❛❧✐ ❝❛�✐ ✉♥ ✬❛❧��❛

❝♦��❡❧❛�✐✈❛ �✉♣♣♦�✐③✐♦♥❡✱ ❝✐♦' ❝❤❡ ❧❡ ♠♦❧❡❝♦❧❡ ♣❡� ❡��✐ �✐❛♥♦ ❞✐ ❞✐✛❡�❡♥�❡ ♥❛�✉�❛ ✐♥ ♣❛�❛❣♦♥❡ ❞✐

�✉❡❧❧❡ ❞❡✐ ❝♦�♣✐ ❛ ��❡ ❞✐♠❡♥�✐♦♥✐✳ 	❡✐ �✐��❡♠✐ ❧✐♥❡❛�✐ �♦♥♦ ♠♦❧❡❝♦❧❡ ❝♦♥ �❛❧✐ ❝♦♥❝❡♥��❛③✐♦♥✐ ❞✐

♠❛��❛ �❡❝♦♥❞♦ ❞✉❡ ❞✐♠❡♥�✐♦♥✐ ❝❤❡ ❧❛ �✐✉♥✐♦♥❡ ❞✐ �✉❡❧ ♥✉♠❡�♦ �♦❧�❛♥�♦ ❞✐ ❡��❡ ❝❤❡ ��❛♥♥♦ ❝♦♥

✐♥�❡�✈❛❧❧♦ ♣✐❝❝♦❧✐��✐♠♦ σ ✐♥ ✉♥❛ ❧✐♥❡❛ ✜♥✐�❛✱ ❜❛��❛ ♣❡� ❛✈❡�❡ ❛ ❞✐�✐��✉�❛ ✉♥❛ ♠❛��❛ ❝♦♥❢�♦♥�❛❜✐❧❡

❝♦❧❧❡ ♠❛��❡ ✜♥✐�❡ ❀ ♥❡✐ �✐��❡♠✐ �✉♣❡�✜❝✐❛❧✐ �♦♥♦ ♠♦❧❡❝♦❧❡ ❝♦❧❧❛ ❝♦♥❝❡♥��❛③✐♦♥❡ ❞✐ ♠❛��❛ �❡❝♦♥❞♦

✉♥❛ ❞✐♠❡♥�✐♦♥❡✱ ❞✐ ♠♦❞♦ ❝❤❡ �✐ ♦��✐❡♥❡ ✉♥❛ ♠❛��❛ ✜♥✐�❛ �❛❝❝♦❣❧✐❡♥❞♦♥❡ �✉❛♥�❡ ♥❡ ��❛♥♥♦ ✐♥

✉♥❛ �✉♣❡�✜❝✐❡ ❡��❡�❛ ❝♦♥ ✐♥�❡�✈❛❧❧✐ ♠♦❧❡❝♦❧❛�✐ ♣❡� ❞✉❡ ✈❡��✐ ❝♦♠❡ ❧✬ ❛♥③✐❞❡��♦✳ 	❡��❛♥�♦ ✐♥

�✉❡��✐ ❝❛�✐ ' ❛♥❝❤❡ ♣✐/ ♠❛♥✐❢❡��♦ ❞✐ �✉❛♥❞♦ �✐ ❝♦♥�✐✲

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✸✼

♣♦✐♥��✳ ❲❤❡♥ �❤❡ ♦�❤❡� �❤�❡❡ ❦✐♥❞� ♦❢ ❢♦�❝❡� ❛�❡ ❝♦♥�✐❞❡�❡❞✱ �❤❡ ♥✉♠❜❡�� X,Y, Z ❛♥❞ ❛❧❧ �❤❡

�✐♠✐❧❛� �✉❛♥�✐�✐❡� ❛�❡ ♠❡❛♥� ♠✉❧�✐♣❧✐❡❞ ❜② �❤❡ ❢❛❝�♦�� ❬�♠❛❧❧❡� �❤❛♥ ✉♥✐�❪ �❡♣�❡�❡♥�❡❞ ❜② �❤❡

❧❡��❡� m ✇❤✐❝❤ ❛♣♣❡❛�� ✐♥ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✭✶✮✱ ❢♦❧❧♦✇✐♥❣ �❤❡ ❛❧❣♦�✐�♠ �♣❡❝✐✜❡❞ ❜❡❧♦✇✿

✏ ❲❤❡♥ �❛❧❦✐♥❣ ❛❜♦✉� ❢♦�❝❡� ❛♣♣❧✐❡❞ �♦ ❡❛❝❤ ♣♦✐♥� ♦❢ ❛ ♣❤②�✐❝❛❧ ❧✐♥❡✱ �❤❡ ❧❡��❡� m ✐♥ �❤❡

❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ❤❛� �♦ ❜❡ �❡♣❧❛❝❡❞ ❜② �❤❡ ❬❢❛❝�♦�❪ σ✱ ✇❤✐❝❤ ❬�❡♣�❡�❡♥��❪ �❤❡ ✐♥�❡�✈❛❧ ❜❡�✇❡❡♥

❛♥② ♣❛✐� ♦❢ ❝❧♦�❡�� ♠♦❧❡❝✉❧❡� ✐♥ �❤❡ ✐❞❡❛❧ ❬�❡❢❡�❡♥❝❡❪ ❛♥�❡❝❡❞❡♥� ❝♦♥✜❣✉�❛�✐♦♥❀ ✇❤❡♥ �❛❧❦✐♥❣

❛❜♦✉� ❢♦�❝❡� ❛♣♣❧✐❡❞ �♦ ❡❛❝❤ ♣♦✐♥� ♦❢ ❛ ❬♣❤②�✐❝❛❧❪ �✉�❢❛❝❡✱ �❤❡ ❬❧❡��❡�❪ m ❤❛� �♦ ❜❡ �❡♣❧❛❝❡❞ ❜②

�❤❡ ❢❛❝�♦� σ2❀ ❛♥❞ ✜♥❛❧❧② �❤❡ �❛♠❡ m ❤❛� �♦ ❜❡ ✐♥�❡�♣�❡�❡❞ ❛� ❤❛✈✐♥❣ �❤❡ ✈❛❧✉❡ σ3✱ ✇❤❡♥ ❞❡❛❧✐♥❣

✇✐�❤ ❢♦�❝❡� ❛♣♣❧✐❡❞ �♦ ♣❤②�✐❝❛❧ ♣♦✐♥�� ❜❡❧♦♥❣✐♥❣ �♦ ❛ ❜♦❞② ❤❛✈✐♥❣ ❛❧❧ �❤❡ �❤�❡❡ ❞✐♠❡♥�✐♦♥�✳ ✑

✷✷✳ ❲❤❛� �❛✐❞ ❢♦� �❤❡ ❡❧❡♠❡♥�❛�② ❢♦�❝❡� ♦❢ �❤❡ �❡❝♦♥❞ ❛♥❞ �❤✐�❞ ❦✐♥❞ ❬✐✳❡✳ �❤♦�❡ ❢♦�❝❡�❪

❛♣♣❧✐❡❞ �♦ ♣❤②�✐❝❛❧ �✉�❢❛❝❡� ♦� ❧✐♥❡�✱ ✐� ��✐❧❧ ✈❛❧✐❞ ✇❤❡♥ �❤❡�❡ �✉�❢❛❝❡� ♦� �❤❡�❡ ❧✐♥❡� ❛�❡ ♥♦�

❝♦♥�✐❞❡�❡❞ ❛� ♣❛��� ♦❢ ❜♦❞✐❡�✱ ❜✉� ✐♥ ❛♥ ❛❜���❛❝� ✇❛② ❬✇❤❡♥ �❤❡②❪ ❛�❡ �❡❣❛�❞❡❞ ❛� ❜❡❧♦♥❣✐♥❣

�♦ �❤♦�❡ �②��❡♠� ✇❤✐❝❤ ✇❡ ❝❛❧❧❡❞ ❧✐♥❡❛� ♦� �✉♣❡�✜❝✐❛❧✳ ❲❡ ❛❧�❡❛❞② �❛✐❞ ✭❈❛♣♦ ■✱ �❡❝�✳ ✶✶✮ �❤❛�

�✉❝❤ �②��❡♠�✱ �✐❣♦�♦✉�❧② �♣❡❛❦✐♥❣✱ ❛�❡ ♥♦� ❛❝�✉❛❧❧② ❡①✐��✐♥❣✱ ❜❡❝❛✉�❡ ❛ �❤✐�❞ ❞✐♠❡♥�✐♦♥ ✐♥ �❤❡

❝❛�❡ ♦❢ ❛ ♠❛�❡�✐❛❧ ✈❡✐❧✱ ♦� �✇♦ ♦�❤❡� ❞✐♠❡♥�✐♦♥� ✐♥ �❤❡ ❝❛�❡ ♦❢ ❛ ♠❛�❡�✐❛❧ ���✐♥❣✱ ✐♥ �❡❛❧✐�② ❛�❡

♥♦� ❧❛❝❦✐♥❣✿ ❛� ♣�♦✈❡❞ ❜② �❤❡ ❢❛❝� �❤❛� �❤❡ ♠❛��❡� ✐♥ �❤❡�❡ �✇♦ ❝❛�❡� ❝❛♥ ❜❡ ❝♦♠♣❛�❡❞ ✇✐�❤

�❤❡ ♠❛��❡� ♦❢ �❤�❡❡✲❞✐♠❡♥�✐♦♥❛❧ ❜♦❞✐❡�✳ ❚❤❡�❡❢♦�❡✱ ❛� ❛ ❧✐♥❡❛� �②��❡♠ ♦� ❛ �✉♣❡�✜❝✐❛❧ �②��❡♠

❛�❡ �✐♠♣❧② ❬♠❛�❤❡♠❛�✐❝❛❧❪ ❛��✉♠♣�✐♦♥� ✇❤✐❝❤ ❝❛♥ ❜❡ �❡❣❛�❞❡❞ ❛� ❛♣♣�♦①✐♠❛�✐♦♥�✱ ✐� ❤❛� ♥♦�

�♦ ❜❡ ❝♦♥�✐❞❡� ✐♥❛♣♣�♦♣�✐❛�❡✱ ✐♥ �✉❝❤ ❝❛�❡�✱ ❛ ❝♦��❡�♣♦♥❞✐♥❣ ❛��✉♠♣�✐♦♥✱ ✇❤✐❝❤ ❛��✉♠❡� �❤❛�

�❤❡ ♠♦❧❡❝✉❧❡� ❢♦� �✉❝❤ ❬�✇♦ ❛♥❞ ♦♥❡ ❞✐♠❡♥�✐♦♥❛❧❪ �②��❡♠� ❤❛✈❡ ❛ ❞✐✛❡�❡♥� ♥❛�✉�❡ ❛� ❝♦♠♣❛�❡❞

✇✐�❤ �❤♦�❡ ❬♠♦❧❡❝✉❧❡�❪ ❝♦♥��✐�✉�✐♥❣ �❤�❡❡✲❞✐♠❡♥�✐♦♥❛❧ ❜♦❞✐❡�✳ ❋♦� ❧✐♥❡❛� �②��❡♠� �❤❡ ❬♣❤②�✐❝❛❧❪

♠♦❧❡❝✉❧❡� ❤❛✈❡ �✉❝❤ ❛ ♠❛�� ❝♦♥❝❡♥��❛�✐♦♥ ✐♥ �✇♦ ❬�♣❛❝❡❪ ❞✐♠❡♥�✐♦♥ �❤❛� �❤❡ ✉♥✐♦♥ ♦❢ �❤♦�❡

♠♦❧❡❝✉❧❡� ✇❤✐❝❤ ❜❡❧♦♥❣ �♦ ❛ ✈❡�② �♠❛❧❧ ✐♥�❡�✈❛❧ σ ♦❢ ❛ ✜♥✐�❡ ❧✐♥❡ ✐� ❡♥♦✉❣❤ �♦ ❤❛✈❡ ✐♥❞❡❡❞ ❛

♠❛�� ✇❤✐❝❤ ✐� ❝♦♠♣❛�❛❜❧❡ ✇✐�❤ ✜♥✐�❡ ♠❛��❡�✿ ✐♥ �✉♣❡�✜❝✐❛❧ �②��❡♠� �❤❡ ❬♣❤②�✐❝❛❧❪ ♠♦❧❡❝✉❧❡�

❤❛✈❡ ❛ ♠❛�� ❝♦♥❝❡♥��❛�✐♦♥ ✐♥ ♦♥❡ ❬�♣❛❝❡❪ ❞✐♠❡♥�✐♦♥� �✉❝❤ �❤❛� ✐� ✐� ♣♦��✐❜❧❡ �♦ ❣❡� ❛ ✜♥✐�❡

♠❛�� ❜② ❣❛�❤❡�✐♥❣ ❛� ♠❛♥② ❛� ❛�❡ ❧♦❝❛�❡❞ ✐♥ ❛ �✉�❢❛❝❡ ✇❤✐❝❤ ✐� ❡①�❡♥❞❡❞ ❛� ❬❛ ��✉❛�❡ ❤❛✈✐♥❣

❛� �✐❞❡�❪ �✇♦ ✐♥�❡�✈❛❧� ❧♦♥❣ ❛� �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ♦♥❡ ❬✐✳❡✳ ❤❛✈✐♥❣ ❛ �✉�❢❛❝❡ ♠❡❛�✉�❡ ❣✐✈❡♥ ❜②

σ2]. ❚❤❡�❡❢♦�❡ ✐♥ �❤❡�❡ ❝❛�❡� ✐� ✐� ❡✈❡♥ ♠♦�❡ ♠❛♥✐❢❡�� �❤❛♥ ✇❤❡♥ ♦♥❡ ❝♦♥�✐❞❡��
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✉♥ ♥✉♠❡�♦ n + 1 ❞✐ �✉❡❧❧❡ ♠♦❧❡❝♦❧❡ ✭ 
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♦❧❛ ♠♦❧❡❝♦❧❛ � 1
n+1 = σ✲❡❝✳❀ ✉♥ ♥✉♠❡�♦ (n+ 1)
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✐
�❡♠❛ 
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❡❝♦♥❞♦ ❝❛
♦ 
❛�� 1
(n+1)2

= σ2✲❡❝✳ ❙♦❧❛♠❡♥�❡ � ❞❛ ❛✈✈❡��✐�❡ ❝❤❡ ❞❡��❡ ♠♦❧❡❝♦❧❡ ❝♦♥ ♠❛

❡

❝♦♥❝❡♥��❛�❡ ♣♦

♦♥♦ ♣❡� ❛❧❝✉♥✐ ♣�♦❜❧❡♠✐ ♥♦♥ 
✉♣♣♦�
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♣�❡

♦ ❞❛ ✉♥ ♥✉♠❡�♦ N ✿ ❛❧❧♦�❛

♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✮ ❜✐
♦❣♥❡�❡❜❜❡ ❢❛�❡ m = σN ♣❡✐ 
✐
�❡♠✐ ❧✐♥❡❛�✐✱ ❡❞ m = σ2N ♣❡✐
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♣❡� ❧❡ ❢♦�③❡ ❞❡❧❧❛ ♣�✐♠❛ 
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✐♦♥❛❧❪ ❜♦❞✐❡
✱ �❤❛� �❤❡ m ♠✉
� ❜❡ ✐♥�❡�♣�❡�❡❞ �♦ ❜❡

❡�✉❛❧ ❬�❡
♣❡❝�✐✈❡❧②❪ �♦ σ ♦� �♦ σ2. ■♥❞❡❡❞ ❛ ♥✉♠❜❡� n+ 1 ♦❢ �❤♦
❡ ♠♦❧❡❝✉❧❡
 ✇❤✐❝❤ ❝♦♥
�✐�✉�❡


❛ ❧✐♥❡❛� 
②
�❡♠ 
❤❛❧❧ ❝❛��② �❤❡ 
❛♠❡ ♠❛

 ❛
 ❝❛��✐❡❞ ❜② �❤❡ ✉♥✐� ♦♥❡✱ ❛♥❞ �❤❡�❡❢♦�❡ �❤❡ ♠❛



♦❢ ❛ 
✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ✐
 1
n+1 = σ✲❡�❝✳❀ ❛ ♥✉♠❜❡� (n+ 1)

2 ♦❢ �❤♦
❡ ♠♦❧❡❝✉❧❡
 ✇❤✐❝❤ ❝♦♥
�✐�✉�❡


❛ 
✉♣❡�✜❝✐❛❧ 
②
�❡♠ ✇✐❧❧ ❝❛��② �❤❡ 
❛♠❡ ♠❛

 ❛
 ❝❛��✐❡❞ ❜② �❤❡ ✉♥✐� ♦♥❡✱ ❛♥❞ �❤❡�❡❢♦�❡ �❤❡

♠❛

 ♦❢ ❛ ♠♦❧❡❝✉❧❡ ✐♥ �❤✐
 
❡❝♦♥❞ ❝❛
❡ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❜② 1
(n+1)2

= σ2✲❡�❝✳ ❖♥❡ ✇❛�♥✐♥❣ ✐
 ❞✉❡

❬�♦ �❤❡ �❡❛❞❡�❪✿ 
❛✐❞ ♠♦❧❡❝✉❧❡
✱ ❝❛♥ ❜❡✱ ✐♥ 
♦♠❡ ♣❛��✐❝✉❧❛� ♣�♦❜❧❡♠
✱ ❛

✉♠❡❞ ♥♦� �♦ ❤❛✈❡

♥❡❝❡

❛�✐❧② ❡�✉❛❧ ❝♦♥❝❡♥��❛�❡❞ ♠❛

❡
✱ �❤❛� ✐
 ✐� ✐
 ♣♦

✐❜❧❡ �♦ ❛

✉♠❡ �❤❛� �❤❡ �❛�✐♦ ♦❢ �❤❡✐�

♠❛

❡
 ✐
 ♥♦� ❡�✉❛❧ �♦ ✉♥✐�✱ ❜✉� ❡①♣�❡

❡❞ ❜② ❛ ♥✉♠❜❡� N : �❤❡♥ ✐♥ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✭✶✮ ♦♥❡


❤♦✉❧❞ ❛

✉♠❡ �❤❛� m = σN ❢♦� ❧✐♥❡❛� 
②
�❡♠
 ❛♥❞ m = σ2N ❢♦� 
✉♣❡�✜❝✐❛❧ 
②
�❡♠
✳ ❍❛✈✐♥❣

❢♦�❡
❤❛❞♦✇❡❞ �❤❡ ♣♦

✐❜✐❧✐�② ♦❢ �❤❡ ✐♥��♦❞✉❝�✐♦♥ ♦❢ �❤✐
 ❢❛❝�♦� N, ❢♦� 
❡❡❦ ♦❢ 
✐♠♣❧✐❝✐�② ✐� ✇✐❧❧

❜❡ ❝♦♥✈❡♥✐❡♥� ✐♥ ❛ ✜�
� ♠♦♠❡♥� �♦ ❧❡❛✈❡ ✐� ❛
✐❞❡✳

■� ✐
 ❛❧
♦ ♣♦

✐❜❧❡ �♦ ❡①❝♦❣✐�❛�❡ ❡❧❡♠❡♥�❛�② ❢♦�❝❡
 ✇❤♦
❡ ♦�❞❡� ♦❢ 
♠❛❧❧♥❡

 ✐
 ❣�❡❛�❡� �❤❛♥

�❤❛� ♦♥❡ ✐♥��♦❞✉❝❡❞ ❢♦� �❤❡ ❢♦�❝❡
 ♦❢ �❤❡ ✜�
� ❦✐♥❞ ✇❤✐❝❤ ✇❡ ��✐❡❞ �♦ ❡①♣❧❛✐♥ ✐♥ 
❡❝�✳ ✶✽❀ 
✐♥❝❡✱

❤♦✇❡✈❡�✱ 
✉❝❤ 
♣❡❝✉❧❛�✐♦♥ ✐
 ♥♦� ♥❡❝❡

❛�② ❡①❝❡♣� ✇❤❡♥ ��②✐♥❣ �♦ ❢♦�♠ ❛ ❝♦♥❝❡♣� ♦❢ ♠♦❧❡❝✉❧❛�

❛❝�✐♦♥
✱ ✇❡ �❡
❡�✈❡ �♦ ♠❡♥�✐♦♥ ✐� ✐♥ �❤❡ ♠♦
� ❛♣♣�♦♣�✐❛�❡ ♣❧❛❝❡✳

✷✸✳ ■� ✐
 ♣♦

✐❜❧❡ �♦ ✐♥��♦❞✉❝❡ �❤❡ ❝♦♥�✐♥✉✐�② ♦❢ ❛ 
②
�❡♠ ✇❤❡♥ ♦♥❡ ❛

✉♠❡
 �❤❛� ❛❧❧ �❤❡

❝♦♦�❞✐♥❛�❡
 ♦❢ ❛❧❧ ✐�
 ♣♦✐♥�
 ❞❡♣❡♥❞ ♦♥❧② ♦♥ �❤�❡❡ ❢✉♥❝�✐♦♥
 ♦❢ ♦♥❡ ♦� �✇♦ ♦� �❤�❡❡ 
✐♠♣❧❡ ❬✐♥❞❡✲

♣❡♥❞❡♥�❪ ✈❛�✐❛❜❧❡
 ✭�♦ ✇❤✐❝❤ �✐♠❡ ❤❛
 ❛❧
♦ �♦ ❜❡ ❛❞❞❡❞ ✐❢ ♠♦�✐♦♥ ✐
 ✐♥✈♦❧✈❡❞✮ ✇❤✐❝❤ ❬❢✉♥❝�✐♦♥
❪

♠❛✐♥�❛✐♥ ❛❧✇❛②
 �❤❡ 
❛♠❡ ❢♦�♠
 ✇❤❡♥ ♣❛

✐♥❣ ❢�♦♠ ❛ ♣♦✐♥� �♦ ❛♥♦�❤❡� ♦❢ �❤❡ 
②
�❡♠ ❛♥❞ ♦♥❧②

❝❤❛♥❣❡ �❤❡✐� ✈❛❧✉❡ ❜❡❝❛✉
❡ ♦❢ �❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛❧✉❡ �♦ ✇❤✐❝❤ �❤❡ 
✐♠♣❧❡ ✈❛�✐❛❜❧❡
 ❛�❡ ✉♥❞❡�❣♦✐♥❣✳

❚❤✐
 ♣�♦❝❡❞✉�❡ ✇✐❧❧ ❜❡ ♥♦✇ ❝❧❛�✐✜❡❞ ❢♦� �❤❡ �❤�❡❡ ❦✐♥❞
 ♦❢ ❝♦♥�✐♥✉♦✉
 
②
�❡♠
✳ ❚♦ ✐♥��♦❞✉❝❡

✐♥ 
✉❝❤ ❛ ✇❛② �❤❡ ❝♦♥�✐♥✉✐�② ✐
 ❡�✉✐✈❛❧❡♥� �♦ ❝♦♥
��❛✐♥� ❛❧❧ �❤❡ ✈❛�✐❛❜❧❡
 ✇❤✐❝❤ ❡①♣�❡

 �❤❡

❝♦♦�❞✐♥❛�❡
 ♦❢ �❤❡ ❞✐✛❡�❡♥� ♣♦✐♥�
 ❜② ♠❡❛♥
 ♦❢ ❛
 ♠❛♥② ❡�✉❛�✐♦♥
 ♦❢ ❝♦♥❞✐�✐♦♥
 ❛
 ♠❛♥② ❛�❡

�❤❡ 
❛✐❞ ✈❛�✐❛❜❧❡
 ♠✐♥✉
 �❤�❡❡✳ ❚❤✐
 ✐
 ❛ ♣�✐♥❝✐♣❧❡ ✐♠♣❧✐❡❞ ✐♥ ❆♥❛❧②�✐❝❛❧ ▼❡❝❤❛♥✐❝
✱ ✇❤✐❝❤ ✐


✉
❡❢✉❧ �♦ ❡①♣�❡





▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✸✾

♣✐� ❡�♣❧✐❝✐
♦✱ ❣✐❛❝❝❤� �
❛ ✐♥ ❡��♦ ✈❡�❛♠❡♥
❡ ✐❧ ♠❡③③♦ ❝♦❧ �✉❛❧❡ ♣❛��❛�❡ ❞❛❧❧✬ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡

❞❡❧❧❛ ▼❡❝❝❛♥✐❝❛ ♣❡✐ �✐�
❡♠✐ ❞✐�❝�❡
✐ ❛ �✉❡❧❧❡ ♣❡✐ �✐�
❡♠✐ ❝♦♥
✐♥✉✐

➓ ✶

❙✐��❡♠✐ ❧✐♥❡❛�✐

✷✹✳ ❆❞♦

❛♥❞♦ ♣❡� ✉♥ 
❛❧ ❣❡♥❡�❡ ❞✐ �✐�
❡♠✐ ✐❧ ❝♦♥❝❡

♦ ❣✐! ❞✐❝❤✐❛�❛
♦ ❛❧ ◆✳ ✶✶ ❈❛♣♦ ♣�❡❝❡✲

❞❡♥
❡✱ ♣♦��❡♠♦ ❛ �✐❣♥✐✜❝❛�❡ ❧❡ ❝♦♦�❞✐♥❛
❡ ❞❡❧ ♣✉♥
♦ ❣❡♥❡�✐❝♦ ❧❡ ❡�✉❛③✐♦♥✐

x = f (a, t) ; y = φ (a, t) ; z = ψ (a, t) . ✭✼✮

▲❡ ❢♦�♠❡ ❞✐ ❢✉♥③✐♦♥✐ ❡�♣�❡��❡ ❝♦✐ �✐♠❜♦❧✐ f, φ, ψ �✐♠❛❣♦♥♦ ❧❡ ♠❡❞❡�✐♠❡ ♣❡�❝♦��❡♥❞♦ ✐ ❞✐✈❡��✐

♣✉♥
✐ ✜�✐❝✐ ❞❡❧ �✐�
❡♠❛✳ ❙❡ �✐ ✐♠♠❛❣✐♥❛ ❝❤❡ ✐❧ ✜❧♦ ♠❛
❡�✐❛❧❡ ❝♦♠✐♥❝✐ �✉❛♥❞♦ a = l ✱ ❡ ✜♥✐�❝❛

�✉❛♥❞♦ a = k ✱ �✐ ❞❡✈❡ ✐♥
❡♥❞❡�❡ ❝❤❡ ❧❡ ❝♦♦�❞✐♥❛
❡ ❞❡✐ �✉♦✐ ❞✐✈❡��✐ ♣✉♥
✐ ❛❜❜✐❛♥♦ ❡�♣�❡��✐♦♥✐

❝♦♠❡ �❡❣✉❡

x
1
= f (l, t) ; x

2
= f (l + σ, t) ; x

3
= f (l + 2σ, t) ; ❡❝✳

y
1
= φ (l, t) ; y

2
= φ (l + σ, t) ; y

3
= φ (l + 2σ, t) ; ❡❝✳ ✭✽✮

z
1
= ψ (l, t) ; z

2
= ψ (l + σ, t) ; z

3
= ψ (l + 2σ, t) ; ❡❝✳

❡��❡♥❞♦ �✐�♣❡

✐✈❛♠❡♥
❡ f (k, t) , φ (k, t) , ψ (k, t) ✐ ✈❛❧♦�✐ ❞❡❧❧❡ ❝♦♦�❞✐♥❛
❡ ❞❡❧❧✬ ✉❧
✐♠♦ ♣✉♥
♦✳

◗✉✐ ♣♦��✐❛♠♦ ✐♠♠❛❣✐♥❛�❡ ❡❧✐♠✐♥❛
❛ ❧❛ l ❢�❛ ❧❛ ♣�✐♠❛ ❡ ❧❡ �❡❣✉❡♥
✐ ❡�✉❛③✐♦♥✐ ❞❡❧❧❛ ♣�✐♠❛

✜❧❛✳ ❙✐❛ l = p (x
1
) ✐❧ ✈❛❧♦�❡ ❞✐ l ❞❡❞♦

♦ ❞❛❧❧❛ ♣�✐♠❛ ❡�✉❛③✐♦♥❡❀ �✐�♦�
✐
✉❡♥❞♦❧♦ ✐♥ 
✉

❡ �✉❡❧❧❡

❡�✉❛③✐♦♥✐✱ ❡��❡ ❞✐✈❡��❛♥♥♦

x
1
= f [p (x

1
) , t] ; x

2
= f [p (x

1
) + σ, t] ; x

3
= f [p (x

1
) + 2σ, t] ; ❡❝✳ ✭✾✮

❧❛ ♣�✐♠❛ �❛�! ✐❞❡♥
✐❝❛✱ ❝✐♦� ❝♦♠❡ �❡ ♥♦♥ ❢♦��❡✱ ❧❡ �❡❣✉❡♥
✐ ❝❤❡ ❤❛♥♥♦ ✉♥ �✐❣♥✐✜❝❛
♦✱ �❛�❛♥♥♦


❛♥
❡ �✉❛♥
❡ ❧❡ x ❞❡✐ ❞✐✈❡��✐ ♣✉♥
✐ ♠❡♥♦ ✉♥❛✳ ❆❧❧♦ �
❡��♦ ♠♦❞♦✱ �❡ l = q (y1) �❛�! ✐❧ ✈❛❧♦�❡ ❞✐ l

❝❛✈❛
♦ ❞❛❧❧❛ ♣�✐♠❛ ❡�✉❛③✐♦♥❡ ♥❡❧❧❛ �❡❝♦♥❞❛ ✜❧❛ ❞❡❧❧❡ ✭✽✮✱ ♣♦
�❡♠♦ �❝�✐✈❡�❡

y
1
= φ [q (y

1
) , t] ; y

2
= φ [q (y

1
) + σ, t] ; y

3
= φ [q (y

1
) + 2σ, t] ; ❡❝✳ ✭✶✵✮

✳

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✸✾

♠♦�❡ ❡①♣❧✐❝✐
❧②✱ �✐♥❝❡ ✐
 
�✉❧② �✉♣♣❧✐❡� 
❤❡ ♠❡❛♥� ❜② ✉�✐♥❣ ✇❤✐❝❤ ♦♥❡� ✐
 ✐� ♣♦��✐❜❧❡ 
♦ ❞❡❞✉❝❡

❢�♦♠ 
❤❡ ❣❡♥❡�❛❧ ❡�✉❛
✐♦♥ ♦❢ ▼❡❝❤❛♥✐❝� ✈❛❧✐❞ ❢♦� ❞✐�❝�❡
❡ �②�
❡♠� 
❤❡ ❡�✉❛
✐♦♥� ✇❤✐❝❤ ❛�❡ ✈❛❧✐❞

❢♦� ❝♦♥
✐♥✉♦✉� �②�
❡♠�✳

➓ ✶

▲✐♥❡❛� �②��❡♠�

❇② ❛❞♦♣
✐♥❣ ❢♦� �✉❝❤ ❛ ❦✐♥❞ ♦❢ �②�
❡♠� 
❤❡ ❝♦♥❝❡♣
 
❤❛
 ❤❛� ❜❡❡♥ ❛❧�❡❛❞② ❤❡❧❞ ✐♥ 
❤❡

♣�❡❝❡❞❡♥
 ❈❛♣♦ �❡❝
✳ ✶✶✱ ✇❡ ✇✐❧❧ ✉�❡ 
❤❡ ❢♦❧❧♦✇✐♥❣ ❡�✉❛
✐♦♥� 
♦ ✐♥❞✐❝❛
❡ 
❤❡ ❝♦♦�❞✐♥❛
❡� ♦❢ 
❤❡

❣❡♥❡�✐❝ ♣♦✐♥


x = f (a, t) ; y = φ (a, t) ; z = ψ (a, t) . ✭✼✮

❚❤❡ ❢♦�♠� ♦❢ ❢✉♥❝
✐♦♥� ❡①♣�❡��❡❞ ✇✐
❤ 
❤❡ �②♠❜♦❧� f ✱ φ ❛♥❞ ψ �❡♠❛✐♥ 
❤❡ �❛♠❡ ❛❧♦♥❣ 
❤❡

❞✐✛❡�❡♥
 ♣❤②�✐❝❛❧ ♣♦✐♥
� ♦❢ 
❤❡ �②�
❡♠✳ ■❢ ②♦✉ ✐♠❛❣✐♥❡ 
❤❛
 
❤❡ ♠❛
❡�✐❛❧ �
�✐♥❣ ❜❡❣✐♥� ✇❤❡♥

a = l✱ ❛♥❞ ❡♥❞� ✇❤❡♥ a = k✱ ✐
 ♠✉�
 ❜❡ ✉♥❞❡��
♦♦❞ 
❤❛
 
❤❡ ❝♦♦�❞✐♥❛
❡� ♦❢ ✐
� ♣♦✐♥
� ❤❛✈❡

❞✐✛❡�❡♥
 ❡①♣�❡��✐♦♥� ❛� ❢♦❧❧♦✇�

x
1
= f (l, t) ; x

2
= f (l + σ, t) ; x

3
= f (l + 2σ, t) ; ❡
❝✳

y
1
= φ (l, t) ; y

2
= φ (l + σ, t) ; y

3
= φ (l + 2σ, t) ; ❡
❝✳ ✭✽✮

z
1
= ψ (l, t) ; z

2
= ψ (l + σ, t) ; z

3
= ψ (l + 2σ, t) ; ❡
❝✳

❜❡✐♥❣ �❡�♣❡❝
✐✈❡❧② f(k, t)✱ φ(k, t)✱ ψ(k, t) 
❤❡ ✈❛❧✉❡� ♦❢ 
❤❡ ❝♦♦�❞✐♥❛
❡� ♦❢ 
❤❡ ❧❛�
 ♣♦✐♥
✳

❍❡�❡ ✇❡ ❝❛♥ ✐♠❛❣✐♥❡ l ❡❧✐♠✐♥❛
❡❞ ❜❡
✇❡❡♥ 
❤❡ ✜��
 ❛♥❞ 
❤❡ ❢♦❧❧♦✇✐♥❣ ❡�✉❛
✐♦♥� ♦❢ 
❤❡ ✜��


�♦✇✳ ▲❡
 l = p(x1) ❜❡ 
❤❡ ✈❛❧✉❡ ♦❢ l ❞❡❞✉❝❡❞ ❢�♦♠ 
❤❡ ✜��
 ❡�✉❛
✐♦♥❀ �✉❜�
✐
✉
✐♥❣ ✐
 ❜❛❝❦ ✐♥ ❛❧❧


❤♦�❡ ❡�✉❛
✐♦♥�✱ 
❤❡② ✇✐❧❧ ❜❡❝♦♠❡

x
1
= f [p (x

1
) , t] ; x

2
= f [p (x

1
) + σ, t] ; x

3
= f [p (x

1
) + 2σ, t] ; ❡
❝✳ ✭✾✮


❤❡ ✜��
 ✇✐❧❧ ❜❡ 
❤❡ �❛♠❡✱ 
❤❛
 ✐� ❛� ✐❢ ✐
 ❞✐❞ ♥♦
 ❡①✐�
✱ 
❤❡ ❢♦❧❧♦✇✐♥❣ ❬❡�✉❛
✐♦♥�❪ ✇❤✐❝❤ ❤❛✈❡ ❛

♠❡❛♥✐♥❣✱ ✇✐❧❧ ❜❡ ❛� ♥✉♠❡�♦✉� ❛� 
❤❡ x ♦❢ 
❤❡ ❞✐✛❡�❡♥
 ♣♦✐♥
� ♠✐♥✉� ♦♥❡✳ ❙✐♠✐❧❛�❧②✱ ✐❢ l = q(y1)

✇✐❧❧ ❜❡ 
❤❡ ✈❛❧✉❡ ♦❢ l ❞❡❞✉❝❡❞ ❢�♦♠ 
❤❡ ✜��
 ❡�✉❛
✐♦♥ ♦❢ 
❤❡ �❡❝♦♥❞ �♦✇ ♦❢ ✭✽✮✱ ✇❡ ❝❛♥ ✇�✐
❡

y
1
= φ [q (y

1
) , t] ; y

2
= φ [q (y

1
) + σ, t] ; y

3
= φ [q (y

1
) + 2σ, t] ; ❡
❝✳ ✭✶✵✮



✹✵
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

❡ �✐♠✐❧♠❡♥�❡

z
1
= ψ [r (z

1
) , t] ; z

2
= ψ [r (z

1
) + σ, t] ; z

3
= ψ [r (z

1
) + 2σ, t] ; ❡❝✳ ✭✶✶✮

❛✈❡♥❞♦ �❛♣♣�❡�❡♥�❛�♦ ♣❡� l = r (z
1
) ✐❧ ✈❛❧♦�❡ ❞✐ l ❞❡❞♦��♦ ❞❛❧❧❛ ♣�✐♠❛ ❡�✉❛③✐♦♥❡ ❞❡❧❧❛ �❡�③❛ ✜❧❛✳

▲❡ ❡�✉❛③✐♦♥✐ ✭✾✮✱ ✭✶✵✮✱ ✭✶✶✮✱ ❝❤❡ ✐♥❝♦♠✐♥❝✐❛♥♦ �✉��❡ ❞❛ ✉♥❛ ❡�✉❛③✐♦♥❡ ✐❞❡♥�✐❝❛✱ �♦♥♦ ❧❡

❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ❢�❛ ❧❡ ❝♦♦�❞✐♥❛�❡ ❞❡✐ ❞✐✈❡��✐ ♣✉♥�✐✱ ✐♥��♦❞♦��❡ ❞❛❧❧✬ ❛♠♠❡��❡�❡ ❧❛ ❝♦♥✲

�✐♥✉✐� ✱ ❝♦♠❡ ❞✐❝❡♠♠♦ ♥❡❧ ♥✉♠✳ ♣�❡❝❡❞❡♥�❡✱ ❡ ❝❤❡ �♦♥♦ �❛♥�❡ �✉❛♥�❡ ❧❡ ❝♦♦�❞✐♥❛�❡✱ ♠❡♥♦ ��❡✳

❆ �❛❧✉♥♦ ♣♦��❡❜❜❡ �❡♠❜�❛�❡ ❝❤❡ �✐�✉❧�❛��❡�♦ ❞✉❡ ❛❧��❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡

y
1
= φ [p (x

1
) , t] ; z

1
= ψ [p (x

1
) , t]

♠❡��❡♥❞♦ ❛❧ ❧✉♦❣♦ ❞✐ l ♥❡❧❧❡ ❡�♣�❡��✐♦♥✐ ♣❡� y
1
✱ z

1
✐❧ ✈❛❧♦�❡ ❞❡❧❧❛ ��❡��❛ l ❞❡❞♦��♦ ❞❛❧❧❛ ♣�✐♠❛

❡�✉❛③✐♦♥❡ ✿ ♠❛ �❛�❡❜❜❡ ✐♥ ✐♥❣❛♥♥♦✳

❙✐ ❞✐��❡ ❝❤❡ ❧❡ ❢♦�♠❡ f ✱ φ✱ ψ �♦♥♦ ❛�❜✐��❛�✐❡✱ ❝✐❛�❝✉♥❛ ✐♥❞✐♣❡♥❞❡♥�❡♠❡♥�❡ ❞❛❧❧❡ ❛❧��❡ ❞✉❡

✿ ��❛❜✐❧✐�❛ ❧❛ ❢♦�♠❛ f ♣❡� ❧❛ ♣�✐♠❛ ✜❧❛ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✽✮ ✱ �✐�✉❧�❛ ✈❡�❛♠❡♥�❡ ✉♥ ❧❡❣❛♠❡ ❢�❛

❧❡ x ❞❡✐ ❞✐✈❡��✐ ♣✉♥�✐✱ ❝♦♠❡ ❛♣♣❛�✐�❝❡ ❞❛❧❧❡ ✭✾✮✱ ♥♦♥ ❣✐ ✉♥ ❧❡❣❛♠❡ ❢�❛ ❧❡ x ❡ ❧❡ y ✿ ❧✬❛�❜✐��✐♦

❝❤❡ �✉��✐��❡ ♥❡❧❧❛ ❢♦�♠❛ φ ❛♥❝❤❡ �✉❛♥❞♦ ' ♣�♦♥✉♥❝✐❛�❛ ❧❛ f ✭ ❞✐❝❛�✐ ❛ ✉♥ ❞✐ ♣�❡��♦ ❞❡❧❧❛ ❢♦�♠❛

ψ ♣❡� �✐❣✉❛�❞♦ ❛❧❧❡ z ✮ �♦❣❧✐❡ �✉❡❧ ✈✐♥❝♦❧♦ ❞✐ ❞✐♣❡♥❞❡♥③❛ ❝❤❡ �❡♠❜�❡�❡❜❜❡ ❛♣♣❛�✐�❡ ♥❡❧❧❡ ❞✉❡

❡�✉❛③✐♦♥✐ ✉❧�✐♠❛♠❡♥�❡ �❝�✐��❡✳

✷✺✳ *❛��✐❛♠♦ ❛ ✈❡❞❡�❡ ❝♦♠❡ ❞❡❜❜❛ ✐♥�❡♥❞❡��✐ ♥❡❧ ♥♦���♦ ❝❛�♦ ❧❛ ❝♦♠♣♦�✐③✐♦♥❡ ❞❡❧❧❡ ✈❛�✐❛③✐♦♥✐

δx
1
✱ δy

1
✱ δz

1
✱ δx

2
✱ ec✳ ❙❡ ♣�❡♥❞✐❛♠♦ ❧❡ ✈❛�✐❛�❡ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✾✮✱ ✭✶✵✮✱ ✭✶✶✮✱ ❛❜❜✐❛♠♦

δx
1
= f ′ (p) p′ (x1) δx

1
; δx2 = f ′ (p+ σ) p′ (x1) δx1

;

δy
1
= φ′ (q) q′ (y1) δy

1
; δy

2
= φ′ (q + σ) q′ (y1) δy

1
; ❡❝✳ ✭✶✷✮

δz
1
= ψ′ (r) r′ (z1) δz

1
; δz2 = ψ′ (r + σ) r′ (z1) δz

1
;

✐♥ ❣✉✐�❛ ❝❤❡ ♣♦♥❡♥❞♦

p′ (x1) δx
1
= ξ; q′ (y1) δy

1
= η; r′ (z1) δz1

= ζ ✭✶✸✮

✹✵
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

❛♥❞ �✐♠✐❧❛�❧②

z
1
= ψ [r (z

1
) , t] ; z

2
= ψ [r (z

1
) + σ, t] ; z

3
= ψ [r (z

1
) + 2σ, t] ; ❡�❝✳ ✭✶✶✮

❤❛✈✐♥❣ �❡♣�❡�❡♥�❡❞ ❢♦� l = r(z1) �❤❡ ✈❛❧✉❡ ♦❢ l ❞❡❞✉❝❡❞ ❢�♦♠ �❤❡ ✜��� ❡�✉❛�✐♦♥ ♦❢ �❤❡ �❤✐�❞

�♦✇✳

❚❤❡ ❡�✉❛�✐♦♥� ✭✾✮✱ ✭✶✵✮✱ ✭✶✶✮✱ ✇❤✐❝❤ ❛❧❧ ❜❡❣✐♥ ❜② ❛♥ ✐❞❡♥�✐❝❛❧ ❡�✉❛�✐♦♥✱ ❛�❡ �❤❡ ❡�✉❛�✐♦♥� ♦❢

❝♦♥❞✐�✐♦♥ ❜❡�✇❡❡♥ �❤❡ ❝♦♦�❞✐♥❛�❡� ♦❢ �❤❡ ❞✐✛❡�❡♥� ♣♦✐♥��✱ ✐♥��♦❞✉❝❡❞ ❢�♦♠ ❛❞♠✐��✐♥❣ ❝♦♥�✐♥✉✐�②✱

❛� ✇❡ �❛✐❞ ✐♥ �❤❡ ♣�❡❝❡❞✐♥❣ �❡❝�✐♦♥✱ ❛♥❞ ✇❤✐❝❤ ❛�❡ ❛� ♠❛♥② ❛� �❤❡ ❝♦♦�❞✐♥❛�❡�✱ ♠✐♥✉� �❤�❡❡✳

❚♦ �♦♠❡♦♥❡ ✐� ♠✐❣❤� �❡❡♠ �❤❛� �✇♦ ♦�❤❡� ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ♣�♦✈❡

y
1
= φ [p (x

1
) , t] ; z

1
= ψ [p (x

1
) , t]

♣✉��✐♥❣ ✐♥ ♣❧❛❝❡ ♦❢ l ✐♥ �❤❡ ❡①♣�❡��✐♦♥ ♦❢ y1✱ z1 �❤❡ ✈❛❧✉❡ ♦❢ �❤❛� l ❞❡❞✉❝❡❞ ❢�♦♠ �❤❡ ✜���

❡�✉❛�✐♦♥✿ ❜✉� ✐� ✇♦✉❧❞ ❜❡ ♠✐�❧❡❛❞✐♥❣✳

■� ✇❛� �❛✐❞ �❤❛� �❤❡ ❢♦�♠� f ✱ φ✱ ψ ❛�❡ ❛�❜✐��❛�②✱ ❡❛❝❤ ✐♥❞❡♣❡♥❞❡♥�❧② ❢�♦♠ �❤❡ ♦�❤❡� �✇♦✿

♦♥❝❡ ❡��❛❜❧✐�❤❡❞ �❤❡ ❢♦�♠ f ❢♦� �❤❡ ✜��� �♦✇ ♦❢ ❡�✉❛�✐♦♥� ✭✽✮✱ �❤❡�❡ �❡❛❧❧② ♣�♦✈❡� ❛ ❧✐♥❦ ❜❡�✇❡❡♥

�❤❡ x ♦❢ �❤❡ ❞✐✛❡�❡♥� ♣♦✐♥��✱ ❛� ❝❛♥ ❜❡ �❡❡♥ ❢�♦♠ ✭✾✮✱ ♥♦� ❛❧�❡❛❞② ❛ ❧✐♥❦ ❜❡�✇❡❡♥ �❤❡ x ❛♥❞

�❤❡ y✿ �❤❡ ❛�❜✐��❛�✐♥❡�� �❤❛� ❡①✐��� ✐♥ �❤❡ ❢♦�♠ φ ❡✈❡♥ ✇❤❡♥ �❤❡ ❬❢✉♥❝�✐♦♥❪ f ✐� ❛��✐❣♥❡❞ ✭✐�

❛♥❛❧♦❣♦✉�❧② ❛♣♣❧✐❡� �♦ �❤❡ ❢♦�♠ ψ ✇✐�❤ �❡�♣❡❝� �♦ z✮ �❡♠♦✈❡� �❤❛� ❝♦♥���❛✐♥� ♦❢ ❞❡♣❡♥❞❡♥❝②

�❤❛� �❡❡♠� �♦ ❛♣♣❡❛� ✐♥ �❤❡ ❧❛�� �✇♦ ❡�✉❛�✐♦♥�✳

✷✺✳ ▲❡� ✉� �❡❡ ❤♦✇ ✐� ✐� �♦ ❜❡ ✉♥❞❡���♦♦❞ ✐♥ ♦✉� ❝❛�❡✱ �❤❡ ❝♦♠♣♦�✐�✐♦♥ ♦❢ ✈❛�✐❛�✐♦♥� δx1✱

δy1✱ δz1✱ δx2✱ ❡�❝✳ ■❢ ✇❡ ❝♦♥�✐❞❡� �❤❡ ✈❛�✐❛�✐♦♥� ♦❢ �❤❡ ❡�✉❛�✐♦♥� ✭✾✮✱ ✭✶✵✮✱ ✭✶✶✮✱ ✇❡ ❤❛✈❡

δx
1
= f ✬ (p) p′ (x1) δx

1
; δx2 = f ✬ (p+ σ) p′ (x1) δx1

;

δy
1
= φ′ (q) q′ (y1) δy

1
; δy

2
= φ′ (q + σ) q′ (y1) δy

1
; ❡�❝✳ ✭✶✷✮

δz
1
= ψ′ (r) r′ (z1) δz

1
; δz2 = ψ′ (r + σ) r′ (z1) δz

1
;

✐♥ �✉❝❤ ❛ ♠❛♥♥❡� �❤❛� ❜② ♣❧❛❝✐♥❣

p′ (x1) δx
1
= ξ; q′ (y1) δy

1
= η; r′ (z1) δz1

= ζ ✭✶✸✮



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✹✶

❡ �❡��✐�✉❡♥❞♦ ✐♥ ❧✉♦❣♦ ❞❡❧❧❡ p (x1) , q (y1) , r (z1) ❧❛ l ❝❤❡ ❧❡ ❡❣✉❛❣❧✐❛ �✉��❡ ❡ ��❡✱ ♦��❡♥✐❛♠♦

δx
1
= f ✬ (l) ξ; δx

2
= f ✬ (l + σ) ξ; δx

3
= f ✬ (l + 2σ) ξ;

δy
1
= φ′ (l) η; δy

2
= φ′ (l + σ) η; δy

3
= φ′ (l + 2σ) η; ❡❝✳ ✭✶✹✮

δz
1
= ψ′ (l) ζ; δz

2
= ψ′ (l + σ) ζ; δz

3
= ψ′ (l + 2σ) ζ;

❱❡❞❡�✐ ❞♦♣♦ ❞✐ ❝✐�✱ ❝❤❡ ❝❤✐❛♠❛♥❞♦ δx, δy, δz ❧❡ ✈❛�✐❛③✐♦♥✐ ❞❡❧❧❡ ❝♦♦�❞✐♥❛�❡ x, y, z �♣❡��❛♥�✐ ❛❧

♣✉♥�♦ ❣❡♥❡�✐❝♦✱❛✈�❡♠♦

δx = f ✬ (a) ξ; δy = φ′ (a) η; δz = ψ′ (a) ζ, ✭✶✺✮

❡��❡♥❞♦ ❧❡ ξ, η, ζ �✉❛♥�✐�� ❝❤❡ ♥♦♥ ♠✉�❛♥♦ ❞✐ ✈❛❧♦�❡ ♣❛��❛♥❞♦ ❞❛❧ ♣�✐♠♦ ❛❧❧✬ ✉❧�✐♠♦ ♣✉♥�♦ ❞❡❧

�✐��❡♠❛✳ �❡��❛♥�♦ ❧❡ ❡�✉❛③✐♦♥✐ ✭✶✹✮✱ ✭✶✺✮ ❝✐ ✐♥�❡❣♥❛♥♦ ❝❤❡ ❧❡ ✈❛�✐❛③✐♦♥✐ ❝♦♥�❡♥❣♦♥♦ ❜❡♥�! ��❡

�✉❛♥�✐�� ❛�❜✐��❛�✐❡✱ ❝✐♦" ❧❡ δx
1
, δy

1
, δz

1
❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✸✮ ✱ ♠❛ ♥♦♥ ✈❛�✐❛♥♦ ♣❛��❛♥❞♦ ❞❛❧❧❡

❝♦♦�❞✐♥❛�❡ ❞✐ ✉♥ ♣✉♥�♦ ❞❡❧ �✐��❡♠❛ ❛ �✉❡❧❧❡ ❞✐ ✉♥ ❛❧��♦ ♣✉♥�♦ �❡ ♥♦♥ ❛❧❧❛ ♠❛♥✐❡�❛ ❝♦❧❧❛ �✉❛❧❡

✭ ❡�✉❛③✐♦♥✐ ✭✽✮ ✮ ✈❛�✐❛♥♦ ❧❡ ��❡��❡ ❝♦♦�❞✐♥❛�❡✳

✷✻✳ ❆❞♦��❛�❡ ♣❡� ❧❡ x
1
, y

1
, z

1
, x

2
✱ ❡❝✳✱ ❡ ♣❡� ❧❡ δx

1
, δy

1
, δz

1
, δx

2
✱ ❡❝✳ ✈❛❧♦�✐ ❝♦♠❡ �✉❡❧❧✐

❡�♣�❡��✐ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✽✮✱ ✭✶✹✮ " ✐♥ �♦��❛♥③❛ ✉♥ �❡❣✉✐�❡ ✐❧ �❡❝♦♥❞♦ ❞❡❣❧✐ ❛♥❞❛♠❡♥�✐ ❞❡�❝�✐��✐

❛❧ ♥✉♠◦. ✶✼✱ " ❝✐♦" ✉♥ ❛❞♦��❛�❡ ✈❛❧♦�✐ ✐♥ ❢♦�③❛ ❞❡✐ �✉❛❧✐ �✐❡�❝❛♥♦ ❞✐ ❧♦�♦ ♥❛�✉�❛ ❣✐� �♦❞❞✐�❢❛��❡

�✉��❡ ❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ✐♥��♦❞♦��❡ ❞❛❧❧❛ ❝♦♥�✐♥✉✐�� ❡❞ ❡�♣�❡��❡ ❝♦❧❧❡ ✭✾✮✱ ✭✶✵✮✱ ✭✶✶✮ ✿

�✉❡��✬ ✉❧�✐♠❡ �✉✐♥❞✐ ♥♦♥ �✐ ❞♦✈�❛♥♥♦ ♣✐- ❝♦♥�❡♠♣❧❛�❡ ❛ ♣❛��❡✳

➮ ♦�❛ ❢❛❝✐❧❡ ❝❛♣✐�❡ ❝❤❡ ✐❧ �❡❣♥♦ S ♥❡❧❧❛ ♣�✐♠❛ ♣❛��❡ ❞❡❧❧❛ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✮ �✐ ❝❛♠❜✐❛

✐♥ ✉♥❛ �♦♠♠❛�♦�✐❛ ❡��❡�❛ ❞❛ a = l ✜♥♦ ❛❞ a = k ✱ ♦��✐❛ ✐♥ ✉♥ ✐♥�❡❣�❛❧❡ ✜♥✐�♦ ❞❡✜♥✐�♦ ✭ ✈❡❞✐ ✐

��❛��❛�✐��✐✱ ♦ ✐❧ ❱♦❧✳ ❳❳ ❞✐ �✉❡��✐ ❆��✐✱ ♣❛❣✳ ✻✸✷ ✮ ❡��❡�♦ ❞❛ a = l �✐♥♦ ❛❞ a = k + σ ✱ ❝❤❡ ♣✉�

�❝�✐✈❡��✐

∑k+σ

l
Δa · σ

{(

X −
d2x

dt2

)

δx+

(

Y −
d2y

dt2

)

δy +

(

Z −
d2z

dt2

)

δz

}

✭✶✻✮

❞♦✈❡ ❤♦ ♠❡��♦ σ ✐♥ ❧✉♦❣♦ ❞✐ m ❣✐✉��❛ ✐❧ ❞❡��♦ ❛❧ ♥✉♠◦✳ ✷✶✳

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✹✶

❛♥❞ �✉❜��✐�✉�✐♥❣ ✐♥ ♣❧❛❝❡ ♦❢ p (x1)✱ q (y1)✱ r (z1) �❤❡ l �❤❛� ❡�✉❛❧� ❛❧❧ �❤�❡❡✱ ✇❡ ❣❡�

δx
1
= f ′ (l) ξ; δx

2
= f ✬ (l + σ) ξ; δx

3
= f ✬ (l + 2σ) ξ;

δy
1
= φ′ (l) η; δy

2
= φ′ (l + σ) η; δy

3
= φ′ (l + 2σ) η; ❡�❝✳ ✭✶✹✮

δz
1
= ψ′ (l) ζ; δz

2
= ψ′ (l + σ) ζ; δz

3
= ψ′ (l + 2σ) ζ;

■� ✇✐❧❧ ❜❡ �❡❡♥ �❤❡�❡❛❢�❡� �❤❛�✱ ❝❛❧❧✐♥❣ δx✱ δy✱ δz �❤❡ ✈❛�✐❛�✐♦♥� ♦❢ �❤❡ ❝♦♦�❞✐♥❛�❡� x✱ y✱ z

❝❤❛�❛❝�❡�✐③✐♥❣ �❤❡ ❣❡♥❡�✐❝ ♣♦✐♥�✱ ✇❡ ✇✐❧❧ ❤❛✈❡

δx = f ′ (a) ξ; δy = φ′ (a) η; δz = ψ′ (a) ζ, ✭✶✺✮

�✐♥❝❡ �❤❡ ξ✱ η✱ ζ ❛�❡ �✉❛♥�✐�✐❡� �❤❛� ❞♦ ♥♦� ❝❤❛♥❣❡ �❤❡✐� ✈❛❧✉❡� ❜② ♣❛��✐♥❣ ❢�♦♠ �❤❡ ✜��� �♦ �❤❡

❧❛�� ♣♦✐♥� ♦❢ �❤❡ �②��❡♠✳ ❚❤❡�❡❢♦�❡ �❤❡ ❡�✉❛�✐♦♥� ✭✶✹✮✱ ✭✶✺✮ �❡❛❝❤ ✉� �❤❛� ✐� ✐� ��✉❡ �❤❛� �❤❡

✈❛�✐❛�✐♦♥� ❝♦♥�❛✐♥ �❤�❡❡ ❛�❜✐��❛�② �✉❛♥�✐�✐❡�✱ ✐✳❡✳ δx
1
✱ δy

1
✱ δz

1
♦❢ �❤❡ ❡�✉❛�✐♦♥� ✭✶✸✮✱ ❜✉� �❤❡②

❞♦ ♥♦� ✈❛�② ♣❛��✐♥❣ ❢�♦♠ �❤❡ ❝♦♦�❞✐♥❛�❡� ♦❢ ❛ ♣♦✐♥� ♦❢ �❤❡ �②��❡♠ �♦ �❤♦�❡ ♦❢ ❛♥♦�❤❡� ♣♦✐♥� ✐❢

♥♦� ✐♥ �❤❡ ♠❛♥♥❡� ❜② ✇❤✐❝❤ ✭❡�✉❛�✐♦♥� ✭✽✮✮ �❤❡ �❛♠❡ ❝♦♦�❞✐♥❛�❡� ❞♦ ✈❛�②✳

✷✻✳ ❆❞♦♣�✐♥❣ ❢♦� x
1
✱ y

1
✱ z

1
✱ x

2
✱ ❡�❝✳✱ ❛♥❞ ❢♦� δx

1
✱ δy

1
✱ δz

1
✱ δx

2
✱ ❡�❝✳ ✈❛❧✉❡� �✉❝❤ ❛� �❤♦�❡

❡①♣�❡��❡❞ ✐♥ ❡�✉❛�✐♦♥� ✭✽✮✱ ✭✶✹✮ ✐� ❡��❡♥�✐❛❧❧② ❛� ❢♦❧❧♦✇✐♥❣ �❤❡ �❡❝♦♥❞ ♦❢ �❤❡ ��❡♥❞� ❞❡�❝�✐❜❡❞ ✐♥

�❡❝�✳ ✶✼✱ ✐� �❤❡ �❛♠❡ ❛� ❛❞♦♣�✐♥❣ ✈❛❧✉❡� ✐♥ ✈✐��✉❡ ♦❢ ✇❤✐❝❤ �❤❡ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ✐♥��♦❞✉❝❡❞

❜② �❤❡ ❝♦♥�✐♥✉✐�② ❛♥❞ ❡①♣�❡��❡❞ ❜② �❤❡ ✭✾✮✱ ✭✶✵✮✱ ✭✶✶✮ ❛�❡ ❛❧�❡❛❞② �❛�✐�✜❡❞ ❜② �❤❡✐� ♥❛�✉�❡✿

�❤❡♥ �❤❡ ❧❛��❡� ♦♥❡� ❤❛✈❡ ♥♦ ❧♦♥❣❡� �♦ ❜❡ ❝♦♥�❡♠♣❧❛�❡❞ �❡♣❛�❛�❡❧②✳

❆♥❞ ✐� ✐� ♥♦✇ ❡❛�② �♦ �❡❡ �❤❛� �❤❡ �②♠❜♦❧ S ✐♥ �❤❡ ✜��� ♣❛�� ♦❢ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✭✶✮

❝❤❛♥❣❡� ✐♥ ❛ �✉♠♠❛�✐♦♥ ❡①�❡♥❞❡❞ ❜② a = l ✉♣ �♦ a = k✱ ✐✳❡✳ ❛ ✜♥✐�❡ ❞❡✜♥✐�❡ ✐♥�❡❣�❛❧ ✭�❡❡ �❤❡

��❡❛�✐�❡�✱ ♦� �❤❡ ❱♦❧✳ ❳❳ ♦❢ �❤❡�❡ ��♦❝❡❡❞✐♥❣�✱ ♣✳ ✻✸✷✮ ❡①�❡♥❞❡❞ ❢�♦♠ a = l ✉♣ �♦ a = k + σ✱

✇❤✐❝❤ ❝❛♥ ❜❡ ✇�✐��❡♥

∑k+σ

l
Δa · σ

{(

X −
d2x

dt2

)

δx+

(

Y −
d2y

dt2

)

δy +

(

Z −
d2z

dt2

)

δz

}

✭✶✻✮

✇❤❡�❡ ■ ♣✉� σ ✐♥��❡❛❞ ♦❢ m ✐♥ ❛❝❝♦�❞❛♥❝❡ ✇✐�❤ ❬✇❤❛� ■❪ �❛✐❞ ✐♥ �❡❝�✳ ✷✶✳



✹✷
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

❆❜❜✐❛♠♦ ✉♥ �❡♦�❡♠❛ ❞✬ ❛♥❛❧✐�✐ ✭✯✮✶ ❝❤❡ ❝✐ �♦♠♠✐♥✐���❛ ✐❧ ♠❡③③♦ ❞✐ ♣❛��❛�❡ ❞❛ ✉♥ ✐♥�❡❣�❛❧❡

✜♥✐�♦ ❞❡✜♥✐�♦ ❛❞ ✉♥ ✐♥�❡❣�❛❧❡ ❝♦♥�✐♥✉♦ ♣❛�✐♠❡♥�❡ ❞❡✜♥✐�♦✱ ❡ ♣✉� �❝�✐✈❡��✐ ♥❡❧❧❛ ❡�✉❛③✐♦♥❡

σ
∑k+σ

l
Δa · Ω =

∫ k

l

da · Ω+ σΨ ✭✶✼✮

❡��❡♥❞♦ Ω ✉♥❛ ❢✉♥③✐♦♥❡ �✉❛❧✉♥�✉❡ ❞❡❧❧❛ ✈❛�✐❛❜✐❧❡ a ❡ ✐♥�❡♥❞❡♥❞♦�✐ ♥❡❧❧✬ ❡�♣�❡��✐♦♥❡ σΨ

❝♦♠♣❡♥❞✐❛�✐ �✉��✐ ✐ �❡�♠✐♥✐ ❝❤❡ ❢❛❝❡♥❞♦�✐ �❡♠♣�❡ ♣✐# ♣✐❝❝♦❧✐ ✜♥✐�❝♦♥♦ ❝♦❧❧ ✬❛♥♥✉❧❧❛��✐ ✐♥�✐❡♠❡

❝♦♥ σ✳ $❡��❛♥�♦ ❧✬ ❡�♣�❡��✐♦♥❡ ✭✶✻✮ ♣✉� ❝❛♠❜✐❛��✐ ♥❡❧❧❛ ❡�✉✐✈❛❧❡♥�❡

∫ k

l

da ·

{(

X −
d2x

dt2

)

δx+

(

Y −
d2y

dt2

)

δy +

(

Z −
d2z

dt2

)

δz

}

+ σΨ ✭✶✽✮

❡ ❧✬ ❛❣❣✐✉♥�❛ σΨ �✐ ❞♦✈�' ��❛�❝✉�❛�❡ ♣❡� ❧❛ �❛❣✐♦♥❡ ♣✐# ✈♦❧�❡ ❛❝❝❡♥♥❛�❛✳ ❊❞ ❡❝❝♦ ❝♦♠❡ �✐

❛❞❛��❛ ❛❞ ✉♥ �✐��❡♠❛ ❧✐♥❡❛�❡ ❧❛ ♣�✐♠❛ ♣❛��❡ ❞❡❧❧✬ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✮❀ ♦♠❡��❡�� ✐♥ �✉❡��♦

❧✉♦❣♦ ❞✬ ✐♥��♦❞✉��❡ �❡�♠✐♥✐ ❝♦��✐�♣♦♥❞❡♥�✐ ❛❧❧❛ �❡❝♦♥❞❛ ♣❛��❡ ❞✐ �✉❡❧❧❛ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡✱

♣♦��❛�✐ ❞❛ ❢♦�③❡ ✐♥�❡�♥❡ ❛��✐✈❡✱ �✉♣♣♦♥❡♥❞♦ ❝❤❡ �❛❧✐ ❢♦�③❡ ♥♦♥ ✈✐ �✐❛♥♦✱ ❡ �❛♥�♦ ♣❡� ✐♥❝♦♠✐♥❝✐❛�❡

❛ ❞❛�❡ ✉♥ ❡�❡♠♣✐♦ ❡ ✈❡♥✐�❡ ❛ �✉❛❧❝❤❡ ❝♦♥❝❧✉�✐♦♥❡ ♥♦�❛✱ ��❛��❡�� ✐❧ ❝❛�♦ ❞❡❧ ✜❧♦ ✢❡��✐❜✐❧❡ ❡❞

✐♥❡��❡♥�✐❜✐❧❡✳

✷✼✳ ▲❛ ❝♦♥❞✐③✐♦♥❡ ❞❡❧❧✬ ✐♥❡��❡♥�✐❜✐❧✐�' ❞❡❧ ✜❧♦ ❝✐ ❢❛ ❝❛♣✐�❡ ❝❤❡ ❧❛ ❞❡♥�✐�' Γ ❝♦❧❧❛ �✉❛❧❡ ❧❛

♠❛�❡�✐❛ , ❞✐���✐❜✉✐�❛ ♥❡❧ ✜❧♦ ✱ �✉❛♥�✉♥�✉❡ ♣♦��❛ ❝❛♠❜✐❛�❡ ♣❛��❛♥❞♦ ❞❛ ✉♥ ♣✉♥�♦ ❛❧❧✬ ❛❧��♦✱

�❡��❡�' ♣❡� ♦❣♥✐ ♣✉♥�♦ ❧❛ ��❡��❛ ✐♥ �✉❛❧✉♥�✉❡ ✐♣♦�❡�✐ ❞✐ ❝✉�✈❛�✉�❛ ❡ ❞✐ ♠♦✈✐♠❡♥�♦✱ ♦��✐❛ ✭

❛♥❛❧✐�✐❝❛♠❡♥�❡ ♣❛�❧❛♥❞♦ ✮ ❛♥❝❤❡ �✉❛♥❞♦ ❧❡ x, y, z �✐ ♠✉�❛♥♦ ♥❡❧❧❡ x + iδx, y + iδy, z + iδz.

❘✐�✉❧�❛ �✉✐♥❞✐ ♥✉❧❧❛ ❧❛ ✈❛�✐❛③✐♦♥❡ ❞❡❧❧❛ ❞❡♥�✐�'✱ ❡ �✐ ❤❛ ❧✬ ❡�✉❛③✐♦♥❡ ❞✐ ❝♦♥❞✐③✐♦♥❡

δΓ = 0; ✭✶✾✮

♦��✐❛ ♠❡��❡♥❞♦ ♣❡� Γ ✐❧ �✉♦ ✈❛❧♦�❡ ✭ ❈❛♣♦ ■◦. ❡�✉❛③✐♦♥❡ ✭✶✻✮ ✮

dx

da

dδx

da
+

dy

da

dδy

da
+

dz

da

dδz

da
= 0. ✭✷✵✮

✶✭✯✮ ▲❛❝�♦✐① ✿ ❚�❛✐
� ❡❝✳ ❚✳ ■■■✳ ♣❛❣✳ ✾✽✿ ♦✈✈❡�♦ ❇♦�❞♦♥✐ ✿ ▲❡③✐♦♥✐ ❡❝✳ ❚✳ ■■✳♣✳ ✹✼✾✳

✹✷
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

❲❡ ❤❛✈❡ ❛ �❤❡♦�❡♠ ♦❢ ❛♥❛❧②�✐� ✭✯✮✶ ✇❤✐❝❤ ❣✐✈❡� ✉� �❤❡ ♠❡❛♥� �♦ �✇✐�❝❤ ❢�♦♠ ❛ ❞❡✜♥✐�❡ ✜♥✐�❡

✐♥�❡❣�❛❧ �♦ ❛ ❧✐❦❡✇✐�❡ ❞❡✜♥✐�❡ ❝♦♥�✐♥✉♦✉� ✐♥�❡❣�❛❧✱ �❤❛� ❝❛♥ ❜❡ ✇�✐��❡♥ ✐♥ �❤❡ ❡�✉❛�✐♦♥

σ
∑k+σ

l
Δa · Ω =

∫ k

l

da · Ω+ σΨ ✭✶✼✮

❜❡✐♥❣ Ω ❛♥② ❢✉♥❝�✐♦♥ ♦❢ �❤❡ ✈❛�✐❛❜❧❡ a ❛♥❞ ♠❡❛♥✐♥❣ ✐♥ �❤❡ ❡①♣�❡��✐♦♥ σΨ �✉♠♠❛�✐③❡❞ ❛❧❧ �❤❡

�❡�♠� �❤❛�✱ ❜❡❝♦♠✐♥❣ �♠❛❧❧❡� ❛♥❞ �♠❛❧❧❡�✱ ❡♥❞ �♦ ❜❡ ❛♥♥✐❤✐❧❛�❡❞ ❬�♦❣❡�❤❡�❪ ✇✐�❤ σ✳ ❚❤❡�❡❢♦�❡

�❤❡ ❡①♣�❡��✐♦♥ ✭✶✻✮ ♠❛② ❝❤❛♥❣❡ ✐♥ �❤❡ ❡�✉✐✈❛❧❡♥�

∫ k

l

da ·

{(

X −
d2x

dt2

)

δx+

(

Y −
d2y

dt2

)

δy +

(

Z −
d2z

dt2

)

δz

}

+ σΨ ✭✶✽✮

❛♥❞ �❤❡ ❛❞❞✐�✐♦♥ ♦❢ σΨ ✇✐❧❧ ❤❛✈❡ �♦ ❜❡ ❞✐��❡❣❛�❞❡❞ ❢♦� �❤❡ �❡❛�♦♥ ♠♦�� ♦❢�❡♥ ♠❡♥�✐♦♥❡❞✳ ❆♥❞

❤❡�❡✬� ❤♦✇ �❤❡ ✜��� ♣❛�� ♦❢ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✭✶✮ ✜�� �♦ ❛ ❧✐♥❡❛� �②��❡♠❀ ■ ✇✐❧❧ ♦♠✐� ✐♥ �❤✐�

♣❧❛❝❡ �♦ ✐♥��♦❞✉❝❡ �❡�♠� ❝♦��❡�♣♦♥❞✐♥❣ �♦ �❤❡ �❡❝♦♥❞ ♣❛�� ♦❢ �❤❛� ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥✱ ❜�♦✉❣❤�

❜② ✐♥�❡�♥❛❧ ❛❝�✐✈❡ ❢♦�❝❡�✱ ❜② ❛��✉♠✐♥❣ �❤❛� �✉❝❤ ❢♦�❝❡� ❛�❡ ③❡�♦✱ ❛♥❞ ❥✉�� �♦ ❜❡❣✐♥ �♦ ❣✐✈❡ ❛♥

❡①❛♠♣❧❡ ❛♥❞ �♦ ❝♦♠❡ �♦ �♦♠❡ ❦♥♦✇♥ ❝♦♥❝❧✉�✐♦♥✱ ■ ✇✐❧❧ ��❡❛� �❤❡ ❝❛�❡ ♦❢ ✢❡①✐❜❧❡ ❛♥❞ ✐♥❡①�❡♥�✐❜❧❡

���✐♥❣✳

✷✼✳ ❚❤❡ ✐♥❡①�❡♥�✐❜✐❧✐�② ❝♦♥❞✐�✐♦♥ ♦❢ �❤❡ ���✐♥❣ ♠❛❦❡� ✉� ❛✇❛�❡ �❤❛� �❤❡ ❞❡♥�✐�② Γ ✇✐�❤

✇❤✐❝❤ �❤❡ ♠❛�❡�✐❛❧ ✐� ❞✐���✐❜✉�❡❞ ✐♥ �❤❡ ���✐♥❣✱ ❛❧�❤♦✉❣❤ ✐� ♠❛② ❝❤❛♥❣❡ ❣♦✐♥❣ ❢�♦♠ ♦♥❡ ♣♦✐♥� �♦

❛♥♦�❤❡�✱ ✇✐❧❧ �❡♠❛✐♥ �❤❡ �❛♠❡ ❢♦� ❡❛❝❤ ♣♦✐♥� ✐♥ ❛♥② ❛��✉♠♣�✐♦♥ ♦❢ ❝✉�✈❛�✉�❡ ❛♥❞ ♠♦✈❡♠❡♥�✱

✐✳❡✳ ✭❛♥❛❧②�✐❝❛❧❧② �♣❡❛❦✐♥❣✮ ❡✈❡♥ ✇❤❡♥ �❤❡ x✱ y✱ z ❛�❡ ��❛♥�❢♦�♠❡❞ ✐♥ �❤❡ x + iδx✱ y + iδy✱

z + iδz✳ ■� ✐� �❤❡�❡❢♦�❡ ♥✉❧❧ �❤❡ ✈❛�✐❛�✐♦♥ ♦❢ �❤❡ ❞❡♥�✐�②✱ ❛♥❞ ♦♥❡ ❤❛� �❤❡ ❡�✉❛�✐♦♥ ♦❢ ❝♦♥❞✐�✐♦♥

δΓ = 0; ✭✶✾✮

✐✳❡✳ ♣✉��✐♥❣ ✐♥ Γ ✐�� ✈❛❧✉❡ ✭❈❛♣♦ ■◦ ❡�✉❛�✐♦♥ ✭✶✻✮✮

dx

da

dδx

da
+

dy

da

dδy

da
+

dz

da

dδz

da
= 0. ✭✷✵✮

✶✭✯✮ ▲❛❝�♦✐① ✿ ❚�❛✐
� ❡
❝✳ ❚✳ ■■■✳ ♣✳ ✾✽✿ ♦� ❇♦�❞♦♥✐✿ ▲❡③✐♦♥✐ ❡
❝✳ ❚✳ ■■✳ ♣✳ ✹✼✾✳



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✹✸

◗✉❡��❛ ❡	✉❛③✐♦♥❡ ❞✐ ❝♦♥❞✐③✐♦♥❡ ❞❡✈❡ ✐♥�❡♥❞❡��✐ �❡♣❧✐❝❛�❛ ♣❡� ♦❣♥✐ ♣✉♥�♦ ❞❡❧ �✐��❡♠❛✳ ❖�❛

❝♦♥✈✐❡♥ ✜��❛�❡ ✉♥ ♣�✐♥❝✐♣✐♦ ❣❡♥❡�❛❧❡✳ ◗✉❛♥❞♦ ✉♥❛ ❡	✉❛③✐♦♥❡ ❞✐ ❝♦♥❞✐③✐♦♥❡ ♥♦♥ ♠✉�❛ ♣❛��❛♥❞♦

❞❛ ✉♥ ♣✉♥�♦ ❛❧❧✬❛❧��♦ ❞❡❧ �✐��❡♠❛ �❡ ♥♦♥ ♣❡❧ ♠✉�❛�❡ ❞❡❧❧❡ ❝♦♦�❞✐♥❛�❡✱ ♥♦♥ ♣✉� ❝❤❡ ❝❛♠❜✐❛�❡

❛❧❧❛ ��❡��❛ ♠❛♥✐❡�❛ ❛♥❝❤❡ ✐❧ ❝♦❡✣❝✐❡♥�❡ ❝❤❡ ♥❡❧❧✬ ❡	✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ♠❡❝❝❛♥✐❝❛ ♥❡ ♠♦❧�✐♣❧✐❝❛ ❧❛

✈❛�✐❛�❛✳ ◆❡❧ ❝❛�♦ ❛��✉❛❧❡✱ �❡ ❧✬ ❡	✉❛③✐♦♥❡ �✐ ❡�♣�✐♠❡ ♣❡� L = 0 ✱ ❡��❛ �✐ ❛❞❛��❛ ❛✐ ❞✐✈❡��✐ ♣✉♥�✐

♠❡��❡♥❞♦ ♣❡� L ✭ ❝❤❡ ! ✉♥❛ ❢✉♥③✐♦♥❡ ❞✐ a ✮ ♣�✐♠❛ a = l✱ ♣♦✐ a = l + σ ✱ ♣♦✐ a = l + 2σ ✱❡❝✳ ✱

�❛❧❝❤! ❧❡ ❞✐✈❡��❡ ❡	✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ♣❡✐ ❞✐✈❡��✐ ♣✉♥�✐ ♣♦��♦♥♦ ✐♥❞✐❝❛��✐ ❝♦♥

L1 = 0; L2 = 0; L3 = 0; ❡❝✳

◗✉❡��❡ ✐♥��♦❞✉��❡❜❜❡�♦ ♥❡❧❧❛ �❡�③❛ ♣❛��❡ ❞❡❧❧✬❡	✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✮ ✐ �❡�♠✐♥✐

λ1δL1 + λ2δL2 + λ3δL3 + ❡❝✳ ✭✷✶✮

❖�❛ �✐ ❞✐❝❡ ❝❤❡ ✐ ❝♦❡✣❝✐❡♥�✐ λ1, λ2, λ3✱ ❡❝✳ ♥♦♥ ♣♦��♦♥♦ ❝❛♠❜✐❛�❡ ❝❤❡ ❝♦♠❡ ❝❛♠❜✐❛♥♦ ❧❡

L1, L2, L3✱ ❡❝✳✱ ❝✐♦! ❞❡❜❜♦♥♦ ❞✐�❝❡♥❞❡�❡ �✉��✐ ❞❛ ✉♥❛ ��❡��❛ ❢✉♥③✐♦♥❡ λ(a)✱ ❝♦�✐❝❝❤! �✐ ❛❜❜✐❛

λ1 = λ(l); λ2 = λ(l + σ); λ3 = λ(l + 2σ); ❡❝✳

❈✐� ❡��❡♥❞♦✱ �✐ ❢❛ ♠❛♥✐❢❡��♦ ❝❤❡ �✉��✐ ✐ �❡�♠✐♥✐ ❝♦♠❡ ♥❡❧❧❛ �♦♠♠❛ 	✉✐ �♦♣�❛ �❡❣♥❛�❛ ✭✷✶✮✱ ♣♦�✲

�♦♥♦ �❛❝❝♦❣❧✐❡��✐ ♠❡❞✐❛♥�❡ ✉♥❛ �♦♠♠❛�♦�✐❛❀ ✐❧ ❝❤❡ ❛✈❡✈❛♠♦ ❣✐) ♣�❡✈✐��♦ �❝�✐✈❡♥❞♦ ❧✬❡�♣�❡��✐♦♥❡

✭✷✮✳ ❱✐ �♦♥♦ ❞✉❡ ♠♦❞✐ ♣❡� ❣✐✉♥❣❡�❡ ❛ ♣❡��✉❛❞❡��✐ ❧✬❡�♣♦��♦ ♣�✐♥❝✐♣✐♦✳ ■❧ ♣�✐♠♦ ! ❞❡�✉♥�♦ ❞❛❧❧❛

❝♦♥�✐❞❡�❛③✐♦♥❡ ❝❤❡ 	✉❡✐ ❝♦❡✣❝✐❡♥�✐ ✭ ❝♦♠❡ ❤❛ ♣�♦✈❛�♦ �✐ ❜❡♥❡ ▲❛❣�❛♥❣❡ ♣❡✐ �✐��❡♠✐ ❞✐�❝�❡�✐✮

�❛♣♣�❡�❡♥�❛♥♦ ❢♦�③❡ ✐♥�❡�♥❡ ♣❛��✐✈❡✱ ❝✐♦! ♣�❡��✐♦♥✐ ♦ �❡♥�✐♦♥✐ ❝❤❡ ❤❛♥♥♦ ❧✉♦❣♦ ✐♥ 	✉❡❧ ♣✉♥�♦

♣❡❧ 	✉❛❧❡ �✐ ✈❡�✐✜❝❛ ❧✬❡	✉❛③✐♦♥❡ ❞✐ ❝♦♥❞✐③✐♦♥❡✱ ❡ ❝❤❡ 	✉✐♥❞✐ ❞❡❜❜♦♥♦ ❝❛♠❜✐❛�❡ ❞❛ ✉♥ ♣✉♥�♦

❛❧❧✬❛❧��♦ ✉♥✐❝❛♠❡♥�❡ ♣❡❧ ❝❛♠❜✐❛�❡ ❝❤❡ ❢❛♥♥♦ ❧❡ ❝♦♦�❞✐♥❛�❡✳ ▲✬❛❧��♦ ♠❡③③♦ ! ♣✉�❛♠❡♥�❡ ❛♥❛❧✐�✐❝♦

❡ ❝♦♥�✐��❡ ♥❡❧❧✬♦��❡�✈❛�❡ 	✉❡❧ ❝❤❡ ❛✈✈✐❡♥❡ ♥❡✬ �✐��❡♠✐ ❞✐�❝�❡�✐ 	✉❛♥❞♦ �❡❣♥❛ ❢�❛ ✐ ❧♦�♦ ♣✉♥�✐

✉♥❛ ❝♦♥❞✐③✐♦♥❡ ❞❡❧❧✬✐♥❞♦❧❡ ❞❡❧❧❡ �♦♣�❛ ✐♥❞✐❝❛�❡✱ ♣❡� ❡�❡♠♣✐♦ ❧❛ ❝♦��❛♥③❛ ❞❡❧❧❡ ❞✐��❛♥③❡✳ ❉❛❧❧❡

❡	✉❛③✐♦♥✐ �♣❡��❛♥�✐

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✹✸

❚❤✐� ❡	✉❛�✐♦♥ ♦❢ ❝♦♥❞✐�✐♦♥ ♠✉�� ❜❡ ✉♥❞❡���♦♦❞ �❡♣❧✐❝❛�❡❞ ❢♦� ❡❛❝❤ ♣♦✐♥� ♦❢ �❤❡ �②��❡♠✳ ■� ♥♦✇

�✐♠❡ �♦ ❡��❛❜❧✐�❤ ❛ ❣❡♥❡�❛❧ ♣�✐♥❝✐♣❧❡✳ ❲❤❡♥ ❛♥ ❡	✉❛�✐♦♥ ♦❢ ❝♦♥❞✐�✐♦♥ ❞♦❡� ♥♦� ❝❤❛♥❣❡ ❣♦✐♥❣

❢�♦♠ ♦♥❡ ♣♦✐♥� �♦ ❛♥♦�❤❡� ♣♦✐♥� ♦❢ �❤❡ �②��❡♠ ✐❢ ♥♦� ❢♦� �❤❡ ❝❤❛♥❣❡ ♦❢ ❝♦♦�❞✐♥❛�❡�✱ ❛❧�♦ �❤❡

❝♦❡✣❝✐❡♥� �❤❛� ♠✉❧�✐♣❧✐❡� �❤❡ ✈❛�✐❡❞ ❡	✉❛�✐♦♥ ✐♥ �❤❡ ❣❡♥❡�❛❧ ♠❡❝❤❛♥✐❝❛❧ ❡	✉❛�✐♦♥ ♠✉�� ❝❤❛♥❣❡

✐♥ �❤❡ �❛♠❡ ✇❛②✳ ■♥ �❤❡ ♣�❡�❡♥� ❝❛�❡✱ ✐❢ �❤❡ ❡	✉❛�✐♦♥ ✐� ❡①♣�❡��❡❞ ❢♦� L = 0✱ ✐� ❛❞❛♣�� �♦

❞✐✛❡�❡♥� ♣♦✐♥�� ❜② ♣✉��✐♥❣ ❢♦� L ✭✇❤✐❝❤ ✐� ❛ ❢✉♥❝�✐♦♥ ♦❢ a✮ ❜❡❢♦�❡ a = l✱ �❤❡♥ a = l + σ✱ �❤❡♥

a = l + 2σ✱ ❡�❝✳✱ �♦ �❤❛� �❤❡ ✈❛�✐♦✉� ❡	✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ❢♦� �❤❡ ❞✐✛❡�❡♥� ♣♦✐♥�� ❝❛♥ ❜❡

�♣❡❝✐✜❡❞ ✇✐�❤

L1 = 0; L2 = 0; L3 = 0; ❡�❝✳

❚❤❡�❡ ✐♥��♦❞✉❝❡ ✐♥ �❤❡ �❤✐�❞ ♣❛�� ♦❢ �❤❡ ❣❡♥❡�❛❧ ❡	✉❛�✐♦♥ ✭✷✮ �❤❡ �❡�♠�

λ1δL1 + λ2δL2 + λ3δL3 + ❡�❝✳ ✭✷✶✮

◆♦✇ ✐� ✐� �❛✐❞ �❤❛� �❤❡ ❝♦❡✣❝✐❡♥�� λ1✱ λ2✱ λ3✱ ❡�❝✳ ♠✉�� ❝❤❛♥❣❡ ❛❝❝♦�❞✐♥❣ �♦ L1✱ L2✱ L3✱ ❡�❝✳✱

✐✳❡✳ ❛❧❧ ♠✉�� ❞❡�❝❡♥❞ ❢�♦♠ ❛ �❛♠❡ ❢✉♥❝�✐♦♥ λ(a)✱ �♦ �❤❛� ✇❡ ❤❛✈❡

λ1 = λ(l); λ2 = λ(l + σ); λ3 = λ(l + 2σ); ec

❇❡✐♥❣ �♦✱ ✐� ❜❡❝♦♠❡� ♠❛♥✐❢❡�� �❤❛� ❛❧❧ �❤❡ �❡�♠� ✐♥ �❤❡ ❛❜♦✈❡ ♠❛�❦❡❞ �✉♠ ✭✷✶✮✱ ❝❛♥ ❜❡ ❝♦❧❧❡❝�❡❞

�❤�♦✉❣❤ ❛ �✉♠♠❛�✐♦♥❀ ✇❡ ❤❛❞ ❛❧�❡❛❞② ♣❧❛♥♥❡❞ �❤✐� ❢❛❝� ❜② ✇�✐�✐♥❣ �❤❡ ❡①♣�❡��✐♦♥ ✭✷✮✳ ❚❤❡�❡

❛�❡ �✇♦ ✇❛②� �♦ �❡❛❝❤ �♦ ❜❡ ❝♦♥✈✐♥❝❡❞ ♦❢ �❤❡ ❡①♣♦�❡❞ ♣�✐♥❝✐♣❧❡✳ ❚❤❡ ✜��� ✐� ❞❡�✐✈❡❞ ❢�♦♠

�❤❡ ❝♦♥�✐❞❡�❛�✐♦♥ �❤❛� �❤❡�❡ ❝♦❡✣❝✐❡♥�� ✭❛� ▲❛❣�❛♥❣❡ �♦ ✇❡❧❧ ❞❡♠♦♥���❛�❡❞ ❢♦� �❤❡ ❞✐�❝�❡�❡

�②��❡♠�✮ ❛�❡ ♣❛��✐✈❡ ✐♥�❡�♥❛❧ ❢♦�❝❡�✱ ✐✳❡✳ ♣�❡��✉�❡� ♦� �❡♥�✐♦♥� �❤❛� �❛❦❡ ♣❧❛❝❡ ❛� �❤❛� ♣♦✐♥�

�❤�♦✉❣❤ ✇❤✐❝❤ �❤❡ ❡	✉❛�✐♦♥ ♦❢ ❝♦♥❞✐�✐♦♥ ✐� ❡♥❢♦�❝❡❞✱ ❛♥❞ �❤❛� �❤❡�❡❢♦�❡ ♠✉�� ❝❤❛♥❣❡ ❢�♦♠ ♦♥❡

♣♦✐♥� �♦ ❛♥♦�❤❡� ♦♥❧② ❞✉❡ �♦ �❤❡ ❝♦♦�❞✐♥❛�❡� ❝❤❛♥❣❡✳ ❚❤❡ ♦�❤❡� ✇❛② ✐� ♣✉�❡❧② ❛♥❛❧②�✐❝❛❧ ❛♥❞

❝♦♥�✐��� ✐♥ ♦❜�❡�✈✐♥❣ ✇❤❛� ❤❛♣♣❡♥� ✐♥ �❤❡ ❞✐�❝�❡�❡ �②��❡♠� ✇❤❡♥ ❛ ❝♦♥❞✐�✐♦♥✱ ❤❛✈✐♥❣ ❛ ♥❛�✉�❡

�✐♠✐❧❛� �♦ �❤♦�❡ ✐♥❞✐❝❛�❡❞ ❛❜♦✈❡✱ �✉❧❡� ❜❡�✇❡❡♥ �❤❡✐� ♣♦✐♥��✱ ❢♦� ❡①❛♠♣❧❡ �❤❡ ❝♦♥��❛♥❝② ♦❢ �❤❡

❞✐��❛♥❝❡�✳ ❋�♦♠ �❤❡ ❡	✉❛�✐♦♥� �❡❧❛�✐✈❡



✹✹
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

❛❞ ✉♥ ♣✉♥
♦ �✐ ❝❛✈❛ ✐❧ ✈❛❧♦�❡ ❞❡❧ ❝♦❡✣❝✐❡♥
❡ ❝❤❡ ♠♦❧
✐♣❧✐❝❛ ❧❛ ✈❛�✐❛
❛ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ❝♦��✐�♣♦♥✲

❞❡♥
❡✱ ❡ ❞❛ �✉❡❧❧❡ �♣❡

❛♥
✐ ❛❞ ✉♥ ❛❧
�♦ ♣✉♥
♦ �✐ ❝❛✈❛ ✐❧ ✈❛❧♦�❡ ❞❡❧ ❝♦❡✣❝✐❡♥
❡ ❛♥❛❧♦❣♦✱ ❡ �✐ ✈❡❞❡

❝❤❡ 
❛❧✐ ✈❛❧♦�✐ ♥♦♥ ❞✐✛❡�✐�❝♦♥♦ �❡ ♥♦♥ ♣❡✐ ✈❛❧♦�✐ ❞✐✈❡��✐ ❞❡❧❧❡ ❝♦♦�❞✐♥❛
❡✳ ❊❞ ❛♥❝❤❡ �❡♥③❛ ♣❡♥✲

�❛�❡ ❞✐ ❛✈❡� ❝♦♥❞♦

♦ ❛❧❧❛ ✜♥❡ 
❛❧✐ ❝❛❧❝♦❧✐✿ ❡❞ ❛♥❝❤❡ �✉❛♥❞♦ ✐❧ �✐�
❡♠❛ � ❝♦♥
✐♥✉♦ ❛❧❧❛ ♠❛♥✐❡�❛

�♦♣�❛ ❞❡�❝�✐

❛✱ �✐ �❡♥
❡ ❝❤❡ �❡ 
✉

♦ ❝✐� ❞❛ ❝✉✐ ❞✐♣❡♥❞❡ ❧❛ ❞❡
❡�♠✐♥❛③✐♦♥❡ ❞❡❧ ❝♦❡✣❝✐❡♥
❡ λ

♥♦♥ ♠✉
❛ ♥❡✐ ❞✉❡ ❝❛�✐ �❡ ♥♦♥ ♣❡� ❡��❡�✈✐ ❛❧ ❧✉♦❣♦ ❞❡❧❧❛ ✈❛�✐❛❜✐❧❡ a ✉♥❛ ✈♦❧
❛ ❧❛ l✱ ❡ ✉♥✬❛❧
�❛

✈♦❧
❛ ❧❛ l+σ✱ ✐ ❞✉❡ ✈❛❧♦�✐ ❞❡❧ ❝♦❡✣❝✐❡♥
❡ ♥♦♥ ♣♦��♦♥♦ ❝❤❡ ❞✐✛❡�✐�❡ ❛❧❧❛ �
❡��❛ ♠❛♥✐❡�❛✳ ◗✉❡�
♦

�❛❣✐♦♥❛♠❡♥
♦ ✈❛❧❡ ❛♥❝❤❡ �✉❛♥❞♦ ❡��❡♥❞♦ ♣✐" ❞✬✉♥❛ ❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ❝❤❡ �✐ �✐♣❡
♦♥♦

❞✐ ♣✉♥
♦ ✐♥ ♣✉♥
♦✱ �♦♥♦ ❛♥❝❤❡ ♣✐" ❞✬✉♥♦ ✐ �✐�♣❡

✐✈✐ ❝♦❡✣❝✐❡♥
✐✿ ❝❛�♦ ♣�❡✈❡❞✉
♦ ♥❡❧❧♦ �
❡♥❞❡�❡

❧✬❡�♣�❡��✐♦♥❡ ✭✷✮✳

✷✽✳ ◆❡❧ ❝❛�♦ ❛

✉❛❧❡ ❧❛ �♦♠♠❛
♦�✐❛ ❝❤❡ ❝♦♠♣�❡♥❞❡ 
✉

✐ ✐ 
❡�♠✐♥✐ ♣♦�
❛
✐ ♥❡❧❧✬ ❡�✉❛③✐♦♥❡

❣❡♥❡�❛❧❡ ✭✶✮ ❞❛❧❧✬ ❡�✉❛③✐♦♥❡ ❞✐ ❝♦♥❞✐③✐♦♥❡ ✭✷✵✮✱ ❡ ❝❤❡ ♣✉� 
�❛❞✉��✐ ✐♥ ✉♥ ✐♥
❡❣�❛❧❡ ✜♥✐
♦ ❞❡✜♥✐
♦

✐♥ ❝♦��✐�♣♦♥❞❡♥③❛ ❛❧ ❣✐* ❞❡

♦ ♣❡� ❧✬ ❡�♣�❡��✐♦♥❡ ✭✶✻✮✱ �❛�*

∑k+σ

l
Δa · σλ

(

dx

da

dδx

da
+

dy

da

dδy

da
+

dz

da

dδz

da

)

; ✭✷✷✮

❞♦✈❡ ❤♦ ♠❡��♦ σλ ✐♥ ❧✉♦❣♦ ❞✐ λ ✱ ✐❧ ❝❤❡ ♣✉� �❡♠❜�❛�❡ ❛�❜✐
�❛�✐♦ 
�❛

❛♥❞♦�✐ ❞✐ ✉♥ ❝♦❡✣❝✐❡♥
❡

✐♥❞❡
❡�♠✐♥❛
♦✱ ♠❛ ❧✬ ❤♦ ❢❛

♦ ❛♣♣♦�✐
❛♠❡♥
❡✱ ♣❡�❝❤� �✐❝❝♦♠❡ ♣♦❝♦ ♣✐" �♦♣�❛ ❞✐❝❡♠♠♦✱ ✉♥ 
❛❧

❝♦❡✣❝✐❡♥
❡ �❛♣♣�❡�❡♥
❛ ✉♥❛ ❢♦�③❛ ❞❡❧❧❛ �
❡��❛ ♥❛
✉�❛ ❞❡❧❧❡ X,Y, Z, �❛♣♣♦�
❛
❛ ❛❧❧❛ �
❡��❛ ✉♥✐
*

❞✐ ♠✐�✉�❛✱ �✉✐♥❞✐ ✐❧ ♥✉♠❡�♦ ❝❤❡ ❧❛ �✐❣♥✐✜❝❛ ❞❡✈❡ ❡��❡�❡ ❛

❡♥✉❛
♦✱ ❞❡❧ ♣❛�✐ ❝❤❡ ♣❡� ❧❡ ❛♥③✐❞❡

❡✱

❞❛❧ ❝♦❡✣❝✐❡♥
❡ σ ✭ �✐✈❡❞✐ ✐❧ ❝❛♥♦♥❡ �
❛❜✐❧✐
♦ ❛❧ ♥✉♠
◦

. ✷✶✳✮ ✳

▲✬❡�♣�❡��✐♦♥❡ ✭✷✷✮ �✐ ♠✉
❛ ❝♦♠❡ ❧❛ ✭✶✻✮ ✐♥ ❢♦�③❛ ❞❡❧ 
❡♦�❡♠❛ ✭✶✼✮ ♥❡❧❧✬ ❛❧
�❛

∫ k

l

da · λ

(

dx

da

dδx

da
+

dy

da

dδy

da
+

dz

da

dδz

da

)

+ σΦ ✭✷✸✮

❡��❡♥❞♦ ❝♦♠♣❡♥❞✐❛
✐ ♥❡❧❧❛ �✉❛♥
✐
* σΦ ✐ 
❡�♠✐♥✐ ❝❤❡ ♣♦✐ �✐ ❞❡❜♦♥♦ 
�❛�❝✉�❛�❡✳

✹✹
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡
❝✳


♦ ❛ ♣♦✐♥
 ✇❡ ♦❜
❛✐♥ 
❤❡ ✈❛❧✉❡ ♦❢ 
❤❡ ❝♦❡✣❝✐❡♥
 
❤❛
 ♠✉❧
✐♣❧✐❡� 
❤❡ ✈❛�✐❛
✐♦♥ ♦❢ 
❤❡ ❝♦��❡�♣♦♥❞✐♥❣

❡�✉❛
✐♦♥✱ ❛♥❞ ✇❡ �❡❡ 
❤❛
 �✉❝❤ ✈❛❧✉❡� ❞♦ ❞✐✛❡� ♦♥❧② ❢♦� 
❤❡ ❞✐✛❡�❡♥
 ✈❛❧✉❡� ♦❢ 
❤❡ ❝♦♦�❞✐♥❛
❡�✳

❆♥❞ ❡✈❡♥ ✇✐
❤♦✉
 
❤✐♥❦✐♥❣ 
♦ ❤❛✈❡ ♣❡�❢♦�♠❡❞ �✉❝❤ ❝❛❧❝✉❧❛
✐♦♥� 
♦ 
❤❡ ✈❡�② ❡♥❞✿ ❛♥❞ ❡✈❡♥ ✇❤❡♥


❤❡ �②�
❡♠ ✐� ❝♦♥
✐♥✉♦✉� ✐♥ 
❤❡ ♠❛♥♥❡� ❞❡�❝�✐❜❡❞ ❛❜♦✈❡✱ ✇❡ ❢❡❡❧ 
❤❛
 ✐❢ ❡✈❡�②
❤✐♥❣ ✉♣♦♥ ✇❤✐❝❤


❤❡ ❞❡
❡�♠✐♥❛
✐♦♥ ♦❢ 
❤❡ ❝♦❡✣❝✐❡♥
 λ ❞❡♣❡♥❞�❬✱ ✐
❪ ❞♦❡� ❝❤❛♥❣❡ ✐♥ ❜♦
❤ ❝❛�❡� ♦♥❧② ❜❡❝❛✉�❡

✐♥ 
❤❡ ♣❧❛❝❡ ♦❢ 
❤❡ ✈❛�✐❛❜❧❡ a 
❤❡�❡ ✐� ♦♥❡ 
✐♠❡ 
❤❡ l✱ ❛♥❞ ❛♥♦
❤❡� 
✐♠❡ 
❤❡ l + σ✱ 
❤❡ 
✇♦

✈❛❧✉❡� ♦❢ 
❤❡ ❝♦❡✣❝✐❡♥
 ♠✉�
 ❞✐✛❡� ✐♥ 
❤❡ �❛♠❡ ✇❛②✳ ❚❤✐� �❡❛�♦♥✐♥❣ ❛♣♣❧✐❡� ❡✈❡♥ ✇❤❡♥✱ ❜❡✐♥❣

♠♦�❡ 
❤❛♥ ♦♥❡ 
❤❡ ❡�✉❛
✐♦♥� ♦❢ ❝♦♥❞✐
✐♦♥� 
❤❛
 ❛�❡ �❡♣❡❛
❡❞ ❢�♦♠ ♣♦✐♥
 
♦ ♣♦✐♥
✱ ❛❧�♦ 
❤❡

�❡�♣❡❝
✐✈❡ ❝♦❡✣❝✐❡♥
� ❛�❡ ♠♦�❡ 
❤❛♥ ♦♥❡✿ 
❤✐� ✐� ✐♥❞❡❡❞ 
❤❡ ❝❛�❡ ✇❤✐❝❤ ❤❛� ❜❡❡♥ ❢♦�❡�❡❡♥ ✇❤❡♥


❤❡ ❡①♣�❡��✐♦♥ ✭✷✮ ✇❛� ❞�❛✇♥ ✉♣✳

✷✽✳ ■♥ 
❤❡ ♣�❡�❡♥
 ❝❛�❡ 
❤❡ �✉♠ 
❤❛
 ✐♥❝❧✉❞❡� ❛❧❧ 
❡�♠� ❜�♦✉❣❤
 ✐♥ 
❤❡ ❣❡♥❡�❛❧ ❡�✉❛
✐♦♥

✭✶✮ ❢�♦♠ 
❤❡ ❡�✉❛
✐♦♥ ♦❢ ❝♦♥❞✐
✐♦♥ ✭✷✵✮✱ ❛♥❞ 
❤❛
 ❝❛♥ 
�❛♥�❧❛
❡ ✐♥
♦ ❛ ❞❡✜♥✐
❡ ✜♥✐
❡ ✐♥
❡❣�❛❧ ✐♥

❝♦��❡�♣♦♥❞❡♥❝❡ 
♦ ✇❤❛
 ❤❛� ❛❧�❡❛❞② ❜❡❡♥ �❛✐❞ ❛❜♦✉
 
❤❡ ❡①♣�❡��✐♦♥ ✭✶✻✮✱ ✇✐❧❧ ❜❡

∑k+σ

l
Δa · σλ

(

dx

da

dδx

da
+

dy

da

dδy

da
+

dz

da

dδz

da

)

; ✭✷✷✮

✇❤❡�❡ ■ ♣✉
 σλ ✐♥ ♣❧❛❝❡ ♦❢ λ✱ ✇❤✐❝❤ ♠❛② �❡❡♠ ❛�❜✐
�❛�② �✐♥❝❡ ✐
 ✐� ❛♥ ✐♥❞❡
❡�♠✐♥❛
❡ ❝♦❡✣❝✐❡♥
✱

❜✉
 ■ ❤❛✈❡ ❞♦♥❡ ✐
 ♦♥ ♣✉�♣♦�❡✱ ❜❡❝❛✉�❡ ❛� ✇❡ ❥✉�
 �❛✐❞ ❛❜♦✈❡✱ �✉❝❤ ❛ ❝♦❡✣❝✐❡♥
 �❡♣�❡�❡♥
� ❛

❢♦�❝❡ ♦❢ 
❤❡ �❛♠❡ ♥❛
✉�❡ ♦❢ 
❤❡ X✱ Y ✱ Z✱ ❝♦♠♣❛�❡❞ 
♦ 
❤❡ �❛♠❡ ✉♥✐
 ♦❢ ♠❡❛�✉�❡�✱ ❤❡♥❝❡ 
❤❡

♥✉♠❜❡� 
❤❛
 �✐❣♥✐✜❡� ✐
 ♠✉�
 ❜❡ ❛

❡♥✉❛
❡❞✱ ✐♥ 
❤❡ �❛♠❡ ✇❛② ❛� ❢♦� 
❤❡ ❛❢♦�❡�❛✐❞ ❬X✱ Y ✱ Z❪✱

❜② 
❤❡ ❝♦❡✣❝✐❡♥
 σ ✭�❡✈✐❡✇ 
❤❡ ❝♦♥✈❡♥
✐♦♥ �
❛
❡❞ ❛
 
❤❡ �❡❝
✳ ✷✶✮✳

❚❤❡ ❡①♣�❡��✐♦♥ ✭✷✷✮ ✐� 
�❛♥�❢♦�♠❡❞ ✐♥ 
❤❡ �❛♠❡ ✇❛② ❛� 
❤❡ ✭✶✻✮ ✉♥❞❡� 
❤❡ ❚❤❡♦�❡♠ ✭✶✼✮ ✐♥


❤❡ ♦
❤❡�

∫ k

l

da · λ

(

dx

da

dδx

da
+

dy

da

dδy

da
+

dz

da

dδz

da

)

+ σΦ ✭✷✸✮

❜❡✐♥❣ �✉♠♠❛�✐③❡❞ ✐♥ 
❤❡ ❛♠♦✉♥
 σΦ 
❤❡ 
❡�♠� ✇❤✐❝❤ �❤♦✉❧❞ 
❤❡♥ ❜❡ ✐❣♥♦�❡❞✳



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✹✺

❘✐✉♥❡♥❞♦ ❧❡ ❡�♣
❡��✐♦♥✐ ✭✶✽✮ ❡ ✭✷✸✮ ❡ ♥♦♥ ❡��❡♥❞♦✈✐ ♥❡❧ ♣
❡�❡♥�❡ ❝❛�♦ ❛❧�
❡ ❝♦♥❞✐③✐♦♥✐ ❞❛

❝♦♥�❡♠♣❧❛
❡✱ ❧✬ ❡�✉❛③✐♦♥❡ ♣❡❧ ♠♦�♦ ❞❡❧ ✜❧♦ ✐♥❡��❡♥❞✐❜✐❧❡ ❝❛✈❛�❛ ❞❛❧❧❛ ❣❡♥❡
❛❧❡ ✭✶✮ �❛
 

∫ k

l

da ·

{(

X −
d2x

dt2

)

δx+

(

Y −
d2y

dt2

)

δy +

(

Z −
d2z

dt2

)

δz

}

+

∫ k

l

da · λ

(

dx

da

dδx

da
+

dy

da

dδy

da
+

dz

da

dδz

da

)

= 0. ✭✷✹✮
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❡✐ �✉✐ �
❛��❡♥❡
♠✐ ❛ ❢❛
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❝✐❛♥❞♦ ❞❛❧ �
❛�❢♦
♠❛
❡ ✐ �❡
♠✐♥✐ �♦��♦ ✐❧ �❡❝♦♥❞♦ ✐♥�❡❣
❛❧❡ ♣❡
 ♠♦❞♦ ❝❤❡ ❧❡ ✈❛
✐❛③✐♦♥✐ δx, δy, δz

♥♦♥ �✐❛♥♦ ❛✛❡��❡ ❞❛ ❛❧�
❡ ♦♣❡
❛③✐♦♥✐ ❞✐ ❞❡
✐✈❛③✐♦♥❡ ✭ �
❛�❢♦
♠❛③✐♦♥✐ ♥♦�❡ ♥❡❧ ❝❛❧❝♦❧♦ ❞❡❧❧❡

✈❛
✐❛③✐♦♥✐✮ ♠✐ 
✐�✉❧�❡
❡❜❜❡
♦ �
❡ �❡
♠✐♥✐ ❞❛ ❝♦♠♣❡♥❡�
❛
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✐♠♦

✐♥�❡❣
❛❧❡✱ ❡ ❛✈
❡✐ ❞✐ ♣✐' ✉♥❛ �✉❛♥�✐� �
✐♥♦♠✐❛❧❡ ❝❤❡ ♣♦
�❡
❡✐ ❛✐ ❧✐♠✐�✐✱ ❡��❡♥❞♦ ✉♥❛ �✉❛♥�✐� ❞✐❢✲

❢❡
❡♥③✐❛❧❡ ❡�❛��❛ �✉❧❧❛ �✉❛❧❡ �✐ ❡�❡❣✉✐�❝❡ ❧✬ ✐♥�❡❣
❛③✐♦♥❡ ✿ ❛♥♥✉❧❧❛♥❞♦ ♣♦✐ �♦��♦ ✐❧ �❡❣♥♦ ✐♥�❡❣
❛❧❡

✐ ❝♦❡✣❝✐❡♥�✐ �♦�❛❧✐ ❞❡❧❧❡ δx, δy, δz, ❝♦♠❡ ▲❛❣
❛♥❣❡ ❤❛ ✐♥�❡❣♥❛�♦ ❞♦✈❡
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❡
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❡ ✉♥ ❢❛��♦
❡ N(a)

❧❛ ❝✉✐ ♦
✐❣✐♥❡ ❞✐♣❡♥❞❡ ❞❛❧❧❡ 
✐✢❡��✐♦♥✐ ❛❝❝❡♥♥❛�❡ ✈❡
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◦
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❡ ❞ ✬♦❣♥✐ ❝♦♥�
❛
✐❛ ✐♥�✐��❡♥③❛✱ ❡ �✐ ��❛❜✐❧✐
 �♦✈
❛♥♦

♥❡❧❧❛ ♠❡❝❝❛♥✐❝❛ 
❛③✐♦♥❛❧❡✱ ❝♦♠❡ ✐❧ ❝❛❧❝♦❧♦ ❞✐✛❡
❡♥③✐❛❧❡ ❡ ✐♥�❡❣
❛❧❡ �✐ 0 ��❛❜✐❧✐�♦ ♥❡❧❧✬ ❛♥❛❧✐�✐✳

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✹✺

❇② ❝♦♠❜✐♥✐♥❣ ❡①♣
❡��✐♦♥� ✭✶✽✮ ❛♥❞ ✭✷✸✮ ❛♥❞✱ �✐♥❝❡ ✐♥ �❤❡ ♣
❡�❡♥� ❝❛�❡ �❤❡
❡ ❛
❡ ♥♦ ♦�❤❡


❝♦♥❞✐�✐♦♥� �♦ ❜❡ ❝♦♥�❡♠♣❧❛�❡❞✱ �❤❡ ❡�✉❛�✐♦♥ ❢♦
 �❤❡ ♠♦�✐♦♥ ♦❢ �❤❡ ✉♥❡①�❡♥❞❛❜❧❡ ��
✐♥❣ ❞❡❞✉❝❡❞

❢
♦♠ �❤❡ ❣❡♥❡
❛❧ ❬❡�✉❛�✐♦♥❪ ✭✶✮ ✇✐❧❧ ❜❡

∫ k

l

da ·

{(

X −
d2x

dt2

)

δx+

(

Y −
d2y

dt2

)

δy +

(

Z −
d2z

dt2

)

δz

}

✭✷✹✮

+

∫ k

l

da · λ

(

dx

da

dδx

da
+

dy

da

dδy

da
+

dz

da

dδz

da

)

= 0.

■ ❝♦✉❧❞ �❛❧❦ ❛� ❧❡♥❣�❤ ❤❡
❡ �♦ �❤♦✇ �❤❡ ❞❡❞✉❝�✐♦♥� ✇❤✐❝❤ ❢♦❧❧♦✇ ❢
♦♠ �❤✐� ❡�✉❛�✐♦♥❀ ��❛
�✐♥❣

❢
♦♠ �❤❡ �
❛♥�❢♦
♠❛�✐♦♥ ♦❢ �❤❡ �❡
♠� ✉♥❞❡
 �❤❡ �❡❝♦♥❞ ✐♥�❡❣
❛❧ �♦ �❤❛� �❤❡ ✈❛
✐❛�✐♦♥� δx✱ δy✱

δz ❛
❡ ♥♦� ❛✛❡❝�❡❞ ❜② ♦�❤❡
 ❞❡
✐✈❛�✐♦♥� ✭❦♥♦✇♥ �
❛�❢♦
♠❛�✐♦♥� ✐♥ �❤❡ ❝❛❧❝✉❧✉� ♦❢ ✈❛
✐❛�✐♦♥�✮ ■

✇♦✉❧❞ ❤❛✈❡ �❤
❡❡ �❡
♠� �♦ ♠❡❧� ✇✐�❤ �❤❡ ❡①✐��✐♥❣ ♦♥❡� ✐♥ �❤❡ ✜
�� ✐♥�❡❣
❛❧✱ ❛♥❞ ■ ✇♦✉❧❞ ❛❧�♦

❤❛✈❡ ❛ �
✐♥♦♠✐❛❧ �❤❛� ✐ ✇♦✉❧❞ ❜
✐♥❣ �♦ �❤❡ ❧✐♠✐��✱ ❜❡✐♥❣ ❛♥ ❡①❛❝� ❞✐✛❡
❡♥�✐❛❧ �✉❛♥�✐�② ♦♥ ✇❤✐❝❤

�❤❡ ✐♥�❡❣
❛�✐♦♥ ✐� ❡①❡❝✉�❡❞✿ �❤❡♥ ❜② ❝❛♥❝❡❧✐♥❣ ✉♥❞❡
 �❤❡ ✐♥�❡❣
❛❧ �✐❣♥ �❤❡ �♦�❛❧ ❝♦❡✣❝✐❡♥�� δx✱

δy✱ δz✱ ❛� ▲❛❣
❛♥❣❡ �❛✉❣❤� ❤❛✈✐♥❣ �♦ ❞♦✱ ■ ✇♦✉❧❞ ❤❛✈❡ �❤
❡❡ ❡�✉❛�✐♦♥� ✇❤✐❝❤ ■ ✇♦✉❧❞ ❡❛�✐❧②

�
❛♥�❢♦
♠ ✐♥�♦ �❤❡ ❛❧
❡❛❞② ❦♥♦✇♥ ♦♥❡�✳ ■ ❝♦✉❧❞ ❛❧�♦ �❛② �❤❛� ❢♦
 ❝❡
�❛✐♥ ♣
♦❜❧❡♠� ✉♥❞❡
 �❤❡

✜
�� ✐♥�❡❣
❛❧ ♦❢ �❤❡ ❡�✉❛�✐♦♥ ✭✷✹✮ ✐� ❝♦♥✈❡♥✐❡♥� �♦ ✐♥�
♦❞✉❝❡ ❛ ❢❛❝�♦
 N(a) �❤❡ ♦
✐❣✐♥ ♦❢ ✇❤✐❝❤

❞❡♣❡♥❞� ♦♥ �❤❡ ❝♦♥�✐❞❡
❛�✐♦♥� ♠❡♥�✐♦♥❡❞ ❛❜♦✉� �♦✇❛
❞� �❤❡ ❡♥❞ ♦❢ �❡❝�✳ ✷✷✳ ▼✐♥❞❢✉❧✱ ❤♦✇❡✈❡
✱

♦❢ ❤❛✈✐♥❣ ❛ ❧♦♥❣ ❥♦✉
♥❡② �♦ ❣♦✱ ■ ❞✐�♣❡♥�❡ ♠②�❡❧❢ ❢
♦♠ ❞
❛✇✐♥❣ ✉♣ �❤❡ ✐♥❞✐❝❛�❡❞ ♦♣❡
❛�✐♦♥�✱

❜❡✐♥❣ ♦♥❧② ♠② ♣✉
♣♦�❡ ✐♥ �❤✐� ❈❛♣♦✱ ❛� ■ �❛✐❞ ❛� �❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ✐�✱ �♦ ❣✐✈❡ �❤❡ ❡①♣❧❛♥❛�✐♦♥�

✇❤✐❝❤ 
❡♠❛✐♥❡❞ ✐♠♣❧✐❡❞ ✐♥ �❤❡ ❣
❛♥❞ ✇♦
❦ ❜② ▲❛❣
❛♥❣❡✿ ✇❤✐❝❤ ■ ✇✐❧❧ ❝♦♥�✐♥✉❡ �♦ ♠❛❦❡✱ ✇✐�❤

�❤❡ ✐♥�❡♥�✐♦♥ �♦ ✐♥❝
❡❛�✐♥❣❧② ❡♥❝♦✉
❛❣❡ ♠② 
❡❛❞❡
� �♦ ��✉❞② ✜♥❡❧② ❡✈❡♥ �❤❡ ♠♦�� ❞❡❧✐❝❛�❡ ��❡♣�

✐♥ �❤❡ ✉�❡ ♦❢ ❛ ♠❡�❤♦❞ ✇❤✐❝❤✱ ✇✐❧❧✐♥❣❧② ♦
 ✉♥✇✐❧❧✐♥❣❧②✱ ✇✐❧❧ ❡✈❡♥�✉❛❧❧② �
✐✉♠♣❤ ♦❢ ❛♥② ❝♦♥�
❛
②

✐♥�✐��❡♥❝❡✱ ❛♥❞ ❡��❛❜❧✐�❤ �♦✈❡
❡✐❣♥ ✐♥ 
❛�✐♦♥❛❧ ♠❡❝❤❛♥✐❝�✱ ❛� �❤❡ ❞✐✛❡
❡♥�✐❛❧ ❛♥❞ ✐♥�❡❣
❛❧ ❝❛❧❝✉❧✉�

❛
❡ ❡��❛❜❧✐�❤❡❞ ✐♥ �❤❡ ❬♠❛�❤❡♠❛�✐❝❛❧❪ ❛♥❛❧②�✐�✳



✹✻
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

➓✳ ✷✳

❙■❙❚❊▼■ ❙❯�❊❘❋■❈■❆▲■✳

✷✾✳ 	❡
 ❞❡❞✉

❡ ❞❛❧❧✬ ❡�✉❛③✐♦♥❡ ♠❡❝❝❛♥✐❝❛ ✭✶✮ ❣❡♥❡
❛❧❡ ♣❡✐ �✐��❡♠✐ ❞✐�❝
❡�✐ �✉❡❧❧❡ ♣✉


❣❡♥❡
❛❧✐ 
❡❧❛�✐✈❡ ❛❧❧✬ ❡�✉✐❧✐❜
✐♦ ❡ ❛❧ ♠♦�♦ ❞❡✐ �✐��❡♠✐ �✉♣❡
✜❝✐❛❧✐✱ ❧✐♠✐�❡
❡♠♦ ❞❛♣♣
✐♠❛ ❧❡ ♥♦��
❡

❝♦♥�✐❞❡
❛③✐♦♥✐ ❛❞ ✉♥ ❛❣❣
❡❣❛�♦ ❞✐ ♠♦❧❡❝♦❧❡ ❝❤❡ ♥❡❧❧❛ ❞✐�♣♦�✐③✐♦♥❡ ❛♥�❡❝❡❞❡♥�❡ ✐❞❡❛❧❡ ✭ 
✐✈❡❞✐

♥✉♠
◦

. ✶✷✮ ❢♦��❡
♦ ❝♦♥✜❣✉
❛�❡ ✐♥ ✉♥ 
❡��❛♥❣♦❧♦❀ ✈❡❞
❡♠♦ ♣♦✐ ❢
❛ ♣♦❝♦ ❝❤❡ �✉❡��❛ ❧✐♠✐�❛③✐♦♥❡

♣✉$ �♦❣❧✐❡
�✐ 
❡��❛♥❞♦ ❧❡ ♣✐% ✐♠♣♦
�❛♥�✐ ❝♦♥�❡❣✉❡♥③❡ ❛♥❝❤❡ ♣❡
 �✉❛♥❞♦ ❧❛ ❝♦♥✜❣✉
❛③✐♦♥❡ ❞❡❧❧❡

♠♦❧❡❝♦❧❡ ♥❡❧❧♦ ��❛�♦ ❛♥�❡❝❡❞❡♥�❡ �✐ �✉♣♣♦♥❣❛ ✐♥ ✉♥❛ �✉♣❡
✜❝✐❡ ♣✐❛♥❛ �❡
♠✐♥❛�❛ ❞❛ ✉♥ ❝♦♥�♦
♥♦

�✉❛❧✉♥�✉❡✿ ♠❛ ❣✐♦✈❛ �✉❧ ♣
✐♥❝✐♣✐♦ ❡✈✐�❛
❡ ✉♥❛ ❝♦♠♣❧✐❝❛③✐♦♥❡ ♥♦♥ ♥❡❝❡��❛
✐❛ ❛ ❝♦♠♣
❡♥❞❡
❡

�✉❡❧❧❛ 
✐❞✉③✐♦♥❡ ❝❤❡ ❝✐ �✐❛♠♦ ♣
♦♣♦��♦ ❞✐ �❝❤✐❛
✐
❡✳ ◆❡❧❧❛ �✉♣♣♦�✐③✐♦♥❡ ♣❡
�❛♥�♦ ❞❡❧ 
❡��❛♥❣♦❧♦✱

❛♠♠❡��✐❛♠♦ ❝❤❡ ❧❡ ❛�❝✐��❡ a ❝♦♠✐♥❝✐❛��❡
♦ ❞❛ a = l✱ ❡ ✜♥✐��❡
♦ ❝♦♥ a = k ✱ ❡ ❧❡ ♦
❞✐♥❛�❡ b

❝♦♠✐♥❝✐❛��❡
♦ ❞❛ b = h✱ ❡ ✜♥✐��❡
♦ ❝♦♥ b = i✳ 	❛��❛♥❞♦ ❛❧❧❛ ❝♦♥�✐❞❡
❛③✐♦♥❡ ❞❡❧❧❡ ❝♦♦
❞✐♥❛�❡

x, y, z ❞❡❧❧♦ ��❛�♦ 
❡❛❧❡✱ ✐ ✈❛❧♦
✐ ❞✐ �✉��❡ ❧❡ x ♣❡
 �✉❡❧ ❛❣❣
❡❣❛�♦ ❞✐ ♠♦❧❡❝♦❧❡ ♣♦�
❛♥♥♦ ❞✐��
✐❜✉✐
�✐

✐♥ ✉♥❛ �❡
✐❡ ❞♦♣♣✐❛ ❝❤❡ ✐♥❞✐❝❤❡
❡♠♦ ❞❛♣♣
✐♠❛ ❝♦♥ ✐♥❞✐❝✐ ❛❧ ♣✐❡❞❡ ❝♦♠❡ �❡❣✉❡

x
1,1 ; x

2,1 ; x
3,1 ; x

4,1 ; ❡❝✳

x
1,2 ; x

2,2 ; x
3,2 ; x

4,2 ; ec ✭✷✺✮

x
1,3 ; x

2,3 ; x
3,3 ; x

4,3 ; ❡❝✳

.................................

♣♦✐ ❝♦✐ ✈❛❧♦
✐ ❝♦

✐�♣♦♥❞❡♥�✐ ❞❡❞♦��✐ ❞❛ ✉♥❛ �♦❧❛ ❢✉♥③✐♦♥❡ f(a, b) ❛❧❧❛ ♠❛♥✐❡
❛ ❝❤❡ �♦❣❣✐✉♥❣✐❛♠♦

f(l, h); f(l + σ, h); f(l + 2σ, h).................f(k, h)

f(l, h+ σ); f(l + σ, h+ σ); f(l + 2σ, h+ σ)........f(k, h+ σ)

f(l, h+ 2σ); f(l + σ, h+ 2σ); f(l + 2σ, h+ 2σ)........f(k, h+ 2σ) ✭✷✻✮

....................................................................

f(l, i); f(l + σ, i); f(l + 2σ, i).................f(k, i).

✹✻
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

➓✳ ✷✳

❙❯�❊❘❋■❈■❆▲ ❙❨❙❚❊▼❙✳

✷✾✳ ❚♦ ✐♥❢❡
 ❢
♦♠ �❤❡ ❣❡♥❡
❛❧ ♠❡❝❤❛♥✐❝❛❧ ❡�✉❛�✐♦♥ ✭✶✮ ❢♦
 �❤❡ ❞✐�❝
❡�❡ �②��❡♠� �❤♦�❡ ❛❧�♦

❣❡♥❡
❛❧ ♦♥❡� 
❡❧❛�✐♥❣ �♦ �❤❡ ❡�✉✐❧✐❜
✐✉♠ ❛♥❞ �❤❡ ♠♦�✐♦♥ ♦❢ �❤❡ �✉♣❡
✜❝✐❛❧ �②��❡♠�✱ ✇❡ ✇✐❧❧ ❧✐♠✐�

♦✉
 ❝♦♥�✐❞❡
❛�✐♦♥� ❛� ✜
�� �♦ ❛♥ ❛❣❣
❡❣❛�❡ ♦❢ ♠♦❧❡❝✉❧❡� ✇❤✐❝❤ ✐♥ �❤❡ ♣
❡✈✐♦✉� ✐❞❡❛❧ ❛

❛♥❣❡♠❡♥�

✭
❡✈✐❡✇ �❡❝�✳ ✶✷✮ ✇❡
❡ ❝♦♥✜❣✉
❡❞ ✐♥ ❛ 
❡❝�❛♥❣❧❡❀ �❤❡♥ ✇❡ ✇✐❧❧ �❡❡ �❤♦
�❧② �❤❛� �❤✐� ❧✐♠✐�❛�✐♦♥

❝❛♥ ❜❡ 
❡♠♦✈❡❞ �❤❡ ♠♦�� ✐♠♣♦
�❛♥� ❝♦♥�❡�✉❡♥❝❡� ❤♦❧❞✐♥❣ ❡✈❡♥ ✇❤❡♥ �❤❡ ❝♦♥✜❣✉
❛�✐♦♥� ♦❢ �❤❡

♠♦❧❡❝✉❧❡� ✐♥ �❤❡ ❛♥�❡❝❡❞❡♥� ��❛�❡ ✐� �✉♣♣♦�❡❞ �♦ ❜❡ ✐♥ ❛ ✢❛� �✉
❢❛❝❡ ❧✐♠✐�❡❞ ❜② ❛♥② ❜♦✉♥❞❛
②✿

❜✉� ✐� �❤♦✉❧❞ ❜❡ ❛� �❤❡ ❜❡❣✐♥♥✐♥❣ ❛✈♦✐❞❡❞ ❛ ❝♦♠♣❧✐❝❛�✐♦♥ ✉♥♥❡❝❡��❛
② �♦ ✉♥❞❡
��❛♥❞ �❤❛�


❡❞✉❝�✐♦♥ ✇❡ ♣
♦♣♦�❡❞ �♦ ❧✐❣❤�❡♥✳ ❚❤❡
❡❢♦
❡✱ ✐♥ �❤❡ ❬♣
❡❝❡❞✐♥❣❪ �✉♣♣♦�✐�✐♦♥ ♦❢ �❤❡ 
❡❝�❛♥❣❧❡✱

✇❡ ❛❞♠✐� �❤❛� �❤❡ ❛❜�❝✐��❛� a ❜❡❣❛♥ ❢
♦♠ a = l✱ ❛♥❞ ❡♥❞❡❞ ✇✐�❤ a = k✱ ❛♥❞ �❤❡ ♦
❞✐♥❛�❡� b

❜❡❣❛♥ ❢
♦♠ b = h✱ ❛♥❞ ❡♥❞❡❞ ✇✐�❤ b = i✳ ▼♦✈✐♥❣ ♦♥ �♦ �❤❡ ❝♦♥�✐❞❡
❛�✐♦♥ ♦❢ �❤❡ ❝♦♦
❞✐♥❛�❡� x✱

y✱ z ♦❢ �❤❡ 
❡❛❧ ��❛�❡✱ �❤❡ ✈❛❧✉❡� ♦❢ ❛❧❧ �❤❡ x ❢♦
 �❤❛� ❛❣❣
❡❣❛�❡ ♦❢ ♠♦❧❡❝✉❧❡� ❝❛♥ ❜❡ ❞✐��
✐❜✉�❡❞

✐♥ ❛ ❞♦✉❜❧❡ �❡
✐❡� ❞❡♥♦�❡❞ ✜
�� ✇✐�❤ �✉❜�❝
✐♣�� ❛� ❢♦❧❧♦✇�✱

x
1,1 ; x

2,1 ; x
3,1 ; x

4,1 ; ❡�❝✳

x
1,2 ; x

2,2 ; x
3,2 ; x

4,2 ; ec ✭✷✺✮

x
1,3 ; x

2,3 ; x
3,3 ; x

4,3 ; ❡�❝✳

.................................

�❤❡♥ ✇✐�❤ �❤❡ ❝♦

❡�♣♦♥❞✐♥❣ ✈❛❧✉❡� ❞❡
✐✈❡❞ ❢
♦♠ ❛ �✐♥❣❧❡ ❢✉♥❝�✐♦♥ f(a, b) ✐♥ �❤❡ ♠❛♥♥❡
 ✇❡ ❛❞❞

f(l, h); f(l + σ, h); f(l + 2σ, h).................f(k, h)

f(l, h+ σ); f(l + σ, h+ σ); f(l + 2σ, h+ σ)........f(k, h+ σ)

f(l, h+ 2σ); f(l + σ, h+ 2σ); f(l + 2σ, h+ 2σ)........f(k, h+ 2σ) ✭✷✻✮

....................................................................

f(l, i); f(l + σ, i); f(l + 2σ, i).................f(k, i).
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❙✐♠✐❧♠❡♥	❡ ❞♦✈
❡♠♦ ✐♠♠❛❣✐♥❛
❡ ❝❤❡ �✐ ❢❛❝❝✐❛ ♣❡
 ❧❡ ❞✐✈❡
�❡ y✱ ❡ ♣❡
 ❧❡ ❞✐✈❡
�❡ z ✿ ❝✐♦� ✐♥✲

❞✐❝❛♥❞♦♥❡ ❞❛♣♣
✐♠❛ ✐ ✈❛❧♦
✐ ❝♦♥ ✐♥❞✐❝✐ ❛❧ ♣✐❡❞❡ ❡ ❝♦♥ �❡
✐❡ ❞♦♣♣✐❡ ❛♥❛❧♦❣❤❡ ❛❧❧❛ ✭✷✺✮✿ ♣♦✐


✐�♣❡		✐✈❛♠❡♥	❡ ❝♦♥ �❡
✐❡ ❞♦♣♣✐❡ ❞❡❞♦		❡ ♣❡
 ❧❡ y ❞❛ ✉♥❛ ❢✉♥③✐♦♥❡ φ (a, b) ✱ ❡ ♣❡
 ❧❡ z ❞❛ ✉♥❛

❢✉♥③✐♦♥❡ ψ (a, b) ✐♥ ♣❡
❢❡		❛ ❝♦

✐�♣♦♥❞❡♥③❛ ❝♦❧❧❛ ✭✷✻✮✳

❖
❛ ✈♦❣❧✐❛♠♦ ❛♥❝❤❡ "✉✐ ♣
♦✈❛
❡✱ ❝♦♠❡ ♥❡❧ ➓✳ ♣
❡❝❡❞❡♥	❡✱ ❝❤❡ ❞♦✈❡♥❞♦ ❧❡ ❢♦
♠❡ f, φ, ψ ♥♦♥

♠✉	❛
�✐ ♠❛✐ ♣❡
 	✉		♦ ✐❧ �✐�	❡♠❛✱ ✈❡♥❣♦♥♦ ❛ ✐♥	
♦❞✉
�✐ 	❛♥	❡ ❡"✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ "✉❛♥	❡

�♦♥♦ ❧❡ ❝♦♦
❞✐♥❛	❡ ❞❡✐ ❞✐✈❡
�✐ ♣✉♥	✐✱ ♠❡♥♦ 	
❡ ✿ ❡ ❞❡❞✉
�❡♥❡ ♣❡
 ❝♦♥�❡❣✉❡♥③❛ ❝❤❡ ❧❡ ✈❛
✐❛③✐♦♥✐

δx, δy, δz ❞❡❧❧❡ ❝♦♦
❞✐♥❛	❡ ❞❡✐ ❞✐✈❡
�✐ ♣✉♥	✐ ♠✉	❛♥♦ ❞❛ ✉♥ ♣✉♥	♦ ❛❧❧✬ ❛❧	
♦ ❛❧❧❛ �	❡��❛ ♠❛♥✐❡
❛

❝♦♥ ❝✉✐ ♠✉	❛♥♦ ✐ ✈❛❧♦
✐ ❞❡❧❧❡ ❝♦♦
❞✐♥❛	❡ ♥❡❧❧❛ �❡
✐❡ ❞♦♣♣✐❛ ✭✷✻✮ ❡ ♥❡❧❧❡ ❛❧	
❡ ❞✉❡ �✐♠✐❧✐✿ ♥♦♥


❡�	❛
❡ "✉✐♥❞✐ ❝❤❡ 	
❡ ✈❛
✐❛③✐♦♥✐ ✈❡
❛♠❡♥	❡ ✐♥❞✐♣❡♥❞❡♥	✐ ❡❞ ❛
❜✐	
❛
✐❡✳ ■♠♠❛❣✐♥✐❛♠♦ ❞❛❧❧❡ ❞✉❡

❡"✉❛③✐♦♥✐

x
1
,
1
= f(l, h); y

1
,
1
= φ(l, h)

❝❛✈❛	✐ ✐ ✈❛❧♦
✐ ✐♥✈❡
�✐ ❞✐ l, h, ❝❤❡ �❡❣♥❡
❡♠♦ ♠❡❞✐❛♥	❡ ❧❡

l = p (x
1
,
1
, y

1
,
1
) ; h = q (x

1
,
1
, y

1
,
1
) , ✭✷✼✮

❡ �♦�	✐	✉✐	✐ ✐♥ 	✉		✐ ✐ 	❡
♠✐♥✐ ❞❡❧❧❛ �❡
✐❡ ❞♦♣♣✐❛ ✭✷✻✮✳ ■❧ ❝♦♥❢
♦♥	♦ ❞❡❧❧❡ ❡�♣
❡��✐♦♥✐ ❝❤❡ 
✐�✉❧	❛♥♦

❞♦♣♦ 	❛❧❡ �♦�	✐	✉③✐♦♥❡ ❝♦✐ ✈❛❧♦
✐ ❝♦

✐�♣♦♥❞❡♥	✐ ❞❡❧❧❛ �❡
✐❡ ❞♦♣♣✐❛ ✭✷✺✮ ❞❛
' 	❛♥	❡ ❡"✉❛③✐♦♥✐ ❢
❛

✈❛
✐❡ ❝♦♦
❞✐♥❛	❡ ❞❡✐ ❞✐✈❡
�✐ ♣✉♥	✐✱ "✉❛♥	✐ �♦♥♦ ✐ ♣✉♥	✐ ✿ ✉♥❛ �❛
' ✐❞❡♥	✐❝❛ ❡ ❧❡ ❛❧	
❡ �❛
❛♥♥♦

❡"✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡✳ (
❡♥❞❡♥❞♦♥❡ ❧❡ ✈❛
✐❛	❡✱ ❡ ♣♦♥❡♥❞♦ ♣❡
 ❛❜❜
❡✈✐❛
❡

ξ = p′
(

x
1
,
1

)

δx
1,1

+ p′
(

y
1
,
1

)

δy
1,1

✭✷✽✮

η = q′
(

x
1
,
1

)

δx
1,1

+ q′
(

y
1
,
1

)

δy
1,1

;

♣♦�❝✐❛ ✐♥❞✐❝❛♥❞♦ ❝♦♥ ✉♥ ❛♣✐❝❡ ✐♥ ❛❧	♦ ❧❡ ❞❡
✐✈❛	❡ ♣❡
 p✱ ❡ ❝♦♥ ✉♥ ❛♣✐❝❡ ❛❧ ❜❛��♦ "✉❡❧❧❡ ♣❡
 q✱

❛✈
❡♠♦

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✹✼

❙✐♠✐❧❛
❧② ✇❡ �❤❛❧❧ ✐♠❛❣✐♥❡ 	♦ ❞♦ ❢♦
 	❤❡ ❞✐✛❡
❡♥	 y✱ ❛♥❞ ❢♦
 	❤❡ ❞✐✛❡
❡♥	 z✿ 	❤❛	 ✐�✱ ✜
�	

✐♥❞✐❝❛	✐♥❣ 	❤❡✐
 ✈❛❧✉❡� ✇✐	❤ �✉❜�❝
✐♣	� ❛♥❞ ✇✐	❤ ❞♦✉❜❧❡ �❡
✐❡� �✐♠✐❧❛
 	♦ ✭✷✺✮✿ 	❤❡♥ 
❡�♣❡❝	✐✈❡❧②

✇✐	❤ ❞♦✉❜❧❡ �❡
✐❡� ❞❡❞✉❝	❡❞ ❢♦
 	❤❡ y ❢
♦♠ ❛ ❢✉♥❝	✐♦♥ φ (a, b)✱ ❛♥❞ ❢♦
 	❤❡ z ❢
♦♠ ❛ ❢✉♥❝	✐♦♥

ψ (a, b) ✐♥ ♣❡
❢❡❝	 ❝♦

❡�♣♦♥❞❡♥❝❡ ✇✐	❤ ✭✷✻✮✳

◆♦✇ ✇❡ ❛❧�♦ ✇❛♥	 	♦ 	
② ❤❡
❡✱ ❛� ✐♥ ➓✳ ❛❜♦✈❡✱ 	❤❛	 ❤❛✈✐♥❣ 	❤❡ ❢♦
♠� f ✱ φ✱ ψ ♥♦	 	♦ ❡✈❡


♠✉	❛	❡ ❢♦
 	❤❡ ✇❤♦❧❡ �②�	❡♠✱ ❛� ♠❛♥② ❡"✉❛	✐♦♥� ❛
❡ 	♦ ❜❡ ✐♥	
♦❞✉❝❡❞ ❛� 	❤❡ ❝♦♦
❞✐♥❛	❡� ♦❢

�❡✈❡
❛❧ ♣♦✐♥	� ❛
❡ ♣
♦✈✐❞❡❞✱ ♠✐♥✉� 	❤
❡❡✿ ❛♥❞ 	♦ ❞❡❞✉❝❡ ❛� ❛ ❝♦♥�❡"✉❡♥❝❡ 	❤❛	 	❤❡ ✈❛
✐❛	✐♦♥�

δx✱ δy✱ δz ♦❢ 	❤❡ ❝♦♦
❞✐♥❛	❡� ♦❢ 	❤❡ ❞✐✛❡
❡♥	 ♣♦✐♥	� ❝❤❛♥❣❡ ❢
♦♠ ♦♥❡ ♣♦✐♥	 	♦ ❛♥♦	❤❡
 ✐♥ 	❤❡

�❛♠❡ ♠❛♥♥❡
 ✇✐	❤ ✇❤✐❝❤ 	❤❡ ✈❛❧✉❡� ♦❢ 	❤❡ ❝♦♦
❞✐♥❛	❡� ✐♥ 	❤❡ ❞♦✉❜❧❡ �❡
✐❡� ✭✷✻✮ ❛♥❞ ✐♥ 	❤❡

♦	❤❡
 	✇♦ �✐♠✐❧❛
 ❞♦ ❝❤❛♥❣❡✿ �♦ 	❤❛	 	❤❡
❡ 
❡♠❛✐♥ ♦♥❧② 	❤
❡❡ 	
✉❧② ✐♥❞❡♣❡♥❞❡♥	 ❛♥❞ ❛
❜✐	
❛
②

✈❛
✐❛	✐♦♥�✳ ■♠❛❣✐♥❡ ❢
♦♠ 	❤❡ 	✇♦ ❡"✉❛	✐♦♥�

x
1
,
1
= f(l, h); y

1
,
1
= φ(l, h)

❞❡❞✉❝❡❞ 	❤❡ ✐♥✈❡
�❡ ✈❛❧✉❡� ♦❢ l✱ h✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ♠❛
❦ 	❤
♦✉❣❤ 	❤❡

l = p (x
1
,
1
, y

1
,
1
) ; h = q (x

1
,
1
, y

1
,
1
) , ✭✷✼✮

❛♥❞ �✉❜�	✐	✉	❡❞ ✐♥ ❛❧❧ 	❤❡ 	❡
♠� ♦❢ 	❤❡ ❞♦✉❜❧❡ �❡
✐❡� ✭✷✻✮✳ ❚❤❡ ❝♦♠♣❛
✐�♦♥ ♦❢ 	❤❡ ❡①♣
❡��✐♦♥�

	❤❛	 
❡�✉❧	 ❛❢	❡
 	❤✐� �✉❜�	✐	✉	✐♦♥ ✇✐	❤ 	❤❡ ❝♦

❡�♣♦♥❞✐♥❣ ✈❛❧✉❡� ♦❢ 	❤❡ ❞♦✉❜❧❡ �❡
✐❡� ✭✷✺✮ ✇✐❧❧

❣✐✈❡ ❛� ♠❛♥② ❡"✉❛	✐♦♥� ❜❡	✇❡❡♥ ✈❛
✐♦✉� ❝♦♦
❞✐♥❛	❡� ♦❢ 	❤❡ ❞✐✛❡
❡♥	 ♣♦✐♥	� ❛� 	❤❡ ♣♦✐♥	� ❛
❡✿

♦♥❡ ✇✐❧❧ ❜❡ 	❤❡ �❛♠❡ ❛♥❞ 	❤❡ ♦	❤❡
 ✇✐❧❧ ❜❡ ❡"✉❛	✐♦♥� ♦❢ ❝♦♥❞✐	✐♦♥✳ (✐❝❦✐♥❣ 	❤❡ ✈❛
✐❛	✐♦♥�✱ ❛♥❞

❛��✉♠✐♥❣ ❢♦
 ❜
❡✈✐	②❬✬� �❛❦❡❪

ξ = p′
(

x
1
,
1

)

δx
1,1

+ p′
(

y
1
,
1

)

δy
1,1

✭✷✽✮

η = q′
(

x
1
,
1

)

δx
1,1

+ q′
(

y
1
,
1

)

δy
1,1

;

❛❢	❡
✇❛
❞� ✐♥❞✐❝❛	✐♥❣ ✇✐	❤ ❛ �✉♣❡
�❝
✐♣	 	❤❡ ❞❡
✐✈❛	✐✈❡� ❢♦
 p✱ ❛♥❞ ✇✐	❤ ❛ �✉❜�❝
✐♣	 	❤♦�❡ ❢♦
 q✱

✇❡ ✇✐❧❧ ❤❛✈❡



✹✽
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

δx
1,1

= f ′(p, q)ξ + f 1(p, q)η

δx
2,1

= f ′(p+ σ, q)ξ + f 1(p+ σ, q)η

δx
3,1

= f ′(p+ 2σ, q)ξ + f 1(p+ 2σ, q)η

.................................. ✭✷✾✮

δx
1,2

= f ′(p, q + σ)ξ + f 1(p, q + σ)η

δx
2,2

= f ′(p+ σ, q + σ)ξ + f 1(p+ σ, q + σ)η

....................................


�❡�❡♥�❡♠❡♥�❡ �✐♠❡��❡♥❞♦ ♣❡� p, q ✐ ✈❛❧♦�✐ ❞❛�✐ ❞❛❧❧❡ ✭✷✼✮ ❬�✐❪ ✈❡❞�� ❝❤❡ �✉❡��❡ ✈❛�✐❛③✐♦♥✐

✭✷✾✮ ✈❛�✐❛♥♦ ❝♦♠❡ ✐ �❡�♠✐♥✐ ❞❡❧❧❛ �❡�✐❡ ❞♦♣♣✐❛ ✭✷✻✮✱ ❡��❡♥❞♦ ξ, η �✉❛♥�✐�� ❝❤❡ �✐♠❛♥❣♦♥♦

❧❡ ♠❡❞❡�✐♠❡ ♣❡� �✉��✐✳ ■♥ ♠❛♥✐❡�❛ ❛✛❛��♦ �✐♠✐❧❡ ❝♦❧❧❛ �♦��✐�✉③✐♦♥❡ ❞❡✐ ✈❛❧♦�✐ ✭✷✼✮ ♥❡✐ �❡�✲

♠✐♥✐ ❞❡❧❧❛ �❡�✐❡ ❞♦♣♣✐❛ �✐♠✐❧❡ ❛❧❧❛ ✭✷✻✮ ❡ ❢♦�♠❛�❛ ♠❡❞✐❛♥�❡ ❧❛ ❢✉♥③✐♦♥❡ φ (a, b) ✱ ❝♦♠♣♦��❡♠♦

✉♥ ❛❧��♦ ♥✉♠❡�♦ ❞✐ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ❡❣✉❛❧❡ ❛ �✉❡❧❧♦ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡✿ ✉♥❛ ♣❡�' ❞✐ �❛❧✐

❡�✉❛③✐♦♥✐ �❛�❡❜❜❡ ✐❞❡♥�✐❝❛✳ 
�❡♥❞❡♥❞♦♥❡ ♣♦✐ ❧❡ ✈❛�✐❛�❡✱ ♣♦��❡♠♦ ♣�♦✈❛�❡ ❝❤❡ ❛♥❝❤❡ ❧❡ ✈❛�✐✲

❛③✐♦♥✐ δy
1,1

; δy
2,1

; δy
3,1

; .....δy
1,2

; δy
2,2

; .....✈❛�✐❛♥♦ ❞❛ ♣✉♥�♦ ❛ ♣✉♥�♦ ❝♦♠❡ ❧❡ ✭✷✾✮ ❡ �✉✐♥❞✐ ❝♦♠❡

✐ �❡�♠✐♥✐ ❞❡❧❧❡ ✭✷✻✮✳ ❱♦❧❡♥❞♦ ❞❛ ✉❧�✐♠♦ ✈❡♥✐�❡ ❛❧❧❡ ��❡��❡ ❝♦♥�❡❣✉❡♥③❡ ❛♥❝❤❡ ♣❡� ✉♥ �❡�③♦ ♥✉✲

♠❡�♦ ❞✐ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ❡❣✉❛❧❡ ❛❧ ♥✉♠❡�♦ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡✱ ❝♦♠♣�❡�❛✈✐ ✉♥❛ ✐❞❡♥�✐❝❛✱ ❡ ♣❡�

❧❡ ✈❛�✐❛③✐♦♥✐ δz
1,1

; δz
2,1

; δz
3,1

; ....δz
1,2

; δz
2,2

; ...., ❝♦♥✈❡��� ❛��✉♠❡�❡ ❧❡ ❡�✉❛③✐♦♥✐ x
1
,
1
= f(l, h);

z
1
,
1
= ψ(l, h) ♦♥❞❡ ❞❡❞✉�♥❡ ✐ ✈❛❧♦�✐ ✐♥✈❡��✐ ❞❡❧❬❧❛ ❝♦♣♣✐❛ ❞✐ ❝♦♦�❞✐♥❛�❡❪ l, h ❛♥❛❧♦❣❛♠❡♥�❡ ❛❧ ❣✐�

❞❡��♦ �❝�✐✈❡♥❞♦ ❧❡ ✭✷✼✮✱ ❡ �✐❢❛�❡ ♣❡� ❧❡ x✱ ❡ ♣❡� ❧❡ z ✐❧ ♠❡❞❡�✐♠♦ ❞✐�❝♦��♦ �♦♣�❛ �❡♥✉�♦ ♣❡� ❧❡ x

❡ ♣❡� ❧❡ y✳ ■ ✈❛❧♦�✐ ❞✐ �✉��❡ ❧❡ ✈❛�✐❛③✐♦♥✐ ✭✷✾✮ ❡ ❞❡❧❧❡ ❛❧��❡ ❞✉❡ �❡�✐❡ ❝♦��✐�♣♦♥❞❡♥�✐ ❝♦♥�❡��❛♥♥♦

❧❡ ��❡ �♦❧❡ ✈❛�✐❛③✐♦♥✐ δx
1,1

; δy
1,1

; δz
1,1

�✐♠❛��❡ ❛��♦❧✉�❛♠❡♥�❡ ❛�❜✐��❛�✐❡✳ ❙❡ ❛ �❛❧✉♥♦ ♣❛�❡��❡

�✐�✉❧�❛�❡ ♣❡✐ �✐��❡♠✐ �✉♣❡�✜❝✐❛❧✐ ❞❛❧ ♣�✐♥❝✐♣✐♦ ❞❡❧❧❛ ❝♦♥�✐♥✉✐�� ✉♥✬❛❧��❛ ❡�✉❛③✐♦♥❡ ❞✐ ❝♦♥❞✐③✐♦♥❡

❢�❛ ❧❡ ❝♦♦�❞✐♥❛�❡✱ ♦❧��❡ �✉❡❧❧❡ ❞✐ ♥✉♠❡�♦ ❡❣✉❛❧❡ ❛❧ ��✐♣❧♦ ❞❡❧ ♥✉♠❡�♦ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡✱ ♠❡♥♦ ��❡✱

✐❧ �✉♦ ❞✉❜❜✐♦ ♣♦��❡❜❜❡ ❞✐��✐♣❛��✐ ♣❡� ♠❡③③♦ ❞✐ ✉♥ �❛❣✐♦♥❛♠❡♥�♦ �✐♠✐❧❡ ❛❧ ♣�❛�✐❝❛�♦ �✉❧ ✜♥❡ ❞❡❧

♥✉♠✳
◦

✷✹✳

✹✽
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

δx
1,1

= f ′(p, q)ξ + f 1(p, q)η

δx
2,1

= f ′(p+ σ, q)ξ + f 1(p+ σ, q)η

δx
3,1

= f ′(p+ 2σ, q)ξ + f 1(p+ 2σ, q)η

.................................. ✭✷✾✮

δx
1,2

= f ′(p, q + σ)ξ + f 1(p, q + σ)η

δx
2,2

= f ′(p+ σ, q + σ)ξ + f 1(p+ σ, q + σ)η

....................................


�❡�❡♥�❧② ♣✉��✐♥❣ ❢♦� p✱ q �❤❡ ✈❛❧✉❡� ❣✐✈❡♥ ❜② ✭✷✼✮ ♦♥❡ ✇✐❧❧ �❡❡ �❤❛� �❤❡�❡ ✈❛�✐❛�✐♦♥� ✭✷✾✮ ✈❛�②

❛� �❤❡ �❡�♠� ♦❢ �❤❡ ❞♦✉❜❧❡ �❡�✐❡� ✭✷✻✮✱ ❜❡✐♥❣ ξ✱ η �✉❛♥�✐�✐❡� ✇❤✐❝❤ �❡♠❛✐♥ �❤❡ �❛♠❡ ❢♦� ❛❧❧

❬�❤❡ �❡�♠� ♦❢ �❤❡ ❞♦✉❜❧❡ �❡�✐❡�❪✳ ■♥ ❛ �✉✐�❡ �✐♠✐❧❛� ♠❛♥♥❡� ✇✐�❤ �❤❡ �✉❜��✐�✉�✐♦♥ ✭✷✼✮ ✐♥ �❤❡

�❡�♠� ♦❢ �❤❡ ❞♦✉❜❧❡ �❡�✐❡� �✐♠✐❧❛� �♦ �❤❡ ✭✷✻✮ ❛♥❞ ❢♦�♠❡❞ ❜② ♠❡❛♥� ♦❢ �❤❡ ❢✉♥❝�✐♦♥ φ (a, b)✱ ✇❡

�❤❛❧❧ ❝♦♠♣♦�❡ ❛♥♦�❤❡� ♥✉♠❜❡� ♦❢ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ❡�✉❛❧ �♦ �❤❛� ♦❢ �❤❡ ♠♦❧❡❝✉❧❡�✿ ♦♥❡

♦❢ �❤❡�❡ ❡�✉❛�✐♦♥�✱ ❤♦✇❡✈❡�✱ ✇♦✉❧❞ ❜❡ ✐❞❡♥�✐❝❛❧✳ 
✐❝❦✐♥❣ �❤❡♥ �❤❡✐� ✈❛�✐❛�✐♦♥�✱ ✇❡ ❝❛♥ ♣�♦✈❡

�❤❛� ❛❧�♦ �❤❡ ✈❛�✐❛�✐♦♥� δy
1,1

; δy
2,1

; δy
3,1

; .....δy
1,2

; δy
2,2

❀ ✳✳✳✳✳ ✈❛�② ❢�♦♠ ♣♦✐♥� �♦ ♣♦✐♥� ❛� �❤❡

✭✷✾✮ ❛♥❞ �❤❡♥ ❛� �❤❡ �❡�♠� ♦❢ ✭✷✻✮✳ ❲❛♥�✐♥❣ ❛� ❧❛�� �♦ ❝♦♠❡ �♦ �❤❡ �❛♠❡ ❝♦♥�❡�✉❡♥❝❡� ❛❧�♦ ❢♦�

❛ �❤✐�❞ ♥✉♠❜❡� ♦❢ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ❡�✉❛❧ �♦ �❤❡ ♥✉♠❜❡� ♦❢ �❤❡ ♠♦❧❡❝✉❧❡�✱ ✐♥❝❧✉❞✐♥❣ ❛♥

✐❞❡♥�✐❝❛❧ ♦♥❡✱ ❛♥❞ ❢♦� �❤❡ ✈❛�✐❛�✐♦♥� δz
1,1

; δz
2,1

; δz
3,1

; ....δz
1,2

; δz
2,2

...., ✇❡ ❛❣�❡❡ �♦ ❛��✉♠❡ �❤❡

❡�✉❛�✐♦♥� x
1
,
1
= f(l, h); z

1
,
1
= ψ(l, h) ✐♥ ♦�❞❡� �♦ ❞❡❞✉❝❡ ❢�♦♠ �❤❡♠ �❤❡ ✈❛❧✉❡� ✐♥✈❡��❡ ♦❢ l, h

❛♥❛❧♦❣♦✉�❧② �♦ ✇❤❛� ❤❛� ❜❡❡♥ ❛❧�❡❛❞② �❛✐❞ ❜② ✇�✐�✐♥❣ �❤❡ ✭✷✼✮✱ ❛♥❞ ❬✇❡ ❛❣�❡❡❪ �♦ �❡❞♦ ❢♦� �❤❡

x✱ ❛♥❞ ❢♦� �❤❡ z �❤❡ �❛♠❡ �❡❛�♦♥✐♥❣ ❞♦♥❡ ❛❜♦✈❡ ❢♦� �❤❡ x ❛♥❞ ❢♦� �❤❡ y✳ ❚❤❡ ✈❛❧✉❡� ♦❢ ❛❧❧ �❤❡

✈❛�✐❛�✐♦♥� ✭✷✾✮ ❛♥❞ ♦❢ �❤❡ ♦�❤❡� �✇♦ ❝♦��❡�♣♦♥❞✐♥❣ �❡�✐❡� ✇✐❧❧ ❝♦♥�❛✐♥ ♦♥❧② �❤❡ �❤�❡❡ ✈❛�✐❛�✐♦♥�

δx
1,1

; δy
1,1

; δz
1,1

�❡♠❛✐♥❡❞ ❛❜�♦❧✉�❡❧② ❛�❜✐��❛�②✳ ■❢ ❛♥♦�❤❡� ❡�✉❛�✐♦♥ ♦❢ ❝♦♥❞✐�✐♦♥ ❛♠♦♥❣ �❤❡

❝♦♦�❞✐♥❛�❡� �❤♦✉❧❞ �❡❡♠ �♦ �❡�✉❧� �♦ �♦♠❡♦♥❡ ❢♦� �❤❡ �✉♣❡�✜❝✐❛❧ �②��❡♠� ❢�♦♠ �❤❡ ♣�✐♥❝✐♣❧❡ ♦❢

�❤❡ ❝♦♥�✐♥✉✐�②✱ ❜❡�✐❞❡� �❤♦�❡ ✐♥ ♥✉♠❜❡� ❡�✉❛❧ �♦ �❤�❡❡ �✐♠❡� �❤❡ ♥✉♠❜❡� ♦❢ ♠♦❧❡❝✉❧❡�✱ ♠✐♥✉�

�❤�❡❡✱ ❤✐� ❞♦✉❜� ❝♦✉❧❞ ❞✐��✐♣❛�❡ ❜② ♠❡❛♥� ♦❢ ❛ �❡❛�♦♥✐♥❣ �✐♠✐❧❛� �♦ �❤❛� ♦♥❡ ❞♦♥❡ ❛� �❤❡ ❡♥❞

♦❢ �❤❡ �❡❝�✳ ✷✹✳



▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✹✾

✸✵✳ ❆��✐❝✉�❛
✐ ❝♦�� ❝❤❡ 
✉

❡ ❧❡ �✉❛♥
✐
� ❝♦♠♣♦♥❡♥
✐ ✐❧ 
�✐♥♦♠✐♦ �♦

♦♣♦�
♦ ❛❧ ♣�✐♠♦ �❡❣♥♦

S ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✮ ✈❛�✐❛♥♦ ❞❛ ♠♦❧❡❝♦❧❛ ❛ ♠♦❧❡❝♦❧❛ ❛❧❧❛ ♠❛♥✐❡�❛ ❞❡✐ 
❡�♠✐♥✐ ❞✐ ✉♥❛

�❡�✐❡ ❞♦♣♣✐❛✱ ♣♦
�❡♠♦ ✐♥✈❡❝❡ ❞✐ S ♠❡

❡�❡ ✐❧ �❡❣♥♦ ❞✐ ✉♥❛ ❞♦♣♣✐❛ �♦♠♠❛
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(
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� ❛❧ ❞❡
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❡♥
♦✳
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❛
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❛❧ ♥✉♠❡�♦ ❝❛♠❜✐❡�� ❞✐♣❡♥✲
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✐ ❞✐ a �❛�❛♥♥♦ ✐ ✈❛❧♦�✐ ❞✐ �✉❡�
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✐ �❡❣♥✐ ✐♥
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❤❡

❣❡♥❡�❛❧ ❡�✉❛
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�❡�✐❡�✱ ✐♥�
❡❛❞ ♦❢ ❙ ✇❡ ❝❛♥ ♣✉
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❡ ✐♥
❡❣�❛❧ ✇❤✐❝❤

✐� ❞❡✜♥❡❞ ❛� 
♦ a ✐♥ ❜❡
✇❡❡♥ 
❤❡ ❧✐♠✐
� a = l, a = k + σ✱ ❛♥❞ ❛� b ✐♥ ❜❡
✇❡❡♥ 
❤❡ ❧✐♠✐
�

b = h, b = i+ σ❀ ✐♥�
❡❛❞ ♦❢ 
❤❛
 ✜��
 ♣❛�
 ✇❡ �❤❛❧❧ ❤❛✈❡ 
❤❡ ❡①♣�❡��✐♦♥
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)
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(
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)
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❡❛❞ ♦❢ 
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❤❡ �❡❝
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 ✐� ♥♦


♥❡❝❡��❛�② 
♦ ♠② ✐♥
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✳
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❡ ✇✐❧❧ ♥♦
 ❜❡ ❛ �❡❝
❛♥❣❧❡✱ ❜✉
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❡ ✐♥
❡❣�❛❧ ✭✸✵✮✱ ❜✉
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❡�♠�✱

❬
❤❛
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✇❡❡♥ 
❤❡ ❡①
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❤❡ ✭✷✻✮✮ ✇❤❡�❡ a ✇✐❧❧ ❤❛✈❡ 
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♦✉�
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❛❧ �♦✇✳ ❚❤❡ �✉♠ ♦❢ ❛❧❧ 
❤❡ 
❡�♠� ♦❢ ❛ �♦ ♠❛❞❡ ❞♦✉❜❧❡
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♦ ❛ ❞♦✉❜❧❡ ✐♥
❡❣�❛❧✿ ♦♥❧② 
❤❡ ❧✐♠✐
� ♦❢ b ✇✐❧❧ ❜❡ ❢✉♥❝
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❞✐ ❝♦♠♣�❡♥❞❡�❡ 	✉		✐ ✐ ♣✉♥	✐ ✜�✐❝✐ ❞❡❧ �✐�	❡♠❛✳

❖♣❡�❛	❛ ✉♥❛ 	❛❧❡ �♦�	✐	✉③✐♦♥❡ ❞✐ �❡❣♥✐ ✐♥	❡❣�❛❧✐ ♥❡❧❧❛ ❡�♣�❡��✐♦♥❡ ✭✸✵✮✱ ❢❛�❡♠♦ ✉♥ ❛❧	�♦ ♣❛��♦

❝♦��✐�♣♦♥❞❡♥	❡ ❛❧ ❣✐� ❢❛		♦ ♣❡� ♣❛��❛�❡ ❞❛❧❧❛ ❡�♣�❡��✐♦♥❡ ✭✶✻✮ ❛❧❧❛ ✭✶✽✮ ✳ ▲✬ ❛♣♣❧✐❝❛③✐♦♥❡ ❞❡❧

	❡♦�❡♠❛ ✭✶✼✮ �❡♣❧✐❝❛	❛ ❞✉❡ ✈♦❧	❡ ❞✐ �❡❣✉✐	♦✱ ❛✈✈❡�	❡♥❞♦ ❞✐ �❝♦♠♣♦��❡ ✐❧ ❢❛		♦�❡ σ2 ♣❡� ❞❛�❡ ✉♥ σ

�❡♠♣❧✐❝❡ ❛ ❝✐❛�❝✉♥♦ ❞❡✐ ❞✉❡ ✐♥	❡❣�❛❧✐✱ ❝✐ ❢❛ ❝♦♥♦�❝❡�❡ ❝❤❡ ❧❛ ♣�✐♠❛ ♣❛�	❡ ❞❡❧❧✬ ❡%✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡

✭✶✮ �✐ 	�❛�❢♦�♠❛ %✉❛♥❞♦ 	�❛		❛�✐ ❞✐ ✉♥ �✐�	❡♠❛ �✉♣❡�✜❝✐❛❧❡ ✱ ♥❡❧❧❛ %✉❛♥	✐	� �❡❣✉❡♥	❡

∫

da

∫

db ·

{(

X −
d2x

dt2

)

δx+

(

Y −
d2y

dt2

)

δy +

(

Z −
d2z

dt2

)

δz

}

+ σΨ ✭✸✶✮

✐♥	❡♥❞❡♥❞♦ ❝♦♠♣�❡�✐ ♥❡❧❧✬ ❛❣❣✐✉♥	❛ σΨ 	✉		✐ ✐ 	❡�♠✐♥✐ ❝❤❡ ♣♦✐ �✐ ❞❡❜❜♦♥♦ ♦♠♠❡		❡�❡✱ ❡ �✐	❡✲

♥❡♥❞♦ ❝❤❡ ✐❧ ❞♦♣♣✐♦ ✐♥	❡❣�❛❧❡ ❝♦♥	✐♥✉♦ ✈❛ ❞❡✜♥✐	♦ �❡❝♦♥❞♦ ✐ ❧✐♠✐	✐ ❛��❡❣♥❛	✐ ❛❧❧❡ ✈❛�✐❛❜✐❧✐ ❞❛❧❧❡

❧✐♥❡❡ ❝✐�❝♦�❝�✐✈❡♥	✐ ❧❛ ♠❛	❡�✐❛ ♥❡❧❧❛ ♣�❡❝❡❞❡♥	❡ ❞✐�♣♦�✐③✐♦♥❡✳ '♦	�❡✐ %✉✐ ♣✉�❡ ✐♠♠❛❣✐♥❛�❡ ✉♥❛

❝♦♥❞✐③✐♦♥❡ ❡�	❡♥�✐❜✐❧❡ ❛ 	✉		✐ ✐ ♣✉♥	✐ ❞❡❧ �✐�	❡♠❛ ❡ ❢❛� ✈❡❞❡�❡ ❝♦♠✬ ❡��❛ ❝✐ ♣♦�❣❛ ✉♥ ❛❧	�♦ ✐♥	❡✲

❣�❛❧❡ ❞✉♣❧✐❝❛	♦ �✐♠✐❧❡ ❛❧ ♣�❡❝❡❞❡♥	❡ ❡ ❞❛ �♦♠♠❛��✐ ❝♦♥ ❡��♦✱ ✐♥ ❝♦��✐�♣♦♥❞❡♥③❛ ❛ %✉❛♥	♦ ❞✐��✐

%✉❛♥❞♦ ♠♦�	�❛✐ ❝❤❡ ❧✬ ❡�♣�❡��✐♦♥❡ ✭✷✸✮ �✐ �♦♠♠❛✈❛ ❝♦❧❧❛ ✭✶✽✮ ♣❡� ❞❛�❝✐ ❧✬ ❡%✉❛③✐♦♥❡ ✭✷✹✮✳ ▼❛

♦�♠❛✐ ✐❧ ❧❡		♦�❡ ❞❡✈❡ ❛✈❡� ❝❛♣✐	♦ ❧ ✬❛♥❞❛♠❡♥	♦ ❞❛ 	❡♥❡��✐✳ ❆ ♠❡ ❜❛�	❛ ❛✈❡� ❞✐♠♦�	�❛	♦ ❝❤❡ ✐❧

�❡❣♥♦ S ❞❡❧❧❛ ❡%✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✮ �✐ ❝❛♠❜✐❛ ♣❡✐ �✐�	❡♠✐ �✉♣❡�✜❝✐❛❧✐ ✐♥ ✉♥ ❞✉♣❧✐❝❛	♦ ✐♥	❡❣�❛❧❡

❝♦♥	✐♥✉♦ ❞❡✜♥✐	♦✱ ❝♦♠❡ ❝❛♠❜✐❛✈❛�✐ ✐♥ ✉♥ ✐♥	❡❣�❛❧❡ ❞❡✜♥✐	♦ �❡♠♣❧✐❝❡ ♣❡✐ �✐�	❡♠✐ ❧✐♥❡❛�✐❀ ❝♦♥ %✉❡❧

❞✐ ♣✐- ❝❤❡ ♣❛�❡✈❛♠✐ ♦♣♣♦�	✉♥♦ ♦♥❞❡ ❝♦♥❞✉�❝✐ ♣❛��♦ ♣❛��♦ ❛ ♣❡♥❡	�❛�❡ ♥❡❧❧❡ ✈❛�✐❡ �✉❡ ♣❛�	✐ %✉❡❧

♠❡	♦❞♦ ❛♠♠✐�❛❜✐❧❡ ❞❡❧ %✉❛❧❡ ♠✐ �♦♥♦ ❢❛		♦ ♣�♦♣✉❣♥❛	♦�❡✳

✺✵
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡	❝✳

ΣΔa ΣΔb✱ ❛♥❞ ❜② ♠❡❛♥✐♥❣ 	❤❛	 	❤❡ ❧✐♠✐	� �❤♦✉❧❞ ❜❡ ♣�♦♣❡�❧② ❞❡	❡�♠✐♥❡❞ ❢♦� 	❤❡ ♣✉�♣♦�❡ ♦❢

❝♦♥�✐❞❡�✐♥❣ ❛❧❧ 	❤❡ ♣❤②�✐❝❛❧ ♣♦✐♥	� ♦❢ 	❤❡ �②�	❡♠✳

❙✐♥❝❡ �✉❝❤ ❛ �✉❜�	✐	✉	✐♦♥ ♦❢ ✐♥	❡❣�❛❧ �②♠❜♦❧� ✐♥	♦ 	❤❡ ❡①♣�❡��✐♦♥ ✭✸✵✮ ❤❛� ❜❡❡♥ ♣❡�❢♦�♠❡❞✱

✇❡ ✇✐❧❧ ♠❛❦❡ ❛♥♦	❤❡� �	❡♣ ❝♦��❡�♣♦♥❞✐♥❣ 	♦ 	❤❛	 ❛❧�❡❛❞② ♠❛❞❡ 	♦ ❣♦ ❢�♦♠ ❡①♣�❡��✐♦♥ ✭✶✻✮ 	♦

✭✶✽✮✳ ❚❤❡ ❛♣♣❧✐❝❛	✐♦♥ ♦❢ 	❤❡ 	❤❡♦�❡♠ ✭✶✼✮ �❡♣❧✐❝❛	❡❞ 	✇✐❝❡ ✐♥ ❛ �♦✇✱ ✇❛�♥✐♥❣ 	♦ ❞❡❝♦♠♣♦�❡

	❤❡ ❢❛❝	♦� σ2 	♦ ❣✐✈❡ ❛ �✐♥❣❧❡ σ 	♦ ❡❛❝❤ ♦❢ 	❤❡ 	✇♦ ✐♥	❡❣�❛❧�✱ 	❡❧❧� ✉� 	❤❛	 	❤❡ ✜��	 ♣❛�	 ♦❢ 	❤❡

❣❡♥❡�❛❧ ❡%✉❛	✐♦♥ ✭✶✮ ✐� 	�❛♥�❢♦�♠❡❞ ✐♥ 	❤❡ ❝❛�❡ ♦❢ �✉♣❡�✜❝✐❛❧ �②�	❡♠�✱ ✐♥ 	❤❡ ❢♦❧❧♦✇✐♥❣ %✉❛♥	✐	②

∫

da

∫

db ·

{(

X −
d2x

dt2

)

δx+

(

Y −
d2y

dt2

)

δy +

(

Z −
d2z

dt2

)

δz

}

+ σΨ ✭✸✶✮

✐♥❝❧✉❞✐♥❣ ✐♥ 	❤❡ ❛❞❞❡❞ σΨ ❛❧❧ 	❤❡ 	❡�♠� 	❤❛	 ②♦✉ 	❤❡♥ ♠✉�	 ♦♠✐	✱ ❛♥❞ ❝♦♥�✐❞❡�✐♥❣ 	❤❛	 	❤❡

❞♦✉❜❧❡ ❝♦♥	✐♥✉♦✉� ✐♥	❡❣�❛❧ ♠✉�	 ❜❡ ❞❡✜♥❡❞ ✇✐	❤✐♥ 	❤❡ ❧✐♠✐	� ❛��✐❣♥❡❞ 	♦ 	❤❡ ✈❛�✐❛❜❧❡� ❜② 	❤❡

❧✐♥❡� ✇❤✐❝❤ ❜♦✉♥❞ 	❤❡ ♠❛		❡� ✐♥ 	❤❡ ♣�❡❝❡❞❡♥	 ❛��❛♥❣❡♠❡♥	✳ ■ ❝♦✉❧❞ ✇❡❧❧ ✐♠❛❣✐♥❡ ❛ ❝♦♥❞✐	✐♦♥

❤❡�❡ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①	❡♥❞❡❞ 	♦ ❛❧❧ ♣♦✐♥	� ♦❢ 	❤❡ �②�	❡♠ ❛♥❞ �❤♦✇ ❤♦✇ ✐	 ✇✐❧❧ ❣✐✈❡ ✉� ❛♥ ♦	❤❡�

❞♦✉❜❧❡ ✐♥	❡❣�❛❧ �✐♠✐❧❛� 	♦ 	❤❡ ♣�❡❝❡❞✐♥❣ ♦♥❡ ❛♥❞ 	♦ ❜❡ ❛❞❞❡❞ 	♦ ✐	✱ ✐♥ ❝♦��❡�♣♦♥❞❡♥❝❡ 	♦ ✇❤❛	

■ �❛✐❞ ✇❤❡♥ ■ �❤♦✇❡❞ 	❤❛	 	❤❡ ❡①♣�❡��✐♦♥ ✭✷✸✮ ✇❛� ❛❞❞❡❞ ✇✐	❤ 	❤❡ ✭✶✽✮ 	♦ ❣✐✈❡ ✉� 	❤❡ ❡%✉❛	✐♦♥

✭✷✹✮✳ ❇✉	 ❜② ♥♦✇ 	❤❡ �❡❛❞❡� ♠✉�	 ❤❛✈❡ �❡❛❧✐③❡❞ 	❤❡ ♣�♦❝❡❞✉�❡ 	♦ ❜❡ ❛❞♦♣	❡❞✳ ■	 ✐� �✉✣❝✐❡♥	

❬✐♥ ♠② ♦♣✐♥✐♦♥❪ 	♦ ❤❛✈❡ ❞❡♠♦♥�	�❛	❡❞ 	❤❛	 	❤❡ �②♠❜♦❧ S ♦❢ 	❤❡ ❣❡♥❡�❛❧ ❡%✉❛	✐♦♥ ✭✶✮ ❝❤❛♥❣❡�

❢♦� 	❤❡ �✉♣❡�✜❝✐❛❧ �②�	❡♠� ✐♥ ❛ ❞♦✉❜❧❡ ❝♦♥	✐♥✉♦✉� ❞❡✜♥✐	❡ ✐♥	❡❣�❛❧✱ ❛� ✐	 ❝❤❛♥❣❡❞ ✐♥ ❛ �✐♥❣❧❡

❞❡✜♥✐	❡ ✐♥	❡❣�❛❧ ❢♦� 	❤❡ ❧✐♥❡❛� �②�	❡♠�❀ ❛❞❞✐♥❣ �♦♠❡	❤✐♥❣ ❡①	�❛ 	❤❛	 ■ 	❤♦✉❣❤	 �❤♦✉❧❞ ❧❡❛❞ ✉�

�	❡♣ ❜② �	❡♣ ✐♥ ♦�❞❡� 	♦ ♣❡♥❡	�❛	❡ ✐♥	♦ 	❤❡ ✈❛�✐♦✉� ♣❛�	� ♦❢ 	❤❛	 ❛❞♠✐�❛❜❧❡ ♠❡	❤♦❞ ✇❤✐❝❤ ■

❛❞✈♦❝❛	❡✳
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❡❛❧❡ ♣♦�
❛♥♥♦ ❞✐��
✐❜✉✐
�✐ ✐♥ ✉♥❛ �❡
✐❡

�
✐♣❧❛ ❝❤❡ ✐♥❞✐❝❤❡
❡♠♦ ♠❡❞✐❛♥�❡ ✉♥ �✉❝❝❡❞❡
�✐ ❞✐ �❡
✐❡ ❞♦♣♣✐❡✱ ♣
✐♠✐❡
❛♠❡♥�❡ ❝♦♥ ✐♥❞✐❝✐ ❛❧

♣✐❡❞❡✱ ❝♦♠❡ �❡❣✉❡

x
1,1,1 ; x

2,1,,1 ; x
3,1,1 ; ❡❝✳ ✭✸✷✮

x
1,2,,1 ; x

2,2,1 ; x
3,2,1 ; ec

x
1,3,1 ; x

2,3,1 ; x
3,3,1 ; ❡❝✳

........................

✖✖✖✖✖✖✖✖✖✖✕

x
1,1,2 ; x

2,1,,2 ; x
3,1,2 ; ❡❝✳

x
1,2,,2 ; x

2,2,2 ; x
3,2,2 ; ec

x
1,3,2 ; x

2,3,2 ; x
3,3,2 ; ❡❝✳

........................

✖✖✖✖✖✖✖✖✖✖✕

x
1,1,3 ; x

2,1,,3 ; x
3,1,3 ; ❡❝✳

x
1,2,,3 ; x

2,2,3 ; x
3,2,3 ; ec

x
1,3,3 ; x

2,3,3 ; x
3,3,3 ; ❡❝✳

........................

✖✖✖✖✖✖✖✖✖✖✕

❡❝✳ ❡❝✳ ❡❝✳

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛
✺✶

➓✳ ✸✳

❚❤�❡❡✲❉✐♠❡♥�✐♦♥❛❧ ❙②��❡♠�

✸✶✳ ❆❧�♦ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐�❤ �❤❡ �❤
❡❡✲❞✐♠❡♥�✐♦♥❛❧ �②��❡♠� ✐� ✐� ♣♦��✐❜❧❡ �♦ ❞❡❞✉❝❡✱ ❛�

❛❧
❡❛❞② ❞♦♥❡✱ �❤❡ ❣❡♥❡
❛❧ ❡�✉❛�✐♦♥� ❢♦
 ❡�✉✐❧✐❜
✐✉♠ ❛♥❞ ♠♦�✐♦♥ ❢
♦♠ �❤❡ ❡�✉❛�✐♦♥ ✭✶✮ ✇❤✐❝❤

✐� �❤❡ ♦♥❡ ✈❛❧✐❞ ❢♦
 ❞✐�❝
❡�❡ �②��❡♠�✿ ✐� 
❡♠❛✐♥� �♦ ❜❡ �❡❡♥ �❤❛� ♦♥❧② ✐♥ �❤✐� ❝❛�❡ �❤♦�❡ �✉♠�

❬❛♣♣❡❛
✐♥❣ ✐♥ ✭✶✮❪ ❛
❡ �
❛♥�❢♦
♠❡❞ ✐♥�♦ �
✐♣❧❡ ✐♥�❡❣
❛❧�✳ ❲❡ ✇✐❧❧ ❧✐♠✐� ✐♥✐�✐❛❧❧② ♦✉
 ❝♦♥�✐❞❡
❛�✐♦♥�

�♦ ❛♥ ❛❣❣
❡❣❛�❡ ♦❢ ♠♦❧❡❝✉❧❡� ✇❤✐❝❤ ✐♥ �❤❡ ✐❞❡❛❧ ❛♥�❡❝❡❞❡♥� ❝♦♥✜❣✉
❛�✐♦♥ ❛
❡ ♣❧❛❝❡❞ �♦ ❢♦
♠

❛ 
❡❝�❛♥❣✉❧❛
 ♣❛
❛❧❧❡❧❡♣✐♣❡❞✳ ❯♥❞❡
 �❤✐� ❛��✉♠♣�✐♦♥ �❤❡ ♠❛♥② x�✱ ✇❤✐❝❤ ❜❡❧♦♥❣ �♦ �❤♦�❡

♠♦❧❡❝✉❧❡� ✇❤❡♥ �❤❡② ❛
❡ ♣❧❛❝❡❞ ✐♥ �❤❡ 
❡❛❧ ��❛�❡✱ ❝❛♥ ❜❡ ❞✐��
✐❜✉�❡❞ ✐♥ ❛ �
✐♣❧❡ �❡
✐❡� ✇❤✐❝❤ ✇❡

✇✐❧❧ ✐♥❞✐❝❛�❡ ❜② ♠❡❛♥� ♦❢ ❛ �❡�✉❡♥❝❡ ♦❢ ❞♦✉❜❧❡ �❡
✐❡�✱ ✇❤♦�❡ ♦
❞❡
 ✐� ❡��❛❜❧✐�❤❡❞ ❜② ♠❡❛♥� ♦❢

�✉❜�❝
✐♣�� ❛� ❢♦❧❧♦✇�✿

x
1,1,1 ; x

2,1,,1 ; x
3,1,1 ; ❡�❝✳ ✭✸✷✮

x
1,2,,1 ; x

2,2,1 ; x
3,2,1 ; ec

x
1,3,1 ; x

2,3,1 ; x
3,3,1 ; ❡�❝✳

........................

✖✖✖✖✖✖✖✖✖✖✕

x
1,1,2 ; x

2,1,,2 ; x
3,1,2 ; ❡�❝✳

x
1,2,,2 ; x

2,2,2 ; x
3,2,2 ; ec

x
1,3,2 ; x

2,3,2 ; x
3,3,2 ; ❡�❝✳

........................

✖✖✖✖✖✖✖✖✖✖✕

x
1,1,3 ; x

2,1,,3 ; x
3,1,3 ; ❡�❝✳

x
1,2,,3 ; x

2,2,3 ; x
3,2,3 ; ec

x
1,3,3 ; x

2,3,3 ; x
3,3,3 ; ❡�❝✳

........................

✖✖✖✖✖✖✖✖✖✖✕

❡�❝✳ ❡�❝✳ ❡�❝✳



✺✷
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

❡ ♣♦✐ ♠✉�❛♥❞♦ ♦♣♣♦��✉♥❛♠❡♥�❡ ✐ ✈❛❧♦�✐ ❞❡❧❧❡ a, b, c ✐♥ ✉♥❛ ��❡��❛ ❢✉♥③✐♦♥❡ f (a, b, c) ✱ �✐�❡♥❡♥❞♦

❝❤❡ ❧❛ ✈❛�✐❛❜✐❧❡ a ❝♦♠✐♥❝✐ ❞❛ a = l ✱ ❡ ♣�♦❝❡❞❛ ♣❡� ❛✉♠❡♥�✐ ❝♦��❛♥�✐ σ ✜♥♦ ❛❞ a = k✱ ❧❛ b ♣�❡♥❞❛

✈❛❧♦�✐ ❢�❛ ✐ ❧✐♠✐�✐ b = h✱ b = i✱ ❡ ❧❛ c ❢�❛ ✐ ❧✐♠✐�✐ c = n✱ c = j✳

◗✉❡��✬ ❛❧��❛ �❡�✐❡ ��✐♣❧❛ ✐ ❝✉✐ �❡�♠✐♥✐ ❞❡❜❜♦♥♦ ✐♥�❡♥❞❡��✐ ✉♥♦ ❛❞ ✉♥♦ ❡❣✉❛❣❧✐❛�✐ ❛ �❡�♠✐♥✐

❝♦��✐�♣♦♥❞❡♥�✐ ❞❡❧❧❛ ♣�❡❝❡❞❡♥�❡ ✭✸✷✮✱ � ❧❛ �❡❣✉❡♥�❡

f(l, h, n); f(l + σ, h, n); .....f(k, h, n) ✭✸✸✮

f(l, h+ σ, n); f(l + σ, h+ σ, n); .....f(k, h+ σ, n)

....................................................

f(l, i, n); f(l + σ, i, n); .....f(k, i, n).

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

f(l, h, n+ σ); f(l + σ, h, n+ σ); .....f(k, h, n+ σ)

f(l, h+ σ, n+ σ); f(l + σ, h+ σ, n+ σ); .....f(k, h+ σ, n+ σ)

....................................................

f(l, i, n+ σ); f(l + σ, i, n+ σ); .....f(k, i, n+ σ).

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

❡��❡♥❞♦ ❧ ✬✉❧�✐♠❛ ❞❡❧❧❡ �❡�✐❡ ❞♦♣♣✐❡ ❞✐ ❝✉✐ ✉♥❛ ��✐♣❧❛ � ❝♦♠♣♦��❛

f(l, h, j); f(l + σ, h, j); .....f(k, h, j)

f(l, h+ σ, j); f(l + σ, h+ σ, j); .....f(k, h+ σ, j)

....................................................

f(l, i, j); f(l + σ, i, j); .....f(k, i, j).

❊ "✉❛♥�♦ "✉✐ �✐ � ❞❡��♦ ❞❡✐ ✈❛❧♦�✐ ❞❡❧❧❡ ❞✐✈❡��❡ x✱ ♣♦��❡♠♦ �✐♣❡�❡�❧♦ ♣❡✐ ✈❛❧♦�✐ ❞❡❧❧❡ ❞✐✈❡��❡ y✱

✐♥❞✐❝❛♥❞♦❧✐ ♣�✐♠❛✱ ❝♦♠❡ ♥❡❧❧❛ ✭✸✷✮✱ ♣❡� ♠❡③③♦ ❞✬ ✐♥❞✐❝✐ ❛❧ ♣✐❡❞❡✱ ♣♦✐ ❞❡❞✉❝❡♥❞♦❧✐ �✉��✐✱ ❝♦♠❡

♥❡❧❧❛ ✭✸✸✮ ❞❛ ✉♥❛ ��❡��❛ ❢✉♥③✐♦♥❡ φ (a, b, c)❀ ❝♦�$ ❞❡✐ ✈❛❧♦�✐ ❞❡❧❧❡ ❞✐✈❡��❡ z✱ ❞❡❞✉❝❡♥❞♦❧✐ �✉��✐

♥❡❧ �❡❝♦♥❞♦ "✉❛❞�♦ ❞❛ ✉♥❛ ��❡��❛ ❢✉♥③✐♦♥❡ ψ (a, b, c) ✳

✺✷
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

❛♥❞ �❤❡♥ ❬�❤❡ �❛♠❡ x ✇✐❧❧ ❜❡ ❞✐���✐❜✉�❡❞❪ ❜② �✉✐�❛❜❧② ❝❤❛♥❣✐♥❣ �❤❡ ✈❛❧✉❡� ♦❢ a, b, c ✐♥ �❤❡ �❛♠❡

❢✉♥❝�✐♦♥ f (a, b, c)✱ ❛��✉♠✐♥❣ �❤❛� �❤❡ ✈❛�✐❛❜❧❡ a ❜❡❣✐♥� ❢�♦♠ �❤❡ ✈❛❧✉❡ a = l ✱ ❛♥❞ ✐♥❝�❡❛�❡�

✇✐�❤ ❛ ❝♦♥��❛♥� ❛♠♦✉♥� σ ✉♥�✐❧ ✐� �❡❛❝❤❡� �❤❡ ✈❛❧✉❡ a = k✱ �❤❛� �❤❡ ✈❛�✐❛❜❧❡ b ❛��✉♠❡� ✐��

✈❛❧✉❡� ❜❡�✇❡❡♥ �❤❡ ❧✐♠✐� b = h✱ b = i✱ ❛♥❞ �❤❡ ✈❛�✐❛♥❧❡ c ❜❡�✇❡❡♥ �❤❡ ❧✐♠✐�� c = n✱ c = j✳

❚❤✐� �❡❝♦♥❞ ��✐♣❧❡ �❡�✐❡�✱ ✇❤♦�❡ �❡�♠� ❤❛✈❡ ❜❡❡♥ ❝♦♥❝❡✐✈❡❞ �♦ ❜❡ ❡"✉❛�❡❞ �❡�♣❡❝�✐✈❡❧② �♦

❡❛❝❤ ♦❢ �❤❡ ❝♦��❡�♣♦♥❞✐♥❣ �❡�♠� ♦❢ �❤❡ ♣�❡❝❡❞❡♥� ✭✸✷✮✱ ✐� �❤❡ ❢♦❧❧♦✇✐♥❣

f(l, h, n); f(l + σ, h, n); .....f(k, h, n) ✭✸✸✮

f(l, h+ σ, n); f(l + σ, h+ σ, n); .....f(k, h+ σ, n)

....................................................

f(l, i, n); f(l + σ, i, n); .....f(k, i, n).

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

f(l, h, n+ σ); f(l + σ, h, n+ σ); .....f(k, h, n+ σ)

f(l, h+ σ, n+ σ); f(l + σ, h+ σ, n+ σ); .....f(k, h+ σ, n+ σ)

....................................................

f(l, i, n+ σ); f(l + σ, i, n+ σ); .....f(k, i, n+ σ).

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

❜❡✐♥❣ �❤❡ ❧❛�� ❞♦✉❜❧❡ �❡�✐❡� ✇❤✐❝❤ ❝♦♥��✐�✉�❡� �❤❡ ❝♦♥�✐❞❡�❡❞ ��✐♣❧❡ �❡�✐❡� ❣✐✈❡♥ ❜②

f(l, h, j); f(l + σ, h, j); .....f(k, h, j)

f(l, h+ σ, j); f(l + σ, h+ σ, j); .....f(k, h+ σ, j)

....................................................

f(l, i, j); f(l + σ, i, j); .....f(k, i, j).

