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●❛❜r✐♦ P✐♦❧❛ ❛♥❞ ▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s

❜② ❉❛♥✐❧♦ ❈❛♣❡❝❝❤✐

❉✐♣❛rt✐♠❡♥t♦ ❞✐ ■♥❣❡❣♥❡r✐❛ ❙tr✉tt✉r❛❧❡ ❡ ●❡♦t❡❝♥✐❝❛✱ ❯♥✐✈❡rs✐tà ❞✐ ❘♦♠❛ ✏▲❛ ❙❛♣✐❡♥③❛✧✱ ❘♦♠❛✱ ■t❛❧②

✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤❡ ♣❛st✱ t❤❡ t❡r♠ ❵♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s✬ ❤❛❞ s✉❜st❛♥t✐❛❧❧② t✇♦ ♠❡❛♥✐♥❣s✳ ❖♥ ♦♥❡ ❤❛♥❞✱ ✐t s✐♠♣❧② ✐♥❞✐❝❛t❡❞ ♠♦❞❡r♥ ♣❤②s✐❝s✱ ✇❤✐❝❤

❝♦♥s✐❞❡r❡❞ ♠❛t❤❡♠❛t✐❝s ✐ts ♦✇♥ ❧❛♥❣✉❛❣❡❀ ✐♥ t❤✐s s❡♥s❡✱ ●❛❧✐❧❡♦✱ ◆❡✇t♦♥✱ ❑❡♣❧❡r✱ ❡t❝✳✱ ✇❡r❡ ❞✐st✐♥❣✉✐s❤❡❞ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝✐sts✳ ❖♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ♣♦✐♥t❡❞ t♦ t❤❡ ❜r❛♥❝❤ ♦❢ s❝✐❡♥❝❡ t❤❛t ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ❳■❳ ❝❡♥t✉r② ❛♥❞ ❤❛❞ ❡♥❛❜❧❡❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ s♦♠❡ s♣❡❝✐✜❝

♣r♦❜❧❡♠s ❣♦✈❡r♥❡❞ ❜② ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ s✉❝❤ ❛s✱ ❢♦r ✐♥st❛♥❝❡✱ ❤❡❛t ♣r♦♣❛❣❛t✐♦♥✱ ♣♦t❡♥t✐❛❧ t❤❡♦r②✱ t❤❡♦r② ♦❢ ❡❧❛st✐❝✐t②❀ ✐♥ t❤✐s

s❡♥s❡ ❋♦✉r✐❡r✱ ▲❛♠é✱ ●❛✉ss✱ P✐♦❧❛✱ ❇❡❧tr❛♠✐✱ ❡t❝✳✱ st♦♦❞ ❛♠♦♥❣ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝✐sts✳ ❚♦❞❛② t❤❡ t❡r♠ ✐♥❞✐❝❛t❡s ❛♥

❛❝❛❞❡♠✐❝ ❞✐s❝✐♣❧✐♥❡✱ ♣r❛❝t✐❝❡❞ ❜② ♠❛t❤❡♠❛t✐❝✐❛♥s✱ ❤❛✈✐♥❣ s♦♠❡ ♣r✐♥❝✐♣❧❡s ♦❢ ♣❤②s✐❝❛❧ ♥❛t✉r❡ ❛t ✐ts ❜❛s✐s✳

❚❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♠❛t❤❡♠❛t✐❝s ❛♥❞ ♣❤②s✐❝s ✕ ✐✳❡✳✱ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s ✐♥ t❤❡ ❜r♦❛❞ ♠❡❛♥✐♥❣ ✕ ❤❛s ❜❡❡♥ t❤❡ s✉❜❥❡❝t ♦❢ ❛♥ ❡♥❞❧❡ss

♥✉♠❜❡r ♦❢ ♣❛♣❡rs✱ ❢r♦♠ t❤❡ ❤✐st♦r✐❝❛❧✱ ❡♣✐st❡♠♦❧♦❣✐❝❛❧ ❛♥❞ ❵s❝✐❡♥t✐✜❝✬ ♣♦✐♥ts ♦❢ ✈✐❡✇✳ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s ♦❢ t❤❡ ❳■❳ ❝❡♥t✉r②✱

♣♦t❡♥t✐❛❧ t❤❡♦r②✱ ❛♥❞ t❤❡ ♠♦❞❡r♥ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s ❛r❡ ♦♥❧② ❛ ❧✐tt❧❡ ❧❡ss ✐♥✈❡st✐❣❛t❡❞✳

❘❛t❤❡r t❤❛♥ ❣✐✈✐♥❣ ❡①❤❛✉st✐✈❡ ❛❝❝♦✉♥ts ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s✱ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ✉s❡ s♦♠❡ ❤✐st♦r✐❝❛❧ ✐♥st❛♥❝❡s t♦

❞❡✜♥❡ t❤❡ ♠❡❛♥✐♥❣ t❤❛t t❤❡ t❡r♠ ❵♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s✬ ❛ss✉♠❡❞ ✐♥ s♦♠❡ s❡❧❡❝t❡❞ ❤✐st♦r✐❝❛❧ ♣❡r✐♦❞s✳ ❚♦ ❜❡❣✐♥ ✇✐t❤✱ t❤❡ ✜rst ✐♥st❛♥❝❡s

♦❢ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♠❛t❤❡♠❛t✐❝s t♦ ♣❤②s✐❝s✱ t❤❡♥ t❤❡ ✜rst ❛♣♣❡❛r❛♥❝❡ ♦❢ s♦♠❡t❤✐♥❣ ❧✐❦❡ ♠♦❞❡r♥ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s✱ ❛♥❞✱ ❡✈❡♥t✉❛❧❧②✱ ❛

