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Abstract. We introduce the permutation group of arithmetic operations symbols by getting the
permutations of al the common arithmetic operations symbols, with keeping the brackets out of
ordering. We find 6 ways of doing the arithmetic operations. Therefore the output of any mathematical
formulas depends on which one element of the arithmetical permutation group we work on. We find
invariants by the reordering of the arithmetic operation x+y, xy. Working with the irreducible
representation of the permutation arithmetic symbols group we define new arithmetic structures called

arithmetic particles symbols.
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It is certainly both natural and useful to
associate positive numbers with length, areas,
and volumes. This is an ideal that goes back
at least to the ancient Greeks " and we use it
whenever we draw a graph, a histogram or
amost any kind of chart.

Following HowieJM: ¥, to take a simple
example, if we have a triangle ABC, right
angles at A, and with AB and AC of length
1, then by the celebrated theorem of
Pythagoras the length BC is a number z

22=1+1=2 z=+2 (1.1)

But how do we find this result? In any set of
numbers we follow a standard algorithm by
doing the calculation which children know at
the first classes of school namely as ordering
of operations ' .

1.0 Axiom:

Let two or more numbers X,y,......... , €A

where A is any set of numbers, and let a

mathematical formula K made by those
numbers, and by the normal operations +, -
,x | and the brackets ( )

To find K we follow the ordering:

A1l. The brackets are going first of al the
others

A2. Second we are doing the squares

A3. Third we are doing the multiplications
and the divisions

A4. Finally we are doing the sums

That is the way which gives the result

z=+2 inequation (1.1). More formally
this equation is the inner product in the set of
real numbers R where (1.1) defines the
positive length and thus the space which is
the Euclidian one for this case.

1.1. Definition: Let any set of numbersa : if
in this set we are following the operations
ordering axiom, then we say that we have 123
arithmetic in this, Thus 123 arithmetic is the
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way of doing the operation which respects the
axiom 1.0. The set A could be any set of
numbers [ 1231 1230 1231 12308 123

Let us first give the following notations,
assuming that first of all we have the brackets
{ }, thus we keep them out of the ordering.
For the other operations we have the
following definition for the arithmetic
operations symbols

1=( squares )
2=(x(a,b),+(a,b))
3=(+(a,b),~(a,b)) ,foral a,ber

This is just the normal ordering of 123
arithmetic. Let us now define the Set{1,2,3} .
Let all {1,2,3}
to{1,2,3} . Make this into the group ' for
some a,be .There are six elementsin S;.
They are:
E=M@)®),A=(13)(12),B=(12)13),
C=@(23),D =(2)13),F =(12)(3)

This formulation is very important as every
element {1,2,3} is denoted by the operation,
hence the permutation group S, making 5
new ways of doing the arithmetic operation
gives 5 new arithmetic’s (13)(12), (12)
(13),(1)(23), (2)(13),(12)(3) symbols.

2.1. Proposition. The mathematical outcomes
from any specific formula K known so far,
just belongs to one element of permutation
S, arithmetic operation symbols group, (1)
(2) (3) dement, coming from the concept of
S, arithmetic and respect the 1.0 Axiom.
Proof: here we mean that we respect the
specific  interpretation  of  arithmetic
operations symbols given by the (1) (2) (3)
element S, arithmetic operation symbols
group.

An example of the effect on a mathematical
formula by the reordering of the arithmetic
operations symbols is the following: let the
function

f(z)=2>+12zel] (2.1)
And let that respects the arithmetic s, group,

in the case of the (123) element, the well
known as ordinary. This function is said to be
conformal in all it’s range except the zero .
Let the (321) element that also belongs to the
arithmetic s; group, the function f (z), is

given by

injective maps S from

f(z)=2z(z+1),zel (2.2)
We see that the same function changes under
the reordering of arithmetic operation
symbols, hence f(z) is conformal respect

in al the range except the point —1/2. With
this example we see that a property of a
function f(z) whichistherange of whereis

conformal or not conformal, changes under
the action of permutation of arithmetic
operation. The possible partitions of the

s, "M group are[3] ,[21] ,[111]:
The partition[3] corresponds only to one
Y oung tableau namely

The symmetrizer corresponding to the tableau
is
E+ (12) + (13) +
P, . = 3.1
Aritmetic {(23)+ (123) + (132)} @D
3.1 Definition: we define the algebraically
structure referring of the partition [3] of the

Ss group, and represents the

symmetrizer operator (3.1) which is the result
of combination of doing the arithmetic
operations symbols.