▼♦�❡♦✈❡� ✇❤❛� �❛✐❞ ❢♦� �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ ❞✐✛❡�❡♥� x�✱ ❝♦✉❧❞ ❜❡ �❡♣❡❛�❡❞ ❢♦� �❤❡ ✈❛❧✉❡� ♦❢ �❤❡

❞✐✛❡�❡♥� y�✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✐♥❞✐❝❛�❡❞ ❛� ✜���✱ ❛� ❞♦♥❡ ✐♥ �❤❡ ✭✸✷✮✱ ❜② ♠❡❛♥� ♦❢ �✉❜�❝�✐♣�� ❛♥❞

✇✐❧❧ ❜❡ ❞❡❞✉❝❡❞ �❤❡♥✱ ❛� ❞♦♥❡ ✐♥ ✭✸✸✮ ❜② ♦♥❡ ❛♥❞ �❤❡ �❛♠❡ ❢✉♥❝�✐♦♥ φ (a, b, c)❀ ❛♥❞ ✐♥ �❤❡ �❛♠❡

✇❛② ❢♦� �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ ❞✐✛❡�❡♥� z�✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞❡❞✉❝❡❞ ✐♥ �❤❡ �❡❝♦♥❞ �❛❜❧❡ ❢�♦♠ ♦♥❡ ❛♥❞

�❤❡ �❛♠❡ ❢✉♥❝�✐♦♥ ψ (a, b, c)



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✺✸

❙♦❣❣✐✉♥❣❡
❡♠♦✱ ❝♦♠❡ ♥❡✐ ❝❛�✐ �✐♠✐❧✐ ❞❡❣❧✐ ❛❧�
✐ ❞✉❡ �✐��❡♠✐✱ ❝❤❡ ❞♦✈❡♥❞♦ ❧❡ ❢♦
♠❡ f, φ, ψ ♥♦♥

♠✉�❛
�✐ ♣❡
 �✉��♦ ✐❧ ❝♦
♣♦✱ �✐ ❤❛♥♥♦ �❛♥�❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡✱ �✉❛♥�❡ �♦♥♦ ❧❡ ❝♦♦
❞✐♥❛�❡

❞❡✐ ❞✐✈❡
�✐ ♣✉♥�✐✱ ♠❡♥♦ �
❡ ✿ ❡ ❝❤❡ �✉✐♥❞✐ ❧❡ ✈❛
✐❛③✐♦♥✐ δx, δy, δz ❝❛♠❜✐❛♥♦ ❞❛ ✉♥ ♣✉♥�♦ ❛❧❧✬

❛❧�
♦ ❛❧❧❛ ��❡��❛ ♠❛♥✐❡
❛ ❝❤❡ ✐ ✈❛❧♦
✐ ❞❡❧❧❡ ❝♦♦
❞✐♥❛�❡ ♥❡❧❧❛ �❡
✐❡ �
✐♣❧❛ ✭✸✸✮ ❡ ♥❡❧❧❡ ❞✉❡ ❛♥❛❧♦❣❤❡

♣❡
 ❧❡ y✱ ❡ ♣❡
 ❧❡ z✳

❆ ✈❡❞❡
 ❝❤✐❛
♦ �✉❡❧❧♦ ❝❤❡ �✉✐ ❛❜❜✐❛♠♦ ❛��❡
✐�♦✱ ✐♠♠❛❣✐♥✐❛♠♦ ❝❤❡ ❞❡❧❧❡ �
❡ ❡�✉❛③✐♦♥✐

x
1,1,1 = f(l, h, n); y

1,1,1 = φ(l, h, n); z
1,1,1 = ψ(l, h, n)

�✐❛♥♦ ��❛�✐ ❞❡❞♦��✐ ✐ ✈❛❧♦
✐ ✐♥✈❡
�✐

l = p (x
1,1,1 , y

1,1,1 , z1,1,1) ✭✸✹✮

h = q (x
1,1,1 , y

1,1,1 , z1,1,1)

n = r (x
1,1,1 , y

1,1,1 , z1,1,1)

❡ �♦��✐�✉✐�✐ ♥❡❧❧❡ ❡�♣
❡��✐♦♥✐ ❞✐ �✉��✐ ✐ �❡
♠✐♥✐ ❞❡❧❧❛ ✭✸✸✮✳ ❆❧❧♦
❛ ✐❧ ❝♦♥❢
♦♥�♦ ❞❡❧❧❡ ✭✸✷✮✱ ✭✸✸✮✱

�❡
♠✐♥❡ ♣❡
 �❡
♠✐♥❡✱ ❝✐ ❞❛
" �❛♥�❡ ❡�✉❛③✐♦♥✐ ❢
❛ ✈❛
✐❡ ❝♦♦
❞✐♥❛�❡ ❞✐ ❞✐✈❡
�✐ ♣✉♥�✐✱ �✉❛♥�✐ �♦♥♦

�✉��✐ ✐ ♣✉♥�✐ ✜�✐❝✐ ❞❡❧ �✐��❡♠❛ ✿ ✉♥❛ ❞✐ �❛❧✐ ❡�✉❛③✐♦♥✐ �❛
" ✐❞❡♥�✐❝❛✱ ❡ ❧❡ ❛❧�
❡ �❛
❛♥♥♦ ❡�✉❛③✐♦♥✐

❞✐ ❝♦♥❞✐③✐♦♥❡✳ $
❡♥❞❡♥❞♦♥❡ ❧❡ ✈❛
✐❛�❡ ❡ ♣♦♥❡♥❞♦ ♣❡
 ❛❜❜
❡✈✐❛
❡

ξ = p′ (x
1,1,1) δx1,1,1

+ p′ (y
1,1,1) δy1,1,1 + p′ (z

1,1,1) δz1,1,1

η = q′ (x
1,1,1) δx1,1,1

+ q′ (y
1,1,1) δy1,1,1 + q′ (z

1,1,1) δz1,1,1

ζ = r′ (x
1,1,1) δx1,1,1

+ r′ (y
1,1,1) δy1,1,1 + r′ (z

1,1,1) δz1,1,1

♦��❡
❡♠♦

δx
1,1,1 = f ′(p, q, r)ξ + f

|
(p, q, r)η +′ f(p, q, r)ζ ✭✸✺✮

δx
2,1,1 = f ′(p+ σ, q, r)ξ + f

|
(p+ σ, q, r)η +′ f(p+ σ, q, r)ζ

δx
3,1,1 = f ′(p+ 2σ, q, r)ξ + f

|
(p+ 2σ, q, r)η +′ f(p+ 2σ, q, r)ζ

❡❝✳ ❡❝✳ ❡❝✳

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✺✸

❲❡ ✇✐❧❧ ❛❞❞ �❤❛�✱ ❧✐❦❡ ✐♥ �❤❡ �✐♠✐❧❛
 ❝❛�❡� ♦❢ �❤❡ ♦�❤❡
 ❦✐♥❞� ♦❢ �②��❡♠� ♣
❡✈✐♦✉�❧② �
❡❛�❡❞✱

❛� �❤❡ ❢♦
♠� ♦❢ �❤❡ ❢✉♥❝�✐♦♥� f, φ, ψ ❤❛✈❡ ♥♦� �♦ ❛❧�❡
 ❢♦
 �❤❡ ✇❤♦❧❡ ❬❝♦♥�✐❞❡
❡❞❪ ❜♦❞②✱ ♦♥❡ ✇✐❧❧

❣❡� ❛� ♠❛♥② ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ❛� ♠❛♥② ❛
❡ �❤❡ ❝♦♦
❞✐♥❛�❡� ♦❢ �❤❡ ❞✐✛❡
❡♥� ♣♦✐♥�� ♠✐♥✉�

�❤
❡❡✿ ❛♥❞ �❤❡
❡❢♦
❡ �❤❛� �❤❡ ✈❛
✐❛�✐♦♥� δx, δy, δz ❝❤❛♥❣❡ ❢
♦♠ ♦♥❡ ♣♦✐♥� �♦ ❛♥♦�❤❡
 ✐♥ �❤❡ �❛♠❡

✇❛② ❛� �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ ❝♦♦
❞✐♥❛�❡� ✐♥ �❤❡ �
✐♣❧❡ �❡
✐❡� ✭✸✸✮ ❛♥❞ ✐♥ �❤❡ ❛♥❛❧♦❣♦✉� �❡
✐❡� ❢♦
 y

❛♥❞ z ✈❛
✐❛❜❧❡�✳

❚♦ �❡❡ ❝❧❡❛
❧② ✇❤❛� ✇❡ ❤❛✈❡ ��❛�❡❞ ❤❡
❡✱ ❧❡� ✉� ✐♠❛❣✐♥❡ �❤❛� ❢
♦♠ �❤❡ �❤
❡❡ ❡�✉❛�✐♦♥�

x
1,1,1 = f(l, h, n); y

1,1,1 = φ(l, h, n); z
1,1,1 = ψ(l, h, n)

�❤❡ ✐♥✈❡
�❡ ✈❛❧✉❡� ✇❡
❡ ❞❡❞✉❝❡❞

l = p (x
1,1,1 , y

1,1,1 , z1,1,1) ✭✸✹✮

h = q (x
1,1,1 , y

1,1,1 , z1,1,1)

n = r (x
1,1,1 , y

1,1,1 , z1,1,1)

❛♥❞ �❤❛� ❬�❤❡ ♦❜�❛✐♥❡❞ ✈❛❧✉❡�❪ ❛
❡ 
❡♣❧❛❝❡❞ ✐♥ �❤❡ ❡①♣
❡��✐♦♥� ♦❢ ❛❧❧ �❡
♠� ♦❢ �❤❡ ❡�✉❛�✐♦♥ ✭✸✸✮✳

❚❤❡♥ �❤❡ ❝♦♠♣❛
✐�♦♥ ♦❢ ❡�✉❛�✐♦♥� ✭✸✷✮✱ ✭✸✸✮✱ �❡
♠ ❜② �❡
♠✱ ✇✐❧❧ ❣✐✈❡ ✉� ❛� ♠❛♥② ❡�✉❛�✐♦♥�

❛♠♦♥❣ �❤❡ ✈❛
✐♦✉� ❝♦♦
❞✐♥❛�❡� ♦❢ �❤❡ ❞✐✛❡
❡♥� ❬❝♦♥�✐❞❡
❡❞❪ ♣♦✐♥�� ❛� ♠❛♥② ❛
❡ ❛❧❧ ♣❤②�✐❝❛❧

♣♦✐♥�� ♦❢ �❤❡ �②��❡♠✿ ❬❤♦✇❡✈❡
❪ ♦♥❡ ♦❢ �❤❡�❡ ❡�✉❛�✐♦♥� ❬✐♥ �❤❡ �❛❜❧❡ ❝♦♥❝❡
♥✐♥❣ x ✈❛
✐❛❜❧❡�❪

✇✐❧❧ ❜❡ ✐❞❡♥�✐❝❛❧❧② ✈❡
✐✜❡❞ ✇❤✐❧❡ �❤❡ ♦�❤❡
� ✇✐❧❧ ❜❡ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥✳ ❚❛❦✐♥❣ �❤❡ ✜
��

✈❛
✐❛�✐♦♥� ♦❢ �❤❡ ❛❢♦
❡♠❡♥�✐♦♥❡❞ ❡�✉❛❧✐�✐❡� ❛♥❞ ✉�✐♥❣ �❤❡ �❤♦
�❝✉� ♥♦�❛�✐♦♥

ξ = p′ (x
1,1,1) δx1,1,1

+ p′ (y
1,1,1) δy1,1,1 + p′ (z

1,1,1) δz1,1,1

η = q′ (x
1,1,1) δx1,1,1

+ q′ (y
1,1,1) δy1,1,1 + q′ (z

1,1,1) δz1,1,1

ζ = r′ (x
1,1,1) δx1,1,1

+ r′ (y
1,1,1) δy1,1,1 + r′ (z

1,1,1) δz1,1,1

✇❡ ✇✐❧❧ ❣❡�

δx
1,1,1 = f ′(p, q, r)ξ + f

|
(p, q, r)η +′ f(p, q, r)ζ ✭✸✺✮

δx
2,1,1 = f ′(p+ σ, q, r)ξ + f

|
(p+ σ, q, r)η +′ f(p+ σ, q, r)ζ

δx
3,1,1 = f ′(p+ 2σ, q, r)ξ + f

|
(p+ 2σ, q, r)η +′ f(p+ 2σ, q, r)ζ

❡�❝✳ ❡�❝✳ ❡�❝✳



✺✹
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

❞♦✈❡ ❣❧✐ ❛♣✐❝✐ f ′✱ f|✱
′f ✐♥❞✐❝❛♥♦ ❞❡�✐✈❛�❡ ♣❛�③✐❛❧✐ ♣❡� p, q, r �✐�♣❡��✐✈❛♠❡♥�❡✳

■♥ �✉❡��✐ ✈❛❧♦�✐ ✭✸✺✮ ❞❡❧❧❡ ✈❛�✐❛③✐♦♥✐ δx
1,1,1 , δx2,1,1 ✱ ❡❝✳ ✐♥�❡♥❞✐❛♠♦ �✐�♦��✐�✉✐�✐ ❛❧❧❡ p, q, r

✐ ✈❛❧♦�✐ l, h, n ❝❤❡ ❧❡ ✉❣✉❛❣❧✐❛♥♦ ✭ ❡�✉❛③✐♦♥✐ ✭✸✹✮ ✿ ✈❡❞�❡♠♦ ❝❤❡ ✐ �❡❝♦♥❞✐ ♠❡♠❜�✐ ❞✐ ❞❡��❡

❡�✉❛③✐♦♥✐ ✭✸✺✮ ♠✉�❡�❛♥♥♦ ♣�❡❝✐�❛♠❡♥�❡ ❝♦♠❡ ✐ ❞✐✈❡��✐ ✈❛❧♦�✐ ❞❡❧❧❡ x ♥❡❧❧❡ ❡�♣�❡��✐♦♥✐ ✭✸✸✮✳ ▲♦

��❡��♦ ♣♦��❡♠♦ ❞✐�❡ ❞❡❧❧❡ ✈❛�✐❛③✐♦♥✐ ❞❡❧❧❡ y ❡ ❞❡❧❧❡ ✈❛�✐❛③✐♦♥✐ ❞❡❧❧❡ z ✳

■♥ ❝♦♥�❡❣✉❡♥③❛ ❞❡❧ ✜♥ �✉✐ ❞❡��♦ �✉��✐ ✐ ��✐♥♦♠❥ ❝❤❡ ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✮ �♦♥♦ ❛❜✲

❜�❛❝❝✐❛�✐ ❞❛❧ ♣�✐♠♦ �❡❣♥♦ �♦♠♠❛�♦�✐♦ S ✱ ❝♦♠♣♦��❛♥♥♦ ✈✐�✐❜✐❧♠❡♥�❡ ✉♥❛ �❡�✐❡ ��✐♣❧❛✱ ❧❛ �✉❛❧❡

♣♦��# ❡�♣�✐♠❡��✐ ♠❡❞✐❛♥�❡ ✉♥❛ ��✐♣❧❛ �♦♠♠❛�♦�✐❛ ♦ ✉♥ ✐♥�❡❣�❛❧❡ ✜♥✐�♦ ��✐♣❧✐❝❛�♦✱ ❝♦♠❡ �❡❣✉❡

∑k+σ

l
Δa

∑i+σ

h
Δb

∑j+σ

n
Δc · σ3

{(

X −
d2x

dt2

)

δx+

(

Y −
d2y

dt2

)

δy +

(

Z −
d2z

dt2

)

δz

}

✭✸✻✮

❞♦✈❡ ✈❡❞❡�✐ ✐♥��♦❞♦��♦ ✐❧ ❢❛��♦�❡ σ3 ✐♥ ❧✉♦❣♦ ❞❡❧❧❛ ❧❡��❡�❛ m✱ ❞✐ ❝♦♥❢♦�♠✐�# ❛❧ ❣✐# ❞✐♠♦���❛�♦

♥❡✐ ♥✉♠❡�✐ ✶✽✱ ✷✶✳

✸✷✳ ❉✐✈❡♥�❛ ♦�❛ ❢❛❝✐❧❡ ❧✬❛�❣♦♠❡♥�❛�❡✱ ✐♥ ❝♦��❡❧❛③✐♦♥❡ ❝♦♥ �✉❛♥�♦ �✐ ❞✐��❡ ❛❧ ♥✉♠✳◦30 ♣❡✐

�✐��❡♠✐ �✉♣❡�✜❝✐❛❧✐✱ ❝❤❡ �❡ ❧❛ ❝♦♥✜❣✉�❛③✐♦♥❡ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ♥❡❧❧♦ ��❛�♦ ❛♥�❡❝❡❞❡♥�❡ ✐❞❡❛❧❡ ♥♦♥

�❛�# ♣✐* �✉❡❧❧❛ ❞✐ ✉♥❛ �♦❧❛ ♣♦�③✐♦♥❡ ❞❡❧❧❛ ♠❛�❡�✐❛ ❢♦❣❣✐❛�❛ ✐♥ ♣❛�❛❧❧❡❧❡♣✐♣❡❞♦ �❡��❛♥❣♦❧♦✱ ♠❛

♣�❡�❡♥�❡�# ✉♥ ✈♦❧✉♠❡ ❝♦♥�❡�♠✐♥❛�♦ ❞❛ �✉♣❡�✜❝✐❡ �✉❛❧�✐✈♦❣❧✐♦♥♦✱ �✉��✐��❡�# ❛♥❝♦�❛ ✐❧ �❛❣✐♦♥❛✲

♠❡♥�♦ ❞✐�❡��♦ ❛ ♣�♦✈❛�❡ ❝❤❡ ❧❛ �♦♠♠❛ ❞❡✐ ��✐♥♦♠❥ ❝♦❧❧❡ ❢♦�③❡ ❛♣♣❧✐❝❛�❡ ❛ �✉��❡ ❧❡ ♠♦❧❡❝♦❧❡✱ �✐

♣✉+ ❝♦♠♣❡♥❞✐❛�❡ ♠❡❞✐❛♥�❡ ✉♥ ��✐♣❧♦ ✐♥�❡❣�❛❧❡ ✜♥✐�♦ ❞❡✜♥✐�♦ ❀ ♣❡�+ ✐ ❧✐♠✐�✐ ❞✐ �❛❧❡ ✐♥�❡❣�❛❧❡ ��✐♣✲

❧✐❝❛�♦✱ ✐♥✈❡❝❡ ❞✐ ❡��❡�❡ ❢�❛ ❞✐ ❧♦�♦ ✐♥❞✐♣❡♥❞❡♥�✐✱ ❝♦♠❡ ♥❡❧❧❛ ♣�❡❝❡❞❡♥�❡ ❡�♣�❡��✐♦♥❡ ✭✸✻✮✱ �❛�❛♥♥♦

❢✉♥③✐♦♥✐ ❞❡❧❧❡ ✈❛�✐❛❜✐❧✐ ❝❤❡ ❛♥❝♦�❛ �❡��❛♥♦ ❞✐♣❡♥❞❡♥�❡♠❡♥�❡ ❞❛❧❧❛ ❡�✉❛③✐♦♥❡ ❞❡❧❧❛ �✉♣❡�✜❝✐❡

❝❤❡ �❡�♠✐♥❛✈❛ ✐❧ ✈♦❧✉♠❡ ♦❝❝✉♣❛�♦ ❞❛❧❧❛ ♠❛�❡�✐❛ ♥❡❧❧♦ ��❛�♦ ♣�❡❝❡❞❡♥�❡✳ ■♥ �❛❧❡ �✉♣♣♦�✐③✐♦♥❡

❝♦♥✈❡��# �✉��♦❣❛�❡ ❛❧❧❛ ❡�♣�❡��✐♦♥❡ ✭✸✻✮ �✉❡��✬❛❧��❛

∑

Δa
∑

Δb
∑

Δc · σ3

{(

X −
d2x

dt2

)

δx+

(

Y −
d2y

dt2

)

δy +

(

Z −
d2z

dt2

)

δz

}

✭✸✼✮

✐♥�❡♥❞❡♥❞♦ ✐ ❧✐♠✐�✐ ♦♣♣♦��✉♥❛♠❡♥�❡ ❞❡�❡�♠✐♥❛�✐✱ ❝♦♠❡ �✐ . ❞❡��♦✳

✺✹
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

✇❤❡�❡ �❤❡ �✉♣❡��❝�✐♣�� f ′✱ f|,
′f ✐♥❞✐❝❛�❡ ♣❛��✐❛❧ ❞❡�✐✈❛�✐✈❡� ✇�❤ �❡�♣❡❝� �♦ p, q, r �❡�♣❡❝�✐✈❡❧②✳

■♥ �❤❡�❡ ✈❛❧✉❡� ✭✸✺✮ ♦❢ �❤❡ ✈❛�✐❛�✐♦♥� δx
1,1,1 , δx2,1,1 ✱ ❡�❝✳ ✇❡ ✇✐❧❧ ❛��✉♠❡ �❤❛� �❤❡ ✈❛❧✉❡�

l, h, n ✇❤✐❝❤ ✈❡�✐❢② �❤❡ ❡�✉❛�✐♦♥� ✭✸✹✮ ❛�❡ �❡♣❧❛❝✐♥❣ �❤❡ ❬✈❛�✐❛❜❧❡�❪ p, q, r✿ ✇❡ ✇✐❧❧ �❡❡ �❤❛� �❤❡

�✐❣❤�✲❤❛♥❞ �✐❞❡� ♦❢ �❛✐❞ ❡�✉❛�✐♦♥� ✭✸✺✮ ✇✐❧❧ ✈❛�② ❡①❛❝�❧② ❛� ❛�❡ ✈❛�②✐♥❣ �❤❡ ❞✐✛❡�❡♥� ✈❛❧✉❡� ♦❢

�❤❡ x ✈❛�✐❛❜❧❡� ✐♥ �❤❡ ❡①♣�❡��✐♦♥� ✭✸✸✮✳ ❚❤❡ �❛♠❡ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ �♦ �❛② ❢♦� �❤❡ ✈❛�✐❛�✐♦♥� ♦❢

�❤❡ y ❛♥❞ z ✈❛�✐❛❜❧❡�✳

❆� ❛ ❝♦♥�❡�✉❡♥❝❡ ♦❢ ✇❤❛� �❛✐❞ ✉♣ �♦ ♥♦✇✱ ❛❧❧ �❤❡ ��✐♥♦♠✐❛❧� ✇❤✐❝❤ ✐♥ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥

✭✶✮ ❛�❡ ✐♥❝❧✉❞❡❞ ✐♥ �❤❡ ✜��� �✉♠♠❛�✐♦♥ �✐❣♥ S ✇✐❧❧ ❡✈✐❞❡♥�❧② ❝♦♠♣♦�❡ ❛ ��✐♣❧❡ �❡�✐❡�✱ ✇❤✐❝❤

♦♥❡ ✇✐❧❧ ❜❡ ❛❜❧❡ �♦ ❡①♣�❡�� ❜② ♠❡❛♥� ♦❢ ❛ ��✐♣❧❡ �✉♠♠❛�✐♦♥ ♦� ❛ ��✐♣❧❡ ✜♥✐�❡ ✐♥�❡❣�❛❧✱ ❛� ❢♦❧❧♦✇�

∑k+σ

l
Δa

∑i+σ

h
Δb

∑j+σ

n
Δc · σ3

{(

X −
d2x

dt2

)

δx+

(

Y −
d2y

dt2

)

δy +

(

Z −
d2z

dt2

)

δz

}

✭✸✻✮

✇❤❡�❡ �❤❡ ❢❛❝�♦� σ3 ✐� ✐♥��♦❞✉❝❡❞ ✐♥ ♣❧❛❝❡ ♦❢ �❤❡ ❧❡��❡� m✱ ❛❝❝♦�❞✐♥❣ �♦ ✇❤❛� ♣�❡✈✐♦✉�❧② ❞❡♠♦♥✲

���❛�❡❞ ✐♥ �❤❡ �❡❝�✐♦♥� ✶✽✱ ✷✶✳

✸✷✳ ■� ❜❡❝♦♠❡� ♥♦✇ ❡❛�② �♦ �❡♣�♦❞✉❝❡ �❤❡ ❛�❣✉♠❡♥� ❛❧�❡❛❞② ♣�❡�❡♥�❡❞ ✐♥ �❤❡ �❡❝�✳ ✸✵ ❢♦� �❤❡

�✉♣❡�✜❝✐❛❧ �②��❡♠�✿ �❤❛� ✐❢ �❤❡ ❝♦♥✜❣✉�❛�✐♦♥ ♦❢ �❤❡ ♠♦❧❡❝✉❧❡� ✐♥ �❤❡ ❛♥�❡❝❡❞❡♥� ✐❞❡❛❧ ��❛�❡ ✇✐❧❧

♥♦� ❜❡ ❛♥②♠♦�❡ �❤❛� ♦❢ ❛ �✐♥❣❧❡ ♣♦��✐♦♥ ♦❢ �❤❡ ♠❛�❡�✐❛❧ �❤❛♣❡❞ ✐♥ ❛ �❡❝�❛♥❣✉❧❛� ♣❛�❛❧❧❡❧❡♣✐♣❡❞✱

❜✉� ✇✐❧❧ ♣�❡�❡♥� ✐��❡❧❢ ❛� ❛ ✈♦❧✉♠❡ ❜♦✉♥❞❡❞ ❜② ❛ ✇❤❛��♦❡✈❡� �✉�❢❛❝❡✱ ❬�❤❡♥❪ ✐� ✇✐❧❧ ❜❡ ��✐❧❧ ✈❛❧✐❞

�❤❡ �❡❛�♦♥✐♥❣ ❛✐♠❡❞ �♦ ♣�♦✈❡ �❤❛� �❤❡ �✉♠♠❛�✐♦♥ ♦❢ �❤❡ ��✐♥♦♠✐❛❧� �❡♣�❡�❡♥�✐♥❣ �❤❡ ❢♦�❝❡�

❛♣♣❧✐❡❞ �♦ ❛❧❧ ♠♦❧❡❝✉❧❡� ❝❛♥ ❜❡ �❡❣❛�❞❡❞ ❛� ❛ ✜♥✐�❡ ❞❡✜♥✐�❡ ✐♥�❡❣�❛❧✿ ❤♦✇❡✈❡� �❤❡ ❧✐♠✐�� ♦❢

✐♥�❡❣�❛�✐♦♥ ♦❢ �✉❝❤ ��✐♣❧❡ ✐♥�❡❣�❛❧ ✐♥��❡❛❞ ♦❢ ❜❡✐♥❣ ✐♥❞❡♣❡♥❞❡♥�✱ ❛� ✐♥ �❤❡ ♣�❡❝❡❞❡♥� ❡①♣�❡��✐♦♥

✭✸✻✮✱ ✇✐❧❧ ❜❡ ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� ✇❤✐❝❤ ��✐❧❧ �❡♠❛✐♥✱ ✐♥ ❞❡♣❡♥❞❡♥❝❡ ♦♥ �❤❡ ❡�✉❛�✐♦♥ ♦❢

�❤❡ �✉�❢❛❝❡ ✇❤✐❝❤ ✇❛� �❤❡ ❜♦✉♥❞❛�② ♦❢ �❤❡ ✈♦❧✉♠❡ ♦❝❝✉♣✐❡❞ ❜② �❤❡ ♠❛�❡�✐❛❧ ✐♥ �❤❡ ♣�❡❝❡❞❡♥�

��❛�❡✳ ■♥ �❤✐� ❝❛�❡ ✐� ✇✐❧❧ ❜❡ ❝♦♥✈❡♥✐❡♥� �♦ �❡♣❧❛❝❡ �❤❡ ❡①♣�❡��✐♦♥ ✭✸✻✮ ✇✐�❤ �❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡

∑

Δa
∑

Δb
∑

Δc · σ3

{(

X −
d2x

dt2

)

δx+

(

Y −
d2y

dt2

)

δy +

(

Z −
d2z

dt2

)

δz

}

✭✸✼✮

✇❤❡�❡ �❤❡ �✉✐�❛❜❧② ❞❡�❡�♠✐♥❡❞ ✐♥�❡❣�❛�✐♦♥ ❧✐♠✐�� ❛�❡ �♦ ❜❡ ✐♥�❡♥❞❡❞ ❛� ♣�❡✈✐♦✉�❧② �❛✐❞✳



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✺✺

❖�❛ ❝♦♥✈✐❡♥❡ ❢❛�❡ ✐❧ ♣❛��♦ ♣❡� ��❛❞✉��❡ ❧✬ ✐♥�❡❣�❛❧❡ ��✐♣❧✐❝❛�♦ ✜♥✐�♦ ✐♥ ✉♥ �✐♠✐❧❡ ✐♥�❡❣�❛❧❡

❝♦♥�✐♥✉♦✱ ❛♣♣❧✐❝❛♥❞♦ ��❡ ✈♦❧�❡ ❞✐ �❡❣✉✐�♦ ✐❧ �❡♦�❡♠❛ �❝�✐��♦ ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ✭✶✼✮ ❡ ❛✈✈❡��❡♥❞♦ ❞✐

�❝♦♠♣♦��❡ ✐❧ ❢❛��♦�❡ σ3 ✐♥ ♠❛♥✐❡�❛ ❞❛ ❞❛�❡ ✉♥ σ �❡♠♣❧✐❝❡ ❛ ❝✐❛�❝✉♥♦ ❞❡✐ ��❡ ✐♥�❡❣�❛❧✐✳ ●✐✉♥❣✐❛♠♦

♣❡� �❛❧ ❣✉✐�❛ ❛❧❧✬ ❡�♣�❡��✐♦♥❡

∫

da

∫

db

∫

dc ·

{(

X −
d2x

dt2

)

δx+

(

Y −
d2y

dt2

)

δy +

(

Z −
d2z

dt2

)

δz

}

+ σΨ ✭✸✽✮

❝♦♥�❝❥ ❛❧ �♦❧✐�♦ ❞✐ ❞♦✈❡� ��❛�❝✉�❛�❡ ❧✬ ❛❣❣✐✉♥�❛ σΨ ✱ ❡ ❞✐ ❞♦✈❡� ♣�❡♥❞❡�❡ ✐ ❧✐♠✐�✐ ❞❡❧❧✬ ✐♥�❡❣�❛❧❡

��✐♣❧✐❝❛�♦ �✉❛❧✐ ❧✐ ❛��❡❣♥❛ ❧❛ �✉♣❡�✜❝✐❡ ❝✐�❝♦�❝�✐✈❡♥�❡ ❧❛ ♠❛�❡�✐❛ ♥❡❧❧❛ ♣�❡❝❡❞❡♥�❡ ❞✐�♣♦�✐③✐♦♥❡✳

❱✐��♦ ❝♦�# ❝♦♠❡ ❞❡✈❡ ✐♥�❡�♣�❡�❛��✐ ✐❧ �❡❣♥♦ S ♥❡❧❧❛ ♣�✐♠❛ ♣❛��❡ ❞❡❧❧❛ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡

✭✶✮ �✉❛♥❞♦ ✐❧ �✐��❡♠❛ $ ❝♦♥�✐♥✉♦ ❛ ��❡ ❞✐♠❡♥�✐♦♥✐✱ ♣♦��❡✐ ❛❣❣✐✉♥❣❡�❡ ❛❧��✐ ✐♥�❡❣�❛❧✐ ��✐♣❧✐❝❛�✐

♣�♦✈❡♥✐❡♥�✐ ❞❛ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ❝❤❡ �✐ ❡��❡♥❞❡��❡�♦ ❛ �✉��✐ ✐ ♣✉♥�✐ ❞❡❧ �✐��❡♠❛ ✿ ❡❞ ❛♥❝❤❡

✐♥�❡❣�❛❧✐ ❞✉♣❧✐❝❛�✐ ❝❤❡ ✈❡♥✐��❡�♦ ✐♥��♦❞♦��✐ ♥❡❧❧✬ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ❞❡❧ ♠♦�♦ ❡ ❞❡❧❧✬ ❡�✉✐❧✐❜�✐♦ ❞❛

♣�❡��✐♦♥✐ ❡�❡�❝✐�❛�❡ ❛❧❧❛ �✉♣❡�✜❝✐❡ ❞❡❧ ❝♦�♣♦✳ ▲✬ ❛♥❞❛♠❡♥�♦ ❞❛ �❡♥❡��✐ ♣❡� �✐♠✐❧✐ ❛❣❣✐✉♥�❡ ♣❛�♠✐

❛❜❜❛��❛♥③❛ ❞✐❝❤✐❛�❛�♦ ❞♦♣♦ ❧✬❡�♣♦��♦ ♥❡✐ ♣❛�❛❣�❛✜ ❞✐ �✉❡��♦ ❈❛♣♦✳ ❈�❡❞♦ ♣♦✐ ♣✐* ❝♦♥✈❡♥✐❡♥�❡

��❛��❛�❡ ❛ ♣❛��❡ ❛❧❝✉♥❡ ❞❡❧❧❡ �✉❡��✐♦♥✐ ♣❡� ❧❡ �✉❛❧✐ �✐ ✈❡�✐✜❝❛ �✉❛♥�♦ ♦�❛ �✐ $ ❛❝❝❡♥♥❛�♦✳

❈❆,❖ ■■■

❉❡❧ ♠♦�♦ ❡ ❞❡❧❧✬ ❡	✉✐❧✐❜
✐♦ ❞✐ ✉♥ ❝♦
♣♦ 	✉❛❧✉♥	✉❡ 
✐❣✐❞♦✳

▼✐ ♣�♦♣♦♥❣♦ ❞✐ ❞❛�❡ ✐♥ �✉❡��♦ ❈❛♣♦ �✉❡❧❧❡ ❡�✉❛③✐♦♥✐ �♣❡��❛♥�✐ ❛❧ ♠♦�♦ ❞✐ ✉♥ ♣✉♥�♦

�✉❛❧✉♥�✉❡ ❞✐ ✉♥ ❝♦�♣♦ �✐❣✐❞♦✱ ❝❤❡ ▲❛❣�❛♥❣❡ ❤❛ ♦♠❡��❡✱ ❡ ❞❡❧❧❡ �✉❛❧✐ ❞✐��✐ ♥❡❧ ♣�❡❛♠❜♦❧♦ ❞❡❧❧❛

▼❡♠♦�✐❛✱ ❝❤❡ �❡ ✐❧ ♥♦���♦ ❆✉�♦�❡ ❧❡ ❛✈❡��❡ ❞❛�❡✱ ❝♦♠❡ ❣❧✐ ❡�❛ ❢❛❝✐❧❡ ✉�❛♥❞♦ ❞❡✬ �✉♦✐ ♠❡�♦❞✐✱

❛✈�❡❜❜❡ ♣�❡✈❡♥✉�♦ ✐❧ ♠❡❣❧✐♦ ❞✐ �✉❛♥�♦ $ ��❛�♦ ��♦✈❛�♦ ❞✐ ♣♦✐✳ ,❡� ❛✈✈✐❛�❝✐ ✐♥ �❛❧❡ �✐❝❡�❝❛

�❡❣✉❡♥❞♦ ❧✬ ❛♥❞❛♠❡♥�♦ ❝❤❡ ✐♦ ❤♦ ♣�❡�♦ ❛ ❞✐❢❡♥❞❡�❡ ❡ �❛❝❝♦♠❛♥❞❛�❡✱ ❝✐ $ ♣�✐♠❛ ♥❡❝❡��❛�✐♦

❡�♣�✐♠❡�❡ ♣❡� ♠❡③③♦ ❞✐ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ❧❛ �✐❣✐❞✐�/ ❞❡❧ ❝♦�♣♦✳

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✺✺

■� ✐� ♥♦✇ �✉✐�❛❜❧❡ �♦ ♣�♦❝❡❡❞ ❜② ��❛♥❢♦�♠✐♥❣ �❤❡ ��✐♣❧❡ ✜♥✐�❡ ✐♥�❡❣�❛❧ ✐♥�♦ ❛ �✐♠✐❧❛� ❝♦♥�✐♥✲

✉♦✉� ✐♥�❡❣�❛❧✱ ❜② ❛♣♣❧②✐♥❣ �❤�❡❡ �✐♠❡� ✐♥ ❛ �♦✇ �❤❡ �❤❡♦�❡♠ ��❛�❡❞ ✐♥ �❤❡ ❡�✉❛�✐♦♥ ✭✶✼✮ ❛♥❞

�❡❝❛❧❧✐♥❣ �❤❛� �❤❡ ❢❛❝�♦� σ3 ❤❛� �♦ ❜❡ ❞❡❝♦♠♣♦�❡❞ ✐♥ �✉❝❤ ❛ ✇❛② �❤❛� ❛ �✐♠♣❧❡ σ ❤❛� �♦ ❜❡

❣✐✈❡♥ �♦ ❡❛❝❤ ♦❢ �❤❡ �❤�❡❡ ✐♥�❡❣�❛❧�✳ ❲❡ ❛�❡ �❤✉� ❧❡❛❞ �♦ �❤❡ ❡①♣�❡��✐♦♥

∫

da

∫

db

∫

dc ·

{(

X −
d2x

dt2

)

δx+

(

Y −
d2y

dt2

)

δy +

(

Z −
d2z

dt2

)

δz

}

+ σΨ ✭✸✽✮

✐♥ ✇❤✐❝❤✱ ❛� ✉�✉❛❧✱ ✇❡ ❛�❡ ❝♦♥�❝✐♦✉� �❤❛� �❤❡ ❛❞❞✐�✐✈❡ �❡�♠ σΨ ♠✉�� ❜❡ ♥❡❣❧❡❝�❡❞ ❛♥❞ �❤❛� �❤❡

❧✐♠✐�� ♦❢ �❤❡ ��✐♣❧❡ ✐♥�❡❣�❛❧ ❛�❡ �❤♦�❡ ✇❤✐❝❤ ❛�❡ ❛��✐❣♥❡❞ ❜② �❤❡ �✉�❢❛❝❡ ✇❤✐❝❤ ❜♦✉♥❞� �❤❡ ❜♦❞②

✐♥ �❤❡ ❝♦♥�✐❞❡�❡❞ ♣�❡❝❡❞❡♥� ❝♦♥✜❣✉�❛�✐♦♥✳

❆❢�❡� ❤❛✈✐♥❣ �❡❡♥ ❤♦✇ �❤❡ �✐❣♥ S ❤❛� �♦ ❜❡ ✐♥�❡�♣�❡�❡❞ ✐♥ �❤❡ ✜��� ♣❛�� ♦❢ �❤❡ ❣❡♥❡�❛❧

❡�✉❛�✐♦♥ ✭✶✮ ✇❤❡♥ �❤❡ �②��❡♠ ✐� ❛ �❤�❡❡✲❞✐♠❡♥�✐♦♥❛❧ ❝♦♥�✐♥✉✉♠✱ ■ ❝♦✉❧❞ ❛❞❞ �❤♦�❡ ♦�❤❡� ��✐♣❧❡

✐♥�❡❣�❛❧� ❞❡�✐✈✐♥❣ ❢�♦♠ �❤❡ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ✇❤✐❝❤ ♠❛② ✐♥✈♦❧✈❡ ❛❧❧ ♣♦✐♥�� ♦❢ �❤❡ �②��❡♠✿

❛♥❞ ❛❧�♦ ❞♦✉❜❧❡ ✐♥�❡❣�❛❧� ✇❤✐❝❤ ♠✉�� ❜❡ ✐♥��♦❞✉❝❡❞ ✐♥ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ♦❢ ♠♦�✐♦♥ ❛♥❞

❡�✉✐❧✐❜�✐✉♠ ❜❡❝❛✉�❡ ♦❢ �❤❡ ♣�❡��✉�❡� ❡①❡��❡❞ ❛� �❤❡ ❜♦❞② �✉�❢❛❝❡✳ ■� �❡❡♠� �♦ ♠❡ �❤❛� �❤❡

♣�♦❝❡❞✉�❡ �♦ ❜❡ ❢♦❧❧♦✇❡❞ ❢♦� ❞❡❛❧✐♥❣ ✇✐�❤ �✉❝❤ ❛❞❞✐�✐♦♥� ✐� ❝❧❡❛� ❡♥♦✉❣❤ ♦♥❝❡ ♦♥❡ ❝♦♥�✐❞❡��

�❤❡ ❛�❣✉♠❡♥�� ♣�❡�❡♥�❡❞ ✐♥ �❤❡ ♣❛�❛❣�❛♣❤� ♦❢ �❤✐� ❈❛♣♦✳ ■ ❜❡❧✐❡✈❡ �❤❡♥ �❤❛� ✐� ✇✐❧❧ ❜❡ ♠♦�❡

❝♦♥✈❡♥✐❡♥� �♦ ��❡❛� �❡♣❛�❛�❡❧② �♦♠❡ ♦❢ �❤❡ �✉❡��✐♦♥� ❢♦� ✇❤✐❝❤ ✐� ✐� ✈❡�✐✜❡❞ ✇❤❛� ❤❛� ❜❡❡♥

♦✉�❧✐♥❡❞ ❥✉�� ♥♦✇✳

❈❆,❖ ■■■

❖♥ �❤❡ ♠♦�✐♦♥ ❛♥❞ ❡	✉✐❧✐❜
✐✉♠ ♦❢ ❛ 
✐❣✐❞ ❜♦❞② ✇❤❛��♦❡✈❡


■ ♣�♦♣♦�❡ �♦ ♣�❡�❡♥� ✐♥ �❤✐� ❈❛♣♦ �❤♦�❡ ❡�✉❛�✐♦♥� ✇❤✐❝❤ ❞❡�❝�✐❜❡ �❤❡ ♠♦�✐♦♥ ♦❢ ❛ ♣♦✐♥�

✇❤❛��♦❡✈❡� ♦❢ ❛ �✐❣✐❞ ❜♦❞②✱ ✇❤✐❝❤ ▲❛❣�❛♥❣❡ ♦♠✐��❡❞ ❛♥❞ ❛❜♦✉� ✇❤✐❝❤ ■ �❛✐❞ ✐♥ �❤❡ ♣�❡❛♠❜❧❡ ♦❢

�❤✐� ▼❡♠♦✐� �❤❛� ✐❢ ♦✉� ❆✉�❤♦� ❤❛❞ ❣✐✈❡♥ �❤❡♠✱ ❛� ✐� ✇❛� ❡❛�② ❜② ♠❡❛♥� ♦❢ ❤✐� ♠❡�❤♦❞�✱ �❤❡♥

❤❡ ✇♦✉❧❞ ❤❛✈❡ ❛♥�✐❝✐♣❛�❡❞ �❤❡ ❜❡�� �❡�✉❧�� ❛♠♦♥❣ �❤♦�❡ ❢♦✉♥❞ ❛❢�❡� ❤✐♠✳ ❚♦ ❞✐�❡❝� ♦✉��❡❧✈❡�

✐♥ �❤✐� �❡�❡❛�❝❤✱ ❢♦❧❧♦✇✐♥❣ �❤❡ ♠❡�❤♦❞ ✇❤✐❝❤ ■ ❤❛✈❡ ❞❡❝✐❞❡❞ �♦ �✉♣♣♦�� ❛♥❞ �❡❝❝♦♠♠❡♥❞✱ ✇❡

♥❡❡❞ �♦ ��❛�� ❜② ❡①♣�❡��✐♥❣ ❜② ♠❡❛♥� ♦❢ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥� �❤❡ �✐❣✐❞✐�② ♦❢ �❤❡ ❜♦❞②✳

✳



✺✻
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

✸✸✳ ❈❤✐❛�✐��✐♠❛ � ❧✬✐❞❡❛ ❞❡❧❧❛ �✐❣✐❞✐�� ✐♥ ✉♥ ❝♦�♣♦ ✿ �✐ �✉♣♣♦♥❡ ❝❤❡ ♣❡� ❧✬ ❡✛❡��♦ ❞✐ ❡��❛ ❧❡ ❞✐�✲

�❛♥③❡ �✐�♣❡��✐✈❡ ❞✐ �✉��✐ ✐ ♣✉♥�✐ ✜�✐❝✐ ❞❡❧ ❝♦�♣♦ �✐❛♥♦ ✐♥✈❛�✐❛❜✐❧✐ ❞✉�❛♥�❡  ✉❛❧✉♥ ✉❡ ♠♦✈✐♠❡♥�♦✳

◗✉❡��❛ ✐❞❡❛ �✐ ♣✉" ❛��♦❝✐❛�❡ ♠❡♥�❛❧♠❡♥�❡ ❝♦♥  ✉❡❧❧❛ ❞✐ ✉♥❛  ✉❛❧✉♥ ✉❡ ❞✐���✐❜✉③✐♦♥❡ ❞❡❧❧❛ ♠❛✲

�❡�✐❛✱ �✐❛ ❛ ❞❡♥�✐�� ❝♦��❛♥�❡✱ �✐❛ ❛ ❞❡♥�✐�� ✈❛�✐❛❜✐❧❡ ✿ ❛��✉♠❡�❡♠♦ ❧❛ �❡❝♦♥❞❛ �✉♣♣♦�✐③✐♦♥❡ ♣❡�

♠❛❣❣✐♦�❡ ❣❡♥❡�❛❧✐��✳

■♠♠❛❣✐♥✐❛♠♦ ��❡ ❛��✐ �❡��❛♥❣♦❧❛�✐ ❝♦♥♥❡��✐ ✐♥✈❛�✐❛❜✐❧♠❡♥�❡ ❝♦❧ ❝♦�♣♦ ♣❡� ♠♦❞♦ ❝❤❡ ❧✬ ❛❝✲

❝♦♠♣❛❣♥✐♥♦ ✐♥ �✉��✐ ✐ �✉♦✐ ♠♦✈✐♠❡♥�✐ ✉❧�❡�✐♦�✐❀ ❞❡��❡ ❛❧❧♦�❛

p (a, b, c) ; q (a, b, c) ; r (a, b, c)

❧❡ ❝♦♦�❞✐♥❛�❡ ❞✐ ✉♥❛ ♠♦❧❡❝♦❧❛  ✉❛❧✉♥ ✉❡ ❞❡❧ ❝♦�♣♦ �❡❧❛�✐✈❛♠❡♥�❡ ❛ �❛❧✐ ❛��✐✱  ✉❡��❡ p, q, r

�❛�❛♥♥♦ ✭♣�❡❝✐�❛♠❡♥�❡ ❝♦♠❡ ❧❡ x, y, z ❞❡❧ ♥✉♠✳◦✸✳✮  ✉❡❧❧❡ ❢✉♥③✐♦♥✐ ❞❡❧❧❡ a, b, c ❝❤❡ ❡�♣�✐♠♦♥♦

❧❛ ���✉��✉�❛ ❞❡❧ ❝♦�♣♦ ♥❡❧❧♦ ��❛�♦ �❡❛❧❡ ❀ ❡ ❧❡ ❝♦♦�❞✐♥❛�❡ x, y, z ❞❡❧❧❛ ��❡��❛ ♠♦❧❡❝♦❧❛ ❞♦♣♦ ✉♥

�❡♠♣♦ t �❡❧❛�✐✈❛♠❡♥�❡ ❛✐ ��❡ ❛��✐ ✜��✐ ♥❡❧❧♦ �♣❛③✐♦✱ �❛�❛♥♥♦ ❢✉♥③✐♦♥✐ ❧✐♥❡❛�✐ ❞❡❧❧❡ p, q, r ❞❛�❡

❞❛❧❧❡ ❡ ✉❛③✐♦♥✐

x = f + α
1
p+ β

1
q + γ

1
r

y = g + α
2
p+ β

2
q + γ

2
r ✭✶✮

z = h+ α
3
p+ β

3
q + γ

3
r

❡��❡♥❞♦ f, g, h; α
1
, β

1
, γ

1
;α

2
, β

2
, γ

2
;α

3
, β

3
, γ

3
❞♦❞✐❝✐  ✉❛♥�✐�� ❢✉♥③✐♦♥✐ ❞❡❧ �♦❧♦ �❡♠♣♦ t �❡♥③❛ ❧❡

a, b, c❀ ❝✐♦� f, g, h ❧❡ ❝♦♦�❞✐♥❛�❡ ❝❤❡ ❛❧❧❛ ✜♥❡ ❞❡❧ �❡♠♣♦ t ❝♦��✐�♣♦♥❞♦♥♦ ❛❧ ♣✉♥�♦ ❞✬ ♦�✐❣✐♥❡ ❞❡❣❧✐

❛��✐ ✜��✐ ♥❡❧ ❝♦�♣♦ ❡ ♠♦❜✐❧✐ ❝♦♥ ❡��♦✱ ❡ α
1
, β

1
, γ

1
;α

2
, β

2
, γ

2
;α

3
, β

3
, γ

3
♥♦✈❡  ✉❛♥�✐�� ❛♥❣♦❧❛�✐ ❞✐

❝✉✐ ❡❝❝♦ ❧❛ �✐❣♥✐✜❝❛③✐♦♥❡

α
1
= cos (p · x) ; β

1
= cos (q · x) ; γ

1
= cos (r · x)

α
2
= cos (p · y) ; β

2
= cos (q · y) ; γ

2
= cos (r · y) ✭✷✮

α
3
= cos (p · z) ; β

3
= cos (q · z) ; γ

3
= cos (r · z)
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❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

✸✸✳ ❱❡�② ❝❧❡❛� ✐� �❤❡ ✐❞❡❛ ♦❢ ❛ �✐❣✐❞ ❜♦❞②✿ ✐� ✐� ❛��✉♠❡❞ �❤❛�✱ ❜❡❝❛✉�❡ ♦❢ �❤✐� ❛��✉♠♣�✐♦♥✱ �❤❡

♠✉�✉❛❧ ❞✐��❛♥❝❡� ♦❢ ❛❧❧ ♣❤②�✐❝❛❧ ♣♦✐♥�� ♦❢ �❤❡ ❜♦❞② ❛�❡ ✐♥✈❛�✐❛❜❧❡ ❞✉�✐♥❣ ❛♥② ♠♦�✐♦♥ ✇❤❛��♦❡✈❡�✳

❚❤✐� ✐❞❡❛ ❝❛♥ ❜❡ ❛��♦❝✐❛�❡❞✱ ✐♥ ♦✉� ♠✐♥❞✱ �♦ �❤❡ ♦�❤❡� ♦♥❡ ✇❤✐❝❤ ❝♦♥❝❡✐✈❡� ❛ ❣❡♥❡�✐❝ ❞✐���✐❜✉�✐♦♥

♦❢ ♠❛��✱ ❡✐�❤❡� ❤❛✈✐♥❣ ❝♦♥��❛♥� ❞❡♥�✐�② ♦� ❤❛✈✐♥❣ ✈❛�✐❛❜❧❡ ❞❡♥�✐�②✿ ✇❡ ✇✐❧❧ ❛��✉♠❡ �❤✐� �❡❝♦♥❞

❤②♣♦�❤❡�✐� ❢♦� ❣�❡❛�❡� ❣❡♥❡�❛❧✐�②✳

▲❡� ✉� ✐♠❛❣✐♥❡ �❤�❡❡ �❡❝�❛♥❣✉❧❛� ❛①❡� ✐♥✈❛�✐❛❜❧② ❝♦♥♥❡❝�❡❞ ✇✐�❤ �❤❡ ❜♦❞②✱ ✐♥ �✉❝❤ ❛ ✇❛②

�❤❛� �❤❡② ❛❝❝♦♠♣❛♥② ✐� ✐♥ ❛❧❧ ✐�� ❢✉��❤❡� ♠♦✈❡♠❡♥��❀ ♦♥❝❡ ❝❛❧❧❡❞

p (a, b, c) ; q (a, b, c) ; r (a, b, c)

�❤❡ ❝♦♦�❞✐♥❛�❡� ♦❢ ❛ ❣❡♥❡�✐❝ ♠♦❧❡❝✉❧❡ ♦❢ �❤❡ ❜♦❞② �❡❧❛�✐✈❡❧② �♦ �✉❝❤ ❛①❡�✱ �❤❡�❡ p, q, r ✇✐❧❧ ❜❡

✭❡①❛❝�❧② ❛� �❤❡ x, y, z ♦❢ �❤❡ �❡❝�✳ ✸✮ �❤♦�❡ ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� a, b, c ✇❤✐❝❤ ❡①♣�❡�� �❤❡

���✉❝�✉�❡ ♦❢ �❤❡ ❜♦❞② ✐♥ �❤❡ �❡❛❧ ��❛�❡❀ ❛♥❞ �❤❡ ❝♦♦�❞✐♥❛�❡� x, y, z ♦❢ �❤❡ �❛♠❡ ♠♦❧❡❝✉❧❡✱ ❛❢�❡� ❛

�✐♠❡ t �❡❧❛�✐✈❡❧② �♦ �❤❡ �❤�❡❡ ❛①❡� ✜①❡❞ ✐♥ �❤❡ �♣❛❝❡✱ ✇✐❧❧ ❜❡ ❧✐♥❡❛� ❢✉♥❝�✐♦♥� ♦❢ �❤❡ p, q, r ❣✐✈❡♥

❜② �❤❡ ❡ ✉❛�✐♦♥�

x = f + α
1
p+ β

1
q + γ

1
r

y = g + α
2
p+ β

2
q + γ

2
r ✭✶✮

z = h+ α
3
p+ β

3
q + γ

3
r

❜❡✐♥❣ f, g, h; α
1
, β

1
, γ

1
;α

2
, β

2
, γ

2
;α

3
, β

3
, γ

3
�✇❡❧✈❡  ✉❛♥�✐�✐❡� ✇❤✐❝❤ ❛�❡ ❢✉♥❝�✐♦♥� ♦❢ �❤❡ �✐♠❡

✈❛�✐❛❜❧❡ t ♦♥❧② ❛♥❞ ✇❤✐❝❤ ❛�❡ ✐♥❞❡♣❡♥❞❡♥� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� a, b, c❀ ❛♥❞ ♠♦�❡ ♣�❡❝✐�❡❧② �❤❡

❝♦♦�❞✐♥❛�❡� f, g, h ❝♦��❡�♣♦♥❞ ❛� �❤❡ �✐♠❡ t �♦ �❤❡ ♣♦✐♥� ✇❤✐❝❤ ✐� �❤❡ ♦�✐❣✐♥ ♦❢ �❤❡ ❛①❡� ✇❤✐❝❤

❛�❡ ✜①❡❞ ✐♥ �❤❡ ❜♦❞② ❛♥❞ ♠♦✈❡ ✇✐�❤ ✐� ❛♥❞ α
1
, β

1
, γ

1
;α

2
, β

2
, γ

2
;α

3
, β

3
, γ

3
❛�❡ ♥✐♥❡ ❛♥❣✉❧❛�

 ✉❛♥�✐�✐❡� ♦❢ ✇❤✐❝❤ ❤❡�❡ ✐� �❤❡ ♠❡❛♥✐♥❣

α
1
= cos (p · x) ; β

1
= cos (q · x) ; γ

1
= cos (r · x) ✭✷✮

α
2
= cos (p · y) ; β

2
= cos (q · y) ; γ

2
= cos (r · y)

α
3
= cos (p · z) ; β

3
= cos (q · z) ; γ

3
= cos (r · z)
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α
2

1
+ α

2

2
+ α

2

3
= 1; α

1
β

1
+ α

2
β

2
+ α

3
β

3
= 0 ✭✸✮

β
2

1
+ β

2

2
+ β

2

3
= 1; α

1
γ

1
+ α

2
γ

2
+ α

3
γ

3
= 0

γ
2

1
+ γ

2

2
+ γ

2

3
= 1; β

1
γ

1
+ β

2
γ

2
+ β

3
γ

3
= 0

α
2

1
+ β

2

1
+ γ

2

1
= 1; α

1
α

2
+ β

1
β

2
+ γ

1
γ

2
= 0 ✭✹✮

α
2

2
+ β

2

2
+ γ

2

2
= 1; α

1
α

3
+ β

1
β

3
+ γ

1
γ

3
= 0

α
2

3
+ β

2

3
+ γ

2

3
= 1; α

2
α

3
+ β

2
β

3
+ γ

2
γ

3
= 0

α
1
= β

2
γ

3
− β

3
γ

2
; α

2
= β

3
γ

1
− β

1
γ

3
; α

3
= β

1
γ

2
− β

2
γ

1
; ✭✺✮

β
1
= α

3
γ

2
− α

2
γ

3
; β

2
= α

1
γ

3
− α

3
γ

1
; β

3
= α

2
γ

1
− α

1
γ

2
;

γ
1
= α

2
β

3
− α

3
β

2
; γ

2
= α

3
β

1
− α

1
β

3
; γ

3
= α

1
β

2
− α

2
β

1
;
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t1 =

(

dx

da

)2

+

(

dy

da

)2

+

(

dz

da

)2

t2 =

(

dx

db

)2

+

(

dy

db

)2

+

(

dz

db

)2

t3 =

(

dx

dc

)2

+

(

dy

dc

)2

+

(

dz

dc

)2

t4 =
dx

da

dx

db
+

dy

da

dy

db
+

dz

da

dz

db
✭✻✮

t4 =
dx

da

dx

dc
+

dy

da

dy

dc
+

dz

da

dz

dc

t6 =
dx

db

dx

dc
+

dy

db

dy

dc
+

dz

db

dz

dc
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α
2

1
+ α

2

2
+ α

2

3
= 1; α

1
β

1
+ α

2
β

2
+ α

3
β

3
= 0 ✭✸✮

β
2

1
+ β

2

2
+ β

2

3
= 1; α

1
γ

1
+ α

2
γ

2
+ α

3
γ

3
= 0

γ
2

1
+ γ

2

2
+ γ

2

3
= 1; β

1
γ

1
+ β

2
γ

2
+ β

3
γ

3
= 0

α
2

1
+ β

2

1
+ γ

2

1
= 1; α

1
α

2
+ β

1
β

2
+ γ

1
γ

2
= 0 ✭✹✮

α
2

2
+ β

2

2
+ γ

2

2
= 1; α

1
α

3
+ β

1
β

3
+ γ

1
γ

3
= 0

α
2

3
+ β

2

3
+ γ

2

3
= 1; α

2
α

3
+ β

2
β

3
+ γ

2
γ

3
= 0

α
1
= β

2
γ

3
− β

3
γ

2
; α

2
= β

3
γ

1
− β

1
γ

3
; α

3
= β

1
γ

2
− β

2
γ

1
; ✭✺✮

β
1
= α

3
γ

2
− α

2
γ

3
; β

2
= α

1
γ

3
− α

3
γ

1
; β

3
= α

2
γ

1
− α

1
γ

2
;

γ
1
= α

2
β

3
− α

3
β

2
; γ

2
= α

3
β

1
− α

1
β

3
; γ

3
= α

1
β

2
− α

2
β

1
;

✇❤✐❝❤✱ ❤♦✇❡✈❡�✱ ❛�❡ �✉❜��❛♥�✐❛❧❧② ♦♥❧② �✐①✱ �❤❛� ✐� �❤❡ ❡	✉❛�✐♦♥� ✭✸✮✱ ♦� �❤❡ ❡	✉❛�✐♦♥� ✭✹✮✱ ❛�

❛❧❧ �❤❡ ♦�❤❡�� ❝❛♥ ❜❡ ♦❜�❛✐♥❡❞ ❜② ♠❡❛♥� ♦❢ ❝♦♠❜✐♥❛�✐♦♥� ♦❢ �❤❡ ❝❤♦�❡♥ �✐①✳ ❚❤✐� ✐� ✈❡�② ✇❡❧❧✲

❦♥♦✇♥ ❛♥❞ ✐� ✐� ❛❧�♦ ❦♥♦✇♥ �❤❛� �❤❡ ❞❡❞✉❝�✐♦♥ ♦❢ �❤❡ ❡	✉❛�✐♦♥� ✭✹✮✱ ✭✺✮ ❢�♦♠ �❤❡ ❡	✉❛�✐♦♥� ✭✸✮
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t1 =

(

dx

da

)2

+

(

dy

da

)2

+

(

dz

da

)2

t2 =

(

dx

db

)2

+

(

dy

db

)2

+

(

dz

db

)2

t3 =

(

dx

dc

)2

+

(

dy

dc

)2

+

(

dz

dc

)2

t4 =
dx

da

dx

db
+

dy

da

dy

db
+

dz

da

dz

db
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t4 =
dx

da

dx

dc
+

dy

da

dy

dc
+

dz

da

dz

dc

t6 =
dx

db

dx

dc
+

dy

db

dy

dc
+

dz

db

dz

dc



✺✽
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

❧❡ �✉❛❧✐ ❢❛♥♥♦ ✉♥ ❣�❛♥ ❣✐✉♦❝♦✱ ❝♦♠❡ ❛♣♣❛�✐�� ❞❛❧❧✬ ❛��✉❛❧❡ ❈❛♣♦ ❡ ❞❛✐ �✉❝❝❡��✐✈✐✳

❉❛❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✮ ❞❡�✐✈❛�❡ ♣❡� a, b, c ♦��❡♥✐❛♠♦ ❧❡ ♥♦✈❡
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✭✼✮
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da
+ β

3

dq

da
+ γ

3

dr

da
dx

db
= α

1

dp

db
+ β

1

dq

db
+ γ

1

dr

db
dy

db
= α

2

dp

db
+ β

2

dq

db
+ γ

2

dr

db
dz

db
= α

3

dp

db
+ β

3

dq

db
+ γ

3

dr

db
dx

dc
= α

1

dp

dc
+ β

1

dq

dc
+ γ

1

dr

dc
dy

dc
= α

2

dp

dc
+ β

2

dq

dc
+ γ

2

dr

dc
dz

dc
= α

3

dp

dc
+ β

3

dq

dc
+ γ

3

dr

dc
.

▲❛ �♦��✐�✉③✐♦♥❡ ❞✐ �✉❡��✐ ✈❛❧♦�✐ ♥❡✐ �❡❝♦♥❞✐ ♠❡♠❜�✐ ❞❡❧❧❡ ✭✻✮ ♣✉# �❡♠❜�❛�❡ �✉❧❧❡ ♣�✐♠❡ ♦♣❡�❛③✐♦♥❡

❛❧�✉❛♥�♦ ♣�♦❧✐��❛✱ ♠❛ ✈✐❡♥❡ ❢❛❝✐❧✐�❛�❛ ❞❛❧❧❛ �✐♠♠❡��✐❛✱ ❡ �✐ �❝♦�❣❡ �❡♥③❛ ❞✐✣❝♦❧��✱ ❝❤❡ ✐♥ ✈✐��&

❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✸✮ �✐�✉❧�❛♥♦ ❧❡ �❡✐
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✺✽
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

✇❤✐❝❤ �❤❛❧❧ ❜❡ �❡❛❧❧② ✉�❡❢✉❧✱ ❛� ✐� ✇✐❧❧ ❛♣♣❡❛� ✐♥ �❤❡ ♣�❡�❡♥� ❈❛♣♦ ❛♥❞ ✐♥ �❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡�✳

❋�♦♠ �❤❡ ❡�✉❛�✐♦♥� ✭✶✮ ♦♥❝❡ ❞❡�✐✈❡❞ ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡� a, b, c ✇❡ ❣❡� �❤❡ ♥✐♥❡

❡�✉❛�✐♦♥�

dx

da
= α

1

dp

da
+ β

1

dq

da
+ γ

1

dr

da
✭✼✮

dy

da
= α

2

dp

da
+ β

2

dq

da
+ γ

2

dr

da
dz

da
= α

3

dp

da
+ β

3

dq

da
+ γ

3

dr

da
dx

db
= α

1

dp

db
+ β

1

dq

db
+ γ

1

dr

db
dy

db
= α

2

dp

db
+ β

2

dq

db
+ γ

2

dr

db
dz

db
= α

3

dp

db
+ β

3

dq

db
+ γ

3

dr

db
dx

dc
= α

1

dp

dc
+ β

1

dq

dc
+ γ

1

dr

dc
dy

dc
= α

2

dp

dc
+ β

2

dq

dc
+ γ

2

dr

dc
dz

dc
= α

3

dp

dc
+ β

3

dq

dc
+ γ

3

dr

dc
.

❚❤❡ �✉❜��✐�✉�✐♦♥ ♦❢ �❤❡�❡ ✈❛❧✉❡� ✐♥ �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡� ♦❢ �❤❡ ❡�✉❛�✐♦♥� ✭✻✮✱ ✇❤✐❝❤ ♠❛② �❡❡♠

❛� ✜��� �♦ ❜❡ ❛♥ ♦♣❡�❛�✐♦♥ �❛�❤❡� ✐♥✈♦❧✈❡❞✱ ✐� ❤♦✇❡✈❡� ❢❛❝✐❧✐�❛�❡❞ ❜② �❤❡ �✐♠♠❡��② ❛♥❞ ♦♥❡ ❝❛♥

�❡❡ ✇✐�❤♦✉� ❛♥② ❞✐✣❝✉❧�② �❤❛�✱ ❜❡❝❛✉�❡ ♦❢ �❤❡ ❡�✉❛�✐♦♥� ✭✸✮✱ ✇❡ ❣❡� �❤❡ ❬❢♦❧❧♦✇✐♥❣❪ �✐① ❡�✉❛❧✐�✐❡�
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✭✽✮
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▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✺✾

◗✉❡��❡ ❡�✉❛③✐♦♥✐✱ �❡ ❜❡♥ �✐ ❝♦♥�✐❞❡�❛♥♦✱ ♠❡�✐�❛♥♦ ♠♦❧�❛ ❛��❡♥③✐♦♥❡✳ ❊��❡ ❝✬ ✐♥�❡❣♥❛♥♦ ♣�✐♠✲

✐❡�❛♠❡♥�❡ ❝❤❡ ✐ �❡✐ ��✐♥♦♠❥ t1, t2, t3, t4, t5, t6 �♦♥♦ �❡✐ �✉❛♥�✐�� ✐♥❞✐♣❡♥❞❡♥�✐ ❞❛❧ �❡♠♣♦✱ ❝✐♦� �❛❧✐

❝❤❡ ❧❛ ✈❛�✐❛❜✐❧❡ t ❡♥��❛♥❞♦ ♥❡❧❧❡ �✐♥❣♦❧❡ ❧♦�♦ ♣❛��✐✱ ❡�❝❡ ♥♦♥❞✐♠❡♥♦ ❞✐ ♣❡� �❡ ��❡��❛ ❞❛❧ ❝♦♠✲

♣❧❡��♦ ❞✐ �✉��❡✳ ▼❛ ❝✐! ❝❤❡ ♣✐" ✐♠♣♦��❛ �✐ � ❝❤❡ ❡��❡ �♦♥♦ ❧❡ ❝❡�❝❛	❡ ❡
✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡

❡�♣�✐♠❡♥	✐ ❧❛ �✐❣✐❞✐	� ❞❡❧ ❝♦�♣♦✳ ❇❛��❛ ✐♥❢❛��✐ �✐✢❡��❡�❡ ❝❤❡ ✐ �❡❝♦♥❞✐ ❧♦�♦ ♠❡♠❜�✐ ✭♣❡� ❡��❡�❡

p, q, r ❝♦♦�❞✐♥❛�❡ �❡❧❛�✐✈❡ ❛❞ ❛��✐ ✜��✐ ♥❡❧ ❝♦�♣♦✮ �♦♥♦ �✉❛♥�✐�� ✐♥✈❛�✐❛❜✐❧✐ ✐♥ �✉❛❧✉♥�✉❡ ✐♣♦�❡�✐

❞✐ ♠♦✈✐♠❡♥�♦✱ ❡ ❝❤❡ ♣❡�❝✐!✱ ♣�❡♥❞❡♥❞♦ ❧❡ ✈❛�✐❛�❡ ❞✐ �❛❧✐ ❡�✉❛③✐♦♥✐✱ �✐ ♦��❡♥❣♦♥♦ ❧❡ �❡✐

δt1 = 0; δt2 = 0 δt3 = 0 ✭✾✮

δt4 = 0; δt5 = 0 δt6 = 0

❧❡ �✉❛❧✐ �✉��✐��♦♥♦ ♣❡� ♦❣♥✐ ♣✉♥�♦ ✜�✐❝♦ ❞❡❧ ❝♦�♣♦✳ )✉! ♥♦�❛��✐ ❝❤❡ ❧❡ ❡�✉❛③✐♦♥✐ ✭✽✮ ♦✈✈❡�♦

✭✾✮ �♦♥♦ ✈❡�❛♠❡♥�❡ ❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ �✐❣♥✐✜❝❛♥�✐ ❧❛ �✐❣✐❞✐�� ❞❡❧ ❝♦�♣♦✱ ✐♥ �✉❛♥�♦ ♥♦♥

❝♦♥�❡♥❣♦♥♦ ❧❡ ❞♦❞✐❝✐ �✉❛♥�✐�� f, g, h; α
1
, α

2
, α

3
; β

1
, β

2
, β

3
; γ

1
, γ

2
, γ

3
✈✐�✐❜✐❧✐ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✮✳

◗✉❡��❡ ❞♦❞✐❝✐ �✉❛♥�✐�� ✭❝❤❡ ✐♥ ✈✐��" ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✸✮ �✐ �✐❞✉❝♦♥♦ ❛ �❡✐✮ ♣♦��♦♥♦ ❛✈❡�❡ ✈❛❧♦�✐

❛�❜✐��❛�❥✱ ❡��❡♥❞♦ ♥♦✐ ❧✐❜❡�✐ ❞✐ ♣✐❛♥�❛�❡ ❞✐✈❡��❛♠❡♥�❡ ✐♥ ♠✐❧❧❡ ♠♦❞✐ ❣❧✐ ❛��✐ ✜��✐ ♥❡❧ ❝♦�♣♦ ✿ ✐❧

❝❤❡ ❡�✉✐✈❛❧❡ ❛ ❞✐�❡ ❡��❡�✈✐ ✐♥✜♥✐�❡ �❡�♥❡ ❞✐ ❛��✐ ✜��✐ ♥❡❧ ❝♦�♣♦ �✐♠♣❡��♦ ❛✐ �✉❛❧✐ ❧❡ ❝♦♦�❞✐♥❛�❡

p, q, r �♦♥♦ ✐♥✈❛�✐❛❜✐❧✐ ♣❡� ✉♥❛ ��❡��❛ ♠♦❧❡❝♦❧❛✳ ▼❛ �✉❡��♦ ❝♦♥❝❡��♦ ❝❤❡ ❝✐ ❞� ♣�♦♣�✐❛♠❡♥�❡

❧✬✐❞❡❛ ❞❡❧❧❛ �✐❣✐❞✐��✱ � ✉♥ ❝♦♥❝❡��♦ ✐❧ �✉❛❧❡✱ ❝♦♥ �♦��✬♦❝❝❤✐♦ ❧❡ ❡�✉❛③✐♦♥✐ ✭✶✮✱ �✐♠❛♥❡ ♥❡❧❧❛ ♥♦���❛

♠❡♥�❡ �❡♥③❛ ��❛�❢♦♥❞❡��✐ ❛❧❧♦ �❝�✐��♦✱ ❡��❡♥❞♦ �✉❡❧❧❡ ❞♦❞✐❝✐ ❧❡��❡�❡ ♣❡� �❡ ��❡��❡ ♠✉�❡ ❡ ✐♥❝❛♣❛❝✐

❛ �✐❞✐�❝❡❧♦✳ ❙✐ ��❛�❢♦♥❞❡ ❡��♦ ✈❡�❛♠❡♥�❡ ❛❧❧♦ �❝�✐��♦ �✉❛♥❞♦ �✐ ❤❛♥♥♦ ❡�✉❛③✐♦♥✐ ❝♦♠❡ ❧❡ ✭✽✮✱ ✭✾✮

��❛ ❡�♣�❡��✐♦♥✐ ❞✐✛❡�❡♥③✐❛❧✐✱ ❧❡ �✉❛❧✐ ✲ ❞✐❝❡ ▲❛❣�❛♥❣❡ ✭▲❡1♦♥� �✉� ❧❡ ❝❛❧❝✉❧ ❞❡� ❢♦♥❝�✐♦♥�✳ )❛�✐�

✶✽✵✻ ✐♥ ✽◦✳♣❛❣✳ ✶✻✷✲✶✻✸ ✮✲ �♦♥♦ ♣✐" ❣❡♥❡�❛❧✐ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ♣�✐♠✐�✐✈❡ ♦ ✐♥�❡❣�❛❧✐✱ ❡❞ ❡�✉✐✈❛❧❣♦♥♦

❛ �✉��❡ ✐♥�✐❡♠❡ �❛❧✐ ❡�✉❛③✐♦♥✐ ♣�✐♠✐�✐✈❡ ❝❤❡ ♥♦♥ ❞✐✛❡�✐�❡❜❜❡�♦ ❢�❛ ❧♦�♦ �❡ ♥♦♥ ♣❡❧ ✈❛❧♦�❡ ❞❡❧❧❡

❝♦��❛♥�✐ �♣❛�✐�❡ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ❞✐✛❡�❡♥③✐❛❧✐✳

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✺✾

❚❤❡�❡ ❡�✉❛�✐♦♥�✱ ✐❢ ♦♥❡ ❝❛�❡❢✉❧❧② ❝♦♥�✐❞❡�� �❤❡♠✱ ❞❡�❡�✈❡ ❛ ❣�❡❛� ❛��❡♥�✐♦♥✳ ❋✐���❧② �❤❡② �❡❛❝❤

✉� �❤❛� �❤❡ �✐① ��✐♥♦♠✐❛❧� t1, t2, t3, t4, t5, t6 ❛�❡ �✐① �✉❛♥�✐�✐❡� ✇❤✐❝❤ ❛�❡ ✐♥❞❡♣❡♥❞❡♥� ♦❢ �❤❡ �✐♠❡✱

�❤❛� ✐� �❤❡② ❛�❡ �✉❝❤ �❤❛� �❤❡ ✈❛�✐❛❜❧❡ t ✇❤✐❧❡ ✐♥❞❡❡❞ ❛♣♣❡❛�✐♥❣ ✐♥ �❤❡✐� �✐♥❣❧❡ ♣❛���✱ ❛❝�✉❛❧❧②

❞✐�❛♣♣❡❛�� ✇❤❡♥ ❝♦♥�✐❞❡�✐♥❣ ❡❛❝❤ ��✐♥♦♠✐❛❧ ❛� ❛ ✇❤♦❧❡✳ ❍♦✇❡✈❡� ✇❤❛� ✐� ♠♦�❡ ✐♠♣♦��❛♥� ✐�

�❤❛� 	❤❡② ❛�❡ 	❤❡ ❞❡�✐�❡❞ ❡
✉❛	✐♦♥� ♦❢ ❝♦♥❞✐	✐♦♥ ✇❤✐❝❤ ❡①♣�❡�� 	❤❡ �✐❣✐❞✐	② ♦❢ 	❤❡ ❜♦❞②✳ ■♥❞❡❡❞ ✐�

✐� ❡♥♦✉❣❤ �♦ ❝♦♥�✐❞❡� �❤❛� �❤❡✐� �✐❣❤�✲❤❛♥❞ �✐❞❡� ✭❜❡✐♥❣ �❤❡ ✈❛�✐❛❜❧❡� p, q, r �❤❡ ❝♦♦�❞✐♥❛�❡� ❬♦❢

❛ ♣❤②�✐❝❛❧ ♣♦✐♥�❪ �❡❧❛�✐✈❡ �♦ ❛①❡� ✜①❡❞ ✐♥ �❤❡ ❜♦❞②✮ ❛�❡ ✐♥✈❛�✐❛❜❧❡ �✉❛♥�✐�✐❡� ❢♦� ❛♥② ♣♦��✐❜❧❡

♠♦✈❡♠❡♥�✱ ❛♥❞ �❤❛�✱ �❤❡�❡❢♦�❡✱ ❝♦♥�✐❞❡�✐♥❣ �❤❡ ✜��� ✈❛�✐❛�✐♦♥� ♦❢ �❤❡�❡ ❡�✉❛�✐♦♥�✱ ✇❡ ❣❡� �❤❡

❢♦❧❧♦✇✐♥❣ ♦�❤❡� �✐① ♦♥❡�

δt1 = 0; δt2 = 0 δt3 = 0 ✭✾✮

δt4 = 0; δt5 = 0 δt6 = 0

✇❤✐❝❤ ❤♦❧❞ ❢♦� ❡✈❡�② ♣❤②�✐❝❛❧ ♣♦✐♥� ♦❢ �❤❡ ❜♦❞②✳ ❖♥❡ ❝❛♥ �❡♠❛�❦ �❤❛� �❤❡ ❡�✉❛�✐♦♥� ✭✽✮ ♦� �❤❡

❡�✉❛�✐♦♥� ✭✾✮ ❛�❡ �❡❛❧❧② �❤❡ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ♠❡❛♥✐♥❣ �❤❡ �✐❣✐❞✐�② ♦❢ �❤❡ ❜♦❞②✱ ❛� �❤❡②

❞♦ ♥♦� ❝♦♥�❛✐♥ �❤❡ �✇❡❧✇❡ �✉❛♥�✐�✐❡� f, g, h; α
1
, α

2
, α

3
; β

1
, β

2
, β

3
; γ

1
, γ

2
, γ

3
✇❤✐❝❤ ❛♣♣❡❛� ✐♥ �❤❡

❡�✉❛�✐♦♥� ✭✶✮✳ ❚❤❡�❡ �✇❡❧✇❡ �✉❛♥�✐�✐❡� ✭✇❤✐❝❤ ❜❡❝❛✉�❡ ♦❢ �❤❡ ❡�✉❛�✐♦♥� ✭✸✮ ❝❛♥ ❜❡ �❡❞✉❝❡❞ �♦

�✐①✮ ❝❛♥ ❤❛✈❡ ❛�❜✐��❛�② ✈❛❧✉❡�✱ ❛� ✇❡ ❛�❡ ❢�❡❡ �♦ ❝❤♦♦�❡ ✐♥ ♠❛♥② ❞✐✛❡�❡♥� ✇❛②� �❤❡ ❛①❡� ✜①❡❞

✐♥ �❤❡ ❜♦❞②✿ ✇❤✐❝❤ ✐� ❡�✉✐✈❛❧❡♥� �♦ �❛② �❤❛� �❤❡�❡ ❛�❡ ✐♥✜♥✐�❡ ��✐♣❧❡� ♦❢ ❛①❡� ✜①❡❞ ✐♥ �❤❡ ❜♦❞②

✇✐�❤ �❡�♣❡❝� �♦ ✇❤✐❝❤ �❤❡ ❝♦♦�❞✐♥❛�❡� p, q, r ❛�❡ ✐♥✈❛�✐❛❜❧❡ ❢♦� �❤❡ �❛♠❡ ♠♦❧❡❝✉❧❡�✳ ❇✉� �❤✐�

❝♦♥❝❡♣� ✇❤✐❝❤ ❣✐✈❡� ✉� ❡①❛❝�❧② �❤❡ ✐❞❡❛ ♦❢ �✐❣✐❞✐�② ✐� ❡①❛❝�❧② ❛ ❝♦♥❝❡♣� ✇❤✐❝❤✱ ✇❤❡♥ ❧♦♦❦✐♥❣ ❛�

�❤❡ ❡�✉❛�✐♦♥� ✭✶✮✱ �❡♠❛✐♥� ✐♥ ♦✉� ♠✐♥❞ ✇✐�❤♦✉� ��❛♥�❢✉�✐♥❣ ✐♥�♦ �❤❡ ✇�✐��❡♥ ❢♦�♠✉❧❛�✱ ❜❡✐♥❣

�❤♦�❡ �✇❡❧✇❡ ❧❡��❡�� ❜② �❤❡♠�❡❧✈❡� ♠✉�❡✱ ❛♥❞ ❛❝�✉❛❧❧② ✉♥❛❜❧❡ �♦ �❡♣❡❛� ✐� ❢♦� ✉�✳ ❬❚❤✐� ❝♦♥❝❡♣�❪

✐� ��❛♥�❢✉�❡❞ �❡❛❧❧② ✐♥ ❛ ✇�✐��❡♥ ❢♦�♠ ✇❤❡♥ ♦♥❡ ❤❛� ❡�✉❛�✐♦♥� �✐♠✐❧❛� �♦ �❤❡ ❡�✉❛�✐♦♥� ✭✽✮✱ ✭✾✮

❛♠♦♥❣ ❞✐✛❡�❡♥�✐❛❧ ❡①♣�❡��✐♦♥�✱ ✇❤✐❝❤ ✲❛� ��❛�❡❞ ❜② ▲❛❣�❛♥❣❡ ✭▲❡1♦♥� �✉� ❧❡ ❝❛❧❝✉❧ ❞❡� ❢♦♥❝�✐♦♥�✳

)❛�✐� ✶✽✵✻ ✐♥ ✽◦✳♣❛❣✳ ✶✻✷✲✶✻✸✮✲ ❛�❡ ♠♦�❡ ❣❡♥❡�❛❧ �❤❛♥ �❤❡ ♣�✐♠✐�✐✈❡ ♦� ✐♥�❡❣�❛❧ ❡�✉❛�✐♦♥� ❛♥❞

❛�❡ ❡�✉✐✈❛❧❡♥� �♦ ❛❧❧ �♦❣❡�❤❡� �❤♦�❡ ♣�✐♠✐�✐✈❡ ❡�✉❛�✐♦♥� ✇❤✐❝❤ ❞♦ ♥♦� ❞✐✛❡� ♦♥❡ ❢�♦♠ ❛♥♦�❤❡�

❡①❝❡♣� ❢♦� �❤❡ ✈❛❧✉❡ ♦❢ �❤❡ ❝♦♥��❛♥�� ✇❤✐❝❤ ❞✐�❛♣♣❡❛� ✐♥ �❤❡ ❞✐✛❡�❡♥�✐❛❧ ❡�✉❛�✐♦♥�✳



✻✵
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

✸✺✳ ▲❡ ❡	✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ✭✾✮ �♦♥♦ ❞❡❧❧❛ ��❡��❛ ♥❛�✉�❛ ❞✐ 	✉❡❧❧❡ ✭�✐✈❡❞✐ ❧✬ ❡	✉❛③✐♦♥❡ ✭✶✾✮

❞❡❧ ❈❛♣♦ ♣�❡❝❡❞❡♥�❡ ♥✉♠❡�✐ ✷✼✳ ✷✽✮ ♣❡� ❧❡ 	✉❛❧✐ ❝❡�❝❛♠♠♦ ❞✐ ��❛❜✐❧✐�❡ ✉♥ ♣�✐♥❝✐♣✐♦ ❣❡♥❡�❛❧❡

❝✐�❝❛ ❛❧ ♠♦❞♦ ❞✬ ✐♥��♦❞✉�♥❡ ❧❛ �✐❣♥✐✜❝❛③✐♦♥❡ ♥❡❧❧✬ ❡	✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ❞❡❧❧❛ ♠❡❝❝❛♥✐❝❛ ♣❡� ♠❡③③♦

❞✐ �♦♠♠❛�♦�✐❡ ❝❤❡ ♥❡❧ ❝❛�♦ ❛��✉❛❧❡ �✐ ��❛❞✉❝♦♥♦ ✐♥ ✐♥�❡❣�❛❧✐ ��✐♣❧✐❝❛�✐✳ ❘✐❧❡��✐ ✐ ❝✐�❛�✐ ♥✉♠❡�✐✱ ❡

�✐❛��✉♥�♦ ❧✬ ❡�♣♦��♦ ♥❡❧ ➓✳ ✸✳ ❞❡❧ ❈❛♣♦ ♣�❡❝❡❞❡♥�❡✱ ♥♦♥ �✐ ❛✈�( ❛❧❝✉♥❛ ❞✐✣❝♦❧�( ❛❞ ❛♠♠❡��❡�❡✱

❝❤❡ ❝❤✐❛♠❛♥❞♦ A,B,C,D,E, F �❡✐ ❝♦❡✣❝✐❡♥�✐ ✐♥❞❡�❡�♠✐♥❛�✐ ❢✉♥③✐♦♥✐ ❞❡❧❧❡ a, b, c ♦ ❞❡❧❧❡ x, y, z

✭ �✐✈❡❞✐ ❧❡ ❡	✉❛③✐♦♥✐ ✭✼✮ ❡ ✭✽✮ ❞❡❧ ♥✉♠✳ ◦✾✳ ✮✱ ❧✬ ❡	✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✮ ♥❡❧ ❝❛�♦ ❞❡❧ ♠♦�♦ ❞❡✬

❝♦�♣✐ �✐❣✐❞✐ �✐ ��❛�❢♦�♠❡�( ♥❡❧❧❛ �❡❣✉❡♥�❡

∫

da

∫

db

∫

dc ·

{(

X −
d2x

dt2

)

δx+

(

Y −
d2y

dt2

)

δy +

(

Z −
d2z

dt2

)

δz

}

✭✶✵✮

+

∫

da

∫

db

∫

dc · [Aδt1 +Bδt2 + Cδt3 +Dδt4 + Eδt5 + Fδt6] + Ω = 0

❞♦✈❡ ❤♦ ✐♥�❡�♦ ❞✐ ❝♦♠♣�❡♥❞❡�❡ ♥❡❧❧❛ ❧❡��❡�❛ Ω 	✉❡✐ �❡�♠✐♥✐ ❝❤❡ ✈❡♥✐��❡�♦ ✐♥��♦❞♦��✐ ♥❡❧❧✬

❡	✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ❞❛ ❢♦�③❡ ❛♣♣❧✐❝❛�❡ �♦❧❛♠❡♥�❡ ❛ �✉♣❡�✜❝✐❡ ❡��❡�♥❡✱ ♦ ❛ ❧✐♥❡❡✱ ♦ ❛ ♣✉♥�✐ ❞❡�❡�✲

♠✐♥❛�✐ ❞❡❧ �✐��❡♠❛ ✿ �❡�♠✐♥✐ ♣❡�- ✐ 	✉❛❧✐ ♥♦♥ ♣♦��❡❜❜❡�♦ ❛✈❡�❡ ❛❧❝✉♥❛ ❧♦�♦ ♣❛��❡ ❛✛❡��❛ ❞❛ ✉♥

�❡❣♥♦ ❞✬ ✐♥�❡❣�❛❧❡ ��✐♣❧✐❝❛�♦✱ ❝♦♠❡ ❧❛ ♣❛��❡ �❝�✐��❛✳

✸✻✳ /�❡♥❞❛�✐ ♣❡� t1, t2, t3, t4, t5, t6 ✐ ✈❛❧♦�✐ ❞❛�✐ ❞❛✐ �❡❝♦♥❞✐ ♠❡♠❜�✐ ❞❡❧❧❡ ❡	✉❛③✐♦♥✐ ✭✻✮✱ ❡

✐❧ ♣♦❧✐♥♦♠✐♦ �♦��♦♣♦��♦ ❛❧ �❡❝♦♥❞♦ �❡❣♥♦ ✐♥�❡❣�❛❧❡ ❞❡❧❧❛ ♣�❡❝❡❞❡♥�❡ ❡	✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✵✮ �✐

��♦✈❡�( ❡	✉✐✈❛❧❡♥�❡ ❛❧❧❛ 	✉❛♥�✐�( ❝❤❡ �❡❣✉❡

✻✵
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

✸✺✳ ❚❤❡ ❡	✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ✭✾✮ ❤❛✈❡ �❤❡ �❛♠❡ ♥❛�✉�❡ ❛� �❤♦�❡ ✭�❡❡ �❤❡ ❡	✉❛�✐♦♥ ✭✶✾✮ ♦❢

�❤❡ ♣�❡❝❡❞❡♥� ❈❛♣♦ �❡❝�✐♦♥� ✷✼✳ ✷✽✮ ❢♦� ✇❤✐❝❤ ✇❡ ��✐❡❞ �♦ ❡��❛❜❧✐�❤ ❛ ❣❡♥❡�❛❧ ♣�✐♥❝✐♣❧❡ ❛❜♦✉�

�❤❡ ✇❛② ♦❢ ✐♥��♦❞✉❝✐♥❣ �❤❡♠ ❜② ♠❡❛♥� ♦❢ �✉✐�❛❜❧❡ �②♠❜♦❧✐❝ �✉♠♠❛�✐♦♥ ♥♦�❛�✐♦♥ ✐♥ �❤❡ ❣❡♥❡�❛❧

❡	✉❛�✐♦♥ ♦❢ ♠❡❝❤❛♥✐❝� ✇❤✐❝❤ ✐♥ �❤❡ ♣�❡�❡♥� ❝❛�❡ ❝❛♥ ❜❡ ��❛♥�❢♦�♠❡❞ ✐♥�♦ ��✐♣❧❡ ✐♥�❡❣�❛❧�✳ ❖♥❝❡

♦♥❡ ✇✐❧❧ ❤❛✈❡ �❡❛❞ ❛❣❛✐♥ �❤❡ ❝✐�❡❞ �❡❝�✐♦♥� ❛♥❞ �❡❝❛♣✐�✉❧❛�❡ ✇❤❛� ♣�❡�❡♥�❡❞ ✐♥ �❤❡ ➓✳ ✸✳ ♦❢

�❤❡ ♣�❡❝❡❞❡♥� ❈❛♣♦✱ ✇❡ ✇✐❧❧ ❛❞♠✐�✱ ✇✐�❤♦✉� ❛♥② ❞✐✣❝✉❧�②✱ �❤❛� ❝❛❧❧✐♥❣ A,B,C,D,E, F �✐①

✉♥❞❡�❡�♠✐♥❡❞ ❝♦❡✣❝✐❡♥�� ❬✇❤✐❝❤ ❝❛♥ ❜❡ �❡❣❛�❞❡❞ ❛�❪ ❢✉♥❝�✐♦♥� ❡✐�❤❡� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� a, b, c ♦�

♦❢ �❤❡ ✈❛�✐❛❜❧❡� x, y, z ✭�❡❡ �❤❡ ❡	✉❛�✐♦♥� ✭✼✮ ❛♥❞ ✭✽✮ ♦❢ �❤❡ �❡❝�✳ ✾✮✱ �❤❡ ✭✶✮ ✐♥ �❤❡ ❝❛�❡ ♦❢ �❤❡

♠♦�✐♦♥ ♦❢ �✐❣✐❞ ❜♦❞✐❡� ✇✐❧❧ ❜❡ ��❛♥�❢♦�♠❡❞ ✐♥ �❤❡ ❢♦❧❧♦✇✐♥❣

∫

da

∫

db

∫

dc ·

{(

X −
d2x

dt2

)

δx+

(

Y −
d2y

dt2

)

δy +

(

Z −
d2z

dt2

)

δz

}

✭✶✵✮

+

∫

da

∫

db

∫

dc · [Aδt1 +Bδt2 + Cδt3 +Dδt4 + Eδt5 + Fδt6] + Ω = 0

✇❤❡�❡ ■ ✐♥�❡♥❞❡❞ �♦ ✐♥❝❧✉❞❡ ✐♥ �❤❡ ❧❡��❡� Ω �❤♦�❡ �❡�♠� ✇❤✐❝❤ ♠❛② ❜❡ ✐♥��♦❞✉❝❡❞ ✐♥ �❤❡ ❣❡♥❡�❛❧

❡	✉❛�✐♦♥ ❜❡❝❛✉�❡ ♦❢ ❢♦�❝❡� ❛♣♣❧✐❡❞ ❡①❝❧✉�✐✈❡❧② �♦ ❡①�❡�♥❛❧ �✉�❢❛❝❡� ♦� �♦ ❧✐♥❡� ♦� �♦ ♣♦✐♥�� ✇❡❧❧✲

❞❡�❡�♠✐♥❡❞ ✐♥ �❤❡ �②��❡♠✱ �❡�♠�✱ ❤♦✇❡✈❡�✱ ✇❤✐❝❤ ❝❛♥♥♦� ✐♥❝❧✉❞❡ ✐♥ ❛♥② ♦❢ �❤❡✐� ♣❛��� ❛♥② �✐❣♥

♦❢ ��✐♣❧❡ ✐♥�❡❣�❛❧ ❛♥❛❧♦❣♦✉� �♦ �❤❡ ✇�✐��❡♥ ♦♥❡�✳

✸✻✳ ▲❡� ✉� �❛❦❡ ❢♦� t1, t2, t3, t4, t5, t6 �❤❡ ✈❛❧✉❡� ❣✐✈❡♥ ❜② �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡� ♦❢ �❤❡ ❡	✉❛�✐♦♥�

✭✻✮✿ ❛� ❛ ❝♦♥�❡	✉❡♥❝❡ �❤❡ ♣♦❧②♥♦♠✐❛❧ ❛♣♣❡❛�✐♥❣ ✐♥ �❤❡ �❡❝♦♥❞ ✐♥�❡❣�❛❧ �✐❣♥ ✐♥ �❤❡ ♣�❡❝❡❞❡♥�

❣❡♥❡�❛❧ ❡	✉❛�✐♦♥ ✭✶✵✮ ✇✐❧❧ ❜❡ ❢♦✉♥❞ �♦ ❜❡ ❡	✉❛❧ �♦ �❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣�❡��✐♦♥



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✻✶

2A

(

dx

da

dδx

da
+

dy

da

dδy

da
+

dz

da

dδz

da

)

+ 2B

(

dx

db

dδx

db
+

dy

db

dδy

db
+

dz

db

dδz

db

)

+ 2C

(

dx

dc

dδx

dc
+

dy

dc

dδy

dc
+

dz

dc

dδz

dc

)

+D

(

dx

da

dδx

db
+

dy

da

dδy

db
+

dz

da

dδz

db
+

dx

db

dδx

da
+

dy

db

dδy

da
+

dz

db

dδz

da

)

✭✶✶✮

+ E

(

dx

da

dδx

dc
+

dy

da

dδy

dc
+

dz

da

dδz

dc
+

dx

dc

dδx

da
+

dy

dc

dδy

da
+

dz

dc

dδz

da

)

+ F

(

dx

db

dδx

dc
+

dy

db

dδy

dc
+

dz

db

dδz

dc
+

dx

dc

dδx

db
+

dy

dc

dδy

db
+

dz

dc

dδz

db

)

.

■ ✈❡♥	✐�❡		❡ 	❡�♠✐♥✐ ❞❡✐ �✉❛❧✐ �✉❡�	❛ �✉❛♥	✐	� � ❝♦♠♣♦�	❛✱ ♣♦��♦♥♦ 	✉		✐ �✉❜✐�❡ ✉♥❛ 	�❛�❢♦�✲

♠❛③✐♦♥❡ ❛♥❛❧♦❣❛ ❛ �✉❡❧❧❡ ✉�❛	❡ ♥❡❧ ❝❛❧❝♦❧♦ ❞❡❧❧❡ ✈❛�✐❛③✐♦♥✐ ❡ ❞✐�❡		❛ ❛ �✐❞✉��❡ ❧❛ �✉❛♥	✐	� ✭✶✶✮

�✐❝❝♦♠❡ �✐�✉❧	❛♥	❡ ❞✐ ❞✉❡ ♣❛�	✐✱ ❧❛ ♣�✐♠❛ ❞❡❧❧❡ �✉❛❧✐ ❝♦♥	❡♥❣❛ ❧❡ δx, δy, δz ♥♦♥ ❛✛❡		❡ ❞❛ ❛❧❝✉♥❛

♦♣❡�❛③✐♦♥❡ ❞✐ ❞❡�✐✈❛③✐♦♥❡✱ ❡ ❧❛ �❡❝♦♥❞❛ ❝♦♥�	✐ ❞✐ ❞❡�✐✈❛	❡ ❡�❛		❡ ♦ ♣❡� a ♦ ♣❡� b ♦ ♣❡� c ✳ ▲❡

	�❛�❢♦�♠❛③✐♦♥✐ ♣♦��♦♥♦ ❡�❡❣✉✐��✐ 	✉		❡ �✉✐ ❞✉❡ ♠♦❞❡❧❧✐

2A
dx

da

dδx

da
= −

d ·
(

2Adx
da

)

da
· δx+

d ·
(

2Adx
da
δx
)

da
✭✶✷✮

D
dx

da

dδx

db
= −

d ·
(

D dx
da

)

db
· δx+

d ·
(

D dx
da
δx
)

db

❞♦♣♦ ❞✐ ❝❤❡ ❧❛ �✉❛♥	✐	� ✭✶✶✮ ♣�❡♥❞❡ ❧❛ ❢♦�♠❛

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✻✶

2A

(

dx

da

dδx

da
+

dy

da

dδy

da
+

dz

da

dδz

da

)

+ 2B

(

dx

db

dδx

db
+

dy

db

dδy

db
+

dz

db

dδz

db

)

+ 2C

(

dx

dc

dδx

dc
+

dy

dc

dδy

dc
+

dz

dc

dδz

dc

)

+D

(

dx

da

dδx

db
+

dy

da

dδy

db
+

dz

da

dδz

db
+

dx

db

dδx

da
+

dy

db

dδy

da
+

dz

db

dδz

da

)

✭✶✶✮

+ E

(

dx

da

dδx

dc
+

dy

da

dδy

dc
+

dz

da

dδz

dc
+

dx

dc

dδx

da
+

dy

dc

dδy

da
+

dz

dc

dδz

da

)

+ F

(

dx

db

dδx

dc
+

dy

db

dδy

dc
+

dz

db

dδz

dc
+

dx

dc

dδx

db
+

dy

dc

dδy

db
+

dz

dc

dδz

db

)

.

❆❧❧ 	❤❡ 	✇❡♥	②✲�❡✈❡♥ 	❡�♠� ♦❢ ✇❤✐❝❤ 	❤✐� ❡①♣�❡��✐♦♥ ✐� ❝♦♠♣♦�❡❞ ❝❛♥ ✉♥❞❡�❣♦ ❛ 	�❛♥�❢♦�♠❛	✐♦♥

✇❤✐❝❤ ✐� ❛♥❛❧♦❣✉� 	♦ 	❤♦�❡ ✉�❡❞ ✐♥ 	❤❡ ❝❛❧❝✉❧✉� ♦❢ ✈❛�✐❛	✐♦♥� ❛♥❞ ❛✐♠❡❞ 	♦ �❡❞✉❝❡ 	❤❡ �✉❛♥✲

	✐	② ✭✶✶✮ ❛� ❝♦♥�	✐	✉	❡❞ ❜② 	✇♦ ♣❛�	�✱ 	❤❡ ✜��	 ♦❢ ✇❤✐❝❤ ❝♦♥	❛✐♥� 	❤❡ ✈❛�✐❛	✐♦♥� δx, δy, δz ♦♥

✇❤✐❝❤ ✐� ♥♦	 ♣❡�❢♦�♠❡❞ ❛♥② ♦♣❡�❛	✐♦♥ ♦❢ ❞✐✛❡�❡♥	✐❛	✐♦♥✱ ✇❤✐❧❡ 	❤❡ �❡❝♦♥❞ ♦♥❡ ❝♦♠♣�✐�❡� 	❤❡

❡①❛❝	 ❞❡�✐✈❛	✐✈❡ ✇✐	❤ �❡�♣❡❝	 	♦ a ♦� b ♦� c✳ ❚❤❡�❡ 	�❛♥�❢♦�♠❛	✐♦♥� ❝❛♥ ❛❧❧ ❜❡ ❛❝❝♦♠♣❧✐�❤❡❞ ✐♥

❛❝❝♦�❞❛♥❝❡ ✇✐	❤ 	❤❡ ❢♦❧❧♦✇✐♥❣ 	✇♦ �❝❤❡♠❡�

2A
dx

da

dδx

da
= −

d ·
(

2Adx
da

)

da
· δx+

d ·
(

2Adx
da
δx
)

da
✭✶✷✮

D
dx

da

dδx

db
= −

d ·
(

D dx
da

)

db
· δx+

d ·
(

D dx
da
δx
)

db

�♦ 	❤❛	 	❤❡ �✉❛♥	✐	② ✭✶✶✮ 	❛❦❡� 	❤❡ ❢♦�♠



✻✷
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

(

dL1

da
+

dM1

db
+

dN1

dc

)

δx

+

(

dL2

da
+

dM2

db
+

dN2

dc

)

δy ✭✶✸✮

+

(

dL3

da
+

dM3

db
+

dN3

dc

)

δz + T

❡

❡♥❞♦

L1 = −2A
dx

da
−D

dx

db
− E

dx

dc

M1 = −D
dx

da
− 2B

dx

db
− F

dx

dc

N1 = −E
dx

da
− F

dx

db
− 2C

dx

dc

L2 = −2A
dy

da
−D

dy

db
− E

dy

dc

M2 = −D
dy

da
− 2B

dy

db
− F

dy

dc
✭✶✹✮

N2 = −E
dy

da
− F

dy

db
− 2C

dy

dc

L3 = −2A
dz

da
−D

dz

db
− E

dz

dc

M3 = −D
dz

da
− 2B

dz

db
− F

dz

dc

N3 = −E
dz

da
− F

dz

db
− 2C

dz

dc

T = −
d · (L1δx+ L2δy + L3δz)

da

−
d · (M1δx+M2δy +M3δz)

db
✭✶✺✮

−
d · (N1δx+N2δy +N3δz)

dc
.

✻✷
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

(

dL1

da
+

dM1

db
+

dN1

dc

)

δx

+

(

dL2

da
+

dM2

db
+

dN2

dc

)

δy ✭✶✸✮

+

(

dL3

da
+

dM3

db
+

dN3

dc

)

δz + T

❜❡✐♥❣

L1 = −2A
dx

da
−D

dx

db
− E

dx

dc

M1 = −D
dx

da
− 2B

dx

db
− F

dx

dc

N1 = −E
dx

da
− F

dx

db
− 2C

dx

dc

L2 = −2A
dy

da
−D

dy

db
− E

dy

dc

M2 = −D
dy

da
− 2B

dy

db
− F

dy

dc
✭✶✹✮

N2 = −E
dy

da
− F

dy

db
− 2C

dy

dc

L3 = −2A
dz

da
−D

dz

db
− E

dz

dc

M3 = −D
dz

da
− 2B

dz

db
− F

dz

dc

N3 = −E
dz

da
− F

dz

db
− 2C

dz

dc

T = −
d · (L1δx+ L2δy + L3δz)

da

−
d · (M1δx+M2δy +M3δz)

db
✭✶✺✮

−
d · (N1δx+N2δy +N3δz)

dc
.
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❙♦��✐�✉✐�❛ ❧❛ �✉❛♥�✐�
 ✭✶✸✮ �♦��♦ ✐❧ �❡❝♦♥❞♦ �❡❣♥♦ ✐♥�❡❣�❛❧❡ ❞❡❧❧❛ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✵✮ ✱ ❡

❝♦♠♣❡♥❡��❛�✐ ✐ ❞✉❡ ✐♥�❡❣�❛❧✐ ��✐♣❧✐❝❛�✐ ✐♥ ✉♥♦ �♦❧♦✱ � ♠❛♥✐❢❡��♦ ❝❤❡ �✉❧❧❡ ��❡ ♣❛��✐ ❞✐ ❝✉✐ �

❢♦�♠❛�❛ ❧❛ �✉❛♥�✐�
 T ✭ ❡�✉❛③✐♦♥❡ ✭✶✺✮ ✮ ♣✉� ❡�❡❣✉✐��✐ ❛❧❝✉♥❛ ❞❡❧❧❡ ✐♥�❡❣�❛③✐♦♥✐ ♣❡� a✱ ♦ ♣❡�

b✱ ♦ ♣❡� c✱ ❡ ❝❤❡ �✉✐♥❞✐ �✉❡��❡ ♣❛��✐ ✈❛♥♥♦ ❛ ♠❡��❡��✐ �♦��♦ ✐♥�❡❣�❛❧✐ ❞✉♣❧✐❝❛�✐✳ ❊��❡ ❛❧❧♦�❛

✈❡♥❣♦♥♦ ❛❞ ✉♥✐��✐ ❝♦❧❧❡ �✐♠✐❧✐ ❝♦♠♣�❡�❡ ✭ �❡ ♣✉� ✈✐ �♦♥♦ ✮ ♥❡❧❧❛ �✉❛♥�✐�
 Ω ❞❡❧❧❛ ❡�✉❛③✐♦♥❡ ✭✶✵✮

�♦��♦♣♦��❡ ❛ �❡❣♥✐ ❞✬ ✐♥�❡❣�❛❧✐ ❞✉♣❧✐❝❛�✐ ❡ ♣�♦✈❡♥✐❡♥�✐ ❞❛ ❢♦�③❡ ❛♣♣❧✐❝❛�❡ ❛ �♦❧✐ ♣✉♥�✐ ❞✐ ✉♥❛

�✉♣❡�✜❝✐❡✳ ◗✉❛♥�♦ ❛❧❧❛ �✉❛♥�✐�
 ❝❤❡ �✐♠❛♥❡ �♦��♦ ❧✬ ✐♥�❡❣�❛❧❡ ��✐♣❧✐❝❛�♦✱ ✈✐ �✐ ❞❡❜❜♦♥♦✱ �❡❝♦♥❞♦

❝✬ ✐♥�❡❣♥❛ ✐❧ ❝❛❧❝♦❧♦ ❞❡❧❧❡ ✈❛�✐❛③✐♦♥✐✱ ❛♥♥✉❧❧❛�❡ ✐ ��❡ ❝♦❡✣❝✐❡♥�✐ �♦�❛❧✐ ❞❡❧❧❡ ✈❛�✐❛③✐♦♥✐ δx, δy, δz❀

❝♦�) �✐ ❤❛♥♥♦ ❧❡ ��❡ ❡�✉❛③✐♦♥✐ ♣❡❧ ♠♦�♦ ❞❡❧ ♣✉♥�♦ ❣❡♥❡�✐❝♦ ❝❤❡ �♦♥♦

X −
d2x

dt
2
+

dL1

da
+

dM1

db
+

dN1

dc
= 0

Y −
d2y

dt
2
+

dL2

da
+

dM2

db
+

dN2

dc
= 0 ✭✶✻✮

Z −
d2z

dt
2
+

dL3

da
+

dM3

db
+

dN3

dc
= 0.

✸✼✳ ❖�❛ �✐ ✈♦��❡❜❜❡�♦ ��❛♠✉�❛�❡ �✉❡��❡ ❡�✉❛③✐♦♥✐ ✭✶✻✮ ✐♥ ❛❧��❡ ❝❤❡ ♥♦♥ ❝♦♥�❡♥❡��❡�♦ ��❛❝❝✐❛

❞❡❧❧❡ a, b, c ✱ ❡ ♥♦♥ ❝♦♥��❛��❡�♦ ❝❤❡ ❞✐ �✉❛♥�✐�
 �♣❡��❛♥�✐ ❛❧❧♦ ��❛�♦ �❡❛❧❡ ❞❡❧ ❝♦�♣♦✳ ❆ �✉❡��♦

♦❣❣❡��♦ ♠✐ � ♥❡❝❡��❛�✐❛ ✉♥❛ ❜�❡✈❡ ❞✐❣�❡��✐♦♥❡ ♣❡� ❞✐♠♦���❛�❡ ✉♥ ♣�✐♥❝✐♣✐♦ ❛♥❛❧✐�✐❝♦ ❣✐
 ♠❡��♦ ❛

♣❛❣✳ ✷✵✺ ❞❡❧ ❚♦♠♦ ❳❳■ ❞✐ �✉❡��✐ ❆��✐✳ ❖�❛ ♥❡ ❞❛�� ✉♥❛ ❞✐♠♦���❛③✐♦♥❡ ✉♥ ♣♦❝♦ ❞✐✈❡��❛✱ �❛♥�♦

♣✐1 ✈♦❧❡♥�✐❡�✐ ✐♥ �✉❛♥�♦ � ❧❡❣❛�❛ ❝♦❧❧✬ ❛❧��❛ ❞✐ ��❡ ❡�✉❛③✐♦♥✐ ✐❞❡♥�✐❝❤❡ ❝❤❡ �❛��♦♠✐❣❧✐❛♥♦ ❛ �✉❡❧❧❛

❞❡❧❧❛ ❝♦♥�✐♥✉✐�
✱ ❡ ♣♦��♦♥♦ ✈❡♥✐� ✉�✐❧✐ ❛♥❝❤❡ ❛❧��✐♠❡♥�✐✳ ❊❝❝♦ ✐♥ ❝❤❡ ❝♦♥�✐��❡✳

❙❡ �✐ ❤❛ ✉♥ ��✐♥♦♠✐♦ ❝♦♠❡

dL

da
+

dM

db
+

dN

dc

❞♦✈❡ L,M,N �♦♥♦ ❢✉♥③✐♦♥✐ �✉❛❧✉♥�✉❡ ❞❡❧❧❡ a, b, c❀ ❡��♦ ♣✉� ��❛❞✉��✐ ✐♥ ✉♥ ❛❧��♦ ��✐♥♦♠✐♦ ♥❡❧

�✉❛❧❡ ❧❡ ❞❡�✐✈❛�❡ �✐❛♥♦ ♣�❡�❡ ♣❡� ❧❡ x, y, z✿ �✐ ❤❛ ❝✐♦�

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✻✸

❖♥❝❡ �❤❡ �✉❛♥�✐�② ✭✶✸✮ ✐� �❡♣❧❛❝❡❞ ✐♥ �❤❡ �❡❝♦♥❞ ✐♥�❡❣�❛❧ �✐❣♥ ♦❢ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✭✶✵✮✱ ❛♥❞

�❤❡ �✇♦ ��✐♣❧❡ ✐♥�❡❣�❛❧� �✉♠♠❡❞ ✉♣ ✐♥�♦ ❛ �✐♥❣❧❡ ♦♥❡✱ ✐� ✐� ♠❛♥✐❢❡�� �❤❛� ❢♦� ❡❛❝❤ ♦❢ �❤❡ �❤�❡❡

♣❛��� ✇❤✐❝❤ ❝♦♥��✐�✉�❡ �❤❡ �✉❛♥�✐�② T ✭❡�✉❛�✐♦♥ ✭✶✺✮✮ ✐� ✐� ♣♦��✐❜❧❡ �♦ ♣❡�❢♦�♠ ❛♥ ✐♥�❡❣�❛�✐♦♥

✇✐�❤ �❡�♣❡❝� �♦ ♦♥❡ ♦❢ �❤❡ ✈❛�✐❛❜❧❡� a, ♦� b ♦� c ❛♥❞ �❤❡�❡❢♦�❡ ❬✐� ✐� ♣♦��✐❜❧❡ �♦ ❝♦♥❝❧✉❞❡ �❤❛�❪

�❤❡�❡ ♣❛��� ❝❛♥ ❜❡ ��❛♥�❢♦�♠❡❞ ✐♥�♦ ❞♦✉❜❧❡ ✐♥�❡❣�❛❧�✳ ❚❤❡♥ �❤❡�❡ ♣❛��� ♣�♦❞✉❝❡ �❡�♠� ✇❤✐❝❤

❝❛♥ ❜❡ ❣❛�❤❡�❡❞ ✇✐�❤ �✐♠✐❧❛� ❞♦✉❜❧❡ ✐♥�❡❣�❛❧� ✭✐❢ ✐� ♦❝❝✉�� �❤❛� �❤❡② ❛�❡ ♣�❡�❡♥�✮ ❛♣♣❡❛�✐♥❣ ✐♥

�❤❡ �✉❛♥�✐�② Ω ♦❢ �❤❡ ❡�✉❛�✐♦♥ ✭✶✵✮ ❛♥❞ ❬✇❤✐❝❤❪ ❛�❡ �❡❧❛�✐✈❡ �♦ ❢♦�❝❡� ❛♣♣❧✐❡❞ �♦ �❤❡ ♣♦✐♥�� ♦❢

❛ �✉�❢❛❝❡ ♦♥❧②✳ ❋♦� ✇❤❛� ❝♦♥❝❡�♥� �❤❡ �✉❛♥�✐�② ✇❤✐❝❤ �❡♠❛✐♥� ✐♥ �❤❡ ��✐♣❧❡ ✐♥�❡❣�❛❧✱ ❢♦❧❧♦✇✐♥❣

✇❤❛� ✐� �❛✉❣❤� �♦ ✉� ❜② �❤❡ ❝❛❧❝✉❧✉� ♦❢ ✈❛�✐❛�✐♦♥�✱ ♦♥❡ ❤❛� �♦ ❡�✉❛�❡ �♦ ③❡�♦ ❡❛❝❤ ♦❢ �❤❡ �❤�❡❡

�♦�❛❧ ❝♦❡✣❝✐❡♥�� ♦❢ �❤❡ ✈❛�✐❛�✐♦♥� δx, δy, δz❀ �♦ �❤❛� ❤❡ ❣❡�� �❤❡ �❤�❡❡ ❡�✉❛�✐♦♥� ❢♦� �❤❡ ♠♦�✐♦♥

♦❢ �❤❡ ❣❡♥❡�✐❝ ♣♦✐♥�✱ ✇❤✐❝❤ ❛�❡

X −
d2x

dt
2
+

dL1

da
+

dM1

db
+

dN1

dc
= 0

Y −
d2y

dt
2
+

dL2

da
+

dM2

db
+

dN2

dc
= 0 ✭✶✻✮

Z −
d2z

dt
2
+

dL3

da
+

dM3

db
+

dN3

dc
= 0.

✸✼✳ ◆♦✇ ♦♥❡ ✇♦✉❧❞ ❞❡�✐�❡ �♦ ��❛♥�❢♦�♠ �❤❡�❡ ❡�✉❛�✐♦♥� ✭✶✻✮ ✐♥�♦ ♦�❤❡�� ✐♥ ✇❤✐❝❤ ♥♦ ��❛❝❡

♦❢ �❤❡ ✈❛�✐❛❜❧❡� a, b, c ❛�❡ ❝♦♥�❛✐♥❡❞ ❛♥❞ ✐♥ ✇❤✐❝❤ ♦♥❧② �✉❛♥�✐�✐❡� �❡❧❛�✐✈❡ �♦ �❤❡ �❡❛❧ ��❛�❡ ♦❢

�❤❡ ❜♦❞② ❛❝�✉❛❧❧② ❛♣♣❡❛�✳ ❚♦ �❤✐� ❛✐♠ ■ ♥❡❡❞ ❛ ❜�✐❡❢ ❞✐❣�❡��✐♦♥ ❢♦� ♣�♦✈✐♥❣ ❛♥ ❛♥❛❧②�✐❝❛❧ �❡�✉❧�

✇❤✐❝❤ ❛❧�❡❛❞② ❛♣♣❡❛� ❛� �❤❡ ♣❛❣✳ ✷✵✺ ♦❢ �❤❡ ❚♦♠❡ ❳❳■ ♦❢ �❤❡�❡ 9�♦❝❡❡❞✐♥❣�✳ ■ ✇✐❧❧ ❣✐✈❡ ♥♦✇

❛ ♣�♦♦❢ ♦❢ �❤✐� �❡�✉❧� ✇❤✐❝❤ ✐� ❛ ❧✐��❧❡ ❜✐� ❞✐✛❡�❡♥�✱ ❛♥❞ ■ ✇✐❧❧ ❞♦ �♦ ✇✐❧❧✐♥❣❧② ❛� �❤❡ ♣�❡�❡♥�❡❞

❞❡♠♦♥���❛�✐♦♥ ✐� �❡❧❛�❡❞ �♦ �❤❡ ♣�♦♦❢ ♦❢ �❤�❡❡ ✐❞❡♥�✐❝❛❧ ❡�✉❛�✐♦♥� ✇❤✐❝❤ �❡�❡♠❜❧❡ �❤❡ ❡�✉❛�✐♦♥

♦❢ ❝♦♥�✐♥✉✐�② ❛♥❞ ❬✇❤✐❝❤❪ ❝❛♥ ❜❡ ✉�❡❢✉❧ ✐♥ ♠❛♥② ♦�❤❡� ❝✐�❝✉♠��❛♥❝❡�✳ ❍❡�❡ ✐� �❤❡ ��❛�❡♠❡♥� ♦❢

�❤❡ ❛♥♥♦✉♥❝❡❞ �❡�✉❧�✳

■❢ ♦♥❡ ❤❛� ❛ ��✐♥♦♠✐❛❧ ❛� �❤❡ ❢♦❧❧♦✇✐♥❣

dL

da
+

dM

db
+

dN

dc

✇❤❡�❡ L,M,N ❛�❡ ❣❡♥❡�✐❝ ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� a, b, c, �❤❡♥ ✐� ❝❛♥ ❜❡ ��❛♥�❢♦�♠❡❞ ✐♥�♦

❛♥♦�❤❡� ��✐♥♦♠✐❛❧ ✐♥ ✇❤✐❝❤ �❤❡ ❞❡�✐✈❛�✐✈❡� ❛�❡ ❝❛❧❝✉❧❛�❡❞ ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡� x, y, z :

♠♦�❡ ♣�❡❝✐�❡❧② ❬�❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦�♠✉❧❛ ❤♦❧❞�❪



✻✹
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

dL

da
+

dM

db
+

dN

dc
=

1

Γ

(

dK1

dx
+

dK2

dy
+

dK3

dz

)

✭✶✼✮

❡

❡♥❞♦ ❧❡ K1,K2,K3 ❞❛�❡ ♣❡� ❧❡ L,M,N ♠❡❞✐❛♥�❡ ❧❡ ❢♦�♠♦❧❡

K1 = Γ

(

L
dx

da
+M

dx

db
+N

dx

dc

)

K2 = Γ

(

L
dy

da
+M

dy

db
+N

dy

dc

)

✭✶✽✮

K3 = Γ

(

L
dz

da
+M

dz

db
+N

dz

dc

)

.

�❡� ✈❡❞❡�❡ ❧❛ ✈❡�✐�� ❞✐ �✉❡
�♦ ♣�✐♥❝✐♣✐♦✱ ❝♦♠✐♥❝❡�❡♠♦ ❛ ❞❡
✐❣♥❛�❡ ❝♦♥ ❧❡��❡�❡ ♣❛��✐❝♦❧❛�✐ ❧❡

❞❡�✐✈❛�❡ ♣❛�③✐❛❧✐ ❞❡❧❧❡ x, y, z ♣❡� ❧❡ a, b, c✱ ❝♦♠❡ ❛❜❜✐❛♠♦ ❢❛��♦ ✭ ♥✳✶✹✳ ❡�✉❛③✐♦♥✐ ✭✸✵✮✮ ❞❡❧❧❡

❞❡�✐✈❛�❡ ♣❛�③✐❛❧✐ ♣❡❧ �❡♠♣♦ ✿ 
❝�✐✈❡♥❞♦

ε1 =
dx

da
; ϑ1 =

dy

da
; τ1 =

dz

da

ε2 =
dx

db
; ϑ2 =

dy

db
; τ2 =

dz

db
✭✶✾✮

ε3 =
dx

dc
; ϑ3 =

dy

dc
; τ3 =

dz

dc
;

❡ ✐♥�❡♥❞❡♥❞♦ �✉❡
�❡ �✉❛♥�✐�� �✐❞♦��❡ ✭ ♠❡❞✐❛♥�❡ ❧✬ ✉
♦ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✽✮ ♥✉♠✳◦ ✾ ✮ ❢✉♥③✐♦♥✐

❞✐ x, y, z, t✳ ❉♦♣♦ ❝✐& 
❡❣✉❡♥❞♦ ✉♥ ❛♥❞❛♠❡♥�♦ ❛✛❛��♦ ❛♥❛❧♦❣♦ ❛ �✉❡❧❧♦ �❡♥✉�♦ ❛❧ ♥✉♠✳ ◦ ✶✹✳ ✱

��♦✈❡�❡♠♦ ♣�✐♠✐❡�❛♠❡♥�❡ ❧✬ ❡�✉❛③✐♦♥❡

dH

da
= l1

d2x

da2
+m1

d2x

dadb
+ n1

d2x

dadc

+ l2
d2y

da2
+m2

d2y

dadb
+ n2

d2y

dadc

+ l3
d2z

da2
+m3

d2z

dadb
+ n3

d2z

dadc

♣♦✐✱ 
♦
�✐�✉❡♥❞♦ ❧❡ ❞❡♥♦♠✐♥❛③✐♦♥✐ ❛

✉♥�❡ ♥❡❧❧❛ ♣�✐♠❛ ✜❧❛ ❞❡❧❧❡ ♣�❡❝❡❞❡♥�✐ ❡�✉❛③✐♦♥✐ ✭✶✾✮✱ ❝✐

✈❡��❛♥♥♦ ♣❡� ❡
♣�✐♠❡�❡ ✐ ✈❛❧♦�✐

✻✹
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

dL

da
+

dM

db
+

dN

dc
=

1

Γ

(

dK1

dx
+

dK2

dy
+

dK3

dz

)

✭✶✼✮

✇❤❡
❡ �❤❡ �✉❛♥�✐�✐❡� K1,K2,K3 ❛
❡ ❣✐✈❡♥ ✐♥ �❡
♠� ♦❢ �❤❡ �✉❛♥�✐�✐❡� L,M,N ❜② ♠❡❛♥� ♦❢ �❤❡

❢♦
♠✉❧❛�

K1 = Γ

(

L
dx

da
+M

dx

db
+N

dx

dc

)

K2 = Γ

(

L
dy

da
+M

dy

db
+N

dy

dc

)

✭✶✽✮

K3 = Γ

(

L
dz

da
+M

dz

db
+N

dz

dc

)

.

❚♦ ♣
♦✈❡ �❤✐� ��❛�❡♠❡♥�✱ ✇❡ ✇✐❧❧ ��❛
� ❜② ❞❡♥♦�✐♥❣ ✇✐�❤ ♣❛
�✐❝✉❧❛
 ❧❡��❡
� �❤❡ ♣❛
�✐❛❧ ❞❡
✐✈❛�✐✈❡�

♦❢ �❤❡ ✈❛
✐❛❜❧❡� x, y, z ✇✐�❤ 
❡�♣❡❝� �♦ �❤❡ ✈❛
✐❛❜❧❡� a, b, c, ❛� ✇❡ ❞✐❞ ❡❛
❧✐❡
 ✭♥✳✶✹ ❡�✉❛�✐♦♥� ✭✸✵✮✮

✇✐�❤ �❤❡ ♣❛
�✐❛❧ ❞❡
✐✈❛�✐✈❡� ✇✐�❤ 
❡�♣❡❝� �♦ �✐♠❡ ❜② ✇
✐�✐♥❣

ε1 =
dx

da
; ϑ1 =

dy

da
; τ1 =

dz

da

ε2 =
dx

db
; ϑ2 =

dy

db
; τ2 =

dz

db
✭✶✾✮

ε3 =
dx

dc
; ϑ3 =

dy

dc
; τ3 =

dz

dc
;

❛♥❞ ✇❡ ✇✐❧❧ 
❡❣❛
❞ �❤❡�❡ �✉❛♥�✐�✐❡� ❛� ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ✈❛
✐❛❜❧❡� x, y, z, t ✭❜② ♠❡❛♥� ♦❢ �❤❡

❡�✉❛�✐♦♥� ✭✽✮ �❡❝�✳ ✾✮✳ ❆❢�❡
 �❤✐�✱ ❜② ❢♦❧❧♦✇✐♥❣ ❛ ♣
♦❝❡❞✉
❡ ❝♦♠♣❧❡�❡❧② ❛♥❛❧♦❣♦✉� �♦ �❤❡ ♦♥❡

✉�❡❞ ✐♥ �❤❡ �❡❝�✳ ✶✹✱ ✇❡ ✇✐❧❧ ✜♥❞ ✜
��❧② �❤❡ ❡�✉❛�✐♦♥

dH

da
= l1

d2x

da2
+m1

d2x

dadb
+ n1

d2x

dadc

+ l2
d2y

da2
+m2

d2y

dadb
+ n2

d2y

dadc

+ l3
d2z

da2
+m3

d2z

dadb
+ n3

d2z

dadc

❛♥❞ �❤❡♥ ❜② �✉❜��✐�✉�✐♥❣ �❤❡ ❞❡✜♥✐�✐♦♥� ✐♥�
♦❞✉❝❡❞ ✐♥ �❤❡ ✜
�� 
♦✇ ♦❢ �❤❡ ♣
❡❝❡❞❡♥� ❡�✉❛�✐♦♥�

✭✶✾✮✱ ✇❡ ✇✐❧❧ ❣❡� ✲❜② ❡①♣
❡��✐♥❣ �❤❡ ✈❛❧✉❡�



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✻✺

❞❡❧❧❡ ❞❡�✐✈❛
❡ �❡❝♦♥❞❡ d2x
da2 ,

d2x
dadb

✱ ❡❝✳✱ ❝♦♠❡ ✐♥ �✉❡❧ ❧✉♦❣♦ ♣❡� ❧❡ ❞❡�✐✈❛
❡ �✐♠✐❧✐✱ ♥♦✈❡ ❡�✉❛③✐♦♥✐

❧❡ �✉❛❧✐ ♥♦♥ ❞✐✛❡�✐�❛♥♥♦ ♥❡✐ �❡❝♦♥❞✐ ♠❡♠❜�✐ ❞❛ �✉❡❧❧❡ ✐✈✐ �❝�✐

❡ �❡ ♥♦♥ ♣❡� ❡��❡�✈✐ ❧❡ ❧❡

❡�❡

ε1, ϑ1, τ1 ✐♥✈❡❝❡ ❞✐ u, v, w ✳ ❆��✐✈❡�❡♠♦ �✉✐♥❞✐ ❛❧❧✬ ❡�✉❛③✐♦♥❡ ❛♥❛❧♦❣❛ ❛❧❧❛ ❝♦❧� ♦

❡♥✉
❛✱

dH

da
= H

(

dε
1

dx
+

dϑ
1

dy
+

dτ
1

dz

)

❧❛ �✉❛❧❡ ♣❡� ❡✛❡

♦ ❞❡❧❧❛ ✭✻✮ ♥✉♠✳◦✾ �✐ ♠✉
❛ ♥❡❧❧❛

dΓ

da
= −Γ

(

dε
1

dx
+

dϑ1

dy
+

dτ
1

dz

)

. ✭✷✵✮

❈♦♥ ♣�♦❝❡��♦ ❛♥❛❧✐
✐❝♦ ✐♥ 
✉

♦ �♦♠✐❣❧✐❛♥
❡ 
�♦✈❡�❡♠♦ ❧❡ ❛❧
�❡ ❞✉❡ ❡�✉❛③✐♦♥✐

dΓ

db
= −Γ

(

dε
2

dx
+

dϑ2

dy
+

dτ
2

dz

)

✭✷✶✮

dΓ

dc
= −Γ

(

dε
3

dx
+

dϑ3

dy
+

dτ
3

dz

)

.

❆✈❡♥❞♦ ♣♦✐ ❛❧
�✐♠❡♥
✐ ♠❛♥✐❢❡�
❛♠❡♥
❡

dΓ

da
=

dΓ

dx
ε
1
+

dΓ

dy
ϑ

1
+

dΓ

dz
τ
1

dΓ

db
=

dΓ

dx
ε
2
+

dΓ

dy
ϑ

2
+

dΓ

dz
τ
2

dΓ

dc
=

dΓ

dx
ε
3
+

dΓ

dy
ϑ

3
+

dΓ

dz
τ
3

❧❛ �♦�
✐
✉③✐♦♥❡ ❞✐ �✉❡�
✐ ✈❛❧♦�✐ ♥❡❧❧❡ ✭✷✵✮ ✱ ✭✷✶✮ ❧❡ �✐❞✉❝❡ ❛❧❧❡ 
�❡ �♦♠✐❣❧✐❛♥
✐ ❛❧❧✬ ❡�✉❛③✐♦♥❡ ❞❡❧❧❛

❝♦♥
✐♥✉✐
�✿

d · Γε
1

dx
+

d · Γϑ
1

dy
+

d · Γτ
1

dz
= 0

d · Γε
2

dx
+

d · Γϑ
2

dy
+

d · Γτ
2

dz
= 0 ✭✷✷✮

d · Γε
3

dx
+

d · Γϑ
3

dy
+

d · Γτ
3

dz
= 0.

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✻✺

♦❢ 
❤❡ �❡❝♦♥❞ ♦�❞❡� ❞❡�✐✈❛
✐✈❡� d2x
da2 ,

d2x
dadb

✱ ❡
❝✳✱ ❡①❛❝
❧② ❛� ❞♦♥❡ ✐♥ 
❤❡ ❝✐
❡❞ �❡❝
✐♦♥ ✲ ♥✐♥❡

❡�✉❛
✐♦♥� ✇❤✐❝❤ ✇✐❧❧ ❞✐✛❡� ❢�♦♠ 
❤❡ �✐❣❤
✲❤❛♥❞ �✐❞❡� ♦❢ 
❤♦�❡ 
❤❡�❡ ✇�✐

❡♥ ♦♥❧② ❜❡❝❛✉�❡ ✐♥ 
❤❡

♣❧❛❝❡ ♦❢ 
❤❡ ❧❡

❡�� u, v, w 
❤❡�❡ ✇✐❧❧ ❜❡ 
❤❡ ❧❡

❡�� ε1, ϑ1, τ1. ❲❡ ✇✐❧❧ 
❤❡�❡❢♦�❡ ❛��✐✈❡ ❛
 
❤❡

❢♦❧❧♦✇✐♥❣ ❡�✉❛
✐♦♥ ✇❤✐❝❤ ✐� ❛♥❛❧♦❣♦✉� 
♦ 
❤❡ ♦♥❡ ♦❜
❛✐♥❡❞ ✐♥ 
❤❛
 �❡❝
✐♦♥

dH

da
= H

(

dε
1

dx
+

dϑ
1

dy
+

dτ
1

dz

)

✇❤✐❝❤ ❜❡❝❛✉�❡ ♦❢ 
❤❡ ❡�✉❛
✐♦♥ ✭✻✮ �❡❝
✳ ✾ ❜❡❝♦♠❡�

dΓ

da
= −Γ

(

dε
1

dx
+

dϑ1

dy
+

dτ
1

dz

)

. ✭✷✵✮

❲✐
❤ ❛ ❝♦♠♣❧❡
❡❧② �✐♠✐❧❛� ❛♥❛❧②
✐❝❛❧ ♣�♦❝❡�� ✇❡ ✇✐❧❧ ✜♥❞ 
❤❡ 
✇♦ ♦
❤❡� ❡�✉❛
✐♦♥�

dΓ

db
= −Γ

(

dε
2

dx
+

dϑ2

dy
+

dτ
2

dz

)

✭✷✶✮

dΓ

dc
= −Γ

(

dε
3

dx
+

dϑ3

dy
+

dτ
3

dz

)

.

❆� ✇❡ ♠❛♥✐❢❡�
❧② ❝❛♥ ♣�♦✈❡ ❛❧�♦ 
❤❛


dΓ

da
=

dΓ

dx
ε
1
+

dΓ

dy
ϑ

1
+

dΓ

dz
τ
1

dΓ

db
=

dΓ

dx
ε
2
+

dΓ

dy
ϑ

2
+

dΓ

dz
τ
2

dΓ

dc
=

dΓ

dx
ε
3
+

dΓ

dy
ϑ

3
+

dΓ

dz
τ
3

�✉❜�
✐
✉
✐♥❣ 
❤❡�❡ ✈❛❧✉❡� ✐♥ 
❤❡ ❡�✉❛
✐♦♥� ✭✷✵✮ ✱ ✭✷✶✮ ❧❡❛❞� 
♦ 
❤❡ ❢♦❧❧♦✇✐♥❣ 
❤�❡❡✱ ✇❤✐❝❤ �❡�❡♠✲

❜❧❡� 
♦ 
❤❡ ❡�✉❛
✐♦♥ ♦❢ ❝♦♥
✐♥✉✐
②✱

d · Γε
1

dx
+

d · Γϑ
1

dy
+

d · Γτ
1

dz
= 0

d · Γε
2

dx
+

d · Γϑ
2

dy
+

d · Γτ
2

dz
= 0 ✭✷✷✮

d · Γε
3

dx
+

d · Γϑ
3

dy
+

d · Γτ
3

dz
= 0.



✻✻
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

❖�❛ ♣�❡♥❞❛�✐ ✉♥❛ ❢✉♥③✐♦♥❡ �✉❛❧✉♥�✉❡ L ❞✐ a✱ b✱ c✱ ❝❤❡ ♣❡� ❧❛ �♦��✐�✉③✐♦♥❡ ❞❡✐ ✈❛❧♦�✐ ✭✽✮

♥✉♠✳◦✾ ♣✉� ❛♥❝❤❡ ✐♥�❡♥❞❡��✐ �✐❞♦��❛ ❢✉♥③✐♦♥❡ ❞✐ x, y, z ✿ ❛✈�❡♠♦

dL

da
=

dL

dx

dx

da
+

dL

dy

dy

da
+

dL

dz

dz

da
.

❆ ♠♦�✐✈♦ ❞❡❧❧❡ ❞❡♥♦♠✐♥❛③✐♦♥✐ ✭✶✾✮ ✭ ♣�✐♠❛ ✜❧❛ ✮✱ ♥♦♥ �❛�! ❛❧�❡�❛�❛ ❧❛ ♣�❡❝❡❞❡♥�❡ ❡�✉❛③✐♦♥❡

�❝�✐✈❡♥❞♦❧❛

dL

da
=

1

Γ

(

dL

dx
· Γε

1
+

dL

dy
· Γϑ

1
+

dL

dz
· Γτ

1

)

.

❉✐ ♣✐# ✿ �❡ ♣�❡♥❞✐❛♠♦ ❧❛ ♣�✐♠❛ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✷✷✮✱ ♠♦❧�✐♣❧✐❝❛♥❞♦❧❛ ♣❡� L
Γ ✱ ♥♦♥ ❛✈�❡♠♦

❞✐✣❝♦❧�! ❛ ❝❛♣✐�❡ ❝❤❡ ♥♦♥ �✐ ❛❧�❡�❛ ❧✬ ❡�✉❛③✐♦♥❡ ♣�❡❝❡❞❡♥�❡ ❛❣❣✐✉♥❣❡♥❞♦ ❛❧ �✉♦ �❡❝♦♥❞♦ ♠❡♠❜�♦

❧✬ ❡�♣�❡��✐♦♥❡

1

Γ

(

L
d · Γε

1

dx
+ L

d · Γϑ
1

dy
+ L

d · Γτ
1

dz

)

.

❈♦�* ✈❡❞�❡♠♦ �✐�✉❧�❛�❡

dL

da
=

1

Γ

(

d · ΓLε
1

dx
+

d · ΓLϑ
1

dy
+

d · ΓLτ
1

dz

)

. ✭✷✸✮

❈❤✐❛♠❛�❡ M,N ❞✉❡ ❛❧��❡ ❢✉♥③✐♦♥✐ ❞✐ a, b, c✱ ❝♦♠❡ ❧❛ L✱ ✐♥ ♠❛♥✐❡�❛ ❛✛❛��♦ �✐♠✐❧❡✱ ❢❛❝❡♥❞♦ ✉�♦

❞❡❧❧❡ ❛❧��❡ ❞❡♥♦♠✐♥❛③✐♦♥✐ ✭✶✾✮ ❡ ❞❡❧❧❡ ❛❧��❡ ❞✉❡ ❡�✉❛③✐♦♥✐ ✭✷✷✮ ✱ ��♦✈❡�❡♠♦

dM

db
=

1

Γ

(

d · ΓMε
2

dx
+

d · ΓMϑ
2

dy
+

d · ΓMτ
2

dz

)

✭✷✹✮

dN

dc
=

1

Γ

(

d · ΓNε
3

dx
+

d · ΓNϑ
3

dy
+

d · ΓNτ
3

dz

)

.

❙♦♠♠❛♥❞♦ ❧❡ ❡�✉❛③✐♦♥✐ ✭✷✸✮✱ ✭✷✹✮✱ ❝♦♠♣❡♥❡��❛♥❞♦ ♥❡❧ �❡❝♦♥❞♦ ♠❡♠❜�♦ ❧❡ ❞❡�✐✈❛�❡ �❡❧❛�✐✈❡ ❛❧❧❛

��❡��❛ ✈❛�✐❛❜✐❧❡✱ �✐�♦��✐�✉❡♥❞♦ ❛❧❧❡ ε1, ϑ1, τ1, ε2✱ ❡❝✳ ❧❡ ❞❡�✐✈❛�❡ ❡�✉✐✈❛❧❡♥�✐ ✭ ❡�✉❛③✐♦♥✐ ✭✶✾✮✮✱ ❡

❛❞♦��❛♥❞♦ ♣❡� ❝♦♠♣❡♥❞✐♦ ❧❡ ❡�♣�❡��✐♦♥✐ ✭✶✽✮✱ �✐ ✈❡❞�! �✐�✉❧�❛�❡ ❧✬ ❡�✉❛③✐♦♥❡ ✭✶✼✮ ✐♥ ❝✉✐ �✐ ❧❡❣❣❡

✐❧ ♣�✐♥❝✐♣✐♦ ❛♥❛❧✐�✐❝♦ ❡♥✉♥❝✐❛�♦✳

✻✻
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

▲❡� ✉� ❝♦♥�✐❞❡� ♥♦✇ ❛ ❣❡♥❡�✐❝ ❢✉♥❝�✐♦♥ L ❞❡♣❡♥❞✐♥❣ ♦♥ �❤❡ ✈❛�✐❛❜❧❡� a✱ b✱c✱ ✇❤✐❝❤ ❜❡❝❛✉�❡

♦❢ �❤❡ �❡♣❧❛❝❡♠❡♥� ♦❢ �❤❡ ✈❛❧✉❡� ✭✽✮ �❡❝�✳ ✾ ❝❛♥ ❜❡ �❡❣❛�❞❡❞ ❛� ❛ ❢✉♥❝�✐♦♥ ♦❢ �❤❡ ✈❛�✐❛❜❧❡� x✱ y✱

z✿ ✇❡ ✇✐❧❧ ❤❛✈❡

dL

da
=

dL

dx

dx

da
+

dL

dy

dy

da
+

dL

dz

dz

da
.

❇❡❝❛✉�❡ ♦❢ �❤❡ ❞❡✜♥✐�✐♦♥� ✐♥��♦❞✉❝❡❞ ✐♥ �❤❡ ✜��� �♦✇ ♦❢ �❤❡ ✭✶✾✮✱ �❤❡ ♣�❡❝❡❞❡♥� ❡�✉❛�✐♦♥ �❤❛❧❧

♥♦� ❜❡ ❛❧�❡�❡❞ ✇❤❡♥ ✇�✐��❡♥ ❛� ❢♦❧❧♦✇�

dL

da
=

1

Γ

(

dL

dx
· Γε

1
+

dL

dy
· Γϑ

1
+

dL

dz
· Γτ

1

)

.

❋✉��❤❡�♠♦�❡✿ ✐❢ ✇❡ �❛❦❡ �❤❡ ✜��� ❛♠♦♥❣ �❤❡ ❡�✉❛�✐♦♥� ✭✷✷✮✱ ❜② ♠✉❧�✐♣❧②✐♥❣ ✐� ❜② L
Γ ✱ ✇❡ ✇✐❧❧

♥♦� ❤❛✈❡ ❞✐✣❝✉❧�② �♦ ✉♥❞❡���❛♥❞ �❤❛� �❤❡ ♣�❡❝❡❞❡♥� ❡�✉❛�✐♦♥ ✐� ♥♦� ❛❧�❡�❡❞ ✐❢ ✇❡ ❛❞❞ �♦ ✐��

�✐❣❤�✲❤❛♥❞ �✐❞❡ �❤❡ ❡①♣�❡��✐♦♥

1

Γ

(

L
d · Γε

1

dx
+ L

d · Γϑ
1

dy
+ L

d · Γτ
1

dz

)

.

■♥ �❤✐� ✇❛② ✇❡ ✇✐❧❧ �❡❡ �❤❛� ✐� �❡�✉❧��

dL

da
=

1

Γ

(

d · ΓLε
1

dx
+

d · ΓLϑ
1

dy
+

d · ΓLτ
1

dz

)

. ✭✷✸✮

❖♥❝❡ ❝❛❧❧❡❞ M,N �✇♦ ♦�❤❡� ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� a, b, c✱ �✐♠✐❧❛�❧② �♦ ✇❤❛� ❞♦♥❡ ❢♦� �❤❡

❢✉♥❝�✐♦♥ L✱ ❜② ♠❡❛♥� ♦❢ �❤❡ ♦�❤❡� ❞❡✜♥✐�✐♦♥� ✭✶✾✮ ❛♥❞ ♦❢ �❤❡ ♦�❤❡� �✇♦ ❡�✉❛�✐♦♥� ✭✷✷✮ ✱ ✇❡ ✇✐❧❧

❣❡�

dM

db
=

1

Γ

(

d · ΓMε
2

dx
+

d · ΓMϑ
2

dy
+

d · ΓMτ
2

dz

)

✭✷✹✮

dN

dc
=

1

Γ

(

d · ΓNε
3

dx
+

d · ΓNϑ
3

dy
+

d · ΓNτ
3

dz

)

.

❙✉♠♠✐♥❣ ✉♣ �❤❡ ❡�✉❛�✐♦♥� ✭✷✸✮✱ ✭✷✹✮✱ ❝♦♠❜✐♥✐♥❣ ✐♥ �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡ �❤❡ ❞❡�✐✈❛�✐✈❡� �❡❧❛✲

�✐✈❡ �♦ �❤❡ �❛♠❡ ✈❛�✐❛❜❧❡ ❛♥❞ �✉❜��✐�✉�✐♥❣ �♦ �❤❡ ε1, ϑ1, τ1, ε2✱ ❡�❝✳ �❤❡ ❡�✉✐✈❛❧❡♥� ❞❡�✐✈❛�✐✈❡�

✭❡�✉❛�✐♦♥� ✭✶✾✮✮✱ ❛♥❞ ❛❞♦♣�✐♥❣ �❤❡ ❝♦♠♣❡♥❞✐✉♠ ❣✐✈❡♥ ❜② �❤❡ ❡①♣�❡��✐♦♥� ✭✶✽✮✱ ✐� ✇✐❧❧ ❜❡ �❡❡♥

❛� ✜♥❛❧ �❡�✉❧� �❤❡ ❡�✉❛�✐♦♥ ✭✶✼✮ ✐♥ ✇❤✐❝❤ ✐� ✐� ♣♦��✐❜❧❡ �♦ �❡❛❞ �❤❡ ❢♦�♠✉❧❛�❡❞ ❛♥❛❧②�✐❝❛❧ �❡�✉❧�✳



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✻✼

✸✽✳ ❖�❛ ✱ ♠❡❞✐❛♥�❡ ❧✬✉�♦ ❞❡❧ ♣�✐♥❝✐♣✐♦ ❡�♣�❡��♦ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✼✮✱ ✭✶✽✮ ✱ ✈❡❞❡�✐ ❛ ❝♦❧♣♦

❞✬♦❝❝❤✐♦ ❝❤❡ ♣♦♥❡♥❞♦

P1 = Γ

(

L1
dx

da
+M1

dx

db
+N1

dx

dc

)

P2 = Γ

(

L1
dy

da
+M1

dy

db
+N1

dy

dc

)

P3 = Γ

(

L1
dz

da
+M1

dz

db
+N1

dz

dc

)

Q1 = Γ

(

L2
dx

da
+M2

dx

db
+N2

dx

dc

)

Q2 = Γ

(

L2
dy

da
+M2

dy

db
+N2

dy

dc

)

✭✷✺✮

Q3 = Γ

(

L2
dz

da
+M2

dz

db
+N2

dz

dc

)

R1 = Γ

(

L3
dx

da
+M3

dx

db
+N3

dx

dc

)

R2 = Γ

(

L3
dy

da
+M3

dy

db
+N3

dy

dc

)

R3 = Γ

(

L3
dz

da
+M3

dz

db
+N3

dz

dc

)

❧❡ ❡�✉❛③✐♦♥✐ ✭✶✻✮ �✐ ♠✉�❛♥♦ ♥❡❧❧❡ �❡❣✉❡♥�✐

Γ

(

X −
d2x

dt
2

)

+
dP

1

dx
+

dP2

dy
+

dP
3

dz
= 0

Γ

(

Y −
d2y

dt
2

)

+
dQ

1

dx
+

dQ2

dy
+

dQ
3

dz
= 0 ✭✷✻✮

Γ

(

Z −
d2z

dt
2

)

+
dR

1

dx
+

dR2

dy
+

dR
3

dz
= 0

❧❡ �✉❛❧✐ �♦♥♦ �✉❡❧❧❡ ❝❤❡ �✐ ❝❡�❝❛✈❛♥♦ ❝♦❧❧❡ ❞❡�✐✈❛�❡ ❡�♣�❡��❡ �❡❧❛�✐✈❛♠❡♥�❡ ❛❧❧❡ ❝♦♦�❞✐♥❛�❡ x, y, z

❞❡❧❧♦ ��❛�♦ �❡❛❧❡✳

!♦��❡♠♦ ♣♦✐ ❛✈❡�❡ ✐♠♠❡❞✐❛�❛♠❡♥�❡ ✐ ✈❛❧♦�✐ ❞❡❧❧❡ ♥♦✈❡ �✉❛♥�✐�" P1, P2, P3; Q1, Q2, Q3;

R1, R2, R3 ❞❛�✐ ♣❡� ❧❡ �❡✐ A,B,C,D,E, F, �♦��✐�✉❡♥❞♦ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✷✺✮ ❛❧❧❡ ♥♦✈❡ �✉❛♥✲

�✐�" L1,M1, N1;L2,M2, N2;L3,M3, N3 ✐ ✈❛❧♦�✐ �♦♠♠✐♥✐���❛�✐❝✐ ❞❛❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✹✮✳ ❈❤✐❛♠✐♥�✐

♣❡� ❛❜❜�❡✈✐❛�❡ (I), (II), (III), (IV ), (V ), (V I)✱ �❡✐ �✉❛♥�✐�" ❞✐ ❝✉✐ �❝�✐✈♦ ✐ ✈❛❧♦�✐

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✻✼

✸✽✳ ◆♦✇✱ ❜② ♠❡❛♥� ♦❢ �❤❡ �❡�✉❧� ❡①♣�❡��❡❞ ✐♥ �❤❡ ❡�✉❛�✐♦♥� ✭✶✼✮✱ ✭✶✽✮ ✱ ♦♥❡ ❝❛♥ �❡❡ ❛� ❛

❣❧❛♥❝❡ �❤❛�✱ ❜② ✐♥��♦❞✉❝✐♥❣ �❤❡ ♥♦�❛�✐♦♥

P1 = Γ

(

L1
dx

da
+M1

dx

db
+N1

dx

dc

)

P2 = Γ

(

L1
dy

da
+M1

dy

db
+N1

dy

dc

)

P3 = Γ

(

L1
dz

da
+M1

dz

db
+N1

dz

dc

)

Q1 = Γ

(

L2
dx

da
+M2

dx

db
+N2

dx

dc

)

Q2 = Γ

(

L2
dy

da
+M2

dy

db
+N2

dy

dc

)

✭✷✺✮

Q3 = Γ

(

L2
dz

da
+M2

dz

db
+N2

dz

dc

)

R1 = Γ

(

L3
dx

da
+M3

dx

db
+N3

dx

dc

)

R2 = Γ

(

L3
dy

da
+M3

dy

db
+N3

dy

dc

)

R3 = Γ

(

L3
dz

da
+M3

dz

db
+N3

dz

dc

)

�❤❡ ❡�✉❛�✐♦♥� ✭✶✻✮ ❜❡❝♦♠❡ �❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡�

Γ

(

X −
d2x

dt
2

)

+
dP

1

dx
+

dP2

dy
+

dP
3

dz
= 0

Γ

(

Y −
d2y

dt
2

)

+
dQ

1

dx
+

dQ2

dy
+

dQ
3

dz
= 0 ✭✷✻✮

Γ

(

Z −
d2z

dt
2

)

+
dR

1

dx
+

dR2

dy
+

dR
3

dz
= 0

✇❤✐❝❤ ❛�❡ �❤♦�❡ ✇❤✐❝❤ ✇❡ ✇❡�❡ ❧♦♦❦✐♥❣ ❢♦�✱ ❬�❤♦�❡❪ ✐♥ ✇❤✐❝❤ �❤❡ ❞❡�✐✈❛�✐✈❡� ❛�❡ ❡①♣�❡��❡❞ ✇✐�❤

�❡�♣❡❝� �♦ �❤❡ ❝♦♦�❞✐♥❛�❡� x, y, z �❡❧❛�✐✈❡ �♦ �❤❡ �❡❛❧ ��❛�❡✳

❚❤❡♥ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ �♦ ❣❡� ✐♠♠❡❞✐❛�❡❧② �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ ♥✐♥❡ �✉❛♥�✐�✐❡� P1, P2, P3;

Q1, Q2, Q3; R1, R2, R3 ✐♥ �❡�♠� ♦❢ �❤❡ �✐① �✉❛♥�✐�✐❡� A,B,C,D,E, F ✱ ❜② �✉❜��✐�✉�✐♥❣ ✐♥ �❤❡

❡�✉❛�✐♦♥� ✭✷✺✮ �♦ �❤❡ ♥✐♥❡ �✉❛♥�✐�✐❡� L1,M1, N1;L2,M2, N2;L3,M3, N3 �❤❡ ✈❛❧✉❡� ❣✐✈❡♥ �♦ ✉�

❜② �❤❡ ❡�✉❛�✐♦♥� ✭✶✹✮✳ ❚♦ ✐♥��♦❞✉❝❡ ❛♥ ❛❜❜�❡✈✐❛�✐♦♥✱ ❧❡� ✉� ❝❛❧❧ (I), (II), (III), (IV ), (V ), (V I)✱

�❤❡ �✐① �✉❛♥�✐�✐❡� ♦❢ ✇❤✐❝❤ ■ ✇�✐�❡ �❤❡ ✈❛❧✉❡�



✻✽
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

(I) = −2A

(

dx

da

)2

− 2B

(

dx

db

)2

− 2C

(

dx

dc

)2

− 2D
dx

da

dx

db
− 2E

dx

da

dx

dc
− 2F

dx

db

dx

dc

(II) = −2A

(

dy

da

)2

− 2B

(

dy

db

)2

− 2C

(

dy

dc

)2

− 2D
dy

da

dy

db
− 2E

dy

da

dy

dc
− 2F

dy

db

dy

dc

(III) = −2A

(

dz

da

)2

− 2B

(

dz

db

)2

− 2C

(

dz

dc

)2

− 2D
dz

da

dz

db
− 2E

dz

da

dz

dc
− 2F

dz

db

dz

dc

(IV ) = −2A
dx

da

dy

da
− 2B

dx

db

dy

db
− 2C

dx

dc

dy

dc

−D

(

dx

da

dy

db
+

dx

db

dy

da

)

− E

(

dx

da

dy

dc
+

dx

dc

dy

da

)

✭✷✼✮

− F

(

dx

db

dy

dc
+

dx

dc

dy

db

)

(V ) = −2A
dx

da

dz

da
− 2B

dx

db

dz

db
− 2C

dx

dc

dz

dc

−D

(

dx

da

dz

db
+

dx

db

dz

da

)

− E

(

dx

da

dz

dc
+

dx

dc

dz

da

)

− F

(

dx

db

dz

dc
+

dx

dc

dz

db

)

(V I) = −2A
dy

da

dz

da
− 2B

dy

db

dz

db
− 2C

dy

dc

dz

dc

−D

(

dy

da

dz

db
+

dy

db

dz

da

)

− E

(

dy

da

dz

dc
+

dy

dc

dz

da

)

− F

(

dy

db

dz

dc
+

dy

dc

dz

db

)

✻✽
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡
❝✳

(I) = −2A

(

dx

da

)2

− 2B

(

dx

db

)2

− 2C

(

dx

dc

)2

− 2D
dx

da

dx

db
− 2E

dx

da

dx

dc
− 2F

dx

db

dx

dc

(II) = −2A

(

dy

da

)2

− 2B

(

dy

db

)2

− 2C

(

dy

dc

)2

− 2D
dy

da

dy

db
− 2E

dy

da

dy

dc
− 2F

dy

db

dy

dc

(III) = −2A

(

dz

da

)2

− 2B

(

dz

db

)2

− 2C

(

dz

dc

)2

− 2D
dz

da

dz

db
− 2E

dz

da

dz

dc
− 2F

dz

db

dz

dc

(IV ) = −2A
dx

da

dy

da
− 2B

dx

db

dy

db
− 2C

dx

dc

dy

dc

−D

(

dx

da

dy

db
+

dx

db

dy

da

)

− E

(

dx

da

dy

dc
+

dx

dc

dy

da

)

✭✷✼✮

− F

(

dx

db

dy

dc
+

dx

dc

dy

db

)

(V ) = −2A
dx

da

dz

da
− 2B

dx

db

dz

db
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❤❡ ❡①❛♠♣❧❡ ♦❢ 
♦♠❡ ✐❧❧✉

�✐♦✉
 ❢�❡♥❝❤♠❡♥✳ ❇②

❞❡�✐✈✐♥❣ ✇✐
❤ �❡
♣❡❝
 
♦ 
✐♠❡ 
❤❡ ❡�✉❛
✐♦♥
 ✭✶✮ 
❡❝
✳ ✸✸ ✇❡ ❣❡
✱ ❜② ✉
✐♥❣ 
❤❡ ❛❞♦♣
❡❞ ♥♦
❛
✐♦♥

♦❢ ✐♥❞✐❝❛
✐♥❣ ✇✐
❤ ♣�✐♠❡
 
❤❡ 
♦
❛❧ ❞❡�✐✈❛
✐✈❡
 ✇✐
❤ �❡
♣❡❝
 
♦ 
✐♠❡✱

u = f
′

+ α′
1
p+ β′

1
q + γ′

1
r

v = g
′

+ α′
2
p+ β′

2
q + γ′

2
r ✭✸✵✮

w = h
′

+ α′
3
p+ β′

3
q + γ′

3
r.



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✼✶

❉❛❧❧❡ ��❡��❡ ❡	✉❛③✐♦♥✐ ✭✶✮ ♠♦❧�✐♣❧✐❝❛�❡ �✐�♣❡��✐✈❛♠❡♥�❡ ❡ �✉❝❝❡��✐✈❛♠❡♥�❡ ♣�✐♠❛ ♣❡� α
1
, α

2
, α

3
,

♣♦✐ ♣❡� β
1
, β

2
, β

3
,❞❛ ✉❧�✐♠♦ ♣❡� γ

1
, γ

2
, γ

3
❡ ♦❣♥✐ ✈♦❧�❛ �♦♠♠❛�❡✱ �✐ ♦��❡♥❣♦♥♦ ✐♥ ✈✐��� ❞❡❧❧❡ ✭✸✮

❧❡ ❡	✉❛③✐♦♥✐ ✐♥✈❡��❡ ❝❤❡ �♦♥♦

p = α
1
(x− f) + α

2
(y − g) + α

3
(z − h)

q = β
1
(x− f) + β

2
(y − g) + β

3
(z − h) ✭✸✶✮

r = γ
1
(x− f) + γ

2
(y − g) + γ

3
(z − h) .

�♦♥✐❛♠♦ 	✉❡��✐ ✈❛❧♦�✐ ❞✐ p, q, r ♥❡❧❧❡ ♣�❡❝❡❞❡♥�✐ ✭✸✵✮ ❡❞ ♦��❡��❡♠♦

u = f ′ +
(

α
1
α′

1
+ β

1
β′

1
+ γ

1
γ′

1

)

(x− f)

+
(

α
2
α′

1
+ β

2
β′

1
+ γ

2
γ′

1

)

(y − g)

+
(

α
3
α′

1
+ β

3
β′

1
+ γ

3
γ′

1

)

(z − h)

v = g′ +
(

α
1
α′

2
+ β

1
β′

2
+ γ

1
γ′

2

)

(x− f)

+
(

α
2
α′

2
+ β

2
β′

2
+ γ

2
γ′

2

)

(y − g) ✭✸✷✮

+
(

α
3
α′

2
+ β

3
β′

2
+ γ

3
γ′

2

)

(z − h)

w = h
′

+
(

α
1
α′

3
+ β

1
β′

3
+ γ

1
γ′

3

)

(x− f)

+
(

α
2
α′

3
+ β

2
β′

3
+ γ

2
γ′

3

)

(y − g)

+
(

α
3
α′

3
+ β

3
β′

3
+ γ

3
γ′

3

)

(z − h) .

◗✉❡��❡ ❡	✉❛③✐♦♥✐ ❝✐ ❞❛♥♥♦ ❛ ❞✐�✐��✉�❛ ❧❡ ��❡ ✈❡❧♦❝✐� u, v, w ❡�♣�❡��❡ ♣❡� ❧❡ ❝♦♦�❞✐♥❛�❡ x, y, z

❡ ♣❡� 	✉❛♥�✐� ❢✉♥③✐♦♥✐ ❞❡❧ �♦❧♦ �❡♠♣♦ ❝❤❡ ♥♦♥ ❝❛♠❜✐❛♥♦ ♣❛��❛♥❞♦ ❞❛ ✉♥ ♣✉♥�♦ ❛❧❧✬ ❛❧��♦ ❞❡❧

❝♦�♣♦✳ ❱♦❧❡♥❞♦ �✐❞✉��❡ ❛❧❧❡ ❢♦�♠❡ ❝♦♥♦�❝✐✉�❡✱ ♣♦♥✐❛♠♦ ♣❡� ❛❜❜�❡✈✐❛③✐♦♥❡

ς1 = α
2
α′

3
+ β

2
β′

3
+ γ

2
γ′

3

ς2 = α
3
α′

1
+ β

3
β′

1
+ γ

3
γ′

1
✭✸✸✮

ς3 = α
1
α′

2
+ β

1
β′

2
+ γ

1
γ′

2
.

❉❡�✐✈❛♥❞♦ ♦�❛ ♣❡� t ❧❡ ❡	✉❛③✐♦♥✐ ✭✹✮ ♥✉♠✳ ◦ ✸✸✱ ♦��❡��❡♠♦

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✼✶

❇② ♠✉❧�✐♣❧②✐♥❣ �❤❡ �❛♠❡ ❡	✉❛�✐♦♥� ✭✶✮ �❡�♣❡❝�✐✈❡❧② ❛♥❞ �✉❝❝❡��✐✈❡❧② �✐♠❡� α
1
, α

2
, α

3
, �❤❡♥ �✐♠❡�

β
1
, β

2
, β

3
, ❛♥❞ ✜♥❛❧❧② �✐♠❡� γ

1
, γ

2
, γ

3
❛♥❞ ❡✈❡�② �✐♠❡ ❛❞❞✐♥❣ �❤❡ ♦❜�❛✐♥❡❞ �❡❧❛�✐♦♥� ♦♥❡ ❣❡��✱

❜❡❝❛✉�❡ ♦❢ �❤❡ ✭✸✮ �❤❡ ✐♥✈❡��❡ ❡	✉❛�✐♦♥�✱ ✇❤✐❝❤ ❛�❡✿

p = α
1
(x− f) + α

2
(y − g) + α

3
(z − h)

q = β
1
(x− f) + β

2
(y − g) + β

3
(z − h) ✭✸✶✮

r = γ
1
(x− f) + γ

2
(y − g) + γ

3
(z − h) .

▲❡� ✉� �❡♣❧❛❝❡ �❤❡�❡ ✈❛❧✉❡� ♦❢ p, q, r ✐♥ �❤❡ ♣�❡❝❡❞❡♥� ✭✸✵✮ �♦ ❣❡�

u = f ′ +
(

α
1
α′

1
+ β

1
β′

1
+ γ

1
γ′

1

)

(x− f)

+
(

α
2
α′

1
+ β

2
β′

1
+ γ

2
γ′

1

)

(y − g)

+
(

α
3
α′

1
+ β

3
β′

1
+ γ

3
γ′

1

)

(z − h)

v = g′ +
(

α
1
α′

2
+ β

1
β′

2
+ γ

1
γ′

2

)

(x− f)

+
(

α
2
α′

2
+ β

2
β′

2
+ γ

2
γ′

2

)

(y − g) ✭✸✷✮

+
(

α
3
α′

2
+ β

3
β′

2
+ γ

3
γ′

2

)

(z − h)

w = h
′

+
(

α
1
α′

3
+ β

1
β′

3
+ γ

1
γ′

3

)

(x− f)

+
(

α
2
α′

3
+ β

2
β′

3
+ γ

2
γ′

3

)

(y − g)

+
(

α
3
α′

3
+ β

3
β′

3
+ γ

3
γ′

3

)

(z − h) .

❚❤❡�❡ ❡	✉❛�✐♦♥� ✇✐❧❧ ❣✐✈❡ ✉� ✐♠♠❡❞✐❛�❡❧② �❤❡ �❤�❡❡ ✈❡❧♦❝✐�✐❡� u, v, w ✐♥ �❡�♠� ♦❢ �❤❡ ❝♦♦�❞✐♥❛�❡�

x, y, z ❛♥❞ ❬✐♥ �❡�♠� ♦❢❪ 	✉❛♥�✐�✐❡� ✇❤✐❝❤ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ �✐♠❡ ❞♦ ♥♦� ✈❛�② ❜② ♣❛��✐♥❣ ❢�♦♠

❛ ♣♦✐♥� �♦ ❛♥♦�❤❡� ♣♦✐♥� ✐♥ �❤❡ ❜♦❞②✳ ❆� ♦♥❡ ✇❛♥�� �♦ �❡❞✉❝❡ �❤❡♠ �♦ ❛ ❦♥♦✇♥ ❢♦�♠✱ ✇❡

✐♥��♦❞✉❝❡ �❤❡ �❤♦��❡♥✐♥❣ ♥♦�❛�✐♦♥

ς1 = α
2
α′

3
+ β

2
β′

3
+ γ

2
γ′

3

ς2 = α
3
α′

1
+ β

3
β′

1
+ γ

3
γ′

1
✭✸✸✮

ς3 = α
1
α′

2
+ β

1
β′

2
+ γ

1
γ′

2
.

❇② ❞❡�✐✈✐♥❣ ♥♦✇ ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡ t �❤❡ ❡	✉❛�✐♦♥� ✭✹✮ �❡❝�✳✳ ✸✸✱ ✇❡ ✇✐❧❧ ❣❡�



✼✷
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

α
1
α′

1
+ β

1
β′

1
+ γ

1
γ′

1
= 0

α
2
α′

2
+ β

2
β′

2
+ γ

2
γ′

2
= 0

α
3
α′

3
+ β

3
β′

3
+ γ

3
γ′

3
= 0 ✭✸✹✮

α
2
α′

1
+ β

2
β′

1
+ γ

2
γ′

1
= −ς3

α
1
α′

3
+ β

1
β′

3
+ γ

1
γ′

3
= −ς2

α
3
α′

2
+ β

3
β′

2
+ γ

3
γ′

2
= −ς1.

❈♦❧ ♠❡③③♦ ❞✐ �✉❡��❡ ✉❧�✐♠❡ ♥♦✈❡ ❡�✉❛③✐♦♥✐ ❧❡ ✭✸✷✮ �✐ �✐❞✉❝♦♥♦ ❛ ❝♦❧♣♦ ❞✬♦❝❝❤✐♦

u = f
′

+ ς2 (z − h)− ς3 (y − g)

v = g
′

+ ς3 (x− f)− ς1 (z − h) ✭✸✺✮

w = h
′

+ ς1 (y − g)− ς2 (x− f)

❡ ❞✐✈❡��❡❜❜❡�♦ ❛♥❝♦�❛ ❛��❛✐ ♣✐� �❡♠♣✐❝✐ �❡ ❧❡ f, g, h ❢♦��❡�♦ ③❡�♦✱ ❝✐♦! �❡ ✐❧ ♣✉♥�♦ ❞✬ ♦�✐❣✐♥❡ ❞❡❧❧❡

x, y, z ❢♦��❡ ✉♥ ♣✉♥�♦ ✜��♦ ❞❡❧ ❝♦�♣♦ ✐♥�♦�♥♦ ❛ ❝✉✐ ❡��♦ ♣♦�❡��❡ ✈♦❧❣❡��✐ ❧✐❜❡�❛♠❡♥�❡✳ ❙♦❣❧✐♦♥♦ ✐

♠❡❝❝❛♥✐❝✐ ❝❤✐❛♠❛�❡ ❧❡ ς
1
, ς

2
, ς

3
✈❡❧♦❝✐�% ❛♥❣♦❧❛�✐ ✐♥�♦�♥♦ ❛❣❧✐ ❛��✐ ❞❡❧❧❡ x, y, z✿ ✐♠♣♦��❛ �✐�❡♥❡�❡ ✭

❝♦♠❡ �✐ ❢❛ ♠❛♥✐❢❡��♦ ♣❡✐ ✈❛❧♦�✐ ✭✸✸✮ ✮ ❝❤❡ �✉❡��❡ ✈❡❧♦❝✐�% ❛♥❣♦❧❛�✐ ♥♦♥ ❞✐♣❡♥❞♦♥♦ ❞❛❧❧❡ ❝♦♦�❞✐♥❛�❡

❞❡✐ ❞✐✈❡��✐ ♣✉♥�✐ ❞❡❧ ❝♦�♣♦ ♣❡� �❛♣♣♦��♦ ❛❣❧✐ ❛��✐ ♠♦❜✐❧✐ ❝♦♥ ❡��♦✳

✹✶✳ ▲❡ ❡�✉❛③✐♦♥✐ ✭✸✺✮ ❝❤❡ ❞❛♥♥♦ ❧❡ ��❡ ✈❡❧♦❝✐�% ❞❡❧ ♣✉♥�♦ ❣❡♥❡�✐❝♦ ❝♦❣♥✐�❡ ♣❡� �✉❛♥�♦

�♣❡��❛ ❛❧❧❛ ❧♦�♦ ❝♦♠♣♦�✐③✐♦♥❡ ✐♥ x, y, z✱ ❡ �♦❧�❛♥�♦ ✐♥❝♦❣♥✐�❡ ♣❡� �❛♣♣♦��♦ ❛ ❢✉♥③✐♦♥✐ ❞❡❧ �♦❧♦

�❡♠♣♦✱ �♦♥♦ ♣♦✐ �✉❡❧❧❡ ❝❤❡ ❝♦♠❜✐♥❛�❡ ❝♦❧❧❡ ❡�✉❛③✐♦♥✐ ♠❡❝❝❛♥✐❝❤❡ ♣♦�❣♦♥♦ ❧✬ ✐♥�❡�❛ �♦❧✉③✐♦♥❡

❞❡❧ ♣�♦❜❧❡♠❛✳ ❖❣♥✉♥ ✈❡❞❡ ♣❡�* �✉❛♥�♦ ❧❛ �♦❧✉③✐♦♥❡ ❛♥③✐❞❡��❛ �✐❛ ❛✈❛♥③❛�❛ ✐♥ ✈✐��� ❞❡❧❧❡ �♦❧❡

❡�✉❛③✐♦♥✐ ✭✸✺✮ ✐♥❞✐♣❡♥❞❡♥�✐ ❞❛ �✉❛❧✉♥�✉❡ ♣�✐♥❝✐♣✐♦ ♠❡❝❝❛♥✐❝♦✱ ❡ ❝♦♠❡ ❧❡ ❡�✉❛③✐♦♥✐ ♠❡❝❝❛♥✐❝❤❡

♥♦♥ ❢❛❝❝✐❛♥♦ ❝❤❡ ♣♦��❛�✈✐ ✉♥ ❝♦♠♣✐♠❡♥�♦✱ ✐❧ �✉❛❧❡ ✈✐❡♥❡ ❢❛❝✐❧✐�❛�♦ ❞❛❧❧✬ ✉�♦ ❞✐ ❛❧��❡ ♥♦✈❡ ❡❧❡❣❛♥�✐

❡�✉❛③✐♦♥✐ ❝❤❡ �✐ ��♦✈❛♥♦ ✭ ♦❧��❡ ❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ♣♦�✐③✐♦♥❡ ✭✸✸✮ ✮ ❢�❛ ❧❡ ✈❡❧♦❝✐�% ❛♥❣♦❧❛�✐ ς
1
, ς

2
, ς

3
✱

❡ ✐ ♥♦✈❡ ❝♦�❡♥✐ α
1
, β

1
, γ

1
, α

2
✱ ❡❝✳ ◆♦♥ ! ♠✐❛ ✐♥�❡♥③✐♦♥❡ �✐�❡��❡�❡ �✉✐ ✉♥❛ �❛❧❡

✼✷
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

α
1
α′

1
+ β

1
β′

1
+ γ

1
γ′

1
= 0

α
2
α′

2
+ β

2
β′

2
+ γ

2
γ′

2
= 0

α
3
α′

3
+ β

3
β′

3
+ γ

3
γ′

3
= 0 ✭✸✹✮

α
2
α′

1
+ β

2
β′

1
+ γ

2
γ′

1
= −ς3

α
1
α′

3
+ β

1
β′

3
+ γ

1
γ′

3
= −ς2

α
3
α′

2
+ β

3
β′

2
+ γ

3
γ′

2
= −ς1.

❇② ♠❡❛♥� ♦❢ �❤❡�❡ ❧❛�� ♥✐♥❡ ❡�✉❛�✐♦♥� �❤❡ ✭✸✷✮ �❡❞✉❝❡ ❛� ❛ ❣❧❛♥❝❡ �♦

u = f
′

+ ς2 (z − h)− ς3 (y − g)

v = g
′

+ ς3 (x− f)− ς1 (z − h) ✭✸✺✮

w = h
′

+ ς1 (y − g)− ς2 (x− f)

❛♥❞ ✇♦✉❧❞ ❜❡❝♦♠❡ ❡✈❡♥ ♠✉❝❤ �✐♠♣❧❡� ✐❢ �❤❡ f, g, h ✇❡�❡ ✈❛♥✐�❤✐♥❣✱ �❤❛� ✐� ✐❢ �❤❡ ♣♦✐♥� ❬✇❤✐❝❤ ✐�

�❤❡❪ ♦�✐❣✐♥ ♦❢ �❤❡ ❝♦♦�❞✐♥❛�❡ �②��❡♠ x, y, z ✇❡�❡ ❛ ✜①❡❞ ♣♦✐♥� ♦❢ �❤❡ ❜♦❞②✱ ❛�♦✉♥❞ ✇❤✐❝❤ ✐� ❝♦✉❧❞

❢�❡❡❧② �♦�❛�❡✳ ❯�✉❛❧❧② �❤❡ ♠❡❝❤❛♥✐❝✐❛♥� ❝❛❧❧ �❤❡ �✉❛♥�✐�✐❡� ς
1
, ς

2
, ς

3
❛♥❣✉❧❛� ✈❡❧♦❝✐�✐❡� ❛❜♦✉� �❤❡

❛①✐❡� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� x, y, z✿ ✐� ✐� ✐♠♣♦��❛♥� �♦ �❡❝❛❧❧ �❤❛� ✭❛� ✐� ✐� ♠❛❞❡ ♠❛♥✐❢❡�� ❜② �❤❡ ✈❛❧✉❡�

❣✐✈❡♥ ✐♥ ❡�✉❛�✐♦♥ ✭✸✸✮✮ �❤❛� �❤❡�❡ ❛♥❣✉❧❛� ✈❡❧♦❝✐�✐❡� ❞♦ ♥♦� ❞❡♣❡♥❞ ♦♥ �❤❡ ❝♦♦�❞✐♥❛�❡� ♦❢ �❤❡

❞✐✛❡�❡♥� ♣♦✐♥�� ♦❢ �❤❡ ❜♦❞② ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ❛①❡� ✇❤✐❝❤ ♠♦✈❡ ✇✐�❤ ✐�✳

✹✶✳ ❚❤❡ ❡�✉❛�✐♦♥� ✭✸✺✮✱ ✇❤✐❝❤ ❣✐✈❡ �❤❡ �❤�❡❡ ✈❡❧♦❝✐�✐❡� ♦❢ �❤❡ ❣❡♥❡�✐❝ ♣♦✐♥� ❡①♣❧✐❝✐�❧② ✐♥

�❤❡✐� ❞❡♣❡♥❞❡♥❝❡ ♦♥ �❤❡ ✈❛�✐❛❜❧❡� x, y, z ❛♥❞ ✐♠♣❧✐❝✐�❧② ✐♥ �❡�♠� ♦❢ ❢✉♥❝�✐♦♥� ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥

�❤❡ �✐♠❡ ✈❛�✐❛❜❧❡✱ ❛�❡ �❤♦�❡ ✇❤✐❝❤✱ ♦♥❝❡ ❝♦♠❜✐♥❡❞ ✇✐�❤ �❤❡ ♠❡❝❤❛♥✐❝❛❧ ❡�✉❛�✐♦♥�✱ ✇✐❧❧ �✉♣♣❧②

�❤❡ ❝♦♠♣❧❡�❡ �♦❧✉�✐♦♥ ♦❢ �❤❡ ♣�♦❜❧❡♠✳ ❊✈❡�②♦♥❡ ❝❛♥✱ ✐♥❞❡❡❞✱ �❡❡ �❤❛� �❤❡ ❢♦✉♥❞ �♦❧✉�✐♦♥ ✐�

♦❜�❛✐♥❡❞ ❜② ✉�✐♥❣ ♦♥❧② �❤❡ ❡�✉❛�✐♦♥� ✭✸✺✮ ✇❤✐❝❤ ❛�❡ ✐♥❞❡♣❡♥❞❡♥� ♦❢ ❛♥② ♠❡❝❤❛♥✐❝❛❧ ♣�✐♥❝✐♣❧❡

❛♥❞ �❤❛� �❤❡ ♠❡❝❤❛♥✐❝❛❧ ❡�✉❛�✐♦♥� ❛�❡ �✐♠♣❧② �❤❡✐� ❝♦♠♣❧❡�✐♦♥✱ ✇❤✐❝❤ ✐� ♠❛❞❡ ❡❛�✐❡� ❜② �❤❡ ✉�❡

♦❢ ♦�❤❡� ♥✐♥❡ ❡❧❡❣❛♥� ❡�✉❛�✐♦♥� ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ✭❜❡②♦♥❞ �❤❡ ❞❡✜♥✐♥❣ ❡�✉❛�✐♦♥� ✭✸✸✮✮ ❛♠♦♥❣

�❤❡ ❛♥❣✉❧❛� ✈❡❧♦❝✐�✐❡� ς
1
, ς

2
, ς3✱ ❛♥❞ �❤❡ ♥✐♥❡ ❝♦�✐♥❡� α

1
, β

1
, γ

1
, α

2
, etc. ■� ✐� ♥♦� ♠② ✐♥�❡♥�✐♦♥ �♦

�❡♣❡❛� ❤❡�❡ �✉❝❤ ❛



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✼✸

��❛��❛③✐♦♥❡ ❞❡❧ ♠♦�♦ ❞✐ ✉♥ ❝♦�♣♦ �♦❧✐❞♦✱ ❣✐� ❝♦♥❞♦��❛ ❛ ✜♥❡ ❞❛ ✐♥�✐❣♥✐ ❛✉�♦�✐✳ ■■ ❧❡��♦�❡ ❝♦♥♦�❝❡

❧♦ �❝♦♣♦ ❝❤✬ ✐♦ ♠✐ �♦♥♦ ♣�♦♣♦��♦✳ ❙♦❧�❛♥�♦✱ ✈❡❞❡♥❞♦❧❡ ✐♥ �✉❛❧❝❤❡ �❡❧❛③✐♦♥❡ ❝♦❧❧♦ �❝♦♣♦ ♠❡❞❡�✲

✐♠♦✱ �♦❣❣✐✉♥❣❡�� ��❡ ❡�✉❛③✐♦♥✐ ❝❤❡ �✐ ❞❡❞✉❝♦♥♦ ❞❛❧❧❡ ✭✸✺✮ ❞❡�✐✈❛♥❞♦❧❡ ❛♥❝♦�❛ ♣❡❧ �❡♠♣♦✱ ❡

�♦��✐�✉❡♥❞♦ ❛❧❧❡ u, v, w ❝❤❡ �✐ ❣❡♥❡�❛♥♦ ❞✉�❛♥�❡ ❧✬ ♦♣❡�❛③✐♦♥❡✱ ❣❧✐ ��❡��✐ ✈❛❧♦�✐ ✭✸✺✮✳ ❉♦♣♦ ✈❛�✐❡

�✐❞✉③✐♦♥✐ ❝❤❡ �✐ ♣�❡�❡♥�❛♥♦ �❡♥③❛ ❞✐✣❝♦❧��✱ �✐ ❣✐✉♥❣❡ ❛❧❧❡ ��❡

u
′

= f
′′

−
(

ς
2

2 + ς
2

3

)

(x− f)−
(

ς
′

3 − ς
1
ς
2

)

(y − g) +
(

ς
′

2 − ς
1
ς
3

)

(z − h)

v′ = g
′′

+
(

ς
′

3 + ς
1
ς
2

)

(x− f)−
(

ς
2

1 + ς
2

3

)

(y − g)−
(

ς
′

1 − ς
2
ς
3

)

(z − h) ✭✸✻✮

w′ = h
′′

−
(

ς
′

2 − ς
1
ς
3

)

(x− f) +
(

ς
′

1 + ς
2
ς
3

)

(y − g)−
(

ς
2

1 + ς
2

2

)

(z − h) .

❙✐❝❝♦♠❡ ❧❡ u
′

, v
′

, w
′

❡�✉✐✈❛❧❣♦♥♦ �✐�♣❡��✐✈❛♠❡♥�❡ ❛❧❧❡ d
2
x

dt
2 ,

d2 y

dt
2 ,

d2 z

dt
2 , ✐ ��♦✈❛�✐ ✈❛❧♦�✐ ♣♦��❛♥♥♦

�♦��✐�✉✐��✐ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ♠❡❝❝❛♥✐❝❤❡ ✭✷✻✮✱ ❡ ❝♦�& ✭ �✐❝❤✐❛♠❛�❡ ❛♥❝❤❡ ❧❡ ✭✷✾✮ ✮ ❝♦♥��✐❜✉✐�❡ ❛❧❧❛

❞❡�❡�♠✐♥❛③✐♦♥❡ ❞❡❧❧❡ �✉❛♥�✐�� P1, P2, P3, Q1✱ ❡❝✳ ❈♦♥✈✐❡♥❡ ♣❡�� ❝❤❡ ✐❧ ❧❡��♦�❡ ❛��❡♥❞❛ �✉❛♥�♦

�✐❛♠♦ ♣❡� ❞✐�❡ ✐♥ ❣❡♥❡�❛❧❡ ♥❡❧ ❈❛♣♦ �❡❣✉❡♥�❡ ✐♥�♦�♥♦ ❛ �✉❛♥�✐�� ❝❤❡ �❡♥❣♦♥♦ ✐❧ ♣♦��♦ ❞❡❧❧❡ ♥♦✈❡

❛♥③✐❞❡��❡✳

✹✷✳ ❚❡�♠✐♥❡�� ✐❧ ❈❛♣♦ ❛��✉❛❧❡ ❝♦❧ ♠♦���❛�❡ ❝❤❡ ❧♦ ��❡��♦ ❛♥❞❛♠❡♥�♦ �❡♥✉�♦ �✉✐ �♦♣�❛ ❛❧

♥✉♠✳◦✹✵✳ ✈❛❧❡ ❛❧❧✬♦❣❣❡��♦ ❞✐ ��♦✈❛�❡ ✐❧ ✈❛❧♦�❡ ❞❡❧❧❡ ✈❛�✐❛③✐♦♥✐ δx, δy, δz ❛���✐❜✉✐❜✐❧✐ ❛❧❧❡ ❝♦♦�✲

❞✐♥❛�❡ x, y, z ❞✐ ❝✐❛�❝✉♥ ♣✉♥�♦ ❞❡❧ ❝♦�♣♦ ✐♥ ❢♦�③❛ ❞✐ ✉♥❛ ❝✐�❝♦��❛♥③❛ ♣❛��✐❝♦❧❛�❡ ❞❡❣♥✐��✐♠❛ ❞✐

♦��❡�✈❛③✐♦♥❡ ❡ ❝❤❡ ♣�♦❞✉❝❡ ♥♦�❛❜✐❧✐ ❡✛❡��✐✱ ❝♦♠❡ ✈❡❞�❡♠♦ ♥❡❧ ❈❛♣♦ �❡❣✉❡♥�❡✳ ◗✉❛❧✉♥�✉❡ �✐❛

✐❧ �✐��❡♠❛✱ ✐♥✈❛�✐❛❜✐❧❡ ♦ ✈❛�✐❛❜✐❧❡✱ ♥♦♥ ❝✬0 ✐♥ ❣❡♥❡�❛❧❡ ✉♥❛ �❛❣✐♦♥❡ ♣❡� ❝✉✐✱ ❛✈❡♥❞♦♥❡ �✐❢❡�✐�♦ ✐❧

♠♦�♦ ❛ ��❡ ❛��✐ ♦��♦❣♦♥❛❧✐ ♣�❡�✐ ❛ ♣✐❛❝❡�❡✱ ♥♦♥ ♣♦�❡��✐♠♦ �✐❢❡�✐�❧♦ ❛♥❝❤❡ ❛ ��❡ ❛❧��✐ ❛��✐ ♦��❣♦♥❛❧✐

❝♦♠✉♥�✉❡ ♣♦��✐ ♥❡❧❧♦ �♣❛③✐♦ �✐♠♣❡��♦ ❛✐ ♣�✐♠✐✳ ❙✉♣♣♦♥✐❛♠♦ ❞✐ ❛✈❡� ❢❛��♦ ✐❧ ♣�✐♠♦ �✐❢❡�✐♠❡♥�♦✱

❡ ❝❤❡ ❛❧❧♦�❛ ❧❡ ❝♦♦�❞✐♥❛�❡ ❞❡❧ ♣✉♥�♦ ❣❡♥❡�✐❝♦ ❢♦��❡�♦ p, q, r ✭ ❢✉♥③✐♦♥✐ ♣♦✐ �✉❡��❡ ❞✐ a, b, c, t �❡❝✲

♦♥❞♦ ❧❡ ✐❞❡❡ ❞❡❧ ❈❛♣♦ ♣�✐♠♦✮ ❀ ❢❛❝❡♥❞♦ ✐❧ �❡❝♦♥❞♦ �✐❢❡�✐♠❡♥�♦✱ ❧❡ ❝♦♦�❞✐♥❛�❡✱ ❝❤❡ ❞❡♥♦♠✐♥❡�❡♠♦

x, y, z, ♣♦��♦♥♦ ❡��❡�❡ ❞❛�❡ ♣❡� ❧❡ p, q, r ♠❡❞✐❛♥�❡ ❧❡ ❡�✉❛③✐♦♥✐ ✭✶✮ ♥✉♠✳◦✸✸✳ ❙✉♣♣♦✲

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✼✸

��❡❛�♠❡♥� ♦❢ �❤❡ ♠♦�✐♦♥ ♦❢ ❛ �♦❧✐❞ ❜♦❞②✱ ❛❧�❡❛❞② ❝♦♠♣❧❡�❡❞ ❜② ❡♠✐♥❡♥� ❛✉�❤♦��✳ ❚❤❡ �❡❛❞❡�

❦♥♦✇� �❤❡ ❛✐♠ ✇❤✐❝❤ ■ ✐♥�❡♥❞ �♦ ♣✉��✉❡✳ ■ ✇✐❧❧ ❧✐♠✐� ♠②�❡❧❢ ❤❡�❡✱ �❡❡✐♥❣ �❤❡♠ ✐♥ �❡❧❛�✐♦♥ ✇✐�❤

�❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ❛✐♠✱ �♦ ❛❞❞ �♦ ♠② ♣�❡�❡♥�❛�✐♦♥ �❤�❡❡ ❡�✉❛�✐♦♥� ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢�♦♠

✭✸✺✮ ❜② ❞❡�✐✈✐♥❣ �❤❡♠ ❛❣❛✐♥ ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ �✐♠❡ ✈❛�✐❛❜❧❡ ❛♥❞ �❡♣❧❛❝✐♥❣ �♦ �❤❡ u, v, w ✇❤✐❝❤

❛�❡ ❣❡♥❡�❛�❡❞ ❜② �✉❝❤ ♦♣❡�❛�✐♦♥ ❡①❛❝�❧② �❤❡ ✈❛❧✉❡� ❣✐✈❡♥ ❜② �❤❡ ❡�✉❛�✐♦♥ ✭✸✺✮✳ ❆❢�❡� ✈❛�✐♦✉�

�❡❞✉❝�✐♦♥� ✇❤✐❝❤ ❞♦ ♥♦� ♣�❡�❡♥� ❛♥② ❞✐✣❝✉❧�② ♦♥❡ ❛��✐✈❡� ❛� �❤❡ ❢♦❧❧♦✇✐♥❣ �❤�❡❡ ❡�✉❛�✐♦♥�✿

u
′

= f
′′

−
(

ς
2

2 + ς
2

3

)

(x− f)−
(

ς
′

3 − ς
1
ς
2

)

(y − g) +
(

ς
′

2 − ς
1
ς
3

)

(z − h)

v′ = g
′′

+
(

ς
′

3 + ς
1
ς
2

)

(x− f)−
(

ς
2

1 + ς
2

3

)

(y − g)−
(

ς
′

1 − ς
2
ς
3

)

(z − h) ✭✸✻✮

w′ = h
′′

−
(

ς
′

2 − ς
1
ς
3

)

(x− f) +
(

ς
′

1 + ς
2
ς
3

)

(y − g)−
(

ς
2

1 + ς
2

2

)

(z − h) .

❆� �❤❡ u
′

, v
′

, w
′

�❡�♣❡❝�✐✈❡❧② ❛�❡ ❡�✉❛❧ �♦ �❤❡ d
2
x

dt
2 ,

d2 y

dt
2 ,

d2 z

dt
2 , ♦♥❡ ✇✐❧❧ ❜❡ ❛❜❧❡ �♦ �❡♣❧❛❝❡ �❤❡ �♦

❢♦✉♥❞ ✈❛❧✉❡� ✐♥ �❤❡ ♠❡❝❤❛♥✐❝❛❧ ❡�✉❛�✐♦♥� ✭✷✻✮✱ ❛♥❞ ✐♥ �❤✐� ✇❛② ✭♦♥❝❡ �❤❡ ❡�✉❛�✐♦♥� ✭✷✾✮ ❛�❡

❛❧�♦ �❡❝❛❧❧❡❞✮ �❤❡ �❡�✉❧�✐♥❣ ❡�✉❛�✐♦♥� ✇✐❧❧ ❝♦♥��✐❜✉�❡ �♦ �❤❡ ❞❡�❡�♠✐♥❛�✐♦♥� ♦❢ �❤❡ �✉❛♥�✐�✐❡�

P1, P2, P3, Q1✱ ❡�❝✳ ■� ✐� ❤♦✇❡✈❡� �✉✐�❛❜❧❡ �❤❛� �❤❡ �❡❛❞❡� ✇❛✐�� ✇❤❛� ✇❡ ✇✐❧❧ �❛② ✐♥ ❣❡♥❡�❛❧ ✐♥

�❤❡ ❢♦❧❧♦✇✐♥❣ ❈❛♣♦ ❛❜♦✉� �♦♠❡ �✉❛♥�✐�✐❡� ✇❤✐❝❤ ✇✐❧❧ �❡♣❧❛❝❡ �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ♥✐♥❡✳

✹✷✳ ■ ✇✐❧❧ ❝♦♥❝❧✉❞❡ �❤❡ ♣�❡�❡♥� ❈❛♣♦ ❜② �❤♦✇✐♥❣ �❤❛� �❤❡ �❛♠❡ ♣�♦❝❡❞✉�❡ ✉�❡❞ ✐♥ �❤❡

♣�❡✈✐♦✉� �❡❝�✳ ✹✵ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✐♥ ♦�❞❡� �♦ ✜♥❞ �❤❡ ✈❛❧✉❡ ♦❢ �❤❡ ✈❛�✐❛�✐♦♥� δx, δy, δz ✇❤✐❝❤

♠❛② ❜❡ ❛���✐❜✉�❡❞ �♦ �❤❡ ❝♦♦�❞✐♥❛�❡� x, y, z ♦❢ ❡❛❝❤ ♣♦✐♥� ♦❢ �❤❡ ❜♦❞② ❜❡❝❛✉�❡ ♦❢ ❛ ♣❛��✐❝✉❧❛�

❝✐�❝✉♠��❛♥❝❡ ✇❤✐❝❤ ❞❡�❡�✈❡� �♦ ❜❡ ♣❛��✐❝✉❧❛�❧② ❝♦♥�✐❞❡�❡❞ ❛♥❞ ♣�♦❞✉❝❡� �❡♠❛�❦❛❜❧❡ ❡✛❡❝��✱ ❛�

✇❡ ✇✐❧❧ �❡❡ ✐♥ �❤❡ ❢♦❧❧♦✇✐♥❣ ❈❛♣♦✳ ❲❤✐❝❤❡✈❡� ❜❡ �❤❡ �②��❡♠✱ ✈❛�✐❛❜❧❡ ♦� ✐♥✈❛�✐❛❜❧❡✱ �❤❡�❡ ✐�

♥♦� ❛♥② �❡❛�♦♥ ✲✐♥ ❣❡♥❡�❛❧✲ ❢♦� ✇❤✐❝❤ ❛❢�❡� ❤❛✈✐♥❣ �❡❢❡��❡❞ ✐�� ♠♦�✐♦♥ �♦ �❤�❡❡ ♦��❤♦❣♦♥❛❧ ❛①❡�

❛�❜✐��❛�✐❧② ❝❤♦�❡♥✱ ✇❡ ❝❛♥♥♦� �❡❢❡� �❤❡ �❛♠❡ ♠♦�✐♦♥ �♦ �❤�❡❡ ♦�❤❡� ♦��❤♦❣♦♥❛❧ ❛①❡�✱ ✐♥ ✇❤❛�❡✈❡�

✇❛② ♣❧❛❝❡❞ ✐♥ �❤❡ �♣❛❝❡ ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✜��� ♦♥❡�✳ ▲❡� ✉� ❛��✉♠❡ �♦ ❤❛✈❡ ❝❤♦�❡♥ �❤❡ ✜���

❢�❛♠❡ ♦❢ �❡❢❡�❡♥❝❡✱ ❛♥❞ ❧❡� �❤❡ ❝♦♦�❞✐♥❛�❡� ♦❢ �❤❡ ❣❡♥❡�✐❝ ♣♦✐♥� ❜❡ ❬✐♥ �❤✐� ❢�❛♠❡❪ p, q, r ✭✇❤✐❝❤

✐♥ �❤❡✐� �✉�♥ ❛�❡ ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� a, b, c, t ❢♦❧❧♦✇✐♥❣ �❤❡ ✐❞❡❛� ♦❢ �❤❡ ✜��� ❈❛♣♦✮❀ ❧❡�

✉� ❝❤♦♦�❡ ❛ �❡❝♦♥❞ ❢�❛♠❡ ♦❢ �❡❢❡�❡♥❝❡✱ �❤❡♥ �❤❡ ❝♦♦�❞✐♥❛�❡� ❬♦❢ �❤❡ �❛♠❡ ♣♦✐♥�❪ ✇❤✐❝❤ ✇❡ ✇✐❧❧

❞❡♥♦♠✐♥❛�❡ x, y, z, ❝❛♥ ❜❡ ❣✐✈❡♥ ✲✐♥ �❡�♠� ♦❢ �❤❡ ❝♦♦�❞✐♥❛�❡� p, q, r ❜② ♠❡❛♥� ♦❢ �❤❡ ❡�✉❛�✐♦♥�

✭✶✮ �❡❝�✳ ✸✸✳ ▲❡� ✉� ❛��✉♠❡



✼✹
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

♥✐❛♠♦ ❞✐ ♣✐
 ❝❤❡ ❧❡ ❛♥③✐❞❡��❡ ❝♦♦�❞✐♥❛�❡ x, y, z ♣�❡♥❞❛♥♦ ❛✉♠❡♥�✐ ✐♥❞❡�❡�♠✐♥❛�✐ iδx, iδy, iδz

✭ i � ✐❧ ❝♦❡✣❝✐❡♥�❡ ✐♥❞❡�❡�♠✐♥❛�♦ ❝❤❡ �✐ �✐❞✉❝❡ ♣✐❝❝♦❧♦ �✉❛♥�♦ �✐ ✈✉♦❧❡ �❡❝♦♥❞♦ ❧♦ �♣✐�✐�♦ ❞❡❧

❝❛❧❝♦❧♦ ❞❡❧❧❡ ✈❛�✐❛③✐♦♥✐✮ ✐♥ ❝♦♥�❡❣✉❡♥③❛ ❞✐ ✉♥♦ �♣♦��❛��✐ ❛�❜✐��❛�✐♦ ❞❡✐ �❡❝♦♥❞✐ ❛��✐ �✐�♣❡��♦ ❛✐

♣�✐♠✐✱ ✐❧ ❝❤❡ �♦�♥❛ ❧♦ ��❡��♦ ❝❤❡ ❞✐�❡✱ ❛♠♠❡��❡♥❞♦ ❝❤❡ ❝�❡�❝❛♥♦ ❞❡❣❧✐ ❛✉♠❡♥�✐ ✐♥❞❡�❡�♠✐♥❛�✐

iδf, iδα1, ❡❝✳ �✉��❡ ❧❡ ❞♦❞✐❝✐ �✉❛♥�✐�� f, g, h, α1, ❡❝✳ ❞❡❧❧❡ �✉❛③✐♦♥✐ ✭✶✮✱ ��❛ ❧❡ �✉❛❧✐ �❡❣♥❛♥♦ ❧❡

�❡✐ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ✭✸✮ ♦✈✈❡�♦ ✭✹✮ ♥✉♠✳◦ ✸✸✳ !♦��✐❛♠♦ ❝❡�❝❛�❡ ✐ ✈❛❧♦�✐ ❞❡❧❧❡ ✈❛�✐❛③✐♦♥✐

δx, δy, δz ♣❡� ✉♥ �✐��❡♠❛ �✉❛❧✉♥�✉❡ ✐♥ ♠❛♥✐❡�❛ ❛♥❛❧♦❣❛ ❛ �✉❡❧❧❛ ❝♦♥ ❝✉✐ ❝❡�❝❛♠♠♦ ✐ ✈❛❧♦�✐ ❞❡❧❧❡

✈❡❧♦❝✐�� u, v, w ♣❡� ✉♥ ❝♦�♣♦ �♦❧✐❞♦✳ !❡��❛♥�♦ ✐♥✈❡❝❡ ❞❡❧❧❡ ✭✸✵✮ ❛✈�❡♠♦ ❧❡ ��❡

δx = δf + δα
1
p+ δβ

1
q + δγ

1
r

δy = δg + δα
2
p+ δβ

2
q + δγ

2
r

δz = δh+ δα
3
p+ δβ

3
q + δγ

3
r

❧❡ �✉❛❧✐✱ ❞♦♣♦ ❛✈❡�✈✐ �♦��✐�✉✐�✐ ✐ ✈❛❧♦�✐ ❞✐ p, q, r ❞❛�✐❝✐ ❞❛❧❧❡ ✭✸✶✮ ❝✐ ❞✐✈❡♥�❡�❛♥♥♦✱ ✐♥ ❝♦��✐�♣♦♥✲

❞❡♥③❛ ❝♦❧❧❡ ✭✸✷✮✱

δx = δf +
(

α
1
δα

1
+ β

1
δβ

1
+ γ

1
δγ

1

)

(x− f)

+
(

α
2
δα

1
+ β

2
δβ

1
+ γ

2
δγ

1

)

(y − g)

+
(

α
3
δα

1
+ β

3
δβ

1
+ γ

3
δγ

1

)

(z − h)

δy = δg + (α
1
δα

2
+ β

1
δβ

2
+ γ

1
δγ

2
) (x− f)

+ (α
2
δα

2
+ β

2
δβ

2
+ γ

2
δγ

2
) (y − g) ✭✸✼✮

+ (α
3
δα

2
+ β

3
δβ

2
+ γ

3
δγ

2
) (z − h)

δz = δh+ (α
1
δα

3
+ β

1
δβ

3
+ γ

1
δγ

3
) (x− f)

+ (α
2
δα

3
+ β

2
δβ

3
+ γ

2
δγ

3
) (y − g)

+ (α
3
δα

3
+ β

3
δβ

3
+ γ

3
δγ

3
) (z − h) .

!♦�❝✐❛ ✐♥ �✐�❝♦♥��♦ ❞❡❧❧❡ ✭✸✸✮ ��❛❜✐❧✐�❡♠♦ ❧❡ ❞❡♥♦♠✐♥❛③✐♦♥✐
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❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

♠♦�❡♦✈❡� �❤❛� �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ❝♦♦�❞✐♥❛�❡� x, y, z ❛�❡ ✐♥❝�❡♠❡♥�❡❞ ❜② �❤❡ ✐♥❞❡�❡�♠✐♥❡❞

�✉❛♥�✐�✐❡� iδx, iδy, iδz ✭✇❤❡�❡ i ✐� ❛♥ ✐♥❞❡�❡�♠✐♥❛�❡ ❝♦❡✣❝✐❡♥� ✇❤✐❝❤ ✲ ❢♦❧❧♦✇✐♥❣ �❤❡ �♣✐�✐� ♦❢

❝❛❧❝✉❧✉� ♦❢ ✈❛�✐❛�✐♦♥� ✲ ♠❛② ❜❡ ❝♦♥�✐❞❡�❡❞ ❛�❜✐��❛�✐❧② �♠❛❧❧✮ ❛� ❛ ❝♦♥�❡�✉❡♥❝❡ ♦❢ ❛♥ ❛�❜✐��❛�②

❞✐�♣❧❛❝❡♠❡♥� ♦❢ �❤❡ �❡❝♦♥❞ ❢�❛♠❡ ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✜���✱ ✇❤✐❝❤ ✐� ❡�✉✐✈❛❧❡♥� �♦ �❛② �❤❛� ♦♥❡

✐♥❝�❡♠❡♥�� ❜② �❤❡ ✐♥❞❡�❡�♠✐♥❡❞ �✉❛♥�✐�✐❡� iδf, iδα1, etc. ❛❧❧ �✇❡❧✈❡ �✉❛♥�✐�✐❡� f, g, h, α1, etc.

✇❤✐❝❤ ❛♣♣❡❛� ✐♥ �❤❡ ❡�✉❛�✐♦♥� ✭✶✮ ❛♥❞ ❛♠♦♥❣ ✇❤✐❝❤ �❤❡ �✐① ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ✭✸✮ ♦� ✭✹✮

�❡❝�✳ ✸✸ ♠✉�� ❤♦❧❞✳ ❲❡ ❝❛♥ ❧♦♦❦ ❢♦� �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ ✈❛�✐❛�✐♦♥� δx, δy, δz ❢♦� ❛ �②��❡♠

✇❤❛��♦✈❡� ✐♥ ❛ ❝♦♠♣❧❡�❡❧② ❛♥❛❧♦❣♦✉� ✇❛② ❛� ✇❡ ❧♦♦❦❡❞ ❢♦� �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ ✈❡❧♦❝✐�✐❡� u, v, w

❢♦� ❛ �♦❧✐❞ ❜♦❞②✳ ❚❤❡�❡❢♦�❡ ✐♥��❡❛❞ ♦❢ �❤❡ ✭✸✵✮ ✇❡ ✇✐❧❧ ❤❛✈❡ �❤❡ ❢♦❧❧♦✇✐♥❣ �❤�❡❡

δx = δf + δα
1
p+ δβ

1
q + δγ

1
r

δy = δg + δα
2
p+ δβ

2
q + δγ

2
r

δz = δh+ δα
3
p+ δβ

3
q + δγ

3
r

✇❤✐❝❤✱ ❛❢�❡� ❤❛✈✐♥❣ �❡♣❧❛❝❡❞ �❤❡ ✈❛❧✉❡� ♦❢ p, q, r ❛� ❣✐✈❡♥ ❜② �❤❡ ✭✸✶✮ ✇✐❧❧ ❜❡❝♦♠❡✱ ❝♦��❡�♣♦♥❞✲

✐♥❣❧② �♦ �❤❡ ❬❡�✉❛�✐♦♥�❪ ✭✸✷✮✱

δx = δf +
(

α
1
δα

1
+ β

1
δβ

1
+ γ

1
δγ

1

)

(x− f)

+
(

α
2
δα

1
+ β

2
δβ

1
+ γ

2
δγ

1

)

(y − g)

+
(

α
3
δα

1
+ β

3
δβ

1
+ γ

3
δγ

1

)

(z − h)

δy = δg + (α
1
δα

2
+ β

1
δβ

2
+ γ

1
δγ

2
) (x− f)

+ (α
2
δα

2
+ β

2
δβ

2
+ γ

2
δγ

2
) (y − g) ✭✸✼✮

+ (α
3
δα

2
+ β

3
δβ

2
+ γ

3
δγ

2
) (z − h)

δz = δh+ (α
1
δα

3
+ β

1
δβ

3
+ γ

1
δγ

3
) (x− f)

+ (α
2
δα

3
+ β

2
δβ

3
+ γ

2
δγ

3
) (y − g)

+ (α
3
δα

3
+ β

3
δβ

3
+ γ

3
δγ

3
) (z − h) .

❙✉❜�❡�✉❡♥�❧②✱ ♣❛�❛❧❧❡❧✐♥❣ �❤❡ ❬❡�✉❛�✐♦♥�❪ ✭✸✸✮ ✇❡ ✇✐❧❧ ❡��❛❜❧✐�❤ �❤❡ ❞❡✜♥✐�✐♦♥�



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✼✺

ς1 = (α2δα3 + β2δβ3 + γ2δγ3)

ς2 = (α3δα1 + β3δβ1 + γ3δγ1)

ς3 = (α1δα2 + β1δβ2 + γ1δγ2) .

■♥ ❛♣♣�❡		♦ ❧❡ ✈❛�✐❛�❡ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✹✮ ❝✐ ❞❛�❛♥♥♦

α1δα1 + β1δβ1 + γ1δγ1 = 0

α2δα2 + β2δβ2 + γ2δγ2 = 0

α3δα3 + β3δβ3 + γ
3
δγ3 = 0

α2δα1 + β2δβ1 + γ2δγ1 = −ς3

α1δα3 + β1δβ3 + γ1δγ3 = −ς2

α3δα2 + β3δβ2 + γ3δγ2 = −ς1.

❖�❛ ✐♥ ✈✐��� ❞✐ �✉❡	�❡ ✉❧�✐♠❡ ♥♦✈❡ ❡�✉❛③✐♦♥✐✱ ❛❞♦��❛♥❞♦ ❛♥❝❤❡ ❞✐ ♠❡��❡�❡

ω1 = δf − ς2h+ ς3g; ω2 = δg − ς3f + ς1h; ω3 = δh− ς1g + ς2f ✭✸✽✮

❧❡ ♣�❡❝❡❞❡♥�✐ ✭✸✼✮ 	✐ ♠✉�❡�❛♥♥♦ ♥❡❧❧❡

δx = ω1 + ς2z − ς3y

δy = ω2 + ς3x− ς1z ✭✸✾✮

δz = ω3 + ς1y − ς2x;

❝❤❡ 	♦♥♦ �✉❡❧❧❡ ❝❤❡ ❝✐ ❡�❛✈❛♠♦ ♣�♦♣♦	�♦ ❞✐ ��♦✈❛�❡✱ ❡ ❝❤❡ ❝✐ ✈❡��❛♥♥♦ ✉�✐❧✐ ♥❡❧ ❈❛♣♦ 	❡❣✉❡♥�❡✳ ❙✐

♦		❡�✈✐ 	✉✐ ✈❛❧♦�✐ ❞❡❧❧❡ 	❡✐ �✉❛♥�✐�# ω1, ω2, ω3, ς1, ς2, ς3✱ ❝❤✬❡		❡ ♥♦♥ ❞✐♣❡♥❞♦♥♦ ❞❛❧❧❡ ❝♦♦�❞✐♥❛�❡

✈❛�✐❛❜✐❧✐ ❞❡❧ 	✐	�❡♠❛✱ ♠❛ 	♦❧♦ ❞❛❧❧❡ ❞♦❞✐❝✐ �✉❛♥�✐�# ❡	♣�✐♠❡♥�✐ ❧✬ ❛�❜✐��✐♦ ❞❡❧❧❛ ♣♦	✐③✐♦♥❡ ❞❡✐

	❡❝♦♥❞✐ ❛		✐ �✐	♣❡��♦ ❛✐ ♣�✐♠✐✳ ❙✐❝♦♠❡ ♣♦✐ ❢�❛ �❛❧✐ ❞♦❞✐❝✐ �✉❛♥�✐�# 	❡✐ �✐♠❛♥❣♦♥♦ ❛		♦❧✉�❛♠❡♥�❡

❛�❜✐��❛�✐❡✱ ♣♦��❡♠♦ �✐�❡♥❡�❡ ❛�❜✐��❛�✐❡ ❡ ✐♥❞✐♣❡♥❞❡♥�✐ ❢�❛ ❧♦�♦ ❧❡ 	�❡		❡ 	❡✐ ω1, ω2, ω3, ς1, ς2, ς3✳

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✼✺

ς1 = (α2δα3 + β2δβ3 + γ2δγ3)

ς2 = (α3δα1 + β3δβ1 + γ3δγ1)

ς3 = (α1δα2 + β1δβ2 + γ1δγ2) .

❚❤❡♥ �❤❡ ✈❛�✐❛�✐♦♥	 ♦❢ ❡�✉❛�✐♦♥	 ✭✹✮ ✇✐❧❧ ❣✐✈❡ ✉	

α1δα1 + β1δβ1 + γ1δγ1 = 0

α2δα2 + β2δβ2 + γ2δγ2 = 0

α3δα3 + β3δβ3 + γ
3
δγ3 = 0

α2δα1 + β2δβ1 + γ2δγ1 = −ς3

α1δα3 + β1δβ3 + γ1δγ3 = −ς2

α3δα2 + β3δβ2 + γ3δγ2 = −ς1.

◆♦✇✱ ❜❡❝❛✉	❡ ♦❢ �❤❡	❡ ❧❛	� ❡�✉❛�✐♦♥	✱ ❜② ❛❞♦♣�✐♥❣ ❛❧	♦ �❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦�❛�✐♦♥	

ω1 = δf − ς2h+ ς3g; ω2 = δg − ς3f + ς1h; ω3 = δh− ς1g + ς2f ✭✸✽✮

�❤❡ ♣�❡❝❡❞❡♥� ✭✸✼✮ ✇✐❧❧ ❜❡❝♦♠❡

δx = ω1 + ς2z − ς3y

δy = ω2 + ς3x− ς1z ✭✸✾✮

δz = ω3 + ς1y − ς2x;

✇❤✐❝❤ ❛�❡ �❤♦	❡ ✇❤✐❝❤ ✇❡ ✐♥�❡♥❞❡❞ �♦ ✜♥❞ ❛♥❞ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✈❡�② ✉	❡❢✉❧ ✐♥ �❤❡ ❢♦❧❧♦✇✐♥❣ ❈❛♣♦✳

❖♥❡ ❤❛	 �♦ �❡♠❛�❦ �❤❛� �❤❡ ✈❛❧✉❡	 ♦❢ �❤❡ 	✐① �✉❛♥�✐�✐❡	 ω1, ω2, ω3, ς1, ς2, ς3✱ ❞♦ ♥♦� ❞❡♣❡♥❞ ♦♥

�❤❡ ✈❛�✐❛❜❧❡ ❝♦♦�❞✐♥❛�❡	 ♦❢ �❤❡ 	②	�❡♠✱ ❜✉� ♦♥❧② ♦♥ �❤❡ �✇❡❧✈❡ �✉❛♥�✐�✐❡	 ✇❤✐❝❤ ❡①♣�❡		 �❤❡

❛�❜✐��❛�✐♥❡		 ♦❢ �❤❡ ♣♦	✐�✐♦♥ ♦❢ �❤❡ 	❡❝♦♥❞ ❢�❛♠❡ ✇✐�❤ �❡	♣❡❝� �♦ �❤❡ ✜�	�✳ ❆	✱ ✐♥❞❡❡❞✱ ❛♠♦♥❣

�❤❡	❡ �✇❡❧✈❡ �✉❛♥�✐�✐❡	 ♦♥❧② 	✐① �❡♠❛✐♥ ❛❜	♦❧✉�❡❧② ❛�❜✐��❛�②✱ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ �♦ ❛		✉♠❡ �❤❛�

❡①❛❝�❧② �❤❡ 	✐① �✉❛♥�✐�✐❡	 ω1, ω2, ω3, ς1, ς2, ς3. ❛�❡ ❛�❜✐��❛�② ❛♥❞ ✐♥❞❡♣❡♥❞❡♥�✳
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❈❆�❖ ■❱✳

❉❡❧ ♠♦�♦ ❡ ❞❡❧❧✬ ❡	✉✐❧✐❜
✐♦ ❞✐ ✉♥ ❝♦
♣♦ 	✉❛❧✉♥	✉❡✳

✹✸✳ ❉✐❝♦ �✉❛❧✉♥�✉❡ �✉❡❧ ❝♦�♣♦ ❝❤❡ ♣✉� ♠✉�❛�❡ ❞✐ ❢♦�♠❛✱ ❝❛♥❣✐❛♥❞♦ ✐ ♣❡� ❡✛❡��♦ ❞✐ ♠♦�✐

✐♥�❡ �✐♥✐ ❧❡ ♣♦ ✐③✐♦♥✐ �❡❧❛�✐✈❡ ❞❡❧❧❡  ✉❡ ♠♦❧❡❝♦❧❡✳ ▲❛❣�❛♥❣❡ ��❛��� ♥❡❧❧❛  ✉❛ ▼✳❆✳ ✈❛�✐❡ �✉❡ �✐♦♥✐

❝❤❡  ✐ �✐❢❡�✐✈❛♥♦ ❛  ✐ �❡♠✐ ✈❛�✐❛❜✐❧✐ ❞✐  ✐♠✐❧ ♥❛�✉�❛✿ ��❛��� ❞❡❧❧✬ ❡�✉✐❧✐❜�✐♦ ❞✐ ✜❧✐ ❡ ❞✐  ✉♣❡�✜❝✐❡

❡ �❡♥ ✐❜✐❧✐ ❡ ❝♦♥��❛��✐❧✐✱ ��❛��� ❞❡❧❧✬ ❡�✉✐❧✐❜�✐♦ ❡ ❞❡❧ ♠♦�♦ ❞❡✬ ❧✐�✉✐❞✐ ❡ ❞❡✬ ✢✉✐❞✐ ❡❧❛ �✐❝✐✳ ❆

�❛❧ ✜♥❡ ❡❣❧✐ ❛❞♦��� ✉♥ ♣�✐♥❝✐♣✐♦ ❣❡♥❡�❛❧❡ ✭➓✳✾✳ ❞❡❧❧❛ ❙❡③✳ ■■ a✱ ❡ ✻✳ ❞❡❧❧❛ ■❱a✮✱ ♠❡❞✐❛♥�❡ ✐❧

�✉❛❧❡ ❧✬❡ ♣�❡  ✐♦♥❡ ❛♥❛❧✐�✐❝❛ ❞❡❧❧✬ ❡✛❡��♦ ❞✐ ❢♦�③❡ ✐♥�❡�♥❡ ❛��✐✈❡ �✐❡ ❝❡ ❛✛❛��♦ ❛♥❛❧♦❣❛ ❛ �✉❡❧❧❛

❝❤❡ �✐ ✉❧�❛ ♣❡� ❧❡ ❢♦�③❡ ♣❛  ✐✈❡ �✉❛♥❞♦  ✐ ❤❛♥♥♦ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡✿ ✐❧ ❝❤❡  ✐ ♦��✐❡♥❡

❛  ✉♠❡♥❞♦ ❞❡✐ ❝♦❡✣❝✐❡♥�✐ ✐♥❞❡�❡�♠✐♥❛�✐ ❡ ♠♦❧�✐♣❧✐❝❛♥❞♦ ❝♦♥ ❡  ✐ ❧❡ ✈❛�✐❛�❡ ❞✐ �✉❡❧❧❡  �❡  ❡

❢✉♥③✐♦♥✐ ❝❤❡ �✐♠❛♥❣♦♥♦ ❝♦ �❛♥�✐ ♣❡� ❝♦�♣✐ �✐❣✐❞✐✱ ♦ ✐♥❡ �❡♥ ✐❜✐❧✐✱ ♦ ❧✐�✉✐❞✐✳ ❙❡ ❝✐ ❝♦♥❢♦�♠❛  ✐♠♦

❛❞ ✉♥ �❛❧ ♠❡�♦❞♦✱ ♣♦��❡♠♠♦ ❛ ❞✐�✐��✉�❛ ❣❡♥❡�❛❧✐③③❛�❡ ✐ �✐ ✉❧�❛♠❡♥�✐ ❛✐ �✉❛❧✐  ✐❛♠♦ ❣✐✉♥�✐ ♥❡❧

❝❛♣✐�♦❧♦ ♣�❡❝❡❞❡♥�❡✿ ✐♦ ♣❡�� ♣�❡❢❡�✐ ❝♦ ❞✐ ❛ �❡♥❡�♠❡♥❡✱ ❣✐❛❝❝❤1 ❧❛ ♠✐❛ ❛♠♠✐�❛③✐♦♥❡ ♣❡❧ ❣�❛♥❞❡

●❡♦♠❡��❛ ♥♦♥ ♠✬✐♠♣❡❞✐ ❝❡ ❞✐ �✐❝♦♥♦ ❝❡�❡ ❝♦♠❡ ✐♥ �✉❡❧ ♣�✐♥❝✐♣✐♦ �✐♠❛♥❣❛ �✉��❛✈✐❛ ❛❧❝✉♥ ❝❤❡ ❞✐

♦ ❝✉�♦ ❡ ❞✐ ♥♦♥ ❞✐♠♦ ��❛�♦✳ ❈❡�❝❤✐❛♠♦ �✉✐♥❞✐ ❞✐ ❝♦♥ ❡❣✉✐�❡ ❧♦  �❡  ♦ ✐♥�❡♥�♦ ❛❧��✐♠❡♥�✐✱ ❛♥❝❤❡

❛ ♠♦�✐✈♦ ❞❡❧❧✬✐♠♣❡❣♥♦ ✐♥ ❝✉✐  ✐❛♠♦ ❡♥��❛�✐ ❞✐ ✈♦❧❡� ❞❡❞✉��❡ �✉��❡ ❧❡ ❡�✉❛③✐♦♥✐ ♠❡❝❝❛♥✐❝❤❡

♣❡� �✉❛❧✉♥�✉❡ ❝♦�♣♦ ❞❛❧❧✬ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧✐  ✐♠❛ ✭■✮ ♥✉♠✳◦✶✻✳  ♣❡��❛♥�❡ ❛✐  ✐ �❡♠✐ ❞✐ ❝�❡�✐✳

❊ �✉✐ ❝✐  ✐ ♣�❡ ❡♥�❛♥♦ ❞✉❡ ✈✐❡✳ ▲❛ ♣�✐♠❛ ❞✐ �✐♥✈❡♥✐�❡✱ ❛♥❝❤❡ ♣❡❧ ❝❛ ♦ ❞✐ ❝♦�♣✐ �✉❛❧✉♥�✉❡✱

❡ �❡♥ ✐❜✐❧✐✱ ❡❧❛ �✐❝✐✱ ✢✉✐❞✐✱ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ❝❤❡ ♥❡ ❡ ♣�✐♠❛♥♦ ❧❛ ♥❛�✉�❛✱ ✐♥ �✉❡❧❧❛ ❣✉✐ ❛

❝❤❡ ❧❡ ❡�✉❛③✐♦♥✐ ✭✽✮ ❞❡❧ ♥✉♠✳◦✸✹✳ ❡ ♣�✐♠❡✈❛♥♦ �✉❡❧❧❛ ❞❡✬ ❝♦�♣✐ �✐❣✐❞✐✱ ❡ �✉✐♥❞✐ ��❛��❛�❡ ♦❣♥✐  ♦��❛

❞✐ ❢♦�③❡ ✐♥�❡�♥❡ ❛❧ ♠♦❞♦ ❞❡❧❧❡ ♣❛  ✐✈❡✱ ♦  ✐❛ ♠❡❞✐❛♥�❡ ❧❛ �❡�③❛ ♣❛��❡ ❞❡❧❧❛ ❛♥③✐❞❡��❛ ❡�✉❛③✐♦♥❡

❣❡♥❡�❛❧❡ ✭■✮ ♥✉♠✳◦✶✻✳ ▲✬❛❧��❛  ��❛❞❛ ❝❤❡ ♣♦��❡❜❜❡  ❡❣✉✐� ✐  ❛�❡❜❜❡ ❞✐  �✉❞✐❛�❡ ✐ �❡�♠✐♥✐

✼✻
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

❈❆�❖ ■❱✳

❖♥ �❤❡ ♠♦�✐♦♥ ❛♥❞ ❡	✉✐❧✐❜
✐✉♠ ♦❢ ❛ ❜♦❞② ✇❤❛��♦❡✈❡


✹✸✳ ■ ❝❛❧❧ ✧✇❤❛� ♦❡✈❡�✧ �❤❛� ❜♦❞② ✇❤✐❝❤ ❝❛♥ ❝❤❛♥❣❡ ✐�  ❤❛♣❡✱ ❜❡❝❛✉ ❡ ♦❢ �❤❡ ♠♦❞✐✜❝❛�✐♦♥

♦❢ �❤❡ �❡❧❛�✐✈❡ ♣♦ ✐�✐♦♥ ♦❢ ✐� ♠♦❧❡❝✉❧❡ ✳ ▲❛❣�❛♥❣❡ ��❡❛�❡❞ ✐♥ ❤✐ ❆♥❛❧②�✐❝❛❧ ▼❡❝❤❛♥✐❝ ✈❛�✐♦✉ 

�✉❡ �✐♦♥ ✇❤✐❝❤ ✇❡�❡ �❡❧❛�✐✈❡ �♦ ✈❛�✐❛❜❧❡  ② �❡♠ ❤❛✈✐♥❣ �❤✐ ♥❛�✉�❡✿ ❤❡ ��❡❛�❡❞ �❤❡ ❡�✉✐❧✐❜�✐✉♠

♦❢ ❡①�❡♥ ✐❜❧❡ ❛♥❞ ❝♦♥��❛❝�✐❜❧❡  ��✐♥❣ ❛♥❞  ✉�❢❛❝❡ ✱ ❤❡ ��❡❛�❡❞ �❤❡ ❡�✉✐❧✐❜�✐✉♠ ❛♥❞ �❤❡ ♠♦�✐♦♥

♦❢ ❧✐�✉✐❞ ❛♥❞ ❡❧❛ �✐❝ ✢✉✐❞ ✳ ❚♦ �❤✐ ❛✐♠ ❤❡ ❛❞♦♣�❡❞ ❛ ❣❡♥❡�❛❧ ♣�✐♥❝✐♣❧❡ ✭➓✳✾✳ ✐♥ ❙❡❝�✳ ■■a✱ ❛♥❞

✻✳ ✐♥ ❙❡❝�✳ ■❱a✮✱ ❜② ♠❡❛♥ ♦❢ ✇❤✐❝❤ �❤❡ ❛♥❛❧②�✐❝❛❧ ❡①♣�❡  ✐♦♥ ♦❢ �❤❡ ❡✛❡❝� ♦❢ ✐♥�❡�♥❛❧ ❛❝�✐✈❡

❢♦�❝❡ �❡ ✉❧� �♦ ❜❡ ❝♦♠♣❧❡�❡❧② ❛♥❛❧♦❣♦✉ �♦ �❤❡ ❡①♣�❡  ✐♦♥ ✇❤✐❝❤ ♦♥❡ ♦❜�❛✐♥ ✐♥ ♣�❡ ❡♥❝❡ ♦❢

❡�✉❛�✐♦♥ ♦❢ ❝♦♥❞✐�✐♦♥✿ �❤✐ ✐ ♦❜�❛✐♥❡❞ ❜② ✐♥��♦❞✉❝✐♥❣  ♦♠❡ ✐♥❞❡�❡�♠✐♥❛�❡ ❝♦❡✣❝✐❡♥� ❛♥❞

♠✉❧�✐♣❧②✐♥❣ �❤❡♠ ❜② �❤♦ ❡ ❢✉♥❝�✐♦♥ ✇❤✐❝❤ �❡♠❛✐♥ ❝♦♥ �❛♥� ❢♦� �✐❣✐❞ ♦� ✐♥❡①�❡♥ ✐❜❧❡ ♦� ❧✐�✉✐❞

❜♦❞✐❡ ✳ ■❢ ✇❡ ✇❡�❡ �♦ ❛❞♦♣�  ✉❝❤ ❛ ♠❡�❤♦❞ ✇❡ ❝♦✉❧❞ ✐♠♠❡❞✐❛�❡❧② ❣❡♥❡�❛❧✐③❡ �❤❡ �❡ ✉❧� �♦ ✇❤✐❝❤

✇❡ ❛��✐✈❡❞ ✐♥ �❤❡ ♣�❡❝❡❞❡♥� ❝❤❛♣�❡�✿ ■ ❤♦✇❡✈❡� ♣�❡❢❡� �♦ ❛❜ �❛✐♥ ❢�♦♠ �❤✐ ♣�♦❝❡❞✉�❡✱ ❛ ♠②

❛❞♠✐�❛�✐♦♥ ❢♦� �❤❛� ❣�❡❛� ●❡♦♠❡�❡� ❞♦❡ ♥♦� ✐♠♣❡❞❡ ♠❡ �♦ �❡❝♦❣♥✐③❡ �❤❛� ✐♥ ❛❢♦�❡♠❡♥�✐♦♥❡❞

♣�✐♥❝✐♣❧❡  �✐❧❧ �❡♠❛✐♥  ♦♠❡�❤✐♥❣ ♦❜ ❝✉�❡ ❛♥❞ ♥♦� ❝♦♠♣❧❡�❡❧② ❞❡♠♦♥ ��❛�❡❞✳ ❲❡ �❤❡�❡❢♦�❡ ��②

�♦ ❣❡� �❤❡  ❛♠❡ �❡ ✉❧� ♦�❤❡�✇✐ ❡✱ ❛❧ ♦ ❜❡❝❛✉ ❡ ♦❢ �❤❡ ❡♥❣❛❣❡♠❡♥� ✇❤✐❝❤ ✇❡ ✐♥�❡♥❞ �♦ ❢✉❧✜❧❧✱

✇❤✐❝❤ ❝♦♥ ✐ � ✐♥ ✇❛♥�✐♥❣ �♦ ❞❡❞✉❝❡ ❛❧❧ ♠❡❝❤❛♥✐❝❛❧ ❡�✉❛�✐♦♥ ❢♦� ❛ ❜♦❞② ✇❤❛� ♦❡✈❡�  �❛��✐♥❣

❢�♦♠ �❤❡ ♠♦ � ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✭✶✮  ❡❝�✳ ✶✻ ✇❤✐❝❤ ❛♣♣❡��❛✐♥ �♦ ❞✐ ❝�❡�❡  ② �❡♠ ✳ ❍❡�❡ �✇♦

❞✐✛❡�❡♥� ✇❛② ♦❢ ♣�♦❝❡❡❞✐♥❣ ❛�✐ ❡✳ ❚❤❡ ✜� � ♦♥❡ ❝♦♥ ✐ � ✐♥ ✜♥❞✐♥❣✱ ❛❧ ♦ ✐♥ �❤❡ ❝❛ ❡ ♦❢ ❛ ❜♦❞②

✇❤❛� ♦❡✈❡� ❬✇❤✐❝❤ ♠❛② ❜❡❪ ❡①�❡♥ ✐❜❧❡✱ ❡❧❛ �✐❝ ❬♦�❪ ✢✉✐❞  ♦♠❡ ❡�✉❛�✐♦♥ ♦❢ ❝♦♥❞✐�✐♦♥ ✇❤✐❝❤ ♠❛②

❡①♣�❡  �❤❡✐� ♥❛�✉�❡ ❬✭♦❢ �❤❡ ❜♦❞✐❡ ✮❪✱ ❡①❛❝�❧② ❛ ✐♥ �❤❛� ♠❛♥♥❡� ❛ �❤❡ ❡�✉❛�✐♦♥ ✭✽✮ ✐♥  ❡❝�✳

✸✹ ❡①♣�❡  ❡❞ �❤❡ ♥❛�✉�❡ ♦❢ �✐❣✐❞ ❜♦❞✐❡ ✱ ❛♥❞ �❤❡�❡❢♦�❡ ✐♥ ��❡❛�✐♥❣ ❛♥②  ♦�� ♦❢ ✐♥�❡�♥❛❧ ❢♦�❝❡ ❛ 

❞♦♥❡ ❢♦� ♣❛  ✐✈❡ ♦♥❡ ✱ �❤❛� ✐ ❜② ♠❡❛♥ ♦❢ �❤❡ �❤✐�❞ ♣❛�� ♦❢ �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥

✭✶✮  ❡❝�✳ ✶✻✳ ❚❤❡ ♦�❤❡� ✇❛② ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❢♦❧❧♦✇❡❞  ❤♦✉❧❞ ❬❝♦♥ ✐ �❪ ✐♥  �✉❞②✐♥❣ �❤❡ �❡�♠ 



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✼✼

✐♥��♦❞♦��✐ ❞❛❧❧❡ ❢♦�③❡ ✐♥�❡�♥❡ ❛��✐✈❡ ✉�❛♥❞♦ ❞❡❧❧❛ �❡❝♦♥❞❛ ♣❛��❡ ❞❡❧❧❛ ♠❡♥�♦✈❛�❛ ❡�✉❛③✐♦♥❡

❣❡♥❡�❛❧❡✳ ▼✐ ❛��❡♥♥✐ ❛ �✉❡��✬ ✉❧�✐♠❛ ♥❡❧❧❛ ▼❡♠♦�✐❛ ✐♥�❡�✐�❛ ♥❡❧ ❚♦♠♦ ❳❳■ ❞❡✐ ✈♦❧✉♠✐ ❙♦❝✐❛❧✐✱ ❡❞

♦�❛ ❢❛�� ✈❡❞❡�❡ ♥❡❧ ❈❛♣✐�♦❧♦ ❱■✱ ❝❤❡ ✉♥ �❛❧❡ ❛♥❞❛♠❡♥�♦ �✐ ♣✉� ❞✐ ♠♦❧�♦ ❛❜❜�❡✈✐❛�❡✱ �❡♥❞❡♥❞♦❧♦

✐♥�✐❡♠❡ ♣✐" �✐❝✉�♦✳ #❡� ❧❡ �❛❣✐♦♥✐ ♣♦✐ ❛❞❞♦��❡ ♥❡❧ ♣�❡❛♠❜♦❧♦ ❞❡❧❧✬ ❛��✉❛❧❡ ▼❡♠♦�✐❛ ❝�❡❞♦ ♣✐"

✜❧♦�♦✜❝♦ ✐❧ ♣�✐♠♦ ❞❡✐ ❞❡�❝�✐��✐ ❛♥❞❛♠❡♥�✐✱ ✐❧ �✉❛❧❡ ♣❡�� ♣�❡�❡♥�❛ ❛❧❝✉♥❡ ♥♦♥ ❧✐❡✈✐ ❞✐✣❝♦❧�&✳

◗✉❡��❡ ❞✐✣❝♦❧�& ✈❡♥❣♦♥♦ ❞❛❧ ❞♦✈❡� ��♦✈❛�❡ ✐♥ ❣❡♥❡�❛❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ♣❡� ❡�♣�✐♠❡�❡

✐ ❧❡❣❛♠✐ ✐♥�❡�♥✐ ❢�❛ ❧❡ ♠♦❧❡❝♦❧❡ ❞❡✐ ❝♦�♣✐✱ ❞✐ �✉❛❧✉♥�✉❡ ♥❛�✉�❛ ❡��✐ �✐❛♥♦✳ ❉♦♣♦ ❧✉♥❣❤❡ �✐❝❡�❝❤❡

❝�❡❞♦ ❞✐ ❛✈❡� ♦��❡♥✉�♦ ❧✬✐♥�❡♥�♦ ♠❡�❝) ❧❡ �❡❣✉❡♥�✐ ❝♦♥�✐❞❡�❛③✐♦♥✐✳ ❱✐ ❤❛ ♥❡❧❧❛ ▼❡❝❝❛♥✐❝❛ ✉♥ ❢❛��♦

❝❤❡ ❜❡♥ ♠❡�✐�❛ ❧✬ ❛��❡♥③✐♦♥❡ ❞❡❧ ❣❡♦♠❡��❛✱ ❡❞ ) ❝❤❡ ❧❡ ��❡��❡ �❡✐ ❡�✉❛③✐♦♥✐ ❧❡ �✉❛❧✐ �✉��✐��♦♥♦

♣❡� ❧✬❡�✉✐❧✐❜�✐♦ ❡ ♣❡❧ ♠♦�♦ ❞✐ ✉♥ ❝♦�♣♦ �♦❧✐❞♦ ❧✐❜❡�♦ ✭❝✐♦) ♥♦♥ ❛✈❡♥�❡ ♣✉♥�✐ ✜��✐ ♦❞ ♦❜❜❧✐❣❛�✐ ❛

��❛�❡ �♦♣�❛ ❧✐♥❡❡ ♦ �✉♣❡�✜❝✐❡ ❞❡�❡�♠✐♥❛�❡ ✮ ✭ ▼✳ ❆✳ ❚♦♠✳ ■✳ ♣❛❣✳ ✶✼✵✳ ✮ �✐ ❡��❡♥❞♦♥♦ ❛❧��❡�/

❛✐ ❝♦�♣✐ ❧✐❜❡�✐ ♥♦♥ �♦❧✐❞✐ ✭ ▼✳ ❆✳ ❚✳ ■✳ ♣✳ ✷✺✼✳✱ ❡ �❡❣✉❡♥�✐ ✮ ✱ ❡��❡♥❞♦ �✉❡❧❧❡ ❝❤❡ ❝♦♥�❡♥❣♦♥♦ ✐

❞✉❡ ♣�✐♥❝✐♣❥ ❣❡♥❡�❛❧✐ ❞❡❧❧❛ ❝♦♥�❡�✈❛③✐♦♥❡ ❞❡❧ ♠♦�♦ ❞❡❧ ❝❡♥��♦ ❞✐ ❣�❛✈✐�& ✱ ❡ ❞❡❧❧❛ ❝♦♥�❡�✈❛③✐♦♥❡

❞❡❧❧❡ ❛�❡❡ ✳ ■♦ ❛✈❡❛ ❜✐�♦❣♥♦ ❞✐ ✉♥❛ ❣❡♥❡�❛❧✐③③❛③✐♦♥❡ �✐♠✐❧❡ ♣❡� ❡��❡♥❞❡�❡ ❧❡ ❡�✉❛③✐♦♥✐ ✭✷✻✮ ✱ ✭✷✾✮

❞❡❧ ❈❛♣♦ ♣�❡❝❡❞❡♥�❡✱ ❞✐♠♦���❛�❡ ♣❡✐ ❝♦�♣✐ �♦❧✐❞✐✱ ❛♥❝❤❡ ❛❞ ❛❧��✐ ❝♦�♣✐ �✉❛❧�✐✈♦❣❧✐♦♥♦✳ ▼✐ ♣♦�✐

�✉✐♥❞✐ ❛❞ ❛♥❛❧✐③③❛�❡ �♦��✐❧♠❡♥�❡ ✐❧ ♠❡�♦❞♦ ♣❡� ♠❡③③♦ ❞❡❧ �✉❛❧❡ �✐ ❛��✐✈❛ ❛❧❧❡ ❡�✉❛③✐♦♥✐ ❣❡♥❡�❛❧✐
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■ ❢♦❧❧♦✇❡❞ �❤✐� ❧❛�� ✇❛② ✐♥ �❤❡ ▼❡♠♦✐� ✐♥�❡��❡❞ ✐♥ �❤❡ ❚♦♠❡ ❳❳■ ♦❢ �❤❡ ❱♦❧✉♠✐ ❙♦❝✐❛❧✐ ❛♥❞ ♥♦✇

■ ✇✐❧❧ �❤♦✇ ✐♥ �❤❡ ❈❤❛♣�❡� ❱■ �❤❛� �✉❝❤ ❛ ♣�♦❝❡❞✉�❡ ❝❛♥ ❜❡ ❣�❡❛�❧② �❤♦��❡♥❡❞✱ �❡♥❞❡�✐♥❣ ✐�✱ ❛�
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♠❛② ❜❡ �❤❡✐� ♥❛�✉�❡✳ ❆❢�❡� ❧♦♥❣ �❡�❡❛�❝❤❡� ■ ❜❡❧✐❡✈❡ �♦ ❤❛✈❡ ♦❜�❛✐♥❡❞ �❤❡ ✐♥�❡♥❞❡❞ �♦❧✉�✐♦♥ ❜②
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❛��❡♥�✐♦♥ ♦❢ �❤❡ ●❡♦♠❡�❡� ❛♥❞ ✐� ❝❛♥ ❜❡ ��❛�❡❞ ❛� ❢♦❧❧♦✇�✿ �❤❡ �❛♠❡ �✐① ❡�✉❛�✐♦♥� ✇❤✐❝❤ ❤♦❧❞
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●❡♦♠❡�❡�� ❝❛♥ ❜❡ �❡❞✉❝❡❞ �♦ ❜❡ ❡①❛❝�❧② �❤❡ �❛♠❡ ✇❤✐❝❤ ❬❧❡❛❞ �♦❪ �❤❡ ♦�❤❡� ❬♥❡✇❪ ♦♥❡ ✇❤✐❝❤ ■

❤❛✈❡ �❛�❣❡�❡❞✳
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✇❤✐❝❤ ❤♦❧❞� ✐♥ ♣❛��✐❝✉❧❛� ❢♦� �✐❣✐❞ ❜♦❞✐❡�✱ ✇❡ ✇✐❧❧ ❤❛✈❡
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∫

da

∫

db

∫

dc ·

{(

X −
d2x

dt2

)

δx+ ....