♣❛rt✐❝✉❧❛r ❦✐♥❞ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s t❤❡♦r②✱ ❝❛❧❧❡❞ r❛t✐♦♥❛❧ ♠❡❝❤❛♥✐❝s✱ ❛r❡ ❞✐s❝✉ss❡❞✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t②✱ t❤❡ ❣♦❧❞❡♥ ❛❣❡ ♦❢ ♣❤②s✐❝s✱

r❛♥❣✐♥❣ ❢r♦♠ ●❛❧✐❧❡♦ t♦ ◆❡✇t♦♥✱ ❤❛s ❜❡❡♥ ✐❣♥♦r❡❞✱ ✇✐t❤♦✉t ♣r❡✈❡♥t✐♥❣ t❤✐s ♣❛♣❡r ❢r♦♠ r❡❛❝❤✐♥❣ ✐ts ♦❜❥❡❝t✐✈❡✱ t❤❛t ✐s✱ t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡

♠❡❛♥✐♥❣ ♦❢ t❤❡ ❞✐s❝✐♣❧✐♥❡ ❝❛❧❧❡❞ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s✳

✷ ❊♣✐st❡♠♦❧♦❣✐❝❛❧ ❛s♣❡❝ts

❊①❛♠✐♥✐♥❣ t❤❡ ❡♣✐st❡♠♦❧♦❣✐❝❛❧ ❛s♣❡❝ts ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s ❣✐✈❡s ✉s t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ♣r❡❝✐s❡ t❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡ t❡r♠✱ ♦r ❛t ❧❡❛st t♦

st✐♣✉❧❛t❡ ✐ts ❛♣♣r♦♣r✐❛t❡ ❝♦♥✈❡♥t✐♦♥❛❧ ♠❡❛♥✐♥❣✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❡①♣❧❛✐♥ ✇❤❛t ❛ ♣❤②s✐❝❛❧ t❤❡♦r② ✐s ✐♥ ✐ts ❡ss❡♥❝❡ ✜rst✳ ■t ✐s ♠❛❞❡

✉♣ ♦❢ t❤r❡❡ ♣❛rts✿

❆♥ ❛❜str❛❝t ❝❛❧❝✉❧✉s✱ ✇❤✐❝❤ ❝♦♠♣r❡❤❡♥❞s ✉♥❞❡✜♥❡❞ ♦r t❤❡♦r❡t✐❝❛❧ t❡r♠s✱ ❞❡✜♥✐t✐♦♥s✱ ♣r✐♥❝✐♣❧❡s ❛♥❞ ✐♥❢❡r❡♥❝❡ r✉❧❡s✳

❆ ❝♦♥❝❡♣t✉❛❧ ♠♦❞❡❧✱ ✇❤✐❝❤✱ ♠♦r❡ ♦r ❧❡ss✱ ♣r♦✈✐❞❡s ❛ s❡♥s✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❡st❡❞ ♣❛rt ♦❢ t❤❡ ✇♦r❧❞ ✭♥♦t str✐❝t❧② ♥❡❝❡ss❛r②✮✳

❙♦♠❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ r✉❧❡s✱ ✇❤✐❝❤ ❝♦♥♥❡❝t t❤❡ t❤❡♦r❡t✐❝❛❧ t❡r♠s ❛♥❞ t❤❡ t❤❡♦r❡♠s ♦❢ t❤❡ t❤❡♦r② ✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛✳

❋♦r ❡①❛♠♣❧❡✱ ❛ ♠❡❝❤❛♥✐❝❛❧ t❤❡♦r② ✭❛ ♣❛rt✐❝✉❧❛r ❦✐♥❞ ♦❢ ♣❤②s✐❝❛❧ t❤❡♦r②✮ ♦❢ t❤❡ s♦❧❛r s②st❡♠ ❤❛s ♠❛t❡r✐❛❧ ♣♦✐♥t✱ ♠❛ss✱ ❢♦r❝❡✱ ❞✐s♣❧❛❝❡♠❡♥t✱

t✐♠❡✱ ❛♥❞ s♦ ♦♥✱ ❛s ♣r✐♠✐t✐✈❡ t❡r♠s✳ ❚❤❡ ♣r✐♥❝✐♣❧❡s ❛r❡ t❤❡ ◆❡✇t♦♥✐❛♥ ❧❛✇s ♦❢ ♠♦t✐♦♥✱ ❛♥❞ t❤❡ ✐♥❢❡r❡♥❝❡ r✉❧❡s ❛r❡ t❤♦s❡ ♦✛❡r❡❞ ❜② ❞✐✛❡r❡♥t✐❛❧

❝❛❧❝✉❧✉s✳ ❚❤❡ ❝♦♥❝❡♣t✉❛❧ ♠♦❞❡❧ ♠❛② ❜❡ t❤❡ s❡t ♦❢ ♣❧❛♥❡ts✱ t❤♦✉❣❤t ❛s s♣❤❡r❡s r♦t❛t✐♥❣ ❛r♦✉♥❞ t❤❡ s✉♥✳ ❚❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ r✉❧❡s ♣r♦✈✐❞❡

♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s t♦ t❤❡ ♠❛ss ♦❢ ♣❧❛♥❡ts✱ t♦ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦♥st❛♥t✱ t♦ t❤❡ q✉❛♥t✐t✐❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❞✐s♣❧❛❝❡♠❡♥ts✱ ✈❡❧♦❝✐t✐❡s ❛♥❞

❛❝❝❡❧❡r❛t✐♦♥s ❛s ❢✉r♥✐s❤❡❞ ❜② t❤❡ ♠❡❝❤❛♥✐❝❛❧ t❤❡♦r②✳ ❋✐❣✳ ✶ s❤♦✇s t❤❡ ❣❡♥❡r❛❧ str✉❝t✉r❡ ♦❢ ❛ ♣❤②s✐❝❛❧ t❤❡♦r②✳