The partition [111] corresponds only to one
Y oung tableau namely

The antisymmetrizer corresponding to the

tableau is
E + (12) + (13)

B 3.2
Quritmenc {+(23)+ (123) + (132)} (32
3.2 Definition: we define the algebraically
structure referring to the partition  [111] of

Arithmetic

the s,”""™"° group, and represents the

antisymmetrizer operator (3.2) which isthe
result of combination of doing the arithmetic
operations.

The partition [21] corresponds two different
Y oung tableau namely

In the first one the corresponding operators
are
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P={E+(13)},Q={E-(12)} (3.3)
Thetota Young operator is
Y =PQ={E+(13) - (12) - (123)} (3.9

In the second corresponding operators are

P={E+(12)},Q ={E - (13)} (3.5)
Y =PQ={E-(13)+(12) - (123)} (3.6)
3.3 Definition: we define the algebraically
structure referring to the partition  [21] of

the s,”""™° group, and represent by the

mix symmetrizer operators (3.6), (3.4) which
is the result of combination of doing the
arithmetic operations.

The possible Y oung diagrams are

[

0 oo U

0 [

The antisymmetric tensor corresponding
Yl

Yi[]l=1-@2) -@3)

(4.2
0
—(23) + (123) + (132)
Itsdimensionis
(n) 1

2n)=| |==n(n-1)(n- 4.2
N (@3, n) L?’J S N(n-1(n-2) (4.2)
The symmetric tensor corresponding
v (L) =1+ a2) + @3) 43)
+(23) + (123) + (132)
Itsdimensionis
N(n):%n(n+1)(n+2) (4.9

For n = 3, we have the following 10

components

wfdfs]  [2]2]
W3]  [2f22] [2[2[3 [2]s]s3]

The mix symmetric tensor corresponding to
arithmetic anion

(2]
D

=(1- PR)(1+ Py) (4.5

(&)
&)

Its dimension is found from the product

=(1-P,)1+ R3) (4.6)

[11]x [1] = [111] +[21] (4.7)
Thisimplies
N([2,1],n):§n(n2—l) (4.8)

For n = 3, we have the following 8
components

we give some examples of the other
interpretation of  arithmetic  operations
symbols inthe 321 ordering

Example.l

Let a,b,ce R andtheformula K given by

K =x(+(a,b),c)=c(a+b)=ca+cb

(5.1)

K ell 1p3

The Reformof K e ,, tothe O , isgiven
by

Re- form(K) =K' el 5,

K'= Re- form[x(+(a,b),c)]

= Re- form[ca+ cb] =c(a+c)b (5.1
K'el 35

Example.2

Let a sequence, or series defined in the
spacel] there are series in the space

0 ,,,7 If exists a sequence or series, exists

aways? The answer is yes for both
statements. The reordering map f transfers
from sequence or series to sequence or series.
Let work with example. Let the series

n=ow

> n®+1 definedinthed ;.

n=0
What is the corresponding sequence in
thel _,, ? Appling the reordering map f to the

rea number setl ,

1237

(5.2)

, we get the following

sequencefor O ,,, given by

n=o0 N=o

Re- form(}. n*+1)=> n(n+1)

n=0

(5.3)

n=0
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This is the corresponding sequence of

nN=o0

> n“+1 intheset [

n=0

of the (5.3) can exist in the setl .., thus
(5.3) is aso corresponding sequence in the set
1 ,,,therefore the relation is one to one
corresponding. Thus we have an equivalent
between them ), and if existed in one set

must exist in the other one.
Theorem 5.1: For every sequence or seriesin

the X,,,space respect the 123 orbit of
arithmetic there exists aways an equivaent
sequence in the X . space that respects the
321 orbit of arithmetic and vice versa.

Proof: an equivalent relation between X

because right said

321

1237
X, Spaces ensures that the above theorem

exists.

5.1 Definition: We defined invariant from the
reordering point of view the relations which
are not affected from the reordering of
arithmetic operations symbols, like relations
with only one arithmetic operations symbols
(5.4
By looking the usually arithmetic operations
symbols from above, as elements of an
ordering set making this set to the symmetric
groups, and keeping the brackets out of

ordering. By s, arithmetical group we find
the 6 different ways of doing the arithmetical
operations vyield to different results of
mathematical formulas. As we work with the
irreducible representation of S, arithmetic

symbols group we get the following case: the
symmetric arithmetical operations symbols
(arithmetic bosons) and the antisymmetric of
arithmetic operations symbols (arithmetic
fermions) and the two mix arithmetic
symbols (arithmetic anions).
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