}

+

∫

da

∫

db

∫

dc ·G+Ω = 0 ✭✶✮

✐♥❞✐❝❛♥❞♦ ❝♦♥ G ✐❧ ❝♦♠♣❧❡��♦ ❞❡✐ �❡�♠✐♥✐ ✐♥��♦❞♦��✐ ❞❛❧❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ❝❤❡ ♥♦♥

❝♦♥♦�❝✐❛♠♦✱ ❡ ❝❤❡ ♥❡❧ ❧✉♦❣♦ ❝✐�❛�♦ ❡�❛ �✐❣♥✐✜❝❛�♦ ❞❛❧ �❡��✐♥♦♠✐♦

Aδt1 +Bδt2 + Cδt3 +Dδt4 + Eδt5 + Fδt6.

▼❛ �✉❡��❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ❝❤❡ ♥♦♥ ❝♦♥♦�❝✐❛♠♦✱ ♣♦��♦♥♦ �✐�✉❧�❛�❝✐ ♥♦�❡ ❝❛♠❜✐❛♥❞♦ ❧❡

✈❛�✐❛❜✐❧✐ ❛ ❝✉✐ �✐ �✐❢❡�✐�❝♦♥♦ ❣❧✐ ✐♥�❡❣�❛❧✐ ❛❧❧❛ ♠❛♥✐❡�❛ ❝❤❡ �♦♥ ♣❡� ❞✐�❡✳

◆♦♥ ✐♠♠❛❣✐♥✐❛♠♦ ❧❡ x, y, z ❢✉♥③✐♦♥✐ ✐♠♠❡❞✐❛�❛♠❡♥�❡ ❞❡❧❧❡ a, b, c, t, ♠❛ ♣�✐♠❛ ❢✉♥③✐♦♥✐ ❞✐

��❡ ❛❧��❡ p, q, r ❛ ♠♦�✐✈♦ ❞✐ ✉♥ �✐❢❡�✐♠❡♥�♦ �✉❝❝❡��✐✈♦ ❞❡❧ ❝♦�♣♦ ❛ ❞✉❡ ❞✐✈❡��❡ �❡�♥❡ ❞✐ ❛��✐

♦��♦❣♦♥❛❧✐✱ ❝♦♠❡ �♦♣�❛ �✐  ✐♥�✐♥✉❛�♦ ❛❧ ♥✉♠✳◦✹✷✳ ▲✬❛��✐✜❝✐♦ ❝❤❡ ♦��✐❡♥❡ ❧✬ ✐♥�❡♥�♦ ��❛ ♥❡❧❧✬✉�❛�❡

❞✐ �✉❡��❡ ❝♦♦�❞✐♥❛�❡ ✐♥�❡�♠❡❞✐❡ p, q, r, ❡❞ ❡�❡❣✉✐�❡ ✐♥ ❞✉❡ ✈♦❧�❡ ❧❛ ��❛�❢♦�♠❛③✐♦♥❡ ❞❡❣❧✐ ✐♥�❡❣�❛❧✐✳

▲❛ ♣�✐♠❛ ✈♦❧�❛ ✐♥✈❡❝❡ ❞✐ ��❛�❢♦�♠❛�❡ ❣❧✬ ✐♥�❡❣�❛❧✐ ♣�❡�✐ ♣❡� a, b, c ✐♥ ❛❧��✐ ♣�❡�✐ ♣❡� x, y, z ✭ ❝♦♠❡

❛❧ ♥✉♠✳ ◦✶✵✱❈❛♣♦ ■◦.✮✱ ❧✐ ��❛�❢♦�♠❡�❡♠♦ ✐♥ ✐♥�❡❣�❛❧✐ ♣�❡�✐ ♣❡� p, q, r ✿ ❡ ♣❛��❡�❡♠♦ ♣♦�❝✐❛ ❞❛❧❧❡

p, q, r ❛❧❧❡ x, y, z.

✹✺✳ ❆ �❛❧ ✜♥❡ ❝✐ ❝♦♥✈✐❡♥❡ ♣�❡♠❡��❡�❡ ✉♥ ♣�✐♥❝✐♣✐♦ ❛♥❛❧✐�✐❝♦ ❝❤❡ ♥❡❧ ❝❛�♦ ❛��✉❛❧❡ ❡❞ ❛♥❝❤❡ ✐♥

❛❧��✐ ❛♣�❡ ❧✬❛❞✐�♦ ❛ �❡�✐❡ ❡❞ ✉�✐❧✐ �♣❡❝✉❧❛③✐♦♥✐ ✐♥�♦�♥♦ ❛✐ ❞✐✈❡��✐ ❣�❛❞✐ ❞✐ ❝♦♠♣♦�✐③✐♦♥❡ ♥❡✐ �✉❛❧✐

 ❞✉♦♣♦ ❝♦♥�✐❞❡�❛�❡ ❧❡ �✉❛♥�✐�+ ♣❡� ♦��❡♥❡� ❝✐, ❝❤❡ ❛❧��✐♠❡♥�✐ ♥♦♥ �✐ ♣♦��❡❜❜❡✳

❙❡ ❧❡ x, y, z �✐ �✐❣✉❛�❞❛♥♦ ❢✉♥③✐♦♥✐ ❞✐ a, b, c ✐♥ �✉❛♥�♦ �♦♥♦ ♣�✐♠❛ ❢✉♥③✐♦♥✐ ❞❡❧❧❡ p, q, r ❧❡ �✉❛❧✐

�♦♥♦ ♣♦✐ ❢✉♥③✐♦♥✐ ❞❡❧❧❡ a, b, c✱ ✐❧ �❡��✐♥♦♠✐♦ H ✭ ❡�✉❛③✐♦♥❡ ✭✶✮ ♥✉♠✳ ✾✳ ❈❛♣♦ ■◦.✮ ❝♦♠♣♦��♦ ❝♦❧❧❡

❞❡�✐✈❛�❡ ❞❡❧❧❡ x, y, z ♣�❡�❡ ✐♠♠❡❞✐❛�❛♠❡♥�❡ ♣❡� ❧❡ a, b, c ✭ �❛❧�❛�❛ ❧❛ ❝♦♥�✐❞❡�❛③✐♦♥❡ ✐♥�❡�♠❡❞✐❛

❞❡❧❧❡ p, q, r ✮ ❡❣✉❛❣❧✐❛ ✐❧ ♣�♦❞♦��♦ ❞✐ ❞✉❡ �✐♠✐❧✐ �❡��✐♥♦♠❥ H1✱ H2 ✱ ✐❧ ♣�✐♠♦ ❞❡✐ �✉❛❧✐  ❢❛��♦

❝♦❧❧❡ x, y, z ❞❡�✐✈❛�❡ ♣❡� ❧❡ p, q, r, ❡ ✐❧ �❡❝♦♥❞♦ ❝♦❧❧❡ p, q, r ❞❡�✐✈❛�❡ ♣❡� ❧❡ a, b, c ✿ ❛❜❜✐❛♠♦ ❝✐♦ 

❧✬❡�✉❛③✐♦♥❡

H = H1 H2 ✭✷✮

✼✽
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

∫

da

∫

db

∫

dc ·

{(

X −
d2x

dt2

)

δx+ ....

}

+

∫

da

∫

db

∫

dc ·G+Ω = 0 ✭✶✮

✇❤❡�❡ ✇❡ ❤❛✈❡ ✐♥❞✐❝❛�❡❞ ❜② G �❤❡ ✇❤♦❧❡ �❡� ♦❢ �❡�♠� ✐♥��♦❞✉❝❡❞ ❜② �❤❡ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥

✇❤✐❝❤ ✇❡ ��✐❧❧ ❞♦ ♥♦� ❦♥♦✇ ❛♥❞ ✇❤✐❝❤ ✐♥ �❤❡ ❝✐�❡❞ ❡�✉❛�✐♦♥ ✇❛� �❡❝♦❣♥✐③❡❞ �♦ ❜❡ ❡�✉❛❧ �♦ �❤❡

�❡①�✐♥♦♠✐❛❧

Aδt1 +Bδt2 + Cδt3 +Dδt4 + Eδt5 + Fδt6.

❍♦✇❡✈❡� �❤❡�❡ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥✱ ✇❤✐❝❤ ✇❡ ❞♦ ♥♦� ❦♥♦✇✱ ♠❛② ❜❡❝♦♠❡ ❦♥♦✇♥ ✇❤❡♥ ♦♥❡

❝❤❛♥❣❡� �❤❡ ✈❛�✐❛❜❧❡� �♦ ❜❡ ✉�❡❞ ✐♥ �❤❡ ❝❛❧❝✉❧❛�✐♦♥ ♦❢ �❤❡ ✐♥�❡❣�❛❧� ❢♦❧❧♦✇✐♥❣ �❤❡ ♣�♦❝❡❞✉�❡

✇❤✐❝❤ ■ ❛♠ ❣♦✐♥❣ �♦ ♣�❡�❡♥�✳

❲❡ ✇✐❧❧ ♥♦� ✐♠❛❣✐♥❡ �❤❡ ✈❛�✐❛❜❧❡� x, y, z ❛� ❢✉♥❝�✐♦♥� ✐♠♠❡❞✐❛�❡❧② ♦❢ �❤❡ ✈❛�✐❛❜❧❡� a, b, c, t,

❜✉� ❬✇❡ ✇✐❧❧ ❛��✉♠❡ �❤❛� �❤❡② ❛�❡❪ ✜��� ❢✉♥❝�✐♦♥� ♦❢ �❤❡ �❤�❡❡ ♦�❤❡� ✈❛�✐❛❜❧❡� p, q, r ❜❡❝❛✉�❡

✇❡ ❤❛✈❡ ❝❤♦�❡♥ �♦ �❡❢❡� �❤❡ ❜♦❞② ✉♥❞❡� ❝♦♥�✐❞❡�❛�✐♦♥ �✉❜�❡�✉❡♥�❧② �♦ �✇♦ �❡❢❡�❡♥❝❡ ❢�❛♠❡�✱

❛� ❛❧�❡❛❞② ��❛�❡❞ ✐♥ �❤❡ ♣�❡✈✐♦✉� �❡❝�✳ ✹✷✳ ❚❤❡ ❛��✐✜❝❡ ✇❤✐❝❤ ♣�♦❞✉❝❡� �❤❡ ✐♥�❡♥❞❡❞ �❡�✉❧�

❝♦♥�✐��� ✐♥ �❤❡ ✉�❡ ♦❢ �❤❡�❡ ✐♥�❡�♠❡❞✐❛�❡ ❝♦♦�❞✐♥❛�❡� p, q, r, ❛♥❞ ✐♥ ♣❡�❢♦�♠✐♥❣ ✐♥ �✇♦ ��❡♣�

��❛♥�❢♦�♠❛�✐♦♥ ♦❢ �❤❡ ✐♥�❡❣�❛❧�✳ ❚❤❡ ✜��� �✐♠❡✱ ✐♥��❡❛❞ ♦❢ ��❛♥�❢♦�♠✐♥❣ �❤❡ ✐♥�❡❣�❛❧� ❝❛❧❝✉❧❛�❡❞

✐♥ �❤❡ ✈❛�✐❛❜❧❡� a, b, c ✐♥�♦ ✐♥�❡❣�❛❧� ❝❛❧❝✉❧❛�❡❞ ✐♥ �❤❡ ✈❛�✐❛❜❧❡� x, y, z ✭❛� ❞♦♥❡ ✐♥ �❡❝�✳ ✶✵✱ ❈❛♣♦

■✮✱ ✇❡ ✇✐❧❧ ❝❤♦♦�❡ ❛� ��❛♥�❢♦�♠❛�✐♦♥ ✈❛�✐❛❜❧❡� �❤❡ ✈❛�✐❛❜❧❡ p✱ q✱ r✿ ❛♥❞ ♦♥❧② �✉❜�❡�✉❡♥�❧② ✇❡

✇✐❧❧ ♣❛�� ❢�♦♠ �❤❡ ✈❛�✐❛❜❧❡� p✱ q✱ r �♦ �❤❡ ✈❛�✐❛❜❧❡� x✱ y✱ z✳

✹✺✳ ❚♦ �❤✐� ❛✐♠ ✐� ✐� ❝♦♥✈❡♥✐❡♥� �♦ ��❛�❡ ❜❡❢♦�❡❤❛♥❞ ❛♥ ❛♥❛❧②�✐❝❛❧ ♣�✐♥❝✐♣❧❡ ✇❤✐❝❤ ✐♥ �❤❡

♣�❡�❡♥� ❝❛�❡✱ ❜✉� ❛❧�♦ ✐♥ ♦�❤❡��✱ ✇✐❧❧ ❛❧❧♦✇ ❛ �❡�✐❡� ♦❢ �♣❡❝✉❧❛�✐♦♥� ❛❜♦✉� �❤❡ ❞✐✛❡�❡♥� ❞❡❣�❡❡�

♦❢ ❝♦♠♣♦�✐�✐♦♥ ✐♥ ✇❤✐❝❤ ✐� ✐� �✉✐�❛❜❧❡ �♦ ❝♦♥�✐❞❡� �❤❡ �✉❛♥�✐�✐❡� ✐♥ ♦�❞❡� �♦ ❣❡� ✇❤❛� ✇❤✐❝❤

♦�❤❡�✇✐�❡ ❝♦✉❧❞ ♥♦� ❜❡ ♦❜�❛✐♥❡❞✳

■❢ �❤❡ ✈❛�✐❛❜❧❡� x✱ y✱ z ❝❛♥ ❜❡ �❡❣❛�❞❡❞ ❛� ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� a, b, c ❛� �❤❡② ❛�❡ ✜���

❢✉♥❝�✐♦♥� ♦❢ �❤❡ p✱ q✱ r ✇❤✐❝❤ ✐♥ �✉�♥ ❛�❡ �❤❡♥ ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� a✱ b✱ c✱ �❤❡ �❡①�✐♥♦♠✐❛❧

H ✭ ❡�✉❛�✐♦♥ ✭✶✮ �❡❝�✳ ✾✳ ❈❛♣♦ ■✮ ❛� ❝♦♠♣♦�❡❞ ✇✐�❤ �❤❡ ❞❡�✐✈❛�✐✈❡� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� x✱ y✱ z

✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡� a✱ b✱ c ✭✇❤❡♥ ✐❣♥♦�✐♥❣ �❤❡ ✐♥�❡�♠❡❞✐❛�❡ ✈❛�✐❛❜❧❡� p✱ q✱ r✮ ❡�✉❛❧�

�❤❡ ♣�♦❞✉❝� ♦❢ �✇♦ �✐♠✐❧❛� �❡①�✐♥♦♠✐❛❧� H1✱ H2 ✱ �❤❡ ✜��� ♦❢ ✇❤✐❝❤ ✐� ❝❛❧❝✉❧❛�❡❞ ❜② ❞❡�✐✈✐♥❣

�❤❡ ✈❛�✐❛❜❧❡� x✱ y✱ z ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡� p✱ q✱ r ✇❤✐❧❡ �❤❡ �❡❝♦♥❞ ♦♥❡ ✐� ❝❛❧❝✉❧❛�❡❞ ❜②

❞❡�✐✈✐♥❣ �❤❡ ✈❛�✐❛❜❧❡� p✱ q✱ r ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡� a✱ b✱ c ✿ ✐♥ ♦�❤❡� ✇♦�❞� ✇❡ ❤❛✈❡ �❤❡

❡�✉❛�✐♦♥�

H = H1 H2 ✭✷✮



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✼✾

❡��❡♥❞♦

H1 =
dx

dp

dy

dq

dz

dr
−

dx

dq

dy

dp

dz

dr
✭✸✮

+
dx

dq

dy

dr

dz

dp
−

dx

dr

dy

dq

dz

dp

+
dx

dr

dy

dp

dz

dq
−

dx

dp

dy

dr

dz

dq

H2 =
dp

da

dq

db

dr

dc
−

dp

db

dq

da

dr

dc
✭✹✮

+
dp

db

dq

dc

dr

da
−

dp

dc

dq

db

dr

da

+
dp

dc

dq

da

dr

db
−

dp

da

dq

dc

dr

db
.

▲❛ ❞✐♠♦���❛③✐♦♥❡ ❞❡❧ ♣�✐♥❝✐♣✐♦ ❡�♣♦��♦ �✐ ❝♦♥�❡❣✉✐�❝❡ �♦��✐�✉❡♥❞♦ ♥❡❧❧✬ ❡�♣�❡��✐♦♥❡ ❞❡❧ �❡��✐✲

♥♦♠✐♦ H ✐ ✈❛❧♦�✐ ❞❡�✉♥�✐ ❞❛ ♥♦✈❡ ❡�✉❛③✐♦♥✐✱ ❞❡❧❧❡ �✉❛❧✐ ❧❡ ♣�✐♠❡ ��❡ �♦♥♦

dx

da
=

dx

dp

dp

da
+

dx

dq

dq

da
+

dx

dr

dr

da

dy

da
=

dy

dp

dp

da
+

dy

dq

dq

da
+

dy

dr

dr

da
✭✺✮

dz

da
=

dz

dp

dp

da
+

dz

dq

dq

da
+

dz

dr

dr

da

❡ ♣♦✐ �❡❣✉♦♥♦ ❛❧��❡ ��❡ ❝♦❧❧❡ ❞❡�✐✈❛�❡ ♣❡� b✱ ❡❞ ❛❧��❡ ��❡ ❝♦❧❧❡ ❞❡�✐✈❛�❡ ♣❡� c✱ ❛❞ ♦��❡♥❡� ❧❡ �✉❛❧✐

❜❛��❛ ❝❛♠❜✐❛�❡ ♥❡❧❧❡ ♣�❡❝❡❞❡♥�✐ ✭✺✮ ♣�✐♠❛ ❧❛ ❧❡��❡�❛ a ❝♦❧❧❛ b✱ ♣♦✐ ❧❛ ��❡��❛ a ❝♦❧❧❛ c✳ ❙✐❝❝♦♠❡

♣❡�! ❧❡ ♦♣❡�❛③✐♦♥✐ �♦♥♦ ♣�♦❧✐��❡ ✱ ❞❡�❝�✐✈❡�! ✉♥ ❛♥❞❛♠❡♥�♦ ❜✉♦♥♦ ❛ �❡♥❡��✐ ♣❡� ♥♦♥ ❞❡✈✐❛�❡ ✐♥

❧✉♥❣❛❣❣✐♥✐ ❧❡ �✉❛❧✐ ♣♦��❡❜❜❡�♦ �♦❣❧✐❡�❡ ❧❛ ❧❡♥❛ ❞✐ ❛��✐✈❛�❡ ✜♥♦ ❛❧❧❛ ✜♥❡✳

#�✐♠✐❡�❛♠❡♥�❡ �✐ ♦��❡�✈❛ ❝❤❡ ✐❧ ✈❛❧♦�❡ ❞✐ H ❞❛�♦❝✐ ❞❛❧❧❛ ❡�✉❛③✐♦♥❡ ✭✹✮ ♥✉♠◦ ✾✳✱ ♣✉! �❝�✐✈❡��✐

�❡♥③❛ ❛❧�❡�❛③✐♦♥❡

H =
dz

da

(

dx

db

dy

dc
−

dx

dc

dy

db

)

✭✻✮

+
dz

db

(

dx

dc

dy

da
−

dx

da

dy

dc

)

+
dz

dc

(

dx

da

dy

db
−

dx

db

dy

da

)

.

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✼✾

❜❡✐♥❣

H1 =
dx

dp

dy

dq

dz

dr
−

dx

dq

dy

dp

dz

dr
✭✸✮

+
dx

dq

dy

dr

dz

dp
−

dx

dr

dy

dq

dz

dp

+
dx

dr

dy

dp

dz

dq
−

dx

dp

dy

dr

dz

dq

H2 =
dp

da

dq

db

dr

dc
−

dp

db

dq

da

dr

dc
✭✹✮

+
dp

db

dq

dc

dr

da
−

dp

dc

dq

db

dr

da

+
dp

dc

dq

da

dr

db
−

dp

da

dq

dc

dr

db
.

❚❤❡ ❞❡♠♦♥���❛�✐♦♥ ♦❢ �❤❡ ❡♥✉♥❝✐❛�❡❞ ♣�✐♥❝✐♣❧❡ ❝❛♥ ❜❡ ♦❜�❛✐♥❡❞ ❜② �❡♣❧❛❝✐♥❣ ✐♥ �❤❡ ❡①♣�❡�✲

�✐♦♥ ♦❢ �❤❡ �❡①�✐♥♦♠✐❛❧ H �❤❡ ✈❛❧✉❡� ❞❡❞✉❝❡❞ ❢�♦♠ �❤❡ ♥✐♥❡ ❡�✉❛�✐♦♥�✱ ♦❢ ✇❤✐❝❤ �❤❡ ✜��� �❤�❡❡

❛�❡

dx

da
=

dx

dp

dp

da
+

dx

dq

dq

da
+

dx

dr

dr

da

dy

da
=

dy

dp

dp

da
+

dy

dq

dq

da
+

dy

dr

dr

da
✭✺✮

dz

da
=

dz

dp

dp

da
+

dz

dq

dq

da
+

dz

dr

dr

da

✇❤✐❧❡ �❤❡ �✉❜�❡�✉❡♥� �❤�❡❡ ❛�❡ �❤♦�❡ ✐♥✈♦❧✈✐♥❣ �❤❡ ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡ b,

❛♥❞ �❤❡ ❧❛�� �❤�❡❡ ✐♥✈♦❧✈✐♥❣ �❤❡ ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡ c, �♦ ♦❜�❛✐♥ ✇❤✐❝❤ ✐�

✐� ❡♥♦✉❣❤ �♦ �❡♣❧❛❝❡ ✐♥ �❤❡ ♣�❡❝❡❞❡♥� ✭✺✮ ❛� ✜��� �❤❡ ❧❡��❡� a ✇✐�❤ �❤❡ ❧❡��❡� b ❛♥❞ �❤❡♥ �❤❡

�❛♠❡ ❧❡��❡� a ✇✐�❤ �❤❡ ❧❡��❡� c. ❍♦✇❡✈❡�✱ ❛� �❤❡ ❝❛❧❝✉❧❛�✐♦♥� ❛�❡ ❝✉♠❜❡��♦♠❡✱ ■ ✇✐❧❧ ❞❡�❝�✐❜❡ ❛

♣�♦❝❡❞✉�❡ �♦ ❜❡ ❢♦❧❧♦✇❡❞ ✐♥ ♦�❞❡� ♥♦� �♦ ❜❡ ❞❡✈✐❛�❡❞ ✐♥ ❧❡♥❣�❤✐♥❡��❡� ✇❤✐❝❤ ♠❛② ❞✐�❝♦✉�❛❣❡ �♦

❛��✐✈❡ ❛� �❤❡✐� ❝♦♠♣❧❡�✐♦♥✳

❋✐��� ♦❢ ❛❧❧ ❧❡� ♦♥❡ ♦❜�❡�✈❡� �❤❛� �❤❡ ✈❛❧✉❡ ♦❢ H ❣✐✈❡♥ ❜② �❤❡ ❡�✉❛�✐♦♥ ✭✹✮ �❡❝�✳ ✾✱ ❝❛♥ ❜❡

❡�✉✐✈❛❧❡♥�❧② ✇�✐��❡♥ ❛�

H =
dz

da

(

dx

db

dy

dc
−

dx

dc

dy

db

)

✭✻✮

+
dz

db

(

dx

dc

dy

da
−

dx

da

dy

dc

)

+
dz

dc

(

dx

da

dy

db
−

dx

db

dy

da

)

.
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✐ ♦♠♠❡��❡ ♣❡� ❜�❡✈✐
�✱ ♠❛ ❝❤❡ ✐❧ ❧❡

♦�❡ ❢❛�� ❜❡♥❡

❛ ❝♦�
�✉✐��✐ �❡❝♦♥❞♦ ❧✬ ✐♥❞✐❝❛③✐♦♥❡✱ ❝♦♥✈✐❡♥ 
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dx

da

dy

db
−

dx

db

dy

da
;

dx

dc

dy

da
−

dx

da

dy

dc
;

dx

db

dy

dc
−

dx

dc

dy

db
. ✭✼✮
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❡�� ♣❡�# ❝❡�❝❛�❡ ❝♦❧❧❛ ♠❛
❡�✐❛❧❡ �♦�
✐
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❛♥
♦ ✐❧ ♣�✐♠♦✱ ❡ ❝♦�$ ♦

❡♥❡�❡ ♠❡�❝%

�✐❞✉③✐♦♥✐ ❝❤❡ �✐ ♣�❡�❡♥
❛♥♦ ❞❛ �❡ �
❡��❡

dx

da

dy

db
−

dx

db

dy

da
=
(

dx

dp

dy

dq
−

dx

dq

dy

dp

)(

dp

da

dq

db
−

dp

db

dq

da

)

✭✽✮

+

(

dx

dr

dy

dp
−

dx

dp

dy

dr

)(

dp

db

dr

da
−

dp

da

dr

db

)

+

(

dx

dq

dy

dr
−

dx

dr

dy

dq

)(

dq

da

dr

db
−

dq

db

dr

da

)

;

✐❧ ✈❛❧♦�❡ ❞❡❧ ❜✐♥♦♠✐♦ �✉❝❝❡��✐✈♦ �✐ ❛✈�� ❞❛❧ ♣�❡❝❡❞❡♥
❡ ♠❡

❡♥❞♦ c ♣❡� b ♥❡✐ �❡❝♦♥❞✐ ❢❛

♦�✐ ❡

❝❛♠❜✐❛♥❞♦ ❧♦�♦ ✐ �❡❣♥✐✿ ❡ ♣❛�✐♠❡♥
✐ �✐ ❞❡❞✉��� ✐❧ ✈❛❧♦�❡ ❞❡❧ 
❡�③♦ ❞❡✬ ❜✐♥♦♠❥ ✭✼✮ ♣♦♥❡♥❞♦ c ♣❡�

a ♥❡❧❧✬ ✉❧
✐♠❛ ❡�✉❛③✐♦♥❡ ✭✽✮ ❡ ❝❛♠❜✐❛♥❞♦ ✐ �❡❣♥✐ ❛✐ ❞✉❡ ♠❡♠❜�✐✳

❆✈❡♥❞♦ ❝♦�$ �♦

✬♦❝❝❤✐♦ �✉❡�
❡ 
�❡ ❡�✉❛③✐♦♥✐ ✭ �✉❛♥
♦ ❛❧❧❛ �❡❝♦♥❞❛ ❡ ❛❧❧❛ 
❡�③❛ ✐❧ ❧❡

♦�❡ �❡

❧❡ �❝�✐✈❛ ✮✱ �✐ ♣❛��✐ ❛ ♠♦❧
✐♣❧✐❝❛�❧❡ �✐�♣❡

✐✈❛♠❡♥
❡ ♣❡� ❧❡ 
�❡ �❡❣✉❡♥
✐

dz

dc
=

dz

dp

dp

dc
+

dz

dq

dq

dc
+

dz

dr

dr

dc

dz

db
=

dz

dp

dp

db
+

dz

dq

dq

db
+

dz

dr

dr

db
✭✾✮

dz

da
=

dz

dp

dp

da
+

dz

dq

dq

da
+

dz

dr

dr

da

❡ ♣♦�❝✐❛ �♦♠♠❛�❧❡ ✿ ✈❡❞�❡♠♦ ♣�♦❞✉��✐ ♣❡� 
❛❧ ♠♦❞♦ ♥❡❧ ♣�✐♠♦ ♠❡♠❜�♦ ❞✐ ✈❛❧♦�❡ H �✉❛❧❡ %

�❝�✐

♦ ♥❡❧❧❛ ❛♥
❡❝❡❞❡♥
❡ ✭✻✮✳
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❡ ❝♦♠❡ �❡ ♥❡❧❧❡

❡�✉❛③✐♦♥✐ ✭✾✮ ♥♦♥ ✈✐ ❢♦��❡�♦
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◆♦✇ ❜② ♠❡❛♥� ♦❢ 
❤❡ ❡�✉❛
✐♦♥� ✭✺✮ ❛♥❞ 
❤❡ ♦
❤❡� �✐① ✇❤✐❝❤ ✇❡ ♦♠✐

❡❞ ❢♦� �❡❡❦ ♦❢ ❜�❡✈✐
②✱

✇❤✐❝❤ 
❤❡ �❡❛❞❡� �❤♦✉❧❞ ❝♦♥�
�✉❝
 ❢♦❧❧♦✇✐♥❣ 
❤❡ ❣✐✈❡♥ ✐♥❞✐❝❛
✐♦♥✱ ✐
 ✐� ❝♦♥✈❡♥✐❡♥
 
♦ ✜♥❞ 
❤❡

✈❛❧✉❡� ♦❢ 
❤❡ 
❤�❡❡ ❜✐♥♦♠✐❛❧�

dx

da

dy

db
−

dx

db

dy

da
;

dx

dc

dy

da
−

dx

da

dy

dc
;

dx

db

dy

dc
−

dx

dc

dy

db
. ✭✼✮

■
 ✇✐❧❧ ❤♦✇❡✈❡� ❜❡ ♥❡❝❡��❛�② 
♦ ❧♦♦❦ ❢♦� ✲❝❛❧❝✉❧❛
✐♥❣ ❜② �✉❜�
✐
✉
✐♦♥✲ ♦♥❧② 
❤❡ ✜��
 ♦♥❡ ❛♥❞ 
❤✉�

♦♥❡ ✇✐❧❧ ♦❜
❛✐♥ ❜② ♠❡❛♥� ♦❢ ♦❜✈✐♦✉� �❡❞✉❝
✐♦♥�

dx

da

dy

db
−

dx

db

dy

da
=
(

dx

dp

dy

dq
−

dx

dq

dy

dp

)(

dp

da

dq

db
−

dp

db

dq

da

)

✭✽✮

+

(

dx

dr

dy

dp
−

dx

dp

dy

dr

)(

dp

db

dr

da
−

dp

da

dr

db

)

+

(

dx

dq

dy

dr
−

dx

dr

dy

dq

)(

dq

da

dr

db
−

dq

db

dr

da

)

;
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✉
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dc
=

dz
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+

dz
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+
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dr
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+
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+
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=

dz
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+
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+
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dr
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❤❡♥ 
♦ �✉♠ 
❤❡♠✿ ✇❡ ✇✐❧❧ �❡❡ ✐♥ 
❤✐� ✇❛② 
❤❛
 ❛
 
❤❡ �✐❣❤
✲❤❛♥❞ �✐❞❡ 
❤❡ �✉❛♥
✐
② H ✇✐❧❧

❛♣♣❡❛�✱ ❡①❛❝
❧② ❛� ✇�✐

❡♥ ✐♥ 
❤❡ ♣�❡✈✐♦✉� ❡�✉❛
✐♦♥ ✭✻✮✳

❚❤❡ ♠✉❧
✐♣❧✐❝❛
✐♦♥ ♦❢ 
❤❡ �✐❣❤
✲❤❛♥❞ �✐❞❡� ❤❛� 
♦ ❜❡ ♣❡�❢♦�♠❡❞ ✐♥ 
❤�❡❡ �
❡♣�✱ 
❤❛
 ✐� ❛


✜��
 ❛� ✐❢ ✐♥ 
❤❡ ❡�✉❛
✐♦♥� ✭✾✮ 
❤❡�❡ ✇❡�❡ ♦♥❧②



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✽✶

❝❤❡ ✐ ♣�✐♠✐ 
❡�♠✐♥✐ ❞❡✐ 
�✐♥♦♠❥ ✿ �✐ 
�♦✈❡�� ❝❤❡ ✐ ❝♦❡✣❝✐❡♥
✐ 
♦
❛❧✐ ❞❡✐ 
❡�♠✐♥✐

dz

dp

(

dx

dp

dy

dq
−

dx

dq

dy

dp

)

;
dz

dp

(

dx

dr

dy

dp
−

dx

dp

dy

dr

)

�✐ �✐❞✉❝♦♥♦ ✐❞❡♥
✐❝❛♠❡♥
❡ ③❡�♦✱ ❡ ❝❤❡ �✉❡❧❧♦ ❞❡❧ 
❡�♠✐♥❡ dz
dp

(

dx
dq

dy
dr

− dx
dr

dy
dq

)

❡�✉✐✈❛❧❡ ❛❧ �❡�
✐✲

♥♦♠✐♦ H2✳ ��♦❣�❡❞❡♥❞♦ ♥❡❧❧❛ ♠♦❧
✐♣❧✐❝❛③✐♦♥❡✱ ❢❛❝❝✐❛�✐ ❝♦♠❡ �❡ ❧❡ ❡�✉❛③✐♦♥✐ ✭✾✮ ❛✈❡��❡�♦ ♥❡✐

�❡❝♦♥❞✐ ♠❡♠❜�✐ ✐ �♦❧✐ �❡❝♦♥❞✐ 
❡�♠✐♥✐ ❞❡✐ 
�✐♥♦♠❥ ✿ 
�♦✈❡�❡♠♦ ❛♥❝❤❡ �✉✐ ❝❤❡ ❞✉❡ ❝♦❡✣❝✐❡♥
✐


♦
❛❧✐ �✐❡�❝♦♥♦ ③❡�♦✱ ❡ ❝❤❡ ✐♥ �✉❡❧❧♦ ❞❡❧ 
❡�♠✐♥❡ dz
dq

(

dx
dr

dy
dp

− dx
dp

dy
dr

)

�✐
♦�♥❛ ✐❧ �❡�
✐♥♦♠✐♦ H2 ✳

❋✐♥❛❧♠❡♥
❡ ❧✬♦♣❡�❛�❡ ❝♦❣❧✐ ✉❧
✐♠✐ 
❡�♠✐♥✐ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✾✮ ❝✐ ♠♦�
�❡�� ♥✉❧❧✐ ❞✉❡ ❛❧
�✐ ❝♦❡✣✲

❝✐❡♥
✐ 
♦
❛❧✐✱ ❡❞ ❡❣✉❛❧❡ ❛❧ �❡�
✐♥♦♠✐♦ H2 ✐❧ ❝♦❡✣❝✐❡♥
❡ 
♦
❛❧❡ ❞✐ dz
dr

(

dx
dp

dy
dq

− dx
dq

dy
dp

)

✳ ❉♦♣♦ ❝✐&

�❛❝❝♦❣❧✐❡♥❞♦ ✐ 
�❡ ❢❛

♦�✐ ❞✐ H2 ♥❡✐ 
�❡ 
❡�♠✐♥✐ �✐♠❛�
✐✱ �✐ ✈❡❞�� ❝❤❡ ❧❛ ❧♦�♦ �♦♠♠❛ �✐♣�♦❞✉❝❡ ✐❧

�❡�
✐♥♦♠✐♦ H1 ✭ ❡�✉❛③✐♦♥❡ ✭✸✮✮✱ ❡ ❝❤❡ ♣❡� 
❛❧ ❣✉✐�❛ �❡�
❛ ❞✐♠♦�
�❛
❛ ❧✬❡�✉❛③✐♦♥❡ ✭✷✮✳

■❧ ♣�✐♥❝✐♣✐♦ ❛♥❛❧✐
✐❝♦ ❡�♣�❡��♦ ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ✭✷✮ ♣✉& ❡��❡�❡ ❣❡♥❡�❛❧✐③③❛
♦✳ ❙❡ ❧❡ x, y, z �✐

❝♦♥�✐❞❡�❛��❡�♦ ❢✉♥③✐♦♥✐ ❞✐ a, b, c, ✐♥ �✉❛♥
♦ ♣�✐♠❛ ❧♦ ❢♦��❡�♦ ❞❡❧❧❡ ξ, η, ζ, ❧❡ �✉❛❧✐ ❢♦��❡�♦ ❢✉♥③✐♦♥✐

❞❡❧❧❡ p, q, r, ❝❤❡ ❞❛ ✉❧
✐♠♦ ❧♦ ❢♦��❡�♦ ❞❡❧❧❡ a, b, c ❀ ✐❧ �❡�
✐♥♦♠✐♦ ❢❛

♦ ❞❡❧❧❡ x, y, z ❝♦❧❧❡ ❞❡�✐✈❛
❡

♣�❡�❡ ❞✐�❡

❛♠❡♥
❡ ♣❡� a, b, c, �✐ ♣�♦✈❡�❡❜❜❡ ❡❣✉❛❧❡ ❛❧ ♣�♦❞♦

♦ ❞✐ 
�❡ �✐♠✐❧✐ �❡�
✐♥♦♠❥✱ ❞❡✐ �✉❛❧✐

✐❧ ♣�✐♠♦ 
�❛ ❧❡ x, y, z ❝♦❧❧❡ ❞❡�✐✈❛
❡ ♣❡� ξ, η, ζ, ✐❧ �❡❝♦♥❞♦ 
�❛ ❧❡ ξ, η, ζ ❝♦❧❧❡ ❞❡�✐✈❛
❡ ♣❡� p, q, r, ❡

✐❧ 
❡�③♦ 
�❛ ❧❡ p, q, r ❝♦❧❧❡ ❞❡�✐✈❛
❡ ♣❡� a, b, c✳ ❇❛�
❛ ♣❡� ❧❛ ❞✐♠♦�
�❛③✐♦♥❡ �♦♣♣�✐♠❡�❡ ❞❛ ♣�✐♠❛

❧❛ ❝♦♥�✐❞❡�❛③✐♦♥❡ ❞❡❧❧❡ ξ, η, ζ �❡�✈❡♥❞♦�✐ ❞❡❧❧❛ ❡�✉❛③✐♦♥❡ ✭✷✮✱ ♣♦✐ ✐♥ ✈✐�
- ❞❡❧❧❛ �
❡��❛ ❡�✉❛③✐♦♥❡

♠♦�
�❛�❡ ❝❤❡ ❛❧ �❡�
✐♥♦♠✐♦ H1 ♣✉& �♦�
✐
✉✐��✐ ✐❧ ♣�♦❞♦

♦ ❞✐ �✉❡❧❧♦ 
�❛ ❧❡ x, y, z ❝♦❧❧❡ ❞❡�✐✈❛
❡

♣❡� ξ, η, ζ, ❡ ❞✐ �✉❡❧❧♦ 
�❛ ❧❡ ξ, η, ζ ❝♦❧❧❡ ❞❡�✐✈❛
❡ ♣❡� p, q, r✳ ❈♦�/ �✐ ♣�♦❣�❡❞✐�❡❜❜❡ �❡ �✐ ✈♦❧❡��❡

✐♠♠❛❣✐♥❛�❡ ✉♥ ♣✐- ✐♥♦❧
�❛
♦ ❝♦♠♣�❡♥❞✐♠❡♥
♦ ❞✐ ❢✉♥③✐♦♥✐ ❡♥
�♦ ❢✉♥③✐♦♥✐✳ ◗✉❡�
♦ ♣�✐♥❝✐♣✐♦ ❝✐

❢❛ ❝♦♥♦�❝❡�❡ ❧❛ ♣♦��✐❜✐❧✐
� ❞✐ ❝♦♥�✐❞❡�❛�❡ ❧❡ ❝♦♦�❞✐♥❛
❡ x, y, z ❝♦♠❡ �✉❛♥
✐
�
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�❤❡ ✜��� �❡�♠� ♦❢ �❤❡ ��✐♥♦♠✐❛❧�✿ ♦♥❡ ✇✐❧❧ ✜♥❞ �❤❛� �❤❡ �♦�❛❧ ❝♦❡✣❝✐❡♥�� ♦❢ �❤❡ �❡�♠�

dz

dp

(

dx

dp

dy

dq
−

dx

dq

dy

dp

)

;
dz

dp

(

dx

dr

dy

dp
−

dx

dp

dy

dr

)

✐❞❡♥�✐❝❛❧❧② ✈❛♥✐�❤ ❛♥❞ �❤❛� �❤❡ ❝♦❡✣❝✐❡♥� ♦❢ �❤❡ �❡�♠ dz
dp

(

dx
dq

dy
dr

− dx
dr

dy
dq

)

❡�✉❛❧� �❤❡ �❡①�✐♥♦♠✐❛❧

H2✳ ��♦❝❡❡❞✐♥❣ ✐♥ �❤❡ ♠✉❧�✐♣❧✐❝❛�✐♦♥ �❤❡ ❝❛❧❝✉❧❛�✐♦♥ ❤❛� �♦ ♣�♦❝❡❡❞ ❛� ✐❢ ✐♥ �❤❡ ❡�✉❛�✐♦♥� ✭✾✮ �❤❡

�✐❣❤�✲❤❛♥❞ �✐❞❡� ✇❡�❡ ✐♥❝❧✉❞✐♥❣ ♦♥❧② �❤❡ �❡❝♦♥❞ �❡�♠� ♦❢ �❤❡ ��✐♥♦♠✐❛❧�✿ ✇❡ ✇✐❧❧ ✜♥❞ ❛❧�♦ ❤❡�❡

�❤❛� �✇♦ �♦�❛❧ ❝♦❡✣❝✐❡♥�� ❛�❡ ✈❛♥✐�❤✐♥❣ ❛♥❞ �❤❛� �❤❡ ❝♦❡✣❝✐❡♥� ♦❢ �❤❡ �❡�♠ dz
dq

(

dx
dr

dy
dp

− dx
dp

dy
dr

)

✐� ❛❣❛✐♥ �❤❡ �❡①�✐♥♦♠✐❛❧ H2 ✳ ❋✐♥❛❧❧② �❤❡ ♠❛♥✐♣✉❧❛�✐♦♥ ♦❢ �❤❡ ❧❛�� �❡�♠� ♦❢ �❤❡ ❡�✉❛�✐♦♥� ✭✾✮

✇✐❧❧ �❤♦✇ �❤❛� �❤❡ ♦�❤❡� �✇♦ �♦�❛❧ ❝♦❡✣❝✐❡♥�� ❛�❡ ❛❣❛✐♥ ✈❛♥✐�❤✐♥❣ ❛♥❞ �❤❛� �❤❡ �♦�❛❧ ❝♦❡✣❝✐❡♥�

♦❢ �❤❡ �❡�♠ dz
dr

(

dx
dp

dy
dq

− dx
dq

dy
dp

)

✐� ❡�✉❛❧ �♦ �❤❡ �❡①�✐♥♦♠✐❛❧ H2✳ ❆❢�❡� �❤❛�✱ ❜② ❣❛�❤❡�✐♥❣ �❤❡

�❤�❡❡ ❢❛❝�♦�� ♦❢ H2 ✐♥ �❤❡ �❤�❡❡ �❡♠❛✐♥✐♥❣ �❡�♠�✱ ♦♥❡ ✇✐❧❧ �❡❡ �❤❛� �❤❡✐� �✉♠ �❡♣�♦❞✉❝❡� �❤❡

�❡①�✐♥♦♠✐❛❧ H1 ✭ ❡�✉❛�✐♦♥ ✭✸✮✮✱ ❛♥❞ �❤❛� ✐♥ �❤✐� ✇❛② �❤❡ ❡�✉❛�✐♦♥ ✭✷✮ ✐� ♣�♦✈❡♥ ✳

❚❤❡ ❛♥❛❧②�✐❝❛❧ ♣�✐♥❝✐♣❧❡ ❡①♣�❡��❡❞ ❜② �❤❡ ❡�✉❛�✐♦♥ ✭✷✮ ❝❛♥ ❜❡ ❣❡♥❡�❛❧✐③❡❞✳ ■❢ �❤❡ ✈❛�✐❛❜❧❡�

x, y, z ✇❡�❡ ❝♦♥�✐❞❡�❡❞ �♦ �❡�✉❧� ❛� ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� a, b, c ❜❡❝❛✉�❡ �❤❡② ✇❡�❡ ❢✉♥❝�✐♦♥�

✜��� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� ξ, η, ζ, ✇❤✐❝❤✱ ✐♥ �✉�♥✱ ✇❡�❡ ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� p, q, r, ✇❤✐❝❤ ✜♥❛❧❧②

✇❡�❡ ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� a, b, c ❀ �❤❡ �❡①�✐♥♦♠✐❛❧ ❝♦♥���✉❝�❡❞ ✇✐�❤ �❤❡ ✈❛�✐❛❜❧❡� x, y, z

❝❛❧❝✉❧❛�✐♥❣ ❞✐�❡❝�❧② �❤❡✐� ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡� a, b, c ❝❛♥ ❜❡ ♣�♦✈❡♥ �♦ ❜❡

❡�✉❛❧ �♦ �❤❡ ♣�♦❞✉❝� ♦❢ �❤�❡❡ �✐♠✐❧❛� �❡①�✐♥♦♠✐❛❧�✱ ♦❢ ✇❤✐❝❤ �❤❡ ✜��� ♦♥❡ ✐� ❝♦♥���✉❝�❡❞ ✇✐�❤

�❤❡ ✈❛�✐❛❜❧❡� x, y, z ❞❡�✐✈❡❞ ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡� ξ, η, ζ, �❤❡ �❡❝♦♥❞ ♦♥❡ ❜② ❞❡�✐✈✐♥❣ �❤❡

✈❛�✐❛❜❧❡� ξ, η, ζ ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡� p, q, r, ❛♥❞ �❤❡ �❤✐�❞ ♦♥❡ ❞❡�✐✈✐♥❣ �❤❡ p, q, r ✇✐�❤

�❡�♣❡❝� �♦ �❤❡ a, b, c✳ ■♥ ♦�❞❡� �♦ ❣❡� �❤❡ ❞❡♠♦♥���❛�✐♦♥ ✐� ✐� ❡♥♦✉❣❤ �♦ �✉♣♣�❡�� ❛� ✜��� �❤❡

❝♦♥�✐❞❡�❛�✐♦♥ ♦❢ �❤❡ ✈❛�✐❛❜❧❡� ξ, η, ζ ❜② ✉�✐♥❣ �❤❡ ❡�✉❛�✐♦♥ ✭✷✮✱ �❤❡♥ ❜② ✉�✐♥❣ �❤❡ �❛♠❡ ❡�✉❛�✐♦♥

�♦ �❤♦✇ �❤❛� �♦ �❤❡ �❡①�✐♥♦♠✐❛❧ H1 ❝❛♥ ❜❡ �✉❜��✐�✉�❡❞ ❜② �❤❡ ♣�♦❞✉❝� ♦❢ �❤❛� ❬�❡①�✐♥♦♠✐❛❧❪

♦❜�❛✐♥❡❞ ❢�♦♠ �❤❡ x, y, z ❞❡�✐✈✐♥❣ ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ξ, η, ζ, ❛♥❞ ♦❢ �❤❛� ❬♦�❤❡� �❡①�✐♥♦♠✐❛❧❪

♦❜�❛✐♥❡❞ ❢�♦♠ �❤❡ ξ, η, ζ ❞❡�✐✈✐♥❣ ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ p, q, r✳ ■♥ �❤✐� ✇❛② ♦♥❡ ❝♦✉❧❞ ♣�♦❝❡❡❞ ✐❢

♦♥❡ ✇♦✉❧❞ ❧✐❦❡ �♦ ✐♠❛❣✐♥❡ ❢✉��❤❡� �❡♣❡�✐�✐♦♥� ♦❢ ❝♦♠♣♦�✐�✐♦♥� ♦❢ ❢✉♥❝�✐♦♥� ♦♥❡ ❛❢�❡� �❤❡ ♦�❤❡�✳

❚❤✐� ♣�✐♥❝✐♣❧❡ ❛❧❧♦✇� ✉� �♦ ❝♦♥❝❡✐✈❡ �❤❡ ♣♦��✐❜✐❧✐�② ♦❢ ❝♦♥�✐❞❡�✐♥❣ �❤❡ ❝♦♦�❞✐♥❛�❡� x, y, z ❛�

�✉❛♥�✐�✐❡�



✽✷
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

❢❛��❡ ❞✐ ❛❧��❡✱ ❡ �✉❡��❡ ❞✐ ❛❧��❡✱ ❡ ✈✐❛ ✈✐❛✱ �♣✐♥❣❡♥❞♦ ✐♥♥❛♥③✐ ❛ ♣✐❛❝❡�❡ ✐❧ ❣�❛❞♦ ❞✐ ❝♦♠♣♦�✐③✐♦♥❡✳

❊ ��❛ �✉✐✱ �❡ ✐♦ ♥♦♥ ❢❛❧❧♦✱ ✐❧ ♠❡③③♦ ♣❡� ✐�❝✐♦❣❧✐❡�❡ ✐❧ ♥♦❞♦ ❞❡❧❧❛ �✉❡��✐♦♥❡✳ ❍❛✈✈✐ �❛❧ ❣�❛❞♦ ❞✐

❝♦♠♣♦�✐③✐♦♥❡ ❞❡❧❧❡ ❞❡��❡ �✉❛♥�✐�� ♥❡❧ �✉❛❧❡ �✐❡�❝♦♥♦ �✐❝♦♥♦�❝✐❜✐❧✐ �✉❡❧❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡✱

❝❤❡ ♣✐� ♥♦♥ ❧♦ �♦♥♦ ✐♥ �❛❧ ❛❧��♦✿ ❝♦♥✈✐❡♥❡ ❝♦❣❧✐❡�❧❡ ❞♦✈❡ �♦♥♦ ❡ ❛❞❛��❛�✈✐ ❧❡ �✐♠❛♥❡♥�✐ �✉❛♥�✐��✳

❈✐ ❛❜❜✐❛♠♦ ❣✐� ❛❝❝❡♥♥❛�♦ �✉♣❡�✐♦�♠❡♥�❡✱ ❡ �✐ ❢❛�� ♣✐� ♠❛♥✐❢❡��♦ ♣❡� �✉❡❧ ❝❤❡ �❡❣✉❡✳

✹✻✳ #�❡♠❡��❡�❡♠♦ ❝❤❡ ♥❡❧ ❝❛�♦ ✐♥ ❝✉✐ ��❛ ❧❡ x, y, z ❡ ❧❡ p, q, r �✐❛♥✈✐ ❧❡ ❡�✉❛③✐♦♥✐ ✭✶✮ ♥✉♠✳◦✸✸✱

❛❜❜✐❛♠♦

dx

dp
= α

1
;
dx

dq
= β

1
;
dx

dr
= γ

1

dy

dp
= α

2
;
dy

dq
= β

2
;
dy

dr
= γ

2
✭✶✵✮

dz

dp
= α

3
;
dz

dq
= β

3
;
dz

dr
= γ

3

❡ ❝❤❡ �✉✐♥❞✐ ✐❧ �❡��✐♥♦♠✐♦ H1 ✭❡�✉❛③✐♦♥❡✭✸✮✮ ❞✐✈❡♥�❛ �❛❧❡ ❝❤❡ ♣✉ �❝�✐✈❡��✐

α
1
(β

2
γ

3
− γ

2
β

3
) + β

1
(γ

2
α

3
− α

2
γ

3
) + γ

1
(α

2
β

3
− β

2
α

3
) ,

❧❛ �✉❛❧❡ ❡�♣�❡��✐♦♥❡ ❛ ♠♦�✐✈♦ ❞✐ ��❡ ❢�❛ ❧❡ ♥♦✈❡ ❡�✉❛③✐♦♥✐ ✭✺✮ ❞❡❧ ♥✉♠✳◦✸✸✳ �✐ ♣✉ ♠✉�❛�❡ ✐♥

�✉❡❧❧❛ ❞❡❧ ��✐♥♦♠✐♦ α
2

1
+ β

2

1
+ γ

2

1
, ❝❤❡ * ❡�✉✐✈❛❧❡♥�❡ ❛❧❧✬ ✉♥✐�� ♣❡� ❧❛ ♣�✐♠❛ ❞❡❧❧❡ ✭✹✮ ♥✉♠✳◦✸✸✳

#❡��❛♥�♦ ❧✬❡�✉❛③✐♦♥❡ ✭✷✮ ❝✐ ❞� ♥❡❧ ❝❛�♦ ❛��✉❛❧❡ H = H2✱ ❡ ❧✬❡�✉❛③✐♦♥❡ ✭✻✮ ♥✉♠✳◦✾✳ ❞❡❧ ❈❛♣♦

✶◦❝✐ ❢♦�♥✐�❝❡

H2Γ = 1. ✭✶✶✮

■♥ ✈✐��❛ ❞✐ �✉❡��✬ ✉❧�✐♠❛ ♣♦��✐❛♠♦ �❝�✐✈❡�❡ �❡♥③❛ ❛❧�❡�❛③✐♦♥❡ ❧✬ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✮ ❞❡❧

♣�❡�❡♥�❡ ❈❛♣♦ ❛❧ ♠♦❞♦ ❝❤❡ �❡❣✉❡

∫

da

∫

db

∫

dc ·H2Γ

{(

X −
d2x

dt2

)

δx+ ....

}

✭✶✷✮

+

∫

da

∫

db

∫

dc ·H2ΓG+Ω = 0;

❡ ❛❞❡��♦✱ ♦��❡�✈❛�♦ ✐❧ ✈❛❧♦�❡ H2 ✭❡�✉❛③✐♦♥❡✭✹✮✮ ❡ �❛♠♠❡♥�❛�♦ ✐❧ �❡♦�❡♠❛ ♣❡� ❧❛ ��❛�❢♦�♠❛③✐♦♥❡

❞❡❣❧✐ ✐♥�❡❣�❛❧✐ ��✐♣❧✐❝❛�✐

✽✷
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

♦❜�❛✐♥❡❞ ✐♥ �❡�♠ ♦❢ ♦�❤❡� �✉❛♥�✐�✐❡�✱ ❛♥❞ �❤❡�❡ ❧❛�� ✐♥ �❡�♠� ♦❢ ♥❡✇ ♦�❤❡� ♦♥❡� ❛♥❞ �♦ ♦♥✱

✐♥❝�❡❛�✐♥❣ ❛� ✇✐❧❧ �❤❡ ❞❡❣�❡❡ ♦❢ ❢✉♥❝�✐♦♥ ❝♦♠♣♦�✐�✐♦♥✳ ■❢ ■ ❛♠ ♥♦� ✇�♦♥❣✱ ✐� ✐� ❡①❛❝�❧② �❤❡

❛♥❛❧②�✐� ♦❢ �❤❛� ❞❡❣�❡❡ ♦❢ ❝♦♠♣♦�✐�✐♦♥ �♦ �✉♣♣❧② �❤❡ ♠❡❛♥� ❜② ✇❤✐❝❤ �❤❡ �✉❡��✐♦♥ ■ ❤❛✈❡

�❛�❣❡�❡❞ ✇✐❧❧ ❜❡ �♦❧✈❡❞✳ ❚❤❡�❡ ✐� ❛ �✉✐�❛❜❧❡ ❞❡❣�❡❡ ♦❢ ❝♦♠♣♦�✐�✐♦♥ ♦❢ �❤❡ �❛✐❞ �✉❛♥�✐�✐❡� ✐♥ ✇❤✐❝❤

�❤❡ �❡❛�❝❤❡❞ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ❜❡❝♦♠❡ �❡❝♦❣♥✐③❛❜❧❡ ✇❤✐❧❡ �❤❡② ❛�❡ ♥♦� �♦ ✐♥ ❛♥♦�❤❡� ♦♥❡✿

✐� ✐� ❝♦♥✈❡♥✐❡♥� �♦ �❡❝♦❣♥✐③❡ �❤❡♠ ✇❤❡�❡ �❤❡② ❛�❡ �♦ ❛♥❞ �♦ ❛❞❛♣� ❝♦♥�❡�✉❡♥�❧② �❤❡ �❡♠❛✐♥✐♥❣

�✉❛♥�✐�✐❡�✳ ❲❡ ❛❧�❡❛❞② ♠❡♥�✐♦♥❡❞ ♣�❡✈✐♦✉�❧② �❤✐� ❬❝✐�❝✉♠��❛♥❝❡❪ ❛♥❞ ✐� ✇✐❧❧ ❜❡❝♦♠❡ ❡✈❡♥ ♠♦�❡

♠❛♥✐❢❡�� ✐♥ ✇❤❛� ❢♦❧❧♦✇�✳

✹✻✳ ❲❡ ♣�❡♠✐�❡ �❤❛� ✐♥ �❤❡ ❝❛�❡ ✇❤❡�❡ �❤❡ ❡�✉❛�✐♦♥� ✭✶✮ �❡❝�✳ ✸✸ ❤♦❧❞ ❜❡�✇❡❡♥ �❤❡ ✈❛�✐❛❜❧❡�

x, y, z ❛♥❞ �❤❡ ✈❛�✐❛❜❧❡� p, q, r✱ �❤❡♥ ✇❡ ❤❛✈❡

dx

dp
= α

1
;
dx

dq
= β

1
;
dx

dr
= γ

1

dy

dp
= α

2
;
dy

dq
= β

2
;
dy

dr
= γ

2
✭✶✵✮

dz

dp
= α

3
;
dz

dq
= β

3
;
dz

dr
= γ

3

❛♥❞ �❤❡�❡❢♦�❡ �❤❡ �❡①�✐♥♦♠✐❛❧ H1 ✭❡�✉❛�✐♦♥ ✭✸✮✮ �❡❞✉❝❡� �♦ �❤❛� ✐� ❝❛♥ ❜❡ ✇�✐��❡♥

α
1
(β

2
γ

3
− γ

2
β

3
) + β

1
(γ

2
α

3
− α

2
γ

3
) + γ

1
(α

2
β

3
− β

2
α

3
) ,

❛♥❞ �❤✐� ❡①♣�❡��✐♦♥ ✲❜❡❝❛✉�❡ ♦❢ �❤�❡❡ ♦❢ �❤❡ ♥✐♥❡ ❡�✉❛�✐♦♥� ✭✺✮ ✐♥ �❤❡ �❡❝�✳ ✸✸ ❝❛♥ ❜❡ �❡❡♥ �♦

❡�✉❛❧ �❤❡ ��✐♥♦♠✐❛❧ α
2

1
+ β

2

1
+ γ

2

1
, ✇❤✐❝❤ ✐�✱ ✐♥ �✉�♥✱ ❡�✉❛❧ �♦ ♦♥❡✱ ❞✉❡ �♦ �❤❡ ✜��� ❡�✉❛�✐♦♥ ✐♥

❢♦�♠✉❧❛ ✭✹✮ �❡❝�✳ ✸✸✳

❆� ❛ ❝♦♥�❡�✉❡♥❝❡ �❤❡ ❡�✉❛�✐♦♥ ✭✷✮ ✇✐❧❧ ♣�♦❞✉❝❡ ✐♥ �❤❡ ❝♦♥�✐❞❡�❡❞ ✐♥��❛♥❝❡ H = H2✱ ❛♥❞

�❤❡ ❡�✉❛�✐♦♥ ✭✻✮ �❡❝�✳ ✾ ✐♥ �❤❡ ❈❛♣♦ ■ ✇✐❧❧ ❣✐✈❡ ✉�

H2Γ = 1. ✭✶✶✮

❚❛❦✐♥❣ ✐♥�♦ ❛❝❝♦✉♥� �❤✐� ❧❛�� ❡�✉❛�✐♦♥ ✇❡ ❝❛♥ ✇�✐�❡ ✇✐�❤♦✉� ❛❧�❡�❛�✐♦♥ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✭✶✮

♦❢ �❤❡ ♣�❡�❡♥� ❈❛♣♦ ✐♥ �❤❡ ✇❛② ✇❤✐❝❤ ❢♦❧❧♦✇�✿

∫

da

∫

db

∫

dc ·H2Γ

{(

X −
d2x

dt2

)

δx+ ....

}

+

∫

da

∫

db

∫

dc ·H2ΓG+Ω = 0; ✭✶✷✮

�♦ �❤❛�✱ ♦♥❝❡ ❤❛✈✐♥❣ �❡❝❛❧❧❡❞ �❤❡ ✈❛❧✉❡ ♦❢ H2 ✭❡�✉❛�✐♦♥ ✭✹✮✮ ❛♥❞ �❤❡ �❤❡♦�❡♠ ❢♦� �❤❡ ��❛♥�❢♦�✲

♠❛�✐♦♥ ♦❢ ��✐♣❧❡ ✐♥�❡❣�❛❧�



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✽✸

❞✐ ❝✉✐ ❛❜❜✐❛♠♦ ❢❛��♦ ❝❡♥♥♦ ♣✐� ✈♦❧�❡ ✭ ♣❡� ❡�✳ ❛❧ ♥✉♠✳◦✶✵✳ ❞❡❧ ❈❛♣♦ ■◦.✮✱ ♣♦��❡♠♦ ♥❡❧❧❛

♣�❡❝❡❞❡♥�❡ ✭✶✷✮ ♣❛��❛�❡ ❞❛❣❧✐ ✐♥�❡❣�❛❧✐ ♣❡� a, b, c ❛ �✉❡❧❧✐ ♣❡� p, q, r, ❝❛♠❜✐❛♥❞♦❧❛ ❝♦❧❧❛ �❡❣✉❡♥�❡

∫

dp

∫

dq

∫

dr · Γ

{(

X −
d2x

dt2

)

δx+ ....

}

+

∫

dp

∫

dq

∫

dr · ΓG+Ω = 0 ✭✶✸✮

❞♦✈❡ ❜✐�♦❣♥❛ ✐♥�❡♥❞❡�❡ ❝❤❡ ❛♥❝❤❡ ♣❡� ❡♥��♦ ❛❧❧❡ ❡�♣�❡��✐♦♥✐ ✐♥❞✐❝❛�❡ ❝♦❧❧❡ ❧❡��❡�❡ Γ, G,Ω �✐❛

❡❧✐♠✐♥❛�❛ ♦❣♥✐ ��❛❝❝✐❛ ❞❡❧❧❡ a, b, c, �♦��✐�✉❡♥❞♦ ♠❡♥�❛❧♠❡♥�❡ ❛ �✉❡��❡ ✐ ❧♦�♦ ✈❛❧♦�✐ ✐♥ p, q, r ♣❡�

❡✛❡��♦ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✐♥✈❡��❡ ✐♥❞✐❝❛�❡ ❛❧ ♥✉♠✳◦✾✳ ❞❡❧ ❈❛♣♦ ■◦✱ ❡ �❡❣♥❛�❡ ✭✽✮❀ ❢❛��❛ �✐✢❡��✐♦♥❡

❝❤❡ ♥❡❧ ❝❛�♦ ❛��✉❛❧❡ ❧❡ p, q, r �❡♥❣♦♥♦ ✐❧ ❧✉♦❣♦ ❝♦❧& �❡♥✉�♦ ❞❛❧❧❡ x, y, z✳

✹✼✳ ◆❡❧❧❛ �❡��* �❝�✐��❛ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✸✮✱ ❧❛ �❡❝♦♥❞❛ ♣❛��❡ ❡�♣�✐♠❡ ✐❧ ❝♦♠♣❧❡��♦ ❞❡✐

�❡�♠✐♥✐ ✐♥��♦❞♦��✐ ❞❛❧❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡✱ ♥♦♥ ♣✐� ��❛ ❧❡ x, y, z ❡ ❧❡ a, b, c, ♠❛ ��❛ ❧❡ x, y, z

❡ ❧❡ p, q, r✳ ▼❛ �✉❡��✬ ✉❧�✐♠❡ ❡�✉❛③✐♦♥✐ ❝✐ �♦♥♦ ♥♦�❡✱ ❣✐❛❝❝❤* ✐♥ ✈✐��❛ ❞❡❧❧❡ ♣�❡❝❡❞❡♥�✐ ✭✶✵✮❡

❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✸✮ ♥✉♠✳◦✸✸✱ ❛❜❜✐❛♠♦

(

dx

dp

)2

+

(

dy

dp

)2

+

(

dz

dp

)2

= 1

(

dx

dq

)2

+

(

dy

dq

)2

+

(

dz

dq

)2

= 1

(

dx

dr

)2

+

(

dy

dr

)2

+

(

dz

dr

)2

= 1 ✭✶✹✮

dx

dp

dx

dq
+

dy

dp

dy

dq
+

dz

dp

dz

dq
= 0

dx

dp

dx

dr
+

dy

dp

dy

dr
+

dz

dp

dz

dr
= 0

dx

dq

dx

dr
+

dy

dq

dy

dr
+

dz

dq

dz

dr
= 0;

❡�✉❛③✐♦♥✐ ❛ ❞❡�✐✈❛�❡ ♣❛�③✐❛❧✐ ❝❤❡ ♥♦♥ ❝♦♥�❡♥❡♥❞♦ ❧❡ ❞♦❞✐❝✐ �✉❛♥�✐�& f, g, h, α
1
✱ ❡❝✳✱ �♦♥♦ ♣✐�

❣❡♥❡�❛❧✐ ❞❡❧❧❡ ❧♦�♦ ✐♥�❡❣�❛❧✐ ✭ ❧❡ ✭✶✮ ❞❡❧ ♥✉♠✳◦✸✸✳ ✮✱ ❝♦♠❡ �✐ ❞✐��❡ ✐♥ ✉♥ ❝❛�♦ ❛♥❛❧♦❣♦ ❛❧

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✽✸

✇❤✐❝❤ ✇❡ ♠❡♥�✐♦♥❡❞ �❡✈❡�❛❧ �✐♠❡� ✭❢♦� ✐♥��❛♥❝❡ ✐♥ �❤❡ �❡❝�✳ ✶✵ ♦❢ �❤❡ ❈❛♣♦ ■✮✱ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡

✲✐♥ �❤❡ ♣�❡❝❡❞❡♥� ❡�✉❛�✐♦♥ ✭✶✷✮✲ ��❛♥�❢♦�♠ �❤❡ ✐♥�❡❣�❛❧� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡� a, b, c

✐♥�♦ �❤❡ ✐♥�❡❣�❛❧� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡� p, q, r, �♦ �❤❛� �❤❡ ❧❛�� ♠❡♥�✐♦♥❡❞ ❡�✉❛�✐♦♥ ✇✐❧❧

❜❡❝♦♠❡ �❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡

∫

dp

∫

dq

∫

dr · Γ

{(

X −
d2x

dt2

)

δx+ ....

}

+

∫

dp

∫

dq

∫

dr · ΓG+Ω = 0 ✭✶✸✮

✇❤❡�❡ ♦♥❡ ♠✉�� ✐♥�❡♥❞ �❤❛� ❛❧�♦ ✐♥ �❤❡ ❡①♣�❡��✐♦♥� ✐♥❞✐❝❛�❡❞ ✇✐�❤ �❤❡ ❧❡��❡�� Γ, G,Ω ❛❧❧ ��❛❝❡�

♦❢ �❤❡ ✈❛�✐❛❜❧❡� a, b, c ❛�❡ ❡❧✐♠✐♥❛�❡❞ �✉❜��✐�✉�✐♥❣ �♦ �❤❡♠✱ ✐♥ ♦✉� ♠✐♥❞✱ �❤❡✐� ✈❛❧✉❡� ❛� ❢✉♥❝�✐♦♥�

♦❢ �❤❡ ✈❛�✐❛❜❧❡� p, q, r ❜② ♠❡❛♥� ♦❢ �❤❡ ✐♥✈❡��❡ ❡�✉❛�✐♦♥� ✐♥❞✐❝❛�❡❞ ✐♥ �❤❡ �❡❝�✳ ✾ ♦❢ �❤❡ ❈❛♣♦ ■

✇✐�❤ �❤❡ ❧❛❜❡❧ ✭✽✮❀ ❤❛✈✐♥❣ �❡♠❛�❦❡❞ �❤❛� ✲✐♥ �❤❡ ❝♦♥�✐❞❡�❡❞ ✐♥��❛♥❝❡✲ �❤❡ ✈❛�✐❛❜❧❡� p, q, r ♣❧❛②

�❤❡ �♦❧❡ ♦❢ �❤❡ ✈❛�✐❛❜❧❡� �❤❡�❡ ♣❧❛②❡❞ ❜② �❤❡ ✈❛�✐❛❜❧❡� x, y, z✳

✹✼✳ ■♥ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✭✶✸✮ ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❥✉�� ✇�✐��❡♥✱ �❤❡ �❡❝♦♥❞ ♣❛�� ✐� ❡①♣�❡��✐♥❣

�❤❡ ✇❤♦❧❡ �❡� ♦❢ �❡�♠� ✐♥��♦❞✉❝❡❞ ❜② �❤❡ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ♥♦� ❛♥②♠♦�❡ ❜❡�✇❡❡♥ �❤❡

✈❛�✐❛❜❧❡� x, y, z ❛♥❞ �❤❡ ✈❛�✐❛❜❧❡� a, b, c, ❜✉� ✐♥��❡❛❞ ❜❡�✇❡❡♥ �❤❡ ✈❛�✐❛❜❧❡� x, y, z ❛♥❞ �❤❡

✈❛�✐❛❜❧❡� p, q, r✳ ◆♦✇ �❡♠❛�❦ �❤❛� �❤❡�❡ ❧❛�� ❡�✉❛�✐♦♥� ❛�❡ ❦♥♦✇♥ �♦ ✉�✱ ❛� ♦♥❝❡ ❝♦♥�✐❞❡�✐♥❣

�❤❡ ♣�❡❝❡❞❡♥� ❡�✉❛�✐♦♥� ✭✶✵✮ ❛♥❞ �❤❡ ❡�✉❛�✐♦♥� ✭✸✮ �❡❝�✳ ✸✸✱ ✇❡ ❤❛✈❡ �❤❡ ❢♦❧❧♦✇✐♥❣

(

dx

dp

)2

+

(

dy

dp

)2

+

(

dz

dp

)2

= 1

(

dx

dq

)2

+

(

dy

dq

)2

+

(

dz

dq

)2

= 1

(

dx

dr

)2

+

(

dy

dr

)2

+

(

dz

dr

)2

= 1 ✭✶✹✮

dx

dp

dx

dq
+

dy

dp

dy

dq
+

dz

dp

dz

dq
= 0

dx

dp

dx

dr
+

dy

dp

dy

dr
+

dz

dp

dz

dr
= 0

dx

dq

dx

dr
+

dy

dq

dy

dr
+

dz

dq

dz

dr
= 0;

♣❛��✐❛❧ ❞✐✛❡�❡♥�✐❛❧ ❡�✉❛�✐♦♥�✱ ✇❤✐❝❤ ✲❛� ♥♦� ❝♦♥�❛✐♥✐♥❣ �❤❡ �✇❡❧✈❡ �✉❛♥�✐�✐❡� f, g, h, α
1
✱ ❡�❝✳ ✲

❛�❡ ♠♦�❡ ❣❡♥❡�❛❧ �❤❛♥ �❤❡ ❝♦��❡�♣♦♥❞✐♥❣ ♣�✐♠✐�✐✈❡ ❡�✉❛�✐♦♥� ✭ ✐✳❡✳ �❤❡ ❡�✉❛�✐♦♥� ✭✶✮ ✐♥ �❤❡

�❡❝�✳ ✸✸✮ ❛� ✐� ✇❛� ❛❧�❡❛❞② ��❛�❡❞ ✐♥ ❛♥ ❛♥❛❧♦❣♦✉� ❝❛�❡ ✐♥ �❤❡
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♥✉♠✳◦✸✹✳✿ ❛♣♣❛
�❡♥❣♦♥♦ ❛ �✉��✐ ✐ ♣♦��✐❜✐✐ �✐��❡♠✐ ❞✐ ❛��✐ ❞❛ ♣
❡♥❞❡
�✐ ♣❡
 ❧❡ x, y, z, ❡❞ ❡�♣
✐♠♦♥♦

✈❡
❛♠❡♥�❡ ❧✬❛
❜✐�
✐♦ ✐♥ ❝✉✐ �✐❛♠♦ ♥❡❧ ❝♦❧❧♦❝❛
❧✐ 
❡❧❛�✐✈❛♠❡♥�❡ ❛✐ ♣
✐♠✐ ❞❡❧❧❡ p, q, r✳ ❙✐ ♣✉�

�❡♠♣
❡ ♣✐� 
✐❜❛❞✐
❡ ❧❛ ��❡��❛ ♠❛��✐♠❛ ❝♦♥ ❛❧�
❡ ♣❛
♦❧❡ ❞✐❝❡♥❞♦ ❝❤❡ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✮ ❞❡❧

♥✉♠✳◦✸✸✳ ! ❧❡❝✐�♦ �✉♣♣♦

❡ ❝❤❡ ❧❡ ❞♦❞✐❝✐ �✉❛♥�✐�" f, g, h, α
1
✱ ❡❝✳ ♠✉�✐♥♦ ❞✐ ✈❛❧♦
❡ �✉❛♥�❡ ✈♦❧�❡

❝✐ ❛❣❣
❛❞❛✱ ♠❛ ❝❤❡ �✉��✐ ✐ ❞✐✛❡
❡♥�✐ ✈❛❧♦
✐ ❞❡❧❧❡ x, y, z ♦
✐❣✐♥❛�✐ ❞❛ �❛❧✐ ❝❛♠❜✐❛♠❡♥�✐ ❞❡❜❜♦♥♦

�❡♠♣
❡ �♦❞❞✐�❢❛
❡ ❛❧❧❡ ♠❡❞❡�✐♠❡ ✭✶✹✮✳

❆��✉♠❡
❡♠♦ ♣❡
�❛♥�♦ ❧❡ ✭✶✹✮ ❝♦♠❡ ❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ❞❛ ✉�❛
�✐ ♣❡
 ❢♦
♠❛
❡ ❧❛

�❡❝♦♥❞❛ ♣❛
�❡ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡
❛❧❡ ✭✶✸✮✱ ❡ ❝✐
❝❛ ❧✬ ❡��❡
❡ ✐♥ ✉♥ ♥✉♠❡
♦ ❝❤❡ ♣❛
❡ �♦✈❡
❝❤✐♦✱ ❝✐


✐♣♦
�❡
❡♠♦ ❛❧❧❡ ♦��❡
✈❛③✐♦♥✐ ❢❛��❡ ♣✐� �♦♣
❛ ❛❧ ♥✉♠✳◦39. ◗✉❡❧❧❛ �❡❝♦♥❞❛ ♣❛
�❡ ♣
❡�❡♥�❡
" ❝♦�(

�♦��♦ ✐❧ �❡❣♥♦ ❞✬ ✐♥�❡❣
❛❧❡ �
✐♣❧✐❝❛�♦ ✉♥❛ ❡�♣
❡��✐♦♥❡ ❛♥❛❧♦❣❛ ❛❧❧❛ ✭✶✶✮ ❞❡❧ ❈❛♣♦ ♣
❡❝❡❞❡♥�❡✱ ❝✐♦!
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+ 2C
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dδz
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)
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)
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+ E
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+
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+

dz
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dδz

dr
+
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dδx
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+
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+

dz
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dδz
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)

+ F
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dδx
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+
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+
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dδz
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+
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+
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)

;
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❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

�❡❝�✳ ✸✹✿ ❬�❤❡�❡ ❡�✉❛�✐♦♥�❪ ❛
❡ 
❡❧❛�✐✈❡ �♦ ❛❧❧ ♣♦��✐❜❧❡ �②��❡♠� ♦❢ ❛①❡� ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❤♦�❡♥ ❢♦


❞❡✜♥✐♥❣ �❤❡ ✈❛
✐❛❜❧❡� x, y, z, ❛♥❞ ❡①♣
❡�� 
❡❛❧❧② �❤❡ ❛
❜✐�
❛
✐♥❡�� ✇❤✐❝❤ ✇❡ ❤❛✈❡ ✐♥ ♣❧❛❝✐♥❣ �❤❡♠

✇✐�❤ 
❡�♣❡❝� �♦ �❤❡ ✜
�� �②��❡♠ ♦❢ ❛①❡� ✇❤✐❝❤ 
❡❢❡
� �♦ �❤❡ ✈❛
✐❛❜❧❡� p, q, r✳ ❖♥❡ ❝❛♥ ❛❧✇❛②�


❡♣❡❛� �❤❡ �❛♠❡ ��❛�❡♠❡♥� ✇✐�❤ ♦�❤❡
 ✇♦
❞� ❜② �❛②✐♥❣ �❤❛� ✐♥ ❡�✉❛�✐♦♥ ✭✶✮ ✐♥ �❤❡ �❡❝�✳ ✸✸ ✐�

✐� ❧✐❝✐� �♦ �✉♣♣♦�❡ �❤❛� �❤❡ �✇❡❧✈❡ �✉❛♥�✐�✐❡� f, g, h, α
1
✱ ❡�❝✳ ❝❛♥ ❤❛✈❡ ❝❤❛♥❣❡❞ �❤❡✐
 ✈❛❧✉❡� ❛�

✇❡ ❧✐❦❡✱ ❜✉� ❬✐� ✐� ❛❧�♦ �
✉❡❪ �❤❛� ❛❧❧ ❞✐✛❡
❡♥� ✈❛❧✉❡� ♦❢ �❤❡ ✈❛
✐❛❜❧❡� x, y, z ✇❤✐❝❤ ❛
❡ ♣
♦❞✉❝❡❞

❜② �❤❡�❡ ❝❤❛♥❣❡� ♠✉�� ❛❧✇❛②� �❛�✐�❢② �❤❡ �❛♠❡ ❡�✉❛�✐♦♥� ✭✶✹✮✳

❲❡ ✇✐❧❧ �❤❡
❡❢♦
❡ ❛��✉♠❡ �❤❛� �❤❡ ✭✶✹✮ ❛
❡ �❤❡ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ �♦ ❜❡ ✉�❡❞ �♦ ❝♦♥��
✉❝�

�❤❡ �❡❝♦♥❞ ♣❛
� ♦❢ �❤❡ ❣❡♥❡
❛❧ ❡�✉❛�✐♦♥ ✭✶✸✮✱ ❛♥❞ ❢♦
 
❡❜✉��✐♥❣ �❤❡ ♦❜❥❡❝�✐♦♥ ❛❜♦✉� �❤❡✐
 ❜❡✐♥❣

✐♥ ❛ �✉♣❡
❛❜✉♥❞❛♥� ♥✉♠❜❡
 ✇❡ ✇✐❧❧ 
❡❢❡
 ❛❣❛✐♥ �♦ �❤❡ ♦❜�❡
✈❛�✐♦♥� ❡①♣♦✉♥❞❡❞ ✐♥ �❤❡ ♣
❡✈✐♦✉�

�❡❝�✳ ✸✾✳ ❚❤❛� �❡❝♦♥❞ ♣❛
� ✇✐❧❧ �❤✉� ✐♥❝❧✉❞❡ ✉♥❞❡
 �❤❡ �
✐♣❧❡ ✐♥�❡❣
❛❧ �✐❣♥ ❛♥ ❡①♣
❡��✐♦♥

❛♥❛❧♦❣♦✉� �♦ �❤❡ ✭✶✶✮ ♦❢ �❤❡ ♣
❡❝❡❞❡♥� ❈❛♣♦✱ �❤❛� ✐�

2A

(

dx

dp

dδx

dp
+

dy

dp

dδy

dp
+

dz

dp

dδz

dp

)

+ 2B

(

dx

dq

dδx

dq
+

dy

dq

dδy

dq
+

dz

dq

dδz

dq

)

+ 2C

(

dx

dr

dδx

dr
+

dy

dr

dδy

dr
+

dz

dr

dδz

dr

)

+D

(

dx

dp

dδx

dq
+

dy

dp

dδy

dq
+

dz

dp

dδz

dq
+

dx

dq

dδx

dp
+

dy

dq

dδy

dp
+

dz

dq

dδz

dp

)

✭✶✺✮

+ E

(

dx

dp

dδx

dr
+

dy

dp

dδy

dr
+

dz

dp

dδz

dr
+

dx

dr

dδx

dp
+

dy

dr

dδy

dp
+

dz

dr

dδz

dp

)

+ F

(

dx

dq

dδx

dr
+

dy

dq

dδy

dr
+

dz

dq

dδz

dr
+

dx

dr

dδx

dq
+

dy

dr

dδy

dq
+

dz

dr

dδz

dq

)

;



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✽✺

❛✈❡♥❞♦ ♣
❡�♦✱ �❡❝♦♥❞♦ ✐❧ ♠❡�♦❞♦✱ �❡✐ ❝♦❡✣❝✐❡♥�✐ ✐♥❞❡�❡
♠✐♥❛�✐ A,B,C,D,E, F, ❡ ♠♦❧�✐♣❧✐❝❛�♦

❝♦♥ ❡��✐ ❧❡ ✈❛
✐❛�❡ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✹✮✱ ✐♥�❡♥❞❡♥❞♦✈✐ ❝♦♠♣❡♥❡�
❛�♦ ✭ ❛♣♣✉♥�♦ ♣❡
❝❤� �♦♥♦

❛
❜✐�
❛
❥ ✮ ✐❧ ❢❛��♦
❡ Γ ✈✐�✐❜✐❧❡ ♥❡❧❧❛ �❡❝♦♥❞❛ ♣❛
�❡ ❞❡❧❧❛ ✭✶✸✮✳ !❡
 �✉❡��✬ ✉❧�✐♠❛ 
❛❣✐♦♥❡ ❡ ❛♥❝❤❡

♣❡
 ❛❧�
❡ ❝❤❡ ❧♦ ��✉❞✐♦�♦ ♣♦�
$ ❞❡�✉♠❡
❡ ❞❛❧❧❡ ❝♦�❡ ❝❤❡ �❡❣✉♦♥♦✱ 
✐�❡

❡♠♦ ❝❤❡ ❧❡ A,B,C,D,E, F

�✉✐ ❛❞♦��❛�❡✱ �✉♣♣♦��♦ ♣✉
❡ ❝❤❡ �✐ 
✐�♦
♥❛��❡ ❞❛❧❧❛ ❝♦♥�✐❞❡
❛③✐♦♥❡ ❞✐ ✉♥ ❝♦
♣♦ �✉❛❧✉♥�✉❡ ❛ �✉❡❧❧❛

❞✐ ✉♥ ❝♦
♣♦ 
✐❣✐❞♦✱ �❡♥❣♦♥♦ ❜❡♥�% ✐❧ ♣♦��♦ ❞❡❧❧❡ �✐♠✐❧✐ �✉❛♥�✐�$ ✐♥❞✐❝❛�❡ ♥❡❧❧✬ ❡�♣
❡��✐♦♥❡ ✭✶✶✮

❞❡❧ ♥✉♠✳◦✸✻✱ ♠❛ ♥♦♥ �♦♥♦ ✐❞❡♥�✐❝❛♠❡♥�❡ ❧❡ ♠❡❞❡�✐♠❡✳

✹✽✳ ❖
❛ ♣♦��♦♥♦ ♣❡
❝♦

❡
�✐ ❞✉❡ ��
❛❞❡ ❛♥❛❧♦❣❛♠❡♥�❡ ❛ �✉❛♥�♦ �✐ � ❞❡��♦ ❛❧ ♥✉♠✳◦✶✼✳ ✿ ♣♦�✲

�♦♥♦ ❛��✉♠❡
�✐ ♣❡
 ❧❡ ✈❛
✐❛③✐♦♥✐ δx, δy, δz �❛❧✐ ✈❛❧♦
✐ ♣❛
�✐❝♦❧❛
✐ ❝❤❡ �♦❞❞✐�❢❛❝❝✐❛♥♦ ❛❧❧❡ ✈❛
✐❛�❡

❞✐ �✉��❡ ❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ✭✶✹✮✱ ♥❡❧ �✉❛❧ ❝❛�♦ ❧❛ ♣❛
�❡ ✭✶✺✮ ✐♥�
♦❞♦��❛ ❞❛ �❛❧✐ ❡�✉❛③✐♦♥✐

❞♦✈
$ �♣❛
✐
❡ ❞❛ ♣❡
 �❡ ��❡��❛❀ ❡ ♣✉, 
✐�❡♥❡
�✐ ❧❛ ♣❛
�❡ ✭✶✺✮✱ ❧❛�❝✐❛♥❞♦ ❛❧❧❡ ✈❛
✐❛③✐♦♥✐ δx, δy, δz

❧✬✐♥�❡
❛ ❡ ♣✐❡♥❛ ❧♦
♦ ❣❡♥❡
❛❧✐�$✳ ❙❡❣✉❛�✐ ✐❧ ♣
✐♠♦ ❛♥❞❛♠❡♥�♦✱ ♣
❡♥❞❡♥❞♦ ♣❡
 ❧❡ δx, δy, δz ✐ ✈❛❧♦
✐

✭✸✾✮ �❝
✐��✐ ❛❧❧❛ ✜♥❡ ❞❡❧ ❈❛♣♦ ♣
❡❝❡❞❡♥�❡✱ ✈❛❧♦
✐ ♥❛�✐ ❛♣♣✉♥�♦ ❞❛❧❧❛ ❝♦♥�✐❞❡
❛③✐♦♥❡ ❞❡❧❧✬❛
❜✐�
✐♦

✐♥ ❝✉✐ �✐❛♠♦ ♥❡❧ ♣♦

❡ ✐ �❡❝♦♥❞✐ ❛��✐ 
✐♠♣❡��♦ ❛✐ ♣
✐♠✐✱ ❝❤❡ ❝✐ ❝♦♥❞✉��❡ ❛❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✹✮ ✿ �✉��❛

❧❛ �✉❛♥�✐�$ ✭✶✺✮ ❞♦✈
$ �♣❛
✐
❡ ❞❛ ♣❡
 �❡ ��❡��❛ ✳ ❈❤❡ ✈❡
❛♠❡♥�❡ ❧❛ �♦��✐�✉③✐♦♥❡ ❞❡✐ ✈❛❧♦
✐ ✭✸✾✮

♥✉♠✳◦✹✷✳ 
❡♥❞❛ ✐❞❡♥�✐❝❛♠❡♥�❡ ♥✉❧❧✐ ✐ �
✐♥♦♠❥ ❡ �❡��✐♥♦♠❥ ♣❡
 ❝✉✐ ♥❡❧❧❛ ❡�♣
❡��✐♦♥❡ ✭✶✺✮ �♦♥♦

♠♦❧�✐♣❧✐❝❛�❡ ❧❡ �✉❛♥�✐�$ 2A, 2B, 2C,D,E, F,� ✉♥ ❢❛��♦ ❛♥❛❧✐�✐❝♦ ❝❤❡ ♣✉, ❢❛❝✐❧♠❡♥�❡ ✈❡
✐✜❝❛
�✐ ✿

❜❛��❛ 
❛♠♠❡♥�❛
�✐ ❝❤❡ ❧❡ �❡✐ ❛
❜✐�
❛
✐❡ ω1, ω2, ω3, ς1, ς2, ς3 �♦♥♦ ✐♥❞✐♣❡♥❞❡♥�✐ ❞❛❧❧❡ p, q, r, ❡ ❝❤❡

�✉✐♥❞✐ ♥❡❧❧❡ ❞❡
✐✈❛③✐♦♥✐ ❧❡ ♣
✐♠❡ �
❡ �✈❛♥✐�❝♦♥♦✱ ❡ ❧❡ �❡❣✉❡♥�✐ ✈❛♥♥♦ �
❛��❛�❡ ❝♦♠❡ ❝♦��❛♥�✐✳

❙❡ ❞✐ ♣✐2 �✉♣♣♦♥✐❛♠♦ ❝❤❡ ✐❧ ❝♦
♣♦ �✐❛ ❧✐❜❡
♦✱ �❛❧❝❤� ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ❣❡♥❡
❛❧❡ ✭✶✸✮ ♠❛♥❝❤✐

❧✬ ✉❧�✐♠❛ ♣❛
�❡ ❡�♣
❡��❛ ❞❛❧❧❛ ❧❡��❡
❛ Ω ✱ �✐ ✈❡❞❡ ❝❤❡ �✉❛♥❞♦ ❧❡ ✈❛
✐❛③✐♦♥✐ δx, δy, δz ♣
❡♥❞♦♥♦

❣❧✐ ❛♥③✐❞❡��✐ ✈❛❧♦
✐✱ ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ❣❡♥❡
❛❧❡ ♥♦♥ 
✐♠❛♥❡ ❝❤❡ ❧❛ ♣
✐♠❛ ♣❛
�❡✳ ❱❡❞❡�✐ ✐♥♦❧�
❡ ❝❤❡

✉♥❛ �❛❧ ♣
✐♠❛ ♣❛
�❡ ♣✉,

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✽✺

❤❛✈✐♥❣ ✐♥�
♦❞✉❝❡❞✱ ❢♦❧❧♦✇✐♥❣ �❤❡ ♠❡�❤♦❞✱ �✐① ✐♥❞❡�❡
♠✐♥❛�❡ ❝♦❡✣❝✐❡♥�� A,B,C,D,E, F, ❛♥❞

❤❛✈✐♥❣ ♠✉❧�✐♣❧✐❡❞ �❤❡♠ �✐♠❡� �❤❡ ✈❛
✐❛�✐♦♥� ♦❢ �❤❡ ❡�✉❛�✐♦♥� ✭✶✹✮✱ ❛♥❞ ❛��✉♠✐♥❣ ✐♥❝❧✉❞❡❞

✐♥ �❤❡♠ ✭✇❤✐❝❤ ✐� ❧✐❝✐� ❛� �❤❡② ❛
❡ ❛
❜✐�
❛
②✮ �❤❡ ❢❛❝�♦
 Γ ❛♣♣❡❛
✐♥❣ ✐♥ �❤❡ �❡❝♦♥❞ ♣❛
� ♦❢

�❤❡ ❡�✉❛�✐♦♥ ✭✶✸✮✳ ❋♦
 �❤✐� ❧❛�� 
❡❛�♦♥✱ ❛♥❞ ❛❧�♦ ❢♦
 ♦�❤❡
 
❡❛�♦♥� ✇❤✐❝❤ �❤❡ ��✉❞❡♥� ✇✐❧❧

❜❡ ❛❜❧❡ �♦ ❞❡❞✉❝❡ ❢
♦♠ �❤❡ ❛
❣✉♠❡♥�� ✇❤✐❝❤ ✇✐❧❧ ❢♦❧❧♦✇✱ ✇❡ ✇✐❧❧ ❛��✉♠❡ �❤❛� �❤❡ �✉❛♥�✐�✐❡�

A,B,C,D,E, F ❤❡
❡ ❛❞♦♣�❡❞✱ ❡✈❡♥ ✇❤❡♥ ❛��✉♠✐♥❣ �❤❛� ♦♥❡ ♣❛
�✐❝✉❧❛
✐③❡� ❢
♦♠ �❤❡ ❝♦♥�✐❞✲

❡
❛�✐♦♥ ♦❢ ❛ ❜♦❞② ✇❤❛��♦❡✈❡
 �♦ �❤❡ ❝♦♥�✐❞❡
❛�✐♦♥ ♦❢ ❛ 
✐❣✐❞ ❜♦❞②✱ ❛
❡ ❛❝�✉❛❧❧② ✐♥ �❤❡ �❛♠❡

♣♦�✐�✐♦♥ ❛� �❤❡ �✐♠✐❧❛
 �✉❛♥�✐�✐❡� ✐♥❞✐❝❛�❡❞ ✐♥ �❤❡ ❡①♣
❡��✐♦♥ ✭✶✶✮ ♦❢ �❡❝�✳ ✸✻ ❜✉� ❝❛♥♥♦� ❜❡

✐❞❡♥�✐✜❡❞ ✇✐�❤ �❤❡♠✳

✹✽✳ ◆♦✇ ✐� ✐� ♣♦��✐❜❧❡ �♦ ♣
♦❝❡❡❞ ✐♥ �✇♦ ❞✐✛❡
❡♥� ✇❛②�✱ ❛♥❛❧♦❣♦✉�❧② �♦ ✇❤❛� �❛✐❞ ✐♥ �❡❝�✳

✶✼✿ ♦♥❡ ❝❛♥ ❛��✉♠❡ ❢♦
 �❤❡ ✈❛
✐❛�✐♦♥� δx, δy, δz �❤♦�❡ ♣❛
�✐❝✉❧❛
 ✈❛❧✉❡� ✇❤✐❝❤ �❛�✐�❢② �❤❡

✈❛
✐❛�✐♦♥� ♦❢ ❛❧❧ �❤❡ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ✭✶✹✮✱ ✐♥ ✇❤✐❝❤ ❝❛�❡ �❤❡ �❡
♠� ❡①❤✐❜✐�❡❞ ✐♥ ✭✶✺✮

❞✉❡ �♦ �❤❡�❡ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ♠✉�� ✐❞❡♥�✐❝❛❧❧② ✈❛♥✐�❤❀ ♦�❤❡
✇✐�❡ ♦♥❡ ❝❛♥ ♠❛✐♥�❛✐♥ �❤❡

�❡
♠� ✐♥ ✭✶✺✮ ❜② ❧❡❛✈✐♥❣ �♦ �❤❡ ✈❛
✐❛�✐♦♥� δx, δy, δz �❤❡✐
 ❝♦♠♣❧❡�❡ ❛♥❞ ✇❤♦❧❡ ❣❡♥❡
❛❧✐�②✳ ■❢ ♦♥❡

❢♦❧❧♦✇� �❤❡ ✜
�� ✇❛②✱ ❜② �❛❦✐♥❣ ❢♦
 �❤❡ ✈❛
✐❛�✐♦♥� δx, δy, δz �❤❡ ✈❛❧✉❡� ✭✸✾✮ ✇
✐��❡♥ ❛� �❤❡ ❡♥❞

♦❢ �❤❡ ♣
❡❝❡❞❡♥� ❈❛♣♦✱ ✈❛❧✉❡� ✇❤✐❝❤ ❛
✐�❡ ✇❤❡♥ ❝♦♥�✐❞❡
✐♥❣ �❤❡ ❛
❜✐�
❛
✐♥❡�� ✇❤✐❝❤ ✇❡ ❤❛✈❡

✐♥ ❝❤♦♦�✐♥❣ �❤❡ �❡❝♦♥❞ �②��❡♠ ♦❢ ❛①❡� ✇✐�❤ 
❡�♣❡❝� �♦ �❤❡ ✜
�� �②��❡♠ ♦❢ ❛①❡� ❛♥❞ ✇❤✐❝❤ ❧❡❛❞

✉� �♦ �❤❡ ❡�✉❛�✐♦♥� ✭✶✹✮✱ �❤❡♥ �❤❡ ✇❤♦❧❡ �✉❛♥�✐�② ✭✶✺✮ ✇✐❧❧ ✈❛♥✐�❤ ❜② ✐�✲�❡❧❢✳ ❆❝�✉❛❧❧② ✐� ✐� ❛♥

❛♥❛❧②�✐❝❛❧ ❢❛❝� ✇❤✐❝❤ ✐� ❡❛�✐❧② ✈❡
✐✜❡❞ �❤❛� �❤❡ �✉❜��✐�✉�✐♦♥ ♦❢ �❤❡ ✈❛❧✉❡� ✭✸✾✮ �❡❝�✳ ✹✷ 
❡♥❞❡
�

✐❞❡♥�✐❝❛❧❧② ✈❛♥✐�❤✐♥❣ ❛❧❧ �❤❡ �
✐♥♦♠✐❛❧ ❛♥❞ �❡①�✐♥♦♠✐❛❧� ✇❤✐❝❤ ❛
❡ ♠✉❧�✐♣❧✐❡❞✱ ✐♥ �❤❡ ❡①♣
❡��✐♦♥

✭✶✺✮✱ �✐♠❡� �❤❡ �✉❛♥�✐�✐❡� 2A, 2B, 2C,D,E, F : ✐� ✐� ❡♥♦✉❣❤ �♦ 
❡❝❛❧❧ �❤❛� �❤❡ �✐① ❛
❜✐�
❛
②

�✉❛♥�✐�✐❡� ω1, ω2, ω3, ς1, ς2, ς3 ❛
❡ ✐♥❞❡♣❡♥❞❡♥� ♦❢ �❤❡ ✈❛
✐❛❜❧❡� p, q, r✱ ❛♥❞ �❤❛� �❤❡
❡❢♦
❡ ✇❤❡♥

❝❛❧❝✉❧❛�✐♥❣ �❤❡ ❞❡
✐✈❛�✐✈❡� �❤❡ ✜
�� �❤
❡❡ ✈❛♥✐�❤ ❛♥❞ �❤❡ ❢♦❧❧♦✇✐♥❣ ❛
❡ �♦ ❜❡ �
❡❛�❡❞ ❛� ❝♦♥��❛♥��✳

■❢ ✇❡ ❛❞❞ �❤❡ ❛��✉♠♣�✐♦♥ �❤❛� �❤❡ ❜♦❞② ✐� ❢
❡❡✱ ❛� ✐♥ �❤❡ ❣❡♥❡
❛❧ ❡�✉❛�✐♦♥ ✭✶✸✮ ✐� ❧❛❝❦✐♥❣

�❤❡ ❧❛�� ♣❛
� ✇❤✐❝❤ ✐� ❡①♣
❡��❡❞ ❜② �❤❡ ❧❡��❡
 Ω✱ ♦♥❡ ❝❛♥ �❡❡ �❤❛�✱ ✇❤❡♥ �❤❡ ✈❛
✐❛�✐♦♥� δx, δy, δz

�❛❦❡ �❤❡ ❛❢♦
❡♠❡♥�✐♦♥❡❞ ✈❛❧✉❡�✱ �❤❡ ✜
�� ♣❛
� ❞♦❡� 
❡♠❛✐♥ ✐♥ �❤❡ ❣❡♥❡
❛❧ ❡�✉❛�✐♦♥ ♦♥❧②✳

❖♥❡ ❤❛� �❤❡♥ �♦ 
❡♠❛
❦ �❤❛� �✉❝❤ ✜
�� ♣❛
� ❝❛♥



✽✻
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

�❝♦♠♣♦
�✐ ✐♥ �❡✐ 
❡
♠✐♥✐ 
✉

✐ ♠♦❧
✐♣❧✐❝❛
✐ ♣❡
 ❛❧❝✉♥❛ ❞❡❧❧❡ �❡✐ ✐♥❞❡
❡
♠✐♥❛
❡ ω1, ω2, ω3, ς1, ς2, ς3,

❧❡ �✉❛❧✐ ❡��❡♥❞♦ ❝♦�
❛♥
✐ ♣❡
 
✐❣✉❛
❞♦ ❛❧❧❡ p, q, r, ❡�❝♦♥♦ ❞❛✐ �❡❣♥✐ ✐♥
❡❣
❛❧✐✳ ▲✬❛��♦❧✉
♦ ❛
❜✐

✐♦

♣♦✐ ❞✐ �✉❡�
❡ �❡✐ ✐♥❞❡
❡
♠✐♥❛
❡ ❢❛ �� ❝❤❡ ❧✬❡�✉❛③✐♦♥❡ �✉❛❧ ❢✉ 
✐❞♦

❛ �✐ �❝♦♠♣♦♥❣❛ ✐♥ ❛❧

❡ �❡✐✱

♣♦♥❡♥❞♦ ❡❣✉❛❧❡ ❛ ③❡
♦ ❝✐❛�❝✉♥♦ ❞❡✐ ❝♦❡✣❝✐❡♥
✐ ❞✐ ❞❡

❡ �❡✐ ✐♥❞❡
❡
♠✐♥❛
❡✳ ■ ♣
✐♠✐ ♠❡♠❜
✐ ❞✐


❛❧✐ �❡✐ ❡�✉❛③✐♦♥✐ �♦♥♦ ❛✛❡

✐ ❞❛ �❡❣♥✐ ✐♥
❡❣
❛❧✐ ♣
❡�✐ ♣❡
 ❧❡ ✈❛
✐❛❜✐❧✐ p, q, r, ♠❛ ❢❛❝✐❧♠❡♥
❡ �✐



❛❞✉❝♦♥♦ ❛❞ ❡��❡
❡ ✐♥
❡❣
❛❧✐ ♣
❡�✐ ♣❡
 ❧❡ x, y, z❀ ❜❛�
❛♥❞♦ ❛ �✉❡�
♦ ✜♥❡ ✐♥

♦❞✉

❡ ✐♥ ❝✐❛�❝✉♥♦

❝♦♠❡ ❝♦❡✣❝✐❡♥
❡ ❞❡❧❧❛ Γ ✐❧ �❡�
✐♥♦♠✐♦ H1 ✭ ❡�✉❛③✐♦♥❡ ✭✸✮ ✮ ❝❤❡ ❛❧ ❝♦♠✐♥❝✐❛
❡ ❞❡❧ ♥✉♠✳◦46.

❞✐♠♦�

❛♠♠♦ ❡❣✉❛❧❡ ❛❧❧✬✉♥✐
%✱ ❡ 
✐❝❤✐❛♠❛
❡ ✐❧ ♣
✐♥❝✐♣✐♦ ❛♥❛❧✐
✐❝♦ ♣✐& ✈♦❧
❡ ✉�❛
♦ ♣❡
 �✐♠✐❧✐



❛�❢♦
♠❛③✐♦♥✐✱ ♣
✐♥❝✐♣✐♦ ❝❤❡ ❣✐% ❝✐ ❢❡❝❡ ❢❛
❡ ✐❧ ♣
✐♠♦ ♣❛��♦ ♣❡
 
✐❞✉
❝✐ ❞❛❧❧❛ ✭✶✷✮ ❛❧❧❛ ✭✶✸✮✱ ❝✐♦)

❞❛❧❧❡ a, b, c ❛❧❧❡ p, q, r, ❡ ❝❤❡ ♦
❛ ❝✐ ❢❛ ❢❛
❡ ✐❧ �❡❝♦♥❞♦✱ ❝♦♠❡ �✐ ) ❛❝❝❡♥♥❛
♦ ❛❧❧❛ ✜♥❡ ❞❡❧ ♥✉♠✳◦44.

❆❜❜✐❛♠♦ ♣❡

❛♥
♦ ❧❡ �❡✐

∫

dx

∫

dy

∫

dz · Γ

(

X −
d2x

dt2

)

= 0

∫

dx

∫

dy

∫

dz · Γ

(

Y −
d2y

dt2

)

= 0

∫

dx

∫

dy

∫

dz · Γ

(

Z −
d2z

dt2

)

= 0 ✭✶✻✮

∫

dx

∫

dy

∫

dz · Γ

{

x

(

Y −
d2y

dt2

)

− y

(

X −
d2x

dt2

)}

= 0

∫

dx

∫

dy

∫

dz · Γ

{

z

(

X −
d2x

dt2

)

− x

(

Z −
d2z

dt2

)}

= 0

∫

dx

∫

dy

∫

dz · Γ

{

y

(

Z −
d2z

dt2

)

− z

(

Y −
d2y

dt2

)}

= 0.

❙♦♥♦ �✉❡�
❡ ❧❡ �❡✐ ❡�✉❛③✐♦♥✐ ❝❤❡ ❝♦♥
❡♥❣♦♥♦ ✐ ❞✉❡ ♣
✐♥❝✐♣❥ ❞❡❧❧❛ ❝♦♥�❡
✈❛③✐♦♥❡ ❞❡❧ ♠♦
♦ ❞❡❧

❝❡♥

♦ ❞✐ ❣
❛✈✐
%✱ ❡ ❞❡❧❧❡ ❛
❡❡✳ ▲❛ ♣
❡❝❡❞❡♥
❡ ❞✐♠♦�

❛③✐♦♥❡ ❢❛ ✈❡❞❡
❡ ❝❤✬ ❡��❡ �✉��✐�
♦♥♦

✈❡
❛♠❡♥
❡ ♥♦♥ �♦❧♦ ♣❡✬ ❝♦
♣✐ �♦❧✐❞✐✱ ♠❛ ♣❡
 ♦❣♥✐ �♦

❛ ❞✐ ❝♦
♣✐✱ ❡❧❛�
✐❝✐ ❡❞ ❛♥❝❤❡ ✢✉✐❞✐✱ ♣✉
❝❤)

❧✐❜❡
✐ ✭✯✮✶ ■♥ ❢❛

✐ ❡��❛ ) ❞❡❞♦

❛

✶✭✯✮�♦✐��♦♥✳ ❚�❛✐
� ❞❡ ▼�❝❤❛♥✐�✉❡✳ ❚✳✷✳ ♣❛❣✳✹✹✼✳
▲❛♣❧❛❝❡✳ ❙②�
�♠❡ ❞✉ ▼♦♥❞❡✳ ▲✐✈✳✹✳ ❈❤❛♣✳❳✱ ▲✐✈✳✺✳ ❈❤❛♣✳❱■✳

✽✻
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡
❝✳

❜❡ ❞❡❝♦♠♣♦�❡❞ ✐♥
♦ �✐① 
❡
♠� ❡❛❝❤ ♠✉❧
✐♣❧✐❡❞ 
✐♠❡� ♦♥❡ ♦❢ 
❤❡ �✐① ✐♥❞❡
❡
♠✐♥❛
❡ �✉❛♥
✐
✐❡�

ω1, ω2, ω3, ς1, ς2, ς3✱ ✇❤✐❝❤✱ ❜❡✐♥❣ ❝♦♥�
❛♥
 ✇✐
❤ 
❡�♣❡❝
 
♦ 
❤❡ ✈❛
✐❛❜❧❡� p, q, r, ❝❛♥ ❜❡ ❢❛❝
♦
✐③❡❞

♦✉
 ♦❢ 
❤❡ ✐♥
❡❣
❛❧ �✐❣♥✳ ❚❤❡♥ 
❤❡ ❛❜�♦❧✉
❡ ❛
❜✐

❛
✐♥❡�� ♦❢ 
❤❡�❡ �✐① ✐♥❞❡
❡
♠✐♥❛
❡ �✉❛♥
✐
✐❡�

♠❛❦❡� ✐
 �♦ 
❤❛
 
❤❡ ❛❧
❡❛❞② 
❡❞✉❝❡❞ ❡�✉❛
✐♦♥ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦�❡❞ ✐♥
♦ ♦
❤❡
 �✐① ❬❡�✉❛
✐♦♥�❪✱

✇❤✐❝❤ ❛
❡ ♦❜
❛✐♥❡❞ ❜② ❡�✉❛❧❧✐♥❣ 
♦ ③❡
♦ ❡❛❝❤ ❝♦❡✣❝✐❡♥
 ♦❢ �❛✐❞ �✐① ✐♥❞❡
❡
♠✐♥❛
❡ �✉❛♥
✐
✐❡�✳ ❚❤❡

❧❡❢
✲❤❛♥❞ �✐❞❡� ♦❢ �✉❝❤ �✐① ❡�✉❛
✐♦♥� ✐♥❝❧✉❞❡ �♦♠❡ ✐♥
❡❣
❛❧ �✐❣♥� ✐♥ ✇❤✐❝❤ 
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L2 = −2Aα2 −Dβ2 − Eγ2

M2 = −Dα2 − 2Bβ2 − Fγ2 ✭✶✽✮

N2 = −Eα2 − Fβ2 − 2Cγ2

L3 = −2Aα3 −Dβ3 − Eγ3

M3 = −Dα3 − 2Bβ3 − Fγ3

N3 = −Eα3 − Fβ3 − 2Cγ3
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T = −
d · (L1δx+ L2δy + L3δz)

dp

−
d · (M1δx+M2δy +M3δz)

dq
✭✶✾✮

−
d · (N1δx+N2δy +N3δz)

dr
.
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❡♠♦✱ ❝❤❡

♣
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✐♠❡ ❞❛❧❧✬ ❡�❛♠✐♥❛
❡ ❧❡ ❝♦♥�❡❣✉❡♥③❡ ❞❡
✐✈❛♥�✐ ❞❛❧❧❛ �✉❛♥�✐� ✭✶✾✮ ✐♥✢✉❡♥�❡

�♦❧♦ ❛✐ ❧✐♠✐�✐ ❞❡❧ ❝♦
♣♦✱ �✐ ❤❛♥♥♦ ✐♥�❛♥�♦ ❧❡ ❡�✉❛③✐♦♥✐ 
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✐♥�❡
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Γ

(

X −
d2x

dt2

)

+
dL1

dp
+

dM1

dq
+

dN1

dr
= 0

Γ

(

Y −
d2y

dt2

)

+
dL2

dp
+

dM2

dq
+

dN2

dr
= 0 ✭✷✵✮

Γ

(

Z −
d2z

dt2

)

+
dL3

dp
+

dM3

dq
+

dN3

dr
= 0.
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❡��❛♥♦ ❛ �
❛❞✉
�✐ ❧❡ ❞❡
✐✈❛�❡ ❞✐✛❡
❡♥③✐❛❧✐ ♣❡
 p, q, r ✐♥ ❞✐✛❡
❡♥③✐❛❧✐ ♣❡
 x, y, z,

✐♥ ❝♦

✐�♣♦♥❞❡♥③❛ ❛❧ ❣✐ ❢❛��♦ ♣❡
 ❧❡ ❡�✉❛③✐♦♥✐ ✭✶✻✮ ❞❡❧ ♥✉♠✳◦✸✻✳ ◗✉✐ ♣❡
) ❜✐�♦❣♥❛ ♦��❡
✈❛
❡

❝❤❡ ✐❧ ♣
✐♥❝✐♣✐♦ ❛♥❛❧✐�✐❝♦ ♣❡
 �+ ❢❛��❛ �
❛�❢♦
♠❛③✐♦♥❡ ❡�♣♦��♦ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✼✮✱ ✭✶✽✮ ❞❡❧

♥✉♠✳◦✸✼✳✱ 
✐❝❡✈❡ ♥❡❧ ❝❛�♦ ❛��✉❛❧❡ ✉♥❛ �❡♠♣❧✐✜❝❛③✐♦♥❡✳ ❈♦♥✈✐❡♥❡ ❞❛ ♣
✐♠❛ �❝
✐✈❡
❡ ❞✐ ♥✉♦✈♦

�✉❡❧❧❡ ❡�✉❛③✐♦♥✐ ♠❡��❡♥❞♦ H✱ 1
H

✐♥ ❧✉♦❣♦ ❞✐ 1
Γ ,Γ ✭ ❡�✉❛③✐♦♥❡ ✭✻✮ ♥✉♠✳◦✾✳ ❈❛♣♦ ■◦✳✮✱ ♣♦✐ ♥♦�❛
❡

❝❤❡ ✐❧ �❡��✐♥♦♠✐♦ H ❢
❛ ❧❡ x, y, z ❞❡
✐✈❛�❡ ♣❡
 a, b, c �✐ ❝❛♠❜✐❛ ♥❡❧❧✬ H1 ❢
❛ ❧❡ x, y, z ❞❡
✐✈❛�❡ ♣❡


p, q, r ✭ ❡�✉❛③✐♦♥❡ ✭✸✮ ❞✐ �✉❡��♦ ❈❛♣♦✮✱ ✐❧ �✉❛❧❡ H1 ❛❧ ❝♦♠✐♥❝✐❛
❡ ❞❡❧ ♥✉♠✳◦✹✻✳ ❢✉ ❞✐♠♦��
❛�♦

❡❣✉❛❧❡ ❛❧❧✬ ✉♥✐� ✳ ▼❡��✐ ✐♥♦❧�
❡ ✐♥ ❧✉♦❣♦ ❞❡❧❧❡ ❞❡
✐✈❛�❡ dx
dp
, dx
dq
✱ ❡❝✳ ✐ ✈❛❧♦
✐ ❛♥❣♦❧❛
✐ ❞❛�✐❝✐ ❞❛❧❧❡

❡�✉❛③✐♦♥✐ ✭✶✵✮ ♥✉♠✳◦✹✻✳✱ ❝♦♥❝❤✐✉❞❡
❡♠♦ ❝❤❡ ✐❧ ♣
✐♥❝✐♣✐♦ ❛♥❛❧✐�✐❝♦ ❞❡❧ ♥✉♠✳◦✸✼✳ ❛❞❛��❛�♦ ❛❧ ❝❛�♦

❛��✉❛❧❡✱ ✈✐❡♥❡ ❡�♣
❡��♦ ♠❡❞✐❛♥�❡ ❧❛ ❢♦
♠♦❧❛

✽✽
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

T = −
d · (L1δx+ L2δy + L3δz)

dp

−
d · (M1δx+M2δy +M3δz)

dq
✭✶✾✮

−
d · (N1δx+N2δy +N3δz)

dr
.
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✐✈✐♥❣ ❜② �❤❡ �✉❛♥�✐�② ✭✶✾✮

✇❤✐❝❤ ✐� 
❡❧❡✈❛♥� ♦♥❧② ❛� �❤❡ ❜♦✉♥❞❛
✐❡� ♦❢ �❤❡ ❜♦❞②✱ ♦♥❡ ❣❡�� ✐♠♠❡❞✐❛�❡❧② �❤❡ ❡�✉❛�✐♦♥�


❡❧❛�✐✈❡ �♦ �❤❡ ♠♦�✐♦♥ ♦❢ ❛♥② ✐♥�❡
♥❛❧ ♣♦✐♥� ✇❤❛��♦❡✈❡
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Γ

(

X −
d2x

dt2

)

+
dL1

dp
+

dM1

dq
+

dN1

dr
= 0

Γ

(

Y −
d2y

dt2

)

+
dL2

dp
+

dM2

dq
+

dN2

dr
= 0 ✭✷✵✮

Γ

(

Z −
d2z

dt2

)

+
dL3

dp
+

dM3

dq
+

dN3

dr
= 0.
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�❤❡♥ ✐� ❤❛� �♦ ❜❡ 
❡♠❛
❦❡❞ �❤❛� �❤❡ �❡①�✐♥♦♠✐❛❧ H 
❡❧❛�✐✈❡ �♦ �❤❡ ✈❛
✐❛❜❧❡� x, y, z ✇❤❡♥ ❞❡
✐✈❡❞

✇✐�❤ 
❡�♣❡❝� �♦ �❤❡ ✈❛
✐❛❜❧❡� a, b, c ✐� �
❛♥�❢♦
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❡❧❛�✐✈❡ �♦ �❤❡ x, y, z

✇❤❡♥ ❞❡
✐✈❡❞ ✇✐�❤ 
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❛� �❤❡ ♣❧❛❝❡ ♦❢ �❤❡ ❞❡
✐✈❛�✐✈❡� dx
dp
, dx
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✱ ❡�❝✳ �❤❡ ❛♥❣✉❧❛
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❡�❡♥�
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❡��❡❞ ❜② ♠❡❛♥� ♦❢ �❤❡ ❢♦
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▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✽✾

dL

dp
+

dM

dq
+

dN

dr
=

dK1

dx
+

dK2

dy
+

dK3

dz
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❡��❡♥❞♦

K1 = Lα1 +Mβ1 +Nγ1

K2 = Lα2 +Mβ2 +Nγ2 ✭✷✷✮

K3 = Lα3 +Mβ3 +Nγ3.

▲✬ ❛♣♣❧✐❝❛③✐♦♥❡ ��❡ ✈♦❧�❡ �✐♣❡�✉�❛ ❞✐ �✉❡��❛ ❢♦�♠♦❧❛ ❛❧❧❡ ❡�✉❛③✐♦♥✐ ✭✷✵✮ ❧❡ ❝❛♥❣✐❛ ♥❡❧❧❡

Γ

(
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d2x

dt2

)
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dΣ
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dΦ

dz
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+
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+

dΨ

dz
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❛✈❡♥❞♦ ❛��✉♥�❡ ♣❡� ❛❜❜�❡✈✐❛�❡ ❧❡ ❞❡♥♦♠✐♥❛③✐♦♥✐

Λ = −2α2
1A− 2β2

1B − 2γ2
1C − 2α1β1D − 2α1γ1E − 2β1γ1F

Ξ = −2α2
2A− 2β2

2B − 2γ2
2C − 2α2β2D − 2α2γ2E − 2β2γ2F

Π = −2α2
3A− 2β2

3B − 2γ2
3C − 2α3β3D − 2α3γ3E − 2β3γ3F

Σ = −2α1α2A− 2β1β2B − 2γ1γ2C

− (α1β2 + β1α2)D − (α1γ2 + γ1α2)E − (β1γ2 + γ1β2)F ✭✷✹✮

Φ = −2α1α3A− 2β1β3B − 2γ1γ3C

− (α1β3 + β1α3)D − (α1γ3 + γ1α3)E − (β1γ3 + γ1β3)F

Ψ = −2α2α3A− 2β2β3B − 2γ2γ3C

− (α2β3 + β2α3)D − (α2γ3 + γ2α3)E − (β2γ3 + γ2β3)F.
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❝♦♥ ♣❛�♦❧❡ ♣�❡✈❡♥✐❡♥�✐ " ♣�♦✈❛�❛ ❞❛❧❧❡ ❛♣♣❧✐❝❛③✐♦♥✐✳
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dL

dp
+

dM

dq
+

dN

dr
=

dK1

dx
+

dK2

dy
+

dK3

dz
✭✷✶✮

❜❡✐♥❣

K1 = Lα1 +Mβ1 +Nγ1

K2 = Lα2 +Mβ2 +Nγ2 ✭✷✷✮

K3 = Lα3 +Mβ3 +Nγ3.

❇② ❛♣♣❧②✐♥❣ �❤�❡❡ �✐♠❡� �❤✐� ❢♦�♠✉❧❛ �♦ �❤❡ ❡�✉❛�✐♦♥� ✭✷✵✮ ♦♥❡ ✇✐❧❧ ��❛♥�❢♦�♠ �❤❡♠ ✐♥�♦ �❤❡

❢♦❧❧♦✇✐♥❣ ♦♥❡�

Γ

(

X −
d2x

dt2

)

+
dΛ

dx
+

dΣ

dy
+

dΦ

dz
= 0

Γ

(

Y −
d2y

dt2

)

+
dΣ

dx
+

dΞ

dy
+

dΨ

dz
= 0 ✭✷✸✮

Γ

(

Z −
d2z

dt2

)

+
dΦ

dx
+

dΨ

dy
+

dΠ

dz
= 0

❤❛✈✐♥❣ ❛��✉♠❡❞ �❤❡ ❛❜❜�❡✈✐❛�✐♥❣ ❞❡✜♥✐�✐♦♥�

Λ = −2α2
1A− 2β2

1B − 2γ2
1C − 2α1β1D − 2α1γ1E − 2β1γ1F

Ξ = −2α2
2A− 2β2

2B − 2γ2
2C − 2α2β2D − 2α2γ2E − 2β2γ2F

Π = −2α2
3A− 2β2

3B − 2γ2
3C − 2α3β3D − 2α3γ3E − 2β3γ3F

Σ = −2α1α2A− 2β1β2B − 2γ1γ2C

− (α1β2 + β1α2)D − (α1γ2 + γ1α2)E − (β1γ2 + γ1β2)F ✭✷✹✮

Φ = −2α1α3A− 2β1β3B − 2γ1γ3C

− (α1β3 + β1α3)D − (α1γ3 + γ1α3)E − (β1γ3 + γ1β3)F

Ψ = −2α2α3A− 2β2β3B − 2γ2γ3C

− (α2β3 + β2α3)D − (α2γ3 + γ2α3)E − (β2γ3 + γ2β3)F.

❚❤❡ ✐♠♣♦��❛♥❝❡ ❛♥❞ ❣❡♥❡�❛❧✐�② ♦❢ �❤❡ �②��❡♠ ♦❢ ❡�✉❛�✐♦♥� ✭✷✸✮✱ ✭✷✹✮ ✐� ♠✉❝❤ ❜❡��❡� ♣�♦✈❡♥ ❜②

♠❡❛♥� ♦❢ ✐�� ♣♦��✐❜❧❡ ❛♣♣❧✐❝❛�✐♦♥� �❤❛♥ ❜② �❤❡ ✉�❡ ♦❢ ❛♥�✐❝✐♣❛�♦�② ✇♦�❞�✳



✾✵
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

✺✶✳ ■❧ 
❡❝♦♥❞♦ ♣❛

♦ ❞❡❧❧❡ ❝♦♦�❞✐♥❛�❡ ✐♥�❡�♠❡❞✐❡ p, q, r ❛❧❧❡ ❛��✉❛❧✐ x, y, z, ✐♥✈❡❝❡ ❞✐ ❢❛�❧♦


✉❧❧❡ ❡�✉❛③✐♦♥✐ ✭✷✵✮ ♣♦

✐❛♠♦ ❡✛❡��✉❛�❧♦ ❛ ❞✐�✐��✉�❛ ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✸✮✿ ❛♥③✐ ❝✐

 ♥❡❝❡

❛�✐♦ ❞✐ ❢❛� ❝♦
! �✉❛♥❞♦ ✈✐ 
♦♥♦ ❛♥❝❤❡ ❢♦�③❡ ♣❛��✐❝♦❧❛�✐ ❛♣♣❧✐❝❛�❡ ❛❧❧❛ 
✉♣❡�✜❝✐❡ ❞❡❧

❝♦�♣♦✳ ❆ �✉❡
�♦ ✜♥❡ ♦

❡�✈❡�❡♠♦ ❝❤❡ ❧✬ ❡
♣�❡

✐♦♥❡ ✭✶✼✮ ❡�✉✐✈❛❧❡♥�❡ ❛❧❧❛ ✭✶✺✮ ❧❛ �✉❛❧❡ ❢✉

❞✐♠♦
��❛�❛ �❛♣♣�❡
❡♥�❛�❡ �✉��❛ ❧❛ �✉❛♥�✐�' 
♦��♦♣♦
�❛ ❛❧ 
❡❝♦♥❞♦ ✐♥�❡❣�❛❧❡ ♥❡❧❧❛ ✭✶✸✮✱ ♣✉)

�✐❞✉�
✐ ❢�❛ ❞❡�✐✈❛�❡ ♣❡� ❧❡ x, y, z ♠❡❞✐❛♥�❡ ✐❧ ♣�✐♥❝✐♣✐♦ ❛♥❛❧✐�✐❝♦ 
❝�✐��♦ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✷✶✮✱

✭✷✷✮✳

*❡� ❧❛ ♣❛��❡ ❝❤❡ �✐❣✉❛�❞❛ ✐ ��❡ ❝♦❡✣❝✐❡♥�✐ ❞❡❧❧❡ δx, δy, δz, ❧❛ �✐❞✉③✐♦♥❡ 
✐ ♣�❛�✐❝❛ ❝♦♠❡ ♣✐,


♦♣�❛ ♣❡� ✈❡♥✐�❡ ❛❧❧❡ ✭✷✸✮✱ ❡❞ ❡

❛ 
✐ ❝❛♥❣✐❛ ♥❡❧❧❛

(

dΛ

dx
+

dΣ

dy
+

dΦ

dz

)

δx

+

(

dΣ

dx
+

dΞ

dy
+

dΨ

dz

)

δy ✭✷✺✮

+

(

dΦ

dx
+

dΨ

dy
+

dΠ

dz

)

δz

❛✈❡♥❞♦ ❧❡ Λ,Ξ✱ ❡❝✳ ✐ ✈❛❧♦�✐ ✭✷✹✮✳ ◗✉❛♥�♦ ❛❧❧❛ ♣❛��❡ �❡
✐❞✉❛ ♥❡❧❧❛ ❡
♣�❡

✐♦♥❡ ✭✶✼✮✱ ❝✐♦ ❛❧❧❛ T ✱


✐ ♥♦�✐ ✭ ❡�✉❛③✐♦♥❡ ✭✶✾✮ ✮ ❝❤✬ ❡

❛  ❛♥❝♦�❛ ✉♥ ��✐♥♦♠✐♦ ❞✐ ❝✉✐ ♣✉) ❡✛❡��✉❛�
✐ ❧❛ ��❛
❢♦�♠❛③✐♦♥❡

♣❡� ♠❡③③♦ ❞❡❧❧❛ ❢♦�♠♦❧❛ ✭✷✶✮✳ ❋❛❝❝✐❛
✐✱ ❡ �❛❝❝♦❣❧✐❡♥❞♦ ✐ ❝♦❡✣❝✐❡♥�✐ �♦�❛❧✐ ❞❡❧❧❡ δx, δy, δz, ❡


♦
�✐�✉❡♥❞♦ ✐ ✈❛❧♦�✐ ✭✶✽✮✱ 
✐ ��♦✈❡�' ❛ ♠♦�✐✈♦ ❞❡❧❧❡ ❞❡♥♦♠✐♥❛③✐♦♥✐ ✭✷✹✮ ❡

❡�❡

T = −
d. (Λδx+Σδy +Φδz)

dx

−
d. (Σδx+ Ξδy +Ψδz)

dy
✭✷✻✮

−
d. (Φδx+Ψδy +Πδz)

dz
.

▲❛ 
♦♠♠❛ ❞❡❧❧❡ ❞✉❡ ❡
♣�❡

✐♦♥✐ ✭✷✺✮✱ ✭✷✻✮  �✉❡❧❧❛ ❝❤❡ ✈❛ ♣♦
�❛ 
♦��♦ ✐❧ 
❡❝♦♥❞♦ ✐♥�❡❣�❛❧❡ ❞❡❧❧❛

✭✶✸✮✳ ❈❛♠❜✐❡�❡♠♦ ♣♦✐ ❣❧✐ ✐♥�❡❣�❛❧✐ ♣❡� p, q, r ✐♥ �✉❡❧❧✐ ♣❡� x, y, z ❝♦♠❡ ❛❧ ♥✉♠✳◦✹✽✳ ✐♥��♦❞✉❝❡♥❞♦


♦��♦ ✐ 
❡❣♥✐ ✐❧ ❢❛��♦�❡ H1 ❝❤❡ ♥♦♥ ❛❧�❡�❛ ✐ ✈❛❧♦�✐ ♣❡� ❡

❡�❡ ❡❣✉❛❧❡ ❛❧❧❛ ✉♥✐�'✱ ❡ ❢❛❝❡♥❞♦ ✉
♦ ❞❡❧


♦❧✐�♦ �❡♦�❡♠❛✳

✾✵
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

✺✶✳ ❚❤❡ 
❡❝♦♥❞ 
�❡♣ ❢�♦♠ �❤❡ ✐♥�❡�♠❡❞✐❛�❡ ❝♦♦�❞✐♥❛�❡
 p, q, r �♦ �❤❡ ❛❝�✉❛❧ ♦♥❡
 x, y, z,

✐♥
�❡❛❞ ♦❢ ❜❡✐♥❣ ♣❡�❢♦�♠❡❞ �❡❧❛�✐✈❡❧② �♦ �❤❡ ❡�✉❛�✐♦♥
 ✭✷✵✮ ❝❛♥ ❜❡ ❞✐�❡❝�❧② ♦♣❡�❛�❡❞ �❡❧❛�✐✈❡❧②

�♦ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✭✶✸✮✿ �❛�❤❡� ✐� ✐
 ♥❡❝❡

❛�② �♦ ♣�♦❝❡❡❞ ✐♥ �❤✐
 ✇❛② ✇❤❡♥ �❤❡�❡ ❛�❡

❛♣♣❧✐❡❞ �♦ �❤❡ ❜♦❞② �❤♦
❡ ❡①�❡�♥❛❧ ❢♦�❝❡
 ✇❤✐❝❤ ❛�❡ ❝♦♥❝❡♥��❛�❡❞ ♦♥ ✐�
 
✉�❢❛❝❡✳ ❚♦ ��❡❛� �❤✐


❝❛
❡ ✇❡ ✇✐❧❧ ♦❜
❡�✈❡ �❤❛� �❤❡ ❡①♣�❡

✐♦♥ ✭✶✼✮ ❡�✉✐✈❛❧❡♥� �♦ �❤❡ ❡①♣�❡

✐♦♥ ✭✶✺✮ ✇❤✐❝❤ ✐♥ �✉�♥

✇❛
 ♣�♦✈❡♥ �♦ �❡♣�❡
❡♥� �❤❡ ✇❤♦❧❡ �✉❛♥�✐�② ✉♥❞❡� �❤❡ 
❡❝♦♥❞ ✐♥�❡❣�❛❧ 
✐❣♥ ✐♥ �❤❡ ✭✶✸✮✱ ❝❛♥

❜❡ �❡❞✉❝❡❞ �♦ ❛♥ ❡①♣�❡

✐♦♥ ✐♥✈♦❧✈✐♥❣ ♦♥❧② ❞❡�✐✈❛�✐✈❡
 ✇✐�❤ �❡
♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡
 x, y, z ❜②

♠❡❛♥
 ♦❢ �❤❡ ❛♥❛❧②�✐❝❛❧ ♣�✐♥❝✐♣❧❡ ✇�✐��❡♥ ✐♥ �❤❡ ❡�✉❛�✐♦♥
 ✭✷✶✮✱ ✭✷✷✮✳

❋♦� �❤❡ ♣❛�� ♦❢ �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ❡①♣�❡

✐♦♥ ✇❤✐❝❤ ❝♦♥❝❡�♥
 �❤❡ �❤�❡❡ ❝♦❡✣❝✐❡♥�
 ♦❢ �❤❡

✈❛�✐❛�✐♦♥
 δx, δy, δz, �❤❡ �❡❞✉❝�✐♦♥ ❝❛♥ ❜❡ ♣❡�❢♦�♠❡❞ ❛
 ✐� ✇❛
 ❞♦♥❡ ❜❡❢♦�❡ ❢♦� ❛��✐✈✐♥❣ ❛� �❤❡

❡�✉❛�✐♦♥
 ✭✷✸✮✱ 
♦ �❤❛� ✐� ❜❡❝♦♠❡


(

dΛ

dx
+

dΣ

dy
+

dΦ

dz

)

δx

+

(

dΣ

dx
+

dΞ

dy
+

dΨ

dz

)

δy ✭✷✺✮

+

(

dΦ

dx
+

dΨ

dy
+

dΠ

dz

)

δz

❤❛✈✐♥❣ �❤❡ 
②♠❜♦❧
 Λ,Ξ✱ ❡�❝✳ �❤❡ ✈❛❧✉❡
 ❣✐✈❡♥ ✐♥ �❤❡ ❡�✉❛�✐♦♥ ✭✷✹✮✳ ❋♦� ✇❤❛� ❝♦♥❝❡�♥
 �❤❡

�❡
✐❞✉❛❧ ♣❛�� ♦❢ �❤❡ ❡①♣�❡

✐♦♥ ✭✶✼✮✱ �❤❛� ✐
 ❢♦� ✇❤❛� ❝♦♥❝❡�♥
 �❤❡ �✉❛♥�✐�② T ✱ ♦♥❡ ❤❛
 �♦

�❡♠❛�❦ ✭❡�✉❛�✐♦♥ ✭✶✾✮ ✮ �❤❛� ✐� 
�✐❧❧ ✐
 ❛ ��✐♥♦♠✐❛❧ ✇❤✐❝❤ ❝❛♥ ❜❡ ��❛♥
❢♦�♠❡❞ ❜② ♠❡❛♥
 ♦❢

❢♦�♠✉❧❛ ✭✷✶✮✳ ❖♥❝❡ �❤❡
❡ ♦♣❡�❛�✐♦♥
 ❛�❡ ♣❡�❢♦�♠❡❞✱ ❜② ❣❛�❤❡�✐♥❣ �❤❡ �♦�❛❧ ❝♦❡✣❝✐❡♥�
 ♦❢ �❤❡

✈❛�✐❛�✐♦♥
 δx, δy, δz, ❛♥❞ 
✉❜
�✐�✉�✐♥❣ �❤❡ ✈❛❧✉❡
 ✭✶✽✮✱ ♦♥❡ ✇✐❧❧ ✜♥❞✱ ❜❡❝❛✉
❡ ♦❢ �❤❡ ❞❡✜♥✐�✐♦♥


✭✷✹✮✱ �❤❛� �❤❡ ❢♦❧❧♦✇✐♥❣ ❡�✉❛�✐♦♥ ❤♦❧❞


T = −
d. (Λδx+Σδy +Φδz)

dx

−
d. (Σδx+ Ξδy +Ψδz)

dy
✭✷✻✮

−
d. (Φδx+Ψδy +Πδz)

dz
.

❚❤❡ 
✉♠ ♦❢ �❤❡ �✇♦ ❡①♣�❡

✐♦♥
 ✭✷✺✮✱ ✭✷✻✮ ✐
 �♦ ❜❡ ❝♦♥
✐❞❡�❡❞ ✉♥❞❡� �❤❡ 
❡❝♦♥❞ ✐♥�❡❣�❛❧ 
✐❣♥

✐♥ �❤❡ ❡�✉❛�✐♦♥ ✭✶✸✮✳ ❲❡ ✇✐❧❧ �❤❡♥ ❝❤❛♥❣❡ �❤❡ ✐♥�❡❣�❛❧
 ✇✐�❤ �❡
♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡
 p, q, r

✐♥�♦ ✐♥�❡❣�❛❧
 ✇✐�❤ �❡
♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡
 x, y, z ❛
 ❞♦♥❡ ✐♥ 
❡❝�✳ ✹✽ ❜② ✐♥��♦❞✉❝✐♥❣ ✉♥❞❡� �❤❡

✐♥�❡❣�❛❧ 
✐❣♥ �❤❡ ❢❛❝�♦� H1 ✲♦♣❡�❛�✐♦♥ ✇❤✐❝❤ ❞♦❡
 ♥♦� ❛❧�❡� �❤❡ ✈❛❧✉❡ ♦❢ ❝♦♥
✐❞❡�❡❞ �✉❛♥�✐�✐❡


❛
 ✐� ❡�✉❛❧
 �❤❡ ✉♥✐�✲ ❛♥❞ ❜② ♠❡❛♥
 ♦❢ �❤❡ ✉
✉❛❧ �❤❡♦�❡♠



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✾✶

❘✐✉♥✐�✐ ✐ ❞✉❡ ♣�✐♠✐ �❡�♠✐♥✐ ❞❡❧❧❛ ✭✶✸✮ ♠❡❞✐❛♥�❡ ✉♥ �♦❧♦ �❡❣♥♦ ❞✐ ✐♥�❡❣�❛❧❡ ��✐♣❧✐❝❛�♦✱ �❡ �✐ ❛♥♥✉❧✲

❧❛♥♦ ✐ ❝♦❡✣❝✐❡♥�✐ �♦�❛❧✐ ❞❡❧❧❡ δx, δy, δz, ❡�❝❧✉�❛ ❧❛ �✉❛♥�✐�� T ✱ ✈❡❣❣♦♥�✐ �✐�♦�♥❛�❡ ❧❡ ❡�✉❛③✐♦♥✐

✭✷✸✮ ✳ ▼❛ ✈✬! ❧❛ �✉❛♥�✐�� T �✐❞♦��❛ ❛❧❧✬ ❡�♣�❡��✐♦♥❡ ✭✷✻✮ ❢❛��❛ ❞✐ ��❡ ♣❛��✐✱ �♦♣�❛ ❝✐❛�❝✉♥❛

❞❡❧❧❡ �✉❛❧✐ ♣✉$ ❡�❡❣✉✐��✐ ❛❧❝✉♥❛ ❞❡❧❧❡ ✐♥�❡❣�❛③✐♦♥✐ ♣❡� x ♦ ♣❡� y ♦ ♣❡� z ✳ ❊�❡❣✉✐�❝❛♥�✐ �❛❧✐

✐♥�❡❣�❛③✐♦♥✐✱ ❡ �✐ ❛✈�❛♥♥♦ ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✸✮ ✐ �❡�♠✐♥✐

−
∫

dx

∫

dy · (Φδx+Ψδy +Πδz)

−
∫

dx

∫

dz · (Σδx+ Ξδy +Ψδz) ✭✷✼✮

−
∫

dy

∫

dz · (Λδx+Σδy +Φδz)

✐♥�♦�♥♦ ❛✐ �✉❛❧✐ ✈✐ ! ❜✐�♦❣♥♦ ❞✐ �✉❛❧❝❤❡ �♣✐❡❣❛③✐♦♥❡✳ ❱❡�❛♠❡♥�❡ ��❛♥❞♦ ❛ �✉❛♥�♦ ♣�❛�✐❝$ ▲❛✲

❣�❛♥❣❡ ✐♥ ✉♥ ❝❛�♦ �✐♠✐❧❡ ✭ ▼✳❆✳❚✳✙✳◦ ♣❛❣✳ ✷✶✷✳ ✮ ✐ ♣�❡❝❡❞❡♥�✐ ✐♥�❡❣�❛❧✐ ❞✉♣❧✐❝❛�✐ ✐♥✈❡❝❡ ❞✐

��❡ ❞♦✈�❡❜❜❡�♦ ❡��❡�❡ �❡✐✱ ❛✈❡♥❞♦�❡♥❡ ❞✉❡ ❞✐ �❡❣♥♦ ❝♦♥��❛�✐♦ ♣❡� ♦❣♥✐ ✐♥�❡❣�❛③✐♦♥❡ ❡✛❡��✉❛�❛✱

❡�♣�❡��✐ ♠❡❞✐❛♥�❡ ❧❛ ❝♦♥✈❡♥③✐♦♥❡ ❞✐ ♠❛�❝❛�❡ ❝♦♥ ✉♥♦ ♦ ❞✉❡ ��❛��✐ ❧❡ �✉❛♥�✐�� �♣❡��❛♥�✐ ❛ ❧✐♠✲

✐�✐ ♦♣♣♦��✐✳ ▼❛ ▲❛❣�❛♥❣❡ ��❡��♦ ♥❡❧ ❧✉♦❣♦ ❝✐�❛�♦ ❤❛ ❢❛��♦ ❝♦♥♦�❝❡�❡ ❝❤❡ �❛❧✐ ✐♥�❡❣�❛❧✐ ❛ ❞✉❡

❛ ❞✉❡ ♣♦��♦♥♦ ❝♦♥❝❡♥��❛��✐ ✐♥ ✉♥ �♦❧♦✱ ✐♥�❡♥❞❡♥❞♦ ❝❤❡ ❧❛ �❡�③❛ ✈❛�✐❛❜✐❧❡✱ ♦❧��❡ ❧❡ ❞✉❡ ♣❡� ❧❡

�✉❛❧✐ ! ✐♥❞✐❝❛�❛ ❧✬✐♥�❡❣�❛③✐♦♥❡ ✭ ♥❡❧ ♣�✐♠♦ ❞❡✐ ♣�❡❝❡❞❡♥�✐ �❛�❡❜❜❡ ❧❛ z ✮ ♣�❡♥❞❛ �✉��✐ ✐ ✈❛❧♦�✐

�♦♠♠✐♥✐���❛�✐ ❞❛❧❧❛ ❡�✉❛③✐♦♥❡ ❞❡❧❧❛ �✉♣❡�✜❝✐❡ ❝♦♥�❡�♠✐♥❛♥�❡ ✐❧ ❝♦�♣♦✱ ❝✐♦! �❛♥�♦ �✉❡❧❧✐ �✐�♣♦♥✲

❞❡♥�✐ ❛❞ ✉♥ ❧✐♠✐�❡✱ ❝♦♠❡ �✉❡❧❧✐ �✐�♣♦♥❞❡♥�✐ ❛❧ ❧✐♠✐�❡ ♦♣♣♦��♦✳ ❆❧❧♦�❛ ✐ �❡❣♥✐ �✐ ❛❣❣✐✉��❛♥♦ ❞❛

�❡ ��❡��✐ ❛ ♠♦�✐✈♦ ❞✐ ✉♥✬ ❛❧��❛ �✉♣♣♦�✐③✐♦♥❡ �♦��✐♥�❡�❛ ❝❤❡ ❛♣♣❛�✐�� ♣✐0 ❝❤✐❛�❛ ♣❡� ❝✐$ ❝❤❡ ♦�❛

�♦❣❣✐✉♥❣❡�❡♠♦✳

❖❧��❡ ❧❛ ♣❛��❡ ✭✷✼✮ ✈❡♥✉�❛❝✐ ✐♥ ❝♦♥�❡❣✉❡♥③❛ ❞✐ ✐♥�❡❣�❛③✐♦♥✐ ❡�❡❣✉✐�❡✱ ♣✉$ ❡��❡�✈❡♥❡ ♥❡❧❧✬

❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✸✮ ✉♥✬ ❛❧��❛ ❛✛❡��❛ ❞❛ �❡❣♥♦ ❞✬ ✐♥�❡❣�❛❧❡ ❞✉♣❧✐❝❛�♦✱ ❝♦♠♣�❡�❛ ♥❡❧❧✬ ✉❧�✐♠♦

�❡�♠✐♥❡ Ω✱ ♣�♦✈❡♥✐❡♥�❡ ❞❛ ✉♥❛ ❢♦�③❛ ❛♣♣❧✐❝❛�❛ ❛✐ ♣✉♥�✐ ❞❡❧❧❛ �✉♣❡�✜❝✐❡ ❞❡❧ ❝♦�♣♦✱ ❡ ❝❤❡ ♦�❛ !

❜❡♥❡ ♠❡��❡�❡ ✐♥ ❡✈✐❞❡♥③❛✳ ❈❤✐❛♠❛�❡ λ, μ, ν ❧❡ ��❡ ❝♦♠♣♦♥❡♥�✐ ❞✐ �✉❡��❛ ❢♦�③❛ ♣❛�❛❧❧❡❧❡ ❛✐ ��❡

❛��✐ ♣❡� ✉♥ ♣✉♥�♦ �✉❛❧✉♥�✉❡ (x, y, z) ❞❡❧❧❛ �✉♣❡�✜❝✐❡✱ �❛❝❝♦❣❧✐❡�❡♠♦ �✉��✐ ✐ ��✐♥♦♠❥

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✾✶

❖♥❝❡ ♦♥❡ ❣❛�❤❡�� �❤❡ ✜��� �✇♦ �❡�♠� ♦❢ �❤❡ ❡�✉❛�✐♦♥ ✭✶✸✮ ✉♥❞❡� �❤❡ �✐❣♥ ♦❢ ❛ ✉♥✐�✉❡ ��✐♣❧❡

✐♥�❡❣�❛❧✱ ✐❢ ♦♥❡ ❡①❝❧✉❞❡� �❤❡ �✉❛♥�✐�② T ❛♥❞ ❡�✉❛❧� �♦ ③❡�♦ �❤❡ �♦�❛❧ ❝♦❡✣❝✐❡♥�� ♦❢ �❤❡ ✈❛�✐❛�✐♦♥�

δx, δy, δz, , ❤❡ ✇✐❧❧ �❡❡ �❤❛� �❤❡ ❡�✉❛�✐♦♥� ✭✷✸✮ ❛�❡ ♦❜�❛✐♥❡❞✳ ❖♥ �❤❡ ♦�❤❡� ❤❛♥❞ �❤❡ �✉❛♥�✐�②

T ✱ ♦♥❝❡ �❡❞✉❝❡❞ �♦ �❤❡ ❡①♣�❡��✐♦♥ ✭✷✻✮ ✐� �❡❝♦❣♥✐③❡❞ �♦ ❜❡ �❤❡ �✉♠ ♦❢ �❤�❡❡ ♣❛��� ❛♥❞ ❢♦� ❡❛❝❤

♦❢ �❤❡�❡ ♣❛��� ♦♥❡ ❝❛♥ ♣❡�❢♦�♠ ❛♥ ✐♥�❡❣�❛�✐♦♥ ✇✐�❤ �❡�♣❡❝� �♦ ♦♥❡ ❛♠♦♥❣ �❤❡ ✈❛�✐❛❜❧❡� x, y, z.

❖♥❝❡ �❤❡�❡ ✐♥�❡❣�❛�✐♦♥� ❛�❡ ♣❡�❢♦�♠❡❞ ✐♥ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✭✶✸✮ ♦♥❡ ✇✐❧❧ ❣❡� �❤❡ �❡�♠�

−
∫

dx

∫

dy · (Φδx+Ψδy +Πδz) ✭✷✼✮

−
∫

dx

∫

dz · (Σδx+ Ξδy +Ψδz)

−
∫

dy

∫

dz · (Λδx+Σδy +Φδz)

❛❜♦✉� ✇❤✐❝❤ ✐� ✐� ♥❡❝❡��❛�② �♦ ❣✐✈❡ �♦♠❡ ❡①♣❧✐❝❛�✐♦♥�✳ ❆❝�✉❛❧❧②✱ �❡❢❡��✐♥❣ �♦ ✇❤❛� ❞♦♥❡ ❜②

▲❛❣�❛♥❣❡ ✐♥ ❛ �✐♠✐❧❛� ❝✐�❝✉♠��❛♥❝❡ ✭▼✳❆✳❚✳✙✳◦ ♣♣✳ ✷✶✷✮ �❤❡ ♣�❡✈✐♦✉� ❞♦✉❜❧❡ ✐♥�❡❣�❛❧� ✐♥��❡❛❞

♦❢ �❤�❡❡ �❤♦✉❧❞ ❜❡ �✐①✱ ❛� ❡✈❡�② ♣❡�❢♦�♠❡❞ ✐♥�❡❣�❛�✐♦♥ ✐� ♣�♦❞✉❝✐♥❣ �✇♦ ✐♥�❡❣�❛❧� ♦❢ ♦♣♣♦�✐�❡ �✐❣♥✱

�♦ ❜❡ ❡①♣�❡��❡❞ ❬❢♦❧❧♦✇✐♥❣ �❤❡ ♥♦�❛�✐♦♥ ❜② ▲❛❣�❛♥❣❡❪ ❜② ♠❡❛♥� ♦❢ �❤❡ ❝♦♥✈❡♥�✐♦♥ ♦❢ ❧❛❜❡❧❧✐♥❣

✇✐�❤ ♦♥❡ ❜❛� ♦� �✇♦ ❜❛�� �❤❡ �✉❛♥�✐�✐❡� �❡❧❛�✐✈❡ �♦ ♦♣♣♦�✐�❡ ✐♥�❡❣�❛�✐♦♥ ❧✐♠✐��✳ ❍♦✇❡✈❡� ✐♥ �❤❡

❝✐�❡❞ ❡①❝❡�♣� ▲❛❣�❛♥❣❡ ❤✐♠�❡❧❢ �❡❝♦❣♥✐③❡❞ �❤❛� �❤❡�❡ ✐♥�❡❣�❛❧�✱ �✇♦ ❜② �✇♦✱ ❝❛♥ ❜❡ ❝♦♥❝❡♥��❛�❡❞

✐♥�♦ ♦♥❡ ♦♥❧②✱ ❜② ✐♥�❡♥❞✐♥❣ �❤❛� �❤❡ �❤✐�❞ ✈❛�✐❛❜❧❡✱ ✐✳❡✳ �❤❡ �❡♠❛✐♥✐♥❣ ♦♥❡ ✇❤❡♥ ❝♦♥�✐❞❡�✐♥❣

�❤♦�❡ �✇♦ ✈❛�✐❛❜❧❡� ✇✐�❤ �❡�♣❡❝� �♦ ✇❤✐❝❤ �❤❡ ✐♥�❡❣�❛�✐♦♥ ✐� ♣❡�❢♦�♠❡❞ ✭✐♥ �❤❡ ✜��� ♦❢ �❤❡

♣�❡❝❡❞❡♥�❧② ✐♥❞✐❝❛�❡❞ ✐♥�❡❣�❛❧ �❤✐� �❤✐�❞ ♦♥❡ ✐� �❤❡ z ✈❛�✐❛❜❧❡✮✱ ❛❝�✉❛❧❧② ❛��✉♠❡� ❛❧❧ �❤❡ ✈❛❧✉❡�

❣✐✈❡♥ ❜② �❤❡ ❡�✉❛�✐♦♥ ♦❢ �❤❡ �✉�❢❛❝❡ ✇❤✐❝❤ ❢♦�♠� �❤❡ ❜♦✉♥❞❛�② ♦❢ �❤❡ ❜♦❞②✱ �❤❛� ✐� ❜♦�❤ �❤❡

✈❛❧✉❡ �❡❧❛�✐✈❡ �♦ ♦♥❡ ✐♥�❡❣�❛�✐♦♥ ❧✐♠✐� ❛♥❞ �❤❡ ♦♥❡ �❡❧❛�✐✈❡ �♦ �❤❡ ♦♣♣♦�✐�❡ ❧✐♠✐�✳ ❚❤❡♥ �❤❡

�✐❣♥� ✇✐❧❧ ❜❡ ❜② �❤❡♠�❡❧✈❡� �❤❡ �✐❣❤� ♦♥❡� ❜❡❝❛✉�❡ ♦❢ ❛♥♦�❤❡� ❛��✉♠♣�✐♦♥ ✉♣ �♦ ♥♦✇ ✐♠♣❧✐❝✐�

✇❤✐❝❤ ✇✐❧❧ ❜❡❝♦♠❡ ❝❧❡❛�❡� ♦♥❡ ✐� ✇✐❧❧ ❜❡ ✉♥❞❡���♦♦❞ ✇❤❛� ✇❡ ❛�❡ ❣♦✐♥❣ �♦ ❛❞❞ ✐♥ ♦✉� ❡①♣♦�✐�✐♦♥✳

❇❡②♦♥❞ �❤❡ �❡�♠� ❛♣♣❡❛�✐♥❣ ✐♥ ✭✷✼✮ ✇❤✐❝❤ ❛�❡ ❝♦♥�❡�✉❡♥❝❡ ♦❢ �❤❡ ♣❡�❢♦�♠❡❞ ✐♥�❡❣�❛�✐♦♥�✱ ✐♥

�❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✭✶✸✮ ♦♥❡ ❝❛♥ ✜♥❞ ❛♥♦�❤❡� ❞♦✉❜❧❡ ✐♥�❡❣�❛❧ ✇❤✐❝❤ ✐� ✐♥❝❧✉❞❡❞ ✐♥ �❤❡ ❧❛��

�❡�♠ Ω✱ ✇❤✐❝❤ ✐� �❡❧❛�✐✈❡ �♦ ❡①�❡�♥❛❧ ❢♦�❝❡� ❛♣♣❧✐❡❞ �♦ �❤❡ ♣♦✐♥�� ♦❢ �❤❡ �✉�❢❛❝❡ ♦❢ �❤❡ ❜♦❞② ❛♥❞

✇❤✐❝❤ ✐� ✐� �✉✐�❛❜❧❡ �♦ �✐❣♥❛❧✐③❡✳ ❖♥❝❡ ❝❛❧❧❡❞ λ, μ, ν �❤❡ �❤�❡❡ ❝♦♠♣♦♥❡♥�� ♦❢ �❤✐� ❢♦�❝❡ ✇❤✐❝❤

❛�❡ ♣❛�❛❧❧❡❧ �♦ �❤❡ �❤�❡❡ �❡❢❡�❡♥❝❡ ❛①❡� ✐♥ ❛ ❣❡♥❡�✐❝ ♣♦✐♥� (x, y, z) ♦❢ �❤❡ �✉�❢❛❝❡✱ ✇❡ ✇✐❧❧ ❣❛�❤❡�

❛❧❧ �❤❡ ��✐♥♦♠✐❛❧�



✾✷
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

λδx+ μδy + νδz

�♣❡��❛♥�✐ ❛✐ ❞✐✈❡��✐ ♣✉♥�✐ ❞❡❧❧❛ �✉♣❡�✜❝✐❡ ��❡��❛ ♠❡❞✐❛♥�❡ ✉♥ ✐♥�❡❣�❛❧❡ ❞✉♣❧✐❝❛�♦ ♣�❡�♦ ♣❡� �❛♣✲

♣♦��♦ ❛ ❞✉❡ ✈❛�✐❛❜✐❧✐ �❡♠♣❧✐❝✐ ❞✐ ❝✉✐ ❧❡ x, y, z �✐ ❝♦♥�✐❞❡�✐♥♦ ❢✉♥③✐♦♥✐ ✭ ❡�✉❛③✐♦♥❡ ✭✸✶✮ ♥✉♠✳◦✸✵✳✮

✱ ✐♥❞✐ ♣❛��❡�❡♠♦ ❛❞ ✉♥ ✐♥�❡❣�❛❧❡ ❞✉♣❧✐❝❛�♦ ♣❡� ❧❡ x, y, ❝♦♠❡ ❣✐ ♣�❛�✐❝❛♠♠♦ ❛❧��♦✈❡ ✭ ❡�✉❛③✐♦♥❡

✭✷✻✮ ♥✉♠✳◦✶✷✳✮✳ ❈✐ �✐�✉❧�❡� ❛❧❧♦�❛ ❧✬ ❡�♣�❡��✐♦♥❡

∫

dx

∫

dy · (Γ)

√

1 +

(

dz

dx

)2(
dz

dy

)2

(λδx+ μδy + νδz) ✭✷✽✮

❞♦✈❡ ❤♦ ✐♥❞✐❝❛�♦ ❝♦♥ (Γ) ❧❛ ❞❡♥�✐� ❝❤❡ �❡❣♥❛ ❢�❛ ❧❡ ♠♦❧❡❝♦❧❡ ❛❧❧❛ �✉♣❡�✜❝✐❡✳ ◗✉✐ ♣❡�' ❝♦♥✈✐❡♥

❢❛�❡ ✉♥❛ ♦��❡�✈❛③✐♦♥❡✱ ❡❞ ( ❝❤❡ �✐❝❝♦♠❡ ✉♥❛ ♣�❡��✐♦♥❡ �✉❧❧❛ �✉♣❡�✜❝✐❡ ❞❡❧ ❝♦�♣♦ ♦♣❡�❛ �❡♠♣�❡ ❞❛❧

❞✐ ❢✉♦�✐ ✈❡��♦ ✐❧ ❞✐ ❞❡♥��♦✱ ❣✐�❛♥❞♦ �✉��✬ ❛❧❧✬ ✐♥�♦�♥♦ ❞✐ ❡��♦ ❝♦�♣♦✱ ❛❞ ♦❣♥✐ ♣�❡��✐♦♥❡ ❞✐�❡��❛ ♣❡�

✉♥ ✈❡��♦ ♥❡ ❝♦��✐�♣♦♥❞❡ ✉♥❛ ❞✐ �❡❣♥♦ ❝♦♥��❛�✐♦✳ )❡� �✉❡��❛ ❝✐�❝♦��❛♥③❛ ❧❛ ♣�❡❝❡❞❡♥�❡ ❡�♣�❡��✐♦♥❡

✐♥�❡❣�❛❧❡ ✭✷✽✮ ❞♦✈�❡❜❜❡ ❡��❡�❡ �❝♦♠♣♦��❛ ✐♥ ❞✉❡ ♣❛��✐ �✐♠✐❧✐ ❞✐ ❝✉✐ ❧✬ ✉♥❛ �✐ ❛��✉♠❡��❡ ♣♦�✐�✐✈❛✱

❧✬❛❧��❛ ♥❡❣❛�✐✈❛ ✿ ✐❧ ❝❤❡ �✐ ��❛❧❛�❝✐❛ ❞✐ ❢❛�❡✱ �❡♥❡♥❞♦ ❧❛ ❝♦�❛ ♣❡� �♦��✐♥�❡�❛✳ ➮ ♣❡� ❧❛ �❛❣✐♦♥❡

❛♥❛❧♦❣❛ ❝❤❡ ✐ ❞✉❡ ✐♥�❡❣�❛❧✐ ❞✉♣❧✐❝❛�✐ ✐ �✉❛❧✐✱ ❝♦♠❡ �♦♣�❛ ❞✐❝❡♠♠♦✱ ❛✈�❡❜❜❡�♦ ❞♦✈✉�♦ ♣�❡♥❞❡�❡

✐❧ ♣♦��♦ ❞✐ ❝✐❛�❝✉♥♦ ❞❡❣❧✐ ❡�♣�❡��✐ ♥❡❧❧❛ �✉❛♥�✐� ✭✷✼✮✱ ❤❛♥♥♦ ♣♦�✉�♦ ❝♦♠♣❡♥❞✐❛��✐ ✐♥ ✉♥ �♦❧♦❀

❞✐ ❣✉✐�❛ ❝❤❡ ❞❡✈❡�✐ �✐�❡♥❡�❡ ❝❤❡ ❧❛ ♣❛��❡ ❡�♣�❡��❛ ♥❡❧❧❛ ✭✷✼✮ ✱ ❝♦��✐�♣♦♥❞❡ ❛❧❧❛ ♣❛��❡ ❡�♣�❡��❛

♥❡❧❧❛ ✭✷✽✮✱ ❡ ❧❛ ♥❡❣❛�✐✈❛ �♦��✐♥�❡�❛ ❞✐ �✉❡❧❧❛ ❝♦��✐�♣♦♥❞❡�❡❜❜❡ ❛❧❧❛ ♥❡❣❛�✐✈❛ �♦��✐♥�❡�❛ ❞✐ �✉❡��❛✳

)❡��❛♥�♦ ❞♦♣♦ ✉♥❛ �❛❧❡ ❞✐❝❤✐❛�❛③✐♦♥❡ �✉��❛ ❧❛ ♣❛��❡ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✸✮ ❛✛❡��❛ ❞❛ �❡❣♥✐

❞✬ ✐♥�❡❣�❛❧✐ ❞✉♣❧✐❝❛�✐ ♣✉' �✐�❡♥❡��✐ �❛♣♣�❡�❡♥�❛�❛ ❞❛❧❧❛ �♦♠♠❛ ❞❡❧❧❡ ❞✉❡ �✉❛♥�✐� ✭✷✼✮✱ ✭✷✽✮✳

✺✷✳ ▼❛ ❝✐' ♥♦♥ ❜❛��❛ ❛♥❝♦�❛ ♣❡� ❞❡❞✉��❡ ❧❡ ❡�✉❛③✐♦♥✐ ❝❤❡ �✐ ✈❡�✐✜❝❛♥♦ �♦❧�❛♥�♦ ❛❧❧❛ �✉♣❡�✜❝✐❡

❞❡❧ ❝♦�♣♦✳ ◆❡❧❧❛ �✉❛♥✐� ✭✷✼✮ �✐ ✈❡❣❣♦♥♦ ��❡ ✐♥�❡❣�❛❧✐ ❞✉♣❧✐❝❛�✐ ❞♦✈❡ ❧❡ ✈❛�✐❛❜✐❧✐ �❡♠♣❧✐❝✐ ♥♦♥

�♦♥♦ �❡♠♣�❡ ❧❡ ��❡��❡✿ ✐❧ ♣�✐♠♦ �✉♣♣♦♥❡ ❝❤❡ ❧❛ �❡�③❛ ✈❛�✐❛❜✐❧❡ z ❞✐✈❡♥�✐ �✉❡❧❧❛ ❢✉♥③✐♦♥❡ ❞✐ x, y

❝❤❡ �✐�✉❧�❛ �❝✐♦❣❧✐❡♥❞♦ ♣❡� ❡��❛ ❧✬❡�✉❛③✐♦♥❡ ❞❡❧❧❛ �✉♣❡�✜❝✐❡✱ ✐❧ �❡❝♦♥❞♦ �✉♣♣♦♥❡ ✐♥✈❡❝❡

✾✷
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

λδx+ μδy + νδz

�❡❧❛�✐✈❡ �♦ �❤❡ ❞✐✛❡�❡♥� ♣♦✐♥�� ♦❢ �❤✐� �❛♠❡ �✉�❢❛❝❡ ❜② ♠❡❛♥� ♦❢ ❛ ❞♦✉❜❧❡ ✐♥�❡❣�❛❧ ❝❛❧❝✉❧❛�❡❞ ✐♥

�❡�♠� ♦❢ �✇♦ �✐♠♣❧❡ ✈❛�✐❛❜❧❡� ♦❢ ✇❤✐❝❤ �❤❡ �❤�❡❡ ✈❛�✐❛❜❧❡� x, y, z ❛�❡ ❛��✉♠❡❞ �♦ ❜❡ ❢✉♥❝�✐♦♥�

✭❡�✉❛�✐♦♥ ✭✸✶✮ �❡❝�✳ ✸✵✮✱ ✇❡ ✇✐❧❧ �❤❡♥ ♣❛�� �♦ ❛ ❞♦✉❜❧❡ ✐♥�❡❣�❛❧ ✐♥ �❡�♠� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� x, y,

❛� ✇❡ ❛❧�❡❛❞② ❞✐❞ ❡❧�❡✇❤❡�❡ ✭ ❡�✉❛�✐♦♥ ✭✷✻✮ �❡❝�✳ ✶✷✮✳ ❆� ❛ ❝♦♥�❡�✉❡♥❝❡ ✇❡ ✇✐❧❧ ❣❡� �❤❡♥ �❤❡

❡①♣�❡��✐♦♥

∫

dx

∫

dy · (Γ)

√

1 +

(

dz

dx

)2(
dz

dy

)2

(λδx+ μδy + νδz) ✭✷✽✮

✇❤❡�❡ ■ ❤❛✈❡ ✐♥❞✐❝❛�❡❞ ✇✐�❤ (Γ) �❤❡ ♠♦❧❡❝✉❧❛� ❞❡♥�✐�② ❛� �❤❡ �✉�❢❛❝❡✳ ■� ✐� ❤♦✇❡✈❡� ♥♦✇

❝♦♥✈❡♥✐❡♥� �♦ ♦❜�❡�✈❡ �❤❛�✱ ❛� �❤❡ ♣�❡��✉�❡ ♦♥ �❤❡ �✉�❢❛❝❡ ♦❢ ❛ ❜♦❞② ✐� ❛❧✇❛②� ✐♥�❡♥❞❡❞ ❛�

❛♣♣❧✐❡❞ ❢�♦♠ �❤❡ ❡①�❡�✐♦� ♦♥�♦ �❤❡ ✐♥�❡�✐♦� ❬♦❢ �❤❡ �❛✐❞ ❜♦❞②❪ ✇❤❡♥ ♣❡�❛♠❜✉❧❛�✐♥❣ �❤❡ �❛♠❡

❜♦❞②✱ ❢♦� ❡✈❡�② ♣�❡��✉�❡ ❞✐�❡❝�❡❞ ✐♥ ❛ ❞✐�❡❝�✐♦♥ �❤❡�❡ ✐� ❛❧✇❛②� ❛ ❝♦��❡�♣♦♥❞✐♥❣ ♦♥❡ ✐♥ �❤❡

♦♣♣♦�✐�❡ ❞✐�❡❝�✐♦♥✳ ❋♦� �❤✐� ❝✐�❝✉♠��❛♥❝❡ �❤❡ ♣�❡❝❡❞❡♥� ✐♥�❡❣�❛❧ ❡①♣�❡��✐♦♥ ✭✷✽✮ �❤♦✉❧❞ ❜❡

❞❡❝♦♠♣♦�❡❞ ✐♥�♦ �✇♦ �✐♠✐❧❛� ♣❛���✱ ♦♥❡ ♦❢ ✇❤✐❝❤ ✐� ❛��✉♠❡❞ ♣♦�✐�✐✈❡✱ �❤❡ ♦�❤❡� ♦♥❡ ♥❡❣❛�✐✈❡✱

♣❛��❛❣❡ ✇❤✐❝❤ ✐� ♦♠✐��❡❞ ❛♥❞ ❧❡❢� ❛� ✉♥❞❡���♦♦❞✳ ■� ✐� ❢♦� ❛♥ ❛♥❛❧♦❣♦✉� �❡❛�♦♥ �❤❛� �❤❡ �✇♦

❞♦✉❜❧❡ ✐♥�❡❣�❛❧� ✇❤✐❝❤✱ ❛� ✇❡ �❛✐❞ ❜❡❢♦�❡✱ �❤♦✉❧❞ ❤❛✈❡ �✉❜��✐�✉�❡❞ ❡❛❝❤ ♦❢ �❤♦�❡ ✐♥�❡❣�❛❧�

❛♣♣❡❛�✐♥❣ ✐♥ �❤❡ �✉❛♥�✐�② ✭✷✼✮✱ ✇❡�❡ ❣❛�❤❡�❡❞ ✐♥�♦ ♦♥❧② ♦♥❡ ✐♥�❡❣�❛❧ �✐❣♥✱ �♦ �❤❛� ♦♥❡ ♠✉��

�❡�❛✐♥ �❤❛� �❤❡ ♣❛�� ✇❤✐❝❤ ✐� ❡①♣�❡��❡❞ ✐♥ �❤❡ ❢♦�♠✉❧❛ ✭✷✼✮ ✱ ❝♦��❡�♣♦♥❞� �♦ �❤❡ ♣❛�� ✇❤✐❝❤ ✐�

❡①♣�❡��❡❞ ✐♥ �❤❡ ❢♦�♠✉❧❛ ✭✷✽✮✱ ❛♥❞ �❤❡ ♦♠✐��❡❞ ♥❡❣❛�✐✈❡ ♣❛�� ✐♥ �❤❡ ✜��� ❡�✉❛�✐♦♥ ❝♦��❡�♣♦♥❞�

�♦ �❤❡ ♦♠✐��❡❞ ♥❡❣❛�✐✈❡ ♣❛�� ♦❢ �❤❡ �❡❝♦♥❞ ❡�✉❛�✐♦♥✳ ❚❤❡�❡❢♦�❡ ❛❢�❡� �✉❝❤ ❛ ❝❧❛�✐✜❝❛�✐♦♥ ❛❧❧

�❤❡ �❡�♠� ✐♥ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✭✶✸✮ ✐♥ ✇❤✐❝❤ �❤❡ �✐❣♥� ♦❢ ❞♦✉❜❧❡ ✐♥�❡❣�❛❧� ❛♣♣❡❛� ❝❛♥ ❜❡

�❡♣�❡�❡♥�❡❞ ❜② �❤❡ �✉♠ ♦❢ �❤❡ �✇♦ �✉❛♥�✐�✐❡� ✭✷✼✮✱ ✭✷✽✮✳

✺✷✳ ❲❤❛� ❤❛� ❜❡❡♥ ❞✐�❝✉��❡❞ ✉♣ �♦ ♥♦✇ ✐� ♥♦� ②❡� �✉✣❝✐❡♥� �♦ ❞❡❞✉❝❡ �❤❡ ❡�✉❛�✐♦♥� ✇❤✐❝❤

❤♦❧❞ ❛� �❤❡ �✉�❢❛❝❡ ♦❢ �❤❡ ❜♦❞②✳ ■♥ �❤❡ �✉❛♥�✐�② ✭✷✼✮ ♦♥❡ ❝❛♥ ✜♥❞ �❤�❡❡ ❞♦✉❜❧❡ ✐♥�❡❣�❛❧� ✇❤❡�❡

�❤❡ �✐♠♣❧❡ ✈❛�✐❛❜❧❡� ❛�❡ ♥♦� ❛❧✇❛②� �❤❡ �❛♠❡ ♦♥❡�✿ ✐♥ �❤❡ ✜��� ❞♦✉❜❧❡ ✐♥�❡❣�❛❧ ♦♥❡ ❛��✉♠❡� �❤❛�

�❤❡ �❤✐�❞ ✈❛�✐❛❜❧❡ z ❜❡❝♦♠❡� �❤❛� ❢✉♥❝�✐♦♥ ♦❢ �❤❡ ✈❛�✐❛❜❧❡� x, y ✇❤✐❝❤ ❡①♣�❡��❡� �❤❡ ❡�✉❛�✐♦♥

♦❢ �❤❡ �✉�❢❛❝❡✱ ✐♥ �❤❡ �❡❝♦♥❞ ❬❞♦✉❜❧❡ ✐♥�❡❣�❛❧❪ ♦♥❡ ❛��✉♠❡� ✐♥��❡❛❞



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✾✸

❞❡❞♦��❛ ❞❛❧❧❛ 	�❡		❛ ❡
✉❛③✐♦♥❡ ❧❛ y ✐♥ ❢✉♥③✐♦♥❡ ❞✐ x, z, ❡❞ ✐❧ �❡�③♦ 	✉♣♣♦♥❡ ❢✉♥③✐♦♥❡ ❞❡❧❧❡ ❛❧��❡

❞✉❡ ❧❛ x✳ ❈♦♥✈✐❡♥❡ ❛❞✉♥
✉❡ ��❛	❢♦�♠❛�❡ ✐ ❞✉❡ ✐♥�❡❣�❛❧✐ 	❡❝♦♥❞♦ ❡ �❡�③♦ ♣❡� ♠♦❞♦ ❝❤❡ 	✐❛♥♦

❛♥❝❤✬❡		✐ ♣�❡	✐ ❝♦♥	✐❞❡�❛♥❞♦ ❧❡ x, y ✈❛�✐❛❜✐❧✐ 	❡♠♣❧✐❝✐✱ ✐❧ ❝❤❡ ✐♦ ❤♦ ❣✐� ❢❛��♦ ❛❧��♦✈❡ ✐♥ ✉♥ ❝❛	♦

♣✐� ♣❛��✐❝♦❧❛�❡ ✭ ❱❡❞✐ ●✐♦�♥❛❧❡ ❞❡❧❧✬ ■✳❘✳ ■	�✐�✉�♦ ▲♦♠❜❛�❞♦✳ ❚✳❱■✱ ♣❛❣✳ ✸✸✼✳ ✮ ✳ ❘✐❝❤✐❛♠✐❛♠♦

❧❛ �❡♦�✐❝❛ ♣❡� ❧❛ ��❛	❢♦�♠❛③✐♦♥❡ ❞✐ ✉♥ ✐♥�❡❣�❛❧❡ ❞✉♣❧✐❝❛�♦

∫

dp

∫

dq · P (p, q) ✭✷✾✮


✉❛♥❞♦ 	✐ ✈♦❣❧✐♦♥♦ ♠✉�❛�❡ ❧❡ ✈❛�✐❛❜✐❧✐ p, q ✐♥ ❛❧��❡ r, s ✐♥ ✈✐��� ❞✐ ❞✉❡ ❡
✉❛③✐♦♥✐

p = p (r, s) ; q = q (r, s) . ✭✸✵✮

▲✬ ✐♥�❡❣�❛❧❡ ��❛	❢♦�♠❛�♦ ❡
✉✐✈❛❧❡♥�❡ ❛❧ ♣�❡❝❡❞❡♥�❡ ✭✷✾✮ )

∫

dr

∫

ds · P (p (r, s) , q (r, s))

(

dp

dr

dq

ds
−

dp

ds

dq

dr

)

. ✭✸✶✮

■❧ �❡♦�❡♠❛ ) ❞✐♠♦	��❛�♦ ❞❛ �✉��✐ ✐ ❚�❛��❛�✐	�✐✱ ❡ ♥♦✐ ♣✉�❡ ♥❡ ❢❛❝❡♠♠♦ ✐♥ 
✉❡	�❛ ▼❡♠♦�✐❛

�❡♣❧✐❝❛�❛♠❡♥�❡ ✉	♦ ❞♦✈❡ ♣❛�❧❛♠♠♦ ❞❡✐ 	✐	�❡♠✐ ❝♦♥�✐♥✉✐ 	✉♣❡�✜❝✐❛❧✐✳

❈♦♠✐♥❝✐❛♠♦ ♣❡��❛♥�♦ ❛ ��❛	❢♦�♠❛�❡ ✐❧ �❡�③♦ ❞❡❣❧✐ ✐♥�❡❣�❛❧✐ ✭✷✼✮✱ ♣�❡♥❞❡♥❞♦ ♥❡❧❧❡ ❢♦�♠♦❧❡

✭✷✾✮✱ ✭✸✶✮

p = y, q = z; r = x, s = y,

❡ ❛❞♦��❛♥❞♦ ✐♥ ❧✉♦❣♦ ❞❡❧❧❡ ✭✸✵✮ ❧❡ ❞✉❡ ❡
✉❛③✐♦♥✐

y = y; z = z (x, y)

❞❡❧❧❡ 
✉❛❧✐ ❧❛ ♣�✐♠❛ ) ✐❞❡♥�✐❝❛✳ ❱❡❞�❡♠♦ ❢❛❝✐❧♠❡♥�❡ ❝❤❡ ❝✐ ✈✐❡♥❡

∫

dy

∫

dz · (Λδx+Σδy +Φδz) = −
∫

dx

∫

dy ·
dz

dx
(Λδx+Σδy +Φδz) . ✭✸✷✮

❙✐♠✐❧♠❡♥�❡ ♣❡� ��❛	❢♦�♠❛�❡ ✐❧ 	❡❝♦♥❞♦ ❞❡❣❧✐ ✐♥�❡❣�❛❧✐ ✭✷✼✮✱ ♣�❡♥❞❡�❡♠♦ ♥❡❧❧❡ ❢♦�♠♦❧❡ ✭✷✾✮✱✭✸✶✮

p = x, q = z; r = y, s = x,

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✾✸

�❤❛� �❤❡ ✈❛�✐❛❜❧❡ y ✐	 ❞❡❞✉❝❡❞ ❢�♦♠ �❤❡ 	❛♠❡ ❡
✉❛�✐♦♥ ❛	 ❛ ❢✉♥❝�✐♦♥ ♦❢ �❤❡ ✈❛�✐❛❜❧❡	 x✱ z✱ ❛♥❞ ✐♥

�❤❡ �❤✐�❞ ❬❞♦✉❜❧❡ ✐♥�❡❣�❛❧❪ ♦♥❡ ❛		✉♠❡	 �❤❛� �❤❡ x ✐	 ❛ ❢✉♥❝�✐♦♥ ♦❢ �❤❡ �❡♠❛✐♥✐♥❣ �✇♦ ❬✈❛�✐❛❜❧❡	❪✳

■� ✐	 �❤❡�❡❢♦�❡ ❝♦♥✈❡♥✐❡♥� �♦ ��❛♥	❢♦�♠ �❤❡ 	❡❝♦♥❞ ❛♥❞ �❤✐�❞ ✐♥�❡❣�❛❧ ✐♥ 	✉❝❤ ❛ ✇❛② �❤❛� ✐♥ �❤❡♠

�❤❡ ✈❛�✐❛❜❧❡	 x, y ❛�❡ �❤❡ ✐♥�❡❣�❛�✐♦♥ ♦♥❡	✱ ✇❤✐❝❤ ��❛♥	❢♦�♠❛�✐♦♥ ■ ❤❛✈❡ 	❤♦✇♥ ❡❧	❡✇❤❡�❡ ✐♥ ❛

♠♦�❡ ♣❛��✐❝✉❧❛� ❝❛	❡✳✭❙❡❡ �❤❡ ●✐♦�♥❛❧❡ ♦❢ �❤❡ ■✳❘✳ ■	�✐�✉�♦ ▲♦♠❜❛�❞♦✳ ❚♦♠❡ ❱■✱ ♣♣✳ ✸✸✼✮✳ ▲❡�

✉	 �❡❝❛❧❧ �❤❡ �❤❡♦�② ♦❢ �❤❡ ��❛♥	❢♦�♠❛�✐♦♥ ♦❢ ❛ ❞♦✉❜❧❡ ✐♥�❡❣�❛❧

∫

dp

∫

dq · P (p, q) ✭✷✾✮

✇❤❡♥ ♦♥❡ ✇❛♥�	 �♦ ��❛♥	❢♦�♠ �❤❡ ✈❛�✐❛❜❧❡	 p, q ✐♥�♦ ♥❡✇ ✈❛�✐❛❜❧❡	 r, s ✇❤✐❝❤ ❛�❡ ❣✐✈❡♥ ❜② ♠❡❛♥	

♦❢ �❤❡ �❡❧❛�✐♦♥	

p = p (r, s) ; q = q (r, s) . ✭✸✵✮

❚❤❡ ��❛♥	❢♦�♠❡❞ ✐♥�❡❣�❛❧ ✇❤✐❝❤ ✐	 ❡
✉✐✈❛❧❡♥� �♦ �❤❡ ♦♥❡ ❛♣♣❡❛�✐♥❣ ✐♥ �❤❡ ♣�❡❝❡❞❡♥� ❡
✉❛�✐♦♥

✭✷✾✮ ✐	 ❣✐✈❡♥ ❜②

∫

dr

∫

ds · P (p (r, s) , q (r, s))

(

dp

dr

dq

ds
−

dp

ds

dq

dr

)

. ✭✸✶✮

❚❤❡ �❤❡♦�❡♠ ✐	 	❤♦✇♥ ✐♥ ❛❧❧ �❡①�❜♦♦❦	 ❛♥❞ ✇❡ ❛❧	♦ ✉	❡❞ ✐� ✐♥ �❤✐	 ▼❡♠♦✐� ♠❛♥② �✐♠❡	 ✇❤❡♥

✇❡ 	♣♦❦❡ ❛❜♦✉� 	✉♣❡�✜❝✐❛❧ ❝♦♥�✐♥✉♦✉	 	②	�❡♠	✳

❲❡ �❤❡�❡❢♦�❡ 	�❛�� ❜② ��❛♥	❢♦�♠✐♥❣ �❤❡ �❤✐�❞ ♦❢ �❤❡ ✐♥�❡❣�❛❧	 ✭✷✼✮✱ ❛		✉♠✐♥❣ �❤❛� ✐♥ �❤❡

❢♦�♠✉❧❛	 ✭✷✾✮✱ ✭✸✶✮ �❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥�✐✜❝❛�✐♦♥	 ❤♦❧❞

p = y, q = z; r = x, s = y,

❛♥❞ ❛❞♦♣�✐♥❣ ❛� �❤❡ ♣❧❛❝❡ ♦❢ �❤❡ ❡
✉❛�✐♦♥	 ✭✸✵✮ �❤❡ ♦�❤❡� �✇♦ ❡
✉❛�✐♦♥	

y = y; z = z (x, y)

♦❢ ✇❤✐❝❤ �❤❡ ✜�	� ♦♥❡ �❡♣�❡	❡♥�	 �❤❡ ✐❞❡♥�✐�②✳ ❲❡ ✇✐❧❧ 	❡❡ �❤❛� ✇❡ ❡❛	✐❧② ❣❡�

∫

dy

∫

dz · (Λδx+Σδy +Φδz) = −
∫

dx

∫

dy ·
dz

dx
(Λδx+Σδy +Φδz) . ✭✸✷✮

■♥ ❛ 	✐♠✐❧❛� ✇❛②✱ ✐♥ ♦�❞❡� �♦ ��❛♥	❢♦�♠ �❤❡ 	❡❝♦♥❞ ♦❢ �❤❡ ✐♥�❡❣�❛❧	 ✭✷✼✮✱ ✇❡ ✇✐❧❧ ✉	❡ �❤❡ ❢♦�♠✉❧❛	

✭✷✾✮✱✭✸✶✮ ✇✐�❤ �❤❡ ♦�❤❡� ✐❞❡♥�✐✜❝❛�✐♦♥	

p = x, q = z; r = y, s = x,



✾✹
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

�✉��♦❣❛♥❞♦ ❛❧❧❡ ❡�✉❛③✐♦♥✐ ✭✸✵✮ ❧❡ �❡❣✉❡♥�✐

x = x; z = z (x, y)

❡ ❝♦�� ♦��❡��❡♠♦

∫

dx

∫

dz · (Σδx+ Ξδy +Ψδz) = −
∫

dx

∫

dy ·
dz

dy
(Σδx+ Ξδy +Ψδz) . ✭✸✸✮

❆❞❡��♦ ♣❡� ❡✛❡��♦ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✸✷✮✱ ✭✸✸✮ �✉��✐ ✐ �✉❛���♦ ✐♥�❡❣�❛❧✐ ❞✉♣❧✐❝❛�✐ ❞✐ ❝✉✐ ❝♦♥��❛ ❧❛

�♦♠♠❛ ❞❡❧❧❡ �✉❛♥�✐�� ✭✷✼✮✱ ✭✷✽✮ ✈❡♥❣♦♥♦ �✐❞♦��✐ ❝♦❧❧❡ ��❡��❡ ✈❛�✐❛❜✐❧✐ �❡♠♣❧✐❝✐❀ ❡ �✉✐♥❞✐ �✉❡❧❧❛

�♦♠♠❛ ♣✉$ ♣♦��❛�❡ ✉♥ �♦❧♦ �❡❣♥♦ ❞✬ ✐♥�❡❣�❛❧❡ ❞✉♣❧✐❝❛�♦✱ ❡ �❝�✐✈❡��✐

∫

dx

∫

dy ·

⎧

⎨

⎩

⎛

⎝λ (Γ)

√

1 +

(

dz

dx

)2

+

(

dz

dy

)2

− Φ+
dz

dx
Λ +

dz

dy
Σ

⎞

⎠ δx ✭✸✹✮

+

⎛

⎝μ (Γ)

√

1 +

(

dz

dx

)2

+

(

dz

dy

)2

−Ψ+
dz

dx
Σ+

dz

dy
Ξ

⎞

⎠ δy

+

⎛

⎝υ (Γ)

√

1 +

(

dz

dx

)2

+

(

dz

dy

)2

−Π+
dz

dx
Φ+

dz

dy
Ψ

⎞

⎠ δz

⎫

⎬

⎭

.

◆♦♥ ❡��❡♥❞♦✈✐ ❞❛ ❡���❛��❡ ❛❧��♦ ✐♥�❡❣�❛❧❡ ❞✉♣❧✐❝❛�♦ ❞❛❧❧✬ ✉❧�✐♠❛ ♣❛��❡ Ω ❞❡❧❧✬ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡

✭✶✸✮✱ ✐ ❝♦❡✣❝✐❡♥�✐ �♦�❛❧✐ ❞❡❧❧❡ ✈❛�✐❛③✐♦♥✐ δx, δy, δz ♥❡❧❧❛ ♣�❡❝❡❞❡♥�❡ ❡�♣�❡��✐♦♥❡ ✭✸✹✮✱ ❣✐✉��❛ ✐

♣�✐♥❝✐♣❥ ❞❡❧ ❝❛❧❝♦❧♦ ❞❡❧❧❡ ✈❛�✐❛③✐♦♥✐✱ ❞❡❜❜♦♥♦ ❡��❡�❡ ③❡�♦✳ ❉✐ �✉✐ ��❡ ❡�✉❛③✐♦♥✐ ❝❤❡ �✐ ✈❡�✐✜❝❛♥♦

❛❧❧❛ �✉♣❡�✜❝✐❡ ❞❡❧ ❝♦�♣♦✱ ❡ ❞❛❧❧❡ �✉❛❧✐ ♣♦��♦♥♦ ❞❡❞✉��✐ ✐♠♣♦��❛♥�✐ �❡♦�❡♠✐✳ ◆❡ ✈❡❞�❡♠♦ ✉♥♦

♥❡❧ ❈❛♣♦ �❡❣✉❡♥�❡ ♣❡❧ ❝❛�♦ ♣❛��✐❝♦❧❛�❡ ❝❤❡ ✐❧ ❝♦�♣♦ �✐❛ ✉♥ ✢✉✐❞♦✳

✺✸✳ 0�✐♠❛ ❞✐ ❧❛�❝✐❛�❡ �✉❡��❡ ❝♦♥�✐❞❡�❛③✐♦♥✐ �✉❧❧❡ �✉❛♥�✐�� ❛✐ ❧✐♠✐�✐✱ ❞✐�$ ❝❤❡ ❞❛ ❡��❡ ♣✉$

❢❛❝✐❧♠❡♥�❡ ❝❛✈❛��✐ �✉��❛ �✉❡❧❧❛ ❞♦���✐♥❛ ❝❤❡ ❞✐❡❞❡ ❛�❣♦♠❡♥�♦ ❛ ✈❛�✐❡ ▼❡♠♦�✐❡ ❞❡❧ ❙✐❣✳ ❈❛✉❝❤②

✐♥�❡�✐�❡ ♥❡✬ �✉♦✐ ♣�✐♠✐ ❊�❡�❝✐③❥ ❞✐ ▼❛�❡♠❛�✐❝❛✳ ❈✐ 5 ❧❡❝✐�♦ ✐♥ ❢❛��✐ ✐♠♠❛❣✐♥❛�❡ ♣❡� ❡♥��♦ ❛❧❧❛

♠❛��❛ ❞❡❧ ❝♦�♣♦ ❡ ♣❡� ❧❛ ❞✉�❛�❛ ❞✐ ✉♥ �♦❧♦ ✐��❛♥�❡ ❞✐ �❡♠♣♦ ✭ �✉❛♥❞♦ ��❛��❛�✐ ❞✐ ♠♦�♦ ✮ ✉♥

♣❛�❛❧❧❡❧❡♣✐♣❡❞♦ �❡��❛♥❣♦❧♦ ❣�❛♥❞❡ ♦ ♣✐❝❝♦❧♦ ❝♦♠❡ ♣✐6 ♣✐❛❝❡✱ ❡

✾✹
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

❜② �❡♣❧❛❝✐♥❣ �❤❡ ❡�✉❛�✐♦♥� ✭✸✵✮ ✇✐�❤ �❤❡ ❢♦❧❧♦✇✐♥❣

x = x; z = z (x, y)

❛♥❞ ✇❡ ✇✐❧❧ ❝♦♥�❡�✉❡♥�❧② ❣❡�

∫

dx

∫

dz · (Σδx+ Ξδy +Ψδz) = −
∫

dx

∫

dy ·
dz

dy
(Σδx+ Ξδy +Ψδz) . ✭✸✸✮

◆♦✇✱ ❜❡❝❛✉�❡ ♦❢ �❤❡ ❡�✉❛�✐♦♥� ✭✸✷✮✱ ✭✸✸✮✱ ❛❧❧ �❤❡ ❢♦✉� ❞♦✉❜❧❡ ✐♥�❡❣�❛❧� ✇❤✐❝❤ ❛�❡ ❛♣♣❡❛�✐♥❣ ✐♥ �❤❡

�✉♠ ♦❢ �❤❡ �✉❛♥�✐�✐❡� ✭✷✼✮✱ ✭✷✽✮ ❛�❡ �❡❞✉❝❡❞ ✐♥�♦ ✐♥�❡❣�❛❧� ✇✐�❤ �❡�♣❡❝� �❤❡ �❛♠❡ ✐♥❞❡♣❡♥❞❡♥�

✈❛�✐❛❜❧❡�✱ ❛♥❞ �❤❡�❡❢♦�❡ �❤❛� �❛✐❞ �✉♠ ❝❛♥ ❜❡ �❡♣�❡�❡♥�❡❞ ✐♥ �❡�♠� ♦❢ ❛ �✐♥❣❧❡ ❞♦✉❜❧❡ ✐♥�❡❣�❛❧

❛♥❞ ❝❛♥ ❜❡ ✇�✐��❡♥ ❛�

∫

dx

∫

dy ·

⎧

⎨

⎩

⎛

⎝λ (Γ)

√

1 +

(

dz

dx

)2

+

(

dz

dy

)2

− Φ+
dz

dx
Λ +

dz

dy
Σ

⎞

⎠ δx ✭✸✹✮

+

⎛

⎝μ (Γ)

√

1 +

(

dz

dx

)2

+

(

dz

dy

)2

−Ψ+
dz

dx
Σ+

dz

dy
Ξ

⎞

⎠ δy

+

⎛

⎝υ (Γ)

√

1 +

(

dz

dx

)2

+

(

dz

dy

)2

−Π+
dz

dx
Φ+

dz

dy
Ψ

⎞

⎠ δz

⎫

⎬

⎭

.