❚❤❡ ❡ss❡♥t✐❛❧ ♣❛rt ✐s t❤❛t ✐♥ ❣r❡②❀ t❤❡ t✇♦ ❜♦①❡s ✇✐t❤ ❞❛s❤❡❞ s✐❞❡s r❡♣r❡s❡♥t ♣❛rts ✇❤✐❝❤ ❝♦✉❧❞ ❛❝t✉❛❧❧② ❜❡ ♠✐ss❡❞✿ ✐✳❡✳ t❤❡ ❢♦r♠❛❧✐③❡❞

str✉❝t✉r❡✱ ♦❜t❛✐♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s②♠❜♦❧s ❛♥❞ ♣r✐♥❝✐♣❧❡s ♦❢ ♣r❡❞✐❝❛t✐✈❡ ❧♦❣✐❝✱ ❛♥❞ t❤❡ ❝♦♥❝❡♣t✉❛❧ ♠♦❞❡❧ ✇❤✐❝❤✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞♦♠✐♥❛♥t

♣♦✐♥t ♦❢ ✈✐❡✇✱ ❤❛s ❤❡✉r✐st✐❝ ❛♥❞ ❞✐❞❛❝t✐❝ ✈❛❧✉❡ ♦♥❧②✳

✶



principles

theoretical terms

theorems

Axiomatic formalized structure

mathematical model

conceptual

   model

correspondance rules

defined terms

explicanduminitial conditions

❋✐❣✳ ✶ ❙❝❤❡♠❡ ♦❢ ❛ ♣❤②s✐❝❛❧ t❤❡♦r②

❲❤❡♥ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ r✉❧❡s ❛r❡ ♠✐ss✐♥❣ t❤❡ ♣❤②s✐❝❛❧ t❤❡♦r② t✉r♥s t♦ ❛ ♣✉r❡ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r②✱ ♦r t♦ ❛ ♣❤②s✐❝❛❧ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r②

✐❢ ✐ts ❝♦♥❝❡♣t✉❛❧ ♠♦❞❡❧ r❡❢❡rs t♦ t❤❡ ♣❤②s✐❝❛❧ ✇♦r❞✱ ❢♦r ❡①❛♠♣❧❡ t♦ t❤❡ ✇❛② ✐♥ ✇❤✐❝❤ ❤❡❛t ♣r♦♣❛❣❛t❡s ✐♥s✐❞❡ s♦❧✐❞s✳

❖❢ ❝♦✉rs❡ ❛ ❣r❛❞❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s♦ ❞❡✜♥❡❞ ♣✉r❡ ♣❤②s✐❝❛❧ t❤❡♦r② ❛♥❞ ♣✉r❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝❛❧ t❤❡♦r② ❝❛♥ ❜❡ st❛t❡❞✱ ♠❛✐♥❧②

❛❝❝♦r❞✐♥❣ t♦ ❛♥ ♦♥t♦❧♦❣✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❆ ♣✉r❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝❛❧ t❤❡♦r② ✐s ❝❛rr✐❡❞ ♦✉t ❜② ❛ ♠❛t❤❡♠❛t✐❝✐❛♥ ✇❤♦ ❤❛s ❢♦✉♥❞ ❛♥

✐♥t❡r❡st✱ ❢♦r ✉♥❦♥♦✇♥ r❡❛s♦♥s✱ ✐♥ s♦♠❡ ♣r✐♥❝✐♣❧❡s ✭❛①✐♦♠s ♦r ❧❛✇s✮✱ ✇❤✐❝❤ ❵❜② ❝❤❛♥❝❡✬ ❤❛✈❡ ❛ ♣❤②s✐❝❛❧ ♠❡❛♥✐♥❣✳ ❍❡ ❝❤♦♦s❡s t❤❡ ♣r✐♥❝✐♣❧❡s

❜❡❝❛✉s❡ ♦❢ t❤❡✐r ♠❛t❤❡♠❛t✐❝❛❧ ✐♥t❡r❡st✱ ❛♥❞ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ s❤♦✇ ❤✐s ❣r❡❛t s❦✐❧❧s ✐♥ ♠❛t❤❡♠❛t✐❝s✳ ❍❡ ❤❛s ♥♦ ✐♥t❡r❡st ✐♥ t❤❡ ❢❛❝t t❤❛t t❤❡

t❤❡♦r❡♠s ❤❡ ❤❛s ❢♦✉♥❞ ❡①♣r❡ss ♣❤②s✐❝❛❧ ❧❛✇s❀ ✐✳❡✳✱ ✐❢ t❤❡ r❡s✉❧ts ♦❢ t❤❡ t❤❡♦r② ❛r❡ ❡♠♣✐r✐❝❛❧❧② tr✉❡ ♦r ❢❛❧s❡✳

❊✈❡♥t✉❛❧❧②✱ t❤❡r❡ ✐s t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❛ ♣r♦❢❡ss✐♦♥❛❧ ♠❛t❤❡♠❛t✐❝✐❛♥ ✇❤♦ ❤❛s s♦♠❡ s❡♥s✐t✐✈✐t② t♦ ♣❤②s✐❝❛❧ ❛s♣❡❝ts✳ ❍❡ ❝❤♦♦s❡s ✇✐t❤ ❝❛r❡

❤✐s ❵♣❤②s✐❝❛❧ ❧❛✇s✬✱ ❢♦r ❤❡ ✇❛♥ts t♦ ❜❡ s✉r❡ t❤❡② ❛r❡ tr✉❡✳ ❚❤✐s ✇❛s ❢♦r ❡①❛♠♣❧❡ t❤❡ ❝❛s❡ ♦❢ ❋♦✉r✐❡r ❛♥❞ ▲❛♠é✳ ❙t❛rt✐♥❣ ❢r♦♠ ✈❡r② s✐♠♣❧❡

❛♥❞ ✐♥❞✉❜✐t❛❜❧❡ ❡♠♣✐r✐❝❛❧ ♣❤②s✐❝❛❧ ❧❛✇s✱ ❛♥❞ ❝♦♠♣❧✐❝❛t❡❞ ❛♥❛❧②t✐❝❛❧ ♣❛ss❛❣❡s✱ t❤❡② ❣♦t ❝♦♠♣❧❡① ♣❤②s✐❝❛❧ ❧❛✇s ✇❤✐❝❤ ♥❡❝❡ss❛r✐❧② s❤♦✉❧❞ ❜❡