❆� ✐� ✐� ♥♦� ♣♦��✐❜❧❡ �♦ ❡①��❛❝� ❛♥② ♦�❤❡� ❞♦✉❜❧❡ ✐♥�❡❣�❛❧ ❢�♦♠ �❤❡ ❧❛�� ♣❛�� Ω ♦❢ �❤❡ ❣❡♥❡�❛❧

❡�✉❛�✐♦♥ ✭✶✸✮✱ �❤❡ �♦�❛❧ ❝♦❡✣❝✐❡♥�� ♦❢ �❤❡ ✈❛�✐❛�✐♦♥� δx, δy, δz ✐♥ �❤❡ ♣�❡❝❡❞❡♥� ❡①♣�❡��✐♦♥

✭✸✹✮✱ ✇❤❡♥ ❛�❡ ❝♦��❡❝�❧② �❤❡ ♣�✐♥❝✐♣❧❡� ♦❢ �❤❡ ❝❛❧❝✉❧✉� ♦❢ ✈❛�✐❛�✐♦♥� ❛♣♣❧✐❡❞ ♠✉�� ✈❛♥✐�❤✳ ■�

✐� �❡❡♥ �❤✉� ❤♦✇ �♦ ❞❡❞✉❝❡ �❤❡ �❤�❡❡ ❡�✉❛�✐♦♥� ✇❤✐❝❤ ❛�❡ ✈❡�✐✜❡❞ ❛� �❤❡ �✉�❢❛❝❡ ♦❢ �❤❡ ❜♦❞②

❛♥❞ ❢�♦♠ ✇❤✐❝❤ ✐� ✐� ♣♦��✐❜❧❡ �♦ ❞❡❞✉❝❡ ♠❛♥② ✐♠♣♦��❛♥� �❤❡♦�❡♠�✳ ❲❡ ✇✐❧❧ �❡❡ ♦♥❡ ♦❢ �❤❡�❡

�❤❡♦�❡♠� ✐♥ �❤❡ ❢♦❧❧♦✇✐♥❣ ❈❛♣♦✱ ✐♥ �❤❡ ♣❛��✐❝✉❧❛� ❝❛�❡ ♦❢ ❛ ✢✉✐❞ ❜♦❞②✳

✺✸✳ ❇❡❢♦�❡ ❧❡❛✈✐♥❣ �❤❡�❡ ❝♦♥�✐❞❡�❛�✐♦♥� ❛❜♦✉� �❤❡ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥�✱ ■ ✇✐❧❧ �❛② �❤❛� ❢�♦♠

�❤❡♠ ✐� ✐� ♣♦��✐❜❧❡ �♦ ❡❛�✐❧② ❞❡❞✉❝❡ ❛❧❧ �❤❡ ❞♦❝��✐♥❡ ✇❤✐❝❤ ✇❛� �❤❡ �✉❜❥❡❝� ♦❢ ♠❛♥② ▼❡♠♦✐��

❜② ▼�✳ ❈❛✉❝❤② ✐♥�❡��❡❞ ✐♥ ❤✐� ✜��� ❊①❡�❝✐�❡� ♦❢ ▼❛�❤❡♠❛�✐❝�✳ ■� ✐� ✐♥❞❡❡❞ ❧✐❝✐� �♦ ✐♠❛❣✐♥❡

✐♥�✐❞❡ �❤❡ ♠❛�� ♦❢ ❛ ❜♦❞② ❛♥❞ ❢♦� ♦♥❧② ❛ ❣✐✈❡♥ �✐♠❡ ✐♥��❛♥� ✭✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐�❤ ✐�� ♠♦�✐♦♥✮ ❛

�❡❝�❛♥❣✉❧❛� ♣❛�❛❧❧❡❧❡♣✐♣❡❞✱ ✇❤♦�❡ �✐❞❡� ❤❛✈❡ ❛♥ ❛�❜✐��❛�② ❧❡♥❣�❤ ❛♥❞



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✾✺

�❡���✐♥❣❡�❝✐ ❛ �✐❣✉❛�❞❛�❡ ✐❧ ♠♦�♦ ♦ ❧✬❡�✉✐❧✐❜�✐♦ ❞✐ ❡��♦ �♦❧♦✱ ❛���❛❡♥❞♦❧♦ ❝♦❧ ♣❡♥�✐❡�♦ ❞❛❧❧✬ ❡�✉✐✲

❧✐❜�✐♦ ♦ ❞❛❧ ♠♦�♦ ❞✐ �✉��♦ ✐❧ �❡��♦ ❞❡❧ ❝♦�♣♦✱ ❡ ✐♥�❡♥❞❡♥❞♦ �✉♣♣❧✐�♦ ❧✬ ❡✛❡��♦ ❞✐ �✉��❛ ❧❛ ♠❛�❡�✐❛

❝✐�❝♦��❛♥�❡ ❝♦❧ ♠❡③③♦ ❞✐ ♣�❡��✐♦♥✐ ❡�❡�❝✐�❛�❡ �✉❧❧❡ �❡✐ ❢❛❝❝❡ ❞✐ �✉❡❧ ♣❛�❛❧❧❡❧❡♣✐♣❡❞♦✳ ❆❧❧♦�❛ ✐♥

✈✐��� ❞❡❧❧❡ ��❡ ❡�✉❛③✐♦♥✐ ❝❤❡ �✉❧ ✜♥❡ ❞❡❧ ♥✉♠✳◦ ♣�❡❝❡❞❡♥�❡ ✐♥�❡❣♥❛♠♠♦ ❛ ❞❡❞✉��❡ ❡ ❝❤❡ ✐♥ �❛❧❡

♣❛��✐❝♦❧❛�❡ �✉♣♣♦�✐③✐♦♥❡ ❞✐✈❡♥�❛♥♦ ❛��❛✐ ♣✐� �❡♠♣❧✐❝✐✱ ��♦✈❡�❡♠♦ ��❡ ❡�✉❛③✐♦♥✐ ❢�❛ ❧❡ ❝♦♠♣♦✲

♥❡♥�✐ λ, μ, υ, ♣❛�❛❧❧❡❧❡ ❛❣❧✐ ❛��✐✱ ❞❡❧❧❛ ♣�❡��✐♦♥❡ ♣❡� ✉♥ ♣✉♥�♦ �✉❛❧✉♥�✉❡ ❞✐ ✉♥❛ ❢❛❝❝✐❛✱ ❡ ❧❡ �❡✐

�✉❛♥�✐� Λ,Ξ,Π,Σ,Φ,Ψ ♥❡❧❧❡ �✉❛❧✐ ❧❡ ✈❛�✐❛❜✐❧✐ x, y, z ❛❜❜✐❛♥♦ ❛��✉♥�✐ ✐ ✈❛❧♦�✐ ♣�♦♣�❥ ❞❡❧❧❡ ❝♦♦�✲

❞✐♥❛�❡ ❞✐ �✉❡❧ ♣✉♥�♦✳ ▼❛ �❡ ♣❡� ❞❡��♦ ♣✉♥�♦ ♣�❡♥❞❛�✐ �✉❡❧❧♦ ❞✐ ✉♥ ❛♥❣♦❧♦ ❞❡❧ ♣❛�❛❧❧❡❧❡♣✐♣❡❞♦✱

❛♣♣❛��❡♥❡♥❞♦ ❡��♦ ❝♦♥�❡♠♣♦�❛♥❡❛♠❡♥�❡ ❛ ��❡ ❢❛❝❝❡✱ ❧❡ ❡�✉❛③✐♦♥✐ ❛♥③✐❞❡��❡ ❝�❡�❝❡�❛♥♥♦ ❛ ♠❛❣✲

❣✐♦� ♥✉♠❡�♦✳ ❖❧��❡ ❧❡ ��❡ ❝♦♠♣♦♥❡♥�✐ λ, μ, υ ❞❡❧❧❛ ♣�❡��✐♦♥❡ ♣❡� �✉❡❧ ♣✉♥�♦ ❝♦♥�✐❞❡�❛�♦ �✐❝❝♦♠❡

❛♣♣❛��❡♥❡♥�❡ ❛❞ ✉♥❛ ❢❛❝❝✐❛✱ ❛✈�❡♠♦ ��❡ �✐♠✐❧✐ ❝♦♠♣♦♥❡♥�✐ ❞✐ ✉♥✬❛❧��❛ ♣�❡��✐♦♥❡✱ ❝♦♥�✐❞❡�❛♥❞♦ ✐❧

♣✉♥�♦ ❝♦♠❡ ❛♣♣❛��❡♥❡♥�❡ ❛❞ ✉♥✬❛❧��❛ ❢❛❝❝✐❛✱ ❡ ❝♦�$ ��❡ ❛❧��❡ ♣❡� ❧❛ �❡�③❛ ❢❛❝❝✐❛✳ ▲❡ �❡✐ �✉❛♥�✐� 

♣❡�& Λ,Ξ✱ ❡❝✳ �❛�❛♥♥♦ �❡♠♣�❡ ❧❡ ��❡��❡✱ ❣✐❛❝❝❤' ❡��❡ ♥♦♥ ❞✐♣❡♥❞♦♥♦ ❝❤❡ ❞❛✐ ✈❛❧♦�✐ ❞❡❧❧❡ ❝♦♦�✲

❞✐♥❛�❡ ❞❡❧ ♣✉♥�♦✱ ❧❡ �✉❛❧✐ ♥♦♥ ♠✉�❛♥♦ ✐♥ �✉❛❧✉♥�✉❡ ❢❛❝❝✐❛ ✐❧ ♣✉♥�♦ �✐ ❝♦♥�✐❞❡�✐✳ ❊❧✐♠✐♥❛♥❞♦

�✉✐♥❞✐ �✉❡��❡ �❡✐ �✉❛♥�✐� ❢�❛ ❧❡ ♥♦✈❡ ❡�✉❛③✐♦♥✐ ❝❤❡ �✐�✉❧�❛♥♦✱ �✐ ❣✐✉♥❣❡ ❛ ��❡ �❡❧❛③✐♦♥✐ ❢�❛ ❧❡

❞❡��❡ ❝♦♠♣♦♥❡♥�✐✳ ❉✐ ♣✐� ✿ ♣✉& ✐♠♠❛❣✐♥❛��✐ ✉♥ ❛❧��♦ ♣❛�❛❧❧❡❧❡♣✐♣❡❞♦ �❡��❛♥❣♦❧♦ ❞✐✈❡��♦ ❞❛❧

♣�❡❝❡❞❡♥�❡✱ ♠❛ ❛✈❡♥�❡ ❝♦♠✉♥❡ ❝♦♥ ❡��♦ ✐❧ ✈❡��✐❝❡ ❞✐ ✉♥ ❛♥❣♦❧♦✱ ❝✐♦' ✐❧ ♣✉♥�♦ (x, y, z)✿ ❛❧❧♦�❛ �✐

♦��❡♥❣♦♥♦ ❛❧��❡ ♥♦✈❡ ❡�✉❛③✐♦♥✐✱ ❝♦♥�✐❞❡�❛♥❞♦ ❧♦ ��❡��♦ ♣✉♥�♦ ❝♦♠❡ ❛♣♣❛��❡♥❡♥�❡ ❛ ��❡ ❢❛❝❝❡ ❞❡❧

♥✉♦✈♦ ♣❛�❛❧❧❡❧❡♣✐♣❡❞♦✿ ♠❛ ❧❡ �❡✐ �✉❛♥�✐� Λ,Ξ✱ ❡❝✳ �✐♠❛♥❣♦♥♦ �❡♠♣�❡ ✐♠♠✉�❛�❡✳ ❉✐ �✉✐ ❛❧��❡

�❡❧❛③✐♦♥✐ ❢�❛ ❧❡ ♣�❡��✐♦♥✐ �✉❧❧❡ ❢❛❝❝❡ ❞❡❧ ♥✉♦✈♦ ♣❛�❛❧❧❡❧❡♣✐♣❡❞♦ ❡ �✉❡❧❧❡ �✉❧❧❡ ❢❛❝❝❡ ❞❡❧❧✬ ❛♥�✐❝♦✳

◗✉❡��✐ �❡♦�❡♠✐ ❤❛♥♥♦ �✉❛❧❝❤❡ ♠❡�✐�♦✿ ♥♦�❡�& ✐❧ ✈❛♥�❛❣❣✐♦ ❞✐ ♣♦�❡�❡ ♣❡� ♠❡③③♦ ❞❡❧❧❡ ✐❞❡❛�❡

♣�❡��✐♦♥✐ ✜��❛�❡ ✉♥ �✐❣♥✐✜❝❛�♦✱ ❝✐♦' ❞❛�❡ ✉♥❛ �❛♣♣�❡�❡♥�❛③✐♦♥❡ ♠❡❝❝❛♥✐❝❛ ✭ �❡❜❜❡♥❡ ❝♦♥ ✉♥ ♣&

❞✐ ��❡♥�♦✮ ❛ ❝✐❛�❝✉♥❛ ❞❡❧❧❡ �❡✐ �✉❛♥�✐� Λ,Ξ✱ ❡❝✳ ▲❛ ♥♦���❛ ❛♥❛❧✐�✐ ♣❡�& ❝❛♠♠✐♥❛ ✐♥❞✐♣❡♥❞❡♥✲

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✾✺

❧✐♠✐� ♦✉��❡❧❢ �♦ ❝♦♥�✐❞❡� �❤❡ ♠♦�✐♦♥ ♦� �❤❡ ❡�✉✐❧✐❜�✐✉♠ ♦❢ �❤✐� ♣❛�❛❧❧❡❧❡♣✐♣❡❞ ♦♥❧②✱ ❜② ✐�♦❧❛�✐♥❣

✐�✱ ✇✐�❤ ♦✉� ✐♠❛❣✐♥❛�✐♦♥✱ ❢�♦♠ �❤❡ ❡�✉✐❧✐❜�✐✉♠ ♦� �❤❡ ♠♦�✐♦♥ ♦❢ �❤❡ �❡♠❛✐♥✐♥❣ ♣❛�� ♦❢ �❤❡ ❜♦❞②

❛♥❞ ❜② ❛��✉♠✐♥❣ �❤❛� �❤❡ ❡✛❡❝� ♦❢ ❛❧❧ �✉��♦✉♥❞✐♥❣ ♠❛��❡� ❝❛♥ ❜❡ �❡❣❛�❞❡❞ ❛� ❡�✉✐✈❛❧❡♥� �♦

♣�❡��✉�❡� ❡①❡��❡❞ ♦♥ �❤❡ �✐① ❢❛❝❡� ♦❢ �❤❛� ♣❛�❛❧❧❡❧❡♣✐♣❡❞✳ ❚❤❡♥ ❜❡❝❛✉�❡ ♦❢ �❤❡ �❤�❡❡ ❡�✉❛�✐♦♥�

✇❤✐❝❤✱ ❛� �❤❡ ❡♥❞ ♦❢ �❤❡ ♣�❡❝❡❞❡♥� �❡❝�✳✱ ✇❡ ❤❛✈❡ �❛✉❣❤� �♦ ❞❡❞✉❝❡ ❛♥❞ ✇❤✐❝❤ ✐♥ �❤❡ ❝♦♥�✐❞❡�❡❞

♣❛��✐❝✉❧❛� ✐♥��❛♥❝❡ ❜❡❝♦♠❡ ♠✉❝❤ ♠♦�❡ �✐♠♣❧❡✱ ✇❡ ✇✐❧❧ ✜♥❞ �❤�❡❡ ❡�✉❛�✐♦♥� ❛♠♦♥❣ �❤❡ ❝♦♠✲

♣♦♥❡♥�� λ, μ, υ, ♣❛�❛❧❧❡❧ �♦ �❤❡ ❛①❡� ♦❢ �❤❡ ♣�❡��✉�❡ ❛� ❛ ❣❡♥❡�✐❝ ♣♦✐♥� ♦❢ ♦♥❡ ❢❛❝❡ ❛♥❞ �❤❡ �✐①

❢✉♥❝�✐♦♥� Λ,Ξ,Π,Σ,Φ,Ψ ❝❛❧❝✉❧❛�❡❞ ✐♥ �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� x, y, z �♣❡❝✐❢②✐♥❣ �❤❡ ❝♦♦�❞✐✲

♥❛�❡� ♦❢ �❤❛� ♣♦✐♥�✳ ■❢ �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ♣♦✐♥� ✐� ❝❤♦�❡♥ ✐♥ �❤❡ ❝♦�♥❡� ♦❢ �❤❡ ♣❛�❛❧❧❡❧❡♣✐♣❡❞✱

❛� �❤✐� ♣♦✐♥� ❜❡❧♦♥❣� �✐♠✉❧�❛♥❡♦✉�❧② �♦ �❤�❡❡ ❢❛❝❡�✱ �❤❡ �❛✐❞ ❡�✉❛�✐♦♥� ✇✐❧❧ ✐♥❝�❡❛�❡ ✐♥ ♥✉♠✲

❜❡�✳ ❚♦❣❡�❤❡� ✇✐�❤ �❤❡ �❤�❡❡ ❝♦♠♣♦♥❡♥�� λ, μ, υ ♦❢ �❤❡ ♣�❡��✉�❡ ✐♥ �❤❛� ♣♦✐♥� �❡❣❛�❞❡❞ ❛� ❛

♣♦✐♥� ♦❢ ♦♥❡ ♦❢ �❤❡�❡ �❤�❡❡ ❢❛❝❡�✱ ✇❡ ✇✐❧❧ ❤❛✈❡ �✐♠✐❧❛� ❝♦♠♣♦♥❡♥�� ♦❢ ❛♥♦�❤❡� ♣�❡��✉�❡✱ ✇❤❡♥

❝♦♥�✐❞❡�✐♥❣ �❤✐� ♣♦✐♥� ❛� ❜❡❧♦♥❣✐♥❣ �♦ ❛♥♦�❤❡� ❢❛❝❡✱ ❛♥❞ ✐♥ ❛ �✐♠✐❧❛� ✇❛② ✇❡ ✇✐❧❧ ❤❛✈❡ �❤�❡❡

♦�❤❡� ❝♦♠♣♦♥❡♥�� ❢♦� ❡①�❡�♥❛❧ ♣�❡��✉�❡ ✇❤❡♥ ❝♦♥�✐❞❡�✐♥❣ �❤❡ �❤✐�❞✱ ❧❛�� ❢❛❝❡✳ ❚❤❡ �✐① �✉❛♥✲

�✐�✐❡� Λ,Ξ✱ ❡�❝✳ ❤♦✇❡✈❡� ✇✐❧❧ ❜❡ ❛❧✇❛②� �❤❡ �❛♠❡ ♦♥❡� ❛� �❤❡② ❞❡♣❡♥❞ ♦♥❧② ♦♥ �❤❡ ✈❛❧✉❡� ♦❢

�❤❡ ❝♦♦�❞✐♥❛�❡� ♦❢ �❤❡ ♣♦✐♥�✱ ✇❤✐❝❤ ❝♦♦�❞✐♥❛�❡� ❛�❡ ❛❧✇❛②� �❤❡ �❛♠❡✱ ✇❤❛��♦❡✈❡� ✐� �❤❡ ❢❛❝❡ �♦

✇❤✐❝❤ �❤❡ ♣♦✐♥� ✐� ❛��✉♠❡❞ �♦ ❜❡❧♦♥❣✳ ❇② ❡❧✐♠✐♥❛�✐♥❣ �❤❡♥ �❤❡�❡ �✐① �✉❛♥�✐�✐❡� ❛♠♦♥❣ �❤❡ ♥✐♥❡

�❡�✉❧�✐♥❣ ❡�✉❛�✐♦♥� ♦♥❡ ❣❡�� �❤�❡❡ �❡❧❛�✐♦♥� ❛♠♦♥❣ �❛✐❞ ❬♣�❡��✉�❡❪ ❝♦♠♣♦♥❡♥��✳ ▼♦�❡♦✈❡� ♦♥❡

❝❛♥ ✐♠❛❣✐♥❡ ❛♥♦�❤❡� �❡❝�❛♥❣✉❧❛� ♣❛�❛❧❧❡❧❡♣✐♣❡❞ ❞✐✛❡�❡♥� ❢�♦♠ �❤❡ ♣�❡❝❡❞❡♥� ♦♥❡✱ ❜✉� ❤❛✈✐♥❣

✐♥ ❝♦♠♠♦♥ ✇✐�❤ ✐� �❤❡ ✈❡��❡① ♦❢ ❛♥ ❛♥❣❧❡✱ �❤❛� ✐� �❤❡ ♣♦✐♥� ❤❛✈✐♥❣ ❝♦♦�❞✐♥❛�❡� (x, y, z)✿ �❤❡♥

♦♥❡ ♦❜�❛✐♥� ♦�❤❡� ♥✐♥❡ ❡�✉❛�✐♦♥� ✇❤❡♥ ❝♦♥�✐❞❡�✐♥❣ �❤❡ �❛♠❡ ♣♦✐♥� ❛� ❜❡❧♦♥❣✐♥❣ �♦ �❤❡ �❤�❡❡

❢❛❝❡� ♦❢ �❤❡ ♥❡✇ ♣❛�❛❧❧❡❧❡♣✐♣❡❞✿ ❜✉� �❤❡ �✐① �✉❛♥�✐�✐❡� Λ,Ξ✱ ❡�❝✳ �❡♠❛✐♥ ❛❧✇❛②� �❤❡ �❛♠❡✳ ■♥

�❤✐� ✇❛② ✇❡ ❣❡� ♦�❤❡� �❡❧❛�✐♦♥� ❛♠♦♥❣ �❤❡ ♣�❡��✉�❡� ♦♥ �❤❡ ❢❛❝❡� ♦❢ �❤❡ ♥❡✇ ♣❛�❛❧❧❡❧❡♣✐♣❡❞ ❛♥❞

�❤♦�❡ ♦♥ �❤❡ ❢❛❝❡� ♦❢ �❤❡ ♦❧❞ ♦♥❡✳ ❚❤❡�❡ �❤❡♦�❡♠� ❤❛✈❡ �♦♠❡ ♠❡�✐��✿ ■ ✇✐❧❧✱ ✐♥ ♣❛��✐❝✉❧❛�✱ ♥♦�❡

�❤❡ ❛❞✈❛♥�❛❣❡ ❝♦♥�✐��✐♥❣ ✐♥ ❜❡✐♥❣ ❛❜❧❡✱ ❜② ♠❡❛♥� ♦❢ �❤❡♠✱ �♦ ❣✐✈❡ ❛ ♠❡❛♥✐♥❣ �♦ �❤❡ ❝♦♥❝❡✐✈❡❞

♣�❡��✉�❡�✱ �❤❛� ✐� �♦ ❣✐✈❡ ❛ ♠❡❝❤❛♥✐❝❛❧ �❡♣�❡�❡♥�❛�✐♦♥ ✭❛❧�❤♦✉❣❤ ✇✐�❤ �♦♠❡ ❞✐✣❝✉❧�✐❡�✮ �♦ ❡❛❝❤

♦❢ �❤❡ �✐① �✉❛♥�✐�✐❡� Λ,Ξ✱ ❡�❝✳ ❖✉� ❛♥❛❧②�✐� ❤♦✇❡✈❡� ♣�♦❝❡❡❞� ✐♥❞❡♣❡♥❞❡♥�❧②



✾✻
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

�❡♠❡♥�❡ ❞❛✐ ♠❡♥�♦✈❛�✐ �❡♦�❡♠✐✱ ❡ �✉✐♥❞✐ ❡��✐ �✐❡�❝♦♥♦ ♣❡� ♥♦✐ ❞✐ ♠♦❧�♦ ♠✐♥♦�❡ ✐♠♣♦��❛♥③❛ ❝❤❡

♣❡❧ �✐❝♦�❞❛�♦ ●❡♦♠❡��❛✳ ▼✐ ❞✐�♣❡♥�❡�� ♣❡��❛♥�♦ ❞❛❧ ❢❛�♥❡ ❧✬❡�♣♦�✐③✐♦♥❡ ❝❤❡ ♠✐ ❝♦♥❞✉��❡❜❜❡

✉♥ ♣� ✐♥ ❧✉♥❣♦✱ ❡ ♠✐ ❜❛��❡�� ❛✈❡� ✐♥❞✐❝❛�♦ ✐❧ ♣�✐♥❝✐♣✐♦ ❞❛ ❝✉✐ ❞❡❞✉�❧✐ ♣❡� ✈✐❛ ♣✐❛♥❛ ❡ ❞✐�❡��❛❀

❡��❡♥❞♦ ♠✐♦ ♣�♦♣♦�✐�♦✱ ❝♦♠❡ ❞✐��✐ ♣✐ ✈♦❧�❡✱ ❢❛� ✈❡❞❡�❡ ❝❤❡ ✐ ♠❡�♦❞✐ ❞✐ ▲❛❣�❛♥❣❡ ❛��✐✈❛♥♦ ✭ ❡

♠❡❣❧✐♦ ❝❤❡ ❣❧✐ ❛❧��✐✮ ❛ �✉��♦✱ ❡ �♦❧♦ �✐ �✐✜✉�❛♥♦ ❞✐ ❞❛� ❝✐� ❝❤❡ ❛❧��✐♠❡♥✐ �✐ ♣✉� ♣�♦✈❛�❡ ♥♦♥ ❡���❡�❡

❡�❛��❛♠❡♥�❡ ✈❡�♦✳ ■♥�❛♥�♦ ♣�❡❣♦ ✐❧ ❧❡��♦�❡ ❛ ✈♦❧❡� ♣♦� ♠❡♥�❡ ❝❤❡ ✐❧ ✈❡�✐✜❝❛��✐ ❞❡✐ �❡♦�❡♠✐ ❢�❛ ❧❡

♣�❡��✐♦♥✐ ❛❧❧❛ �✉♣❡�✜❝✐❡ ❞❡✐ ❝♦�♣✐ ♥❡❧ ♠♦�♦ ❞❡❧ ♣❛�✐ ❝❤❡ ♥❡❧❧✬ ❡�✉✐❧✐❜�✐♦ ✱ & ✈❡�✐�� ♥♦♥ ❝❤✐❛�❛♠❡♥�❡

❞✐♠♦���❛❜✐❧❡ �❡ ♥♦♥ ❝♦❧ ♥♦���♦ ♠❡�♦❞♦✳ ◗✉✐ ✐♥❢❛��✐ �✐ ✈❡❞❡ �✉❜✐�♦ ❝❤❡ ❧✬❡�♣�❡��✐♦♥❡ ✭✸✹✮ �✐♠❛♥❡

❧❛ ��❡��❛ ✐♥ ❛♠❜✐ ✐ ❝❛�✐✿ ✐❧ ♣❛��❛❣❣✐♦ ❞❛❧❧✬ ❡�✉✐❧✐❜�✐♦ ❛❧ ♠♦�♦ ✐♥��♦❞✉❝❡ ♠✉�❛③✐♦♥❡ ♥❡❧❧❡ �♦❧❡

�✉❛♥�✐�� �♦��♦♣♦��❡ ❛❧❧✬ ✐♥�❣�❛❧❡ ��✐♣❧✐❝❛�♦✱ ❝✐♦& ✐♥ ❧✉♦❣♦ ❞❡❧❧❡ X,Y, Z, ✐♥��♦❞✉❝❡ ✐ ❜✐♥♦♠❥

X −
d2x

dt2
, Y −

d2y

dt2
, Z −

d2z

dt2
:

�✉✐♥❞✐ ❧❡ ❡�✉❛③✐♦♥✐ ❝❤❡ �✐ ✈❡�✐✜❝❛♥♦ ❛ ♣❛��❡✱ ♣❡�❝❤& ❞❡�✉♥�❡ ❞❛❧❧✬ ✐♥�❡❣�❛❧❡ ❞✉♣❧✐❝❛�♦ ✭✸✹✮✱

�✐♠❛♥❣♦♥♦ ❧❡ ♠❡❞❡�✐♠❡✳

✺✹✳ ❘✐♣✐❣❧✐❛♠♦ ♦�❛ ❧❡ ❡�✉❛③✐♦♥✐ ✭✷✸✮✱ ✭✷✹✮ ❡��❡♥�✐❜✐❧✐ ❛ �✉��❛ ❧❛ ♠❛��❛ ❞❡❧ ❝♦�♣♦✱ ❡ ��♦✈❡�❡♠♦

❝❤❡ ❝✐ ❞✐�❛♥♥♦ ✐♠♣♦��❛♥�✐ ✈❡�✐��✱ �❡ �❛♣�❡♠♦ ♦♣♣♦��✉♥❛♠❡♥�❡ ✐♥�❡��♦❣❛�❧❡✳ /�✐♠❛ ♣❡�� ❝✐

❝♦♥✈✐❡♥❡ �♣✐♥❣❡�❡ ♣✐ ✐♥♥❛♥③✐ ❧❡ ❝♦♥�✐❞❡�❛③✐♦♥✐ ✐♥�♦�♥♦ ❛❧❧❡ ♠♦❧❡❝♦❧❡ ❞❡✐ ❝♦�♣✐✱ ❝❤❡ ❛❧ ♥✉♠✳◦4.

❧❛�❝✐❛♠♠♦ ✐♠♣❡�❢❡��❡✱ ❡ ✐♥�♦�♥♦ ❛❧ ♠♦❞♦ ❝♦♥ ❝✉✐ ❡��❡ ❛❣✐�❝♦♥♦ ❧❡ ✉♥❡ �✉❧❧❡ ❛❧��❡✳ ❚❛❧✐ ❛③✐♦♥✐

♣♦��♦♥♦ ❡��❡�❡ ❞✐ ❞✉❡ �♦��❡✿ ❛❧❝✉♥❡ ♣�♦✈❡♥✐❡♥�✐ ❞❛ ❢♦�③❡ ✐♥�❡�♥❡ ❛��✐✈❡ ❝❤❡ ♣�♦❞✉��❡❜❜❡�♦ ✉♥

❡✛❡��♦ �✉❛♥❞✬ ❛♥❝❤❡ ♥♦♥ ✈✐ ❢♦��❡�♦ ❢♦�③❡ ❡��❡�♥❡ ❛♣♣❧✐❝❛�❡✱ ♣❡� ❡�❡♠♣✐♦✱ ❞❛ ❛���❛③✐♦♥✐ ♦❞

❡❧❛��✐❝✐��✿ ❛❧❝✉♥❡ ♣�♦✈❡♥✐❡♥�✐ ❞❛ �✉❡��❡ ❢♦�③❡ ❡��❡�♥❡ ❧❡ �✉❛❧✐✱ ❛♣♣❧✐❝❛�❡ ❛ ❝❡��❡ ♠♦❧❡❝♦❧❡✱ �✐

♣�♦♣❛❣❛♥♦ ❡③✐❛♥❞✐♦ ❛❧❧❡ ❛❧��❡✱ ❝♦♠❡ ♣�❡��✐♦♥✐ �♦♣�❛ �✉♣❡�✜❝✐❡ ❡❞ ❛♥❝❤❡ ❢♦�③❡ �✐♠✐❧✐ ❛❧❧❛ ❣�❛✈✐��✱

❡��❡♥❞♦ ❡✈✐❞❡♥�❡ ♥❡❧ ♠❛❣❣✐♦� ♥✉♠❡�♦ ❞❡✐ ❝❛�✐✱ ❝❤❡ ❝✐❛�❝✉♥❛ ♠♦❧❡❝♦❧❛ ♥♦♥ �✐�❡♥�❡ ❞❡❧❧❛ �♦❧❛

❣�❛✈✐�� ♣�♦♣�✐❛✱ ♠❛ ❛❧��❡�2 ❞✐ �✉❡❧❧❛ ♣�♦♣�✐❛ ❞❡❧❧❡ ❛❧��❡✳ ❉✐ �✉❛❧✉♥�✉❡ ♥❛�✉�❛ �✐❛♥♦

✾✻
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

♦❢ �❤❡ ♠❡♥�✐♦♥❡❞ �❤❡♦�❡♠� ❛♥❞ �❤❡�❡❢♦�❡ �❤❡② ❛�❡ ❢♦� ✉� ♦❢ ♠✉❝❤ ❧❡�� ✐♠♣♦��❛♥❝❡ �❤❛♥ ❢♦� �❤❡

❝✐�❡❞ ●❡♦♠❡�❡�✳ ■ ✇✐❧❧ �❤❡�❡❢♦�❡ ♦♠✐� �♦ ❡①♣♦�❡ �❤❡♠✱ ❛� �❤✐� ✇✐❧❧ ♥❡❡❞ ❧♦♥❣❡� �✐♠❡ ❛♥❞ ■ ✇✐❧❧

❜❡ �❛�✐�✜❡❞ �♦ ❤❛✈❡ ✐♥❞✐❝❛�❡❞ �❤❡ ♠❡�❤♦❞ ❜② ✇❤✐❝❤ ✐� ✐� ♣♦��✐❜❧❡ �♦ ❞❡❞✉❝❡ �❤❡♠ ❜② ❛ ❞✐�❡❝�

❛♥❞ ♣❧❛♥❡ ✇❛②✱ ❛� ✐� ✐� ♠② ♣✉�♣♦�❡✱ ❛� ■ �❛✐❞ ♠❛♥② �✐♠❡�✱ �♦ �❤♦✇ ❤♦✇ �❤❡ ♠❡�❤♦❞� ♣�♦♣♦�❡❞

❜② ▲❛❣�❛♥❣❡ ❛�❡ ❛❜❧❡ ✭❛♥❞ ✐♥ ❛ ❜❡��❡� ✇❛② �❤❛♥ �❤❡ ♦�❤❡��✮ �♦ ❛��✐✈❡ �♦ ❛❧❧ ❝♦��❡❝� �❡�✉❧��

❛♥❞ �❤❡② �❡❢✉�❡ �♦ ❞❡❞✉❝❡ ♦♥❧② ✇❤❛� ♦�❤❡�✇✐�❡ ❝❛♥ ❜❡ ♣�♦✈❡♥ ♥♦� �♦ ❜❡ ❡①❛❝�❧② ��✉❡✳ ■♥ �❤❡

♠❡❛♥✇❤✐❧❡ ■ ❜❡❣ �❤❡ �❡❛❞❡� �♦ ❜❡ ✇✐❧❧✐♥❣ �♦ ❝♦♥�✐❞❡� �❤❛� �❤❡ ��✉�❤ ♦❢ �❤❡ �❤❡♦�❡♠� ❛♠♦♥❣ �❤❡

♣�❡��✉�❡� ❛� �❤❡ �✉�❢❛❝❡� ♦❢ �❤❡ ❜♦❞✐❡� ✭❜♦�❤ ❞✉�✐♥❣ �❤❡✐� ♠♦�✐♦♥ ❛♥❞ ❛� ❡�✉✐❧✐❜�✐✉♠✮ ❛�❡ ��✉�❤�

✇❤✐❝❤ ❝❛♥ ❜❡ ❝❧❡❛�❧② �❤♦✇♥ ♦♥❧② ❜② ♠❡❛♥� ♦❢ ♦✉� ♠❡�❤♦❞✳ ■♥❞❡❡❞ ❤❡�❡ ✇❡ ❝❛♥ ✐♠♠❡❞✐❛�❡❧② �❡❡

�❤❛� �❤❡ ❡①♣�❡��✐♦♥ ✭✸✹✮ �❡♠❛✐♥� �❤❡ �❛♠❡ ✐♥ ❜♦�❤ ❝❛�❡�✿ �❤❡ ♣❛��❛❣❡ ❢�♦♠ �❤❡ ❝♦♥�✐❞❡�❛�✐♦♥ ♦❢

❡�✉✐❧✐❜�✐✉♠ �♦ �❤❡ ❝♦♥�✐❞❡�❛�✐♦♥ ♦❢ ♠♦�✐♦♥ ✐♥��♦❞✉❝❡� �❤❡ ❝❤❛♥❣❡ ♦❢ ♦♥❧② �❤❡ �✉❛♥�✐�✐❡� ✉♥❞❡�

�❤❡ ��✐♣❧❡ ✐♥�❡❣�❛❧✱ ✐♥❞❡❡❞ ❬�❤✐� ♣❛��❛❣❡❪ �❡♣❧❛❝❡� �❤❡ �✉❛♥�✐�✐❡� X,Y, Z, ✇✐�❤ �❤❡ ❜✐♥♦♠✐❛❧�

X −
d2x

dt2
, Y −

d2y

dt2
, Z −

d2z

dt2
:

❛♥❞ �❤❡�❡❢♦�❡ �❤❡ ❡�✉❛�✐♦♥� ✇❤✐❝❤ ❛�❡ ❞❡❞✉❝❡❞ ❢�♦♠ �❤❡ ❞♦✉❜❧❡ ✐♥�❡❣�❛❧ ✭✸✹✮ ❬✇✐�❤♦✉� ✐♥✈♦❧✈✐♥❣

�❤❡ �❛✐❞ ��✐♣❧❡ ✐♥�❡❣�❛❧�❪✱ �❡♠❛✐♥ �❤❡ �❛♠❡✳

✺✹✳ ▲❡� ✉� ♥♦✇ ❝♦♥�✐❞❡� ❛❣❛✐♥ �❤❡ ❡�✉❛�✐♦♥� ✭✷✸✮✱ ✭✷✹✮ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①�❡♥❞❡❞ �♦ �❤❡ ✇❤♦❧❡

♠❛�� ♦❢ �❤❡ ❜♦❞②✱ ❛♥❞ ✇❡ ✇✐❧❧ ✜♥❞ �❤❛� �❤❡② ✇✐❧❧ �❡❧❧ ✉� ✐♠♣♦��❛♥� ��✉�❤� ✐❢ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡

�♦ �✉✐�❛❜❧② ✐♥�❡��♦❣❛�❡ �❤❡♠✳ ❇❡❢♦�❡ ❞♦✐♥❣ �♦ ✐� ✇✐❧❧ ❜❡ ❝♦♥✈❡♥✐❡♥� �♦ ❞❡✈❡❧♦♣ ❢✉��❤❡� �❤❡

❝♦♥�✐❞❡�❛�✐♦♥� ❛❜♦✉� �❤❡ ♠♦❧❡❝✉❧❡� ♦❢ �❤❡ ❜♦❞✐❡�✱ ✇❤✐❝❤ ❛� �❤❡ �❡❝�✳ ✹ ✇❡ ❧❡❢� �♦ ❜❡ ♣❡�❢❡❝�❡❞✱

❛♥❞ ✐♥ ♣❛��✐❝✉❧❛� ❬�♦♠❡ ❝♦♥�✐❞❡�❛�✐♦♥�❪ ❛❜♦✉� �❤❡ ✇❛②� ✐♥ ✇❤✐❝❤ �❤❡�❡ ♠♦❧❡❝✉❧❡� ❛❝� ♦♥❡ ♦♥

�❤❡ ♦�❤❡��✳ ❚❤❡�❡ ❛❝�✐♦♥� ❝❛♥ ❜❡ ❞✐��✐♥❣✉✐�❤❡❞ �♦ ❜❡ ♦❢ �✇♦ ❦✐♥❞�✿ �♦♠❡ ❬❛❝�✐♦♥�❪ ✇❤✐❝❤ ❛�❡

♣�♦❞✉❝❡❞ ❜② ✐♥�❡�♥❛❧ ❛❝�✐✈❡ ❢♦�❝❡� ❛♥❞ ✇❤✐❝❤ ✇♦✉❧❞ ♣�♦❞✉❝❡ �❤❡✐� ❡✛❡❝�� ❛❧�♦ ✇❤❡♥ �❤❡�❡ ✇❡�❡

♥♦ ❡①�❡�♥❛❧❧② ❛♣♣❧✐❡❞ ❢♦�❝❡� ✭❢♦� ✐♥��❛♥❝❡ ❛❝�✐♦♥� ❜❡✐♥❣ ♣�♦❞✉❝❡❞ ❜② ❛���❛❝�✐♦♥� ♦� ❡❧❛��✐❝✐�②✮

❛♥❞ ♦�❤❡� ❛❝�✐♦♥� ✇❤✐❝❤ ❛�❡ ❝❛✉�❡❞ ❜② �❤❡�❡ �❛♠❡ ❡①�❡�♥❛❧ ❢♦�❝❡� ✇❤✐❝❤ ✇❤❡♥ ❛♣♣❧✐❡❞ �♦ ❝❡��❛✐♥

♠♦❧❡❝✉❧❡� ♠❛② ❤❛✈❡ ♣�♦♣❛❣❛�❡❞ �❤❡✐� ❡✛❡❝�� ❛❧�♦ �♦ ♦�❤❡� ♠♦❧❡❝✉❧❡�✱ ❛♥❞ ❡①❛♠♣❧❡� ♦❢ �❤❡�❡

❢♦�❝❡� ❛�❡ �❤❡ ♣�❡��✉�❡� ❛♣♣❧✐❡❞ ♦♥ �✉�❢❛❝❡� ♦� ❛❧�♦ ❢♦�❝❡� �✐♠✐❧❛� �♦ ❣�❛✈✐�②✱ ❛� ✐� ✐� ❝❧❡❛� �❤❛�✱

✐♥ �❤❡ ❣�❡❛� ♠❛❥♦�✐�② ♦❢ ❝❛�❡�✱ ❡❛❝❤ ♠♦❧❡❝✉❧❡ ✐� ❛✛❡❝�❡❞ ♥♦� ♦♥❧② ❜② ✐�� ♦✇♥ ❣�❛✈✐�②✱ ❜✉� ❛❧�♦

❜② �❤❡ ❣�❛✈✐�② ♦❢ �❤❡ ♦�❤❡� ♠♦❧❡❝✉❧❡�✳ ❲❤❛�❡✈❡� ✇✐❧❧ ❜❡ �❤❡ ♥❛�✉�❡ ♦❢



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✾✼

�� ❢❛��❡ ❛③✐♦♥✐ 
 ❢❛❝✐❧❡ ❝❛♣✐�❡✱ ♣❡� ❧❡ ❝♦�❡ ❝❤❡ ♦�❛ ❞✐�❡♠♦✱ ❞✐♣❡♥❞❡�❡ ❡��❡ ♣�✐♥❝✐♣❛❧♠❡♥�❡ ❞❛❧❧❛

♣♦�✐③✐♦♥❡ �✐�♣❡��✐✈❛ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡✱ ♣♦✐ ❛♥❝❤❡ ❞❛❧❧❛ ❧♦�♦ ✜❣✉�❛✳ ❙�❛♥❞♦ ❛❧❧❛ ♥♦���❛ ♠❛♥✐❡�❛

❞✐ ✈❡❞❡�❡ ❡�♣♦��❛ ♥❡❧ ♣�❡❛♠❜♦❧♦ ❞❡❧❧❛ ▼❡♠♦�✐❛✱ ♥♦♥ ❞♦❜❜✐❛♠♦ ❢❛�❡ ✐♣♦�❡�✐ �✉❧❧❛ ♥❛�✉�❛ ❞❡❧❧❡

❢♦�③❡ ♠♦❧❡❝♦❧❛�✐✳ �❡�� ❛❜❜✐❛♠♦ ❛♠♠❡��♦ ❧❡ ♠♦❧❡❝♦❧❡ ❞✐�❣✐✉♥�❡✱ ❡  ✉❡❧ �♦❧♦ ❝❤❡ ❞✐ ❡��❡ ❞✐��❡

◆❡✇�♦♥ ✭✯✮✶✱ ❝✐♦
 ❝❤❡  ✉❛♥�✉♥ ✉❡ ❞✐ ✉♥❛ ♣✐❝❝♦❧❡③③❛ ✐♠♠❡♥�❛♠❡♥�❡ ❛❧ ❞✐ �♦��♦ ❞❡❧❧❛ ♣♦��❛�❛ ❞❡✬

♥♦���✐ �❡♥�✐✱ ♣✉�❡ �♦♥♦ ♥❡✐ ❞✐✈❡��✐ ❝♦�♣✐ ❞✐ ❞✐✛❡�❡♥�✐ ✜❣✉�❡✱ ❡ ✐♥❛❧�❡�❛❜✐❧✐ ❞❛ ❢♦�③❡ ♠❡❝❝❛♥✐❝❤❡✳

❈✐� ♣�❡♠❡��♦✱ ❞✐��✐♥❣✉✐❛♠♦ ❝♦♥ ❞✐❧✐❣❡♥③❛ ❧❡ ❛③✐♦♥✐ �❡❝✐♣�♦❝❤❡ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ❞✐♣❡♥❞❡♥�❡♠❡♥�❡

�♦❧�❛♥�♦ ❞❛❧❧❛ ❝♦❧❧♦❝❛③✐♦♥❡ ❞❡❧❧❡ ✉♥❡ �✐�♣❡��♦ ❛❧❧❡ ❛❧��❡✱ ❡ ❧❡ ❛③✐♦♥✐ ❝❤❡ ❞✐♣❡♥❞♦♥♦ ✐♥♦❧��❡ ❞❛❧❧❡

✜❣✉�❡ ✐♥❞✐✈✐❞✉❛❧✐✿ ✐❧ ❝❤❡ ♣✉� ❛♥❝❤❡ ❞✐��✐ ♣✐* ❜�❡✈❡♠❡♥�❡✱ ❞✐��✐♥❣✉✐❛♠♦ ❝✐� ❝❤❡ ❞❡�✐✈❛ ❞❛❧❧❡

♠♦❧❡❝♦❧❡ ❝♦♥�✐❞❡�❛�❡ ❢�❛ ❧♦�♦ ❞❛ ❝✐� ❝❤❡ ❞❡�✐✈❛ ❞❛❧❧❡ ♠♦❧❡❝♦❧❡ ❝♦♥�✐❞❡�❛�❡ ✐♥ �❡ ��❡��❡ ✳ ❯♥❛

❝♦�� ❢❛��❛ ❞✐��✐♥③✐♦♥❡ 
 ❢♦♥❞❛♠❡♥�❛❧❡✳ ❆ �❛✈✈✐�❛�❡ ❧❡ ❛③✐♦♥✐ ❞❡❧❧❛ ♣�✐♠❛ �♣❡❝✐❡✱ ✐♠♠❛❣✐♥✐❛♠♦ ❧❡

♠♦❧❡❝♦❧❡ ♦♠♦❣❡♥❡❡ ❡ ❞✐ ✜❣✉�❛ �❢❡�✐❝❛✱ ❡ ❝♦♠♣�❡♥❞❡�❡♠♦ �❡♥③❛ ❞✐✣❝♦❧�. ❝❤❡  ✉❡❧❧❡ ❛③✐♦♥✐ ♥♦♥

♣♦��♦♥♦ ❡��❡�❡ ❛❧�❡�❛�❡ ✈♦❧�❛♥❞♦ ♦❣♥✐ ♠♦❧❡❝♦❧❛ ♣❡� ❣✉✐�❛ ❝❤❡ ❧❛ ♣❛��❡ ❞✐ �♦♣�❛ ✈❡♥❣❛ ❞✐ �♦��♦✱

♦ ❧❛ ♣❛��❡ ❛ �✐♥✐���❛ ♣❛��✐ ❛ ❞❡���❛✱ ♣✉�❝❤
 ✐ ❝❡♥��✐ ❞❡❧❧❡ �❢❡�❡ �✐♠❛♥❣❛♥♦ ❛❣❧✐ ��❡��✐ ♣♦��✐✳ ❆

�❛✈✈✐�❛�❡ ❧❡ ❛③✐♦♥✐ ❞❡❧❧❛ �❡❝♦♥❞❛ �♣❡❝✐❡✱ ✐♠♠❛❣✐♥✐❛♠♦ ❧❡ ♠♦❧❡❝♦❧❡ ❞✐ ✜❣✉�❛ ❞✐✈❡��❛ ❞❛❧❧❛ �❢❡�✐❝❛✱

♣❡� ❡�❡♠♣✐♦✱ ♣�✐�♠❛�✐❝❛ ♦ ♣✐�❛♠✐❞❛❧❡✿ ❡ ❝✐ �✐ ❢❛�. ♠❛♥✐❢❡��♦✱ ❝❤❡  ✉❛♥❞✬ ❛♥❝❤❡ ❢♦��❡�♦ ❡❣✉❛❧✐

❧❡ ❞✐��❛♥③❡ ❞❡❧ ❝❡♥��♦ ❞✐ ❣�❛✈✐�. ❞✐ ✉♥❛ ♠♦❧❡❝♦❧❛ ❞❛✐ ❝❡♥��✐ �✐♠✐❧✐ ❞✐ ❞✉❡ ✈✐❝✐♥❡✱ ❧✬❛③✐♦♥❡ ❞❡❧❧❛

♣�✐♠❛ �♦♣�❛  ✉❡❧❧❛ ❞❡❧❧❡ �❡❝♦♥❞❡ ❝✉✐ �✐✈♦❧❣❡��❡ ✉♥❛ ❜❛�❡ ♦ ❧❛ ♣✉♥�❛✱ �❛�❡❜❜❡ ❞✐✈❡��❛ ❞❛❧❧✬❛③✐♦♥❡

�♦♣�❛ ❧✬❛❧��❛ ❝✉✐ ♣�❡�❡♥�❛��❡ ✐♥✈❡❝❡ ✉♥❛ ❢❛❝❝✐❛✳

❙❡ ❧❡ ❛③✐♦♥✐ ♠♦❧❡❝♦❧❛�✐ �♦♥♦ ❞❡❧❧❛ �♦❧❛ ♣�✐♠❛ �♣❡❝✐❡✱ ❝✐♦
 ♥♦♥ ❞✐♣❡♥❞❡♥�✐ ❞❛❧❧❛ ✜❣✉�❛✱ ❧❡

❧♦�♦ ❡�♣�❡��✐♦♥✐ ❛♥❛❧✐�✐❝❤❡ ❛✈�❛♥♥♦  ✉❡��❛ ♣�♦♣�✐❡�.✱ ❝❤❡ ❞❛�❡ ✐♥ ❢✉♥③✐♦♥✐ ❞❡❧❧❡ ❝♦♦�❞✐♥❛�❡ ❞❡❧❧❡

❞✐✈❡��❡ ♠♦❧❡❝♦❧❡ �✐❢❡�✐�❡ ❛ ��❡ ❛��✐ �❡��❛♥❣♦❧❛�✐✱ ❡ ♣♦✐ ✐♥ ❢✉♥③✐♦♥❡

✶✭✯✮ ❖♣�✐❝❛✳ ▲✐❜✳ ■■■✳ ◗✉❛❡��✐♦ ❳❳❳■✳

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✾✼

�✉❝❤ ❛❝�✐♦♥� ✐� ✐� ❡❛�② �♦ ✉♥❞❡���❛♥❞✱ ❜❡❝❛✉�❡ ♦❢ �❤❡ ❛�❣✉♠❡♥�� ✇❤✐❝❤ ✇❡ ✇✐❧❧ ♣�❡�❡♥�✱ �❤❛� �❤❡②

❞❡♣❡♥❞ ♠❛✐♥❧② ♦♥ �❤❡ �❡❧❛�✐✈❡ ♣♦�✐�✐♦♥ ♦❢ �❤❡ ♠♦❧❡❝✉❧❡� ❛♥❞ ❛❧�♦ ♦♥ �❤❡✐� ♣❛��✐❝✉❧❛� ❢♦�♠✳ ❆�

✇❡ ❤❛✈❡ ❝❤♦�❡♥ �❤❡ ♣♦✐♥� ♦❢ ✈✐❡✇ ❡①♣♦✉♥❞❡❞ ✐♥ �❤❡ ��❡❛♠❜❧❡ ♦❢ �❤✐� ▼❡♠♦✐�✱ ✇❡ ❞♦ ♥♦� ❤❛✈❡ �♦

❝♦♥❥❡❝�✉�❡ ❛♥② ❤②♣♦�❤❡�✐� ❛❜♦✉� �❤❡ ♥❛�✉�❡ ♦❢ �❤❡ ♠♦❧❡❝✉❧❛� ❢♦�❝❡�✳ ❍♦✇❡✈❡� ✇❡ ❤❛✈❡ ❛❞♠✐��❡❞

�❤❛� �❤❡ ♠♦❧❡❝✉❧❡� ❛�❡ ❞✐�❥♦✐♥� ❛♥❞ ♦♥❧② ✇❤❛� ✇❛� ❛��✉♠❡❞ ❛❜♦✉� �❤❡♠ ❜② ◆❡✇�♦♥ ✭✯✮✶✱ ✐✳❡✳

�❤❛� ❛❧�❤♦✉❣❤ �❤❡② ❛�❡ �♦ �♠❛❧❧ �♦ ❜❡ ✐♠♠❡♥�❡❧② ❜❡②♦♥❞ ❛♥② ♣♦��✐❜✐❧✐�② ♦❢ ❜❡✐♥❣ ♣❡�❝❡✐✈❡❞ ❜②

♦✉� �❡♥�❡� �❤❡② ❤❛✈❡ ❞✐✛❡�❡♥� ❢♦�♠� ✐♥ ❞✐✛❡�❡♥� ❜♦❞✐❡� ❛♥❞ �❤❡�❡ ❢♦�♠� ❝❛♥♥♦� ❜❡ ❛❧�❡�❡❞ ❜②

♠❡❝❤❛♥✐❝❛❧ ❢♦�❝❡�✳ ❍❛✈✐♥❣ ♣�❡♠✐�❡❞ ❛❧❧ �❤❛�✱ ✇❡ ❝❛�❡❢✉❧❧② ❞✐��✐♥❣✉✐�❤ �❤❡ �❡❝✐♣�♦❝❛❧ ❛❝�✐♦♥� ♦❢

�❤❡ ♠♦❧❡❝✉❧❡� ✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥❧② ♦♥ �❤❡ ♣❧❛❝❡♠❡♥� ♦❢ ♦♥❡ ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ♦�❤❡� ❛♥❞ �❤❡

❛❝�✐♦♥� ✇❤✐❝❤ ❞❡♣❡♥❞ ❛❧�♦ ♦♥ �❤❡✐� ✐♥❞✐✈✐❞✉❛❧ ❢♦�♠�✿ �❤✐� ❝❛♥ ❜❡ �❛✐❞ ❛❧�♦ ♠♦�❡ �❤♦��❧②✱ ✇❡

❞✐��✐♥❣✉✐�❤ ✇❤❛� ❞❡♣❡♥❞� ♦♥ �❤❡ ♠♦❧❡❝✉❧❡� ❝♦♥�✐❞❡�❡❞ ✐♥ �❤❡✐� �❡❝✐♣�♦❝❛❧ ♣❧❛❝❡♠❡♥� ❢�♦♠ ✇❤❛�

❞❡♣❡♥❞� ♦♥ �❤❡ ��✉❡ ♥❛�✉�❡ ♦❢ �❤❡ ♠♦❧❡❝✉❧❡� �❤❡♠�❡❧✈❡�✳ ❙✉❝❤ ❛ ❞✐��✐♥❝�✐♦♥ ✐� ❢✉♥❞❛♠❡♥�❛❧✳ ❚♦

❝♦♥❝❡✐✈❡ �❤❡ ❛❝�✐♦♥� ♦❢ �❤❡ ✜��� ❦✐♥❞ ✇❡ ✐♠❛❣✐♥❡ ❤♦♠♦❣❡♥❡♦✉� ♠♦❧❡❝✉❧❡� ❤❛✈✐♥❣ �♣❤❡�✐❝❛❧ ❢♦�♠✱

❛♥❞ ✇❡ ✇✐❧❧ ❡❛�✐❧② ✉♥❞❡���❛♥❞ �❤❛� �❤❡�❡ ❛❝�✐♦♥� ❝❛♥♥♦� ❜❡ ❛❧�❡�❡❞ ❜② �♦�❛�✐♥❣ ❡❛❝❤ ♠♦❧❡❝✉❧❡

✐♥ �✉❝❤ ❛ ✇❛② �❤❛� ✐�� ✉♣♣❡� ♣❛�� ❜❡❝♦♠❡� ✐�� ❧♦✇❡� ♣❛�� ♦� �❤❛� ✐�� ❧❡❢� �✐❞❡ ❜❡❝♦♠❡� ✐��

�✐❣❤� �✐❞❡ ✉♥❞❡� �❤❡ ❝♦♥❞✐�✐♦♥ �❤❛� �❤❡ ❝❡♥�❡�� ♦❢ ❛❧❧ �♣❤❡�❡� �❡♠❛✐♥ ✐♥ �❤❡ �❛♠❡ ♣♦�✐�✐♦♥✳ ❚♦

❝♦♥❝❡✐✈❡ �❤❡ ❛❝�✐♦♥� ♦❢ �❤❡ �❡❝♦♥❞ ❦✐♥❞ ❧❡� ✉� ✐♠❛❣✐♥❡ ♠♦❧❡❝✉❧❡� ❤❛✈✐♥❣ ❛ ❢♦�♠ ❞✐✛❡�❡♥� ❢�♦♠

�❤❡ �♣❤❡�✐❝❛❧ ♦♥❡✱ ❢♦� ✐♥��❛♥❝❡ ❛ ♣�✐�♠❛�✐❝ ♦� ♣②�❛♠✐❞❛❧ ❢♦�♠✿ ❛♥❞ ✐� ✇✐❧❧ ❜❡ ❢♦� ✉� ♠❛♥✐❢❡��

�❤❛� ❡✈❡♥ ✇❤❡♥ �❤❡ ❞✐��❛♥❝❡� ♦❢ ❛ ❝❡♥�❡� ♦❢ ❣�❛✈✐�② ♦❢ ♦♥❡ ♠♦❧❡❝✉❧❡ ❢�♦♠ �❤❡ ❝❡♥�❡�� ♦❢ ❣�❛✈✐�②

♦❢ �✇♦ ❝❧♦�❡ ♠♦❧❡❝✉❧❡� ✇❡�❡ ❡ ✉❛❧✱ �❤❡ ❛❝�✐♦♥ ♦❢ �❤❡ ✜��� ♦♥❡ ♦♥ �❤❡ �❡❝♦♥❞ ♠♦❧❡❝✉❧❡� ✇✐❧❧ ❜❡

❞✐✛❡�❡♥� ❞❡♣❡♥❞✐♥❣ ♦♥ ✐❢ ✐� ❞✐�❡❝�� �♦✇❛�❞� �❤❡♠ ❛ ❜❛�✐�✱ ♦� ❛ ✇❡❞❣❡ ♦� ❛ ❢❛❝❡✳

■❢ �❤❡ ♠♦❧❡❝✉❧❛� ❛❝�✐♦♥� ❛�❡ ♦❢ �❤❡ ✜��� ❦✐♥❞ ♦♥❧②✱ ✐✳❡✳ ✐❢ �❤❡② ❞♦ ♥♦� ❞❡♣❡♥❞ ♦♥ �❤❡ �❤❛♣❡✱

�❤❡✐� ❛♥❛❧②�✐❝❛❧ ❡①♣�❡��✐♦♥� ✇✐❧❧ ❤❛✈❡ �❤❡ ❢♦❧❧♦✇✐♥❣ ♣�♦♣❡��②✱ �❤❛� ❣✐✈❡♥ ❛� ❢✉♥❝�✐♦♥� ♦❢ �❤❡

❝♦♦�❞✐♥❛�❡� ♦❢ �❤❡ ❞✐✛❡�❡♥� ♠♦❧❡❝✉❧❡� ✇❤❡♥ �❡❢❡��❡❞ �♦ �❤�❡❡ ❝♦♦�❞✐♥❛�❡ ❛①❡� ❛♥❞ �❤❡♥ ❛�

❢✉♥❝�✐♦♥�

✶✭✯✮ ❖♣�✐❝❛✳ ▲✐❜✳ ■■■✳ ◗✉❛❡��✐♦ ❳❳❳■✳



✾✽
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

❞❡❧❧❡ ❝♦♦	❞✐♥❛
❡ ❞❡❧❧❡ �
❡��❡ ♠♦❧❡❝♦❧❡ 	✐❢❡	✐
❡ ❛ 
	❡ ❛❧
	✐ ❛��✐ 	❡

❛♥❣♦❧❛	✐✱ �❛	❛♥♥♦ ♥❡✐ ❞✉❡

❝❛�✐ ❞✐ ❡❣✉❛❧❡ �
	✉

✉	❛✱ ❡ ♥♦♥ ❞✐✛❡	✐	❛♥♥♦ �❡ ♥♦♥ ♣❡	 ❧❛ ❞✐✈❡	�✐
� ❞❡❧❧❡ ❧❡

❡	❡ ❛❞♦♣❡	❛
❡ ❛❞

❡�♣	✐♠❡	❡ ❧❡ ❝♦♦	❞✐♥❛
❡✳ ▲❛ ❝♦�❛ � ♣❡	 �❡ �
❡��❛ ❡✈✐❞❡♥
❡✱ ❝♦♥�✐❞❡	❛
♦ ❧✬❛	❜✐
	✐♦ ♥♦�
	♦ ♥❡❧ ❞❛	❡

❧❡ ❞❡♥♦♠✐♥❛③✐♦♥✐ ❛❧❧❡ �✉❛♥
✐
�✱ ♠❛ ♣✉� ❛♥❝❤❡ ✈❡❞❡	�✐ ♣❛	
✐
❛♠❡♥
❡ ♥❡❣❧✐ ❡❧❡♠❡♥
✐ ❛♥❛❧✐
✐❝✐ ❞❛✐

�✉❛❧✐ ❝♦♥♦�❝✐❛♠♦ ❞♦✈❡	 ❡��❡	❡ ❝♦♠♣♦�
❡ �✉❡❧❧❡ ❡�♣	❡��✐♦♥✐✳ ❉✐ ❢❛

♦ ❧❡ ❞✐�
❛♥③❡ ρ✱ ρ1✱ ρ2 ❡❝✳ ❞✐

✉♥❛ ♠♦❧❡❝♦❧❛(p, q, r) ❞❛❧❧❡ ♠♦❧❡❝♦❧❡ (p1, q1, r1), (p2, q2, r2)✱ ❡❝✳ �✉❛♥❞♦ ✐❧ 	✐❢❡	✐♠❡♥
♦ � ❛❣❧✐ ❛��✐

❞❡❧❧❡p, q, r, �♦♥♦ ❞❛
❡ ❞❛✐ 	❛❞✐❝❛❧✐

ρ =

√

(p1 − p)
2
+ (q1 − q)

2
+ (r1 − r)

2
; ρ1 =

√

(p2 − p)
2
+ (q2 − q)

2
+ (r2 − r)

2
; ❡❝✳ ✭✸✺✮

❡ ❧♦ �♦♥♦ ❞❛✐ 	❛❞✐❝❛❧✐

ρ =

√

(x1 − x)
2
+ (y1 − y)

2
+ (z1 − z)

2
; ρ1 =

√

(x2 − x)
2
+ (y2 − y)

2
+ (z2 − z)

2
; ❡❝✳ ✭✸✻✮

�✉❛♥❞♦ ✐❧ 	✐❢❡	✐♠❡♥
♦ � ❛❣❧✐ ❛��✐ ❞❡❧❧❡ x, y, z✳ ■ ❝♦�❡♥✐ ❞❡❣❧✐ ❛♥❣♦❧✐ ❝❤❡ ❧❛ ❞✐	❡③✐♦♥❡ ❞✐ ❝✐❛�❝✉♥❛

❞❡❧❧❡ ρ✱ ρ1✱ ρ2 ❡❝✳ ❢❛ ❝♦✐ 
	❡ ❛��✐ ♦	
♦❣♦♥❛❧✐✱ ❤❛♥♥♦ ✐ ✈❛❧♦	✐

p1 − p

ρ
,
q1 − q

ρ
,
r1 − r

ρ
;
p2 − p

ρ1
, ❡❝✳ ✭✸✼✮

♥❡❧ ♣	✐♠♦ ❝❛�♦✱ ♠❡

❡♥❞♦ ♣❡	 ρ, ρ1✱ ❡❝✳ ✐ 	❛❞✐❝❛❧✐ ✭✸✺✮❀ ❡ ✐ ✈❛❧♦	✐

x1 − x

ρ
,
y1 − y

ρ
,
z1 − z

ρ
;
x2 − x

ρ1
, ❡❝✳

♥❡❧ �❡❝♦♥❞♦ ❝❛�♦✱ ♠❡

❡♥❞♦ ♣❡	 ρ, ρ1✱ ❡❝✳ ✐ 	❛❞✐❝❛❧✐ ✭✸✻✮✳ ❆ ♠♦
✐✈♦ ♣♦✐ ❞✐ ✉♥ 
❡♦	❡♠❛ ♥♦
✐��✐♠♦✱

❛♥❝❤❡ ✐ ❝♦�❡♥✐ ❞❡❣❧✐ ❛♥❣♦❧✐ ❢❛

✐ ❞❛❧❧❡ 	❡

❡ ρ, ρ1, ρ2✱ ❡❝✳ ❢	❛ ❧♦	♦✱ ❝❤❡ ♥❡❧ ♣	✐♠♦ ❝❛�♦ �♦♥♦ ❡�♣	❡��✐

❞❛❧❧❡ ❢♦	♠♦❧❡

cos ·ρ · ρ
1
=

(p1 − p) (p2 − p) + (q1 − q) (q2 − q) + (r1 − r) (r2 − r)

ρρ
1

; ❡❝✳ ✭✸✽✮

❧♦ �♦♥♦ ♥❡❧ �❡❝♦♥❞♦ ♠❡❞✐❛♥
❡ ❢♦	♠♦❧❡ ❝♦�
	✉

❡ ❛✛❛

♦ �✐♠✐❧♠❡♥
❡ ❝♦❧❧❡ x, y, z✳

❙❡ ♣♦✐ �✉��✐�
♦♥♦ ❢	❛ ❧❡ ♠♦❧❡❝♦❧❡ ❛③✐♦♥✐ ❞❡❧❧❛ �❡❝♦♥❞❛ �♣❡❝✐❡✱ ❛③✐♦♥✐ ❝✐♦� ❛❧❧❡ �✉❛❧✐ ♣	❡♥❞❡

♣❛	
❡ ❧❛ ✜❣✉	❛ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡

✾✽
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

♦❢ �❤❡ ❝♦♦�❞✐♥❛�❡
 ♦❢ �❤❡ 
❛♠❡ ♠♦❧❡❝✉❧❡
 ❛
 �❡❢❡��❡❞ �♦ �❤�❡❡ ♦�❤❡� �❡❝�❛♥❣✉❧❛� ❛①❡
✱ �❤❡② ✇✐❧❧

❜❡ ✐♥ ❜♦�❤ ❝❛
❡
 ♦❢ ❡�✉❛❧ 
��✉❝�✉�❡ ❛♥❞ ✇✐❧❧ ❞✐✛❡� ♦♥❧② ❢♦� �❤❡ ❞✐✈❡�
✐�② ♦❢ �❤❡ ❧❡��❡�
 ✉
❡❞ �♦

❡①♣�❡

 �❤❡ ❝♦♦�❞✐♥❛�❡
✳ ❚❤✐
 
�❛�❡♠❡♥� ✐
 ❜② ✐�
❡❧❢ ❡✈✐❞❡♥� ✇❤❡♥ ❝♦♥
✐❞❡�✐♥❣ �❤❡ ❛�❜✐��❛�✐♥❡



❜② ✇❤✐❝❤ ✇❡ ❝❛♥ ❞❡✜♥❡ �❤❡ ✐♥��♦❞✉❝❡❞ �✉❛♥�✐�✐❡
✱ ❜✉� ✐� ❝❛♥ ❛❧
♦ ❜❡ 
❡❡♥ 
❡♣❛�❛�❡❧② ✐♥ �❤❡

❛♥❛❧②�✐❝❛❧ ❡❧❡♠❡♥�
 ✇❤✐❝❤ ✇❡ ❦♥♦✇ ❛�❡ ❝♦♠♣♦
✐♥❣ �❤❡
❡ ❡①♣�❡

✐♦♥
✳ ■♥❞❡❡❞ �❤❡ ❞✐
�❛♥❝❡


ρ, ρ1, ρ2✱ ❡�❝✳ ♦❢ ♦♥❡ ♠♦❧❡❝✉❧❡ (p, q, r) ❢�♦♠ �❤❡ ♠♦❧❡❝✉❧❡
 (p1, q1, r1), (p2, q2, r2)✱ ❡�❝✳ ✇❤❡♥

�❡❢❡��✐♥❣ �❤❡✐� ♣♦
✐�✐♦♥
 �♦ �❤❡ ❛①❡
 ♦❢ �❤❡ ✈❛�✐❛❜❧❡
 p, q, r, ❛�❡ ❣✐✈❡♥ ❜② �❤❡ �❛❞✐❝❛❧


ρ =

√

(p1 − p)
2
+ (q1 − q)

2
+ (r1 − r)

2
; ρ1 =

√

(p2 − p)
2
+ (q2 − q)

2
+ (r2 − r)

2
; ❡�❝✳ ✭✸✺✮

✇❤✐❧❡ �❤❡② ❛�❡ ❣✐✈❡♥ ❜② �❤❡ �❛❞✐❝❛❧


ρ =

√

(x1 − x)
2
+ (y1 − y)

2
+ (z1 − z)

2
; ρ1 =

√

(x2 − x)
2
+ (y2 − y)

2
+ (z2 − z)

2
; ❡❝✳ ✭✸✻✮

✇❤❡♥ ✉
✐♥❣ �❤❡ �❡❢❡�❡♥❝❡ ❢�❛♠❡ ❣✐✈❡♥ ❜② �❤❡ ❛①❡
 ♦❢ �❤❡ ✈❛�✐❛❜❧❡
 x, y, z✳ ❚❤❡ ❝♦
✐♥❡
 ♦❢ �❤❡

❛♥❣❧❡
 ❢♦�♠❡❞ ❜② �❤❡ ❞✐�❡❝�✐♦♥ ♦❢ ❡❛❝❤ ❞✐
�❛♥❝❡ ρ, ρ1, ρ2✱ ❡�❝✳ ✇✐�❤ �❤❡ �❤�❡❡ ♦��❤♦❣♦♥❛❧ ❛①❡


❤❛✈❡ �❤❡ ✈❛❧✉❡


p1 − p

ρ
,
q1 − q

ρ
,
r1 − r

ρ
;
p2 − p

ρ1
, ❡�❝✳ ✭✸✼✮

✐♥ �❤❡ ✜�
� ❝❛
❡✱ �❡♣❧❛❝✐♥❣ ❢♦� ρ, ρ1✱ ❡�❝✳ �❤❡ �❛❞✐❝❛❧
 ✭✸✺✮❀ ❛♥❞ �❤❡ ✈❛❧✉❡


x1 − x

ρ
,
y1 − y

ρ
,
z1 − z

ρ
;
x2 − x

ρ1
, ❡�❝✳

✐♥ �❤❡ 
❡❝♦♥❞ ❝❛
❡✱ �❡♣❧❛❝✐♥❣ ❢♦� ρ, ρ1✱ ❡�❝✳ �❤❡ �❛❞✐❝❛❧
 ✭✸✻✮✳ ❋✐♥❛❧❧②✱ ❜❡❝❛✉
❡ ♦❢ ❛ ✈❡�② ✇❡❧❧✲

❦♥♦✇ �❤❡♦�❡♠ ❛❧
♦ �❤❡ ❝♦
✐♥❡
 ♦❢ �❤❡ ❛♥❣❧❡
 ❢♦�♠❡❞ ❜② �❤❡ 
��❛✐❣❤� ❧✐♥❡
 ρ, ρ1, ρ2✱ ❡❝✳ ♦♥❡ ✇✐�❤

�❤❡ ♦�❤❡�✱ ✇❤✐❝❤ ✐♥ �❤❡ ✜�
� ❝❛
❡ ❛�❡ ❡①♣�❡

❡❞ ❜② �❤❡ ❢♦�♠✉❧❛


cos ·ρ · ρ
1
=

(p1 − p) (p2 − p) + (q1 − q) (q2 − q) + (r1 − r) (r2 − r)

ρρ
1

; ❡�❝✳ ✭✸✽✮

❛�❡ 
✐♠✐❧❛�❧② ❡①♣�❡

❡❞✱ ✇❤❡♥ ✉
✐♥❣ �❤❡ 
❡❝♦♥❞ �❡❢❡�❡♥❝❡ ❢�❛♠❡ ❜② ♠❡❛♥
 ♦❢ ❢♦�♠✉❧❛
 ❤❛✈✐♥❣

�❤❡ 
❛♠❡ 
��✉❝�✉�❡ ✐♥ �❡�♠
 ♦❢ �❤❡ ✈❛�✐❛❜❧❡
 x, y, z✳

■❢ �❤❡♥ ❛❝�✐♦♥
 ♦❢ �❤❡ 
❡❝♦♥❞ ❦✐♥❞ ❛�❡ ♣�❡
❡♥� ❛♠♦♥❣ �❤❡ ♠♦❧❡❝✉❧❡
✱ �❤❛� ❛�❡ ❛❝�✐♦♥
 ❢♦�

✇❤✐❝❤ �❤❡ 
❤❛♣❡ ♦❢ ❝♦♥
✐❞❡�❡❞ ♠♦❧❡❝✉❧❡
 ♣❧❛②
 ❛ �♦❧❡✱



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✾✾

��❡��❡✱ ❛❧❧♦	❛ ♥♦♥ � ♣✐� ✈❡	♦ ❝❤❡ ♣❡	 ❝❛♠❜✐❛	❡ ❧❡ ❧♦	♦ ❡�♣	❡��✐♦♥✐ ❛♥❛❧✐�✐❝❤❡ 	✐❢❡	✐�❡ ❛❣❧✐ ❛��✐ ❞❡❧❧❡

p, q, r ✐♥ �✉❡❧❧❡ 	✐❢❡	✐�❡ ❛❣❧✐ ❛��✐ ❞❡❧❧❡ x, y, z, ❜❛��✐ �♦��✐�✉✐	❡ ✐♥ ❡��❡ ❧❡ x, y, z ❛❧❧❡ p, q, r ✿ ❝♦♥✲

✈✐❡♥❡ ❝❛♠❜✐❛	❡ ❛❧�	✐ ❡❧❡♠❡♥�✐ ❛♥❛❧✐�✐❝✐✳ �❡	 ✈❡❞❡	 ❝✐� ❝❤✐❛	❛♠❡♥�❡✱ ✐♠♠❛❣✐♥✐❛♠♦ ❛♥❝❤❡ ✉♥❛ �♦❧❛

♠♦❧❡❝♦❧❛ ❞✐ ✜❣✉	❛ ♣	✐�♠❛�✐❝❛✱ ❞❡❧❧❛ �✉❛❧❡ ✉♥♦ �♣✐❣♦❧♦ ❢❛❝❝✐❛ ❝♦❣❧✐ ❛��✐ ❞❡❧❧❡ p, q, r ❛♥❣♦❧✐ ❞✐ ❝♦�❡♥✐

a1, a2, a3✿ �✉❡��✐ ❝♦�❡♥✐ ❡♥�	❡	❛♥♥♦ ♥❡❧❧✬❡�♣	❡��✐♦♥❡ ❞❡❧❧✬❛③✐♦♥❡ ❝❤✬ ❡��❛ ♠♦❧❡❝♦❧❛ ❢❛ ♦ 	✐❝❡✈❡ ❞❛❧❧❡

❝✐	❝♦��❛♥�✐✿ ❡❞ � ♠❛♥✐❢❡��♦✱ ♣❡	❝❤� �❡ ��❛♥❞♦ ❛❧ ❧♦	♦ ♣♦��♦ �✉��❡ ❧❡ ♠♦❧❡❝♦❧❡ ❝✐	❝♦��❛♥�✐✱ ❡��❛

♠✉�❛��❡ ❧❛ ❞✐	❡③✐♦♥❡ ❞✐ �✉❡❧❧♦ �♣✐❣♦❧♦✱ ❧✬❛③✐♦♥❡ ✈✐❝❡♥❞❡✈♦❧❡ ♠✉�❡	❡❜❜❡✳ ❆❞✉♥�✉❡ ♥❡❧❧❡ ❡�♣	❡�✲

�✐♦♥✐ ❞❡❧❧❡ ❛③✐♦♥✐ 	❡❝✐♣	♦❝❤❡ ♠♦❧❡❝♦❧❛	✐ ❞❡❜❜♦♥♦ ❡♥�	❛	❡ �❛♥�❡ �✉❛♥�✐�" a1, a2, a3, a4, a5✱ ❡❝✳ ♣❡✐

✈❛❧♦	✐ ❞❡❧❧❡ �✉❛❧✐ ✈❡♥❣❛ ✜��❛�❛ ✐♥�❡	❛♠❡♥�❡ ❧❛ ♣♦�✐③✐♦♥❡ ❞✐ ❝✐❛�❝✉♥❛ ♠♦❧❡❝♦❧❛ 	❡❧❛�✐✈❛♠❡♥�❡ ❛✐

�	❡ ❛��✐✿ ✐❧ ❧♦	♦ ✐♥�❡	✈❡♥�♦ ✐♥ �❡	♠✐♥✐ ❝❤❡ �✐ �✉♣♣♦♥❣♦♥♦ ♥♦♥ �	❛�❝✉	❛❜✐❧✐✱ �✐❣♥✐✜❝❛ ❝❤❡ �✐ � �❡♥✉�♦

❝♦♥�♦ ❞✐ �✉❡❧❧❛ ♣❛	�❡ ❞✐ ❛③✐♦♥❡ ❝❤❡ � ❞♦✈✉�❛ ❛❧❧❛ ✜❣✉	❛ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ❞✐✈❡	�❛ ❞❛❧❧❛ �❢❡	✐❝❛✳ ❚❛❧✐

❝♦�❡♥✐ a1, a2, a3, a4✱ ❡❝✳ �♦♥♦ ♣❡	 ♥❛�✉	❛ ❛✛❛��♦ ❞✐✈❡	�✐ ❞❛ �✉❡❧❧✐ �♦♣	❛ ♠❛	❝❛�✐ ❝♦❧❧❡ ❢♦	♠♦❧❡

✭✸✼✮ ✿ ♥♦♥ �✐ ♣♦��♦♥♦ �	❛❞✉		❡ ✐♥ ❡�♣	❡��✐♦♥✐ ❢❛��❡ ❝♦❧❧❡ �♦❧❡ ❝♦♦	❞✐♥❛�❡ ❞❡❧❧❡ ❞✐✈❡	�❡ ♠♦❧❡❝♦❧❡✿

♣♦��♦♥♦ ❡��❡	❡ ❞✐✛❡	❡♥�✐ ❡ ❞✐ ♥✉♠❡	♦ ❣	❛♥❞✐��✐♠♦✱ �❡ ❧❡ ♠♦❧❡❝♦❧❡ ❡♥�	❛♥♦ ❛ ❝♦♠♣♦		❡ ✐❧ ❝♦	♣♦

❛❧❧❛ 	✐♥❢✉�❛ �♦��♦ �✉❛❧�✐✈♦❣❧✐❛ ❞✐	❡③✐♦♥❡ ❞❡✐ ❧♦	♦ �♣✐❣♦❧✐ ♦❞ ❛��✐✱ ♠❛ ♣♦��♦♥♦ ❡��❡	❡ ❛♥❝❤❡ ✐♥

♣♦❝❤✐��✐♠♦ ♥✉♠❡	♦✱ �❡ �✬✐♠♠❛❣✐♥❛ ❝❤❡ ❧❡ ♠♦❧❡❝♦❧❡ �✐❛♥♦ �✉��❡ ❞✐�♣♦��❡ ✉♥✐❢♦	♠❡♠❡♥�❡✱ ❝✐♦�

❛❜❜✐❛♥♦ ✐ ❧♦	♦ �♣✐❣♦❧✐ ♦❞ ❛��✐ ❢	❛ ❧♦	♦ ♣❛	❛❧❧❡❧✐✱ ❝♦♠❡ ❝	❡❞❡�✐ ❝❤❡ ❛✈✈❡♥❣❛ ♥❡✬ ❝♦	♣✐ ❝	✐��❛❧❧✐③③❛�✐✳

■♥ ❝♦♥�❡❣✉❡♥③❛ ❞❡❧ ✜♥ �✉✐ ❞❡��♦ �✐ ❝❛♣✐�❝❡ ❝❤❡ �✉❛♥❞♦ �✐ ♣❛��❛ ❛ 	✐❢❡	✐	❡ ✐❧ ❝♦	♣♦ ❛❣❧✐ ❛��✐ ❞❡❧❧❡

x, y, z, ♥❡❧❧❡ ❢♦	♠♦❧❡ ❡�♣	✐♠❡♥�✐ ❧❡ ❛③✐♦♥✐ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ✐ ❝♦�❡♥✐ a1, a2, a3,... ❞♦✈	❛♥♥♦ ❡��❡	❡

❝❛♠❜✐❛�✐ ❝♦♥ ❛❧�	✐ b1, b2, b3,.... ❞✐ ❞✐✈❡	�♦ ✈❛❧♦	❡❀ ❣✐❛❝❝❤� � ❡✈✐❞❡♥�❡ ❝❤❡ ❧❡ ❞✐	❡③✐♦♥✐ ❞❡❣❧✐ �♣✐❣♦❧✐

♦❞ ❛��✐ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ♣	✐�♠❛�✐❝❤❡✱ ♣✐	❛♠✐❞❛❧✐✱ ❡❧❧✐��♦✐❞❛❧✐✱ ❡❝✳✱ ❢❛	❛♥♥♦ ❝♦❣❧✐ ❛��✐ ❞❡❧❧❡ x, y, z

❛♥❣♦❧✐ ❞✐✈❡	�✐ ❞❛ �✉❡❧❧✐ ❝❤❡ ❢❛❝❡✈❛♥♦ ❝♦❣❧✐ ❛��✐ ❞❡❧❧❡ p, q, r✳ ❊❝❝♦ ✐❧ ❞✐ ♣✐� ❞❛ ❛❣❣✐✉♥❣❡	�✐ ❛❧

❝❛♠❜✐❛♠❡♥�♦ ❞❡❧❧❡ ❝♦♦	❞✐♥❛�❡✱ ❝❤❡ ❜❛��❛✈❛ ♥❡❧

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✾✾

�❤❡♥ ✐� ✐� ♥♦ ❧♦♥❣❡	 �	✉❡ �❤❛� ❢♦	 ❝❤❛♥❣✐♥❣ �❤❡✐	 ❛♥❛❧②�✐❝❛❧ ❡①♣	❡��✐♦♥� ✈❛❧✐❞ ✇❤❡♥ ✉�✐♥❣ �❤❡

❛①❡� ♦❢ �❤❡ ✈❛	✐❛❜❧❡� p, q, r ✐♥�♦ �❤♦�❡ ❡①♣	❡��✐♦♥ ✇❤✐❝❤ ❛	❡ ✈❛❧✐❞ ✇❤❡♥ ✉�✐♥❣ �❤❡ ❛①❡� ♦❢ �❤❡

✈❛	✐❛❜❧❡� x, y, z, ✐� ✐� �✉✣❝✐❡♥� �♦ �✉❜��✐�✉�❡ ✐♥ �❤❡♠ �❤❡ ✈❛	✐❛❜❧❡� x, y, z ✇✐�❤ �❤❡ ✈❛	✐❛❜❧❡�

p, q, r✿ ✐♥❞❡❡❞ ✐� ✐� ♥❡❡❞❡❞ �♦ ❝❤❛♥❣❡ ❛❧�♦ ♦�❤❡	 ❛♥❛❧②�✐❝❛❧ ❡❧❡♠❡♥��✳ ❚♦ �❡❡ �❤✐� ♠♦	❡ ❝❧❡❛	❧②

❧❡� ✉� ✐♠❛❣✐♥❡ ❛❧�♦ ♦♥❧② ♦♥❡ ♠♦❧❡❝✉❧❡ ❤❛✈✐♥❣ ❛ ♣	✐�♠❛�✐❝ ❢♦	♠✱ ❛♥❞ ❧❡� ✉� ❛��✉♠❡ �❤❛� �❤❡

❡❞❣❡ ♦❢ �✉❝❤ ❢♦	♠ ✐� ❛ �✐❞❡ ♦❢ ❛♥ ❛♥❣❧❡ ❝♦♥��✐�✉�❡❞ ❛❧�♦ ❜② �❤❡ ❛①❡� ♦❢ �❤❡ ✈❛	✐❛❜❧❡� p, q, r

✇❤♦�❡ ❝♦�✐♥❡� ❛	❡ a1, a2, a3✿ �❤❡�❡ ❝♦�✐♥❡� ✇✐❧❧ ❛♣♣❡❛	 ✐♥ �❤❡ ❡①♣	❡��✐♦♥ ♦❢ �❤❡ ❛❝�✐♦♥ ❡①❡	�❡❞

❜② �❤✐� ♠♦❧❡❝✉❧❡ ♦♥ ✭♦	 ✇❤✐❝❤ ✐� ❡①❡	�❡❞ ♦♥ �❤✐� ♠♦❧❡❝✉❧❡ ❜②✮ ❛❧❧ �❤❡ �✉		♦✉♥❞✐♥❣ ♦♥❡�✿ ❛♥❞ ✐�

✐� ♠❛♥✐❢❡�� �❤❛� �❤❡ ♠✉�✉❛❧ ❛❝�✐♦♥ ✇♦✉❧❞ ❝❤❛♥❣❡ ✐❢ ✲❜❡✐♥❣ ✜①❡❞ ❛❧❧ �❤❡ �✉		♦✉♥❞✐♥❣ ♠♦❧❡❝✉❧❡�✲

�❤❡ ❞✐	❡❝�✐♦♥ ♦❢ �✉❝❤ ❡❞❣❡ ✐� ❝❤❛♥❣❡❞✳ ❚❤❡	❡❢♦	❡ ✐♥ �❤❡ ❡①♣	❡��✐♦♥� ♦❢ �❤❡ ♠✉�✉❛❧ ♠♦❧❡❝✉❧❛	

❛❝�✐♦♥� ♠✉�� ❛♣♣❡❛	 ❛❧❧ �❤❡ �✉❛♥�✐�✐❡� a1, a2, a3, a4, a5✱ ❡�❝✳ ✇❤♦�❡ ✈❛❧✉❡� ❛	❡ ♥❡❡❞❡❞ ❢♦	 ✜①✐♥❣

❝♦♠♣❧❡�❡❧② �❤❡ ♣♦�✐�✐♦♥ ♦❢ ❡❛❝❤ ♠♦❧❡❝✉❧❡ ✇✐�❤ 	❡�♣❡❝� �♦ �❤❡ �❤	❡❡ 	❡❢❡	❡♥❝❡ ❛①❡�✿ �❤❡✐	 	♦❧❡

✐♥ �❡	♠� ✇❤✐❝❤ ❛	❡ ❛��✉♠❡❞ ♥♦� �♦ ❜❡ ♥❡❣❧✐❣✐❜❧❡ ♠❡❛♥� �❤❛� ♦♥❡ �❛❦❡� ✐♥�♦ ❛❝❝♦✉♥� �❤❛� ♣❛	�

♦❢ ❛❝�✐♦♥ ✇❤✐❝❤ ✐� ❞✉❡ �♦ �❤❡ ❢♦	♠ ♦❢ �❤❡ ♠♦❧❡❝✉❧❡�✱ ✇❤❡♥ ✐� ✐� ♥♦� �♣❤❡	✐❝❛❧✳ ❙✉❝❤ ❝♦�✐♥❡�

a1, a2, a3, a4✱ ❡�❝✳ ❤❛✈❡ ❛ ♥❛�✉	❡ ✇❤✐❝❤ ✐� ✐♥❞❡❡❞ ❞✐✛❡	❡♥� ❢	♦♠ �❤♦�❡ ✇❤✐❝❤ ❛	❡ ❛♣♣❡❛	✐♥❣ ✐♥

�❤❡ ❢♦	♠✉❧❛� ❧❛❜❡❧❧❡❞ ✇✐�❤ �❤❡ �②♠❜♦❧ ✭✸✼✮ ✿ ✐♥❞❡❡❞ �❤❡② ❝❛♥♥♦� ❜❡ ❡①♣	❡��❡❞ ❜② ♠❡❛♥� ♦❢

❡①♣	❡��✐♦♥� ✐♥ ✇❤✐❝❤ ♦♥❧② �❤❡ ❝♦♦	❞✐♥❛�❡� ♦❢ ❞✐✛❡	❡♥� ♠♦❧❡❝✉❧❡� ❛♣♣❡❛	✿ ❬�❤❡ ❛❢♦	❡♠❡♥�✐♦♥❡❞

❝♦�✐♥❡�❪ ❝❛♥ ❜❡ ❞✐✛❡	❡♥� ✐♥ ❞✐✛❡	❡♥� ♣❧❛❝❡� ❛♥❞ ❜❡ ✐♥ ✈❡	② ❧❛	❣❡ ♥✉♠❜❡	✱ ✐❢ �❤❡ ♠♦❧❡❝✉❧❡� ✇❤✐❝❤

❝♦♠♣♦�❡ �❤❡ ❜♦❞② ❤❛✈❡ �❤❡✐	 ❡❞❣❡� ♦	 ❛①❡� ♦	✐❡♥�❡❞ 	❛♥❞♦♠❧②✱ ❜✉� �❤❡② ❝❛♥ ❜❡ ❛❧�♦ ✈❡	② ❢❡✇✱ ✐❢

♦♥❡ ✐♠❛❣✐♥❡� �❤❛� �❤❡ ♠♦❧❡❝✉❧❡� ❛	❡ ❛❧❧ ✉♥✐❢♦	♠❧② ❞✐�♣♦�❡❞✱ ✐✳❡✳ ✐❢ �❤❡② ❤❛✈❡ �❤❡✐	 ❡❞❣❡� ♦	 ❛①❡�

✇❤✐❝❤ 	❡♠❛✐♥ ♣❛	❛❧❧❡❧✱ ❛� ✐� ✐� ❜❡❧✐❡✈❡❞ �♦ ♦❝❝✉	 ✐♥ �❤❡ ❜♦❞✐❡� ❝♦♥��✐�✉�❡❞ ❜② ❝	②��❛❧ ❧❛��✐❝❡�✳

❆� ❛ ❝♦♥�❡�✉❡♥❝❡ ♦❢ ✇❤❛� �❛✐❞ ✉♣ �♦ ♥♦✇ ♦♥❡ ✉♥❞❡	��❛♥❞� �❤❛� ✇❤❡♥ 	❡❢❡	� �❤❡ ❜♦❞② �♦ �❤❡

❛①❡� ♦❢ �❤❡ ✈❛	✐❛❜❧❡� x, y, z, ✐♥ �❤❡ ❢♦	♠✉❧❛� ❡①♣	❡��✐♥❣ �❤❡ ✐♥�❡	❛❝�✐♦♥� ❛♠♦♥❣ ♠♦❧❡❝✉❧❡� �❤❡

❝♦�✐♥❡� a1, a2, a3,... �❤❛❧❧ ❤❛✈❡ �♦ ❜❡ ❝❤❛♥❣❡❞ ✇✐�❤ �❤❡ ❝♦�✐♥❡� b1, b2, b3,.... ✇❤✐❝❤ ❤❛✈❡ ❞✐✛❡	❡♥�

✈❛❧✉❡�✱ ❛� ✐� ✐� ❡✈✐❞❡♥� �❤❛� �❤❡ ❡❞❣❡� ❛♥❞ ❛①❡� ♦❢ �❤❡ ♠♦❧❡❝✉❧❡� ❤❛✈✐♥❣ ♣	✐�♠❛�✐❝✱ ♣②	❛♠✐❞❛❧✱

❡❧❧✐♣�♦✐❞❛❧ ❡�❝✳✳ �❤❛♣❡� ❤❛✈❡ 	❡❧❛�✐✈❡ ❞✐	❡❝�✐♦♥� ✇✐�❤ 	❡�♣❡❝� �♦ �❤❡ ❛①❡� x, y, z ✇❤♦�❡ ❛♥❣❧❡�

❛	❡ ❞✐✛❡	❡♥� ❢	♦♠ �❤❡ ❝♦		❡�♣♦♥❞✐♥❣ ♦♥❡� ✇✐�❤ 	❡�♣❡❝� �♦ �❤❡ ❛①❡� ♦❢ �❤❡ ✈❛	✐❛❜❧❡� p, q, r✳ ■� ✐�

�❤❡	❡❢♦	❡ ❝❧❡❛	 ✇❤❛� ❤❛� �♦ ❜❡ ❛❞❞❡❞ ✐♥ �❤❡ ♣	♦❝❡❞✉	❡ ♦❢ 	❡❢❡	❡♥❝❡ ❝❤❛♥❣❡ �♦ ✇❤❛� ✇❛� �✉✣❝✐❡♥�



✶✵✵
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

♣�✐♠♦ ❝❛�♦✳ 
❡� ❛❧��♦ ❛✐ ❝♦�❡♥✐ b1, b2, b3,b4,.... ♣♦��♦♥♦ ♣♦✐ ✐♥�❡♥❞❡��✐ �♦��✐�✉✐�✐ ✈❛❧♦�✐ ❡�✉✐✈❛❧❡♥�✐

❢❛��✐ ❞❡✐ ♣�✐♠✐ ❝♦�❡♥✐ a1, a2, a3,.... ❡ ❞❡✐ ♥♦✈❡ ❝♦�❡♥✐ α1, β1, γ1, α2✱ ❡❝✳ ❝❤❡ ✜��❛♥♦ ❧❛ ♣♦�✐③✐♦♥❡

❞❡✐ �❡❝♦♥❞✐ ❛��✐ �✐�♣❡��♦ ❛✐ ♣�✐♠✐✿ ❝✐� ✐♥ ✈✐��� ❞❡❧ �❡♦�❡♠❛ ❞✐ ❣❡♦♠❡��✐❛ ❛♥❛❧✐�✐❝❛ ♣✐� �♦♣�❛

�✐❝♦�❞❛�♦✳

✺✺✳ ❖�❛ ✈♦❣❧✐❛♠♦ ♣�♦✈❛�❡ ❝❤❡ ❧❡ �❡✐ �✉❛♥�✐� 2A, 2B, 2C,D,E, F �✐❣♥✐✜❝❛♥♦ �❛♣♣♦��♦ ❛❣❧✐

❛��✐ ❞❡❧❧❡ p, q, r ❝✐� ��❡��♦ ❝❤❡ ❧❡ �❡✐ Λ,Ξ,Π,Σ,Φ,Ψ �✐❣♥✐✜❝❛♥♦ �❛♣♣♦��♦ ❛❣❧✐ ❛��✐ ❞❡❧❧❡ x, y, z❀

♣❡�� ♣�❡�❝✐♥❞❡♥❞♦ ❞❛❧ �❡❣♥♦✱ ✐❧ ❝❤❡ ♥♦♥ ❢❛ ❞✐❢❡��♦✱ ❡��❡♥❞♦ �❡♠♣�❡ ✐♥ ♥♦���♦ ❛�❜✐��✐♦ �✉♣♣♦��❡

♦�✐❣✐♥❛�✐❛♠❡♥�❡ ❝❛♠❜✐❛�♦ ✐❧ �❡❣♥♦ ❛ �✉❡❧❧❡ ♣�✐♠❡✱ ❝♦♥ ❝❤❡ �❡♥❞❡�❡♠♦ ♣♦�✐�✐✈✐ ❛♥❝❤❡ ✐ �❡❝♦♥❞✐

♠❡♠❜�✐ ❞❡❧❧❡ ✭✷✹✮✳ ❆ �❛❧❡ ✐♥�❡♥❞✐♠❡♥�♦ ♣❛��✐�❡♠♦ ❞❛❧❧❡ ❡�✉❛③✐♦♥✐ ✭✷✵✮ ❧❡ �✉❛❧✐ ♣❛��❡❝✐♣❛♥♦ ❞✬

❡♥��❛♠❜✐ ✐ �✐❢❡�✐♠❡♥�✐ ❛❧❧❡ ❞✉❡ �❡�♥❡ ❞✐ ❛��✐✱ ❣✐❛❝❝❤) ✐ ��✐♥♦♠❥ ❝❤❡ �❡�♠✐♥❛♥♦ ✐ ♣�✐♠✐ ♠❡♠❜�✐ ❞✐

�✉❡❧❧❡ ❡�✉❛③✐♦♥✐ �♦♥♦ ❢❛��✐ ❞✐ ❞❡�✐✈❛�❡ ♣❡� ❧❡ p, q, r, ❡ ✐ ♣�✐♠✐ �❡�♠✐♥✐✱ ♦❧��❡ ❧❡ ❞❡�✐✈❛�❡ �❡❝♦♥❞❡

❞❡❧❧❡ x, y, z ♣❡❧ �❡♠♣♦✱ ❝♦♥�❡♥❣♦♥♦ ❧❡ X,Y, Z ❝♦♠♣♦♥❡♥�✐ ❞❡❧❧❛ ❢♦�③❛ ❡��❡�♥❛ ♣❛�❛❧❧❡❧❡ ❛❣❧✐ ❛��✐

❞✐ �✉❡��❡ ❝♦♦�❞✐♥❛�❡✳ ◗✉❛♥❞♦ �✐❛♠♦ ♣❛��❛�✐ ❞❛❧❧❡ ✭✷✵✮ ❛❧❧❡ ✭✷✸✮ ❛❜❜✐❛♠♦ ♥❡❧❧❡ ♣�✐♠❡ ��❛�❢♦�♠❛�✐

�✉❡✬ ��✐♥♦♠❥✱ ❛❞❡��♦ ❝♦♥✈✐❡♥ ��❛�❢♦�♠❛�♥❡ ✐ ♣�✐♠✐ �❡�♠✐♥✐✳ ❈❤✐❛♠❛�❡ P,Q,R, ❧❡ ��❡ ❝♦♠♣♦♥❡♥�✐

❞❡❧❧❛ ❢♦�③❛ ❡��❡�♥❛ ♣❛�❛❧❧❡❧❡ ❛❣❧✐ ❛��✐ ❞❡❧❧❡ p, q, r, ❛✈�❡♠♦ ❞❛❧❧❛ �❡♦�✐❝❛ ❞❡❧❧❛ ❝♦♠♣♦�✐③✐♦♥❡ ❞❡❧❧❡

❢♦�③❡ ❡ ❞❛❧❧❡ ❞❡♥♦♠✐♥❛③✐♦♥✐ ✭✷✮ ❞❡❧ ♥✉♠.◦✸✸.

X = α1P + β1Q+ γ1R

Y = α2P + β2Q+ γ2R ✭✸✾✮

Z = α3P + β3Q+ γ3R.

❆✈�❡♠♦ ❛❧��❡�/ ❞❛❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✮ ❞❡❧ ♥✉♠✳◦✸✸✳

d2x

dt2
= α1

d2p

dt2
+ β1

d2q

dt2
+ γ1

d2r

dt2

d2y

dt2
= α2

d2p

dt2
+ β2

d2q

dt2
+ γ2

d2r

dt2
✭✹✵✮

d2z

dt2
= α3

d2p

dt2
+ β3

d2q

dt2
+ γ3

d2r

dt2
.

✶✵✵
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

✐♥ �❤❡ ✜��� ❝❛�❡✳ ▼♦�❡♦✈❡� �♦ �❤❡ ❝♦�✐♥❡� b1, b2, b3,b4,.... ✐� ✐� ♣♦��✐❜❧❡ �♦ �✉❜��✐�✉�❡ �❤❡ ✈❛❧✉❡� ♦❢

�❤❡ ✜��� ❝♦�✐♥❡� a1, a2, a3,.... ❛♥❞ ♦❢ �❤❡ ♥✐♥❡ ❝♦�✐♥❡� α1, β1, γ1, α2✱ ❡�❝✳ ✇❤✐❝❤ ✜① �❤❡ ♣♦�✐�✐♦♥ ♦❢

�❤❡ �❡❝♦♥❞ ❛①❡� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✜���✿ �❤✐� ❜❡✐♥❣ ��✉❡ ❜❡❝❛✉�❡ ♦❢ �❤❡ �❤❡♦�❡♠ ❢�♦♠ ❛♥❛❧②�✐❝❛❧

❣❡♦♠❡��② ✇❤✐❝❤ ❤❛� ❜❡❡♥ ❛❧�❡❛❞② �❡❝❛❧❧❡❞✳

✺✺✳ ❲❡ ♥♦✇ ✇❛♥� �♦ ♣�♦✈❡ �❤❛� �❤❡ �✐① �✉❛♥�✐�✐❡� 2A, 2B, 2C,D,E, F ❤❛✈❡ �❤❡ �❛♠❡ ♠❡❛♥✐♥❣

✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ❛①❡� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� p, q, r ❛� �❤❡ �✐① �✉❛♥�✐�✐❡� Λ,Ξ,Π,Σ,Φ,Ψ ❤❛✈❡ ✇✐�❤

�❡�♣❡❝� �♦ �❤❡ ❛①❡� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� x, y, z❀ ❤♦✇❡✈❡� ✇✐�❤ ❛ ❞✐✛❡�❡♥❝❡ ❝♦♥❝❡�♥✐♥❣ �❤❡✐� �✐❣♥✱

❝✐�❝✉♠��❛♥❝❡ ✇❤✐❝❤ ❞♦❡� ♥♦� �❡♣�❡�❡♥� ❛ ❞✐✣❝✉❧�②✱ ❛� ✐� ✐� ❢♦� ✉� ❛❧✇❛②� ♣♦��✐❜❧❡ �♦ ❛��✉♠❡

�❤❛� �❤❡ �✐❣♥ ✐� ❝❤❛♥❣❡❞ ✐♥ �❤❡ ❞❡✜♥✐�✐♦♥ ♦❢ �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ✜��� �✐① �✉❛♥�✐�✐❡� �♦ �❤❛� ✇❡

✇✐❧❧ ♠❛❦❡ ♣♦�✐�✐✈❡ �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡� ♦❢ �❤❡ ✭✷✹✮✳ ❚♦ �❤✐� ❛✐♠ ✇❡ ✇✐❧❧ ��❛�� ❢�♦♠ �❤❡ �✐①

❡�✉❛�✐♦♥� ✭✷✵✮ ✇❤✐❝❤ ❡��❛❜❧✐�❤ ❛ �❡❧❛�✐♦♥�❤✐♣ ❜❡�✇❡❡♥ �❤❡ �✇♦ ❝♦♥�✐❞❡�❡❞ �❡❢❡�❡♥❝❡ ❢�❛♠❡�✱ ❛�

�❤❡ ��✐♥♦♠✐❛❧� ✇❤✐❝❤ ❛�❡ ❛� �❤❡ ❡♥❞ ♦❢ �❤❡ ❧❡❢�✲❤❛♥❞ �✐❞❡� ♦❢ �❤❡�❡ ❡�✉❛�✐♦♥� ❛�❡ ❝♦♥��✐�✉�❡❞ ❜②

❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡� p, q, r, ❛♥❞ �❤❡ ✜��� �❡�♠� ✐♥❝❧✉❞❡✱ �♦❣❡�❤❡� ✇✐�❤ �❤❡

�❡❝♦♥❞ ♦�❞❡� �✐♠❡ ❞❡�✐✈❛�✐✈❡� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� x, y, z ✱ ❛❧�♦ �❤❡ �✉❛♥�✐�✐❡� X,Y, Z ✇❤✐❝❤ �❡♣�❡�❡♥�

�❤❡ ❝♦♠♣♦♥❡♥�� ♦❢ �❤❡ ❡①�❡�♥❛❧ ❢♦�❝❡� ♣❛�❛❧❧❡❧ �♦ �❤❡ ❛①❡� �❡❧❛�✐✈❡ �♦ �❤❡�❡ ❧❛�� ✈❛�✐❛❜❧❡�✳

❲❤❡♥ ✇❡ ❞❡❞✉❝❡❞ ❢�♦♠ �❤❡ ❡�✉❛�✐♦♥� ✭✷✵✮ �❤❡ ❡�✉❛�✐♦♥� ✭✷✸✮ ✇❡ ��❛��❡❞ ❜② ��❛♥�❢♦�♠✐♥❣ �❤♦�❡

��✐♥♦♠✐❛❧ ❛� ✜���✱ ✇❤✐❧❡ ♥♦✇ ✐� ✐� ❝♦♥✈❡♥✐❡♥� �♦ ��❛♥�❢♦�♠ �❤❡ �❛✐❞ ✜��� �❡�♠�✳ ▲❡� ✉� ❞❡♥♦�❡ ❜②

P,Q,R, �❤❡ �❤�❡❡ ❝♦♠♣♦♥❡♥�� ♦❢ �❤❡ ❡①�❡�♥❛❧ ❢♦�❝❡� ♣❛�❛❧❧❡❧ �♦ �❤❡ ❛①❡� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� p, q, r,

✇❡ ✇✐❧❧ �❤❡♥ ❤❛✈❡✱ ❜② �❤❡ �❤❡♦�② ♦❢ ❝♦♠♣♦�✐�✐♦♥ ♦❢ ❢♦�❝❡� ❛♥❞ ❜② �❤❡ ❞❡✜♥✐�✐♦♥� ✭✷✮ ✐♥��♦❞✉❝❡❞

✐♥ �❡❝�✳ ✸✸

X = α1P + β1Q+ γ1R

Y = α2P + β2Q+ γ2R ✭✸✾✮

Z = α3P + β3Q+ γ3R.

❲❡ ✇✐❧❧ ❛❧�♦ ❞❡❞✉❝❡ ❢�♦♠ �❤❡ ❡�✉❛�✐♦♥� ✭✶✮ ♦❢ �❡❝�✳ ✸✸

d2x

dt2
= α1

d2p

dt2
+ β1

d2q

dt2
+ γ1

d2r

dt2

d2y

dt2
= α2

d2p

dt2
+ β2

d2q

dt2
+ γ2

d2r

dt2
✭✹✵✮

d2z

dt2
= α3

d2p

dt2
+ β3

d2q

dt2
+ γ3

d2r

dt2
.



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✵✶

��❡♥❞❛♥	✐ �✉❡	
✐ ✈❛❧♦�✐ ✉❧
✐♠❛♠❡♥
❡ ♦

❡♥✉
✐ ✭✸✾✮✱ ✭✹✵✮✱ ❡ 	✐ 	♦	
✐
✉✐	❝❛♥♦ ✐♥	✐❡♠❡ ❝♦✐ ✭✶✽✮ ♥❡❧❧❡

❡�✉❛③✐♦♥✐ ✭✷✵✮ ✿ ♦♣❡�❛♥❞♦ ❝♦♥ ❞✐❧✐❣❡♥③❛ ♥♦
❡�❡♠♦ ❝❤❡ 	✐ ❣✐✉♥❣❡ ❛ 
�❡ �✐	✉❧
❛
✐ ✐ �✉❛❧✐ ♣♦		♦♥♦

❡		❡�❡ ❝♦♠♣❡♥❞✐❛
✐ 	♦

♦ ❧❡ ❢♦�♠❡

α1S + β1U + γ1W = 0

α2S + β2U + γ2W = 0 ✭✹✶✮

α3S + β3U + γ3W = 0

❞♦✈❡ ❧❡ S,U,W ❤❛♥♥♦ ✈❛❧♦�✐ ❝❤❡ ❞♦♣♦ ♣♦❝❤❡ ❧✐♥❡❡ ♣♦��❡♠♦ ♣❡� ❞✐	
❡	♦✳ ❙✐ ♠♦❧
✐♣❧✐❝❤✐♥♦ �✐	♣❡
✲


✐✈❛♠❡♥
❡ ♣❡� α1, α2, α3 ❧❡ ✉❧
✐♠❡ ❡�✉❛③✐♦♥✐ ✭✹✶✮✱ ✐♥❞✐ 	✐ 	♦♠♠✐♥♦✿ 	✐ ♠♦❧
✐♣❧✐❝❤✐♥♦ ❞❛ ❝❛♣♦

�✐	♣❡

✐✈❛♠❡♥
❡ ♣❡� β1, β2, β3, ❡ ♣❛�✐♠❡♥
✐ 	✐ 	♦♠♠✐♥♦✿ ❡ 	✐ ♦♣❡�✐ ✉♥❛ 
❡�③❛ ✈♦❧
❛ 	✐♠✐❧♠❡♥
❡

♠♦❧
✐♣❧✐❝❛♥❞♦ ♣❡� ❧❡ γ1, γ2, γ3. ■♥ ❝♦♥	❡❣✉❡♥③❛ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✸✮ ❞❡❧ ♥✉♠✳◦✸✸✳ ❝✐ �✐	✉❧
❡�❛♥♥♦

❧❡ ❡�✉❛③✐♦♥✐

S = 0; U = 0; W = 0

❧❡ �✉❛❧✐✱ ♠❡

❡♥❞♦ ♣❡� S,U,W ✐ ✈❛❧♦�✐ 
❡	
% ❛❝❝❡♥♥❛
✐ ❡ ❝❤❡ ❛❜❜✐❛♠♦ 	♦	♣❡	♦ ❞✐ 	❝�✐✈❡�❡✱ 	❛�❛♥♥♦

Γ

(

P −
d2p

dt2

)

−
d · 2A
dp

−
dD

dq
−

dE

dr
= 0

Γ

(

Q−
d2q

dt2

)

−
dD

dp
−

d · 2B
dq

−
dF

dr
= 0 ✭✹✷✮

Γ

(

R−
d2r

dt2

)

−
dE

dp
−

dF

dq
−

d · 2C
dr

= 0.

❊❝❝♦ ❧❡ ❡�✉❛③✐♦♥✐ ❝❤❡ 	
❛♥♥♦ ❛ �✐	❝♦♥
�♦ ❞❡❧❧❡ ✭✷✸✮ ❡ ❝❤❡ 	✐ ❛♣♣♦❣❣✐❛♥♦ ✉♥✐❝❛♠❡♥
❡ ❛❣❧✐ ❛		✐

❞❡❧❧❡ p, q, r, ❝♦♠❡ ❧❡ ✭✷✸✮ 	✐ ❛♣♣♦❣❣✐❛♥♦ ✉♥✐❝❛♠❡♥
❡ ❛❣❧✐ ❛		✐ ❞❡❧❧❡ x, y, z✳ ❱❡❞❡	✐ ❞❛❧ ❝♦♥❢�♦♥
♦

❞✐ �✉❡	
❡ ✭✹✷✮ ❝♦❧❧❡ ✭✷✸✮ ❧✬ ❛		❡�✐
❛ ❝♦��✐	♣♦♥❞❡♥③❛ ❞❡❧❧❡ 	❡✐ �✉❛♥
✐
*✱ ❛ ♠❡♥♦ ❞❡❧❧❛ ❞✐✛❡�❡♥③❛

❞❡✐ 	❡❣♥✐✳

✺✻✳❉✐❝✐❛♠♦ ✐♥♦❧
�❡ ❝❤❡ ❧❡ ♠❡♥
♦✈❛
❡ 	❡✐ �✉❛♥
✐
* ✐♥ ❛♠❜✐ ✐ ❝❛	✐ 	♦♥♦ ❧❡ ❡	♣�❡		✐♦♥✐ ❛♥❛❧✐
✐❝❤❡

❝♦♥
❡♥❡♥
✐ ❧✬❡✛❡

♦ ❝♦♠♣❧❡		✐✈♦ ❞✐ 
✉

❡ ❧❡ ❛③✐♦♥✐ ✐♥
❡�♥❡ 	♦♣�❛ ✐❧ ♣✉♥
♦ ❣❡♥❡�✐❝♦ (p, q, r) ♦✈✈❡�♦

(x, y, z)✳ ◗✉✐ ♣♦
�❡♠♠♦ ❣✐♦✈❛�❝✐ ❞✐ �✉❛♥
♦ % 	❝�✐

♦ ✐♥

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✵✶

▲❡
 ✉	 ❝♦♥	✐❞❡� 
❤❡ �❡❧❛
✐♦♥	❤✐♣	 ♦❜
❛✐♥❡❞ ✐♥ 
❤❡ ❧❛	
 ❡�✉❛
✐♦♥	 ❛♥❞ 	✉❜	
✐
✉
❡ 
❤❡♠✱ 
♦❣❡
❤❡�

✇✐
❤ 
❤♦	❡ ♦❜
❛✐♥❡❞ ✐♥ ❡�✉❛
✐♦♥	 ✭✶✽✮✱ ✐♥ 
❤❡ ❡�✉❛
✐♦♥	 ✭✷✵✮ ✿ ❜② ❝❛�❡❢✉❧ ❝❛❧❝✉❧❛
✐♦♥	 ✇❡ ✇✐❧❧

�❡♠❛�❦ 
❤❛
 ♦♥❡ �❡❛❝❤❡	 
❤�❡❡ �❡	✉❧
	 ✇❤✐❝❤ ❝❛♥ ❜❡ �❡	✉♠❡❞ ❜② ❡�✉❛
✐♦♥	 ❤❛✈✐♥❣ 
❤❡ ❢♦❧❧♦✇✐♥❣

❢♦�♠

α1S + β1U + γ1W = 0

α2S + β2U + γ2W = 0 ✭✹✶✮

α3S + β3U + γ3W = 0

✇❤❡�❡ 
❤❡ S,U,W ❤❛✈❡ ✈❛❧✉❡	 ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❡①♣❧✐❝✐
 ❜❡❧♦✇✱ ❛❢
❡� ❢❡✇ ❧✐♥❡	✳ ▲❡
 ✉	 ♠✉❧
✐♣❧②

�❡	♣❡❝
✐✈❡❧② 
✐♠❡	 α1, α2, α3 
❤❡ ❧❛	
 ❡�✉❛
✐♦♥	 ✭✹✶✮✱ 
❤❡♥ ❧❡
 ✉	 	✉♠ 
❤❡ ♦❜
❛✐♥❡❞ �✉❛♥
✐
✐❡	✿

♥❡①
 ♠✉❧
✐♣❧② ❛❣❛✐♥ 
✐♠❡	 β1, β2, β3, ❛♥❞ 	✐♠✐❧❛�❧② 	✉♠ 
❤❡ ♦❜
❛✐♥❡❞ �❡	✉❧
	✿ �❡♣❡❛
 ❛ 
❤✐�❞ 
✐♠❡


❤❡ ♣�♦❝❡❞✉�❡ ✐♥ ❛ 	✐♠✐❧❛� ✇❛② ♠✉❧
✐♣❧②✐♥❣ 
✐♠❡	 γ1, γ2, γ3. ❆	 ❛ ❝♦♥	❡�✉❡♥❝❡ ♦❢ 
❤❡ ❡�✉❛
✐♦♥	

✭✸✮ ✐♥ 	❡❝
✳ ✸✸ ✇❡ ✇✐❧❧ ❣❡
 
❤❡ ❡�✉❛
✐♦♥	

S = 0; U = 0; W = 0

✇❤✐❝❤✱ ❜② �❡♣❧❛❝✐♥❣ ❢♦� 
❤❡ �✉❛♥
✐
✐❡	 S,U,W 
❤♦	❡ ✈❛❧✉❡	 ♣�❡✈✐♦✉	❧② ♠❡♥
✐♦♥❡❞ ❜✉
 ♥♦
 ❡①✲

♣❧✐❝✐
❧② ✇�✐

❡♥✱ ✇✐❧❧ ❜❡❝♦♠❡

Γ

(

P −
d2p

dt2

)

−
d · 2A
dp

−
dD

dq
−

dE

dr
= 0

Γ

(

Q−
d2q

dt2

)

−
dD

dp
−

d · 2B
dq

−
dF

dr
= 0 ✭✹✷✮

Γ

(

R−
d2r

dt2

)

−
dE

dp
−

dF

dq
−

d · 2C
dr

= 0.

❍❡�❡ ✇❡ ❤❛✈❡ 
❤♦	❡ ❡�✉❛
✐♦♥	 ✇❤✐❝❤ ❝♦��❡	♣♦♥❞ 
♦ 
❤❡ ✭✷✸✮ ❛♥❞ ✇❤✐❝❤ ❡①❝❧✉	✐✈❡❧② �❡❢❡� 
♦ 
❤❡

❛①❡	 ♦❢ 
❤❡ ✈❛�✐❛❜❧❡	 p, q, r, ❡①❛❝
❧② ✐♥ 
❤❡ 	❛♠❡ ✇❛② ❛	 
❤❡ ❡�✉❛
✐♦♥	 ✭✷✸✮ ❡①❝❧✉	✐✈❡❧② �❡❢❡� 
♦ 
❤❡

❛①❡	 ♦❢ 
❤❡ ✈❛�✐❛❜❧❡	 x, y, z✳ ❖♥❡ ❝❛♥ ❝❤❡❝❦ ❜② ❝♦♠♣❛�✐♥❣ 
❤❡ ❡�✉❛
✐♦♥	 ✭✹✷✮ ✇✐
❤ 
❤❡ ❡�✉❛
✐♦♥	

✭✷✸✮ 
❤❡ ❛		❡�
❡❞ ❝♦��❡	♣♦♥❞❡♥❝❡ ❜❡
✇❡❡♥ 
❤❡ 	✐① �✉❛♥
✐
✐❡	 ❝♦♥	✐❞❡�❡❞✱ ✉♥❧❡		 ❛ ❞✐✛❡�❡♥❝❡ ♦❢

	✐❣♥	✳

✺✻✳ ▲❡
 ✉	 ❢✉�
❤❡� 	
❛
❡ 
❤❛
 
❤❡ ♠❡♥
✐♦♥❡❞ 	✐① �✉❛♥
✐
✐❡	 ✐♥ ❜♦
❤ ❝❛	❡	 ❛�❡ 
❤❡ ❛♥❛❧②
✐❝❛❧

❡①♣�❡		✐♦♥	 ✇❤✐❝❤ ❝♦♥
❛✐♥ 
❤❡ ✇❤♦❧❡ ❡✛❡❝
 ♦❢ ❛❧❧ ✐♥
❡�♥❛❧ ❛❝
✐♦♥	 ❡①❡�
❡❞ ♦♥ 
❤❡ ❣❡♥❡�✐❝ ♣♦✐♥


(p, q, r) ✇❤✐❝❤ ✐	 ♦
❤❡�✇✐	❡ ❧❛❜❡❧❧❡❞ ❬❜② ❝❤❛♥❣✐♥❣ ❢�❛♠❡❪ ✇✐
❤ 
❤❡ ❝♦♦�❞✐♥❛
❡	(x, y, z)✳ ❍❡�❡ ✇❡

✇✐❧❧ ❜❡ ❛❜❧❡ 
♦ 
❛❦❡ ❛❞✈❛♥
❛❣❡ ♦❢ ✇❤❛
 ✐	 ✇�✐

❡♥ ✐♥



✶✵✷
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

♣✐	 ❧✉♦❣❤✐ ❞❡❧❧❛ ▼✳❆✳ ✐♥�♦�♥♦ ❛✐ ❝♦❡✣❝✐❡♥�✐ ❝❤❡ ♠♦❧�✐♣❧✐❝❛♥♦ ❧❡ ✈❛�✐❛�❡ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥✲

❞✐③✐♦♥❡✱ ❝❤❡ ❝✐♦� ♣✉� ❞❛��✐ ❧♦�♦ ✉♥❛ �❛♣♣�❡�❡♥�❛③✐♦♥❡ ❞✐ ❢♦�③❡✿ ❡ ✈❡�❛♠❡♥�❡ ❧❡ �❡✐ �✉❛♥�✐�"

A,B,C,D,E, F ✭ ❡�♣�❡��✐♦♥❡ ✭✶✺✮ ♥✉♠.◦✹✼ ✮ ❢✉�♦♥♦ ❝♦❡✣❝✐❡♥�✐ ✐♥��♦❞♦��✐ ❛ �✉❡��❛ ♠❛♥✐❡�❛✳

▼❛ ♥♦♥ ♠✐ ♣❛�❡ ❝❤❡ ❝✐� �✐❛ ♥❡❝❡��❛�✐♦✿ ❤♦ ❣✐" ✐♥�✐♥✉❛�♦ ♥❡❧ ♣�❡❛♠❜♦❧♦ ❞❡❧❧❛ ▼❡♠♦�✐❛ ❝❤❡ ✐❧

❣�❛♥❞❡ ✈❛♥�❛❣❣✐♦ ❞❡✐ ♠❡�♦❞✐ ❧❛❣�❛♥❣✐❛♥✐ ��❛ ❛♣♣✉♥�♦ ♥❡❧ ♣�❡��❛��✐ ❛❞ ❡�♣�✐♠❡�❡ ❛♥❛❧✐�✐❝❛♠❡♥�❡

✐ ❢❛��✐✱ �❡♥③❛ ❡�✐❣❡�❡ ❝❤❡ �✐ ✈❛❞❛ ❛ �❝�✉�✐♥❛�❡ ❧❛ ���✉��✉�❛ ✐♥�❡�♥❛ ❞✐ �✉❡❧❧❡ �✉❛♥�✐�" ❝❤❡ ♥❡

�✐❣♥✐✜❝❤❡�❡❜❜❡�♦ ❧❡ ❝❛✉�❡✱ ���✉��✉�❛ ❧❛ �✉❛❧❡ ❝✐ �❡��❡�" �❡♠♣�❡ ♦❝❝✉❧�❛✱ ❝♦♠❡ ❝✐ ♦❝❝♦��❡�" ❞✐

♠❡❣❧✐♦ ❞✐❝❤✐❛�❛�❡ ♥❡❧ ❈❛♣♦ ❱■❀ ❞✐ ❣✉✐�❛ ❝❤❡ ♥♦♥ ❛❜❜✐�♦❣♥❛♥♦ �❡ ♥♦♥ ❞✐ ❝✐� ❛ ❝✉✐ ❧❛ ♠❡♥�❡

✉♠❛♥❛ ❛��✐✈❛ ❝♦♥ �✐❝✉�❡③③❛✱ ❡ ❢❛♥♥♦ �❡♥③❛ ❞✐ ❝✐� ✐♥�♦�♥♦ ❛ ❝✉✐ ♥♦♥ ♣♦��❡♠♦ ♠❛✐ ❞✐�❡ ♥✐❡♥�❡ ❞✐

❝❡��♦✳ ❙❡ ❧❡ ❢♦�③❡ ✐♥�❡�♥❡ ��❛ ❧❡ ♠♦❧❡❝♦❧❡ ♥♦♥ �✉��✐��❡��❡�♦✱ �✉❡��❡ �❛�❡❜❜❡�♦ ♣✉♥�✐ ✜�✐❝✐ ❛✛❛��♦

❧✐❜❡�✐✱ ❡ ❧❡ ❡�✉❛③✐♦♥✐ ❞❡❧ ❧♦�♦ ♠♦�♦ �✐ ❛✈�❡❜❜❡�♦ ❞❛✐ �♦❧✐ ♣�✐♠✐ �❡�♠✐♥✐ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✷✸✮ ♦

✭✹✷✮✱ ♦♠♠❡��✐ �✉❡✐ ��✐♥♦♠❥ ❝♦❧❧❡ ❞❡�✐✈❛�❡ ♣❛�③✐❛❧✐✳ ❚❛❧✐ ��✐♥♦♠❥ ✐♥✈❡❝❡ ❡�✐��♦♥♦ ✭ ❡ ❧♦ ❛❜❜✐❛♠♦

♣�♦✈❛�♦✮ �✉❛♥❞♦ ✈✐ �♦♥♦ ❧❡ ❛③✐♦♥✐ ✈✐❝❡♥❞❡✈♦❧✐ ♠♦❧❡❝♦❧❛�✐ ✿ ❡��✐ ❛❞✉♥�✉❡ �❛❝❝♦❧❣♦♥♦ ❧✬❡�♣�❡��✐♦♥❡

❞❡✐ ❧♦�♦ ❡✛❡��✐ ✿ ✐❧ ❝❤❡ ❝✐ ❜❛��❛✱ �❡♥③❛ ✐♠❜❛�❛③③❛�❝✐ ❞❡❧ ❝♦♠❡✳

❆♠♠❡��♦ ❝❤❡ ❧❡ �❡✐ �✉❛♥�✐�" 2A, 2B, 2C,D,E, F ❝♦♥�❡♥❣❛♥♦ ❧❡ ❡�♣�❡��✐♦♥✐ ❛♥❛❧✐�✐❝❤❡ ❞❡❣❧✐

❡✛❡��✐ ❞❡❧❧❡ ❢♦�③❡ ✐♥�❡�♥❡✱ �✉❛♥❞♦ ✐❧ ❝♦�♣♦ � �✐❢❡�✐�♦ ❛❣❧✐ ❛��✐ ❞❡❧❧❡ p, q, r ✿ ❡ ❝❤❡ ❧♦ ��❡��♦ ❞❡❜❜❛

❞✐��✐ ❞❡❧❧❡ �❡✐ Λ,Ξ,Π,Σ,Φ,Ψ, �✉❛♥❞♦ ✐❧ �✐❢❡�✐♠❡♥�♦ � ❛❣❧✐ ❛��✐ ❞❡❧❧❡ x, y, z, ♣♦��❡♠♦ ❛♣♣❧✐❝❛�❡ ❛❞

❡��❡ �✉��♦ �✉❛♥�♦ ❛❧ ♥✉♠✳◦✺✹✳ ❞✐❝❡♠♠♦ ❞♦✈❡�❡ ❛✈✈❡♥✐�❡ ❞✐ �✉❡❧❧❡ ❡�♣�❡��✐♦♥✐❀ ❝❤❡ ❝✐♦� �✉❛♥❞♦

♥♦♥ ❡�✐��♦♥♦ ❛③✐♦♥✐ ❞✐♣❡♥❞❡♥�✐ ❞❛❧❧❛ ✜❣✉�❛ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡✱ ❧❡ ♣�✐♠❡ �✐ ♠✉�❡�❛♥♥♦ ♥❡❧❧❡ �❡❝♦♥❞❡

❝♦❧ ♠✉�❛�❡ ❞❡❧❧❡ p, q, r ♥❡❧❧❡ x, y, z ✿ ❡ ❝❤❡ �✉❛♥❞♦ ✈✐ ❤❛♥♥♦ ❛♥❝❤❡ �✉❡❧❧❡ ❛③✐♦♥✐ ❞✐ �❡❝♦♥❞❛ �♣❡❝✐❡✱

❜✐�♦❣♥❡�" ✐♥♦❧��❡ ♠✉�❛�❡ ❝❡��❡ �✉❛♥�✐�" a1, a2, a3... ♣❛��✐❝♦❧❛�✐ ❛❧❧❡ ♣�✐♠❡ ✐♥ ❛❧��❡ b1, b2, b3,...

♣❛��✐❝♦❧❛�✐ ❛❧❧❡ �❡❝♦♥❞❡✳ ❙❡ ♥♦♥ ❝❤❡✱ ♣✉� �✉✐ �♦�❣❡�❡ ✉♥❛ ❞✐✣❝♦❧�" ❝❤❡ � ❜❡♥❡ ❞✐ ♣�❡✈❡♥✐�❡ ❡ ❞✐

�♦❣❧✐❡�❡✱ ❛♥❝❤❡ ❛❧❧✬♦❣❣❡��♦ ❞✐ ❢♦�♠❛�❝✐ �✉❛❧❝❤❡ ✐❞❡❛ ✉♥ ♣� ♣✐	 ❛❞❡�✉❛�❛ ✐♥�♦�♥♦ ❛❧❧❛ ♥❛�✉�❛

✶✵✷
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

♠❛♥② ❡①❝❡�♣�✐♦♥� ♦❢ �❤❡ ▼✳❆✳ ❞❡❛❧✐♥❣ ✇✐�❤ �❤❡ ❝♦❡✣❝✐❡♥�� ✇❤✐❝❤ ♠✉❧�✐♣❧② �❤❡ ✈❛�✐❛�✐♦♥� ♦❢

�❤❡ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥�✱ ✇❤❡�❡ ✐� ✐� ��❛�❡❞ �❤❛� ✐� ✐� ♣♦��✐❜❧❡ �♦ ❣✐✈❡ �♦ �❤❡�❡ ❝♦❡✣❝✐❡♥�� ❛

�❡♣�❡�❡♥�❛�✐♦♥ ❛� ❢♦�❝❡�✿ ❛♥❞ ❛❝�✉❛❧❧② �❤❡ �✐① �✉❛♥�✐�✐❡� A,B,C,D,E, F ✭�❡❡ ❡①♣�❡��✐♦♥ ✭✶✺✮

�❡❝�✳ ✹✼✮ ✇❡�❡ ❝♦❡✣❝✐❡♥�� ✐♥��♦❞✉❝❡❞ ✐♥ �✉❝❤ ❛ ♠❛♥♥❡�✳ ❍♦✇❡✈❡� ✐� ❞♦❡� ♥♦� �❡❡♠ �♦ ♠❡ �❤❛�

�✉❝❤ ❛ ❝♦♥�✐❞❡�❛�✐♦♥ ✐� ♥❡❝❡��❛�②✿ ■ ❤❛✈❡ ❛❧�❡❛❞② �✉❣❣❡��❡❞ ✐♥ �❤❡ 8�❡❛♠❜❧❡ ♦❢ �❤❡ ▼❡♠♦✐� �❤❛�

�❤❡ ❣�❡❛� ❛❞✈❛♥�❛❣❡ ♦❢ �❤❡ ▲❛❣�❛❣✐❛♥ ▼❡�❤♦❞� ❝♦♥�✐��� ❡①❛❝�❧② ✐♥ �❤❡✐� ❝❛♣❛❜✐❧✐�② ♦❢ ❡①♣�❡��✐♥❣

✐♥ ❛♥❛❧②�✐❝❛❧ ✇❛② �❤❡ ❬♣❤②�✐❝❛❧❪ ❡✈✐❞❡♥❝❡� ✇✐�❤♦✉� ❞❡♠❛♥❞✐♥❣ �❤❛� ♦♥❡ ✐� ♦❜❧✐❣❡❞ �♦ ✐♥✈❡��✐❣❛�❡

�❤❡ ✐♥�❡�♥❛❧ ���✉❝�✉�❡ ♦❢ �❤♦�❡ �✉❛♥�✐�✐❡� ✇❤✐❝❤ ✇♦✉❧❞ �❡♣�❡�❡♥� �❤❡✐� ❝❛✉�❡�✱ ❛� �❤✐� ���✉❝�✉�❡

✇✐❧❧ �❡♠❛✐♥ ❢♦� ✉� ❛❧✇❛②� ❤✐❞❞❡♥✱ ❛� ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ �♦ ❞❡❝❧❛�❡ ❜❡��❡� ✐♥ �❤❡ ❈❛♣♦ ■❱❀ ✐♥❞❡❡❞

❬�❤❡ ▲❛❣�❛♥❣✐❛♥ ▼❡�❤♦❞�❪ ❞♦ ♥♦� ♥❡❡❞ ❛♥②�❤✐♥❣ ❡❧�❡ �❤❛♥ �❤♦�❡ ❝♦♥❝❡♣�� �♦ ✇❤✐❝❤ �❤❡ ❤✉♠❛♥

♠✐♥❞ ❝❛♥ ❛��✐✈❡ �✉�❡❧② ❛♥❞ ❝❛♥ ❛✈♦✐❞ �♦ ❝♦♥�✐❞❡� ✇❤❛� ❛❜♦✉� ✇❤✐❝❤ ✇❡ ✇✐❧❧ ♥❡✈❡� ❜❡ ❛❜❧❡ �♦

��❛�❡ ❛♥②�❤✐♥❣ ❝❡��❛✐♥✳ ■❢ �❤❡ ✐♥�❡�♥❛❧ ❢♦�❝❡� ❛♠♦♥❣ ♠♦❧❡❝✉❧❡� ✇♦✉❧❞ ♥♦� ❡①✐��✱ �❤❡�❡ ♠♦❧❡❝✉❧❡�

✇♦✉❧❞ ❜❡ ♣❤②�✐❝❛❧ ♣♦✐♥�� ❝♦♠♣❧❡�❡❧② ❢�❡❡ ❛♥❞ �❤❡ ❡�✉❛�✐♦♥� ♦❢ �❤❡✐� ♠♦�✐♦♥ ✇♦✉❧❞ ❜❡ ❞❡❞✉❝❡❞

♦♥❧② ❢�♦♠ �❤❡ ✜��� �❡�♠� ♦❢ �❤❡ ❡�✉❛�✐♦♥� ✭✷✸✮ ♦� ✭✹✷✮✱ ❜② ♦♠✐��✐♥❣ �❤♦�❡ ��✐♥♦♠✐❛❧� ✐♥ ✇❤✐❝❤

♣❛��✐❛❧ ❞❡�✐✈❛�✐✈❡� ❛♣♣❡❛�✳ ■♥��❡❛❞ �❤❡�❡ ��✐♥♦♠✐❛❧ ❞♦ ❡①✐�� ✭❛♥❞ ✇❡ ❤❛✈❡ ♣�♦✈❡♥ ✐�✮ ✇❤❡♥ �❤❡�❡

❛�❡ ♠♦❧❡❝✉❧❛� ♠✉�✉❛❧ ❛❝�✐♦♥�✿ �❤❡�❡ ��✐♥♦♠✐❛❧� �❤❡�❡❢♦�❡ ❣❛�❤❡� �❤❡ ❡①♣�❡��✐♦♥� ♦❢ �❤❡✐� ❡✛❡❝��✿

✇❤✐❝❤ ✐� ❢♦� ✉� �✉✣❝✐❡♥�✱ ❛� ✇❡ ❞♦ ♥♦� ✇❛♥� �♦ ❜❡ ❡♠❜❛��❛��❡❞ ❜② �❤❡ ❛❝�✉❛❧ ✇❛②� ✐♥ ✇❤✐❝❤

�❤❡�❡ ♠✉�✉❛❧ ❛❝�✐♦♥� ❛�❡ ❡①❡��❡❞✳

❖♥❝❡ ❛❞♠✐��❡❞ �❤❛� �❤❡ �✐① �✉❛♥�✐�✐❡� 2A, 2B, 2C,D,E, F ❝♦♥�❛✐♥ �❤❡ ❛♥❛❧②�✐❝❛❧ ❡①♣�❡��✐♦♥�

❢♦� �❤❡ ❡✛❡❝�� ♦❢ ✐♥�❡�♥❛❧ ❢♦�❝❡� ✇❤❡♥ �❤❡ ❜♦❞② ✐� �❡❢❡��❡❞ �♦ �❤❡ ❛①❡� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� p, q, r

✿ ❛♥❞ �❤❛� �❤❡ �❛♠❡ ♠✉�� ❜❡ �❛✐❞ ❢♦� �❤❡ �✐① �✉❛♥�✐�✐❡� Λ,Ξ,Π,Σ,Φ,Ψ, ✇❤❡♥ ❝♦♥�✐❞❡�✐♥❣

�❤❡ �❡❢❡�❡♥❝❡ ❢�❛♠❡ �❡❧❛�✐✈❡ �♦ �❤❡ ✈❛�✐❛❜❧❡� x, y, z, ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ �♦ ❛♣♣❧② �♦ �❤❡♠ ❛❧❧ �❤❡

��❛�❡♠❡♥�� ✇❡ ❡��❛❜❧✐�❤❡❞ ✐♥ �❡❝�✳ ✺✹✳ ✐✳❡✳ �❤❛� ✇❤❡♥ �❤❡�❡ ❛�❡ ♥♦� ✐♥�❡�♥❛❧ ❛❝�✐♦♥� ❞❡♣❡♥❞✐♥❣ ♦♥

�❤❡ ❢♦�♠ ♦❢ �❤❡ ♠♦❧❡❝✉❧❡�✱ �❤❡♥ �❤❡ ✜��� �✐① �✉❛♥�✐�✐❡� ✇✐❧❧ ❜❡ ��❛♥�❢♦�♠❡❞ ✐♥�♦ �❤❡ �❡❝♦♥❞ ♦♥❡�

✇❤❡♥ ��❛♥�❢♦�♠✐♥❣ �❤❡ ✈❛�✐❛❜❧❡� p, q, r ✐♥�♦ �❤❡ ✈❛�✐❛❜❧❡� x, y, z ✿ ❛♥❞ �❤❛� ✐♥��❡❛❞ ✇❤❡♥ ❛❧�♦

�❤❡ ✐♥�❡�♥❛❧ ❛❝�✐♦♥� ♦❢ �❤❡ �❡❝♦♥❞ ❦✐♥❞ �❤❡�❡ ❞❡�❝�✐❜❡❞ ❛�❡ ♣�❡�❡♥� �❤❡♥ ✐� ✇✐❧❧ ❜❡ ♥❡❝❡��❛�② �♦

��❛♥�❢♦�♠ ❝❡��❛✐♥ �✉❛♥�✐�✐❡� a1, a2, a3... �❡❧❛�✐✈❡ �♦ �❤❡ ✜��� �✐① �✉❛♥�✐�✐❡� ✐♥�♦ ♦�❤❡�� b1, b2, b3, ...

�❡❧❛�✐✈❡ �♦ �❤❡ �❡❝♦♥❞ ♦♥❡�✳ ◆♦✇ ❤❡�❡ ❛ ❞✐✣❝✉❧�② ♠❛② ❛�✐�❡ ✇❤✐❝❤ ✐� �✉✐�❛❜❧❡ �♦ ♣�❡✈❡♥� ❛♥❞

�❡♠♦✈❡✱ ❛❧�♦ ✐♥ ♦�❞❡� �♦ ❢♦�♠ ✐♥ ♦✉� ♠✐♥❞ �♦♠❡ ♠♦�❡ ❛❞❡�✉❛�❡ ✐❞❡❛� ❛❜♦✉� �❤❡ ♥❛�✉�❡



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✵✸

❞✐ ❞❡��❡ �❡✐ 	✉❛♥�✐�
✳ ❊��❡✱ 	✉❛❧✐ ❛♣♣❛❥♦♥♦ ♥❡❧❧❡ ❡	✉❛③✐♦♥✐ ✭✹✷✮✱ ✭✷✸✮✱ �♦♥♦ ❢✉♥③✐♦♥✐ ❞❡❧❧❡ �♦❧❡ ❝♦✲

♦�❞✐♥❛�❡ p, q, r ♦✈✈❡�♦ x, y, z ❞❡❧ ♣✉♥�♦ ❣❡♥❡�✐❝♦✱ ♠❡♥��❡ ✐♥ 	✉❡❧❧❡ 	✉❛♥�✐�
 ✭✸✺✮✱✭✸✽✮✱ ❝❤❡ �♦♣�❛

❞✐❝❡♠♠♦ ❞♦✈❡� ❝♦��✐�✉✐�❡ ❝♦♠❡ ❣❧✐ ❡❧❡♠❡♥�✐ ❛♥❛❧✐�✐❝✐ ❞❡❧❧❡ ❡�♣�❡��✐♦♥✐ ❞❡❧❧❡ ❢♦�③❡ ✐♥�❡�♥❡✱ ❡♥��❛✲

✈❛♥♦ ❛♥❝❤❡ ❧❡ ❝♦♦�❞✐♥❛�❡ p1, q1,r1; p2, q2, r2, ec✳❞✐ ❛❧��❡ ♠♦❧❡❝♦❧❡✳ ❘✐�♣♦♥❞♦ ❝❤❡ ❞❡✈❡ ❛♣♣✉♥�♦

❡��❡�❡ ❝♦�% ♣❡� ❧❛ �❛❣✐♦♥❡ ❝❤❡ ❧❡ �❡✐ 	✉❛♥�✐�
 2A, 2B✱ ❡❝✳ �❛♣♣�❡�❡♥�❛♥♦ ✐❧ ❝♦♠♣❧❡��♦ ❞✐ �✉��❡ ❧❡

❛③✐♦♥✐ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ❝✐�❝♦��❛♥�✐ �✉ 	✉❡❧❧❛ ❝❤❡ ❤❛ ♣❡� ❝♦♦�❞✐♥❛�❡ p, q, r✳ ❙❡ �✐ ��❛��❛��❡ ❞✐ ✉♥❛

�♦❧❛ ❡�♣�❡��✐♦♥❡ ❞❡❧❧✬❛③✐♦♥❡ ❡❧❡♠❡♥�❛�❡ ❢�❛ ❧❛ ♠♦❧❡❝♦❧❛ (p, q, r) ❡ ✉♥✬❛❧��❛ 	✉❛❧✉♥	✉❡ (ξ, η, ζ)✱

❝❡��❛♠❡♥�❡ ✈✐ ❞♦✈�❡❜❜❡�♦ ❡♥��❛�❡ �❛♥�♦ ❧❡ ♣�✐♠❡ ❝❤❡ ❧❡ �❡❝♦♥❞❡ ❝♦♦�❞✐♥❛�❡✱ ♠❛ ��❛��❛♥❞♦�✐

❞❡❧ ❝♦♠♣❧❡��♦ ❞✐ �✉��❡ ❧❡ ❛③✐♦♥✐ �✐♠✐❧✐✱ ❧❡ ✈❛�✐❛❜✐❧✐ ξ, η, ζ ❞❡❜❜♦♥♦ ✭ �❡��❛♥❞♦ ❢❡�♠❡ ❧❡ p, q, r ✮

♣�❡♥❞❡�❡ �✉❝❝❡��✐✈❛♠❡♥�❡ ✐ ✈❛❧♦�✐ ❞❡❧❧❡ ❝♦♦�❞✐♥❛�❡ ❞✐ �✉��❡ ❧❡ ♠♦❧❡❝♦❧❡ ❞❡❧ ❝♦�♣♦✱ ❡❞ ❡�❛✉�✐�❡ ♣❡�

✐♥�❡�♦ ❧❛ ❧♦�♦ ✈❛�✐❛❜✐❧✐�
✱ �❛❧❝❤) ♣✐* ♥♦♥ ❝♦♠♣❛❥❛♥♦✳ ◗✉❡❧❧❡ �❡✐ 	✉❛♥�✐�
 ✈❡��♦♥♦ ✐❧ �✐❣♥✐✜❝❛�♦ ❞✐

✈❡�✐ ✐♥�❡❣�❛❧✐ ❞❡✜♥✐�✐ ��✐♣❧✐❝❛�✐ ♣�❡�✐ ♣❡� ❧❡ ✈❛�✐❛❜✐❧✐ ξ, η, ζ, ❡ ❛✈❡♥�✐ ♣❡� ❧✐♠✐�✐ ✐ ✈❛❧♦�✐ ❞✐ 	✉❡��❡

✈❛�✐❛❜✐❧✐ ❛✐ ❧✐♠✐�✐ ❞❡❧ ❝♦�♣♦✳ ❈✐. ❛♣♣❛�✐�
 ♣✐* ❝❤✐❛�♦ ♥❡❧ ❈❛♣♦ ❱■✳ 1✉. ❛♥❝❤❡ ❡�✐❣❡��✐ 	✉❛❧❝❤❡

❛❧��❛ ❞✐✣❝♦❧�
✱ ❞✐ ❝✉✐ ❝✐ ♣❛�❡ ♣✐* ♦♣♣♦��✉♥♦ �✐�❡�❜❛�❡ ❧✬❡�♣♦�✐③✐♦♥❡ ❛❧ ❈❛♣♦ �❡❣✉❡♥�❡✳

❉♦♣♦ ✐❧ ✜♥ 	✉✐ ❞❡��♦ ❛✈�❡♠♦ ♥♦③✐♦♥✐ ♣✐* ❝❤✐❛�❡ ✐♥�♦�♥♦ ❛❧❧❡ 	✉❛♥�✐�
 ❝❤❡ ❝♦♠♣♦♥❣♦♥♦ ❧❡

❡	✉❛③✐♦♥✐ ✭✷✹✮✱ ❛♣♣✉♥�♦ ❝♦♠❡ �✐ �✐❝❤✐❡❞❡ ♣❡� ♣♦�❡�♥❡ ��❛��❡ ♣�♦✜��♦✳ ◆❡✐ ♣�✐♠✐ ♠❡♠❜�✐ ❧❡ Λ,Ξ✱

❡❝✳ �♦♥♦ ❢✉♥③✐♦♥✐ ❞❡❧❧❡ x, y, z ❡ ❞✐ 	✉❡✐ ❝♦�❡♥✐ b1, b2, b3... ❝❤❡ ✐♥�❡�✈❡♥❣♦♥♦ ♥❡❧ �♦❧♦ ❝❛�♦ ❝❤❡ �✐

�✐❡♥ ❝♦♥�♦ ❞❡❧❧❛ ✜❣✉�❛ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡✿ ♥❡✐ �❡❝♦♥❞✐ ♠❡♠❜�✐ ❧❡ 2A, 2B, 2C,D,E, F �♦♥♦ ❢✉♥③✐♦♥✐

❞❡✐ ❝♦�❡♥✐ a1, a2, a3.... ❝♦��✐�♣♦♥❞❡♥�✐ ❛✐ b1, b2, b3... ❛♥③✐❞❡��✐✱ ❡ ❞❡❧❧❡ p, q, r ❛❧❧❡ 	✉❛❧✐ �♦♥♦ ��❛�✐

�♦��✐�✉✐�✐ ✭ ❝♦♠❡ �✐�✉❧�❛ ❞❛❧ ♥✉♠✳◦✺✵✳ ✮ ✐ ❧♦�♦ ✈❛❧♦�✐ ✭✸✶✮ ♥✉♠.◦✹✵✳✱ ❢❛��✐ ❝♦❧❧❡ x, y, z✳ ❙♦��♦

	✉❡��♦ ❛�♣❡��♦ �✐❝❤✐❛♠❡�❡♠♦ ❧❛ ❝♦♠♣♦�✐③✐♦♥❡ ❞❡❧❧❡ 	✉❛♥�✐�
 ❝❤❡ ❡♥��❛♥♦ ♥❡❧❧❡ ❡	✉❛③✐♦♥✐ ✭✷✹✮✱

✐♥ ✉♥ ❧✉♦❣♦ ❞❡❧ ❈❛♣♦ �❡❣✉❡♥�❡ ♦♥❞❡ ❞❡❞✉�♥❡ ✉♥❛ ✐♠♣♦��❛♥�✐��✐♠❛ ❝♦♥�❡❣✉❡♥③❛✳ ◗✉✐ ❝✐ ❣✐♦✈❡�


✐♠♠❛❣✐♥❛�❡ ❝❤❡ ♥❡✐ ♣�✐♠✐ ♠❡♠❜�✐✱ ♣❡� ❡♥��♦ ❛❧❧❡

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✵✸

♦❢ �❛✐❞ �✐① 	✉❛♥�✐�✐❡�✳ ■♥❞❡❡❞ �❤❡②✱ ❛� �❤❡② ❛♣♣❡❛� ✐♥ �❤❡ ❡	✉❛�✐♦♥� ✭✹✷✮✱ ✭✷✸✮✱ ❛�❡ ❢✉♥❝�✐♦♥� ♦❢

�❤❡ ❝♦♦�❞✐♥❛�❡� p, q, r ♦� ♦❢ �❤❡ ❝♦♦�❞✐♥❛�❡� x, y, z ♦❢ �❤❡ ❣❡♥❡�✐❝ ♣♦✐♥�✱ ✇❤✐❧❡ ✐♥ �❤♦�❡ 	✉❛♥�✐�✐❡�

✭✸✺✮✱✭✸✽✮✱ ✇❤✐❝❤ ✇❡ �❡❝♦❣♥✐③❡❞ ✐♥ ♦✉� ♣�❡✈✐♦✉� ❝♦♥�✐❞❡�❛�✐♦♥� ❛� �❤❡ ❛♥❛❧②�✐❝❛❧ ✈❛�✐❛❜❧❡� �♦

❜❡ ✉�❡❞ ✐♥ �❤❡ ❡①♣�❡��✐♦♥� ♦❢ ✐♥�❡�♥❛❧ ❢♦�❝❡�✱ �❤❡ ❝♦♦�❞✐♥❛�❡� p1, q1,r1; p2, q2, r2, ec✳ ♦❢ ♦�❤❡�

♠♦❧❡❝✉❧❡� ❬♦❢ �❤❡ ❜♦❞②❪ ❛❧�♦ ❛♣♣❡❛�❡❞✳ ■ ❛♥�✇❡� �❤❛� ✐� ❤❛� �♦ ❜❡ �♦ ❜❡❝❛✉�❡ ❛❧❧ �❤❡ �✐①

	✉❛♥�✐�✐❡� 2A, 2B✱ ❡�❝✳ �❡♣�❡�❡♥� �❤❡ ❝♦♠♣❧❡① ♦❢ ❛❧❧ �❤❡ ❛❝�✐♦♥� ♦❢ �❤❡ ♥❡✐❣❤❜♦�✐♥❣ ♠♦❧❡❝✉❧❡�

♦♥ �❤❡ ♠♦❧❡❝✉❧❡ ✇❤✐❝❤ ❤❛� ❛� ❝♦♦�❞✐♥❛�❡� ❬✐♥ �❤❡ ✜��� ❢�❛♠❡❪ �❤❡ ✈❛�✐❛❜❧❡� p, q, r✳ ■❢ ♦♥❡ ✇❡�❡

❝♦♥�✐❞❡�✐♥❣ ♦♥❧② �❤❡ ❡①♣�❡��✐♦♥ ♦❢ �❤❡ ❡❧❡♠❡♥�❛�② ❛❝�✐♦♥ ❜❡�✇❡❡♥ �❤❡ ♠♦❧❡❝✉❧❡ (p, q, r) ❛♥❞

❛♥♦�❤❡� ✇❤❛��♦❡✈❡� ♠♦❧❡❝✉❧❡ (ξ, η, ζ)✱ �✉�❡❧② ✐♥ �✉❝❤ ❛♥ ❡①♣�❡��✐♦♥ �❤♦✉❧❞ ❛♣♣❡❛� ❜♦�❤ �❤❡

✜��� ❛♥❞ �❤❡ �❡❝♦♥❞ ❝♦♦�❞✐♥❛�❡�✱ ❜✉� ❛� ✇❡ ❛�❡ ❞❡❛❧✐♥❣ ✇✐�❤ �❤❡ ❝♦♠♣❧❡① ♦❢ ❛❧❧ �✉❝❤ ❛❝�✐♦♥�

�❤❡♥ �❤❡ ✈❛�✐❛❜❧❡� ξ, η, ζ ♠✉�� ✭❜② ❦❡❡♣✐♥❣ ✜①❡❞ �❤❡ ✈❛�✐❛❜❧❡� p, q, r✮ ❛��✉♠❡ ✐♥ ❛ �❡	✉❡♥❝❡ ❛❧❧

�❤❡ ✈❛❧✉❡� ♦❢ �❤❡ ❝♦♦�❞✐♥❛�❡� ♦❢ ❛❧❧ �❤❡ ♠♦❧❡❝✉❧❡� ♦❢ �❤❡ ❜♦❞② ❛♥❞ �❤✉� ❝♦♠♣❧❡�❡❧② �✉♥ ♦✉� ❛❧❧

�❤❡✐� ✈❛�✐❛❜✐❧✐�② �♦ �❤❛� �❤❡② ❞♦ ♥♦� ❛♣♣❡❛� ❛♥②♠♦�❡ ❬✐♥ �❤❡ ❡①♣�❡��✐♦♥� ❢♦� �❤❡ �✐① 	✉❛♥�✐�✐❡�

2A, 2B✱ ❡�❝❪✳ ❚❤♦�❡ �✐① 	✉❛♥�✐�✐❡� ❝❛♥ ✐♥❞❡❡❞ ��✉❧② ❜❡ ♠❡❛♥� �♦ ❡	✉❛❧ �♦♠❡ ��✐♣❧❡ ❞❡✜♥✐�❡

✐♥�❡❣�❛❧� ❝❛❧❝✉❧❛�❡❞ ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡� ξ, η, ζ, ❛♥❞ ❤❛✈✐♥❣ ❛� ❧✐♠✐�� ❢♦� �❤❡ ✈❛❧✉❡� ♦❢

�✉❝❤ ✈❛�✐❛❜❧❡� �❤❡ ❧✐♠✐�� ✇❤✐❝❤ ❝❤❛�❛❝�❡�✐③❡ �❤❡ ❜♦✉♥❞❛�② ♦❢ �❤❡ ❜♦❞②✳ ❚❤✐� ✇✐❧❧ ❛♣♣❡❛� ❝❧❡❛�❡�

✐♥ �❤❡ ❈❛♣♦ ❱■✳ ❙♦♠❡ ♦�❤❡� ❞✐✣❝✉❧�✐❡� ♠❛② ❛♣♣❡❛�✱ ✇❤✐❝❤ ✐� ✇✐❧❧ ❜❡ �✉✐�❛❜❧❡ �♦ ♣�❡�❡♥� ✐♥ �❤❡

❢♦❧❧♦✇✐♥❣ ❈❛♣♦✳

❲❤❛� �❛✐❞ ✉♣ �♦ ♥♦✇ ✇✐❧❧ ❣✐✈❡ ✉� ❝❧❡❛�❡� ✐❞❡❛� ❛❜♦✉� �❤❡ 	✉❛♥�✐�✐❡� ✇❤✐❝❤ ❝♦♠♣♦�❡ �❤❡

❡	✉❛�✐♦♥� ✭✷✸✮✱ ❛� ✐� ✐� �✉✐�❛❜❧❡ ✐❢ ♦♥❡ ✇❛♥�� �♦ ❡①♣❧♦✐� �❤❡♠✳ ■♥ �❤❡✐� ❧❡❢�✲❤❛♥❞ �✐❞❡� �❤❡ 	✉❛♥✲

�✐�✐❡� Λ,Ξ✱ ❡�❝✳ ❛�❡ ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� x, y, z ❛♥❞ ♦❢ �❤♦�❡ ❝♦�✐♥❡� b1, b2, b3... ✇❤✐❝❤ ♠✉��

❜❡ ❝♦♥�✐❞❡�❡❞ ♦♥❧② ✐♥ �❤❡ ❝❛�❡ ✇❤❡♥ �❤❡ ❢♦�♠ ♦❢ �❤❡ ♠♦❧❡❝✉❧❡� ♠✉�� ❜❡ �❛❦❡♥ ✐♥�♦ ❛❝❝♦✉♥�✿ ✐♥

�❤❡✐� �✐❣❤�✲❤❛♥❞ �✐❞❡� �❤❡ 	✉❛♥�✐�✐❡� 2A, 2B, 2C,D,E, F ❛�❡ ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ❝♦�✐♥❡� a1, a2, a3....

❝♦��❡�♣♦♥❞✐♥❣ �♦ �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ♦♥❡� b1, b2, b3...✱ ❛♥❞ ♦❢ �❤❡ ✈❛�✐❛❜❧❡� p, q, r �♦ ✇❤✐❝❤ ♦♥❡

❤❛� �✉❜��✐�✉�❡❞ ✭❛� ❡①♣♦✉♥❞❡❞ ✐♥ �❡❝�✳ ✺✵✮ �❤❡✐� ✈❛❧✉❡� ❛� ❣✐✈❡♥ ❜② �❤❡ ❡	✉❛�✐♦♥� ✭✸✶✮ �❡❝�✳ ✹✵✱

✐♥ �❡�♠� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� x, y, z✳ ❚❤❡ ❞✐�❝✉��❡❞ ❛�❣✉♠❡♥�✱ ✇❤✐❝❤ ❝♦♥❝❡�♥� �❤❡ ❝♦♠♣♦�✐�✐♦♥ ♦❢

❢✉♥❝�✐♦♥� ✇❤✐❝❤ ❛♣♣❡❛� ✐♥ �❤❡ ❡	✉❛�✐♦♥� ✭✷✹✮✱ ✇✐❧❧ ❜❡ �❡❝❛❧❧❡❞ ✐♥ �❤❡ ❢♦❧❧♦✇✐♥❣ ❈❛♣♦ ✐♥ ♦�❞❡�

�♦ ❞❡❞✉❝❡ ❢�♦♠ ✐� ❛ ✈❡�② ✐♠♣♦��❛♥� ❝♦♥�❡	✉❡♥❝❡✳ ❍❡�❡ ✐� ✇✐❧❧ ❜❡ ✉�❡❢✉❧ �♦ ✐♠❛❣✐♥❡ �❤❛�✱ ✐♥ �❤❡

❧❡❢�✲❤❛♥❞ �✐❞❡� ❬♦❢ �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ❡	✉❛�✐♦♥�❪✱ ✐♥ �❤❡ ✐♥❞❡♣❡♥❞❡♥� ✈❛�✐❛❜❧❡� ♦❢ �❤❡



✶✵✹
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

�✉❛♥�✐�
 Λ,Ξ✱ ❡❝✳ �✐❛♥♦ ��❛�✐ �♦��✐�✉✐�✐ ❛✐ ❝♦�❡♥✐ b1, b2, b3.... ✐ ❧♦�♦ ✈❛❧♦�✐ ❡�✉✐✈❛❧❡♥�✐ ❡�♣�❡��✐

❝♦❣❧✐ a1, a2, a3.... ❡ ❝♦❣❧✐ ❛❧��✐ α1, β1, γ1, α2✱ ❡❝✳✱ �✐❝❝♦♠❡ ❞✐❝❡♠♠♦ ❛❧❧❛ ✜♥❡ ❞❡❧ ♥✉♠✳◦54.✿ ❡

❝❤❡ ❞❛♣♣❡��✉��♦ ❧❡x, y, z ❛❜❜✐❛♥♦ �✐♣�❡�✐ ✐ ✈❛❧♦�✐ ✭✶✮ ❞❡❧ ♥✉♠✳◦33. ❢❛��✐ ❝♦❧❧❡ p, q, r✳ ❱❡❞✐❛♠♦

❛❧❧♦�❛ ♠❡♥�❛❧♠❡♥�❡ ❝❤❡ ♥❡✐ �❡❝♦♥❞✐ ♠❡♠❜�✐ ❧❡ �❡✐ �✉❛♥�✐�
 2A, 2B✱ ❡❝✳ �✐�♦�♥❛♥♦ ❢✉♥③✐♦♥✐ ❞❡❧❧❡

p, q, r ❡ ❞❡❧❧❡ a1, a2, a3.... �✉❛❧✐ ❝❡ ❧❡ ❞
 ✐♠♠❡❞✐❛�❛♠❡♥�❡ ✐❧ �✐❢❡�✐♠❡♥�♦ ❞❡❧ ❝♦�♣♦ ❛✐ ♣�✐♠✐ ❛��✐✳

❊❞ ❡❝❝♦ ✐❧ ✈❡�♦ ♣✉♥�♦ ❞✐ ✈✐��❛ ❞✐ ❞♦✈❡ �✐❝♦♥♦�❝❡�❡ ✐❧ ❣�❛♥❞❡ ✈❛♥�❛❣❣✐♦ ❝❤❡ ✈❡��❡♠♦ ❛ �✐��❛��❡

❞❛❧❧❡ ❡�✉❛③✐♦♥✐ ✭✷✹✮✳ ◗✉❡❧❧❡ ♥♦✈❡ �✉❛♥�✐�
 α1, β1, γ1, α2✱ ❡❝✳✱ ❧❡ �✉❛❧✐✱ �❡❝♦♥❞♦ ❧✬✉❧�✐♠♦ ❝♦♥❝❡��♦

��❛♥♥♦ ❞❡♥��♦ ❧❡ Λ,Ξ✱ ❡❝✳ ♠✐�❝❤✐❛�❡ ❝♦❧❧❡ a1, a2, a3... ❡ ❝♦❧❧❡ p, q, r, ♥❡✐ �❡❝♦♥❞✐ ♠❡♠❜�✐ �♦♥♦

❡�♣❧✐❝✐�❡✱ ♥♦♥ ❡♥��❛♥❞♦ ♣❡� ♥✐❡♥�❡ ❛ ❢♦�♠❛�❡ ❧❡ ❡�♣�❡��✐♦♥✐ 2A, 2B, 2C,D,E, F.%♦��✐❛♠♦ �✉✐♥❞✐

❞❛� ❧♦�♦ ✈❛❧♦�✐ ♣❛��✐❝♦❧❛�✐ ❛ ✜♥❡ ❞✐ ♠♦❞✐✜❝❛�❡ ♦♣♣♦��✉♥❛♠❡♥�❡ ❧❡ �✉❛♥�✐�
 ❞❡✐ ♣�✐♠✐ ♠❡♠❜�✐✱

♦��✐❛ ✭ ❝✐& ❝❤❡ ✈❛❧❡ ❧♦ ��❡��♦ ✮ ♣♦��✐❛♠♦ ❛♣♣♦❣❣✐❛�❝✐ ❛❣❧✐ ❛��✐ ❞❡❧❧❡ p, q, r ♣❡� ❛♥❞❛�❡ ✐♥ ❝❡�❝❛ ❞✐

❛❧��✐ ❛��✐ ❞❡❧❧❡ x, y, z ❞♦�❛�✐ ❞✐ ♣�♦♣�✐❡�
 �♣❡❝✐❛❧✐✳

✺✼✳ ❯♥✬✐❞❡❛ ❝❤❡ �✉❣❣❡�✐�❝❡ ♣❡� ❧❛ ♣�✐♠❛ �✐ * ❞✐ ❞❡�❡�♠✐♥❛�❡ ❧❡ α1, β1, γ1, α2✱ ❡❝✳ ✐♥ ♠❛♥✐❡�❛

❝❤❡ ✉♥❛ ❞❡❧❧❡ �❡✐ �✉❛♥�✐�
 ❢♦�♠❛♥�✐ ✐ ♣�✐♠✐ ♠❡♠❜�✐ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✷✹✮✱ ♣❡� ❡�❡♠♣✐♦ ❧❛ Λ ✱ �✐❡�❝❛

♠❛��✐♠❛ ♦ ♠✐♥✐♠❛✳ ❘❛♠♠❡♥�❛♥❞♦❝✐ ❝❤❡ ❛❜❜✐❛♠♦ ❧✬❡�✉❛③✐♦♥❡ ❞✐ ❝♦♥❞✐③✐♦♥❡ α2
1+β2

1 + γ2
1 = 1 ✭

♣�✐♠❛ ❞❡❧❧❡ ✭✹✮ ♥✉♠✳◦33.✮✱ ❧❛ �✐❞✉��❡♠♦ ❝♦❧ �❡❝♦♥❞♦ ♠❡♠❜�♦ ③❡�♦✱ ♥❡ ♠♦❧�✐♣❧✐❝❤❡�❡♠♦ ✐❧ ♣�✐♠♦

♠❡♠❜�♦ ♣❡� ✉♥ ❝♦❡✣❝✐❡♥�❡ ✐♥❞❡�❡�♠✐♥❛�♦ λ ✱ ❡ ❛❣❣✐✉♥❣❡♥❞♦ ✐❧ ♣�♦❞♦��♦ ❛❧❧❛ �✉❛♥�✐�
 Λ ✱

��❛��❡�❡♠♦ �❛❧ �♦♠♠❛ ❝♦♠❡ �❡ ❧❡ α
1
, β

1
, γ

1
❢♦��❡�♦ ❢�❛ ❞✐ ❧♦�♦ ✐♥❞✐♣❡♥❞❡♥�✐❀ ❝♦�. ❛��✐✈❡�❡♠♦ ❛❧❧❡

❡�✉❛③✐♦♥✐

2Aα1 +Dβ1 + Eγ1 = λα1

Dα1 + 2Bβ1 + Fγ1 = λβ1 ✭✹✸✮

Eα1 + Fβ1 + 2Cγ1 = λγ1.

❉✐✈✐❞❡♥❞♦❧❡ �✉��❡ ♣❡� ✉♥♦ ❞❡✐ ❝♦�❡♥✐ ❞❛ ❞❡�❡�♠✐♥❛��✐✱ ♣❡� ❡�❡♠♣✐♦ ♣❡� α1✱ �✐ ♣♦��♦♥♦ ❞❛❧❧❡ ��❡

❡�✉❛③✐♦♥✐ ❡❧✐♠✐♥❛�❡ ✐ ❞✉❡ �❛♣♣♦��✐

✶✵✹
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

�✉❛♥�✐�✐❡� Λ,Ξ✱ ❡�❝✳ �♦ �❤❡ ❝♦�✐♥❡� b1, b2, b3.... ❤❛✈❡ ❜❡❡♥ �✉❜��✐�✉�❡❞ �❤❡✐� ❡�✉✐✈❛❧❡♥� ✈❛❧✉❡�

❡①♣�❡��❡❞ ✐♥ �❡�♠� ♦❢ �❤❡ ❝♦�✐♥❡� a1, a2, a3.... ❛♥❞ �❤❡ ❝♦�✐♥❡� α1, β1, γ1, α2✱ ❡�❝✳✱ ❛� ✇❡ �❛✐❞

❛� �❤❡ ❡♥❞ ♦❢ �❡❝�✳ ✺✹✿ ❛♥❞ �❤❛� ❡✈❡�②✇❤❡�❡ �❤❡ ✈❛�✐❛❜❧❡� x, y, z ❛�❡ �❡♣❧❛❝❡❞ ❜② �❤❡ ✈❛❧✉❡�

✭✶✮ ♦❢ �❡❝�✳✸✸ ❝❛❧❝✉❧❛�❡❞ ✐♥ �❡�♠� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� p, q, r✳ ■♥ ♦✉� ♠✐♥❞ ✇❡ ✇✐❧❧ �❤❡♥ �❡❡ �❤❛� ✐♥

�❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡� �❤❡ �✐① �✉❛♥�✐�✐❡� 2A, 2B✱ ❡�❝✳ ❜❡❝♦♠❡ ❛❣❛✐♥ ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ✈❛�✐❛❜❧❡�

p, q, r ❛♥❞ ♦❢ �❤❡ ❝♦�✐♥❡� a1, a2, a3.... ❛� �❤❡ �❡❢❡�❡♥❝❡ ♦❢ �❤❡ ❜♦❞② �♦ �❤❡ ✜��� ❛①❡� ✐♠♠❡❞✐❛�❡❧②

❛❧❧♦✇❡❞ ✉� �♦ ❛��❡��✳ ❍❡�❡ ✐� �❤❡ ❝♦��❡❝� ♣♦✐♥� ♦❢ ✈✐❡✇ ❢�♦♠ ✇❤✐❝❤ ✇❡ ✇✐❧❧ �❡❝♦❣♥✐③❡ �❤❡ ❣�❡❛�

❛❞✈❛♥�❛❣❡ ✇❤✐❝❤ ✇❡ ❝❛♥ ♦❜�❛✐♥ ❢�♦♠ ❡�✉❛�✐♦♥� ✭✷✹✮✳ ❚❤♦�❡ ♥✐♥❡ �✉❛♥�✐�✐❡� α1, β1, γ1, α2✱ ❡❝�✳✱

♦♥ ✇❤✐❝❤✱ ❢♦❧❧♦✇✐♥❣ �❤❡ ❧❛�� �❡❛�♦♥✐♥❣✱ ❞❡♣❡♥❞ �❤❡ �✉❛♥�✐�✐❡� Λ,Ξ✱ ❡�❝✳ ♠✐①❡❞ ✇✐�❤ �❤❡ ✈❛�✐❛❜❧❡�

a1, a2, a3... ❛♥❞ p, q, r, ✐♥ �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡� ❛�❡ ❡①♣❧✐❝✐� ✇❤✐❧❡ �❤❡② ❞♦ ♥♦� ❝♦♥❝✉� ❛� ❛❧❧ �♦ ❢♦�♠

�❤❡ ❡①♣�❡��✐♦♥� ❢♦� 2A, 2B, 2C,D,E, F. ❲❡ ❝❛♥ �❤❡�❡❢♦�❡ ❣✐✈❡ �♦ �❤❡♠ �♦♠❡ ♣❛��✐❝✉❧❛� ✈❛❧✉❡�

✐♥ ♦�❞❡� �♦ �✉✐�❛❜❧② ♠♦❞✐❢② �❤❡ �✉❛♥�✐�✐❡� ✐♥ �❤❡ ❧❡❢�✲❤❛♥❞ �✐❞❡�✱ �❤❛� ✐� ✭✇❤❛� ✐� �❤❡ �❛♠❡✮ ✇❡

❝❛♥ ��❛�� ❢�♦♠ �❤❡ ❛①❡� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� p, q, r �♦ ❧♦♦❦ ❢♦� ♦�❤❡� ❛①❡� ✭❤❛✈✐♥❣ ❛� ✈❛�✐❛❜❧❡� �❤❡

x, y, z) ✇❤✐❝❤ ❛�❡ ❡♥❞♦✇❡❞ ✇✐�❤ �♣❡❝✐❛❧ ♣�♦♣❡��✐❡�✳

✺✼✳ ❚❤❡ ✜��� ✐❞❡❛ ✇❤✐❝❤ ✐� ❡✈♦❦❡❞ ✐♥ �❤❡ ♠✐♥❞ ✐� �♦ ❞❡�❡�♠✐♥❡ �❤❡ α1, β1, γ1, α2✱ ❡❝✳ ✐♥ �✉❝❤

❛ ✇❛② �❤❛� ♦♥❡ ♦❢ �❤❡ �✐① �✉❛♥�✐�✐❡� ❛♣♣❡❛�✐♥❣ ✐♥ �❤❡ ❧❡❢�✲❤❛♥❞ �✐❞❡� ♦❢ �❤❡ ❡�✉❛�✐♦♥� ✭✷✹✮✱ ❢♦�

✐♥��❛♥❝❡ �❤❡ Λ ✱ �❡❛❝❤❡� ❛ ♠❛①✐♠✉♠ ♦� ♠✐♥✐♠✉♠ ✈❛❧✉❡✳ ❘❡❝❛❧❧✐♥❣ �❤❛� ✇❡ ❤❛✈❡ �❤❡ ❡�✉❛�✐♦♥

♦❢ ❝♦♥❞✐�✐♦♥ α2
1
+ β2

1
+ γ2

1
= 1 ✭�❤❡ ✜��� ❡�✉❛�✐♦♥ ✐♥ ✭✹✮ �❡❝�✳ ✸✸✮✱ ✇❡ ✇✐❧❧ �❡♣❧❛❝❡ ✐� ✇✐�❤ ❛♥

❡�✉✐✈❛❧❡♥� ♦♥❡ ❤❛✈✐♥❣ ✈❛♥✐�❤✐♥❣ �✐❣❤�✲❤❛♥❞ �✐❞❡✱ ✇❡ ✇✐❧❧ ♠✉❧�✐♣❧② �❤❡ ❧❡❢�✲❤❛♥❞ �✐❞❡ �✐♠❡� ❛♥

✐♥❞❡�❡�♠✐♥❡❞ ❝♦❡✣❝✐❡♥� λ✱ ❛♥❞ ❜② ❛❞❞✐♥❣ �❤❡ �♦ ❢♦�♠❡❞ ♣�♦❞✉❝� �♦ �❤❡ �✉❛♥�✐�② Λ✱ ✇❡ ✇✐❧❧

��❡❛� �✉❝❤ �✉♠ ❛� ✐❢ �❤❡ ✈❛�✐❛❜❧❡� α1, β1, γ1 ✇❡�❡ ✐♥❞❡♣❡♥❞❡♥� ♦♥❡ ♦❢ �❤❡ ♦�❤❡�❀ ✇❡ ✇✐❧❧ �❤✉�

❛��✐✈❡ ❛� �❤❡ ❡�✉❛�✐♦♥�

2Aα1 +Dβ1 + Eγ1 = λα1

Dα1 + 2Bβ1 + Fγ1 = λβ1 ✭✹✸✮

Eα1 + Fβ1 + 2Cγ1 = λγ1.

❇② ❞✐✈✐❞✐♥❣ ❛❧❧ �❤❡ ❧❛�� ❡�✉❛�✐♦♥� ❜② ♦♥❡ ♦❢ �❤❡ ❝♦�✐♥❡� �♦ ❜❡ ❞❡�❡�♠✐♥❡❞✱ ❢♦� ✐♥��❛♥❝❡ ❜② α1✱

♦♥❡ ❝❛♥ ❡❧✐♠✐♥❛�❡ ❢�♦♠ �❤❡ �❤�❡❡ ❡�✉❛�✐♦♥� �❤❡ �✇♦ �❛�✐♦�



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✵✺

β1

α1

, γ1

α1

, ❡ ❛❧❧♦�❛ 	✐ ♦��✐❡♥❡ ♣❡� ❞❡�❡�♠✐♥❛� λ ❧✬❡�✉❛③✐♦♥❡ ❞❡❧ �❡�③♦ ❣�❛❞♦

λ3 − 2 (A+B + C)λ2 +
(

4AB + 4AC + 4BC −D2 − E2 − F 2
)

λ

+2AF 2 + 2BE2 + 2CD2 − 8ABC − 2DEF = 0 ✭✯✮✶ ✭✹✹✮

❣✐� ♥♦�❛ ✭ �✉❛♥�♦ ❛❧❧❛ ❢♦�♠❛ ✮ ✐♥ ♠❡❝❝❛♥✐❝❛✱ ❡ ��❛��❛�❛ ❞❛ ✈❛�❥ ❛✉�♦�✐✳

▲❛ 	�❡		❛ �✐❝❡�❝❛ ♣♦�❡✈❛ ✐	�✐�✉✐�	✐ ❛ ✜♥❡ ❞✐ �❡♥❞❡� ♠❛		✐♠❛ ♦ ♠✐♥✐♠❛ ❧❛ Ξ ✱ ✈✐	�♦ ✐❧ 	✉♦

✈❛❧♦�❡ ❞❛�♦❝✐ ❞❛❧❧❛ 	❡❝♦♥❞❛ ❞❡❧❧❡ ✭✷✹✮✱ ❛✈✈❡��❡♥❞♦ ❝❤❡ ❢�❛ ❧❡ α
2
, β

2
, γ

2
	✉		✐	�❡ ✉♥✬ ❡�✉❛③✐♦♥❡

❞✐ ❝♦♥❞✐③✐♦♥❡ ❝❤❡ 	✐ ❧❡❣❣❡ ♥❡❧❧❛ 	❡❝♦♥❞❛ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✹✮ ♥✉♠✳◦✸✸✳ ❙❛�❡♠♠♦ ♣❡� �❛❧ ❣✉✐	❛

❣✐✉♥�✐ ❛❧❧❡ ❡�✉❛③✐♦♥✐

2Aα2 +Dβ2 + Eγ2 = μα2

Dα2 + 2Bβ2 + Fγ2 = μβ2 ✭✹✺✮

Eα2 + Fβ2 + 2Cγ2 = μγ2

❡		❡♥❞♦ �✉✐ ❧❛ μ ✐❧ ♠♦❧�✐♣❧✐❝❛�♦�❡ ✐♥��♦❞♦��♦ ❞❛❧❧✬❡�✉❛③✐♦♥❡ ❞✐ ❝♦♥❞✐③✐♦♥❡✳ ❊ ❧❛ 	�❡		❛ �✐❝❡�❝❛

✐	�✐�✉✐�❛ ♣❡� �❡♥❞❡�❡ ♠❛		✐♠❛ ♦ ♠✐♥✐♠❛ ❧❛ Π ❝✐ ❛✈�❡❜❜❡ ♣♦��❡ ❧❡ ❡�✉❛③✐♦♥✐

2Aα3 +Dβ3 + Eγ3 = να3

Dα3 + 2Bβ3 + Fγ3 = νβ3 ✭✹✻✮

Eα3 + Fβ3 + 2Cγ3 = νγ3

✐♥ ❝✉✐ ❧❛ ν ❢❛ ❧❡ ✈❡❝✐ ❞❡❧❧❡ λ, μ ♥❡❧❧❡ 	✐♠✐❧✐✳

❙✐❝❝♦♠❡ ❧❡ ✭✹✺✮ ♥♦♥ ❞✐✈❡�	✐✜❝❛♥♦ ❞❛❧❧❡ ✭✹✸✮ 	❡ ♥♦♥ ♣❡� ❡		❡�✈✐ ❧❡ α
2
, β

2
, γ

2
✐♥ ❧✉♦❣♦ ❞❡❧❧❡

α
1
, β

1
, γ

1
, ❡ ❧❛ μ ✐♥ ❧✉♦❣♦ ❞❡❧❧❛ λ ✱ ) ❡✈✐❞❡♥�❡ ❝❤❡✱ ❡❧✐♠✐♥❛�❡ ❧❡ α

2
, β

2
, γ

2
, ❛��✐✈❡�❡♠♦ ❛❧❧❛ 	�❡		❛

❡�✉❛③✐♦♥❡ ❞✐ �❡�③♦ ❣�❛❞♦ ✭✹✹✮✱ ❝♦❧❧❛ 	♦❧❛ ❞✐✛❡�❡♥③❛

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✵✺

β1

α1

, γ1

α1

✱ ❛♥❞ �❤❡♥ ✲✐♥ ♦�❞❡� �♦ ❞❡�❡�♠✐♥❡ λ− ✇❡ ❣❡� �❤❡ �❤✐�❞ ♦�❞❡� ♣♦❧②♥♦♠✐❛❧ ❡�✉❛�✐♦♥

λ3 − 2 (A+B + C)λ2 +
(

4AB + 4AC + 4BC −D2 − E2 − F 2
)

λ

+2AF 2 + 2BE2 + 2CD2 − 8ABC − 2DEF = 0 ✭✯✮✶ ✭✹✹✮

✇❤✐❝❤ ✐	 ❛❧�❡❛❞② ❦♥♦✇♥ ✭❢♦� ✇❤❛� ❝♦♥❝❡�♥	 ✐�	 	��✉❝�✉�❡✮ ✐♥ ♠❡❝❤❛♥✐❝	 ❛♥❞ ✇❛	 	�✉❞✐❡❞ ❜②

✈❛�✐♦✉	 ❛✉�❤♦�	✳

❚❤❡ 	❛♠❡ ♣�♦❜❧❡♠ ❝♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ♣♦	❡❞ ❜② ❧♦♦❦✐♥❣ ❢♦� �❤❡ ♠❛①✐♠✉♠ ♦� ♠✐♥✐♠✉♠ ✈❛❧✉❡

❢♦� �❤❡ �✉❛♥�✐�② Ξ ✱ ❝♦♥	✐❞❡�❡❞ �❤❛� ✐�	 ✈❛❧✉❡ ✐	 ❣✐✈❡♥ ❜② �❤❡ 	❡❝♦♥❞ ❛♠♦♥❣ �❤❡ ❡�✉❛�✐♦♥	 ✭✷✹✮✱

❛♥❞ �❡❝❛❧❧✐♥❣ �❤❛� ❛♠♦♥❣ �❤❡ �✉❛♥�✐�✐❡	 α
2
, β

2
, γ

2
❛♥ ❡�✉❛�✐♦♥ ♦❢ ❝♦♥❞✐�✐♦♥ ❤♦❧❞	 ✇❤✐❝❤ ❝❛♥ ❜❡

�❡❛❞ ✐♥ �❤❡ 	❡❝♦♥❞ ♦❢ �❤❡ ❡�✉❛�✐♦♥	 ✭✹✮ 	❡❝�✳ ✸✸✳ ■♥ 	✉❝❤ ❛ ✇❛② ✇❡ ✇♦✉❧❞ ❤❛✈❡ ❣♦� �❤❡ ❡�✉❛�✐♦♥	

2Aα2 +Dβ2 + Eγ2 = μα2

Dα2 + 2Bβ2 + Fγ2 = μβ2 ✭✹✺✮

Eα2 + Fβ2 + 2Cγ2 = μγ2

❜❡✐♥❣ ❤❡�❡ μ �❤❡ ♠✉❧�✐♣❧✐❡� �♦ ❜❡ ✐♥��♦❞✉❝❡❞ ❜❡❝❛✉	❡ ♦❢ �❤❡ ❡�✉❛�✐♦♥ ♦❢ ❝♦♥❞✐�✐♦♥✳ ❆♥❞ �❤❡

	✐♠✐❧❛� ♣�♦❜❧❡♠ ♣♦	❡❞ �♦ �❡♥❞❡� ♠❛①✐♠✉♠ ♦� ♠✐♥✐♠✉♠ �❤❡ ✈❛❧✉❡ ♦❢ Π ✇♦✉❧❞ ❤❛✈❡ ♣�♦❞✉❝❡❞

�❤❡ ❡�✉❛�✐♦♥	

2Aα3 +Dβ3 + Eγ3 = να3

Dα3 + 2Bβ3 + Fγ3 = νβ3 ✭✹✻✮

Eα3 + Fβ3 + 2Cγ3 = νγ3

✇❤❡�❡ �❤❡ ♠✉❧�✐♣❧✐❡� ν �❡♣❧❛❝❡	 �❤❡ ♠✉❧�✐♣❧✐❡�	 λ, μ ✐♥ �❤❡ ❝♦��❡	♣♦♥❞✐♥❣ ❡�✉❛�✐♦♥	✳

❆	 �❤❡ ❡�✉❛�✐♦♥	 ✭✹✺✮ ❛�❡ ❞✐✛❡�❡♥� ❢�♦♠ �❤❡ ❡�✉❛�✐♦♥	 ✭✹✸✮ ♦♥❧② ❜❡❝❛✉	❡ �❤❡ �✉❛♥�✐�✐❡	

α2, β2, γ2 ❛♣♣❡❛� ✐♥ ✐� ✐♥	�❡❛❞ ♦❢ �❤❡ �✉❛♥�✐�✐❡	 α1, β1, γ1✱ ❛♥❞ �❤❡ ♠✉❧�✐♣❧✐❡� μ �❡♣❧❛❝❡	 �❤❡

♠✉❧�✐♣❧✐❡� λ ✱ ✐� ✐	 ❡✈✐❞❡♥� �❤❛�✱ ♦♥❝❡ ❡❧✐♠✐♥❛�❡❞ �❤❡ �✉❛♥�✐�✐❡	 α2, β2, γ2✱ ✇❡ ✇✐❧❧ ❣❡� �❤❡ 	❛♠❡

❡�✉❛�✐♦♥ ♦❢ �❤✐�❞ ♦�❞❡� ✭✹✹✮✱ ✇✐�❤ �❤❡ ♦♥❧② ❞✐✛❡�❡♥❝❡



✶✵✻
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

❝❤❡ ❧✬✐♥❝♦❣♥✐�❛ �❛�� ❧❛ μ ✐♥✈❡❝❡ ❞❡❧❧❛ λ ✿ ❡ ❧♦ ��❡��♦ ❛❝❝❛❞�� ❡❧✐♠✐♥❛♥❞♦ ❧❡ α
3
, β

3
, γ

3
❞❛❧❧❡ ✭✹✻✮✳

❉❛ ❝✐� ♥♦♥ ❞♦❜❜✐❛♠♦ ❝♦♥❝❤✐✉❞❡�❡ ❝❤❡ ❧❡ λ, μ, ν �✐❛♥♦ ❢�❛ ❧♦�♦ ❡❣✉❛❧✐✱ ♠❛ ❝❤❡ ❝♦��✐�♣♦♥❞♦♥♦ ❛❧❧❡

��❡ �❛❞✐❝✐ ❞❡❧❧✬❡!✉❛③✐♦♥❡ ✭✹✹✮ ✳ #❡� ♦❣♥✐ �❡�♥❛ ❞✐ ❡!✉❛③✐♦♥✐ ✭✹✸✮✱ ✭✹✺✮✱ ✭✹✻✮✱ ❛❣❣✐✉♥�❛ ❧❛ �❡❧❛�✐✈❛

❡!✉❛③✐♦♥❡ ❞✐ ❝♦♥❞✐③✐♦♥❡✱ �✐ ♣♦��♦♥♦ �✐❝❛✈❛�❡ ✐ ✈❛❧♦�✐ ❞❡✐ ��❡ ❝♦�❡♥✐✱ ❡ !✉✐♥❞✐ ❞❡�❡�♠✐♥❛�❡ �✉��❡

❧❡ ♥♦✈❡ !✉❛♥�✐�� α1, β1, γ1, α2✱ ❡❝✳ ✐♥ ❢✉♥③✐♦♥✐ ❞❡❧❧❡ �❡✐ 2A, 2B, 2C,D,E, F. ◗✉❡��♦ ❝❛❧❝♦❧♦ ' ❣✐�

��❛�♦ ❢❛��♦ ❞❛ ❛❧��✐ ✭ �✐ ♣✉� ❝♦♥�✉❧�❛�❡ ❈❛✉❝❤②✱ ▲❡+♦♥� �✉� ❧✬❛♣♣❧✐❝❛�✐♦♥ ❞✉ ❝❛❧❝✉❧ ✐♥✜♥✐�'�✐♠❛❧

� ❧❛ ●'♦♠❡��✐❡✳ ❚✳■✳ ♣❛❣✳ ✷✹✶ ✮ ✿ ❡❞ ❛♥❝❤❡ �❡♥③❛ ❣✐♦✈❛��✐ ❞✐ ❛❧��✐ �✉��✐❞❥✱ �✐ ❝❛♣✐�❝❡ �✉❜✐�♦

❝♦♠❡ ❞❡✈❡ ❡��❡�❡ ❝♦♥❞♦��♦✳ ❉♦✈❡ ♣❛�♠✐ ❝❤❡ ✐❧ ❝❛♠♠✐♥♦ ♣♦��❛ ❡��❡�❡ ❞✐ ♠♦❧�♦ ❛❜❜�❡✈✐❛�♦✱ '

!✉❛♥❞♦ �✐ ��❛��❛ ❞✐ ✈❡♥✐�❡ ❛❧❧❛ ❝♦♥�❡❣✉❡♥③❛ ❝❤❡ ❧❡ ��❡ �❡��❡ ❞❡�❡�♠✐♥❛♥�✐ ❣❧✐ ❛♥❣♦❧✐ ❞✐ ❝♦�❡♥✐

α1, β1, γ1, α2✱ ❡❝✳ �♦♥♦ ♣♦✐ ❢�❛ ❧♦�♦ ❛❞ ❛♥❣♦❧♦ �❡��♦✱ ✈❛❧❡ ❛ ❞✐�❡ ❝♦��✐�✉✐�❝♦♥♦ ✉♥ �✐��❡♠❛ ❞✐ ❛��✐

♦��♦❣♦♥❛❧✐ ✿ ✐❧ ❝❤❡ ❛♥❛❧✐�✐❝❛♠❡♥�❡ �✐ �✐❞✉❝❡ ❛ ♣�♦✈❛�❡ ❝❤❡ ❡��❡♥❞♦✈✐ ❢�❛ ❧❡ ❞❡��❡ ♥♦✈❡ !✉❛♥�✐��

❧❡ ♣�✐♠❡ ��❡ ❡!✉❛③✐♦♥✐ ❞❡❧❧❡ ✭✹✮ ♥✉♠✳◦✸✸✳✱ ♥❡❧ ♥♦���♦ ❝❛�♦ �✉��✐��♦♥♦ ❛♥❝❤❡ ❧❡ �❡❝♦♥❞❡ ��❡✳ ❊❝❝♦

✉♥❛ ✈✐❛ ❢❛❝✐❧❡ ♣❡� ❣✐✉♥❣❡�❡ ❛ �❛❧ ❝♦♥❝❧✉�✐♦♥❡✳ ❙✐ ♠♦❧�✐♣❧✐❝❤✐♥♦ �✐�♣❡��✐✈❛♠❡♥�❡ ♣❡� α
1
, β

1
, γ

1

❧❡ ❡!✉❛③✐♦♥✐ ✭✹✺✮✱ ❡ !✉✐♥❞✐ �✐ �♦♠♠✐♥♦ ❀ ♥❡❧ ❢❛� ❧❛ �♦♠♠❛ ❞❡✬ ♣�✐♠✐ ♠❡♠❜�✐ �✐ �❛❝❝♦❧❣❛♥♦ ✐

❝♦❡✣❝✐❡♥�✐ �♦�❛❧✐ ❞❡❧❧❡ α
2
, β

2
, γ

2
, ❡ ✈✐ �✐ �♦��✐�✉✐�❝❛♥♦ ✐ ✈❛❧♦�✐ ❞❛�✐ ❞❛❧❧❡ ❡!✉❛③✐♦♥✐ ✭✹✸✮ ✿ ❛✈�❡♠♦

✉♥✬❡!✉❛③✐♦♥❡ ❝❤❡ ♣♦��❡♠♦ �❝�✐✈❡�❡

(λ− μ) (α
1
α

2
+ β

1
β

2
+ γ

1
γ

2
) = 0.

❋❛❝❝✐❛�✐ ❧❛ ��❡��❛ ♦♣❡�❛③✐♦♥❡ �✉❧❧❡ ❡!✉❛③✐♦♥✐ ✭✹✻✮✱ ❡ ❝♦♥�❡❣✉✐�❡♠♦ ❧✬❛❧��❛ ❡!✉❛③✐♦♥❡

(ν − λ) (α
1
α

3
+ β

1
β

3
+ γ

1
γ

3
) = 0.

❙✐ ♠♦❧�✐♣❧✐❝❤✐♥♦ ♣♦✐ �✐�♣❡��✐✈❛♠❡♥�❡ ❧❡ ✭✹✻✮ ♥♦♥ ♣✐7 ♣❡� α
1
, β

1
, γ

1
, ♠❛ ♣❡� α

2
, β

2
, γ

2
, ❡ �♦♠✲

♠❛♥❞♦❧❡ ❡ �♦��✐�✉❡♥❞♦ ❛✐ ❝♦❡✣❝✐❡♥�✐ �♦�❛❧✐ ❞❡❧❧❡ α
3
, β

3
, γ

3
✐ ✈❛❧♦�✐ ❞❛�✐ ❞❛❧❧❡ ❡!✉❛③✐♦♥✐ ✭✹✺✮✱

♦��❡��❡♠♦ ❧❛ �❡�③❛

(μ− ν) (α
2
α

3
+ β

2
β

3
+ γ

2
γ

3
) = 0.

✶✵✻
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

�❤❛� �❤❡ ✉♥❦♥♦✇♥ ✈❛�✐❛❜❧❡ ✇✐❧❧ ❜❡ �❤❡ μ ✐♥��❡❛❞ ♦❢ �❤❡ λ ✿ ❛♥❞ �❤❡ �❛♠❡ ✇✐❧❧ ❤❛♣♣❡♥ ❜②

❡❧✐♠✐♥❛�✐♥❣ �❤❡ ✈❛�✐❛❜❧❡� α3, β3, γ3 ❢�♦♠ �❤❡ ❡!✉❛�✐♦♥� ✭✹✻✮✳ ❚❤❡�❡ ❝♦♥�✐❞❡�❛�✐♦♥� ❞♦ ♥♦� ✐♠♣❧②

�❤❛� �❤❡ ♠✉❧�✐♣❧✐❡�� λ, μ, ν ❛�❡ ❡!✉❛❧ ♦♥❡ �♦ �❤❡ ♦�❤❡� ❜✉� ✐♥��❡❛❞ �❤❛� �❤❡② ❝♦��❡�♣♦♥❞ �♦ �❤❡

�❤�❡❡ �♦♦�� ♦❢ �❤❡ ❡!✉❛�✐♦♥ ✭✹✹✮✳ ❋♦� ❡❛❝❤ ��✐♣❧❡ ♦❢ ❡!✉❛�✐♦♥� ✭✹✸✮✱ ✭✹✺✮✱ ✭✹✻✮✱ ✇❤❡♥ ♦♥❡ ❤❛�

❛❞❞❡❞ �❤❡ ❝♦��❡�♣♦♥❞✐♥❣ ❡!✉❛�✐♦♥ ♦❢ ❝♦♥❞✐�✐♦♥ ✐� ✐� ♣♦��✐❜❧❡ �♦ ❝❛❧❝✉❧❛�❡ �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ �❤�❡❡

❝♦�✐♥❡� ❛♥❞ �❤❡�❡❢♦�❡ ✐� ✐� ♣♦��✐❜❧❡ �♦ ❞❡�❡�♠✐♥❡ ❛❧❧ �❤❡ ♥✐♥❡ !✉❛♥�✐�✐❡� α1, β1, γ1, α2✱ ❡�❝✳ ❛�

❢✉♥❝�✐♦♥� ♦❢ �❤❡ �✐① 2A, 2B, 2C,D,E, F ✳ ❚❤✐� ❝❛❧❝✉❧❛�✐♦♥ ❤❛� ❜❡❡♥ ❛❧�❡❛❞② ♣❡�❢♦�♠❡❞ ❜② ♦�❤❡��

✭♦♥❡ ❝❛♥ ❝♦♥�✉❧� ❈❛✉❝❤②✱ ▲❡+♦♥� �✉� ❧✬❛♣♣❧✐❝❛�✐♦♥ ❞✉ ❝❛❧❝✉❧ ✐♥✜♥✐�'�✐♠❛❧ � ❧❛ ●'♦♠❡��✐❡✳ ❚✳■✳

♣♣✳ ✷✹✶✮✿ ❛♥❞ ❛❧�♦ ✇✐�❤♦✉� ❛❞❞✐♥❣ ♠♦�❡ ❞❡�❛✐❧�✱ ♦♥❡ ✐♠♠❡❞✐❛�❡❧② ✉♥❞❡���❛♥❞� ❤♦✇ �♦ ♣❡�❢♦�♠

✐�✳ ❚❤❡�❡ ✐� ❤♦✇❡✈❡� ❛ ��❡♣ ✇❤✐❝❤ ❝❛♥ ❜❡ ❣�❡❛�❧② ❛❜❜�❡✈✐❛�❡❞✿ ✐� ✐� ✇❤❡♥ ♦♥❡ ❤❛� �♦ ❞❡❞✉❝❡

�❤❛� �❤❡ �❤�❡❡ ���❛✐❣❤� ❧✐♥❡� ✇❤✐❝❤ ❢♦�♠ �❤❡ ❛♥❣❧❡� ❤❛✈✐♥❣ ❛� ❝♦�✐♥❡� α1, β1, γ1, α2✱ ❡�❝✳ ❛�❡

♦��❤♦❣♦♥❛❧ ♦♥❡ �♦ �❤❡ ♦�❤❡��✱ �❤❛� ✐� ❡!✉✐✈❛❧❡♥� �♦ �❛② �❤❛� �❤❡② ❢♦�♠ ❛♥ ♦��❤♦❣♦♥❛❧ �②��❡♠ ♦❢

❝♦♦�❞✐♥❛�❡�✿ ❛♥❛❧②�✐❝❛❧❧② �❤✐� ❧❛�� ��❛�❡♠❡♥� �❡❞✉❝❡� �♦ ♣�♦✈❡ �❤❛� ✐❢ �❤❡ �❛✐❞ ♥✐♥❡ !✉❛♥�✐�✐❡�

✈❡�✐❢② �❤❡ ✜��� �❤�❡❡ ❛♠♦♥❣ �❤❡ ❡!✉❛�✐♦♥� ✭✹✮ �❡❝�✳ ✸✸✱ �❤❡♥ ✐♥ ♦✉� ❝❛�❡ ❛❧�♦ �❤❡ �❡❝♦♥❞ �❡�

♦❢ �❤�❡❡ ❬❛♠♦♥❣ ❡!✉❛�✐♦♥� ✭✹✮ �❡❝�✳ ✸✸❪ ❤♦❧❞✳ ❍❡�❡ ❛♥ ❡❛�② ✇❛② ❢♦� ❣❡��✐♥❣ �✉❝❤ ❛ ❝♦♥❝❧✉�✐♦♥✳

▲❡� ✉� ♠✉❧�✐♣❧② �❡�♣❡❝�✐✈❡❧② �✐♠❡� �❤❡ !✉❛♥�✐�✐❡� α1, β1, γ1 �❤❡ ❡!✉❛�✐♦♥� ✭✹✺✮✱ ❛♥❞ �❤❡♥ ❧❡� ✉�

�✉♠ �❤❡ ♦❜�❛✐♥❡❞ ❡①♣�❡��✐♦♥❀ ✐♥ �✐♠♣❧✐❢②✐♥❣ �❤❡ �✉♠ ♦❢ �❤❡ ❧❡❢�✲❤❛♥❞ �✐❞❡� ❧❡� ✉� ❢❛❝�♦� �❤❡

!✉❛♥�✐�✐❡� α2, β2, γ2✱ �❤✉� ✜♥❞✐♥❣ �❤❡✐� �♦�❛❧ ❝♦❡✣❝✐❡♥�� ❛♥❞ �❤❡♥ �✉❜��✐�✉�❡ �❤❡ ✈❛❧✉❡� ❣✐✈❡♥

❜② �❤❡ ❡!✉❛�✐♦♥� ✭✹✸✮ ✿ ✇❡ ✇✐❧❧ ❣❡� ❛♥ ❡!✉❛�✐♦♥ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ �♦ ✇�✐�❡

(λ− μ) (α
1
α

2
+ β

1
β

2
+ γ

1
γ

2
) = 0.

❖♥❡ ❝❛♥ �❤❡♥ �❡♣❡❛� �❤❡ �❛♠❡ ♦♣❡�❛�✐♦♥ ♦♥ �❤❡ ❡!✉❛�✐♦♥� ✭✹✻✮✱ ❛♥❞ �❤❡♥ ❣❡� �❤❡ ❢♦❧❧♦✇✐♥❣

❡!✉❛�✐♦♥

(ν − λ) (α
1
α

3
+ β

1
β

3
+ γ

1
γ

3
) = 0.

■❢ �❤❡♥ ♦♥❡ ❞♦❡� ♥♦� ♠✉❧�✐♣❧② �❤❡ ✭✹✻✮ �✐♠❡� �❤❡ ❝♦�✐♥❡� ❜✉� ✲✐♥��❡❛❞✲ �✐♠❡� �❤❡ ❝♦�✐♥❡� α
2
, β

2
, γ

2
,

❛♥❞ �❤❡♥ �✉♠� ❛❧❧ ♦❢ �❤❡♠✱ ❢❛❝�♦�� �❤❡ ❝♦�✐♥❡� α
3
, β

3
, γ

3
❛♥❞ �✉❜��✐�✉�❡� ✐♥ �❤❡✐� ❝♦❡✣❝✐❡♥��

�❤❡ ✈❛❧✉❡� ❣✐✈❡♥ ❜② �❤❡ ❡!✉❛�✐♦♥� ✭✹✺✮✱ ✇❡ ✇✐❧❧ ❣❡� �❤❡ �❤✐�❞ ❡!✉❛�✐♦♥

(μ− ν) (α
2
α

3
+ β

2
β

3
+ γ

2
γ

3
) = 0.