❵tr✉❡✬✳ ■♥ ❝❛s❡ t❤❡② ✇❡r❡ ♥♦t ✈❡r✐✜❡❞✱ t❤✐s ✇♦✉❧❞ ♠❡❛♥ t❤❡r❡ ✇❡r❡ ❡rr♦rs ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❛♣♣❛r❛t✉s✳ ❆t t❤❡ ♦♣♣♦s✐t❡ ♣♦❧❡ t❤❡r❡ ✐s t❤❡

♣♦s✐t✐♦♥ ♦❢ ❛ ♣✉r❡ ♣❤②s✐❝✐sts ✇❤♦ ❤❛s ❛ ❣♦♦❞ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ♠❛t❤❡♠❛t✐❝s ❛♥❞ ❝♦♥s✐❞❡rs ❤✐s t❤❡♦r❡t✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥ts ❛s ❛ ✇❛② t♦ ✈❡r✐❢②

t❤❡ ❣♦♦❞♥❡ss ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡s ❛ss✉♠❡❞ ❢♦r t❤❡ t❤❡♦r②✱ t❤❡ ♦♥❧② t❤✐♥❣ ✇❤✐❝❤ ✐s ✐♥t❡r❡st✐♥❣ t♦ ❤✐♠✳

■♥ ♣r❡✈✐♦✉s ❝♦♥s✐❞❡r❛t✐♦♥s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♣✉r❡ ♠❛t❤❡♠❛t✐❝s ❛♥❞ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s ✇❛s ♥♦t s♣❡❝✐✜❡❞ ✐♥ ❞❡t❛✐❧✱ ❛♥❞ ✈❛r✐♦✉s

♣♦s✐t✐♦♥s ❝♦✉❧❞ ❜❡ ❛ss✉♠❡❞✳ ❈❧✐✛♦r❞ ❚r✉❡s❞❡❧❧ ✭✶✾✶✾✲✷✵✵✵✮✱ ❢♦r ✐♥st❛♥❝❡✱ ❞♦❡s ♥♦t s❡❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❛♥❞ st❛t❡s t❤❛t ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s

✐s s✐♠♣❧② ❛ ❜r❛♥❝❤ ♦❢ ♣✉r❡ ♠❛t❤❡♠❛t✐❝s✱ ❛♥❞ ✐♥ ❛♥② ❝❛s❡ ✐t ✐s ♥♦t ❛♣♣❧✐❡❞ ♠❛t❤❡♠❛t✐❝s✳ ❍❡ ❛❝t✉❛❧❧② s♣❡❛❦s ♦❢ r❛t✐♦♥❛❧ ♠❡❝❤❛♥✐❝s ♦♥❧②✱ ❜✉t

❤✐s ❝♦♥s✐❞❡r❛t✐♦♥s ❛♣♣❧② t♦ ❛♥② ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝❛❧ t❤❡♦r②✿

■s r❛t✐♦♥❛❧ ♠❡❝❤❛♥✐❝s ♣❛rt ♦❢ ❛♣♣❧✐❡❞ ♠❛t❤❡♠❛t✐❝s❄ ▼♦st ❝❡rt❛✐♥❧② ♥♦t✳ ❲❤✐❧❡ ✐♥ s♦♠❡ ❝❛s❡s ❦♥♦✇♥ ♠❛t❤❡♠❛t✐❝❛❧ t❡❝❤♥✐q✉❡s

❝❛♥ ❜❡ ✉s❡❞ t♦ s♦❧✈❡ ♥❡✇ ♣r♦❜❧❡♠s ✐♥ r❛t✐♦♥❛❧ ♠❡❝❤❛♥✐❝s✱ ✐♥ ♦t❤❡r ❝❛s❡s ♥❡✇ ♠❛t❤❡♠❛t✐❝s ♠✉st ❜❡ ✐♥✈❡♥t❡❞✳ ■t ✇♦✉❧❞ ❜❡

♠✐s❧❡❛❞✐♥❣ t♦ ❝❧❛✐♠ t❤❛t ❡❛❝❤ ❛❝❤✐❡✈❡♠❡♥t ✐♥ r❛t✐♦♥❛❧ ♠❡❝❤❛♥✐❝s ❤❛s ❜r♦✉❣❤t ♥❡✇ ❧✐❣❤t ✐♥ ♠❛t❤❡♠❛t✐❝s ❛s ❛ ✇❤♦❧❡ ❛s t♦ ❝❧❛✐♠

t❤❡ ♦♣♣♦s✐t❡✱ t❤❛t r❛t✐♦♥❛❧ ♠❡❝❤❛♥✐❝s ✐s ❛ ♠❡r❡ r❡✢❡❝t✐♦♥ ❢r♦♠ ❦♥♦✇♥ ♣❛rts ♦❢ ♣✉r❡ ♠❛t❤❡♠❛t✐❝s ❬✹✷❪✳✶

❖♥❡ ❝❛♥♥♦t ❜✉t ❛❣r❡❡ t❤❛t ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s ✐s ♥♦t ❛♥ ❛♣♣❧✐❡❞ s❝✐❡♥❝❡ ✐♥ t❤❡ ✉s✉❛❧ ♠❡❛♥✐♥❣ ♦❢ t❤❡ ❛❞❥❡❝t✐✈❡ ❵❛♣♣❧✐❡❞✬✳ ❚r✉❡s❞❡❧❧✬s

✐♥s✐st❡♥❝❡ t❤❛t ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s ✐s ❛ ❞✐st✐♥❝t ❜r❛♥❝❤ ♦❢ ♣✉r❡ ♠❛t❤❡♠❛t✐❝s ✐s ❧❡ss ❝♦♥✈✐♥❝✐♥❣✳ ■♥ ❢❛❝t✱ ✐t ✐s tr✉❡ t❤❛t ❞❡✈❡❧♦♣✐♥❣ ❛ ♣❤②s✐❝❛❧

♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r② ♦♥❡ ❝❛♥ ❞✐s❝♦✈❡r ♥❡✇ t❤❡♦r❡♠s❀ t❤✐s ✐s ✇❤❛t ♦❝❝✉rr❡❞ ✐♥ t❤❡ ♣❛st✳ ❇✉t ♥❡✇ ❞✐s❝♦✈❡r✐❡s ❝❛♥ ❛❧✇❛②s ❜❡ ❢r❛♠❡❞ ✐♥ t❤❡

❡①✐st✐♥❣ ♠❛t❤❡♠❛t✐❝s✱ ♦r ♦♣❡♥ ❛ ♥❡✇ ❜r❛♥❝❤ ♦❢ ♣✉r❡ ♠❛t❤❡♠❛t✐❝s ♥♦ ❧♦♥❣❡r ❝♦♥♥❡❝t❡❞ t♦ ♣❤②s✐❝s✳ ❙♦✱ t❤❡ ❢❛❝t t❤❛t ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s

❜❡ ♣✉r❡ ♦r ♥♦t ♣✉r❡ ♠❛t❤❡♠❛t✐❝s ✐s ✐♥ ♣❛rt ❛ ♠❛tt❡r ♦❢ ✇♦r❞s✳ ❆❧❧ ❞❡♣❡♥❞s ♦♥ t❤❡ ♠❡❛♥✐♥❣ ♦♥❡ ✇❛♥ts t♦ ❣✐✈❡ t♦ ❵♣✉r❡ ♠❛t❤❡♠❛t✐❝s✬✳ ■❢✱ ❛s

♠♦st ♠❛t❤❡♠❛t✐❝✐❛♥s t❤✐♥❦✱ ❛ ♣✉r❡ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r② s❤♦✉❧❞ ❝♦♥❝❡r♥ ♦♥❧② ♦❜❥❡❝ts t❤❛t ❛r❡ ✉s✉❛❧❧② ❝❧❛ss✐✜❡❞ ❛s ♦❜❥❡❝ts ♦❢ ♠❛t❤❡♠❛t✐❝s✱

s✉❝❤ ❛s t♦♣♦❧♦❣②✱ ❣❡♦♠❡tr②✱ ❛❜str❛❝t ❛❧❣❡❜r❛✱ t❤❡♦r② ♦❢ ♥✉♠❜❡rs ❞♦✱ t❤❡♥ r❛t✐♦♥❛❧ ♠❡❝❤❛♥✐❝s ❛♥❞ ❛♥② ♦t❤❡r ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝❛❧ t❤❡♦r✐❡s

❛r❡ ♥♦t ♣❛rt ♦❢ ♣✉r❡ ♠❛t❤❡♠❛t✐❝s✱ ♦t❤❡r✇✐s❡ t❤❡② ❛r❡✳

✶♣✳ ✸✸✼✳

✷



✸ ❉✐✛❡r❡♥t ❝♦♥❝❡♣t✐♦♥s ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s

■♥ ✶✽✷✷ ❏❡❛♥ ❇❛♣t✐st❡ ❏♦s❡♣❤ ❋♦✉r✐❡r ✭✶✼✻✽✲✶✽✸✵✮ ♣✉❜❧✐s❤❡❞ t❤❡ ❚❤é♦r✐❡ ❛♥❛❧②t✐q✉❡ ❞❡ ❧❛ ❝❤❛❧❡✉r ❬✶✵❪✱ ✇❤❡r❡ ❤❡ ❢♦r♠✉❧❛t❡❞ t❤❡ t❤❡♦r②

♦❢ ❤❡❛t ❝♦♥❞✉❝t✐♦♥ ✐♥ t❡r♠s ♦❢ ❛ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱ ❛♥❞ ❞❡✈❡❧♦♣❡❞ ♠❡t❤♦❞s t♦ s♦❧✈❡ ✐t✳ ■♥ ❞♦✐♥❣ s♦✱ ❋♦✉r✐❡r ✐♥tr♦❞✉❝❡❞ ♠❛♥②

✐♥♥♦✈❛t✐♦♥s ❜❡❝❛✉s❡ t❤❡ t❤❡♦r② ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇❛s ❛t ❛♥ ❡❛r❧② st❛❣❡ ♦❢ ❞❡✈❡❧♦♣♠❡♥t ❛t ❤✐s t✐♠❡✳

❚❤❡ ♣r✐♥❝✐♣❧❡s ♦❢ t❤❡ t❤❡♦r② ✇❡r❡ ❞❡r✐✈❡❞ ❢r♦♠ ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ❵♣r✐♠♦r❞✐❛❧✬ ❡♠♣✐r✐❝❛❧ ❢❛❝ts✱ t❤❡ ❝❛✉s❡ ♦❢ ✇❤✐❝❤ ✇❛s ♥♦t s❡❛r❝❤❡❞ ❢♦r✳

❚❤❡ ♣r✐♥❝✐♣❧❡s ♦❢ t❤✐s t❤❡♦r② ❛r❡ ❞❡r✐✈❡❞✱ s✉❝❤ ❛s t❤♦s❡ ♦❢ r❛t✐♦♥❛❧ ♠❡❝❤❛♥✐❝s✱ ❜② ❛ ✈❡r② s♠❛❧❧ ♥✉♠❜❡r ♦❢ ❡ss❡♥t✐❛❧ ❢❛❝ts✱

♦❢ ✇❤✐❝❤ t❤❡ ❣❡♦♠❡t❡rs ✐♥ ♥♦ ✇❛② ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ❝❛✉s❡ ❬❡♠♣❤❛s✐s ❛❞❞❡❞❪✱ ❜✉t t❤❡② ❛❝❝❡♣t t❤❡♠ ❛s r❡s✉❧t✐♥❣ ❢r♦♠ ❝♦♠♠♦♥