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✵✼

❖�❛✱ �❡ ✐ ✈❛❧♦�✐ ❞❡❧❧❡ ��❡ �❛❞✐❝✐ λ, μ, ν ❞❡❧❧✬❡�✉❛③✐♦♥❡ ✭✹✹✮ �♦♥♦ ❢�❛ ❧♦�♦ ❞✐✈❡��✐ ✭ �❡♥③❛ ❞✐ ❝❤❡ ♥♦♥

❛✈�❡♠♦ ♣✐� ��❡ �❡��❡ ❞✐��✐♥�❡✱ ♠❛ ✉♥❛ �♦❧❛ ✮✱ ✐ ♣�✐♠✐ ❢❛��♦�✐ ♥❡✐ ♣�✐♠✐ ♠❡♠❜�✐ ❞❡❧❧❡ ��❡ ✉❧�✐♠❡

❡�✉❛③✐♦♥✐ ♥♦♥ ♣♦��♦♥♦ ❡��❡�❡ ③❡�♦ ✿ ❝♦♥✈✐❡♥❡ ♣❡��❛♥�♦ ❝❤❡ ❧♦ �✐❛♥♦ ✐ �❡❝♦♥❞✐ ❢❛��♦�✐ ✿ ✐❧ ❝❤❡

♣�♦✈❛ ❝✐ ❝❤❡ ❡�❛ ✐♥ �✉❡��✐♦♥❡ ✳

❖��❡�✈✐�✐ ❝❤❡ ❧❛ �♦♠♠❛ ❞❡✐ ♣�✐♠✐ ♠❡♠❜�✐ ❞❡❧❧❡ ✭✹✺✮ ♠♦❧�✐♣❧✐❝❛�✐ �✐�♣❡��✐✈❛♠❡♥�❡ ♣❡� α
1
, β

1
, γ

1

�✐♣�♦❞✉❝❡ ✭ ❡�✉❛③✐♦♥✐ ✭✷✹✮ ✮ ✐❧ ✈❛❧♦�❡ ❞❡❧❧❛ �✉❛♥�✐�$ −Σ ✿ ❧❛ �♦♠♠❛ �✐♠✐❧❡ ❞❡✐ ♣�✐♠✐ ♠❡♠❜�✐

❞❡❧❧❡ ✭✹✻✮ ♠♦❧�✐♣❧✐❝❛�✐ ♣❡� ❣❧✐ ��❡��✐ ❝♦�❡♥✐✱ ♣�❡�❡♥�❛ �✉❡❧❧♦ ❞❡❧❧❛ �✉❛♥�✐�$ −Φ ✿ ❡ ❧✬❛❧��❛ �✐♠✐❧❡

❞❡❧❧❡ ��❡��❡ ✭✹✻✮ ♠♦❧�✐♣❧✐❝❛�❡ ♣❡� α
2
, β

2
, γ

2
, ✐❧ ✈❛❧♦�❡ ❞❡❧❧❛ �✉❛♥�✐�$ −Ψ✳ ❊ �✐❝❝♦♠❡ ❛❜❜✐❛♠♦

❣✐$ ♣�♦✈❛�♦ ❝❤❡ �✉❡��❡ �♦♠♠❡ �♦♥♦ ③❡�♦✱ ❡♠❡�❣❡ ❧❛ ❜❡❧❧❛ ♣�♦♣�✐❡�$ ❞❡❧❧✬❛♥♥✉❧❧❛��✐ ❧❡ �✉❛♥�✐�$

Σ,Φ,Ψ ♣❡� �✉❡✐ ��❡ ❛��✐ ♦��♦❣♦♥❛❧✐ ♣❡✐ �✉❛❧✐ ❧❡ Λ,Ξ,Π ❤❛♥♥♦ ❧❡ ♣�♦♣�✐❡�$ ❛♥❛❧✐�✐❝❤❡ �♣❡��❛♥�✐

❛❧ ♠❛��✐♠♦ ♦ ❛❧ ♠✐♥✐♠♦✳

✺✽✳ ❆❜❜✐❛♠♦ ��♦✈❛�♦✱ ♣❡❧ ❝♦�♣♦ �✉❛❧✉♥�✉❡ ❝❤❡ ❝♦♥�✐❞❡�✐❛♠♦✱ ��❡ ❛��✐ ♦��♦❣♦♥❛❧✐ ❞♦�❛�✐

❞❡❧❧❛ ❞❡�❝�✐��❛ ✐♥�✐❣♥❡ ♣�♦♣�✐❡�$✱ ❛♣♣♦❣❣✐❛♥❞♦❝✐ ❛❞ ❛��✐ ❞❡❧❧❡ p, q, r ❛�❜✐��❛�✐❛♠❡♥�❡ ♣♦��✐ ♥❡❧❧♦

�♣❛③✐♦✱ ❡ ♠❡❞✐❛♥�❡ ✐ ✈❛❧♦�✐ ❞❡❧❧❡ �❡✐ �✉❛♥�✐�$ 2A, 2B, 2C,D,E, F ❧❡❣❛�❡ ❛✐ ❞❡��✐ ❛��✐✳ ❙❡ ❢♦��✐♠♦

♣❛��✐�✐ ❞❛ ❛��✐ ♣�❡�✐ ♥❡❧❧♦ �♣❛③✐♦ ✐♥ ♣♦�✐③✐♦♥❡ ❛✛❛��♦ ❞✐✈❡��❛✱ �❛�❡♠♠♦ ❛��✐✈❛�✐ ❛❣❧✐ ��❡��✐ ❛��✐

♣❡❧ ❝♦�♣♦✱ ❛✈❡♥�✐ �✉❡❧❧❛ ♣�♦♣�✐❡�$❄ ❘✐�♣♦♥❞♦ ❝❤❡ �. ✿ ❡ ❝✐ / ❝♦�❛ ❞❡❣♥❛ ❞✐ ♠♦❧�❛ ❛��❡♥③✐♦♥❡✳

❈✬/ ❞❡❧❧✬❛�❜✐��❛�✐♦ ♥❡❧ ♠❡③③♦ ❝❤❡ �✐ ❛❞♦♣❡�❛ ♣❡� ❧❛ ❞❡�❡�♠✐♥❛③✐♦♥❡ ❞❡❣❧✐ ❛♥③✐❞❡��✐ ❛��✐ ❞❡❧ ❝♦�♣♦✱

♠❛ ❧✬❛�❜✐��❛�✐♦ �♣❛�✐�❝❡ �✉❛♥❞♦ �✐ ♦��✐❡♥❡ ✐❧ ✜♥❡✳ ❈♦�. �✐ ♣�♦✈❛ ❝❤❡ ❣❧✐ ❛��✐ ♦��♦❣♦♥❛❧✐ ❞♦�❛�✐

❞✐ �✉❡❧❧❛ ♣�♦♣�✐❡�$ �♦♥♦ ✉♥✐❝✐ ♣❡� ♦❣♥✐ ♠♦❧❡❝♦❧❛ ♥❡❧ ❝♦�♣♦ ❛❧❧❛ ✜♥❡ ❞❡❧ �❡♠♣♦ t✱ ❡ ✐♥❡�❡♥�✐ ❛❧❧❛

♥❛�✉�❛ ❞❡❧ ❝♦�♣♦ ��❡��♦✳ ❉✐��✐ ❛❧❧❛ ✜♥❡ ❞❡❧ �❡♠♣♦ t✱ ✐❧ ❝❤❡ �♦�♥❛ ❝♦♠❡ ❞✐�❡ �♦♥♦ ❛��✐ ✐��❛♥�❛♥❡✐ ✿

❣✐❛❝❝❤/ ❧❡ �✉❛♥�✐�$ 2A, 2B✱ ❡❝✳ ❞❛ ❝✉✐ ✈❡❞❡♠♠♦ ❞✐♣❡♥❞❡�❡ ❣❧✐ ❛♥❣♦❧✐ ❝❤❡ ♥❡ ✜��❛♥♦ ❧❛ ♣♦�✐③✐♦♥❡✱

�♦♥♦✱ ❣❡♥❡�❛❧♠❡♥�❡ ♣❛�❧❛♥❞♦✱ ❢✉♥③✐♦♥✐ ❞❡❧ �❡♠♣♦✳

❉❡�❝�✐✈❡� ❡ ♥♦♥ ❡�♣♦�� ✐❧ ❝❛❧❝♦❧♦ ❛��♦ ❛ ❞✐♠♦���❛�❡ ❧✬❛��❡�✐�❛ ♣�♦♣♦�✐③✐♦♥❡ ✿ ❝�❡❞♦ ♣♦�❡�♠✐

♣�❡♥❞❡�❡ ✉♥ �❛❧ ❝♦♠♦❞♦ ♣❡� ❞✉❡ �❛❣✐♦♥✐ ✿ ❧❛ ♣�✐♠❛✱ ❝❤❡ ❧✬❡�♣♦�✐③✐♦♥❡ �✐❡�❝✐�❡❜❜❡ ❧✉♥❣❛✱ ❛

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✵✼

◆♦✇ ✐❢ �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ �❤�❡❡ �♦♦�� λ, μ, ν ✐♥ �❤❡ ❡�✉❛�✐♦♥ ✭✹✹✮ ❛�❡ ❞✐✛❡�❡♥� ♦♥❡ ❢�♦♠ �❤❡

♦�❤❡�� ✭✇✐�❤♦✉� �✉❝❤ ❛ ❝♦♥❞✐�✐♦♥ ✇❡ ✇✐❧❧ ♥♦ ❧♦♥❣❡� ❤❛✈❡ �❤�❡❡ ❞✐��✐♥❝� ���❛✐❣❤� ❧✐♥❡�✱ ❜✉� ♦♥❡

❧✐♥❡ ♦♥❧②✮ �❤❡ ✜��� �❤�❡❡ ❢❛❝�♦�� ✐♥ �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡� ♦❢ �❤❡ �❤�❡❡ ❧❛�� ❡�✉❛�✐♦♥� ❝❛♥♥♦� ❜❡

❡�✉❛❧ �♦ ③❡�♦✿ ✐� ✐� �❤❡♥ ♥❡❝❡��❛�② �❤❛� �❤❡ �❡❝♦♥❞ ❢❛❝�♦�� ♠✉�� ✈❛♥✐�❤✿ ✇❤✐❝❤ ♣�♦✈❡� ✇❤❛� ✇❛�

✐♥�❡♥❞❡❞✳

❖♥❡ ❤❛� ❛❧�♦ �♦ ♦❜�❡�✈❡ �❤❛� �❤❡ �✉♠ ♦❢ �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡� ♦❢ �❤❡ ❡�✉❛�✐♦♥� ✭✹✺✮ �❡�♣❡❝✲

�✐✈❡❧② ♠✉❧�✐♣❧✐❡❞ �✐♠❡� �❤❡ �✉❛♥�✐�✐❡� α1, β1, γ1 �❡♣�♦❞✉❝❡� ✭�❡❡ �❤❡ ❡�✉❛�✐♦♥� ✭✷✹✮✮ �❤❡ ✈❛❧✉❡

♦❢ �❤❡ �✉❛♥�✐�② −Σ✿ �❤❛� �❤❡ �✉♠ ♦❜�❛✐♥❡❞ �✐♠✐❧❛�❧② ♦❢ �❤❡ ❧❡❢�✲❤❛♥❞ �✐❞❡� ♦❢ �❤❡ ❡�✉❛�✐♦♥�

✭✹✻✮ ♠✉❧�✐♣❧✐❡❞ �✐♠❡� �❤❡ �❛♠❡ ❝♦�✐♥❡� ❣✐✈❡� �❤❡ ✈❛❧✉❡ ♦❢ �❤❡ �✉❛♥�✐�② −Φ ✿ ❛♥❞ �❤❡ ♦�❤❡�

�✐♠✐❧❛� �✉♠ ♦❢ �❤❡ �❛♠❡ ❡�✉❛�✐♦♥� ✭✹✻✮ ♠✉❧�✐♣❧✐❡❞ �✐♠❡� �❤❡ ❝♦�✐♥❡� α2, β2, γ2✱ ❣✐✈❡� �❤❡ ✈❛❧✉❡

♦❢ �❤❡ �✉❛♥�✐�② −Ψ✳ ❆� ✇❡ ❤❛✈❡ ❛❧�❡❛❞② ♣�♦✈❡♥ �❤❛� �❤❡�❡ �✉♠� ❛�❡ ✈❛♥✐�❤✐♥❣✱ ✐� ❡♠❡�❣❡�

�❤❡ ❜❡❛✉�✐❢✉❧ ♣�♦♣❡��② ✇❤✐❝❤ ❝♦♥�✐��� ✐♥ ��❛�✐♥❣ �❤❛� �❤❡ �✉❛♥�✐�✐❡� Σ,Φ,Ψ ❛�❡ ✈❛♥✐�❤✐♥❣ ✇❤❡♥

❛�❡ ❝❤♦�❡♥ �❤♦�❡ �❤�❡❡ ♦��❤♦❣♦♥❛❧ ❛①❡� ❢♦� ✇❤✐❝❤ �❤❡ �✉❛♥�✐�✐❡� Λ,Ξ,Π ❤❛✈❡ �❤❡ ❛♥❛❧②�✐❝❛❧

♣�♦♣❡��✐❡� ❛♣♣❡��❛✐♥✐♥❣ �♦ �❤❡ ♠❛①✐♠❛ ♦� ♠✐♥✐♠❛✳

✺✽✳ ❲❡ ❤❛✈❡ ❢♦✉♥❞✱ ❢♦� �❤❡ ❣❡♥❡�✐❝ ❜♦❞② ✇❤✐❝❤ ✇❡ ❛�❡ ❝♦♥�✐❞❡�✐♥❣✱ �❤�❡❡ ♦��❤♦❣♦♥❛❧ ❛①❡�

✇❤✐❝❤ ❡♥❥♦② �❤❡ ❞❡�❝�✐❜❡❞ �❡♠❛�❦❛❜❧❡ ♣�♦♣❡��②✱ ��❛��✐♥❣ ❢�♦♠ �❤❡ ❝♦♥�✐❞❡�❛�✐♦♥ ♦❢ �❤❡ ❛①❡�

♦❢ �❤❡ ✈❛�✐❛❜❧❡� p, q, r ✇❤✐❝❤ ✇❡�❡ ❛�❜✐��❛�✐❧② ❝❤♦�❡♥ ✐♥ �❤❡ �♣❛❝❡ ❛♥❞ ♦❢ �❤❡ �✐① �✉❛♥�✐�✐❡�

2A, 2B, 2C,D,E, F �❡❧❛�❡❞ �♦ �❛✐❞ ❛①❡�✳ ❍❛❞ ✇❡ ��❛��❡❞ ❢�♦♠ ❛①❡� ❝❤♦�❡♥ ✐♥ �❤❡ �♣❛❝❡ ✐♥ ❛

❝♦♠♣❧❡�❡❧② ❞✐✛❡�❡♥� ♣♦�✐�✐♦♥✱ ✇♦✉❧❞ ✇❡ ❤❛✈❡ ♦❜�❛✐♥❡❞ �❤❡ �❛♠❡ ❛①❡� ❢♦� �❤❡ ❜♦❞②✱ ❤❛✈✐♥❣ �❤❡

❛❢♦�❡♠❡♥�✐♦♥❡❞ ♣�♦♣❡��②❄ ■ ❛♥�✇❡� �❤❛�✿ ②❡� ❛♥❞ �❤✐� ✐� ❛ ❝✐�❝✉♠��❛♥❝❡ ✇❤✐❝❤ ❞❡�❡�✈❡� ❛ ❣�❡❛�

❛��❡♥�✐♦♥✳ ❚❤❡ ♠❡❛♥� ❜② ✇❤✐❝❤ ♦♥❡ ❝❛♥ ❣❡� �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ❛①❡� ♦❢ �❤❡ ❜♦❞② ❛�❡ ❛�❜✐��❛�②✱

❜✉� ✇❤❡♥ ♦♥❡ ❣❡�� �❤❡ ✜♥❛❧ �❡�✉❧� �❤❡ ❛�❜✐��❛�✐♥❡�� ❞✐�❛♣♣❡❛��✳ ■♥ �❤✐� ✇❛② ♦♥❡ ♣�♦✈❡� �❤❛� �❤❡

♦��❤♦❣♦♥❛❧ ❛①❡� ✈❡�✐❢②✐♥❣ �❤❛� ♣�♦♣❡��② ❛�❡ ✉♥✐✈♦❝❛❧❧② ❞❡�❡�♠✐♥❡❞ ❢♦� ❡✈❡�② ♠♦❧❡❝✉❧❡� ✐♥ �❤❡

❜♦❞② ❛� �❤❡ ❡♥❞ ♦❢ �❤❡ �✐♠❡ t, ❛♥❞ �❤❡�❡ ❛①❡� ❛�❡ ❝❤❛�❛❝�❡�✐��✐❝ ♦❢ �❤❡ ♥❛�✉�❡ ♦❢ �❤❡ ❜♦❞② ✐��❡❧❢✳

■ �❛✐❞ ❛� �❤❡ ❡♥❞ ♦❢ �✐♠❡ t ✇❤✐❝❤ ✐� ❡�✉✐✈❛❧❡♥� �♦ �❛② �❤❛� �❤❡② ❛�❡ �✐♠❡ ✈❛�②✐♥❣ ❛①❡�✱ ❛� �❤❡

�✉❛♥�✐�✐❡� 2A, 2B✱ ❡�❝✳ ♦♥ ✇❤✐❝❤ ❞❡♣❡♥❞ �❤❡ ❛♥❣❧❡� ✇❤✐❝❤ ✜① �❤❡✐� ♣♦�✐�✐♦♥✱ ❛�❡✱ ✐♥ ❣❡♥❡�❛❧✱

❢✉♥❝�✐♦♥� ♦❢ �❤❡ �✐♠❡✳

■ ✇✐❧❧ ❞❡�❝�✐❜❡ ❛♥❞ ■ ✇✐❧❧ ♥♦� ❡①♣♦✉♥❞ �❤❡ ❝❛❧❝✉❧❛�✐♦♥ ♥❡❡❞❡❞ �♦ ❞❡♠♦♥���❛�❡ �❤❡ ❛��❡��❡❞

♣�♦♣♦�✐�✐♦♥✿ ■ ❜❡❧✐❡✈❡ �❤❛� ■ ❝❛♥ ❛❧❧♦✇ ♠②�❡❧❢ �❤✐� ❡❛�❡ ❢♦� �✇♦ �❡❛�♦♥�✿ �❤❡ ✜��� ♦♥❡ ✐� �❤❛� �❤❡

❡①♣♦�✐�✐♦♥ ✇♦✉❧❞ ❜❡ ♥❡❝❡��❛�✐❧② �♦ ❧❡♥❣❤�② �❤❛�



✶✵✽
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

❞❛♥♥♦ ❞✐ �✉❡❧❧✬❡❝♦♥♦♠✐❛ ❞✐ �♣❛③✐♦ ❛❧❧❛ �✉❛❧❡ ♠✐ �❡♥❣♦ ♦❜❜❧✐❣❛�♦ ✐♥ �✉❡��❛ ▼❡♠♦�✐❛ ✿ ❧❛ �❡❝♦♥❞❛✱

❝❤❡ ♠❛❧❣�❛❞♦ ❧❛ �✉❛ ♣�♦❧✐��✐�� ✐❧ ❝❛❧❝♦❧♦ � ❢❛❝✐❧❡✱ ❡❞ ✐❧ ❧❡��♦�❡ ✐♥�❡❧❧✐❣❡♥�❡ ♥♦♥ ❛✈�� ❜✐�♦❣♥♦ ❝❤❡

❞✐ ♣❛③✐❡♥③❛ �❡ ❣❧✐ ✈❡♥❣❛ ✈♦❣❧✐❛ ❞✐ ��❡♥❞❡�❧♦✳

❈❤✐❛♠♦ ✭■✮ ✐❧ �✐��❡♠❛ ❛�❜✐��❛�✐❛♠❡♥�❡ ♣♦��♦ ❞❡❣❧✐ ❛��✐ p, q, r ❀ ❡ ✭■■■✮ ✐❧ �✐��❡♠❛ ❞❡❣❧✐ ❛��✐

��♦✈❛�✐ ♠❡❞✐❛♥�❡ ❧❡ ❡�✉❛③✐♦♥✐ ✭✹✸✮✱ ✭✹✺✮✱✭✹✻✮✱ ❞♦✈❡ ❝♦♥✈❡��� ❛❝❝❡♥�❛�❡ �✉��❡ ❧❡ ♥♦✈❡ �✉❛♥�✐��

α1, β1, γ1, α2✱ ❡❝✳✱ ❧❡ �✉❛❧✐ ♥♦♥ �♦♥♦ ♦�❛ ♣✐) ❧❡ ❣❡♥❡�❛❧✐✱ ❛✈❡♥❞♦ �✐❝❡✈✉�❛ ❧❛ ❞❡�❡�♠✐♥❛③✐♦♥❡

♣♦��❛�❛ ❞❛❧❧❡ ��❡��❡ ❡�✉❛③✐♦♥✐ ✿ �✉❡��❡ α´
1
, β´

1
, γ´

1
, α´

2
✱ ❡❝✳ �✐❣♥✐✜❝❛♥♦ ❧❡ �❡❧❛③✐♦♥✐ ❛♥❣♦❧❛�✐ ❢�❛

✭■■■✮ ❡❞ ✭■✮ ✳ ❈❤✐❛♠♦ ✭■■✮ ✉♥ ❛❧��♦ �✐��❡♠❛ ❞✐ ❛��✐ ♦��♦❣♦♥❛❧✐ ❞✐✈❡��♦ ❞❛ �✉❡❧❧♦ ❞❡❧❧❡ p, q, r,

❝♦♠✉♥�✉❡ ♣♦��♦ ♥❡❧❧♦ �♣❛③✐♦ �❡❧❛�✐✈❛♠❡♥�❡ ❛❞ ❡��♦ �✐��❡♠❛ ✭■✮ ✿ ❡ ♣❡� �❛♣♣♦��♦ ❛ �✉❡��♦ ♥✉♦✈♦

�✐��❡♠❛ ✭■■✮ ✐♥❞✐❝♦ ❝♦♥ 2Á, 2B́, 2Ć, D́, É, F́ ❧❡ �♦❧✐�❡ �❡✐ �✉❛♥�✐��✳ ❈❤✐❛♠♦ ❛❧��❡�+ ✭■❱✮ ✐❧ �✐��❡♠❛

❞❡❣❧✐ ❛��✐ ♦��♦❣♦♥❛❧✐ ♦��❡♥✉�♦ ♣❛��❡♥❞♦ ❞❛ ✭■■✮ ❝♦❧ ♠❡③③♦ ❞✐ ❡�✉❛③✐♦♥✐ ❢❛��❡ ❝♦♠❡ ❧❡ ✭✹✸✮✱

✭✹✺✮✱✭✹✻✮ ✿ ❞♦✈❡ ❜✐�♦❣♥❡�� ❡�♣�✐♠❡�❡ ❝♦♥ ❧❡��❡�❡ ❞✐✈❡��❡✱ ♣❡� ❡�❡♠♣✐♦ ❝♦♥ ĺ1, ḿ1, ń1, ĺ2✱ ❡❝✳✱ ✐

�♦❧✐�✐ ♥♦✈❡ ❝♦�❡♥✐✱ ❝❤❡ �✐❣♥✐✜❝❤❡�❛♥♥♦ ❢�❛ ✭■❱✮ ❡ ✭■■✮ �✉❡❧❧♦ ❝❤❡ α´
1
, β´

1
, γ´

1
, α´

2
✱ ❡❝✳ �✐❣♥✐✜❝❛♥♦ ❢�❛

✭■■■✮ ❡ ✭■✮ ✳ ❙❡ ✈♦❣❧✐❛♠♦ �✐❢❡�✐�❡ ❛♥❝❤❡ ✐❧ �✐��❡♠❛ ✭■❱✮ ❞✐�❡��❛♠❡♥�❡ ❛❧ �✐��❡♠❛ ✭■✮✱ ❝✐ � ♥❡❝❡��❛�✐♦

❞❡�✐❣♥❛�❡ ❝♦♥ ♥✉♦✈❡ ❧❡��❡�❡ α´́
1
, β´́

1
, γ´́

1
, α´́

2
✱ ❡❝✳ ✐ ♥♦✈❡ ❝♦�❡♥✐ ♣♦��❛�✐ ❞❛ �✉❡��❛ ❞✐�❡��❛ �❡❧❛③✐♦♥❡✳

▼❛ ♣♦��✐❛♠♦ ❢❛�❡ ✉♥ �❛❧ �✐❢❡�✐♠❡♥�♦ ✐♥ ✉♥✬❛❧��❛ ♠❛♥✐❡�❛ ✿ ♠❡��❡�❡ ♥❡❧❧❡ ♥♦✈❡ ❡�✉❛③✐♦♥✐ �✐♠✐❧✐

❛❧❧❡ ✭✹✸✮✱ ✭✹✺✮✱✭✹✻✮✱ ❢�❛ ✭■❱✮ ❡ ✭■■✮ ♣❡� 2Á, 2B́, 2Ć, D́, É, F́ ❣❧✐ ��❡��✐ ✈❛❧♦�✐ ❞❡❧❧❡ Λ,Ξ,Π,Σ,Φ,Ψ

♦✛❡��✐❝✐ ❞❛❧❧❡ ❡�✉❛③✐♦♥✐ ✭✷✹✮✱ ❣✐❛❝❝❤� �♦♥♦ ✈❛❧♦�✐ ♣❡� ❛��✐ ✐♥ �✉❛❧�✐✈♦❣❧✐❛ ♠♦❞♦ ❝♦❧❧♦❝❛�✐ �✐�♣❡��♦

❛ �✉❡❧❧✐ ❞❡❧❧❡ p, q, r ✿ ❡ ♠❡��❡�❡ ♣❡� ĺ1, ḿ1,ń1, ĺ2,✱ ❡❝✳ ✐ ✈❛❧♦�✐ ❡�✉✐✈❛❧❡♥�✐ ❞❛�✐❝✐ ❞❛❧❧❛ ●❡♦♠❡��✐❛

❛♥❛❧✐�✐❝❛ ❡ ❢♦�♠❛�✐ ❝♦❣❧✐ α1, β1, γ1, α2✱ ❡❝✳ ❢�❛ ✭■■✮ ❡ ✭■✮ ❡ ❝♦❣❧✐ α
´́
1
, β´́

1
, γ´́

1
, α´́

2
✱ ❡❝✳ ❢�❛ ✭■❱✮ ❡❞ ✭■✮✳

❆❧❧♦�❛✱ ♠❡❞✐❛♥�❡ ✉♥ ♣�♦❝❡��♦ ❞✐ ❝❛❧❝♦❧♦ ❝❤❡ � ✐❧ ♠❡❞❡�✐♠♦ ♣�❛�✐❝❛�♦ ❛❧ ♥✉♠◦✳✺✺✳ ♣❡� ♣❛��❛�❡

❞❛❧❧❡ ❡�✉❛③✐♦♥✐ ✭✹✶✮ ❛❧❧❡ ��❡ �❡❣✉❡♥�✐✱ ♦��❡��❡♠♦ ♥♦✈❡ ❡�✉❛③✐♦♥✐ ✜♥❛❧✐ ❝❤❡ ♥♦♥ ❞✐✈❡��✐✜❝❤❡�❛♥♥♦

❞❛❧❧❡ ✭✹✸✮✱ ✭✹✺✮✱✭✹✻✮ �❡ ♥♦♥ ♣❡� ❡��❡�✈✐ ❧❡ α´́
1
, β´́

1
, γ´́

1
, α´́

2
✱ ❡❝✳ ✐♥ ❧✉♦❣♦ ❞❡❧❧❡ α´

1
, β´

1
, γ´

1
, α´

2
✱ ❡❝✳

✶✵✽
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

♠② ❡♥❣❛❣❡♠❡♥� �♦ ❦❡❡♣ �❤❡ ✈♦❧✉♠❡ ♦❢ �❤✐� ▼❡♠♦✐� ❧✐♠✐�❡❞ ✇♦✉❧❞ ❜❡ �❡�✐♦✉�❧② ❤❛�♠❡❞✿ �❤❡

�❡❝♦♥❞ �❡❛�♦♥ ✐� �❤❛� ✲♥♦�✇✐�❤��❛♥❞✐♥❣ ✐�� ✈❡�❜✐❛❣❡✲ �❤❡ ❝❛❧❝✉❧❛�✐♦♥ ✐� ❡❛�② ❛♥❞ �❤❡ ✐♥�❡❧❧✐❣❡♥�

�❡❛❞❡� ✇✐❧❧ �✐♠♣❧② ♥❡❡❞ ♣❛�✐❡♥❝❡ ✐❢ ❤❡ ✇✐❧❧ ❜❡ ✇✐❧❧✐♥❣ �♦ ❡①♣❧✐❝✐� ✐�✳

■ ❝❛❧❧ ✭■✮ �❤❡ ❛�❜✐��❛�✐❧② ❝❤♦�❡♥ �②��❡♠ ❤❛✈✐♥❣ ❛①❡� ✇✐�❤ ✈❛�✐❛❜❧❡� p, q, r ❛♥❞ ✭■■■✮ �❤❡ �②��❡♠

♦❢ �❤❡ ❛①❡� ❢♦✉♥❞ ❜② ♠❡❛♥� ♦❢ �❤❡ ❡�✉❛�✐♦♥� ✭✹✸✮✱ ✭✹✺✮✱✭✹✻✮✱ ✇❤❡�❡ ✐� ✇✐❧❧ ❜❡ ❝♦♥✈❡♥✐❡♥� �♦ ❧❛❜❡❧

✇✐�❤ ❛♥ ❛❝❝❡♥� ❛❧❧ �❤❡ ♥✐♥❡ �✉❛♥�✐�✐❡� α1, β1, γ1, α2✱ ❡�❝✳✱ ✇❤✐❝❤ ♥♦✇ ❤❛✈❡ ♥♦ ❧♦♥❣❡� �❤❡ ♠♦��

❣❡♥❡�❛❧ ✈❛❧✉❡✱ ❛� �❤❡② ❛�❡ ❞❡�❡�♠✐♥❡❞ ❜② ♠❡❛♥� ♦❢ �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ❡�✉❛�✐♦♥�✿ �❤❡�❡ ✜①❡❞

♣❛�❛♠❡�❡�� α´
1
, β´

1
, γ´

1
, α´

2
✱ ❡�❝✳ �❡♣�❡�❡♥� �❤❡ ❛♥❣✉❧❛� �❡❧❛�✐♦♥� ❜❡�✇❡❡♥ ✭■■■✮ ❛♥❞ ✭■✮ ✳ ■ ❝❛❧❧ ✭■■✮

❛♥♦�❤❡� �②��❡♠ ♦❢ ♦��❤♦❣♦♥❛❧ ❛①❡� ❞✐✛❡�❡♥� ❢�♦♠ �❤❡ �②��❡♠ ♦❢ �❤❡ ✈❛�✐❛❜❧❡� p, q, r, ♣❧❛❝❡❞ ✐♥ ❛

❣❡♥❡�✐❝ ✇❛② ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ �②��❡♠ ✭■✮ ✿ ❛♥❞ ✇✐�❤ �❡�♣❡❝� �♦ �❤✐� ♥❡✇ �②��❡♠ ✭■■✮ ■ ❞❡♥♦�❡

❜② 2Á, 2B́, 2Ć, D́, É, F́ �❤❡ ✉�✉❛❧ �✐① �✉❛♥�✐�✐❡�✳ ■ ❝❛❧❧ ❛❧�♦ ✭■❱✮ �❤❡ �②��❡♠ ♦❢ �❤❡ ♦��❤♦❣♦♥❛❧

❛①❡� ♦❜�❛✐♥❡❞ ��❛��✐♥❣ ❢�♦♠ ✭■■✮ ❜② ♠❡❛♥� ♦❢ ❡�✉❛�✐♦♥� ❤❛✈✐♥❣ �❤❡ �❛♠❡ ❢♦�♠ ❛� �❤❡ ❡�✉❛�✐♦♥�

✭✹✸✮✱ ✭✹✺✮✱ ✭✹✻✮✿ ✇❤❡�❡ ✐� ✇✐❧❧ ❜❡ ♥❡❝❡��❛�② �♦ ❡①♣�❡�� ✇✐�❤ ❞✐✛❡�❡♥� ❧❡��❡��✱ ❢♦� ✐♥��❛♥❝❡ ✇✐�❤

ĺ1, ḿ1, ń1, ĺ2✱ ❡�❝✳✱ �❤❡ ✉�✉❛❧ ♥✐♥❡ ❝♦�✐♥❡�✱ ✇❤✐❝❤ ✇✐❧❧ ❤❛✈❡ ✲✐♥ �❤❡ ♣❛��❛❣❡ ❢�♦♠ ✭■❱✮ �♦ ✭■■✮✲ �❤❡

�❛♠❡ ♠❡❛♥✐♥❣ ✇❤✐❝❤ �❤❡ �✉❛♥�✐�✐❡� α´
1
, β´

1
, γ´

1
, α´

2
✱ ❡�❝✳ ❤❛✈❡ ✐♥ �❤❡ ♣❛��❛❣❡ ❢�♦♠ ✭■■■✮ �♦ ✭■✮✳ ■❢

✇❡ ✇❛♥� �♦ �❡❢❡� ❛❧�♦ �❤❡ �②��❡♠ ✭■❱✮ ❞✐�❡❝�❧② �♦ �❤❡ �②��❡♠ ✭■✮ ✐� ✐� ♥❡❝❡��❛�② �♦ ❞❡�✐❣♥❛�❡ ✇✐�❤

�❤❡ ♥❡✇ ❧❡��❡�� α´́
1
, β´́

1
, γ´́

1
, α´́

2
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	❤❡ ♦	❤❡�✱ 	❤✐� ✐❣♥♦�❛♥❝❡ ✐� ♥♦	 ❤❛�♠❢✉❧ ❢♦� ✉�✿ ♠♦✈✐♥❣ ❜❛❝❦ ❛♥❞ ❢♦�	❤ 	❤�♦✉❣❤ ♦♥❡ ❞❡❣�❡❡ ♦❢

❝♦♠♣♦�✐	✐♦♥ ✐♥ 	❤❡ ♦�❞❡�❡❞ �❡	 ♦❢ 	❤❡ ❛❢♦�❡♠❡♥	✐♦♥❡❞ �❡①	✐♥♦♠✐❛❧� 	❤❡ 	�✐♣❧❡ ✐♥	❡❣�❛❧� ❝❛♥ ❜❡

❛��✉♠❡❞ 	♦ ❝❤❛♥❣❡ ❝♦��❡�♣♦♥❞✐♥❣❧② ❛♥❞ 	❤❡ ✜♥❛❧ ❡✛❡❝	 ✐� 	❤❡ �❛♠❡✳ ❚❤❡ �❡❛❞❡� ✇✐❧❧ ♠❡❞✐	❛	❡

❛❜♦✉	 	❤❡ ❝❤❛♥❣❡� ♦❢ ❝♦♦�❞✐♥❛	❡� ♣❡�❢♦�♠❡❞ ❛❢	❡� 	❤❡ ♠❡♥	✐♦♥❡❞ �❡❝	✳ ✹✺✱ ❛♥❞ 	❤❡ 	�✉	❤ ♦❢ ♦✉�

❛��❡�	✐♦♥ ✇✐❧❧ ❜❡ ✉♥❞❡��	♦♦❞✳

▼♦✈✐♥❣ ♥♦✇ 	♦ 	❤❡ �❡❝♦♥❞ ❢♦�❡	❤♦✉❣❤	✱ ■ ✇✐❧❧ ✐♥✈✐	❡ 	❤❡ �❡❛❞❡� 	♦ ❝♦♥�✐❞❡� 	❤❛	 ❢✉♥❞❛♠❡♥	❛❧

♣�✐♥❝✐♣❧❡ ❢�♦♠ ✇❤✐❝❤ ❛�❡ ❡♠❛♥❛	✐♥❣ ❛❧❧ 	❤♦�❡ ❡
✉❛	✐♦♥� ✇❤✐❝❤ ✐♥❝❧✉❞❡ ✐♥♥✉♠❡�❛❜❧❡ 	�✉	❤�✳ ❙✉❝❤

❛ ♣�✐♥❝✐♣❧❡ ❝♦♥�✐�	� ✐♥ 	❤❡ �✐♠✉❧	❛♥❡♦✉� �❡❢❡�❡♥❝❡ ♦❢ ❛ �②�	❡♠ ✇❤❛	�♦❡✈❡� 	♦ 	✇♦ 	�✐♣❧❡� ♦❢ ♦�✲

	❤♦❣♦♥❛❧ ❛①❡�✿ ✐	 ❝❛♥ ❜❡ ✉�❡❞ ✐♥ 	✇♦ ♠❛♥♥❡�� ❛♥❞ ✐♥ ❜♦	❤ ♦❢ 	❤❡♠ ✐	 ♣�♦❞✉❝❡� ❣�❛♥❞✐♦�❡ ❡✛❡❝	�✳

■	 ❝❛♥ ❜❡ ✉�❡❞ ✐♥ ❛ ✜��	 ♠❛♥♥❡� 	♦ ♠❛❦❡ ❝❧❡❛�❡� ✇❤❛	 ✇❛� ❛❧�❡❛❞② �❛✐❞ ❛❜♦✉	 	❤❡ ♠✐♥✐♠✐③✐♥❣

♠♦	✐♦♥� ❝♦♠♣❛	✐❜❧❡ ✇✐	❤ 	❤❡ ❡
✉❛	✐♦♥� ♦❢ ❝♦♥❞✐	✐♦♥ ✐♥ ♦�❞❡� 	♦ ❞❡♠♦♥�	�❛	❡ 	❤❡ "�✐♥❝✐♣❧❡ ♦❢

❱✐�	✉❛❧ ❱❡❧♦❝✐	✐❡� 	♦❣❡	❤❡� ✇✐	❤ 	❤❡ ♦	❤❡� ♦♥❡� ✐✳❡✳ 	❤❡ ❈♦♥�❡�✈❛	✐♦♥ "�✐♥❝✐♣❧❡� ♦❢ 	❤❡ ♠♦	✐♦♥

♦❢ 	❤❡ ❝❡♥	�❡ ♦❢ ♠❛�� ❛♥❞ ♦❢ 	❤❡ ❛�❡❛�✳ ■♥ 	❤✐� ✜��	 ♠❛♥♥❡�✱ ✐♥�	❡❛❞ ♦❢ ❝♦♥❝❡✐✈✐♥❣ 	❤❡ ✈❛�✐❛	✐♦♥�

δx, δy, δz ♦❢ 	❤❡ ❞✐✛❡�❡♥	 ♣♦✐♥	� ♦❢ 	❤❡ �②�	❡♠ ❛� ✈✐�	✉❛❧ ✈❡❧♦❝✐	✐❡� ♦� ✈❡�② �♠❛❧❧ ✐♥✜♥✐	❡�✐♠❛❧

❞✐�♣❧❛❝❡♠❡♥	� ❝♦✈❡�❡❞ ❞✉�✐♥❣ 	❤❛	 ✜❝	✐	✐♦✉� ♠♦	✐♦♥ ✭✇❤✐❝❤ ✇❛� ❝❛❧❧❡❞ ❛❢	❡� ❈❛�♥♦	 ❛❧�♦ ❛ ❣❡♦✲

♠❡	�✐❝ ♠♦	✐♦♥✮ ✐	 ✐� ♠✉❝❤ ♠♦�❡ ♥❛	✉�❛❧✱ ❛♥❞ 	❤❡�❡ ✐� ♥♦	✐♥❣ ♦❢ ♠②�	❡�✐♦✉� ✐♥ ❞♦✐♥❣ �♦✱ 	♦ �❡❣❛�❞

	❤❡♠ ❛� 	❤❡ ✈❛�✐❛	✐♦♥� ✇❤✐❝❤ ❛�❡ ✐♠♣♦�❡❞ 	♦ 	❤❡ ❝♦♦�❞✐♥❛	❡� ♦❢ 	❤❡ ❛❢♦�❡♠❡♥	✐♦♥❡❞ ♣♦✐♥	� ✇❤❡♥

	❤❡ �②�	❡♠ ✐� �❡❢❡��❡❞ 	♦ 	❤�❡❡ ♦	❤❡� ♦�	❤♦❣♦♥❛❧ ❛①❡� ✈❡�② ❝❧♦�❡ 	♦ 	❤❡ ✜��	 �❡❢❡�❡♥❝❡ ❛①❡�✱ ❛� ✐❢

	❤❡�❡ ❧❛�	 ♦♥❡� ✇❡�❡ ✉♥❞❡�❣♦✐♥❣ ❛ ✈❡�② �♠❛❧❧ ❞✐�♣❧❛❝❡♠❡♥	✳ ❊✈❡�②❜♦❞② ❦♥♦✇� 	❤❛	 ✇❡ ♣❡�❝❡✐✈❡

	❤❡ ✐❞❡❛ ♦❢ ♠♦	✐♦♥ ✇❤❡♥ ♦❜�❡�✈✐♥❣ 	❤❡ �❡❧❛	✐♦♥�❤✐♣� ❛♠♦♥❣ ❞✐�	❛♥❝❡�✿ 	❤❡ �❛✐❞ ❝♦♦�❞✐♥❛	❡� ♠❛②

✈❛�② ❡✐	❤❡� ❜❡❝❛✉�❡ ♦❢ ❛ ♠♦	✐♦♥ ♦❢ 	❤❡ �②�	❡♠✱ �❡♠❛✐♥✐♥❣ 	❤❡ ❛①❡� ✜①❡❞✱ ♦� ❜❡❝❛✉�❡ ♦❢ ❛ ♠♦	✐♦♥

♦❢ 	❤❡ ❛①❡�✱ �❡♠❛✐♥✐♥❣ ✜①❡❞ 	❤❡ �②�	❡♠✳ ❲❤❡♥ 	❤❡ �❡❧❛	✐♦♥�❤✐♣ ❛♠♦♥❣ ❞✐�	❛♥❝❡� ✐� ✐♥	❡♥❞❡❞ ✐♥

	❤✐� ❧❛�	 �❡❝♦♥❞ ✇❛②✱ ♦♥❡ ❝❛♥ ❛✈♦✐❞ 	❤❡ ❝♦♥�✐❞❡�❛	✐♦♥ ♦❢ �♦✲❝❛❧❧❡❞ ❣❡♦♠❡	�✐❝ ♠♦	✐♦♥�✱ ❛♥❞ 	❤❡♥

✐	 ✐� ♣♦��✐❜❧❡ 	♦ ✉♥❞❡��	❛♥❞ ❝❧❡❛�❧② ❛� 	❤❡ ✈❛�✐❛	✐♦♥� ♦❢ 	❤❡ ❝♦♦�❞✐♥❛	❡� 	❛❦❡ ♣❧❛❝❡ ✇✐	❤♦✉	 ❛♥②

❛❧	❡�❛	✐♦♥ ♦❢ �❡❝✐♣�♦❝❛❧ ❛❝	✐♦♥� ♦❢ ♦♥❡ ♣❛�	 ♦❢ 	❤❡ �②�	❡♠ ♦♥ 	❤❡ ♦	❤❡��✳ ❚❤✐� ✇❛② ♦❢ �❡❛�♦♥✐♥❣

✐� ✐♥❞✉❝❡❞✱ ✇✐	❤♦✉	 ❛♥② ❡✛♦�	✱ ✇❤❡♥ ♦♥❡ ❝♦♥�✐❞❡�� 	❤❛	



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✶✶

❡��❡�❡ ❛�❜✐��❛�✐❛ ♥❡❧❧♦ �♣❛③✐♦ ❧❛ ♣♦�✐③✐♦♥❡ ❞❡❣❧✐ ❛��✐ ❝✉✐ �✐ �✐❢❡�✐�❝❡ ✉♥ �✐��❡♠❛✱ �✐❛ ✐♥ ♠♦�♦✱ �✐❛

✐♥ ❡�✉✐❧✐❜�✐♦ ✿ ❝❤❡ ❡�❛ ❣✐✉��♦ ❞✐ ❢❛�❡ ❛��❡♥③✐♦♥❡ ❛♥❝❤❡ ❛ ✉♥ �� ❢❛��♦ ❛�❜✐��✐♦✱ ✐❧ �✉❛❧❡✱ ♠❡��♦

❛ ❝❛❧❝♦❧♦✱ ❞♦✈❡❛ ♣✉� ❝♦♥❞✉��❡ ❛ �✉❛❧❝❤❡ �✐�✉❧�❛�♦ ❞✐✈❡��♦ ❞❛ �✉❡❧❧✐ ❝❤❡ �✐ ♦��❡♥❣♦♥♦ �✉❛♥❞♦

❛❞ ❡��♦ ❛�❜✐��✐♦ ♥♦♥ �✐ ❜❛❞❛✳ ■♥ ✈✐��� ❞✐ ✉♥ �❛❧ ♠♦�♦ ❞❡❣❧✐ ❛��✐ ❧❡ δx, δy, δz ❞❡✐ ❞✐✈❡��✐ ♣✉♥�✐

❛��✉♠♦♥♦ ✐ ✈❛❧♦�✐ ❞❛�✐ ❞❛❧❧❡ ❡�✉❛③✐♦♥✐ ✭✸✾✮ ♥✉♠◦✳✹✷✳ ✐ �✉❛❧✐ �♦♥♦ �✉❡✐ ✈❛❧♦�✐ ♣❛��✐❝♦❧❛�✐ ❝❤❡

�♦❞❞✐�❢❛♥♥♦ ❛ �✉��❡ ❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ❡�♣�✐♠❡♥�✐ ❣❧✐ ❡✛❡��✐ ❞❡❧❧❡ ❢♦�③❡ ✐♥�❡�♥❡✱ �✐❝❝♦♠❡

✈❡❞❡♠♠♦ ❛❧ ♥✉♠◦✳✹✽✳

■❧ �✐❢❡�✐♠❡♥�♦ �✐♠✉❧�❛♥❡♦ ❞❡❧ �✐��❡♠❛ ❛ ❞✉❡ �❡�♥❡ ❞✐ ❛��✐ ♦��♦❣♦♥❛❧✐ ❣✐✉♦❝❛ ♣♦✐ ❡✣❝❛❝❡♠❡♥�❡

✐♥ ✉♥✬ ❛❧��❛ ♠❛♥✐❡�❛✱ ❡��❡♥❞♦ ❞✉❡ ✐ ♠❡�♦❞✐ ❝♦♥ ❝✉✐ �✐ ♣♦��♦♥♦ ��❛��❛�❡ ❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡✱

❣✐✉��❛ ❧✬❡�♣♦��♦ ❛❧ ♥✉♠◦✳✶✼✳ ❈❛♣✳ ■■✳ ◗✉✐ �✬ ✐♥�❡♥❞❡ ♣❛�❧❛�❡ ❞✐ �✉❡❧ ♠❡�♦❞♦ ❝❤❡ ❧❛�❝✐❛ ❛❧❧❡

δx, δy, δz �✉��❛ ❧❛ ❧♦�♦ ❣❡♥❡�❛❧✐�*✱ ❡ ��❛��❛ ❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡✱ ✐♥��♦❞✉❝❡♥❞♦ ♠♦❧�✐♣❧✐❝❛�♦�✐

✐♥❞❡�❡�♠✐♥❛�✐✳ ■♥ �❛❧ ❝❛�♦ ❧❛ ❝♦♥�❡♠♣❧❛③✐♦♥❡ ❞❡❧❧❡ ❞✉❡ �❡�♥❡ ❞✐ ❛��✐ ❣✐♦✈❛ ♣❡� ❧✬✐♠♣✐❛♥�♦ ❞❡❧❧❡

❞❡��❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡✱ ❝❤❡ ❛❧��✐♠❡♥�✐ ♥♦♥ �✐ �❛♣�❡❜❜❡�♦ ❛��❡❣♥❛�❡ ✐♥ ❣❡♥❡�❛❧❡ ✿ ✐♥

❡��❡ ❝♦♠♣❛❥♦♥♦ ♣❡� ❧✬✐♥❞✐❝❛③✐♦♥❡ ❞❡❧❧❡ ❞❡�✐✈❛�❡ ♣❛�③✐❛❧✐ �✉❡❧❧❡ ✈❛�✐❛❜✐❧✐ p, q, r, ❝❤❡ ❛❞ ♦♣❡�❛③✐♦♥✐

✜♥✐�❡✱ �♦♥♦ ♣♦✐ ❞❡��✐♥❛�❡ ❛❞ ✉�❝✐� ❞❛❧ ❝❛❧❝♦❧♦✳ ❯♥ �❛❧ ♣✉♥�♦ ❞✐ ✈✐��❛ ♣❛�♠✐ �❢✉❣❣✐�♦ ❛ ▲❛❣�❛♥❣❡ ❡

❛❞ ❛❧��✐ ●❡♦♠❡��✐ ✿ ❛❞ ❡��♦ �✐ �✐❢❡�✐�❝❡ �✉❛♥�♦ ♥❡❧❧❛ ♣�❡�❡♥�❡ ▼❡♠♦�✐❛ ♣✉1 ❡��❡�❡ ♣✐� ♠❡�✐�❡✈♦❧❡

❞✐ ❛��❡♥③✐♦♥❡✳ ❈✐�❝❛ ♣♦✐ ❛❧ ♥♦♥ ❝♦♠♣�❡♥❞❡��✐ ❝❤✐❛�❛♠❡♥�❡ ❝♦♠❡ ❞❛ ❞❡��❡ �❡✐ ❡�✉❛③✐♦♥✐ ❞✐

❝♦♥❞✐③✐♦♥❡ ✈❡♥❣❛♥♦ �✐❣♥✐✜❝❛�✐ ❣❧✐ ❡✛❡��✐ ❞❡❧❧❡ ❢♦�③❡ ✐♥�❡�♥❡✱ ♠✐ �✐♣♦��❡�1 ❛❧❧❡ ❝♦♥�✐❞❡�❛③✐♦♥✐

❣❡♥❡�❛❧✐ ♣♦��❡ ♥❡❧ ♣�♦❧♦❣♦✳

❈❆3❖ ❱✳

❉❡❧ ♠♦�♦ ❡ ❞❡❧❧✬❡	✉✐❧✐❜
✐♦ ❞❡✬ ✢✉✐❞✐✳

✻✶✳ ❆❜❜✐❛♠♦ ❞❛�♦ ❧❡ ❡�✉❛③✐♦♥✐ ❣❡♥❡�❛❧✐ ❞❡❧ ♠♦�♦ ❞✐ ✉♥ ❝♦�♣♦ �✉❛❧✉♥�✉❡ ✿ ♥❡��✉♥ ❞✉❜❜✐♦

❛❞✉♥�✉❡ ❝❤❡ ✐♥ ❡��❡ �✐❛♥♦ ❝♦♠♣�❡�❡ ❛♥❝❤❡ ❧❡ ❡�✉❛③✐♦♥✐ ❣❡♥❡�❛❧✐ ❞❡❧ ♠♦�♦ ❞❡✬ ✢✉✐❞✐✳ ❱♦✲

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✶✶

✐� ✐� ❛�❜✐��❛�② ✐♥ �❤❡ �♣❛❝❡ �❤❡ ♣♦�✐�✐♦♥ ♦❢ �❤❡ ❛①❡� �♦ ✇❤✐❝❤ ♦♥❡ �❡❢❡�� ❛ �②��❡♠✱ ✇❤✐❝❤ ♠❛②

❜❡ ❛� �❡�� ♦� ✐♥ ♠♦�✐♦♥✿ ❬■ ❝❧❛✐♠ �❤❛�❪ ✐� ✇❛� �✐❣❤� �♦ ❝♦♥�✐❞❡� �❤❡ ❝♦♥�❡�✉❡♥❝❡� ♦❢ �✉❝❤

❛�❜✐��❛�✐♥❡��✱ ✇❤✐❝❤ ♦♥❝❡ ��❛♥�❢♦�♠❡❞ ✐♥�♦ ❝❛❧❝✉❧❛�✐♦♥� ❤❛❞ ♥❡❝❡��❛�✐❧② �♦ ❧❡❛❞ �♦ �♦♠❡ �❡�✉❧��

✇❤✐❝❤ ❛�❡ ❞✐✛❡�❡♥� ❢�♦♠ �❤♦�❡ ♦❜�❛✐♥❡❞ ✇❤❡♥ �❛✐❞ ❛�❜✐��❛�✐♥❡�� ✐� ♥♦� ❝♦♥�✐❞❡�❡❞✳ ❇❡❝❛✉�❡ ♦❢

�✉❝❤ ♠♦�✐♦♥ ♦❢ �❤❡ �❡❢❡�❡♥❝❡ ❛①❡� �❤❡ ✈❛�✐❛�✐♦♥� δx, δy, δz ♦❢ �❤❡ ❞✐✛❡�❡♥� ♣♦✐♥�� ❛��✉♠❡ �❤❡

✈❛❧✉❡� ❣✐✈❡♥ ❜② �❤❡ ❡�✉❛�✐♦♥� ✭✸✾✮ �❡❝�✳ ✹✷ ✇❤✐❝❤ ❛�❡ �❤♦�❡ ♣❛��✐❝✉❧❛� ✈❛❧✉❡� ✇❤✐❝❤ �❛�✐�❢② ❛❧❧

�❤❡ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ✇❤✐❝❤ ❡①♣�❡�� �❤❡ ❡✛❡❝�� ♦❢ ✐♥�❡�♥❛❧ ❢♦�❝❡� ❛� ✇❡ ❤❛✈❡ �❡❡♥ ✐♥ �❡❝�✳

✹✽✳

❚❤❡ �✐♠✉❧�❛♥❡♦✉� �❡❢❡�❡♥❝❡ ♦❢ �❤❡ �②��❡♠ �♦ �✇♦ ��✐♣❧❡� ♦❢ ♦��❤♦❣♦♥❛❧ ❛①❡� ❝❛♥ ❜❡ ❛❧�♦

❡①♣❧♦✐�❡❞ ✐♥ ❛♥♦�❤❡� ♠❛♥♥❡�✱ ❛� �❤❡�❡ ❛�❡ ❛❝�✉❛❧❧② �✇♦ ♠❡�❤♦❞� ✇✐�❤ ✇❤✐❝❤ ♦♥❡ ❝❛♥ ��❡❛� �❤❡

❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥✱ ❡①❛❝�❧② ❛� �❤♦✇♥ ✐♥ �❡❝�✳ ✶✼ ❈❛♣✳ ■■✳ ❍❡�❡ ✇❡ �❡❢❡� �♦ �❤❛� ♠❡�❤♦❞ ✇❤✐❝❤

❧❡❛✈❡� �♦ �❤❡ ✈❛�✐❛�✐♦♥� δx, δy, δz ❛❧❧ �❤❡✐� ❣❡♥❡�❛❧✐�②✱ ❛♥❞ ��❡❛�� �❤❡ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ❜②

✐♥��♦❞✉❝✐♥❣ �♦♠❡ ✐♥❞❡�❡�♠✐♥❛�❡ ♠✉❧�✐♣❧✐❡��✳ ■♥ �✉❝❤ ❝❛�❡ �❤❡ ❝♦♥�✐❞❡�❛�✐♦♥ ♦❢ �❤❡ �✇♦ ��✐♣❧❡�

♦❢ ❛①❡� ✐� ✈❡�② ✉�❡❢✉❧ �♦ ❡��❛❜❧✐�❤ �❤❡ ♥❛�✉�❡ ♦❢ �❛✐❞ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥�✱ ✇❤✐❝❤ ♦�❤❡�✇✐�❡

❝♦✉❧❞ ♥♦� ❜❡ ❛��✐❣♥❡❞ ✐♥ ❣❡♥❡�❛❧✿ ✐♥ �❤❡♠ ✲�❤�♦✉❣❤ �❤❡ ✐♥❞✐❝❛�✐♦♥ ♦❢ ♣❛��✐❛❧ ❞❡�✐✈❛�✐✈❡�✲ ❞♦

❛♣♣❡❛� �❤♦�❡ ✈❛�✐❛❜❧❡� p, q, r, ✇❤✐❝❤✱ ✇❤❡♥ �❤❡ ♦♣❡�❛�✐♦♥� ❛�❡ ❝♦♥❝❧✉❞❡❞✱ ✇✐❧❧ ❞✐�❛♣♣❡❛� ❢�♦♠

�❤❡ ❝❛❧❝✉❧❛�✐♦♥�✳ ❙✉❝❤ ♣♦✐♥� ♦❢ ✈✐❡✇ ✲✐♥ ♠② ♦♣✐♥✐♦♥✲ �❡❡♠� �♦ ❤❛✈❡ ❜❡❡♥ ♥❡❣❧❡❝�❡❞ ❜② ▲❛❣�❛♥❣❡

❛♥❞ ❜② ♦�❤❡� ●❡♦♠❡�❡��✿ ❊✈❡�②�❤✐♥❣ ✐♥ �❤✐� ▼❡♠♦✐� �❤❛� ❝❛♥ ❜❡ ♠♦�❡ ✇♦��❤② ♦❢ ❛��❡♥�✐♦♥ �❡❢❡��

�♦ �❤✐� ♣♦✐♥� ♦❢ ✈✐❡✇✳ ❋✐♥❛❧❧② ■ �❡❢❡� �♦ �❤❡ ❣❡♥❡�❛❧ ❝♦♥�✐❞❡�❛�✐♦♥� ❞❡✈❡❧♦♣❡❞ ✐♥ �❤❡ 3�♦❧♦❣✉❡ ❢♦�

❝❧❛�✐❢②✐♥❣ ❤♦✇ �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ �✐① ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ❝❛♥ ❞❡�❝�✐❜❡ �❤❡ ❡✛❡❝�� ♦❢ ✐♥�❡�♥❛❧

❢♦�❝❡�✳

❈❆3❖ ❱✳

▼♦�✐♦♥� ❛♥❞ ❡	✉✐❧✐❜
✐✉♠ ♦❢ ✢✉✐❞�

✻✶✳ ❲❡ ❣❛✈❡ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥� ♦❢ ♠♦�✐♦♥ ♦❢ ❛ ❜♦❞② ✇❤❛��♦❡✈❡�✿ ♥♦ ❞♦✉❜�✱ �❤❡�❡❢♦�❡✱

�❤❛� �❤❡② ❛�❡ ❛❧�♦ ✐♥❝❧✉❞❡❞ ✐♥ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥� ♦❢ ✢✉✐❞ ♠♦�✐♦♥✳



✶✶✷
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

❧❡♥❞♦ ♣❡�� ❞❡❝✐❢❡�❛�❡ �✉❡��❡ �❡❝♦♥❞❡✱ ❞✉❡ ❝♦�❡ �✐ �✐❝❤✐❡❣❣♦♥♦ ✿ ❧❛ ♣�✐♠❛✱ ✉♥❛ ❞❡✜♥✐③✐♦♥❡ ❝❤❡ ❜❡♥

❞❡�❡�♠✐♥✐ ✐♥ ❝❤❡ ❝♦♥�✐��❛ ❧♦ ��❛�♦ ✢✉✐❞♦ ❞✐ ✉♥ ❝♦�♣♦✿ ❧❛ �❡❝♦♥❞❛✱ ❧✬✐♥��♦❞✉③✐♦♥❡ ❞❡❧❧❡ ❛♥❛❧♦❣❤❡

♠♦❞✐✜❝❛③✐♦♥✐ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ❣❡♥❡�❛❧✐ ♦♥❞❡ ♣✐❡❣❛�❧❡ ❛❧❧❛ ♣✐� ♣❛��✐❝♦❧❛�❡ �❛♣♣�❡�❡♥�❛③✐♦♥❡ ❞✐ ❝✉✐

♦�❛ ❝✐ ✈✐❡♥❡ ✐❧ ❜✐�♦❣♥♦✳

❉✐ �✉��❡ ❧❡ ❞❡✜♥✐③✐♦♥✐ ❝❤❡ �✐ �♦♥♦ ❞❛�❡ ❞❡✐ ✢✉✐❞✐ ♣❛�♠✐ ❧❛ ♣✐� ❝❤✐❛�❛ �✉❡❧❧❛ ❞❡✐ ✜�✐❝✐ ♠♦❞❡�♥✐✱

❧❛ �✉❛❧❡ ✐♥♦❧��❡ ! ❧❛ �♦❧❛ ❝❤❡ �❡♥❞❛ �❛❣✐♦♥❡ ❞❡❧ ♣❡�❝❤" ✉♥♦ ��❡��♦ ❝♦�♣♦ ♣♦��❛ ♣❛��❛�❡ ❞❛❧❧♦ ��❛�♦

�♦❧✐❞♦ ❛❧ ✢✉✐❞♦✱ ❡ �✐�♦�♥❛�❡ ❞❛❧ �❡❝♦♥❞♦ ❛❧ ♣�✐♠♦✳ #�❡�❡♥�❡♠❡♥�❡ �✐ �✐�✐❡♥❡ ❝❤❡ ❧♦ ��❛�♦ ✢✉✐❞♦

✐♥ ✉♥ ❝♦�♣♦ ♣�♦✈❡♥❣❛ ❞❛❧❧❛ ❞✐��❛♥③❛ �✐�♣❡��✐✈❛ ❝❤❡ ♣�❡♥❞♦♥♦ ❧❡ �✉❡ ♠♦❧❡❝♦❧❡ ♠❛❣❣✐♦�❡ ❝❤❡

♥❡❧❧♦ ��❛�♦ �♦❧✐❞♦ ✿ ✐♥ ❝♦♥�❡❣✉❡♥③❛ ❝❡��❛✱ ♦ ❛❧♠❡♥♦ ♥♦♥ ❞$ ♣✐� ❡✛❡��♦ ❛♣♣�❡③③❛❜✐❧❡✱ ❧✬❛③✐♦♥❡

�❡❝♦♥❞❛�✐❛ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ❞♦✈✉�❛ ❛❧❧❛ ❧♦�♦ ❞✐✈❡��❛ ✜❣✉�❛✱ ❛③✐♦♥❡ ❝❤❡ ♥❡❧❧❛ ♠✐♥♦�❡ ❧♦♥�❛♥❛♥③❛ ❞✐

❡��❡ ❡�❛ ✐♥ ❣✐✉♦❝♦ ❡ ♣�♦❞✉❝❡✈❛ ❧❛ �♦❧✐❞✐�$✳ ❊❝❝♦ ❧❡ ♣❛�♦❧❡ ❞❡❧ #♦✐��♦♥ ✓ ❉❛♥� ❧❡� ❝♦�♣� �♦❧✐❞❡�✱

❝�✐��❛❧❧✐�"� ♦✉

✓ ♥♦♥✱ ❧❛ ❝❛✉�❡ ♣❛��✐❝✉❧✐"�❡ �✉✐ �❡�✐❡♥� ❧❡� ♠♦❧"❝✉❧❡� �✉� ❧❡�

✓ ❞✐�❡❝�✐♦♥� ♦✉ ❡❧❧❡� �♦♥� ♣❧✉� ♦✉ ♠♦✐♥� �❡��❡��"❡�✱ ♥❡ ♣❡✉�

✓ (��❡ �✉❡ ❧❛ ♣❛��✐❡ ❞❡ ❧❡✉� ❛❝�✐♦♥ �✉✐ ❞"♣❡♥❞ ❞❡ ❧❡✉� ❢♦�♠❡

✓ ❡� ❞❡ ❧❡✉� �✐�✉❛�✐♦♥ �❡❧❛�✐✈❡�✳ ❙✐ ❧✬ ♦♥ "❝❛��❡ ❧❡� ♠♦❧"❝✉❧❡�

✓ ♣❛� ✉♥❡ ❛❞❞✐�✐♦♥ ❞❡ ❝❛❧♦�✐�✉❡✱ ❝❡��❡ ❢♦�❝❡ �❡❝♦♥❞❛✐�❡ ❞✐♠✐♥✉❡

✓ ❡♥ ❣"♥"�❛❧ ♣❧✉� �❛♣❡❞❡♠❡♥� �✉❡ ❧✬❛✉��❡ ♣❛��✐❡ ❞❡ ❧❡✉� ❛❝�✐♦♥

✓ ♠✉�✉❡❧❧❡✿ �♦♥ ❡✛❡� ♣❡✉� ❞❡✈❡♥✐� ✐♥�❡�✐❜❧❡✿ ❡� ❧❡� ❝♦�♣� ♣❛��❡

✓ ❛❧♦�� * ❧✬ "�❛� ✢✉✐❞❡ ✔ ✳ ✭ ❏♦✉�♥❛❧ ❞❡ ❧✬ ➱❝♦❧❡ #♦❧②�✳ ❈❛❤✳ ❳❳✳ ♣❛❣✳ ✾✸✳ ✮ ✳ #❡��❛♥�♦ ✐

❝♦�♣✐ ✢✉✐❞✐ �♦♥♦ �✉❡❧❧✐ ✐♥ ❝✉✐ ❧❡ ♠♦❧❡❝♦❧❡✱ �✉❛♥�✉♥�✉❡ ♥♦♥ ❧♦ �✐❛♥♦✱ ♣♦��♦♥♦ �✐❣✉❛�❞❛��✐ ❝♦♠❡

�❡ ❢♦��❡�♦ �❢❡�✐❝❤❡ ✿ ✐♥❢❛��✐ �❡ ❢♦��❡�♦ �❢❡�✐❝❤❡ ♥♦♥ ❛✈�❡❜❜❡ ♣✐� ❧✉♦❣♦ ❛③✐♦♥❡ ❞♦✈✉�❛ ❛❧❧❛ ✜❣✉�❛

❞✐ ❡��❡ ✭ �✐✈❡❞✐ ✐❧ ❣✐$ ❞❡��♦ ❛❧ ♥✉♠ ✺✹✮✳

❆❞♦��❛�❛ �✉❡��❛ ❞❡✜♥✐③✐♦♥❡✱ ✈❡❞✐❛♠♦ ❝♦♠❡ ❞❡❜❜❛♥♦ ❡��❡�❡ ♦�❛ ❝♦♥�✐❞❡�❛�❡ ❧❡ �❡✐ �✉❛♥�✐�$

2A, 2B, 2C,D,E, F, ❡ ❧❡ �❡✐ Λ,Ξ,Π,Σ,Φ,Ψ ❝♦♠♣♦♥❡♥�✐ ❧❡ ❣❡♥❡�❛❧✐ ❡�✉❛③✐♦♥✐ ✭✷✹✮ ♥✉♠✳✺✵✳ ◆❡❧❧❡

♣�✐♠❡ ♥♦♥ ❞❡❜❜♦♥♦ ♣✐� ❡♥��❛�❡ ✐ ❝♦�❡♥✐ a1, a2, a3..... ❡ ♥♦♥ ♣✐� ♥❡❧❧❡ �❡❝♦♥❞❡ ✐ ❝♦�❡♥✐ b1, b2, b3.....✿

✐♥❢❛��✐✱ ❡��✐ ❡�❛♥♦ ✭♥✉♠✳✺✹✮ �♦❧�❛♥�♦ ✐♥��♦❞♦��✐ �✉❛♥❞♦ �✉��✐��❡✈❛♥♦ ❧❡ ❛③✐♦♥✐ ❞❡❧❧❛ �❡❝♦♥❞❛

�♣❡❝✐❡✱ ❝❤❡ ♣✐� ♥♦♥ �✐ ❞❛♥♥♦ ♥❡✐ ✢✉✐❞✐✳

✶✶✷
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

❉❡�✐�❡✱ ❤♦✇❡✈❡�✱ �♦ ❞❡❝✐♣❤❡� �❤❡�❡ ❧❛��❡�✱ �✇♦ �❤✐♥❣� ❛�❡ �❡�✉✐�❡❞✿ ✜���✱ ❛ ❞❡✜♥✐�✐♦♥ �❤❛�

✇❡❧❧ ❞❡�❡�♠✐♥❡� ✐♥ ✇❤❛� ❝♦♥�✐��� �❤❡ ❧✐�✉✐❞ ��❛�❡ ♦❢ ❛ ❜♦❞②✿ �❤❡ �❡❝♦♥❞✱ �❤❡ ✐♥��♦❞✉❝�✐♦♥ ♦❢

�❤❡ ❛♥❛❧♦❣♦✉� ❝❤❛♥❣❡� ✐♥ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥� ✐♥ ♦�❞❡� �♦ ❛❞❛♣� �❤❡♠ �♦ �❤❡ ♠♦�� �♣❡❝✐❛❧

�❡♣�❡�❡♥�❛�✐♦♥ ♦❢ ✇❤✐❝❤ ♥♦✇ �❤❡�❡ ✐� ❛ ♥❡❡❞✳

❖❢ ❛❧❧ �❤❡ ❞❡✜♥✐�✐♦♥� ♦❢ ✢✉✐❞� �❤❛� ❤❛✈❡ ❜❡❡♥ ❣✐✈❡♥ ❬✉♣ �♦ ♥♦✇❪ �❤❡ ❝❧❡❛�❡�� ♦♥❡ �❡❡♠� �♦

♠❡ �❤❛� ♦❢ �❤❡ ♠♦❞❡�♥ ♣❤②�✐❝�✱ ✇❤✐❝❤ ✐� ❛❧�♦ �❤❡ ♦♥❧② ♦♥❡ �❤❛� ♠❛❦❡� �❡❛�♦♥ ✇❤② �❤❡ �❛♠❡

❜♦❞② ❝❛♥ ♣❛�� ❢�♦♠ �❤❡ �♦❧✐❞ �♦ �❤❡ ✢✉✐❞✱ ❛♥❞ �❡�✉�♥ ❢�♦♠ �❤❡ �❡❝♦♥❞ �♦ �❤❡ ✜���✳ ❆� ♣�❡�❡♥� ✐�

✐� ❜❡❧✐❡✈❡❞ �❤❛� �❤❡ ✢✉✐❞ ��❛�❡ ✐♥ ❛ ❜♦❞② ❝♦♠❡� ❢�♦♠ �❤❡ �❡�♣❡❝�✐✈❡ ❞✐��❛♥❝❡ ✐�� ♠♦❧❡❝✉❧❡� �❛❦❡

❬✇❤✐❝❤ ✐�❪ ❣�❡❛�❡� �❤❛♥ ✐♥ �❤❡ �♦❧✐❞ ��❛�❡✿ ✐♥ ❝♦♥�❡�✉❡♥❝❡✱ �❤❡ �❡❝♦♥❞❛�② ❛❝�✐♦♥ ♦❢ �❤❡ ♠♦❧❡❝✉❧❡�

❞✉❡ �♦ �❤❡✐� ❞✐✛❡�❡♥� �❤❛♣❡ ❝❡❛�❡✱ ♦� ❛� ❧❡❛�� ♥♦ ❧♦♥❣❡� ❣✐✈❡� ❛♥② �✐❣♥✐✜❝❛♥� ❡✛❡❝�✱ ❛♥ ❛❝�✐♦♥

�❤❛� ✐♥ �❤❡✐� �❤♦��❡� ❞✐��❛♥❝❡ ♣❧❛②❡❞ ❛ �♦❧❡ ❛♥❞ ♣�♦❞✉❝❡❞ �❤❡ �♦❧✐❞✐�②✳ ❍❡�❡ ❛�❡ �❤❡ ✇♦�❞� ♦❢

#♦✐��♦♥✳ ✓ ❉❛♥� ❧❡� ❝♦�♣� �♦❧✐❞❡�✱ ❝�✐��❛❧❧✐�"� ♦✉

✓ ♥♦♥✱ ❧❛ ❝❛✉�❡ ♣❛��✐❝✉❧✐"�❡ �✉✐ �❡�✐❡♥� ❧❡� ♠♦❧"❝✉❧❡� �✉� ❧❡�

✓ ❞✐�❡❝�✐♦♥� ♦✉ ❡❧❧❡� �♦♥� ♣❧✉� ♦✉ ♠♦✐♥� �❡��❡��"❡�✱ ♥❡ ♣❡✉�

✓ (��❡ �✉❡ ❧❛ ♣❛��✐❡ ❞❡ ❧❡✉� ❛❝�✐♦♥ �✉✐ ❞"♣❡♥❞ ❞❡ ❧❡✉� ❢♦�♠❡

✓ ❡� ❞❡ ❧❡✉� �✐�✉❛�✐♦♥ �❡❧❛�✐✈❡�✳ ❙✐ ❧✬ ♦♥ "❝❛��❡ ❧❡� ♠♦❧"❝✉❧❡�

✓ ♣❛� ✉♥❡ ❛❞❞✐�✐♦♥ ❞❡ ❝❛❧♦�✐�✉❡✱ ❝❡��❡ ❢♦�❝❡ �❡❝♦♥❞❛✐�❡ ❞✐♠✐♥✉❡

✓ ❡♥ ❣"♥"�❛❧ ♣❧✉� �❛♣❡❞❡♠❡♥� �✉❡ ❧✬❛✉��❡ ♣❛��✐❡ ❞❡ ❧❡✉� ❛❝�✐♦♥

✓ ♠✉�✉❡❧❧❡✿ �♦♥ ❡✛❡� ♣❡✉� ❞❡✈❡♥✐� ✐♥�❡�✐❜❧❡✿ ❡� ❧❡� ❝♦�♣� ♣❛��❡

✓ ❛❧♦�� * ❧✬ "�❛� ✢✉✐❞❡ ✔ ✳ ✭ ❏♦✉�♥❛❧ ❞❡ ❧✬ ➱❝♦❧❡ #♦❧②�✳ ❈❛❤✳ ❳❳✳ ♣✳ ✾✸✮✳ ❚❤❡�❡❢♦�❡ �❤❡ ✢✉✐❞

❜♦❞✐❡� ❛�❡ �❤♦�❡ ✐♥ ✇❤✐❝❤ �❤❡ ♠♦❧❡❝✉❧❡�✱ ❛❧�❤♦✉❣❤ �❤❡② ❛�❡ ♥♦�✱ ♠❛② ❜❡ �❡❣❛�❞❡❞ ❛� ✐❢ �❤❡②

✇❡�❡ �♣❤❡�✐❝❛❧✿ ✐♥ ❢❛❝�✱ ✐❢ �❤❡② ✇❡�❡ �♣❤❡�✐❝❛❧ �❤❡ ❛❝�✐♦♥ ❞✉❡ �♦ �❤❡✐� �❤❛♣❡ ✇♦✉❧❞ ♥♦ ❧♦♥❣❡�

❤❛✈❡ ♣❧❛❝❡ ✭�❡✈✐❡✇ �❤❡ ❛❧�❡❛❞② �❛✐❞ ❛� �❡❝�✳ ✺✹✮✳

❙✐♥❝❡ �❤✐� ❞❡✜♥✐�✐♦♥ ❤❛� ❜❡❡♥ ❛❞♦♣�❡❞✱ ✇❡ �❡❡ ❤♦✇ �❤❡ �✐① �✉❛♥�✐�✐❡� 2A✱ 2B✱ 2C✱ D✱ E✱

F ✱ ❛♥❞ �❤❡ �✐① Λ✱ Ξ✱ Π✱ Σ✱ Φ✱ Ψ ❝♦♠♣♦♥❡♥�� ♦❢ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥� ✭✷✹✮ �❡❝�✳ ✺✵ ❛�❡ �♦ ❜❡

❝♦♥�✐❞❡�❡❞ ♥♦✇✳ ❚❤❡ ❝♦�✐♥❡� a1✱ a2✱ a3 ✳ ✳ ✳ ♥♦ ❧♦♥❣❡� ❤❛✈❡ �♦ ❡♥�❡� ✐♥ �❤❡ ✜��� ♦♥❡� ❛♥❞ �❤❡

❝♦�✐♥❡� b1✱ b2✱ b3✳✳✳ ♥♦ ❧♦♥❣❡� ✐♥ �❤❡ �❡❝♦♥❞ ♦♥❡�✿ ✐♥ ❢❛❝�✱ �❤❡② ✇❡�❡ ✭�❡❝�✳ ✺✹✮ ✐♥��♦❞✉❝❡❞ ♦♥❧②

✇❤❡♥ �❤❡ ❛❝�✐♦♥� ♦❢ �❤❡ �❡❝♦♥❞ �♣❡❝✐❡� ❞✐❞ ❡①✐��✱ ✇❤✐❝❤ ♥♦ ❧♦♥❣❡� ❡①✐�� ✐♥ ✢✉✐❞�✳



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✶✸

❈♦�� �✉❡❧❧❡ �❡✐ ♣
✐♠❡ �✉❛♥�✐�� �✐ ♠✉�❛♥♦ ♥❡❧❧❡ �❡❝♦♥❞❡ �❡✐✱ ✉♥✐❝❛♠❡♥�❡ ❝♦❧ ♠✉�❛
❡ ❧❡ p, q, r

♥❡❧❧❡ x, y, z✳ ■❧ ❝❤✳ ●❡♦♠❡�
❛ ❙✐❣✳ ▼♦��♦��✐ ❤❛ ❡�♣
❡��❛ ❡✣❝❛❝❡♠❡♥�❡ ✉♥❛ �❛❧❡ ♣
♦♣
✐❡�� ❝♦❧❧❡

�❡❣✉❡♥�✐ ♣❛
♦❧❡ ✿ ✏ ✐ ✢✉✐❞✐ ❞✐✛❡
✐�❝♦♥♦ ❞❛✐ �♦❧✐❞✐ ✐♥ �✉❛♥�♦ ❝❤❡ ❧❡ ❢♦
③❡ ❞✐ ❝✐❛�❝✉♥❛ ♠♦❧❡❝♦❧❛

✏�♣✐❡❣❛ �✉❧❧❡ ❛❧�
❡✱ �♦♥♦✱ ♣
♦❜❛❜✐❧♠❡♥�❡ ♣❡
 ❝❛✉�❛ ❞✐ ✉♥ ♠❛❣❣✐♦
❡ �❝♦��❛♠❡♥�♦✱ ✐♥❞✐♣❡♥❞❡♥�✐

✏❞❛❧❧✬♦
✐❡♥�❛③✐♦♥❡ ❞❡❣❧✐ ❛��✐ ❞❡❧❧❛ �✉❛ ✜❣✉
❛ ✑✳ ✭ ▲❡③✐♦♥✐ ❊❧❡♠✳ ❞✐ ✜�✐❝❛ ♠❛�❡♠❛�✐❝❛✳ ❚✳■✳ ♣❛❣✳

✶✶✻✳ ✮ .❡
/ �✉❛♥�✉♥�✉❡ ❧❡ 2Λ, 2B✱ ❡❝✳ ❞❡❜❜❛♥♦ ❡��❡
❡ ❢❛��❡ ❝♦❧❧❡ p, q, r ❝♦♠❡ ❧❡ Λ,Ξ✱ ❡❝✳

❝♦❧❧❡ x, y, z, ❡ �♦❧♦ ❞✐✛❡
✐
♥❡ ✐♥ �✉❛♥�♦ ❝♦♥�❡♥❣♦♥♦ ❧❡ ♣
✐♠❡ ❧❡��❡
❡ ✐♥ ❧✉♦❣♦ ❞❡❧❧❡ �❡❝♦♥❞❡ ✿

�✉��❛✈✐❛ ♥♦♥ ❤❛♥♥♦ ♣
❡❝✐�❛♠❡♥�❡ �✉❡��❛ ✐❞❡❛ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✷✹✮ ♥✉♠✳✺✵✳ ❙❡ ❜❡♥ �✐ ❝♦♥�✐❞❡
❛

❧✬ ❛♥❞❛♠❡♥�♦ ❛♥❛❧✐�✐❝♦ ❞❡❧ ♥✉♠✳✺✵✳✱ ❧❡ 2A, 2B, 2C,D,E, F ✐♥ �✉❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✷✹✮ ❤❛♥♥♦


✐❝❡✈✉�♦ ❛❧ ♣♦��♦ ❞❡❧❧❡ p, q, r ✐ ❧♦
♦ ✈❛❧♦
✐ ❞❛�✐ ❞❛❧❧❡ ❡�✉❛③✐♦♥✐ ✭✸✶✮ ♥✉♠◦✳✹✵✳ ❱❡
❛♠❡♥�❡ ✐♥ ✉♥❛

�❛❧❡ �♦��✐�✉③✐♦♥❡ �♣❛
✐�❝♦♥♦ ❧❡ ❞♦❞✐❝✐ �✉❛♥�✐�� f, g, h, α1, β1✱ ❡❝✳✱ ❡ ❧✬❡✛❡��♦ �♦
♥❛ ❧♦ ��❡��♦

❝♦♠❡ �❝
✐✈❡♥❞♦ ❧❡ x, y, z ✐♥ ❧✉♦❣♦ ❞❡❧❧❡ p, q, r✳ .❡
 ❛❧�
♦ ❧✬✐❞❡♥�✐�� ❞✐ �✉❡��❡ ❞✉❡ ♣
♦♣♦�✐③✐♦♥✐

♥♦♥ 6 ❡✈✐❞❡♥�❡✱ ❡ �✐ ♣✉/ ❡��❡
❡ ❞✬❛❝❝♦
❞♦ �✉❧❧✬✉♥❛ �❡♥③❛ ❝♦♥❝❡❞❡
 ❞✐ �✉❜✐�♦ ❧✬❛❧�
❛✳ ❙✐ ❛

✐✈❛ ❛

❝♦♥✈✐♥❝❡
�❡♥❡ 
✐❝❤✐❛♠❛♥❞♦ ❧❡ ❡�♣
❡��✐♦♥✐ ✭✸✺✮✱ ✭✸✽✮ ❞❡❧ ♥✉♠◦✳✺✹✱ ❡ ✈❡
✐✜❝❛♥❞♦ ❝♦❧ ❢❛��♦ ❝❤❡ ❧❛

�♦��✐�✉③✐♦♥❡ ❞❡✐ ✈❛❧♦
✐ ✭✸✶✮ ♥✉♠◦✳✹✵. ♠✉�❛ ❧❡ ♣
✐♠❡ ♥❡❧❧❡ ✭✸✻✮ ❡ ❧❡ �❡❝♦♥❞❡ ✐♥ ❛❧�
❡ ❛ ❧♦
♦ �✐♠✐❧✐✱

♣
♦♣
✐♦ ❝♦♠❡ �❡ �✐ �❝
✐✈❡��❡
♦ ❧❡ x, y, z ❛❧ ❧✉♦❣♦ ❞❡❧❧❡ p, q, r✳ ▲✬❡✛❡��♦ �✉❝❝❡❞❡ ✐♥ ❢♦
③❛ ❞❡❧❧❡

❡�✉❛③✐♦♥✐ ✭✹✮ ♥✉♠◦✳✸✸✳ ▲❛❣
❛♥❣❡ ❛✈❡❛ ♥♦�❛�❛ ❧❛ �✐♥❣♦❧❛
✐�� ❞✐ �✉❡��♦ 
✐�✉❧�❛♠❡♥�♦ ❛♥❛❧✐�✐❝♦

♥❡❧❧❡ ❡�♣
❡��✐♦♥✐ ❝♦♠❡ ❧❡ ✭✸✺✮ ✭ ❱❡❞✐ ▼✳❆✳❚✳■✳ ♣❛❣✳ ✷✺✹ ✮ ❡ ✉❧�✐♠❛♠❡♥�❡ ✐❧ ❙✐❣✳ ❈❛✉❝❤② ❢❡❝❡ ❞✐

�✉❡��❛ ♣
♦♣
✐❡�� ✐♥ ❛❧❝✉♥❡ ❢✉♥③✐♦♥✐ ❞❡❧❧❡ ❝♦♦
❞✐♥❛�❡ �♦❣❣❡��♦ ❞✐ �♣❡❝✐❛❧✐ 
✐❝❡
❝❤❡ ✭ ❊①❡
❝✐❝❡� ❞✬

❆♥❛❧②�❡ ❡� ❞❡ .❤②�✐�✉❡ ▼❛�❤✳ ❚✳■✳ ♣❛❣✳✶✵✼✳ ✮✳

❈♦♥✈✐❡♥❡ ♦
❛ 
✐✢❡��❡
❡ ❝❤❡ ❧❡ ❛③✐♦♥✐ ❢
❛ ♠♦❧❡❝♦❧❛ ❡ ♠♦❧❡❝♦❧❛✱ �✉❛♥❞♦ ♥♦♥ 6 ✐♥ ❣✐✉♦❝♦ ❧❛

✜❣✉
❛ ❞❡❧❧❡ ♠❡❞❡�✐♠❡✱ ♥♦♥ ♣♦��♦♥♦ ❞✐♣❡♥❞❡
❡ ❝❤❡ ❞❛❧❧❡ 
❡❝✐♣
♦❝❤❡ ❞✐��❛♥③❡✱ ❡ ❝❤❡ ♣❡
 ❧✬❡✛❡��♦

❝♦♠♣❧❡��✐✈♦ ❞✐ �✉��❡ �✉❡��❡ ❛③✐♦♥✐ ❡❧❡♠❡♥�❛
✐ �✉❧ ♣✉♥�♦ (p, q, r) ♦✈✈❡
♦ (x, y, z) ♣♦��♦♥♦ ❛♥❝❤❡

✐♥✢✉✐
❡ ❣❧✐ ❛♥❣♦❧✐ ❝❤❡

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✶✸

❙♦ �❤♦�❡ ✜
�� �✐① �✉❛♥�✐�✐❡� ❛
❡ �
❛♥�❢♦
♠❡❞ ✐♥ �❤❡ �❡❝♦♥❞ �✐①✱ ♦♥❧② ❜② ❝❤❛♥❣✐♥❣ �❤❡ p, q, r ✐♥�♦

�❤❡ x, y, z✳ ❚❤❡ 
❡�♣❡❝�❛❜❧❡ ●❡♦♠❡�❡
 ▼
✳ ▼♦��♦��✐ ❤❛� ❡✛❡❝�✐✈❡❧② ❡①♣
❡��❡❞ �✉❝❤ ❛ ♣
♦♣❡
�②

✇✐�❤ �❤❡ ❢♦❧❧♦✇✐♥❣ ✇♦
❞�✿ ✧❋❧✉✐❞� ❞✐✛❡
 ❢
♦♠ �♦❧✐❞� ❜❡❝❛✉�❡ �❤❡ ❢♦
❝❡� ❡❛❝❤ ♠♦❧❡❝✉❧❡ ❡①❡
��

♦♥ �❤❡ ♦�❤❡
�✱ ❛
❡ ♣
♦❜❛❜❧② ❞✉❡ �♦ ❛ ❧❛
❣❡
 ♦✛�❡�✱ ✐♥❞❡♣❡♥❞❡♥� ♦❢ �❤❡ ♦
✐❡♥�❛�✐♦♥ ♦❢ �❤❡ ❛①❡�

♦❢ ✐�� �❤❛♣❡✳✧ ✭❊❧❡♠✳ ▲❡❝�✉
❡� ♦❢ ♠❛�❤❡♠❛�✐❝❛❧ ♣❤②�✐❝�✳ ❚✳■✳ ♣✳ ✶✶✻✳✮ ❇✉� ❛❧�❤♦✉❣❤ �❤❡ 2A✱

2B✱ ❡�❝✳ �❤♦✉❧❞ ❜❡ ❞♦♥❡ ✇✐�❤ �❤❡ p✱ q✱ r ❛� �❤❡ Λ✱ Ξ,✱ ❡�❝✳ ✇✐�❤ �❤❡ x✱ y✱ z✱ ❛♥❞ ♦♥❧② ❞✐✛❡
 ❛�

�❤❡② ❝♦♥�❛✐♥ �❤❡ ✜
�� ❧❡��❡
� ✐♥ ♣❧❛❝❡ ♦❢ �❤❡ �❡❝♦♥❞ ♦♥❡�✿ ❤♦✇❡✈❡
✱ �❤❡② ❬�❤❡ ✷❆✱ ✷❇✱ ❡�❝❪ ❤❛✈❡

♥♦� ♣
❡❝✐�❡❧② �❤✐� ✐❞❡❛ ✐♥ �❤❡ ❡�✉❛�✐♦♥� ✭✷✹✮ �❡❝�✳ ✺✵✳ ■❢ ②♦✉ ❝❛
❡❢✉❧❧② ❝♦♥�✐❞❡
 �❤❡ ❛♥❛❧②�✐❝❛❧

�
❡❛�♠❡♥� ❬♣❡
❢♦
♠❡❞❪ ✐♥ �❡❝�✳ ✺✵✱ �❤❡ 2A✱ 2B✱ 2C✱ D✱ E✱ F ✐♥ �❤♦�❡ ❡�✉❛�✐♦♥� ✭✷✹✮ ❤❛✈❡


❡❝❡✐✈❡❞ ✐♥ ♣❧❛❝❡ ♦❢ �❤❡ p✱ q✱ r �❤❡✐
 ✈❛❧✉❡� ❣✐✈❡♥ ❜② ❡�✉❛�✐♦♥� ✭✸✶✮ ♦❢ �❡❝�✳ ✹✵✳ ❚❤❡ �✇❡❧✈❡

�✉❛♥�✐�✐❡� f ✱ g✱ h✱ α
1
✱ β

1
✱ ❛♥❞ ❡�❝✳ 
❡❛❧❧② ❞✐�❛♣♣❡❛
 ✐♥ �✉❝❤ ❛ �✉❜��✐�✉�✐♦♥✱ ❛♥❞ �❤❡ ❡✛❡❝� �✉
♥�

�♦ ❜❡ �❤❡ �❛♠❡ ❛� ✇
✐�✐♥❣ ❜❛❝❦ �❤❡ x✱ y✱ z ✐♥ ♣❧❛❝❡ ♦❢ �❤❡ p✱ q✱ r✳ ▼♦
❡♦✈❡
 �❤❡ ❡�✉✐✈❛❧❡♥❝❡

♦❢ �❤❡�❡ �✇♦ ♣
♦♣♦�✐�✐♦♥� ✐� ♥♦� ♦❜✈✐♦✉�✱ ❛♥❞ ♦♥❡ ❝❛♥ ❛❣
❡❡ ✇✐�❤ �❤❡ ✜
�� ✇✐�❤♦✉� ♥❡❝❡��❛
✐❧②

❜❡✐♥❣ ✐♥ ❛❣
❡❡♠❡♥� ✇✐�❤ �❤❡ �❡❝♦♥❞ ♦♥❡✳ ❨♦✉ ❣❡� �♦ ❜❡ ❝♦♥✈✐♥❝❡❞ ❜② ✐♥✈♦❦✐♥❣ �❤❡ ❡①♣
❡��✐♦♥�

✭✸✺✮✱ ✭✸✽✮ ♦❢ �❡❝�✳ ✺✹✱ ❛♥❞ ✈❡
✐❢②✐♥❣ ✇✐�❤ �❤❡ ❢❛❝� �❤❛� �❤❡ �✉❜��✐�✉�✐♦♥ ♦❢ �❤❡ ✈❛❧✉❡� ✭✸✶✮ �❡❝�✳

✹✵ �
❛♥�❢♦
♠� �❤❡ ✜
�� ♦♥❡� ✐♥ �❤❡ ✭✸✻✮ ❛♥❞ �❤❡ �❡❝♦♥❞ ♦♥❡� ✐♥ ♦�❤❡
 �✐♠✐❧❛
 �♦ �❤❡♠✱ ❥✉�� ❛� ✐❢

�❤❡ x✱ y✱ z ✇❡
❡ ✇
✐��❡♥ ✐♥ ♣❧❛❝❡ ♦❢ p✱ q✱ r✳ ❚❤❡ ❡✛❡❝� ❤❛♣♣❡♥� ❜② ✈✐
�✉❡ ♦❢ �❤❡ ❡�✉❛�✐♦♥� ✭✹✮

�❡❝�✳ ✸✸✳ ▲❛❣
❛♥❣❡ ❤❛❞ ♥♦�✐❝❡❞ �❤❡ �✐♥❣✉❧❛
✐�② ♦❢ �❤✐� ❛♥❛❧②�✐❝❛❧ 
❡�✉❧� ✐♥ �❤❡ ❡①♣
❡��✐♦♥� �✉❝❤

❛� �❤❡ ✭✸✺✮ ✭�❡❡ ▼✳ ❆✳ ❚✳ ■✳ ♣✳ ✷✺✹✮ ❛♥❞ ♠♦�� 
❡❝❡♥�❧② ▼
✳ ❈❛✉❝❤② ♠❛❞❡ ♦❢ �❤✐� ♣
♦♣❡
�② ✐♥

�♦♠❡ ♦❢ �❤❡ ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ❝♦♦
❞✐♥❛�❡� �❤❡ �✉❜❥❡❝� ♦❢ �♣❡❝✐❛❧ ��✉❞✐❡� ✭❊①❡
❝✐❝❡� ❞✬❆♥❛❧②�❡ ❡�

❞❡ .❤②�✐�✉❡ ▼❛�❤✳ ❚✳ ■✳ ♣❛❣❡ ✶✵✼✳✮✳

■� ✐� ❝♦♥✈❡♥✐❡♥� ♥♦✇ �♦ 
❡✢❡❝� �❤❛� �❤❡ ❛❝�✐♦♥� ❜❡�✇❡❡♥ ♠♦❧❡❝✉❧❡ ❛♥❞ ♠♦❧❡❝✉❧❡✱ ✇❤❡♥ �❤❡

�❤❛♣❡ ♦❢ �❤❡ �❛♠❡ ❬♠♦❧❡❝✉❧❡�❪ ✐� ♥♦� ❝♦♥�✐❞❡
❡❞✱ ❝❛♥ ♥♦� ❞❡♣❡♥❞ ♦♥ �❤❡ ♠✉�✉❛❧ ❞✐��❛♥❝❡�✱ ❛♥❞

�❤❛� ❢♦
 �❤❡ ♦✈❡
❛❧❧ ❡✛❡❝� ♦❢ ❛❧❧ ♦❢ �❤❡�❡ ❡❧❡♠❡♥�❛
② ❛❝�✐♦♥� ♦♥ �❤❡ ♣♦✐♥� (p, q, r) ♦
 (x, y, z)



✶✶✹
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

❢❛♥♥♦ ❢
❛ ❧♦
♦ ❧❡ 
❡��❡ ❝♦♥❣✐✉♥❣❡♥�✐ ❧❡ ♠♦❧❡❝♦❧❡✳ ❙✐❝❝♦♠❡ ♣♦✐ �❛♥�♦ ♥❡❣❧✐ ✉♥✐ ❝❤❡ ♥❡❣❧✐ ❛❧�
✐ ❞✐

❞❡��✐ ❡❧❡♠❡♥�✐ ❛♥❛❧✐�✐❝✐ ✭ ❢♦
♠♦❧❡ ✭✸✺✮✱ ✭✸✽✮ ✮ ❧✬✐♥❞✐❝❛�❛ ♣
♦♣
✐❡�� �✐ ✈❡
✐✜❝❛✱ �❛
❡♠♦ ❝♦♥❞♦��✐

❛❞ ❛♠♠❡��❡
❡ ❝❤✬ ❡��❛ �✐ ✈❡
✐✜❝❛ ❛♥❝❤❡ ♥❡❧❧❡ �❡✐  ✉❛♥�✐�� ♣✐! ✈♦❧�❡ 
✐❝♦
❞❛�❡✳ ❆❞✉♥ ✉❡ ♥❡❧❧❡

❡ ✉❛③✐♦♥✐ ✭✷✹✮ ♥✉♠◦✳✺✵✳ ❧❡ 2A, 2B✱ ❡❝✳ ✐♥ ❝✉✐ ❧❡ p, q, r ❤❛♥♥♦ ♣
❡�♦ ✐ ✈❛❧♦
✐ ✭✸✶✮ ♥✉♠◦✳✹✵✱

✈❡♥❣♦♥♦ ✐♥ �♦��❛♥③❛ ❛❞ ❛✈❡
 
✐❝❡✈✉�❡ ❧❡ ❧❡��❡
❡ x, y, z ✐♥ ❧✉♦❣♦ ❞❡❧❧❡ p, q, r, ❡ ❝♦♥ ❝✐& �✐ �♦♥♦

♠✉�❛�❡ ♥❡❧❧❡ ��❡��❡ Λ,Ξ✱ ❡❝✳ ❞❡✐ ♣
✐♠✐ ♠❡♠❜
✐✳

▼❛ ❝♦♠❡ ✈❛ ❝❤❡ ♥❡❧❧❡ ❞❡��❡ ❡ ✉❛③✐♦♥✐ ✭✷✹✮ ✈❡❣❣♦♥�✐ ♥❡✐ �❡❝♦♥❞✐ ♠❡♠❜
✐ ✐ ♥♦✈❡ ❝♦�❡♥✐

α
1
, β

1
, γ

1
, α

2
✱ ❡❝✳✱ ♠❡♥�
❡✱ �❡ ❜❡♥ �✐ ❝♦♥�✐❞❡
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�♦✱ �✐ �
♦✈❛ 
✐❝♦♥❢❡
♠❛�❛ ❛♥❝❤❡ ❞❛❧❧❡ ♠♦❞❡
♥❡ �❡♦
✐❝❤❡ ✜�✐❝❤❡ �✉❛♥❞♦ �✐

�❡♥❣❛♥♦ ❡♥�
♦ ✐ ❣✐✉��✐ ❧✐♠✐�✐✿ ❞❡❧ ❝❤❡ ❞✐
❡♠♦ ✐♥ ❛♣♣
❡��♦✳

✻✸✳ ▲❛ ♣
❡❝❡❞❡♥�❡ ❞✐♠♦��
❛③✐♦♥❡ ♣❛
♠✐ �❛♥�♦ ✐♠♣♦
�❛♥�❡✱ ❝❤❡ ♠✐ ♣
❡♠❡ ♠❡��❡
❧❛ ✐♥ �❛❧✈♦

❞❛ ✈❛
✐❡ ♦❜❜❥❡③✐♦♥✐ ❝❤❡ ♣♦��♦♥♦ ♣
❡�❡♥�❛
�✐ ❛❧❧❛ ♠❡♥�❡ ❞❡❣❧✐ ��✉❞✐♦�✐ ✿ �♣♦♥❡♥❞♦ ❧❡ �✉❛❧✐ ❢❛
%

❞✐ ❝♦♠♣
❡♥❞❡
✈✐ ❛♥❝❤❡ �✉❡❧❧❡ ❛ ❝✉✐ ✐♥�❡♥❞❡✈❛ ❞✐ ❛❧❧✉❞❡
❡ ✐♥ ✉♥ ♣❛��♦ ❞❡❧ ♥✉♠◦✳✺✻✳ $
✐♠❛

♦❜❜✐❡③✐♦♥❡✳ ❈❤❡ ❧❛ 
✐�✉❧�❛♥�❡

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✶✼

❇❡�✐❞❡�✱ ❜❡❝❛✉�❡ ♦❢ �❤❡ ✜
�� ♦♥❡� ❛♠♦♥❣ �❤❡ ✭✼✮✱ �❤❡ ✭✻✮ ❜❡❝♦♠❡

Σ = 0; Φ = 0; Ψ = 0. ✭✶✵✮

■❢ ✇❡ ✇❛♥�❡❞ �♦ ❝♦♥�✐❞❡
 �❤❡ ❡�✉❛�✐♦♥� ✇❤✐❝❤ ❛
❡ ❞❡❞✉❝❡❞ ❢
♦♠ ❡�✉❛❧✐♥❣ �♦ ③❡
♦ �❤❡ ❝♦❡✣❝✐❡♥��

✐♥ �❤❡ ❤✐❣❤❡
 ♦
❞❡
 �❡
♠� ♦❢ �❤❡ �❡
✐❡� ✭✹✮✱ ✇❡ ✇♦✉❧❞ ❛❧✇❛②� ❤❛✈❡ �❤❡ �❛♠❡ ❡�✉❛�✐♦♥� ❛❧
❡❛❞②

♦❜�❛✐♥❡❞ ✭✼✮✱ ✭✽✮✱ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❞❡❞✉❝❡❞ ❢
♦♠ �❤❡ �❡
✐❡� ✭✹✮ ♣
❡�❡
✈✐♥❣ �❤❡
❡ ❡✈❡♥ ♦♥❧② �❤❡

�❡
♠� ✇❤❡
❡ �❤❡ ✐♥❞❡�❡
♠✐♥❛�❡ ❬�✉❛♥�✐�✐❡�❪ ❛
❡ ♦❢ �❤❡ ✜
�� ♦
❞❡
✳ ■� ♠❛② ❜❡ ✇♦
�❤ �♦ ❜❡


❡❝♦♥✜
♠❡❞ ♦❜�❡
✈✐♥❣ �❤❛�✱ ❣✐✈❡♥ �❤❡ ✭✼✮✱ ✭✽✮✱ ✇❡ ✐♠♠❡❞✐❛�❡❧② ❞❡❞✉❝❡ ❢
♦♠ �❤❡ ❡�✉❛�✐♦♥� ✭✷✹✮

�❡❝�✳ ✺✵ �❤❡ ❡�✉❛�✐♦♥� ✭✾✮✱ ✭✶✵✮ ❜② ✈✐
�✉❡ ♦❢ �❤❡ ❡�✉❛�✐♦♥� ✭✹✮ �❡❝�✳ ✸✸✳

❚❤❡ ❡�✉❛�✐♦♥� ✭✾✮✱ ✭✶✵✮ ❛
❡ �❤♦�❡ ✇❤✐❝❤ ❡①♣
❡�� �❤❡ ♥❛�✉
❡ ♦❢ �❤❡ ✢✉✐❞✿ �❤
♦✉❣❤ �❤❡♠

�❤❡ ❣❡♥❡
❛❧ ❡�✉❛�✐♦♥� ✭✷✸✮ �❡❝�✳ ✺✵ ❛♣♣❡
�❛✐♥✐♥❣ �♦ �❤❡ ♠♦�✐♦♥ ♦❢ ❛ ❜♦❞② ✇❤❛��♦❡✈❡
✱ ❛
❡

♣❛
�✐❝✉❧❛
✐③❡❞ ❛♥❞ ❛❞❛♣�❡❞ �♦ 
❡♣
❡�❡♥� �❤❡ ♠♦�✐♦♥ ♦❢ �❤❡ ✢✉✐❞�✳ ❚❤❡ ♠♦❞✐✜❡❞ ❡�✉❛�✐♦♥� ②✐❡❧❞
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❚❤❡�❡ ❛
❡ �❤❡ ✇❡❧❧✲❦♥♦✇♥ ❡�✉❛�✐♦♥� ♦❢ �❤❡ ♠♦�✐♦♥ ♦❢ ✢✉✐❞�✱ ♦❢ ✇❤✐❝❤ �❤❡ ●❡♦♠❡�❡
� ❛
❡ ✐♥

♣♦��❡��✐♦♥ ❢♦
 ❛ ❧♦♥❣ �✐♠❡✱ ❛♥❞ �❤❡ ❛❝❝✉
❛❝② ♦❢ ✇❤✐❝❤ ✇❛� ❞❡♥✐❡❞ ❜② $♦✐��♦♥ ✐♥ ❛❧❧ ❝❛�❡�✳ ❚❤✉�✱

�❤❡ ❛♥❛❧②�✐❝❛❧ �❤❡♦
② ♦❢ �❤❡ ♠♦�✐♦♥ ♦❢ ✢✉✐❞� ❣✐✈❡♥ �♦ ✉� ❜② ❊✉❧❡
✱ ♦♥❝❡ ❛❣❛✐♥ ❞❡♠♦♥��
❛�❡❞ ❜②
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❛♥❣❡ ❜② ��❛
�✐♥❣ ❢
♦♠ ❛ ❞✐✛❡
❡♥� ♣
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 ❧✐♠✐��✿ ♦❢ ✇❤❛� ✇❡ ✇✐❧❧ �❛② ❜❡❧♦✇✳

✻✸✳ ❚❤❡ ♣
❡❝❡❞❡♥� ❞❡♠♦♥��
❛�✐♦♥ �❡❡♠� �♦ ♠❡ �♦ ✐♠♣♦
�❛♥� �❤❛� ■ ✇♦✉❧❞ ♣✉� ✐� ✐♥ �❛❢❡ ❢
♦♠

✈❛
✐♦✉� ♦❜❥❡❝�✐♦♥� �❤❛� ♠❛② ❛
✐�❡ ✐♥ �❤❡ ♠✐♥❞� ♦❢ �❝❤♦❧❛
�✿ ❡①♣♦�✐♥❣ ✇❤✐❝❤✱ ■ ✇✐❧❧ ♠❛❦❡ �✉
❡ �♦

✐♥❝❧✉❞❡ �❤♦�❡ ❬�❤❡♦
✐❡�❪ �♦ ✇❤✐❝❤ ■ ✇❛♥�❡❞ �♦ ❛❧❧✉❞❡ ✐♥ ❛ ♣❛��❛❣❡ ♦❢ �❡❝�✳ ✺✻✳ ❋✐
�� ♦❜❥❡❝�✐♦♥✳
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❞✐ �✉��❡ ❧❡ ❢♦
③❡ ✐♥�❡
♥❡ ❛♣♣❧✐❝❛�❡ ❛❧ ♣✉♥�♦ (p, q, r) ♦✈✈❡
♦ (x, y, z) ❞❡❜❜❛ ❡��❡
❡ ✭ �✉❛♥❞♦ ❧❡
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❡③✐♦♥✐ ❞✐ ❡��❡ ✭ ❡�♣
❡��✐♦♥✐ ✭✸✺✮✱✭✸✽✮ ♥✉♠◦✳✺✹✳✮✱ �✉❡��♦ �✐ ♣✉� ❛❣❡✈♦❧♠❡♥�❡

❝♦♠♣
❡♥❞❡
❡ ✿ �✉✐♥❞✐ ♥❡��✉♥ ❞✉❜❜✐♦ ❝❤❡ ❞❡��❛ 
✐�✉❧�❛♥�❡ ❛❜❜✐❛ ❧❛ ♣
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✐❡�! 
✐�❝♦♥�
❛�❛ ♥❡❧❧❡

❢♦
♠♦❧❡ ✭✸✺✮✱✭✸✽✮ ✳ ▼❛ ❝❤❡ ❧❛ ��❡��❛ ♣
♦♣
✐❡�! ❞❡❜❜❛ �✉��✐��❡
❡ ✐♥ ❝✐❛�❝✉♥❛ ❞❡❧❧❡ �❡✐ 2A, 2B✱ ❡❝✳✱

♦✈✈❡
♦ Λ,Ξ✱ ❡❝✳✱ ❝✐� ♥♦♥ ♣❛
❡ ❛❜❜❛��❛♥③❛ ♣
♦✈❛�♦✱ ♣♦�❡♥❞♦ ❞❛
�✐ ❝❤❡ �✉❡��❡ �✉❛♥�✐�! ✈❡♥❣❛♥♦

❞❛ �✉❡❧❧❛ 
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❡❣❣❡
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✐❡�! ❞❡❧❧✬❡��❡
❡ ❧❡ �❡✐ �✉❛♥�✐�! ❢❛��❡ ♣
✐♠❛ ❝♦❧❧❡ p, q, r ❛✛❛��♦ �✐♠✐❧♠❡♥�❡ ❝♦♠❡ ❞♦♣♦

❝♦❧❧❡ x, y, z, �❡♥③❛ ❝❤❡ �✐ ❛✈✈❡
✐ ✐❧ ♣❛��❛❣❣✐♦ ❞❛❧❧❛ ♣
✐♠❛ �❝
✐��✉
❛ ❛❧❧❛ �❡❝♦♥❞❛ ♣❡
 ✈✐❛ ❞❡❧❧❛

�♦��✐�✉③✐♦♥❡ ❞❡✐ ✈❛❧♦
✐ ✭✸✶✮ ♥✉♠◦✳✹✵✳ ❙�❛ ✐♥❢❛��✐ ❧❛ ♣
✐♠❛ ♣
♦♣
✐❡�! ❡ ♥♦♥ ❧❛ �❡❝♦♥❞❛ ♥❡✐ ❝♦�❡♥✐

❡�♣
❡��✐ ❞❛❧❧❡ ❢♦
♠♦❧❡ ✭✸✼✮ ♥✉♠◦✳✺✹✳✖ ◗✉❡��❛ ♦❜❜❥❡③✐♦♥❡ - ❢♦
�❡✱ ❡ �❛❧❡ ❝❤❡ ❧❛ 
✐�♣♦��❛ ❡✣❝❛❝❡

❛ ♣✐❡♥❛♠❡♥�❡ ❞✐��✐♣❛
❧❛ ❝✐ ❝♦♥✈✐❡♥ 
✐♠❡��❡
❧❛ ❛❧ ❈❛♣♦ �❡❣✉❡♥�❡✱ ❞♦✈❡ ✈❡❞
❡♠♦ ❝♦❧ ❢❛��♦ ❝❤❡

❧❡ �❡✐ �✉❛♥�✐�! ❞✐♣❡♥❞♦♥♦ ✐♥�❡
❛♠❡♥�❡ ❞❛ ❡❧❡♠❡♥�✐ ❛♥❛❧✐�✐❝✐✱ ♥❡✐ �✉❛❧✐ �✐ ✈❡
✐✜❝❛ ❧❛ �❡❝♦♥❞❛

♣
♦♣
✐❡�! ❛♥③✐❞❡��❛ ❞❡❧ ♣❛
✐ ❝❤❡ ♥❡❧❧❡ ❢♦
♠♦❧❡ ✭✸✺✮✱✭✸✽✮ ✳ ◗✉✐ ♣❡
� ♣♦��✐❛♠♦ ❞✐
❡ ✐♥ ❛♥�✐❝✐♣❛③✐♦♥❡

❝❤❡ ❧❛ �✉❛♥�✐�! ✭✶✺✮ ♥✉♠◦✳✹✼✳ ❡�♣
✐♠❡♥�❡ ❧❛ �♦�❛❧✐�! ❞❡❧❧❡ ❛③✐♦♥✐ ✐♥�❡
♥❡✱ ✈✐❡♥❡ 
❛♣♣
❡�❡♥�❛�❛

❛❧�
✐♠❡♥�✐ ♠❡❞✐❛♥�❡ ✉♥❛ �♦♠♠❛

S1δs1
+ S2δs2

+ S3δs3
+ ❡❝✳ ✭✶✷✮

♥❡❧❧❛ �✉❛❧❡ s1, s2, s3✱ ❡❝✳ ❡��❡♥❞♦ ❣❧✐ ��❡��✐ 
❛❞✐❝❛❧✐ �❝
✐��✐ ♥❡❧❧❡ ❢♦
♠♦❧❡ ✭✸✺✮✱ ❣♦❞♦♥♦ ❧❛ ♥♦�❛

♣
♦♣✐❡�!✱ ❡ ♥❡ ❣♦❞♦♥♦ ❛♥❝❤❡ ✐ ❝♦❡✣❝✐❡♥�✐ S1, S2, S3✱ ❡❝✳ ❡�♣
✐♠❡♥�✐ ❧❡ ❢♦
③❡ ❝❤❡ ♦♣❡
❛♥♦ �❡❝✲

♦♥❞♦ �✉❡❧❧❡ ❞✐
❡③✐♦♥✐✱ �✉❛♥❞♦ �♦♥♦ ❢✉♥③✐♦♥✐ �♦❧❛♠❡♥�❡ ❞❡❧❧❡ ❛♥③✐❞❡��❡ ❞✐��❛♥③❡ s1, s2, s3✱ ❡❝✳

▲✬♦♣❡
❛③✐♦♥❡ ✐♥❞✐❝❛�❛ ❞❛❧❧❛ ❝❛
❛��❡
✐��✐❝❛ δ �✐ ❢❡
♠❛ ❞❛♣♣
✐♠❛ �✉❧❧❡ δp, δq, δr✱ ✐♥❞✐ ♣❛��❛♥❞♦

❛✐ ♥✉♦✈✐ ❛��✐✱ �✉❧❧❡ δx, δy, δz, ❡ ❧❡ �✉❛♥�✐�! ❝❤❡ ❡♥�
❛♥♦ ❛ ❝♦♠♣♦

❡ ❧❡ ❡�✉❛③✐♦♥✐ ❣❡♥❡
❛❧✐ �♦♥♦


❛❝❝♦❧�❡ ❞❛✐ ❝♦❡✣❝✐❡♥�✐ ❞✐ �$ ❢❛��❡ ✈❛
✐❛③✐♦♥✐✳ ◆♦♥ - ♣♦��✐❜✐❧❡ ✭ ❜❛❞✐�✐ ❜❡♥❡ ✮ ❝❤❡ ❧❛ �❡❝♦♥❞❛

✈♦❧�❛ 
✐❝♦♠♣❛❥❛♥♦ �✉❡✐ ❝♦�❡♥✐ α1, β1, γ1, α2✱ ❡❝✳ ❝❤❡

✶✶✽
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

■� ❝❛♥ ❜❡ ❡❛�✐❧② ✉♥❞❡
��♦♦❞ �❤❛� �❤❡ 
❡�✉❧�❛♥� ♦❢ ✐♥�❡
♥❛❧ ❢♦
❝❡� ❛♣♣❧✐❡❞ �♦ �❤❡ ♣♦✐♥� (p, q, r)

♦
 ❬�♦ �❤❡ ♣♦✐♥�❪ (x, y, z) �❤♦✉❧❞ ❜❡ ✭✇❤❡♥ �❤❡ ♠♦❧❡❝✉❧❡� ❛
❡ ♦
 ❝❛♥ ❜❡ ❝♦♥�✐❞❡
❡❞ ❛� �♣❤❡
✐❝❛❧✮

❛ ❢✉♥❝�✐♦♥ ♦♥❧② ♦❢ �❤❡ ♠♦❧❡❝✉❧❛
 ❞✐��❛♥❝❡� ❛♥❞ ♦❢ �❤❡ ❛♥❣❧❡� ♠❛❞❡ ❜② �❤❡ ❞✐
❡❝�✐♦♥� ♦❢ �❤❡♠

✭❡①♣
❡��✐♦♥� ✭✸✺✮✱ ✭✸✽✮ �❡❝�✳ ✺✹✮✿ �❤❡
❡❢♦
❡ ♥♦ ❞♦✉❜� �❤❛� �❛✐❞ 
❡�✉❧�❛♥� ❤❛� �❤❡ ♣
♦♣❡
�② ❢♦✉♥❞

✐♥ �❤❡ ❢♦
♠✉❧❛� ✭✸✺✮✱ ✭✸✽✮✳ ■� ❞♦❡� ♥♦� �❡❡♠ �♦ ❜❡ �✉✣❝✐❡♥�❧② ♣
♦✈❡♥ �❤❛� �❤❡ �❛♠❡ ♣
♦♣❡
�②

♠✉�� ❤♦❧❞ ✐♥ ❡❛❝❤ ♦❢ �❤❡ �✐① 2A✱ 2B✱ ❡�❝✳✱ ♦
 Λ✱ Ξ✱ ❡�❝✳✱ ✐� ❝♦✉❧❞ ❜❡ �❤❛� �❤❡�❡ �✉❛♥�✐�✐❡�

❝♦♠❡ ❢
♦♠ �❤❛� 
❡�✉❧�❛♥� ❞❡❝♦♠♣♦�❡❞ ❛❝❝♦
❞✐♥❣ �♦ ❞✐
❡❝�✐♦♥� ♦❢ �❤❡ ❝♦♦
❞✐♥❛�❡ ❛①❡�✳ ❚❤❡♥

�❤❡
❡ ✇♦✉❧❞ ❤♦❧❞ �❤❡ ♣
♦♣❡
�② ♦❢ ❜❡✐♥❣ �❤❡ ✜
�� �✐① �✉❛♥�✐�✐❡� ❝❛❧❝✉❧❛�❡❞ ✇✐�❤ �❤❡ p✱ q✱ r ❛� ❛❧❧

�✐♠✐❧❛
❧② ❛� ❛❢�❡
✇❛
❞� ✇✐�❤ �❤❡ x✱ y✱ z✱ ✇✐�❤♦✉� �❤❛� ✐� ✇✐❧❧ ❜❡ �
✉❡ �❤❡ �
❛♥�✐�✐♦♥ ❢
♦♠ �❤❡ ✜
��

�♦ �❤❡ �❡❝♦♥❞ ✇
✐�✐♥❣❬✱❪ �❤
♦✉❣❤ �❤❡ �✉❜��✐�✉�✐♦♥ ♦❢ �❤❡ ✈❛❧✉❡� ✭✸✶✮ �❡❝�✳ ✹✵✳ ■� ✐� ✐♥ ❢❛❝� �❤❡

✜
�� ♣
♦♣❡
�② ❛♥❞ ♥♦� �❤❡ �❡❝♦♥❞ ♦♥❡ ✐♥ �❤❡ ❝♦�✐♥❡� ❡①♣
❡��❡❞ ❜② �❤❡ ❢♦
♠✉❧❛� ✭✸✼✮ �❡❝�✳ ✺✹✳

❚❤✐� ♦❜❥❡❝�✐♦♥ ✐� ��
♦♥❣✱ ❛♥❞ �✉❝❤ �❤❛� ✐� ❜❡❤♦♦✈❡� ✉� �♦ ♣♦��♣♦♥❡ �♦ �❤❡ ❢♦❧❧♦✇✐♥❣ ❈❛♣♦ �❤❡

❡✛❡❝�✐✈❡ 
❡�♣♦♥�❡ �♦ ❢✉❧❧② ❞✐��✐♣❛�❡ ❬�✉❝❤ ❛♥ ♦❜❥❡❝�✐♦♥❪✱ ✇❤❡
❡ ❬✐♥ �❤❡ ❢♦❧❧♦✇✐♥❣ ❈❛♣❡❪ ✇❡ ✇✐❧❧

�❡❡ �❤❡ ❢❛❝� �❤❛� �❤❡ �✐① �✉❛♥�✐�✐❡� ❡♥�✐
❡❧② ❞❡♣❡♥❞ ♦♥ ❛♥❛❧②�✐❝❛❧ ❡❧❡♠❡♥��✱ ✐♥ ✇❤✐❝❤ �❤❡ �❡❝♦♥❞

❛❜♦✈❡✲♠❡♥�✐♦♥❡❞ ♣
♦♣❡
�② ♦❝❝✉
� ❛� ✇❡❧❧ ❛� ✐♥ �❤❡ ❢♦
♠✉❧❛� ✭✸✺✮✱ ✭✸✽✮✳ ❍❡
❡✱ ❤♦✇❡✈❡
✱ ✇❡ ❝❛♥

�❛② ✐♥ ❛❞✈❛♥❝❡ �❤❛� �❤❡ �✉❛♥�✐�② ✭✶✺✮ �❡❝�✳ ✹✼✱ ❡①♣
❡��✐♥❣ �❤❡ �♦�❛❧✐�② ♦❢ ✐♥�❡
♥❛❧ ❛❝�✐♦♥�✱ ✐�

♦�❤❡
✇✐�❡ 
❡♣
❡�❡♥�❡❞ ❜② ❛ �✉♠

S1δs1 + S2δs2 + S3δs3 + ❡�❝✳ ✭✶✷✮

✇❤❡
❡ s1✱ s2✱ s3✱ ❡�❝✳ ❜❡✐♥❣ �❤❡ �❛♠❡ 
❛❞✐❝❛❧� ✇
✐��❡♥ ✐♥ �❤❡ ❢♦
♠✉❧❛� ✭✸✺✮✱ ❡♥❥♦② �❤❡ ✇❡❧❧✲❦♥♦✇♥

♣
♦♣❡
�②✱ ✇❤✐❝❤ ✐� ❡♥❥♦②❡❞ ❛❧�♦ ❜② �❤❡ ❝♦❡✣❝✐❡♥�� S1✱ S2✱ S3✱ ❡�❝✳ ❡①♣
❡��✐♥❣ �❤❡ ❢♦
❝❡� �❤❛�

♦♣❡
❛�❡ ❛❝❝♦
❞✐♥❣ �♦ �❤♦�❡ ❞✐
❡❝�✐♦♥�✱ ✇❤❡♥ �❤❡② ❛
❡ ❢✉♥❝�✐♦♥� ♦♥❧② ♦❢ �❤❡ ❛❜♦✈❡♠❡♥�✐♦♥❡❞

❞✐��❛♥❝❡� s1✱ s2✱ s3✱ ❡�❝✳ ❚❤❡ ♦♣❡
❛�✐♦♥ ✐♥❞✐❝❛�❡❞ ❜② �❤❡ ❝❤❛
❛❝�❡
✐��✐❝ δ ��♦♣� ✜
�� ♦♥ �❤❡

δp✱ δq✱ δr✱ �❤❡♥ ♣❛��✐♥❣ �♦ �❤❡ ♥❡✇ ❛①❡�✱ ♦♥ �❤❡ δx✱ δy✱ δz ❛♥❞ �❤❡ �✉❛♥�✐�✐❡� �❤❛� ❡♥�❡
 �♦

❝♦♠♣♦�❡ �❤❡ ❣❡♥❡
❛❧ ❡�✉❛�✐♦♥� ❛
❡ ❝♦❧❧❡❝�❡❞ ❜② �❤❡ ❝♦❡✣❝✐❡♥�� ♦❢ �✉❝❤ ✈❛
✐❛�✐♦♥�✳ ■� ✐� ♥♦�

♣♦��✐❜❧❡ ✭♠✐♥❞ ②♦✉✮ �❤❛� �❤♦�❡ ❝♦�✐♥❡� α1✱ β1✱ γ1✱ α2 
❡❛♣♣❡❛
 �❤❡ �❡❝♦♥❞ �✐♠❡✱ ✇❤✐❝❤



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✶✾

�♦♥♦ ❣✐� �✈❛♥✐�✐ �♦��✐�✉❡♥❞♦ ♥❡✐ �❛❞✐❝❛❧✐ s1, s2, s3✱ ❡�❝✳ ❛❧❧❡ p, q, r ✐ ✈❛❧♦�✐ ✭✸✶✮ ♥✉♠◦✳✹✵✳ ✿ ❞✐

�✉❛❧✉♥�✉❡ �♦��❛ �✐❛♥♦ ❧❡ ♣♦��❡�✐♦�✐ ♦♣❡�❛③✐♦♥✐ ❛♥❛❧✐�✐❝❤❡✳ �❡� ♠❛❣❣✐♦�❡ ✐♥�❡❧❧✐❣❡♥③❛ ❣✐♦✈❡��

�✐❝♦�❞❛�❡ ❧❛ ❞✐��✐♥③✐♦♥❡ ❢❛��❛ ❞❛ ▲❛❣�❛♥❣❡ ✭ ▼✳❆✳❚✳■✳ ♣❛❣✳ ✸✶✲✸✷ ✮ ❞❡❧❧❡ ❢♦�③❡ ✐♥�❡�♥❡ ❡❞ ❡��❡�♥❡

�❡❝♦♥❞♦ ❝❤❡ ❤❛♥♥♦ ♣❡� ❧♦�♦ ❝❡♥��✐ ♣✉♥�✐ ❛♣♣❛��❡♥❡♥�✐ ♦ ♥♦♥ ❛♣♣❛��❡♥❡♥�✐ ❛❧ �✐��❡♠❛✳ ➮ ♥❡❧ �♦❧♦

♣�✐♠♦ ❝❛�♦ ❝❤❡ ✐ �❛❞✐❝❛❧✐ s1, s2, s3.... ❞❡❧❧✬❡�♣�❡��✐♦♥❡ ✭✶✷✮ ❣♦❞♦♥♦ ❞❡❧❧❛ ♣✐* ✈♦❧�❡ ♣�♦❝❧❛♠❛�❛

♣�♦♣�✐❡�� ❞✬✐♥❞✐♣❡♥❞❡♥③❛ ❞❛❣❧✐ ❛��✐ ✿ ♣❡� ❧❡ ❢♦�③❡ ❡��❡�♥❡ ✐❧ ♠✉�❛♠❡♥�♦ ❞❡❣❧✐ ❛��✐ ✐♠♣♦��❛ ❝❤❡

�✐ ❢❛❝❝✐❛ ❧❛ �✐�♦❧✉③✐♦♥❡ ❡ ❝♦♠♣♦�✐③✐♦♥❡ ♣�❛�✐❝❛�❛ ♠❡❞✐❛♥�❡ ❧❡ ❡�✉❛③✐♦♥✐ ✭✸✾✮ ♥✉♠◦✳✺✺✳ ▼❛ ❞✐ �✉✐

❛♣♣✉♥�♦ ♣✉, ♥❛�❝❡�❡ ✉♥❛ �❡❝♦♥❞❛ ❞✐✣❝♦❧��✳ ❙❡ ♣❡� ❧❡ ❢♦�③❡ ❡��❡�♥❡✱ ♠✉�❛♥❞♦ ❣❧✐ ❛��✐✱ ❢✉ ��♦✈❛�❛

♥❡❝❡��❛�✐❛ ❧❛ ❞❡❝♦♠♣♦�✐③✐♦♥❡ ✐♥❞✐❝❛�❛ ♥❡❧❧❡ ❛♥③✐❞❡��❡ ❡�✉❛③✐♦♥✐ ✭✸✾✮ ✱ ♣❛�❡ ❝❤❡ ❞♦✈�❡❜❜❡ ❢❛��✐

❛❧��❡��❛♥�♦ �✉❧❧❡ 2A, 2B✱ ❡❝✳ ❝❤❡ ♣✉� �♦♥♦ ❢♦�③❡ ♦ �♦♠♠❡ ❞✐ ❢♦�③❡✳ ❈♦♠✐♥❝❡�, ❛ �✐�♣♦♥❞❡�❡

❝♦❧❧✬♦��❡�✈❛③✐♦♥❡ ❣❡♥❡�❛❧❡✱ ❝❤❡ �✉❛♥❞♦ ✉♥❛ ✈❡�✐�� 1 ❜❡♥ ❞✐♠♦���❛�❛✱ ♥♦♥ 1 ♥❡❝❡��❛�✐♦ ♣❡� ❝♦♥✲

�❡�✈❛�♥❡ ❧❛ ♣❡��✉❛�✐♦♥❡ ��❛��❡♥❡�❝✐ ❛ ��♦✈❛� ❧❛ �♦❧✉③✐♦♥❡ ❞✬♦❣♥✐ ❞✉❜❜✐♦ ❝❤❡ ♣♦��❛ ✐♥�♦�❣❡�❡ ✿

�✐ �❛ ✐♥ ♣�❡✈❡♥③✐♦♥❡ ❝❤❡ ✉♥❛ �❛❧❡ �♦❧✉③✐♦♥❡ ❝✐ ❞❡✈❡ ❡��❡�❡✳ ❇❛��❡�� ✐♥ �❛❧✐ ❝❛�✐ ✭❡ �❛�� ✉♥ ❞✐

♣✐*✮ ❛ �♦❣❧✐❡�❡ �✉❡❧❧❡ ✉❜❜✐❡ ❛♥❝❤❡ �♦❧♦ ❛❝❝❡♥♥❛�❡ ❞✐ ❞♦✈❡ �❛�❡❜❜❡ ♣♦��✐❜✐❧❡ ❝❛✈❛�❡ ❧❛ �✐�♣♦��❛

❞✐�❡��❛✱ �❡♥③❛ ✈❡�❛♠❡♥�❡ ❞❡❞✉�❧❛ ✐♥ ♠♦❞♦ ♣❡��♣✐❝✉♦ ✿ ❣✐❛❝❝❤3 �✉❡��❛ ❞❡❞✉③✐♦♥❡ ❡�✉✐✈❛��❡❜❜❡

❛❞ ✉♥❛ �❡❝♦♥❞❛ ❞✐♠♦���❛③✐♦♥❡✱ ❧❛ �✉❛❧❡ ♥♦♥ 1 ♥❡❝❡��❛�✐❛ �✉❛♥❞♦ �❡ ♥❡ ❤❛ ❣✐� ✉♥✬❛❧��❛✳ ◆❡❧

❝❛�♦ ❛��✉❛❧❡ �✐✢❡��❡�❡♠♦ ❛❧ ♠♦❞♦ ❝♦♥ ❝✉✐ ❧❡ �❡✐ �✉❛♥�✐�� 2A, 2B✱ ❡❝✳ ♦✈✈❡�♦ Λ,Ξ✱ ❡❝✳ ❡♥��❛♥♦

♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✹✷✮✱ ✭✷✸✮ ✿ ✈✐ ❡♥��❛♥♦ ❞♦♣♦ ❝❤❡ �❡ ♥❡ �♦♥♦ ♣�❡�❡ ❧❡ ❞❡�✐✈❛�❡ ♣❛�③✐❛❧✐ ♣❡� ❧❡ ��❡

✈❛�✐❛❜✐❧✐ p, q, r, ♦✈✈❡�♦ x, y, z✳ ❉❡✈❡ �✐�❡♥❡��✐ ❝❤❡ �❛❧❡ ❞❡�✐✈❛③✐♦♥❡ �✉♣♣❧✐�❝❛ ❛❧❧❛ �✐�♦❧✉③✐♦♥❡ ❡

❝♦♠♣♦�✐③✐♦♥❡ ✐♥❞✐❝❛�❡ ♥❡❧❧❡ ✭✸✾✮ ♥✉♠◦✳✺✺✳ ❀ �✉❡❧❧❡ �❡✐ �✉❛♥�✐�� ❝❤❡ ��❛♥♥♦ �❡♥③❛ ❛❧❝✉♥ �✐❢❡�✐✲

♠❡♥�♦ ❛❞ ❛��✐ ❞❡�❡�♠✐♥❛�✐✱ ❛❧❧♦��✉❛♥❞♦ �❡ ♥❡ ♣�❡♥❞♦♥♦ ❧❡ ❞❡�✐✈❛�❡ ♣❡� p, q, r, �✐ �✐❢❡�✐�❝♦♥♦ ❛❣❧✐

❛��✐ ❞❡❧❧❡ p, q, r, ❡ ❛❧❧♦��✉❛♥❞♦ �❡ ♥❡ ♣�❡♥❞♦♥♦ ❧❡ ❞❡�✐✈❛�❡ ♣❡� x, y, z, �✐ �✐❢❡�✐�❝♦♥♦ ❛❣❧✐ ❛��✐

❞❡❧❧❡ x, y, z✳ ❙✐ �❝♦�❣❡ ✉♥ ❝❤✐❛�♦ ✐♥❞✐③✐♦ ❞✐ ❝✐, ♦��❡�✈❛♥❞♦ ❧❡ ❢♦�♠♦❧❡ ✭✷✶✮✱ ✭✷✷✮ ❞❡❧ ♥✉♠◦✳✺✵✳ ❡

♥♦�❛♥❞♦ ❝❤❡

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✶✾

❤❛✈❡ ❛❧�❡❛❞② ✈❛♥✐�❤❡❞ ❜② �✉❜��✐�✉�✐♥❣ �❤❡ ✈❛❧✉❡� ✭✸✶✮ �❡❝�✳ ✹✵ �♦ �❤❡ p✱ q✱ r ✐♥ �❤❡ �❛❞✐❝❛❧�

s
1
✱ s

2
✱ s

3
✿ ❜❡✐♥❣ ♦❢ ❛♥② ❦✐♥❞ �❤❡ �✉❝❝❡��✐✈❡ ❛♥❛❧②�✐❝❛❧ ♦♣❡�❛�✐♦♥�✳ ■♥ ♦�❞❡� �♦ ❢❛❝✐❧✐�❛�❡ �❤❡

✉♥❞❡���❛♥❞✐♥❣ ✐� ✇✐❧❧ �❡�✈❡ �♦ �❡❝❛❧❧ �❤❡ ❞✐��✐♥❝�✐♦♥ ♠❛❞❡ ❜② ▲❛❣�❛♥❣❡ ✭▼❆❚■ ♣✳ ✸✶✲✸✷✮ ❜❡✲

�✇❡❡♥ ✐♥�❡�♥❛❧ ❛♥❞ ❡①�❡�♥❛❧ ❢♦�❝❡� ❛❝❝♦�❞✐♥❣ �♦ �❤❡ ❢❛❝� �❤❛� �❤❡② ❤❛✈❡ ❢♦� �❤❡✐� ❝❡♥�❡�� ♣♦✐♥��

❜❡❧♦♥❣✐♥❣ ♦� ♥♦� ❜❡❧♦♥❣✐♥❣ �♦ �❤❡ �②��❡♠✳ ■� ✐� ♦♥❧② ✐♥ �❤❡ ✜��� ❝❛�❡ �❤❛� �❤❡ �❛❞✐❝❛❧� s
1
✱ s

2
✱ s

3

✳ ✳ ✳ ♦❢ �❤❡ ❡①♣�❡��✐♦♥ ✭✶✷✮ ❡♥❥♦② ♦❢ �❤❡ �❡♣❡❛�❡❞❧② ♣�♦❝❧❛✐♠❡❞ ♣�♦♣❡��② ♦❢ �❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢

�❤❡ ❛①❡�✿ ❢♦� �❤❡ ❡①�❡�♥❛❧ ❢♦�❝❡� �❤❡ ❝❤❛♥❣❡ �❤❡ ❛①❡� ✐♥✈♦❧✈❡� �❤❛� �❤❡ �❡�♦❧✉�✐♦♥ ❛♥❞ ❝♦♠♣♦�✐✲

�✐♦♥ ❛❝❝♦♠♣❧✐�❤❡❞ ❜② ♠❡❛♥� ♦❢ �❤❡ ❡�✉❛�✐♦♥� ✭✸✾✮ �❡❝�✳ ✺✺ ❛�❡ ♣❡�❢♦�♠❡❞✳ ❇✉� ♣�❡❝✐�❡❧② ❤❡�❡ ❛

�❡❝♦♥❞ ❞✐✣❝✉❧�② ❝❛♥ ♦❝❝✉�✳ ■❢ ❢♦� �❤❡ ❡①�❡�♥❛❧ ❢♦�❝❡�✱ ❝❤❛♥❣✐♥❣ �❤❡ ❛①❡�✱ ✐� ✇❛� ❢♦✉♥❞ ♥❡❝❡��❛�②

�❤❡ ❞❡❝♦♠♣♦�✐�✐♦♥ ✐♥❞✐❝❛�❡❞ ✐♥ �❤❡ ❛❜♦✈❡✲♠❡♥�✐♦♥❡❞ ❡�✉❛�✐♦♥� ✭✸✾✮✱ ✐� �❡❡♠� �❤❛� �❤♦✉❧❞ ❜❡

❡�✉❛❧❧② ♦♥ 2A✱ 2B✱ ❡�❝✳ ✇❤✐❝❤ ❛�❡ ❢♦�❝❡� ♦� �✉♠� ♦❢ ❢♦�❝❡�✱ �♦♦✳ ■ ✇✐❧❧ ❜❡❣✐♥ �♦ �❡�♣♦♥❞ ✇✐�❤

�❤❡ ❣❡♥❡�❛❧ ♦❜�❡�✈❛�✐♦♥ �❤❛� ✇❤❡♥ ❛ ��✉�❤ ✐� ✇❡❧❧ ❞❡♠♦♥���❛�❡❞✱ ✐� ✐� ♥♦� ♥❡❝❡��❛�② �♦ ❤♦❧❞

✉� �♦ ✜♥❞ �❤❡ �♦❧✉�✐♦♥ ♦❢ ❛♥② ❞♦✉❜� �❤❛� ♠❛② ❛�✐�❡ ✐♥ ♦�❞❡� �♦ ♣�❡�❡�✈❡ �❤❡ ❝♦♥✈✐❝�✐♦♥✿ ✐� ✐�

✇❡❧❧✲❦♥♦✇♥ ✐♥ ♣�❡✈❡♥�✐♦♥ �❤❛� �✉❝❤ ❛ �♦❧✉�✐♦♥ �❤❡�❡ ♠✉�� ❜❡✳ ■� ✇✐❧❧ ❜❡ �✉✣❝✐❡♥� ✐♥ �✉❝❤ ❝❛�❡�

✭❛♥❞ ✐� ✇✐❧❧ ❜❡ ❛ ♣❧✉�✮ ✐♥ ♦�❞❡� �♦ �❡♠♦✈❡ �❤♦�❡ ✇❤✐♠� ❡✈❡♥ ♦♥❧② �♦ ♠❡♥�✐♦♥ ♦❢ ✇❤❡�❡ ✐� ✇♦✉❧❞

❜❡ ♣♦��✐❜❧❡ �♦ ❣❡� ❛ ❞✐�❡❝� ❛♥�✇❡�✱ ✇✐�❤♦✉� �❡❛❧❧② ❞❡❞✉❝� ✐� ❝❧❡❛�❧②✿ �✐♥❝❡ �❤✐� ❞❡❞✉❝�✐♦♥ ✐�

�❛♥�❛♠♦✉♥� �♦ ❛ �❡❝♦♥❞ ❞❡♠♦♥���❛�✐♦♥✱ ✇❤✐❝❤ ✐� ♥♦� �❡�✉✐�❡❞ ✇❤❡♥ ②♦✉ ✐� ❤❛� ❛❧�❡❛❞② ❛♥♦�❤❡�✳

■♥ �❤❡ ♣�❡�❡♥� ❝❛�❡ ✇❡ ✇✐❧❧ �❤✐♥❦ ❛❜♦✉� �❤❡ ✇❛② ✐♥ ✇❤✐❝❤ �❤❡ �✐① �✉❛♥�✐�✐❡� ✷❆✱ ✷❇✱ ❡�❝✳ ♦� Λ✱

Ξ✱ ❡�❝✳ ❡♥�❡� ✐♥�♦ �❤❡ ❡�✉❛�✐♦♥� ✭✹✷✮✱ ✭✷✸✮✿ ❬2A✱ 2B✱ ❡�❝✳ ♦� Λ✱ Ξ✱ ❡�❝✳❪ ❡♥�❡� ✐♥�♦ �❤❡ ❬❡�✉❛�✐♦♥�

✭✹✷✮✱ ✭✷✸✮❪ ❛❢�❡� ✇❡ ❤❛✈❡ ❝❛❧❝✉❧❛�❡❞ �❤❡ ♣❛��✐❛❧ ❞❡�✐✈❛�✐✈❡� ❬✇✐�❤ �❡�♣❡❝� �♦❪ �❤❡ �❤�❡❡ ✈❛�✐❛❜❧❡�

p✱ q✱ r✱ ♦� x✱ y✱ z✳ ■� ♠✉�� ❜❡ ❝♦♥�✐❞❡�❡❞ �❤❛� �✉❝❤ ❛ ❞❡�✐✈❛�✐♦♥ ♠❛② �❡♠❡❞② �❤❡ �❡�♦❧✉�✐♦♥ ❛♥❞

❝♦♠♣♦�✐�✐♦♥ ✐♥❞✐❝❛�❡❞ ✐♥ �❤❡ ✭✸✾✮ �❡❝�✳ ✺✺❀ �❤❡ �✐① �✉❛♥�✐�✐❡� �❤❛� ❛�❡ ✇✐�❤♦✉� ❛♥② �❡❢❡�❡♥❝❡ �♦

❞❡�❡�♠✐♥❡❞ ❛①❡�✱ ✇❤❡♥ �❤❡ ❞❡�✐✈❛�✐✈❡� ❛�❡ ❝❛❧❝✉❧❛�❡❞ ✇✐�❤ �❡�♣❡❝� �♦ p✱ q✱ r✱ �❤❡② ❛�❡ �❡❢❡��❡❞

�♦ �❤❡ ❛①❡� ♦❢ �❤❡ p✱ q✱ r✱ ❛♥❞ ✇❤❡♥ �❤❡ ❞❡�✐✈❛�✐✈❡� ❛�❡ ❝❛❧❝✉❧❛�❡❞ ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ x✱ y✱ z✱

�❤❡② ❛�❡ �❡❢❡��❡❞ �♦ �❤❡ ❛①❡� ♦❢ �❤❡ x✱ y✱ z✳ ❨♦✉ ❝❛♥ �❡❡ ❛ ❝❧❡❛� ✐♥❞✐❝❛�✐♦♥ ♦❢ �❤✐� ❜② ❧♦♦❦✐♥❣ ❛�

�❤❡ ❢♦�♠✉❧❛� ✭✷✶✮✱ ✭✷✷✮ ♦❢ �❡❝�✳ ✺✵ ❛♥❞ ♥♦�✐♥❣ �❤❛�
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❛❜❜✐❛♥♦ ❛ ❝♦♥�❡♥❡�❡ ❧❡ X,Y, Z ❀ �❡♥③❛ ❞✉❜❜✐♦ �✉❡��❡ �❡❝♦♥❞❡ ✐♥✢✉✐�❝♦♥♦ �✉❧❧❛ ❛��✉❛③✐♦♥❡ ❞✐

�✉❡❧❧❡✱ ♠❛ ✐♥✢✉✐�❝♦♥♦ ❞✐♠✐♥✉❡♥❞♦ ♦ ❛❝❝�❡�❝❡♥❞♦ ❧❡ ❞✐��❛♥③❡ ❢�❛ ❧❡ ♠♦❧❡❝♦❧❡✱ �✐❛ ♣✉�❡ ❛♥❝❤❡

✐♥�❡♥�✐❜✐❧♠❡♥�❡✱ ❝♦♠❡ ♥❡✐ ❧✐�✉✐❞✐✳ ❋❛❝❡♥❞♦ ❞✉♥�✉❡ ❧❡ ❢♦�③❡ ✐♥�❡�♥❡ ❢✉♥③✐♦♥✐ ❞❡❧❧❡ ❞✐��❛♥③❡✱

✈❡♥❣♦♥♦ ❛❞ ❛✈❡�❡ ❡�♣�❡��♦ ✐♠♣❧✐❝✐�❛♠❡♥�❡ ♥❡❧❧❛ ❝♦♥❞✐③✐♦♥❡ ❛❧�❡�❛�❛ ❞❡❧❧❡ ❞❡��❡ ❞✐��❛♥③❡ ❧✬❡✛❡��♦

❞❡❧❧❡ ❢♦�③❡ ❡��❡�♥❡✱ �❡♥③❛ ❜✐�♦❣♥♦ ❞✐ ❢❛�❧❡ ❛❧��❡�! ❢✉♥③✐♦♥✐ ❞❡✐ ❧♦�♦ ✈❛❧♦�✐ ❛♥❛❧✐�✐❝✐✳ ✖ #♦��❡✐

❛❣❣✐✉♥❣❡�❡ ❛❧��❡ ♣❛�♦❧❡ ♣❡� ♠❡❣❧✐♦ ❞✐��✐♣❛�❡ ❧❡ ❞✐✣❝♦❧�	 ❣✐	 ❡�♣♦��❡✱ ❡ ♣�❡✈❡♥✐�♥❡ ❞❡❧❧❡ ♥✉♦✈❡ ✿

♣✐& ♣❡�' ❞✐ �✉❛♥�♦ ♣♦��❡✐ �✉✐ �♦❣❣✐✉♥❣❡�❡ ✈❛��❛♥♥♦ ❛ �❛❧❡ ✐♥�❡♥�♦ ❧❡ ❞♦���✐♥❡ ❞❡❧ ❈❛♣♦ �❡❣✉❡♥�❡✳

✻✹✳ ➮ ♥♦�✐��✐♠♦ ❝❤❡ ♥❡❧❧❛ �❡♦�✐❝❛ ❊✉❧❡�✐❛♥❛ �✐ �✉♦❧❡ ❛❣❣✐✉♥❣❡�❡ ❛❧❧❡ ��❡ ❡�✉❛③✐♦♥✐ ✭✶✶✮ ✉♥❛

�✉❛��❛ ❞❡��❛ ❞❡❧❧❛ ❝♦♥�✐♥✉✐�	✱ ❝❤❡ / ❧❛ ✭✸✸✮ ♦ ✭✸✹✮ ♥✉♠◦✳✶✹✳ ❣✐	 ❞✐♠♦���❛�❛ ✐♥ ❣❡♥❡�❛❧❡ ♥❡❧ ❈❛♣♦

■ ✳ ◗✉✐ ✐♥♦❧��❡ ❝❤✐❛♠❡�❡♠♦ ❧✬❛��❡♥③✐♦♥❡ ❞❡❧ ❧❡��♦�❡ �♦♣�❛ ✉♥ �❡♦�❡♠❛ �✉��✐��❡♥�❡ ❢�❛ ❧❡ �✉❛♥�✐�	

❛❧❧❛ �✉♣❡�✜❝✐❡ ❞❡❧ ✢✉✐❞♦✱ ✐❧ �✉❛❧❡ �✐�✉❧�❛ ❞❛❧❧❡ ��❡ ❡�✉❛③✐♦♥✐ ❝❛✈❛�❡ ❞❛❧❧✬✐♥�❡❣�❛❧❡ ❞✉♣❧✐❝❛�♦ ✭✸✹✮

♥✉♠◦✳✺✷✳✱ �✐❝❝♦♠❡ ❞✐❝❡♠♠♦ �✉❧❧❛ ✜♥❡ ❞✐ �✉❡❧ ♥✉♠❡�♦✳ ❆ ♠♦�✐✈♦ ❞❡❧❧❡ ♣�❡❝❡❞❡♥�✐ ✭✾✮✱ ✭✶✵✮

�✉❡❧❧❡ ��❡ ❡�✉❛③✐♦♥✐ ❞✐✈❡♥�❛♥♦

λ (Γ)

√

1 +

(

dz

dx

)2

+

(

dz

dy

)2

+
dz

dx
Λ = 0

μ (Γ)

√

1 +

(

dz

dx

)2

+

(

dz

dy

)2

+
dz

dy
Λ = 0 ✭✶✸✮

υ (Γ)

√

1 +

(

dz

dx

)2

+

(

dz

dy

)2

− Λ = 0.

❙❡ ✐♥�❡♥❞✐❛♠♦ ❡�♣�❡��❛ ❞❛❧❧❛

f (x, y, z, t) = 0 ✭✶✹✮

❧✬❡�✉❛③✐♦♥❡ ❞❡❧❧❛ �✉♣❡�✜❝✐❡ ❞❡❧ ✢✉✐❞♦✱ �❛♣♣✐❛♠♦ ❝❤❡ �❡ ♥❡ �✐❝❛✈❛♥♦ ❧❡ ❞✉❡

dz

dx
= −

f ′ (x)

f ′ (z)
;

dz

dy
= −

f ′ (y)

f ′ (z)
;

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✷✶

�♦ �❤❡ Λ✱ Ξ ❡�❝✳ ✐� ♥♦ ❧♦♥❣❡� ✈❛❧✐❞✳ ■ ✇♦✉❧❞ �❡♣❧② �❤❛� ■ ❞♦ ♥♦� ❜❡❧✐❡✈❡ �❤❛� �❤❡ ❡①♣�❡��✐♦♥� ♦❢ �❤❡

✐♥�❡�♥❛❧ ❢♦�❝❡� ❤❛✈❡ �♦ ❝♦♥�❛✐♥ �❤❡ X✱ Y ✱ Z❀ ✉♥❞♦✉❜�❡❞❧② �❤❡�❡ �❡❝♦♥❞ ❬❡①�❡�♥❛❧ ❢♦�❝❡�❪ ❛✛❡❝�

�❤❡ ✐♠♣❧❡♠❡♥�❛�✐♦♥ ♦❢ �❤♦�❡ ❬✐♥�❡�♥❛❧ ❢♦�❝❡�❪✱ ❜✉� �❤❡✐� ✐♥✢✉❡♥❝❡ ✐� ❡①❡�❝✐�❡❞ ✐♥ ❞❡❝�❡❛�✐♥❣

♦� ✐♥❝�❡❛�✐♥❣ �❤❡ ❞✐��❛♥❝❡� ❜❡�✇❡❡♥ �❤❡ ♠♦❧❡❝✉❧❡�✱ ❛❧❜❡✐� ❡✈❡♥ ✐♥�✐❣♥✐✜❝❛♥�❧②✱ ❛� ✐♥ ❧✐�✉✐❞�✳

❚❤✉�✱ ❜② ❛��✉♠✐♥❣ �❤❡ ✐♥�❡�♥❛❧ ❢♦�❝❡� ❛� ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ❞✐��❛♥❝❡�✱ ❬�❤❡�❡ ✐♥�❡�♥❛❧ ❢♦�❝❡�❪ ❤❛✈❡

✐♠♣❧✐❝✐�❧② ❡①♣�❡��❡❞ �❤❡ ❡✛❡❝� ♦❢ �❤❡ ❡①�❡�♥❛❧ ❢♦�❝❡� ✐� ✐♥ �❤❡ ❛❧�❡�❡❞ ❝♦♥❞✐�✐♦♥ ♦❢ �❤❡ �❛✐❞

❞✐��❛♥❝❡�✱ ✇✐�❤♦✉� �❤❡ ♥❡❡❞ �♦ ♠❛❦❡ �❤❡♠ ❛❧�♦ ❢✉♥❝�✐♦♥� ♦❢ �❤❡❬✐�❪ ❛♥❛❧②�✐❝❛❧ ✈❛❧✉❡�✳ ✲ ■ ♠✐❣❤�

❛❞❞ ♦�❤❡� ✇♦�❞� �♦ ❜❡��❡� ❞✐��✐♣❛�❡ �❤❡ ❞✐✣❝✉❧�✐❡� �❡� ♦✉� ❛❜♦✈❡✱ ❛♥❞ ♣�❡✈❡♥� ♥❡✇ ♦♥❡�✿ ❜✉�

♠♦�❡ �❤❛♥ ✇❤❛� ■ ❝♦✉❧❞ ❛❞❞ ❤❡�❡✱ �❤❡ ❞♦❝��✐♥❡� ♦❢ �❤❡ ❢♦❧❧♦✇✐♥❣ ❈❛♣♦ ✇✐❧❧ ❜❡ ✈❛❧✐❞ ❢♦� �❤✐�

♣✉�♣♦�❡✳

✻✹✳ ■� ✐� ✇❡❧❧✲❦♥♦✇♥ �❤❛� ✐♥ �❤❡ ❊✉❧❡�✐❛♥ �❤❡♦�② ✐� ✐� ❝✉��♦♠❛�② �♦ ❛❞❞ �♦ �❤❡ �❤�❡❡ ❡�✉❛�✐♦♥�

✭✶✶✮ ❛ ❢♦✉��❤ ♦♥❡ ♦❢ �❤❡ �♦✲❝❛❧❧❡❞ ❝♦♥�✐♥✉✐�②✱ ✇❤✐❝❤ ✐� �❤❡ ✭✸✸✮ ♦� ✭✸✹✮ �❡❝�✳ ✶✹ ❛❧�❡❛❞② ✐♥

❣❡♥❡�❛❧ ❞❡♠♦♥���❛�❡❞ ✐♥ ❈❛♣♦ ■✳ ❍❡�❡ ❛❧�♦ ✇❡ ✇✐❧❧ ❝❛❧❧ �❤❡ �❡❛❞❡�✬� ❛��❡♥�✐♦♥ ❛❜♦✉� ❛ �❤❡♦�❡♠

�✉❜�✐��✐♥❣ ❜❡�✇❡❡♥ �❤❡ �✉❛♥�✐�✐❡� ❛� �❤❡ �✉�❢❛❝❡ ♦❢ �❤❡ ✢✉✐❞✱ ✇❤✐❝❤ �❡�✉❧�� ❢�♦♠ �❤❡ �❤�❡❡

❡�✉❛�✐♦♥� ❞❡❞✉❝❡❞ ❢�♦♠ �❤❡ ❞♦✉❜❧❡ ✐♥�❡❣�❛❧ ✭✸✹✮ �❡❝�✳ ✺✷✱ ❛� ✇❡ �❛✐❞ ❛� �❤❡ ❡♥❞ ♦❢ �❤❛� �❡❝�✐♦♥✳

❇② ✈✐��✉❡ ♦❢ �❤❡ ♣�❡❝❡❞✐♥❣ ✭✾✮✱ ✭✶✵✮ �❤♦�❡ �❤�❡❡ ❡�✉❛�✐♦♥� ❜❡❝♦♠❡

λ (Γ)

√

1 +

(

dz

dx

)2

+

(

dz

dy

)2

+
dz

dx
Λ = 0

μ (Γ)

√

1 +

(

dz

dx

)2

+

(

dz

dy

)2

+
dz

dy
Λ = 0 ✭✶✸✮

υ (Γ)

√

1 +

(

dz

dx

)2

+

(

dz

dy

)2

− Λ = 0.

■❢ ✇❡ ✇❛♥� �♦ ❡①♣�❡�� ❢�♦♠ �❤❡

f (x, y, z, t) = 0 ✭✶✹✮

�❤❡ ❡�✉❛�✐♦♥ ♦❢ �❤❡ �✉�❢❛❝❡ ♦❢ �❤❡ ✢✉✐❞✱ ✇❡ ❦♥♦✇ �❤❛� ✇❡ ❞❡�✐✈❡ �❤❡ �✇♦

dz

dx
= −

f ′ (x)

f ′ (z)
;

dz

dy
= −

f ′ (y)

f ′ (z)
;



✶✷✷
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

�✉✐♥❞✐✱ ♣♦♥❡♥❞♦ ♣❡� ❝♦♠♦❞♦

Θ =
Λ

(Γ)
; R =

√

f ′ (x)
2
+ f ′ (y)

2
+ f ′ (z)

2
✭✶✺✮

♦��❡♥✐❛♠♦ ♣�♦♥�❛♠❡♥�❡ ❞❛❧❧❡ ♣�❡❝❡❞❡♥�✐ ✭✶✸✮

λ = Θ ·
f ′ (x)

R
; μ = Θ ·

f ′ (y)

R
; ν = Θ ·

f ′ (z)

R
; ✭✶✻✮

❢♦�♠♦❧❡ ❞❛❧❧❡ �✉❛❧✐✱ ✐♥ ❝♦♥�❡❣✉❡♥③❛ ❞✐ ✉♥ �❡♦�❡♠❛ ♥♦�✐��✐♠♦ ❞✐ ●❡♦♠❡��✐❛ ❛♥❛❧✐�✐❝❛✱ ✈❡♥✐❛♠♦

❛ ❝♦♥❝❤✐✉❞❡�❡ ❝❤❡ ❧❛ ❞✐�❡③✐♦♥❡ �❡❝♦♥❞♦ ❝✉✐ ♦♣❡�❛ ❧❛ ❢♦�③❛ Θ✱ ❛♥❝❤❡ ♥❡❧❧♦ ��❛�♦ ❞✐ ♠♦�♦✱ �

♥♦�♠❛❧❡ ❛❧❧❛ �✉♣❡�✜❝✐❡ ❞❡❧ ✢✉✐❞♦✳ ❖❣♥✉♥ ✈❡❞❡ ❝❤❡ �✉❡��♦ �❡♦�❡♠❛ � ❡�❝❧✉�✐✈♦ ❛✐ ✢✉✐❞✐✱ ❣✐❛❝❝❤#

♥♦♥ ❛✈�❡❜❜❡ ❧✉♦❣♦ �❡ ♥♦♥ �✐ ✈❡�✐✜❝❛��❡�♦ ❧❡ ❡�✉❛③♦♥✐ ✭✾✮✱ ✭✶✵✮✳ ❙❡ ♥❡ ♣♦��♦♥♦ ❞❡❞✉��❡ ❛❧��❡

❝♦♥�✐❞❡�❛③✐♦♥✐ �✉❧❧❡ �✉❛❧✐ �♦�♥❡�❡♠♦ ❢�❛ ♣♦❝♦✳

✻✺✳ ❈♦♥✈✐❡♥❡ ♦�❛ ❝❤❡ ❝✐ ��❛��❡♥✐❛♠♦ ❛ �❛❣✐♦♥❛�❡ ✐♥�♦�♥♦ ❛❧❧❛ ❞✐✈❡�❣❡♥③❛ ❢�❛ ❧❡ ♥♦���❡ ❞❡✲

❞✉③✐♦♥✐ ❡ �✉❡❧❧❡ ❞❡❧ *♦✐��♦♥✳ ▲❛ ♥♦���❛ ❛♥❛❧✐�✐✱ �✐❝♦♥❢❡�♠❛♥❞♦ ❧❛ �❡♦�✐❝❛ ❊✉❧❡�✐❛♥❛✱ ❛❜❜�❛❝✲
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✐♥ �✐♣♦�♦✳ *�♦�❡❣✉❡ ❡ ❛��❡�✐�❝❡ ❝❤❡ ❧❛ ♣�♦♣�✐❡�0 ❞✐ ♣�❡♠❡�❡ ❡❣✉❛❧♠❡♥�❡ ✐♥ �✉��✐ ✐ ✈❡��✐ ✈✐❡♥❡
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R
; ✭✶✻✮
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▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✷✸

✐♥ ❞✐❢❡		♦ ♥❡❧ ❝❛�♦ ❞❡❧ ♠♦	♦ �✉❡❧❧❡ ❡�✉❛③✐♦♥✐ ❝❤❡ ❞❛ ✉♥ 	❛❧❡ ♣�✐♥❝✐♣✐♦ ♣�❡♥❞♦♥♦ ♦�✐❣✐♥❡✳ ❈✐	❡��

♣❡� ♠❛❣❣✐♦�❡ ❝❛✉	❡❧❛ ✉♥ ♣❛��♦ ❞❡❧❧✬❆✉	♦�❡✿ ✭ ❏♦✉�♥❛❧ ❞❡ ❧✬➱❝♦❧❡  ♦❧②	✳ ❈❛❤✳ ❳❳✳ ♣❛❣✳ ✾✺✳ ✕

❆♥♥❛❧❡� ❞❡  ❤②�✐�✉❡ ❡	 ❞❡ ❈❤✐♠✐❡✳ ❚♦♠✳ ✹✷✱ ♣❛❣✳ ✶✼✵✳ ✮

✓ ▲♦���✉❡ ❧❡� ♠♦❧.❝✉❧❡� ❞✬ ✉♥ ✢✉✐❞❡ �❡ ❞.♣❧❛❝❡♥	✱ ❡❧❧❡� ❡♠✲

✓ ♣❧♦✐❡♥	 ✉♥ ❝❡�	❛✐♥ 	❡♠♣�✱ �✉❡❧�✉❡ ♣❡	✐	 �✉✬ ♦♥ ❧❡ �✉♣♣♦�❡✱

✓ ♣♦✉� ♣❛�✈❡♥✐� ❛✉	♦✉� ❞❡ ❝❤❛�✉❡ ♣♦✐♥	✱ 2 ✉♥❡ ❞✐�♣♦�✐	✐♦♥

✓ �❡♠❜❧❛❜❧❡ 2 ❧❡✉� ❛��❛♥❣❡♠❡♥	 ♣�✐♠✐	✐❢✱ ❡	 ♣♦✉� ❡①❡�❝❡� ❞❡

✓ ♥♦✉✈❡❛✉ ✉♥❡ ♣�❡��✐♦♥ .❣❛❧❡ ❡♥ 	♦✉� �❡♥�✳  ❡♥❞❛♥	 ❝❡ 	�.�

✓ ❝♦✉�	 ✐♥	❡�✈❛❧❧❡ ❞❡ 	❡♠♣�✱ �✉✐ ♣❡✉	 5	�❡ ♥.❛♥♠♦✐♥� 	�.�✲❞✐❢✲

✓ ❢.�❡♥	 ♣✉♦� ❧❡� ❞✐✛.�❡♥	� ✢✉✐❞❡�✱ ❧❛ ♣�❡��✐♦♥ ♥✬❡�	 ♣❛� ♥.✲

✓ ❝❡��❛✐�❡♠❡♥	 ❧❛ ♠5♠❡ �✉✐✈❛♥	 	♦✉	❡� ❧❡� ❞✐�❡❝	7♦♥�❀ 	♦✉	❡❢♦✐�

✓ ✐❧ �❡�❛7	 ✐♠♣♦��✐❜❧❡ ❞❡ �✬❡♥ ❛♣♣❡�❝❡✈♦✐� ❞❛♥� ❧✬.	❛	 ❞✬.�✉✐✲

✓ ❧✐❜�❡ �✉✐ ♥❡ �✬♦❜�❡�✈❡ �✉✬ ❛♣�.� �✉❡ ❝❡	 ✐♥	❡�✈❛❧❧❡ ❞❡ 	❡♠♣�

✓ ❡�	 .❝♦✉❧.✳ ▼❛✐�✱ ❞❛♥� ❧❡ ❝❛� ❞✉ ♠♦✉✈❡♠❡♥	✱ ❧❛ ♣♦�✐	✐♦♥ �❡✲

✓ �♣❡❝	✐✈❡ ❞❡� ♠♦❧.❝✉❧❡� ❝❤❛♥❣❡❛♥	 �❛♥� ❝❡��❡ ✱ ♦♥ ❝♦♠♣�❡♥❞

✓ �✉❡ ❧❛ ❝♦♥�✐❞.�❛	✐♦♥ ❞✉ 	❡♠♣� ❞♦♥	 ✐❧ �✬❛❣✐	 ♣❡✉	 ❞♦♥♥❡�

✓ ❧✐❡✉ 2 ✉♥❡ ♠♦❞✐✜❝❛	✐♦♥ ❞❛♥� ❧❡ ♣�✐♥❝✐♣❡ ❞❡ ❧✬.❣❛❧✐	. ❞❡ ♣�❡�✲

✓ �✐♦♥ ❡♥ 	♦✉� �❡♥�✱ ❡	 ❞❛♥� ❧❛ ❢♦�♠❡ ❞❡� .�✉❛	✐♦♥� ❞✐✛.�❡♥✲

✓ 	✐❡❧❧❡� �✉✐ �✬❡♥ ❞.❞✉✐�❡♥	✳ ❈✬❡�	 ❝❡ �✉✐ ❛��✐✈❡ ❡♥ ❡✛❡	 ✿ ❡	

✓ ❝✬❡�	 ❛ ❝❡		❡ ❝✐�❝♦♥�	❛♥❝❡ �✉❡ �♦♥	 ❞✉� ❧❡� ♥♦✉✈❡❛✉① 	❡�♠❡�

✓ �✉❡ ❥✬❛✐ ✐♥	�♦❞✉✐	� ❞❛♥� ❧❡� .�✉❛	✐♦♥� ❣.♥.�❛❧❡� ❞✉ ♠♦✉✈❡✲

✓ ♠❡♥	 ❞❡� ✢✉✐❞❡�✳ ✔

▲❛ �✐�♣♦�	❛✱ ❣✐❛❝❝❤. ❧✬♦❣❣❡		♦ ❞❡❧❧❛ ❞✐�❝✉��✐♦♥❡ = ♠♦❧	♦ ❝♦♠♣❧❡��♦✱ ❧❛ ❞✐✈✐❞❡�❡♠♦ ✐♥ ♣✐>

♣❛�	✐✳ ❊��❡�❡ ♦ ♥♦♥ ❡��❡�❡ ✈❡�♦ ❝❤❡ ❧❡ ♥♦	❡ ❡�✉❛③✐♦♥✐ ♥♦♥ ❛✈❡��❡�♦ ❛✐ 	❡♠♣✐ ❞✐  ♦✐��♦♥ ❛❧	�❛

❞✐♠♦�	�❛③✐♦♥❡ ❢✉♦�✐ ❞✐ �✉❡❧❧❛ ❛♣♣♦❣❣✐❛	❛ ❛❧ ♣�✐♥❝✐♣✐♦ ❞❡❧❧❛ ♣�❡��✐♦♥❡ ❡❣✉❛❧❡ ✐♥ 	✉		✐ ✐ ✈❡��✐✱ =

�✉❡�	❛ ✉♥❛ �✉❡�	✐♦♥❡ ✐♥❝✐❞❡♥	❛❧❡ �✉❧❧❛ �✉❛❧❡✱ ♣❡� ♥♦♥ ❛❜❜�❛❝❝✐❛� 	�♦♣♣♦ ✐♥ ✉♥❛ ✈♦❧	❛✱ �✐	♦�♥❡�✲

❡♠♦ ✐♥ ❛❧	�♦ ♥✉♠❡�♦✳ ◗✉✐ ♠✐ ❢❡�♠❡�� ❛ ❞♦♠❛♥❞❛�❡ ❞✐ ❞♦✈❡ ❝❛✈❛ ✐❧  ♦✐��♦♥ �✉❡❧❧✬❛❧	�❛ ♣�♦♣�✐❡	A

❞❡✐ ✢✉✐❞✐✱ ❝❤✬❡❣❧✐ ❝�❡❞❡ ❢♦♥❞❛♠❡♥	❛❧❡ ♣❡� ♦		❡♥❡� ❧❛ ♣�❡��✐♦♥❡ ❡❣✉❛❧❡ ✐♥ 	✉		✐ ✐ ✈❡��✐

✓ ❞❡ �❡ �❡❝♦♥�	✐	✉❡� 	♦✉❥♦✉�� �❡♠❜❧❛❜❧❡♠❡♥	 2 ❡✉①✲♠5♠❡ ❛✉✲

✓ 	♦✉� ❞❡ ❝❤❛�✉❡ ♣♦✐♥	 ✔ ✭ ❈❛❤✳ ❳❳ ✳ ♣❛❣✳ ✾✷ ✮ ✿ ♣❡� ❧❛ �✉❛❧❡ ❛♥❝❤❡ ❞♦♣♦ ❣❧✐ �♣♦�	❛♠❡♥	✐ ❞❡❧❧❡

♠♦❧❡❝♦❧❡ ✓ ✉♥ ✢✉✐❞❡ �❡ 	�♦✉✈❡

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✷✸

✇❤✐❝❤ ♦�✐❣✐♥❛	❡ ❢�♦♠ �✉❝❤ ❛ ♣�✐♥❝✐♣❧❡ �❤❛❧❧ ❜❡ ✐♥ ❞❡❢❛✉❧	✳ ■ ✇✐❧❧ �✉♦	❡ ❛ ♣❛��❛❣❡ ♦❢ 	❤❡ ❆✉	❤♦�

	♦ ❜❡ ♠♦�❡ ❝❛✉	✐♦✉� ✭ ❏♦✉�♥❛❧ ❞❡ ❧✬➱❝♦❧❡  ♦❧②	✳ ❈❛❤✳ ❳❳✳ ♣✳ ✾✺✳ ✕ ❆♥♥❛❧❡� ❞❡  ❤②�✐�✉❡ ❡	 ❞❡

❈❤✐♠✐❡✳ ❚♦♠❡ ✹✷✱ ♣✳ ✶✼✵✳ ✮

✓ ▲♦���✉❡ ❧❡� ♠♦❧.❝✉❧❡� ❞✬ ✉♥ ✢✉✐❞❡ �❡ ❞.♣❧❛❝❡♥	✱ ❡❧❧❡� ❡♠✲

✓ ♣❧♦✐❡♥	 ✉♥ ❝❡�	❛✐♥ 	❡♠♣�✱ �✉❡❧�✉❡ ♣❡	✐	 �✉✬ ♦♥ ❧❡ �✉♣♣♦�❡✱

✓ ♣♦✉� ♣❛�✈❡♥✐� ❛✉	♦✉� ❞❡ ❝❤❛�✉❡ ♣♦✐♥	✱ 2 ✉♥❡ ❞✐�♣♦�✐	✐♦♥

✓ �❡♠❜❧❛❜❧❡ 2 ❧❡✉� ❛��❛♥❣❡♠❡♥	 ♣�✐♠✐	✐❢✱ ❡	 ♣♦✉� ❡①❡�❝❡� ❞❡

✓ ♥♦✉✈❡❛✉ ✉♥❡ ♣�❡��✐♦♥ .❣❛❧❡ ❡♥ 	♦✉� �❡♥�✳  ❡♥❞❛♥	 ❝❡ 	�.�

✓ ❝♦✉�	 ✐♥	❡�✈❛❧❧❡ ❞❡ 	❡♠♣�✱ �✉✐ ♣❡✉	 5	�❡ ♥.❛♥♠♦✐♥� 	�.�✲❞✐❢✲

✓ ❢.�❡♥	 ♣✉♦� ❧❡� ❞✐✛.�❡♥	� ✢✉✐❞❡�✱ ❧❛ ♣�❡��✐♦♥ ♥✬❡�	 ♣❛� ♥.✲

✓ ❝❡��❛✐�❡♠❡♥	 ❧❛ ♠5♠❡ �✉✐✈❛♥	 	♦✉	❡� ❧❡� ❞✐�❡❝	7♦♥�❀ 	♦✉	❡❢♦✐�

✓ ✐❧ �❡�❛7	 ✐♠♣♦��✐❜❧❡ ❞❡ �✬❡♥ ❛♣♣❡�❝❡✈♦✐� ❞❛♥� ❧✬.	❛	 ❞✬.�✉✐✲

✓ ❧✐❜�❡ �✉✐ ♥❡ �✬♦❜�❡�✈❡ �✉✬ ❛♣�.� �✉❡ ❝❡	 ✐♥	❡�✈❛❧❧❡ ❞❡ 	❡♠♣�

✓ ❡�	 .❝♦✉❧.✳ ▼❛✐�✱ ❞❛♥� ❧❡ ❝❛� ❞✉ ♠♦✉✈❡♠❡♥	✱ ❧❛ ♣♦�✐	✐♦♥ �❡✲

✓ �♣❡❝	✐✈❡ ❞❡� ♠♦❧.❝✉❧❡� ❝❤❛♥❣❡❛♥	 �❛♥� ❝❡��❡ ✱ ♦♥ ❝♦♠♣�❡♥❞

✓ �✉❡ ❧❛ ❝♦♥�✐❞.�❛	✐♦♥ ❞✉ 	❡♠♣� ❞♦♥	 ✐❧ �✬❛❣✐	 ♣❡✉	 ❞♦♥♥❡�

✓ ❧✐❡✉ 2 ✉♥❡ ♠♦❞✐✜❝❛	✐♦♥ ❞❛♥� ❧❡ ♣�✐♥❝✐♣❡ ❞❡ ❧✬.❣❛❧✐	. ❞❡ ♣�❡�✲

✓ �✐♦♥ ❡♥ 	♦✉� �❡♥�✱ ❡	 ❞❛♥� ❧❛ ❢♦�♠❡ ❞❡� .�✉❛	✐♦♥� ❞✐✛.�❡♥✲

✓ 	✐❡❧❧❡� �✉✐ �✬❡♥ ❞.❞✉✐�❡♥	✳ ❈✬❡�	 ❝❡ �✉✐ ❛��✐✈❡ ❡♥ ❡✛❡	 ✿ ❡	

✓ ❝✬❡�	 ❛ ❝❡		❡ ❝✐�❝♦♥�	❛♥❝❡ �✉❡ �♦♥	 ❞✉� ❧❡� ♥♦✉✈❡❛✉① 	❡�♠❡�

✓ �✉❡ ❥✬❛✐ ✐♥	�♦❞✉✐	� ❞❛♥� ❧❡� .�✉❛	✐♦♥� ❣.♥.�❛❧❡� ❞✉ ♠♦✉✈❡✲

✓ ♠❡♥	 ❞❡� ✢✉✐❞❡�✳ ✔

❲❡ ✇✐❧❧ ❞✐✈✐❞❡ 	❤❡ ❛♥�✇❡� ✐♥	♦ �❡✈❡�❛❧ ♣❛�	�✱ ❜❡❝❛✉�❡ 	❤❡ ♦❜❥❡❝	 ♦❢ ❞✐�❝✉��✐♦♥ ✐� ✈❡�② ❝♦♠♣❧❡①✳

❚♦ ❜❡ ♦� ♥♦	 	♦ ❜❡ 	�✉❡ 	❤❛	 	❤❡ ✇❡❧❧✲❦♥♦✇♥ ❡�✉❛	✐♦♥� ❤❛❞ ♥♦	✱ ❛	 	❤❡ 	✐♠❡ ♦❢  ♦✐��♦♥✱ ❛♥♦	❤❡�

❞❡♠♦♥�	�❛	✐♦♥ ♦✉	�✐❞❡ 	❤❛	 ❜❛�❡❞ ♦♥ 	❤❡ ♣�✐♥❝✐♣❧❡ ♦❢ ❡�✉❛❧ ♣�❡��✉�❡ ✐♥ ❛❧❧ ❞✐�❡❝	✐♦♥�✱ 	❤✐� ✐� ❛♥

✐♥❝✐❞❡♥	❛❧ �✉❡�	✐♦♥ ♦♥ ✇❤✐❝❤✱ 	♦ ❡♠❜�❛❝❡ ♥♦	 	♦♦ ♠✉❝❤ ❛	 ♦♥❝❡✱ ✇❡ ✇✐❧❧ ❝♦♠❡ ❜❛❝❦ ✐♥ ❛♥♦	❤❡�

�❡❝	✐♦♥✳ ❍❡�❡ ■ ✇✐❧❧ �	♦♣ 	♦ ❛�❦ ✇❤❡�❡  ♦✐��♦♥ ♦❜	❛✐♥❡❞ 	❤❛	 ♦	❤❡� ♣�♦♣❡�	② ♦❢ 	❤❡ ✢✉✐❞�✱ ✇❤✐❝❤

❤❡ ❜❡❧✐❡✈❡� ❡��❡♥	✐❛❧ 	♦ ❛❝❤✐❡✈❡ ❡�✉❛❧ ♣�❡��✉�❡ ✐♥ ❛❧❧ ❞✐�❡❝	✐♦♥�

✓ ❞❡ �❡ �❡❝♦♥�	✐	✉❡� 	♦✉❥♦✉�� �❡♠❜❧❛❜❧❡♠❡♥	 2 ❡✉①✲♠5♠❡ ❛✉✲

✓ 	♦✉� ❞❡ ❝❤❛�✉❡ ♣♦✐♥	 ✔ ✭ ❈❛❤✳ ❳❳ ✳ ♣❛❣✳ ✾✷ ✮ ✿ ❢♦� ✇❤✐❝❤ ❡✈❡♥ ❛❢	❡� 	❤❡ ❞✐�♣❧❛❝❡♠❡♥	� ♦❢ 	❤❡

♠♦❧❡❝✉❧❡� ✓ ✉♥ ✢✉✐❞❡ �❡ 	�♦✉✈❡



✶✷✹
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

✓ ❝♦♥
�✐�✉� ❛✉�♦✉� ❞❡ ❝❤❛�✉❡ ♣♦✐♥�✱ ❝♦♠♠❡ ✐❧ ❧✬��❛✐� ❛✉♣❛�❛✲

✓ ✈❛♥�✳✳✳✳✳ ❝♦♠♠❡ ✉♥ 
②
��♠❡ �✉✐ �❡
�❡ 
❡♠❜❧❛❜❧❡ � ❧✉✐✲ ♠�♠❡✱

✓ ❡� �✉✐ ❡
� 
❡✉❧❡♠❡♥� ❝♦♥
��✉✐� 
✉� ✉♥❡ ♣❧✉
 ♣❡�✐�❡ ♦✉ 
✉�

✓ ✉♥❡ ♣❧✉
 ❣�❛♥❞❡ �❝❤❡❧❧❡ ✔ ✭ ♣❛❣✳ ✾✶ ✮✳ ▲❛ ✈❡�❛ ❞❡✜♥✐③✐♦♥❡ ❞❡❧ ✢✉✐❞♦ ❧✬❛❜❜✐❛♠♦ ♣�❡
❛ ♣✐(


♦♣�❛ ❞❛❧❧♦ 
�❡

♦ )♦✐

♦♥ ✭ �✐❧❡❣❣✐ ✐❧ ♣❛

♦ �✐❢❡�✐�♦ ❛❧ ♣�✐♥❝✐♣✐♦ ❞✐ �✉❡
�♦ ❈❛♣♦ ✮ ❡❞ , ❞✐ �✉❡❧

❝♦�♣♦ ✐♥ ❝✉✐ ❧❡ ♠♦❧❡❝♦❧❡ 
♦♥♦ ❛ �❛❧✐ ❞✐
�❛♥③❡ ❢�❛ ❧♦�♦✱ ❝❤❡ ✈✐ ❝❡

❛ ❧✬❛③✐♦♥❡ 
❡❝♦♥❞❛�✐❛ ❞♦✈✉�❛

❛❧❧❛ ✜❣✉�❛❀ ♠❛ ✐♦ ♥♦♥ ✈❡❞♦ ✉♥ ✈✐♥❝♦❧♦ ♥❡❝❡

❛�✐♦ ❢�❛ �✉❡
�❛ ❞❡✜♥✐③✐♦♥❡ ❡ ❧❛ ♣�♦♣�✐❡�. ❞❡❧❧❛

�✐❝♦
��✉③✐♦♥❡ 
❡♠♣�❡ 
✐♠✐❧❡ ❛ 
❡ 
�❡

❛ ✐♥�♦�♥♦ ❛❞ ♦❣♥✐ ♣✉♥�♦✳ )�❡
❝✐♥❞♦ ❞❛❧ �✐♣❡�❡�❡ ❝✐/ ❝❤❡

❤♦ ❞✐♠♦
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 ✈❡♥♦♥


✓ ❞✬❡♥��❡� �✉❡✱ ♣♦✉� ♦❜�❡♥✐� ❧✬%❣❛❧✐�% ❞❡ ♣�❡

✐♦♥ ❡♥ �♦✉
 
❡♥
✱

✓ ❞❛♥
 ✉♥ 
②
�%♠❡ ❞❡
 ♠♦❧%❝✉❧❡
 �✉✐ 
❡ �❡♣♦✉

❡♥�✱ ♦♥ ♥✬❛

✓ ♣❛
 ❜❡
♦✐♥ ❞✬❛❞♠❡���❡✱ ❝♦♠❡ ❧✬❛ ❢❛✐� ▼✳ �♦✐

♦♥✱ ✉♥❡ ❞✐
��✐✲

✓ ❜✉�✐♦♥ ♣❛��✐❝✉❧✐%�❡ ❞❡
 ♠♦❧%❝✉❧❡
 ❛✉�♦✉� ❞❡ ❧✬✉♥❡ �✉❡❧❝♦♥�✉❡

✓ ❞✬❡♥��❡ ❡❧❧❡
✳ ✔ ❲❤✐❝❤ ✐
 
❛✐❞ ✇✐�❤♦✉� ✐♥�❡♥❞✐♥❣ �♦ ❡①♣�❡

 ♠② ✈✐❡✇
 ❡♥�✐�❡❧② ❝♦♥
❡♥�✐♥❣ �♦

�❤♦
❡ ❝♦♥
✐❞❡�❛�✐♦♥
 �❤❛♥❦
 �♦ ✇❤✐❝❤ ▼�✳ ❈❛✉❝❤② ❛
 ✇❡❧❧ ❝♦♠♣♦
❡
 �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥
 ♦❢

♠♦�✐♦♥ ♦❢ ❜♦❞✐❡
✳ ■ �❡
♣❡❝� ❤✐
 ✇❛② ♦❢ 
❡❡✐♥❣✱ ❜✉� ■ ❦❡❡♣ ♠✐♥❡✱ ♦� �❛�❤❡� ♥♦� ♠✐♥❡✱ ❜✉� �❤❡

♦♥❡ ❝♦♥♥❡❝�❡❞ ✇✐�❤ �❤❡ ♣❤✐❧♦
♦♣❤② ♦❢ �❤❡ ♠❡�❤♦❞
 ♦❢ ♠② ❙❝❤♦♦❧♠❛
�❡�✱ ❛
 ■ ❤❛✈❡ 
❛✐❞ ❢�♦♠ �❤❡

❜❡❣✐♥♥✐♥❣✳



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✷✼

❊ �✉✐✱ ♣♦✐❝❤
 �♦�♥❛ ✐♥ ❝❛♠♣♦ ❧❛ �✉❡��✐♦♥❡ �✉❧ ♠♦❞♦ ❞✐ ♠❡��❡�❡ ✐♥�✐❡♠❡ ❧❡ ❡�✉❛③✐♦♥✐ ❣❡♥❡�❛❧✐

❞❡❧ ♠♦�♦ ❞❡✬ ❝♦�♣✐✱ ❞♦✈�❡♠♦ ♥♦✐ ❝�❡❞❡�❡ ❝❤❡ ❧❛ ♣✐� ✈♦❧�❡ ❝✐�❛�❛ ♦♣❡�❛ ❞❡❧ �♦✐��♦♥ ✭ ❏♦✉�♥❛❧

�♦❧②�✳ ❈❛❤✳ ❳❳ ✮ ♥♦♥ ♣♦��❛ ❛♥❞❛� �♦❣❣❡��❛ ❛❞ ❛❧��❡ ♦��❡�✈❛③✐♦♥✐ ♦❧��❡ ❧❡ ♣✐� �♦♣�❛ ❛❝❝❡♥♥❛�❡❄

▲✬❆✉�♦�❡ ❞✐❝❡ ✭♣❛❣✳ ✼✮ ❞✐ ♥♦♥ ❢❛�❡ ♥❡❧❧❛ �✉❛ ▼❡♠♦�✐❛ �❡ ♥♦♥ ✉♥❛ �♦❧❛ ✐♣♦�❡�✐✱ �✉❡❧❧❛ ❞✐ ✉♥

♥✉♠❡�♦ ❡���❡♠❛♠❡♥�❡ ❣�❛♥❞❡ ❞✐ ♠♦❧❡❝♦❧❡ ❝♦♠♣�❡�❡ ✐♥ ✉♥♦ �♣❛③✐♦ ❛♥❝♦�❛ ✐♥�❡♥�✐❜✐❧❡ ✿ ❡ �✉❡��❛

+ ❣✐, ♠♦❧�♦✳ ▼❛ ❞♦✈❡ ❞✐❝❡ ✭♣❛❣✳ ✺ ✐♥ ✜♥❡✮ ❝❤❡ ❞❛❣❧✐ ✐♥�❡���✐③❥ ✈✉♦�✐ ❞✐ ♠❛�❡�✐❛ ♣♦♥❞❡�❛❜✐❧❡ ♥♦♥

♣❛��❡ ❛❧❝✉♥❛ ❢♦�③❛ ♣❡� ❛❣✐�❡ �✉❧❧❡ ♠♦❧❡❝♦❧❡✱ �✉❛♥�✉♥�✉❡ ❝♦♥❝❡❞❛ ❝❤❡ ✐♥ ❡��❡ ♣♦��❛♥♦ ��♦✈❛��✐

❣❧✐ ✐♠♣♦♥❞❡�❛❜✐❧✐❀ �✉❛♥❞♦ ❛♠♠❡��❡ ♣❡❧ ❝❛❧♦�✐❝♦ ✭♣❛❣✳ ✻✮ ❝❡��❡ ❛���❛③✐♦♥✐ ❛❧ ❞✐ ❢✉♦�✐✱ ❡ ❢❛ ❧❛

❢♦�③❛ ❡❧❡♠❡♥�❛�❡ ❢�❛ ♠♦❧❡❝♦❧❛ ❡ ♠♦❧❡❝♦❧❛ ❢✉♥③✐♦♥❡ �♦❧❛♠❡♥�❡ ❞❡❧❧❛ ❞✐��❛♥③❛ ❀ �✉❛♥❞♦ ✭❡ �✉❡��♦

+ ♥♦�❛❜✐❧✐��✐♠♦✮ ❛✈❛♥③❛ ✭♣❛❣✳ ✽✮ ❝❤❡ ❧❡ ❢♦�③❡ �❡❝♦♥❞❛�✐❡ ♣�♦✈❡♥✐❡♥�✐ ❞❛❧❧❛ ✜❣✉�❛✱ ♣✉�❝❤
 ✐ ❝♦�♣✐

♥♦♥ �✐❛♥♦ ❝�✐��❛❧❧✐③③❛�✐✱ ❞❡❜❜♦♥♦ ❝♦♠♣❡♥�❛��✐ ❡ ♥♦♥ ♣�♦❞✉��❡ ❡✛❡��♦ ❀ ❛❧❧♦�❝❤
 ✭♣❛❣✳ ✸✺✲✸✻✮

❛��❡�✐�❝❡ ❝❤❡ ♥❡✐ ❝♦�♣✐ �♦❧✐❞✐ ✱ ❛♥❝❤❡ ❞♦♣♦ ✉♥ ♠✉�❛♠❡♥�♦ ❞✐ ❢♦�♠❛✱ ❧❡ ♠♦❧❡❝♦❧❡ ❣✐, ❞✐♠♦�❛♥�✐

�♦♣�❛ ✉♥❛ ��❡��❛ ❧✐♥❡❛ �❡��❛✱ ✈✐ ♣❡��❡✈❡�❛♥♦❀ ❛❧❧♦�❝❤
 ❧❡❣❛ ✭♣❛❣✳ ✻✶✮ ✐❧ ♣�✐♥❝✐♣✐♦ ❞❡❧❧❛ ♣�❡��✐♦♥❡

❡❣✉❛❧❡ ✐♥ �✉��✐ ✐ ✈❡��✐ ❛ �✉❡❧❧♦ ❞❡❧❧❛ ❞✐❧❛�❛③✐♦♥❡ ♦ ❝♦♥��❛③✐♦♥❡ ❧✐♥❡❛�❡ ❡❣✉❛❧❡ ✐♥ �✉��❡ ❧❡ ❞✐�❡③✐♦♥✐

❀ �✉❛♥❞♦ ✐♥�❡♥❞❡ ✭♣❛❣✳ ✾✶✲✾✷✮ ❝❤❡ ♥❡✐ ✢✉✐❞✐ ❧❛ ♣�❡��✐♦♥❡ ✈❛�❥ ❝♦❧❧❡ ❝♦♦�❞✐♥❛�❡✱ ♠❛ �❡��✐ ❝♦��❛♥�❡

�✉��✬❛❧❧✬✐♥❣✐�♦ ✜♥ ❞♦✈❡ �✐ ❡��❡♥❞❡ �✉❡❧❧❛ ❧✉♥❣❤❡③③❛ ❝❤✬❡❣❧✐ ❝❤✐❛♠❛ ❧✬✐♥�❡�✈❛❧❧♦ ♠❡❞✐♦❀ ✐♥ �✉��✐

�✉❡��✐ ♣❛��✐ ❡ ♥❡❣❧✐ ❛❧��✐ ✐♥ ❣�❛♥ ♥✉♠❡�♦ ✭ ♣❛❣✳ ✶✸✱ ✷✸✱ ✷✹✱ ✶✹✶✱ ❡❝✳✱ ❡❝✳✮ ❞♦✈❡ �✐ �✐❣❡��❛♥♦✱

�✉♣♣♦♥❡♥❞♦❧✐ ✐♥�❡♥�✐❜✐❧✐✱ ♣❛�❡❝❝❤✐ ❡❧❡♠❡♥�✐ ❝❤❡ �✐✉�❝✐�❡❜❜❡�♦ ✐♥❝♦♠♦❞✐ ✿ ✐♥ �✉❡��✐ ♣❛��✐✱ ❞✐❝♦✱

♥♦♥ ❡♥��❛ ❡❣❧✐ ♠♦❧�♦ ❞✬✐♣♦�❡�✐❝♦❄ ◆♦♥ ♥❡❣♦ ❝❤❡ ✈❛�✐❡ ❞✐ �❛❧✐ �✉♣♣♦�✐③✐♦♥✐ �♦♥♦ ❛❝❝♦♠♣❛❣♥❛�❡

❞❛ �❛❣✐♦♥❛♠❡♥�✐ ❝❤❡ ♥❡ ❞✐♠♦���❛♥♦✱ �❡ ♥♦♥ ❧❛ �❡❛❧�,✱ ❛❧♠❡♥♦ ❧❛ ❝♦♥✈❡♥✐❡♥③❛❀ ♠❛ ♥♦♥ �♦♥♦

�❛❣✐♦♥❛♠❡♥�✐ ❝❤❡ ✈❛❧❣❛♥♦ ❛ ♣�♦❞✉��❡ ✉♥❛ ♣✐❡♥❛ ♣❡��✉❛�✐♦♥❡✱ ❡ ❝❤❡ �❛♥�♦ ♣✐� ♥♦♥ ❛❝❝♦♥�❡♥�❛♥♦✱

✐♥ �✉❛♥�♦ �✐❡♥ ❧♦�♦ ❞✐❡��♦ ✉♥ ❧✐♥❣✉❛❣❣✐♦ ❞✐ ❛��❡✈❡�❛♥③❛ �✉❛❧❡ ❛♣♣❡♥❛ �❛�❡❜❜❡ ❧❡❝✐�♦ ❞✐ ❛��✉♠❡�❡

❞♦♣♦ ❧❡ ❞✐♠♦���❛③✐♦♥✐ ♣✐� ✈✐��♦�✐♦�❡✳

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✷✼

❆♥❞ ❤❡�❡✱ ❜❡❝❛✉�❡ �❤❡ �✉❡��✐♦♥ ♦♥ ❤♦✇ �♦ ♣✉� �♦❣❡�❤❡� �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥� ♦❢ ♠♦�✐♦♥

♦❢ ❜♦❞✐❡� ❜❛❝❦� ♦♥ �❤❡ ✜❡❧❞✱ �❤❛❧❧ ✇❡ ❜❡❧✐❡✈❡ �❤❛� �❤❡ ♠♦�� ❢�❡�✉❡♥�❧② ❝✐�❡❞ ✇♦�❦ ❜② �♦✐��♦♥

✭❏♦✉�♥❛❧ �♦❧②�✳ ❈❛❤✳ ❳❳✮ ❝❛♥ ♥♦� ❜❡ �✉❜❥❡❝� �♦ ❛♥② ❢✉��❤❡� ❝♦♠♠❡♥�� ♦✈❡� �❤❡ ❛❜♦✈❡ ♠❡♥✲

�✐♦♥❡❞ ♦♥❡�❄ ❚❤❡ ❛✉�❤♦� �❛②� ✭♣✳ ✼✮ ♥♦� �♦ ❞♦ ✐♥ ❤✐� ▼❡♠♦✐� ✐❢ ♥♦� ❛ ✉♥✐�✉❡ ❤②♣♦�❤❡�✐�✱ �❤❛�

♦❢ ❛♥ ❡①��❡♠❡❧② ❧❛�❣❡ ♥✉♠❜❡� ♦❢ ♠♦❧❡❝✉❧❡� ✐♥❝❧✉❞❡❞ ✐♥ ❛♥ ❡✈❡♥ ✐♥�❡♥�✐�✐✈❡ ❬✭�♦ �♠❛❧❧ �❤❛� �❤❡

�❡♥�❡� ❝❛♥ ♥♦� ❛♣♣�❡❝✐❛�❡✮❪ �♣❛❝❡✿ ❛♥❞ �❤✐� ✐� ❛ ❧♦�✳ ❇✉� ✇❤❡�❡ ❤❡ �❛②� ✭❛� �❤❡ ❡♥❞ ♦❢ ♣✳ ✺✮

�❤❛� ❢�♦♠ �❤❡ ❡♠♣�② ✐♥�❡���✐❝❡� ♦❢ ♣♦♥❞❡�❛❜❧❡ ♠❛��❡� ♥♦ ❢♦�❝❡ ��❛��� �♦ ❛❝� ♦♥ �❤❡ ♠♦❧❡❝✉❧❡�✱

❛❧�❤♦✉❣❤ ❤❡ ❣�❛♥�� �❤❛� �❤❡ ✐♠♣♦♥❞❡�❛❜❧❡� ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ �❤❡♠❀ ✇❤❡♥ ❤❡ ❛❞♠✐�� ❛� ❢♦� �❤❡

❝❛❧♦�✐❝ ✭♣✳ ✻✮ ❬�❤❛� �❤❡�❡ ❛�❡❪ �♦♠❡ ❛���❛❝�✐♦♥� ♦✉��✐❞❡✱ ❛♥❞ ♠❛❦❡� �❤❡ ❡❧❡♠❡♥�❛❧ ❢♦�❝❡ ❜❡�✇❡❡♥

♠♦❧❡❝✉❧❡ ❛♥❞ ♠♦❧❡❝✉❧❡ ❢✉♥❝�✐♦♥ ♦♥❧② ♦❢ �❤❡ ❞✐��❛♥❝❡❀ ✇❤❡♥ ✭❛♥❞ �❤✐� ✐� ♥♦�❡✇♦��❤②✮ ❤❡ ❛❞✲

✈❛♥❝❡� �❤❡ ❤②♣♦�❤❡�✐� ✭♣✳ ✽✮ �❤❛� �❤❡ �❡❝♦♥❞❛�② ❢♦�❝❡� ❝♦♠✐♥❣ ❢�♦♠ �❤❡ �❤❛♣❡✱ ♣�♦✈✐❞❡❞ �❤❛�

�❤❡ ❜♦❞✐❡� ❛�❡ ♥♦� ❝�②��❛❧❧✐③❡❞✱ ♠✉�� ❝♦♠♣❡♥�❛�❡ ❛♥❞ ♣�♦❞✉❝❡ ♥♦ ❡✛❡❝�❀ ✇❤❡♥ ✭♣♣✳ ✸✺✲✸✻✮ ❤❡

❛��❡��� �❤❛� ✐♥ �♦❧✐❞ ❜♦❞✐❡�✱ ❡✈❡♥ ❛❢�❡� ❛ ❝❤❛♥❣❡ ♦❢ �❤❛♣❡✱ �❤❡ ♠♦❧❡❝✉❧❡� ❛❧�❡❛❞② ❛❧✐❣♥❡❞ ❛❧♦♥❣

❛ �❛♠❡ ���❛✐❣❤� ❧✐♥❡✱ �❤❡② ❬�❤❡ ♠♦❧❡❝✉❧❡�❪ ♣❡��❡✈❡�❡ �❤❡�❡✐♥❀ ✇❤❡♥ ❤❡ ❧✐♥❦� ✭♣✳ ✻✶✮ �❤❡ ♣�✐♥❝✐♣❧❡

♦❢ ❡�✉❛❧ ♣�❡��✉�❡ ✐♥ ❛❧❧ �❤❡ ❞✐�❡❝�✐♦♥� �♦ �❤❛� ♦❢ ❧✐♥❡❛� ❡①♣❛♥�✐♦♥ ♦� ❝♦♥��❛❝�✐♦♥ ❡�✉❛❧ ✐♥ ❛❧❧

❞✐�❡❝�✐♦♥�❀ ✇❤❡♥ ❤❡ ✐♥�❡♥❞� ✭♣♣✳ ✾✶✲✾✷✮ �❤❛� ✐♥ �❤❡ ✢✉✐❞ ♣�❡��✉�❡ ✈❛�✐❡� ✇✐�❤ �❤❡ ❝♦♦�❞✐♥❛�❡�✱

❜✉� �❡♠❛✐♥� ❝♦♥��❛♥� ❛❧❧ ❛�♦✉♥❞ ❛� ❢❛� ❛� ❡①�❡♥❞✐♥❣ �❤❡ ❧❡♥❣�❤ ❬�❤❛�❪ ❤❡ ❝❛❧❧� �❤❡ ❛✈❡�❛❣❡ ✐♥�❡�✲

✈❛❧❀ ✐♥ ❛❧❧ �❤❡�❡ ♣❛��❛❣❡� ❛♥❞ ♦�❤❡�� ✐♥ ❣�❡❛� ♥✉♠❜❡�� ✭♣♣✳ ✶✸✱ ✷✸✱ ✷✹✱ ✶✹✶✱ ❡�❝✳✳✱ ❡�❝✳✳✮ ✇❤❡�❡

♦♥❡ �❡❥❡❝��✱ �✉♣♣♦�✐♥❣ �❤❡♠ �♦ ❜❡ ✐♥�❡♥�✐�✐✈❡✱ �❡✈❡�❛❧ ❡❧❡♠❡♥�� �❤❛� ✇♦✉❧❞ ❜❡ ❝✉♠❜❡��♦♠❡✿ ✐♥

�❤❡�❡ ♣❛��❛❣❡�✱ ■ �❛②✱ ❞♦❡� ♥♦� ❤❡ ❬�♦✐��♦♥❪ ❡♥�❡� ✐♥ �❤❡ ✜❡❧❞ ♦❢ ❝♦♥❥❡❝�✉�❡❄ ■ ❞♦ ♥♦� ❞❡♥② �❤❛�

♠❛♥② ♦❢ �❤❡�❡ ❛��✉♠♣�✐♦♥� ❛�❡ ❛❝❝♦♠♣❛♥✐❡❞ ❜② �❤❡ ❛�❣✉♠❡♥�� �❤❛� ♣�♦✈❡✱ ✐❢ ♥♦� �❤❡ �❡❛❧✐�②✱

❛� ❧❡❛�� �❤❡ ❝♦♥✈❡♥✐❡♥❝❡❀ ❜✉� �❤❡② ❛�❡ ♥♦� ❛�❣✉♠❡♥�� �❤❛� ❛♣♣❧② �♦ ♣�♦❞✉❝❡ ❛ ❢✉❧❧ ♣❡��✉❛�✐♦♥✱

❛♥❞ �❤❛� ❬❛�❣✉♠❡♥��❪ ❛� ♠✉❝❤ ❞♦ ♥♦� �❛�✐�❢② ❛� �❤❡② ❛�❡ ❢♦❧❧♦✇❡❞ ❜② ❛ ❧❛♥❣✉❛❣❡ ♦❢ ❛✣�♠❛�✐♦♥

✇❤✐❝❤ ❥✉�� ✇♦✉❧❞ ❜❡ ❛❞♠✐��✐❜❧❡ �♦ ✉�❡ ❛❢�❡� �❤❡ ♠♦�� �✉❝❝❡��❢✉❧ ❞❡♠♦♥���❛�✐♦♥�✳



✶✷✽
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

✻✻✳ ❉✐��✐ ♣✐	 �♦♣�❛ ✭ ♥✉♠✳◦✻✷ ✮ ❝❤❡ ❧❡ ❡�✉❛③✐♦♥✐ ✭✶✶✮ ❢✉�♦♥♦ �✐❞✐♠♦���❛�❡ ❞❛ ▲❛❣�❛♥❣❡

♣❛��❡♥❞♦ ❞❛ ✉♥ ❛❧��♦ ♣�✐♥❝✐♣✐♦ ✿ ❡ ❧♦ ❞✐��✐ ❛♣♣♦�✐�❛♠❡♥�❡✱ ♣❡�❝❤� ❝✐ �✐ ✈♦❧❧❡ ❢❛� ❝�❡❞❡�❡ ❝❤✬❡��❡

♥♦♥ ❛✈❡��❡�♦ ✜♥♦�❛ �❡ ♥♦♥ ✉♥ ❛♣♣♦❣❣✐♦ ♥❡❧❧✬ ❛♥❛❧♦❣#❛ ✱ ��❛�♣♦��❛♥❞♦ ❛✐ ✢✉✐❞✐ ✐♥ ♠♦�♦ ✐❧ ♣�✐♥❝✐♣✐♦

❞❡❧❧❛ ♣�❡��✐♦♥❡ ❡❣✉❛❧❡ ✐♥ �✉��✐ ✐ ✈❡��✐ �✐❝♦♥♦�❝✐✉�♦ ✈❡�♦ ♥❡✐ ✢✉✐❞✐ ✐♥ ❡�✉✐❧✐❜�✐♦✳ ▲❛❣�❛♥❣❡ �✉❛♥❞♦

��❛��& ❞❡❧ ♠♦�♦ ❞❡✬ ❧✐�✉✐❞✐ ✭ ▼✳ ❆✳ ❚✳ ❍✳ ♣❛❣✳ ✷✽✼✳ ✮ ♥♦♥ ❛��✉♥�❡ ❛❧��❛ ❝♦♥❞✐③✐♦♥❡ ❢✉♦�✐ ❞✐ �✉❡❧❧❛

❞❡❧ ❞♦✈❡�❡ ❧❛ ❞❡♥�✐�- �✐♠❛♥❡�❡ ❝♦��❛♥�❡ ✐♥ �✉❛❧✉♥�✉❡ ✐♣♦�❡�✐ ❞✐ ♠♦✈✐♠❡♥�♦✱ ❡ �✉❛♥❞♦ ♣❛��& ❛❧

♠♦�♦ ❞❡✬ ✢✉✐❞✐ ❡❧❛��✐❝✐✱ �✐ �❡�✈# ❞✐ �✉❡❧ �✉♦ ♣�✐♥❝✐♣✐♦ ✉♥ ♣♦✬��♦♣♣♦ ❛���❛��♦ ❞✐ ❝✉✐ ❢❛❝❡♠♠♦

♣❛�♦❧❛ ❛❧ ❝♦♠✐♥❝✐❛�❡ ❞❡❧ ❈❛♣♦ ♣�❡❝❡❞❡♥�❡✳ ❖�❛ ❝✐& 0 ❜❡♥ ❛❧��❛ ❝♦�❛ ❝❤❡ ❛♠♠❡��❡�❡ ✐❧ �♦❧✐�♦

♣�✐♥❝✐♣✐♦ ✐❞�♦��❛�✐❝♦✳ 1❡� ✈❡�✐�- ❢✉ ❞❡��♦ ❛♥❝❤❡ �✉❡��♦ ✿ ❢✉ ❞❡��♦ ❝❤❡ ❛��✉♠❡�❡ ❧❛ ❝♦♥❞✐③✐♦♥❡

❞❡❧❧❛ ❝♦��❛♥③❛ ❞❡❧❧❛ ❞❡♥�✐�- ❡�✉✐✈❛❧❡✈❛ ❛❞ ❛��✉♠❡�❡ ✐❧ ♣�✐♥❝✐♣✐♦ ❞❡❧❧❛ ♣�❡��✐♦♥❡ ❡❣✉❛❧❡ ✐♥ �✉��✐

✐ ✈❡��✐ ✿ ♠❛ ♥♦♥ ❜❛��❛✈❛ ❞✐�❧♦✱ ❜✐�♦❣♥❛✈❛ ♣�♦✈❛�❧♦ ✿ ✐♥✈❡❝❡ �✐ ♣✉& ♣�♦✈❛�❡ ✐❧ ❝♦♥��❛�✐♦✳ ◆♦✐

♣♦��✐❛♠♦ ✐♠♠❛❣✐♥❛�❡ ❜❡♥✐��✐♠♦ ❞❡✐ �♦❧✐❞✐ ♥❡✐ �✉❛❧✐ ❧❛ ❞❡♥�✐�- �✐❛ ❡ ❞❡❜❜❛ �❡♠♣�❡ �✐♠❛♥❡�❡

❝♦��❛♥�❡ ✿ ❡♣♣✉�❡ ❛ �✉��✐ 0 ♥♦�♦ ❝❤❡ ♥❡✐ �♦❧✐❞✐ ♥♦♥ �✐ ✈❡�✐✜❝❛ ✐❧ ♣�✐♥❝✐♣✐♦ ❞❡❧❧❛ ♣�❡��✐♦♥❡ ❡❣✉❛❧❡

✐♥ �✉��✐ ✐ ✈❡��✐✳ ❈❤❡ �❡ ♥❡❧ ♠♦�♦ ❞❡✐ �♦❧✐❞✐ ❛ ❞❡♥�✐�- ❝♦��❛♥�❡ ♥♦♥ �✐ ❝♦♠♠❡��❡ ❡��♦�❡ ❝♦❧ ♥♦♥

�❡♥❡� ❝♦♥�♦ ❞❡❧❧❛ ❝♦♥❞✐③✐♦♥❡ ❛♥③✐❞❡��❛✱ ❝♦♠❡ �✐ ❢❛ ♣❡✐ ✢✉✐❞✐✱ ♠♦���❡�❡♠♦ ❢�❛ ♣♦❝♦ ✐❧ ♣❡�❝❤� ❝✐&

❛✈✈❡♥❣❛✳ ❇❛❞✐�✐ ❝❤✬✐♦ ♥♦♥ ♣�❡�❡♥❞♦ �♦��❡♥❡�❡ ❝❤❡ ❧❛ ❞❡✜♥✐③✐♦♥❡ ❞❡✐ ✢✉✐❞✐ �✉❛❧❡ ❝✐ �✐�✉❧�❛✈❛ ❞❛❧❧❛

♠❛♥✐❡�❛ ❝♦♥ ❝✉✐ ▲❛❣�❛♥❣❡ ♥❡ �❝�✐��❡ ✐ ♠♦✈✐♠❡♥�✐✱ ❢♦��❡ ❧❛ ♣✐	 ❝❤✐❛�❛ ✿ ❝♦♥✈❡♥❣♦ ❝❤❡ �❡❣✉❡♥❞♦

❧❡ ✐❞❡❡ ❝❤❡ ✐ ♠♦❞❡�♥✐ ❡�♣♦��❡ ❛❧ ♣�✐♥❝✐♣✐♦ ❞✐ �✉❡��♦ ❈❛♣♦✱ ❛❜❜✐❛♠♦ ❣✉❛❞❛❣♥❛�♦ ✉♥❛ ❞❡✜♥✐③✐♦♥❡

❛��❛✐ ♠✐❣❧✐♦�❡✳ ◗✉❡❧❧❛ ♠❛♥✐❡�❛ ♣❡�& ❞✐ ❝♦♥�✐❞❡�❛�❡ ✐ ✢✉✐❞✐ ❡�❛ ❡�❛��❛ ✿ ▲❛❣�❛♥❣❡ ❞❡�✐✈& ❛♥③✐

❞❛ ❡��❛ ❝♦♠❡ ❝♦�♦❧❧❛�✐♦ ✐❧ ♣�✐♥❝✐♣✐♦ ❞❡❧❧❛ ♣�❡��✐♦♥❡ ❡❣✉❛❧❡ ✐♥ �✉��✐ ✐ ✈❡��✐ ✿ ♥� ❡❣❧✐ ❡�❛ ✉♦♠♦

❞❛ ❝❛❞❡�❡ ✐♥ ✉♥❛ ♣❡�✐③✐♦♥❡ ❞✐ ♣�✐♥❝✐♣✐♦✳ 1❡� ♠❛❣❣✐♦�♠❡♥�❡ ✐❧❧✉���❛�❡ �✉❡��♦ ❛�❣♦♠❡♥�♦ ♥♦♥

�✐✉�❝✐�- ❞✐�❝❛�♦ ❝❤✬✐♦ �✉✐ ♠❡��❛ ❧❛ ❞✐♠♦���❛③✐♦♥❡ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ❣❡♥❡�❛❧✐ ❞❡❧ ♠♦�♦ ❞❡✐ ❧✐�✉✐❞✐

❛♣♣♦❣❣✐❛♥❞♦❧❛ ❛✐ ♠❡❞❡�✐♠✐ ❢♦♥❞❛♠❡♥�✐ ❝❤❡ ❧❡ ❢✉�♦♥♦ ❞❛�✐ ♥❡❧❧❛ ▼❡❝❝❛♥✐❝❛ ❆♥❛❧✐�✐❝❛✱ ♠❛ ♣❡�&

♠♦❞✐✜❝❛�❛ ✐♥ ❝♦��❡❧❛③✐♦♥❡ ❛✐ ♣�❡❝❡❞❡♥�✐ ❞✐ �✉❡��❛ ▼❡♠♦�✐❛✳

✶✷✽
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

✻✻✳ ■ �❛✐❞ ❛❜♦✈❡ ✭�❡❝�✳ ✻✷✮ �❤❛� �❤❡ ❡�✉❛�✐♦♥� ✭✶✶✮ ✇❡�❡ ❞❡♠♦♥���❛�❡❞ ♦♥❝❡ ❛❣❛✐♥ ❢�♦♠

▲❛❣�❛♥❣❡ ��❛��✐♥❣ ❢�♦♠ ❛♥♦�❤❡� ♣�✐♥❝✐♣❧❡✿ ❛♥❞ ■ �❛✐❞ ✐� �♣❡❝✐✜❝❛❧❧②✱ ❜❡❝❛✉�❡ �♦♠❡♦♥❡ ✇❛♥�❡❞

�♦ ❧❡� ✉� ❜❡❧✐❡✈❡ �❤❛� �❤❡② ❬❡�✉❛�✐♦♥� ✭✶✶✮❪ ❤❛❞ ❛ �✉♣♣♦�� ♦♥❧② ✐♥ �❤❡ ❛♥❛❧♦❣②✱ ❛♣♣❧②✐♥❣ �♦

�❤❡ ✢✉✐❞� ✐♥ ♠♦�✐♦♥ �❤❡ ♣�✐♥❝✐♣❧❡ ♦❢ ❡�✉❛❧ ♣�❡��✉�❡ ✐♥ ❛❧❧ ❞✐�❡❝�✐♦♥� �❡❝♦❣♥✐③❡❞ ❬�♦ ❜❡❪ ��✉❡

✐♥ �❤❡ ��❛�✐❝� ♦❢ ✢✉✐❞�✳ ▲❛❣�❛♥❣❡✱ ✇❤❡♥ ❤❡ ��❡❛�❡❞ �❤❡ ♠♦�✐♦♥ ♦❢ ❧✐�✉✐❞� ✭▼✳❆✳❚✳❍✳ ♣✳ ✷✽✼✮✱

❛��✉♠❡❞ ♦♥❧② �❤❡ ❝♦♥❞✐�✐♦♥ �❤❛� �❤❡ ❞❡♥�✐�② ♠✉�� �❡♠❛✐♥ ❝♦♥��❛♥� ✐♥ ❛♥② ❝❛�❡ ♦❢ ♠♦✈❡♠❡♥�✱

❛♥❞ ✇❤❡♥ ❤❡ ♣❛��❡❞ �♦ �❤❡ ♠♦�✐♦♥ ♦❢ ❡❧❛��✐❝ ✢✉✐❞�✱ ❤❡ ♠❛❞❡ ✉�❡ ♦❢ ❤✐� ♣�✐♥❝✐♣❧❡ ❛ ❧✐��❧❡ ❜✐�

�♦♦ ❛❜���❛❝� ✇❤✐❝❤ ✇❡ �❡❢❡��❡❞ �♦ ❛� �❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ �❤❡ ♣�❡❝❡❞❡♥� ❈❛♣♦✳ ◆♦✇ ✐� ✐� �✉✐�❡ ❛

❞✐✛❡�❡♥� ♠❛��❡� �♦ ❛❞♠✐� ❬�❤❛�❪ �❤❡ ✉�✉❛❧ ❤②❞�♦��❛�✐❝ ♣�✐♥❝✐♣❧❡ ❬✐� ��✉❡❪✳ ■♥❞❡❡❞✱ ✐� ✇❛� �❛✐❞✱

�♦♦✿ ✐� ✇❛� �❛✐❞ �❤❛� ❛��✉♠✐♥❣ �❤❡ ❝♦♥❞✐�✐♦♥ ♦❢ ❝♦♥��❛♥❝② ♦❢ ❞❡♥�✐�② ✇❛� ❡�✉✐✈❛❧❡♥� �♦ ❛��✉♠❡

�❤❡ ♣�✐♥❝✐♣❧❡ ♦❢ ❡�✉❛❧ ♣�❡��✉�❡ ✐♥ ❛❧❧ ❞✐�❡❝�✐♦♥�✿ ❜✉� ✐� ✇❛� ♥♦� ❡♥♦✉❣❤ �♦ �❛② ✐�✱ ②♦✉ ❤❛❞ �♦ ��②

✐�✿ ✐♥��❡❛❞ ②♦✉ ❝❛♥ ♣�♦✈❡ �❤❡ ❝♦♥��❛�②✳ ❲❡ ❝❛♥ ✇❡❧❧ ✐♠❛❣✐♥❡ �♦♠❡ �♦❧✐❞� ✐♥ ✇❤✐❝❤ �❤❡ ❞❡♥�✐�② ✐�

❛♥❞ ♠✉�� ❛❧✇❛②� �❡♠❛✐♥ ❝♦♥��❛♥�✿ ❛♥❞ ②❡� ❡✈❡�②♦♥❡ ❦♥♦✇� �❤❛� �❤❡ ♣�✐♥❝✐♣❧❡ ♦❢ ❡�✉❛❧ ♣�❡��✉�❡

✐♥ ❛❧❧ ❞✐�❡❝�✐♦♥� ❞♦❡� ♥♦� ❤♦❧❞ ✐♥ �♦❧✐❞�✳ ❲❡ ✇✐❧❧ �❤♦✇ �❤♦��❧② ✇❤② ✐� ❤❛♣♣❡♥� �❤❛�✱ ✐❢ ✐♥ �❤❡

♠♦�✐♦♥ ♦❢ �♦❧✐❞� ❛� ❝♦♥��❛♥� ❞❡♥�✐�② ♥♦ ❛❝❝♦✉♥� ✐� �❛❦❡♥ ♦❢ �❤❡ ❛❢♦�❡�❛✐❞ ❝♦♥❞✐�✐♦♥✱ �✉❝❤ ❛�

❬✐♥��❡❛❞❪ ✐� ✐� ♠❛❞❡ ❢♦� ✢✉✐❞�✱ ♥♦ ❡��♦� ✐� ♠❛❞❡✳ ▼✐♥❞ ②♦✉ �❤❛� ■ ❞♦ ♥♦� ♣�❡�❡♥❞ �♦ ❛�❣✉❡ �❤❛�

�❤❡ ❞❡✜♥✐�✐♦♥ ♦❢ �❤❡ ✢✉✐❞�✱ ✇❤✐❝❤ ❛♣♣❡❛�❡❞ �♦ ✉� ❢�♦♠ �❤❡ ♠❛♥♥❡� ▲❛❣�❛♥❣❡ ❞❡�❝�✐❜❡❞ �❤❡✐�

♠♦✈❡♠❡♥��✱ ✇❛� �❤❡ ❝❧❡❛�❡��✿ ■ ❛❣�❡❡ �❤❛� ❢♦❧❧♦✇✐♥❣ �❤❡ ✐❞❡❛� �❤❛� �❤❡ ♠♦❞❡�♥ ❬�❡�❡❛�❝❤❡��❪

❡①♣♦�❡❞ ❛� �❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ �❤✐� ❈❛♣♦✱ ✇❡ ❤❛✈❡ ❣❛✐♥❡❞ ❛ ♠✉❝❤ ❜❡��❡� ❞❡✜♥✐�✐♦♥✳ ❚❤❛� ✇❛②✱

❤♦✇❡✈❡�✱ �♦ ❝♦♥�✐❞❡� �❤❡ ✢✉✐❞� ✇❛� ❝♦��❡❝�✿ ▲❛❣�❛♥❣❡ ❞❡�✐✈❡❞ ❢�♦♠ ✐� ✐♥ ❢❛❝� ❛� ❛ ❝♦�♦❧❧❛�② �❤❡

♣�✐♥❝✐♣❧❡ ♦❢ ❡�✉❛❧ ♣�❡��✉�❡ ✐♥ ❛❧❧ ❞✐�❡❝�✐♦♥�✿ ♥❡✐�❤❡� ❤❡ ✇❛� ❛ ♠❛♥ �♦ ❢❛❧❧ ✐♥�♦ ❛ ��❛�❡♠❡♥� ♦❢

♣�✐♥❝✐♣❧❡✳ ❚♦ ❜❡��❡� ✐❧❧✉���❛�❡ �❤✐� ❛�❣✉♠❡♥� ✐� ✇✐❧❧ ♥♦� ❞✐�❛❣�❡❡❛❜❧❡ �❤❛� ■ ♣✉� ❤❡�❡ �❤❡ ♣�♦♦❢

♦❢ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥� ♦❢ ♠♦�✐♦♥ ♦❢ �❤❡ ❧✐�✉✐❞� ❢♦✉♥❞✐♥❣ ✐� ♦♥ �❤❡ �❛♠❡ ❜❛�✐� �❤❛� ✇❛� ❣✐✈❡♥

�♦ ✐� ✐♥ ❛♥❛❧②�✐❝❛❧ ♠❡❝❤❛♥✐❝�✱ ❜✉�✱ ❤♦✇❡✈❡�✱ ❝❤❛♥❣❡❞ ✐♥ �❡❧❛�✐♦♥ �♦ �❤❡ ♣�❡❝❡❞✐♥❣ �❡❝�✐♦♥� ♦❢

�❤✐� ▼❡♠♦✐�✳



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✷✾

▲❛ ❝♦♥❞✐③✐♦♥❡ ❞❡❧❧✬✐♥✈❛�✐❛❜✐❧✐�� ❞❡❧❧❛ ❞❡♥�✐�� ♣♦��❛ ❝♦♥ �❡ ✭ �✐✈❡❞✐ ❧✬❡�✉❛③✐♦♥❡ ✭✻✮ ♥✉♠✳◦✾✳

❞❡❧ ❈❛♣♦ ■✮ ❧✬❡�✉❛③✐♦♥❡

H = costante

❡��❡♥❞♦ ❍ ✐❧ �❡��✐♥♦♠✐♦ ❡�♣�❡��♦ ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ✭✹✮ ♥✉♠✳◦✾✳

❊ ❛♣♣✉♥�♦ ♣❡�❝❤# ❧❛ ❞❡♥�✐�� ❞❡✈❡ ❡��❡�❡ ✐♥✈❛�✐❛❜✐❧❡ ✐♥ ♦❣♥✐ ✐♣♦�❡�✐ ❞✐ ♠♦✈✐♠❡♥�♦✱ ♣♦��✐❛♠♦

❞❡❞✉��❡ ❞❛❧❧❛ ♣�❡❝❡❞❡♥�❡ ❧✬❡�✉❛③✐♦♥❡ ✈❛�✐❛�❛

δH = 0. ✭✶✼✮

❘✐❝❤✐❛♠❛�❡ ❧❡ ❝♦�❡ ❞❡��❡ ❛✐ ♥✉♠❡�✐ ✸✶✱✸✷ �✉❧❧❡ ❡�♣�❡��✐♦♥✐ ❝♦❧� �❡❣♥❛�❡ ✭✸✻✮✱ ✭✸✼✮ ✿ ✈✐��♦

❛♥❝❤❡ �✉❛♥�♦ �✐ * ♣�❛�✐❝❛�♦ ❛❧ ♥✉♠✳◦✸✺✳✱ ❛❧❧♦�❝❤# �✐ * ��❛❜✐❧✐�❛ ❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ♣❡❧ ♠♦�♦ ❞❡✬

❝♦�♣✐ �♦❧✐❞✐✱ �❛�� ♠❛♥✐❢❡��♦ ❝❤❡ ♥❡❧ ❝❛�♦ ❛��✉❛❧❡ ❛❧❧✬✐♥�❡❣�❛❧❡ ��✐♣❧✐❝❛�♦ ❝❤❡ ❝♦♠♣�❡♥❞❡ ❧❡ ❢♦�③❡

❡��❡�♥❡

∫

da

∫

db

∫

dc ·

{(

X −
d2x

dt2

)

δx+ ❡❝✳

}

✭✶✽✮

❞♦✈�❡♠♦ ♣❡� ❢♦�♠❛�❡ ✐❧ ♣�✐♠♦ ♠❡♠❜�♦ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ �♣❡��❛♥�❡ ❛❧ ♠♦�♦ ❞❡✬ ❧✐�✉✐❞✐

❛❣❣✐✉♥❣❡�❡ ❧✬✐♥�❡❣�❛❧❡ ��✐♣❧✐❝❛�♦

∫

da

∫

db

∫

dc · ΛδH

❡��❡♥❞♦ Λ ✉♥ ❝♦❡✣❝✐❡♥�❡ ✐♥❞❡�❡�♠✐♥❛�♦✳

❈♦♥�✐❞❡�❛�♦ ✐❧ ✈❛❧♦�❡ ❞❡❧ �❡��✐♥♦♠✐♦ ❍ ✭ ❡�✉❛③✐♦♥❡ ✭✹✮ ♥✉♠✳◦✾✳ ✮ ❡ ❧✬♦♣❡�❛③✐♦♥❡ ❣✐� ❢❛��❛

❛❧ ♥✉♠✳◦✶✹✳ ♣❡� ❛��✐✈❛�❡ ❛ �✉❡❧❧❛ ❡�♣�❡��✐♦♥❡ ✭✸✷✮ ❞❡❧ ✈❛❧♦�❡ ❞✐ ❍ ′✱ ♥♦♥ ✐♥❝♦♥��❡�❡♠♦ ❛❧❝✉♥❛

❞✐✣❝♦❧�� ❛ ❝❛♣✐�❡ ❝❤❡ ✐❧ ♣�♦❞♦��♦ ΛδH ❡�✉✐✈❛❧❡ ❛❧❧❛ �✉❛♥�✐�� �❡❣✉❡♥�❡

Λl1
dδx

da
+ Λm1

dδx

db
+ Λn1

dδx

dc

+ Λl2
dδy

da
+ Λm2

dδy

db
+ Λn2

dδy

dc
✭✶✾✮

+ Λl3
dδz

da
+ Λm3

dδz

db
+ Λn3

dδz

dc
;

❧❛ �✉❛❧❡ ❞❡✈❡ �✉❜✐�❡ ��❛�❢♦�♠❛③✐♦♥✐ ❛♥❛❧♦❣❤❡ ❛❧❧❡ ♣�❛�✐❝❛�❡✱ �✉❛♥❞♦ ��❛��❛✈❛�✐ ❞❡✐ ❝♦�♣✐ �♦❧✐❞✐✱

�✉❧❧❛ �✉❛♥�✐�� ✭✶✶✮ ❞❡❧ ♥✉♠✳◦✸✻✳ ❊��❛ ♣❡��❛♥�♦ ❞❡✈❡ ❡��❡�❡ ♠❡��❛ �♦��♦ ❧❛ ❢♦�♠❛ �❡❣✉❡♥�❡

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✷✾

❚❤❡ ❝♦♥❞✐�✐♦♥ ♦❢ �❤❡ ✐♥✈❛�✐❛❜✐❧✐�② ♦❢ �❤❡ ❞❡♥�✐�② ❝❛��✐❡� ✇✐�❤ ✐� ✭�❡✈✐❡✇ ❡�✉❛�✐♦♥ ✭✻✮ �❡❝�✳

✾✳ ❈❛♣♦ ■✮ �❤❡ ❡�✉❛�✐♦♥

H = constant

H ❜❡✐♥❣ �❤❡ �❡①�✐♥♦♠✐✉♠ ❡①♣�❡��❡❞ ✐♥ ❡�✉❛�✐♦♥ ✭✹✮ �❡❝�✳ ✾✳

■� ✐� ♣�❡❝✐�❡❧② ❜❡❝❛✉�❡ �❤❡ ❞❡♥�✐�② ♠✉�� ❜❡ ✐♥✈❛�✐❛♥� ✐♥ ❛❧❧ ❝❛�❡� ♦❢ ♠♦✈❡♠❡♥�✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡

❢�♦♠ �❤❡ ♣�❡❝❡❞❡♥� ❡�✉❛�✐♦♥ �❤❡ ✈❛�✐❡❞ ❡�✉❛�✐♦♥

δH = 0. ✭✶✼✮

❙✐♥❝❡ ✇❤❛� ❤❛� ❜❡❡♥ �❛✐❞ ❛� �❡❝�✐♦♥� ✸✶✱ ✸✷ ♦♥ �❤❡ ❡①♣�❡��✐♦♥� �❤❡�❡✐♥ ♠❛�❦❡❞ ✭✸✻✮✱ ✭✸✼✮

❤❛� ❜❡❡♥ �❡❝❛❧❧❡❞✿ �✐♥❝❡ ✐� ❤❛� ❜❡❡♥ �❡❡♥ ✇❤❛� ❤❛� ❜❡❡♥ ❛❝❝♦♠♣❧✐�❤❡❞ ✐♥ �❡❝�✳ ✸✺✱ ✇❤❡♥ �❤❡

❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ❢♦� �❤❡ ♠♦�✐♦♥ ♦❢ �♦❧✐❞ ❜♦❞✐❡� ❤❛� ❜❡❡♥ ❡��❛❜❧✐�❤❡❞✱ ✐� ✇✐❧❧ ❜❡ ♠❛♥✐❢❡��❡❞ �❤❛�

✐♥ �❤❡ ❝✉��❡♥� ❝❛�❡ �♦ �❤❡ ��✐♣❧❡ ✐♥�❡❣�❛❧ �❤❛� ✐♥❝❧✉❞❡� �❤❡ ❡①�❡�♥❛❧ ❢♦�❝❡�

∫

da

∫

db

∫

dc ·

{(

X −
d2x

dt2

)

δx+ ❡�❝✳

}

✭✶✽✮

✇❡ ✇✐❧❧ ❤❛✈❡✱ �♦ ❢♦�♠ �❤❡ ✜��� ♠❡♠❜❡� ♦❢ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ �❡❧❡✈❛♥� �♦ �❤❡ ♠♦�✐♦♥ ♦❢ ❧✐�✉✐❞�✱

❛❞❞ �❤❡ ��✐♣❧❡ ✐♥�❡❣�❛❧

∫

da

∫

db

∫

dc · ΛδH

Λ ❜❡✐♥❣ ❜❡ ❛♥ ✐♥❞❡�❡�♠✐♥❛�❡ ❝♦❡✣❝✐❡♥�✳

❙✐♥❝❡ �❤❡ ✈❛❧✉❡ ♦❢ �❤❡ �❡①�✐♥♦♠✐✉♠ H ✭❡�✉❛�✐♦♥ ✭✹✮ �❡❝�✳ ✾✮ ❛♥❞ �❤❡ ♦♣❡�❛�✐♦♥ ❛❧�❡❛❞②

❞♦♥❡ ❛� �❡❝�✳ ✶✹ ❤❛✈❡ ❜❡❡♥ ❝♦♥�✐❞❡�❡❞ ✐♥ ♦�❞❡� �♦ ❛��✐✈❡ ❛� �❤❡ ❡①♣�❡��✐♦♥ ✭✸✷✮ ♦❢ �❤❡ ✈❛❧✉❡ ♦❢

H ′✱ ✇❡ ✇✐❧❧ ♥♦� ❡♥❝♦✉♥�❡� ❛♥② ❞✐✣❝✉❧�② ✐♥ ✉♥❞❡���❛♥❞✐♥❣ �❤❛� �❤❡ ♣�♦❞✉❝� ΛδH ✐� ❡�✉✐✈❛❧❡♥�

�♦ �❤❡ ❢♦❧❧♦✇✐♥❣ �✉❛♥�✐�②

Λl1
dδx

da
+ Λm1

dδx

db
+ Λn1

dδx

dc

+ Λl2
dδy

da
+ Λm2

dδy

db
+ Λn2

dδy

dc
✭✶✾✮

+ Λl3
dδz

da
+ Λm3

dδz

db
+ Λn3

dδz

dc
;

✇❤✐❝❤ ♠✉�� ✉♥❞❡�❣♦ ��❛♥�❢♦�♠❛�✐♦♥� �✐♠✐❧❛� �♦ �❤♦�❡ ❛❝❝♦♠♣❧✐�❤❡❞✱ ✇❤❡♥ �♦❧✐❞ ❜♦❞✐❡� ✇❡�❡

❞❡❛❧� ✇✐�❤✱ ♦♥ �❤❡ �✉❛♥�✐�② ✭✶✶✮ ♦❢ �❡❝�✳ ✸✻✳ ■� ♠✉�� �❤❡�❡❢♦�❡ ❜❡ ♣✉� ✐♥ �❤❡ ❢♦�♠ ❜❡❧♦✇✳



✶✸✵
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

−

(

d · Λl1
da

+
d · Λm1

db
+

d · Λn1

dc

)

δx

−

(

d · Λl2
da

+
d · Λm2

db
+

d · Λn2

dc

)

δy

−

(

d · Λl3
da

+
d · Λm3

db
+

d · Λn3

dc

)

δz ✭✷✵✮

+
dL

da
+

dM

db
+

dN

dc

❡��❡♥❞♦�✐ ♣♦��❡ ♣❡� ❜�❡✈✐��

L = Λ(l1δx+ l2δy + l3δz)

M = Λ(m1δx+m2δy +m3δz) ✭✷✶✮

N = Λ(n1δx+ n2δy + n3δz) .

■♥��♦❞✉❝❡♥❞♦ ❧❛ �✉❛♥�✐�� ✭✷✵✮ �♦��♦ ✐❧ �❡❝♦♥❞♦ �❡❣♥♦ ❞✬✐♥�❡❣�❛❧❡ ��✐♣❧✐❝❛�♦✱ ❝❤❡ ✈❛ �♦♠♠❛�♦

❡ ❝♦♠♣❡♥❡��❛�♦ ❝♦❧ ♣�❡❝❡❞❡♥�❡ ✭✶✽✮✱ �✐ ✈❡❞❡ ❝♦♠❡ �✉❧❧❡ ��❡ ✉❧�✐♠❡ ♣❛��✐ ❞✐ ❞❡��❛ �✉❛♥�✐��

♣✉ ❡�❡❣✉✐��✐ ❛❧❝✉♥❛ ❞❡❧❧❡ ✐♥�❡❣�❛③✐♦♥✐ ♣❡� a ♦ ♣❡� b ♦ ♣❡� c✱ ❧❛ �✉❛❧❡ ��❛�♣♦��❛ �✉❡❧❧❡ ♣❛��✐

�♦��♦ ✐♥�❡❣�❛❧✐ ❞✉♣❧✐❝❛�✐✳ ❘✐♠❛♥❡ �♦��♦ ❧✬✐♥�❡❣�❛❧❡ ��✐♣❧✐❝❛�♦ ✉♥❛ �✉❛♥�✐�� ❞♦✈❡ �✐ ❞❡❜❜♦♥♦

❛♥♥✉❧❧❛�❡ �❡♣❛�❛�❛♠❡♥�❡ ✐ ❝♦❡✣❝✐❡♥�✐ �♦�❛❧✐ ❞❡❧❧❡ ��❡ ✈❛�✐❛③✐♦♥✐ δx, δy, δz ✐✈✐ ♥♦♥ ❛✛❡��❡ ❞❛

❛❧❝✉♥❛ ❞❡�✐✈❛③✐♦♥❡ ♣❡� a✱ b✱ c✳ ❈♦�& �✐ ♦��❡♥❣♦♥♦ ❧❡ ��❡ ❡�✉❛③✐♦♥✐

X −
d2x

dt2
−

d · Λl1
da

−
d · Λm1

db
−

d · Λn1

dc
= 0

Y −
d2y

dt2
−

d · Λl2
da

−
d · Λm2

db
−

d · Λn2

dc
= 0 ✭✷✷✮

Z −
d2z

dt2
−

d · Λl3
da

−
d · Λm3

db
−

d · Λn3

dc
= 0.

❙✉✐ ��❡ ��✐♥♦♠❥ ❛ ❞❡�✐✈❛�❡ ♣❛�③✐❛❧✐ ✐♥ ❝✐❛�❝✉♥❛ ❞✐ �✉❡��❡ ��❡ ❝♦♥✈✐❡♥ ♣�❛�✐❝❛�❡ ❧❡ ��❛�❢♦�♠❛③✐♦♥✐

✐♥❞✐❝❛�❡ ❣❡♥❡�❛❧♠❡♥�❡ ♣❡� ♠❡③③♦ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✼✮✱ ✭✶✽✮ ❞❡❧ ♥✉♠✳◦✸✼✳ ❊��❡ ❡�✉❛③✐♦♥✐ ✭✷✷✮

❛❧❧♦�❛ �✐❞✉❝♦♥�✐

✶✸✵
■♥�♦�♥♦ ❛❧❧❡ ❊�✉❛③✐♦♥✐ ❡❝✳

−

(

d · Λl1
da

+
d · Λm1

db
+

d · Λn1

dc

)

δx

−

(

d · Λl2
da

+
d · Λm2

db
+

d · Λn2

dc

)

δy

−

(

d · Λl3
da

+
d · Λm3

db
+

d · Λn3

dc

)

δz ✭✷✵✮

+
dL

da
+

dM

db
+

dN

dc

❤❛✈✐♥❣ ❞❡✜♥❡❞ ❢♦� ❜�❡✈✐�②

L = Λ(l1δx+ l2δy + l3δz)

M = Λ(m1δx+m2δy +m3δz) ✭✷✶✮

N = Λ(n1δx+ n2δy + n3δz) .

■♥��♦❞✉❝✐♥❣ �❤❡ �✉❛♥�✐�② ✭✷✵✮ ✉♥❞❡� �❤❡ �❡❝♦♥❞ �✐❣♥ ♦❢ �❤❡ ��✐♣❧❡ ✐♥�❡❣�❛❧✱ �❤❛� ♠✉�� ❜❡

❛❞❞❡❞ ❛♥❞ ♠❡�❣❡❞ ✇✐�❤ �❤❡ ♣�❡❝❡❞❡♥� ✭✶✽✮✱ ✐� ✐� �❡❡♥ ❤♦✇ ♦♥ �❤❡ ❧❛�� �❤�❡❡ ♣❛��� ♦❢ �❤❡

❛❢♦�❡♠❡♥�✐♦♥❡❞ �✉❛♥�✐�② ♠❛② ❜❡ ❞♦♥❡ ❛♥② ♦❢ �❤❡ ✐♥�❡❣�❛�✐♦♥ ❢♦� a ❢♦� b ♦� ❢♦� c✱ ✇❤✐❝❤ ❝❛��✐❡�

�❤♦�❡ ♣❛��� ✉♥❞❡� ❞♦✉❜❧❡ ✐♥�❡❣�❛❧�✳ ❯♥❞❡� �❤❡ ��✐♣❧❡ ✐♥�❡❣�❛❧ ❛ �✉❛♥�✐�② �❡♠❛✐♥� ✇❤❡�❡ �❤❡

�♦�❛❧ ❝♦❡✣❝✐❡♥� ♦❢ �❤❡ �❤�❡❡ �♦�❛❧ ✈❛�✐❛�✐♦♥ δx✱ δy✱ δz �❤❡�❡✐♥ ♥♦� ❛✛❡❝�❡❞ ❜② ❛♥② ❞❡�✐✈❛�✐♦♥

❢♦� a✱ b✱ c ♠✉�� ❜❡ �❡♣❛�❛�❡❧② ❝❛♥❝❡❧❧❡❞✳ ❚❤✉�✱ �❤❡ ❬❢♦❧❧♦✇✐♥❣❪ �❤�❡❡ ❡�✉❛�✐♦♥� ❛�❡ ♦❜�❛✐♥❡❞

X −
d2x

dt2
−

d · Λl1
da

−
d · Λm1

db
−

d · Λn1

dc
= 0

Y −
d2y

dt2
−

d · Λl2
da

−
d · Λm2

db
−

d · Λn2

dc
= 0 ✭✷✷✮

Z −
d2z

dt2
−

d · Λl3
da

−
d · Λm3

db
−

d · Λn3

dc
= 0.

❖♥ �❤❡ �❤�❡❡ ��✐♥♦♠✐❛❧� ✐♥ ♣❛��✐❛❧ ❞❡�✐✈❛�✐✈❡� ✐♥ ❡❛❝❤ ♦❢ �❤❡�❡ �❤�❡❡ ✐� ✐� ❝♦♥✈❡♥✐❡♥� ♣❡�❢♦�♠✐♥❣

�❤❡ ��❛♥�❢♦�♠❛�✐♦♥� ✐♥❞✐❝❛�❡❞ ❣❡♥❡�❛❧❧② ❜② ♠❡❛♥� ♦❢ �❤❡ ❡�✉❛�✐♦♥� ✭✶✼✮✱ ✭✶✽✮ ♦❢ �❡❝�✳ ✸✼✳ ❚❤♦�❡

❡�✉❛�✐♦♥� ✭✷✷✮ �❤❡♥ ❛�❡ �❡❞✉❝❡❞



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✸✶

X −
d2x

dt2
−

1

Γ

(

dP1

dx
+

dP2

dy
+

dP3

dz

)

= 0

Y −
d2y

dt2
−

1

Γ

(

dQ1

dx
+

dQ2

dy
+

dQ3

dz

)

= 0 ✭✷✸✮

Z −
d2z

dt2
−

1

Γ

(

dR1

dx
+

dR2

dy
+

dR3

dz

)

= 0

❡��❡♥❞♦

P1 = ΓΛ

(

l1
dx

da
+m1

dx

db
+ n1

dx

dc

)

P2 = ΓΛ

(

l1
dy

da
+m1

dy

db
+ n1

dy

dc

)

P3 = ΓΛ

(

l1
dz

da
+m1

dz

db
+ n1

dz

dc

)

Q1 = ΓΛ

(

l2
dx

da
+m2

dx

db
+ n2

dx

dc

)

Q2 = ΓΛ

(

l2
dy

da
+m2

dy

db
+ n2

dy

dc

)

✭✷✹✮

Q3 = ΓΛ

(

l2
dz

da
+m2

dz

db
+ n2

dz

dc

)

R1 = ΓΛ

(

l3
dx

da
+m3

dx

db
+ n3

dx

dc

)

R2 = ΓΛ

(

l3
dy

da
+m3

dy

db
+ n3

dy

dc

)

R3 = ΓΛ

(

l3
dz

da
+m3

dz

db
+ n3

dz

dc

)

.

�
❡�❡♥�❡♠❡♥�❡ ♦��❡
✈❛♥❞♦ ❧❡ ♥♦✈❡ ❡�✉❛③✐♦♥✐ ✐❞❡♥�✐❝❤❡ ✭✷✽✮ ❞❡❧ ♥✉♠✳◦✶✹✳ ❡ ❧❛ ✭✻✮ ❞❡❧ ♥✉♠✳◦✾✳✱✈❡❞✐❛

❛ ❝♦❧♣♦ ❞✬♦❝❝❤✐♦ 
✐�✉❧�❛
❡

P1 = Λ; P2 = 0; P3 = 0

Q1 = 0; Q2 = Λ; Q3 = 0 ✭✷✺✮

R1 = 0; R2 = 0; R3 = Λ

❡ �✉✐♥❞✐ ❧❡ ✭✷✸✮ ♠✉�❛
�✐ ♥❡❧❧❡ ✭✶✶✮ ❞✐ �✉❡��♦ ❈❛♣♦✱ ❛ ♠❡♥♦ ❞❡❧ �❡❣♥♦ ❞❡❧❧❛ �✉❛♥�✐�# Λ✱ ❝❤❡ ♥♦♥

❢❛ ❞✐❢❡��♦✱ ❡��❡♥❞♦ �✉❡��❛ �✉❛♥�✐�# ��❛�❛ ✐♥�
♦❞♦��❛ ❝♦♠❡ ✉♥ ❝♦❡✣❝✐❡♥�❡ ✐♥❞❡�❡
♠✐♥❛�♦✳

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✸✶

X −
d2x

dt2
−

1

Γ

(

dP1

dx
+

dP2

dy
+

dP3

dz

)

= 0

Y −
d2y

dt2
−

1

Γ

(

dQ1

dx
+

dQ2

dy
+

dQ3

dz

)

= 0 ✭✷✸✮

Z −
d2z

dt2
−

1

Γ

(

dR1

dx
+

dR2

dy
+

dR3

dz

)

= 0

❜❡✐♥❣

P1 = ΓΛ

(

l1
dx

da
+m1

dx

db
+ n1

dx

dc

)

P2 = ΓΛ

(

l1
dy

da
+m1

dy

db
+ n1

dy

dc

)

P3 = ΓΛ

(

l1
dz

da
+m1

dz

db
+ n1

dz

dc

)

Q1 = ΓΛ

(

l2
dx

da
+m2

dx

db
+ n2

dx

dc

)

Q2 = ΓΛ

(

l2
dy

da
+m2

dy

db
+ n2

dy

dc

)

✭✷✹✮

Q3 = ΓΛ

(

l2
dz

da
+m2

dz

db
+ n2

dz

dc

)

R1 = ΓΛ

(

l3
dx

da
+m3

dx

db
+ n3

dx

dc

)

R2 = ΓΛ

(

l3
dy

da
+m3

dy

db
+ n3

dy

dc

)

R3 = ΓΛ

(

l3
dz

da
+m3

dz

db
+ n3

dz

dc

)

.

�
❡�❡♥�❧② ♦❜�❡
✈✐♥❣ �❤❡ ♥✐♥❡ ✐❞❡♥�✐❝❛❧ ❡�✉❛�✐♦♥� ✭✷✽✮ �❡❝�✳ ✶✹ ❛♥❞ ❬❡�✉❛�✐♦♥�❪ ✭✻✮ ♦❢ �❡❝�✳ ✾✱

✇❡ �❡❡ ❛� ❛ ❣❧❛♥❝❡ �♦ ❜❡

P1 = Λ; P2 = 0; P3 = 0

Q1 = 0; Q2 = Λ; Q3 = 0 ✭✷✺✮

R1 = 0; R2 = 0; R3 = Λ

❛♥❞ �❤❡♥ �❤❡ ✭✷✸✮ �
❛♥�❢♦
♠ ✐♥ �❤❡ ✭✶✶✮ ♦❢ �❤✐� ❈❛♣♦✱ ✉♥❧❡�� �❤❡ �✐❣♥ ♦❢ �❤❡ �✉❛♥�✐�② Λ✱ �❤❛�

❞♦❡� ♥♦� ❢❛✉❧�✱ �✐♥❝❡ �❤✐� �✉❛♥�✐�② ✇❛� ✐♥�
♦❞✉❝❡❞ ❛� ❛♥ ✉♥❞❡�❡
♠✐♥❡❞ ❝♦❡✣❝✐❡♥�✳



✶✸✷
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

�❡� ✈❡❞❡�❡ ✉�❝✐�❡ ❛♥❝❤❡ ❧❡ ❡�✉❛③✐♦♥✐ ✭✶✸✮ ♥✉♠✳◦✻✹✳ �♣❡��❛♥�✐ ❛✐ ❧✐♠✐�✐ ❞❡❧ ✢✉✐❞♦✱ ❝♦♥✈✐❡♥❡✱

✐♥ ❝♦��✐�♣♦♥❞❡♥③❛ ❛ �✉❛♥�♦ �✐ � ❢❛��♦ ❛❧ ♥✉♠✳◦✺✶✳✱ ��❛�❢♦�♠❛�❡ ✐❧ ♣�❡❝❡❞❡♥�❡ ✐♥�❡❣�❛❧❡ ��✐♣❧✐❝❛�♦

✭✶✽✮✱ ❡ ❧✬❛❧��♦ �✐♠✐❧❡ ♣♦��❛�♦ ❞❛❧❧✬❡�✉❛③✐♦♥❡ ❞✐ ❝♦♥❞✐③✐♦♥❡✱ ❝♦❧❧✬✐♥��♦❞✉��❡ �♦��♦ ✐❧ �❡❣♥♦ ✐❧ ❢❛��♦�❡

HΓ ❝❤❡ ♥♦♥ ♣�♦❞✉❝❡ ❛❧�❡�❛③✐♦♥❡ ♣❡� ❡��❡�❡ ❡❣✉❛❧❡ ❛❧❧✬✉♥✐�$✱ ❡ �✉✐♥❞✐ ♣❛��❛�❡ ❞❛❧❧❡ ✐♥�❡❣�❛③✐♦♥✐

♣�❡�❡ ♣❡� a, b, c ❛ �✉❡❧❧❡ ♣�❡�❡ ♣❡� x, y, z✳ ■♥♦❧��❡ ❜✐�♦❣♥❛ ♣�❛�✐❝❛�❡ ❛ ❞✐�✐��✉�❛ �✉❧❧❛ �✉❛♥�✐�' ✭✷✵✮

♣�✐♠❛ ❞✐ ❝♦❧❧♦❝❛�❧❛ �♦��♦ ✐❧ �❡❝♦♥❞♦ ✐♥�❡❣�❛❧❡ ❧❡ ��❛�❢♦�♠❛③✐♦♥✐ ♣�❡❝❡❞❡♥�❡♠❡♥�❡ ❞❡�❝�✐��❡✳ �❡� ❧❛

♣�✐♠❛ ♣❛��❡ ❞✐ ❡��❛ �✉❛♥�✐�' ✭✷✵✮ ❛❜❜✐❛♠♦ ❣✐' ✈❡❞✉�♦ ❝♦♠❡ �✐ �✐❞✉❝♦♥♦ ✐ ��✐♥♦♠❥ ❝♦❡✣❝✐❡♥�✐ ❞❡❧❧❡

✈❛�✐❛③✐♦♥✐ δx, δy, δz❀ ❣❧✐ ✉❧�✐♠✐ ��❡ �❡�♠✐♥✐ ❞❡❧❧❛ ❡�♣�❡��✐♦♥❡ ✭✷✵✮✱ ✈✐��✐ ✐ ✈❛❧♦�✐ ✭✷✶✮✱ �✐❝♦�❞❛�♦ ✐❧

♣�✐♥❝✐♣✐♦ ❡�♣♦��♦ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✼✮✱ ✭✶✽✮ ❞❡❧ ♥✉♠✳◦✸✼✳✱ ❡ �✐❝❤✐❛♠❛�❡ ♥♦✈❡❧❧❛♠❡♥�❡ ❧❡ ❡�✉❛③✐♦♥✐

✐❞❡♥�✐❝❤❡ ✭✷✽✮ ❞❡❧ ♥✉♠✳◦✶✹✳✱ ❝❛♥❣✐❛♥�✐ ♣❡� ✈✐❛ ❞✐ �✐❞✉③✐♦♥✐ ❝❤❡ �✐ ♣�❡�❡♥�❛♥♦ ❞❛ ♣❡� �❡ ��❡��❡✱

♥❡❧ ��✐♥♦♠✐♦

1

Γ

(

d · Λδx
dx

+
d · Λδy
dy

+
d · Λδz
dz

)

.

❝♦�- ❝❤❡ ❧❛ �✉❛♥�✐�' ✭✷✵✮ �✐�✉❧�❛ ❡�✉✐✈❛❧❡♥�❡ ❛ �✉❡��✬❛❧��❛

−
1

Γ

(

dΛ

dx
δx+

dΛ

dy
δy +

dΛ

dz
δz

)

+
1

Γ

(

d · Λδx
dx

+
d · Λδy
dy

+
d · Λδz
dz

)

. ✭✷✻✮

❙❡ ♥❡ ❢❛❝❝✐❛ ❧❛ �♦��✐�✉③✐♦♥❡ �♦��♦ ❧✬✐♥�❡❣�❛❧❡ ��✐♣❧✐❝❛�♦ �✐�✉❧�❛♥�❡ ❞❛❧❧✬✉♥✐♦♥❡ ❞❡✐ ❞✉❡ ❝❤❡ ♥❡❧ ❝❛�♦

❛��✉❛❧❡ ❝♦��✐�✉✐�❝♦♥♦ ✐❧ ♣�✐♠♦ ♠❡♠❜�♦ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡✳ ❆♥♥✉❧❧❛♥❞♦✱ ❝♦♠❡ �✐ �❛ ❞♦✈❡��✐

❢❛�❡✱ ✐ ❝♦❡✣❝✐❡♥�✐ �♦�❛❧✐ ❞❡❧❧❡ δx, δy, δz✱ �✐�♦�♥❛♥♦ ❧❡ �♦❧✐�❡ ��❡ ❡�✉❛③✐♦♥✐ ❝♦♠❡ �♦♣�❛ ❀ ♠❛ ✈✐ �

❞✐ ♣✐0 ❧❛ ♣❛��❡ ❝❤❡ �✐ ❝♦❧❧♦❝❛ �♦��♦ ✐♥�❡❣�❛❧✐ ❞✉♣❧✐❝❛�✐✱ ❧❛ �✉❛❧❡ �✐❡�❝❡

∫

dy

∫

dz · Λδx+

∫

dx

∫

dz · Λδy +
∫

dx

∫

dy · Λδz. ✭✷✼✮

❊��❛ ✈❛ ��❛��❛�❛ ❝♦♠❡ ❧❛ �✉❛♥�✐�' ✭✷✼✮ ❞❡❧ ♥✉♠✳◦✺✶✳✿ ✈❛ ❝✐♦�✱ ♠❡❞✐❛♥�❡ ❧❡ ��❛�❢♦�♠❛③✐♦♥✐

✐♥❞✐❝❛�❡ ❛❧ ♥✉♠✳◦✺✷.✱ �✐❞♦��❛ ❛❞ ✉♥ �♦❧♦ ✐♥�❡❣�❛❧❡ ❞✉♣❧✐❝❛�♦ ❝❤❡ �✐�✉❧�❛

∫

dx

∫

dy · Λ

(

δz −
dz

dx
δx−

dz

dy
δy

)

; ✭✷✽✮

✶✸✷
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

■♥ ♦�❞❡� �♦ ♦❜�❛✐♥ �❤❡ ❡�✉❛�✐♦♥� ✭✶✸✮ �❡❝�✳ ✻✹ ♣❡��❛✐♥✐♥❣ �♦ �❤❡ ❧✐♠✐�� ♦❢ �❤❡ ✢✉✐❞✱ ✐� ✐�

❛❞✈✐�❛❜❧❡✱ ✐♥ �❤❡ �❛♠❡ ✇❛② ❛� ✇❡ ❞✐❞ �❡❝�✳ ✺✶✱ �♦ ��❛♥�❢♦�♠ �❤❡ ♣�❡❝❡❞❡♥� ��✐♣❧❡ ✐♥�❡❣�❛❧ ✭✶✽✮✱

❛♥❞ �❤❡ ♦�❤❡� �✐♠✐❧❛� ❜�♦✉❣❤� ❜② �❤❡ ❡�✉❛�✐♦♥ ♦❢ ��❛�❡✱ ❜② ✐♥��♦❞✉❝✐♥❣ ✉♥❞❡� �❤❡ ❬✐♥�❡❣�❛❧❪ �✐❣♥

�❤❡ ❢❛❝�♦� HΓ �❤❛� ♣�♦❞✉❝❡� ♥♦ ❛❧�❡�❛�✐♦♥ ❜❡❝❛✉�❡ ✐� ✐� ❡�✉❛❧ �♦ �❤❡ ✉♥✐� ✈❛❧✉❡✱ ❛♥❞ �❤❡♥ �♦

�✇✐�❝❤ ❢�♦♠ ✐♥�❡❣�❛�✐♦♥� ✐♥ �❡�♠� ♦❢ a✱ b✱ c �♦ �❤♦�❡ ✐♥ �❡�♠� ♦❢ x✱ y✱ z✳ ❲❡ ❛❧�♦ ❤❛✈❡ �♦ ❛♣♣❧②

❡✈❡♥ �♦ �❤❡ �✉❛♥�✐�② ✭✷✵✮ ❜❡❢♦�❡ ♣❧❛❝✐♥❣ ✐� ✉♥❞❡� �❤❡ �❡❝♦♥❞ ✐♥�❡❣�❛❧✱ �❤❡ ��❛♥�❢♦�♠❛�✐♦♥�

❞❡�❝�✐❜❡❞ ❛❜♦✈❡✳ ❆� ❢♦� �❤❡ ✜��� ♣❛�� ♦❢ �❤❛� �✉❛♥�✐�② ✭✷✵✮✱ ✇❡ ❤❛✈❡ ❛❧�❡❛❞② �❡❡♥ ❤♦✇ �❤❡

��✐♥♦♠✐❛❧� ❝♦❡✣❝✐❡♥�� ♦❢ �❤❡ ✈❛�✐❛�✐♦♥ δx✱ δy✱ δz �❡❞✉❝❡❀ �❤❡ ❧❛�� �❤�❡❡ �❡�♠� ♦❢ �❤❡ ❡①♣�❡��✐♦♥

✭✷✵✮✱ �✐♥❝❡ �❤❡ ✈❛❧✉❡� ✭✷✶✮ ❤❛✈❡ ❜❡❡♥ �❡❡♥ ❛♥❞ �❤❡ ♣�✐♥❝✐♣❧❡ ��❛�❡❞ ✐♥ ❡�✉❛�✐♦♥� ✭✶✼✮✱ ✭✶✽✮ ♦❢

�❡❝�✳ ✸✼ ❤❛� ❜❡❡♥ �❡♠❡♠❜❡�❡❞✱ ❛♥❞ �❤❡ ✐❞❡♥�✐❝❛❧ ❡�✉❛�✐♦♥� ✭✷✽✮ ♦❢ �❡❝�✳ ✶✹ ❤❛✈❡ ❜❡❡♥ �❡❝❛❧❧❡❞

♦♥❝❡ ❛❣❛✐♥✱ ❬�❤❡ ❧❛�� �❤�❡❡ �❡�♠�❪ ❛�❡ ❝❤❛♥❣❡❞ ❜❡❝❛✉�❡ ♦❢ �❡❞✉❝�✐♦♥� �❤❛� ❛�✐�❡ ❜② �❤❡♠�❡❧✈❡�✱

✐♥ �❤❡ ��✐♥♦♠✐❛❧

1

Γ

(

d · Λδx
dx

+
d · Λδy
dy

+
d · Λδz
dz

)

.

�♦ �❤❛� �❤❡ ❛♠♦✉♥� ✭✷✵✮ ✐� ❡�✉✐✈❛❧❡♥� �♦ �❤✐� ♦�❤❡�

−
1

Γ

(

dΛ

dx
δx+

dΛ

dy
δy +

dΛ

dz
δz

)

+
1

Γ

(

d · Λδx
dx

+
d · Λδy
dy

+
d · Λδz
dz

)

. ✭✷✻✮

▲❡� ✉� �✉❜��✐�✉�❡ ✐� ❬✭✷✻✮❪ ✉♥❞❡� �❤❡ ��✐♣❧❡ ✐♥�❡❣�❛❧ �❡�✉❧�✐♥❣ ❢�♦♠ �❤❡ ✉♥✐♦♥ ♦❢ �❤❡ �✇♦ �❤❛� ✐♥

�❤❡ ♣�❡�❡♥� ❝❛�❡ ❛�❡ �❤❡ ✜��� ♠❡♠❜❡� ♦❢ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥✳ ❊�✉❛�✐♥❣ �♦ ③❡�♦✱ ❛� ✇❡ ❦♥♦✇

✇❡ �❤♦✉❧❞ ❞♦✱ �❤❡ �♦�❛❧ ❝♦❡✣❝✐❡♥�� ♦❢ �❤❡ δx✱ δy✱ δz✱ �❤❡ �❛♠❡ �❤�❡❡ ❡�✉❛�✐♦♥� ❛� ❛❜♦✈❡ �❡�✉�♥✱

❜✉� �❤❡�❡ ✐� ♠♦�❡ �❤❛� ♣❛�� ✇❤✐❝❤ ❝❛♥ ❜❡ ♣❧❛❝❡❞ ✉♥❞❡� ❞♦✉❜❧❡ ✐♥�❡❣�❛❧�✱ ✇❤✐❝❤ ❜❡❝♦♠❡�

∫

dy

∫

dz · Λδx+

∫

dx

∫

dz · Λδy +
∫

dx

∫

dy · Λδz. ✭✷✼✮

■� �❤♦✉❧❞ ❜❡ ��❡❛�❡❞ ❛� �❤❡ �✉❛♥�✐�② ✭✷✼✮ ♦❢ �❡❝�✳ ✺✶✿ �❤❛� ✐�✱ �❤�♦✉❣❤ �❤❡ ♣�♦❝❡��✐♥❣ �❡❢❡��❡❞

�♦ �❤❡ �❡❝�✳ ✺✷✱ ✐� ♠✉�� ❜❡ �❡❞✉❝❡❞ �♦ ❛ �✐♥❣❧❡ ❞♦✉❜❧❡ ✐♥�❡❣�❛❧ ✇❤✐❝❤ ✐�

∫

dx

∫

dy · Λ

(

δz −
dz

dx
δx−

dz

dy
δy

)

; ✭✷✽✮



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✸✸

♣♦✐ �♦♠♠❛	❛ ❡ ❢✉�❛ ✐♥ ✉♥ �♦❧♦ ✐♥	❡❣�❛❧❡ ✐♥�✐❡♠❡ ❛ �✉❡❧❧♦ ❞❡❧❧❛ �✉❛♥	✐	� �❡❣♥❛	❛ ✭✷✽✮ ❛❧ ♥✉♠✳◦✺✶✳

❆❧❧♦�❛ ❞❡❜❜♦♥♦ ❡❣✉❛❣❧✐❛��✐ �❡♣❛�❛	❛♠❡♥	❡ ❛ ③❡�♦ ✐ ❝♦❡✣❝✐❡♥	✐ ❞❡❧❧❡ ✈❛�✐❛③✐♦♥✐ δx, δy, δz✿ ✐❧ ❝❤❡

�❡�	✐	✉✐�❝❡ ❧❡ ❡�✉❛③✐♦♥✐ ✭✶✸✮ ❝♦❧❧❛ �♦❧❛ ❞✐✈❡��✐	� ❞❡❧ �❡❣♥♦ ♣❡� ❧❛ Λ ✱ ❝♦♠❡ �♦♣�❛✳

❙✐ ♣✉$ ♦��❡�✈❛�❡ ❝❤❡ ❧❛ ♣�❡❝❡❞❡♥	❡ ❛♥❛❧✐�✐ �✐ ♣✐❡❣❛ ❛♥❝❤❡ ❛✐ ✢✉✐❞✐ ❡❧❛�	✐❝✐ �✉❛♥❞♦ �✐ ❛❞♦		❛

♣❡� ❡��✐ ❧✬❡�✉❛③✐♦♥❡ ❞✐ ❝♦♥❞✐③✐♦♥❡ H1 = 1✱ ❞♦✈❡ H1 ❛❜❜✐❛ ✐❧ ✈❛❧♦�❡ ✭✸✮ ❞❡❧ ♥✉♠✳◦✹✺✳✱❡�✉❛③✐♦♥❡

❞✐♠♦�	�❛	❛ ❛❧ ♣�✐♥❝✐♣✐♦ ❞❡❧ ♥✉♠✳◦✹✻✳ ■♥ 	❛❧ ❝❛�♦ ❜✐�♦❣♥❛ ♣�✐♠❛ 	�❛�❢♦�♠❛�❡ ✐❧ ♣�❡❝❡❞❡♥	❡

✐♥	❡❣�❛❧❡ ✭✶✽✮ ❞❡❧❧❡ ❢♦�③❡ ✐♥ ✉♥ ❛❧	�♦ ♣�❡�♦ ♣❡� ❧❡ p, q, r✱ ❝♦♠❡ �✐ * ❢❛		♦ ❛❧❧♦ �	❡��♦ ♥✉♠✳◦✹✻✳

✻✼✳ ▲❛ ❞✐♠♦�	�❛③✐♦♥❡ �✐❢❡�✐	❛ ♥❡❧❧✬❛♥	❡❝❡❞❡♥	❡ ♥✉♠❡�♦✱ ❞♦♣♦ �	❛❜✐❧✐	❛ ❧✬❡�✉❛③✐♦♥❡ ❞✐ ❝♦♥✲

❞✐③✐♦♥❡ ✭✶✼✮ ♣✉$ ♣�❡♥❞❡�❡ ✉♥ ❛❧	�♦ ❛♥❞❛♠❡♥	♦ ❝❤❡ ♣❡� ♣✐. 	✐	♦❧✐ ♠✐ ❣✐♦✈❛ ❞✐ ❡�♣♦��❡✳ /�✐♠✐❡�❛✲

♠❡♥	❡ ♠✐ ✈❡��$ ♣❡� 	❛❧ ♠♦❞♦ ♣�❡♣❛�❛♥❞♦ ❛❧❝✉♥❡ ❢♦�♠♦❧❡ ❝❤❡ ❛✈�❛♥♥♦ ✉	✐❧✐ ❛♣♣❧✐❝❛③✐♦♥✐ ♥❡❧ ❈❛♣♦

�❡❣✉❡♥	❡ ✿ �❡❝♦♥❞❛�✐❛♠❡♥	❡ ♦		❡��❡♠♦ ✉♥❛ ♥✉♦✈❛ �✐❝♦♥❢❡�♠❛ ❞❡❧❧❡ ❢♦♥❞❛♠❡♥	❛❧✐ ❡�✉❛③✐♦♥✐ ✭✶✶✮

✿ ✐♥ 	❡�③♦ ❧✉♦❣♦ ♣♦	�$ ❝♦♥ �✉❡�	♦ ♠❡③③♦ ♣�♦✈❛�❡ ✉♥❛ ♣�♦♣♦�✐③✐♦♥❡ ♣✐. �♦♣�❛ �❡♠♣❧✐❝❡♠❡♥	❡

❛♥♥✉♥③✐❛	❛✳

❈♦♥✈✐❡♥❡ ♣�❡♠❡		❡�❡ ❧❛ �✐❝❡�❝❛ ❞✐ ✉♥❛ ♥✉♦✈❛ ❡�♣�❡��✐♦♥❡ ♣❡❧ ✈❛❧♦�❡ ❞❡❧ �❡�	✐♥♦♠✐♦ H ✳

❘✐❝❤✐❛♠✐♥�✐ ❧❡ ♥♦✈❡ ❡�✉❛③✐♦♥✐ ✐❞❡♥	✐❝❤❡ ✭✷✽✮ ❞❡❧ ♥✉♠✳◦ ✶✹✳✱ ❡ ❧❡ �❡✐ ❞❡♥♦♠✐♥❛③✐♦♥✐ ✭ ❡�✉❛③✐♦♥✐

✭✻✮✮ ❞❡❧ ♥✉♠✳◦ ✸✹✳ ❉✐ �✉❡❧❧❡ ♥♦✈❡ �✐ �✉❛❞�✐♥♦ ❧❛ ♣�✐♠❛✱ ❧❛ �✉❛�	❛ ❡ ❧❛ �❡		✐♠❛✱ ✐♥❞✐ �✐ �♦♠♠✐♥♦

✿ ❛✈�❡♠♦ ♣❡� ❧❡ ✭✻✮ ♥✉♠✳◦ ✸✹
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◗✉❛❞�❛♥❞♦ ✐♥✈❡❝❡ ❧❛ �❡❝♦♥❞❛✱ ❧❛ �✉✐♥	❛ ❡ ❧✬♦		❛✈❛ ❞✐ �✉❡❧❧❡ ✭✷✽✮ ♥✉♠✳◦ ✶✹✳✱ ❡ �♦♠♠❛♥❞♦❧❡
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❊ �✐♠✐❧♠❡♥	❡ ❞❛❧❧❛ 	❡�③❛✱ �❡�	❛ ❡ ♥♦♥❛
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❙✐ �♦♠♠✐♥♦ ❛♥❝♦�❛ �✉❡�	❡ ❡�✉❛③✐♦♥✐ ❝❤❡ ♦�❛ ❝✐ �✐❛♠♦ ❢♦�♠❛	❡✱ ❡❞ ♦		❡��❡♠♦

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✸✸

	❤❡♥ ❛❞❞❡❞ ❛♥❞ ♠❡�❣❡❞ ✐♥	♦ ❛ �✐♥❣❧❡ ✐♥	❡❣�❛❧ ✇✐	❤ 	❤❛	 ♦❢ 	❤❡ �✉❛♥	✐	② ♠❛�❦❡❞ ✭✷✽✮ ❛	 �❡❝	✳ ✺✶✳

❚❤❡♥ 	❤❡ ❝♦❡✣❝✐❡♥	� ♦❢ ✈❛�✐❛	✐♦♥� δx✱ δy✱ δz ♠✉�	 ❜❡ �❡♣❛�❛	❡❧② ❡�✉❛	❡❞ 	♦ ③❡�♦✿ 	❤✐� �❡	✉�♥�

	❤❡ ❡�✉❛	✐♦♥� ✭✶✸✮ ✇✐	❤ ♦♥❧② 	❤❡ ❞✐✈❡��✐	② ♦❢ 	❤❡ �✐❣♥ ❢♦� 	❤❡ Λ✱ ❛� ❛❜♦✈❡✳

■	 ♠❛② ❜❡ ♥♦	❡❞ 	❤❛	 	❤❡ ❛❜♦✈❡ ❛♥❛❧②�✐� ❛❧�♦ ❛♣♣❧✐❡� 	♦ 	❤❡ ❡❧❛�	✐❝ ✢✉✐❞� ✇❤❡♥ 	❤❡ ❡�✉❛	✐♦♥

♦❢ ❝♦♥❞✐	✐♦♥ H1 = 1 ✐� ❛❞♦♣	❡❞ ❢♦� 	❤❡♠✱ ✇❤❡�❡ H1 ❤❛� 	❤❡ ✈❛❧✉❡ ✭✸✮ ♦❢ �❡❝	✳ ✹✺✱ ❡�✉❛	✐♦♥

❞❡♠♦♥�	�❛	❡❞ 	❤❡ ♣�✐♥❝✐♣❧❡ ♦❢ �❡❝	✳ ✹✻✳ ■♥ 	❤✐� ❝❛�❡ ✇❡ ♠✉�	 ✜��	 	�❛♥�❢♦�♠ 	❤❡ ♣�❡❝❡❞❡♥	

✐♥	❡❣�❛❧ ✭✶✽✮ ♦❢ 	❤❡ ❢♦�❝❡� ✐♥ ❛♥♦	❤❡� ✐♥ 	❡�♠� ♦❢ 	❤❡ p✱ q✱ r✱ ❛� ✐	 ✇❛� ❞♦♥❡ ❛	 	❤❡ �❛♠❡ �❡❝	✳

✹✻✳

✻✼✳ ❚❤❡ ❞❡♠♦♥�	�❛	✐♦♥ �❡♣♦�	❡❞ ✐♥ 	❤❡ ❛♥	❡❝❡❞❡♥	 �❡❝	✐♦♥✱ ❛❢	❡� 	❤❡ ❡�✉❛	✐♦♥ ♦❢ ❝♦♥❞✐	✐♦♥

✭✶✼✮ ❤❛� ❜❡❡♥ ❡�	❛❜❧✐�❤❡❞✱ ❝❛♥ 	❛❦❡ ❛♥♦	❤❡� 	�❡♥❞ 	❤❛	 ■	 ✐� ❝♦♥✈❡♥✐❡♥	 ❢♦� ♠❡ 	♦ ❡①❤✐❜✐	 ✐♥

	❤❡ ❢♦❧❧♦✇✐♥❣ �	❡♣�✳ ■♥ 	❤❡ ✜��	 ■ ✇✐❧❧ ❝♦♠❡ 	♦ 	❤❡�❡❜② ♣�❡♣❛�✐♥❣ �♦♠❡ ❢♦�♠✉❧❛� 	❤❛	 ✇✐❧❧ ❤❛✈❡

✉�❡❢✉❧ ❛♣♣❧✐❝❛	✐♦♥� ✐♥ ❢♦❧❧♦✇✐♥❣ ❈❛♣♦❀ ✐♥ 	❤❡ �❡❝♦♥❞ �	❡♣✱ ✇❡ ✇✐❧❧ ❣❡	 ❛ ♥❡✇ �❡❝♦♥✜�♠❛	✐♦♥

♦❢ 	❤❡ ❢✉♥❞❛♠❡♥	❛❧ ❡�✉❛	✐♦♥� ✭✶✶✮❀ ✐♥ 	❤❡ 	❤✐�❞ �	❡♣ ■ ❝❛♥ ♣�♦✈❡ ❛ ♣�♦♣♦�✐	✐♦♥ ❛❜♦✈❡ �✐♠♣❧②

❛♥♥♦✉♥❝❡❞ ❜② 	❤✐� ♠❡❛♥�✳

■	 ✐� ❝♦♥✈❡♥✐❡♥	 	♦ ♣�❡♣❡♥❞ 	❤❡ �❡❛�❝❤ ❢♦� ❛ ♥❡✇ ❡①♣�❡��✐♦♥ ❢♦� 	❤❡ ✈❛❧✉❡ ♦❢ 	❤❡ �❡�	✐♥♦♠✐✉♠

H✳

▲❡	 ✉� �❡❝❛❧❧ 	❤❡ ♥✐♥❡ ✐❞❡♥	✐❝❛❧ ❡�✉❛	✐♦♥� ✭✷✽✮ ♦❢ �❡❝	✳ ✶✹✱ ❛♥❞ 	❤❡ �✐① ❞❡✜♥✐	✐♦♥� ✭❡�✉❛	✐♦♥�

✭✻✮✮ ♦❢ �❡❝	✳ ✸✹✳ ❖❢ 	❤♦�❡ ♥✐♥❡ ❬❡�✉❛	✐♦♥�❪ ✇❡ ��✉❛�❡ 	❤❡ ✜��	✱ 	❤❡ ❢♦✉�	❤ ❛♥❞ 	❤❡ �❡✈❡♥	❤

❬❡�✉❛	✐♦♥�❪✱ ❛♥❞ 	❤❡♥ ✇❡ �✉♠ 	❤❡♠✿ ✇❡ ✇✐❧❧ ❤❛✈❡ ❢♦� 	❤❡ ✭✻✮ �❡❝	✳ ✸✹
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❖♥ 	❤❡ ♦	❤❡� ❤❛♥❞✱ ❜② ��✉❛�✐♥❣ 	❤❡ �❡❝♦♥❞✱ 	❤❡ ✜❢	❤ ❛♥❞ 	❤❡ ❡✐❣❤	❤ ❬❡�✉❛	✐♦♥�❪ ♦❢ 	❤♦�❡ ✭✷✽✮

�❡❝	✳ ✶✹✱ ❛♥❞ ❜② ❛❞❞✐♥❣ 	❤❡♠✱ ✇❡ ✇✐❧❧ ✜♥❞
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❆♥❞ ❧✐❦❡✇✐�❡ ❢�♦♠ 	❤❡ 	❤✐�❞✱ 	❤❡ �✐①	❤ ❛♥❞ 	❤❡ ♥✐♥	❤ ❬❡�✉❛	✐♦♥�❪
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❲❡ ✇✐❧❧ �✉♠ ❛❣❛✐♥ 	❤❡�❡ ❡�✉❛	✐♦♥�✱ ✇❤✐❝❤ ✇❡ ❤❛✈❡ ♥♦✇ ❢♦�♠❡❞✱ ❛♥❞ ✇❡ ✇✐❧❧ ❣❡	
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(AM −BL)
2
+ (CL−AN)

2
+ (BN − CM)

2
=

(

A2 +B2 + C2
) (

L2 +M2 +N2
)

− (AL+BM + CN)
2
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R1 = 0; R2 = 0; R3 = −Λ.
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❚❤❡ �✇♦ ❢♦❧❧♦✇✐♥❣ ❡�✉❛�✐♦♥� ✭✷✼✮ �❡❝�✳ ✸✽ ❣✐✈❡ ✉� ❢♦� �❤❡ �✉❛♥�✐�✐❡� ✭■■✮✱ ✭■■■✮ �❤❡ �❛♠❡ ✈❛❧✉❡

♥♦✇ ❜❡❡♥ ❢♦✉♥❞ ❢♦� �❤❡ ✭■✮✿ ❛♥❞ �♦ ♣❡��✉❛❞❡ ✉� ♦❢ �❤✐� �❤❡�❡ ✐� ♥♦ ♥❡❡❞ �♦ �❡❞♦ �❤❡ ❝❛❧❝✉❧❛�✐♦♥✱

❥✉�� �✉❜��✐�✉�❡✱ ♦� ✐♠❛❣✐♥❡ �✉❜��✐�✉�❡❞ ✜��� �❤❡ ❧❡��❡� y✱ �❤❡♥ �❤❡ z �♦ �❤❡ x✱ ❛♥❞ �❡♠❡♠❜❡�

�❤❡ ♦�❤❡� ✐❞❡♥�✐❝❛❧ ❡�✉❛�✐♦♥� ✭✷✽✮ �❡❝�✳ ✶✹✳

❈♦♠✐♥❣ �♦ �❤❡ ❢♦✉��❤ ♦❢ ✭✷✼✮ �❡❝�✳ ✸✽✱ �❤❡ �✉❜��✐�✉�✐♦♥ ❛� ❛❜♦✈❡ ♦❢ �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ A✱ B

❡�❝✳ ❣✐✈❡� ✉� ❛ �❡�✉❧� �❤❛� ❝❛♥ ❜❡ ♣❧❛❝❡❞ ✉♥❞❡� �❤❡ ❢♦�♠

H

Λ
(IV ) = −

(

l
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dx

da
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1

dx

db
+ n

1

dx

dc

)(

l
1

dy

da
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dy
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1

dy

dc

)

−

(

l
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dx

da
+m

2

dx

db
+ n

2

dx

dc

)(

l
2

dy

da
+m

2

dy

db
+ n

2

dy

dc

)

−

(

l
3

dx

da
+m

3

dx

db
+ n

3

dx

dc

)(

l
3

dy

da
+m

3

dy

db
+ n

3

dy

dc

)



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✸✼

❞♦♣♦ ❞✐ ❝❤❡✱ ✐♥ ✈✐��❛ ❞❡❧❧❡ �♦❧✐�❡ ❡�✉❛③✐♦♥✐ ✐❞❡♥�✐❝❤❡ ✭✷✽✮ ♥✉♠✳◦ ✶✹✳✱ �✐❝♦♥♦�❝✐❛♠♦ ❡��❡�❡ (IV ) =

0✳ ■♥ �✐♠✐❧ ♠♦❞♦ ❧❡ ✉❧�✐♠❡ ❞✉❡ ❞✐ �✉❡❧❧❡ ❡�✉❛③✐♦♥✐ ❝✐ ❞✐♠♦���❛♥♦ ♥✉❧❧❡ ❛♥❝❤❡ ❧❡ �✉❛♥�✐�� (V )✱

(V I)✱ ❡ ♣❡� ❝♦♥✈✐♥❝❡�❝❡♥❡ �✉❜✐�♦ ❛♣♣♦❣❣✐❛♥❞♦❝✐ ❛❧❧✬✉❧�✐♠❛ �✐❞✉③✐♦♥❡✱ ❜❛��❛ ❧❛ ♣�✐♠❛ ✈♦❧�❛

❝❛♠❜✐❛�❡ ❧❛ ❧❡��❡�❛ y ❝♦❧❧❛ z✱ ❡ ❧❛ �❡❝♦♥❞❛ ❧❛ ❧❡��❡�❛ x ❝♦❧❧❛ y✳

❙♦♥♦ ❞✉♥�✉❡ ❜❡♥ ♣�♦✈❛�❡ ✐♥ ❢♦�③❛ ❞❡❧❧❡ ✭✷✽✮ ♥✉♠✳◦ ✸✽✳ ❧❡ ♣�❡❝❡❞❡♥�✐ ❡�✉❛③✐♦♥✐ ✭✸✼✮ ✱ ��❛♥�✐

❧❡ �✉❛❧✐✱ ❧❡ ✭✷✻✮ ♥✉♠✳◦ ✸✽✳ ❝✐ ♣♦�❣♦♥♦ ❞✐♠♦���❛�❡ ♣❡� ❧❛ �❡�③❛ ✈♦❧�❛ ❧❡ ❡�✉❛③✐♦♥✐ ✭✶✶✮ ❞✐ �✉❡��♦

❈❛♣♦ �❡♥③❛ �✐❝♦��❡�❡ ❛❧ ♣�✐♥❝✐♣✐♦ ❞❡❧❧❛ ♣�❡��✐♦♥❡ ❡❣✉❛❧❡ ✐♥ �✉��✐ ✈❡��✐ ✳

❋❛❝❝✐❛�✐ ✉♥❛ �♣❡❝✐❛❧❡ ❛��❡♥③✐♦♥❡ ❛ �✉❡❧ ♣❛��♦ ❞❡❧❧❛ ♣�❡❝❡❞❡♥�❡ ❛♥❛❧✐�✐ ❞♦✈❡ ❛❜❜✐❛♠♦ ✈❡❞✉�♦

❝❤❡ ❧❛ ❝♦♥❞✐③✐♦♥❡ ❞❡❧❧❛ ❞❡♥�✐�� ❝♦��❛♥�❡ ♣♦��❛ ❞✐ ❞♦✈❡� ❛❣❣✐✉♥❣❡�❡ ❛❧❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✉♥

✐♥�❡❣�❛❧❡ ��✐♣❧✐❝❛�♦ ❢♦�♠❛�♦ ❝♦❧ ♣�✐♠♦ ♠❡♠❜�♦ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ✭✸✺✮✳ ◗✉❛♥❞♦ ✐❧ ❝♦�♣♦ ) �✐❣✐❞♦ ✭

❡�✉❛③✐♦♥❡ ✭✶✵✮ ♥✉♠✳◦ ✸✺✳✮ ✈✬) ❞✐ ❣✐� ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✉♥❛ �✉❛♥�✐�� ❞✐ �✉❡��❛ ❢♦�♠❛✱

�❛❧❝❤) ❧✬❛❣❣✐✉♥�❛ ❞❡❧❧❛ �✉❛♥�✐�� ♣�♦✈❡♥✐❡♥�❡ ❞❛❧❧❛ ✭✸✺✮ ♥♦♥ ❢❛ ❝❤❡ �❡♥❞❡�❡ ❜✐♥♦♠✐❛❧✐ ✐ ❝♦❡✣❝✐❡♥�✐

❞❡❧❧❡ ✈❛�✐❛�❡ δt1, δt2, δt3✱ ❡❝✳❀ ❡ �✐❝❝♦♠❡ ✐ ♣�✐♠✐ �❡�♠✐♥✐ ❞✐ �❛❧✐ ❜✐♥♦♠❥ �♦♥♦ ✐♥❞❡�❡�♠✐♥❛�✐ ✱

♣♦��♦♥♦ ❛❜❜�❛❝❝✐❛�❡ ❛♥❝❤❡ ✐ �❡❝♦♥❞✐✱ ❡ ✐ ❝♦❡✣❝✐❡♥�✐ �❡♥❡��✐ ♠♦♥♦♠❥ �❡♥③❛ ❛❧�❡�❛③✐♦♥❡✳ ❊❝❝♦

✐❧ ♣❡�❝❤) ♥❡❧ ♠♦�♦ ❞❡✬ ❝♦�♣✐ �✐❣✐❞✐ ❛ ❞❡♥�✐�� ❝♦��❛♥�❡ ✭ ❝♦♠❡ ❛❝❝❡♥♥❛✐ ❛❧ ♥✉♠✳◦ ✻✻✳✮ �✐ ♣✉/

♣�❡�❝✐♥❞❡�❡ ❞❛❧ ❝♦♥�✐❞❡�❛�❡ ❧❛ ❝♦♥❞✐③✐♦♥❡ �❝�✐��❛ ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ✭✶✼✮✳

✻✽✳ ❍♦ ✐♥♦❧��❡ ❞❡��♦ ❛❧ ♥✉♠✳◦ ✻✺✳ ❝❤❡ ♥♦♥ �✐ ❤❛♥♥♦ ❛♥❝♦�❛ ✐❞❡❡ ❛❜❜❛��❛♥③❛ ❝❤✐❛�❡ ✐♥�♦�♥♦

❛❧❧❛ ♣�❡��✐♦♥❡ ♥❡✐ ✢✉✐❞✐✳ ❙✐ �✉♦❧❡ ❝❤✐❛♠❛�❡ ♣�❡��✐♦♥❡ ✉♥❛ ❢♦�③❛ ✐♥�❡�♥❛ Λ (x, y, z) ❢✉♥③✐♦♥❡ ❞❡❧❧❡

❝♦♦�❞✐♥❛�❡✱ �✉❛❧❡ ❛♣♣❛�✐�❝❡ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✶✮ ❀ �✐ �✐�✐❡♥❡ ❛ �❛❣✐♦♥❡ ❝❤❡ �✉❡��❛ ♣�❡��✐♦♥❡✱

❛♣♣✉♥�♦ ♣❡�❝❤) ❢✉♥③✐♦♥❡ ❞❡❧❧❡ ❝♦♦�❞✐♥❛�❡✱ ✈❛�✐❛ ♥❡❧❧❡ ❞✐✈❡��❡ ♣❛��✐ ❞❡❧❧❛ ♠❛��❛ ✢✉✐❞❛❀ ) ❜❡♥

❝❤✐❛�♦✱ ♣❡� ❡�❡♠♣✐♦✱ ❝❤❡ ✐♥ ✉♥✬❛❝�✉❛ ��❛♥�✉✐❧❧❛ ❧❛ ♣�❡��✐♦♥❡ ✈❡��♦ ✐❧ ❢♦♥❞♦ ❞❡❧ �❡❝✐♣✐❡♥�❡ )

♠❛❣❣✐♦�❡ ❝❤❡ ♥♦♥ ✈❡��♦ ❧❛ �✉♣❡�✜❝✐❡ �✉♣❡�✐♦�❡ ❞❡❧ ❧✐�✉✐❞♦✳ ▼❛ �❡ ✱ �✉❛♥❞♦ �✐ ❞✐❝❡ ❝❤❡ ♥❡✐ ✢✉✐❞✐

❧❛ ♣�❡��✐♦♥❡ ) ❡❣✉❛❧❡ ✐♥ �✉��✐ ✐ ✈❡��✐✱ �✐❡♥�✐ �♦❧❛♠❡♥�❡

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✸✼

❛❢�❡� �❤❛�✱ ✐♥ ✈✐❡✇ ♦❢ �❤❡ ✉�✉❛❧ ✐❞❡♥�✐❝❛❧ ❡�✉❛�✐♦♥� ✭✷✽✮ �❡❝�✳ ✶✹✱ ✇❡ �❡❝♦❣♥✐③❡ �♦ ❜❡ (IV ) = 0✳

■♥ ❛ �✐♠✐❧❛� ♠❛♥♥❡� �❤❡ ❧❛�� �✇♦ ♦❢ �❤♦�❡ ❡�✉❛�✐♦♥� �❤♦✇ ✉� ❛❧�♦ �♦ ❜❡ ③❡�♦ ❛❧�♦ �❤❡ �✉❛♥�✐�✐❡�

(V )✱ (V I)✱ ❛♥❞ �♦ ❝♦♥✈✐♥❝❡ ✉� ♦❢ �❤✐� ✐♠♠❡❞✐❛�❡❧② �❡❧②✐♥❣ ♦♥ �❤❡ ❧❛�� �❡❞✉❝�✐♦♥✱ ❥✉�� ❝❤❛♥❣❡

�❤❡ ✜��� �✐♠❡ �❤❡ ❧❡��❡� y ✇✐�❤ �❤❡ z✱ ❛♥❞ �❤❡ �❡❝♦♥❞ ❬�✐♠❡❪ �❤❡ ❧❡��❡� x ✇✐�❤ �❤❡ y✳

❚❤✉�✱ �❤❡② ❛�❡ �❤❡�❡❢♦�❡ ✇❡❧❧ ♣�♦✈❡♥ ❜② ✈✐��✉❡ ♦❢ �❤❡ ✭✷✽✮ �❡❝�✳ ✸✽ �❤❡ ♣�❡❝❡❞❡♥� ❡�✉❛�✐♦♥�

✭✸✼✮✱ ✇❤✐❝❤ ❜❡✐♥❣ ✈❛❧✐❞✱ �❤❡ ✭✷✻✮ �❡❝�✳ ✸✽ �❛❦❡ �♦ ✉� �❤❡ ❞❡♠♦♥���❛�✐♦♥ ❢♦� �❤❡ �❤✐�❞ �✐♠❡ ♦❢ �❤❡

❡�✉❛�✐♦♥� ✭✶✶✮ ♦❢ �❤✐� ❈❛♣♦ ✇✐�❤♦✉� �❡�♦��✐♥❣ �♦ �❤❡ ♣�✐♥❝✐♣❧❡ ♦❢ ❡�✉❛❧ ♣�❡��✉�❡ ✐♥ ❛❧❧ ❞✐�❡❝�✐♦♥�✳

❆ �♣❡❝✐❛❧ ❛��❡♥�✐♦♥ �❤♦✉❧❞ ❜❡ ♣❛✐❞ �♦ �❤❛� ♣❛��❛❣❡ ♦❢ �❤❡ ♣�❡❝❡❞❡♥� ❛♥❛❧②�✐� ✇❤❡�❡ ✇❡ ❤❛✈❡

�❡❡♥ �❤❛� �❤❡ ❝♦♥❞✐�✐♦♥ ♦❢ �❤❡ ❝♦♥��❛♥� ❞❡♥�✐�② ❧❡❛❞� �♦ �❤❡ ♥❡❡❞ ♦❢ ❛❞❞✐♥❣ �♦ �❤❡ ❣❡♥❡�❛❧

❡�✉❛�✐♦♥ ❛ ��✐♣❧❡ ✐♥�❡❣�❛❧ ❢♦�♠❡❞ ✇✐�❤ �❤❡ ✜��� ♠❡♠❜❡� ♦❢ �❤❡ ❡�✉❛�✐♦♥ ✭✸✺✮✳ ❲❤❡♥ �❤❡ ❜♦❞② ✐�

�✐❣✐❞ ✭❡�✉❛�✐♦♥ ✭✶✵✮ �❡❝�✳ ✸✺✮ �❤❡�❡ ✐� ❛❧�❡❛❞② ✐♥ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ❛ �✉❛♥�✐�② ♦❢ �❤✐� ❢♦�♠✱ �♦

�❤❛� �❤❡ ❛❞❞✐�✐♦♥ ♦❢ �❤❡ �✉❛♥�✐�② ♦❜�❛✐♥❡❞ ❢�♦♠ �❤❡ ✭✸✺✮ ♦♥❧② ♠❛❦❡� ❜✐♥♦♠✐❛❧ �❤❡ ❝♦❡✣❝✐❡♥�� ♦❢

✈❛�✐❛�✐♦♥� δt1, δt2, δt3✱ ❡�❝✳❀ ❛♥❞ �✐♥❝❡ �❤❡ ✜��� �❡�♠� ♦❢ �❤❡�❡ ❜✐♥♦♠✐❛ ❛�❡ ✐♥❞❡�❡�♠✐♥❛�❡✱ �❤❡②

❝❛♥ ❛❧�♦ ❡♠❜�❛❝❡ �❤❡ �❡❝♦♥❞ ❬♠❡♠❜❡��❪✱ ❛♥❞ �❤❡ ❝♦❡✣❝✐❡♥�� ❝❛♥ ❜❡ ♠❛✐♥�❛✐♥❡❞ ♠♦♥♦♠✐❛❧�

✇✐�❤♦✉� ❛❧�❡�❛�✐♦♥✳ ❚❤❛�✬� ✇❤② ✐♥ �❤❡ ♠♦�✐♦♥ ♦❢ �✐❣✐❞ ❜♦❞✐❡� ✇✐�❤ ❝♦♥��❛♥� ❞❡♥�✐�② ✭❛� ■

♠❡♥�✐♦♥❡❞ ❛� �❡❝�✳ ✻✻✮ ♦♥❡ ❝❛♥ ❛✈♦✐❞ ❝♦♥�✐❞❡�✐♥❣ �❤❡ ❝♦♥❞✐�✐♦♥ ✇�✐��❡♥ ✐♥ ❡�✉❛�✐♦♥ ✭✶✼✮✳

✻✽✳ ■ ❛❧�♦ �♦❧❞ ❛� �❤❡ �❡❝�✳ ✻✺ �❤❛� �❤❡�❡ ❛�❡ ♥♦� ②❡� �✉✐�❡ ❝❧❡❛� ✐❞❡❛� ❛❜♦✉� �❤❡ ♣�❡��✉�❡

✐♥ ✢✉✐❞�✳ <�❡��✉�❡ ✐� ✉�✉❛❧❧② ❝❛❧❧❡❞ ❛♥ ✐♥♥❡� ❢♦�❝❡ Λ (x, y, z) ❢✉♥❝�✐♦♥ ♦❢ �❤❡ ❝♦♦�❞✐♥❛�❡�✱ ✇❤✐❝❤

❛♣♣❡❛�� ✐♥ ❡�✉❛�✐♦♥� ✭✶✶✮❀ ✐� ✐� ❡①♣❡❝�❡❞✱ �❡❛�♦♥❛❜❧②✱ �❤❛� �❤✐� ♣�❡��✉�❡✱ ♣�❡❝✐�❡❧② ❜❡❝❛✉�❡

❢✉♥❝�✐♦♥ ♦❢ �❤❡ ❝♦♦�❞✐♥❛�❡�✱ ✈❛�✐❡� ✐♥ ❞✐✛❡�❡♥� ♣❛��� ♦❢ �❤❡ ✢✉✐❞ ♠❛��❀ ✐� ✐� ✇❡❧❧ ❝❧❡❛�✱ ❢♦�

❡①❛♠♣❧❡✱ �❤❛� ✐♥ �❤❡ ✇❛�❡� ✐♥ �❤❡ ��❛�✐❝ ❝❛�❡ �❤❡ ♣�❡��✉�❡ �♦✇❛�❞� �❤❡ ❜♦��♦♠ ♦❢ �❤❡ ❝♦♥�❛✐♥❡�

✐� ❣�❡❛�❡� �❤❛♥ ❬♣�❡��✉�❡❪ �♦✇❛�❞� �❤❡ ✉♣♣❡� �✉�❢❛❝❡ ♦❢ �❤❡ ❧✐�✉✐❞✳ ❇✉� ✐❢✱ ✇❤❡♥ ✇❡ �❛② �❤❛� ✐♥

�❤❡ ✢✉✐❞� �❤❡ ♣�❡��✉�❡ ✐� �❤❡ �❛♠❡ ✐♥ ❛❧❧ ❞✐�❡❝�✐♦♥�✱ ✐� ❝♦♥�✐❞❡�❡❞ ♦♥❧②



✶✸✽
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

❞✐ ♠✐
❛ ❧✬❛♥③✐❞❡��❛ ❢♦
③❛ ✐♥�❡
♥❛✱ ♥♦♥ � ❞✐✣❝✐❧❡ ✈❡♥✐
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❡ ❛❧❧❛ ❝♦♥�❡❣✉❡♥③❛ ❛��✉
❞❛ ❝❤❡ ❧❛ ♣
❡��✐♦♥❡ �✐❛ ❧❛ ��❡��❛ ♣❡
 �✉��✐ ✐ ♣✉♥�✐ ❞❡❧ ✢✉✐❞♦✳ ✖

%❡
 �♦❣❧✐❡
�✐ ❛ ✉♥ �❛❧❡ ✐♠❜❛
❛③③♦ ❝♦♥✈✐❡♥ 
✐✢❡��❡
❡ ❝❤❡ ❛ ♣
♦❞✉

❡ ❧❛ ♣
❡��✐♦♥❡ ❡❣✉❛❧❡ ✐♥ �✉��✐ ✐

✈❡
�✐ ❝♦♥❝♦

♦♥♦ ❡③✐❛♥❞✐♦ ❧❡ ❢♦
③❡ ❡��❡
♥❡ X,Y, Z✱ ❛♥❝❤✬❡��❡✱ ❣❡♥❡
❛❧♠❡♥�❡ ♣❛
❧❛♥❞♦✱ ✈❛
✐❛❜✐❧✐

❞✐ ♣✉♥�♦ ✐♥ ♣✉♥�♦✳ ➮ ❞❛❧ ❝♦♥✢✐��♦ ❞✐  ✉❡��❡ ❝♦❧❧❛ ❢♦
③❛ ✐♥�❡
♥❛ Λ (x, y, z) ✭ ❛��✉❛�❛ ❢
❛ ❧❡

♠♦❧❡❝♦❧❡✱ ♣❛
�❡ ♣❡
 ❢♦
③❡ ❛��✐✈❡ ♠♦❧❡❝♦❧❛
✐✱ ♣❛
�❡✱ ❡❞ � ✐❧ ♣✐�✱ ♣❡
 ❢♦
③❡ ♣❛��✐✈❡ ♣
♦✈❡♥✐❡♥�✐

❞❛❧❧✬❛♣♣❧✐❝❛③✐♦♥❡ ❞❡❧❧❡ ❢♦
③❡ ❡��❡
♥❡ ✮ ❝❤❡ ♥❛�❝❡ ❧❛ ♣
❡��✐♦♥❡ ❡❣✉❛❧❡ ✐♥ �✉��✐ ✐ ✈❡
�✐✿ ♥❛�❝❡ ✉♥❛

❝♦��❛♥③❛ ❞✐ ♠❡③③♦ ❛  ✉❛♥�✐�) ♠✉�❛❜✐❧✐✳ ❱✉♦❧�✐ ♣❡
�❛♥�♦ �❛♣❡
❡ ♣❡
❝❤� ✐♥❝♦♥�
✐❛♠♦  ✉✐ ♦�❝✉
✐�)

❞✐ ✐❞❡❡❄ � ♣❡
❝❤� ❧❛ ��❡��❛ ♣❛
♦❧❛ ♥♦♥ ❤❛ �❡♠♣
❡ ✉♥ �✐❣♥✐✜❝❛�♦ ❡❣✉❛❧♠❡♥�❡ ❞❡�❡
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❡��✐♦♥❡ ❧❛ ❢♦
③❛ ✐♥�❡
♥❛ Λ (x, y, z) �❡♥③❛ ❜❛❞❛
❡ ❛❧❧❡ ❢♦
③❡ ❡��❡
♥❡ ✿ ✐♥✈❡❝❡  ✉❛♥❞♦

❡♥✉♥❝✐❛♠♦ ✐❧ ♣
✐♥❝✐♣✐♦ ❞❡❧❧❛ ♣
❡��✐♦♥❡ ❡❣✉❛❧❡ ✐♥ �✉��✐ ✐ ✈❡
�✐✱ �♦��♦✐♥�❡♥❞✐❛♠♦ ❝❤❡ ❧❛ ♣
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❝❡�❪ ✇✐�❤ �❤❡ ✐♥�❡
♥❛❧ ❢♦
❝❡ Λ (x, y, z) ✭❡①❡
�❡❞

❜❡�✇❡❡♥ �❤❡ ♠♦❧❡❝✉❧❡�✱ ♣❛
�✐❛❧❧② ❜② �❤❡ ❛❝�✐✈❡ ♠♦❧❡❝✉❧❛
 ❢♦
❝❡�✱ ♣❛
�✐❛❧❧②✱ ❛♥❞ �❤✐� ✐� �❤❡ ♠♦��✱

❜② ♣❛��✐✈❡ ❢♦
❝❡� ❝♦♠✐♥❣ ❢
♦♠ �❤❡ ❛♣♣❧✐❝❛�✐♦♥ ♦❢ �❤❡ ❡①�❡
♥❛❧ ❢♦
❝❡�✮ �❤❛� ❝♦♠❡� �❤❡ ♣
❡��✉
❡

❡ ✉❛❧ ✐♥ ❛❧❧ ❞✐
❡❝�✐♦♥�✿ ❛ ❝♦♥��❛♥�  ✉❛♥�✐�② ✐� ❜♦
♥ ❛♠♦♥❣ ♠✉�❛❜❧❡  ✉❛♥�✐�✐❡�✳ ❚❤❡
❡❢♦
❡✱ ♦♥❡

✇❛♥�� �♦ ❦♥♦✇ ✇❤② ✇❡ ♠❡❡� ❤❡
❡ ❞❛
❦♥❡�� ♦❢ ✐❞❡❛�❄ ✐� ✐� ❜❡❝❛✉�❡ �❤❡ �❛♠❡ ✇♦
❞ ❞♦❡� ♥♦�

❛❧✇❛②� ❤❛✈❡ ❛ ♠❡❛♥✐♥❣ ❡ ✉❛❧❧② ❞❡�❡
♠✐♥❡❞✳ ❖❢�❡♥ ✇❡ ❝❛❧❧ ♣
❡��✉
❡ �❤❡ ✐♥�❡
♥❛❧ ❢♦
❝❡ Λ (x, y, z)


❡❣❛
❞❧❡�� ♦❢ �❤❡ ❡①�❡
♥❛❧ ❢♦
❝❡�✿ ♦♥ �❤❡ ❝♦♥�
❛
② ✇❤❡♥ ✇❡ ��❛�❡ �❤❡ ♣
✐♥❝✐♣❧❡ ♦❢ ❡ ✉❛❧ ♣
❡��✉
❡

✐♥ ❛❧❧ ❞✐
❡❝�✐♦♥�✱ ✇❡ ✐♠♣❧② �❤❛� �❤❡ ♣
❡��✉
❡ ❜❡�✐❞❡� �❤❡ ✐♥�❡
♥❛❧ ❢♦
❝❡ Λ ✐♥❝❧✉❞❡� ✐♥ ❝❡
�❛✐♥

❞✐
❡❝�✐♦♥� ❛❧�♦ �❤❡ ❡①�❡
♥❛❧ ❢♦
❝❡�✿ ✐♥ �❤❡ ✜
�� ❝❛�❡ �❤❡ ✇♦
❞ ❞♦❡� ♥♦� ❡①♣
❡�� ♦♥❧② ❛ ♣♦
�✐♦♥ ♦❢

✇❤❛� ✐� ❡①♣
❡��❡� ✐♥ �❤❡ �❡❝♦♥❞ ❝❛�❡✳ ❚❤❡
❡ ✐� ♠♦
❡✿ �♦ ♣
♦❞✉❝❡ �❤❡ ❞❛
❦♥❡�� ♦❢ �❤❡ ✐❞❡❛� �❤❛�

✇❡ ❤❛✈❡ �❛✐❞✱ ♣❡
❤❛♣� ✐� ❝♦♥�
✐❜✉�❡� ♠♦��❧② ❛♥ ✐♠♣❧✐❡❞ ❝❤❛♥❣❡ �❤❛� ✐� ♠❛❞❡ ✐♥ �❤❡ ❝♦♥❝❡♣� ♦❢

�❤❡ ♣
❡��✉
❡ Λ✱ ✇❤✐❝❤ ✐� �♦♠❡�✐♠❡� 
❡❣❛
❞❡❞ ❛� ❛ ❢♦
❝❡ ♦❢ �❤❡ ✜
�� ❦✐♥❞✱ �♦♠❡�✐♠❡� ❛� ❬❛ ❢♦
❝❡❪

♦❢ �❡❝♦♥❞ ❦✐♥❞ ✭
❡✈✐❡✇ �❤❡ �❡❝�✐♦♥� ✶✽✱ ✶✾✱ ✷✵✱ ✷✶✮✳ ❆� ❧♦♥❣ ❛� ✇❡ ❝♦♥�✐❞❡
 ✐� ❛� ❛♥ ✐♥�❡
♥❛❧ ❢♦
❝❡

�❤❛� ❛❝�� ♦♥ ❛❧❧ �❤❡ ♠♦❧❡❝✉❧❡� ♦❢ �❤❡ ✢✉✐❞ ♠❛��✱ ✐� ✐� ♦❢ �❤❡ �❛♠❡ ♥❛�✉
❡ ♦❢ �❤❡ X✱ Y ✱ Z✱ ✐✳❡✳ ✐�

✐� ❛ ❢♦
❝❡ ♦❢ �❤❡ ✜
�� ❦✐♥❞✱ ♦❢ �❤♦�❡ ❬❢♦
❝❡�❪ ✇❤✐❝❤ ♠✉�� ❜❡ ♠✉❧�✐♣❧✐❡❞ ❜② σ3❀ ♦♥ �❤❡ ❝♦♥�
❛
②✱

✇❤❡♥ ✇❡ �❛❧❦ ♦❢ ❡ ✉❛❧ ♣
❡��✉
❡ ✐♥ ❛❧❧ ❞✐
❡❝�✐♦♥�✱ ✐� ✐� ❝❤❛♥❣❡❞ ✐♥�♦ ❛ ❢♦
❝❡ ♦❢ �❤❡ �❡❝♦♥❞ ❦✐♥❞✱

♦❢ �❤♦�❡ ❬❢♦
❝❡�❪ ✇❤✐❝❤ ♠✉�� ❜❡ ♠✉❧�✐♣❧✐❡❞ ❜② σ2✳ ■♥ ❢❛❝�✱ �❤❡ ❝♦♥❝❡♣� ✐� �❤❛� ❜② ♣❛��✐♥❣



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✸✾

(x, y, z) ❢❛❝❡♥❞♦ ♣❛��❛
❡ ✐♥ �✉❛❧✉♥�✉❡ ✈❡
�♦ ✉♥❛ �✉♣❡
✜❝✐❡✱ ✐✈✐ ❧❛ ❢♦
③❛ ♣
♦✈❡♥✐❡♥�❡ ❞❛❧❧✬❛③✐♦♥❡

❞❡❧ ✢✉✐❞♦ � ♣❡
♣❡♥❞✐❝♦❧❛
❡ ❛ �❛❧ �✉♣❡
✜❝✐❡✱ ❡ �❡♠♣
❡ ❧❛ ��❡��❛ ❝♦♠✉♥�✉❡ �✐ ✈♦❧�✐ ❧❛ �✉♣❡
✜❝✐❡ ❝❤❡

♣❛��❛ ♣❡
 �✉❡❧ ♣✉♥�♦✳ ❙✐ ❡�❛♠✐♥✐ ❜❡♥❡ ❛♥❝❤❡ ❝✐� ❝❤❡ ❢❛❝❝✐❛♠♦ �✉❛♥❞♦ ✈♦❣❧✐❛♠♦ ��❛❜✐❧✐
❡ �♣❡
✲

✐♠❡♥�❛❧♠❡♥�❡ ✐❧ ♣
✐♥❝✐♣✐♦ ✐❞
♦��❛�✐❝♦ ❞✐ ❝✉✐ ♣❛
❧✐❛♠♦✱ ❡ �✐ ✈❡❞
" ❝❤❡ ♣❡
 ♣
❡��✐♦♥❡ ✐♥�❡♥❞✐❛♠♦

�❡♠♣
❡ ✉♥❛ ❢♦
③❛ ❛♣♣❧✐❝❛�❛ ❛❞ ✉♥❛ �✉♣❡
✜❝✐❡✱ ❡ �
❛�♠❡��❛ ♣♦✐ ❛❞ ✉♥❛ ♠❛��❛ ❡��❡�❛ �❡❝♦♥❞♦ �✉��❡

❡ �
❡ ❧❡ ❞✐♠❡♥�✐♦♥✐✳ ❈✐� ♣
❡♠❡��♦✱ ❛��✉♠❡♥❞♦ ✉♥ ❧✐♥❣✉❛❣❣✐♦ �✐♠✐❧❡ ❛❧❧✬✉�❛�♦ ❞❛✐ ♥♦��
✐ ♠❛❣❣✐♦
✐✱

♣♦��✐❛♠♦ 
❛❣✐♦♥❛
❡ ❝♦�$✳ ◆❡❧❧✬❡�✉✐❧✐❜
✐♦ ✉♥❛ ♠♦❧❡❝♦❧❛ ♣
❡♠❡ �✉❡❧❧❛ ❝❤❡ ❧❡ � ❝♦♥�✐❣✉❛ �❡❝♦♥❞♦

❧✬❛��❡ ❞❡❧❧❡ x ❝♦❧❧❛ ❢♦
③❛ ❡��❡
♥❛ σ3X ♣✐& ❝♦❧❧❛ ♣
❡��✐♦♥❡ σ2Λ ✱ ❡ ❞❡��❛ ♠♦❧❡❝♦❧❛ ❝♦♥�✐❣✉❛ 
❡❛❣✐�❝❡

�✉❧❧❛ ♣
✐♠❛ ❝♦❧❧❛ σ2
(

Λ + σ dΛ
dx

+ ❡❝✳
)

✱ ❛✉♠❡♥�❛♥❞♦ ❧❛ Λ ♣❡
 ❧✬❛✉♠❡♥�♦ ♠♦❧❡❝♦❧❛
❡ ❝❤❡ ♣
❡♥❞❡

❧❛ x✳ ◗✉❡��❡ ❞✉❡ ♣
❡��✐♦♥✐ ♦♣♣♦��❡ ❞♦✈❡♥❞♦ ❡��❡
❡ ❡❣✉❛❧✐✱ ❝✐ �♦♠♠✐♥✐��
❛♥♦ ✉♥✬❡�✉❛③✐♦♥❡ ❞♦✈❡✱

❡❧✐♠✐♥❛�♦ ♥❡✐ ❞✉❡ ♠❡♠❜
✐ ✐❧ �❡
♠✐♥❡ ❝♦♠✉♥❡ σ2Λ ✱ ♣♦✐ ❢❛��❛ ❧❛ ❞✐✈✐�✐♦♥❡ ♣❡
 σ3 ✱ ❡ �
❛�❝✉✲


❛�✐ ✐ �❡
♠✐♥✐ ✉❧�❡
✐♦
✐ �✐ ✈❡❞❡ 
✐�✉❧�❛
❡ ❧❛ X = dΛ
dx

. ❆❧❧♦ ��❡��♦ ♠♦❞♦ �✐ ♣
♦✈❛♥♦ ❧❡ ❛❧�
❡ ❞✉❡

Y = dΛ
dy

, Z = dΛ
dz

✱ ❝✐♦� ❧❡ ❡�✉❛③✐♦♥✐ ✭✶✶✮ ♣❡❧ ❝❛�♦ ❞❡❧❧✬❡�✉✐❧✐❜
✐♦ ❡ ❞❡❧❧❛ ❞❡♥�✐�" ❝♦��❛♥�❡ ✿ ♥❡❧❧❡

�✉❛❧✐ � ❜❡♥❡ ❛✈✈❡
�✐
❡ ❝❤❡ ❧❛ Λ 
✐♣✐❣❧✐❛ ❛❞❡��♦ ✐❧ ❝♦♥❝❡��♦ ❞✐ ❢♦
③❛ ❞✐ ♣
✐♠❛ �♣❡❝✐❡ ✿ ♣❛��❛❣❣✐♦

♣❛
✐ ❛❞ ❛❧�
✐ ❝❤❡ �✐ ❡✛❡��✉❛♥♦ �♦❧♦ ♠❡♥�❛❧♠❡♥�❡✱ �❡♥③❛ ❝❤❡ ❞✐ �♦❧✐�♦ ✈✐ �✐ ♣
❡��✐ ❛��❡♥③✐♦♥❡✳ ❊❝❝♦

♣♦✐ ✭✐♥ ❝♦♥❢♦
♠✐�" ❛ �✉❛♥�♦ �✐ � ❞❡��♦ ♣✐& �♦♣
❛ ✮ ❝❤❡ �❡ ❜❛❞✐❛♠♦ ❛❧❧❛ �♦❧❛ Λ✱ ❞✐♠❡♥�✐❝❛♥❞♦ ❧❡

❢♦
③❡ ��❡
♥❡✱ ♥♦♥ ✈✐ � ❡❣✉❛❣❧✐❛♥③❛ ❞✐ ♣
❡��✐♦♥❡✱ ❣✐❛❝❝❤� ❧❛ ♣
✐♠❛ ♠♦❧❡❝♦❧❛ ❛❣✐�❝❡ �✉❧❧❛ �❡❝♦♥❞❛

♠❡❞✐❛♥�❡ ❧❛ σ2Λ✱ ❡ ❧❛ �❡❝♦♥❞❛ 
❡❛❣✐❝❡ ❝♦❧❧❛ σ2Λ + σ3 dΛ
dx

❀ ❧✬❡❣✉❛❣❧✐❛♥③❛ � 
✐��❛❜✐❧✐�❛ ♣❡
❝❤� ❛❧❧❛

σ2Λ ❞❡❧❧❛ ♣
✐♠❛ ♠♦❧❡❝♦❧❛ ✈❛ ❛❣❣✐✉♥�❛ ❧❛ ❢♦
③❛ ❡��❡
♥❛ σ3X ✳ ▲✬✉❣✉❛❣❧✐❛♥③❛ ❞✐ ♣
❡��✐♦♥❡ ✐♥�❡�❛

❛ �✉❡��♦ ♠♦❞♦✱ ♣✉�✱ ♣❡
 �✉❛♥�♦ ♠✐ �❡♠❜
❛✱ �♦��❡♥❡
�✐ ❡ ✉♥ �❛❧ ♣♦❝♦ ❝♦♥❝❡♣✐
�✐ ❛♥❝❤❡ ♥❡❧ ♠♦�♦✳

❙✐ �❛ ❝❤❡ ✐♥ �❛❧ ❝❛�♦ ❧❛ ❢♦
③❛ ❡��❡
♥❛ σ3X � �✉

♦❣❛�❛ ❞❛❧ ❜✐♥♦♠✐♦ σ3
(

X − d2x
dt2

)

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✸✾

✐♥ ❛♥② ❞✐
❡❝�✐♦♥� ❛ �✉
❢❛❝❡ �❤
♦✉❣❤ �❤❡ ♣♦✐♥� (x, y, z)✱ �❤❡
❡✐♥ �❤❡ ❢♦
❝❡ ❝♦♠✐♥❣ ❢
♦♠ �❤❡ ❛❝�✐♦♥

♦❢ �❤❡ ✢✉✐❞ ✐� ♣❡
♣❡♥❞✐❝✉❧❛
 �♦ �✉❝❤ ❛ �✉
❢❛❝❡✱ ❛♥❞ ❛❧✇❛②� �❤❡ �❛♠❡✱ ❤♦✇❡✈❡
 �❤❡ �✉
❢❛❝❡ �❤❛�

♣❛��❡� �❤
♦✉❣❤ �❤❛� ♣♦✐♥� ✐� ♦
✐❡♥�❡❞✳ ▲❡� ✉� ❡①❛♠✐♥❡ ✇❡❧❧ ❛❧�♦ ✇❤❛� ✇❡ ❞♦ ✇❤❡♥ ✇❡ ✇❛♥�

�♦ ❡��❛❜❧✐�❤ ❡①♣❡
✐♠❡♥�❛❧❧② �❤❡ ❤②❞
♦��❛�✐❝ ♣
✐♥❝✐♣❧❡ ♦❢ ✇❤✐❝❤ ✇❡ �♣❡❛❦✱ ❛♥❞ ✇❡ ✇✐❧❧ �❡❡ �❤❛�

✇❡ ❛❧✇❛②� ♠❡❛♥ ♣
❡��✉
❡ ❛� ❛ ❢♦
❝❡ ❛♣♣❧✐❡❞ �♦ ❛ �✉
❢❛❝❡✱ ❛♥❞ �❤❡♥ �
❛♥�♠✐��❡❞ �♦ ❛ ♠❛��

❡①�❡♥❞✐♥❣ ✐♥ ❛❧❧ �❤
❡❡ ❞✐♠❡♥�✐♦♥�✳ ❍❛✈✐♥❣ �❛✐❞ �❤✐�✱ �❛❦✐♥❣ ❛ ❧❛♥❣✉❛❣❡ �✐♠✐❧❛
 �♦ �❤❛� ✉�❡❞ ❜②

♦✉
 ❢♦
❡❢❛�❤❡
�✱ ✇❡ ❝❛♥ 
❡❛�♦♥ ❛� ✇❡❧❧✳ ■♥ �❤❡ ❡�✉✐❧✐❜
✐✉♠ ❛ ♠♦❧❡❝✉❧❡ ♣
❡��❡� �❤❛� ♦♥❡ ✇❤✐❝❤

✐� ❝♦♥�✐❣✉♦✉� ❛❧♦♥❣ �❤❡ ❛①✐� ♦❢ �❤❡ ❬❛❜�❝✐��❛❪ x ✇✐�❤ �❤❡ ❡①�❡
♥❛❧ ❢♦
❝❡ σ3X ✐♥❝
❡♠❡♥�❡❞ ❜②

�❤❡ ♣
❡��✉
❡ σ2Λ✱ ❛♥❞ �❛✐❞ ❝♦♥�✐❣✉♦✉� ♠♦❧❡❝✉❧❡ 
❡❛❝�� ♦♥ �❤❡ ✜
�� ✇✐�❤ σ2
(

Λ + σ dΛ
dx

+ ❡�❝✳
)

✱

✐♥❝
❡❛�✐♥❣ �❤❡ Λ ❢♦
 �❤❡ ♠♦❧❡❝✉❧❛
 ✐♥❝
❡❛�❡ �❛❦❡♥ �❤❡ x✳ ❚❤❡�❡ �✇♦ ♦♣♣♦�✐♥❣ ♣
❡��✉
❡�✱ ❤❛✈✐♥❣

�♦ ❜❡ ❡�✉❛❧✱ ❣✐✈❡ ✉� ❛♥ ❡�✉❛�✐♦♥ ✇❤❡
❡✱ �✐♥❝❡ �❤❡ ❝♦♠♠♦♥ �❡
♠ σ2Λ ❤❛� ❜❡❡♥ ❡❧✐♠✐♥❛�❡❞ ✐♥ �❤❡

�✇♦ ♠❡♠❜❡
�✱ ❛♥❞ �❤❡♥ �❤❡ ❞✐✈✐�✐♦♥ ❢♦
 σ3 ❤❛� ❜❡❡♥ ♠❛❞❡✱ ❛♥❞ �❤❡ ❢✉
�❤❡
 �❡
♠� ❤❛✈❡ ❜❡❡♥

♥❡❣❧❡❝�❡❞✱ ✇❡ �❡❡ �❤❡ 
❡�✉❧� X = dΛ
dx

✳ ❙✐♠✐❧❛
❧② �❤❡ ♦�❤❡
 �✇♦ Y = dΛ
dy

✱ Z = dΛ
dz

❛
❡ ♣
♦✈❡❞✱

�❤❛� ✐� �❤❡ ❡�✉❛�✐♦♥� ✭✶✶✮ ❢♦
 �❤❡ ❝❛�❡ ♦❢ �❤❡ ❡�✉✐❧✐❜
✐✉♠ ❛♥❞ ♦❢ �❤❡ ❝♦♥��❛♥� ❞❡♥�✐�②✿ ✇❤❡
❡ ✐�

�❤♦✉❧❞ ❜❡ ♣♦✐♥�❡❞ ♦✉� �❤❛� �❤❡ Λ ♥♦✇ �❛❦❡� ❛❣❛✐♥ �❤❡ ❝♦♥❝❡♣� ♦❢ ❢♦
❝❡ ♦❢ �❤❡ ✜
�� ❦✐♥❞✿ ♣❛��❛❣❡

�✐♠✐❧❛
 �♦ ♦�❤❡
� ✇❤✐❝❤ ✇✐❧❧ ❜❡ ♣❡
❢♦
♠❡❞ ♦♥❧② ♠❡♥�❛❧❧②✱ ✉�✉❛❧❧② ✇✐�❤♦✉� ♣❛②✐♥❣ ❛��❡♥�✐♦♥ �♦

�❤❡♠✳ ❖♥ �❤❡ ♦�❤❡
 ❤❛♥❞ ✭✐♥ ❛❝❝♦
❞❛♥❝❡ �♦ ✇❤❛� ❤❛� ❜❡❡♥ �❛✐❞ ❛❜♦✈❡✮ ✐❢ ✇❡ �❛❦❡ ❝❛
❡ ♦♥❧② �♦

�❤❡ Λ✱ ❢♦
❣❡��✐♥❣ �❤❡ ❡①�❡
♥❛❧ ❢♦
❝❡�✱ �❤❡
❡ ✐� ♥♦ ❡�✉❛❧✐�② ♦❢ ♣
❡��✉
❡✱ �✐♥❝❡ �❤❡ ✜
�� ♠♦❧❡❝✉❧❡

❛❝�� ♦♥ �❤❡ �❡❝♦♥❞ ❜② σ2Λ✱ ❛♥❞ �❤❡ �❡❝♦♥❞ 
❡❛❝�� ✇✐�❤ σ2Λ + σ3 dΛ
dx

❀ �❤❡ ❡�✉❛❧✐�② ✐� 
❡��♦
❡❞

❜❡❝❛✉�❡ �❤❡ ❡①�❡
♥❛❧ ❢♦
❝❡ σ3X ♠✉�� ❜❡ ❛❞❞❡❞ �♦ �❤❡ σ2Λ ♦❢ �❤❡ ✜
�� ♠♦❧❡❝✉❧❡✳ ❚❤❡ ❡�✉❛❧✐�②

♦❢ ♣
❡��✉
❡ ♠❡❛♥� ✐♥ �❤✐� ✇❛② ❝❛♥✱ ❛� ✐� �❡❡♠� �♦ ♠❡✱ ❤♦❧❞ ❛♥❞ ❡✈❡♥ ❜❡ ❝♦♥❝❡✐✈❡❞ ❛❧�♦ ✐♥ �❤❡

♠♦�✐♦♥✳

■� ✐� ❦♥♦✇♥ �❤❛� ✐♥ �❤✐� ❝❛�❡ �❤❡ ❡①�❡
♥❛❧ ❢♦
❝❡ σ3X ✐� �✉❜
♦❣❛�❡❞ ❜② �❤❡ ❜✐♥♦♠✐✉♠

σ3
(

X − d2x
dt2

)
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■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

♥❡❧ 	✉❛❧❡ ❧❛ ❞✐✛❡�❡♥③❛ ❞❡✐ ❞✉❡ �❡�♠✐♥✐ ♣✉� ❞✐✈❡♥�❛�❡ ❛��❛✐ ♣✐❝❝♦❧❛ ♣❡� ❧❡ ❣�❛♥❞✐ ❛❝❝❡❧❡�❛③✐♦♥✐ ❀

♠❛ ❞♦✈❡ ✐❧ ✢✉✐❞♦ �✐ ❛❝❝❡❧❡�� ❞✐ ♣✐�✱ ♣❛�❡ ❝❤❡ ❧❡ ♠♦❧❡❝♦❧❡ ❞❡❜❜❛♥♦ ❡��❡�❡ ♣✐� ❞✐�❝♦��❡ ❢�❛ ❧♦�♦

✭�✬✐♥��♦♠❡��❛♥♦ ♣♦✐ ♦ ♥♦♥ �✬✐♥��♦♠❡��❛♥♦ ❛❧��❡ ♠♦❧❡❝♦❧❡✮ ❡ 	✉✐♥❞✐ ♠✐♥♦�❡ ❞❡❜❜❛ ❡��❡�❡ ❛♥❝❤❡

❧❛ ❢♦�③❛ ✐♥�❡�♥❛ ❝❤❡ ❞✐♣❡♥❞❡ ❞❛❧❧❛ ❞✐��❛♥③❛ ♠♦❧❡❝♦❧❛�❡✳ ❈❤❡ ❝❤❡ ♥❡ �✐❛ ♣❡�� ❞✐ ❝✐�✱ �✐�❡♥✐❛♠♦

❝❤❡ ❧❡ ❡	✉❛③✐♦♥✐ ✭✶✶✮ �♦♥♦ ��❛❜✐❧✐�❡ ✐♥❞✐♣❡♥❞❡♥�❡♠❡♥�❡ ❞❛❧ ♣�✐♥❝✐♣✐♦ ❝♦♥��♦✈❡��♦✱ ❡ ❝❤❡ ✐♥ ❡��❡

❧❛ Λ ✈❡♥♥❡ ✐♥��♦❞♦��❛ ♣❡� ♣�♦❝❡��♦ ❛♥❛❧✐�✐❝♦✱ �❡♥③❛ ❜✐�♦❣♥♦ ❞✬✐❞❡❡ ✐♥�♦�❜✐❞❛�❡ ❞❛ 	✉❡✬ �❛❧�✐ ❡ ❞❛

	✉❡❧❧❡ �❛❝✐�❡ ❝♦♥✈❡♥③✐♦♥✐ ❝❤❡ 	✉✐ �♦♣�❛ ❛❜❜✐❛♠♦ ❝❡�❝❛�♦ ❞✐ ♥♦�❛�❡ ❡ ❞❡�❝�✐✈❡�❡✳ ❊ ❝✐� ♣❡�❝❤& �✐ &

♣♦�✉�♦ ❡✈✐♥❝❡�❡ ❝❤❡ ✐❧ ❝♦��✐�✉❡♥�❡ ❞❡❧❧❛ ✢✉✐❞✐�� ♥♦♥ ✐��� ❣✐� ✭❣✐♦✈❛ ✐❧ �✐♣❡�❡�❧♦✮ ♥❡❧❧❛ ❞✐�♣♦�✐③✐♦♥❡

�❡❣♦❧❛�❡ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ✐♥�♦�♥♦ ❝✐❛�❝✉♥❛✱ ♠❛ ✐♥ ✉♥❛ ♣❛�✐❝♦❧❛�❡ ❝♦♥❞✐③✐♦♥❡ ❝✉✐ ✈❡♥❣♦♥♦ �✐❞♦��❡ ❧❡

❢♦�③❡ ✐♥�❡�♥❡ ♣❡� ❧❛ ❝❡��❛③✐♦♥❡ ❞✐ 	✉❡❧❧❛ ♣❛��❡ ❞✐ ❛③✐♦♥❡ ❝❤❡ & ❞♦✈✉�❛ ❛❧❧❛ ✜❣✉�❛ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡✳

✻✾✳ ❆ 	✉❡��♦ ♣✉♥�♦ ✐♦ ❝�❡❞♦ ❞✐ ❛✈❡� �❛❣❣✐✉♥�♦ ❧♦ �❝♦♣♦ ❝❤❡ ♠✐ ❡�❛ ♣�♦♣♦��♦ ❡ ❝❤❡ ❤♦

✐♥❞✐❝❛�♦ ✜♥ ❞❛❧ ♣�✐♥❝✐♣✐♦ ❞❡❧❧❛ ♣�❡�❡♥�❡ ▼❡♠♦�✐❛✱ 	✉❡❧❧♦ ❞✐ �♦��❡♥❡�❡ ❝♦♥��♦ ♦❣♥✐ �❡♥�❛�✐✈♦

❞✬✐♥♥♦✈❛③✐♦♥❡ ❧❛ �❡♦�✐❝❛ ❊✉❧❡�✐❛♥❛ ❞❡❧ ♠♦�♦ ❞❡✬ ✢✉✐❞✐ ❝♦♥�❡♥✉�❛ ♥❡❧❧❡ ❡	✉❛③✐♦♥✐ ✭✶✶✮ ✱ ❛❣❣✐✉♥�❛✈✐

❧❛ 	✉❛��❛ ❞❡��❛ ❞❡❧❧❛ ❝♦♥�✐♥✉✐��✳ ▲❛ 	✉❛❧❡ ❛♣♦❧♦❣-❛ ❛ ♠❡ ♣❛��✐❝♦❧❛�♠❡♥�❡ ✐♠♣♦��❛✈❛✱ ❛✈❡♥❞♦

✐♦ ❛��✉♥�❛ ❞❡��❛ �❡♦�✐❝❛ ❛ ❜❛�❡ ❞❡❧❧❡ ♠✐❡ �✐❝❡�❝❤❡ ✐♥ ✐❞�♦❞✐♥❛♠✐❝❛✳ ◆♦♥ ♠✐ ��❛�� 	✉✐ ❛ �✐♣❡�❡�❡

❝✐� ❝❤❡ ❢♦�♠❛ ✐❧ �♦❣❣❡��♦ ❞✐ 	✉❡❧❧❡ ▼❡♠♦�✐❡ ❝❤❡ �✐❝♦�❞❛✐ �✉❧ ✜♥❡ ❞❡❧ ♣�❡❛♠❜♦❧♦ ❞✐ 	✉❡��❛ ❀ ❞❛��

�♦❧�❛♥�♦ ✉♥✬✐❞❡❛ ❞❡❧ ♣�✐♥❝✐♣✐♦ ❣❡♥❡�❛❧❡ ♠❡❞✐❛♥�❡ ✐❧ 	✉❛❧❡ ❧❛ ��❛��❛③✐♦♥❡ ❞❡❧❧❡ 	✉❛���♦ ❡	✉❛③✐♦♥✐

�✉♠♠❡♥�♦✈❛�❡ ✈✐❡♥❡ ❛❞ ❡��❡�❡ ❣✐♦✈❛�❛ ❞❡❧ �♦❝❝♦��♦ ❞✐ ❛❧��❡ ❡	✉❛③✐♦♥✐✱ ❝❤❡ 	✉❛♥�✉♥	✉❡ ❞❡�✉♥�❡

❞❛ ❝♦♥�✐❞❡�❛③✐♦♥✐ ♣❛��✐❝♦❧❛�✐ ❛❧❧❡ �✉♣❡�✜❝✐❡ ❝♦♥�❡�♠✐♥❛♥�✐ ✐❧ ✢✉✐❞♦✱ �✐ ❞✐♠♦���❛♥♦ ❞♦✈❡� ✈❛❧❡�❡

❛♥❝❤❡ ♥❡❧❧✬✐♥�❡�♥♦ ❞❡❧❧❛ ♠❛��❛ ✢✉✐❞❛✳

◆❡❧❧❛ �❡❝♦♥❞❛ ❞✐ ❞❡��❡ ▼❡♠♦�✐❡ ♣�♦✈❛✐ ❞❛♣♣�✐♠❛ ❝❤❡ 	✉❛♥❞♦ ✐❧ ♠♦�♦ & ♣❡�♠❛♥❡♥�❡✱ ❡ ❛ ❞✉❡

�♦❧❡ ❝♦♦�❞✐♥❛�❡✱ ❝✐♦& ✐♥ ✉♥ ♣✐❛♥♦✱ �✉��❡ ❧❡ ♠♦❧❡❝♦❧❡ ❞❡❧ ❧✐	✉✐❞♦ ✈❛♥♥♦ ♣❡� ��❛❥❡��♦�✐❡ ❝❤❡ �♦♥♦

❝✉�✈❡ ❞✐ ✉♥❛ ��❡��❛ ❢❛♠✐❣❧✐❛✱ �❛♣♣�❡�❡♥�❛�❡ �✉��❡ ❞❛ ✉♥✬✉♥✐❝❛ ❡	✉❛③✐♦♥❡

✶✹✵
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

✐♥ ✇❤✐❝❤ �❤❡ ❞✐✛❡�❡♥❝❡ ♦❢ �❤❡ �✇♦ �❡�♠� ❝❛♥ ❜❡❝♦♠❡ ✈❡�② �♠❛❧❧ ❢♦� ❧❛�❣❡ ❛❝❝❡❧❡�❛�✐♦♥�❀ ❜✉� ✇❤❡�❡

�❤❡ ✢✉✐❞ ✐� ♠♦�❡ ❛❝❝❡❧❡�❛�❡❞✱ ✐� �❡❡♠� �❤❛� �❤❡ ♠♦❧❡❝✉❧❡� ♠✉�� ❜❡ ♠♦�❡ ❞✐��❛♥� ❢�♦♠ ❡❛❝❤ ♦�❤❡�

✭♦�❤❡� ♠♦❧❡❝✉❧❡� ✐♥�❡�♣♦�❡ ♦� ♥♦�✮ ❛♥❞ �❤❡�❡❢♦�❡ ❛❧�♦ �❤❡ ✐♥�❡�♥❛❧ ❢♦�❝❡✱ ✇❤✐❝❤ ❞❡♣❡♥❞� ♦♥ �❤❡

♠♦❧❡❝✉❧❛� ❞✐��❛♥❝❡✱ ♠✉�� ❜❡ �♠❛❧❧❡�✳ ❲❤❛�❡✈❡� ✐� ✐�✱ ❤♦✇❡✈❡�✱ ♦❢ �❤✐�✱ ✇❡ ❜❡❧✐❡✈❡ �❤❛� �❤❡

❡	✉❛�✐♦♥� ✭✶✶✮ ❛�❡ ❡��❛❜❧✐�❤❡❞ ✐♥❞❡♣❡♥❞❡♥�❧② ♦❢ �❤❡ ❝♦♥��♦✈❡��✐❛❧ ♣�✐♥❝✐♣❧❡✱ ❛♥❞ �❤❛� ✐♥ �❤❡♠

�❤❡ Λ ✇❛� ✐♥��♦❞✉❝❡❞ �❤�♦✉❣❤ �❤❡ ❛♥❛❧②�✐❝❛❧ ♣�♦❝❡��✱ ✇✐�❤♦✉� �❤❡ ♥❡❡❞ ❢♦� ✐❞❡❛� ♠✉❞❞✐❡❞ ❜②

�❤♦�❡ ❥✉♠♣� ❛♥❞ ❜② �❤♦�❡ �❛❝✐� ❝♦♥✈❡♥�✐♦♥� ✇❤✐❝❤ ✇❡ ❤❛✈❡ ��✐❡❞ �♦ ♥♦�❡ ❛♥❞ ❞❡�❝�✐❜❡ ❛❜♦✈❡✳

❆♥❞ �❤✐� ✐� ❜❡❝❛✉�❡ ✐� ❤❛� ❜❡❡♥ ✐♥❢❡��❡❞ �❤❛� �❤❡ ❝♦♥��✐�✉❡♥� ♦❢ �❤❡ ✢✉✐❞✐�② ✐� ♥♦� ❛❧�❡❛❞② ✭✐�

✐� ✇♦��❤ �❡♣❡❛�✐♥❣✮ ✐♥ �❤❡ �❡❣✉❧❛� ❛��❛♥❣❡♠❡♥� ♦❢ �❤❡ ♠♦❧❡❝✉❧❡� ❛�♦✉♥❞ ❡❛❝❤ ♦�❤❡�✱ ❜✉� ✐♥ ❛

♣❛��✐❝✉❧❛� ❝♦♥❞✐�✐♦♥ ✇❤❡�❡ �❤❡ ✐♥�❡�♥❛❧ ❢♦�❝❡� ❛�❡ �❡❞✉❝❡❞ ❢♦� �❤❡ �❡�♠✐♥❛�✐♦♥ ♦❢ �❤❛� ♣❛�� ♦❢

�❤❡ ❛❝�✐♦♥ �❤❛� ✐� ❞✉❡ �❤❡ �❤❛♣❡ ♦❢ �❤❡ ♠♦❧❡❝✉❧❡�✳

✻✾✳ ❆� �❤✐� ♣♦✐♥� ■ �❤✐♥❦ ■ ❤❛✈❡ �❡❛❝❤❡❞ �❤❡ ❣♦❛❧ �❤❛� ■ ❤❛❞ ♣�♦♣♦�❡❞ ❛♥❞ ✇❤✐❝❤ ■ ❤❛✈❡

✐♥❞✐❝❛�❡❞ ❢�♦♠ �❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ �❤✐� ▼❡♠♦✐�✱ �♦ �✉♣♣♦��✱ ❛❣❛✐♥�� ❛♥② ❛��❡♠♣� ❛� ✐♥♥♦✈❛�✐♦♥✱

�❤❡ ❊✉❧❡�✐❛♥ �❤❡♦�② ♦❢ ✢✉✐❞ ♠♦�✐♦♥ ❝♦♥�❛✐♥❡❞ ✐♥ ❡	✉❛�✐♦♥� ✭✶✶✮✱ �✐♥❝❡ �❤❡ ❢♦✉��❤ ❬❡	✉❛�✐♦♥❪✱

❝❛❧❧❡❞ ♦❢ �❤❡ ❝♦♥�✐♥✉✐�②✱ ❤❛� ❜❡❡♥ ❛❞❞❡❞✳ ■ ♣❛��✐❝✉❧❛�❧② ❝❛�❡❞ �❤✐� ❛♣♦❧♦❣②✱ ❜❡❝❛✉�❡ ■ ❛��✉♠❡❞

�❤❛� �❤❡♦�② ❛� ❛ ❜❛�✐� ♦❢ ♠② �❡�❡❛�❝❤❡� ✐♥ ❤②❞�♦❞②♥❛♠✐❝�✳ ■ ❞♦ ♥♦� ��❛♥❞ ❤❡�❡ �♦ �❡♣❡❛� ✇❤❛�

❢♦�♠ �❤❡ �✉❜❥❡❝� ♦❢ �❤♦�❡ ▼❡♠♦✐�� �❤❛� ■ �❡♠❡♠❜❡�❡❞ ❛� �❤❡ ❡♥❞ ♦❢ �❤❡ ♣�❡❛♠❜❧❡ ♦❢ �❤✐�❀ ■

✇✐❧❧ ❣✐✈❡ ♦♥❧② ❛♥ ✐❞❡❛ ♦❢ �❤❡ ❣❡♥❡�❛❧ ♣�✐♥❝✐♣❧❡ ❜② ✇❤✐❝❤ �❤❡ ��❡❛�♠❡♥� ♦❢ �❤❡ ❢♦✉� ❡	✉❛�✐♦♥�

♠❡♥�✐♦♥❡❞ ❛❜♦✈❡ ✐� �♦ ❜❡ ❜❡♥❡✜�❡❞ ❢�♦♠ �❤❡ ❛✐❞ ♦❢ ♦�❤❡� ❡	✉❛�✐♦♥�✱ �❤❛�✱ ❛❧�❤♦✉❣❤ �❛❦❡♥ ❢�♦♠

❝♦♥�✐❞❡�❛�✐♦♥� �♣❡❝✐❛❧✐③❡❞ �♦ �❤❡ �✉�❢❛❝❡ ❜♦✉♥❞✐♥❣ �❤❡ ✢✉✐❞✱ ❛�❡ ♣�♦✈❡❞ ❛❧�♦ �♦ ❛♣♣❧② ✐♥ �❤❡

✐♥�❡�✐♦� ♦❢ �❤❡ ✢✉✐❞ ♠❛��✳

■♥ �❤❡ �❡❝♦♥❞ ♦❢ �❤❡�❡ ▼❡♠♦✐�� ■ ♣�♦✈❡❞ ✜��� �❤❛� ✇❤❡♥ �❤❡ ♠♦�✐♦♥ ✐� ♣❡�♠❛♥❡♥�✱ ❛♥❞ ♦♥❧②

✇✐�❤ �✇♦ ❝♦♦�❞✐♥❛�❡�✱ �❤❛� ✐� ✐♥ ❛ ♣❧❛♥❡✱ ❛❧❧ �❤❡ ♠♦❧❡❝✉❧❡� ♦❢ �❤❡ ❧✐	✉✐❞ ♠♦✈❡ ❛❧♦♥❣ ��❛❥❡❝�♦�✐❡�

✇❤✐❝❤ ❛�❡ ❝✉�✈❡� ♦❢ ❛ �❛♠❡ ❢❛♠✐❧②✱ ❛❧❧ �❡♣�❡�❡♥�❡❞ ❜② ❛ �✐♥❣❧❡ ❡	✉❛�✐♦♥✱



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✹✶

α = f (x, y) ; ✭✸✾✮

❡ ❝❤❡ ♥♦♥ ❞✐✈❡��✐✜❝❛♥♦ ❢�❛ ❧♦�♦ �❡ ♥♦♥ ❛ ♠♦�✐✈♦ ❞❡❧ ♣❛�❛♠❡��♦ α ✐❧ �✉❛❧❡✱ ❝♦��❛♥�❡ ✐♥ ❝✐❛�❝✉♥❛

��❛❥❡��♦�✐❛✱ ✈❛�✐❛ ❞❛❧❧✬✉♥❛ ❛❧❧✬❛❧��❛✳ ▲❛ ��❡��❛ ❝♦♥�❡❣✉❡♥③❛ ♣✉! ❞❡❞✉��✐ ♣✐" ✐♥ ❣❡♥❡�❛❧❡✱ ❛♥❝❤❡

♣❡� �✉❛♥❞♦ ✐❧ ♠♦�♦ ♥♦♥ # ♣❡�♠❛♥❡♥�❡✱ ❞❛❧❧❛ ❡�✉❛③✐♦♥❡ ✭✾✮ ❈❛♣♦ ■✳ ❞❡❧❧❛ ▼❡♠♦�✐❛ ♣�✐♠❛ ✭

▼❡♠♦�✐❡ ❞❡❧❧✬ ■✳❘✳ ■��✐�✉�♦ ▲♦♠❜❛�❞♦✳ ❱♦❧✳ ■◦✳ ♣❛❣✳ ✷✷✷✳✮ ❞♦✈❡ ✐❧ �❡❝♦♥❞♦ ♠❡♠❜�♦ ❡��❡♥❞♦

✉♥❛ ❝♦��❛♥�❡ ♣❡� �✐❣✉❛�❞♦ ❛❧ �❡♠♣♦✱ ❧❛ �✉❛❧❡ ♠✉�❛ ♣❡� ❞✐✈❡��✐ ❧✉♦❣❤✐ ❞❡❧❧❛ ♠❛��❛✱ ❤❛ ❧❛ ��❡��❛

✐❞❡❛ ❞❡❧❧❛ ♣�❡❝❡❞❡♥�❡ α ✿ ❡ �✐❝❝♦♠❡ ✐❧ ♣�✐♠♦ ♠❡♠❜�♦ # ❢✉♥③✐♦♥❡ ❞❡❧❧❡ x, y, t✱ ❝❤❡ �✐♠❛♥❡ ❧❛

♠❡❞❡�✐♠❛ ♣❡� �✉��✐ ✐ ♣✉♥�✐ ❞❡❧ ✢✉✐❞♦✱ �✉❡❧❧❛ ❡�✉❛③✐♦♥❡ # ✐♥�♦♠♠❛ ❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ❞❡❧❧❡

��❛❥❡��♦�✐❡ ✱ ❝♦♠❡ ❧❛ ♣♦❝✬❛♥③✐ �❝�✐��❛ ✭✸✾✮✳ ❱✐ # �♦❧❛♠❡♥�❡ ❧❛ ❞✐✛❡�❡♥③❛ ❞❡❧ ♣�♦✈❛��✐ ❛ �✉❡��♦

♠♦❞♦ ❝❤❡ ❛♥❝❤❡ �✉❛♥❞♦ ✈✐ # ✐❧ �❡♠♣♦ ❡�♣❧✐❝✐�♦✱ ❧❡ ��❛❥❡��♦�✐❡ ✈❛�✐❛♥♦ �♦❧�❛♥�♦ ♣❡❧ ♠✉�❛�❡ ❞✐

✉♥❛ ❝♦��❛♥�❡ ✐♥ ✉♥❛ ❡�✉❛③✐♦♥❡ ❝❤❡ �✉��❡ ❧❡ ❝♦♠♣�❡♥❞❡✱ ❝♦♠❡ �✉❛♥❞♦ ✐❧ ♠♦�♦ # ♣❡�♠❛♥❡♥�❡✳

❖��❡�✈❛③✐♦♥❡ �✉❡��✬✉❧�✐♠❛ ❢❛��❛ ❞♦♣♦ ❧❛ ♣✉❜❜❧✐❝❛③✐♦♥❡ ❞❡❧❧❡ �✐❝♦�❞❛�❡ ▼❡♠♦�✐❡✱ ❡ ❝❤❡ ♣❛�♠✐

✐♠♣♦��❛♥�❡✳

❆✈❡♥❞♦ ✉♥❛ ❡�✉❛③✐♦♥❡ ❝♦♠❡ ❧❛ ♣�❡❝❡❞❡♥�❡ ✭✸✾✮✱ ♦✈❡ # ✐�♦❧❛�❛ ❧❛ ❝♦��❛♥�❡ ❝❤❡ ♠✉�❛ ❞✐ ��❛✲

❥❡��♦�✐❛ ✐♥ ��❛❥❡��♦�✐❛✱ ❝♦❧ ❞❡�✐✈❛�❧❛ �♦�❛❧♠❡♥�❡ ♣❡❧ �❡♠♣♦ ✭ ♦♣❡�❛③✐♦♥❡ ❝❤❡ ❢❛ �♣❛�✐�❡ �✉❡❧❧❛

❝♦��❛♥�❡✮✱ �✐ ❝❛✈❛ ❧✬✐♠♣♦��❛♥�✐��✐♠❛ ❝♦♥�❡❣✉❡♥③❛ ❝❤❡ ❧✬❡�✉❛③✐♦♥❡ ❞❡�✐✈❛�❛

f ′ (x)u+ f ′ (y) v = 0, ✭✹✵✮

♥❡❧❧❛ �✉❛❧❡ ❛❧❧❡ u, v �✬✐♥�❡♥❞❛♥♦ �♦��✐�✉✐�✐ ✐ ❧♦�♦ ✈❛❧♦�✐ ❣❡♥❡�✐❝✐ u (x, y) , v (x, y) , ❞❡✈❡ ✈❡�✐✜❝❛��✐

❛♥❝❤❡ ❝♦♥�✐❞❡�❛♥❞♦ x, y ❢�❛ ❞✐ ❧♦�♦ ✐♥❞✐♣❡♥❞❡♥�✐✳ ❙❡ ❝♦�3 ♥♦♥ ❢♦��❡✱ �❡ ♥❡ ♣♦��❡❜❜❡ ❞❡❞✉��❡ y ✐♥

❢✉♥③✐♦♥❡ ❞✐ x �❡♥③❛ ❧❛ ❝♦��❛♥�❡ α✱ ✐❧ ❝❤❡ �✐♣✉❣♥❛ ❛❧❧❛ ♥❛�✉�❛ ❞❡❧❧❛ �✉❡��✐♦♥❡✳ ◗✉✐♥❞✐ ❧✬♦��❡♥✉�❛

❡�✉❛③✐♦♥❡ ✭✹✵✮ �✐ ✈❡�✐✜❝❛ ♣❡� �✉��✐ ✐ ♣✉♥�✐ ❞❡❧❧❛ ♠❛��❛✱ ❝♦♠❡ ❧❡ ❛❧��❡ ❞❡❧❧❛ �❡♦�✐❝❛ ❊✉❧❡�✐❛♥❛✱

❡ ♣✉! ❛❞ ❡��❡ ❛��♦❝✐❛��✐ ♣❡� ❢❛❝✐❧✐�❛�❡ ❧❛ �✐❝❡�❝❛ ❞❡❧❧❡ ❢✉♥③✐♦♥✐ ✐♥❝♦❣♥✐�❡ ❞✐ x, y ❝✉✐ �♦♥♦ ❡❣✉❛❧✐

❧❡ ✈❡❧♦❝✐�6 u, v✳ ❈✐! # ❛♣♣✉♥�♦ ❝❤❡ ♠✐ �✐✉�❝3 ❞✐ ❢❛�❡ ♥❡❧ ❝❛�♦ ❞❡❧ ♠♦�♦ ♣❡�♠❛♥❡♥�❡ ❡ ♥❡❧❧❛

�✉♣♣♦�✐③✐♦♥❡ ❝❤❡✱ �✉❛♥❞♦ ✐❧ ❧✐�✉✐❞♦ # ❝❤✐✉�♦ ❞❛

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✹✶

α = f (x, y) ; ✭✸✾✮

❛♥❞ �❤❛� ❛�❡ ♥♦� ❞✐✛❡�❡♥� ❢�♦♠ ❡❛❝❤ ♦�❤❡� ✐❢ ♥♦� ❜❡❝❛✉�❡ ♦❢ �❤❡ ♣❛�❛♠❡�❡� α ✇❤✐❝❤✱ ❝♦♥��❛♥�

✐♥ ❡❛❝❤ ��❛❥❡❝�♦�②✱ ✈❛�✐❡� ❢�♦♠ ♦♥❡ �♦ ❛♥♦�❤❡�✳ ❚❤❡ �❛♠❡ �❡�✉❧� ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ♠♦�❡ ❣❡♥❡�❛❧❧②✱

❡✈❡♥ ✇❤❡♥ �❤❡ ♠♦�✐♦♥ ✐� ♥♦� ♣❡�♠❛♥❡♥�✱ ❢�♦♠ �❤❡ ❡�✉❛�✐♦♥ ✭✾✮ ❈❛♣♦ ■ ♦❢ �❤❡ ✜��� ▼❡♠♦✐�

✭▼❡♠♦✐�� ♦❢ �❤❡ ■✳❘✳ ■��✐�✉�♦ ▲♦♠❜❛�❞♦✳ ❱♦❧✳ ■ ♣✳ ✷✷✷✮✱ ✇❤❡�❡ �❤❡ �❡❝♦♥❞ ♠❡♠❜❡� ❜❡✐♥❣ ❛

❝♦♥��❛♥� ✇✐�❤ �❡�♣❡❝� �♦ �✐♠❡✱ ✇❤✐❝❤ ❝❤❛♥❣❡� ✐♥ ❞✐✛❡�❡♥� ♣❛��� ♦❢ �❤❡ ❜♦❞②✱ ✐� ❛♥❛❧♦❣♦✉� �♦

�❤❡ ♣�❡❝❡❞❡♥� α✿ ❛♥❞ ❛� �❤❡ ✜��� ♠❡♠❜❡� ✐� ❛ ❢✉♥❝�✐♦♥ ♦❢ �❤❡ x✱ y✱ t✱ ✇❤✐❝❤ �❡♠❛✐♥� �❤❡ �❛♠❡

❢♦� ❛❧❧ �❤❡ ♣♦✐♥�� ♦❢ �❤❡ ✢✉✐❞✱ �❤❛� ❡�✉❛�✐♦♥ ✐� ✐♥❞❡❡❞ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ♦❢ �❤❡ ��❛❥❡❝�♦�✐❡�✱

�✉❝❤ ❛� �❤❡ ❥✉�� ❜❡❢♦�❡ ✇�✐��❡♥ ✭✸✾✮✳ ❚❤❡�❡ ✐� ♦♥❧② �❤❡ ❞✐✛❡�❡♥❝❡ ♦❢ ♣�♦✈✐♥❣ ✐♥ �❤✐� ✇❛② �❤❛�

❡✈❡♥ ✇❤❡♥ �❤❡�❡ ✐� �❤❡ ❡①♣❧✐❝✐� �✐♠❡✱ �❤❡ ��❛❥❡❝�♦�✐❡� ✈❛�② ♦♥❧② ❢♦� �❤❡ ❝❤❛♥❣✐♥❣ ♦❢ ❛ ❝♦♥��❛♥�

✐♥ ❛♥ ❡�✉❛�✐♦♥ �❤❛� ✐♥❝❧✉❞❡� ❛❧❧ ♦❢ �❤❡♠✱ �✉❝❤ ❛� ✇❤❡♥ �❤❡ ♠♦�✐♦♥ ✐� ♣❡�♠❛♥❡♥�✳ ❚❤❡ ❧❛��❡�

♦❜�❡�✈❛�✐♦♥ ✇❛� ♠❛❞❡ ❛❢�❡� �❤❡ ♣✉❜❧✐❝❛�✐♦♥ ♦❢ �❤❡ �❡❝❛❧❧❡❞ ▼❡♠♦✐��✱ ❛♥❞ ✐� �❡❡♠❡❞ �♦ ♠❡ ❜❡✐♥❣

✐♠♣♦��❛♥�✳

❍❛✈✐♥❣ ❛♥ ❡�✉❛�✐♦♥ ❛� �❤❡ ♣�❡❝❡❞❡♥� ♦♥❡ ✭✸✾✮✱ ✇❤❡�❡ �❤❡ ❝♦♥��❛♥� ✐� ✐�♦❧❛�❡❞ �❤❛� ❝❤❛♥❣❡�

❢�♦♠ ��❛❥❡❝�♦�② �♦ ��❛❥❡❝�♦�②✱ ❜② �♦�❛❧❧② ❞❡�✐✈✐♥❣ ✐� ✇✐�❤ �❡�♣❡❝� �♦ �✐♠❡ ✭♦♣❡�❛�✐♦♥ ✇❤✐❝❤ ❣❡��

�✐❞ ♦❢ �❤❛� ❝♦♥��❛♥�✮✱ ✇❡ ♦❜�❛✐♥ �❤❡ ✈❡�② ✐♠♣♦��❛♥� �❡�✉❧� �❤❛� �❤❡ ❞❡�✐✈❡❞ ❡�✉❛�✐♦♥

f ′ (x)u+ f ′ (y) v = 0, ✭✹✵✮

✐♥ ✇❤✐❝❤ �❤❡ u✱ v ❛�❡ ♠❡❛♥� �♦ ❜❡ �✉❜��✐�✉�❡❞ ❜② �❤❡✐� ❣❡♥❡�✐❝ ✈❛❧✉❡� u (x, y)✱ v (x, y)✱ ♠✉��

♦❝❝✉� ❛❧�♦ ❜② ❝♦♥�✐❞❡�✐♥❣ x✱ y ✐♥❞❡♣❡♥❞❡♥� ♦❢ ❡❛❝❤ ♦�❤❡�✳ ■❢ ♥♦�✱ y ♠✐❣❤� ❜❡ ❞❡❞✉❝�❡❞ ✐♥ �❡�♠�

♦❢ x ✇✐�❤♦✉� �❤❡ ❝♦♥��❛♥� α✱ ✇❤✐❝❤ ✐� �❡♣✉❣♥❛♥� �♦ �❤❡ ♥❛�✉�❡ ♦❢ �✉❡��✐♦♥✳ ❚❤❡♥ �❤❡ ♦❜�❛✐♥❡❞

❡�✉❛�✐♦♥ ✭✹✵✮ ♦❝❝✉�� ❢♦� ❛❧❧ ♣♦✐♥�� ♦❢ �❤❡ ❜♦❞②✱ ❛� �❤❡ ♦�❤❡�� ♦❢ �❤❡ ❊✉❧❡�✐❛♥ �❤❡♦�②✱ ❛♥❞ ❝❛♥ ❜❡

❛��♦❝✐❛�❡❞ �♦ �❤❡♠ �♦ ❢❛❝✐❧✐�❛�❡ �❤❡ �❡❛�❝❤ ♦❢ �❤❡ ✉♥❦♥♦✇♥ ❢✉♥❝�✐♦♥� ♦❢ x✱ y �♦ ✇❤✐❝❤ ❛�❡ ❡�✉❛❧�

�❤❡ ✈❡❧♦❝✐�② u✱ v✳ ❚❤✐� ✐� ♣�❡❝✐�❡❧② ✇❤❛� ■ ✇❛� ❛❜❧❡ �♦ ❞♦ ✐♥ �❤❡ ❝❛�❡ ♦❢ ♣❡�♠❛♥❡♥� ♠♦�✐♦♥ ❛♥❞

✉♥❞❡� �❤❡ ❛��✉♠♣�✐♦♥ �❤❛�✱ ✇❤❡♥ �❤❡ ❧✐�✉✐❞ ✐� ❡♥❝❧♦�❡❞ ❜②



✶✹✷
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✉❛③✐♦♥✐ ❡❝✳

♣❛	❡
✐✱ ✈❡♥❣❛ ❞❛ ✉♥❛ ♣❛	❡
❡ ❞✐ ❢♦	♠❛ ♥♦
❛ ❛��❡❣♥❛
❛ ❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡	❛❧❡ ❞❡❧❧❡ 
	❛❥❡

♦	✐❡

✿ ❡ �✉❛♥❞♦ ✐❧ ❧✐�✉✐❞♦ � �✉♣❡	✐♦	♠❡♥
❡ ❧✐❜❡	♦✱ 
❛❧❡ ❡�✉❛③✐♦♥❡ ❣❡♥❡	❛❧❡ �✐❛❝✐ �♦♠♠✐♥✐�
	❛
❛

❡❣✉❛❣❧✐❛♥❞♦ ❛❞ ✉♥❛ ❝♦�
❛♥
❡ ❧❛ ♣	❡��✐♦♥❡ Λ (x, y) .

❆♥❛❧♦❣❤❡ ❝♦♥�✐❞❡	❛③✐♦♥✐ ❤❛♥♥♦ ❧✉♦❣♦ ♣❡❧ ♠♦
♦ ❛ 
	❡ ❝♦♦	❞✐♥❛
❡✱ 	✐✉�❝❡♥❞♦ ✐♥ 
❛❧ ❝❛�♦ ❞✉❡

❧❡ ❡�✉❛③✐♦♥✐ ❝♦♠❡ ❧❛ ✭✸✾✮ �♣❡

❛♥
✐ ❛❧❧❛ 
	❛❥❡

♦	✐❛ ❣❡♥❡	✐❝❛✳ ❉❡

❡ ❡�✉❛③✐♦♥✐ ♣♦��♦♥♦ ❛♥❝❤❡

	✐❣✉❛	❞❛	�✐ ❝♦♠❡ ❞✉❡ ❡�✉❛③✐♦♥✐ ❞✐ �✉♣❡	✜❝✐❡ ♣❡	❝♦	�❡ ❞❛ ✈❡❧✐ ✢✉✐❞✐ ❢♦	♠❛
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❛♥
❡ 
	❛❥❡
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❛❧✐ �✉♣❡	✜❝✐❡✳ ❆♥❝❤❡ �✉✐

❞❡	✐✈❛♥❞♦ 
♦
❛❧♠❡♥
❡ ♣❡❧ 
❡♠♣♦ �✐ ♦

❡♥❣♦♥♦ ❞✉❡ ❡�✉❛③✐♦♥✐ �✐♠✐❧✐ ❛❧❧❛ ♣	❡❝❡❞❡♥
❡ ✭✹✵✮ ✱ ❝❤❡

❝♦♥ 	❛❣✐♦♥❛♠❡♥
✐ ❞❡❧❧❛ �
❡��❛ ✐♥❞♦❧❡ �✐ ♣	♦✈❛♥♦ �✉��✐�
❡♥
✐ ♣❡	 
✉

✐ ✐ ♣✉♥
✐ ❞❡❧❧✬✐♥
❡	♥♦ ❞❡❧❧❛

♠❛��❛✱ ❡ ♣♦��♦♥♦ ❛��♦❝✐❛	�✐ ❛❧❧❡ �✉❛

	♦ ❞❡❧❧❛ 
❡♦	✐❝❛ ❣❡♥❡	❛❧❡ ♣❡	 ❧❛ 	✐❝❡	❝❛ ❞❡❧❧❡ 
	❡ ✈❡❧♦❝✐
*

u, v, w✳ ▲❛ ❞❡
❡	♠✐♥❛③✐♦♥❡ ❞✐ 
❛❧✐ ✈❡❧♦❝✐
* ♠✐ 	✐✉�❝( ♥❡❧ ❝❛�♦ ❞❡❧ ♠♦
♦ ♣❡	♠❛♥❡♥
❡ ❛♥❝❤❡ ❧✐❜❡	♦✱

❝♦♥ �✉♣♣♦�✐③✐♦♥✐ ❝♦		✐�♣♦♥❞❡♥
✐ ❛❧❧❡ ❣✐* ❡�♣	❡��❡ ♣❡❧ ♠♦
♦ ❛ ❞✉❡ ❝♦♦	❞✐♥❛
❡✳

✼✵✳ ❈❤❡ ❞♦✈	❡♠♦ ✐♥ ✉❧
✐♠♦ ❞✐	❡ ❞❡❧❧❛ ❧❡❣❣❡ ❞❡❧❧❛ ♣❡	♠❛♥❡♥③❛ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ❞❡✬ ❧✐�✉✐❞✐ ❛❧❧❡

♣❛	❡
✐ ♦ ❛❧❧❡ �✉♣❡	✜❝✐❡ ❧✐❜❡	❡ ❞✉	❛♥
❡ ✐❧ ♠♦✈✐♠❡♥
♦❄ ❙❝	✐��✐ ❣✐* ✭ ●✐♦	♥❛❧❡ ❞❡❧❧✬ ■✳❘✳ ■�
✐
✉
♦

▲♦♠❜❛	❞♦✱ ❚✳ ✻◦. ♣❛❣✳ ✸✷✹✳✮ ❝❤❡ ✉♥❛ 
❛❧ ❧❡❣❣❡ ♣♦
❡❛ ♣	♦✈❛	�✐ ✈❡	❛ �✉❛♥❞♦ ✐❧ ♠♦
♦ � ♣❡	♠❛♥❡♥
❡✳

5❡❧ ❝❛�♦ ❣❡♥❡	❛❧❡ ✐♦ ♥♦♥ ❛��❡	✐✐ ❝❤❡ ♥♦♥ �✉��✐�
❡��❡ ✭ ❝♦♠❡ 
❛❧✉♥♦ ♠✐ ❢❡❝❡ ❞✐	❡✮ ✱ ♥♦
❛✐ �♦❧♦ ❝❤❡

♣✐6 ♥♦♥ ✈❛❧❡✈❛ ❧❛ 	❡❝❛
❛ ❞✐♠♦�
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❡♥❞♦ ♠♦❧
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	❛
❡✳ ❖	❛✱ ❜❡♥ ❝♦♥�✐❞❡	❛
♦ ✐❧ 
❡♦	❡♠❛ ❞❡❧ ♥✉♠✳◦ ✻✹✱ ✐♥❝❧✐♥♦

❛ ❝	❡❞❡	❡ ❝❤❡ ❧✬❛♥③✐❞❡
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♦ ❝❤❡ ♥♦✐ ♣♦��✐❛♠♦

❛�
	❛		❡ ❝♦❧ ♣❡♥�✐❡	♦ ❞❛❧❧❛ ♠❛��❛ ✢✉✐❞❛ ✐♥ ♠♦
♦ ❧❛ ♣❛	
❡ ❞✐ ✢✉✐❞♦ �♦✈	❛✐♥❝♦♠❜❡♥
❡ ❛ �✉❛❧✉♥�✉❡

❞❡✐ ✈❡❧✐ ❢♦	♠❛
✐ ❞✐ 
❛♥
❡ 
	❛❥❡

♦	✐❡✱ ❞✐ ❝✉✐ �♦♣	❛ ❞✐❝❡♠♠♦✱ ❡ ❝♦♥�✐❞❡	❛	❡ ✐❧ ♠♦
♦ ❞❡❧❧❛ �♦❧❛

♣♦	③✐♦♥❡ ❞✐ ✢✉✐❞♦ �♦

♦�
❛♥
❡ ❛ 
❛❧ �✉♣❡	✜❝✐❡ ❀ ❛❧❧♦	❛ ❧❛ ♣	✐♠❛ ♣♦	③✐♦♥❡ ❞✐ ✢✉✐❞♦ ❡♥
	❛ ✐♥

❝♦♥�✐❞❡	❛③✐♦♥❡ ✉♥✐❝❛♠❡♥
❡ ❝♦♠❡ �✉❡❧❧❛ ❝❤❡ ❢❛ ✉♥❛ ♣	❡��✐♦♥❡ �✉❧ ✢✉✐❞♦ ❝❤❡ �❝♦		❡ ❛❧ ❞✐ �♦

♦ ✳

❱❡❞❡♠♠♦ ❝❤❡ ✉♥❛

✶✹✷
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡
❝✳

❜② ✇❛❧❧�✱ 
❤❡ ❣❡♥❡	❛❧ ❡�✉❛
✐♦♥ ♦❢ 
❤❡ 
	❛❥❡❝
♦	✐❡� ✐� ❛��✐❣♥❡❞ ❜② ❛ ✇❛❧❧ ❤❛✈✐♥❣ ❛ ❦♥♦✇♥ �❤❛♣❡✿

❛♥❞ ✇❤❡♥ 
❤❡ ❧✐�✉✐❞ ❤❛� ❛♥ ✉♣♣❡	 ❢	❡❡ �✉	❢❛❝❡✱ 
❤✐� ❣❡♥❡	❛❧ ❡�✉❛
✐♦♥ ✐� ❣✐✈❡♥ 
♦ ✉� ❜② ❡�✉❛
✐♥❣


♦ ❛ ❝♦♥�
❛♥
 
❤❡ ♣	❡��✉	❡ Λ (x, y)✳

❙✐♠✐❧❛	 ❝♦♥�✐❞❡	❛
✐♦♥� ❤♦❧❞ ❢♦	 
❤❡ ♠♦
✐♦♥ ✐♥ 
❤	❡❡ ❝♦♦	❞✐♥❛
❡�✱ ②✐❡❧❞✐♥❣ ✐♥ 
❤✐� ❝❛�❡✱ 
✇♦

❡�✉❛
✐♦♥� ❧✐❦❡ 
❤❡ ✭✸✾✮ ♣❡	
✐♥❡♥
 
♦ 
❤❡ ❣❡♥❡	✐❝ 
	❛❥❡❝
♦	②✳ ❚❤❡�❡ ❡�✉❛
✐♦♥� ❝❛♥ ❛❧�♦ ❜❡ 	❡❣❛	❞❡❞

❛� 
✇♦ ❡�✉❛
✐♦♥� ♦❢ �✉	❢❛❝❡ ❝♦✈❡	❡❞ ❜② ✢✉✐❞✐❝ ✈❡✐❧� ❢♦	♠❡❞ ♦❢ ♠❛♥② 
	❛❥❡❝
♦	✐❡�✿ ❛♥❞ �♦ ✇❡ ❧❡❛	♥


❤❛
 �✉❝❤ �✉	❢❛❝❡� ❛	❡ 	❡❞✉❝❡❞ 
♦ ♦♥❧② 
✇♦ ❢❛♠✐❧✐❡�✳ ❆❧�♦ ❤❡	❡ ❜② 
♦
❛❧❧② ❞❡	✐✈✐♥❣ ✇✐
❤ 	❡�♣❡❝



♦ 
✐♠❡ 
✇♦ ❡�✉❛
✐♦♥� �✐♠✐❧❛	 
♦ 
❤❡ ♣	❡❝❡❞❡♥
 ✭✹✵✮ ❛	❡ ♦❜
❛✐♥❡❞✱ ✇❤✐❝❤ ❜② �✐♠✐❧❛	❧② 	❡❛�♦♥✐♥❣

❛	❡ ♣	♦✈❡❞ 
♦ �✉❜�✐�
 ❢♦	 ❛❧❧ ♣♦✐♥
� ♦❢ 
❤❡ ✐♥
❡	✐♦	 ♦❢ 
❤❡ ❜♦❞②✱ ❛♥❞ ♠❛② ❜❡ ❛��♦❝✐❛
❡❞ ✇✐
❤ 
❤❡

❢♦✉	 ❬❡�✉❛
✐♦♥�❪ ♦❢ 
❤❡ ❣❡♥❡	❛❧ 
❤❡♦	② ❢♦	 
❤❡ 	❡�❡❛	❝❤ ♦❢ 
❤❡ 
❤	❡❡ ✈❡❧♦❝✐
② ❝♦♠♣♦♥❡♥
� u✱ v✱ w✳

■ ✇❛� ❛❜❧❡ 
♦ ❞❡
❡	♠✐♥❡ 
❤❡�❡ ❝♦♠♣♦♥❡♥
� ✐♥ 
❤❡ ❝❛�❡ ♦❢✱ ❛❧�♦ ❢	❡❡✱ ♣❡	♠❛♥❡♥
 ♠♦
✐♦♥✱ ✉♥❞❡	

❛��✉♠♣
✐♦♥� ❝♦		❡�♣♦♥❞✐♥❣ 
♦ 
❤♦�❡ ❛❧	❡❛❞② ❡①♣	❡��❡❞ ❢♦	 
❤❡ ♠♦
✐♦♥ ✐♥ 
✇♦ ❝♦♦	❞✐♥❛
❡�✳

✼✵✳ ❲❤❛
 �❤❛❧❧ ❛❧ ❧❡❛�
 ✇❡ �❛② ❛❜♦✉
 
❤❡ ❧❛✇ ♦❢ 
❤❡ ♣❡	♠❛♥❡♥❝❡ ♦❢ 
❤❡ ♠♦❧❡❝✉❧❡� ♦❢ 
❤❡

❧✐�✉✐❞� ❛
 
❤❡ ✇❛❧❧� ♦	 ❛
 
❤❡ ❢	❡❡ �✉	❢❛❝❡� ❞✉	✐♥❣ 
❤❡ ♠♦
✐♦♥❄ ■ ❛❧	❡❛❞② ✇	♦
❡ ✭❏♦✉	♥❛❧ ♦❢ 
❤❡

■✳❘✳ ■�
✐
✉
♦ ▲♦♠❜❛	❞♦✱ ❚♦♠❡ ✻ ♣✳ ✸✷✹✮ 
❤❛
 �✉❝❤ ❛ ❧❛✇ ❝♦✉❧❞ ❜❡ ♣	♦✈❡❞ 
♦ ❤♦❧❞ ✇❤❡♥ 
❤❡

♠♦
✐♦♥ ✐� ♣❡	♠❛♥❡♥
✳ ❋♦	 
❤❡ ❣❡♥❡	❛❧ ❝❛�❡ ■ ❞✐❞ ♥♦
 ❛��❡	
 
❤❛
 ✐
 ❞✐❞ ♥♦
 ❤♦❧❞ ✭❛� �♦♠❡♦♥❡

✇♦✉❧❞ ■ ❞✐❞ �❛②✮✱ ■ ❥✉�
 ♥♦
✐❝❡❞ 
❤❛
 
❤❡ ❛❝❝♦♠♣❧✐�❤❡❞ ❞❡♠♦♥�
	❛
✐♦♥ ❞✐❞ ♥♦
 ❤♦❧❞ ❛♥② ❧♦♥❣❡	✿


❤❛
 ✐� �✉✐
❡ ❞✐✛❡	❡♥
✱ ❜❡✐♥❣ ♠❛♥② 
❤✐♥❣� ❜❡ 
	✉❡✱ ❛❧
❤♦✉❣❤ ♥♦
 ②❡
 ♣	♦✈❡♥✳ ◆♦✇✱ ❤❛✈✐♥❣ ✇❡❧❧

❝♦♥�✐❞❡	❡❞ 
❤❡ 
❤❡♦	❡♠ ♦❢ �❡❝
✳ ✻✹✱ ■ ❛♠ ✐♥❝❧✐♥❡❞ 
♦ ❜❡❧✐❡✈❡ 
❤❛
 
❤❡ ❛❢♦	❡�❛✐❞ ♣❡	♠❛♥❡♥❝❡ ❬♦❢


❤❡ ✢✉✐❞ ♠♦
✐♦♥❪ ❡①
❡♥❞� 
♦ ♦
❤❡	 ❝❛�❡�✳ ■
 ✐� ❝❧❡❛	 
❤❛
 ✇❡ ❝❛♥ ❛❜�
	❛❝
 ✇✐
❤ 
❤❡ 
❤♦✉❣❤
 ❢	♦♠


❤❡ ✢✉✐❞ ♠❡❞✐✉♠ ✐♥ ♠♦
✐♦♥ 
❤❛
 ♣❛	
 ♦❢ 
❤❡ ✢✉✐❞ ♦✈❡	❧②✐♥❣ 
♦ ❛♥② ♦❢ 
❤❡ ✈❡✐❧� ❢♦	♠❡❞ ♦❢ ♠❛♥②


	❛❥❡❝
♦	✐❡�✱ ♦❢ ✇❤✐❝❤ ✇❡ �❛✐❞ ❛❜♦✈❡✱ ❛♥❞ ❝♦♥�✐❞❡	 
❤❡ ♠♦
✐♦♥ ♦♥❧② ♦❢ 
❤❛
 ♣♦	
✐♦♥ ♦❢ 
❤❡ ✢✉✐❞

❜❡❧♦✇ 
❤❛
 �✉	❢❛❝❡❀ 
❤❡♥ 
❤❡ ✜	�
 ♣♦	
✐♦♥ ♦❢ ✢✉✐❞ ❡♥
❡	� ✐♥
♦ ❝♦♥�✐❞❡	❛
✐♦♥ ♦♥❧② ❛� 
❤❛
 ✇❤✐❝❤

❡①❡	
� ❛ ♣	❡��✉	❡ ♦♥ 
❤❡ ✢✉✐❞ ✢♦✇✐♥❣ ❜❡❧♦✇✳ ❲❡ �❛✇ 
❤❛




▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✹✸

�❛❧ ♣�❡

✐♦♥❡ � ♣❡�♣❡♥❞✐❝♦❧❛�❡ ❛❧❧❛ ��❛❥❡��♦�✐❛ ✐♥ ♦❣♥✐ ♣✉♥�♦ ✿ ❞✉♥�✉❡ ✉♥❛ ♣�❡

✐♦♥❡ ♣❡�♣❡♥❞✐✲

❝♦❧❛�❡ ❛❞ ✉♥❛ ��❛❥❡��♦�✐❛ ✐♥ ♦❣♥✐ ♣✉♥�♦ ♥♦♥ ❞✐
�✉�❜❛ ❧♦ 
❝♦��✐♠❡♥�♦ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ✐♥ ❡

❛✳ ▼❛

✐♥ �✉❛❧✐ ❝♦♥❞✐③✐♦♥✐ 
♦♥♦ ❧❡ ♠♦❧❡❝♦❧❡ ❞❡❧ ✢✉✐❞♦ ❛❧❧❡ ♣❛�❡�✐ ❡❞ ❛❧❧❡ 
✉♣❡�✜❝✐❡ ❧✐❜❡�❡❄ 
♦♥♦ ❛♣♣✉♥�♦


♦��♦ ♣�❡

✐♦♥✐ ❝❤❡ 
✐ ❡
❡�❝✐�❛♥♦ ✭ ❡ ❧✬❛❜❜✐❛♠♦ ❞✐♠♦
��❛�♦✮ ♣❡�♣❡♥❞✐❝♦❧❛�♠❡♥�❡ ❛ �✉❡❧❧❡ 
✉♣❡�✲

✜❝✐❡ ❝♦♥�❡�♠✐♥❛♥�✐ ✐❧ ✢✉✐❞♦ ✿ ♣♦��❛♥♥♦ ❞✉♥�✉❡ 
❝♦��❡�❡ ❧✉♥❣♦ �❛❧✐ 
✉♣❡�✜❝✐❡✳ ❇❡♥ � ✈❡�♦ ❝❤❡

�✉✐ 
✐ ✐♥✈❡��❡ ✉♥❛ ♣�♦♣♦
✐③✐♦♥❡ ❀ ❧❛ ♣�♦♣♦
✐③✐♦♥❡ ♣�♦✈❛�❛ � ✿ ❞❛�❛ ✉♥❛ ��❛❥❡��♦�✐❛✱ ❧❛ ♣�❡

✐♦♥❡

❡
❡�❝✐�❛�❛ ❞❛❧ ✢✉✐❞♦ 
♦✈�❛✐♥❝♦♠❜❡♥�❡ � ♥♦�♠❛❧❡ ❛❧❧❛ ❝✉�✈❛ ✐♥ ♦❣♥✐ ♣✉♥�♦ ❀ ❧❛ ♣�♦♣♦
✐③✐♦♥❡ ❝❤❡


✐ ✈✉♦❧❡ ✐♥
✐♥✉❛�❡ � ✿ ❞❛�❛ ✉♥❛ ♣�❡

✐♦♥❡ ❝❤❡ 
✐ ❡
❡�❝✐�❛ ♥♦�♠❛❧♠❡♥�❡ ❛❞ ✉♥ ✈❡❧♦ ♦ ❛❞ ✉♥❛ ❧✐♥❡❛

✢✉✐❞❛✱ ✐♥ ✉♥ �❛❧ ✈❡❧♦✱ ✐♥ ✉♥❛ �❛❧ ❧✐♥❡❛ ♣✉' ❡
✐
�❡�❡ ✉♥❛ ��❛❥❡��♦�✐❛✳ ❖�❛ ✉♥❛ �❛❧ ��❛❥❡��♦�✐❛

♣✉' ❛♥❝❤❡ ♥♦♥ ❡
✐
�❡�❡✱ ❝♦♠❡ ✈❡❞✐❛♠♦ ♥❡❧❧✬❡�✉✐❧✐❜�✐♦ ✿ ❡❞ ❡❝❝♦ ✐❧ ♣❡�❝❤� ♥❡❧❧❛ ♠✐❛ ▼❡♠♦�✐❛

❤♦ ❝�❡❞✉�♦ ❞✐ ❞♦✈❡� ❛♠♠❡��❡�❡ ❝❤❡ �✉❛❧❝❤❡ ✈♦❧�❛ ✐❧ ✢✉✐❞♦ ♥♦♥ ❧❛♠❜✐
❝❡ ❧❛ ♣❛�❡�❡ 
♦❧✐❞❛✱ ♠❛ 
✐

❝�❡❛ ❡

♦ 
�❡

♦ ❧❛ 
♣♦♥❞❛ ♦ ✐❧ ❢♦♥❞♦ 
✉❧ �✉❛❧❡ 
❝♦��❡�❡✱ ❞❡♣♦
✐�❛♥❞♦
✐ ✉♥❛ ♣♦�③✐♦♥❡ ❞✐ ✢✉✐❞♦

❝❤❡ �✐♠❛♥❡ ❢❡�♠❛ ♦ ♣�❡♥❞❡ ♠♦✈✐♠❡♥�✐ 
�❛❝❝❛�✐ ❞❛❧ ♠♦�♦ ❞❡❧❧❛ ♠❛

❛ ♣�✐♥❝✐♣❛❧❡✳

❙✐ ❢❛♥♥♦ ❞✉❡ ♦❜❜❥❡③✐♦♥✐ ❛❧❧❛ ❧❡❣❣❡ ❞❡❧❧❛ ♣❡�♠❛♥❡♥③❛ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ❛❧❧❡ ♣❛�❡�✐ ❡❞ ❛❧❧❡ 
✉✲

♣❡�✜❝✐❡ ❧✐❜❡�❡ ✿ � ❜❡♥❡ ♣�❡♥❞❡�❧❡ ❛ ❞✐
❛♠✐♥❛✳ ❈♦❧❧❛ ♣�✐♠❛ 
✐ ❞✐❝❡ ✿ ♥❡❧❧❡ ❝♦��❡♥�✐ ❧❛ 
✉♣❡�✜❝✐❡

❧✐❜❡�❛ ❛❧❧❡ ✈♦�❡ 
✐ ❛❧❧❛�❣❛✱ ❛❧❧❡ ✈♦❧�❡ 
✐ �❡
��✐♥❣❡ ✿ 
❡ ❧❛ ❞❡♥
✐�, ❞❡❧ ❧✐�✉✐❞♦ ✐✈✐ ❝♦♠❡ ❞❛♣♣❡��✉��♦

❞❡✈❡ �✐♠❛♥❡�❡ ❝♦
�❛♥�❡✱ ❜✐
♦❣♥❛ ❝❤❡ �✉❛♥❞♦ ❧❛ 
✉♣❡�✜❝✐❡ 
✐ ❛❧❧❛�❣❛✱ ❛❝❝♦��❛♥♦ ♥✉♦✈❡ ♠♦❧❡❝♦❧❡✱

❡ �✉❛♥❞♦ 
✐ �❡
��✐♥❣❡✱ ❛❧❝✉♥❡ ❞✐ �✉❡❧❧❡ ❝❤❡ ✈✐ 
✐ ��♦✈❛♥♦✱ ✈❛❞❛♥♦ 
♦��♦✳ ❆♥❝❤❡ ❧✬❛❝❝❡❧❡�❛③✐♦♥❡

♠❛❣❣✐♦�❡ ✐♥ �✉❛❧❝❤❡ ❧✉♦❣♦ ❞❡❧❧❛ 
✉♣❡�✜❝✐❡✱ ♠✐♥♦�❡ ✐♥ �✉❛❧❝❤❡ ❛❧��♦✱ ♥♦♥ ♣✉' ❝♦♥❝✐❧✐❛�
✐ ❝♦❧❧❛

❞❡♥
✐�, ❝♦
�❛♥�❡ 
❡♥③❛ ♠♦❧❡❝♦❧❡ ❝❤❡ 
♦♣�❛❣❣✐✉♥❣❛♥♦ ♥❡❧ ♣�✐♠♦ ❝❛
♦ ❡ ♣❛��❛♥♦ ♥❡❧ 
❡❝♦♥❞♦✳✖ ▲❛

�✐
♣♦
�❛ ❛ �✉��❡ �✉❡
�❡ ❞✐✣❝♦❧�, ♣❛�♠✐ ❞❡❜❜❛ ❝❡�❝❛�
✐ ♥❡❧ ♣�✐♠♦ ❝♦♥❝❡��♦ ❝❤❡ ❝✐ 
✐❛♠♦ ❢♦�♠❛�✐

❛❧ ♥✉♠✳◦ ✼✳✱ ❡ ❝❤❡ ❛❜❜✐❛♠♦ �✐❝❤✐❛♠❛�♦ ✐♥ ✈❛�❥ ❛❧��✐ ❧✉♦❣❤✐✱ ❝✐�❝❛ ❛❧ ♣♦�❡�
✐ ��❛
❝✉�❛�❡ �❡�♠✐♥✐

♠♦❧�✐♣❧✐❝❛�✐ ♣❡� ❧❛ ❞✐
�❛♥③❛ ♠♦❧❡❝♦❧❛�❡ σ✱ ✐♥ ❝♦♥❢�♦♥�♦ ❞✐ �✉❡❧❧✐ ❝❤❡ ♥♦♥ ❤❛♥♥♦

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✹✸


✉❝❤ ❛ ♣�❡

✉�❡ ✐
 ♣❡�♣❡♥❞✐❝✉❧❛� �♦ �❤❡ ��❛❥❡❝�♦�② ✐♥ ❡✈❡�② ♣♦✐♥�✿ �❤❡�❡❢♦�❡ ❛ ♣�❡

✉�❡ ♣❡�♣❡♥✲

❞✐❝✉❧❛� �♦ ❛ ��❛❥❡❝�♦�② ✐♥ ❡✈❡�② ♣♦✐♥� ❞♦❡
 ♥♦� ❞✐
�✉�❜ �❤❡ ✢♦✇ ♦❢ ♠♦❧❡❝✉❧❡
 ✐♥ ✐�✳ ❇✉� ✉♥❞❡�

✇❤❛� ❝♦♥❞✐�✐♦♥
 ❛�❡ �❤❡ ♠♦❧❡❝✉❧❡
 ♦❢ �❤❡ ✢✉✐❞ ❛� �❤❡ ✇❛❧❧
 ❛♥❞ ❛� �❤❡ ❢�❡❡ 
✉�❢❛❝❡
❄ ❬❚❤❡

♠♦❧❡❝✉❧❡
❪ ❛�❡ ❥✉
� ✉♥❞❡� ♣�❡

✉�❡
 ✇❤✐❝❤ ❡①❡��
 ✭❛♥❞ ✇❡ ❤❛✈❡ 
❤♦✇♥ �❤❛�✮ ♣❡�♣❡♥❞✐❝✉❧❛�❧② �♦

�❤♦
❡ 
✉�❢❛❝❡
 ✇❤✐❝❤ ❝♦♥✜♥❡ �❤❡ ✢✉✐❞✿ ❬�❤❡ ♠♦❧❡❝✉❧❡
❪ ❝❛♥ �❤❡♥ ✢♦✇ ❛❧♦♥❣ �❤❡
❡ 
✉�❢❛❝❡
✳ ■�

✐
 ��✉❡ �❤❛� ❛ ♣�♦♣♦
✐�✐♦♥ ✐
 ✐♥✈❡��❡❞ ❤❡�❡✱ ❛♥❞ �❤❡ ♣�♦✈❡❞ ♣�♦♣♦
✐�✐♦♥ ✐
 ❬❛
 ❢♦❧❧♦✇
❪✿ ❣✐✈❡♥

❛ ��❛❥❡❝�♦�②✱ �❤❡ ♣�❡

✉�❡ ❡①❡��❡❞ ❜② �❤❡ ♦✈❡� ✐♥❝✉♠❜❡♥� ✢✉✐❞ ✐
 ♥♦�♠❛❧ �♦ �❤❡ ❝✉�✈❡ ❛� ❡❛❝❤

♣♦✐♥�❀ �❤❡ ♣�♦♣♦
✐�✐♦♥ �❤❛� ✇❡ ✇❛♥� �♦ 
✉❣❣❡
� ✐
 ❬❛
 ❢♦❧❧♦✇
❪✿ ❣✐✈❡♥ ❛ ♣�❡

✉�❡ ❡①❡��❡❞ ♥♦�♠❛❧❧②

�♦ ❛ ✈❡✐❧ ♦� �♦ ❛ ✢✉✐❞ ❧✐♥❡✱ ✐♥ 
✉❝❤ ❛ ✈❡✐❧✱ ✐♥ 
✉❝❤ ❛ ❧✐♥❡ ❛ ��❛❥❡❝�♦�② ❝❛♥ ❡①✐
�✳ ◆♦✇ 
✉❝❤ ❛

��❛❥❡❝�♦�② ♠❛② ♥♦� ❡①✐
�✱ ❛
 ✇❡ 
❡❡ ❛� �❤❡ ❡�✉✐❧✐❜�✐✉♠✿ ❛♥❞ �❤❛� ✐
 ✇❤② ✐♥ ♠② ▼❡♠♦✐� ■ �❤♦✉❣❤�

■ ❤❛✈❡ �♦ ❛❞♠✐� �❤❛� 
♦♠❡�✐♠❡
 �❤❡ ✢✉✐❞ ❞♦❡
 ♥♦� ❣�❛③❡ �❤❡ 
♦❧✐❞ ✇❛❧❧✱ ❜✉� ✐� ❝�❡❛�❡
 ❜② ✐�
❡❧❢

�❤❡ 
✐❞❡ ♦� �❤❡ ❜♦��♦♠ ♦♥ ✇❤✐❝❤ ✐� ❝❛♥ 
❧✐❞❡✱ 
✐♥❝❡ ❛ ♣♦��✐♦♥ ♦❢ �❤❡ ✢✉✐❞ ❞❡♣♦
✐�
 �❤❛� �❡♠❛✐♥



�✐❧❧ ♦� �❛❦❡
 ♠♦✈❡♠❡♥�
 ❞❡�❛❝❤❡❞ ❢�♦♠ �❤❡ ♠♦�✐♦♥ ♦❢ �❤❡ ♠❛✐♥ ♠❛

✳

❚✇♦ ♦❜❥❡❝�✐♦♥
 ❛�❡ ♠❛❞❡ �♦ �❤❡ ❧❛✇ ♦❢ �❤❡ ♣❡�♠❛♥❡♥❝❡ ♦❢ �❤❡ ♠♦❧❡❝✉❧❡
 ♦♥ �❤❡ ✇❛❧❧
 ❛♥❞

♦♥ �❤❡ ❢�❡❡ 
✉�❢❛❝❡
✿ ✐� ✐
 ❣♦♦❞ �♦ �❛❦❡ ❡①❛♠✐♥❛�✐♦♥ ♦❢ �❤❡♠✳ ❲✐�❤ �❤❡ ❢♦�♠❡� ✐� ✐
 
❛✐❞✿ ✐♥

�❤❡ ❝✉��❡♥�
 �❤❡ ❢�❡❡ 
✉�❢❛❝❡ 
♦♠❡�✐♠❡
 ✇✐❞❡♥
✱ 
♦♠❡�✐♠❡
 ♥❛��♦✇
✱ ✐❢ �❤❡ ❞❡♥
✐�② ♦❢ �❤❡ ❧✐�✉✐❞

�❤❡�❡✐♥ ❛
 ❡✈❡�②✇❤❡�❡ ♠✉
� �❡♠❛✐♥ ❝♦♥
�❛♥�✱ ✐� ✐
 ♥❡❝❡

❛�② �❤❛� ✇❤❡♥ �❤❡ 
✉�❢❛❝❡ ✇✐❞❡♥
✱

♥❡✇ ♠♦❧❡❝✉❧❡
 ❤❛
�❡♥✱ ❛♥❞ ✇❤❡♥ ✐� 
❤�✐♥❦
✱ 
♦♠❡ ♦❢ �❤♦
❡ ✇❤♦ ✇❡�❡ �❤❡�❡✱ �❤❡② ❣♦ ✉♥❞❡� ❬�❤❡

♦�❤❡�
❪✳ ❊✈❡♥ ❣�❡❛�❡� ❛❝❝❡❧❡�❛�✐♦♥ ✐♥ 
♦♠❡ ♣❧❛❝❡ ♦❢ 
✉�❢❛❝❡✱ ❧♦✇❡� ✐♥ 
♦♠❡ ♦�❤❡� ♣❧❛❝❡✱ ❝❛♥ ♥♦�

❜❡ �❡❝♦♥❝✐❧❡❞ ✇✐�❤ �❤❡ ❝♦♥
�❛♥� ❞❡♥
✐�② ✇✐�❤♦✉� ♠♦❧❡❝✉❧❡
 �❤❛� ❝❛♥ ♦❝❝✉� ✐♥ �❤❡ ✜�
� ❝❛
❡ ❛♥❞

❞❡♣❛�� ✐♥ �❤❡ 
❡❝♦♥❞ ♦♥❡✳ ✖ ❚❤❡ ❛♥
✇❡� �♦ ❛❧❧ �❤❡
❡ ❞✐✣❝✉❧�✐❡
 ■ ❢❡❡❧ ✐� 
❤♦✉❧❞ ❜❡ ❧♦♦❦❡❞ ❢♦�

✐♥ �❤❡ ✜�
� ❝♦♥❝❡♣� �❤❛� ✇❡ ❢♦�♠❡❞ ❛� �❤❡ 
❡❝�✳ ✼✱ ❛♥❞ �❤❛� ✇❡ ❤❛✈❡ �❡❝❛❧❧❡❞ ✐♥ 
❡✈❡�❛❧ ♦�❤❡�

♣❧❛❝❡
✱ ❛❜♦✉� ❜❡✐♥❣ ♣❡�♠✐

✐❜❧❡ �♦ ♥❡❣❧❡❝� �❡�♠
 ♠✉❧�✐♣❧✐❡❞ ❜② �❤❡ ♠♦❧❡❝✉❧❛� ❞✐
�❛♥❝❡ σ✱ ✐♥

❝♦♠♣❛�✐
♦♥ �♦ �❤♦
❡ ✇❤✐❝❤ ❤❛✈❡ ♥♦�



✶✹✹
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

✉♥ �❛❧ ❢❛��♦
❡✳ ❙❡ �❡
♠✐♥✐ ❝♦♠❡ �✉❡��✐ ♣♦��♦♥♦ �❡♥③❛ ❡

♦
❡ ❡��❡
❡ �
❛�❝✉
❛�✐✱ ♣♦��♦♥♦ ❡��❡
❡

�❡♥③❛ ❡

♦
❡ ❛♥❝❤❡ ❛❣❣✐✉♥�✐ ♣♦�✐�✐✈❛♠❡♥�❡ ♦ ♥❡❣❛�✐✈❛♠❡♥�❡✳ ■♦ �❡♥❣♦ �✉✐♥❞✐ ♣❡
 ❢❡
♠♦ ❝❤❡ �✐❛

❧❡❝✐�♦ ❝♦♥�✐❞❡
❛
❡ ❝♦♠❡ ❡�✐��❡♥�✐ ❛❧❧❛ �✉♣❡
✜❝✐❡✱ ♥♦♥ ♣
♦♣
✐♦ �♦❧❛♠❡♥�❡ ❧❡ ♠♦❧❡❝♦❧❡ ❝♦♠♣♦♥❡♥�✐ ✐❧

♣
✐♠♦ ✈❡❧♦ ✢✉✐❞♦✱ ♠❛ ❛♥❝❤❡ �✉❡❧❧❡ ❞✐ ✈❡❧✐ �♦��♦♣♦��✐ ❛ ❞✐��❛♥③❡ ❡�✉✐✈❛❧❡♥�✐ ❛❞ ✉♥❛✱ ❞✉❡✱ ♣✐� ✈♦❧�❡

❧✬✐♥�❡
✈❛❧❧♦ ♠♦❧❡❝♦❧❛
❡ σ✱ ♥♦♥ ♣❡
� ♣
❡�♦ ✉♥ �❛❧ ♥✉♠❡
♦ ❞✐ ✈♦❧�❡ ❞❛ 
❡♥❞❡
❡ ❞❡��❡ ❞✐��❛♥③❡ ✜♥✐�❡

❡ �❡♥�✐❜✐❧✐✳ ■♥❢❛��✐ ❧❡ ❡�✉❛③✐♦♥✐ ❞❡❧ ♠♦�♦ ♣❡
 �✉❡��✐ ✈❡❧✐ �♦��♦♣♦��✐ ♥♦♥ ❞✐✛❡
✐�❝♦♥♦ ❞❛ �✉❡❧❧❡ ♣❡❧

♠♦�♦ ❞❡❧ ♣
✐♠♦ ✈❡❧♦✱ �❡ ♥♦♥ ♣❡
❝❤" ❧❡ x, y, z �♣❡��❛♥�✐ ❛❧ ❞❡��♦ ✈❡❧♦ �✉♣
❡♠♦ ❤❛♥♥♦ ❛✉♠❡♥�✐

♣♦�✐�✐✈✐ ♦ ♥❡❣❛�✐✈✐ ❝♦♥ �✉❡❧ ❢❛��♦
❡ ♣✐❝❝♦❧✐��✐♠♦ σ ✿ �✈♦❧❣❛♥�✐ ✐♥ �❡
✐❡ ✐ �❡
♠✐♥✐ ❝♦♠♣♦♥❡♥�✐ �❛❧✐

❡�✉❛③✐♦♥✐ �❡❝♦♥❞♦ ❧❡ ♣♦�❡♥③❡ ❞❡✐ ❞❡��✐ ❛✉♠❡♥�✐✱ ❡ �
❛�❝✉
❛♥❞♦ ✭❝♦♠❡ " ❣✐% ❛♠♠❡��♦✮ �✉��❛ ❧❛

♣❛
�❡ ♠♦❧�✐♣❧✐❝❛�❛ ♣❡
 σ✱ ❧❡ ❡�✉❛③✐♦♥✐ ✜❣✉
❡
❛♥♥♦ ❝♦♠❡ ❛♣♣❛
�❡♥❡♥�✐ ❛❧ ♣
✐♠♦ ✈❡❧♦✱ ♠❡♥�
❡ ✐♥

✈❡
✐�% ❛♣♣❛
�❡♥❣♦♥♦ ❛ ✈❡❧✐ �♦��♦♣♦��✐✳ ❘✐�❡♥✉�❡ ❝♦♠❡ �♣❡��❛♥�✐ ❛❧❧❛ �✉♣❡
✜❝✐❡ �✉♣
❡♠❛ ❛♥❝❤❡

♠♦❧❡❝♦❧❡ ❝❤❡ ♥❡ ��❛♥♥♦ ❛❧ ❞✐ �♦��♦ ♣❡
 ❞✐��❛♥③❡ ♥♦♥ ✜♥✐�❡✱ ♣♦��✐❛♠♦ ❞✐�♣♦

❡ ❞✐ ✉♥♦ �♣❡��♦
❡

�✉❛❧❡ ❝✐ ❛❜❜✐�♦❣♥❛ ❛ ✜♥❡ ❞✐ ❝❛✈❛
♥❡ ♦ ❞✐ 
✐�✐
❛
✈✐ ❧❡ ♠♦❧❡❝♦❧❡ ❞✐ ❝✉✐ ♣❛
❧❛�✐ ♥❡❧❧❡ ❛❞❞♦��❡

❞✐✣❝♦❧�% ♦ ✐♥ ❛❧�
❡ �✐♠✐❧✐✳ ❈♦�* ❧❛ ❞❡♥�✐�% �✉♣❡
✜❝✐❛❧❡✱ �❡ ✈✉♦❧�✐ ❝♦♥�✐❞❡
❛
❡ ❢
❛ ❧❡ ♠♦❧❡❝♦❧❡

❝♦��✐�✉❡♥�✐ ✐❧ �♦❧♦ ✈❡❧♦ 
✐❣♦
♦�❛♠❡♥�❡ �✉♣
❡♠♦✱ ♣✉� ♥♦♥ ❡��❡
❡ ❝♦��❛♥�❡ ✿ �❛
% ❝♦��❛♥�❡ ❝♦♠❡


✐�✉❧�❛�♦ ❛ ♣
♦❞✉

❡ ✐❧ �✉❛❧❡ ❡♥�
❛♥♦ ❛♥❝❤❡ ♠♦❧❡❝♦❧❡ ❛♣♣❛
�❡♥❡♥�✐ ❛ ✈❡❧✐ �♦��♦♣♦��✐✳ ❈♦�* ❧❡

♠♦❧❡❝♦❧❡ ✐♥ ✉♥❛ �
❛❥❡��♦
✐❛ ♣♦��♦♥♦ ❞✐
❛❞❛
�✐✱ ✐❧ ❝❤❡ ❛♥③✐ ✐♦ ❤♦ ♣
♦✈❛�♦ ❛ ✈❡♥✐
❡ ✐♥ ❝❛�✐ ❞✐ ♠♦�♦

❝♦♥♦�❝✐✉�♦ ✭❱❡❞✐ ❧❛ ♣
✐♠❛ ❞❡❧❧❡ ▼❡♠♦
✐❡ �♦♣
❛❝✐�❛�❡ ❛✐ ♥✉♠❡
✐ ✼✱ ✷✶✮ ✱ ❡ ♥♦♥ ❞✐ ♠❡♥♦ ❧❛ ❞❡♥�✐�%

❡��❡
❡ ❝♦��❛♥�❡✱ �✉♣♣❧❡♥❞♦ ♥❡❣❧✬✐♥�❡
✈❛❧❧✐ ♠♦❧❡❝♦❧❡ ♣
❡�❡ ❞❛ �
❛❥❡��♦
✐❡ ❝♦♥�✐❣✉❡✳ ✕ ❘❛♣♣♦
�♦

❛❧❧❡ ❞❡♥�✐�% ❧✐♥❡❛
❡ ❡ �✉♣❡
✜❝✐❛❧❡✱ ❤♦ ❡�❡❣✉✐�♦ ✉♥ ❧✉♥❣♦ ❝❛❧❝♦❧♦ ❞❡❧ �✉❛❧❡ 
✐�♣❛
♠✐❡
� ❧❛ ♣❡♥❛ ❛✐

♠✐❡✐ ❧❡��♦
✐✱ ❡�♣♦♥❡♥❞♦♥❡ �♦❧♦ ��♦
✐❝❛♠❡♥�❡ ✐❧ 
✐�✉❧�❛�♦✳ ◆♦✐ ❝♦♥♦�❝✐❛♠♦ ❧❡ ❡�♣
❡��✐♦♥✐ ❞✐ �✉❡��❡

❞❡♥�✐�% ✭❈❛♣♦ ■✳ ♥✉♠❡
✐ ✶✶✱ ✶✷✳✮ ❡ ❧❡ ❡�✉❛③✐♦♥✐ ❞❡❧❧❛ ❝♦♥�✐♥✉✐�% ❝❤❡ ♥❡ �♦♥♦ ❝♦♥�❡❣✉❡♥③❡ ✭✐✈✐

♥✉♠✳◦ ✶✺✳✮ ✳ ❙❡ �❛❧✐ ❞❡♥�✐�% 
✐♠❛♥❡��❡
♦ ❡�❛��❛♠❡♥�❡ ❝♦��❛♥�✐✱ ♣♦�
❡♠♠♦ ♠❡��❡
❡ ❛ ♣
♦✜��♦

✶✹✹
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

�✉❝❤ ❛ ❢❛❝�♦
✳ ■❢ �❡
♠� �✉❝❤ ❛� �❤❡�❡ ❝❛♥ ❜❡ ♥❡❣❧❡❝�❡❞ ✇✐�❤♦✉� ❡

♦
✱ �❤❡② ❝❛♥ ❜❡ ❛❧�♦ ❛❞❞❡❞

♣♦�✐�✐✈❡❧② ♦
 ♥❡❣❛�✐✈❡❧② ✇✐�❤♦✉� ❡

♦
✳ ❚❤❡♥ ■ ❤♦❧❞ ✐� ❢♦
 ❝❡
�❛✐♥ �❤❛� ✐� ✐� ♣❡
♠✐��✐❜❧❡ �♦ ❝♦♥�✐❞❡


❤♦✇ ❡①✐��✐♥❣ ❛� �❤❡ �✉
❢❛❝❡✱ ♥♦� 
❡❛❧❧② ♦♥❧② �❤❡ ♠♦❧❡❝✉❧❡� ❝♦♥��✐�✉�✐♥❣ �❤❡ ✜
�� ✢✉✐❞ ✈❡✐❧✱ ❜✉�

❛❧�♦ �❤♦�❡ ♦❢ ❧♦✇❡
 ✈❡✐❧� ❛� ❞✐��❛♥❝❡� ❡�✉✐✈❛❧❡♥� �♦ ♦♥❡✱ �✇♦✱ �❡✈❡
❛❧ �✐♠❡� �❤❡ ♠♦❧❡❝✉❧❛
 
❛♥❣❡

σ✱ ♥♦�✱ ❤♦✇❡✈❡
✱ �❛❦❡♥ ❛ ♥✉♠❜❡
 ♦❢ �✐♠❡� �♦ ❛� �♦ ♠❛❦❡ �❤❡�❡ ❞✐��❛♥❝❡� ✜♥✐�❡ ❛♥❞ �✐❣♥✐✜❝❛♥�✳

■♥ ❢❛❝�✱ �❤❡ ❡�✉❛�✐♦♥� ♦❢ ♠♦�✐♦♥ ❢♦
 �❤❡�❡ ❧♦✇❡
 ✈❡✐❧� ❛
❡ ♥♦� ❞✐✛❡
❡♥� ❢
♦♠ �❤♦�❡ ❬❡�✉❛�✐♦♥�❪

❢♦
 �❤❡ ♠♦�✐♦♥ ♦❢ �❤❡ ✜
�� ✈❡✐❧✱ ✐❢ ♥♦� ❜❡❝❛✉�❡ �❤❡ x✱ y✱ z ♣❡
�✐♥❡♥� �♦ �❤❡ �❛✐❞ ✉♣♣❡
 ✈❡✐❧ ❤❛✈❡

♣♦�✐�✐✈❡ ♦
 ♥❡❣❛�✐✈❡ ✐♥❝
❡♠❡♥�� ✇✐�❤ �❤❛� ✈❡
② �♠❛❧❧ ❢❛❝�♦
 σ✿ ❧❡� ✉� ❞❡✈❡❧♦♣ ✐♥ �❡
✐❡� �❤❡ �❡
♠�

❝♦♠♣♦�✐♥❣ �✉❝❤ ❡�✉❛�✐♦♥� ❛❝❝♦
❞✐♥❣ �♦ �❤❡ ♣♦✇❡
� ♦❢ �❛✐❞ ✐♥❝
❡♠❡♥��✱ ❛♥❞ ♥❡❣❧❡❝�✐♥❣ ✭❛� ✐� ❤❛�

❛❧
❡❛❞② ❛❞♠✐��❡❞✮ �❤❡ ✇❤♦❧❡ ♣❛
� ♠✉❧�✐♣❧✐❡❞ ❜② σ✱ �❤❡ ❡�✉❛�✐♦♥� ✇✐❧❧ ❜❡ 
❡�❛✐♥❡❞ ❛� ❜❡❧♦♥❣✐♥❣

�♦ �❤❡ ✜
�� ✈❡✐❧✱ ✇❤✐❧❡ ✐♥❞❡❡❞ �❤❡② ❜❡❧♦♥❣ �♦ ❧♦✇❡
 ✈❡✐❧� �✉❜♠✐��❡❞✳ ❙✐♥❝❡ ❛❧�♦ ♠♦❧❡❝✉❧❡� �❤❛�

❛
❡ ❜❡❧♦✇ �❤❡ ✉♣♣❡
♠♦�� �✉
❢❛❝❡� ❛� ♥♦� ✜♥✐�❡ ❞✐��❛♥❝❡�✱ ❛
❡ ❞❡❡♠❡❞ ❛� ❜❡❧♦♥❣✐♥❣ �♦ ✐�✱ ✇❡

❝❛♥ ❤❛✈❡ ❛ �❤✐❝❦♥❡�� ✇❤✐❝❤ ✇❡ ♥❡❡❞ ✐♥ ♦
❞❡
 �♦ ❡①�
❛❝� ♦
 ❣❡� ♦♥�♦ �❤❡ ♠♦❧❡❝✉❧❡� ♦❢ ✇❤✐❝❤ ✇❡

�♣❡❛❦ ✐♥ �❤❡ ❛❧❧❡❣❡❞ ♦
 �✐♠✐❧❛
 ❞✐✣❝✉❧�✐❡�✳ ❚❤✉�✱ �❤❡ �✉
❢❛❝❡ ❞❡♥�✐�②✱ ✐❢ ✇❡ ✇❛♥� �♦ ❝♦♥�✐❞❡


❬✐�❪ ❛♠♦♥❣ �❤❡ ♠♦❧❡❝✉❧❡� ✇❤✐❝❤ ♠❛❦❡ ✉♣ ♦♥❧② �❤❡ ��
✐❝�❧② ✉♣♣❡
♠♦�� ✈❡✐❧✱ ❝❛♥ ♥♦� ❜❡ ❝♦♥��❛♥�✿

✐� ✇✐❧❧ ❜❡ ❝♦♥��❛♥� ✐❢ ❛❧�♦ �❤❡ ❝♦♥�
✐❜✉�✐♦♥� ♦❢ ♠♦❧❡❝✉❧❡� ❜❡❧♦♥❣✐♥❣ �♦ ❧♦✇❡
 ✈❡✐❧� ✐� ❛❝❝♦✉♥�❡❞

❢♦
 �♦ ♣
♦❞✉❝❡ �❤✐� 
❡�✉❧�✳ ❙♦ �❤❡ ♠♦❧❡❝✉❧❡� ✐♥ ❛ �
❛❥❡❝�♦
② ❝❛♥ �❤✐♥ ♦✉�✱ ✇❤❛� ■ �
✐❡❞ �♦ ♦❝❝✉


✐♥ ❝❛�❡� ♦❢ ❦♥♦✇♥ ♠♦�✐♦♥ ✭❙❡❡ �❤❡ ✜
�� ♦❢ �❤❡ ▼❡♠♦
✐❡� ♠❡♥�✐♦♥❡❞ ❛� �❡❝�✐♦♥� ✼✱ ✷✶✮✱ ❛♥❞

♥❡✈❡
�❤❡❧❡�� ❬■ �
✐❡❞❪ �❤❡ ❞❡♥�✐�② �♦ ❜❡ ❝♦♥��❛♥�✱ �✐♥❝❡ ♠♦❧❡❝✉❧❡� �❛❦❡♥ ✐♥ �❤❡ ✐♥�❡
✈❛❧� ❢
♦♠

♥❡❛
❜② �
❛❥❡❝�♦
✐❡� ❛
❡ ❝♦♠♣❡♥�❛�✐♥❣✳ ✖ ■♥ 
❡❧❛�✐♦♥ �♦ �❤❡ ❧✐♥❡❛
 ❛♥❞ �✉♣❡
✜❝✐❛❧ ❞❡♥�✐�②✱ ■ 
❛♥

❛ ❧♦♥❣ ❝❛❧❝✉❧❛�✐♦♥ ✇❤✐❝❤ ✐� ✐� ✇♦
�❤ �♦ �♣❛
❡ ♠② 
❡❛❞❡
�✱ ❡①♣♦�✐♥❣ ♦♥❧② ❤✐��♦
✐❝❛❧❧② �❤❡ 
❡�✉❧�

♦❢ ✐�✳ ❲❡ ❦♥♦✇ �❤❡ ❡①♣
❡��✐♦♥� ♦❢ �❤❡�❡ ❞❡♥�✐�✐❡� ✭❈❛♣♦ ■ �❡❝�✐♦♥� ✶✶✱ ✶✷✮ ❛♥❞ �❤❡ ❡�✉❛�✐♦♥� ♦❢

�❤❡ ❝♦♥�✐♥✉✐�② �❤❛� ❛
❡ ❝♦♥�❡�✉❡♥❝❡� ♦❢ �❤❡♠ ✭✐❜✐❞✳ �❡❝�✳ ✶✺✮✳ ■❢ �❤❡�❡ ❞❡♥�✐�✐❡� 
❡♠❛✐♥ ❡①❛❝�❧②

❝♦♥��❛♥�✱ ✇❡ ❝♦✉❧❞ ❝❛♣✐�❛❧✐③❡ �❤❡ ❝♦

❡�♣♦♥❞✐♥❣ ❡�✉❛�✐♦♥� ♦❢ �❤❡ ❝♦♥�✐♥✉✐�②✱



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✹✺

❧❡ ❝♦��✐
♣♦♥❞❡♥�✐ ❡�✉❛③✐♦♥✐ ❞❡❧❧❛ ❝♦♥�✐♥✉✐��✱ ❝♦♠❡ 
✐ ❢❛ ❞❡❧❧✬❛❧��❛ ✭✸✹✮ ♥✉♠✳◦ ✶✹✳✱ ❡ ❝♦
� ❝❛✈❛�❡

♥✉♦✈❡ ❡�✉❛③✐♦♥✐ ❝❤❡ 
✐ ✈❡�✐✜❝❤❡�❡❜❜❡�♦ ❛✐ ❧✐♠✐�✐ ❞❡❧ ❧✐�✉✐❞♦✳ ▲✬❤♦ ❢❛��♦ ✿ ❡ ♠✐ # �✐
✉❧�❛�♦ ❝❤❡

❝♦♥�❡♠♣❧❛♥❞♦ ❛♥❝❤❡ 
� ❢❛��❡ ❡�✉❛③✐♦♥✐✱ ❧❡ ��❛❥❡��♦�✐❡ ✈❡��❡❜❜❡�♦ �❡��✐❧✐♥❡❡ ✿ ♣�♦✈❛ ♠❛♥✐❢❡
�❛ ❝❤❡

�✉❡❧❧❡ ❞❡♥
✐�� ❝♦♥
✐❞❡�❛�❡ ✐♥ ✉♥❛ 
♦❧❛ ❧✐♥❡❛ ❣❡♦♠❡��✐❝❛✱ ♦ ✐♥ ✉♥❛ 
♦❧❛ 
✉♣❡�✜❝✐❡ ♠❛�❡♠❛�✐❝❛✱

♥♦♥ 
♦♥♦ ❝♦
�❛♥�✐✳

▲❛ 
❡❝♦♥❞❛ ♦❜❜❥❡③✐♦♥❡ # ❧❛ 
❡❣✉❡♥�❡✳ ▲❛❣�❛♥❣❡ ♣❡❧ ♣�✐♠♦ ✭ ▼✳a ❆✳a ❚✳ ■■✳ ♣❛❣✳ ✷✾✽✳✮ ❡ ♣♦✐

❛❧��✐ ❤❛♥♥♦ �✐❝♦♥♦
❝✐✉�♦ ❝❤❡ ♥❡❧❧✬❡✤✉

♦ ❞❡❧❧✬❛❝�✉❛ ❞❛ ✈❛
✐ ❝❤❡ 
✐ ✈✉♦�❛♥♦✱ 
✐ ❞❛♥♥♦ ❞❡✐ ❝❛
✐
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✉♣❡�✜❝✐❡

❧✐❜❡�❡ ♥♦♥ ♣✉. ❛
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♥❛�✉�❛ ❞✐ �✉❡❧❧✐ ❞✐ ❝✉✐ ♣✐0 
♦♣�❛ ❛❜❜✐❛♠♦ ❢❛��♦ ♣❛�♦❧❛✱ ❡ ❝❤❡ ❞❡❜❜♦♥
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��❛��❛�❛ ✿ ❧❛ �✉❡
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❝�✐��❛✳ ❉✐ ❢❛��✐
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❝❡♥�❡✳ ❙✐ ❢❛��❡ �✐❝❡�❝❤❡ 
❡♠❜�❛♥♦ ❛ ♣�✐♠❛ ❣✐✉♥�❛ ♣✐✉��♦
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✐♥ ✇❤✐❝❤ ✐� ✐
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♣❧❛❝❡♠❡♥�
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✐❞❡�❡❞
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♣♦��❛♥♦ ❛��♦❣❣❡		❛�❡ ✿ ♥❡❣❧✐ ✐♥	❡❣�❛❧✐ ❞❡✜♥✐	✐ ❝♦♠♣♦♥❡♥	✐ ❧❡ ❡�✉❛③✐♦♥✐ ❣❡♥❡�❛❧✐ �❝�✐		❡ ♥❡❧ ❈❛♣♦

■■✳ ❞✐ �✉❡�	❛ ▼❡♠♦�✐❛✱ ✐ ❧✐♠✐	✐ ✐♥✈❡❝❡ ❞✐ ❡��❡�❡ ❝♦�	❛♥	✐✱ �❛�❛♥♥♦ ✈❛�✐❛❜✐❧✐ ❡ ❢✉♥③✐♦♥✐ ❞❡❧ 	❡♠♣♦✳

■♥	❛♥	♦ ♣❡�# �✉❡�	❛ ▼❡❝❝❛♥✐❝❛ ♥♦♥ � ❛♥❝♦� ❢❛		❛ ✿ ❡ ❝♦�$ ❡��❡♥❞♦ ❧❡ ❝♦�❡✱ ♥♦♥ ♣❛�♠✐ ✜❧♦�♦✜❝♦

♠✉♦✈❡�❡ ❞✐✣❝♦❧	& ❝♦♥	�♦ ❧❛ ▼❡❝❝❛♥✐❝❛ ♦�❞✐♥❛�✐❛✱ ❞❡�✉♠❡♥❞♦❧❡ ❞❛ �✉❡�	✐♦♥✐ ❝❤❡ �♦♥♦ ❢✉♦�✐ ❞❡❧

�✉♦ ❞♦♠✐♥✐♦
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❉❡❧ ♠♦✈✐♠❡♥	♦ ❞✐ ✉♥ ❝♦
♣♦ �✉❛❧✉♥�✉❡

❣✐✉�	❛ ❧❡ ✐❞❡❡ ❞❡✬ ♠♦❞❡
♥✐ ✐♥	♦
♥♦ ❛❧❧❡ ❛③✐♦♥✐ ♠♦❧❡❝♦❧❛
✐✳

❙✐ � ❞❡		♦ �✉❧ ♣�✐♥❝✐♣✐♦ ❞❡❧ ❈❛♣♦ ■❱✳ ❡��❡�✈✐ ❞✉❡ ♠❛♥✐❡�❡ ♣❡� ♠❡		❡�❡ ❛ ❝❛❧❝♦❧♦ ♥❡❧❧❛

❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ❞❡❧ ♠♦	♦ ❞✐ ✉♥ �✉❛❧✉♥�✉❡ ❝♦�♣♦ ❧✬❡✛❡		♦ ❞❡✐ ✈✐♥❝♦❧✐ ❢�❛ ❧❡ �✉❡ ♠♦❧❡❝♦❧❡

♣�♦❞♦		✐ ❞❛❧❧❡ ❢♦�③❡ ✐♥	❡�♥❡✳ ❯♥❛ ♠❛♥✐❡�❛ ❡�❛ �✉❡❧❧❛ ❞✐ ❡�♣�✐♠❡�❡ 	❛❧✐ ❡✛❡		✐ ♣❡� ♠❡③③♦ ❞✐

❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡✱ ❡ �✉✐♥❞✐ ♣❡� ♠❡③③♦ ❞❡❧❧❛ 	❡�③❛ ♣❛�	❡ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧✐��✐♠❛ ✭✶✮ ❞❡❧

♥✉♠◦✳✶✻✳ ✿ ❛ �✉❡�	❛ ❝✐ �✐❛♠♦ ❛		❡♥✉	✐ ♥❡✐ ❞✉❡ ❈❛♣✐	♦❧✐ ♣�❡❝❡❞❡♥	✐✳ ▲✬❛❧	�❛ ❡�❛ ❞✐ ❝♦♥	❡♠♣❧❛�❡✱

❣✐✉�	❛ ❧❡ ✐❞❡❡ ❞❡✬ ♠♦❞❡�♥✐✱ ❧❡ ❛③✐♦♥✐ ♠♦❧❡❝♦❧❛�✐ �❡�✈❡♥❞♦❝✐ ❞❡❧❧❛ �❡❝♦♥❞❛ ♣❛�	❡ ❞❡❧❧✬❡�✉❛③✐♦♥❡

✭✶✮ �✉♠♠❡♥	♦✈❛	❛✱ ♦✈❡ �✐ ❝♦♠♣�❡♥❞♦♥♦ 	✉		✐ ✐ 	❡�♠✐♥✐ ✐♥	�♦❞♦		✐ ❞❛ ❢♦�③❡ ✐♥	❡�♥❡ ❛		✐✈❡ ✿ ❞✐

�✉❡�	❛ ❢❛�# ♦�❛ �✉❛❧❝❤❡ ♣❛�♦❧❛✳ ❈✐# 	❛♥	♦ ♣✐2 ✈♦❧❡♥	✐❡�✐ ✐♥ �✉❛♥	♦ ✈❡❞�❡♠♦ ❝❤❡ ❧❡ ❞✉❡ ♠❛♥✐❡�❡

❝♦♥❞✉❝♦♥♦ ❛✐ ♠❡❞❡�✐♠✐ �✐�✉❧	❛♠❡♥	✐ ♣❡� �✉❡❧❧❛ ♣❛�	❡ ❞❡❧❧❛ �♦❧✉③✐♦♥❡ ❝❤❡ � ❧❛ ♣✐2 ✐♠♣♦�	❛♥	❡

❡ ❢♦♥❞❛♠❡♥	❛❧❡ ✭ ❛❝❝♦�❞♦ ❝❤❡ ❛❧ ❝❡�	♦ �✐❡�❝❡ ♠♦❧	♦ ❝♦♥❢♦�	❛♥	❡ ✮ ✿ ❡ ♣❡� �✉❛❧❝❤❡ ❛❧	�❛ ♣❛�	❡

�✐ ✐❧❧✉♠✐♥❛♥♦ ❡ �✐ ❝♦♠♣❧❡	❛♥♦ ❛ ✈✐❝❡♥❞❛✱ �$ ❝❤❡ ❞✐✈❡♥	❛ ❢❛❝✐❧❡ ♥❡❧❧✬✉♥❛ ❝✐# ❝❤❡ � ❝♦♠♣❧✐❝❛	♦ ❡

❞✐✣❝✐❧❡ ♥❡❧❧✬❛❧	�❛✳

✶✹✻
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡	❝✳

❛♥❞ ❝♦♥	✐♥✉♦✉�❧② ❞❡❝�❡❛�✐♥❣✳ ■♥ 	❤❡ ❝❛�❡ ♦❢ ❛ ❝✉��❡♥	 ❝♦♥	✐♥✉♦✉�❧② ✐♥❝�❡❛�❡❞ ❜② �❡✇❛❣❡ 	�✐❜✉✲

	❛�✐❡� ❢�♦♠ 	❤❡ ❜❛♥❦�✱ 	❤❡ ♠❛�� ✐♥�	❡❛❞ ✇♦✉❧❞ ❜❡ ✈❛�✐❛❜❧❡ ❜❡❝❛✉�❡ ♦❢ ✐♥❝�❡❛�❡✳ ■ ❞♦ ♥♦	 ❜❡❧✐❡✈❡

	❤❛	 	❤❡ ♣�♦❜❧❡♠� ♦❢ 	❤✐� ♥❛	✉�❡ ❝❛♥ ♥♦	 ❜❡ ♦✈❡�❝♦♠❡ ❜② 	❤❡ ♣♦✇❡� ♦❢ 	❤❡ ❝❛❧❝✉❧❛	✐♦♥✿ ✐♥❞❡❡❞

■ 	❤✐♥❦ 	❤❡② ❝❛♥ ❜❡ 	❛♠❡❞✿ ✐♥ 	❤❡ ❞❡✜♥✐	❡ ✐♥	❡❣�❛❧ ❝♦♠♣♦�✐♥❣ 	❤❡ ❣❡♥❡�❛❧ ❡�✉❛	✐♦♥� ✇�✐		❡♥ ✐♥

	❤❡ ❈❛♣♦ ■■ ♦❢ 	❤✐� ▼❡♠♦✐�✱ 	❤❡ ❧✐♠✐	�✱ ✐♥�	❡❛❞ ♦❢ ❜❡✐♥❣ ❝♦♥�	❛♥	�✱ ✇✐❧❧ ❜❡ ✈❛�✐❛❜❧❡ ❛♥❞ ❢✉♥❝	✐♦♥�

♦❢ 	❤❡ 	✐♠❡✳ ▼❡❛♥✇❤✐❧❡✱ ❤♦✇❡✈❡�✱ 	❤✐� ▼❡❝❤❛♥✐❝� ✐� ♥♦	 ②❡	 ❞♦♥❡✿ ❛♥❞ 	❤❡ 	❤✐♥❣� ❜❡✐♥❣ �♦✱ ■

❞♦ ♥♦	 	❤✐♥❦ ❛♣♣�♦♣�✐❛	❡ 	♦ ♠♦✈❡ ❞✐✣❝✉❧	② ❛❣❛✐♥�	 	❤❡ ♦�❞✐♥❛�② ▼❡❝❤❛♥✐❝�✱ ❞❡❞✉❝✐♥❣ ❬	❤❡♠❪

❢�♦♠ ♠❛		❡�� 	❤❛	 ❛�❡ ♦✉	�✐❞❡ ✐	� ❞♦♠❛✐♥✳
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❖♥ 	❤❡ ♠♦	✐♦♥ ♦❢ ❛ ❣❡♥❡
✐❝ ❬❞❡❢♦
♠❛❜❧❡❪ ❜♦❞②

❢♦❧❧♦✇✐♥❣ 	❤❡ ✐❞❡❛� ♦❢ 	❤❡ ♠♦❞❡
♥ �❝✐❡♥	✐�	� ❛❜♦✉	 	❤❡ ♠♦❧❡❝✉❧❛
 ❛❝	✐♦♥�

❆	 	❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❈❛♣♦ ■❱ ✐	 ✇❛� �❛✐❞ 	❤❛	 	❤❡�❡ ❛�❡ 	✇♦ ✇❛②� ❢♦� 	❛❦✐♥❣ ✐♥	♦ ❛❝❝♦✉♥	 ✲✐♥

	❤❡ ❣❡♥❡�❛❧ ❡�✉❛	✐♦♥ ♦❢ ♠♦	✐♦♥ ♦❢ ❛ ❣❡♥❡�✐❝ ❜♦❞②✲ 	❤❡ ❡✛❡❝	 ♦❢ 	❤❡ ❝♦♥�	�❛✐♥	� ❡�	❛❜❧✐�❤❡❞ ❛♠♦♥❣

✐	� ♠♦❧❡❝✉❧❡� ❜② ✐♥	❡�♥❛❧ ❢♦�❝❡� ❆ ❬✜��	 ❪ ✇❛② ✇❤✐❝❤ ✇❛� ✐♥	�♦❞✉❝❡❞ ❝♦♥�✐�	❡❞ ✐♥ ❡①♣�❡��✐♥❣ �✉❝❤

❡✛❡❝	� ❜② ♠❡❛♥� ♦❢ ❡�✉❛	✐♦♥� ♦❢ ❝♦♥❞✐	✐♦♥✱ ❛♥❞ 	❤❡�❡❢♦�❡ ❜② ♠❡❛♥� ♦❢ 	❤❡ 	❤✐�❞ ♣❛�	 ♦❢ 	❤❡ ♠♦�	

❣❡♥❡�❛❧ ❡�✉❛	✐♦♥ ✭✶✮ ✐♥ �❡❝	✳ ✶✻✿ 	❤✐� ✇❛� 	❤❡ ✇❛② ✇❤✐❝❤ ✇❡ ✉�❡❞ ✐♥ 	❤❡ ♣�❡❝❡❞✐♥❣ 	✇♦ ❈❤❛♣	❡��✳

❆ �❡❝♦♥❞ ✇❛② ❝♦♥�✐�	❡❞ ✐♥ ❝♦♥�✐❞❡�✐♥❣ ✲❢♦❧❧♦✇✐♥❣ 	❤❡ ✐❞❡❛� ♦❢ ♠♦❞❡�♥ �❝✐❡♥	✐�	�✲ 	❤❡ ♠♦❧❡❝✉❧❛�

❛❝	✐♦♥� ❜② ♠❛❦✐♥❣ ✉�❡ ♦❢ 	❤❡ �❡❝♦♥❞ ♣❛�	 ♦❢ 	❤❡ ❛❢♦�❡♠❡♥	✐♦♥❡❞ ❡�✉❛	✐♦♥ ✭✶✮✱ ✇❤❡�❡ ❛�❡ 	♦ ❜❡

✐♥❝❧✉❞❡❞ ❛❧❧ 	❤❡ 	❡�♠� ✐♥	�♦❞✉❝❡❞ ❜② ✐♥	❡�♥❛❧ ❛❝	✐✈❡ ❢♦�❝❡�✿ ■ ✇✐❧❧ ❞✐�❝✉�� ♥♦✇ ❛❜♦✉	 	❤✐� �❡❝♦♥❞

✇❛②✳ ❚❤✐� ❡✛♦�	 ✇✐❧❧ ❜❡ ♣❡�❢♦�♠❡❞ ❛❧�♦ ❜❡❝❛✉�❡ ✇❡ ✇✐❧❧ �❡❡ 	❤❛	 	❤❡ 	✇♦ ❞✐✛❡�❡♥	 ✇❛②� ❛❝	✉❛❧❧②

❧❡❛❞ 	♦ 	❤❡ �❛♠❡ �❡�✉❧	� ❛	 ❧❡❛�	 ❢♦� 	❤❛	 ♣❛�	 ♦❢ 	❤❡ �♦❧✉	✐♦♥ ✇❤✐❝❤ ✐� 	❤❡ ♠♦�	 ✐♠♣♦�	❛♥	 ❛♥❞

❢✉♥❞❛♠❡♥	❛❧ ✭❛♥❞ 	❤✐� ❛❣�❡❡♠❡♥	 ✐� �❡❛❧❧② ✈❡�② �❡❛��✉�✐♥❣✮✿ ♦♥ 	❤❡ ♦	❤❡� ❤❛♥❞✱ ✐	 ❤❛� 	♦ ❜❡

�❡♠❛�❦❡❞ 	❤❛	 	❤❡ 	✇♦ �❛✐❞ ✇❛②� ❛�❡ ❝♦♠♣❧❡	✐♥❣ ❡❛❝❤ ♦	❤❡�✱ ❛♥❞ ♦♥❡ �❤❡❞� ❧✐❣❤	 ♦♥ 	❤❡ ♦	❤❡�

�♦ 	❤❛	 ✇❤❛	 ✇❛� ❝♦♠♣❧✐❝❛	❡❞ ❛♥❞ ❞✐✣❝✉❧	 ✐♥ ♦♥❡ ✇❛② ❜❡❝♦♠❡� ❡❛�② ✐♥ 	❤❡ ♦	❤❡� ♦♥❡✳



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✹✼

✼✶✳ ❘✐❝❤✐❛♠❛♥❞♦ �✉❛♥�♦ �✐ � ❞❡��♦ ❛✐ ♥✉♠❡�✐ ✸✶✱✸✷✳ ♣❡� ❢❛� ✈❡❞❡�❡ ❝♦♠❡ ♥❡❧ ❝❛�♦ ❞❡✐ �✐��❡♠✐

❛ ��❡ ❞✐♠❡♥�✐♦♥✐ ❧❛ ♣�✐♠❛ ♣❛��❡ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✮ ♥✉♠◦✳✶✻✳ ✱ ❞♦✈✉�❛ ❛❧❧❡ ❢♦�③❡ ❡��❡�♥❡✱
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❧❡ ❝♦♦�❞✐♥❛�❡ xj , yj , zj ❞❡❧❧✬❛❧��❛ ♠♦❧❡❝♦❧❛ �✉❛❧✉♥�✉❡ mj ✱ ❧❛ �✉❛❧❡ ✭ �❡♥✉�❛ ✜��❛ ❧❛ mi ✮ ♣❛��✐

�✉❝❝❡��✐✈❛♠❡♥�❡ ❛ �✐❣♥✐✜❝❛�❡ �✉��❡ ❧❡ ❛❧��❡ ♠♦❧❡❝♦❧❡ ❞❡❧❧❛ ♠❛��❛❀ ❡ ✐♥�❡♥❞✐❛♠♦ ❝❤❡ �✉❡��✐ ✈❛❧♦�✐

❛♥❛❧✐�✐❝✐ ✭✻✮ �❡♥❣❛♥♦ ❞✐❡��♦ ❛❧ ♠✉�❛��✐ ❞❡❧❧❡ mj ❝♦❧ ❝❛♠❜✐❛��✐ ✐♥ ❡��✐ ❧❡ f, g, k, �❡♥✉�❡ ❢❡�♠❡ ❧❡

a, b, c✳ ◗✉❡��♦ �✐ ❢❛ ❝♦♠❡ �❡ ✐♠♠❛❣✐♥❛��✐♠♦ ♥❡❧❧♦ ��❛�♦ ♣�❡❝❡❞❡♥�❡ ✐❞❡❛❧❡ �✐�❛�✐ ♣❡� ❧❛ ♠♦❧❡❝♦❧❛

mi ♣�❡�❛ ❝♦♠❡ ♦�✐❣✐♥❡ ��❡ ♥✉♦✈✐ ❛��✐ ♣❛�❛❧❧❡❧✐ ❛

✶✹✽
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

❚♦ �❡❝♦❣♥✐③❡ �❤❡ ❡�✉❛❧✐�② ♦❢ �❤❡ �✇♦ �✉❛♥�✐�✐❡� ✭✷✮✱ ✭✹✮✱ ✐� ✐� ❡♥♦✉❣❤ �♦ ♦❜�❡�✈❡ ✜��� �❤❛� ✐♥ �❤❡

�❡❝♦♥❞ ♦♥❡ �❤❡ �❡�♠� ❝♦♥�❛✐♥✐♥❣ �❤❡ ✈❛�✐❛�✐♦♥�

δρ1,1, δρ2,2.....δρi,i.....δρn,n

❛�❡ ✐♥��♦❞✉❝❡❞ ♦♥❧② ❢♦� ♠❛✐♥�❛✐♥✐♥❣ �❤❡ �❡❣✉❧❛�✐�② ✐♥ �❤❡ ♣�♦❣�❡��✐♦♥ ♦❢ �❤❡ ✐♥❞✐❝❡�✱ ❤♦✇❡✈❡�

✐� ✐� ❛� ✐❢ �❤❡② ✇❤❡�❡ ♥♦� ♣�❡�❡♥�✱ ❜❡❝❛✉�❡ �❤❡ �❛❞✐❝❛❧� ρ1,1✱ρ2,2 ✳✳✳✳ ρn,n ❛♥❞ �❤❡✐� ✈❛�✐❛�✐♦♥�

❛�❡ ✈❛♥✐�❤✐♥❣✱ ❛� ✐� ✐� ♠❛♥✐❢❡�� ❢�♦♠ �❤❡ ❣❡♥❡�✐❝ ❡①♣�❡��✐♦♥ ✭✸✮✳ ❙❡❝♦♥❞❧② ✐� ❤❛� �♦ ❜❡ ♦❜�❡�✈❡❞

�❤❛� �❤❡ �❡♠❛✐♥✐♥❣ �❡�♠� ❝❛♥ ❜❡ ♣❛✐�✲✇✐�❡ ❛❞❞❡❞✿ �❤❡�❡❢♦�❡ �❤❡ �✇♦ �❡�♠� 1
2m1m2K1,2δρ1,2 +

1
2m2m1K2,1δρ2,1 ❛�❡ ❡�✉✐✈❛❧❡♥� �♦ �❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡ m1m2K1,2δρ1,2✳ ■♥❞❡❡❞ ✐� ✐� ❝❧❡❛� �❤❛�✱

❜❡❝❛✉�❡ ♦❢ �❤❡ ✭✸✮ �❤❡ �✉❛♥�✐�② ρ
1,2

❡�✉❛❧� �❤❡ �✉❛♥�✐�② ρ2,1 ✿ ❛♥❞ �❤❛� �❤❡ ❢♦�❝❡ K1,2 ❡�✉❛❧�

�❤❡ ❢♦�❝❡ K2,1 ✱ ❛� ✐� ✐� ✐♠♣❧✐❡❞ ❜② �❤❡ ��✐♥❝✐♣❧❡ ♦❢ ❆❝�✐♦♥ ❛♥❞ ❘❡❛❝�✐♦♥ ❛♥❞ ❛� ✐� ✇✐❧❧ ❜❡❝♦♠❡

❡✈❡♥ ❝❧❡❛�❡� ❢♦� ✇❤❛� ✇❡ ✇✐❧❧ ❛❞❞ ❛❜♦✉� �❤❡ ✇❛② ✐♥ ✇❤✐❝❤ �❤❡ ❣❡♥❡�✐❝ ❝♦♠♣♦�✐�✐♦♥ ♦❢ �❤❡

✐♥�❡�♥❛❧ ❛❝�✐♦♥ K ❤❛� �♦ ❜❡ ✉♥❞❡���♦♦❞✳ ■♥ ❛ �✐♠✐❧❛� ✇❛② �❤❡ �✇♦ �❡�♠� 1
2m1m3K1,3δρ1,3 +

1
2m3m1K3,1δρ3,1 ✇✐❧❧ ❣❛�❤❡� ✐♥�♦ ❛ �✐♥❣❧❡ ♦♥❡ m1m3K1,3δρ1,3 ❀ ❛♥❞ �♦ ♦♥ ❢♦� �❤❡ ♦�❤❡� �❡�♠�✳

❆❢�❡� �❤❡ ♣�❡✈✐♦✉� ♦❜�❡�✈❛�✐♦♥� ✐� ✐� ❡❛�② �♦ ♣❡��✉❛❞❡ ♦♥❡�❡❧❢ �❤❛� �❤❡ �✉❛♥�✐�② ✭✹✮ ✐� ❡�✉✐✈❛❧❡♥�

�♦ �❤❡ �❤♦��❡� ❢♦�♠ ❣✐✈❡♥ ❜② �❤❡ ✭✷✮✳

❆♥② ✇❤❛��♦❡✈❡� ♦❢ �❤❡ ❤♦�✐③♦♥�❛❧ �❡�✐❡� ✇❤✐❝❤ ❝♦♠♣♦�❡ �❤❡ �✉❛♥�✐�② ✭✹✮ ❝❛♥ ❜❡ �❡❞✉❝❡❞

❜② ♠❡❛♥� ♦❢ ❛ ��✐♣❧❡ �✉♠♠❛�✐♦♥✳ ❚♦ ❜❡ ♣❡��✉❛❞❡❞ ♦❢ �❤❡ ��✉�❤ ♦❢ �❤✐� ��❛�❡♠❡♥� ✐� ✐� ♥❡❡❞❡❞

�♦ �❡❝❛❧❧ �❤❡ ✐❞❡❛ ♦❢ �❤❡ ♣�❡❝❡❞❡♥�❧② ✐♥��♦❞✉❝❡❞ ❞✐�♣♦�✐�✐♦♥ ♦❢ �❤❡ ♠♦❧❡❝✉❧❡� ❜② ♠❡❛♥� ♦❢ �❤❡

❝♦♦�❞✐♥❛�❡� a, b, c ✇❤✐❝❤ ❛❧❧♦✇� ✉� �♦ �❡♣�❡�❡♥� �❤❡ ❝♦♦�❞✐♥❛�❡� ♦❢ �❤❡ ❣❡♥❡�✐❝ ♠♦❧❡❝✉❧❡ mi ❛�

❣✐✈❡♥ ❜② �❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝�✐♦♥�

xi = x (a, b, c) ; yi = y (a, b, c) ; zi = z (a, b, c) . ✭✺✮

❖♥❝❡ ✇❡ ❤❛✈❡ ❛❧�♦ �❡♣�❡�❡♥�❡❞ ❛� ❢♦❧❧♦✇�✿

xj = x (a+ f, b+ g, c+ k) ; yj = y (a+ f, b+ g, c+ k) ; zj = z (a+ f, b+ g, c+ k) ✭✻✮

�❤❡ ❝♦♦�❞✐♥❛�❡� xj , yj , zj ♦❢ �❤❡ ♦�❤❡� ✇❤❛��♦❡✈❡� ♠♦❧❡❝✉❧❡ mj ✱ ✇❤✐❝❤ ✭✐❢ �❤❡ ♠♦❧❡❝✉❧❡ mi ✐�

❦❡♣� ❛� ✜①❡❞✮ ✇✐❧❧ �✉❜�❡�✉❡♥�❧② ♣❛�� �♦ ♠❡❛♥ ❛❧❧ �❤❡ ♦�❤❡� ♠♦❧❡❝✉❧❡� ♦❢ ❝♦♥�✐❞❡�❡❞ ♠❛��❀ ❛♥❞

✇❡ ♠❡❛♥ �❤❛� �❤❡�❡ ❛♥❛❧②�✐❝❛❧ ✈❛❧✉❡� ✭✻✮ ✇✐❧❧ ✈❛�② ❢♦❧❧♦✇✐♥❣ �❤❡ ✈❛�✐❛�✐♦♥ ♦❢ �❤❡ ♠♦❧❡❝✉❧❡� mj

✇❤❡♥ ✐♥ �❤❡♠ �❤❡ ✈❛�✐❛❜❧❡� f, g, k, ❛�❡ ❝❤❛♥❣❡❞✱ ✇❤✐❧❡ �❤❡ ✈❛�✐❛❜❧❡� a, b, c✳ ❛�❡ ❦❡♣� ✜①❡❞✳ ❚❤✐�

✐� ❞♦♥❡ ❛� ✐❢ ✇❡ ✐♠♠❛❣✐♥❡ �♦ ✐♥��♦❞✉❝❡ ✐♥ �❤❡ ♣�❡❝❡❞✐♥❣ ✐❞❡❛❧ ❝♦♥✜❣✉�❛�✐♦♥ �❤�❡❡ ♥❡✇ ❛①❡� �❤❛�

❤❛✈❡ ❛� ♦�✐❣✐♥ �❤❡ ♠♦❧❡❝✉❧❡ mi ❛♥❞ ❬❞✐�❡❝�❡❞❪ ♣❛�❛❧❧❡❧ �♦ �❤♦�❡ ❬❛①❡�❪ �❡❧❛�✐✈❡ �♦ �❤❡ ✈❛�✐❛❜❧❡�

a, b, c✱



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✹✾

�✉❡❧❧✐ ❞❡❧❧❡ a, b, c,❡ ❝❤✐❛♠❛��✐♠♦ f, g, k ❧❡ ❝♦♦�❞✐♥❛�❡ ❞✐ ✉♥❛ ♠♦❧❡❝♦❧❛ �✉❛❧✉♥�✉❡ �❡❧❛�✐✈❛♠❡♥�❡

❛ ❞❡��✐ ♥✉♦✈✐ ❛��✐✳ ❖�❛ ❝♦♥✈✐❡♥ �✐❝♦�❞❛�❡ �✉❡❧❧♦ ❝❤❡ �✐ � ❞❡��♦ ❛❧ ♥✉♠◦✳✸✶✳✱ �✉❛♥❞♦ �✐ ��❛��❛✈❛

❞❡❧❧❛ ♣�✐♠❛ ♣❛��❡ ❞❡❧❧❛ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡✱ �✉❧ ♠♦❞♦ ❞✬ ✐♠♠❛❣✐♥❛��✐ ❞✐���✐❜✉✐�✐ ❣❧✐ n ♣✉♥�✐ ❞❡❧

�✐��❡♠❛ �❡❝♦♥❞♦ ✐♥❞✐❝❛③✐♦♥✐ �❡❧❛�✐✈❡ ❛✐ ��❡ ❛��✐✱ ❝❤❡ ❝♦♥❞✉❝♦♥♦ ❛ ❞❛�❡ ❛❧❧✬ ❛❣❣�❡❣❛�♦ ❞❡❣❧✐ n

�❡�♠✐♥✐ ✉♥❛ ❞✐�♣♦�✐③✐♦♥❡ ❞✐ �❡�✐❡ ��✐♣❧❛ ✿ ❡ ♥♦♥ �✐ ✐♥❝♦♥��❡�� ❞✐✣❝♦❧�� ❛ ❝❛♣✐�❡ ❝❤❡ ❧✬ ✭ ✐✮ ❡�✐♠❛

❞❡❧❧❡ �❡�✐❡ ♦�✐③③♦♥�❛❧✐ ❝♦♠♣♦♥❡♥�✐ ❧❛ �✉❛♥�✐�� ✭✹✮ ♣✉# ❝♦♠♣❡♥❞✐❛��✐ ♣❡� ♠❡③③♦ ❞❡❧❧✬✐♥�❡❣�❛❧❡

✜♥✐�♦ ��✐♣❧✐❝❛�♦

ΣΔfΣΔgΣΔk ·
1

2
mimjKδρ, ✭✼✮

❛✈❡♥❞♦ ρ ✭ ❡�✉❛③✐♦♥✐ ✭✸✮✱✭ ✺✮✱✭✻✮ ✮ ✐❧ ✈❛❧♦�❡ ❞❛�♦ ❞❛❧❧✬❡�✉❛③✐♦♥❡

ρ2 = [x (a+ f, b+ g, c+ k)− x (a, b, c)]
2

+ [y (a+ f, b+ g, c+ k)− y (a, b, c)]
2

✭✽✮

+ [z (a+ f, b+ g, c+ k)− z (a, b, c)]
2
.