♦❜s❡r✈❛t✐♦♥s ❛♥❞ ❝♦♥✜r♠❡❞ ❜② ❛❧❧ t❤❡ ❡①♣❡r✐♠❡♥ts✳ ❚❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦❢ ❤❡❛t ♣r♦♣❛❣❛t✐♦♥ ❡①♣r❡ss t❤❡ ♠♦st ❣❡♥❡r❛❧

t❡r♠s✱ ❛♥❞ ❜r✐♥❣ ♣❤②s✐❝❛❧ q✉❡st✐♦♥s t♦ ♣r♦❜❧❡♠s ♦❢ ♣✉r❡ ❛♥❛❧②s✐s✱ ✇❤✐❝❤ ✐s t❤❡ ♣r♦♣❡r ♦❜❥❡❝t ♦❢ t❤❡ t❤❡♦r②✳ ❚❤❡② ❛r❡ ♥♦ ❧❡ss

r✐❣♦r♦✉s❧② ❞❡♠♦♥str❛t❡❞ t❤❛♥ t❤❡ ❣❡♥❡r❛❧ ❡q✉❛t✐♦♥s ♦❢ ❜❛❧❛♥❝❡ ❛♥❞ ♠♦✈❡♠❡♥t ❬✶✵❪✳✷

❚❤❡ ♠❛✐♥ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡ t❤❡♦r② ♦❢ ❤❡❛t tr❛♥s♠✐ss✐♦♥ ✇❛s ✈❡r② s✐♠♣❧❡ ❛♥❞ ❡❛s✐❧② ❛❝❝❡♣t❡❞✱ ❛s ✐t ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ ❡❧❡♠❡♥t❛r② ❛♥❞ ✇❡❧❧

❛s❝❡rt❛✐♥❡❞ ❡①♣❡r✐♠❡♥t❛❧ ❢❛❝ts✿

❲❤❡♥ t✇♦ ♠♦❧❡❝✉❧❡s ♦❢ t❤❡ s❛♠❡ s♦❧✐❞ ❛r❡ ❡①tr❡♠❡❧② ❝❧♦s❡ ❛♥❞ ❤❛✈❡ ✉♥❡q✉❛❧ t❡♠♣❡r❛t✉r❡s✱ t❤❡ ❤♦tt❡st ♠♦❧❡❝✉❧❡ tr❛♥s♠✐ts

t♦ t❤❡ ❝♦❧❞❡st ❛♥ ❛♠♦✉♥t ♦❢ ❤❡❛t ❡①❛❝t❧② ❣✐✈❡♥ ❜② t❤❡ ♣r♦❞✉❝t ♦❢ tr❡❡ q✉❛♥t✐t✐❡s ✇❤✐❝❤ ❛r❡✿ t❤❡ ❞✉r❛t✐♦♥ ♦❢ t✐♠❡✱ t❤❡ ❡①tr❡♠❡❧②

s♠❛❧❧ ❞✐✛❡r❡♥❝❡ ♦❢ t❡♠♣❡r❛t✉r❡✱ ❛♥❞ ❛ ❝❡rt❛✐♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♠♦❧❡❝✉❧❡s❬✶✵❪✳✸

❚❤❡ ✈❡r② ♥❛t✉r❡ ♦❢ ❤❡❛t ❞♦❡s ♥♦t ❝♦♥❝❡r♥ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣r❡ss✐♦♥s ❋♦✉r✐❡r ❞❡r✐✈❡❞✳

❊✈❡♥ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❝❡rt❛✐♥ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ♥❛t✉r❡ ♦❢ ❤❡❛t✱ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❧❛✇s ❤❡❛t ✐s s✉❜❥❡❝t t♦

✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❛♥② ❤②♣♦t❤❡s✐s✳ ❚❤✐s ❦♥♦✇❧❡❞❣❡ ♦♥❧② r❡q✉✐r❡s ❛ ❝❛r❡❢✉❧ ❡①❛♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♠❛✐♥ ❢❛❝ts t❤❛t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞✱

❛♥❞ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥✜r♠❡❞ ❜② ❛❝❝✉r❛t❡ ❡①♣❡r✐♠❡♥ts ❬✶✵❪✳✹

❲❤❛t ✐s r❡❛❧❧② ✐♠♣♦rt❛♥t ✐s t❤❛t ❢r♦♠ s✐♠♣❧❡ ❛♥❞ ✉♥❞❡♥✐❛❜❧❡ ❡♠♣✐r✐❝❛❧ ❢❛❝ts ❛ ✈❡r② s♦♣❤✐st✐❝❛t❡❞ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r② ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞✳

❋♦✉r✐❡r r❡s✉❧ts ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✿

❚❤❡♦r❡♠ ■❱✳ ■t ✐s ❡❛s② t♦ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠s t❤❡ ❣❡♥❡r❛❧ ❡q✉❛t✐♦♥s ♦❢ ❤❡❛t ♣r♦♣❛❣❛t✐♦♥✳

❆ss✉♠❡ t❤❛t t❤❡ ♣♦✐♥ts ♦❢ ❛ ❤♦♠♦❣❡♥❡♦✉s s♦❧✐❞ ♦❢ ❛♥② s❤❛♣❡ ❤❛✈❡ r❡❝❡✐✈❡❞ ✐♥✐t✐❛❧ t❡♠♣❡r❛t✉r❡s ✈❛r②✐♥❣ s✉❝❝❡ss✐✈❡❧② ❜② t❤❡ ❡✛❡❝t

♦❢ t❤❡ ♠✉t✉❛❧ ❛❝t✐♦♥ ♦❢ t❤❡ ♠♦❧❡❝✉❧❡s✱ ❛♥❞ t❤❡ ❡q✉❛t✐♦♥ v = f(x, y, z, t) r❡♣r❡s❡♥ts t❤❡ s✉❝❝❡ss✐✈❡ st❛t❡s ♦❢ t❤❡ s♦❧✐❞✱ ✇❡ ✇✐❧❧

❞❡♠♦♥str❛t❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ✈ ♦❢ ❢♦✉r ✈❛r✐❛❜❧❡s ♥❡❝❡ss❛r✐❧② s❛t✐s✜❡s t❤❡ ❡q✉❛t✐♦♥ ❬✶✵❪✿✺

dv

dt
=

K

C.D

(

d2v

dx2
+
d2v

dy2
+
d2v

dz2

)

✭✶✮

●❛❜r✐❡❧ ▲❛♠é ✭✶✼✾✺✲✶✽✼✵✮ ✉s❡❞ ❧❛r❣❡❧② t❤❡ t❡r♠ ❵♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s✬ ✐♥ ❤✐s ✇♦r❦s✱ ❛♥❞ s♣❡❝✐✜❡❞ ✇❤❛t ✇❛s ✐ts ♠❡❛♥✐♥❣ ❡s♣❡❝✐❛❧❧② ✐♥

❢♦✉r ❜♦♦❦s r❛♥❣✐♥❣ ❢r♦♠ ✶✽✺✷ t♦ ✶✽✻✶✱ ▲❡ς♦♥s s✉r ❧❛ t❤é♦r✐❡ ♠❛t❤é♠❛t✐q✉❡ ❞❡ ❧✬é❧❛st✐❝✐té ❞❡s ❝♦r♣s s♦❧✐❞❡s ✭✶✽✺✷✮✱ ▲❡ς♦♥s s✉r ❧❡s ❢♦♥❝t✐♦♥s

✐♥✈❡rs❡s ❞❡s tr❛♥s❝❡♥❞❛♥t❡s ❡t ❧❡s s✉r❢❛❝❡s ✐s♦t❤❡r♠❡ ✭✶✽✺✼✮✱ ▲❡ς♦♥s s✉r ❧❡s ❝♦♦r❞♦♥♥é❡s ❝✉r✈✐❧✐❣♥❡s ❡t ❧❡✉rs ❞✐✈❡rs❡s ❛♣♣❧✐❝❛t✐♦♥s ✭✶✽✺✾✮✱

▲❡ς♦♥s s✉r ❧❛ t❤é♦r✐❡ ❛♥❛❧②t✐q✉❡ ❞❡ ❧❛ ❝❤❛❧❡✉r ✭✶✽✻✶✮ ❬✷✶✱ ✷✷✱ ✷✹✱ ✷✸❪✳

❚❤❡ t✐t❧❡s ♦❢ t❤❡s❡ ❜♦♦❦s ❝❧❡❛r❧② s❤♦✇ t❤❡ ❣r❡❛t r❡❧❡✈❛♥❝❡ ❣✐✈❡♥ ❜② ▲❛♠é t♦ ❛♥❛❧②s✐s ❛♥❞ t♦ ✐ts ❤✐❣❤ ❡①♣❧✐❝❛t✐✈❡ ♣♦✇❡r ✐♥ ♣❤②s✐❝s✳ ■♥ t❤❡

▲❡ς♦♥s s✉r ❧❛ t❤é♦r✐❡ ♠❛t❤❡♠❛t✐q✉❡ ❞❡ ❧✬é❧❛st✐❝✐té ❞❡s ❝♦r♣s s♦❧✐❞❡s ♦❢ ✶✽✺✷ ❤❡ ❞❡✜♥❡❞ t❤❡ ❵♣r♦♣❡r❧② s❛✐❞ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s✬✿

▼❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s✱ ♣r♦♣❡r❧② s❛✐❞ ❬❡♠♣❤❛s✐s ❛❞❞❡❞❪✱ ✐s ❛ ♠♦❞❡r♥ ❝r❡❛t✐♦♥✱ ❜❡❧♦♥❣✐♥❣ ❡①❝❧✉s✐✈❡❧② t♦ t❤❡ ●❡♦♠❡t❡rs ♦❢ ♦✉r

❝❡♥t✉r②✳ ❚♦❞❛②✱ t❤✐s s❝✐❡♥❝❡ ❛❝t✉❛❧❧② ✐♥❝❧✉❞❡s t❤r❡❡ ❝❤❛♣t❡rs✱ ✈❛r✐♦✉s❧② ❡①t❡♥❞❡❞✱ t❤❛t ❛r❡ tr❡❛t❡❞ r❛t✐♦♥❛❧❧②✱ t❤❛t ✐s t♦ s❛②✱ t❤❡②

❛r❡ ❜❛s❡❞ ♦♥ ❝♦♠♣❡❧❧✐♥❣ ♣r✐♥❝✐♣❧❡s ♦r ❧❛✇s ♦♥❧②✳ ❚❤❡s❡ ❝❤❛♣t❡rs ❛r❡✿ t❤❡ t❤❡♦r② ♦❢ st❛t✐❝ ❡❧❡❝tr✐❝✐t② ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢ ❝♦♥❞✉❝t✐♥❣

❜♦❞✐❡s✱ t❤❡ ❛♥❛❧②t✐❝❛❧ t❤❡♦r② ♦❢ ❤❡❛t✱ ❛♥❞ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r② ♦❢ ❡❧❛st✐❝✐t② ♦❢ s♦❧✐❞ ❜♦❞✐❡s✳ ❚❤❡ ❧❛st ✐s t❤❡ ♠♦st ❞✐✣❝✉❧t✱

t❤❡ ❧❡ss ❝♦♠♣❧❡t❡✱ ❛♥❞ ✐t ✐s ❛❧s♦ t❤❡ ♠♦st ✉s❡❢✉❧✱ ❛s t♦❞❛② t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❛ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r② ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ r❡s✉❧ts

✐t ❝❛♥ ✐♠♠❡❞✐❛t❡❧② ❞❡❧✐✈❡r t♦ ✐♥❞✉str✐❛❧ ♣r❛❝t✐❝❡✳

❬✳ ✳ ✳ ❪

◆♦ ❞♦✉❜t ❛♥❛❧②s✐s ✇✐❧❧ s♦♦♥ ❡♠❜r❛❝❡ ♦t❤❡r ♣❛rts ♦❢ ❣❡♥❡r❛❧ ♣❤②s✐❝s✱ s✉❝❤ ❛s t❤❡ t❤❡♦r② ♦❢ ❧✐❣❤t ❛♥❞ ❡❧❡❝tr♦❞②♥❛♠✐❝ ♣❤❡♥♦♠❡♥❛✳