■ ❧✐♠✐�✐ ❞❡❧❧❡ ♣�❡❝❡❞❡♥�✐ ✐♥�❡❣�❛③✐♦♥✐ ✜♥✐�❡ ❞✐♣❡♥❞❡�❛♥♥♦✱ ❝♦♠❡ �✐ � ❞❡��♦ ❛❧ ♥✉♠◦✳✸✶✳✱ ❞❛❧❧❡

�✉♣❡�✜❝✐❡ ❝♦♥�❡�♠✐♥❛♥�✐ ✐❧ ❝♦�♣♦ ♥❡❧❧♦ ��❛�♦ ❛♥�❡❝❡❞❡♥�❡ ❛❧ �❡❛❧❡✳ ▲✬❡�♣�❡��✐♦♥❡ ✭✼✮ ♣♦✐ �✐

❛❞❛��❡�� ❛ �❛♣♣�❡�❡♥�❛�❡ ❧❛ ♣�✐♠❛✱ ❧❛ �❡❝♦♥❞❛✱ ❧✬ ✭♥✮ ❡�✐♠❛ ❞❡❧❧❡ �❡�✐❡ ♦�✐③③♦♥�❛❧✐ ❝♦♠♣♦♥❡♥�✐ ❧❛

�✉❛♥�✐�� ✭✹✮✱ ♠✉�❛♥❞♦ ✐♥ ❡��❛ ❧❡ ❝♦♦�❞✐♥❛�❡ a, b, c ❞❡❧❧❛ ♠♦❧❡❝♦❧❛ ❣❡♥❡�✐❝❛ mi✱ ❞❛♥❞♦ ❝✐♦� ❧♦�♦

✐ ✈❛❧♦�✐ ♦♣♣♦��✉♥✐ ❛✣♥❝❤� ❡��❛ ❞✐✈❡♥�✐ �✉❝❝❡��✐✈❛♠❡♥�❡ ❧❛ ♠♦❧❡❝♦❧❛ m
1
,m

2
....mn ❀ ❡ �✐❝❝♦♠❡

�♦♥♦ ♣✉�❡ ❞✐ ♥✉♠❡�♦ n �✉❡❧❧❡ �❡�✐❡ ♦�✐③③♦♥�❛❧✐ ✭ ❝♦♠❡ ✐ �❡�♠✐♥✐ ❞✐ ❝✐❛�❝✉♥❛ ❞✐ ❡��❡✮ ✱ ❧❛ �♦♠♠❛

❞❡❧❧❡ �♦♠♠❡ ❝✐ ✈❡��� ❞❛�❛ ❞❛❧❧✬✐♥�❡�❛❧❡ ✜♥✐�♦ �❡��✉♣❧♦

ΣδaΣδbΣδcΣΔfΣΔgΣΔk ·
1

2
mimjKδρ. ✭✾✮

❘❛♠♠❡♥�✐❛♠♦❝✐ ✐❧ ❣✐� ❞❡��♦ ♥❡❧❧❡ ✉❧�✐♠❡ ❧✐♥❡❡ ❞❡❧ ♥✉♠◦✳✷✶✳✱ ❝✐�❝❛ ❛❧ ❞❛�❡ ✐❧ ✈❛❧♦�❡ σ3 ❛❧❧❛

❧❡��❡�❛ m ❡�♣�✐♠❡♥�❡ ❧❛ ♠❛��❛ ❞❡❧❧❛ ♠♦❧❡❝♦❧❛ ❣❡♥❡�✐❝❛ ✿ ❡ �✐❝❝♦♠❡ ♥❡❧❧✬✐♥�❡❣�❛❧❡ ♣�❡❝❡❞❡♥�❡ ✈✐

� ✐❧ ♣�♦❞♦��♦ ❞✐ ❞✉❡ �✐♠✐❧✐ m✱ ❝✐ �✐ ❢❛�� ♠❛♥✐❢❡��♦ ❞♦✈❡��✐ ♠❡��❡�❡ ❛ ❧✉♦❣♦ ❞✐ ❡��♦ ❧✬❡�♣�❡��✐♦♥❡

σ3 · σ3✳ ❘✐❝❤✐❛♠❛�♦ ❛❧��❡�/ ✐❧ �❡♦�❡♠❛ ❛♥❛❧✐�✐❝♦ �❝�✐��♦ ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ✭✶✼✮ ❞❡❧ ♥✉♠◦✳✷✻✳✱

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✹✾

❛♥❞ ❛� ✐❢ ✇❡ ❝❛❧❧✱ f ✱ g✱ k �❤❡ ❝♦♦�❞✐♥❛�❡� ♦❢ ❛ ♠♦❧❡❝✉❧❡ ✇❤❛��♦❡✈❡�❬✱ mj ✱❪ ✇✐�❤ �❡�♣❡❝� �♦ �❛✐❞

♥❡✇ ❛①❡�✳ ◆♦✇ ✐� ✐� ❝♦♥✈❡♥✐❡♥� �♦ �❡❝❛❧❧ ✇❤❛� ✇❛� �❛✐❞ ✐♥ �❡❝�✳ ✸✶✱ ✇❤❡♥ �❤❡ ✜��� ♣❛�� ♦❢ �❤❡

❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✇❛� ��❡❛�❡❞✱ ❛❜♦✉� �❤❡ ✇❛② ✐♥ ✇❤✐❝❤ ♦♥❡ ❝❛♥ ✐♠❛❣✐♥❡ ❤♦✇ �❤❡ n ♣♦✐♥�� ♦❢ �❤❡

�②��❡♠ ❛�❡ ❞✐���✐❜✉�❡❞ ❛❝❝♦�❞✐♥❣ �♦ �❤❡ ♣♦�✐�✐♦♥� �❡❧❛�✐✈❡❧② �♦ �❤❡ �❤�❡❡ ❛①❡�✱ ✇❤✐❝❤ ❧❡❛❞ �♦

❣✐✈❡ �♦ �❤❡ ❡♥�❡♠❜❧❡ ♦❢ n �❡�♠� ❬❛♣♣❡❛�✐♥❣ ✐♥ �❤❛� ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥❪ ❛ ���✉❝�✉�❡ ♦❢ ��✐♣❧❡ �❡�✐❡�✿

❛♥❞ ✐� ✇✐❧❧ ♥♦� ❜❡ ❞✐✣❝✉❧� �♦ ✉♥❞❡���❛♥❞ �❤❛� �❤❡ (i)✲�❤ ❬�❡�✐❡�❪ ♦❢ �❤❡ ❤♦�✐③♦♥�❛❧ �❡�✐❡� ✇❤✐❝❤

❝♦♠♣♦�❡ �❤❡ �✉❛♥�✐�② ✭✹✮ ❝❛♥ ❜❡ �❡♣�❡�❡♥�❡❞ ❜② ♠❡❛♥� ♦❢ �❤❡ ❢♦❧❧♦✇✐♥❣ ✜♥✐�❡ ��✐♣❧❡ ✐♥�❡❣�❛❧

ΣΔfΣΔgΣΔk ·
1

2
mimjKδρ, ✭✼✮

✇❤❡�❡ �❤❡ �✉❛♥�✐�② ρ ✭❡�✉❛�✐♦♥� ✭✸✮✱✭ ✺✮✱✭✻✮✮ ❤❛� �❤❡ ✈❛❧✉❡ ❣✐✈❡♥ ❜② �❤❡ ❡�✉❛�✐♦♥

ρ2 = [x (a+ f, b+ g, c+ k)− x (a, b, c)]
2

+ [y (a+ f, b+ g, c+ k)− y (a, b, c)]
2

✭✽✮

+ [z (a+ f, b+ g, c+ k)− z (a, b, c)]
2
.

❚❤❡ ❧✐♠✐�� ♦❢ �❤❡ ♣�❡❝❡❞❡♥� ✜♥✐�❡ ✐♥�❡❣�❛�✐♦♥� ✇✐❧❧ ❞❡♣❡♥❞✱ ❛� ✐� ✇❛� �❛✐❞ ✐♥ �❡❝�✳ ✸✶✱ ❜② �❤❡

�✉�❢❛❝❡� ✇❤✐❝❤ ❛�❡ �❤❡ ❜♦✉♥❞❛�✐❡� ♦❢ �❤❡ ❜♦❞② ✐♥ �❤❡ ❝♦♥✜❣✉�❛�✐♦♥ ♣�❡❝❡❞✐♥❣ �❤❡ �❡❛❧ ♦♥❡✳ ❚❤❡

❡①♣�❡��✐♦♥ ✭✼✮ ✇✐❧❧ �❤❡♥ ❜❡ ❛❞❛♣�❡❞ �♦ �❡♣�❡�❡♥� �❤❡ ✜���✱ �❤❡ �❡❝♦♥❞✱ �❤❡ (n)✲�❤ ❬�❡�✐❡�❪ ♦❢ �❤❡

❤♦�✐③♦♥�❛❧ �❡�✐❡� ✇❤✐❝❤ ❛�❡ ❝♦♠♣♦�✐♥❣ �❤❡ �✉❛♥�✐�② ✭✹✮✱ ❜② ❝❤❛♥❣✐♥❣ ✐♥ ✐� �❤❡ ❝♦♦�❞✐♥❛�❡� a, b, c

♦❢ �❤❡ ❣❡♥❡�✐❝ ♠♦❧❡❝✉❧❡ mi✱ ✐✳❡✳ ❜② ❣✐✈✐♥❣ �♦ �❤❡�❡ ✈❛�✐❛❜❧❡�❬✱ a✱ b✱ c✱❪ �❤♦�❡ �✉✐�❛❜❧❡ ✈❛❧✉❡� �✉❝❤

�❤❛� ❬�❤❡ ♠♦❧❡❝✉❧❡ mi❪ ❜❡❝♦♠❡� ♦♥❡ ❛❢�❡� �❤❡ ♦�❤❡�� �❤❡ ♠♦❧❡❝✉❧❡� m1,m2....mn❀ ❛♥❞ ❛� �❤❡

�❛✐❞ ❤♦�✐③♦♥�❛❧ �❡�✐❡� ❛�❡ ❡①❛❝�❧② n ✭❛♥❞ ❛❧�♦ �❤❡ �❡�♠� ♦❢ ❡❛❝❤ ♦❢ �❤❡�❡ �❡�✐❡� ❛�❡ n) �❤❡ �✉♠

♦❢ ❛❧❧ �✉♠� ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❜② �❤❡ ✜♥✐�❡ �❡①�✉♣❧❡ ✐♥�❡❣�❛❧

ΣδaΣδbΣδcΣΔfΣΔgΣΔk ·
1

2
mimjKδρ. ✭✾✮

▲❡� ✉� �❡❝❛❧❧ ♥♦✇ ✇❤❛� ✇❡ �❛✐❞ ✐♥ �❤❡ ❧❛�� ❧✐♥❡� ♦❢ �❡❝�✳ ✷✶✱ ❛❜♦✉� �❤❡ ♥❡❡❞ ♦❢ ❛��✐❣♥✐♥❣ �❤❡ ✈❛❧✉❡

σ3 �♦ �❤❡ ❧❡��❡� m ✇❤✐❝❤ ❡①♣�❡��❡� �❤❡ ♠❛�� ♦❢ �❤❡ ❣❡♥❡�✐❝ ♠♦❧❡❝✉❧❡✿ ❛♥❞ ❛� ✐♥ �❤❡ ♣�❡❝❡❞❡♥�

✐♥�❡❣�❛❧ �❤❡�❡ ❛♣♣❡❛�� �❤❡ ♣�♦❞✉❝� ♦❢ �✇♦ �✐♠✐❧❛� m ✐� ✇✐❧❧ ❛♣♣❡❛� ♠❛♥✐❢❡�� �❤❛� �❤✐� ♣�♦❞✉❝�

♠✉�� ❜❡ �❡♣❧❛❝❡❞ ❜② �❤❡ ❡①♣�❡��✐♦♥ σ3 · σ3✳ ❖♥❝❡ ✇❡ ✇✐❧❧ ❤❛✈❡ ❛❧�♦ �❡❝❛❧❧❡❞ �❤❡ ❛♥❛❧②�✐❝❛❧

�❤❡♦�❡♠ ✇�✐��❡♥ ✐♥ ❡�✉❛�✐♦♥ ✭✶✼✮ �❡❝�✳ ✷✻✱



✶✺✵
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

�❡♦	❡♠❛ ❞❡❧ �✉❛❧❡ �✐ 	✐♣❡�❡ �✉✐ �❡✐ ✈♦❧�❡ ❧✬❛♣♣❧✐❝❛③✐♦♥❡✱ ❝✐ �	♦✈❡	❡♠♦ ❞✐�♣♦��✐ ❛❞ ❛♠♠❡��❡	❡ ❝❤❡

✐❧ ♣	❡❝❡❞❡♥�❡ ✐♥�❡❣	❛❧❡ �❡��✉♣❧♦ ✜♥✐�♦ �✐ �	❛♠✉�❛ ♥❡❧❧✬✐♥�❡❣	❛❧❡ �❡��✉♣❧♦ ❝♦♥�✐♥✉♦

∫

da

∫

db

∫

dc

∫

df

∫

dg

∫

dk ·
1

2
Kδρ ✭✶✵✮

❝♦❧❧✬❛❣❣✐✉♥�❛ ❞✐ ❛❧�	✐ �❡	♠✐♥✐ ❝❤❡ ♣♦✐ ❞❡❜❜♦♥�✐ �	❛�❝✉	❛	❡✳ ■♥ ❡��♦ ✐ ❧✐♠✐�✐ ❞❡❧❧❡ ✐♥�❡❣	❛③✐♦♥✐ ♣❡

f, g, k ❞✐♣❡♥❞❡	❛♥♥♦ ❞❛❧❧❡ �✉♣❡	✜❝✐❡ ❝♦♥�❡	♠✐♥❛♥�✐ ✐❧ ❝♦	♣♦ ♥❡❧❧♦ ��❛�♦ ❛♥�❡❝❡❞❡♥�❡✱ ❡❞ ❛♥❝❤❡

❞❛❧❧❛ ♣♦�✐③✐♦♥❡ ❞❡❧❧❛ ♠♦❧❡❝♦❧❛ mi �❡♥✉�❛ ❝♦��❛♥�❡✱ ❝✐♦� ❞❛❧❧❡ ✈❛	✐❛❜✐❧✐ a, b, c, ❝❤❡ ❞♦♣♦ ❧❡ �	❡

♣	✐♠❡ ❢❛♥♥♦ ♣♦✐ ❛♥❝❤✬❡��❡ ✐❧ ❧♦	♦ ❣✐	♦✳

✼✷✳ ❋❡	♠✐❛♠♦❝✐ ♦	❛ ✐♥ �✉❛❧❝❤❡ ❝♦♥�✐❞❡	❛③✐♦♥❡ 	❡❧❛�✐✈❛ ❛❧❧❛ ❢♦	③❛ ✐♥�❡	♥❛ K ❛��✉❛�❛ ❢	❛

♠♦❧❡❝♦❧❛ ❡ ♠♦❧❡❝♦❧❛✱ �❛♥�♦ ♣❡	 ❛��	❛③✐♦♥✐ ♦ 	❡♣✉❧�✐♦♥✐✱ ❝❤❡ ❛✈	❡❜❜❡	♦ ❛❣✐�♦ ❛♥❝❤❡ ✐♥❞✐♣❡♥❞❡♥✲

�❡♠❡♥�❡ ❞❛ ❢♦	③❡ ❡��❡	♥❡ ❛♣♣❧✐❝❛�❡✱ �✉❛♥�♦ ✐♥ ✈✐	�% ❞✐ �✉❡��❡ ��❡��❡ ❢♦	③❡ ❡��❡	♥❡✳ ■❧ ❢❛	❧❛✱ ❝♦♠❡

�✉❧❧❡ ♣	✐♠❡ �✉❣❣❡	✐�❝❡✱ ❢✉♥③✐♦♥❡ K(ρ) ❞❡❧❧❛ �♦❧❛ ❞✐��❛♥③❛ ♠♦❧❡❝♦❧❛	❡✱ ♥♦♥ � ❛♠♠✐��✐❜✐❧❡ �❡ ♥♦♥

♥❡❧ ❝❛�♦ ✐♥ ❝✉✐ ✐❧ ❝♦	♣♦ �✐❛ ✢✉✐❞♦✱ ❝❡��❛♥❞♦ ❛❧❧♦	❛ ❧❛ ♣❛	�❡ ❞✐ ❛③✐♦♥❡ ❞♦✈✉�❛ ❛❧❧❛ ✜❣✉	❛ ❞❡❧❧❡

♠♦❧❡❝♦❧❡✳ ■♥ ❣❡♥❡	❛❧❡ ✭ 	✐❧❡❣❣❛�✐ ❧✬❡�♣♦��♦ ❛❧ ♥✉♠◦✳✺✹✳✮ �✉❛♥❞♦ � ✐♥ ❣✐✉♦❝♦ ❛♥❝❤❡ ❧✬❛③✐♦♥❡ ❞♦✈✉�❛

❛❧❧❛ ✜❣✉	❛✱ ❞❡❜❜♦♥♦ ❡♥�	❛	✈✐ �✉❡✐ ❝♦�❡♥✐ a1, a2, a3, a4✱ ❡❝✳ ❝❤❡ ✜��❛♥♦ ❧❡ ❞✐	❡③✐♦♥✐ ❞❡❣❧✐ �♣✐❣♦❧✐

♦❞ ❛��✐ ❞❡❧❧❡ ❞✉❡ ♠♦❧❡❝♦❧❡ 	❡❧❛�✐✈❛♠❡♥�❡ ❛✐ �	❡ ❛��✐ ♦	�♦❣♦♥❛❧✐✱ ❝♦�❡♥✐ ✐ ❝✉✐ ✈❛❧♦	✐ ❝❛♠❜✐❛♥❞♦�✐ ❞❛

♠♦❧❡❝♦❧❛ ❛ ♠♦❧❡❝♦❧❛✱ ❞❡❜❜♦♥♦✱ ❣❡♥❡	❛❧♠❡♥�❡ ♣❛	❧❛♥❞♦✱ 	✐�✉❧�❛	❡ ❢✉♥③✐♦♥✐ ❞❡❧❧❡ ❝♦		✐�♣♦♥❞❡♥�✐

❝♦♦	❞✐♥❛�❡✳ ❙❛	❡❜❜❡ ❞✐✣❝✐❧❡ ❛��❡❣♥❛	❡ ❝♦♠❡ ❛✈	❛♥♥♦ ♣♦✐ ❛❞ ❡��❡	 ❢❛��❡ �❛❧✐ ❢✉♥③✐♦♥✐ ✭ ❡ ❜❛��❛

❛ �✉❡��♦ ✜♥❡ ✐❧ �♦❧♦ ✐♠♠❛❣✐♥❛	❡ ❝❤❡ �✉❡❧❧❡ ❞✐	❡③✐♦♥✐ �✐❛♥♦ ♥♦	♠❛❧✐ ❛ �✉♣❡	✜❝✐❡ ❝✉	✈❡ ❞✐ ♥❛�✉	❛

✈❛	✐❛ ♣❡	 ❞✐✈❡	�✐ ❝♦	♣✐ ❡❞ ✐♥❝♦❣♥✐�❛✮ ✿ ❡❞ ♦❧�	❡ ✐❧ ♥♦♥ �❛♣❡	❡ ❧✬✐♥�❡	♥❛ ❢❛��✉	❛ ❞✐ �✉❡��❡ ❢✉♥③✐♦♥✐✱

♥♦♥ �✐ �❛ ❝♦♠❡ ❡♥�	✐♥♦ ❛ ❝♦♠♣♦		❡ ❧❛ K ✳ ■♥ ❝♦♥�❡❣✉❡♥③❛ ❧❛ K ✱ �❡ ✈✉♦❧�❡♥❡ ✐❧ ❝♦♥❝❡��♦ ♣✐% ❣❡♥✲

❡	❛❧❡✱ ❞❡✈❡ ❡��❡	❡ ❞❡��❛ ❢✉♥③✐♦♥❡ ❞❡❧❧❡ �❡✐ ❝♦♦	❞✐♥❛�❡✱ ✐ ❝✉✐ ✈❛❧♦	✐ �♦♥♦ ❡�♣	❡��✐ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐

✭✺✮✱ ✭✻✮✿ ♥� ♣♦��✐❛♠♦ ♣	❡�✉♠❡	❡ ❞✐ ❡�♣	✐♠❡	♥❡ ❧❛ ❝♦♠♣♦�✐③✐♦♥❡✱ �♦❧♦ ❝✐ � ❞❛�♦ ❛	❣♦♠❡♥�❛	❡

❝❤✬❡��❛ �❛	, �✐♠♠❡�	✐❝❛ 	❡❧❛�✐✈❛♠❡♥�❡ ❛❧❧❡ ❞❡��❡ �❡✐

✶✺✵
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

�❤❡♦	❡♠ ♦❢ ✇❤✐❝❤ ✇❡ ✇✐❧❧ 	❡♣❡❛� ❤❡	❡ �✐① �✐♠❡� �❤❡ ❛♣♣❧✐❝❛�✐♦♥✱ ✇❡ ✇✐❧❧ ❜❡ 	❡❛❞② �♦ ❛❞♠✐� �❤❛�

�❤❡ ♣	❡❝❡❞✐♥❣ ✜♥✐�❡ �❡①�✉♣❧❡ ✐♥�❡❣	❛❧ ✐� �	❛♥�❢♦	♠❡❞ ✐♥�♦ �❤❡ ❝♦♥�✐♥✉♦✉� �❡①�✉♣❧❡ ✐♥�❡❣	❛❧

∫

da

∫

db

∫

dc

∫

df

∫

dg

∫

dk ·
1

2
Kδρ ✭✶✵✮

✇✐�❤ �❤❡ ❛❞❞✐�✐♦♥ ♦❢ ♦�❤❡	 �❡	♠�✱ ✇❤✐❝❤ �❤❡♥ ♠✉�� ❜❡ ♥❡❣❧❡❝�❡❞✳ ■♥ ✐� �❤❡ ✐♥�❡❣	❛�✐♦♥ ❧✐♠✐��

❢♦	 �❤❡ ✈❛	✐❛❜❧❡� f, g, k ✇✐❧❧ ❞❡♣❡♥❞ ♦♥ 	❤❡ �✉
❢❛❝❡� ✇❤✐❝❤ ❜♦✉♥❞ 	❤❡ ❜♦❞② ✐♥ 	❤❡ ❛♥	❡❝❡❞❡♥	

❝♦♥✜❣✉
❛	✐♦♥✱ ❛♥❞ ❛❧�♦ ♦♥ 	❤❡ ♣♦�✐	✐♦♥ ♦❢ 	❤❡ ♠♦❧❡❝✉❧❡ m,✇❤✐❝❤ ✐� ❦❡♣	 ❝♦♥�	❛♥	✱ 	❤❛	 ✐� ❜②

	❤❡ ✈❛
✐❛❜❧❡� a, b, c ✇❤✐❝❤ ❛❢	❡
 	❤❡ ✜
�	 	❤
❡❡ ✇✐❧❧ ❛❧�♦ ✈❛
② ✐♥ 	❤❡ �❛♠❡ ❞♦♠❛✐♥✳

✼✷✳ ▲❡	 ✉� ♥♦✇ �♣❡♥❞ �♦♠❡ 	✐♠❡ ❞❡✈❡❧♦♣✐♥❣ �♦♠❡ ❝♦♥�✐❞❡
❛	✐♦♥� ❛❜♦✉	 	❤❡ ✐♥	❡
♥❛❧ ❢♦
❝❡

K ✇❤✐❝❤ ✐� ❡①❡
	❡❞ ❜❡	✇❡❡♥ ♦♥❡ ♠♦❧❡❝✉❧❡ ❛♥❞ ❛♥♦	❤❡
 ♠♦❧❡❝✉❧❡✱ ❜❡✐♥❣ ❡✐	❤❡
 ❛		
❛❝	✐✈❡ ♦



❡♣✉❧�✐✈❡ ❢♦
❝❡�✱ ✇❤✐❝❤ ✇♦✉❧❞ ❤❛✈❡ ❛❝	❡❞ ❜♦	❤ ✐♥❞❡♣❡♥❞❡♥	❧② ♦❢ 	❤❡ ❛♣♣❧✐❡❞ ❡①	❡
♥❛❧ ❢♦
❝❡� ❛♥❞

❜❡❝❛✉�❡ ♦❢ 	❤❡ ♣
❡�❡♥❝❡ ♦❢ 	❤❡�❡ ❡①	❡
♥❛❧ ❢♦
❝❡�✳ ❚♦ ❛��✉♠❡ 	❤❛	✱ ❛� ✐	 ✇❛� ❛	 ✜
�	 �✉❣❣❡�	❡❞✱

✐	❬✱ 	❤❡ ✐♥	❡
♥❛❧ ❢♦
❝❡✱❪ ✐� ❛ ❢✉♥❝	✐♦♥ K(ρ) ♦❢ 	❤❡ ♠♦❧❡❝✉❧❛
 ❞✐�	❛♥❝❡ ♦♥❧②✱ ✐	 ✐� ❛❞♠✐��✐❜❧❡ ♦♥❧② ✐♥

	❤❡ ❝❛�❡ ♦❢ ✢✉✐❞ ❜♦❞✐❡�✱ ❛� ✐♥ 	❤❛	 ❝❛�❡ 	❤❡ ♣❛
	 ♦❢ 	❤❡ ❛❝	✐♦♥ ❞✉❡ 	♦ 	❤❡ �❤❛♣❡ ♦❢ 	❤❡ ♠♦❧❡❝✉❧❡�

✐� ♥♦	 ♣
❡�❡♥	✳ ■♥ ❣❡♥❡
❛❧ ✭	❤❡ 
❡❛❞❡
 ✐� ✐♥✈✐	❡❞ 	♦ 
❡❛❞ ♦♥❝❡ ♠♦
❡ ✇❤❛	 �❛✐❞ ✐♥ �❡❝	✳ ✺✹✮ ✇❤❡♥

	❤❡ ❛❝	✐♦♥ ❞✉❡ 	♦ 	❤❡ �❤❛♣❡ ♦❢ ♠♦❧❡❝✉❧❡� ❝❛♥♥♦	 ❜❡ ♥❡❣❧❡❝	❡❞✱ 	❤❡
❡ ❬✐♥ 	❤❡ ❡①♣
❡��✐♦♥ ❢♦
 K❪

♠✉�	 ❛♣♣❡❛
 ❛❧�♦ 	❤♦�❡ ❝♦�✐♥❡� a1, a2, a3, a4✱ ❡	❝✳ ✇❤✐❝❤ ❛
❡ ✜①✐♥❣ 	❤❡ ❞✐
❡❝	✐♦♥� ♦❢ 	❤❡ ❡❞❣❡�

♦
 ❛①❡� ♦❢ 	❤❡ 	✇♦ ❬✐♥✈♦❧✈❡❞❪ ♠♦❧❡❝✉❧❡� 
❡❧❛	✐✈❡❧② 	♦ 	❤❡ 	❤
❡❡ ♦
	❤♦❣♦♥❛❧ ❛①❡�✱ ❝♦�✐♥❡� ✇❤♦�❡

✈❛❧✉❡� ❛
❡ ❝❤❛♥❣✐♥❣ ❢
♦♠ ♦♥❡ ♠♦❧❡❝✉❧❡ 	♦ 	❤❡ ♦	❤❡
 ❛♥❞ 	❤❡
❡❢♦
❡ ♠✉�	 
❡�✉❧	 	♦ ❜❡ ❢✉♥❝	✐♦♥� ♦❢

	❤❡ ❝♦

❡�♣♦♥❞✐♥❣ ❝♦♦
❞✐♥❛	❡�✳ ■	 ❝♦✉❧❞ ❜❡ ✈❡
② ❞✐✣❝✉❧	 	♦ ✜♥❞ ❤♦✇ �✉❝❤ ❢✉♥❝	✐♦♥� ❤❛✈❡ 	♦ ❜❡

❛��✐❣♥❡❞ ✭❛♥❞ ✐	 ✐� �✉✣❝✐❡♥	 	♦ 	❤✐� ❛✐♠ ♦♥❧② 	♦ ✐♠❛❣✐♥❡ 	❤❛	 �❛✐❞ ❞✐
❡❝	✐♦♥� ❝♦✉❧❞ ❜❡ ♥♦
♠❛❧

	♦ ❝✉
✈❡❞ �✉
❢❛❝❡� ❤❛✈✐♥❣ ✈❛
✐♦✉� ❛♥❞ ✉♥❦♥♦✇♥ ♥❛	✉
❡ ❢♦
 ❞✐✛❡
❡♥	 ❜♦❞✐❡�✮✿ ❛♥❞ ❜❡②♦♥❞ 	❤❡

✐❣♥♦
❛♥❝❡ ❛❜♦✉	 	❤❡ ✐♥	❡
♥❛❧ �	
✉❝	✉
❡ ♦❢ 	❤❡�❡ ❢✉♥❝	✐♦♥�✱ ✐	 ✐� ♥♦	 ❦♥♦✇♥ ❤♦✇ 	❤❡ ❬❢✉♥❝	✐♦♥❪ K

❞❡♣❡♥❞� ♦♥ 	❤❡♠✳ ❆� ❛ ❝♦♥�❡+✉❡♥❝❡ 	❤❡ K, ✐❢ ♦♥❡ ✇❛♥	� 	♦ ❦❡❡♣ ✐	� ♠♦�	 ❣❡♥❡
❛❧ ♣♦��✐❜❧❡ ✉�❡✱

♠✉�	 ❜❡ ❛ ❢✉♥❝	✐♦♥ ♦❢ 	❤❡ �✐① ❝♦♦
❞✐♥❛	❡�✱ ✇❤♦�❡ ✈❛❧✉❡� ❛
❡ ❡①♣
❡��❡❞ ❜② 	❤❡ ❡+✉❛	✐♦♥� ✭✺✮✱ ✭✻✮✿

❛♥❞ ✇❡ ❝❛♥♥♦	 ♣
❡�✉♠❡ 	♦ ❡①♣
❡�� ✐	� ❢♦
♠✱ ❛� ✇❡ ❝❛♥ ♦♥❧② ❛
❣✉❡ 	❤❛	 ✐	 ❤❛� 	♦ ❜❡ �②♠♠❡	
✐❝


❡❧❛	✐✈❡❧② 	♦ �❛✐❞ �✐①



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✺✶

✈❛�✐❛❜✐❧✐✱ ♣�❡�❡ ❞✐ ��❡ ✐♥ ��❡ ✿ ❝✐♦� ❝❤❡ ❝❛♠❜✐❛♥❞♦ ❧❡ xi, yi, zi ♥❡❧❧❡ xj , yj , zj , ❡ �✉❡��❡ ♥❡❧❧❡ ♣�✐♠❡✱

�❡��❡�� ❧❛ ♠❡❞❡�✐♠❛✳ ❈✐� ♣❡�❝❤� �✐ �❛ ✭ ♥♦♥ ❡��❡♥❞♦✈✐ ❧❛ �❛❣✐♦♥❡ ❞❡❧ ❝♦♥��❛�✐♦ ✮ ❝❤❡ ❧❛ ♠❡�� ❞✐ ❑

❡�♣�✐♠❡ ❧✬❛③✐♦♥❡ ❞❡❧❧❛ ♠♦❧❡❝♦❧❛ mj �✉❧❧❛ mi✱ ❡ ❧✬❛❧��❛ ♠❡�� ❞✐ K ❧✬❛③✐♦♥❡ �❡❝✐♣�♦❝❛ ✿ �✐ ♣♦��♦♥♦

✐♥�❡♥❞❡�❡ ❝❛♠❜✐❛�❡ ❧❡ ✈❡❝✐ ❢�❛ ❧❡ ❞✉❡ ♠♦❧❡❝♦❧❡✱ ❡ ♥♦♥ ❞✐ ♠❡♥♦ ✐ ✈❛❧♦�✐ ❛♥❛❧✐�✐❝✐ ❞❡❜❜♦♥♦ �✐♠❛♥❡�❡

✐ ♠❡❞❡�✐♠✐ ✿ ♦��❡�✈❛③✐♦♥❡ ❝❤❡ ❝✐ ♣♦��❛ ❛ ❝♦♥❝❤✐✉❞❡�❡ ❧✬❡♥✉♥❝✐❛�❛ ♣�♦♣�✐❡�� ♥❡❧❧❛ ❡�♣�❡��✐♦♥❡ ❛♥❛✲

❧✐�✐❝❛✱ ❝♦♠❡ ❛❝❝❡♥♥❛♠♠♦ ❛♥❝❤❡ ✐♥ ❧✉♦❣♦ ❞❡❧ ♥✉♠◦✳ ♣�❡❝❡❞❡♥�❡✳ ▲✬✐♥❛��❡❣♥❛❜✐❧✐�� ❞❡❧❧❛ ❢✉♥③✐♦♥❡

K(xi, yi, zi, xj , yj , zj) ♣✉� ❡✈✐♥❝❡��✐ ❛♥❝❤❡ ❝♦♥ ❛❧��✐ ❛�❣♦♠❡♥�✐ ❝❤❡ ♠✐ ♣❡�♠❡��♦ ❞✐ ♣�❡�❡�✐�❡ ✿

�♦❧❛♠❡♥�❡ ♥♦�❡�� ❝♦♠❡ ❡③✐❛♥❞✐♦ ❞❛ �✉❡��♦ ❧❛�♦ �♣✐❝❝❤✐ ❧❛ �✉♣❡�✐♦�✐�� ❞❡✐ ♠❡�♦❞✐ ❝❤❡ ❛❜❜✐❛♠♦

❛❧❧❡ ♠❛♥✐ ✿ ❝♦♥ ❡��✐ �✐ ♣✉� �✐�❛�❡ ✐♥♥❛♥③✐ ❝♦♥ �✐❝✉�❡③③❛ ♥♦♥ ♦��❛♥�❡ ✉♥✬ ✐❣♥♦�❛♥③❛ ❝❤❡ ♥♦♥ �

✈✐♥❝✐❜✐❧❡✳ ❋❛�❡♠♦ ✉♥✬❛❧��❛ ♦��❡�✈❛③✐♦♥❡ ✐♥�♦�♥♦ ❛❧❧❛ ♣✐❝❝♦❧❡③③❛ ❞✐ �✉❡��❛ ❢♦�③❛ ♠♦❧❡❝♦❧❛�❡ K

✱ �✐❝♦�❞❛♥❞♦❝✐ ❞✐ �✉❛♥�♦ ❛❜❜✐❛♠♦ ❞❡��♦ ✐♥ ♣�♦♣♦�✐�♦ �✉❧❧❛ ✜♥❡ ❞❡❧ ♥✉♠◦✳✷✷✳ ❈♦��✐�♣♦♥❞❡♥�❡✲

♠❡♥�❡ ❛❧❧❡ ❝♦�❡ ❡�♣♦��❡ ♥❡❧ ♥✉♠◦✳✶✽✳ ❡ �❡❣✉❡♥�✐✱ ❡��❛ ❞❡✈❡ �✐❣✉❛�❞❛��✐ ✉♥❛ ❢♦�③❛ ❡❧❡♠❡♥�❛�❡

❞✐ �) ✐♥♦❧��❛�❛ �❡♥✉✐��✱ ❝❤❡ �❛❝❝♦❣❧✐❡♥❞♦♥❡ �♦♣�❛ ✉♥ �♦❧♦ ♣✉♥�♦ �❛♥�❡ �✉❛♥�❡ ✈✐ ✈❡♥❣♦♥♦ ❞❛

�✉��❡ ❧❡ ♠♦❧❡❝♦❧❡ ❞❡❧❧❛ ♠❛��❛✱ �✐ ❤❛ ♣❡� �✐�✉❧�❛♥�❡ ✉♥❛ ❢♦�③❛ ❛♥❝♦�❛ ♣✐❝❝♦❧✐��✐♠❛ ❞❡❧❧✬♦�❞✐♥❡

❞✐ �✉❡❧❧❡ σ3X,σ3Y, σ3Z ❝♦♥�✐❞❡�❛�❡ ❛❧ ♥✉♠◦✳✶✽✳ ❆ �✉❡��♦ ❝♦♥❝❡��♦ �✐�♣♦♥❞❡ ♦��✐♠❛♠❡♥�❡

❧✬✐♠♣✐❝❝♦❧✐♠❡♥�♦ ♣�♦❝✉�❛�♦ ❞❛❧ ❢❛��♦�❡ σ6✱ �✉❛❧❡ ✈❡❞❡♠♠♦ �✐�✉❧�❛�❡ ♥❡❧❧✬✐♥�❡❣�❛❧❡ �❡��✉♣❧♦ ✭✾✮

❛ ♠♦�✐✈♦ ❞❡❧ ♣�♦❞♦��♦ mimj ❞❡❧❧❡ ❞✉❡ ♠❛��❡ ❡❧❡♠❡♥�❛�✐✳

❈♦♥�❡❣✉❡♥③❛ ❞❡❧ ✜♥ �✉✐ ❞❡��♦ �✐ � ❝❤❡ �♦♠♠❛♥❞♦ ✐ ❞✉❡ ✐♥�❡❣�❛❧✐ ✭✶✮✱ ✭✶✵✮✱ ❡ ♣♦♥❡♥❞♦

�❛❧ �♦♠♠❛ ✐♥ ❧✉♦❣♦ ❞❡❧❧❡ ❞✉❡ ♣�✐♠❡ ♣❛��✐ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✮ ♥✉♠◦✳✶✻✳✱ ❝✐ ❢♦�♠❡�❡♠♦

❧✬❡�✉❛③✐♦♥❡ ❝❤❡ ❝♦♠♣�❡♥❞❡ �✉��❛ ❧❛ ♠❡❝❝❛♥✐❝❛ ♠♦❧❡❝♦❧❛�❡✳ .�✐♠❛ ♣❡�� ♥♦�❡�❡♠♦ ❝❤❡ ❣✐♦✈❛ ❢❛�❡

♣❡� ❝♦♠♦❞♦

Λ =
1

4

K

ρ
✭✶✶✮

❞❡♥♦♠✐♥❛③✐♦♥❡ ♠❡❞✐❛♥�❡ ❧❛ �✉❛❧❡ ♣♦��❡♠♦ ✐♥��♦❞✉��❡ ❧❛ �✉❛♥�✐�� Λδρ2 ✐♥✈❡❝❡ ❞✐ 1
2Kδρ ♥❡❧❧✬✐♥�❡❣�❛

�❡��✉♣❧♦ ✭✶✵✮❀ ❡ ❝❤❡

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✺✶

✈❛�✐❛❜❧❡� ✇❤❡♥ �❛❦❡♥ �❤�❡❡ ❜② �❤�❡❡✿ ✐✳❡✳ �❤❛� ✇❤❡♥ ❝❤❛♥❣✐♥❣ �❤❡ xi, yi, zi ✐♥�♦ �❤❡ xj , yj , zj ,

❛♥❞ �❤❡�❡ ❧❛�� ✐♥�♦ �❤❡ ✜��� ♦♥❡� �❤❡ ❬❢✉♥❝�✐♦♥ K ❪ ✇✐❧❧ �❡♠❛✐♥ �❤❡ �❛♠❡✳ ❚❤✐� ✐� ��✉❡ ❜❡❝❛✉�❡ ✐�

✐� ❦♥♦✇♥ ✭❛� �❤❡�❡ ✐� ♥♦ �❡❛�♦♥ ❢♦� �❤❡ ❝♦♥��❛�②✮ �❤❛� ♦♥❡ ❤❛❧❢ ♦❢ K ❡①♣�❡��❡� �❤❡ ❛❝�✐♦♥ ♦❢ �❤❡

♠♦❧❡❝✉❧❡ mj ♦♥ �❤❡ ♠♦❧❡❝✉❧❡ mi✱ ❛♥❞ �❤❡ ♦�❤❡� ❤❛❧❢ ♦❢ K ❡①♣�❡��❡� �❤❡ �❡❝✐♣�♦❝❛❧ ❛❝�✐♦♥✿ ✐� ✐�

♣♦��✐❜❧❡ �♦ ❛��✉♠❡ �❤❛� �❤❡ �♦❧❡� ♦❢ �❤❡ �✇♦ ♠♦❧❡❝✉❧❡� ❛�❡ ❡①❝❤❛♥❣❡❞✱ ❛♥❞ ♥♦�✇✐�❤��❛♥❞✐♥❣ �❤✐�

�❤❡ ❛♥❛❧②�✐❝❛❧ ✈❛❧✉❡� ♠✉�� �❡♠❛✐♥ �❤❡ �❛♠❡✿ �❤✐� ♦❜�❡�✈❛�✐♦♥ ❧❡❛❞� ✉� �♦ ❝♦♥❝❧✉❞❡ �❤❡ ��❛�❡❞

♣�♦♣❡��② ♦❢ �❤❡ ❛♥❛❧②�✐❝❛❧ ❡①♣�❡��✐♦♥✱ ❛� ✇❡ ♠❡♥�✐♦♥❡❞ ❛❧�♦ ✐♥ �❤❡ ♣�❡❝❡❞❡♥� �❡❝�✐♦♥✳ ❚❤❡

✐♠♣♦��✐❜✐❧✐�② ♦❢ ❛��✐❣♥✐♥❣ �❤❡ ❢✉♥❝�✐♦♥ K(xi, yi, zi, xj , yj , zj) ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❛❧�♦ ❜② ♠❡❛♥�

♦❢ ♦�❤❡� ❛�❣✉♠❡♥�� ✇❤✐❝❤ ■ ✇✐�❤ �♦ ♦♠✐�✿ ♦♥❧② ■ �❡♠❛�❦ ❤♦✇✱ ❛❧�♦ ❢�♦♠ �❤✐� ♣♦✐♥� ♦❢ ✈✐❡✇✱

�❤❡ �✉♣❡�✐♦�✐�② ♦❢ �❤❡ ♠❡�❤♦❞� ✇❤✐❝❤ ✇❡ ❤❛✈❡ ✐♥ ♦✉� ❤❛♥❞� ✐� ❡♠❡�❣✐♥❣✿ ✇✐�❤ �❤❡♠ ♦♥❡ ❝❛♥

❝♦♥�✐♥✉❡ �❛❢❡❧② �♦ ♣�♦❝❡❡❞ ✐♥ �❤❡ ❛�❣✉♠❡♥�❛�✐♦♥ ♥♦�✇✐�❤��❛♥❞✐♥❣ ❛♥ ✐❣♥♦�❛♥❝❡ ✇❤✐❝❤ ❝❛♥♥♦� ❜❡

❞❡❢❡❛�❡❞✳ ❲❡ ✇✐❧❧ ❛❞❞ ❛♥♦�❤❡� ♦❜�❡�✈❛�✐♦♥ ❛❜♦✉� �❤❡ �♠❛❧❧♥❡�� ♦❢ �❤✐� ♠♦❧❡❝✉❧❛� ❢♦�❝❡ K✱ ❜②

�❡❝❛❧❧✐♥❣ ✇❤❛� ✇❡ �❛✐❞ ❛❜♦✉� �❤✐� �✉❜❥❡❝� ❛� �❤❡ ❡♥❞ ♦❢ �❡❝�✳ ✷✷✳ ❙✐♠✐❧❛�❧② �♦ ✇❤❛� ❡①♣♦✉♥❞❡❞

✐♥ �❡❝�✳ ✶✽ ❛♥❞ ❢♦❧❧♦✇✐♥❣ ♦♥❡�✱ ✐� ❤❛� �♦ ❜❡ �❡❣❛�❞❡❞ ❛� ❛♥ ❡❧❡♠❡♥�❛�② ❢♦�❝❡ ✇❤✐❝❤ ✐� �♦ �♠❛❧❧

�❤❛� ♦♥❝❡ ❝♦♥�✐❞❡�✐♥❣ �❤❡ �❡�✉❧�❛♥� ♦❢ �✉❝❤ ❢♦�❝❡� ♦♥ ❛ �✐♥❣❧❡ ♣❤②�✐❝❛❧ ♣♦✐♥� ❛� ❛❝�❡❞ ❜② ❛❧❧ �❤❡

♦�❤❡� ♠♦❧❡❝✉❧❡� ♦❢ �❤❡ ♠❛�✱ ✇❡ ❤❛✈❡ ��✐❧❧ ❛ ✈❡�② �♠❛❧❧ ❢♦�❝❡ ♦❢ �❤❡ �❛♠❡ ♦�❞❡� ♦❢ �❤♦�❡ ❢♦�❝❡�

σ3X,σ3Y, σ3Z ❝♦♥�✐❞❡�❡❞ ✐♥ �❡❝�✳ ✶✽✳ ❚❤✐� ❝♦♥❝❡♣� ✐� ♣❡�❢❡❝�❧② ❝♦��❡�♣♦♥❞❡❞ ❜② �❤❡ �❝❛❧✐♥❣

❣✐✈❡♥ ❜② �❤❡ ❢❛❝�♦� σ6✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ �❡❡ �♦ �❡�✉❧� ❢�♦♠ �❤❡ �❡①�✉♣❧❡ ✐♥�❡❣�❛❧ ✭✾✮ ❞✉❡ �♦ �❤❡

♣�♦❞✉❝� mimj ♦❢ �❤❡ �✇♦ ❡❧❡♠❡♥�❛�② ♠❛��❡�✳

❆� ❛ ❝♦♥�❡�✉❡♥❝❡ ♦❢ ✇❤❛� ✇❛� �❛✐❞ ✉♣ �♦ ♥♦✇ ✇❡ ❝❛♥✱ ❜② ❛❞❞✐♥❣ ✉♣ �❤❡ �✇♦ ✐♥�❡❣�❛❧� ✭✶✮✱

✭✶✵✮✱ ❛♥❞ ❜② �❡♣❧❛❝✐♥❣ �❤❡ ♦❜�❛✐♥❡❞ �✉♠ ✐♥ �❤❡ ✜��� �✇♦ ♣❛��� ♦❢ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✭✶✮ �❡❝�✳

✶✻✱ ❢♦�♠✉❧❛�❡ �❤❡ ❡�✉❛�✐♦♥ ✇❤✐❝❤ ✐♥❝❧✉❞❡� �❤❡ ✇❤♦❧❡ ♠♦❧❡❝✉❧❛� ♠❡❝❤❛♥✐❝�✳ ❇❡❢♦�❡ ❞♦✐♥❣ �♦ ✇❡

✇✐❧❧ �❡♠❛�❦ �❤❛� ✐� ✐� ❝♦♥✈❡♥✐❡♥� �♦ ✐♥��♦❞✉❝❡ �❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐�✐♦♥

Λ =
1

4

K

ρ
✭✶✶✮

❜② ♠❡❛♥� ♦❢ ✇❤✐❝❤ ✐� ✇✐❧❧ ❜❡ ♣♦��✐❜❧❡ �♦ ✐♥��♦❞✉❝❡ �❤❡ �✉❛♥�✐�② Λδρ2 ✐♥��❡❛❞ ♦❢ �❤❡ �✉❛♥�✐�②

1
2Kδρ ✐♥ �❤❡ �❡①�✉♣❧❡ ✐♥�❡❣�❛❧ ✭✶✵✮❀ ❛♥❞ �❤❛�



✶✺✷
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

❞✐ 	✉❡��♦ ✐♥�❡❣�❛❧❡ �❡��✉♣❧♦ � ❜❡♥❡ ��❛❝❝❛�❡ ❧❛ ♣❛��❡ ❞✬✐♥�❡❣�❛❧❡ ��✐♣❧✐❝❛�♦ �❡❧❛�✐✈❛ ❛❧❧❡ ✈❛�✐❛❜✐❧✐

f, g, k, �♦��♦♣♦♥❡♥❞♦❧❛ ❛❧❧♦ ��❡��♦ �❡❣♥♦ ❞✬✐♥�❡❣�❛❧❡ ��✐♣❧✐❝❛�♦ ♣❡� a, b, c ❝❤❡ ❛❜❜�❛❝❝✐❛ ❧❛ ♣�✐♠❛

♣❛��❡ ❞❡❧❧✬❡	✉❛③✐♦♥❡✿ ✐❧ ❝❤❡ ♠❛♥✐❢❡��❛♠❡♥�❡ � ♣❡�♠❡��♦✳ �❡� �❛❧ ♠♦❞♦ ❧✬❛♥③✐❞❡��❛ ❡	✉❛③✐♦♥❡

❣❡♥❡�❛❧❡ �✐ �✐❞✉❝❡

∫

da

∫

db

∫

dc ·

{(

X −
d2x

dt2

)

δx+

(

Y −
d2y

dt2

)

δy +

(

Z −
d2z

dt2

)

δz

+

∫

df

∫

dg

∫

dk · Λδρ2
}

+Ω = 0 ✭✶✷✮

✐♥�❡♥❞❡♥❞♦ ✭ ❝♦♠❡ ❤♦ ❛❝❝❡♥♥❛�♦ ❛❧ ♣�✐♥❝✐♣✐♦ ❞❡❧ ♥✉♠◦✳✼✶✳✮ ❝♦♠♣�❡�❛ ♥❡❧❧❛ Ω �✉��❛ ❧❛ ♣❛��❡

❝❤❡ ♣♦�❡��❡ ❡��❡�❡ ✐♥��♦❞♦��❛ ❞❛ ❢♦�③❡ ❛♣♣❧✐❝❛�❡ ❛ �✉♣❡�✜❝✐❡✱ ❛ ❧✐♥❡❡✱ ❛ ♣✉♥�✐ ❞❡�❡�♠✐♥❛�✐✱ ❡❞

❛♥❝❤❡ ❞❛ ❝♦♥❞✐③✐♦♥✐ ♣❛��✐❝♦❧❛�✐ ❝❤❡ ♦❜❜❧✐❣❛��❡�♦ ❛❧❝✉♥✐ ♣✉♥�✐ ❛ �❡��❛�❡ �♦♣�❛ 	✉❛❧❝❤❡ ❝✉�✈❛ ♦

�✉♣❡�✜❝✐❡ ❞❛�❛✳ ◗✉❡��❛ ✭✶✷✮ ��❛ ✐♥✈❡❝❡ ❞❡❧❧❛ ✭✶✮ ❞❡❧ ♥✉♠◦✳✹✹✳✱ ♦ ❞❡❧❧❛ ✭✶✷✮ ❞❡❧ ♥✉♠◦✳✹✻.✱ ❡ �✐

✈❡❞❡ ❝♦♠❡ �✐❛ ♦�❛ ❞✐✈❡��❛♠❡♥�❡ ❡�♣�❡��❛ ✭ ❡��❡♥❞♦ ❡❣✉❛❧❡ ✐❧ �✐♠❛♥❡♥�❡ ✮ ❧❛ ♣❛��❡ ✐♥��♦❞♦��❛

❞❛❧❧❡ ❛③✐♦♥✐ �❡❝✐♣�♦❝❤❡ ❢�❛ ❧❡ ♠♦❧❡❝♦❧❡✱ ❝❤❡ ❝♦❧& ❛❜❜✐❛♠♦ ❝♦♥�❡♠♣❧❛�♦ ♣❡� ♠❡③③♦ ❞✐ ❡	✉❛③✐♦♥✐

❞✐ ❝♦♥❞✐③✐♦♥❡ �✉��✐��❡♥�✐ ♣❡� �✉��♦ ✐❧ ❝♦�♣♦✳

✼✸✳ ❈✐) ❝❤❡ �✐♠❛♥❡ ❛ ❢❛�❡ ❛❧❧✬♦❣❣❡��♦ ❞✐ ❞❡❞✉��❡ ✉�✐❧✐ ❝♦♥�❡❣✉❡♥③❡ ❞❛❧❧✬❡	✉❛③✐♦♥❡ ✭✶✷✮ �

�❡♠♣❧✐❝❡♠❡♥�❡ ✉♥ ♣�♦❝❡��♦ ❞✐ ❝❛❧❝♦❧♦✳ ❘✐❝❤✐❛♠❛�❛ ❧✬❡	✉❛③✐♦♥❡ ✭✽✮✱ �✐ ✈❡❞❡✱ ✈♦❧❣❡♥❞♦ ✐♥ �❡�✐❡ ❧❡

❢✉♥③✐♦♥✐ �♦��♦ ❧❡ ♣❛�❡♥�❡�✐✱ ❝♦♠❡ �✐ ❛❜❜✐❛

ρ2 =

(

f
dx

da
+ g

dx

db
+ k

dx

dc
+

f 2

2

d2x

da2
+ ❡❝✳

)2

+

(

f
dy

da
+ g

dy

db
+ k

dy

dc
+

f 2

2

d2y

da2
+ ❡❝✳

)2

+

(

f
dz

da
+ g

dz

db
+ k

dz

dc
+

f 2

2

d2z

da2
+ ❡❝✳

)2

;

❡❞ ❡✛❡��✉❛♥❞♦ ✐ 	✉❛❞�❛�✐ ❡ �✐✉♥❡♥❞♦ ✐ �❡�♠✐♥✐ ❝❤❡ ❤❛♥♥♦ ❝♦❡✣❝✐❡♥�✐ ❡❣✉❛❧✐✿

ρ2 = f 2t1 + g 2t2 + k 2t3 + 2fgt4 + 2fkt5 + 2gkt6 ✭✶✸✮

+ f 3T1 + 2f 2gT2 + 2f 2kT3 + f g2T4 + ❡❝✳

✶✺✷
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

✐♥�✐❞❡ �❤✐� �❡①�✉♣❧❡ ✐♥�❡❣�❛❧ ✐� ✐� �✉✐�❛❜❧❡ �♦ ✐�♦❧❛�❡ �❤❡ ♣❛�� �❡❧❛�✐✈❡ �♦ �❤❡ ��✐♣❧❡ ✐♥�❡❣�❛❧

�❡❧❛�✐✈❡ �♦ �❤❡ ✈❛�✐❛❜❧❡� f, g, k, ♣❧❛❝✐♥❣ ✐� ✉♥❞❡� �❤❡ �❛♠❡ �✐❣♥ ♦❢ ��✐♣❧❡ ✐♥�❡❣�❛❧ ✇✐�❤ �❡�♣❡❝�

�♦ �❤❡ ✈❛�✐❛❜❧❡� a, b, c ✇❤✐❝❤ ✐♥❝❧✉❞❡� �❤❡ ✜��� ♣❛�� ♦❢ �❤❡ ❡	✉❛�✐♦♥✿ ✇❤✐❝❤ ✐� ✐� ♠❛♥✐❢❡��❧②

❛❧❧♦✇❡❞✳ ■♥ �❤✐� ✇❛② �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ❣❡♥❡�❛❧ ❡	✉❛�✐♦♥ ❜❡❝♦♠❡�

∫

da

∫

db

∫

dc ·

{(

X −
d2x

dt2

)

δx+

(

Y −
d2y

dt2

)

δy +

(

Z −
d2z

dt2

)

δz

+

∫

df

∫

dg

∫

dk · Λδρ2
}

+Ω = 0 ✭✶✷✮

✇❤❡�❡ ✐� ✐� ✐♥�❡♥❞❡❞ �❤❛� ✭❛� ♠❡♥�✐♦♥❡❞ ❛� �❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ �❡❝�✳ ✼✶✮ ✐� ✐� ✐♥❝❧✉❞❡❞ ✐♥ �❤❡ Ω

�❤♦�❡ ♣❛��� ✇❤✐❝❤ ♠❛② ❜❡ ✐♥��♦❞✉❝❡❞ ❜❡❝❛✉�❡ ♦❢ �❤❡ ❢♦�❝❡� ❛♣♣❧✐❡❞ �♦ �✉�❢❛❝❡�✱ ❧✐♥❡� ♦� ✇❡❧❧✲

❞❡�❡�♠✐♥❡❞ ♣♦✐♥�� ❛♥❞ ❛❧�♦ ❜❡❝❛✉�❡ ♦❢ ♣❛��✐❝✉❧❛� ❝♦♥❞✐�✐♦♥� ✇❤✐❝❤ ♠❛② ♦❜❧✐❣❡ �♦♠❡ ♣♦✐♥�� �♦

❜❡❧♦♥❣ �♦ �♦♠❡ ❣✐✈❡♥ ❝✉�✈❡ ♦� �✉�❢❛❝❡✳ ❚❤✐� ❡	✉❛�✐♦♥ ✭✶✷✮ �❡♣❧❛❝❡� �❤❡ ❡	✉❛�✐♦♥ ✭✶✮ ♦❢ �❡❝�✳

✹✹✱ ♦� �❤❡ ❡	✉❛�✐♦♥ ✭✶✷✮ ♦❢ �❡❝�✳ ✹✻✱ ❛♥❞ ✐� ✐� �❡❡♥ ❤♦✇ ✐� ✐� ❡①♣�❡��❡❞ ❞✐✛❡�❡♥�❧② ✭✇❤✐❧❡ �❤❡

�❡♠❛✐♥✐♥❣ ♣❛��� ❛�❡ ❧❡❢� �❤❡ �❛♠❡✮ �❤❡ ♣❛�� ✐♥��♦❞✉❝❡❞ ❜② �❤❡ �❡❝✐♣�♦❝❛❧ ❛❝�✐♦♥� ♦❢ �❤❡ ♠♦❧❡❝✉❧❡�

✇❤✐❝❤ ✐♥ �❤♦�❡ ❡	✉❛�✐♦♥� ✇❡�❡ �❛❦❡♥ ✐♥�♦ ❛❝❝♦✉♥� ❜② ♠❡❛♥� ♦❢ ❡	✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥� �♦ ❤♦❧❞

✐♥ �❤❡ ✇❤♦❧❡ ❜♦❞②✳

✼✸✳ ❲❤❛� �❡♠❛✐♥� �♦ ❜❡ ❞♦♥❡ ✐♥ ♦�❞❡� �♦ ❞❡❞✉❝❡ ✉�❡❢✉❧ ❝♦♥�❡	✉❡♥❝❡� ❢�♦♠ ❡	✉❛�✐♦♥ ✭✶✷✮

✐� ✐� �✐♠♣❧② ❛ ❝❛❧❝✉❧❛�✐♦♥ ♣�♦❝❡��✳ ❖♥❝❡ ❤❛✈✐♥❣ �❡❝❛❧❧❡❞ ❡	✉❛�✐♦♥ ✭✽✮✱ ✐� ✐� �❡❡♥✱ ��❛♥�❢♦�♠✐♥❣

✐♥�♦ �❡�✐❡� �❤❡ ❢✉♥❝�✐♦♥� ✐♥ �❤❡ ❜�❛❝❦❡��✱ �❤❛� ♦♥❡ ❤❛�

ρ2 =

(

f
dx

da
+ g

dx

db
+ k

dx

dc
+

f 2

2

d2x

da2
+ ❡�❝✳

)2

+

(

f
dy

da
+ g

dy

db
+ k

dy

dc
+

f 2

2

d2y

da2
+ ❡�❝✳

)2

+

(

f
dz

da
+ g

dz

db
+ k

dz

dc
+

f 2

2

d2z

da2
+ ❡�❝✳

)2

;

❛♥❞ ❜② ❝❛❧❝✉❧❛�✐♥❣ �❤❡ �	✉❛�❡� ❛♥❞ ❣❛�❤❡�✐♥❣ �❤❡ �❡�♠� ✇❤✐❝❤ ❤❛✈❡ ❡	✉❛❧ ❝♦❡✣❝✐❡♥��✿

ρ2 = f 2t1 + g 2t2 + k 2t3 + 2fgt4 + 2fkt5 + 2gkt6

+ f 3T1 + 2f 2gT2 + 2f 2kT3 + f g2T4 + ❡�❝✳ ✭✶✸✮



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✺✸

♥❡❧❧❛ �✉❛❧❡ ❡
♣�❡

✐♦♥❡ ❧❡ t1, t2, t3, t4, t5, t6 
✐❣♥✐✜❝❛♥♦ 
❡✐ ��✐♥♦♠❥ ❝❤❡ ❝✐ 
♦♥♦ ❣✐� ❢❛♠✐❧✐❛�✐✱

❛✈❡♥❞♦ ❛❞♦��❛�❡ �❛❧✐ ❞❡♥♦♠✐♥❛③✐♦♥✐ ✜♥♦ ❞❛❧❧❡ ❡�✉❛③✐♦♥✐ ✭✻✮ ❞❡❧ ♥✉♠◦✳✸✹✳❀ ❡ T1, T2, T3, T4✱ ❡❝✳

❛❧❧✬✐♥✜♥✐�♦✱ 
✐❣♥✐✜❝❛♥♦ ��✐♥♦♠❥ ❞❡❧❧❛ 
�❡

❛ ♥❛�✉�❛ ❢❛��✐ ❝♦♥ ❞❡�✐✈❛�❡ ❞✐ ♦�❞✐♥❡ 
❡♠♣�❡ ♣✐# ❡❧❡✲

✈❛�♦✳ ■♥ �✉��✐ �✉❡
�✐ ��✐♥♦♠❥ ❣❧✐ ✉❧�✐♠✐ ❞✉❡ �❡�♠✐♥✐ 
♦♥♦ 
❡♠♣�❡ 
✐♠✐❧✐ ❛❧ ♣�✐♠♦✱ ♥♦♥ ❞✐✛❡�❡♥❞♦♥❡


❡ ♥♦♥ ♣❡� ❛✈❡�❡ ❧❡ ❧❡��❡�❡ y, z ✐♥ ❧✉♦❣♦ ❞❡❧❧❛ x✳◗✉❡❧❧✐ ✐♥ ❝✉✐ ❡♥��❛♥♦ ❧❡ ❞❡�✐✈❛�❡ 
❡❝♦♥❞❡ 
♦♥♦

❞✐ ❞✉❡ 
♦��❡✳ ❱❡ ♥❡ ❤❛♥♥♦ ❞✐ ❢❛��✐ ❝♦♥ ❞❡�✐✈❛�❡ ♣�✐♠❡ ❡ 
❡❝♦♥❞❡ ✿ 
♦♥♦ ✐♥ ♥✉♠❡�♦ ❞✐ ✶✽✳ ✱ ❝✐♦+

✐ 
❡❣✉❡♥�✐ ✿

dx

da

d2x

da2
+

dy

da

d2y

da2
+

dz

da

d2z

da2

dx

da

d2x

dadb
+

dy

da

d2y

dadb
+

dz

da

d2z

dadb

dx

da

d2x

dadc
+

dy

da

d2y

dadc
+

dz

da

d2z

dadc

dx

db

d2x

dadb
+

dy

db

d2y

dadb
+

dz

db

d2z

dadb

dx

db

d2x

db2
+

dy

db

d2y

db2
+

dz

db

d2z

db2

dx

db

d2x

dbdc
+

dy

db

d2y

dbdc
+

dz

db

d2z

dbdc

dx

dc

d2x

dadc
+

dy

dc

d2y

dadc
+

dz

dc

d2z

dadc

dx

dc

d2x

dbdc
+

dy

dc

d2y

dbdc
+

dz

dc

d2z

dbdc

dx

dc

d2x

dc2
+

dy

dc

d2y

dc2
+

dz

dc

d2z

dc2
✭✶✹✮

dx

db

d2x

da2
+

dy

db

d2y

da2
+

dz

db

d2z

da2

dx

da

d2x

db2
+

dy

da

d2y

db2
+

dz

da

d2z

db2

dx

da

d2x

dbdc
+

dy

da

d2y

dbdc
+

dz

da

d2z

dbdc

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✺✸

✐♥ �❤✐
 ❡①♣�❡

✐♦♥ �❤❡ �✉❛♥�✐�✐❡
 t1, t2, t3, t4, t5, t6 �❡♣�❡
❡♥� �❤❡ 
✐① ��✐♠♦♥✐❛❧
 ✇❤✐❝❤ ❛�❡ ❛❧�❡❛②

❢❛♠✐❧✐❛� �♦ ✉
✱ ❛
 ✇❡ ❤❛✈❡ ❛❞♦♣�❡❞ 
✉❝❤ ❞❡✜♥✐�✐♦♥
 ❢�♦♠ ❡�✉❛�✐♦♥
 ✭✻✮ ✐♥ 
❡❝�✳ ✸✹❀ ❛♥❞ �❤❡

�✉❛♥�✐�✐❡
 T1, T2, T3, T4✱ ❡�❝✳ ✇❤❡�❡ �❤❡ ✐♥❞❡① ❣♦❡
 �♦ ✐♥✜♥✐�②✱ �❡♣�❡
❡♥� ��✐♥♦♠✐❛❧
 ♦❢ �❤❡ 
❛♠❡

♥❛�✉�❡ ✐♥ ✇❤✐❝❤ ❞❡�✐✈❛�✐✈❡
 ♦❢ ❤✐❣❤❡� ❛♥❞ ❤✐❣❤❡� ♦�❞❡� ❛♣♣❡❛�✳ ■♥ ❛❧❧ �❤❡
❡ ��✐♥♦♠✐❛❧
 �❤❡ ❧❛
�

�✇♦ �❡�♠
 ❛�❡ ❛❧✇❛②
 
✐♠✐❧❛� �♦ �❤❡ ✜�
� ❜✉� �❤❡② ❞✐✛❡� ✐♥ ❤❛✈✐♥❣ �❤❡ ❧❡��❡�
 y, z ❛� �❤❡ ♣❧❛❝❡

♦❢ �❤❡ ❧❡��❡� x. ❚❤♦
❡ ✐♥ ✇❤✐❝❤ �❤❡ 
❡❝♦♥❞ ❞❡�✐✈❛�✐✈❡
 ❛♣♣❡❛� ❛�❡ ♦❢ �✇♦ ❦✐♥❞
✳ ❚❤❡�❡ ❛�❡ �❤♦
❡

✇❤✐❝❤ ❛�❡ ❝♦♠♣♦
❡❞ ✇✐�❤ ✜�
� ♦�❞❡� ❛♥❞ 
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+ f 3δT1 + 2f 2gδT2 + 2f 2kδT3 + f g2δT4 + ❡❝✳ ✭✶✻✮
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❝❤❡ ❤❛ ❛♣♣✉♥�♦ ✉♥✐❝❛♠❡♥�❡ ❞✐ ♠✐�❛ ✐ ❝❛♠❜✐❛♠❡♥�✐ ❞✐ ❢♦�♠❛ ❞✐ �❛❧✐ ❢✉♥③✐♦♥✐✳ ❱✐❝❡✈❡��❛✱ ♠♦❧�✐✲

♣❧✐❝❛♥❞♦ ❧❛ ♣�❡❝❡❞❡♥�❡ ❡�✉❛③✐♦♥❡ ✭✶✻✮ ♣❡� Λ ❡ ♣♦✐ ✐♥�❡❣�❛♥❞♦ ♣❡�f, g, k ❛❧❧✬✐♥�❡♥�♦ ❞✐ ❞❡❞✉�♥❡

✐❧ ✈❛❧♦�❡ ❞❛ ❞❛��✐ ❛❧ �✉❛��♦ �❡�♠✐♥❡ �♦��♦ ❧✬✐♥�❡❣�❛❧❡ ��✐♣❧✐❝❛�♦ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ✭✶✷✮✱ ✉♥❛ �$ ❢❛��❛

♦♣❡�❛③✐♦♥❡ �✬❛♣♣�❡♥❞❡ �♦❧�❛♥�♦ ❛❧❧❡ �✉❛♥�✐�% Λf 2,Λg 2✱ ❡❝✳✱ ❧❡ ✈❛�✐❛�❡ δt1, δt2, δt3....δT1, δT2✱

❡❝✳ ♥♦♥ ♣♦��♦♥♦ �❡��❛�♥❡ ✐♥�❛❝❝❛�❡✱ ❣✐❛❝❝❤& ✐ ��✐♥♦♠❥ t1, t2, t3....T1, T2✱ ❡❝✳ ✭ �✐✢❡��❛�✐ ❛❧❧❛ ❧♦�♦

♦�✐❣✐♥❡ ✮ ♥♦♥ ❝♦♥�❡♥❣♦♥♦ ❧❡ ✈❛�✐❛❜✐❧✐ f, g, k ✿ �❛❧✐ ✈❛�✐❛�❡ �✐❡�❝♦♥♦ ❢❛��♦�✐ ❝♦��❛♥�✐ ♣❡✐ �✉❛❧✐

✈❡♥❣♦♥♦ ♠♦❧�✐♣❧✐❝❛�✐ ❣❧✬✐♥�❡❣�❛❧✐ ❝❤❡ �✐ ❡✛❡��✉❛♥♦ ♥❡✐ �✉❝❝❡��✐✈✐ �❡�♠✐♥✐ ❞❡❧❧❛ �❡�✐❡✳

❉♦♣♦ ❞✐ ❝✐+ �✐ ❢❛ ♣❛❧❡�❡ ❧❛ ✈❡�✐�% ❞❡❧❧✬❡�✉❛③✐♦♥❡

∫

df

∫

dg

∫

dk · Λδρ2 = ✭✶✼✮

(1) δt1 + (2) δt2 + (3) δt3 + (4) δt4 + (5) δt5 + (6) δt6

+ (7) δT1 + (8) δT2 + (9) δT3 + (10) δT4 + ❡❝✳

❞♦✈❡ ✐ ❝♦❡✣❝✐❡♥�✐ (1)✱ (2)✱ ❡❝✳ ✐♥❞✐❝❛�✐ ♣❡� ♠❡③③♦ ❞✐ ♥✉♠❡�✐ ❢�❛ ♣❛�❡♥�❡�✐✱ ❞❡❜❜♦♥♦ ❝♦♥�✐❞❡�❛��✐

❛❧��❡��❛♥�❡ ❢✉♥③✐♦♥✐ ❞❡❧❧❡ a, b, c �✉❛❧✐ �✐�✉❧�❡�❡❜❜❡�♦ ❞❛❣❧✐ ✐♥�❡❣�❛❧✐ �✉♠♠❡♥�♦✈❛�✐ ❞♦♣♦ ❡�❡❣✉✐�❡

❡ ❞❡✜♥✐�❡ ❧❡ ✐♥�❡❣�❛③✐♦♥✐✳ ❊❝❝♦ �✉❛❧ �❛�❡❜❜❡ ❧❛ �✉❛♥�✐�% ❡�✉✐✈❛❧❡♥�❡ ❞❛ ✐♥�♦❞✉��✐ ♥❡❧❧❛ ❡�✉❛③✐♦♥❡

✭✶✷✮ ❛❧ ❧✉♦❣♦ ❞❡❧ �✉❛��♦ �❡�♠✐♥❡ �♦��♦ ❧✬✐♥�❡❣�❛❧❡ ��✐♣❧✐❝❛�♦✳

✼✹✳ ❯♥❛ ♣�♦♣♦�✐③✐♦♥❡ ♥✉♦✈❛✱ ❛ ❝✉✐ ♣�❡❣♦ ✐❧ ❧❡��♦�❡ ❛ ♣♦��❡ ♠♦❧�❛ ❛��❡♥③✐♦♥❡✱ & ❝❤❡ �✉��✐

✐ ��✐♥♦♠❥ T1, T2, T3✱ ❡❝✳ ❛❧❧✬✐♥✜♥✐�♦✱ ❝❤❡ ❡♥��❛♥♦ ♥❡❧❧❛ ♣�❡❝❡❞❡♥�❡ ❡�✉❛③✐♦♥❡ ✭✶✼✮✱ �✐ ♣♦��♦♥♦

❡�♣�✐♠❡�❡ ♣❡� ♠❡③③♦ ❞❡✐ �♦❧✐ ♣�✐♠✐ �❡✐ t1, t2, t3, t4, t5, t6, ❡ ❞❡❧❧❡ ❧♦�♦ ❞❡�✐✈❛�❡ ♣❡� a, b, c ❞✐ �✉��✐ ❣❧✐

♦�❞✐♥✐✳ ■♦ ✈❡♥♥✐ ✐♥ �♦�♣❡��♦ ❞✐ �✉❡��❛ ✈❡�✐�% ❛♥❛❧✐�✐❝❛ ❛ ♠♦�✐✈♦ ❞❡❧❧❛ ♥❡❝❡��❛�✐❛ ❝♦��✐�♣♦♥❞❡♥③❛

❝❤❡ ❝✐ ❞♦✈❡❛ ❡��❡�❡ ��❛ �✐�✉❧�❛♠❡♥�✐ ❛ ❝✉✐ ❝♦♥❞✉❝❡ ❧❛ ✈✐❛ ��❛❝❝✐❛�❛ ✐♥ �✉❡��♦ ❈❛♣♦✱ ❡ �✉❡❧❧✐

♦��❡♥✉�✐ ♣❡� ❧❛ ✈✐❛ ❝❤❡ ❛❜❜✐❛♠♦ �❡❣✉✐�❛ ♥❡✐ ❈❛♣✐�♦❧✐ ■■■ ❡ ■❱✳ ❍♦ ♣♦✐ ✈❡�✐✜❝❛�❛ ❧✬❡♥✉♥❝✐❛�❛

♣�♦♣�✐❡�% ♣❡� ✸✾ �❡�♠✐♥✐ ❞❡❧❧❛ ♣�❡❝❡❞❡♥�❡

✶✺✻
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

■♥❞❡❡❞ �❤❡ ❝♦❡✣❝✐❡♥�� f 2, g 2, k 2, 2fg✱ ❡�❝✳ ❛�❡ ❛❧✇❛②� �❤❡ �❛♠❡ ❢♦� ❡✈❡�② ❢✉♥❝�✐♦♥� ❣✐✈✐♥❣

�❤❡ ✈❛�✐❛❜❧❡� x, y, z ✐♥ �❡�♠� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� a, b, c, ❛♥❞ �❤❡�❡❢♦�❡ ❝❛♥♥♦� ❜❡ ❛✛❡❝�❡❞ ❜② �❤❛�

♦♣❡�❛�✐♦♥ ✇❤♦�❡ ❛✐♠ ✐� �✐♠♣❧② �♦ ❝❤❛♥❣❡ �❤❡ ❢♦�♠ ♦❢ �❤❡�❡ ❢✉♥❝�✐♦♥�✳ ❱✐❝❡ ✈❡��❛✱ ❜② ♠✉❧�✐♣❧②✐♥❣

�❤❡ ♣�❡❝❡❞❡♥� ❡�✉❛�✐♦♥ ✭✶✻✮ �✐♠❡� Λ ❛♥❞ �❤❡♥ ✐♥�❡❣�❛�✐♥❣ ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡� f, g, k ✐♥

♦�❞❡� �♦ ❞❡❞✉❝❡ �❤❡ ❢♦✉��❤ �❡�♠ ✉♥❞❡� �❤❡ ��✐♣❧❡ ✐♥�❡❣�❛❧ ♦❢ �❤❡ ❡�✉❛�✐♦♥ ✭✶✷✮✱ �✉❝❤ ❛♥ ♦♣❡�❛�✐♦♥

✐� ❛✛❡❝�✐♥❣ ♦♥❧② �❤❡ �✉❛♥�✐�✐❡� Λf 2,Λg 2✱ ❡�❝✳✱ ❛♥❞ �❤❡ ✈❛�✐❛�✐♦♥� δt1, δt2, δt3....δT1, δT2✱ ❡�❝✳

❝❛♥♥♦� ❜❡ ❛✛❡❝�❡❞ ❜② ✐�✱ ❛� �❤❡ ��✐♥♦♠✐❛❧� t1, t2, t3....T1, T2✱ ❡�❝✳ ✭♦♥❡ ❤❛� �♦ ❝♦♥�✐❞❡� ❝❛�❡❢✉❧❧②

✇❤✐❝❤ ✐� �❤❡✐� ♦�✐❣✐♥✮ ❞♦ ♥♦� ❝♦♥�❛✐♥ �❤❡ ✈❛�✐❛❜❧❡� f, g, k ✿ �❤❡�❡❢♦�❡ �✉❝❤ ✈❛�✐❛�✐♦♥� �❡�✉❧� ✐♥

❜❡✐♥❣ ❝♦♥��❛♥� ❢❛❝�♦��✱ ✇❤✐❝❤ ❛�❡ �♦ ❜❡ ♠✉❧�✐♣❧✐❡❞ ❜② �❤❡ ✐♥�❡❣�❛❧� �♦ ❜❡ ❝❛❧❝✉❧❛�❡❞ ✐♥ �❤❡

�✉❜�❡�✉❡♥� �❡�♠� ♦❢ �❤❡ �❡�✐❡�✳ ❆❢�❡� �❤❡�❡ ❝♦♥�✐❞❡�❛�✐♦♥� �❤❡ ��✉�❤ ♦❢ �❤❡ ❢♦❧❧♦✇✐♥❣ ❡�✉❛�✐♦♥

✐� ♠❛♥✐❢❡��✿

∫

df

∫

dg

∫

dk · Λδρ2 = ✭✶✼✮

(1) δt1 + (2) δt2 + (3) δt3 + (4) δt4 + (5) δt5 + (6) δt6

+ (7) δT1 + (8) δT2 + (9) δT3 + (10) δT4 + ❡�❝✳

✇❤❡�❡ �❤❡ ❝♦❡✣❝✐❡♥�� (1)✱ (2)✱ ❡�❝✳ ✐♥❞✐❝❛�❡❞ ❜② ♠❡❛♥� ♦❢ ♥✉♠❜❡�� ✐♥ ❜❡�✇❡❡♥ ❜�❛❝❦❡��✱ ♠✉��

❡❛❝❤ ❜❡ �❡❣❛�❞❡❞ �♦ ❜❡ ❛ ❢✉♥❝�✐♦♥ ♦❢ �❤❡ ✈❛�✐❛❜❧❡� a✱ b✱ c✱ ❬�❤❡ �❛♠❡ ❢✉♥❝�✐♦♥�❪ ✇❤✐❝❤ ❛�❡

♦❜�❛✐♥❡❞ ❜② ❝❛❧❝✉❧❛�✐♥❣ �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ❞❡✜♥✐�❡ ✐♥�❡❣�❛❧�✳ ❚❤✐� ✐� �❤❡ ❡�✉✐✈❛❧❡♥� �✉❛♥�✐�②

✇❤✐❝❤ �❤♦✉❧❞ ❜❡ ✐♥��♦❞✉❝❡❞ ✐♥ �❤❡ ❡�✉❛�✐♦♥ ✭✶✷✮ ❛� �❤❡ ♣❧❛❝❡ ♦❢ �❤❡ ❢♦��❤ �❡�♠ ✉♥❞❡� �❤❡ ��✐♣❧❡

✐♥�❡❣�❛❧✳

✼✹✳ ❆ ♥❡✇ ♣�♦♣♦�✐�✐♦♥✱ �♦ ✇❤✐❝❤ �❤❡ �❡❛❞❡� �❤♦✉❧❞ ♣❛② ♠✉❝❤ ❛��❡♥�✐♦♥✱ ✐� �❤❛� ❛❧❧ �❤❡

��✐♥♦♠✐❛❧� T1, T2, T3✱ ❡�❝✳ ✇❤❡�❡ �❤❡ �✉❜�❝�✐♣� ❣♦❡� �♦ ✐♥✜♥✐�②✱ ✇❤✐❝❤ ❬��✐♥♦♠✐❛❧�❪ ❛♣♣❡❛� ✐♥ �❤❡

♣�❡❝❡❞❡♥� ❡�✉❛�✐♦♥ ✭✶✼✮✱ ❝❛♥ ♦♥❧② ❜❡ ❡①♣�❡��❡� ❜② ♠❡❛♥� ♦❢ �❤❡ ✜��� �✐① t1, t2, t3, t4, t5, t6, ❛♥❞

♦❢ �❤❡✐� ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡� a, b, c ♦❢ ❛❧❧ ♦�❞❡��✳ ■ ��❛��❡❞ �♦ �✉�♣❡❝� �❤✐�

❛♥❛❧②�✐❝❛❧ ��✉�❤ ❜❡❝❛✉�❡ ♦❢ �❤❡ ♥❡❝❡��❛�② ❝♦��❡�♣♦♥❞❡♥❝❡ ✇❤✐❝❤ ♠✉�� ❤♦❧❞ ❜❡�✇❡❡♥ �❤❡ �❡�✉❧��

✇❤✐❝❤ ❛�❡ ♦❜�❛✐♥❡❞ ✈✐❛ �❤❡ ♠❡�❤♦❞ ❝♦♥�✐❞❡�❡❞ ✐♥ �❤✐� ❈❛♣♦ ❛♥❞ �❤♦�❡ �❡�✉❧�� ♦❜�❛✐♥❡❞ ✇✐�❤

�❤❡ ✇❛② ❝♦♥�✐❞❡�❡❞ ✐♥ �❤❡ ❈❤❛♣�❡�� ■■■ ❛♥❞ ■❱✳ ■ ❤❛✈❡ �❤❡♥ ✈❡�✐✜❡❞ �❤❡ ��❛�❡❞ ♣�♦♣❡��② ❢♦� ✸✾

�❡�♠� ♦❢ �❤❡ ♣�❡❝❡❞❡♥�



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✺✼

�❡�✐❡ ✭✶✼✮✱ ♦❧
�❡ ✐ ♣�✐♠✐ �❡✐✱ ❝✐♦� ♣❡� 
✉

✐ ✐ 
�✐♥♦♠❥ �❝�✐

✐ ♥❡❧❧❡ �✐✉♥✐♦♥✐ ✭✶✹✮✱ ❡ ✭✶✺✮✱ ❞♦♣♦

❞✐ ❝❤❡ ♠✐ �♦♥♦ ❛❜❜❛♥❞♦♥❛
♦ ❛❧❧✬❛♥❛❧♦❣✐❛ ✿ ❧❛ �✉❛❧ ❝♦�❛ ♦ ♣�❡�
♦ ♦ 
❛�❞✐ � ✐♥❡✈✐
❛❜✐❧❡✱ ❣✐❛❝❝❤�


�❛

❛♥❞♦�✐ ❞✐ ✉♥❛ �❡�✐❡ ✐♥✜♥✐
❛ � ✐♠♣♦��✐❜✐❧❡ ♣❡�❝♦��❡�❧❛ 
✉

❛✳ ❖�❛ ❞✐�" ❝♦♠❡ ❤♦ ❢❛

♦ ❧✬❛��❡�✐
❛

✈❡�✐✜❝❛③✐♦♥❡✱ ❡ ❧✬✐♠♣♦�
❛♥③❛ ❞❡❧❧❡ ❝♦♥❝❧✉�✐♦♥✐ �❝✉�❡�% ❧❡ ❧✉♥❣❛❣❣✐♥✐ ♥❡✐ ❝❛❧❝♦❧✐✱ ✐ �✉❛❧✐✱ ❞❛❧❧❛

♣�♦❧✐��✐
% ✐♥ ❢✉♦�✐✱ ♥♦♥ ♣�❡�❡♥
❛♥♦ ❛❧❝✉♥❛ ❞✐✣❝♦❧
%✳

❆✈❡♥❞♦ �♦

✬♦❝❝❤✐♦ ✐ ✈❛❧♦�✐ ❞❡❧❧❡ t1, t2, t3, t4, t5, t6 ✭ ❡�✉❛③✐♦♥✐ ✭✻✮ ♥✉♠.◦✸✹✳✮ �✐ �✐❝♦♥♦�❝❡

�✉❜✐
♦ ❝❤❡ ✐ ♣�✐♠✐ ♥♦✈❡ 
�✐♥♦♠❥ ❞❡❧❧❛ �✐✉♥✐♦♥❡ ✭✶✹✮ ❤❛♥♥♦ �✐�♣❡

✐✈❛♠❡♥
❡ ✐ ✈❛❧♦�✐ ✿

1

2

dt1

da
;

1

2

dt1

db
;

1

2

dt1

dc
1

2

dt2

da
;

1

2

dt2

db
;

1

2

dt2

dc
1

2

dt3

da
;

1

2

dt3

db
;

1

2

dt3

dc
.

❙✐ 
�♦✈❛ ✐♥ ❛♣♣�❡��♦ ✭ ❡ ♣✉" ✈❡�✐✜❝❛��✐ ❝♦❧❧❛ �♦�
✐
✉③✐♦♥❡ ❞❡✐ ✈❛❧♦�✐ ♥♦
✐ ✮ ❝❤❡ ✐ 
�✐♥♦♠❥ ❞❡❝✐♠♦✱

✉♥❞✐❝❡�✐♠♦✱ 
�❡❞✐❝❡�✐♠♦✱ �✉✐♥❞✐❝❡�✐♠♦✱ ❞✐❝✐❛��❡

❡�✐♠♦✱ ❞✐❝✐♦

❡�✐♠♦ ❡�✉✐✈❛❧❣♦♥♦ �✐�♣❡

✐✈❛✲

♠❡♥
❡ ❛✐ �❡❣✉❡♥
✐ ❜✐♥♦♠❥ ✿

dt4

da
−

1

2

dt1

db
;

dt4

db
−

1

2

dt2

da
;

dt5

da
−

1

2

dt1

dc
dt5

dc
−

1

2

dt3

da
;

dt6

db
−

1

2

dt2

dc
;

dt6

dc
−

1

2

dt3

db
.

❊ ❝❤❡ ✐ 
�✐♥♦♠❥ ❞♦❞✐❝❡�✐♠♦✱ �✉❛

♦�❞✐❝❡�✐♠♦✱ �❡❞✐❝❡�✐♠♦ ❤❛♥♥♦ �✐�♣❡

✐✈❛♠❡♥
❡ �✉❡�
✐ ❛❧
�✐

✈❛❧♦�✐ ✿

1

2

dt4

dc
+

1

2

dt5

db
−

1

2

dt6

da
;

1

2

dt4

dc
−

1

2

dt5

db
+

1

2

dt6

da
; −

1

2

dt4

dc
+

1

2

dt5

db
+

1

2

dt6

da
.

-❡� 
❛❧ ♠♦❞♦ ❧✬❛��❡�✐
❛ ♣�♦♣♦�✐③✐♦♥❡ � ♣�♦✈❛
❛ �❡❧❛
✐✈❛♠❡♥
❡ ❛✐ ♣�✐♠✐ ✶✽ 
�✐♥♦♠❥✳

❖�❛ ✐♠♠❛❣✐♥✐❛♠♦ ❢♦�♠❛
❡ ✶✽ ❡�✉❛③✐♦♥✐ ❛✈❡♥
✐ ♥❡✐ ♣�✐♠✐ ♠❡♠❜�✐ ✐ 
�✐♥♦♠❥ ❞❡❧❧❛ �✐✉♥✐♦♥❡

✭✶✹✮ ♣�❡�✐ ✉♥♦ ♣❡� ✈♦❧
❛✱ ❡ ♥❡✐ �❡❝♦♥❞✐ ✐ �✐�♣❡

✐✈✐ ✈❛❧♦�✐ ❝❤✬♦�❛ ❛❜❜✐❛♠♦ ❞✐♠♦�
�❛
♦ ❡��❡�❡ ❛❞

❡��✐ ❡❣✉❛❧✐✳ ❉✐ 
❛❧✐ ❡�✉❛③✐♦♥✐ �✐ ❝♦♠✐♥❝✐♥♦ ❛ ❝♦♥�✐❞❡�❛�❡ ❧❛

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✺✼

�❡�✐❡� ✭✶✼✮✱ ❜❡②♦♥❞ 
❤❡ ✜��
 �✐①✱ 
❤❛
 ✐� ❢♦� ❛❧❧ 
�✐♥♦♠✐❛❧� ✇�✐

❡♥ ✐♥ 
❤❡ 
❛❜❧❡� ✭✶✹✮✱ ❛♥❞ ✭✶✺✮✱

❛♥❞ ❛❢
❡� 
❤❡�❡ ❝❛❧❝✉❧❛
✐♦♥� ■ ❛❜❛♥❞♦♥❡❞ ♠②�❡❧❢ 
♦ 
❤❡ ❛♥❛❧♦❣②✿ ❛♥❞ 
❤✐� ✇✐❧❧ �♦♦♥❡� ♦� ❧❛
❡�

❜❡ ✉♥❛✈♦✐❞❛❜❧❡✱ ❜❡❝❛✉�❡ ♦✉� �❡�✐❡� ✐� ✐♥✜♥✐
❡ ❛♥❞ ✐
 ✇✐❧❧ ❜❡ ✐♠♣♦��✐❜❧❡ 
♦ ❝❤❡❝❦ ❛❧❧ ✐
� 
❡�♠�✳

◆♦✇ ■ ✇✐❧❧ �❛② ❤♦✇ ■ ♣❡�❢♦�♠❡❞ 
❤❡ �
❛
❡❞ ✈❡�✐✜❝❛
✐♦♥ ❛♥❞ 
❤❡ ✐♠♣♦�
❛♥❝❡ ♦❢ 
❤❡ ❝♦♥❝❧✉�✐♦♥�

✇✐❧❧ ❥✉�
✐❢② 
❤❡ ❧❡♥❣
❤✐♥❡��❡� ♦❢ 
❤❡ ❝❛❧❝✉❧❛
✐♦♥�✱ ✇❤✐❝❤✱ ❡①❝❡♣
 ❢♦� 
❤❡ ♣�♦❧✐①✐
②✱ ❞♦ ♥♦
 ♣�❡�❡♥


❛♥② ❞✐✣❝✉❧
②✳ ❈❤❡❝❦✐♥❣ 
❤❡ ✈❛❧✉❡� ♦❢ 
❤❡ ✈❛�✐❛❜❧❡� t1, t2, t3, t4, t5, t6 ✭❡�✉❛
✐♦♥� ✭✻✮ �❡❝
✳ ✸✹✮ ✐


✐� ✐♠♠❡❞✐❛
❡ 
♦ �❡❝♦❣♥✐③❡ 
❤❛
 
❤❡ ✜��
 ♥✐♥❡ 
�✐♥♦♠✐❛❧� ♦❢ 
❤❡ 
❛❜❧❡ ✭✶✹✮ �❡�♣❡❝
✐✈❡❧② ❤❛✈❡ 
❤❡

✈❛❧✉❡�✿

1

2

dt1

da
;

1

2

dt1

db
;

1

2

dt1

dc
1

2

dt2

da
;

1

2

dt2

db
;

1

2

dt2

dc
1

2

dt3

da
;

1

2

dt3

db
;

1

2

dt3

dc
.

■
 ✐� 
❤❡♥ ♣♦��✐❜❧❡ 
♦ ✜♥❞ 
❤❛
 ✭❛♥❞ 
❤✐� ❝❛♥ ❜❡ ✈❡�✐✜❡❞ ❜② �✐♠♣❧❡ �✉❜�
✐
✉
✐♦♥ ♦❢ ❦♥♦✇♥

✈❛❧✉❡�✮ 
❤❡ 
�✐♥♦♠✐❛❧� ❧❛❜❡❧❧❡❞ ✇✐
❤ 
❤❡ ♥✉♠❜❡� 
❡♥✱ ❡❧❡✈❡♥✱ 
❤✐�
❡❡♥✱ ✜❢
❡❡♥✱ �❡✈❡♥
❡❡♥ ❛♥❞

❡✐❣❤
❡❡♥ ❛�❡ ❡�✉✐✈❛❧❡♥
 �❡�♣❡❝
✐✈❡❧② 
♦ 
❤❡ ❢♦❧❧♦✇✐♥❣ ❜✐♥♦♠✐❛❧�✿

dt4

da
−

1

2

dt1

db
;

dt4

db
−

1

2

dt2

da
;

dt5

da
−

1

2

dt1

dc
dt5

dc
−

1

2

dt3

da
;

dt6

db
−

1

2

dt2

dc
;

dt6

dc
−

1

2

dt3

db
.

❆♥❞ 
❤❛
 
❤❡ 
�✐♥♦♠✐❛❧� ❧❛❜❡❧❧❡❞ ✇✐
❤ 
❤❡ ♥✉♠❜❡�� 
✇❡❧✈❡✱ ❢♦✉�
❡❡♥ ❛♥❞ �✐①
❡❡♥ ❤❛✈❡ �❡�♣❡❝✲


✐✈❡❧② 
❤❡�❡ ♦
❤❡� ✈❛❧✉❡�✿

1

2

dt4

dc
+

1

2

dt5

db
−

1

2

dt6

da
;

1

2

dt4

dc
−

1

2

dt5

db
+

1

2

dt6

da
; −

1

2

dt4

dc
+

1

2

dt5

db
+

1

2

dt6

da
.

■♥ 
❤✐� ✇❛② 
❤❡ �
❛
❡❞ ♣�♦♣♦�✐
✐♦♥ ✐� ♣�♦✈❡♥ �❡❧❛
✐✈❡❧② 
♦ 
❤❡ ✜��
 ✶✽ 
�✐♥♦♠✐❛❧�✳

▲❡
 ✉� ♥♦✇ ✐♠❛❣✐♥❡ 
♦ ❤❛✈❡ ❢♦�♠❡❞ ✶✽ ❡�✉❛
✐♦♥� ❤❛✈✐♥❣ ❡❛❝❤ ❛� ❧❡❢
✲❤❛♥❞ �✐❞❡� 
❤❡ 
�✐♥♦♠✐❛❧�

♦❢ 
❤❡ 
❛❜❧❡ ✭✶✹✮ ❛♥❞ ❛� �✐❣❤
✲❤❛♥❞ �✐❞❡ �❡�♣❡❝
✐✈❡❧② 
❤❡ ✈❛❧✉❡� 
♦ ✇❤✐❝❤ ✇❡ ❤❛✈❡ ♣�♦✈❡♥ 
❤❡②

❛�❡ ❡�✉❛❧✳ ❆♠♦♥❣ 
❤❡�❡ ❡�✉❛
✐♦♥� ❧❡
 ✉� ❝♦♥�✐❞❡� 
❤❡



✶✺✽
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

♣�✐♠❛✱ ❧❛ ❞❡❝✐♠❛✱ ❡ ❧❛ ��❡❞✐❝❡�✐♠❛✱ �✐ ♠♦❧�✐♣❧✐❝❤✐♥♦ ♦�❞✐♥❛�❛♠❡♥�❡ ♣❡� l1,m1, n1✱ ✐♥❞✐ �✐ �♦♠✲

♠✐♥♦ ✿ �✐ ♠♦❧�✐♣❧✐❝❤✐♥♦ ❞❛ ❝❛♣♦ �✐♠✐❧♠❡♥�❡ ♣❡� l2,m2, n2✱ ❡ �✐ �♦♠♠✐♥♦ ✿ �✐ ♠♦❧�✐♣❧✐❝❤✐♥♦

♥✉♦✈❛♠❡♥�❡ ❞❛ ❝❛♣♦ ♣❡� l3,m3, n3✱ ❡ �✐ �♦♠♠✐♥♦ ✿ ❛✈❡♥❞♦ �♦��✬♦❝❝❤✐♦ ❧❡ ♥♦✈❡ ❡�✉❛③✐♦♥✐

❞❡❧ ♥✉♠✳◦✶✹✳ �❡❣♥❛�❡ ✭✷✽✮ ✱ ❣✐✉♥❣❡�❡♠♦ ❛ ��♦✈❛�❡ ❛ ♣❛��❡ ✐ ✈❛❧♦�✐ ❞❡❧❧❡ ��❡ ❞❡�✐✈❛�❡ ❞✐ �❡❝✲

♦♥❞✬♦�❞✐♥❡ d2x
da2 ,

d2y
da2 ,

d2z
da2 ✳ ❈♦❧❧♦ ��❡��♦ ❛♥❞❛♠❡♥�♦ �❝❡❣❧✐❡♥❞♦ ♦♣♣♦��✉♥❛♠❡♥�❡ ❢�❛ ❧❡ ❛♥③✐ ❞❡✲

�❝�✐��❡ ✶✽ ❡�✉❛③✐♦♥✐✱ ❞❡�❡�♠✐♥❡�❡♠♦ ✐ ✈❛❧♦�✐ ❞❡❧❧❡ ❛❧��❡ ❞❡�✐✈❛�❡ ❞✐ �❡❝♦♥❞✬♦�❞✐♥❡ ❡❞ ♦��❡��❡♠♦

✿

2H
d2x

da2
= l1

dt1

da
+m1

(

2
dt4

da
−

dt1

db

)

+ n1

(

2
dt5

da
−

dt1

dc

)

2H
d2y

da2
= l2

dt1

da
+m2

(

2
dt4

da
−

dt1

db

)

+ n2

(

2
dt5

da
−

dt1

dc

)

2H
d2z

da2
= l3

dt1

da
+m3

(

2
dt4

da
−

dt1

db

)

+ n3

(

2
dt5

da
−

dt1

dc

)

2H
d2x

db2
= l1

(

2
dt4

db
−

dt2

da

)

+m1
dt2

db
+ n1

(

2
dt6

db
−

dt2

dc

)

2H
d2y

db2
= l2

(

2
dt4

db
−

dt2

da

)

+m3
dt2

db
+ n2

(

2
dt6

db
−

dt2

dc

)

2H
d2z

db2
= l3

(

2
dt4

db
−

dt2

da

)

+m3
dt2

db
+ n3

(

2
dt6

db
−

dt2

dc

)

2H
d2x

dc2
= l1

(

2
dt5

dc
−

dt3

da

)

+m1

(

2
dt6

dc
−

dt3

db

)

+ n1
dt3

dc

2H
d2y

dc2
= l2

(

2
dt5

dc
−

dt3

da

)

+m2

(

2
dt6

dc
−

dt3

db

)

+ n2
dt3

dc

2H
d2z

dc2
= l3

(

2
dt5

dc
−

dt3

da

)

+m3

(

2
dt6

dc
−

dt3

db

)

+ n3
dt3

dc

2H
d2x

dadb
= l1

dt1

db
+m1

dt2

da
+ n1

(

dt5

db
+

dt6

da
−

dt4

dc

)

2H
d2y

dadb
= l2

dt1

db
+m2

dt2

da
+ n2

(

dt5

db
+

dt6

da
−

dt4

dc

)

2H
d2z

dadb
= l3

dt1

db
+m3

dt2

da
+ n3

(

dt5

db
+

dt6

da
−

dt4

dc

)

2H
d2x

dadc
= l1

dt1

dc
+m1

(

dt4

dc
+

dt6

da
−

dt5

db

)

+ n1
dt3

da

✶✺✽
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

✜���✱ �❤❡ �❡♥�❤ ❛♥❞ �❤❡ �❤✐��❡❡♥�❤ ♦♥❡� ❛♥❞ ❧❡� ✉� ♠✉❧�✐♣❧② �❤❡♠ ♦�❞❡�❧② �✐♠❡� l1,m1, n1✱ ❛♥❞

�❤❡♥ ❧❡� ✉� �✉♠ �❤❡ ♦❜�❛✐♥❡❞ �❡�✉❧��✿ �❤❡♥ ❧❡� ✉� ♠✉❧�✐♣❧② �❤❡ �❛♠❡ ❡�✉❛�✐♦♥� ❛❣❛✐♥ �✐♠❡�

l2,m2, n2✱ ❛♥❞ ❛❣❛✐♥ �✉♠ �❤❡ ♦❜�❛✐♥❡❞ �❡�✉❧�� ✿ ✜♥❛❧❧② ❧❡� ✉� ♠✉❧�✐♣❧② �❤❡ �❛♠❡ �❤�❡❡ ❡�✉❛�✐♦♥�

�✐♠❡� l3,m3, n3✱ ❛♥❞ ❛❣❛✐♥ �✉♠ �❤❡ ♦❜�❛✐♥❡❞ �❡�✉❧�� ✿ ❜② ❝♦♥�✐❞❡�✐♥❣ �❤❡ ♥✐♥❡ ❡�✉❛�✐♦♥� ♦❢

�❡❝�✳ ✶✹ ❧❛❜❡❧❧❡❞ ✭✷✽✮ ✱ ✇❡ ✇✐❧❧ ♠❛♥❛❣❡ �♦ ❣❡� ❛♥ ❡①♣�❡��✐♦♥ ❢♦� �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ �❤�❡❡ �❡❝♦♥❞

♦�❞❡� ❞❡�✐✈❛�✐✈❡� d2x
da2 ,

d2y
da2 ,

d2z
da2 ✳ ❋♦❧❧♦✇✐♥❣ �❤❡ �❛♠❡ ♣�♦❝❡❞✉�❡✱ �✉✐�❛❜❧② ❝❤♦♦�✐♥❣ ❛♠♦♥❣ �❤❡

❛❢♦�❡♠❡♥�✐♦♥❡❞ ✶✽ ❡�✉❛�✐♦♥�✱ ✇❡ ✇✐❧❧ ❞❡�❡�♠✐♥❡ �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ ♦�❤❡� �❡❝♦♥❞ ♦�❞❡� ❞❡�✐✈❛�✐✈❡�

❛♥❞ ✇❡ ✇✐❧❧ ❣❡�

2H
d2x

da2
= l1

dt1

da
+m1

(

2
dt4

da
−

dt1

db

)

+ n1

(

2
dt5

da
−

dt1

dc

)

2H
d2y

da2
= l2

dt1

da
+m2

(

2
dt4

da
−

dt1

db

)

+ n2

(

2
dt5

da
−

dt1

dc

)

2H
d2z

da2
= l3

dt1

da
+m3

(

2
dt4

da
−

dt1

db

)

+ n3

(

2
dt5

da
−

dt1

dc

)

2H
d2x

db2
= l1

(

2
dt4

db
−

dt2

da

)

+m1
dt2

db
+ n1

(

2
dt6

db
−

dt2

dc

)

2H
d2y

db2
= l2

(

2
dt4

db
−

dt2

da

)

+m3
dt2

db
+ n2

(

2
dt6

db
−

dt2

dc

)

2H
d2z

db2
= l3

(

2
dt4

db
−

dt2

da

)

+m3
dt2

db
+ n3

(

2
dt6

db
−

dt2

dc

)

2H
d2x

dc2
= l1

(

2
dt5

dc
−

dt3

da

)

+m1

(

2
dt6

dc
−

dt3

db

)

+ n1
dt3

dc

2H
d2y

dc2
= l2

(

2
dt5

dc
−

dt3

da

)

+m2

(

2
dt6

dc
−

dt3

db

)

+ n2
dt3

dc

2H
d2z

dc2
= l3

(

2
dt5

dc
−

dt3

da

)

+m3

(

2
dt6

dc
−

dt3

db

)

+ n3
dt3

dc

2H
d2x

dadb
= l1

dt1

db
+m1

dt2

da
+ n1

(

dt5

db
+

dt6

da
−

dt4

dc

)

2H
d2y

dadb
= l2

dt1

db
+m2

dt2

da
+ n2

(

dt5

db
+

dt6

da
−

dt4

dc

)

2H
d2z

dadb
= l3

dt1

db
+m3

dt2

da
+ n3

(

dt5

db
+

dt6

da
−

dt4

dc

)

2H
d2x

dadc
= l1

dt1

dc
+m1

(

dt4

dc
+

dt6

da
−

dt5

db

)

+ n1
dt3

da

▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✺✾



2H
d2y

dadc
= l2

dt1

dc
+m2

(

dt4

dc
+

dt6

da
−

dt6

db

)

+ n2
dt3

da

2H
d2z

dadc
= l3

dt1

dc
+m3

(

dt4

dc
+

dt6

da
−

dt5

db

)

+ n3
dt3

da

2H
d2x

dbdc
= l1

(

dt4

dc
+

dt5

db
−

dt6

da

)

+m1
dt2

dc
+ n1

dt3

db

2H
d2y

dbdc
= l2

(

dt4

dc
+

dt5

db
−

dt6

da

)

+m2
dt2

dc
+ n2

dt3

db

2H
d2z

dbdc
= l3

(

dt4

dc
+

dt5

db
−

dt6

da

)

+m3
dt2

dc
+ n3

dt3

db
.
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❘✐❝❤✐❛♠❛♥❞♦ ❧❡ ❡�✉❛③✐♦♥✐ ✭✸✶✮✱ ✭✸✸✮✱ ✭✸✹✮ ❞❡❧ ♥✉♠✳◦ ✻✼✳ ✈❡❞�❡♠♦ ❝❤❡ �❛❧✐ ✈❛❧♦�✐ �✐�✉❧�❛♥♦

✉♥✐❝❛♠❡♥�❡ ❢❛��✐ ❞❡❧❧❡ t1, t2....t6 ❡ ❞❡❧❧❡ ❧♦�♦ ❞❡�✐✈❛�❡ ♣�✐♠❡✱ ❝❤❡ ! ❛♣♣✉♥�♦ ❝✐" ❝❤❡ ✈♦❧❡✈❛♠♦

♣�♦✈❛�❡✳ �❡� ❡�❡♠♣✐♦ ✐❧ ✈❛❧♦�❡ ❞❡❧ ♣�✐♠♦ ��✐♥♦♠✐♦

(

d2x

da2

)2

+

(

d2y

da2

)2

+

(

d2z

da2

)2

❝✐ ✈✐❡♥❡ ❡❣✉❛❧❡ ❛❞ ✉♥❛ ❢�❛③✐♦♥❡ ✐❧ ❝✉✐ ♥✉♠❡�❛�♦�❡ !

(

t
2
t
3
− t

2

6

)

(

dt
1

da

)2

+
(

t
1
t
3
− t

2

5

)

(

2
dt4

da
−

dt1

db

)2

+
(

t
1
t
2
− t

2

4

)

(

2
dt5

da
−

dt1

dc

)2

+ 2 (t
5
t
6
− t

3
t
4
)
dt

1

da

(

2
dt4

da
−

dt1

db

)

+ 2 (t
4
t
6
− t

2
t
5
)
dt

1

da

(

2
dt6

da
−

dt1

dc

)

+ 2 (t
4
t
5
− t

1
t
6
)

(

2
dt4

da
−

dt1

db

)(

2
dt5

da
−

dt1

dc

)

❡ ✐❧ ❞❡♥♦♠✐♥❛�♦�❡ ❧❛ �✉❛♥�✐�$

4
(

t
1
t
2
t
3
+ 2t

4
t
5
t
6
− t

1
t
2

6
− t

2
t
2

5
− t

3
t
2

4

)

.
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2H
d2y

dadc
= l2

dt1

dc
+m2

(

dt4

dc
+

dt6

da
−

dt6

db

)

+ n2
dt3

da

2H
d2z

dadc
= l3

dt1

dc
+m3

(

dt4

dc
+

dt6

da
−

dt5

db

)

+ n3
dt3

da

2H
d2x

dbdc
= l1

(

dt4

dc
+

dt5

db
−

dt6

da

)

+m1
dt2

dc
+ n1

dt3

db

2H
d2y

dbdc
= l2

(

dt4

dc
+

dt5

db
−

dt6

da

)

+m2
dt2

dc
+ n2

dt3

db

2H
d2z

dbdc
= l3

(

dt4

dc
+

dt5

db
−

dt6

da

)

+m3
dt2

dc
+ n3

dt3

db
.
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❝♦♥��✐�✉�❡❞ ✉♥✐�✉❡❧② ❜② �❤❡ ✈❛�✐❛❜❧❡� t1, t2....t6 ❛♥❞ ❜② �❤❡✐� ✜��� ♦�❞❡� ❞❡�✐✈❛�✐✈❡�✱ ❛♥❞ �❤✐� ✐�

❡①❛❝�❧② ✇❤❛� ✇❡ ✇❛♥�❡❞ �♦ ♣�♦✈❡✳ ❋♦� ✐♥��❛♥❝❡ �❤❡ ✈❛❧✉❡ ♦❢ �❤❡ ✜��� ��✐♥♦♠✐❛❧

(

d2x

da2

)2

+

(

d2y

da2

)2

+

(

d2z

da2

)2
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(

t
2
t
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2

6

)

(

dt
1

da

)2

+
(

t
1
t
3
− t

2

5

)

(

2
dt4

da
−

dt1

db

)2

+
(

t
1
t
2
− t

2

4

)

(

2
dt5

da
−

dt1

dc

)2

+ 2 (t
5
t
6
− t

3
t
4
)
dt

1

da

(

2
dt4

da
−

dt1

db

)

+ 2 (t
4
t
6
− t

2
t
5
)
dt

1

da

(

2
dt6

da
−

dt1

dc

)

+ 2 (t
4
t
5
− t

1
t
6
)

(

2
dt4

da
−

dt1

db

)(

2
dt5

da
−

dt1

dc

)
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4
(

t
1
t
2
t
3
+ 2t

4
t
5
t
6
− t

1
t
2

6
− t

2
t
2

5
− t

3
t
2

4

)

.
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■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

∫

df

∫

dg

∫

dk · Λδρ2 = ✭✶✽✮

(α) δt1 + (β) δt2 + (γ) δt3 + ....+ (ǫ)
δdt

1

da
+ (ζ)

δdt
1

db
+ (η)

δdt
1

dc

+ (ϑ)
δdt

2

da
+ ....+ (λ)

δd2t
1

da2
+ (μ)

δd2t
1

dadb
+ ....+ (ξ)

δd2t
2

da2
+ (o)

δd2t
2

dadb
+ ❡❝✳

♥❡❧❧❛ 
✉❛❧❡ ✐ ❝♦❡✣❝✐❡♥�✐ (α) , (β) .... (ǫ) .... (λ) ✳✳✳✳ ❡❝✳ �♦♥♦ 
✉❛♥�✐�� ❢❛��❡ ❞❡✐ ❝♦❡✣❝✐❡♥�✐

(1) , (2) .... (7) , (8) .... ❞❡❧❧❛ ❡
✉❛③✐♦♥❡ ✭✶✼✮✱ ❞❡✐ �❡✐ ��✐♥♦♠❥ t1, t2....t6 ✱ ❡ ❞❡❧❧❡ ❞❡�✐✈❛�❡ ❞✐ 
✉❡��✐

��✐♥♦♠❥ ♣❡� a, b, c ❞❡✐ ❞✐✈❡��✐ ♦�❞✐♥✐✳ ▲❡ ✈❛�✐❛�❡ ♣♦✐ δt1, δt2.... ❡ ❧❡ ✈❛�✐❛�❡ ❞❡❧❧❡ ❧♦�♦ ❞❡�✐✈❛�❡

❞✐ �✉��✐ ❣❧✐ ♦�❞✐♥✐
δdt

1

da
,
δdt

1

db
✱ ❡❝✳ ♥♦♥ ❡♥��❛♥♦ ♥❡❧❧❛ ✭✶✽✮ �❡ ♥♦♥ ❧✐♥❡❛�♠❡♥�❡ ❛❧❧✬✐♥✜♥✐�♦✳ ❖�❛

$ ✉♥ ♣�✐♥❝✐♣✐♦ ❢♦♥❞❛♠❡♥�❛❧❡ ♥❡❧ ❝❛❧❝♦❧♦ ❞❡❧❧❡ ✈❛�✐❛③✐♦♥✐ ✭ ❡ ♥❡ ❛❜❜✐❛♠♦ ❢❛��♦ ✉�♦ ❛♥❝❤❡ ✐♥


✉❡��❛ ▼❡♠♦�✐❛ ❛❧ ♥✉♠✳◦ ✸✻✳ ❡ ❛❧��♦✈❡✮ ❝❤❡ ✉♥❛ �❡�✐❡ ❝♦♠❡ ❧❛ ♣�❡❝❡❞❡♥�❡ ♦✈❡ �♦♥♦ ❧✐♥❡❛�✐

❧❡ ✈❛�✐❛�❡ ❞✐ ❛❧❝✉♥❡ 
✉❛♥�✐�� ❡ ❧❡ ✈❛�✐❛�❡ ❞❡❧❧❡ ❧♦�♦ ❞❡�✐✈❛�❡ ♣❡� ✈❛�✐❛❜✐❧✐ �❡♠♣❧✐❝✐ a, b, c, ♣✉)

�❡♠♣�❡ ��❛�❢♦�♠❛��✐ ✐♥ ✉♥❛ ❡�♣�❡��✐♦♥❡ ❝❤❡ ❝♦♥�❡♥❣❛ 
✉❡❧❧❡ 
✉❛♥�✐�� ♥♦♥ ❛✛❡��❡ ❞❛ ❛❧❝✉♥ �❡❣♥♦

❞✐ ❞❡�✐✈❛③✐♦♥❡✱ ❝♦❧❧✬❛❣❣✐✉♥�❛ ❞✐ ❛❧��✐ �❡�♠✐♥✐ ✐ 
✉❛❧✐ �♦♥♦ ❞❡�✐✈❛�❡ ❡�❛��❡ �❡❧❛�✐✈❛♠❡♥�❡ ❛❧❧✬✉♥❛ ♦

❛❧❧✬❛❧��❛ ♦ ❛❧❧❛ �❡�③❛ ❞❡❧❧❡ ✈❛�✐❛❜✐❧✐ �❡♠♣❧✐❝✐✳ ■♥ ❝♦♥�❡❣✉❡♥③❛ ❞✐ �❛❧ ♣�✐♥❝✐♣✐♦ ❛❧❧✬❡
✉❛③✐♦♥❡ ✭✶✽✮

♣✉) ❞❛��✐ ❧✬❡�♣�❡��✐♦♥❡ ❝❤❡ �❡❣✉❡

∫

df

∫

dg

∫

dk · Λδρ2 = ✭✶✾✮

Aδt1 +B δt2 + C δt3 +Dδt4 + Eδt5 + F δt6

+
dΔ

da
+

dΘ

db
+

dΥ

dc
.

■ ✈❛❧♦�✐ ❞❡✐ �❡✐ ❝♦❡✣❝✐❡♥�✐ A,B,C,D,E, F �♦♥♦ �❡�✐❡ ❢❛��❡ ❝♦✐ ❝♦❡✣❝✐❡♥�✐ (α) , (β) , (γ) .... (ǫ) , (ζ) ..

❡❝✳ ❞❡❧❧✬❡
✉❛③✐♦♥❡ ✭✶✽✮ ❝❤❡ ✈✐ ❡♥��❛♥♦ ❧✐♥❡❛�♠❡♥�❡ ❛ �❡❣♥✐ ❛❧�❡�♥❛�✐✱ ❡ ❛✛❡��✐ ❞❛ ❞❡�✐✈❛③✐♦♥✐ ❞✐

♦�❞✐♥❡ �❡♠♣�❡ ♣✐- ❡❧❡✈❛�♦ ♣✐- ❝❤❡ ❝✬✐♥♦❧��✐❛♠♦ ♥❡✐ �❡�♠✐♥✐ ❞✐ ❡��❡ �❡�✐❡ ✿ ❧❡ 
✉❛♥�✐�� Δ,Θ,Υ

�♦♥♦ �❡�✐❡ ❞❡❧❧❛ ��❡��❛ ❢♦�♠❛ ❞❡❧❧❛ ♣�♦♣♦��❛ ❛ ��❛�❢♦�♠❛��✐✱ ♥❡❧❧❛ 
✉❛❧❡ ✐ ❝♦❡✣❝✐❡♥�✐ ❞❡❧❧❡ ✈❛�✐❛�❡

❤❛♥♥♦ ✉♥❛ ❝♦♠♣♦�✐③✐♦♥❡

✶✻✵
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

∫

df

∫

dg

∫

dk · Λδρ2 = ✭✶✽✮

(α) δt1 + (β) δt2 + (γ) δt3 + ....+ (ǫ)
δdt

1

da
+ (ζ)

δdt
1

db
+ (η)

δdt
1

dc

+ (ϑ)
δdt

2

da
+ ....+ (λ)

δd2t
1

da2
+ (μ)

δd2t
1

dadb
+ ....+ (ξ)

δd2t
2

da2
+ (o)

δd2t
2

dadb
+ ❡�❝✳

✐♥ ✇❤✐❝❤ �❤❡ ❝♦❡✣❝✐❡♥�� (α) , (β) .... (ǫ) .... (λ) ✳✳✳✳ ❡�❝✳ ❛�❡ �✉✐�❛❜❧❡ 
✉❛♥�✐�✐❡� ❣✐✈❡♥ ✐♥ �❡�♠� ♦❢

�❤❡ ❝♦❡✣❝✐❡♥�� (1) , (2) .... (7) , (8) .... ♦❢ ❡
✉❛�✐♦♥ ✭✶✼✮✱ ♦❢ �❤❡ �✐① ��✐♥♦♠✐❛❧� t1✱ t2 ✳✳✳✳ t6✱ ❛♥❞ ♦❢

�❤❡ ❞❡�✐✈❛�✐✈❡� ♦❢ ❛♥② ♦�❞❡� ♦❢ �❤❡�❡ ��✐♥♦♠✐❛❧� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡� a✱ b✱ c✳ ❇❡�✐❞❡�✱ �❤❡

✈❛�✐❛�✐♦♥� δt1, δt2... ✭✇✐�❤ �❤❡ �✉❜�❝�✐♣� ✈❛�②✐♥❣ ✉♣ �♦ ✐♥✜♥✐�②✮ ❛♥❞ �❤❡ ✈❛�✐❛�✐♦♥� ♦❢ ❛❧❧ �❤❡✐�

❞❡�✐✈❛�✐✈❡� ♦❢ ❛❧❧ �❤❡ �❡
✉✐�❡❞ ♦�❞❡��
δdt

1

da
,
δdt

1

db
✱ ❡�❝✳ ❛♣♣❡❛� ✐♥ ✭✶✽✮ ♦♥❧② ❧✐♥❡❛�❧②✳ ◆♦✇ ✐� ✐� ❛

❢✉♥❞❛♠❡♥�❛❧ ♣�✐♥❝✐♣❧❡ ♦❢ �❤❡ ❝❛❧❝✉❧✉� ♦❢ ✈❛�✐❛�✐♦♥� ✭❛♥❞ ✇❡ ✉�❡❞ ✐� ❛❧�♦ ✐♥ �❤✐� ▼❡♠♦✐� ✐♥ �❡❝�✳

✸✻ ❛♥❞ ❡❧�❡✇❤❡�❡✮ �❤❛� ❛ �❡�✐❡�✱ ❛� �❤❡ ♣�❡❝❡❞❡♥� ♦♥❡✱ ✇❤❡�❡ �❤❡ ✈❛�✐❛�✐♦♥� ♦❢ �♦♠❡ 
✉❛♥�✐�✐❡�

❛♥❞ �❤❡ ✈❛�✐❛�✐♦♥� ♦❢ �❤❡✐� ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �❤❡ ❢✉♥❞❛♠❡♥�❛❧ ✈❛�✐❛❜❧❡� a, b, c ❛♣♣❡❛�

❧✐♥❡❛�❧②✱ ❝❛♥ ❛❧✇❛②� ❜❡ ��❛♥�❢♦�♠❡❞ ✐♥�♦ ❛♥ ❡①♣�❡��✐♦♥ ✇❤✐❝❤ ❝♦♥�❛✐♥� �❤❛� 
✉❛♥�✐�✐❡� ✇✐�❤♦✉�

❛♥② �✐❣♥ ♦❢ ❞❡�✐✈❛�✐♦♥✱ ✇✐�❤ �❤❡ ❛❞❞✐�✐♦♥ ♦❢ ♦�❤❡� �❡�♠� ✇❤✐❝❤ ❛�❡ ❡①❛❝� ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝�

�♦ ♦♥❡ ♦❢ �❤❡ �❤�❡❡ �✐♠♣❧❡ ✐♥❞❡♣❡♥❞❡♥� ✈❛�✐❛❜❧❡�✳ ❆� ❛ ❝♦♥�❡
✉❡♥❝❡ ♦❢ �❤✐� ♣�✐♥❝✐♣❧❡ ❛♣♣❧✐❡❞ �♦

�❤❡ ❡
✉❛�✐♦♥ ✭✶✽✮✱ �❤❡ ❡①♣�❡��✐♦♥ ✇❤✐❝❤ ❢♦❧❧♦✇� ❝❛♥ ❜❡ ❣✐✈❡♥

∫

df

∫

dg

∫

dk · Λδρ2 = ✭✶✾✮

Aδt1 +B δt2 + C δt3 +Dδt4 + Eδt5 + F δt6

+
dΔ

da
+

dΘ

db
+

dΥ

dc
.

❚❤❡ ✈❛❧✉❡� ♦❢ �❤❡ �✐① ❝♦❡✣❝✐❡♥�� A,B,C,D,E, F ❛�❡ �❡�✐❡� ❝♦♥���✉❝�❡❞ ✇✐�❤ �❤❡ ❝♦❡✣❝✐❡♥��

(α) , (β) , (γ) .... (ǫ) , (ζ) .... (λ)✱ ❡�❝✳ ♦❢ ❡
✉❛�✐♦♥ ✭✶✽✮ ✇❤✐❝❤ ❛♣♣❡❛� ❧✐♥❡❛�❧②✱ ✇✐�❤ ❛❧�❡�♥❛�✐♥❣

�✐❣♥� ❛♥❞ ❛✛❡❝�❡❞ ❜② ❞❡�✐✈❛�✐♦♥� ♦❢ ❤✐❣❤❡� ❛♥❞ ❤✐❣❤❡� ♦�❞❡� ✇❤❡♥ ✇❡ ♠♦✈❡ ❛❤❡❛❞ ✐♥ �❤❡ �❡�♠�

♦❢ �❛✐❞ �❡�✐❡�✿ �❤❡ 
✉❛♥�✐�✐❡� Δ,Θ,Υ ❛�❡ �❡�✐❡� ♦❢ �❤❡ �❛♠❡ ❢♦�♠ ❛� �❤❡ �❡�♠� ✇❤✐❝❤ ❛�❡

��❛♥�❢♦�♠❡❞✱ ✐♥ ✇❤✐❝❤ �❤❡ ❝♦❡✣❝✐❡♥�� ♦❢ �❤❡ ✈❛�✐❛�✐♦♥� ❤❛✈❡ ❛ ❝♦♠♣♦�✐�✐♦♥



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✻✶

�✐♠✐❧❡ ❛ 	✉❡❧❧❛ ❝❤❡ ❛❜❜✐❛♠♦ ❞❡�❝�✐��❛ ♣❡✐ �❡✐ ❝♦❡✣❝✐❡♥�✐ A,B,C,D,E, F ✳

■♥��♦❞♦��❛ ❧❛ 	✉❛♥�✐�� ❝❤❡ ❢♦�♠❛ ✐❧ �❡❝♦♥❞♦ ♠❡♠❜�♦ ❞❡❧❧❛ ❡	✉❛③✐♦♥❡ ✭✶✾✮ ✐♥✈❡❝❡ ❞✐ 	✉❡❧❧❛

❞❡❧ ♣�✐♠♦ �♦��♦ ❧✬✐♥�❡❣�❛❧❡ ��✐♣❧✐❝❛�♦ ❞❡❧❧❛ ❡	✉❛③✐♦♥❡ ✭✶✷✮✱ �✐ ❢❛ ❛ �✉��✐ ❛♣❡��♦ ❝❤❡ �✉❣❧✐ ✉❧�✐♠✐ ��❡

�❡�♠✐♥✐ ❞✐ ❡��❛ ♣✉" ❡�❡❣✉✐��✐ ❛❧❝✉♥❛ ❞❡❧❧❡ ✐♥�❡❣�❛③✐♦♥✐✱ ❡ ❝❤❡ ♣❡� ❝♦♥�❡❣✉❡♥③❛ �❛❧✐ �❡�♠✐♥✐ ♥♦♥

❢❛♥♥♦ ❝❤❡ �♦♠♠✐♥✐���❛�❡ 	✉❛♥�✐�� ❧❡ 	✉❛❧✐ ♣❛��❛♥♦ ❛✐ ❧✐♠✐�✐✳ ❈✐" ❝❤❡ �✐♠❛♥❡ �♦��♦ ❧✬✐♥�❡❣�❛❧❡

��✐♣❧✐❝❛�♦ $ ✐❧ �♦❧♦ �❡��✐♥♦♠✐♦ ✐♥ �✉��♦ �✐♠✐❧❡ ❛ 	✉❡❧❧♦ ❣✐� ✉�❛�♦ ♥❡❧❧✬❡	✉❛③✐♦♥❡ ✭✶✵✮ ♥✉♠✳◦ ✸✺✳

♣❡✐ �✐��❡♠✐ �✐❣✐❞✐✳ (❡��❛♥�♦ ❞♦♣♦ ✉♥ �❛❧ ♣✉♥�♦ ❞✐ ❝♦♥❢�♦♥�♦ �❛�� ♣✉�❡ ♣❡�❢❡��❛♠❡♥�❡ ❡❣✉❛❧❡

❧✬❛♥❞❛♠❡♥�♦ ❛♥❛❧✐�✐❝♦ ❞❛ �❡♥❡��✐ ✐♥ 	✉❡��♦ ❧✉♦❣♦ ❛ 	✉❡❧❧♦ �❡♥✉�♦ ❝♦❧� ✜♥♦ ❛❧ �✐��♦✈❛♠❡♥�♦ ❞❡❧❧❡

❡	✉❛③✐♦♥✐ ✭✷✻✮✱ ✭✷✾✮ ❞❡❧ ♥✉♠✳◦ ✸✽✳✱ ❡ ✈❡��� ❞✐♠♦���❛�❛ ❧✬❡��❡♥�✐♦♥❡ ❞❡❧❧❡ ❞❡��❡ ❡	✉❛③✐♦♥✐ ❛❞ ♦❣♥✐

�♦��❛ ❞✐ ❝♦�♣✐ ♥♦♥ �✐❣✐❞✐✱ �✐❝❝♦♠❡ �✐ $ ❛❝❝❡♥♥❛�♦ �✉❧ ✜♥✐�❡ ❞❡❧ ♥✉♠✳◦ ✸✽✳ ❙❛�� ❛♥❝❤❡ ✈✐�✐❜✐❧❡

❧❛ ❝♦✐♥❝✐❞❡♥③❛ ❞❡✐ �✐�✉❧�❛♠❡♥�✐ ❝♦❣❧✐ ❡�♣�❡��✐ ♥❡❧❧❡ ❡	✉❛③✐♦♥✐ ✭✷✸✮ ❞❡❧ ♥✉♠✳◦✺✵✳ �✉��✐��❡♥�✐ ♣❡�

	✉❛❧✉♥	✉❡ �♦��❛ ❞✐ �✐��❡♠✐✱ ❡ ❞✐♠♦���❛�❡ ♥❡❧ ❈❛♣♦ ■❱✳ ♠❡�❝$ 	✉❡❧❧❡ ❝♦♦�❞✐♥❛�❡ ✐♥�❡�♠❡❞✐❡ p, q, r✱

❧❛ ❞✐ ❝✉✐ ❝♦♥�✐❞❡�❛③✐♦♥❡✱ ❛��❡♥❡♥❞♦❝✐ ❛❧❧❛ ♠❛♥✐❡�❛ ❡�♣♦��❛ ✐♥ 	✉❡��♦ ❈❛♣♦✱ ♥♦♥ ❢❛ ♣✐- ❜✐�♦❣♥♦✳

✼✻✳ ▲✬❛♥❛❧✐�✐ ♣�❡❝❡❞❡♥�❡ ❛♣�❡ ❧✬❛❞✐�♦ ❛ ♠♦❧�❡ ✉�✐❧✐ �✐✢❡��✐♦♥✐✳ (�✐♠✐❡�❛♠❡♥�❡ ❢❛�" ♣❛�♦❧❛

❞✐ 	✉❡❧❧❡ ❝❤❡ ✈❛❧❣♦♥♦ ❛ ♣✐❡♥❛♠❡♥�❡ ❞✐��✐♣❛�❡ ❧❡ ❞✉❜❜✐❡③③❡ ❝✉✐ ❝✐ �✐❛♠♦ ♣�♦✈❛�✐ ❛ �✐�♣♦♥❞❡�❡

❛❧ ♥✉♠✳◦ ✻✸✳✱ �✐♠❡��❡♥❞♦❝✐ ♣❡� ♠❛❣❣✐♦�❡ �♣✐❡❣❛③✐♦♥❡ ❛ 	✉❛♥�♦ ❛✈�❡♠♠♦ ♣♦✐ ❞❡��♦ ✐♥ 	✉❡��♦

❧✉♦❣♦✳ (❛��❡♥❞♦ ❞❛❧❧♦ ��❛�♦ ❞✐ ❛♥�❡❝❡❞❡♥�❡ ❞✐�♣♦�✐③✐♦♥❡ ✐❞❡❛❧❡ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ❝♦❧❧❡ ❝♦♦�❞✐♥❛�❡

a, b, c✱ ❡ ✈❡♥❡♥❞♦ ❛ 	✉❡❧❧♦ ❞❡❧❧❛ ❞✐�♣♦�✐③✐♦♥❡ �❡❛❧❡✱ ✐♥�❡♥❞❛�✐ 	✉❡��♦ �❡❝♦♥❞♦ ❡�♣�❡��♦ �❡❧❛�✐✈❛✲

♠❡♥�❡ ❛ ❞✉❡ ❞✐✈❡��❡ �❡�♥❡ ❞✐ ❛��✐ ♦��♦❣♦♥❛❧✐✱ ❞❡❧❧❡ p, q, r✱ ❡ ❞❡❧❧❡ x, y, z✳ (❡� ❧✬❡�♣�❡��✐♦♥❡ ❞❡❧❧♦

��❛�♦ �❡❛❧❡ ♠❡❞✐❛♥�❡ ❧❡p, q, r ♥♦♥ ❛❜❜✐❛♠♦ ❛ ❢❛� ❛❧��♦ ❝❤❡ ❝♦♣✐❛�❡ ❧✬❛♥❛❧✐�✐ ♣�❡❝❡❞❡♥�❡ �❝�✐✈❡♥❞♦

❞❛♣♣❡��✉��♦ p, q, r ❞♦✈❡ �♦♥♦ �❝�✐��❡ ❧❡ x, y, z✳ ❖�❛ ✈♦❧❡♥❞♦ ♣❛��❛�❡ ❞❛❧❧❡ ❝♦♦�❞✐♥❛�❡ p, q, r ❛❧❧❡

x, y, z✱ ♦��❡�✈❡�❡♠♦ ❝❤❡ ♣❡❧ ❝❛�♦ ❞❡❧ ✢✉✐❞♦✱ �✐❝❝♦♠❡ �✐ $ ❞❡��♦ ❛❧ ♥✉♠✳◦ ✼✷✳✱ ❧❛ ❢♦�③❛ ✐♥�❡�♥❛ K✱

♦✈✈❡�♦ Λ

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✻✶

�✐♠✐❧❛� �♦ �❤❡ ♦♥❡ ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❞❡�❝�✐❜❡❞ ❢♦� �❤❡ �✐① ❝♦❡✣❝✐❡♥�� A✱ B✱ C✱ D✱ E✱ F ✳

❖♥❝❡ ✲✐♥��❡❛❞ ♦❢ �❤❡ 	✉❛♥�✐�② ✉♥❞❡� �❤❡ ✐♥�❡❣�❛❧ �✐❣♥ ✐♥ �❤❡ ❧❡❢�✲❤❛♥❞ �✐❞❡ ♦❢ �❤❡ ❡	✉❛�✐♦♥

✭✶✷✮✲ ♦♥❡ ✐♥��♦❞✉❝❡� �❤❡ 	✉❛♥�✐�✐❡� ✇❤✐❝❤ ❛�❡ ♦♥ �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡ ♦❢ �❤❡ ❡	✉❛�✐♦♥ ✭✶✾✮✱ ✐�

✐� ❝❧❡❛� �♦ ❡✈❡�②❜♦❞② �❤❛� ❛♥ ✐♥�❡❣�❛�✐♦♥ ✐� ♣♦��✐❜❧❡ ❢♦� ❡❛❝❤ ♦❢ �❤❡ ❧❛�� �❤�❡❡ �❡�♠� ♦❢ �❤❡

�✉♠ ❛♣♣❡❛�✐♥❣ ✐♥ ✐� ❛♥❞ �❤❛�✱ ❛� ❛ ❝♦♥�❡	✉❡♥❝❡✱ �❤❡�❡ �❡�♠� ♦♥❧② ❣✐✈❡ 	✉❛♥�✐�✐❡� ✇❤✐❝❤ �✉♣♣❧②

❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥�✳ ❲❤❛� �❡♠❛✐♥� ✉♥❞❡� �❤❡ ��✐♣❧❡ ✐♥�❡❣�❛❧ ✐� �❤❡ ♦♥❧② �❡①�✐♥♦♠✐❛❧ ✇❤✐❝❤ ✐�

❛❜�♦❧✉�❡❧② �✐♠✐❧❛� �♦ �❤❡ �❡①�✐♥♦♠✐❛❧ ❛❧�❡❛❞② ✉�❡❞ ✐♥ ❡	✉❛�✐♦♥ ✭✶✵✮ �❡❝�✳ ✸✺ ❢♦� �✐❣✐❞ �②��❡♠�✳

❚❤❡�❡❢♦�❡ ❛❢�❡� ❤❛✈✐♥❣ �❡♠❛�❦❡❞ ♦♥ �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ �✐♠✐❧❛�✐�②✱ �❤❡ ❛♥❛❧②�✐❝❛❧ ♣�♦❝❡❞✉�❡ �♦

❜❡ ✉�❡❞ ❤❡�❡ ✇✐❧❧ �❡�✉❧� ❛� ♣❡�❢❡❝�❧② ❡	✉❛❧ �♦ �❤❡ ♦♥❡ ✉�❡❞ ✐♥ �❡❝�✳ ✸✺✱ ♣�♦❝❡❞✉�❡ ✇❤✐❝❤ ❧❡❞ �♦

�❤❡ ❡	✉❛�✐♦♥� ✭✷✻✮✱ ✭✷✾✮ ✐♥ �❡❝�✳ ✸✽ ❛♥❞ ✐� ✇✐❧❧ ❜❡❝♦♠❡ ♣♦��✐❜❧❡ �♦ ❞❡♠♦♥���❛�❡ �❤❡ ❡①�❡♥�✐♦♥ ♦❢

�❛✐❞ ❡	✉❛�✐♦♥� �♦ ❡✈❡�② ❦✐♥❞ ♦❢ ❜♦❞✐❡� ✇❤✐❝❤ ❞♦❡� ♥♦� �❡�♣❡❝� �❤❡ ❝♦♥���❛✐♥� ♦❢ �✐❣✐❞✐�②✱ ❛� ✇❛�

♠❡♥�✐♦♥❡❞ ❛� �❤❡ ❡♥❞ ♦❢ �❡❝�✳ ✸✽✳ ■� ✇✐❧❧ ❛❧�♦ ❜❡ ✈✐�✐❜❧❡ �❤❡ ❝♦✐♥❝✐❞❡♥❝❡ ♦❢ �❤❡ ♦❜�❛✐♥❡❞ �❡�✉❧��

✇✐�❤ �❤♦�❡ ✇❤✐❝❤ ❛�❡ ❡①♣�❡��❡❞ ✐♥ �❤❡ ❡	✉❛�✐♦♥� ✭✷✸✮ ♦❢ �❡❝�✳ ✺✵ ✇❤✐❝❤ ❤♦❧❞ ❢♦� ❡✈❡�② ❦✐♥❞ ♦❢

�②��❡♠� ❛♥❞ ✇❤✐❝❤ ✇❡�❡ �❤♦✇♥ ✐♥ �❤❡ ❈❛♣♦ ■❱ ❜② ♠❡❛♥� ♦❢ �❤♦�❡ ✐♥�❡�♠❡❞✐❛�❡ ❝♦♦�❞✐♥❛�❡�

p, q, r✱ ✇❤♦�❡ ❝♦♥�✐❞❡�❛�✐♦♥✱ ✇❤❡♥ ✉�✐♥❣ �❤❡ ❛♣♣�♦❛❝❤ ✉�❡❞ ✐♥ �❤✐� ❈❛♣♦✱ ✇✐❧❧ ♥♦� ❜❡ ♥❡❡❞❡❞✳

✼✻✳ ❚❤❡ ♣�❡❝❡❞✐♥❣ ❛♥❛❧②�✐� ❛❧❧♦✇� ❢♦� ♠❛♥② ✉�❡❢✉❧ ❝♦♥�✐❞❡�❛�✐♦♥�✳ ❋✐��� ♦❢ ❛❧❧ ■ ✇✐❧❧ ♠❡♥�✐♦♥

�❤♦�❡ ✇❤✐❝❤ ❛�❡ ♥❡❡❞❡❞ �♦ ❝❧❛�✐❢② �❤❡ ❞♦✉❜�� �♦ ✇❤✐❝❤ ✇❡ ❛❧�❡❛❞② ��✐❡❞ �♦ ❛♥�✇❡� ✐♥ �❡❝�✳ ✻✸✱

✇❤❡♥ ✇❡ ♣�♦♠✐�❡❞ �♦ ❛❞❞ ♠♦�❡ ❡①♣❧❛♥❛�✐♦♥� ❧❛�❡� ✐♥ �❤✐� �❡❝�✐♦♥✳ ❙�❛��✐♥❣ ❢�♦♠ �❤❡ ❛♥�❡❝❡❞❡♥�

✐❞❡❛❧ ❝♦♥✜❣✉�❛�✐♦♥ ♦❢ �❤❡ ♠♦❧❡❝✉❧❡� ❞❡�❝�✐❜❡❞ ❜② ♠❡❛♥� ♦❢ �❤❡ ❝♦♦�❞✐♥❛�❡� a, b, c✱ ❛♥❞ ❛��✐✈✐♥❣

❛� �❤❡ �❡❛❧ ❝♦♥✜❣✉�❛�✐♦♥✱ ✇❡ ✐♥�❡♥❞ �❤✐� �❡❝♦♥❞ ❝♦♥✜❣✉�❛�✐♦♥ ❛� ❞❡�❝�✐❜❡❞ ❜② ♠❡❛♥� ♦❢ �✇♦

❞✐✛❡�❡♥� �❡❢❡�❡♥❝❡ ��✐♣❧❡� ♦❢ ♦��❤♦❣♦♥❛❧ ❛①❡�✱ �❤♦�❡ ♦❢ �❤❡ ✈❛�✐❛❜❧❡� p, q, r✱ ❛♥❞ ♦❢ �❤❡ ✈❛�✐❛❜❧❡�

x, y, z✳ ❚♦ ❡①♣�❡�� �❤❡ �❡❛❧ ❝♦♥✜❣✉�❛�✐♦♥ ❜② ♠❡❛♥� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� p, q, r ✇❡ ♥❡❡❞ �✐♠♣❧② �♦

❝♦♣② �❤❡ ♣�❡❝❡❞✐♥❣ ❛♥❛❧②�✐� ✇�✐�✐♥❣ ❡✈❡�②✇❤❡�❡ p, q, r ✇❤❡�❡ ♣�❡✈✐♦✉�❧② ✇❡ ❤❛❞ ✇�✐��❡♥ x, y, z✳

◆♦✇ ✐❢ ✇❡ ✇❛♥� �♦ ♣❛�� ❢�♦♠ �❤❡ ❝♦♦�❞✐♥❛�❡� p, q, r �♦ �❤❡ ❝♦♦�❞✐♥❛�❡� x, y, z✱ ✇❡ ✇✐❧❧ ♦❜�❡�✈❡

�❤❛� ✐♥ �❤❡ ❝❛�❡ ♦❢ �❤❡ ✢✉✐❞�✱ ❛� ✐� ✇❛� �❛✐❞ ✐♥ �❡❝�✳ ✼✷✱ �❤❡ ✐♥�❡�♥❛❧ ❢♦�❝❡ K✱ ♦� ❡	✉✐✈❛❧❡♥�❧②

�❤❡ 	✉❛♥�✐�② Λ,



✶✻✷
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

� ❢✉♥③✐♦♥❡ ✉♥✐❝❛♠❡♥�❡ ❞❡❧❧❛ ❞✐��❛♥③❛ ♠♦❧❡❝♦❧❛�❡ ρ ❀ ❡ �❡ ❜❡♥ �✐ ❝♦♥�✐❞❡�❛ ❧❛ ❢❛��✉�❛ ❞❡✐ ❝♦❡✣✲

❝✐❡♥�✐ (1), (2), (3)...... ❞❡❧❧✬❡�✉❛③✐♦♥❡ ✭✶✼✮✱ �✉❡❧❧❛ ❞❡✐ ❝♦❡✣❝✐❡♥�✐ (α), (β), (γ)...... ❞❡❧❧✬❡�✉❛③✐♦♥❡

✭✶✽✮✱ ❡ ✐♥ ✜♥❡ �✉❡❧❧❛ ❞❡✐ �❡✐ ❝♦❡✣❝✐❡♥�✐ A,B,C,D,E, F ❞❡❧❧✬❡�✉❛③✐♦♥❡ ✭✶✾✮✱ ✈❡��❡♠♦ ❢❛❝✐❧✲

♠❡♥�❡ ❛ ♣❡��✉❛❞❡�❝✐ ❝❤❡ �✉❡��✬✉❧�✐♠❡ �❡✐ �✉❛♥�✐�%✱ ♥❡❧ ♣�✐♠♦ �✐❢❡�✐♠❡♥�♦ ❛❣❧✐ ❛��✐ ❞❡❧❧❡ p, q, r✱

♥♦♥ ❝♦♥�❡♥❣♦♥♦ �❛❧✐ p, q, r �❡ ♥♦♥ ✐♥ �✉❛♥�♦ �♦♥♦ ❝♦♥�❡♥✉�❡ ♥❡❧ �❛❞✐❝❛❧❡ ρ ✭ ❡�✉❛③✐♦♥❡ ✭✽✮✮✱ ❡

♥❡✐ �❡✐ ��✐♥♦♠❥ t1, t2, ....t6 ✱ ❛✈❡♥❞♦ �❝�✐��♦ ❞❛♣♣❡��✉��♦ p, q, r ✐♥ ❧✉♦❣♦ ❞✐ x, y, z✳ (❡��❛♥�♦ ❧❡ �❡✐

�✉❛♥�✐�% A,B,C,D,E, F ❣♦❞�❛♥♥♦ ❞❡❧❧❛ ♣�♦♣�✐❡�% ❛♥❛❧✐�✐❝❛ ❣✐% �❛♥�♦ ❞✐�❝✉��❛✱ ❞❡❧ ❝❛♥❣✐❛��✐

♠❡❞✐❛♥�❡ ❧❛ �♦��✐�✉③✐♦♥❡ ❞❡✐ ✈❛❧♦�✐ ✭✸✶✮ ♥✉♠✳◦ ✹✵✳ ✐♥ �✉❛♥�✐�% ❡❣✉❛❧♠❡♥�❡ ❢❛��❡ ❝♦❧❧❡ x, y, z,

�♣❛�✐�❛ ♦❣♥✐ ��❛❝❝✐❛ ❞❡❧❧❡ ♥♦✈❡ �✉❛♥�✐�% ❛♥❣♦❧❛�✐ α1,β1,γ1,α2✱ ❡❝✳✱ �✉❛♥❞♦ �, ❢❛��❛ ♣�♦♣�✐❡�% �✐

✈❡�✐✜❝❤✐ ♥❡❧ �❛❞✐❝❛❧❡ ρ ✱ ❡ ✐♥ ❝✐❛�❝✉♥♦ ❞❡✬ �❡✐ ��✐♥♦♠❥ t1, t2....t6 ✳ ❖�❛ �✉✐ ♥♦♥ �✐ ❤❛ ❛ ❢❛� ❛❧��♦ ❝❤❡

❡�❡❣✉✐� ❧❡ ♦♣❡�❛③✐♦♥✐✱ ❡ �❡��❡�❡♠♦ ❝♦♥✈✐♥�✐ ❝❤❡ ❧❛ ❝♦�❛ � ❛♣♣✉♥�♦ ❝♦♠❡ �✐ � ❞❡��♦✱ �❛♠♠❡♥�❛�❡ ❧❡

❡�✉❛③✐♦♥✐ ❢�❛ ❧❡ �✉❛♥�✐�% ❛♥❣♦❧❛�✐ �❡❣✐���❛�❡ ❛❧ ♥✉♠✳◦ ✸✸✳ ❊❝❝♦ ✉♥♦ ❞❡✐ �✐�✉❧�❛♠❡♥�✐ ✐♥ ✈✐��❛ ❞❡✐

�✉❛❧✐ ❞✐❝❡♠♠♦ ✐♥ ♣�❡✈❡♥③✐♦♥❡ ❛❧ ❝♦♠✐♥❝✐❛�❡ ❞❡❧ ♣�❡�❡♥�❡ ❈❛♣♦✱ ❝❤❡ ❧❡ ❞✉❡ ♠❛♥✐❡�❡ ♣❡� ♠❡��❡�❡

❛ ❝❛❧❝♦❧♦ ✐ ✈✐♥❝♦❧✐ ✐♥�❡�♥✐ ❢�❛ ❧❡ ♠♦❧❡❝♦❧❡ �✐ ✐❧❧✉���❛✈❛♥♦ ❛ ✈✐❝❡♥❞❛✳

❱✐❝❡✈❡��❛✱ ❧✬❛♥❞❛♠❡♥�♦ �❡♥✉�♦ ♥❡❧ ❈❛♣♦ ■❱✳ �❡♥❞❡ ♣♦��✐❜✐❧❡ ❧❛ ��❛��❛③✐♦♥❡ ❞❡❧❧❡ �✉❛♥�✐�% ❛✐

❧✐♠✐�✐ ❝❤❡ ❝♦❧ ♠❡�♦❞♦ ❛��✉❛❧❡ �✐✉�❝✐�❡❜❜❡ ✐♥��❛❧❝✐❛�✐��✐♠❛✳ ❱❡❞❡♠♠♦ ❝♦❧% ✭♥✉♠✳◦ ✺✷✳✮ ❝♦♠❡ ❧❛

�✉❛♥�✐�% ❛✐ ❧✐♠✐�✐ � ❢❛��❛ ❞❡❧❧❡ ��❡��❡ �❡✐ �✉❛♥�✐�%✱ ❡�♣�✐♠❡♥�✐ ❧✬❡✛❡��♦ ❞❡❧❧❡ ❢♦�③❡ ✐♥�❡�♥❡✱ ❝❤❡

❡♥��❛♥♦ ♥❡❧❧❡ ��❡ ❡�✉❛③✐♦♥✐ ❡��❡♥�✐❜✐❧✐ ❛ �✉��❛ ❧❛ ♠❛��❛ ✿ �✉✐ ✐♥✈❡❝❡ ✈❡��❡❜❜❡ ❝♦♠♣❧✐❝❛�❛ ♣❡�

❧✬✐♥�❡�✈❡♥�♦ ❞✐ �✉❡❧❧❡ ❛❧��❡ �✉❛♥�✐�% Δ,Θ,Υ ❝❤❡ ❝♦♠♣❛❥♦♥♦ ♥❡❣❧✐ ✉❧�✐♠✐ �❡�♠✐♥✐ ❞❡❧❧✬❡�✉❛③✐♦♥❡

✭✶✾✮ ✳ ❈♦♥✈✐❡♥ ❞✐�❡ ❝❤❡ �✉��❛ ❧❛ ♣❛��❡ ✐♥��♦❞♦��❛ ❞❛ �❛❧✐ �❡�♠✐♥✐ ♥❡❧❧❡ �✉❛♥�✐�% ❛✐ ❧✐♠✐�✐✱

✈✬✐♥�❡�✈✐❡♥❡ �♦❧♦ ❛♣♣❛�❡♥�❡♠❡♥�❡ ✿ ♥� �✉❡��♦ ❢❛��♦ ❛♥❛❧✐�✐❝♦ � �❡♥③❛ ✉♥ �✐�❝♦♥��♦ ♥❡❧ ❝❛❧❝♦❧♦

❞❡❧❧❡ ✈❛�✐❛③✐♦♥✐✳ ◆❡❧❧❡ �✉❡��✐♦♥✐ ❞❡❧ ❝❛❧❝♦❧♦ ❞❡❧❧❡ ✈❛�✐❛③✐♦♥✐ �✐❢❡�✐❜✐❧✐ ❛ ❢♦�♠♦❧❡ ✐♥�❡❣�❛❧✐ ❞❡✜♥✐�❡

��✐♣❧❡✱ �❡ ❛✈❡♥❞♦ ✉♥✬❡�✉❛③✐♦♥❡ ❞✐ ❝♦♥❞✐③✐♦♥❡ L = 0 ✱ �❡ ♥❡ ♣�❡♥❞♦♥♦ ❧❡ ❡�✉❛③✐♦♥✐ ❞❡�✐✈❛�❡

✶✻✷
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

✐� ✉♥✐�✉❡❧② ❛ ❢✉♥❝�✐♦♥ ♦❢ �❤❡ ♠♦❧❡❝✉❧❛� ❞✐��❛♥❝❡ ρ ❀ ❛♥❞ ✐❢ ♦♥❡ ❝♦♥�✐❞❡�� ❝❛�❡❢✉❧❧② �❤❡ ❬❛❧❣❡✲

❜�❛✐❝ ❛♥❞ ❞✐✛❡�❡♥�✐❛❧❪ ❢♦�♠ ♦❢ �❤❡ ❝♦❡✣❝✐❡♥�� (1), (2), (3)...... ✐♥ �❤❡ ❡�✉❛�✐♦♥ ✭✶✼✮✱ ❛♥❞ �❤❛�

♦❢ �❤❡ ❝♦❡✣❝✐❡♥�� (α), (β), (γ)...... ♦❢ �❤❡ ❡�✉❛�✐♦♥ ✭✶✽✮✱ ❛♥❞ ✜♥❛❧❧② �❤❛� ♦❢ �❤❡ �✐① ❝♦❡✣❝✐❡♥��

A,B,C,D,E, F ✐♥ �❤❡ ❡�✉❛�✐♦♥ ✭✶✾✮✱ ✇❡ ✇✐❧❧ ❜❡ ❡❛�✐❧② ♣❡��✉❛❞❡❞ �❤❛� ✐♥ �❤❡�❡ ❧❛�� �✐① �✉❛♥�✐✲

�✐❡�✱ ✇❤❡♥ ✐♥��♦❞✉❝✐♥❣ �❤❡ ✜��� �❡❢❡�❡♥❝❡ ❢�❛♠❡ �❡❧❛�✐✈❡ �♦ �❤❡ ✈❛�✐❛❜❧❡� p, q, r✱ ✇✐❧❧ ❝♦♥�❛✐♥ �✉❝❤

✈❛�✐❛❜❧❡� p, q, r ♦♥❧② ❜❡❝❛✉�❡ �❤❡�❡ ❧❛�� ❛♣♣❡❛� ✐♥ �❤❡ �❛❞✐❝❛❧ ρ ✭❡�✉❛�✐♦♥ ✭✽✮✮✱ ❛♥❞ ✐♥ �❤❡ �✐①

��✐♥♦♠✐❛❧� t1, t2, ....t6 ✱ ❤❛✈✐♥❣ ✇�✐��❡♥ ❡✈❡�②✇❤❡�❡ �❤❡ ❧❡��❡�� p, q, r ❛� �❤❡ ♣❧❛❝❡ ♦❢ �❤❡ ❧❡��❡��

x, y, z✳ ❚❤❡�❡❢♦�❡ �❤❡ �✐① �✉❛♥�✐�✐❡� A,B,C,D,E, F ✇✐❧❧ ❡♥❥♦② �❤❡ ❛♥❛❧②�✐❝❛❧ ♣�♦♣❡��② ✇❤✐❝❤

✇❡ ❤❛✈❡ ❞✐�❝✉��❡❞ ♠❛♥② �✐♠❡�✱ ✇❤✐❝❤ ❝♦♥�✐��� ✐♥ ❝❤❛♥❣✐♥❣ ✇❤❡♥ ✉♥❞❡�❣♦✐♥❣ �❤❡ �✉❜��✐�✉�✐♦♥ ♦❢

�❤❡ ✈❛❧✉❡� ✭✸✶✮ �❡❝�✳ ✹✵ ✐♥ �✉❛♥�✐�✐❡� ✇❤✐❝❤ ❞❡♣❡♥❞� ✐♥ ❛♥ ❡�✉❛❧ ✇❛② ♦♥ �❤❡ ✈❛�✐❛❜❧❡� x, y, z, ❛�

❛♥② ��❛❝❡ ♦❢ �❤❡ ♥✐♥❡ ❛♥❣✉❧❛� �✉❛♥�✐�✐❡� α1,β1,γ1,α2✱ ❡�❝✳✱ ❞✐�❛♣♣❡❛�� ❜❡❝❛✉�❡ �✉❝❤ ♣�♦♣❡��② ✐�

✈❡�✐✜❡❞ ❜② �❤❡ �❛❞✐❝❛❧ ρ ✱ ❛♥❞ ❜② ❡❛❝❤ ♦❢ �❤❡ �✐① ��✐♥♦♠✐❛❧� t1, t2....t6 ✳ ◆♦✇ ✐♥ �❤✐� ❝❛�❡ ♦♥❡ ❤❛�

♦♥❧② �♦ ♣❡�❢♦�♠ �❤❡ ✐♥❞✐❝❛�❡❞ ♦♣❡�❛�✐♦♥� ❛♥❞ ❤❡ ✇✐❧❧ ❜❡ ♣❡��✉❛❞❡❞ �❤❛� �❤❡ �✐�✉❛�✐♦♥ ✐� ❡①❛❝�❧②

�❤❡ ♦♥❡ ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❞❡�❝�✐❜❡❞✱ ♦♥❝❡ �❤❡ ❡�✉❛�✐♦♥� ❛♠♦♥❣ �❤❡ ❛♥❣✉❧❛� �✉❛♥�✐�✐❡� ✐♥��♦❞✉❝❡❞

✐♥ �❡❝�✳ ✸✸ ❛�❡ �❡❝❛❧❧❡❞✳ ❍❡�❡ ✐� ♦♥❡ ♦❢ �❤♦�❡ �❡�✉❧�� ❢♦�❡❝❛��✐♥❣ ✇❤✐❝❤✱ ❛� �❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ �❤❡

♣�❡�❡♥� ❈❛♣♦✱ ✇❡ ��❛�❡❞ ♣�❡❧✐♠✐♥❛�✐❧② �❤❛� �❤❡ �✇♦ ❝♦♥❝❡✐✈❡❞ ✇❛②� ❢♦� ❝❛❧❝✉❧❛�✐♥❣ �❤❡ ✐♥�❡�♥❛❧

❝♦♥���❛✐♥�� ❛♠♦♥❣ �❤❡ ♠♦❧❡❝✉❧❡� ✇❡�❡ ✐❧❧✉���❛�✐♥❣ ❡❛❝❤ ♦�❤❡�✳

❱✐❝❡ ✈❡��❛ �❤❡ ♣�♦❝❡❞✉�❡ ✉�❡❞ ✐♥ �❤❡ ❈❛♣♦ ■❱✳ ♠❛❦❡� ♣♦��✐❜❧❡ �❤❡ ��❡❛�♠❡♥� ♦❢ �❤❡ �✉❛♥�✐�✐❡�

❛� �❤❡ ❜♦✉♥❞❛�✐❡� ✇❤✐❝❤ ✇♦✉❧❞ ❜❡ ✈❡�② ❞✐✣❝✉❧� ✇✐�❤ �❤❡ ♣�❡�❡♥� ♠❡�❤♦❞✳ ❲❡ ❤❛✈❡ �❡❡♥ �❤❡�❡

✭�❡❝�✳ ✺✷✮ ❛� ✐♥ �❤❡ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥� �❤❡ �❛♠❡ �✐① �✉❛♥�✐�✐❡� ❛♣♣❡❛� ✇❤✐❝❤ ❡①♣�❡�� �❤❡

❡✛❡❝� ♦❢ ✐♥�❡�♥❛❧ ❢♦�❝❡� ✐♥ �❤❡ �❤�❡❡ ❬❜✉❧❦❪ ❡�✉❛�✐♦♥� ✈❛❧✐❞ ✐♥ ❛❧❧ ♣♦✐♥�� ♦❢ �❤❡ ❜♦❞② ♠❛��✿ ❤❡�❡✱

❤♦✇❡✈❡�✱ �❤❡ ❜♦✉♥❞❛�② ❝♦♥❞✐�✐♦♥� ✇♦✉❧❞ ❜❡ ❝♦♠♣❧✐❝❛�❡❞ ❜❡❝❛✉�❡ ♦❢ �❤❡ �♦❧❡ ♣❧❛②❡❞ ❜② �❤♦�❡

♦�❤❡� �✉❛♥�✐�✐❡� Δ,Θ,Υ ✇❤✐❝❤ ❛♣♣❡❛� ✐♥ �❤❡ ❧❛�� �❡�♠� ♦❢ �❤❡ ❡�✉❛�✐♦♥ ✭✶✾✮✳ ■� ✐� ❝♦♥✈❡♥✐❡♥�

�♦ �❛② �❤❛� �❤❡ ✇❤♦❧❡ ♣❛�� ✐♥��♦❞✉❝❡❞ ❜② �✉❝❤ �❡�♠� ✐♥ �❤❡ ❧✐♠✐� �✉❛♥�✐�✐❡� ✐� ♣❧❛②✐♥❣ ♦♥❧② ❛♥

❛♣♣❛�❡♥� �♦❧❡✿ ❛♥❞ �❤✐� ❛♥❛❧②�✐❝❛❧ ❢❛❝� ✐� ♦❢�❡♥ ❡♥❝♦✉♥�❡�❡❞ ✐♥ �❤❡ ❝❛❧❝✉❧✉� ♦❢ ✈❛�✐❛�✐♦♥�✳ ■♥

�❤❡ �✉❡��✐♦♥� �❡❧❛�❡❞ �♦ �❤❡ ❝❛❧❝✉❧✉� ♦❢ ✈❛�✐❛�✐♦♥� ✇❤✐❝❤ ❝❛♥ ❜❡ �❡❢❡��❡❞ �♦ ❢♦�♠✉❧❛� ✐♥✈♦❧✈✐♥❣

❞❡✜♥✐�❡ ��✐♣❧❡ ✐♥�❡❣�❛❧�✱ ✐❢ ♦♥❡ ❤❛� ❛♥ ❡�✉❛�✐♦♥ ♦❢ ❝♦♥❞✐�✐♦♥ L = 0 ✱ ❛♥❞ ❝♦♥�✐❞❡�� �❤❡ ❞✐✛❡�❡♥�✐❛❧

❡�✉❛�✐♦♥�



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✻✸

dL

da
= 0,

dL

db
= 0,

dL

dc
= 0;

d
2

L

da
2
= 0, ❡❝✳

❞✐ 	✉❛❧✉♥	✉❡ ♦�❞✐♥❡✱ ❡ �✐ ��❛��❛♥♦ ❝♦♠❡ ❢♦��❡�♦ �❛♥�❡ ♥✉♦✈❡ ❡	✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡✱ ♠♦❧�✐✲

♣❧✐❝❛♥❞♦♥❡ ❧❡ ✈❛�✐❛�❡ ♣❡� ❝♦❡✣❝✐❡♥�✐ ✐♥❞❡�❡�♠✐♥❛�✐✱ ✐♥��♦❞✉❝❡♥❞♦ ✐ ♣�♦❞♦��✐ ♥❡❧❧✬❡	✉❛③✐♦♥❡ ❞❡❧

♠❛��✐♠♦ ♦ ❞❡❧ ♠✐♥✐♠♦ �♦��♦ ✐❧ �❡❣♥♦ ✐♥�❡❣�❛❧❡✱ ❡ ♣�❛�✐❝❛♥❞♦✈✐ ❧❡ �♦❧✐�❡ ��❛�❢♦�♠❛③✐♦♥✐✱ �✐ ✈✐❡♥❡

❛❞ ❛❣❣✐✉♥❣❡�❡ ✭ ❛❧❧❛ 	✉❛♥�✐�� ❝❤❡ ✈✐ �❛�❡❜❜❡ ��❛�❛ �❡ ♥♦♥ ❛✈❡��✐♠♦ ❢❛��♦ ✐❧ ❞✐ ♣✐ ❝❤❡ �✐ ! ❞❡��♦✮

✉♥❛ 	✉❛♥�✐�� ❞❡❧❧❛ ��❡��❛ ♥❛�✉�❛ ❞❡❧ ��✐♥♦♠✐♦ ❝❤❡ �❡�♠✐♥❛ ❧✬❡	✉❛③✐♦♥❡ ✭✶✾✮ ✳ ■♥ �❛❧ ❝❛�♦ �✐

❝❛♣✐�❝❡ ❝❤❡ ❧❛ ❝♦♠♣❛��❛ ❞✐ ♥✉♦✈❡ 	✉❛♥�✐�� ❛✐ ❧✐♠✐�✐ ♥♦♥ ♣✉% ❡��❡�❡ ❝❤❡ ❛♣♣❛�❡♥�❡✱ ❣✐❛❝❝❤! ❧❡

❡	✉❛③✐♦♥✐ ❞❡�✐✈❛�❡ ❛♥③✐❞❡��❡ ♥♦♥ ❤❛♥♥♦ �✐❣♥✐✜❝❛�♦ ❝❤❡ ♥♦♥ ❢♦��❡ ❣✐� ❡�♣�❡��♦ ❞❛❧❧❛ �♦❧❛ L = 0.

'❡�% ❧✬❛♥♥✉❧❧❛��✐ ❞✐ 	✉❡❧❧❛ 	✉❛♥�✐�� ❛✐ ❧✐♠✐�✐✱ ♥♦♥ ❡��❡♥❞♦ 	✉✐ ✉♥ �✐�✉❧�❛�♦ ❞✐ ❡	✉❛③✐♦♥✐ ❞✐

❝♦♥❞✐③✐♦♥❡ ❛❞♦♣❡�❛�❡ ♣✐ ❝❤❡ ♥♦♥ �✐❛ ❞✬✉♦♣♦✱ ♠❛ ✉♥❛ ♥❡❝❡��❛�✐❛ ❝♦♥�❡❣✉❡♥③❛ ❞❡❧ ❝♦♥❢�♦♥�♦

❞❡✐ ❞✉❡ ♠❡�♦❞✐✱ ♣♦��❡❜❜❡ ❡��❡�❡ ✉♥ ♠❡③③♦ ❝❤❡ ❝✐ ♠❡��❡��❡ �✉❧❧❛ ��❛❝❝✐❛ ❞✐ ♥✉♦✈❡ ✈❡�✐��✱ ❝✐

❝♦♥❞✉❝❡��❡✱ ♣❡� ❡�❡♠♣✐♦✱ ❛ ✐♥✈❡��✐❣❛③✐♦♥✐ ♣✐ ✐♥�✐♠❡ �✉❧❧❛ ♥❛�✉�❛ ❞❡❧❧✬❛③✐♦♥❡ ♠♦❧❡❝♦❧❛�❡✳ ▼✐

❧✐♠✐�♦ ❛ ✉♥ �❡♠♣❧✐❝❡ ❝❡♥♥♦ ✿ ♠❛ ❛ ♣�♦♣♦�✐�♦ ❞❡❧❧✬❛③✐♦♥❡ ♠♦❧❡❝♦❧❛�❡ ♥♦♥ ♣♦��♦ ��❛❧❛�❝✐❛�❡ ❞✐

♥♦�❛� ❝♦�❛ ❝❤❡ ♣❛�♠✐ ❞✐ ♥♦♥ ❧✐❡✈❡ ♠♦♠❡♥�♦✳ ■❧ ❧❡��♦�❡ �✐ �❛�� ❛❝❝♦��♦ ❝❤❡ ♥❡❧❧✬❛♥❛❧✐�✐ ♣�❡❝❡❞❡♥�❡

♣❡� ✈❡♥✐�❡ ❛❧❧❡ ❝♦♥❝❧✉�✐♦♥✐ ♣✐ ✐♠♣♦��❛♥�✐✱ ❝✐♦! ❛❧❧❡ ❡	✉❛③✐♦♥✐ ❝❤❡ �✉��✐��♦♥♦ ♣❡� �✉��✐ ✐ ♣✉♥�✐

❞❡❧❧❛ ♠❛��❛✱ ♥♦♥ ❢❛♥♥♦ ♣✐ ❜✐�♦❣♥♦ ❧❡ ✐♣♦�❡�✐ ❛♠♠❡��❡ ❞❛✐ ●❡♦♠❡��✐ ♠♦❞❡�♥✐✱ ❡ ❞❛ ♠❡ ��❡��♦

♥❡❧ ➓✳❱✳ ❞❡❧❧❛ ▼❡♠♦�✐❛ ✐♥�❡�✐�❛ ♥❡❧ ❚♦♠♦ ❳❳■ ❞✐ 	✉❡��✐ ❆��✐✳ ❙✐ ! ❞❡��♦ ❝❤❡ ❧✬❛③✐♦♥❡ ♠♦❧❡❝♦❧❛�❡

❞❡✈❡ ❡��❡�❡ �❡♥�✐❜✐❧❡ ♣❡� ❞✐��❛♥③❡ ✐♥�❡♥�✐❜✐❧✐✱ ❡ ✐♥�❡♥�✐❜✐❧❡ ♣❡� ❞✐��❛♥③❡ �❡♥�✐❜✐❧✐ ✿ ❝✐% �❛�� ❢♦��❡

✈❡�♦✱ ♠❛ �✐❛ 	✉❡❧ ❝❤✬❡��❡� �✐ ✈♦❣❧✐❛✱ �✐ ♣✉% ♣�❡�❝✐♥❞❡�❡✱ ♣❡� ❧✬♦❣❣❡��♦ ♥♦���♦✱ ❞❛ �❛❧❡ �✉♣♣♦�✐③✐♦♥❡

✿ ❣❧✐ ✐♥�❡❣�❛❧✐ ♣❡� ❧❡ ✈❛�✐❛❜✐❧✐ s, g, k ♥❡❧❧❡ ❡	✉❛③✐♦♥✐ ✭✶✼✮✱ ✭✶✽✮✱ ✭✶✾✮ ♣♦��♦♥♦ ❝♦♥�✐❞❡�❛��✐ ❡��❡�✐

✜♥♦ ❛✐ ❧✐♠✐�✐ ❞❡❧ ❝♦�♣♦✱ ❡ ♥♦♥ �♦❧❛♠❡♥�❡ ♣❡� ��❛��✐ ♣✐❝❝♦❧✐��✐♠✐ ✱ ✐❧ ❝❤❡ ♥♦♥ ! �❡♥③❛ ✉♥ ❝❡��♦

�❢♦�③♦✳

❚❡�♠✐♥❡�% ✐❧ ❝❛♣✐�♦❧♦ ✐♠♠❛❣✐♥❛♥❞♦♠✐ ✉♥✬♦❜❥❡③✐♦♥❡ ✳ ❚❛❧✉♥♦ ♣♦��❡❜❜❡ ❞✐�♠✐ ❀ ❛✈❡�❡ 	✉✐

❝❛❧❝♦❧❛�❡ ❧❡ ❛③✐♦♥✐ ✐♥�❡�♥❡ ❢�❛

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✻✸

dL

da
= 0,

dL

db
= 0,

dL

dc
= 0;

d
2

L

da
2
= 0, ❡�❝✳

♦❢ ❛❧❧ ♦�❞❡��✱ ❛♥❞ ✐❢ ❤❡ ��❡❛�� �❤❡♠ ❛� ✐❢ �❤❡② ✇❡�❡ ♠❛♥② ♥❡✇ ❡	✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥�✱ ♠✉❧�✐♣❧②✲

✐♥❣ �❤❡✐� ✈❛�✐❛�✐♦♥� �✐♠❡� ✉♥❞❡�❡�♠✐♥❡❞ ❝♦❡✣❝✐❡♥�� ❛♥❞ ✐♥��♦❞✉❝✐♥❣ �❤❡ ♦❜�❛✐♥❡❞ ♣�♦❞✉❝�� ✐♥

�❤❡ ❡	✉❛�✐♦♥� ❢♦� ♠❛①✐♠✉♠ ♦� ♠✐♥✐♠✉♠ ✉♥❞❡� �❤❡ ✐♥�❡❣�❛❧ �✐❣♥ ❛♥❞ ♦♣❡�❛�✐♥❣ �❤❡ ✉�✉❛❧ ��❛♥�✲

❢♦�♠❛�✐♦♥� ❤❡ ✇✐❧❧ ❛❞❞ ✭�♦ �❤❡ 	✉❛♥�✐�② ✇❤✐❝❤ ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ❧❡❢� ✇✐�❤♦✉� ❞♦✐♥❣ �❤❡ ❢✉��❤❡�

♦♣❡�❛�✐♦♥� ✇❤✐❝❤ ✇❡ ❤❛✈❡ �❛✐❞✮ ❛ 	✉❛♥�✐�② ♦❢ �❤❡ �❛♠❡ ♥❛�✉�❡ ♦❢ �❤❡ ��✐♥♦♠✐❛❧ ✇❤✐❝❤ ✐� ❛� �❤❡

❡♥❞ ♦❢ �❤❡ ❡	✉❛�✐♦♥ ✭✶✾✮✳ ■♥ �✉❝❤ ❛ ❝❛�❡ ♦♥❡ ✉♥❞❡���❛♥❞� �❤❛� �❤❡ ♥♦✈❡❧�② ♦❢ �❤❡ ❛♣♣❡❛�❛♥❝❡ ♦❢

	✉❛♥�✐�✐❡� ❛� �❤❡ ❜♦✉♥❞❛�✐❡� ❝❛♥ ❜❡ ♦♥❧② ❛♣❛�❡♥�✱ ❜❡❝❛✉�❡ �❤❡ ❛❢♦�❡�❛✐❞ ❞✐✛❡�❡♥�✐❛�❡❞ ❡	✉❛�✐♦♥�

❞♦ ♥♦� ❤❛✈❡ ❛♥② ♥❡✇ ♠❡❛♥✐♥❣ ✇❤✐❝❤ ✇❛� ♥♦� ❛❧�❡❛❞② ❡①♣�❡��❡� ❜② �❤❡ ❡	✉❛�✐♦♥ L = 0 ❛❧♦♥❡✳

❍♦✇❡✈❡�✱ �❤❡ �❡	✉✐�❡♠❡♥� �❤❛� �❤❡ �❛✐❞ ❜♦✉♥❞❛�② 	✉❛♥�✐�② ♠✉�� ✈❛♥✐�❤✱ ❛� ❤❡�❡ ✇❡ ❛�❡ ♥♦�

❞❡❛❧✐♥❣ ✇✐�❤ ❛ �❡�✉❧� ❝♦♥❝❡�♥✐♥❣ ❡	✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥�✱ ✇❤✐❝❤ ❝❛♥♥♦� ❜❡ ✉�❡❞ ♠♦�❡ �❤❛♥ �❡❛❧❧②

♥❡❝❡��❛�②✱ ❜✉� �✐♠♣❧② ✇✐�❤ ❛ ♥❡❝❡��❛�② ❝♦♥�❡	✉❡♥❝❡ ♦❢ �❤❡ ❝♦♠♣❛�✐�♦♥ ♦❢ �❤❡ �✇♦ ♣�❡�❡♥�❡❞

♠❡�❤♦❞�✱ ❬�❤❛� �❡	✉✐�❡♠❡♥�❪ ❝♦✉❧❞ ❜❡ ❛ �♦♦❧ ✇❤✐❝❤ ❝❛♥ ❧❡❛❞ ✉� �♦ �❤❡ ❞✐�❝♦✈❡�② ♦❢ ♥❡✇ ��✉�❤�✱

✇❤✐❝❤ ❝♦✉❧❞ ❧❡❛❞ ✉�✱ ❢♦� ✐♥��❛♥❝❡✱ �♦ ♠♦�❡ ❞❡�❛✐❧❡❞ ✐♥✈❡��✐❣❛�✐♦♥� ❛❜♦✉� �❤❡ ♥❛�✉�❡ ♦❢ ♠♦❧❡❝✉❧❛�

✐♥�❡�❛❝�✐♦♥�✳ ■ ❧✐♠✐� ♠②�❡❧❢ �♦ ❛ �✐♠♣❧❡ ❤✐♥�✿ ❜✉� ❝♦♥❝❡�♥✐♥❣ �❤❡ ♠♦❧❡❝✉❧❛� ❛❝�✐♦♥ ■ ❝❛♥♥♦�

❛✈♦✐❞ �♦ �❡♠❛�❦ �♦♠❡�❤✐♥❣ ✇❤✐❝❤ �❡❡♠� �♦ ♠❡ �♦ ❜❡ ♥♦� ✐��❡❧❡✈❛♥�✳ ❚❤❡ �❡❛❞❡� ✇✐❧❧ ❤❛✈❡
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❡❛❝❤ ♣❛✐� ♦❢ ♠♦❧❡❝✉❧❡� ✐� ❡✛❡❝
✐✈❡✱ ❜✉
 ❡✈❡�②❜♦❞② ✇❤♦ ❦♥♦✇� 
❤❡ �♣✐�✐
 ♦❢ ❆♥❛❧②
✐❝❛❧ ▼❡❝❤❛♥✐❝�

✇✐❧❧ ❜❡ ♣❡��✉❛❞❡❞ 
❤❛
 ❛❧❧ ♦❢ 
❤❡�❡ ❛❝
✐♦♥� ✇❡�❡ ❛❝❝♦✉♥
❡❞ ❢♦� ❜② 
❤❡ �✐① ❡�✉❛
✐♦♥� ✭✽✮ ✐♥ �❡❝
✳

✸✹ ✇❤✐❝❤ ❛�❡ ✈❛❧✐❞ ❢♦� ❛❧❧ ♣❤②�✐❝❛❧ ♣♦✐♥
�✿ ♦♥ 
❤❡ ❝♦♥
�❛�② ✐❢ ♦♥❡ ❞♦✉❜
 ❝♦✉❧❞ ❜❡ �❛✐�❡❞ ✐
 ❝♦✉❧❞

❝♦♥❝❡�♥ 
❤❡ ❢❛❝
 
❤❛
 
❤❡ �✐① ❡�✉❛
✐♦♥� ♦❢ ❝♦♥❞✐
✐♦♥� ✇❡�❡ �❡❞✉♥❞❛♥
✱ ❛♥❞ ❢♦� 
❤✐� �❡❛�♦♥ 
❤❡

❝♦♥�✐❞❡�❛
✐♦♥� ✐♥ �❡❝
✐♦♥ ✸✾ ❜❡❝❛♠❡ ♥❡❝❡��❛�②✳

❚❤❡ �❛♠❡ ❤❛� 
♦ ❜❡ �❛✐❞ ✐♥ 
❤❡ ❣❡♥❡�❛❧ ❝❛�❡ ♦❢ 
❤❡ ❡�✉❛
✐♦♥� ♦❢ ❝♦♥❞✐
✐♦♥� ✭✶✹✮ ✐♥ �❡❝
✳ ✹✼✱

✇❤✐❝❤ ❛❧�♦ ❤♦❧❞ ❢♦� ❛❧❧ ♣♦✐♥
� ♦❢ 
❤❡ ♠❛��✿ 
❤❡ ♦♥❧② ❢❛❝
 ♦❢ ❝♦♥�✐❞❡�✐♥❣ ❛♥❞ ❝❛❧❝✉❧❛
✐♥❣ 
❤❡♠

✐� ❡�✉✐✈❛❧❡♥
 
♦ ❛❝❝♦✉♥
 ❢♦� ❛❧❧ ✐♥
❡�♥❛❧ ❢♦�❝❡�✱ ❛❧
❤♦✉❣❤ ✐
 ✐� ♥♦
 ❡①♣❧✐❝✐
❧② ❞❡
❛✐❧❡❞ ❤♦✇ 
❤✐�

♦❝❝✉��✳ ❚♦ �♦♠❡❜♦❞② ✐
 ❝♦✉❧❞ �❡❡♠ ✲✐♥ �♦♠❡ ❛�♣❡❝
�✲ ♠♦�❡ ♣❡��✉❛�✐✈❡ 
❤❡ ♠❡
❤♦❞ ✉�❡❞ ✐♥ 
❤✐�

❈❛♣♦✱ ❛� ✐
 ❛❧❧♦✇� ✉� 
♦ ❤❛✈❡ ❛♥ ❡①♣❧❛♥❛
✐♦♥ ❛❜♦✉
 
❤❡ ✇❛② ✐♥ ✇❤✐❝❤ 
❤❡ ♠♦❧❡❝✉❧❛� ❛❝
✐♦♥� ❛�❡

❛❝
✐♥❣✿ ❤♦✇❡✈❡� ■ ❜❡❧✐❡✈❡ 
❤❛
 
❤♦�❡ ✇❤♦ 
❤✐♥❦ ✐♥ 
❤❡ ❜❡�
 ✇❛② ✇✐❧❧ ♣�❡❢❡� 
❤❡ ♠❡
❤♦❞ ♣�❡�❡♥
❡❞

✐♥ 
❤❡ ❈❛♣♦ ■❱✱ ✇❤✐❝❤ ✐� ❛ ♠❡
❤♦❞ ♠♦�❡ ❞✐�❡❝
 ❛♥❞ ♠♦�❡ ♣♦✇❡�❢✉❧✱ ❜❡❝❛✉�❡ ✐
 ✐� ❜❛�❡❞ ♦♥ 
❤❛


❣❡♦♠❡
�✐❝❛❧ ♣�✐♥❝✐♣❧❡ ✇❤✐❝❤ ❛��✉♠❡� 
❤❡ ✐♥❞✐✛❡�❡♥❝❡ ♦❢ 
❤❡ ❝❤♦✐❝❡ ♦❢ 
❤❡ �❡❢❡�❡♥❝❡ ❢�❛♠❡� ✇✐
❤

�❡�♣❡❝
 
♦ 
❤❡ �②�
❡♠✱ ♣�✐♥❝✐♣❧❡ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ♥❡❡❞ ❛❧�♦ ✐♥ 
❤❡ ♥❡①
 ❈❛♣♦✱ ❛♥❞ ✇❤✐❝❤ ❝♦♥
❛✐♥�


❤❡ �❡❛�♦♥ ♦❢ �♦ ♠❛♥② ♠❡❝❤❛♥✐❝❛❧ 
�✉
❤�✳ ▼♦�❡♦✈❡� ■ �❡❡ 
❤❛
 ✐
 ✐� ♣♦��✐❜❧❡ ✲❜② ❢♦❧❧♦✇✐♥❣ 
❤❡ ✢♦✇

♦❢ �❡❛�♦♥✐♥❣� ❡①♣♦✉♥❞❡❞ ✐♥ 
❤❡ ❈❛♣♦ ■❱✲ 
♦ ❡①♣❧❛✐♥ 
❤❡ 
�✉❡ ♠❡❛♥✐♥❣ ♦❢ 
❤❛
 ♦
❤❡� ❧❛❣�❛♥❣✐❛♥

♣�✐♥❝✐♣❧❡✱ ✇❤✐❝❤ ❛
 
❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ 
❤❡ �❛♠❡ ❈❛♣♦ ✇❡ �❛✐❞ 
♦ ❜❡ 
♦♦ ❛❜�
�❛❝
✱ ❛♥❞ 
♦ ✜�♠❧②

❡�
❛❜❧✐�❤ ✐
� ❡①
❡♥�✐♦♥ ❛♥❞ 
❤❡ ❡✛❡❝
✐✈❡ ✇❛② ♦❢ ✉�✐♥❣ ✐
✳ ❆❢♦�❡♠❡♥
✐♦♥❡❞ ❡①♣❧✐❝❛
✐♦♥✱ ❤♦✇❡✈❡�✱

✇♦✉❧❞ ♥♦
 ❜❡ ♠❛②❜❡ ♦❢ ❣�❡❛
 ✉
✐❧✐
②✱ ❛♥❞ ■ �
❛
❡ 
❤✐� ❜❡❝❛✉�❡ ■ ❜❡❧✐❡✈❡ 
❤❛
 ❛❧❧ ❛❞✈❛♥
❛❣❡� 
♦

✇❤✐❝❤ ▲❛❣�❛♥❣❡ ✇❛� ❛✐♠✐♥❣ ❜② ♣♦�
✉❧❛
✐♥❣ 
❤❛
 ♣�✐♥❝✐♣❧❡ ❝♦✉❧❞ ❜❡ ♦❜
❛✐♥❡❞ ♠♦�❡ ❞✐�❡❝
❧② ❛♥❞

♥❛
✉�❛❧❧② ❜② ✉�✐♥❣ 
❤❡ ♣�♦❝❡❞✉�❡ ❞❡�❝�✐❜❡❞ ✐♥ 
❤❡ �❛♠❡ ❈❛♣♦ ■❱✿✧
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❉❡❧ ♠♦�♦ ❡ ❞❡❧❧✬❡	✉✐❧✐❜
✐♦ ❞✐ ✉♥ ❝♦
♣♦ 	✉❛❧✉♥	✉❡✱ 
✐❞♦��♦

❛❞ ❡��❡
❡ ✉♥ �✐��❡♠❛ ❧✐♥❡❛
❡ ♦ �✉♣❡
✜❝✐❛❧❡✳

❋✉ 
✐♠♣
♦✈❡
❛�♦ ✐♥ ♣❛
�✐❝♦❧❛
 ♠♦❞♦ ❛✐ ♠❡�♦❞✐ ❞❡❧❧❛ ▼✳❆✳ ❞✐ ▲❛❣
❛♥❣❡ ❞✐ ❡��❡
❡ ✐♥�✉✣❝✐❡♥�✐

♣❡
 ✈❛
✐❡ �✉❡��✐♦♥✐ ❝❤❡ 
✐❣✉❛
❞❛♥♦ ❝✉
✈❡ ♦ �✉♣❡
✜❝✐❡ ❡❧❛��✐❝❤❡✳ ❊♥�
♦ ✐♦ �✉✐♥❞✐ ❛ �
❛��❛
❡

❞❡❧ ♠♦�♦ ❡ ❞❡❧❧✬❡�✉✐❧✐❜
✐♦ ❞❡✬ �✐��❡♠✐ ❧✐♥❡❛
✐ ❡ �✉♣❡
✜❝✐❛❧✐✱ �♦❝❝❛♥❞♦♥❡ ❛❧♠❡♥♦ ❧❡ ❣❡♥❡
❛❧✐�&✱ ❝♦♥

�❛♥�♦ ♣✐' ❞✐ ❣✉��♦ ✐♥ �✉❛♥�♦ ❢❛
) ✈❡❞❡
❡ ❝❤❡ ❧✉♥❣✐ ❞❛❧ ✈❡♥✐
 ♠❡♥♦ �✉❡✬ ♠❡�♦❞✐ ♥❡❧ ♣
❡�❡♥�❡ ❝❛�♦✱

�♣✐❡❣❛♥♦ ❡��✐ �✉✐ ❢♦
�❡ ♠❡❣❧✐♦ ❝❤❡ ❛❧�
♦✈❡ �✉��❛ ❧❛ ❧♦
♦ ❛♠♣✐❡③③❛ ❡ ♠❛❣♥✐✜❝❡♥③❛✳ ❙✐❛ ♣✉
❡ ❝❤❡

❧❡ �♦❧✉③✐♦♥✐ ❞❛�❡ ♥❡❧❧❛ ▼✳❆✳ ❞✐ ❛❧❝✉♥✐ ❞✐ �, ❢❛��✐ ♣
♦❜❧❡♠✐ ♥♦♥ 
✐❡�❝❛♥♦ ❛❜❜❛��❛♥③❛ ❣❡♥❡
❛❧✐ ♣❡


❝♦♠♣
❡♥❞❡
♥❡ ❛❧�
✐ ❝♦♥�❡♠♣❧❛�✐ ❞✐ ♣♦✐ ✿ 
✐♣❡�❡
) �✉❡❧ ❝❤❡ ❞✐��✐ ❛❧�
♦✈❡✿ ▲❛❣
❛♥❣❡ ♥♦♥ ♣♦�❡❛

❢❛
 �✉��♦❀ ❡❣❧✐ ♣❡
 ❛❧�
♦ ❝✐ ❞✐❡❞❡ ✐♥ ♠❛♥♦ ♠❡�♦❞✐ ❝❤❡✱ ❛ �❛♣❡
❧✐ ❜❡♥ ✐♥�❡♥❞❡
❡ ❡❞ ❛♣♣❧✐❝❛
❡✱

✈❛❧❣♦♥♦ ✐♥ �✉❡��✐♦♥✐ ❞✐ �✉❡��♦ ❣❡♥❡
❡ ♣❡
 
✐�♣♦♥❞❡
❡ ❛❧❧❡ ❣✐& ❢❛��❡ ❞♦♠❛♥❞❡✱ ❡ ♣❡
 ♣
❡✈❡♥✐


❧❡ ❢✉�✉
❡✳ ❆♥③✐ ♥♦♥ �♦❧♦ / ♣♦��✐❜✐❧❡ ❝♦♥ �❛❧✐ ♠❡�♦❞✐ ❛✛
♦♥�❛
❡ ♥❡❧ ❝❛�♦ ♣
❡�❡♥�❡ �✉❛❧✉♥�✉❡


✐❝❡
❝❛✱ ♠❛ ❧♦ / ✐♥ ❞✉❡ ❞✐✈❡
�❡ ♠❛♥✐❡
❡✱ ✐♥ ❝♦

✐�♣♦♥❞❡♥③❛ ❝♦♥ �✉❛♥�♦ �♣♦♥❡♠♠♦ ♣❡✐ �✐��❡♠✐

❛ �
❡ ❞✐♠❡♥�✐♦♥✐ ♥❡✐ ❈❛♣✐ ■❱✳ ❡ ❱■✳ ❉❡❧❧❡ ❞✉❡ ♠❛♥✐❡
❡ ♠✐ ❛��❡

) ✐♦ �✉✐ ❛❧❧❛ ♣
✐♠❛✱ ❛ �✉❡❧❧❛

❝✐♦/ ❝❤❡ 
✐❞✉❝❡ ❛❞ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ❧✬❡�♣
❡��✐♦♥❡ ❞❡✐ ✈✐♥❝♦❧✐ ✐♥�❡
♥✐ ❢
❛ ❧❡ ♠♦❧❡❝♦❧❡ ✿ ❡

♣❡
 ❧✬❛❧�
❛ ♠✐ ❧✐♠✐�❡
) ❛❞ ❛��✐❝✉
❛
❡ ✐❧ ❧❡��♦
❡ ❞✐ ❛✈❡
❧❛ �❡❣✉✐�❛ ✜♥♦ ❛❞ ✉♥ ❝❡
�♦ ♣✉♥�♦✱ ❡ ❞✐ ❛✈❡


�
♦✈❛�♦ ✉♥❛ ♣❡
❢❡��❛ ❝♦

✐�♣♦♥❞❡♥③❛ ♥❡✐ 
✐�✉❧�❛♠❡♥�✐✳ ❙❡ ❞✐ �✉❡��❛ �✉✐ ♥♦♥ 
✐♣♦
�♦ ❧✬❛♥❛❧✐�✐✱ ❝✐)

❢❛❝❝✐♦ ♣❡
 ❞✉❡ 
❛❣✐♦♥✐ ✿ ❧❛ ♣
✐♠❛ ♣❡
 ♥♦♥ ♣❛��❛
❡ ♦❣♥✐ �❡❣♥♦ ❞✐ ❞✐�❝
❡③✐♦♥❡ ✐♥ �❡
✈✐
♠✐ ❞❡❧❧♦

�♣❛③✐♦ ❝♦♥❝❡��♦♠✐ ♥❡❧ ✈♦❧✉♠❡ �♦❝✐❛❧❡ ✿ ❧❛ �❡❝♦♥❞❛ ♣❡
❝❤/✱ ❞♦♣♦ ❛✈❡
 ✈✐��♦ ❧✬❛♥❞❛♠❡♥�♦ �❡♥✉�♦

♥❡❧ ❈❛♣♦ ♣
❡❝❡❞❡♥�❡✱ ❧♦ ��✉❞✐♦�♦ ♣♦�
& ♥♦♥ ❞✐✣❝✐❧♠❡♥�❡ ❢❛❜❜
✐❝❛
�✐ ❞❛ �❡ ✉♥❛ �❛❧❡ ❛♥❛❧✐�✐✱ ❧❛

�✉❛❧❡ 
✐❡�❝❡ ♠❡♥♦ ❝♦♠♣❧✐❝❛�❛ ❞❡❧❧❛ 
✐❢❡
✐�❛ ♥❡❧ ❧✉♦❣♦ ❝✐�❛�♦✳
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❖❢ ♠♦�✐♦♥ ❛♥❞ ❡	✉✐❧✐❜
✐✉♠ ♦❢ ❛ ❜♦❞② ✇❤❛��♦❡✈❡
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❡		✐♦♥❡ ❛♥❛❧✐�✐❝❛✳ ❚❛❧✐ ❡�✉❛③✐♦♥✐ 	♦♥♦ ❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ❧❡ �✉❛❧✐✱ �✉❛♥❞♦

❧❡ ❝✉
✈❡ ♦ 	✉♣❡
✜❝✐❡ 	✐ ❝♦♥	✐❞❡
❛♥♦ ❢❛��❡ ❞✐ ♠♦❧❡❝♦❧❡✱ ❡	♣
✐♠♦♥♦ ✐ ✈✐♥❝♦❧✐ ✐♥�❡
♥✐ ❢
❛ �✉❡	�❡✱ ❡

❞❛♥♥♦ ♣
❡	❛ ❛✐ ♠❡�♦❞✐ ❞❡❧❧❛ ▼❡❝❝❛♥✐❝❛ ❛♥❛❧✐�✐❝❛ ✿ ✐♥�❡
❡		❛ �
♦✈❛
❧❡✳

✶✻✻
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

✼✼✳ ■ 	❛✐❞ �♦ ❤❛✈❡ ❝❤♦	❡♥ ❢♦
 �
❡❛�✐♥❣ �❤❡	❡ ✐		✉❡	 �❤❛� ♠❛♥♥❡
 �❤❛� 
❡❞✉❝❡	 ❡✈❡
②�❤✐♥❣

�♦ �❤❡ ❤❛♥❞❧✐♥❣ ♦❢ ❡�✉❛�✐♦♥	 ♦❢ ❝♦♥❞✐�✐♦♥ ❛	 ✐♥ ❈❛♣♦ ■❱✳ ❚❤❡ 
❡❛	♦♥ ❢♦
 �❤❡ ♣
❡❢❡
❡♥❝❡ ✇❛	
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♦❝✉
❡ �✇♦ ♥❡✇ ♦♣♣♦
�✉♥✐�✐❡	 �♦ ❤✐❣❤❧✐❣❤� �❤❡ ❢
✉✐�❢✉❧♥❡		 ♦❢ �❤❛� ♣
✐♥❝✐♣❧❡ ♦❢ ✇❤✐❝❤ ✇❡

❤❛✈❡ ❛❧
❡❛❞② 	❡❡♥ ✈❛
✐♦✉	 ❛♣♣❧✐❝❛�✐♦♥	✱ ❛♥❞ �❤❛� ✐	 �♦ ✇
✐�❡ ❛♥❛❧②�✐❝❛❧❧② �❤❡ ❛
❜✐�
❛
✐♥❡		 �❤❛�

✇❡ ❤❛✈❡ ❛	 
❡❣❛
❞	 �❤❡ ❧♦❝❛�✐♦♥ ♦❢ �❤❡ ❛①❡	 ✐♥ ✇❤✐❝❤ �♦ 
❡♣♦
� �❤❡ 	②	�❡♠✳ ■� ❧❡❞ ✉	 �♦ �❤❡

❣❡♥❡
❛❧ ❡�✉❛�✐♦♥	 ✐♥ ❈❛♣♦ ■❱✿ �❤❡ �
✉❡ ❡①♣❧❛♥❛�✐♦♥ ♦❢ �❤❡ ♣
✐♥❝✐♣❧❡ ♦❢ ✈✐
�✉❛❧ ✈❡❧♦❝✐�✐❡	 ❞❡♣❡♥❞	

✉♣♦♥ ✐� ✭❛	 ✇❡ ♠❡♥�✐♦♥❡❞ ❛� 	❡❝�✳ ✻✵✮✱ ❛	 ✇❡❧❧ ❛	 ❬�❤❡ �
✉❡ ❡①♣❧❛♥❛�✐♦♥❪ ♦❢ �❤♦	❡ ❬♣
✐♥❝✐♣❧❡	❪

♦❢ �❤❡ ❝♦♥	❡
✈❛�✐♦♥ ♦❢ �❤❡ ♠♦�✐♦♥ ♦❢ �❤❡ ❝❡♥�❡
 ♦❢ ❣
❛✈✐�②✱ ❛♥❞ ♦❢ �❤❡ ❛
❡❛	✿ ❜② ✈✐
�✉❡ ♦❢ �❤✐	

♣
✐♥❝✐♣❧❡ ✭❛	 ✐� ✇❛	 ♥♦�❡❞ ❛� �❤❡ ❡♥❞ ♦❢ 	❡❝�✳ ✻✻✮ �❤❡ ❛♥❛❧②	✐	 ❣✐✈❡♥ ❜② ▲❛❣
❛♥❣❡ ✭�❤❛� ♥♦✇

♥♦ ❧♦♥❣❡
 ♥❡❡❞	✮ ❝♦✉❧❞ ❜❡ ❛❞❛♣�❡❞ ❛❧	♦ �♦ �❤❡ ♠♦�✐♦♥ ♦❢ �❤❡ ❡❧❛	�✐❝ ✢✉✐❞	❀ ❛♥❞ ♥♦✇ �❤❡ 	❛♠❡
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 ❝❤❛♥❣❡❛❜❧❡✱ ✐♥ ❡�✉✐❧✐❜
✐✉♠ ♦
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▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✻✼

✼✽✳ ❙✐❛ ✉♥❛ ❝✉�✈❛ �✉❛❧✉♥�✉❡ �✐❢❡�✐�❛ ❛ ��❡ ❛��✐ ♦��♦❣♦♥❛❧✐ ❞❡❧❧❡ p, q, r ♣❡� ♠❡③③♦ ❞✐ ❞✉❡

❡�✉❛③✐♦♥✐

q = φ(p); r = ψ(p). ✭✶✮

◆❡❧ ❝❛�♦ ❞✐ ❝✉�✈❡ ❢❛��❡ ❞✐ ♠♦❧❡❝♦❧❡ ❝♦♥✈✐❡♥❡✱ ❝♦♠❡ �✐ � ❞❡��♦ ♥❡❧ ❈❛♣♦ ■✳ ♥✉♠✳◦ ✶✶✳ �✐❣✉❛�❞❛�❡

❧❡ p, q, r �✐❝❝♦♠❡ ❢✉♥③✐♦♥✐ ❞✐ ✉♥❛ ✈❛�✐❛❜✐❧❡ �❡♠♣❧✐❝❡ a �❡❧❛�✐✈❛ ❛❧❧♦ ��❛�♦ ♣�❡❝❡❞❡♥�❡✱ ❡❞ ❛♥❝❤❡

❞❡❧ �❡♠♣♦ t

p = p (a, t) ; q = q (a, t) ; r = r (a, t) ; ✭✷✮

❛❧❧♦�❛ ❧❡ ❡�✉❛③✐♦♥✐ ✭✶✮ ✈♦❣❧✐♦♥♦ ❡��❡�❡ ✐♥�❡�❡ ❝♦♠❡ ❧❡ ❞✉❡ ❝❤❡ �✐�✉❧�❛♥♦ ❞❛❧❧✬❡❧✐♠✐♥❛③✐♦♥❡ ❞❡❧❧❛

a ❢�❛ �✉❡��❡ ��❡✱ �❛❧❝❤� �✉❡❧❧❡ ✭✶✮ ♣♦��♦♥♦ ❝♦♥�❡♥❡�❡ ❛♥❝❤❡ ✐❧ t ❡�♣❧✐❝✐�♦ ❛❧❧❛ p✱ ❡ ❝♦♥❢✉�♦ ❝♦❧❧❡

❝♦��❛♥�✐✳

❘✐❢❡�✐❛♠♦ ♦�❛ ❧❛ ��❡��❛ ❝✉�✈❛ ❛❞ ❛❧��✐ ��❡ ❛��✐ ❞❡❧❧❡ x, y, z ❝♦♠✉♥�✉❡ ♣♦��✐ �✐♠♣❡��♦ ❛✐ ♣�✐♠✐

✿ ❛✈�❡♠♦ ❢�❛ ❧❡ ✉♥❡ ❡ ❧❡ ❛❧��❡ ❝♦♦�❞✐♥❛�❡ ❧❡ ❡�✉❛③✐♦♥✐ ✭✶✮ ❞❡❧ ♥✉♠✳◦ ✸✸✳✱ ❝❤❡ �✉✐ ❣✐♦✈❛ �❡♣❧✐❝❛�❡

x = f + α1 p+ β1q + γ1r

y = g + α2 p+ β2q + γ2r ✭✸✮

z = h+ α3 p+ β3q + γ3r.

▲❡ ❞♦❞✐❝✐ �✉❛♥�✐�) f, g, h, α1✱ ❡❝✳ �❡��❛♥♦ ❝♦��❛♥�✐ ♣❛��❛♥❞♦ ❞❛ ✉♥♦ ❛❞ ❛❧��♦ ♣✉♥�♦ ❞❡❧ �✐��❡♠❛✱

❝♦�✐❝❝❤� ❛♥❝❤❡ ❧❡ x, y, z �✐ ♣♦��❛♥♥♦ ❝♦♥�✐❞❡�❛�❡ ❞✐�❡��❛♠❡♥�❡ ❢✉♥③✐♦♥✐ ❞❡❧❧✬✉♥✐❝❛ ✈❛�✐❛❜✐❧❡ �❡♠✲

♣❧✐❝❡ p✳ ❉❡�✐✈✐❛♠♦ ♣❡��❛♥�♦ ❧❡ �✐❢❡�✐�❡ ❡�✉❛③✐♦♥✐ ♣❡� ❧❛ p✱ ❡ ✐♥❞✐❝❛♥❞♦ �❛❧✐ ❞❡�✐✈❛�❡ ❝♦♥ ❛♣✐❝✐✱

❛✈�❡♠♦
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✭✹✮
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❡❝✳ ❡❝✳ ❡❝✳

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✻✼

✼✽✳ ▲❡� ❛♥② ❝✉�✈❡ ❜❡ �❡❢❡��❡❞ �♦ �❤�❡❡ ♦��❤♦❣♦♥❛❧ ❛①❡� ♦❢ �❤❡ p✱ q✱ r ❜② ♠❡❛♥� ♦❢ �✇♦

❡�✉❛�✐♦♥�

q = φ(p); r = ψ(p). ✭✶✮

■♥ �❤❡ ❝❛�❡ ♦❢ ❝✉�✈❡� ♠❛❞❡ ♦❢ ♠♦❧❡❝✉❧❡� ✇❡ �❤♦✉❧❞ ❝♦♥�✐❞❡�✱ ❛� ♠❡♥�✐♦♥❡❞ ✐♥ �❤❡ ❈❛♣♦ ■ �❡❝�✳

✶✶✱ �❤❡ p✱ q✱ r ❛� ❢✉♥❝�✐♦♥� ❛� ❛ �✐♠♣❧❡ ✈❛�✐❛❜❧❡ a �❡❧❛�✐✈❡ �♦ �❤❡ ♣�❡❝❡❞❡♥� ��❛�❡✱ ❛♥❞ ❛❧�♦ ♦❢

�❤❡ �✐♠❡ t

p = p (a, t) ; q = q (a, t) ; r = r (a, t) ; ✭✷✮

�❤❡♥ �❤❡ ❡�✉❛�✐♦♥� ✭✶✮ ✇❛♥� �♦ ❜❡ ✉♥❞❡���♦♦❞ ❛� �❤❡ �✇♦ �❤❛� �❡�✉❧� ❢�♦♠ �❤❡ ❡❧✐♠✐♥❛�✐♦♥ ♦❢

�❤❡ a ❛♠♦♥❣ �❤❡�❡ �❤�❡❡✱ �♦ �❤❛� �❤♦�❡ ✭✶✮ ♠❛② ❛❧�♦ ❝♦♥�❛✐♥ t ❡①♣❧✐❝✐� ✐♥ �❤❡ p✱ ❛♥❞ ❝♦♥❢✉�❡❞

✇✐�❤ �❤❡ ❝♦♥��❛♥��✳

◆♦✇ ❧❡� ✉� �❡♣♦�� �❤❡ �❛♠❡ ❝✉�✈❡ �♦ ♦�❤❡� �❤�❡❡ ❛①❡� ♦❢ �❤❡ x✱ y✱ z ❤♦✇❡✈❡� ♣❧❛❝❡❞ ✇✐�❤

�❡�♣❡❝� �♦ �❤❡ ✜��� ❬❛①❡�❪✿ ✇❡ ✇✐❧❧ ❤❛✈❡ ❜❡�✇❡❡♥ �❤❡ ♦♥❡ ❛♥❞ �❤❡ ♦�❤❡� ❝♦♦�❞✐♥❛�❡� �❤❡ ❡�✉❛�✐♦♥�

✭✶✮ ♦❢ �❡❝�✳ ✸✸✱ ✇❤✐❝❤ ✐� ✐� ✉�❡❢✉❧ �♦ �❡♣❧✐❝❛�❡

x = f + α
1
p+ β

1
q + γ

1
r

y = g + α
2
p+ β

2
q + γ

2
r ✭✸✮

z = h+ α
3
p+ β

3
q + γ

3
r.

❚❤❡ �✇❡❧✈❡ �✉❛♥�✐�✐❡� f ✱ g✱ h✱ α
1
✱ ❡�❝✳ �❡♠❛✐♥ ❝♦♥��❛♥� ♣❛��✐♥❣ ❢�♦♠ ♦♥❡ �♦ ❛♥♦�❤❡� ♣♦✐♥� ♦❢

�❤❡ �②��❡♠✱ �♦ �❤❛� ❛❧�♦ �❤❡ x✱ y✱ z ♠❛② ❜❡ ❝♦♥�✐❞❡�❡❞ ❞✐�❡❝�❧② ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ✉♥✐�✉❡ �✐♠♣❧❡

✈❛�✐❛❜❧❡ p✳ ❚❤❡�❡❢♦�❡✱ ❧❡� ✉� ❞❡�✐✈❡ �❤❡ ❛❜♦✈❡ ❡�✉❛�✐♦♥� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ p✱ ❜② ✐♥❞✐❝❛�✐♥❣

�❤♦�❡ ❞❡�✐✈❛�✐✈❡� ❜② ♠❡❛♥� ♦❢ �✉♦�❡�✱ ✇❡ ✇✐❧❧ ❤❛✈❡

x′ = α
1
+ β

1
q′ + γ

1
r′; y′ = α

2
+ β

2
q′ + γ

2
r′ ; z′ = α

3
+ β

3
q′ + γ

3
r′

x
′′

= β
1
q
′′

+ γ
1
r
′′

; y
′′

= β
2
q
′′

+ γ
2
r
′′

; z
′′

= β
3
q
′′

+ γ
3
r
′′

✭✹✮

x
′′′

= β
1
q
′′′

+ γ
1
r
′′′

; y
′′′

= β
2
q
′′′

+ γ
2
r
′′′

; z
′′′

= β
3
q
′′′

+ γ
3
r
′′′

x
IV

= β
1
q
IV

+ γ
1
r
IV

; y
IV

= β
2
q
IV

+ γ
2
r
IV

; z
IV

= β
3
q
IV

+ γ
3
r
IV

❡�❝✳ ❡�❝✳ ❡�❝✳



✶✻✽
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

�♦♥✐❛♠♦ ❛❧��❡�� ♣❡� ❝♦♠♦❞♦ ❧❡ �❡❣✉❡♥�✐ ❞❡♥♦♠✐♥❛③✐♦♥✐

k = x
′
2

+ y
′
2

+ z
′
2

; l = x
′′
2

+ y
′′
2

+ z
′′
2

✭✺✮

m = x
′′′

2

+ y
′′′

2

+ z
′′′

2

; n = x
IV 2

+ y
IV 2

+ z
IV 2

; ❡❝✳

◗✉❛❞�❛♥❞♦ �✉��❡ ❧❡ ❡�✉❛③✐♦♥✐ ✭✹✮ ❡ �♦♠♠❛♥❞♦❧❡ ❛ ��❡ ❛ ��❡ ❝♦♠❡ ��❛♥♥♦ ♥❡❧❧❡ ❧✐♥❡❡ ♦�✐③③♦♥�❛❧✐✱

��♦✈❡�❡♠♦ ✭�❛♠♠❡♥�❛�❡ ❧❡ ❡�✉❛③✐♦♥✐ ❞❡❧ ♥✉♠✳◦ ✸✸✳ ❢�❛ ❧❡ �✉❛♥�✐�! ❛♥❣♦❧❛�✐✱ ❡ ❧❡ ♣�❡❝❡❞❡♥�✐

❞❡♥♦♠✐♥❛③✐♦♥✐ ✭✺✮✮

k = 1 + q
′
2

+ r
′
2

; l = q
′′
2

+ r
′′
2

✭✻✮

m = q
′′′

2

+ r
′′′

2

; n = q
IV 2

+ r
IV 2

; ❡❝✳

❙✐ ✈❡❞❡ ♠❛♥✐❢❡��❛♠❡♥�❡ ✐❧ ♣�♦❝❡❞❡�❡ ❞✐ �❛❧✐ ❡�✉❛③✐♦♥✐✳ ◗✉❡��❡ ♥♦♥ ❝♦♥�❡♥❣♦♥♦ ♣✐# ❧❡ �✉❛♥�✐�!

❛♥❣♦❧❛�✐✱ ♠❛ ♣❡�$ ❝✐ ♣�❡�❡♥�❛♥♦ ❛♥❝♦�❛ ❧❡ ❞❡�✐✈❛�❡ ❞❡❧❧❡ q, r �❡❧❛�✐✈❛♠❡♥�❡ ❛❧❧❛ p✱ ♠❡♥��❡ �✐

✈♦��❡❜❜❡�♦ ❡�✉❛③✐♦♥✐ ❢�❛ ❧❡ �♦❧❡ ❞❡�✐✈❛�❡ ❞❡❧❧❡ x, y, z ♣❡� ❧❛ p✳ ❆ ❝♦♥�❡❣✉✐�❡ ❧✬✐♥�❡♥�♦ ❜✐�♦❣♥❛

❝♦♠❜✐♥❛�❡ ❧❡ ✭✻✮ ❝♦❧❧❡ ❧♦�♦ ❞❡�✐✈❛�❡ ♣❡� �❛♣♣♦��♦ ❛ p ❝❤❡ �♦♥♦

k
′

= 2q
′

q
′′

+ 2r
′

r
′′

; l
′

= 2q
′′

q
′′′

+ 2r
′′

r
′′′

; m
′

= 2q
′′′

q
IV

+ 2r
′′′

r
IV

; ❡❝✳ ✭✼✮

k
′′

− 2l = 2q
′

q
′′′

+ 2r
′

r
′′′

; l
′′

− 2m = 2q
′′

q
IV

+ 2r
′′

r
IV

; ❡❝✳ ✭✽✮

k
′′′

− 3l
′

= 2q
′

q
IV

+ 2r
′

r
IV

; ❡❝✳ ✭✾✮

➮ ♠❛♥✐❢❡��♦ ❝❤❡ ✐❧ ♥✉♠❡�♦ ❞❡❧❧❡ ❞❡�✐✈❛�❡ ❝❤❡ ✈♦❣❧✐❛♠♦ ❡❧✐♠✐♥❛�❡ ❝�❡�❝❡ ❛��❛✐ ♠❡♥♦ ❝❤❡ ♥♦♥ ❝�❡�❝❛

✐❧ ♥✉♠❡�♦ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐✳ ❈♦�� ✱ ❢❡�♠❛♥❞♦❝✐ ❛❧❧❡ ❞❡�✐✈❛�❡ �❡�③❡✱ ❛❜❜✐❛♠♦ ❞❛❧❧❡ ✭✻✮ ��❡ ❡�✉❛③✐♦♥✐✱

❝✉✐ ✈❛♥♥♦ ❛❣❣✐✉♥�❡ ��❡ ❛❧��❡✱ ❝✐♦- ❧❡ ♣�✐♠❡ ❞✉❡ ❞❡❧❧❡ ✭✼✮✱ ❡ ❧❛ ♣�✐♠❛ ❞❡❧❧❡ ✭✽✮✳ �❛��❛♥❞♦ ❛❧❧❡

❞❡�✐✈❛�❡ �✉❛��❡✱ �✐ ❛❣❣✐✉♥❣❡ ✉♥❛ ❡�✉❛③✐♦♥❡ ❛ ❝✐❛�❝✉♥♦ ❞❡✐ ❣�✉♣♣✐ ✭✻✮✱ ✭✼✮✱ ✭✽✮✱ ✭✾✮ ❡ �✬✐♥��♦❞✉❝♦♥♦

❞✉❡ �♦❧❡ ♥✉♦✈❡ �✉❛♥�✐�! ❞❛ ❡❧✐♠✐♥❛��✐ q
IV

, r
IV

✳ ❈♦❧❧❡ �♦❧❡ ❡�✉❛③✐♦♥✐ �❝�✐��❡ �✉♣❡�✐♦�♠❡♥�❡ ✐♥

♥✉♠❡�♦ ❞✐ ❞✐❡❝✐ - ❝❤✐❛�♦ ❝❤❡ ♣♦��❡♠♦ ❡❧✐♠✐♥❛�❡ ❧❡ ♦��♦ �✉❛♥�✐�! q
′

, r
′

; q
′′

, r
′′

; q
′′′

, r
′′′

; q
IV

, r
IV

, ❡❞

♦��❡♥❡�❡ ❞✉❡ ❡�✉❛③✐♦♥✐ ❞✐ �✉❡❧❧❡ ❝❤❡ ❞❡�✐�✐❛♠♦✱ ❢�❛ ❧❡ k, l,m, n ❡ ❧♦�♦ ❞❡�✐✈❛�❡✱ ♦��✐❛ ✭ ❡�✉❛③✐♦♥✐

✭✺✮✮ ❢�❛ ❧❡ �♦❧❡ ❞❡�✐✈❛�❡ ❞❡❧❧❡x, y, z �❡❧❛�✐✈❛♠❡♥�❡ ❛ p✳ ❆♥③✐ �❡ ♥❡

✶✻✽
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

▲❡� ✉� ❛❧�♦ ❛��✉♠❡ ❢♦� ❝♦♥✈❡♥✐❡♥❝❡ �❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐�✐♦♥�

k = x
′
2

+ y
′
2

+ z
′
2

; l = x
′′
2

+ y
′′
2

+ z
′′
2

✭✺✮

m = x
′′′

2

+ y
′′′

2

+ z
′′′

2

; n = x
IV 2

+ y
IV 2

+ z
IV 2

; ❡�❝✳

❙�✉❛�✐♥❣ ❛❧❧ �❤❡ ❡�✉❛�✐♦♥� ✭✹✮ ❛♥❞ ❛❞❞✐♥❣ �❤❡♠ �❤�❡❡ ❛� ❛ �✐♠❡ ❛� �❤❡② ❛�❡ ✐♥ �❤❡ ❤♦�✐③♦♥�❛❧

❧✐♥❡�✱ ✇❡ ✇✐❧❧ ✜♥❞ ✭�✐♥❝❡ �❤❡ ❡�✉❛�✐♦♥� ♦❢ �❡❝�✳ ✸✸ ❜❡�✇❡❡♥ �❤❡ ❛♥❣✉❧❛� �✉❛♥�✐�✐❡�✱ ❛♥❞ �❤❡

♣�❡❝❡❞❡♥� ❞❡✜♥✐�✐♦♥� ✭✺✮ ❤❛✈❡ ❜❡❡♥ �❡❝♦❧❧❡❝�❡❞✮

k = 1 + q
′
2

+ r
′
2

; l = q
′′
2

+ r
′′
2

✭✻✮

m = q
′′′

2

+ r
′′′

2

; n = q
IV 2

+ r
IV 2

; ❡�❝✳

❖♥❡ ❝❛♥ �❡❡ ❝❧❡❛�❧② �❤❡ ♣�♦❣�❡�� ♦❢ �✉❝❤ ❡�✉❛�✐♦♥�✳ ❚❤❡�❡ ❞♦ ♥♦� ❝♦♥�❛✐♥ ❛♥②♠♦�❡ �❤❡ ❛♥❣✉❧❛�

�✉❛♥�✐�✐❡�✱ ❤♦✇❡✈❡� �❤❡② ��✐❧❧ �❤♦✇ ✉� �❤❡ ❞❡�✐✈❛�✐✈❡� ♦❢ �❤❡ q, r ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ p✱ ✇❤✐❧❡ ♦♥❡

✇♦✉❧❞ ❧✐❦❡ ❡�✉❛�✐♦♥� ♦♥❧② ❜❡�✇❡❡♥ �❤❡ ❞❡�✐✈❛�✐✈❡� ♦❢ x, y, z ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ p✳ ❚♦ ❛❝❤✐❡✈❡

�❤✐� ❛✐♠✱ �❤❡ ✭✻✮ ♠✉�� ❜❡ ❝♦♠❜✐♥❡❞ ✇✐�❤ �❤❡✐� ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ p

k
′

= 2q
′

q
′′

+ 2r
′

r
′′

; l
′

= 2q
′′

q
′′′

+ 2r
′′

r
′′′

; m
′

= 2q
′′′

q
IV

+ 2r
′′′

r
IV

; ❡�❝✳ ✭✼✮

k
′′

− 2l = 2q
′

q
′′′

+ 2r
′

r
′′′

; l
′′

− 2m = 2q
′′

q
IV

+ 2r
′′

r
IV

; ❡�❝✳ ✭✽✮

k
′′′

− 3l
′

= 2q
′

q
IV

+ 2r
′

r
IV

; ❡�❝✳ ✭✾✮

■� ✐� ♠❛♥✐❢❡�� �❤❛� �❤❡ ♥✉♠❜❡� ♦❢ ❞❡�✐✈❛�✐✈❡� �❤❛� ✇❡ ✇❛♥� �♦ ❡❧✐♠✐♥❛�❡ ❣�♦✇� ♠✉❝❤ ❧❡�� �❤❛♥

�❤❡ ♥✉♠❜❡� ♦❢ ❡�✉❛�✐♦♥� ❞♦❡� ♥♦� ❣�♦✇✳ ❙♦✱ ��♦♣♣✐♥❣ ✉� ❛� �❤❡ �❤✐�❞ ❞❡�✐✈❛�✐✈❡�✱ ✇❡ ❤❛✈❡

❢�♦♠ �❤❡ ✭✻✮ �❤�❡❡ ❡�✉❛�✐♦♥�✱ ✇❤✐❝❤ ♦�❤❡� �❤�❡❡ ♠✉�� ❜❡ ❛❞❞❡❞ �♦✱ �❤❛� ✐�✱ �❤❡ ✜��� �✇♦ ♦❢

�❤❡ ✭✼✮✱ ❛♥❞ �❤❡ ✜��� ♦❢ �❤❡ ✭✽✮✳ ❚✉�♥✐♥❣ �♦ �❤❡ ❢♦✉��❤ ❞❡�✐✈❛�✐✈❡�✱ ♦♥❡ ❡�✉❛�✐♦♥ ✐� ❛❞❞❡❞ �♦

❡❛❝❤ ♦♥❡ ♦❢ �❤❡ ❣�♦✉♣� ✭✻✮✱ ✭✼✮✱ ✭✽✮✱ ✭✾✮ ❛♥❞ ♦♥❧② �✇♦ ♥❡✇ �✉❛♥�✐�✐❡� q
IV

, r
IV

❛�❡ ✐♥��♦❞✉❝❡❞ �♦

❜❡ ❡❧✐♠✐♥❛�❡❞✳ ❖♥❧② ✇✐�❤ �❤❡ ❡�✉❛�✐♦♥� ✇�✐��❡♥ ❛❜♦✈❡✱ �❡♥ ✐♥ ♥✉♠❜❡�✱ ✐� ✐� ❝❧❡❛� �❤❛� ✇❡ ❝❛♥

❡❧✐♠✐♥❛�❡ �❤❡ ❡✐❣❤� �✉❛♥�✐�✐❡� q
′

, r
′

; q
′′

, r
′′

; q
′′′

, r
′′′

; q
IV

, r
IV

, ❛♥❞ ❣❡� �✇♦ ❡�✉❛�✐♦♥� ♦❢ �❤♦�❡ �❤❛�

✇❡ ❞❡�✐�❡✱ ❜❡�✇❡❡♥ �❤❡ k, l,m, n ❛♥❞ �❤❡✐� ❞❡�✐✈❛�✐✈❡�✱ ♥❛♠❡❧② ✭❡�✉❛�✐♦♥� ✭✺✮✮ ♦♥❧② ❜❡�✇❡❡♥ �❤❡

❞❡�✐✈❛�✐✈❡� ♦❢ x, y, z ✇✐�❤ �❡�♣❡❝� �♦ p✳ ■♥❞❡❡❞✱



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✻✾

♣✉� ♦��❡♥❡�❡ ✉♥❛ ♥♦♥ ♦❧��❡♣❛��❛♥❞♦ ❧❡ ❡�✉❛③✐♦♥✐ ❝❤❡ ❝♦♥�❡♥❣♦♥♦ ❧❡ ❞❡�✐✈❛�❡ �❡�③❡ q
′′′

, r
′′′

✿ ❡❝❝♦

✐♥ �✉❛❧ ♠❛♥✐❡�❛✳ ❙✐ ♣�❡♥❞❛♥♦ ❧❛ �❡❝♦♥❞❛ ❞❡❧❧❡ ✭✼✮ ❡ ❧❛ ♣�✐♠❛ ❞❡❧❧❡ ✭✽✮ ❡ �❡ ♥❡ ❝❛✈✐♥♦ ✐ ✈❛❧♦�✐

❞❡❧❧❡ q
′′′

, r
′′′

✿ ��♦✈❡�❡♠♦

q
′′′

=
r
′′
(

k
′′

− 2l
)

− r
′

l
′

2 (q′
r
′′ − q

′′
r
′)

; r
′′′

=
q
′

l
′

− q
′′
(

k
′′

− 2l
)

2 (q′
r
′′ − q

′′
r
′)

.

◗✉❛❞�✐❛♠♦ �✉❡��❡ ❞✉❡ ❡�✉❛③✐♦♥✐ ❡ �♦♠♠✐❛♠♦❧❡ ✿ �✐❝❤✐❛♠❛♥❞♦ ❧❡ ❡�✉❛③✐♦♥✐ ✭✻✮✱ ❡ ❧❛ ♣�✐♠❛ ❞❡❧❧❡

✭✼✮ ♣❡� ❧❡ ♦♣♣♦��✉♥❡ �♦��✐�✉③✐♦♥✐✱ ♦��❡��❡♠♦

4m
(

q
′

r
′′

− q
′′

r
′
)

2

= l
(

k
′′

− 2l
)

2

− k
′

l
′
(

k
′′

− 2l
)

+ (k − 1) l
′
2

.

❖�❛ �♦♠♠✐❛♠♦ �✉❡��❛ ❝♦❧❧❛ �❡❣✉❡♥�❡

4m
(

q
′

r
′′

− q
′′

r
′
)

2

= mk
′
2

❝❤❡ " ❧❛ ♣�✐♠❛ ❞❡❧❧❡ ✭✼✮ �✉❛❞�❛�❛ ❡ ♠♦❧�✐♣❧✐❝❛�❛ ♣❡� m ❀ ♦��❡�✈❛♥❞♦ ❡��❡�❡

(

q
′

r
′′

− q
′′

r
′
)

2

+
(

q
′

q
′′

+ r
′

r
′′
)

2

=
(

q
′
2

+ r
′
2
)(

q
′′
2

+ r
′′
2
)

❣✐✉♥❣✐❛♠♦ ❛❧❧✬❡�✉❛③✐♦♥❡ ❞❡�✐❞❡�❛�❛ ❝❤❡ "

4m (k − 1) l = l
(

k
′′

− 2l
)

2

− k
′

l
′
(

k
′′

− 2l
)

+ (k − 1) l
′
2

+mk
′
2

. ✭✶✵✮

◗✉✐ �✐ ♣✉�✱ �♦��✐�✉✐�✐ ✐ ✈❛❧♦�✐ ✭✺✮✱ ❝❡�❝❛� ❞✐ ❞❛�❡ ❛❧❧✬❡�✉❛③✐♦♥❡ ✉♥❛ ❢♦�♠❛ ❡❧❡❣❛♥�❡✱ ❧❛ �✉❛❧❡ ♣❡��

♥♦♥ ❣✐♦✈❡�❡❜❜❡ ❛❧ ♥♦���♦ ✜♥❡✱ ❝♦♠❡ ❛♣♣❛�✐�* ❞❛❧ ♣�♦❣�❡��♦✳

❊❝❝♦ ✉♥❛ ❡�✉❛③✐♦♥❡ ❢�❛ ❧❡ �♦❧❡ ❞❡�✐✈❛�❡ ❞❡❧❧❡x, y, z✱ ❧❛ �✉❛❧❡ ✭❝♦�❛ ♥♦�❛❜✐❧❡✮ �✐ ✈❡�✐✜❝❛ ♣❡�

�✉❛❧✉♥�✉❡ ❝✉�✈❛✱ ❡ ♥❡ ✈❡❞❡♠♠♦ ♣✐, �♦♣�❛ ❧❛ �❛❣✐♦♥❡✳ ■❧ ♣✐, "✱ ❝❤❡ ❞✐ �❛❧✐ ❡�✉❛③✐♦♥✐ �❡ ♥❡

♣♦��♦♥♦ ��♦✈❛�❡ ❛❧��❡ �✐♠✐❧✐ �✉❛♥�❡ �❡ ♥❡ ✈♦❣❧✐♦♥♦ �❡❣✉❡♥❞♦ ❧✬✐♥❞✐❝❛�♦ ♣�♦❝❡��♦ ❞✐ ❡❧✐♠✐♥❛③✐♦♥❡✳

▲❛ ♣�✐♠❛ ❞✐ �✉❡❧❧❡ ❝❤❡ �✐�✉❧�❛♥♦ ❞❛❧❧❛ ❡❧✐♠✐♥❛③✐♦♥❡ ❞❡❧❧❡ q
IV

, r
IV

"

4n (k − 1) l = l
(

k
′′′

− 3l
′
)

2

+ (k − 1)
(

l
′′

− 2m
)

2

✭✶✶✮

− k
′
(

k
′′′

− 3l
′
)(

l
′′

− 2m
)

+ k
′
2

n.

◆♦♥ ♠✐ ❢❡�♠♦ ❛ ❞❡�❝�✐✈❡�❡ ❧✬♦♣❡�❛③✐♦♥❡✱ ❡ ♥❡♠♠❡♥♦ ❛ ❞❛�❡ ❧❡ ❡�✉❛③✐♦♥✐ ❝❤❡ �❡❣✉♦♥♦✱ ♣❡�❝❤"✱

❝♦♠❡ ❢�❛ ♣♦❝♦ �✐ ❢❛�* ❝❤✐❛�♦✱

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✻✾

♦♥❡ ♦❢ �❤❡♠ ❝❛♥ ❜❡ ♦❜�❛✐♥❡❞ ♥♦� ❣♦✐♥❣ ❜❡②♦♥❞ �❤❡ ❡�✉❛�✐♦♥� �❤❛� ❝♦♥�❛✐♥ �❤❡ �❤✐�❞ ❞❡�✐✈❛�✐✈❡�

q
′′′

, r
′′′

✿ ❤❡�❡ ✐♥ ✇❤✐❝❤ ♠❛♥♥❡�✳ ▲❡� ✉� ❝♦♥�✐❞❡� �❤❡ �❡❝♦♥❞ ♦❢ �❤❡ ✭✼✮ ❛♥❞ �❤❡ ✜��� ♦❢ �❤❡ ✭✽✮

❛♥❞ ❧❡� ✉� ♦❜�❛✐♥ �❤❡ ✈❛❧✉❡� ♦❢ q
′′′

, r
′′′

✿ ✇❡ ✇✐❧❧ ✜♥❞

q
′′′

=
r
′′
(

k
′′

− 2l
)

− r
′

l
′

2 (q′
r
′′ − q

′′
r
′)

; r
′′′

=
q
′

l
′

− q
′′
(

k
′′

− 2l
)

2 (q′
r
′′ − q

′′
r
′)

.

▲❡� ✉� ��✉❛�❡ ❛♥❞ ❛❞❞ �❤❡�❡ �✇♦ ❡�✉❛�✐♦♥�✿ �❡❝❛❧❧✐♥❣ �❤❡ ❡�✉❛�✐♦♥� ✭✻✮✱ ❛♥❞ �❤❡ ✜��� ♦❢ �❤❡ ✭✼✮

❢♦� �❤❡ ❛♣♣�♦♣�✐❛�❡ �✉❜��✐�✉�✐♦♥�✱ ✇❡ ✇✐❧❧ ❣❡�

4m
(

q
′

r
′′

− q
′′

r
′
)

2

= l
(

k
′′

− 2l
)

2

− k
′

l
′
(

k
′′

− 2l
)

+ (k − 1) l
′
2

.

◆♦✇ ❧❡� ✉� �✉♠ �❤✐� ♦♥❡ ✇✐�❤ �❤❡ ❢♦❧❧♦✇✐♥❣

4m
(

q
′

r
′′

− q
′′

r
′
)

2

= mk
′
2

✇❤✐❝❤ ✐� �❤❡ ✜��� ♦❢ �❤❡ ✭✼✮ ✇❤✐❝❤ ❤❛� ❜❡❡♥ ��✉❛�❡❞ ❛♥❞ ♠✉❧�✐♣❧✐❡❞ ❜② m✿ ❜② ♥♦�✐♥❣ �❤❛� �❤❡

❢♦❧❧♦✇✐♥❣ ❡�✉❛�✐♦♥ ❤♦❧❞�

(

q
′

r
′′

− q
′′

r
′
)

2

+
(

q
′

q
′′

+ r
′

r
′′
)

2

=
(

q
′
2

+ r
′
2
)(

q
′′
2

+ r
′′
2
)

✇❡ ❣❡� �❤❡ ❞❡�✐�❡❞ ❡�✉❛�✐♦♥✱ �❤❛� ✐�

4m (k − 1) l = l
(

k
′′

− 2l
)

2

− k
′

l
′
(

k
′′

− 2l
)

+ (k − 1) l
′
2

+mk
′
2

. ✭✶✵✮

❍❡�❡ ♦♥❡ ❝❛♥✱ �✐♥❝❡ �❤❡ ✈❛❧✉❡� ✭✺✮ ❤❛✈❡ ❜❡❡♥ �✉❜��✐�✉�❡❞✱ ��② �♦ ❣✐✈❡ ❛♥ ❡❧❡❣❛♥� ❢♦�♠ �♦ �❤❡

❡�✉❛�✐♦♥✱ ✇❤✐❝❤✱ ❤♦✇❡✈❡�✱ ✇♦✉❧❞ ♥♦� ❜❡ ❜❡♥❡✜❝✐❛❧ �♦ ♦✉� ❣♦❛❧✱ ❛� ✐� ✇✐❧❧ ❛♣♣❡❛� ❢�♦♠ �❤❡

❢♦❧❧♦✇✐♥❣✳

❍❡�❡ ✐� ❛♥ ❡�✉❛�✐♦♥ ♦♥❧② ❜❡�✇❡❡♥ �❤❡ ❞❡�✐✈❛�✐✈❡� ♦❢ �❤❡ x, y, z✱ ✇❤✐❝❤ ✭♥♦�❛❜❧❡ �❤✐♥❣✮ ✐�

✈❡�✐✜❡❞ ❢♦� ❛♥② ❝✉�✈❡✱ ❛♥❞ ✇❡ �❛✇ ❛❜♦✈❡ �❤❡ �❡❛�♦♥ ♦❢ ✐�✳ ❚❤❡ ♠♦�� ✐♠♣♦��❛♥� �❡�✉❧� ✐� �❤❛�✱ ♦❢

�❤❡�❡ ❡�✉❛�✐♦♥�✱ ♦♥❡ ❝❛♥ ✜♥❞✱ ✐♥ �❤❡✐� ♥✉♠❜❡�✱ ♦�❤❡� �✐♠✐❧❛� ❬❡�✉❛�✐♦♥�❪ ❛� ♠❛♥② ❛� ♦♥❡ ✇❛♥��✱

❢♦❧❧♦✇✐♥❣ �❤❡ ✐♥❞✐❝❛�❡❞ ♣�♦❝❡�� ♦❢ ❡❧✐♠✐♥❛�✐♦♥✳ ❚❤❡ ✜��� ♦❢ �❤♦�❡ �❡�✉❧�✐♥❣ ❢�♦♠ �❤❡ ❡❧✐♠✐♥❛�✐♦♥

♦❢ �❤❡ q
IV

, r
IV

✐�

4n (k − 1) l = l
(

k
′′′

− 3l
′
)

2

+ (k − 1)
(

l
′′

− 2m
)

2

✭✶✶✮

− k
′
(

k
′′′

− 3l
′
)(

l
′′

− 2m
)

+ k
′
2

n.

■ ❞♦ ♥♦� ��♦♣ �♦ ❞❡�❝�✐❜❡ �❤❡ ♦♣❡�❛�✐♦♥✱ ❛♥❞ ❡✐�❤❡� �♦ ❣✐✈❡ �❤❡ ❢♦❧❧♦✇✐♥❣ ❡�✉❛�✐♦♥�✱ ❜❡❝❛✉�❡✱ ❛�

✐� ✇✐❧❧ ❜❡ ❝❧❡❛� �❤♦��❧②✱
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❡ ❧✬❛��✉❛❧✐�� ❞✐ �❛❧✐ ❡�✉❛③✐♦♥✐✱ ❝✐ ❜❛��❛ �❛♣❡
❡ ❧❛ ❧♦
♦ ❡�✲

✐��❡♥③❛✳ ❙♦♥♦ ♣♦✐ ❞✐ ♣❛
❡
❡✱ ✈✐��♦ �✉❡❧❧♦ ❝❤❡ ❤❛ ❞❡��♦ ▲❛❣
❛♥❣❡ ♣❡
 ❧❡ ❝✉
✈❡ 
✐❣✐❞❡ ✭ ▼✳❆✳ ❚♦♠✳

■✳ ♣❛❣✳✶✻✶✳✮✱ ❝❤❡ ❞♦♣♦ ✉♥ ❝❡
�♦ ♥✉♠❡
♦ �❛❧✐ ❡�✉❛③✐♦♥✐ ♥♦♥ �❛
❛♥♥♦ ♣✐& ❝❤❡ ✉♥❛ ❝♦♠❜✐♥❛③✐♦♥❡

❞❡❧❧❡ ♣
❡❝❡❞❡♥�✐✱ ✐❧ ❝❤❡ ♥♦♥ ' ♥❡❝❡��❛
✐♦ ❝❤✐❛
✐
❡✳ ❙( ❢❛��❡ ❡�✉❛③✐♦♥✐ ✭✶✵✮✱ ✭✶✶✮ ❡ �❡❣✉❡♥�✐ ��❛♥♥♦

❛ 
✐�❝♦♥�
♦ ❞❡❧❧❡ ✭✶✹✮ ♥✉♠✳◦ ✹✼✳ ♣❡✐ �✐��❡♠✐ ❛ �
❡ ❞✐♠❡♥�✐♦♥✐✳

✼✾✳ ,
❡�❡♥�❡♠❡♥�❡ �✐ 
✐❝❤✐❛♠✐ ✐❧ ❣✐� ❞❡��♦ ❛❧ ♥✉♠◦ ✷✽✳ ♣❡✐ �✐��❡♠✐ ❧✐♥❡❛
✐✱ ❡ �✐ ❝❛♣✐
� ❝❤❡✱

❛♥❛❧♦❣❛♠❡♥�❡ ❛❧❧❛ ❡�✉❛③✐♦♥❡ ✭✶✮ ♥✉♠✳◦ ✹✹✳✱ ♣♦�
❡♠♦ ❡�♣
✐♠❡
❡ ♣❡


∫

da ·

{(

X −
d2x

dt2

)

δx+ ❡❝✳

}

+

∫

da ·G+Ω = 0 ✭✶✷✮

❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡
❛❧❡ ♠❡❝❝❛♥✐❝❛ ✐♥ 
❡❧❛③✐♦♥❡ ❝♦♥ �❛❧✐ �✐��❡♠✐✱ ✐♥�❡♥❞❡♥❞♦ �✐❣♥✐✜❝❛�♦ ❞❛❧❧✬✐♥�❡❣
❛❧❡
∫

da · G ✐❧ ❝♦♠♣❧❡��♦ ❞❡✐ �❡
♠✐♥✐ ♣♦
�❛�✐ ❞❛❧❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ❛ ♥♦✐ ✐♥❝♦❣♥✐�❡ ♥❡❧❧❡

�✉❛❧✐ ❢♦��❡
♦ ❡�♣
❡��✐ ✐ ✈✐♥❝♦❧✐ ❡�✐��❡♥�✐ ❢
❛ ❧❡ ♠♦❧❡❝♦❧❡✳ ❈♦♥✈✐❡♥❡ ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ♣
❡❝❡❞❡♥�❡

�
❛�❢♦
♠❛
❡ ❣❧✬✐♥�❡❣
❛❧✐ ✐♥ ♠♦❞♦ ❝❤❡ �✐❛♥♦ ♣
❡�✐ ♣❡
 ❧❛ p ❞✐ ❝✉✐ ❧❡ x, y, z �✐ ❝♦♥�✐❞❡
❛♥♦ ❢✉♥③✐♦♥✐

♣
✐♠❛ ❝❤❡ ♣❡
 ❧❛ a✳

❉❛❧❧❛ ❡�✉❛③✐♦♥❡ ✭✶✹✮ ♥✉♠✳◦ ✶✶✳ ♣❡
 ❧❛ �✉❛❧❡ ♦��❡♥❡♠♠♦ ❧✬❡�♣
❡��✐♦♥❡ ❞❡❧❧❛ ❞❡♥�✐�� ✐♥ �❛❧✐

�✐��❡♠✐✱ ❝❛✈✐❛♠♦

Γ

√

ı+

(

dy

dx

)2

+

(

dz

dx

)2

·
dx

da
= 1. ✭✶✸✮

❘✐✢❡��✐❛♠♦ ❡��❡
❡ dx
da

= dx
dp

dp
da
✱ ❡ ♣♦♥❡♥❞♦ ♣❡
 ❛❜❜
❡✈✐❛
❡

V = Γ

√

ı+

(

dy

dx

)2

+

(

dz

dx

)2

·
dx

dp
✭✶✹✮

❧❛ ♣
❡❝❡❞❡♥�❡ ❡�✉❛③✐♦♥❡ �✐ ❝❛♠❜✐❡
� ♥❡❧❧❛

dp

da
V = 1. ✭✶✺✮

❖
❛ �❡ �♦��♦ ✐ ❞✉❡ ✐♥�❡❣
❛❧✐ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ✭✶✷✮ ✐♥�
♦❞✉❝✐❛♠♦ ✐❧ ❢❛��♦
❡ dp
da
V ✱ ♥♦♥ ♣
♦❞✉❝✐❛♠♦

❛❧�❡
❛③✐♦♥❡✱ ❡��❡♥❞♦ �❛❧ ❢❛��♦
❡✱ ❝♦♠❡ ♣
♦✈❛♠♠♦✱ ❡❣✉❛❧❡ ❛❧❧✬✉♥✐��✳ ❆❧❧♦
❛ �✉❡❣❧✐ ✐♥�❡❣
❛❧✐ ❝✐

❛♣♣❛❥♦♥♦ �✉❜✐�♦ �
❛�❢♦
♠❛❜✐❧✐ ✐♥ ❛❧�
✐ ♣❡
 p✱ ❡ ♣❛��✐❛♠♦ ❛❞ ❛✈❡
❡ ❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡
❛❧❡ ❡�♣
❡��❛

❝♦♠❡ �❡❣✉❡

✶✼✵
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

✇❡ ❞♦ ♥♦� ❝❛
❡ ✈❡
② ♠✉❝❤ ❛❜♦✉� �❤❡ 
❡❧❡✈❛♥❝❡ ♦❢ �❤❡�❡ ❡�✉❛�✐♦♥�✱ ✇❡ ♥❡❡❞ �♦ ❦♥♦✇ �❤❡✐


❡①✐��❡♥❝❡✳ ■ �❤❛♥ �❤✐♥❦✱ �✐♥❝❡ ✐� ❤❛� ❜❡❡♥ �❡❡♥ ✇❤❛� ▲❛❣
❛♥❣❡ �❛✐❞ ❛❜♦✉� �❤❡ 
✐❣✐❞ ❝✉
✈❡� ✭▼✳

❆✳ ❚♦♠❡ ■ ♣✳ ✶✻✶✮✱ �❤❛�✱ ❛❢�❡
 ❛ ❝❡
�❛✐♥ ♥✉♠❜❡
✱ �❤❡�❡ ❡�✉❛�✐♦♥� ✇✐❧❧ ♥♦� ❜❡ ♠♦
❡ �❤❛♥ ❛

❝♦♠❜✐♥❛�✐♦♥ ♦❢ �❤❡ ❛❜♦✈❡ ❬❡�✉❛�✐♦♥�❪✱ ✇❤✐❝❤ ❞♦❡� ♥♦� ♥❡❡❞ �♦ ❜❡ ❝❧❛
✐✜❡❞✳ ❙✉❝❤ ❡�✉❛�✐♦♥� ✭✶✵✮✱

✭✶✶✮ ❛♥❞ ❢♦❧❧♦✇✐♥❣ �❤♦✉❧❞ ❜❡ ❝♦♠♣❛
❡❞ ✇✐�❤ ✭✶✹✮ �❡❝�✳ ✹✼ ❢♦
 �❤❡ �②��❡♠� ✐♥ �❤
❡❡ ❞✐♠❡♥�✐♦♥�✳

✼✾✳ ❆� ♣
❡�❡♥� ❧❡� ✉� 
❡❝❛❧❧ ✇❤❛� ❤❛� ❛❧
❡❛❞② ❜❡❡♥ �❛✐❞ ❛� �❡❝�✳ ✷✽ ❢♦
 �❤❡ ❧✐♥❡❛
 �②��❡♠�✱

❛♥❞ ✐� ✇✐❧❧ ❜❡ ❝❧❡❛
 �❤❛�✱ �✐♠✐❧❛
❧② �♦ �❤❡ ❡�✉❛�✐♦♥ ✭✶✹✮ �❡❝�✳ ✹✹✱ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ �♦ ❡①♣
❡�� ❢♦


∫

da ·

{(

X −
d2x

dt2

)

δx+ ❡�❝✳

}

+

∫

da ·G+Ω = 0 ✭✶✷✮

�❤❡ ❣❡♥❡
❛❧ ♠❡❝❤❛♥✐❝❛❧ ❡�✉❛�✐♦♥ ✐♥ ❝♦♥♥❡❝�✐♦♥ ✇✐�❤ �✉❝❤ �②��❡♠�✱ ♠❡❛♥✐♥❣ �❤❛� �❤❡ ✐♥�❡❣
❛❧
∫

da · G ✐♥❞✐❝❛�❡� �❤❡ �❡� ♦❢ �❤❡ �❡
♠� �❛❦❡♥ ❢
♦♠ �❤❡ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ✉♥❦♥♦✇♥ �♦ ✉�

✐♥ ✇❤✐❝❤ �❤❡ ❝♦♥��
❛✐♥�� ❡①✐��✐♥❣ ❜❡�✇❡❡♥ �❤❡ ♠♦❧❡❝✉❧❡� ✇❡
❡ ❡①♣
❡��❡❞✳ ■� ✐� ❝♦♥✈❡♥✐❡♥� �♦

�
❛♥�❢♦
♠ �❤❡ ✐♥�❡❣
❛❧� ✐♥ �❤❡ ❛❜♦✈❡ ❡�✉❛�✐♦♥ �♦ �❤❛� �❤❡② ❛
❡ ❝❛❧❝✉❧❛�❡❞ ✐♥ �❡
♠� ♦❢ �❤❡ p✱ ♦❢

✇❤✐❝❤ �❤❡ x, y, z ❛
❡ ❝♦♥�✐❞❡
❡❞ ❢✉♥❝�✐♦♥�✱ 
❛�❤❡
 �❤❛♥ ✐♥ �❡
♠� ♦❢ �❤❡ a✳

❋
♦♠ �❤❡ ❡�✉❛�✐♦♥ ✭✶✹✮ �❡❝�✳ ✶✶✱ ❢♦
 ✇❤✐❝❤ ✇❡ ♦❜�❛✐♥❡❞ �❤❡ ❡①♣
❡��✐♦♥ ♦❢ �❤❡ ❞❡♥�✐�② ✐♥

�❤❡�❡ �②��❡♠�✱ ✇❡ ♦❜�❛✐♥

Γ

√

ı+

(

dy

dx

)2

+

(

dz

dx

)2

·
dx

da
= 1. ✭✶✸✮

▲❡� ✉� ❛❝❦♥♦✇❧❡❞❣❡ �❤❛� ✐� ✐� dx
da

= dx
dp

dp
da
✱ ❛♥❞ �❡��✐♥❣ �♦ �❤♦
�❡♥

V = Γ

√

ı+

(

dy

dx

)2

+

(

dz

dx

)2

·
dx

dp
✭✶✹✮

�❤❡ ❛❜♦✈❡ ❡�✉❛�✐♦♥ ✇✐❧❧ ❝❤❛♥❣❡ �♦ �❤❡

dp

da
V = 1. ✭✶✺✮

◆♦✇ ✐❢ ✇❡ ✐♥�
♦❞✉❝❡ �❤❡ ❢❛❝�♦
 dp
da
V ✉♥❞❡
 �❤❡ �✇♦ ✐♥�❡❣
❛❧� ✐♥ ❡�✉❛�✐♦♥ ✭✶✷✮✱ ✇❡ ❞♦ ♥♦� ♣
♦❞✉❝❡

❛❧�❡
❛�✐♦♥✱ ❜❡✐♥❣ �✉❝❤ ❛ ❢❛❝�♦
✱ ❛� ✇❡ �
✐❡❞✱ ❡�✉❛❧ �♦ ✉♥✐�✳ ❚❤❡♥ �❤♦�❡ ✐♥�❡❣
❛❧� ✇✐❧❧ ❛♣♣❡❛
 �♦

✉� ✐♠♠❡❞✐❛�❡❧② ❝♦♥✈❡
�✐❜❧❡ ✐♥�♦ ♦�❤❡
 ✐♥�❡❣
❛�❡❞ ✇✐�❤ 
❡�♣❡❝� �♦ p✱ ❛♥❞ ❧❡� ✉� ❤❛✈❡ �❤❡ ❣❡♥❡
❛❧

❡�✉❛�✐♦♥ ❡①♣
❡��❡❞ ❛� ❢♦❧❧♦✇�



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✼✶

∫

dp · V

{(

X −
d2x

dt2

)

δx+ ❡❝✳

}

+

∫

dp · V G+Ω = 0; ✭✶✻✮

❞♦✈❡ ❞❡❜❜♦♥♦ ✐♥�❡♥❞❡��✐ �✉��❡ ❧❡ �✉❛♥�✐�� �✐❞♦��❡ ❢✉♥③✐♦♥✐ ❞✐ p✱ �♦♣♣�❡��❛ ♣❡� ♦�❛ ❧❛ ❝♦♥�✐❞✲

❡�❛③✐♦♥❡ ❞❡❧❧✬✉❧�❡�✐♦�❡ ❝♦♠♣♦�✐③✐♦♥❡ ❞❡❧❧❛ p ✐♥ a✳ ❆✈❡♥❞♦ ❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ �♦��♦ ❧✬❡�♣♦��❛

❢♦�♠❛✱ ✐❧ �❡❝♦♥❞♦ �❡�♠✐♥❡ ❞✐ ❡��❛✱ ❝❤❡ ❝✐ ❡�❛ ✐♥❝♦❣♥✐�♦ ♣❡�❝❤! ♥♦♥ ❝♦♥♦�❝❡✈❛♠♦ ❧❡ ❡�✉❛③✐♦♥✐ ❞✐

❝♦♥❞✐③✐♦♥❡ ❡�♣�❡��❡ ❢�❛ ❧❡ x, y, z ❡ ❧❛ a✱ ❛❞❡��♦ ❝✐ ❞✐✈❡♥�❛ ♥♦�♦✱ �❛♣❡♥❞♦ ❞❛❧ ♥✉♠❡�♦ ♣�❡❝❡❞❡♥�❡

✭❡�✉❛③✐♦♥✐ ✭✶✵✮✱ ✭✶✶✮✱ ❡❝✳✮ �✉❛❧✐ �♦♥♦ ❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ❡�♣�❡��❡ ❢�❛ ❧❡x, y, z ❡ ❧❛ p✳

◆♦♥ ❛❜❜✐❛♠♦ ♣❡��❛♥�♦ ❛ ❢❛� ❛❧��♦ ❝❤❡ �♦��✐�✉✐�❡ �♦��♦ ✐❧ ❞❡��♦ �❡❝♦♥❞♦ �❡❣♥♦ ✐♥�❡❣�❛❧❡ ✐ ♣�✐♠✐

♠❡♠❜�✐ ❞❡❧❧❡ ✈❛�✐❛�❡ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✵✮✱ ✭✶✶✮✱ ❡❝✳ �✐❞♦��❡ ❛ ③❡�♦✱ ♠♦❧�✐♣❧✐❝❛�✐ ♣❡� ❝♦❡✣❝✐❡♥�✐

✐♥❞❡�❡�♠✐♥❛�✐ ✿ ��✉❞✐❛♠♦ �❛❧✐ �✉❛♥�✐��✳ ❙❡ ♣♦♥✐❛♠♦ ♠❡♥�❡ ❛ �✉❡❧❧❛ ✐♥��♦❞♦��❛ ❞❛❧❧❛ ♣�✐♠❛

❡�✉❛③✐♦♥❡ ✭✶✵✮✱ ❡��❛ ! ❞❡❧❧❛ ❢♦�♠❛

(1) δk + (2) δk
′

+ (3) δk
′′

+ (4) δl + (5) δl
′

+ (6) δm, ✭✶✼✮

❝✐♦! ❧✐♥❡❛�❡ ♣❡� �❛♣♣♦��♦ ❛❧❧❡ ✈❛�✐❛�❡ δk, δk
′

, δk
′′

, δl✱ ❡❝✳❀ ❞✐❝❛�✐ ❧♦ ��❡��♦ ❞❡❧❧❡ �✉❛♥�✐�� ✐♥��♦❞♦��❡

❞❛❧❧❡ ✈❛�✐❛�❡ ❞❡❧❧❛ ❡�✉❛③✐♦♥❡ ✭✶✶✮ ❡ �❡❣✉❡♥�✐✳ ▲❛ �♦♠♠❛ ❞✐ �❛❧✐ �✉❛♥�✐��✱ ♣❡� �✉❛♥�❡ �✐ ♣�❡♥❞❛♥♦

❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡✱ ! ❛♥❝♦�❛ ✉♥❛ �✉❛♥�✐�� ❞❡❧❧❛ ��❡��❛ ❢♦�♠❛ ✭✶✼✮✱ ❛❝❝�❡�❝❡♥❞♦✈✐ ❧❡ ✈❛�✐❛�❡

❞❡❧❧❡ ❞❡�✐✈❛�❡✱ ❝✐♦! ❛❣❣✐✉♥❣❡♥❞♦✈✐ �❡�♠✐♥✐ ❝♦♥�❡♥❡♥�✐ ❧✐♥❡❛�♠❡♥�❡ ❧❡ δk
′′′

, δk
IV

, ....δl
′′

✱ ❡❝✳ ❊❝❝♦

♣♦✐ ✉♥✬♦��❡�✈❛③✐♦♥❡ ❝❤❡ ❛❜❜�❡✈✐❛ ❧❡ ♦♣❡�❛③✐♦♥✐✳ ■♥ ❝♦�+ ❢❛��❛ �♦♠♠❛ �✐ ♣♦��♦♥♦ ♦♠♠❡��❡�❡ �✉��✐

✐ �❡�♠✐♥✐ ❝♦♥�❡♥❡♥�✐ ❧❡ ✈❛�✐❛�❡ ❞❡❧❧❡ ❞❡�✐✈❛�❡ k
′

, k
′′

, k
′′′

...l
′

, l
′′

, ...m
′

✱ ❡❝✳✿ ❡ ❞✐ ✈❡�♦ �❛❧✐ �❡�♠✐♥✐ ✱

❝♦♠❡ ✐ �❡❣✉❡♥�✐ ❞❡❧❧✬❡�♣�❡��✐♦♥❡ ✭✶✼✮✱ (2) δk
′

, (3) δk
′′

, (5) δl
′

, ❛��❡�❡ ❧❡ ♥♦�❡ ��❛�❢♦�♠❛③✐♦♥✐ ♣❡�

❧❡ �✉❛❧✐ ❞✐✈❡♥�❛♥♦

(2) δk
′

= − (2)
′

δk + [(2) δk]
′

(3) δk
′′

= (3)
′′

δk −
[

(3) δk − (3) δk
′
]
′

✭✶✽✮

(5) δl
′

= − (5)
′

δl + [(5) δl]
′

; ❡❝✳

�✐ ♣�♦✈❛♥♦ ❡�✉✐✈❛❧❡♥�✐ ❛ ❜✐♥♦♠❥ ❞♦✈❡ ♣�✐♠❛♠❡♥�❡ �✐❝♦♠♣❛❥♦♥♦ ❧❡ ✈❛�✐❛�❡ δk, δl✱ ❡❝✳ ♥♦♥ ❛✛❡��❡

❞❛ ❞❡�✐✈❛③✐♦♥✐ ❡ ❣✐� ❡�✐��❡♥�✐

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✼✶

∫

dp · V

{(

X −
d2x

dt2

)

δx+ ❡�❝✳

}

+

∫

dp · V G+Ω = 0; ✭✶✻✮

✇❤❡�❡ ❛❧❧ �❤❡ �✉❛♥�✐�✐❡� ❛�❡ �♦ ❜❡ ✉♥❞❡���♦♦❞ ❛� ❢✉♥❝�✐♦♥� ♦❢ p✱ �✐♥❝❡ ♥♦✇ �❤❡ ❝♦♥�✐❞❡�❛�✐♦♥ ♦❢

�❤❡ ❢✉��❤❡� ❝♦♠♣♦�✐�✐♦♥ ♦❢ �❤❡ p ✐♥ a ❤❛✈❡ ❜❡❡♥ �✉♣♣�❡��❡❞✳ ❍❛✈✐♥❣ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✉♥❞❡�

�❤❡ ❡①♣♦�❡❞ ❢♦�♠✱ �❤❡ �❡❝♦♥❞ �❡�♠ ♦❢ ✐�✱ �❤❛� ✇❛� ✉♥❦♥♦✇♥ �♦ ✉� ❜❡❝❛✉�❡ ✇❡ ❞✐❞ ♥♦� ❦♥♦✇

�❤❡ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ❡①♣�❡��❡❞ ❜❡�✇❡❡♥ �❤❡ x, y, z ❛♥❞ �❤❡ a✱ ♥♦✇ ❜❡❝♦♠❡� ❦♥♦✇♥ �♦ ✉�✱

❦♥♦✇✐♥❣ ❢�♦♠ �❤❡ ♣�❡❝❡❞❡♥� �❡❝�✐♦♥ ✭❡�✉❛�✐♦♥� ✭✶✵✮✱ ✭✶✶✮✱ ❡�❝✳✮ ✇❤✐❝❤ ❛�❡ �❤❡ ❡�✉❛�✐♦♥� ♦❢

❝♦♥❞✐�✐♦♥ ❡①♣�❡��❡❞ ❜❡�✇❡❡♥ �❤❡ x, y, z ❛♥❞ �❤❡ p✳ ❲❤❛� ✇❡ ♠✉�� ❞♦✱ �❤❡�❡❢♦�❡✱ ✐� �♦ �✉❜��✐�✉�❡

✉♥❞❡� �❤❡ �❛✐❞ �❡❝♦♥❞ ✐♥�❡❣�❛❧ �✐❣♥ �❤❡ ✜��� ♠❡♠❜❡�� ♦❢ �❤❡ ✈❛�✐❛�✐♦♥� ♦❢ �❤❡ ❡�✉❛�✐♦♥� ✭✶✵✮✱

✭✶✶✮✱ ❡�❝✳ ❡�✉❛�❡❞ �♦ ③❡�♦✱ ♠✉❧�✐♣❧✐❡❞ ❜② ✐♥❞❡�❡�♠✐♥❛�❡ ❝♦❡✣❝✐❡♥��✿ ❧❡� ✉� ��✉❞② �✉❝❤ �✉❛♥�✐�✐❡�✳

■❢ ✇❡ ♣✉� ♦✉� ♠✐♥❞ �♦ �❤❡ ♦♥❡ ✐♥��♦❞✉❝❡❞ ❜② �❤❡ ✜��� ❡�✉❛�✐♦♥ ✭✶✵✮✱ ✐� ✐� ♦❢ �❤❡ ❢♦�♠

(1) δk + (2) δk
′

+ (3) δk
′′

+ (4) δl + (5) δl
′

+ (6) δm, ✭✶✼✮

✐✳❡✳✱ ❧✐♥❡❛� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛�✐♦♥� δk, δk
′

, δk
′′

, δl✱ ❡�❝✳❀ �❤❡ �❛♠❡ ❝❛♥ ❜❡ �❛✐❞ ❛❜♦✉� �❤❡

�✉❛♥�✐�✐❡� ✐♥��♦❞✉❝❡❞ ❜② �❤❡ ❡�✉❛�✐♦♥ ✭✶✶✮ ❛♥❞ ❢♦❧❧♦✇✐♥❣✳ ❚❤❡ �✉♠ ♦❢ �✉❝❤ �✉❛♥�✐�✐❡�✱ ❢❛�

❤♦✇ ♠❛♥② ❡�✉❛�✐♦♥� ♦❢ �❤❡ ❝♦♥❞✐�✐♦♥ ❛�❡ ❝♦♥�✐❞❡�❡❞✱ ✐� ��✐❧❧ ❛ �✉❛♥�✐�② ♦❢ �❤❡ �❛♠❡ ❢♦�♠ ✭✶✼✮✱

❛❞❞✐♥❣ �♦ ✐� �❤❡ ✈❛�✐❛�✐♦♥� ♦❢ �❤❡ ❞❡�✐✈❛�✐✈❡�✱ ✐✳❡✳ ❛❞❞✐♥❣ �♦ ✐� �❡�♠� ❧✐♥❡❛�❧② ❝♦♥�❛✐♥✐♥❣ �❤❡

δk
′′′

, δk
IV

, ....δl
′′

✱ ❡�❝✳ ❍❡�❡ �❤❡♥ ❛♥ ♦❜�❡�✈❛�✐♦♥ �❤❛� �❤♦��❡♥� �❤❡ ♦♣❡�❛�✐♦♥✳ ■♥ �❤✐� �✉♠ ❛❧❧

�❤❡ �❡�♠� ❝♦♥�❛✐♥✐♥❣ �❤❡ ✈❛�✐❛�✐♦♥� ♦❢ �❤❡ ❞❡�✐✈❛�✐✈❡� k
′

, k
′′

, k
′′′

✱ ✳✳✳✱ l
′

, l
′′

, ...,m
′

❡�❝✳ ❝❛♥ ❜❡

♦♠✐��❡❞✿ ✐♥❞❡❡❞ �✉❝❤ �❡�♠�✱ ❛� �❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡� ♦❢ �❤❡ ❡①♣�❡��✐♦♥ ✭✶✼✮✱ (2) δk
′

, (3) δk
′′

, (5) δl
′

✱

�✐♥❝❡ �❤❡ ❦♥♦✇♥ ��❛♥�❢♦�♠❛�✐♦♥ ❛�❡ ✈❡�✐✜❡❞ ❜② ♠❡❛♥� ♦❢ ✇❤✐❝❤ ❬�❤♦�❡ �❡�♠�❪ ❜❡❝♦♠❡�

(2) δk
′

= − (2)
′

δk + [(2) δk]
′

(3) δk
′′

= (3)
′′

δk −
[

(3) δk − (3) δk
′
]
′

✭✶✽✮

(5) δl
′

= − (5)
′

δl + [(5) δl]
′

; ❡�❝✳

❛�❡ ♣�♦✈❡♥ �♦ ❜❡ ❡�✉✐✈❛❧❡♥� �♦ ❜✐♥♦♠✐❛ ✇❤❡�❡ ✜���❧② �❤❡ ✈❛�✐❛�✐♦♥� δk, δl✱ ❡�❝✳ ❛❣❛✐♥ ❛♣♣❡❛�

♥♦� ❛✛❡❝�❡❞ ❜② ❞❡�✐✈❛�✐♦♥� ❛♥❞ ❛❧�❡❛❞② ❡①✐��✐♥❣ ✐♥ ♦�❤❡� �❡�♠� ♦❢ �❤❡ �✉❛♥�✐�✐❡� ✭✶✼✮✱



✶✼✷
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

✐♥ ❛❧��✐ �❡�♠✐♥✐ ❞❡❧❧❛ �✉❛♥�✐�� ✭✶✼✮✱ ❝♦✐ �✉❛❧✐ �✐ ❝♦♠♣❡♥❡��❛♥♦ �✉❡��✐ ♥✉♦✈✐ ✿ ❝✐� ❝❤❡ �❡��❛ ❢♦�♠❛

❝♦♠♣❧❡��✐✈❛♠❡♥�❡ ✉♥❛ �✉❛♥�✐�� ❞❡�✐✈❛�❛ ❡�❛��❛ �❡❧❛�✐✈❛♠❡♥�❡ ❛❧❧❛ p✱ ❝❤❡ ✐♥��♦❞♦��❛ �♦��♦ ✐❧

�❡❝♦♥❞♦ �❡❣♥♦ ✐♥�❡❣�❛❧❡ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ✭✶✻✮✱ ♣❛��❛ ❛✐ ❧✐♠✐�✐ ❡ �✐ ❢♦♥❞❡ �✉❧❧✬✉❧�✐♠♦ �❡�♠✐♥❡ Ω ❞✐

�✉❡❧❧❛ ❡�✉❛③✐♦♥❡✳ ❈♦�" �✐ ❢❛ ♣❛❧❡�❡ ❝❤❡ �❡�♠✐♥✐ ❝♦♠❡ ✐ ♣�❡❝❡❞❡♥�✐ ✭✶✽✮ ♥♦♥ ✈❡♥❣♦♥♦ ❛❞ ✐♥✢✉✐�❡

�✉❧❧❡ ❡�✉❛③✐♦♥✐ ❡��❡♥�✐❜✐❧✐ ❛ �✉��✐ ✐ ♣✉♥�✐ ❞❡❧ �✐��❡♠❛✳ ▲✬♦��❡�✈❛③✐♦♥❡ �✐ ��♦✈❡�� ♠♦❧�♦ �✐♠✐❧❡ ❛

�✉❡❧❧❛ ♣❡� ❧❛ �✉❛❧❡ ♥❡❧ ❈❛♣♦ ♣�❡❝❡❞❡♥�❡ ♥✉♠✳◦ ✼✺✳ ❝♦♥❝❧✉❞❡♠♠♦ ❧❛ ♥♦♥ ✐♥✢✉❡♥③❛ ❞❡❣❧✐ ✉❧�✐♠✐

�❡�♠✐♥✐ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ✭✶✾✮ ♣❡❧ �✐��♦✈❛♠❡♥�♦ ❞❡❧❧❡ ��❡ ❡�✉❛③✐♦♥✐ ❝❤❡ ❝♦✐♥❝✐❞❡✈❛♥♦ ❝♦❧❧❡ ✭✷✻✮ ❞❡❧

♥✉♠✳◦ ✸✽✳

❉♦♣♦ ❣❧✐ ❛❞❞♦��✐ �❛❣✐♦♥❛♠❡♥�✐ + ♣✐❛♥♦ ❧✬✐♥❢❡�✐�♥❡ ❝❤❡ ❛❧❧❛ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✻✮ ♣❡✐ �✐��❡♠✐

❧✐♥❡❛�✐ ♣✉� ❞❛��✐ ❧❛ ❢♦�♠❛

∫

dp · V

{(

X −
d2x

dt2

)

δx+

(

Y −
d2y

dt2

)

δy +

(

Z −
d2z

dt2

)

δz

}

+

∫

dp · (λδk + μδl + νδm+ ρδn+ ❡❝✳) + Ω = 0; ✭✶✾✮

❞♦✈❡ �♦��♦ ✐❧ �❡❝♦♥❞♦ �❡❣♥♦ ✐♥�❡❣�❛❧❡ ❛♣♣❛�✐�❝♦♥♦ ❧❡ ✈❛�✐❛�❡ ❞❡❧❧❡ �♦❧❡ �✉❛♥�✐�� k, l,m, n✱ ❡❝✳

❡�✉✐✈❛❧❡♥�✐✱ ♣❡� ❧❡ ❡�✉❛③✐♦♥✐ ✭✺✮✱ ❛ ��✐♥♦♠❥ ♥♦�✐ ❝❤❡ ♣♦��♦♥♦ ❝♦♥�✐♥✉❛��✐ ❛ ♣✐❛❝❡�❡✳ ❚❛❧✐ ✈❛�✐✲

❛�❡ �♦♥♦ ♠♦❧�✐♣❧✐❝❛�❡ ♣❡� ❢❛��♦�✐ λ, μ, ν, ρ.... ❝❤❡ �✐�❡��❡♠♦ ❢�❛ ❞✐ ❧♦�♦ ✐♥❞✐♣❡♥❞❡♥�✐✱ ❡��❡♥❞♦

❝♦❡✣❝✐❡♥�✐ �❛❝❝♦❧�✐ ❞❛ �❛♥�❡ ❡�✉❛③✐♦♥✐ ✈❛�✐❛�❡✱ ❝✐❛�❝✉♥❛ ❞❡❧❧❡ �✉❛❧✐ ♣♦��❛ ✉♥ ♠♦❧�✐♣❧✐❝❛�♦�❡ ✐♥✲

❞❡�❡�♠✐♥❛�♦✳ ❱❡�❛♠❡♥�❡ �❡ ✐❧ ♥✉♠❡�♦ ❞❡✐ ��✐♥♦♠❥ k, l,m, n✱ ❡❝✳ ❢♦��❡ ♠❛❣❣✐♦�❡ ❞✐ �✉❡❧❧♦ ❞❡❧❧❡

❡�✉❛③✐♦♥✐ ✭✶✵✮✱✭✶✶✮✱ ❡❝✳✱ ❡��❡♥❞♦ ❧❡ ✐♥❞❡�❡�♠✐♥❛�❡ ✐♥��♦❞♦��❡ ❞❛❧ ♠❡�♦❞♦ ❞❡✬ ♠♦❧�✐♣❧✐❝❛�♦�✐ �❛♥�❡

�✉❛♥�❡ ❧❡ ❡�✉❛③✐♦♥✐✱ ❛❧❝✉♥♦ ❞❡✐ ❝♦❡✣❝✐❡♥�✐ λ, μ, ν, ρ... ❞✐♣❡♥❞❡�❡❜❜❡ ❞❛❣❧✐ ❛❧��✐❀ ♣♦��❛♥♥♦ ❡��✐

♣❡�� ❞✐��✐ ❢�❛ ❧♦�♦ ✐♥❞✐♣❡♥❞❡♥�✐ ✜♥♦ ❛❧ ♥✉♠❡�♦ ❝❤❡ ❡❣✉❛❣❧✐❛ �✉❡❧❧♦ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✐��❡❞✉❝✐❜✐❧✐

❧❡ ✉♥❡ ❛❧❧❡ ❛❧��❡✳

✽✵✳ ❘✐♠❛♥❡ ❛ �♦��✐�✉✐�❡ ♥❡❧❧✬❡�✉❛③✐♦♥❡ ✭✶✾✮ ❛❧❧❡ �✉❛♥�✐�� k, l,m, n✱ ❡❝✳ ✐ ❧♦�♦ ✈❛❧♦�✐ �❝�✐��✐

♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✺✮ ✳ ◗✉✐ ❝♦♥✈✐❡♥❡ ♣�✐♠✐❡�❛♠❡♥�❡ ♣♦��❡ ❛��❡♥③✐♦♥❡ ❛❧❧✬❡�✉❛③✐♦♥❡

✶✼✷
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

✇✐�❤ ✇❤✐❝❤ �❤❡�❡ ♥❡✇ ❛�❡ ♠❡�❣❡❞✿ ✇❤❛� �❡♠❛✐♥� ❬♦❢ �❤❡ ♣�❡✈✐♦✉� �❡�♠�❪ ❢♦�♠� ❛♥ ♦✈❡�❛❧❧

�✉❛♥�✐�② ❬✇❤✐❝❤ ✐� ❛♥❪ ❡①❛❝� ❞❡�✐✈❛�✐✈❡ ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ p✱ ✇❤✐❝❤ ✐♥��♦❞✉❝❡❞ ✉♥❞❡� �❤❡

�❡❝♦♥❞ ✐♥�❡❣�❛❧ �✐❣♥ ♦❢ �❤❡ ❡�✉❛�✐♦♥ ✭✶✻✮✱ ♣❛��❡� �♦ �❤❡ ❧✐♠✐�� ❬✭✐✳❡✳✱ ✐� ✐� ✐♥�❡❣�❛�❡❞ ❛♥❞ �❤❡♥

❝❛❧❝✉❧❛�❡❞ ❛� �❤❡ ❡①��❡♠❛✮❪ ❛♥❞ ♠❡�❣❡� ✇✐�❤ �❤❡ ❧❛�� �❡�♠ Ω ♦❢ �❤❛� ❡�✉❛�✐♦♥✳ ❙♦ ✐� ✐� ❝❧❡❛�

�❤❛� �✉❝❤ �❡�♠� ❛� �❤❡ ♣�❡❝❡❞❡♥� ♦♥❡� ✭✶✽✮ ❞♦ ♥♦� ❛✛❡❝� �❤❡ ❡�✉❛�✐♦♥� ❡①�❡♥�✐❜❧❡ �♦ ❛❧❧ ♣♦✐♥��

♦❢ �❤❡ �②��❡♠✳ ❚❤❡ ♦❜�❡�✈❛�✐♦♥ ✇✐❧❧ ❜❡ ❢♦✉♥❞ ✈❡�② �✐♠✐❧❛� �♦ �❤❛� ❢♦� ✇❤✐❝❤ ✇❡ ❝♦♥❝❧✉❞❡❞ ✐♥

�❤❡ ♣�❡❝❡❞❡♥� ❈❛♣♦ �❡❝�✳ ✼✺ �❤❛� �❤❡ ❧❛�� �❡�♠� ♦❢ �❤❡ ❡�✉❛�✐♦♥ ✭✶✾✮ ❞♦ ♥♦� ❛✛❡❝� �❤❡ ❞✐�❝♦✈❡�②

♦❢ �❤❡ �❤�❡❡ ❡�✉❛�✐♦♥� ✇❤✐❝❤ ❝♦✐♥❝✐❞❡� ✇✐�❤ �❤❡ ✭✷✻✮ ♦❢ �❡❝�✳ ✸✽✳

❆❢�❡� �❤❡ ❛❞❞✉❝❡❞ �❡❛�♦♥✐♥❣� ✐� ✐� ❡❛�② �♦ ✐♥❢❡� ❢�♦♠ �❤❡♠ �❤❛� �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✭✶✻✮

❢♦� �❤❡ ❧✐♥❡❛� �②��❡♠� ♠❛② ❜❡ ✐♥ �❤❡ ❢♦�♠

∫

dp · V

{(

X −
d2x

dt2

)

δx+

(

Y −
d2y

dt2

)

δy +

(

Z −
d2z

dt2

)

δz

}

+

∫

dp · (λδk + μδl + νδm+ ρδn+ ❡�❝✳) + Ω = 0; ✭✶✾✮

✇❤❡�❡✱ ✉♥❞❡� �❤❡ �❡❝♦♥❞ ✐♥�❡❣�❛❧ �✐❣♥✱ �❤❡�❡ ❛♣♣❡❛� �❤❡ ✈❛�✐❛�✐♦♥� ♦❢ �❤❡ ♦♥❧② �✉❛♥�✐�✐❡�

k, l,m, n✱ ❡�❝✳ ❡�✉✐✈❛❧❡♥�✱ ❢♦� �❤❡ ❡�✉❛�✐♦♥� ✭✺✮✱ �♦ ❦♥♦✇♥ ��✐♥♦♠✐❛❧�✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥�✐♥✲

✉❡❞ ❛� ♠✉❝❤ ❛� ♦♥❡ ✇❛♥��✳ ❙✉❝❤ ✈❛�✐❛�✐♦♥� ❛�❡ ♠✉❧�✐♣❧✐❡❞ ❜② �❤❡ ❢❛❝�♦�� λ, μ, ν, ρ.... ✇❤✐❝❤ ✇❡

✇✐❧❧ ❝♦♥�✐❞❡� ❡❛❝❤ ♦�❤❡� ✐♥❞❡♣❡♥❞❡♥�✱ ❜❡✐♥❣ ❝♦❡✣❝✐❡♥�� ❝♦❧❧❡❝�❡❞ ❢�♦♠ ♠❛♥② ✈❛�✐❡❞ ❡�✉❛�✐♦♥�✱

❡❛❝❤ ♦❢ ✇❤✐❝❤ ❝❛��✐❡� ❛♥ ✐♥❞❡�❡�♠✐♥❛�❡ ♠✉❧�✐♣❧✐❡�✳ ❆❝�✉❛❧❧②✱ ✐❢ �❤❡ ♥✉♠❜❡� ♦❢ �❤❡ ��✐♥♦♠✐❛❧�

k, l,m, n✱ ❡�❝✳ ✇❡�❡ ❣�❡❛�❡� �❤❛♥ �❤❛� ♦❢ �❤❡ ❡�✉❛�✐♦♥� ✭✶✵✮✱ ✭✶✶✮✱ ❡�❝✳✱ ❜❡✐♥❣ �❤❡ ✐♥❞❡�❡�♠✐♥❛�❡

❬�✉❛♥�✐�✐❡�❪ ✐♥��♦❞✉❝❡❞ ❜② �❤❡ ♠❡�❤♦❞ ♦❢ �❤❡ ♠✉❧�✐♣❧✐❡�� ❛� ♠❛♥② ❛� �❤❡ ❡�✉❛�✐♦♥�✱ �♦♠❡ ♦❢ �❤❡

❝♦❡✣❝✐❡♥�� λ, μ, ν, ρ... ✇♦✉❧❞ ❞❡♣❡♥❞ ♦♥ �❤❡ ♦�❤❡��❀ ❜✉� �❤❡② ❝❛♥ ❜❡ �❛✐❞ �♦ ❜❡ ✐♥❞❡♣❡♥❞❡♥� ♦❢

♦♥❡ ❛♥♦�❤❡� ✉♣ �♦ �❤❡ ♥✉♠❜❡� �❤❛� ❡�✉❛❧� �❤❛� ♦❢ ❡�✉❛�✐♦♥� ✐��❡❞✉❝✐❜❧❡ �♦ ❡❛❝❤ ♦�❤❡�✳

✽✵✳ ■� �❡♠❛✐♥� �♦ �✉❜��✐�✉�❡ ✐♥ �❤❡ ❡�✉❛�✐♦♥ ✭✶✾✮ �♦ �❤❡ �✉❛♥�✐�✐❡� k, l,m, n✱ ❡�❝✳ �❤❡✐� ✈❛❧✉❡�

✇�✐��❡♥ ✐♥ �❤❡ ❡�✉❛�✐♦♥� ✭✺✮✳ ❍❡�❡ ♦♥❡ �❤♦✉❧❞ ✜��� ♣❛② ❛��❡♥�✐♦♥ �♦ �❤❡ ❡�✉❛�✐♦♥



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✼✸

λδk + μδl + νδm+ ρδn+ ❡❝✳ =

2λ(x
′

δx
′

+ y
′

δy
′

+ z
′

δz
′

) ✭✷✵✮

+ 2μ
(

x
′′

δx
′′

+ y
′′

δy
′′

+ z
′′

δz
′′
)

+ 2ν

(

x
′′′

δx
′′′

+ y
′′′

δy
′′′

+ z
′′′

δz
′′′
)

+ ❡❝✳;

♣♦✐ ♦��❡�✈❛�❡ ❝❤❡ �✉✐ �❡�♠✐♥✐ ❝♦♠♣♦♥❡♥�✐ ✐❧ �❡❝♦♥❞♦ ♠❡♠❜�♦ �✐ ❞❡❜❜♦♥♦ ♥✉♦✈❛♠❡♥�❡ ♦♣❡�❛�❡ ❧❡

�♦❧✐�❡ ��❛�❢♦�♠❛③✐♦♥✐✱ ❣✐❛❝❝❤� ✐♥ ❡��✐ ❧❡ ✈❛�✐❛③✐♦♥✐ δx, δy, δz �♦♥♦ ❛✛❡��❡ ❞❛ ❞❡�✐✈❛③✐♦♥✐✳ ❊��❡♥❞♦

✐❞❡♥�✐❝❛♠❡♥�❡

2λx
′

δx
′

= −
(

2λx
′
)

′

δx+
(

2λx
′

δx
)

′

2μx
′′

δx
′′

=
(

2μx
′′)

′′

δx−

[

(

2μx
′′)

′

δx− 2μx
′′

δx
′
]

′

✭✷✶✮

2νx
′′′

δx
′′′

= −
(

2νx
′′′)

′′′

δx+

[

(

2νx
′′′)

′′

δx−
(

2νx
′′)

′

δx
′

+ 2νx
′′′

δx
′′

]

′

❡❝✳ ❡❝✳

❡ �✐♠✐❧✐ ❡�✉❛③✐♦♥✐ ❛✈❡♥❞♦ ❧✉♦❣♦ ♣❡✐ �❡�♠✐♥✐ ❝❤❡ ❝♦♥�❡♥❣♦♥♦ ❧❡ ❞❡�✐✈❛�❡ ❞❡❧❧❡ y, z, �❛� ❢❛❝✐❧❡

�✐❝♦♥♦�❝❡�❡ �✉❛❧❡ �✐�✉❧�✐ ❞♦♣♦ ❧❡ ��❛�❢♦�♠❛③✐♦♥✐ ❧❛ ♣�✐♠❛ ♣❛��❡ ❞❡❧ �❡❝♦♥❞♦ ♠❡♠❜�♦ ❞❡❧❧❛ ✭✷✵✮✱

❝✉✐ �✐ ❞ ✉♥❛ ❢♦�♠❛ ��✐♥♦♠✐❛❧❡ �❛❝❝♦❣❧✐❡♥❞♦ ✐ ❝♦❡✛✜❝✐❡♥�✐ �♦�❛❧✐ ❞❡❧❧❡ δx, δy, δz ✿ ❧❛ �❡❝♦♥❞❛ ♣❛��❡

❝♦��✐�✉✐�❝❡ ✉♥❛ ❞❡�✐✈❛�❛ ❡�❛��❛ ❝❤❡✱ �✉❛♥❞♦ ✈✐❡♥❡ ✐♥��♦❞♦��❛ �♦��♦ ✐❧ �❡❣♥♦ ✐♥�❡❣❛❧❡✱ ♣�♦❞✉❝❡ ✉♥

♥✉♦✈♦ ✈❡��❛♠❡♥�♦ ❞✐ �✉❛♥�✐� ❛✐ ❧✐♠✐�✐✳ ❘✐✉♥✐�✐ ♣❡��❛♥�♦ ✐ ❞✉❡ ✐♥�❡❣�❛❧✐ ❞❡❧❧❛ ❡�✉❛③✐♦♥❡ ✭✶✾✮ ✐♥

✉♥ �♦❧♦✱ ♣�♦❝❡❞❡♥❞♦ ❝♦❧ �♦❧✐�♦ ♠❡�♦❞♦ ❝♦♥�❡❣✉✐�❡♠♦ ❧❡ ��❡ ❡�✉❛③✐♦♥✐

V

(

X −
d2x

dt2

)

−
dP

dp
= 0

V

(

Y −
d2y

dt2

)

−
dQ

dp
= 0 ✭✷✷✮

V

(

Z −
d2z

dt2

)

−
dR

dp
= 0

❡��❡♥❞♦�✐ ♣♦��❡ ♣❡� ❛❜❜�❡✈✐❛�❡

P = 2λx
′

−
(

2μx
′′)

′

+
(

2νx
′′′)

′′

− ❡❝✳

Q = 2λy
′

−
(

2μy
′′)

′

+
(

2νy
′′′)

′′

− ❡❝✳ ✭✷✸✮

R = 2λz
′

−
(

2μz
′′)

′

+
(

2νz
′′′)

′′

− ❡❝✳

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✼✸

λδk + μδl + νδm+ ρδn+ ❡�❝✳ =

2λ(x
′

δx
′

+ y
′

δy
′

+ z
′

δz
′

) ✭✷✵✮

+ 2μ
(

x
′′

δx
′′

+ y
′′

δy
′′

+ z
′′

δz
′′
)

+ 2ν

(

x
′′′

δx
′′′

+ y
′′′

δy
′′′

+ z
′′′

δz
′′′
)

+ ❡�❝✳;

�❤❡♥ ♦❜�❡�✈❡ �❤❛� �❤❡ ✉�✉❛❧ ��❛♥�❢♦�♠❛�✐♦♥� ♠✉�� ❛❣❛✐♥ ❜❡ ❛❝❝♦♠♣❧✐�❤❡❞ ♦♥ �❤❡ �❡�♠� ♠❛❦✐♥❣

✉♣ �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡✱ �✐♥❝❡ ✐♥ �❤❡♠ �❤❡ ✈❛�✐❛�✐♦♥� δx, δy, δz ❛�❡ ❛✛❡❝�❡❞ ❜② ❞❡�✐✈❛�✐♦♥�✳ ❇❡✐♥❣

✐❞❡♥�✐❝❛❧❧②

2λx
′

δx
′

= −
(

2λx
′
)

′

δx+
(

2λx
′

δx
)

′

2μx
′′

δx
′′

=
(

2μx
′′)

′′

δx−

[

(

2μx
′′)

′

δx− 2μx
′′

δx
′
]

′

✭✷✶✮

2νx
′′′

δx
′′′

= −
(

2νx
′′′)

′′′

δx+

[

(

2νx
′′′)

′′

δx−
(

2νx
′′)

′

δx
′

+ 2νx
′′′

δx
′′

]

′

❡�❝✳ ❡�❝✳

❛♥❞ �✐♠✐❧❛� ❡�✉❛�✐♦♥� �❛❦✐♥❣ ♣❧❛❝❡ ❢♦� �❤❡ �❡�♠� ❝♦♥�❛✐♥✐♥❣ �❤❡ ❞❡�✐✈❛�✐✈❡� ♦❢ �❤❡ y, z✱ ✐� ✇✐❧❧

❜❡ ❡❛�② �♦ �❡❝♦❣♥✐③❡ ❤♦✇ �❤❡ ✜��� ♣❛�� ♦❢ �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡ ♦❢ �❤❡ ✭✷✵✮ �❡�✉❧��✱ ✇❤✐❝❤ ✐� ❣✐✈❡♥

❛ ��✐♥♦♠✐❛❧ ❢♦�♠ ❝♦❧❧❡❝�✐♥❣ �❤❡ �♦�❛❧ ❝♦❡✣❝✐❡♥�� ♦❢ �❤❡ δx, δy, δz✿ �❤❡ �❡❝♦♥❞ ♣❛�� ✐� ❛♥ ❡①❛❝�

❞❡�✐✈❛�✐✈❡ ✇❤✐❝❤✱ ✇❤❡♥ ✐� ✐� ✐♥��♦❞✉❝❡❞ ✉♥❞❡� �❤❡ ✐♥�❡❣�❛❧ �✐❣♥✱ ♣�♦❞✉❝❡� ❛ ♥❡✇ ��❛♥�❢❡� ♦❢

�✉❛♥�✐�✐❡� �♦ �❤❡ ❧✐♠✐��✳ ❚❤❡�❡❢♦�❡✱ �✐♥❝❡ �❤❡ �✇♦ ✐♥�❡❣�❛❧� ♦❢ ❡�✉❛�✐♦♥ ✭✶✾✮ ❤❛✈❡ ❜❡❡♥ ❣❛�❤❡�❡❞

✐♥�♦ ♦♥❡✱ ♣�♦❝❡❡❞✐♥❣ ✇✐�❤ �❤❡ ✉�✉❛❧ ♠❡�❤♦❞ ✇❡ ✇✐❧❧ ❛❝❤✐❡✈❡ �❤❡ �❤�❡❡ ❡�✉❛�✐♦♥�

V

(

X −
d2x

dt2

)

−
dP

dp
= 0

V

(

Y −
d2y

dt2

)

−
dQ

dp
= 0 ✭✷✷✮

V

(

Z −
d2z

dt2

)

−
dR

dp
= 0

❤❛✈✐♥❣ ♣♦�❡❞ �♦ �❤♦��❡♥

P = 2λx
′

−
(

2μx
′′)

′

+
(

2νx
′′′)

′′

− ❡�❝✳

Q = 2λy
′

−
(

2μy
′′)

′

+
(

2νy
′′′)

′′

− ❡�❝✳ ✭✷✸✮

R = 2λz
′

−
(

2μz
′′)

′

+
(

2νz
′′′)

′′

− ❡�❝✳



✶✼✹
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

❉❛❧❧❡ ❡
✉❛③✐♦♥✐ ✭✷✷✮ ♣✉� ❢❛��✐ �♣❛�✐�❡ ♦❣♥✐ ✈❡��✐❣✐♦ ❛♣♣❛�❡♥�❡ ❞❡❧❧❛ p✳ ❊��❡♥❞♦ ♣❡� 
✉❛❧✉♥
✉❡

❢✉♥③✐♦♥❡ L ❞✐ x ❝❤❡ ♣♦✐ � ❢✉♥③✐♦♥❡ ❞✐ p✱

dL

dp
=

dL

dx

dx

dp
, ✭✷✹✮

�✐❝❤✐❛♠❛�♦ ♣❡� V ✐❧ �✉♦ ✈❛❧♦�❡ ❞❛�♦ ❞❛❧❧❛ ❡
✉❛③✐♦♥❡ ✭✶✹✮✱ �✐ ♣✉� ❞✐✈✐❞❡�❡ ♣❡� dx
dp
✱ ❡ ❧❡ ✭✷✷✮

❞✐✈❡♥�❛♥♦

Γ

√

ı+

(

dy

dx

)2

+

(

dz

dx

)2 (

X −
d2x

dt2

)

=
dP

dx

Γ

√

ı+

(

dy

dx

)2

+

(

dz

dx

)2 (

Y −
d2y

dt2

)

=
dQ

dx
✭✷✺✮

Γ

√

ı+

(

dy

dx

)2

+

(

dz

dx

)2 (

Z −
d2z

dt2

)

=
dR

dx

❞♦✈❡ ♥♦♥ �♦♥♦ ✐♥ ❡✈✐❞❡♥③❛ �❡ ♥♦♥ ❧❡ ✈❛�✐❛❜✐❧✐ x, y, z ✿ ♠❛ ❧❡ P,Q,R ❤❛♥♥♦ ✐ ✈❛❧♦�✐ ✭✷✸✮✳

✽✶✳ ●✐♦✈❛ ♠❛♥❞❛� ✈✐❛ ❧❛ p ❛♥❝❤❡ ❞❛✐ ✈❛❧♦�✐ ✭✷✸✮ ❞❡❧❧❡ P,Q,R ✿ ❣✐❛❝❝❤� ✭♣❛�❧❛♥❞♦ ✐♥

❣❡♥❡�❛❧❡ ♣❡� �✉��❡ ❧❡ ��❡ �♦��❡ ❞✐ �✐��❡♠✐ ❝♦♥�✐♥✉✐✮ ❧❡ ❝♦♦�❞✐♥❛�❡ p, q, r✱ ✐♥�❡�♠❡❞✐❡ ❢�❛ ❧❡ a, b, c

❡ ❧❡ x, y, z ❞❡✐ ❞✉❡ ��❛�✐ ❛♥�❡❝❡❞❡♥�❡ ❡ �❡❛❧❡✱ ❢❛♥♥♦ ❜❡♥�' ✉♥ ❣�❛♥ ❣✐✉♦❝♦✱ ❡��❡♥❞♦ 
✉❡❧❧❡ ❝❤❡

�✐ �♦♠♠✐♥✐���❛♥♦ ❧❡ ❡
✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡✱ ♠❛ ♥♦♥ ✈❡♥❣♦♥♦ ♦♣♣♦��✉♥❡ 
✉❛♥❞♦ �✐ ✈♦❣❧✐♦♥♦

❛♣♣❧✐❝❛�❡ ❧❡ ❢♦�♠♦❧❡ ❛❧❧❛ �✐�♦❧✉③✐♦♥❡ ❞❡✐ ♣�♦❜❧❡♠✐ ✳ ❆ �❛❧ ✜♥❡ ♦��❡�✈✐❛♠♦ ❝❤❡ ♣♦♥❡♥❞♦

ǫ = 2λ; θ = −2μ
′

; τ = 2υ
′′

− 2μ; ❡❝✳ ✭✷✻✮

❧❡ ✭✷✸✮ �✐ �✐❞✉❝♦♥♦ ♣✐+ �❡♠♣❧✐❝❡♠❡♥�❡

P = ǫx
′

+ θx
′′

+ τx
′′′

+ ❡❝✳

Q = ǫy
′

+ θy
′′

+ τy
′′′

+ ❡❝✳ ✭✷✼✮

R = ǫz
′

+ θz
′′

+ τz
′′′

+ ❡❝✳

■♥❞✐❝❤✐❛♠♦ ♣❡� ♣♦❝❤✐ ♠♦♠❡♥�✐ ❝♦♥ ❛♣✐❝✐ ❛❧ ♣✐❡❞❡ ❧❡ ❞❡�✐✈❛�❡ ♣❡� ❧❛ a ❞❡❧❧♦ ��❛�♦ ❛♥�❡❝❡❞❡♥�❡ ✿

❛✈�❡♠♦✱ ❢❛��❛ ω = dp
da
✱

✶✼✹
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

❆♥② ❛♣♣❛�❡♥� ��❛❝❡ ♦❢ �❤❡ p ❝❛♥ ❜❡ ❡❧✐♠✐♥❛�❡❞ ❢�♦♠ �❤❡ ❡
✉❛�✐♦♥� ✭✷✷✮✳ ❇❡✐♥❣ ❢♦� ❛♥② ❢✉♥❝�✐♦♥

L ♦❢ x �❤❛� ✐� ✐♥ �✉�♥ ❛ ❢✉♥❝�✐♦♥ ♦❢ p✱

dL

dp
=

dL

dx

dx

dp
, ✭✷✹✮

�❡❝❛❧❧❡❞ ❢♦� V ✐�� ✈❛❧✉❡ ❣✐✈❡♥ ❜② �❤❡ ❡
✉❛�✐♦♥ ✭✶✹✮✱ ✐� ❬V ❪ ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ❜② dx
dp
✱ ❛♥❞ �❤❡ ✭✷✷✮

❜❡❝♦♠❡

Γ

√

ı+

(

dy

dx

)2

+

(

dz

dx

)2 (

X −
d2x

dt2

)

=
dP

dx

Γ

√

ı+

(

dy

dx

)2

+

(

dz

dx

)2 (

Y −
d2y

dt2

)

=
dQ

dx
✭✷✺✮

Γ

√

ı+

(

dy

dx

)2

+

(

dz

dx

)2 (

Z −
d2z

dt2

)

=
dR

dx

✇❤❡�❡ ♦♥❧② �❤❡ ✈❛�✐❛❜❧❡� x, y, z ❛�❡ ❤✐❣❤❧✐❣❤�❡❞❀ ❜✉� �❤❡ P,Q,R ❤❛✈❡ �❤❡ ✈❛❧✉❡� ✭✷✸✮✳

✽✶✳ ❚❤❡ p �❤♦✉❧❞ ❜❡ �❡♠♦✈❡❞ ❛❧�♦ ❢�♦♠ �❤❡ ✈❛❧✉❡� ✭✷✸✮ ♦❢ �❤❡ P,Q,R✿ �✐♥❝❡ ✭❣❡♥❡�❛❧❧②

�♣❡❛❦✐♥❣ ❢♦� ❛❧❧ �❤�❡❡ �②♣❡� ♦❢ ❝♦♥�✐♥✉♦✉� �②��❡♠�✮ �❤❡ ❝♦♦�❞✐♥❛�❡� p, q, r✱ ✐♥�❡�♠❡❞✐❛�❡ ❜❡�✇❡❡♥

�❤❡ a, b, c ❛♥❞ x, y, z ♦❢ �❤❡ �✇♦ ❛♥�❡❝❡❞❡♥� ❛♥❞ ❛❝�✉❛❧ ��❛�❡�✱ ♦♥ ♦♥❡ ❤❛♥❞ �❤❡② ❛�❡ ✈❡�② ✉�❡❢✉❧✱

❜❡✐♥❣ �❤♦�❡ �❤❛� ❣✐✈❡ ✉� �❤❡ ❡
✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥✱ ❜✉� ♦♥ �❤❡ ♦�❤❡� ❤❛♥❞ ❬�❤❡②❪ ❛�❡ ♥♦�

�✉✐�❛❜❧❡ ✇❤❡♥ ♦♥❡ ✇❛♥�� �♦ ❛♣♣❧② �❤❡ ❢♦�♠✉❧❛� �♦ �❤❡ �❡�♦❧✉�✐♦♥� ♦❢ ♣�♦❜❧❡♠�✳ ❚♦ �❤✐� ❡♥❞✱ ✇❡

♦❜�❡�✈❡ �❤❛� ❜② ♣❧❛❝✐♥❣

ǫ = 2λ; θ = −2μ
′

; τ = 2υ
′′

− 2μ; ❡�❝✳ ✭✷✻✮

�❤❡ ✭✷✸✮ �❡❞✉❝❡ ✐♥ ❛ �✐♠♣❧❡� ❢♦�♠

P = ǫx
′

+ θx
′′

+ τx
′′′

+ ❡�❝✳

Q = ǫy
′

+ θy
′′

+ τy
′′′

+ ❡�❝✳ ✭✷✼✮

R = ǫz
′

+ θz
′′

+ τz
′′′

+ ❡�❝✳

▲❡� ✉� ✐♥❞✐❝❛�❡ ❢♦� ❛ ❢❡✇ ♠♦♠❡♥�� ✇✐�❤ �✉❜�❝�✐♣�� �❤❡ ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ a ♦❢

�❤❡ ❛♥�❡❝❡❞❡♥� ��❛�❡✿ ✇❡ ✇✐❧❧ ❤❛✈❡✱ ❜② ♣♦�✐♥❣ ω = dp
da
✱



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✼✺

x
′

=
x

1

ω
; x

′′

=
ωx′′ − ω′x′

ω
3

x
′′′

=
ω

2

x′′′ − 3ωω′ x′′ +
(

3ω
2

′
− ωω′′

)

x′

ω
3

; ❡❝✳

❡ ❛♥❛❧♦❣❤✐ �❛�❛♥♥♦ ✐ ✈❛❧♦�✐ ♣❡� ❧❡ y
′

, y
′′

, y
′′′

, ....z
′

, z
′′

, z
′′′

, ... ❞✐ ♠♦❞♦ ❝❤❡ ❛❞♦��❛♥❞♦ �✉❡��✬❛❧��❡

❞❡♥♦♠✐♥❛③✐♦♥✐

A =
1

ω
ǫ−

ω′

ω
3
ϑ+

3ω
2

′
− ωω′′

ω
5

τ − ❡❝✳

B =
1

ω
2
ϑ−

3ω′

ω
4
τ + ❡❝✳ ✭✷✽✮

C =
1

ω
3
τ − ❡❝✳

❡❝✳ ❡❝✳

❧❡ ✭✷✼✮ ❛��✉♠❡�❛♥♥♦ ❧❡ ❢♦�♠❡

P = A
dx

da
+B

d
2

x

da2

+ C
d

3

x

da3

+ ❡❝✳

Q = A
dy

da
+B

d
2

y

da2

+ C
d

3

y

da3

+ ❡❝✳ ✭✷✾✮

R = A
dz

da
+B

d
2

z

da2

+ C
d

3

z

da3

+ ❡❝✳

❞♦✈❡ ♣❡� �✐❣♥✐✜❝❛�❡ ❧❡ ❞❡�✐✈❛�❡ �✐�♣❡��♦ ❛❧❧❛ a ❤♦ �✐♠❡��❛✱ ✐♥✈❡❝❡ ❞❡❣❧✐ ❛♣✐❝✐ ❛❧ ♣✐❡❞❡✱ ❧❛ ♥♦�❛③✐♦♥❡

♦�❞✐♥❛�✐❛✳ ❙✐ ♥♦�✐ ❝❤❡ ✐ ❝♦❡✣❝✐❡♥�✐ A,B,C✱ ❡❝✳ ✐ �✉❛❧✐ ❤❛♥♥♦ ❛��♦�❜✐�♦ �✉��♦ �✉❛♥�♦ �❡��❛✈❛

❞✐ ❝♦♥�❡♥❡♥�❡ ❛♥❝♦�❛ ❧❛ p ♥❡❧❧❡ �✉❡ ❞❡�✐✈❛�❡ ♣❡� ❧❛ a✱ ♣♦��♦♥♦ ❡��❡�❡ ❞✐�❡��❛♠❡♥�❡ ❝♦♥�✐❞❡�❛�✐

�✐❝❝♦♠❡ ❝♦❡✣❝✐❡♥�✐ ✐♥❞❡�❡�♠✐♥❛�✐ ✿ ❡��✐ ✐♥❢❛��✐ �♦♥♦ �❛♥�✐ �✉❛♥�❡ ❧❡ ǫ✱ ϑ, τ ✱ ❡❝✳✱ ❡ �✉❡��❡ �❛♥�❡

�✉❛♥�❡ ❧❡ λ, μ, υ✱ ❡❝✳

❙❡ ♣♦✐ ✈♦❣❧✐❛♠♦ ❝❤❡ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ❣❡♥❡�❛❧✐ ❝♦♠♣❛❥❛♥♦ �♦❧�❛♥�♦ ❞❡�✐✈❛�❡ ♣�❡�❡ ♣❡� ❧❛ a

❞❡❧❧♦ ��❛�♦ ❛♥�❡❝❡❞❡♥�❡✱ ❡ ♣❡❧ �❡♠♣♦ ✭ ✐❧ ❝❤❡ ❛♣♣✉♥�♦ �✐ �✐❝❤✐❡❞❡ ♣❡� ��❛��❛�❡ ❛❧❝✉♥❡ �✉❡��✐♦♥✐✮

❝♦♥�❡❣✉✐�❡♠♦ ❢❛❝✐❧♠❡♥�❡ ❧✬✐♥�❡♥�♦ ♠♦❧�✐♣❧✐❝❛♥❞♦ ❧❡ ✭✷✺✮ ♣❡� dx
da

✳ ❖��❡�✈✐�✐ ❛❧❧♦�❛ ✭❡�✉❛③✐♦♥❡

✭✶✸✮✮ ❝❤❡ ✐❧ ❝♦❡✣❝✐❡♥�❡ ❝♦♠✉♥❡ ❛✐ ♣�✐♠✐ ♠❡♠❜�✐ ❡❣✉❛❣❧✐❛ ❧✬✉♥✐�( ✿ �✐ ♣♦♥❣❛ ❛❧��❡�) ♠❡♥�❡ ❝❤❡ N

❡��❡♥❞♦ ✉♥❛ ❢✉♥③✐♦♥❡ �✉❛❧✉♥�✉❡ ❞❡❧❧❛ x ❢✉♥③✐♦♥❡ ❞✐ a✱ * �❡♠♣�❡ dN
da

= dN
dx

dx
da
; ❡ �✉❡❧❧❡ ❡�✉❛③✐♦♥✐

❝✐ ❞✐✈❡♥�❡�❛♥♥♦

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✼✺
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ω
; x
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=
ωx′′ − ω′x′

ω
3

x
′′′

=
ω

2

x′′′ − 3ωω′ x′′ +
(

3ω
2

′
− ωω′′

)

x′

ω
3

; ❡�❝✳

❛♥❞ �❤❡ ✈❛❧✉❡� ❢♦� �❤❡ y
′

, y
′′

, y
′′′

, ....z
′

, z
′′

, z
′′′

, ... ✇✐❧❧ ❜❡ ❛♥❛❧♦❣♦✉� �♦ �❤❛�✱ ❜② ❛❞♦♣�✐♥❣ �❤❡�❡

♦�❤❡� ❞❡✜♥✐�✐♦♥�

A =
1

ω
ǫ−

ω′

ω
3
ϑ+

3ω
2

′
− ωω′′

ω
5

τ − ❡�❝✳

B =
1

ω
2
ϑ−

3ω′

ω
4
τ + ❡�❝✳ ✭✷✽✮

C =
1

ω
3
τ − ❡�❝✳

❡�❝✳ ❡�❝✳

�❤❡ ✭✷✼✮ ✇✐❧❧ �❛❦❡ �❤❡ ❢♦�♠�

P = A
dx

da
+B

d
2

x

da2

+ C
d

3

x

da3

+ ❡�❝✳

Q = A
dy

da
+B

d
2

y

da2

+ C
d

3

y

da3

+ ❡�❝✳ ✭✷✾✮

R = A
dz

da
+B

d
2

z

da2

+ C
d

3

z

da3

+ ❡�❝✳

✇❤❡�❡✱ �♦ �✐❣♥✐❢② �❤❡ ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ a✱ ■ ❤❛✈❡ ❛❣❛✐♥ ✉�❡❞✱ ✐♥��❡❛❞ ♦❢ �✉❜�❝�✐♣��✱

�❤❡ ♦�❞✐♥❛�② ♥♦�❛�✐♦♥✳ ◆♦�❡ �❤❛� �❤❡ ❝♦❡✣❝✐❡♥�� A,B,C, ❡�❝✳✱ ✇❤✐❝❤ ❤❛✈❡ ❛❜�♦�❜❡❞ ❛❧❧ �❤❛�

�❡♠❛✐♥❡❞ ♦❢ ��✐❧❧ ❝♦♥�❛✐♥✐♥❣ �❤❡ p ✐♥ �❤❡ ❢♦�♠ ♦❢ ✐�� ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ a✱ ❝❛♥ ❜❡

❞✐�❡❝�❧② ❝♦♥�✐❞❡�❡❞ ❛� ✐♥❞❡�❡�♠✐♥❛�❡ ❝♦❡✣❝✐❡♥��✿ ✐♥ ❢❛❝� �❤❡② ❛�❡ ❛� ♠❛♥② ❛� �❤❡ ǫ✱ ϑ, τ ✱ ❡�❝✳✱

❛♥❞ �❤❡�❡ ❛�❡ ❛� ♠❛♥② ❛� �❤❡ λ, μ, υ✱ ❡�❝✳

■❢ �❤❡♥ ✇❡ ✇❛♥� �❤❛� ✐♥ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥� ❛♣♣❡❛� ♦♥❧② ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡

a ♦❢ �❤❡ ❛♥�❡❝❡❞❡♥� ��❛�❡✱ ❛♥❞ ❢♦� �❤❡ �✐♠❡ ❜❡✐♥❣ ✭✇❤✐❝❤ ✐♥ ❢❛❝� ✐� �❡�✉✐�❡❞ �♦ ❞❡❛❧ ✇✐�❤ �♦♠❡

✐��✉❡�✮ ✇❡ ✇✐❧❧ ❡❛�✐❧② ❛❝❤✐❡✈❡ �❤❡ ✐♥�❡♥� ❜② ♠✉❧�✐♣❧②✐♥❣ �❤❡ ✭✷✺✮ ❢♦� dx
da

✳ ◆♦�❡ �❤❡♥ ✭❡�✉❛�✐♦♥

✭✶✸✮✮ �❤❛� �❤❡ ❝♦❡✣❝✐❡♥� ❝♦♠♠♦♥ �♦ �❤❡ ✜��� ♠❡♠❜❡�� ❡�✉❛❧� ✉♥✐�✿ ❧❡� ✉� ❜❡ ❝❛�❡❢✉❧ �❤❛� N ✱

❜❡✐♥❣ ❛♥ ❛♥② ❢✉♥❝�✐♦♥ ♦❢ �❤❡ x ❢✉♥❝�✐♦♥ ♦❢ a✱ ✐� ❛❧✇❛②� dN
da

= dN
dx

dx
da

❀ ❛♥❞ �❤♦�❡ ❡�✉❛�✐♦♥� ✇✐❧❧

❜❡❝♦♠❡



✶✼✻
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

X −
d2x

dt2
=

dP

da
; Y −

d2y

dt2
=

dQ

da
; Z −

d2z

dt2
=

dR

da
✭✸✵✮

♥❡❧❧❡ 
✉❛❧✐ ❧❡ P,Q,R ❤❛♥♥♦ ✐ ✈❛❧♦�✐ ✭✷✾✮✳

❱♦❧�❛ ✉♥✬♦❝❝❤✐❛�❛ ❛❧❧❡ ❞❡♥♦♠✐♥❛③✐♦♥✐ ✐♥��♦❞♦��❡ ♣❡� ❛❜❜�❡✈✐❛③✐♦♥❡ ❞✐ �❝�✐��✉�❛ ❝♦❧ ♠❡③③♦

❞❡❧❧❡ ❡
✉❛③✐♦♥✐ ✭✷✻✮✱ ✭✷✽✮✱ ❝❛♣✐�❡♠♦ ❢❛❝✐❧♠❡♥�❡ ❝❤❡ ✐ ✈❛❧♦�✐ ❞❡❧❧❡ P,Q,R ❡�♣�❡��✐ ♥❡❧❧❡ ✭✷✾✮ �✐

�✐❞✉❝♦♥♦ ❛✐ �♦❧✐ ♣�✐♠✐ �❡�♠✐♥✐✱ �❡ ❞❡✐ ��✐♥♦♠❥ �❝�✐��✐ ♥❡❧❧❡ ❡
✉❛③✐♦♥✐ ✭✺✮ �✐�❡♥✐❛♠♦ �♦❧❛♠❡♥�❡ ✐❧

♣�✐♠♦✱ ✐❧ ❝❤❡ ❡
✉✐✈❛❧❡ ❛ ❝♦♥�✐❞❡�❛� ♥❡❧❧❡ ❝✉�✈❡ 
✉❡❧❧❛ �♦❧❛ ❢♦�③❛ ✐♥�❡�♥❛ ❝❤❡ ❛♣♣❡❧❧❛�✐ �❡♥�✐♦♥❡✳

▼❡��✐ ❛ ♣�♦✜��♦ ❛♥❝❤❡ ✐ �❡❣✉❡♥�✐ �❡�♠✐♥✐ ❞❡❧❧❡ ✭✷✾✮✱ ♥♦♥ ❝✐ �❛�❡❜❜❡ ♣❡� ♥✐❡♥�❡ ♠❛❧❛❣❡✈♦❧❡ ✐❧

❞❡❞✉��❡ ❞❛❧❧❡ ♣�❡❝❡❞❡♥�✐ ❡
✉❛③✐♦♥✐ 
✉❡❧❧❡ ❝♦♥�❡❣✉❡♥③❡ ❝❤❡ ▲❛❣�❛♥❣❡ ✭ ▼✳❆✳ ❚♦♠✳ ■✳ ♣❛❣✳ ✶✺✷✳✮✱

❇✐♥❡� ✭ ❏♦✉�♥❛❧ ❞❡ ❧✬➱❝♦❧❡ /♦❧②�✳ ❚✳❳✳ ♣❛❣✳ ✹✶✽✳✮ ❡ ❇♦�❞♦♥✐ ✭ ▼❡♠♦�✐❡ ❞❡❧❧❛ ❙♦❝✐❡�4 ■�❛❧✐❛♥❛ ❚✳

❳■❳✳ ♣❛❣✳ ✶✳✮ ❤❛♥♥♦ �✐❝❛✈❛�❡ ❞❛❧❧❛ ❝♦♥�✐❞❡�❛③✐♦♥❡ ❞❡❧❧❡ ❢♦�③❡ ❛❣❡♥�✐ �✉❣❧✐ ❛♥❣♦❧✐ ❞✐ ❝♦♥�✐♥❣❡♥③❛

❡ ❞✐ �♦��✐♦♥❡✱ ❝♦♠❡ ❡③✐❛♥❞✐♦ ❧❡ ❛❧��❡ ❝♦�❡ �❝�✐��❡ ❞✐ ♣♦✐ ❀ ♠❛ 
✉❡��♦ ♥♦♥ 6 ❧♦ �❝♦♣♦ ❝❤✬✐♦ ♠✐ �♦♥♦

♣�❡✜��♦✱ ♥♦♥ ✈♦❧❡♥❞♦ 
✉✐ ✭ ❡ ❧♦ ❢❡❝✐ ✐♥�❡♥❞❡�❡ ✜♥ ❞❛ ♣�✐♥❝✐♣✐♦✮ ❡♥��❛�❡ ♥❡✐ ♣❛��✐❝♦❧❛�✐ ❞❡❧❧❡ ✈❛�✐❡


✉❡��✐♦♥✐✱ ♠❛ ♣�♦✈❛�❡ �♦❧�❛♥�♦ ❝♦♠❡ ❡��❡ �✉��❡ �✐❛♥♦ ❛❜❜�❛❝❝✐❛�❡ ❞❛❧ ♠❡�♦❞♦ ❧❛❣�❛♥❣✐❛♥♦✳

✽✷✳ ▲♦ ��❡��♦ ✈❡��7 ♦�❛ ❢❛❝❡♥❞♦ ✐♥ ♦�❞✐♥❡ ❛✐ �✐��❡♠✐ �✉♣❡�✜❝✐❛❧✐✳ ■♥ 
✉❡��♦ ❝❛�♦✱ ❞❡❧❧❡

p, q, r ✈✐�✐❜✐❧✐ ♥❡❧❧❡ ❡
✉❛③✐♦♥✐ ✭✸✮✱ ❧❡ ♣�✐♠❡ ❞✉❡ �✐ ❤❛♥♥♦ ❛ �✐❣✉❛�❞❛�❡ ❝♦♠❡ ✈❛�✐❛❜✐❧✐ ❢�❛ ❞✐ ❧♦�♦

✐♥❞✐♣❡♥❞❡♥�✐✱ ❡ ❧❛ r ✈❛ ❝♦♥�✐❞❡�❛�❛ ❢✉♥③✐♦♥❡ ❞✐ ❡��❡✳ ❊�♣�✐♠❡�❡♠♦ ❝♦♥ ❛♣✐❝✐ ✐♥ ❛❧�♦ ❧❡ ❞❡�✐✈❛�❡

♣❡� ❧❛ p✱ ❡ ❝♦♥ ❛♣✐❝✐ ❛ ❜❛��♦ ❧❡ ❞❡�✐✈❛�❡ ♣❡� ❧❛ q✳

■♥❝♦♠✐♥❝✐❛♠♦ ❛ ❞❡❞✉��❡ ❞❛❧❧❡ ✭✸✮ ❧❡ �❡❣✉❡♥�✐ �❡�✐❡ ❞✐ ❡
✉❛③✐♦♥✐

x
′

= α
1
+ γ

1
r
′

; y
′

= α2 + γ2r
′

; z
′

= α3 + γ3r
′

x′ = β1 + γ1r′ ; y′ = β2 + γ2r′ ; z′ = β3 + γ3r′

x
′′

= γ1r
′′

; y
′′

= γ2r
′′

; z
′′

= γ3r
′′

✭✸✶✮

x
′

′ = γ1r
′

′ ; y
′

′ = γ2r
′

′ ; z
′

′ = γ3r
′

′

x′′ = γ1r′′ ; y′′ = γ2r′′ ; z′′ = γ3r′′

❡❝✳ ❡❝✳ ❡❝✳

✶✼✻
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

X −
d2x

dt2
=

dP

da
; Y −

d2y

dt2
=

dQ

da
; Z −

d2z

dt2
=

dR

da
✭✸✵✮

✐♥ ✇❤✐❝❤ �❤❡ P,Q,R ❤❛✈❡ �❤❡ ✈❛❧✉❡� ✭✷✾✮✳

❙✐♥❝❡ ❛ ❧♦♦❦ ❛� �❤❡ ❞❡✜♥✐�✐♦♥� ✐♥��♦❞✉❝❡❞ ❢♦� ❛❜❜�❡✈✐❛�✐♦♥ ♦❢ ✇�✐�✐♥❣ ❜② ♠❡❛♥� ♦❢ �❤❡

❡
✉❛�✐♦♥� ✭✷✻✮✱ ✭✷✽✮ ❤❛� ❜❡❡♥ �❛❦❡♥✱ ✇❡ ✇✐❧❧ ❡❛�✐❧② ✉♥❞❡���❛♥❞ �❤❛� �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ P,Q,R

❡①♣�❡��❡❞ ✐♥ �❤❡ ✭✷✾✮ ❛�❡ �❡❞✉❝❡❞ ♦♥❧② �♦ �❤❡ ✜��� �❡�♠�✱ ✐❢ ✐♥ �❤❡ ♥✉♠❜❡� ♦❢ �❤❡ ��✐♥♦♠✐❛❧�

✇�✐��❡♥ ✐♥ �❤❡ ❡
✉❛�✐♦♥� ✭✺✮ ✇❡ ❝♦♥�✐❞❡� ♦♥❧② �❤❡ ✜���✱ ✇❤✐❝❤ ✐� ❡
✉✐✈❛❧❡♥� �♦ ❝♦♥�✐❞❡�✐♥❣ ✐♥

�❤❡ ❝✉�✈❡� ♦♥❧② �❤❛� ✐♥�❡�♥❛❧ ❢♦�❝❡ ✇❤✐❝❤ ✐� ❝❛❧❧❡❞ ���❡��✳ ❙✐♥❝❡ �❤❡ ❢♦❧❧♦✇✐♥❣ �❡�♠� ♦❢ �❤❡ ✭✷✾✮

❤❛✈❡ ❜❡❡♥ ❝♦♥�✐❞❡�❡❞ ✐♥ ❛ ♣�♦✜�❛❜❧❡ ✇❛②✱ ✐� ✇♦✉❧❞ ❜❡ ♥♦� ❛� ❛❧❧ ❝✉♠❜❡��♦♠❡ ❢♦� ✉� �♦ ❞❡❞✉❝❡

❢�♦♠ �❤❡ ❛❜♦✈❡ ❡
✉❛�✐♦♥� �❤♦�❡ ❝♦♥�❡
✉❡♥❝❡� ✇❤✐❝❤ ▲❛❣�❛♥❣❡ ✭▼✳❆✳ ❚♦♠❡ ■✳ ♣✳ ✶✺✷✮✱ ❇✐♥❡�

✭❏♦✉�♥❛❧ ❞❡ �❤❡ ➱❝♦❧❡ /♦❧②�✳ ❚♦♠❡ ❳ ♣✳ ✹✶✽✮ ❛♥❞ ❇♦�❞♦♥✐ ✭▼❡♠♦✐�� ♦❢ �❤❡ ■�❛❧✐❛♥ ❙♦❝✐❡�②

❚♦♠❡ ❳■❳ ♣✳ ✶✮ ❤❛✈❡ ♦❜�❛✐♥❡❞ ❢�♦♠ �❤❡ ❝♦♥�✐❞❡�❛�✐♦♥ ♦❢ �❤❡ ❢♦�❝❡� ❛❝�✐♥❣ ♦♥ �❤❡ ❝♦�♥❡�� ♦❢

❝♦♥�✐♥❣❡♥❝② ❛♥❞ ♦❢ �♦��✐♦♥✱ ❛� ✇❡❧❧ ❛� �❤❡ ♦�❤❡� �❤✐♥❣� ✇�✐��❡♥ ❛❢�❡�✇❛�❞�✱ ❜✉� �❤✐� ✐� ♥♦� �❤❡

♣✉�♣♦�❡ �❤❛� ■ ❤❛✈❡ ♣�❡✜①❡❞✱ ♥♦� ✇❛♥�✐♥❣ ❤❡�❡ ✭❛♥❞ ■ ❞✐❞ ✉♥❞❡���❛♥❞ ❢�♦♠ �❤❡ ❜❡❣✐♥♥✐♥❣✮ �♦ ❣♦

✐♥�♦ �❤❡ ❞❡�❛✐❧� ♦❢ �❤❡ ✈❛�✐♦✉� ✐��✉❡�✱ ❜✉� ♦♥❧② ♣�♦✈❡ ❛� �❤❡② ❛❧❧ ❛�❡ ❡♠❜�❛❝❡❞ ❜② �❤❡ ▲❛❣�❛♥❣✐❛♥

♠❡�❤♦❞✳

✽✷✳ ❚❤❡ �❛♠❡ ■ ❞♦ ♥♦✇ ❛� �♦ �✉♣❡�✜❝✐❛❧ �②��❡♠�✳ ■♥ �❤✐� ❝❛�❡✱ ✐♥ �❤❡ ♥✉♠❜❡� ♦❢ �❤❡ p, q, r

✈✐�✐❜❧❡ ✐♥ �❤❡ ❡
✉❛�✐♦♥� ✭✸✮✱ �❤❡ ✜��� �✇♦ ❛�❡ �♦ ❜❡ ❝♦♥�✐❞❡�❡❞ ❛� ✐♥❞❡♣❡♥❞❡♥� ✈❛�✐❛❜❧❡� ❜❡�✇❡❡♥

�❤❡♠✱ ❛♥❞ �❤❡ r ♠✉�� ❜❡ ❝♦♥�✐❞❡�❡❞ ❢✉♥❝�✐♦♥ ♦❢ �❤❡♠✳ ❲❡ ✇✐❧❧ ❡①♣�❡�� ✇✐�❤ �✉♣❡��❝�✐♣�� �❤❡

❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ p✱ ❛♥❞ ✇✐�❤ �✉❜�❝�✐♣�� �❤❡ ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ q✳

❲❡ ❜❡❣✐♥ �♦ ❞❡❞✉❝❡ ❢�♦♠ �❤❡ ✭✸✮ �❤❡ ❢♦❧❧♦✇✐♥❣ �❡�✐❡� ♦❢ ❡
✉❛�✐♦♥�

x
′

= α
1
+ γ

1
r
′

; y
′

= α2 + γ2r
′

; z
′

= α3 + γ3r
′

x′ = β1 + γ1r′ ; y′ = β2 + γ2r′ ; z′ = β3 + γ3r′

x
′′

= γ1r
′′

; y
′′

= γ2r
′′

; z
′′

= γ3r
′′
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x
′

′ = γ1r
′

′ ; y
′

′ = γ2r
′

′ ; z
′

′ = γ3r
′

′

x′′ = γ1r′′ ; y′′ = γ2r′′ ; z′′ = γ3r′′

❡�❝✳ ❡�❝✳ ❡�❝✳



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✼✼

◗✉✐ ♣✉�❡ ❛❞♦��❛♥❞♦ ♥✉♦✈❡ ❧❡��❡�❡ ✐♥ ❧✉♦❣♦ ❞✐ ��✐♥♦♠❥ ❝♦♠❡ �❡❣✉❡

k = x′2 + y′2 + z′2 n = x′′x′′ + y′′y′′ + z′′z′′

h = x2
′
+ y2

′
+ z2

′
j = x

′2
′
+ y

′2
′
+ z

′2
′

i = x′x′ + y′y′ + z′z′ f = x′′x′
′
+ y′′y′

′
+ z′′z′

′
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l = x′′2 + y′′2 + z′′2 g = x′′x
′
′
+ y′′ y

′
′
+ z′′ z

′
′

m = x2
′′
+ y2

′′
+ z2

′′
❡❝✳ ❡❝✳

❝✐ �❛�� ❢❛❝✐❧❡✱ ❛ ♠♦�✐✈♦ ❞❡❧❧❡ �❛♥�♦ ✉�❛�❡ ❡�✉❛③✐♦♥✐ ❢�❛ ❧❡ �✉❛♥�✐�� ❛♥❣♦❧❛�✐ �❡❣✐���❛�❡ ❛❧ ♥✉♠✳◦

✸✸✳✱ ❞❡❞✉��❡ ❞❛❧❧❡ ✭✸✶✮ ❧❡ �❡❣✉❡♥�✐

k = 1 + r′2; h = 1 + r2
′
; i = r′r′

l = r′′2 ; j = r
′2
′

; m = r2
′′
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f = r′′r′
′

; g = r′
′
r′′ ; n = r′′r′′ ; ❡❝✳

❧❡ �✉❛❧✐ ❝♦��✐�♣♦♥❞♦♥♦ ❛❧❧❡ ✭✻✮ ♣❡❧ ❝❛�♦ ❞❡✬ �✐��❡♠✐ ❧✐♥❡❛�✐✱ ❝✐♦! ♥♦♥ ❝♦♥�❡♥❣♦♥♦ ♣✐" ❧❡ �✉❛♥�✐��

❛♥❣♦❧❛�✐✱ ♠❛ �♦♥♦ ❛♥❝♦�❛ ✐♥❣♦♠❜�❡ ❞❛❧❧❡ ❞❡�✐✈❛�❡ ❞❡❧❧❛ r ♣❡� ❧❡ p, q✳ ▲❡ ❡�✉❛③✐♦♥✐ ❝❤❡ �✐ ❝❡�❝❛♥♦

❢�❛ ❧❡ �♦❧❡ ❞❡�✐✈❛�❡ ❞❡❧❧❡ x, y, z ♣❡� ❧❡p, q, �✐ �✐❝❛✈❛♥♦ ❛ ❝♦❧♣♦ ❞✬♦❝❝❤✐♦ ❞❛❧❧❡ ♣�❡❝❡❞❡♥�✐ ❡ �♦♥♦

(k − 1) (h− 1) = i
2

; lj = f
2

; lm = n
2

; jm = g
2

k′
2

= 4 (k − 1) l; k
2

′
= 4 (k − 1) j; h′2 = 4 (h− 1) j; h2

′
= 4 (h− 1)m; ❡❝✳ ✭✸✹✮

◗✉❡��❡ ��❛♥♥♦ ❛ �✐�❝♦♥��♦ ❞❡❧❧❡ ✭✶✵✮✱✭✶✶✮✱ ❡❝✳ ♥✉♠✳◦ ✼✽✳ ❡ ❞❡❧❧❡ ✭✶✹✮ ♥✉♠✳◦ ✹✼✳✱ ✈❛❧❡ ❛ ❞✐�❡ �✐

✈❡�✐✜❝❛♥♦ ♣❡� �✉❛❧✉♥�✉❡ �✉♣❡�✜❝✐❡ ❛��❡�♦ ❧✬❛�❜✐��✐♦ ♥❡❧❧❛ ♣♦�✐③✐♦♥❡ ❞❡❣❧✐ ❛��✐ ❛✐ �✉❛❧✐ ! �✐❢❡�✐�❛✳

❆♥❝❤❡ ❞✐ ❡��❡ ❞✐�❡♠♦ ❝❤❡ ❞♦♣♦ ✉♥ ❝❡��♦ ♥✉♠❡�♦ ♥♦♥ �❛�❛♥♥♦ ♣✐" ♣�♦❜❛❜✐❧♠❡♥�❡ �❡ ♥♦♥ ❝♦♠✲

❜✐♥❛③✐♦♥✐ ❞❡❧❧❡ ❛♥�❡❝❡❞❡♥�✐✳ ❊��❡ �♦♥♦ ❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ❝❤❡✱ �✉❛♥❞♦ ❧❛ �✉♣❡�✜❝✐❡ !

❢❛��❛ ❞✐ ♠♦❧❡❝♦❧❡✱ ❡�♣�✐♠♦♥♦ ✐ ✈✐♥❝♦❧✐ ✐♥�❡�♥✐ ❡ �✐ ♣�❡��❛♥♦ ♦♥❞❡ ♣♦��✐❛♠♦ �❝�✐✈❡�❡ ♠❡❞✐❛♥�❡ ✐❧

♠❡�♦❞♦ ❧❛❣�❛♥❣✐❛♥♦ ❧❡ ❡�✉❛③✐♦♥✐ ❞❡❧ ♠♦�♦ ❡ ❞❡❧❧✬❡�✉✐❧✐❜�✐♦ ❞✐ �✉❛❧✉♥�✉❡ �✐��❡♠❛ �✉♣❡�✜❝✐❛❧❡✳

✽✸✳ -❛��❡�❡♠♦ ❛❞ ❛��❡❣♥❛�❡ ❧❡ ❞❡��❡ ❡�✉❛③✐♦♥✐✱ �✐❝❤✐❛♠❛♥❞♦ ✐❧ ❣✐� ❡�♣♦��♦ ❛❧ ♥✉♠✳◦ ✸✵✳ ✿

♥! ❝✐ �❛�� ❞✐✣❝✐❧❡ ✐❧ ♣❡��✉❛❞❡�❝✐

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✼✼

❍❡�❡ ❛❧�♦ ❛❞♦♣�✐♥❣ ♥❡✇ �②♠❜♦❧� ✐♥��❡❛❞ ♦❢ ��✐♥♦♠✐❛❧� ❛� ❢♦❧❧♦✇�

k = x′2 + y′2 + z′2 n = x′′x′′ + y′′y′′ + z′′z′′

h = x2
′
+ y2

′
+ z2

′
j = x

′2
′
+ y

′2
′
+ z

′2
′

i = x′x′ + y′y′ + z′z′ f = x′′x′
′
+ y′′y′

′
+ z′′z′

′
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l = x′′2 + y′′2 + z′′2 g = x′′x
′
′
+ y′′ y

′
′
+ z′′ z

′
′

m = x2
′′
+ y2

′′
+ z2

′′
❡�❝✳ ❡�❝✳

✐� ✇✐❧❧ ❜❡ ❡❛�② ❢♦� ✉�✱ ❜❡❝❛✉�❡ ♦❢ �❤❡ ♠✉❝❤ ✉�❡❞ ❡�✉❛�✐♦♥� ❜❡�✇❡❡♥ �❤❡ ❛♥❣✉❧❛� �✉❛♥�✐�✐❡�

�❡♣♦��❡❞ ❛� �❡❝�✳ ✸✸✱ �♦ ❞❡❞✉❝❡ ❢�♦♠ �❤❡ ✭✸✶✮ �❤❡ ❢♦❧❧♦✇✐♥❣

k = 1 + r′2; h = 1 + r2
′
; i = r′r′

l = r′′2 ; j = r
′2
′

; m = r2
′′

✭✸✸✮

f = r′′r′
′

; g = r′
′
r′′ ; n = r′′r′′ ; ❡�❝✳

✇❤✐❝❤ ❝♦��❡�♣♦♥❞ �♦ �❤❡ ✭✻✮ ❢♦� �❤❡ ❝❛�❡ ♦❢ �❤❡ ❧✐♥❡❛� �②��❡♠�✱ ✐✳❡✳ �❤❡② ❞♦ ♥♦� ❝♦♥�❛✐♥ ❛♥②

❧♦♥❣❡� �❤❡ ❛♥❣✉❧❛� �✉❛♥�✐�✐❡�✱ ❜✉� �❤❡② ❛�❡ ��✐❧❧ ❢✉❧❧ ♦❢ �❤❡ ❞❡�✐✈❛�✐✈❡� ♦❢ �❤❡ r ✇✐�❤ �❡�♣❡❝�

�♦ �❤❡ p, q✳ ❚❤❡ ❡�✉❛�✐♦♥� �❤❛� ❛�❡ �♦✉❣❤� ♦♥❧② ❜❡�✇❡❡♥ ❛♠♦♥❣ �❤❡ ❞❡�✐✈❛�✐✈❡� ♦❢ x, y, z ✇✐�❤

�❡�♣❡❝� �♦ �❤❡ p, q✱ ❛�❡ ♦❜�❛✐♥❡❞ ❛� ❛ ❣❧❛♥❝❡ ❢�♦♠ �❤❡ ♣�❡❝❡❞❡♥� ❛♥❞ ❛�❡

(k − 1) (h− 1) = i
2

; lj = f
2

; lm = n
2

; jm = g
2

k′
2

= 4 (k − 1) l; k
2

′
= 4 (k − 1) j; h′2 = 4 (h− 1) j; h2

′
= 4 (h− 1)m; ❡�❝✳ ✭✸✹✮

❚❤❡�❡ ♠❛�❝❤ �❤❡ ✭✶✵✮✱ ✭✶✶✮✱ ❡�❝✳ �❡❝�✳ ✼✽ ❛♥❞ �❤❡ ✭✶✹✮ �❡❝�✳ ✹✼✱ ♥❛♠❡❧② �❤❡② ♦❝❝✉� ❢♦� ❛♥②

�✉�❢❛❝❡ ❣✐✈❡♥ �❤❡ ❛�❜✐��❛�✐♥❡�� ♦❢ �❤❡ ♣♦�✐�✐♦♥ ♦❢ �❤❡ ❛①❡� �♦ ✇❤✐❝❤ ✐� ✐� �❡❢❡��❡❞✳ ❆❧�♦ ❛❜♦✉�

�❤❡♠ ✇❡ ✇✐❧❧ �❛② �❤❛�✱ ❛❢�❡� ❛ ❝❡��❛✐♥ ♥✉♠❜❡�✱ �❤❡② ✇✐❧❧ ♥♦� ❜❡ ❛♥② ❧♦♥❣❡� ♣�♦❜❛❜❧② ✐❢ ♥♦�

❝♦♠❜✐♥❛�✐♦♥� ♦❢ �❤❡ ❛♥�❡❝❡❞❡♥� ♦♥❡�✳ ❚❤❡② ❛�❡ �❤❡ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ �❤❛�✱ ✇❤❡♥ �❤❡

�✉�❢❛❝❡ ✐� ♠❛❞❡ ♦❢ ♠♦❧❡❝✉❧❡�✱ ❡①♣�❡�� �❤❡ ✐♥�❡�♥❛❧ ❝♦♥���❛✐♥�� ❛♥❞ ❛�❡ �✉✐�❛❜❧❡ �♦ �❤❛� ✇❡ ❝❛♥

✇�✐�❡✱ ❜② ♠❡❛♥� ♦❢ �❤❡ ▲❛❣�❛♥❣✐❛♥ ♠❡�❤♦❞✱ �❤❡ ❡�✉❛�✐♦♥� ♦❢ �❤❡ ♠♦�✐♦♥ ❛♥❞ ♦❢ �❤❡ ❜❛❧❛♥❝❡ ♦❢

❛♥② �✉♣❡�✜❝✐❛❧ �②��❡♠✳

✽✸✳ ❲❡ �❤❛❧❧ ❤❛✈❡ �♦ ❛��✐❣♥ �❤♦�❡ ❡�✉❛�✐♦♥�✱ �❡❝❛❧❧✐♥❣ ✇❤❛� ✇❛� ❛❧�❡❛❞② ❡①♣♦�❡❞ ❛� �❤❡ �❡❝�✳

✸✵✿ ♥♦� ✐� ✇✐❧❧ ❜❡ ❞✐✣❝✉❧� ❢♦� ✉� �♦ ♣❡��✉❛❞❡



✶✼✽
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

❝❤❡ ✐♥ ❝♦��✐�♣♦♥❞❡♥③❛ ❞❡❧❧❛ ❡�✉❛③✐♦♥❡ ✭✶✮ ♥✉♠✳◦ ✹✹✳✱ ❡ ❞❡❧❧❛ ✭✶✷✮ ♥✉♠✳◦ ✼✾✳ ❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡

♠❡❝❝❛♥✐❝❛ ❛��✉♠❡�� ♣�❡�❡♥�❡♠❡♥�❡ ❧✬❡�♣�❡��✐♦♥❡

∫

da

∫

db ·

{(

X −
d2x

dt2

)

δx+ ❡❝✳

}

+

∫

da

∫

db ·G+Ω = 0. ✭✸✺✮

◗✉❡��❛ ♣✉�❡ ✈❛ ��❛�❢♦�♠❛�❛ ❛♥❛❧♦❣❛♠❡♥�❡ ❛ �✉❛♥�♦ �✐ $ ♣�❛�✐❝❛�♦ ♥❡✐ ❝✐�❛�✐ ❧✉♦❣❤✐✳ ◗✉✐

❣❧✐ ✐♥�❡❣�❛❧✐ ❞❡❜❜♦♥♦ ❝♦♠♣❛�✐�❡ ♣�❡�✐ ♣❡� ❧❡ p✱q ❞✐ ❝✉✐ ❧❡ x, y, z �✐ ❤❛♥♥♦ ❛ ❝♦♥�✐❞❡�❛�❡ ❢✉♥③✐♦♥✐

♣�✐♠❛ ❝❤❡ ❞❡❧❧❡ a, b✳ ❈♦♥ �❛❧❡ ✐♥�❡♥❞✐♠❡♥�♦✱ ✐♥ ✈✐��' ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✷✵✮✱ ✭✷✷✮ ❞❡❧ ♥✉♠✳◦ ✶✷✳

❝✐ ♣�❡♣❛�❡�❡♠♦ ❧✬❡�✉❛③✐♦♥❡ �❡❣✉❡♥�❡

Γ

√

ı+

(

dz

dx

)2

+

(

dz

dy

)2 (

dx

da

dy

db
−

dx

db

dy

da

)

= 1 ✭✸✻✮

❞♦✈❡ Γ $ ❧❛ ❞❡♥�✐�� �✉♣❡�✜❝✐❛❧❡ ♥❡❧ ♣✉♥�♦(x, y, z)✳ ❖��❡�✈✐❛♠♦ ❝❤❡ ♣❡� ❡��❡�❡ x, y, z ❢✉♥③✐♦♥✐ ❞✐

p, q, r ❡ �✉❡��❡ ❞✐ a, b, ❛❜❜✐❛♠♦

dx

da

dy

db
−

dx

db

dy

da
=

(

dx

dp

dy

dq
−

dx

dq

dy

dp

)(

dp

da

dq

db
−

dp

db

dq

da

)

:

�✐�✉❧�❛♠❡♥�♦ ❞❡❧❧❛ ��❡��❛ ♥❛�✉�❛ ❞✐ �✉❡❧❧♦ ♣✐' ❣❡♥❡�❛❧❡ ❞✐�❝♦��♦ ❛❧ ♥✉♠✳◦ ✹✺✳✱ ❡ ❝❤❡ ❢❛❝✐❧♠❡♥�❡

�✐ ✈❡�✐✜❝❛ �♦��✐�✉❡♥❞♦ ❛ dx
da

✱ dx
db

✐ ✈❛❧♦�✐ ❡�✉✐✈❛❧❡♥�✐ dx
dp

dp
da

+ dx
dq

dq
da
✱ dx

dp
dp
db

+ dx
dq

dq
db
✱ ❡ ✐ ❞✉❡ �✐♠✐❧✐

❛❧❧❡ ❞❡�✐✈❛�❡ dy
da
✱ dy

db
✳ ,❡��❛♥�♦ ❧❛ ♣�❡❝❡❞❡♥�❡ ❡�✉❛③✐♦♥❡ ✭✸✻✮✱ ❛✈❡♥❞♦ ♣♦��♦ ♣❡� ❛♠♦�❡ ❞✐ ❜�❡✈✐��

U = Γ

√

ı+

(

dz

dx

)2

+

(

dz

dy

)2 (

dx

dp

dy

dq
−

dx

dq

dy

dp

)

✭✸✼✮

❞✐✈❡♥�❛

(

dp

da

dq

db
−

dp

db

dq

da

)

U = 1;

❡ �✉❡��❛ ❝✐ ❢❛ ✈❡❞❡�❡ ❝❤❡ ♥♦♥ ♣�♦❞✉��❡♠♦ ❛❧❝✉♥❛ ❛❧�❡�❛③✐♦♥❡ �❡ ✐♥��♦❞✉��❡♠♦ ✐❧ ♣�✐♠♦ ♠❡♠❜�♦

❞✐ ❡��❛ ❝♦♠❡ ❢❛��♦�❡ ❞❡❧❧❡ �✉❛♥�✐�� �♦��♦♣♦��❡ ❛✐ ❞✉❡ �❡❣♥✐ ✐♥�❡❣�❛❧✐ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ✭✸✺✮✳ ❆❧❧♦�❛

❡��✐✱ ✐♥ ❢♦�③❛ ❞❡❧ ♥♦�♦ ❡ ♣✐' ✈♦❧�❡ ✉�❛�♦ �❡♦�❡♠❛✱ �✐ �✐❞✉❝♦♥♦ ♣�♦♥�❛♠❡♥�❡ ❛❞ ✐♥�❡❣�❛❧✐ ♣❡� ❧❡

p′, q′ ❡❞ ♦��❡♥✐❛♠♦

✶✼✽
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

✉� �❤❛� ❛� �❤❡ ❡�✉❛�✐♦♥ ✭✶✮ �❡❝�✳ ✹✹✱ ❛♥❞ ❛� �❤❡ ✭✶✷✮ �❡❝�✳ ✼✾ �❤❡ ❣❡♥❡�❛❧ ♠❡❝❤❛♥✐❝❛❧ ❡�✉❛�✐♦♥

✇✐❧❧ ♥♦✇ ❛��✉♠❡ �❤❡ ❡①♣�❡��✐♦♥�

∫

da

∫

db ·

{(

X −
d2x

dt2

)

δx+ ❡�❝✳

}

+

∫

da

∫

db ·G+Ω = 0. ✭✸✺✮

❚❤✐� ❛❧�♦ ♠✉�� ❜❡ ��❛♥�❢♦�♠❡❞ ❛♥❛❧♦❣♦✉�❧② �♦ ✇❤❛� ❤❛� ❜❡❡♥ ❛❝❝♦♠♣❧✐�❤❡❞ ✐♥ �❤❡ ❛❜♦✈❡ ♠❡♥✲

�✐♦♥❡❞ ♣❧❛❝❡�✳ ❍❡�❡ �❤❡ ✐♥�❡❣�❛❧� ♠✉�� ❜❡ ❡①♣�❡��❡❞ ✐♥ �❡�♠� ♦❢ �❤❡ p✱ q ♦❢ ✇❤✐❝❤ �❤❡ x, y, z ❛�❡

�♦ ❜❡ ❝♦♥�✐❞❡�❡❞ ❢✉♥❝�✐♦♥� ❜❡❢♦�❡ �❤❡ a, b✳ ❲✐�❤ �❤✐� ✉♥❞❡���❛♥❞✐♥❣✱ ❜② ✈✐��✉❡ ♦❢ �❤❡ ❡�✉❛�✐♦♥�

✭✷✵✮✱ ✭✷✷✮ ♦❢ �❡❝�✳ ✶✷ ✇❡ ✇✐❧❧ ♣�❡♣❛�❡ �❤❡ ❢♦❧❧♦✇✐♥❣ ❡�✉❛�✐♦♥

Γ

√

ı+

(

dz

dx

)2

+

(

dz

dy

)2 (

dx

da

dy

db
−

dx

db

dy

da

)

= 1 ✭✸✻✮

✇❤❡�❡ Γ ✐� �❤❡ �✉♣❡�✜❝✐❛❧ ❞❡♥�✐�② ✐♥ �❤❡ ♣♦✐♥� (x, y, z)✳ ❲❡ ♦❜�❡�✈❡ �❤❛� �✐♥❝❡ x, y, z ❛�❡

❢✉♥❝�✐♦♥� ♦❢ p, q, r ❛♥❞ �❤❡�❡ ❛�❡ ❬❢✉♥❝�✐♦♥�❪ ♦❢ a, b✱ ✇❡ ❤❛✈❡

dx

da

dy

db
−

dx

db

dy

da
=

(

dx

dp

dy

dq
−

dx

dq

dy

dp

)(

dp

da

dq

db
−

dp

db

dq

da

)

:

�❡�✉❧� ♦❢ �❤❡ �❛♠❡ ♥❛�✉�❡ ❛� �❤❡ ♠♦�❡ ❣❡♥❡�❛❧ ❞✐�❝✉��❡❞ ❛� �❡❝�✳ ✹✺✱ ✇❤✐❝❤ ✐� ❡❛�✐❧② ✈❡�✐✜❡❞ ❜②

�✉❜��✐�✉�✐♥❣ �♦ dx
da
✱ dx

db
�❤❡ ❡�✉✐✈❛❧❡♥� ✈❛❧✉❡� dx

dp
dp
da

+ dx
dq

dq
da
✱ dx

dp
dp
db

+ dx
dq

dq
db
✱ ❛♥❞ �❤❡ �✇♦ �✐♠✐❧❛� �♦

�❤❡ ❞❡�✐✈❛�✐✈❡� dy
da
✱ dy

db
✳ ❚❤❡�❡❢♦�❡✱ �❤❡ ❛❜♦✈❡ ❡�✉❛�✐♦♥ ✭✸✻✮✱ ❤❛✈✐♥❣ ♣♦�❡❞ ❢♦� �❤❡ �❛❦❡ ♦❢ ❜�❡✈✐�②

U = Γ

√

ı+

(

dz

dx

)2

+

(

dz

dy

)2 (

dx

dp

dy

dq
−

dx

dq

dy

dp

)

✭✸✼✮

❜❡❝♦♠❡�

(

dp

da

dq

db
−

dp

db

dq

da

)

U = 1;

❛♥❞ �❤✐� �❤♦✇� ✉� �❤❛� ✇❡ �❤❛❧❧ ♥♦� ❣❡♥❡�❛�❡ ❛♥② ❛❧�❡�❛�✐♦♥ ✐❢ ✇❡ ✇✐❧❧ ✐♥��♦❞✉❝❡ �❤❡ ✜��� ♠❡♠❜❡�

♦❢ ✐� ❛� ❛ ❢❛❝�♦� ♦❢ �❤❡ �✉❛♥�✐�✐❡� �✉❜❥❡❝�❡❞ �♦ �❤❡ �✇♦ ✐♥�❡❣�❛❧ �✐❣♥� ♦❢ �❤❡ ❡�✉❛�✐♦♥ ✭✸✺✮✳ ❚❤❡♥

�❤❡②✱ ❜② ✈✐��✉❡ ♦❢ �❤❡ ✇❡❧❧✲❦♥♦✇♥ ❛♥❞ ♦❢�❡♥ ✉�❡❞ �❤❡♦�❡♠✱ ❛�❡ �❡❛❞✐❧② �❡❞✉❝❡❞ �♦ ✐♥�❡❣�❛❧� ✇✐�❤

�❡�♣❡❝� �♦ �❤❡ p′, q′✱ ❛♥❞ ✇❡ ♦❜�❛✐♥



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✼✾
∫

dp

∫

dq · U

{(

X −
d2x

dt2

)

δx+ ❡❝✳

}

+

∫

dp

∫

dq · UG+Ω = 0 ✭✸✽✮

♥❡❧❧❛ �✉❛❧❡ �✉��❡ ❧❡ �✉❛♥�✐�� �✐ ❞❡✈♦♥♦ ♦�❛ �✐❣✉❛�❞❛�❡ ❢✉♥③✐♦♥✐ ❞❡❧❧❡ p, q✱ ❞✐��✐♠✉❧❛�❛ ❧✬✉❧�❡�✐♦�

❝♦♠♣♦�✐③✐♦♥❡ ❞❡❧❧❡ p, q ✐♥ a, b✳

■❧ �❡❝♦♥❞♦ �❡�♠✐♥❡ ❞❡❧❧✬✉❧�✐♠❛ ❡�✉❛③✐♦♥❡ ❝♦♥�✐❡♥❡ �✉��❛ ❧❛ ♣❛��❡ ❝❤❡ �✐ �✐❢❡�✐�❝❡ ❛❧❧❡ ❡�✉❛③✐♦♥✐

❞✐ ❝♦♥❞✐③✐♦♥❡ �✉��✐��❡♥�✐ ♣❡� �✉��✐ ✐ ♣✉♥�✐ ❞❡❧ �✐��❡♠❛✱ ❡�✉❛③✐♦♥✐ ❝❤❡ ❝✐ �♦♥♦ ♥♦�❡ �✉❛♥❞♦ �♦♥♦

❡�♣�❡��❡ ❢�❛ ❧❡ x, y, z ❡ ❧❡ p, q✱ ❡ �♦♥♦ ❧❡ ✭✸✹✮✳ ▲❛ �✉❛♥�✐�� �♦��♦♣♦��❛ ❛ �✉❡❧ �❡❝♦♥❞♦ �❡❣♥♦

❞✬✐♥�❡❣�❛❧❡ ❞✉♣❧✐❝❛�♦✱ ❛✈❡♥❞♦ ♠♦❧�✐♣❧✐❝❛�♦ ❧❡ ✈❛�✐❛�❡ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✸✹✮ ♣❡� ❛❧��❡��❛♥�❡ ✐♥❞❡✲

�❡�♠✐♥❛�❡✱ ❡ ♣♦✐ �♦♠♠❛�❡ �❡❝♦♥❞♦ ✐❧ ♠❡�♦❞♦✱ �✐�✉❧�❛ ❞❡❧❧❛ ❢♦�♠❛

λδk + μδh+ νδi+ (1) δl + (2) δj + (3) δm ✭✸✾✮

+ (4) δf + (5) δn+ (6) δg + ❡❝✳

❞♦✈❡ ♣♦��✐❛♠♦ ♦♠♠❡��❡�❡ ✐ �❡�♠✐♥✐ ❝♦♥�❡♥❡♥�✐ ❧❡ ✈❛�✐❛�❡ δk
′

, δk′ , δh
′

, δh′ , ❡❝✳ �✉❛♥❞♦ ♥♦♥ ❝❡�✲

❝❤✐❛♠♦ �❡ ♥♦♥ ❧❡ ❡�✉❛③✐♦♥✐ ❝❤❡ �✐ ✈❡�✐✜❝❛♥♦ ♣❡� �✉��✐ ✐ ♣✉♥�✐ ❞❡❧ �✐��❡♠❛✳ ▲❛ �❛❣✐♦♥❡ % ❛✛❛��♦

�✐♠✐❧❡ ❛❧❧❛ ❣✐� ❡�♣♦��❛ ❛❧ ♥✉♠✳◦ ✼✾✳✱ ❝✐♦% ❝❤❡ �❛❧✐ �❡�♠✐♥✐ ❞♦♣♦ ❧❡ �♦❧✐�❡ ��❛�❢♦�♠❛③✐♦♥✐ ♦ ❝✐ ♣�❡✲

�❡♥�❛♥♦ �✉❛♥�✐�� ❝❤❡ �✐ ❝♦♠♣❡♥❡��❛♥♦ ❝♦❧❧❡ ❣✐� ♥♦�❛�❡✱ ♦ �✉❛♥�✐�� ❝❤❡ ❡��❡♥❞♦ ❞❡�✐✈❛�❡ ❡�❛��❡

♣❡� p✱ ♦ ♣❡� q✱ ♣❛��❛♥♦ ❛✐ ❧✐♠✐�✐✳

'�♦�❡❣✉❡♥❞♦✱ ❡ �♦��✐�✉❡♥❞♦ ♥❡❧❧❛ ❡�♣�❡��✐♦♥❡ ✭✸✾✮ ❛❧❧❡ k, h, i, ec✳ ✐ ✈❛❧♦�✐ �❝�✐��✐ ♥❡❧❧❡ ✭✸✷✮✱

❡��❛ ❞✐✈❡♥�❛

2λ(x
′

δx
′

+ y
′

δy
′

+ z
′

δz
′

)

+ 2μ
(

x′ δx′ + y′ δy′ + z′ δz′

)

✭✹✵✮

+ ν
(

x′ δx
′

+ y′ δy
′

+ z′ δz
′

+ x
′

δx′ + y
′

δy′ + z
′

δz′

)

+ ❡❝✳

�✉❧❧❛ �✉❛❧❡ ❝♦♥✈✐❡♥❡ ♣�❛�✐❝❛�❡ ❧❡ ♥♦�❡ ��❛�❢♦�♠❛③✐♦♥✐ ♣❡� �✐❞✉�❧❛ ❛❧❧❛ ❢♦�♠❛

(I) δx+ (II) δy + (III) δz ✭✹✶✮

+
dΔ

dp
+

dΘ

dq
+

d2Υ

dpdq
.

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✼✾
∫

dp

∫

dq · U

{(

X −
d2x

dt2

)

δx+ ❡�❝✳

}

+

∫

dp

∫

dq · UG+Ω = 0 ✭✸✽✮

✐♥ ✇❤✐❝❤ ❛❧❧ �❤❡ �✉❛♥�✐�✐❡� ♠✉�� ❜❡ �❡❣❛�❞❡❞ ❛� ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� p, q✱ ♦♥❝❡ ✐� ✐� ♣❡�✲

❢♦�♠❡❞ �❤❡ ✉❧�❡�✐♦� ❝♦♠♣♦�✐�✐♦♥ ♣�♦❞✉❝✐♥❣ �❤❡ ✈❛�✐❛❜❧❡� p, q ✐♥ �❡�♠� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� a, b✳

❚❤❡ �❡❝♦♥❞ �❡�♠ ♦❢ �❤❡ ❧❛�� ❡�✉❛�✐♦♥ ❝♦♥�❛✐♥� �❤❡ ✇❤♦❧❡ ♣❛�� ✇❤✐❝❤ ✐� �❡❢❡��❡❞ �♦ �❤❡

❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ✇❤✐❝❤ ❤♦❧❞ ❢♦� ❛❧❧ ♣♦✐♥�� ♦❢ �❤❡ �②��❡♠ ❛♥❞ �❤❡�❡ ❡�✉❛�✐♦♥ ❛�❡ ❦♥♦✇♥

�♦ ✉� ✇❤❡♥ �❤❡② ❛�❡ ❡①♣�❡��❡❞ ✐♥ �❡�♠� ♦❢ �❤❡ ❬✈❛�✐❛❜❧❡�❪ x, y, z ❛♥❞ �❤❡ ✈❛�✐❛❜❧❡� p, q✱ ❛♥❞ ❛�❡

❣✐✈❡♥ ❜② �❤❡ ❡�✉❛�✐♦♥� ✭✸✹✮✳

❚❤❡ �✉❛♥�✐�② ✉♥❞❡� �❤❡ �❡❝♦♥❞ ❞♦✉❜❧❡ ✐♥�❡❣�❛❧ �✐❣♥✱ ❤❛✈✐♥❣ ♠✉❧�✐♣❧✐❡❞ �❤❡ ✈❛�✐❛�✐♦♥� ♦❢

�❤❡ ❡�✉❛�✐♦♥� ✭✸✹✮ �✐♠❡� �❤❡ �❛♠❡ ♥✉♠❜❡� ♦❢ ✐♥❞❡�❡�♠✐♥❛�❡ ♠✉❧�✐♣❧✐❡�� ❛♥❞ �❤❡♥ �✉♠♠❡❞ ✉♣

❢♦❧❧♦✇✐♥❣ �❤❡ ♠❡�❤♦❞✱ �❡�✉❧�� ✐♥�♦ �❤❡ ❢♦�♠✉❧❛

λδk + μδh+ νδi+ (1) δl + (2) δj + (3) δm ✭✸✾✮

+ (4) δf + (5) δn+ (6) δg + ❡�❝✳

✇❤❡�❡ ✇❡ ❝❛♥ ♦♠✐� �❤❡ �❡�♠� ❝♦♥�❛✐♥✐♥❣ �❤❡ ✈❛�✐❛�✐♦♥� δk
′

, δk′ , δh
′

, δh′ ✱ ❡�❝✳ ✇❤❡♥ ✇❡ ❛�❡

❧♦♦❦✐♥❣ ♦♥❧② ❢♦� �❤❡ ❡�✉❛�✐♦♥� ✇❤✐❝❤ ❤♦❧❞ ❢♦� ❛❧❧ �❤❡ ♣♦✐♥�� ♦❢ �❤❡ �②��❡♠✳ ❚❤❡ �❡❛�♦♥ ✐�

❝♦♠♣❧❡�❡❧② �✐♠✐❧❛� �♦ �❤❡ ♦♥❡ ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❡①♣♦�❡❞ ✐♥ �❡❝�✳ ✼✾✱ ✐✳❡✳ �❤❛� �❤❡�❡ �❡�♠� ❛❢�❡�

�❤❡ ✉�✉❛❧ ��❛♥�❢♦�♠❛�✐♦♥� ❡✐�❤❡� ♣�♦❞✉❝❡ �✉❛♥�✐�✐❡� ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞ ✇✐�❤ �❤♦�❡ ✇❤✐❝❤

❛�❡ ❛❧�❡❛❞② ❧✐��❡❞ ♦� ♣�♦❞✉❝❡ �✉❛♥�✐�✐❡� ✇❤✐❝❤ ♣�♦❞✉❝❡ ❧✐♠✐� �❡�♠�✱ ❛� �❤❡② �❡�✉❧� �♦ ❜❡ ❡①❛❝�

❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ p ♦� q.

❇② ♣�♦❝❡❡❞✐♥❣✱ ❛♥❞ �✉❜��✐�✉�✐♥❣ ✐♥ �❤❡ ❡①♣�❡��✐♦♥ ✭✸✾✮ �♦ �❤❡ ✈❛�✐❛❜❧❡� k, h, i✱ ❡�❝✳ �❤❡

✈❛❧✉❡� ✇�✐��❡♥ ✐♥ �❤❡ ✭✸✷✮✱ ✐� ❜❡❝♦♠❡�

2λ(x
′

δx
′

+ y
′

δy
′

+ z
′

δz
′

)

+ 2μ
(

x′ δx′ + y′ δy′ + z′ δz′

)

✭✹✵✮

+ ν
(

x′ δx
′

+ y′ δy
′

+ z′ δz
′

+ x
′

δx′ + y
′

δy′ + z
′

δz′

)

+ ❡�❝✳

♦♥ ✇❤✐❝❤ ✐� ✐� ❝♦♥✈❡♥✐❡♥� �♦ ❛♣♣❧② �❤❡ ✇❡❧❧✲❦♥♦✇ ��❛♥�❢♦�♠❛�✐♦♥� ✐♥ ♦�❞❡� �♦ �❡❞✉❝❡ ✐� �♦ �❤❡

❢♦�♠

(I) δx+ (II) δy + (III) δz ✭✹✶✮

+
dΔ

dp
+

dΘ

dq
+

d2Υ

dpdq
.



✶✽✵
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

■ ♣	♦❝❡��✐ ❝♦♥♦�❝✐✉�✐ ❝✐ ❣✉✐❞❛♥♦ ❛ �	♦✈❛	❡

(I) = −
(

2λx
′

+ νx′

)
′

+
[

2 (1)x
′′

+ (4)x
′

′
+ (5)x′′

]

′′

−
(

2μx′ + νx
′
)

′
+
[

(4)x
′′

+ 2(2)x
′

′
+ (6)x′′

]

′

′

+ ❡❝✳

+
[

(5)x
′′

+ (6)x
′

′
+ 2 (3)x′′

]

′′

❡ ♣❡	 ❧❡ (II) , (III) ✈❛❧♦	✐ ❝❤❡ ♥♦♥ ❞✐✛❡	✐�❝♦♥♦ ❞❛❧ ♣	❡❝❡❞❡♥�❡ �❡ ♥♦♥ ♣❡	 ❡��❡	✈✐ ❞❛♣♣❡	�✉��♦ ❧❛

❧❡��❡	❛ y✱ ♦ ❧❛ z ✐♥ ❧✉♦❣♦ ❞❡❧❧❛ x✳ ❙❡ ♣♦✐ �✐ ❛❞♦��❛♥♦ ♣❡	 ❝♦♠♣❡♥❞✐♦ ❧❡ ❞❡♥♦♠✐♥❛③✐♦♥✐

L
1
= 2λx

′

+ νx′ −
[

2 (1)x
′′

+ (4)x
′

′
+ (5)x′′

]

′

−
1

2

[

(4)x
′′

+ 2(2)x
′

′
+ (6)x′′

]

′

+ ❡❝✳

M
1
= 2μx′ + νx

′

−
1

2

[

(4)x
′′

+ 2(2)x
′

′
+ (6)x′′

]

′

−
[

(5)x
′′

+ (6)x
′

′
+ 2 (3)x′′

]

′

+ ❡❝✳

L
2
= 2λy

′

+ νy′ −
[

2 (1) y
′′

+ (4)y
′

′
+ (5) y′′

]

′

−
1

2

[

(4) y
′′

+ 2(2)y
′

′
+ (6) y′′

]

′

+ ❡❝✳ ✭✹✷✮

M
2
= 2μy′ + νy

′

−
1

2

[

(4) y
′′

+ 2(2)y
′

′
+ (6) y′′

]

′

−
[

(5) y
′′

+ (6)y
′

′
+ 2 (3) y′′

]

′

+ ❡❝✳

L
3
= 2λz

′

+ νz′ −
[

2 (1) z
′′

+ (4)z
′

′
+ (5) z′′

]

′

−
1

2

[

(4) z
′′

+ 2(2)z
′

′
+ (6) z′′

]

′

+ ❡❝✳

M
3
= 2μz′ + νz

′

−
1

2

[

(4) z
′′

+ 2(2)z
′

′
+ (6) z′′

]

′

−
[

(5) z
′′

+ (6)z
′

′
+ 2 (3) z′′

]

′

+ ❡❝✳

�✐ �❝♦	❣❡ ❝❤❡ ✐ ✈❛❧♦	✐ ❞❡❧❧❡ (I), (II) , (III) ❛��✉♠♦♥♦ ❧❡ ❡�♣	❡��✐♦♥✐

(I) = −
dL

1

dp
−

dM
1

dq
; (II) = −

dL
2

dp
−

dM
2

dq
; (III) = −

dL
3

dp
−

dM
3

dq

❞♦✈❡ ❛ �✐❣♥✐✜❝❛	❡ ❧❡ ❞❡	✐✈❛�❡ ♣❡	 ❧❛ p ♦ ♣❡	 ❧❛ q ❤♦ �♦	♥❛�♦ ❛ ❢❛	 ✉�♦ ❞❡❧❧❛ ♥♦�❛③✐♦♥❡ ♣✐! ❝♦♠✉♥❡✳

❙✐❝❝♦♠❡ ♣♦✐✱ ❣✐✉��❛ ✐❧ ♠❡�♦❞♦✱ ❝♦❧❧♦❝❛�❛ ❧❛ "✉❛♥�✐�# ✭✹✶✮ �♦��♦ ✐❧ �❡❝♦♥❞♦ �❡❣♥♦ ✐♥�❡❣	❛❧❡ ❞❡❧❧❛

✭✸✽✮✱ ❞❡❜❜♦♥�✐ 	✐✉♥✐	❡ ✐ ❞✉❡ ✐♥�❡❣	❛❧✐✱ ❡❞ ❡❣✉❛❣❧✐❛	❡ ❛ ③❡	♦ ✐ ❝♦❡✣❝✐❡♥�✐ �♦�❛❧✐ ❞❡❧❧❡ ✈❛	✐❛③✐♦♥✐

δx, δy, δz, ❝✐ 	✐�✉❧�❡	❛♥♥♦ ❧❡ �	❡ ❡"✉❛③✐♦♥✐

U

(

X −
d2x

dt2

)

=
dL

1

dp
+

dM
1

dq

U

(

Y −
d2y

dt2

)

=
dL

2

dp
+

dM
2

dq
✭✹✸✮

U

(

Z −
d2z

dt2

)

=
dL

3

dp
+

dM
3

dq
.

❘❡��❛ ❛ ❢❛	 �♣❛	✐	❡ ❞❛ "✉❡��❡ ❧❡ ❞❡	✐✈❛�❡ ♣	❡�❡ ♣❡	 ❧❡ p, q✱ ❝❛♠❜✐❛♥❞♦❧❡ ✐♥ ❛❧�	❡ ♣	❡�❡ ♣❡	 ❧❡ x, y

❞❡❧❧❡ "✉❛❧✐ �✐ ❝♦♥�✐❞❡	❛ ❢✉♥③✐♦♥❡ ❧❛ �❡	③❛ ❝♦♦	❞✐♥❛�❛ z✳

✶✽✵
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡�❝✳

❚❤❡ ❝❛❧❝✉❧❛�✐♦♥ ♣	♦❝❡❞✉	❡� ✇❤✐❝❤ ✇❡ ❦♥♦✇ ✈❡	② ✇❡❧❧ ❧❡❛❞ ✉� �♦ ✜♥❞

(I) = −
(

2λx
′

+ νx′

)
′

+
[

2 (1)x
′′

+ (4)x
′

′
+ (5)x′′

]

′′

−
(

2μx′ + νx
′
)

′
+
[

(4)x
′′

+ 2(2)x
′

′
+ (6)x′′

]

′

′

+ ❡�❝✳

+
[

(5)x
′′

+ (6)x
′

′
+ 2 (3)x′′

]

′′

❛♥❞ ❢♦	 �❤❡ "✉❛♥�✐�✐❡� (II) , (III) �♦♠❡ ✈❛❧✉❡� ✇❤✐❝❤ ❛	❡ ❞✐✛❡	✐♥❣ ❢	♦♠ �❤❡ ♣	❡❝❡❞❡♥� ♦♥❡ �✐♠♣❧②

❜❡❝❛✉�❡ ♦♥❡ ❤❛� �♦ 	❡♣❧❛❝❡ ❡✈❡	②✇❤❡	❡ �❤❡ ❧❡��❡	 y ♦	 �❤❡ ❧❡��❡	 z ✐♥��❡❛❞ ♦❢ �❤❡ ❧❡��❡	 x. ■❢

�❤❡♥✱ ❢♦	 �❛❦❡ ♦❢ ❜	❡✈✐�②✱ ♦♥❡ ❛❞♦♣�� �❤❡ ❞❡✜♥✐�✐♦♥�

L
1
= 2λx

′

+ νx′ −
[

2 (1)x
′′

+ (4)x
′

′
+ (5)x′′

]

′

−
1

2

[

(4)x
′′

+ 2(2)x
′

′
+ (6)x′′

]

′

+ ❡�❝✳

M
1
= 2μx′ + νx

′

−
1

2

[

(4)x
′′

+ 2(2)x
′

′
+ (6)x′′

]

′

−
[

(5)x
′′

+ (6)x
′

′
+ 2 (3)x′′

]

′

+ ❡�❝✳

L
2
= 2λy

′

+ νy′ −
[

2 (1) y
′′

+ (4)y
′

′
+ (5) y′′

]

′

−
1

2

[

(4) y
′′

+ 2(2)y
′

′
+ (6) y′′

]

′

+ ❡�❝✳ ✭✹✷✮

M
2
= 2μy′ + νy

′

−
1

2

[

(4) y
′′

+ 2(2)y
′

′
+ (6) y′′

]

′

−
[

(5) y
′′

+ (6)y
′

′
+ 2 (3) y′′

]

′

+ ❡�❝✳

L
3
= 2λz

′

+ νz′ −
[

2 (1) z
′′

+ (4)z
′

′
+ (5) z′′

]

′

−
1

2

[

(4) z
′′

+ 2(2)z
′

′
+ (6) z′′

]

′

+ ❡�❝✳

M
3
= 2μz′ + νz

′

−
1

2

[

(4) z
′′

+ 2(2)z
′

′
+ (6) z′′

]

′

−
[

(5) z
′′

+ (6)z
′

′
+ 2 (3) z′′

]

′

+ ❡�❝✳

♦♥❡ ❝❛♥ 	❡❝♦❣♥✐③❡ �❤❛� �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ (I), (II) , (III) ❛��✉♠❡ �❤❡ ❡①♣	❡��✐♦♥�

(I) = −
dL

1

dp
−

dM
1

dq
; (II) = −

dL
2

dp
−

dM
2

dq
; (III) = −

dL
3

dp
−

dM
3

dq

✇❤❡	❡ ✐♥ ♦	❞❡	 �♦ 	❡♣	❡�❡♥� �❤❡ ❞❡	✐✈❛�✐✈❡� ✇✐�❤ 	❡�♣❡❝� �♦ �❤❡ ✈❛	✐❛❜❧❡� p ♦	 q �❤❡ ♠♦�� ❝♦♠♠♦♥

♥♦�❛�✐♦♥ ❤❛� ❜❡❡♥ ✉�❡❞✳

❆� �❤❡♥✱ ✐♥ ♦	❞❡	 �♦ ❢♦❧❧♦✇ �❤❡ ♠❡�❤♦❞✱ ♦♥❝❡ �❤❡ "✉❛♥�✐�② ✭✹✶✮ ✐� ✇	✐��❡♥ ✉♥❞❡	 �❤❡ �❡❝♦♥❞

✐♥�❡❣	❛❧ �✐❣♥ ♦❢ �❤❡ ✭✸✽✮✱ ♦♥❡ ❤❛� �♦ ❣❛�❤❡	 �❤❡ �✇♦ ✐♥�❡❣	❛❧� ❛♥❞ ❡"✉❛�❡ �♦ ③❡	♦ �❤❡ �♦�❛❧

❝♦❡✣❝✐❡♥�� ♦❢ �❤❡ ✈❛	✐❛�✐♦♥� δx, δy, δz, �❤❡ ❢♦❧❧♦✇✐♥❣ �❤	❡❡ ❡"✉❛�✐♦♥� ✇✐❧❧ ❜❡ ♦❜�❛✐♥❡❞

U

(

X −
d2x

dt2

)

=
dL

1

dp
+

dM
1

dq

U

(

Y −
d2y

dt2

)

=
dL

2

dp
+

dM
2

dq
✭✹✸✮

U

(

Z −
d2z

dt2

)

=
dL

3

dp
+

dM
3

dq
.

❚❤❡	❡❢♦	❡ ✇❤❛� 	❡♠❛✐♥� �♦ ❜❡ ❞♦♥❡ ✐� �♦ 	❡♣❧❛❝❡ ✐♥ �❤❡�❡ ❧❛�� ❡"✉❛�✐♦♥� �❤❡ ❞❡	✐✈❛�✐✈❡� ✇✐�❤

	❡�♣❡❝� �♦ �❤❡ ✈❛	✐❛❜❧❡� p, q✱ ✇✐�❤ �❤♦�❡ ❝❛❧❝✉❧❛�❡❞ ✐♥ �❡	♠� ♦❢ �❤❡ ✈❛	✐❛❜❧❡� x, y ♦♥ ✇❤✐❝❤ ✐� ✐�

❛��✉♠❡❞ �❤❛� �❤❡ �❤✐	❞ ✈❛	✐❛❜❧❡ z ♠✉�� ❞❡♣❡♥❞✳



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✽✶

✽✹✳ ❆ �✉❡	
♦ ✜♥❡ � ♥❡❝❡		❛�✐♦ ♣�❡♠❡

❡�❡ ❧❛ ❞✐♠♦	
�❛③✐♦♥❡ ❞✐ ✉♥ ♣�✐♥❝✐♣✐♦ ♣✉�❛♠❡♥
❡

❛♥❛❧✐
✐❝♦✳ ▲❡ x, y ❡		❡♥❞♦ ❢✉♥③✐♦♥✐ ❞❡❧❧❡ p, q✱ ❡ ✈✐❝❡✈❡�	❛ ❡		❡♥❞♦ ❧❡❝✐
♦ ❝♦♥	✐❞❡�❛�❡ ❧❡ p, q

❢✉♥③✐♦♥✐ ❞❡❧❧❡ x, y

p = p (x, y) ; q = q (x, y) ; ✭✹✹✮

❞✉❡ �✉❛♥
✐
� �✉❛❧✉♥�✉❡ L,M ❢✉♥③✐♦♥✐ ❞❡❧❧❡ p, q✱ 	✐ ♣♦
�❛♥♥♦ ❛✈❡� ♣❡� 
❛❧✐ ✐♥ �✉❛♥
♦ ♣�✐♠❛ ❧♦

	♦♥♦ ❞❡❧❧❡ x, y✳ ❉✐ �✉✐ ❧❡ ❞✉❡ ❡�✉❛③✐♦♥✐

dL

dp
=

dL

dx
x

′

+
dL

dy
y

′

;
dM

dq
=

dM

dx
x′ +

dM

dy
y′

❝❤❡ 	❝�✐✈❡�❡♠♦ 	❡♥③❛ ❛❧
❡�❛③✐♦♥❡✱ ♣❡�❝❤� ❣✐♦✈❛ ✐♥ ❛♣♣�❡		♦✱

dL

dp
=

1

ω

(

dL

dx
· ωx

′

+
dL

dy
· ωy

′

)

;
dM

dq
=

1

ω

(

dM

dx
· ωx′ +

dM

dy
· ωy

′

)

; ✭✹✺✮

❡ ❛❧❧❛ �✉❛♥
✐
� ω✱ ❝❤❡ ♣✉# ❡		❡�❡ �✉❛❧✉♥�✉❡✱ ❞❛�❡♠♦ ✐❧ ✈❛❧♦�❡

ω =
1

x
′
y′ − y

′
x′

. ✭✹✻✮

❖�❛ ✈♦❣❧✐❛♠♦ ♣�♦✈❛�❡ ✐❞❡♥
✐❝❤❡ ❧❡ ❞✉❡ ❡�✉❛③✐♦♥✐

d · ωx
′

dx
+

d · ωy
′

dy
= 0;

d · ωx′

dx
+

d · ωy′

dy
= 0, ✭✹✼✮

❞♦✈❡ ✐ �✉❛

�♦ ♣�♦❞♦

✐ ωx
′

, ωy
′

, ωx′ , ωy′ , 	✐ ❝♦♥	✐❞❡�❛♥♦ ❢✉♥③✐♦♥✐ ❞✐ x, y✱ 	✉♣♣♦♥❡♥❞♦	✐ ❝❤❡

❡	❡❣✉✐
❡ ❧❡ ❞❡�✐✈❛③✐♦♥✐ ✐♥❞✐❝❛
❡ ❞❛❧ ❧♦�♦ ♠♦❞♦ ❞✐ ❡		❡�❡✱ 	✐❛♥	✐ �✐♠❡		✐ ❛❧ ❧✉♦❣♦ ❞❡❧❧❡ p, q ✐ ✈❛❧♦�✐

✭✹✹✮✳ ❆❜❜✐❛♠♦ ❧❡ ❞✉❡ ❡�✉❛③✐♦♥✐

x = x [p (x, y) , q (x, y)] ; y = y [p (x, y) , q (x, y)]

❝❤❡ 	♦♥♦ ✐❞❡♥
✐❝❤❡ ♣❡�❝❤� 	✬✐♥
❡♥❞♦♥♦ ❢♦�♠❛
❡✱ ❛✈❡♥❞♦ ♥❡❧❧❡ ❡	♣�❡		✐♦♥✐ ❞❡❧❧❡ x, y ♣❡� ❧❡ p, q

�✐	♦	
✐
✉✐
♦ ❛❧❧❡ p, q ✐ ✈❛❧♦�✐ ✭✹✹✮✳ ❊		❡✱ ❞❡�✐✈❛
❡ ♣❡� ❧❡ x, y✱ ❝✐ ♣♦�❣♦♥♦ ❧❡ �✉❛

�♦

1 = x
′

p
′

(x) + x′ q
′

(x) ; 0 = y
′

p
′

(x) + y′ q
′

(x)

0 = x
′

p
′

(y) + x′ q
′

(y) ; 1 = y
′

p
′

(y) + y′ q
′

(y) .

❘✐❝❛✈✐❛♠♦ ❞❛ �✉❡	
❡ ✐ ✈❛❧♦�✐ ❞❡❧❧❡ �✉❛

�♦ ✐♥❝♦❣♥✐
❡ x
′

, x′ , y
′

, y′ ❀ ♣♦	
❛ ♣❡� ❜�❡✈✐
�

D = p
′

(x) q
′

(y)− q
′

(x) p
′

(y) , ✭✹✽✮

▼❡♠♦✐� ♦❢ ❙✐� ❉♦❝�♦� �✐♦❧❛ ✶✽✶

✽✹✳ ❚♦ 
❤✐	 ❛✐♠ ✐
 ✐	 ♥❡❝❡		❛�② 
♦ 	
❛
❡ ✜�	
 
❤❡ ❞❡♠♦♥	
�❛
✐♦♥ ♦❢ ❛ ♣✉�❡❧② ❛♥❛❧②
✐❝❛❧

♣�✐♥❝✐♣❧❡✳ ❆	 
❤❡ ✈❛�✐❛❜❧❡	 x, y ❛�❡ ❢✉♥❝
✐♦♥	 ♦❢ 
❤❡ ✈❛�✐❛❜❧❡	 p, q✱ ❛♥❞ ❛	 ✈✐❝❡✲✈❡�	❛ ✐
 ✐	 ❧✐❝✐
 
♦

❝♦♥	✐❞❡� 
❤❡ ✈❛�✐❛❜❧❡	 p, q ❛	 ❢✉♥❝
✐♦♥	 ♦❢ 
❤❡ ✈❛�✐❛❜❧❡	 x, y

p = p (x, y) ; q = q (x, y) ; ✭✹✹✮


❤❡♥ 
✇♦ ✇❤❛
	♦❡✈❡� ❢✉♥❝
✐♦♥	 L,M ♦❢ 
❤❡ ✈❛�✐❛❜❧❡	 p, q✱ ❝❛♥ ❜❡ �❡❝♦❣♥✐③❡❞ 
♦ ❜❡ ❞❡♣❡♥❞✐♥❣

♦♥ 
❤❡	❡ ❧❛	
 ✈❛�✐❛❜❧❡	 ✇❤❡♥ ✐
 ❤❛	 ❜❡❡♥ �❡❝♦❣♥✐③❡❞ ✜�	
 
❤❛
 
❤❡② ❛�❡ ❢✉♥❝
✐♦♥	 ❞❡♣❡♥❞✐♥❣ ♦♥


❤❡ ✈❛�✐❛❜❧❡	 x, y ✳ ❚❤❡�❡❢♦�❡ ✇❡ ❣❡
 
❤❡ 
✇♦ ❡�✉❛
✐♦♥	

dL

dp
=

dL

dx
x

′

+
dL

dy
y

′

;
dM

dq
=

dM

dx
x′ +

dM

dy
y′

✇❤✐❝❤✱ ❛	 ✇❡ ✇✐❧❧ ♥❡❡❞ ✐
 ❧❛
❡�✱ ✇✐❧❧ ❜❡ ❡�✉✐✈❛❧❡♥
❧② ✇�✐

❡♥ ❛	

dL

dp
=

1

ω

(

dL

dx
· ωx

′

+
dL

dy
· ωy

′

)

;
dM

dq
=

1

ω

(

dM

dx
· ωx′ +

dM

dy
· ωy

′

)

; ✭✹✺✮

✇❤❡�❡ 
♦ 
❤❡ ❛�❜✐
�❛�② �✉❛♥
✐
② ω ✇❡ ✇✐❧❧ ❛		✐❣♥ 
❤❡ ✈❛❧✉❡

ω =
1

x
′
y′ − y

′
x′

. ✭✹✻✮

◆♦✇ ✇❡ ✇❛♥
 
♦ ♣�♦✈❡ 
❤❛
 
❤❡ ❢♦❧❧♦✇✐♥❣ 
✇♦ ❡�✉❛❧✐
✐❡	 ❤♦❧❞✿

d · ωx
′

dx
+

d · ωy
′

dy
= 0;

d · ωx′

dx
+

d · ωy′

dy
= 0, ✭✹✼✮

✇❤❡�❡ 
❤❡ ❢♦✉� ♣�♦❞✉❝
	 ωx
′

, ωy
′

, ωx′ , ωy′ , ❛�❡ �❡❣❛�❞❡❞ 
♦ ❜❡ ❢✉♥❝
✐♦♥	 ♦❢ 
❤❡ ✈❛�✐❛❜❧❡	 x, y✱

❛♥❞ ✇❤❡�❡ ♦♥❡ ❛		✉♠❡	 
❤❛
 ✇❤❡♥❡✈❡� ✐
 ✐	 �❡�✉✐�❡❞ 
❤❡ �✉❛♥
✐
✐❡	 p ❛♥❞ q ❛�❡ �❡♣❧❛❝❡❞ ❜② 
❤❡

✈❛❧✉❡	 ✭✹✹✮✳ ❬❲❡ 	
❛�
 �❡♠❛�❦✐♥❣ 
❤❛
❪ ✇❡ ❤❛✈❡ 
❤❡ 
✇♦ ❡�✉❛
✐♦♥	

x = x [p (x, y) , q (x, y)] ; y = y [p (x, y) , q (x, y)]

✇❤✐❝❤ ❛�❡ ✈❡�✐✜❡❞ ❜❡❝❛✉	❡ 
❤❡② ❛�❡ ✐♥
❡♥❞❡❞ 
♦ ❜❡ ❝❛❧❝✉❧❛
❡❞✱ ❤❛✈✐♥❣ �❡♣❧❛❝❡❞ ✐♥ 
❤❡ ❡①♣�❡		✐♦♥	

♦❢ 
❤❡ x, y ✐♥ 
❡�♠	 ♦❢ 
❤❡ p, q 
❤❡ ✈❛❧✉❡	 ❣✐✈❡♥ ❢♦� 
❤❡ p, q ❜② 
❤❡ ❬❡�✉❛
✐♦♥	❪ ✭✹✹✮✳ ❚❤❡	❡ 
✇♦

❡�✉❛
✐♦♥	✱ ♦♥❝❡ ❞❡�✐✈❡❞ ✇✐
❤ �❡	♣❡❝
 
♦ 
❤❡ ✈❛�✐❛❜❧❡	 x, y ✇✐❧❧ ❣✐✈❡ ✉	 
❤❡ ❢♦✉� ♦
❤❡� ❡�✉❛
✐♦♥	

1 = x
′

p
′

(x) + x′ q
′

(x) ; 0 = y
′

p
′

(x) + y′ q
′

(x)

0 = x
′

p
′

(y) + x′ q
′

(y) ; 1 = y
′

p
′

(y) + y′ q
′

(y) .

❲❡ ❝❛♥ ♦❜
❛✐♥ ❢�♦♠ 
❤❡♠ 
❤❡ ✈❛❧✉❡	 ♦❢ 
❤❡ ❢♦✉� ✉♥❦♥♦✇♥ �✉❛♥
✐
✐❡	 x
′

, x′ , y
′

, y′ ❀ ✐❢✱ ❢♦� 	❛❦❡ ♦❢

❜�❡✈✐
②✱ ✇❡ ✐♥
�♦❞✉❝❡ 
❤❡ ♥♦
❛
✐♦♥

D = p
′

(x) q
′

(y)− q
′

(x) p
′

(y) , ✭✹✽✮



✶✽✷
■♥�♦�♥♦ ❛❧❧❡ ❊
✉❛③✐♦♥✐ ❡❝✳

❧✐ 	
♦✈❡
❡♠♦ ❢❛❝✐❧♠❡♥	❡ ❡�♣
❡��✐ ❝♦♠❡ �❡❣✉❡

x
′

=
q
′

(y)

D
; x′ = −

p
′

(y)

D
; y

′

= −
q
′

(x)

D
; y′ =

p
′

(x)

D
. ✭✹✾✮

❚❛❧✐ ✈❛❧♦
✐ 
✐❞✉❝♦♥♦ �✉❡❧❧♦ ❞✐ ω �❝
✐		♦ ♥❡❧❧❛ ✭✹✻✮✱ ❛✈❡♥❞♦ �♦		✬♦❝❝❤✐♦ ❧❛ ✭✹✽✮✱ ω = D ✿ ❞♦♣♦ ❞✐

❝❤❡ ❧❡ �	❡��❡ ❡�✉❛③✐♦♥✐ ✭✹✾✮ ❝✐ ❞❛♥♥♦

ωx
′

= q
′

(y) ; ωy
′

= −q
′

(x) ; ωx′ = −p
′

(y) ; ωy′ = p
′

(x) .

◗✉❡�	✐ 
✐�✉❧	❛	✐ ❞✐♠♦�	
❛♥♦ ❧❡ ❡�✉❛③✐♦♥✐ ✭✹✼✮ ❝♦�$ ♣
♦♥	❛♠❡♥	❡ ❝❤❡ ❜❛�	❛ ❧❛ �♦❧❛ ✐�♣❡③✐♦♥❡✳

▼♦❧	✐♣❧✐❝❤✐❛♠♦ ❧❡ ❡�✉❛③✐♦♥✐ ✭✹✼✮ 
✐�♣❡		✐✈❛♠❡♥	❡ ♣❡
 L
ω
, M

ω
, ❡ ❛❣❣✐✉♥❣✐❛♠♦♥❡ ✐ ♣
✐♠✐ ♠❡♠❜
✐

❛✐ �❡❝♦♥❞✐ ❞❡❧❧❡ ✭✹✺✮✱ ✐❧ ❝❤❡ ♥♦♥ ✈✐ ♣♦
	❛ ❛❧	❡
❛③✐♦♥❡ ♣❡
❝❤( ❛❣❣✐✉♥❣✐❛♠♦ �✉❛♥	✐	) ♥✉❧❧❡✳ *♦	
❡♠♦

❝♦♠♣❡♥❡	
❛
❡ ✐ �✉❛❞
✐♥♦♠❥ 
✐�✉❧	❛♥	✐ ❡ �❝
✐✈❡
❡

dL

dp
=

1

ω
·
d · Lωx

′

dx
+

1

ω
·
d · Lωy

′

dy

dM

dq
=

1

ω
·
d ·Mωx′

dx
+

1

ω
·
d ·Mωy′

dy
,

❧❡ �✉❛❧✐ ❡�✉❛③✐♦♥✐ �♦♠♠❛	❡ ❝✐ ♣♦
❣♦♥♦

dL

dp
+

dM

dq
=

1

ω
·
d · ω

(

Lx
′

+Mx′

)

dx
+

1

ω
·
d · ω

(

Ly
′

+My′

)

dy
. ✭✺✵✮

◗✉❡�	❛ ( ❧✬❡�✉❛③✐♦♥❡ ❝♦♥	❡♥❡♥	❡ ✐❧ ♣
✐♥❝✐♣✐♦ ❛♥❛❧✐	✐❝♦ ❝♦❧ �✉❛❧❡ 	
❛�❢♦
♠❛
❡ ✐ �❡❝♦♥❞✐ ♠❡♠❜
✐

❞❡❧❧❡ ✭✹✸✮✳

❘✐❝❤✐❛♠❛	♦ ❞❛❧❧❛ ✭✸✼✮ ✐❧ ✈❛❧♦
❡ ❞✐ U ✱ ❢❛❝❝✐❛♠♦ ❧✬♦��❡
✈❛③✐♦♥❡ ❝❤❡ ❧✬✉❧	✐♠♦ ❢❛		♦
 ❜✐♥♦♠✐❛❧❡

❞✐ ❡��♦ ❡❣✉❛❣❧✐❛ 1
ω

✱ ❝♦♠❡ �✐ �❝♦
❣❡ ♣❡
 ❧✬❡�✉❛③✐♦♥❡ ✭✹✻✮✱ 
❡�	✐	✉✐	❛ ❛❧❧❡ ❞❡
✐✈❛	❡ ♣❛
③✐❛❧✐ ❧❛

♥♦	❛③✐♦♥❡ ♦
❞✐♥❛
✐❛✳ *♦	
❡♠♦ ♣❡
	❛♥	♦ ❞✐✈✐❞❡
❡ ❞❛♣♣❡
	✉		♦ ♣❡
 �✉❡�	❛ �✉❛♥	✐	) 1
ω

✱ ❞♦♣♦ ❧❛

�✉❛❧❡ ♦♣❡
❛③✐♦♥❡ �❡ �❝
✐✈✐❛♠♦ R ✐♥ ❧✉♦❣♦ ❞❡❧ 
❛❞✐❝❛❧❡

√

1 +
(

dz
dx

)2
+
(

dz
dy

)2

❝❤❡ �✐ ❛❞♦♣❡
❛ ♣❡


❧♦ �♣✐❛♥❛♠❡♥	♦ ❞❡❧❧❡ �✉♣❡
✜❝✐❡✱ ❝✐ �✐ 
❡♥❞❡
) ♠❛♥✐❢❡�	♦ ❝♦♠❡ ❧❡ ❡�✉❛③✐♦♥✐ ✭✹✸✮ �✐ ♠✉	✐♥♦ ♥❡❧❧❡

�❡❣✉❡♥	✐

✶✽✷
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡	❝✳

✇❡ ✇✐❧❧ ✜♥❞ 	❤❡♠ ❡❛�✐❧② ❡①♣
❡��❡❞ ❛� ❢♦❧❧♦✇�✿

x
′

=
q
′

(y)

D
; x′ = −

p
′

(y)

D
; y

′

= −
q
′

(x)

D
; y′ =

p
′

(x)

D
. ✭✹✾✮

❚❤❡�❡ ✈❛❧✉❡� ❛❧❧♦✇ ✉� 	♦ 
❡❞✉❝❡ 	❤❡ ❡①♣
❡��✐♦♥ ❢♦
 ω ❛� ✇
✐		❡♥ ✐♥ 	❤❡ ✭✹✻✮✱ ♦♥❝❡ ✇❡ ❝♦♥�✐❞❡


	❤❡ ❡�✉❛❧✐	② ✭✹✽✮✱ ✐♥❞❡❡❞✿ ω = D ✿ 	❤❡
❡❢♦
❡ 	❤❡ �❛♠❡ ❡�✉❛	✐♦♥� ✭✹✾✮ ✇✐❧❧ ♣
♦❞✉❝❡

ωx
′

= q
′

(y) ; ωy
′

= −q
′

(x) ; ωx′ = −p
′

(y) ; ωy′ = p
′

(x) .

❚❤❡�❡ ❧❛�	 
❡�✉❧	� �❤♦✇ 	❤❡ ❡�✉❛	✐♦♥� ✭✹✼✮ ❜② ❛ �✐♠♣❧❡ ✐♥�♣❡❝	✐♦♥✳

◆❡①	✱ ❧❡	 ✉� ♠✉❧	✐♣❧② 	❤❡ ❡�✉❛	✐♦♥� ✭✹✼✮ 
❡�♣❡❝	✐✈❡❧② 	✐♠❡� 	❤❡ �✉❛♥	✐	✐❡� L
ω
, M

ω
, ❛♥❞ ❧❡	

✉� ❛❞❞ 	❤❡ ❧❡❢	✲❤❛♥❞ �✐❞❡� ♦❢ ♦❜	❛✐♥❡❞ ❡�✉❛❧✐	✐❡� 	♦ 	❤❡ 
✐❣❤	✲❤❛♥❞ �✐❞❡� ♦❢ 	❤❡ ❡�✉❛❧✐	✐❡� ✭✹✺✮✱

✇❤✐❝❤ ✐� ♥♦	 ❝❤❛♥❣✐♥❣ 	❤❡✐
 ✈❛❧✐❞✐	② ❛� ✇❡ ❛
❡ ❛❞❞✐♥❣ ✈❛♥✐�❤✐♥❣ �✉❛♥	✐	✐❡�✳ ❲❡ ✇✐❧❧ ❜❡ ❛❜❧❡ 	♦

❣❛	❤❡
 	❤❡ 
❡�✉❧	✐♥❣ �✉❛❞
✐♥♦♠✐❛❧ 	♦ ❣❡	

dL

dp
=

1

ω
·
d · Lωx

′

dx
+

1

ω
·
d · Lωy

′

dy

dM

dq
=

1

ω
·
d ·Mωx′

dx
+

1

ω
·
d ·Mωy′

dy
,

❛♥❞ 	❤❡�❡ ❧❛�	 ❡�✉❛	✐♦♥�✱ ♦♥❝❡ �✉♠♠❡❞ ✉♣✱ ✇✐❧❧ ❣✐✈❡ ✉� 	❤❡ ❢♦❧❧♦✇✐♥❣ ❡�✉❛❧✐	②✿

dL

dp
+

dM

dq
=

1

ω
·
d · ω

(

Lx
′

+Mx′

)

dx
+

1

ω
·
d · ω

(

Ly
′

+My′

)

dy
. ✭✺✵✮

❚❤✐� ✐� 	❤❡ ❡�✉❛	✐♦♥ ✇❤✐❝❤ ❝♦♥	❛✐♥� 	❤❡ ❛♥❛❧②	✐❝❛❧ ♣
✐♥❝✐♣❧❡ ✇✐	❤ ✇❤✐❝❤ 	❤❡ 
✐❣❤	✲❤❛♥❞ �✐❞❡� ♦❢

	❤❡ ❡�✉❛	✐♦♥� ✭✹✸✮ ♠✉�	 ❜❡ 	
❛♥�❢♦
♠❡❞✳

❖♥❝❡ ✇❡ ✇✐❧❧ ❤❛✈❡ 
❡❝❛❧❧❡❞ ❢
♦♠ 	❤❡ ❡�✉❛	✐♦♥ ✭✸✼✮ 	❤❡ ✈❛❧✉❡ ♦❢ 	❤❡ �✉❛♥	✐	② U, ❧❡	 ✉� ♦❜�❡
✈❡

	❤❛	 ✐	� ❧❛�	 ❜✐♥♦♠✐❛❧ ❢❛❝	♦
 ✐� ❡�✉❛❧ 	♦ 1
ω
, ❛� ✐	 ✐� �❡❡♥ ❢
♦♠ 	❤❡ ❡�✉❛	✐♦♥ ✭✹✻✮✱ ♦♥❝❡ ♦♥❡ ❤❛� ✉�❡❞

❢♦
 	❤❡ ♣❛
	✐❛❧ ❞❡
✐✈❛	✐✈❡� 	❤❡ ✉�✉❛❧ ♥♦	❛	✐♦♥✳ ❲❡ ✇✐❧❧ 	❤❡
❡❢♦
❡ ❜❡ ❛❜❧❡ 	♦ ❞✐✈✐❞❡ ❡✈❡
②✇❤❡
❡ ❜②

	❤✐� �✉❛♥	✐	② 1
ω
, ❛♥❞ ❛❢	❡
 	❤✐� ♦♣❡
❛	✐♦♥✱ ✐❢ ✇❡ ✇
✐	❡ R ✐♥�	❡❛❞ ♦❢ 	❤❡ 
♦♦	

√

1 +
(

dz
dx

)2
+
(

dz
dy

)2

✇❤✐❝❤ ✐� ✉�❡❞ ❢♦
 
❡❝	✐❢②✐♥❣ 	❤❡ �✉
❢❛❝❡✱ ✐	 ✇✐❧❧ ❜❡ ♠❛♥✐❢❡�	 	❤❛	 	❤❡ ❡�✉❛	✐♦♥� ✭✹✸✮ ✇✐❧❧ ❜❡❝♦♠❡

	❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡�



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✽✸

ΓR

(

X −
d2x

dt2

)

=
d · ω

(

L
1
x

′

+M
1
x′

)

dx
+

d · ω
(

L
1
y

′

+M
1
y′

)

dy

ΓR

(
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♦✈❡ ❧❡ ❞❡�✐✈❛�❡ ♣❛�③✐❛❧✐ �♦♥♦ ❛❞❡��♦ ♣❡� ❧❡ x, y✳ ❈♦♠♣❛❥♦♥♦ ♣❡�� ❛♥❝♦�❛ ❞❡❧❧❡ ❞❡�✐✈❛�❡ ♣❡�

p, q ♥❡❧❧❡ �❛♥�✐�� �♦��♦♣♦��❡ ❛✐ �❡❣♥✐ ❞✐✛❡�❡♥③✐❛❧✐✱ ❡ �✉❡��❡ ❜✐�♦❣♥❡�� ❢❛�❧❡ �♣❛�✐�❡ ❝❡�❝❛♥❞♦ ❞✐

❝♦♠♣❡♥❡��❛�❡ ♥❡✐ ❝♦❡✣❝✐❡♥�✐ ✐♥❞❡�❡�♠✐♥❛�✐ ❣❧✐ ❡❧❡♠❡♥�✐ ❛♥❛❧✐�✐❝✐ ❞♦✈❡ ✐♥�❡�✈❡♥❣♦♥♦✱ ♣�❡��♦ ❛

♣♦❝♦ ❝♦♠❡ �✐ # ❢❛��♦ ❛❧ ♥✉♠✳◦ ✽✶✳✱ ❡ ♥♦♥ ❧❛�❝✐❛♥❞♦ ✐♥ ❡✈✐❞❡♥③❛ �❡ ♥♦♥ ❞❡�✐✈❛�❡ �❡❧❛�✐✈❡ ❛❧❧❡ a, b

❞❡❧❧♦ ��❛�♦ ❛♥�❡❝❡❞❡♥�❡✱ ♦ ❛❧❧❡ x, y ❞❡❧❧✬❛��✉❛❧❡✳

✽✺✳ ◆♦✐ �✉✐ ❝✐ ❧✐♠✐�❡�❡♠♦ ❛ �✐�❡♥❡�❡ ♥❡✐ ✈❛❧♦�✐ ❞✐ L
1
,M

1
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2
✱ ❡❝✳ ✭❡�✉❛③✐♦♥✐ ✭✹✷✮✮ ✐ �♦❧✐ �❡�♠✐♥✐

❝♦❧❧❡ ❞❡�✐✈❛�❡ ♣�✐♠❡ x
′

, x′ y
′

, y′ , z
′

, z′ , ❡❞ ❛♥❝❤❡ ♠❛❧❣�❛❞♦ ✉♥❛ �❛♥�❛ ❧✐♠✐�❛③✐♦♥❡ ❛��✐✈❡�❡♠♦

❛ �✐�✉❧�❛�✐ ♠♦❧�♦ ❣❡♥❡�❛❧✐✳ ❆���✉♠❡♥❞♦ �♦❧�❛♥�♦ ❜✐♥♦♠✐❛❧✐ �✉❡✐ ✈❛❧♦�✐✱ ❡ �✐��♦✈❡♥❡♥❞♦❝✐ ❝❤❡

❛❜❜✐❛♠♦
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��♦✈❡�❡♠♦ ❞♦♣♦ ❢❛❝✐❧✐ �✐❞✉③✐♦♥✐ ❝❤❡✱ ♣♦��❡ ❧❡
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′
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(
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,

✐ �❡❝♦♥❞✐ ♠❡♠❜�✐ ❞❡❧❧❡ ✭✺✶✮ �✐ ♠♦❞✐✜❝❛♥♦ ❝♦�+ ❞❛ �✐�✉❧�❛�♥❡ ❧❡ ��❡
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+
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+
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✇❤❡�❡ �❤❡ ♣❛��✐❛❧ ❞❡�✐✈❛�✐✈❡� ❛�❡ ♥♦✇ ✐♥ �❡�♠� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� x, y. ❍♦✇❡✈❡� �❤❡ ❞❡�✐✈❛�✐✈❡�

✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡� p, q ��✐❧❧ ❛♣♣❡❛� ✐♥ �❤❡ �✉❛♥�✐�✐❡� ✉♥❞❡� �❤❡ ❞❡�✐✈❛�✐♦♥ �✐❣♥� ❛♥❞

�❤❡�❡ ❞❡�✐✈❛�✐✈❡� ✇✐❧❧ ♥❡❡❞ �♦ ❞✐�❛♣♣❡❛�✱ ❜② ❣❛�❤❡�✐♥❣ ✐♥ �❤❡ ✐♥❞❡�❡�♠✐♥❛�❡ ❝♦❡✣❝✐❡♥�� �❤❡

❛♥❛❧②�✐❝❛❧ ❡❧❡♠❡♥�� ✐♥ ✇❤✐❝❤ �❤❡② ❛�❡ ❛♣♣❡❛�✐♥❣✱ ✈❡�② �✐♠✐❧❛�❧② �♦ ✇❤❛� ❤❛� ❜❡❡♥ ❞♦♥❡ ✐♥ �❡❝�✳

✽✶✱ ❛♥❞ ♥❡✈❡� ❧❡❛✈✐♥❣ ❛� ❢❛❝�♦�� ❛♥②�❤✐♥❣ ❡❧�❡ �❤❛♥ �❤❡ ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡�

a, b ♦❢ �❤❡ ❛♥�❡❝❡❞❡♥� ��❛�❡ ♦� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡� x, y �❡❧❛�✐✈❡ �♦ �❤❡ ❛❝�✉❛❧ ��❛�❡✳

✽✺✳ ❍❡�❡ ✇❡ ✇✐❧❧ ❧✐♠✐� ♦✉��❡❧✈❡� �♦ ❧❡❛✈❡ ✐♥ �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ �✉❛♥�✐�✐❡� L1,M1, L2✱ ❡�❝✳

✭❡�✉❛�✐♦♥� ✭✹✷✮✮ ♦♥❧② �❤♦�❡ �❡�♠� ✐♥ ✇❤✐❝❤ �❤❡ ✜��� ❞❡�✐✈❛�✐✈❡� x
′

, x′ y
′

, y′ , z
′

, z′ , ❛♣♣❡❛�✱ ❛♥❞

♥♦�✇✐�❤��❛♥❞✐♥❣ �✉❝❤ ❛ ❣�❡❛� ❧✐♠✐�❛�✐♦♥ ✇❡ ✇✐❧❧ ♦❜�❛✐♥ ✈❡�② ❣❡♥❡�❛❧ �❡�✉❧��✳ ❇② ❛��✉♠✐♥❣ �❤❛�

�❤❡�❡ ✈❛❧✉❡� ❛�❡ ♦♥❧② ❜✐♥♦♠✐❛❧ ❛♥❞ �❡❝❛❧❧✐♥❣ �❤❛� ✇❡ ❤❛✈❡
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dy
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A = ω
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′
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B = ω
(
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′
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′

y
′
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′
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,
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)
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+
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.
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(
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♣❡� ❧❡ �✐❝❡�❝❤❡ ❞✐ ❛❧
❛ ❣❡♦♠❡
�✐❛✱ ♣✐✉

♦�
♦ ❝❤❡ ❝♦��❡�❡ ❛ ✈♦❧♦ ❣✐♦✈❛♥❞♦�✐ ❞✐ ❢♦�♠♦❧❡ ♣�❡�❡ ❞❛❧

❝❛❧❝♦❧♦ ❞✐✛❡�❡♥③✐❛❧❡ ❡ ✐♥
❡❣�❛❧❡✱ �✐ ♦�
✐♥❛♥♦ ❛❞ ❛♥❞❛� ♣❡❞❡�
�✐ ❝♦❧ �✉��✐❞✐♦ ❞❡✬ ♠❡
♦❞✐ �✐♥
❡
✐❝✐✳

❈♦�= ♣�♦❝❡❞❡♥❞♦ �✐ ❢❛ ♣♦❝♦✱ ❡ �✬ ✐♥❝♦♥
�❛ ❣�❛✈❡ ♣❡�✐❝♦❧♦ ❞✐ ❢❛� ♠❛❧❡✳ ❈♦♥✈✐❡♥❡ ♣❡��✉❛❞❡��✐ ❝❤❡

❧❡ ❞✐♠♦�
�❛③✐♦♥✐ �❡♠♣�❡ ♣✐6 ❛♠♠❡

♦♥♦ �✉❛❧❝❤❡ �♦�♣❡

♦ ❞✐ ❡��♦�❡✱ �✉❛♥
♦ ♠❛❣❣✐♦�❡ 7 ✐❧ 
�❛

♦

♥❡❧ �✉❛❧❡ �♦♥♦ ❛♣♣♦❣❣✐❛
❡ ❛❧ �❡♠♣❧✐❝❡ �❛❣✐♦♥❛♠❡♥
♦✿ ❝❤7 ❧❛ ♣♦�
❛
❛ ✐♥
✉✐
✐✈❛ ❞❡❧❧❛ ♥♦�
�❛ �❛✲

❣✐♦♥❡ 7 ❛��❛✐ ❧✐♠✐
❛
❛✱ ❡ ❢❛❝✐❧♠❡♥
❡ ❝✬✐♥❣❛♥♥✐❛♠♦ ❛♣♣❡♥❛ ❣❧✐ ❡❧❡♠❡♥
✐ ❞❡❧❧❛ �✉❡�
✐♦♥❡ ❝�❡�❝♦♥♦ ❛

♥♦
❛❜✐❧ ♥✉♠❡�♦ ❡ �✐ ❝♦♠♣❧✐❝❛♥♦ ❢�❛ ❞✐ ❧♦�♦✳ ❆❜❜✐❛♠♦ ❜✐�♦❣♥♦ ❞✐ ♠❡
♦❞✐ ♣♦
❡♥
✐ �✉❛❧✐ ❡��❡♥❞♦

❝♦♠❡ ❧✬❡�♣�❡��✐♦♥❡ �✐♠✉❧
❛♥❡❛ ❡ ❝♦♠♣❡♥❞✐♦�❛ ❞✐ ♠♦❧
✐ ♣�✐♥❝✐♣❥✱ ♦♣❡�❛♥♦ ❝♦❧ ✈❛❧♦�❡ ❞✐ 
✉

✐✱ ❡

♥♦♥ ❝♦♥ �✉❡❧❧♦ ❞✐ ✉♥♦ ♣❡� ✈♦❧
❛✱ ❝❤❡ 7 �✉❛♥
♦ ❛✈✈✐❡♥❡ ❞✬♦�❞✐♥❛�✐♦ ♥❡❧ �❛❣✐♦♥❛♠❡♥
♦ ❧♦❣✐❝♦✿ ❞✐

✶✽✹
❆❜♦✉� �❤❡ ❋✉♥❞❛♠❡♥�❛❧ ❡
❝✳


❤❡② ❛�❡ 
❤�❡❡ ✐♥ ♥✉♠❜❡� ❛� 
❤❡ ✐♥❞❡
❡�♠✐♥❛
❡ �✉❛♥
✐
✐❡� λ, ν, μ✳ ❚❤❡ ♦❜
❛✐♥❡❞ ❡�✉❛
✐♦♥� ✭✺✸✮

❝♦✐♥❝✐❞❡✱ ❢♦� ✇❤❛
 ❝♦♥❝❡�♥� 
❤❡ ❢♦�♠✱ ✇✐
❤ 
❤♦�❡ ❢♦✉♥❞ ❜② 
❤❡ ♠♦❞❡�♥ ❣❡♦♠❡
❡�� ❢♦❧❧♦✇✐♥❣


❤❡✐� ♦✇♥ ♣♦✐♥
� ♦❢ ✈✐❡✇ ✭ ❈❛✉❝❤②✳ ❊①❡�❝✐❝❡� ❞❡� ▼❛
❤$♠❛
✐�✉❡�✳ ❚♦♠❡ ■■■✱ ♣✳ ✷✹✻✮❀ ❜✉
 
❤❡

▲❛❣�❛♥❣✐❛♥ ♠❡
❤♦❞ ✐� ♦♣❡♥✐♥❣ ♦✉� ♠✐♥❞ 
♦ ♠✉❝❤ ✇✐❞❡� ❤♦�✐③♦♥� ✐❢ ✐♥ 
❤❡ ❡�✉❛
✐♦♥� ✭✹✷✮ ✇❡

✇✐❧❧ ❝♦♥�✐❞❡� 
❤❡ �✉❜�❡�✉❡♥
 
❡�♠�✿ ❛♥❞ 
❤✐� ✐� 
❤❡ ♦❜❥❡❝
 ♦❢ ❢✉�
❤❡� �
✉❞✐❡�✳

❲❡ ✇✐❧❧ �❡♠❛�❦ 
❤❛
 ✐❢ ✇❡ ❛��✉♠❡ 
❤❛
 
❤❡ 
❤�❡❡ ♠✉❧
✐♣❧✐❡�� A,B,C ❛♣♣❡❛�✐♥❣ ✐♥ 
❤❡

❡�✉❛
✐♦♥� ✭✺✸✮ ❞❡♣❡♥❞ ♦♥ ❛ ✉♥✐�✉❡ ✐♥❞❡
❡�♠✐♥❛
❡ ♦♥❡ λ ❛� ❢♦❧❧♦✇�

A = λ

(

1 +

(

dz

dy

)2
)

; C = −λ
dz

dx

dz

dy
; B = λ

(

1 +

(

dz

dx

)2
)


❤❡ ❛❢♦�❡♠❡♥
✐♦♥❡❞ ❡�✉❛
✐♦♥� ❝❛♥ ❜❡ ❡❛�✐❧② �❡❞✉❝❡❞ 
♦ 
❤♦�❡ ❣✐✈❡♥ ❜② ▲❛❣�❛♥❣❡ ❢♦� 
❤❡ ❡❧❛�
✐❝

�✉�❢❛❝❡� ✐♥ 
❤❡ ♣❛❣❡� ✶✵✸ ❛♥❞ ✶✹✾ ♦❢ 
❤❡ ▼✳❆✳ ❚♦♠❡ ■✳

■ ✇✐❧❧ ♥♦
 ❛❞❞ ♠♦�❡ ✇♦�❞� ❛� ■ ❤♦♣❡ 
❤❛
 ■ ❛❧�❡❛❞② �❡❛❝❤❡❞ 
❤❡ ❛✐♠ ✜①❡❞ ❛
 
❤❡ ❜❡❣✐♥♥✐♥❣

♦❢ 
❤✐� ❧❛�
 ❈❛♣♦✳ ■ ✇✐❧❧ ❝♦♥❝❧✉❞❡ ✇✐
❤ �♦♠❡ ❣❡♥❡�❛❧ ❝♦♥�✐❞❡�❛
✐♦♥� ❛♥❛❧♦❣♦✉� 
♦ 
❤♦�❡ ✇❤✐❝❤

❛�❡ �♣�❡❛❞ ❤❡�❡ ❛♥❞ 
❤❡�❡ ✐♥ 
❤❡ ❝♦✉��❡ ♦❢ ▼❡♠♦✐�✳ ❙✐♥❝❡ ▲❛❣�❛♥❣❡ ♠❛♥❛❣❡❞ 
♦ �❡❞✉❝❡ ❛❧❧


❤❡ �✉❡�
✐♦♥� ♦❢ ❘❛
✐♦♥❛❧ ▼❡❝❤❛♥✐❝� 
♦ 
❤❡ ❈❛❧❝✉❧✉� ♦❢ ❱❛�✐❛
✐♦♥�✱ 
❤❡ ❞❡❝✐�✐♦♥ ♦❢ ✐♥�✐�
✐♥❣


♦ ❛✈♦✐❞ ✐
� ✉�❡ ✐� �✐♠✐❧❛� 
♦ ✇✐�❤ 
♦ ❜❡❤❛✈❡ ❛� 
❤♦�❡ ✇❤♦ ❜❡✐♥❣ ✐♥✈♦❧✈❡❞ ✐♥ 
❤❡ �❡�❡❛�❝❤❡�

✐♥ ❤✐❣❤❡� ❣❡♦♠❡
�②✱ ✐♥�
❡❛❞ ♦❢ ✢②✐♥❣ 
♦ ✉�❡ 
❤❡ ❢♦�♠✉❧❛� 
❛❦❡♥ ❢�♦♠ ✐♥
❡❣�❛❧ ❛♥❞ ❞✐✛❡�❡♥
✐❛❧

❝❛❧❝✉❧✉�✱ �
✉❜❜♦�♥❧② ♣❡��✐�
 ✐♥ ✉�✐♥❣ ✐♥ ❛ ♣❡❞❡�
�✐❛♥ ✇❛② 
❤❡ �②♥
❤❡
✐❝ ♠❡
❤♦❞�✳ ❇② ♣�♦❝❡❡❞✐♥❣

✐♥ 
❤✐� ✇❛② ♦♥❡ ❞♦❡� ♥♦
 ♠❛♥❛❣❡ 
♦ ❣❡
 ♠❛♥② �❡�✉❧
� ❛♥❞ ❤✐❣❤❧② �✐�❦� 
♦ ❜❡ ✇�♦♥❣✳ ■
 ✐� ✐♥�
❡❛❞

❝♦♥✈❡♥✐❡♥
 
♦ ♣❡��✉❛❞❡ ♦♥❡�❡❧❢ 
❤❛
 
❤❡ ♠♦�❡ 
❤❡ ❞❡♠♦♥�
�❛
✐♦♥� ❛�❡ ❧✐❦❡❧② 
♦ ❜❡ �✉�♣❡❝
❡❞ 
♦ ❜❡

✇�♦♥❣ 
❤❡ ❣�❡❛
❡� ✐� 
❤❡ ♣❛�
 ✐♥ ✇❤✐❝❤ 
❤❡② ❛�❡ ❜❛�❡❞ ♦♥ 
❤❡ �✐♠♣❧❡ �❡❛�♦♥✐♥❣✿ ❛� 
❤❡ ✐♥
✉✐
✐✈❡

❣�❛�♣ ♦❢ ♦✉� �❡❛�♦♥ ✐� ✈❡�② ❧✐♠✐
❡❞ ❛♥❞ ✈❡�② ❡❛�✐❧② ✇❡ ❛�❡ ♠✐�❧❡❛❞ ❛� �♦♦♥ ❛� 
❤❡ ❡❧❡♠❡♥
� ♦❢ 
❤❡

�✉❡�
✐♦♥ ✐♥❝�❡❛�❡ 
♦ ❛ ❣�❡❛
 ♥✉♠❜❡� ❛♥❞ ❛�❡ ✐♥
❡�❝♦♥♥❡❝
❡❞ ✐♥ ❛ ❝♦♠♣❧❡① ✇❛②✳ ❲❡ ♥❡❡❞ 
♦ ✉�❡

♣♦✇❡�❢✉❧ ♠❡
❤♦❞� ✇❤✐❝❤✱ �❡♣�❡�❡♥
✐♥❣ 
❤❡ �✐♠✉❧
❛♥❡♦✉� ❛♥❞ ❝♦♠♣❡♥❞✐♦✉� ❡①♣�❡��✐♦♥ ♦❢ ♠❛♥②

♣�✐♥❝✐♣❧❡�✱ ❛�❡ ❛❜❧❡ 
♦ ❛❝
 ❜② ❣❛
❤❡�✐♥❣ �✐♠✉❧
❛♥❡♦✉�❧② 
❤❡ ♣♦✇❡� ♦❢ ❛❧❧ ♦❢ 
❤❡♠ ❞✐✛❡�❡♥
❧② ❢�♦♠

✇❤❛
 ❤❛♣♣❡♥� ✉�✉❛❧❧② ✐♥ 
❤❡ ❧♦❣✐❝❛❧ �❡❛�♦♥✐♥❣ ✇❤❡�❡ 
❤❡ ♣�✐♥❝✐♣❧❡� ❛�❡ ✉�❡❞ ♦♥❡ ❜② ♦♥❡✿ ✇❡

♥❡❡❞



▼❡♠♦�✐❛ ❞❡❧ ❙✐❣✳ ❉♦��♦� �✐♦❧❛ ✶✽✺

♠❡�♦❞✐ ❝❤❡ �✐❞♦��✐ ❛ ♣�♦❝❡��✐ ❞❡�❡�♠✐♥❛�✐ ❡ ✐♠♠✉�❛❜✐❧✐✱ ♥♦♥ ❝✐ ❧❛�❝✐❛♥♦ ❢♦�✈✐❛�❡✳ ❆♥❝❤❡ ✉�✲

❛♥❞♦ ♠❡③③✐ ❝♦�� ❢❛��✐ ❧❛ ♥♦���❛ �❛❣✐♦♥❡ ♠❛♥�✐❡♥❡ ✐ �✉♦✐ ❞✐�✐��✐✱ ✐♥ �✉❛♥�♦ ♥❡ �✐❝♦♥♦�❝❡ ✈❡�✐ ✐

❢♦♥❞❛♠❡♥�✐✱ ❡ ❣✐✉��❡ ❧❡ ❛♣♣❧✐❝❛③✐♦♥✐✿ �❡❜❜❡♥❡ ♥♦♥ ❧❡ �✐❛ ✐❧ ♣✐� ❞❡❧❧❡ ✈♦❧�❡ ❝♦♥❝❡��♦ ❝♦♥�❡❣✉✐�❡

✉♥✬✐♥��✐♥�❡❝❛ ❡✈✐❞❡♥③❛ �❡❧❛�✐✈❛♠❡♥�❡ ❛❧❧❡ ❝♦♥�❡❣✉❡♥③❡ ❛ ❝✉✐ ❛��✐✈❛✳ ➮ ♣❡� �❛❧ ♠♦❞♦ ❝❤❡ ♥❡❧❧❛

�✐❝❡�❝❛ ❞❡❧❧❛ ✈❡�✐�" ❢❛❝❝✐❛♠♦ �✉❡✐ ❣�❛♥❞✐ ✈✐❛❣❣✐✱ ❛✐ �✉❛❧✐ ✐❧ �❛❣✐♦♥❛♠❡♥�♦ ❞✐�❡��♦ # ❛✛❛��♦ ✐♥✲

�✉✣❝✐❡♥�❡✱ �♦�♥❛♥❞♦❝✐ ❡��♦ ♣♦✐ ✈❛♥�❛❣❣✐♦�♦ �✉❛♥❞♦✱ ❣✐✉♥�✐ ❛ ❝❡��❡ ♠❡�❡✱ ✈♦❣❧✐❛♠♦ ❡��❡♥❞❡�❡

✐❧ ❜❡♥❡✜❝✐♦ ❞❡❧❧❡ ♦��❡♥✉�❡ ❝♦❣♥✐③✐♦♥✐✳ ❯♥♦ ❛♣♣✉♥�♦ ❢�❛ ✐ ♣✐� ♣♦❞❡�♦�✐ ❞❡❣❧✐ ✐♥❞✐❝❛�✐ ♠❡③③✐ #

✐❧ ❝❛❧❝♦❧♦ ❞❡❧❧❡ ✈❛�✐❛③✐♦♥✐ ♣❡� ❧❛ ♠❡❝❝❛♥✐❝❛✳ ●✐" ✈❡❞❡♠♠♦ ♥❡❧❧❛ ♣�❡❝❡❞❡♥�❡ ▼❡♠♦�✐❛ ❝♦♣✐❛ ❞✐

�✐�✉❧�❛�✐ ❝❤❡ �❡ ♥❡ ❞❡❞✉❝♦♥♦✱ ❡ �♦❝❛♠♠♦ ❞✐ ♠♦❧�❡ �❡♦�✐❝❤❡ ❝❤❡ ♣♦��❡❜❜❡�♦ �❛♥♥♦❞❛��✐ ❛❧❧❡ ✈❛�✐❡
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