❇✉t ✐t ❝❛♥♥♦t ❜❡ r❡♣❡❛t❡❞ t♦♦ ♦❢t❡♥✱ t❤❛t tr✉❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s ✐s ❛ s❝✐❡♥❝❡ ❛s r✐❣♦r♦✉s ❛♥❞ ❛❝❝✉r❛t❡ ❛s r❛t✐♦♥❛❧ ♠❡❝❤❛♥✐❝s

❬✷✶❪✳✻

✷♣✳ ❳■✳ ▼② tr❛♥s❧❛t✐♦♥✳
✸♣✳ ✻✵✺✳ ▼② tr❛♥s❧❛t✐♦♥✳
✹♣✳ ✶✽✳ ▼② tr❛♥s❧❛t✐♦♥✳
✺♣✳ ✶✸✹✲✶✸✺✳ ▼② tr❛♥s❧❛t✐♦♥✳
✻♣✳ ❱✲❱■✳

✸



❆t t❤❡ ♠♦♠❡♥t✱ ❤❡ s❛✐❞✱ t❤❡r❡ ❛r❡ ♦♥❧② t❤r❡❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝❛❧ s❝✐❡♥❝❡s✿ t❤❡ t❤❡♦r② ♦❢ st❛t✐❝ ❡❧❡❝tr✐❝✐t②✱ t❤❡ ❛♥❛❧②t✐❝❛❧ t❤❡♦r② ♦❢ ❤❡❛t✱

❛♥❞ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r② ♦❢ ❡❧❛st✐❝✐t②✳ ❚❤❡② ❛r❡ ✢❛♥❦❡❞ ❜② r❛t✐♦♥❛❧ ♠❡❝❤❛♥✐❝s✱ ✇❤✐❝❤ ▲❛♠é s❡❡♠s t♦ ❝♦♥s✐❞❡r ❛s t❤❡ ♠♦st ❞❡✈❡❧♦♣❡❞

♣❤②s✐❝❛❧ ♠❛t❤❡♠❛t✐❝❛❧ s❝✐❡♥❝❡✱ t♦ ✇❤✐❝❤ ❛❧❧ t❤❡ ♦t❤❡r t❤r❡❡✱ ❛♥❞ ❛❧s♦ ♦t❤❡r s❝✐❡♥❝❡s t❤❛t ❛r❡ ❝♦♠✐♥❣✱ s❤♦✉❧❞ ❡q✉❛t❡✳

▲❛♠é✬s ❝♦♥❝❡♣t✐♦♥ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s ✇❛s ❞❡s❝r✐❜❡❞ ✈❡r② ❝❧❡❛r❧② ✐♥ t❤❡ ❢♦r❡✇♦r❞ ♦❢ t❤❡ ▲❡ς♦♥s s✉r ❧❛ t❤é♦r✐❡ ❛♥❛❧②t✐q✉❡ ❞❡ ❧❛

❝❤❛❧❡✉r ♦❢ ✶✽✻✶✳ ❚♦ ▲❛♠é✱ t❤❡ q✉❛♥t✐t✐❡s ♦❢ ✐♥t❡r❡st ✇❡r❡ r❡♣r❡s❡♥t❡❞ ✐♥ ❛❧❧ ❝❛s❡s ❜② ❝♦♥t✐♥✉♦✉s ♠❛t❤❡♠❛t✐❝❛❧ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ t❤r❡❡

✈❛r✐❛❜❧❡s (x, y, z) ❢♦r st❛t✐♦♥❛r② s✐t✉❛t✐♦♥s✱ t♦ ✇❤✐❝❤ ❛ ❢♦✉rt❤ ✈❛r✐❛❜❧❡✱ t❤❛t ✐s✱ t❤❡ t✐♠❡ t✱ ❤❛❞ t♦ ❜❡ ❛❞❞❡❞ ✐♥ t❤❡ ❞②♥❛♠✐❝ ❝❛s❡✳ ❚❤❡♦r②

❝❛♥ ❜❡ ❞❡✈❡❧♦♣❡❞ ❢r♦♠ ✈❡r② s✐♠♣❧❡ ♣r✐♥❝✐♣❧❡s✱ ✇❤✐❝❤ ♦♥❧② ❤❛✈❡ t❤❡ st❛t✉s ♦❢ t❡♥t❛t✐✈❡ ❤②♣♦t❤❡s❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ t❤❡♦r② ♦❢ ❡❧❛st✐❝✐t②

t❤❡ ✜rst ❤②♣♦t❤❡s✐s ✇❛s t♦ ❛ss✉♠❡ t❤❛t s♦❧✐❞ ♠❛tt❡r ✐s ❢♦r♠❡❞ ❜② s♠❛❧❧ ♣❛rt✐❝❧❡s ✐♥t❡r❛❝t✐♥❣ ❜② ♦♣♣♦s✐t❡ ❢♦r❝❡s✱ ❛♣♣❧✐❡❞ ❛t t❤❡✐r ❝❡♥tr❡s ♦❢

♠❛ss✳

❚❤❡ t❤❡♦r② ❞❡✈❡❧♦♣s ✈✐❛ s✉❜s❡q✉❡♥t ❛♣♣r♦①✐♠❛t✐♦♥s✳ ❚❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❛ ❤②♣♦t❤❡s✐s ❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ ✇❡❧❧ ❛s❝❡rt❛✐♥❡❞ ❡①♣❡r✐♠❡♥t❛❧

❢❛❝ts❀ ✐❢ t❤❡r❡ ✐s ♥♦ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ ❡❛❝❤ ♦t❤❡r✱ t❤❡ ❤②♣♦t❤❡s✐s ✐s ❛❞❛♣t❡❞ ♦r r❡♣❧❛❝❡❞✱ ✉♥t✐❧ ❛♥ ❛❣r❡❡♠❡♥t ✐s r❡❛❝❤❡❞✳ ❚❤✐s ♣r♦❝❡ss ❝❛♥

❜❡ ❝❛rr✐❡❞ ♦✉t ❜② ❛ s✐♥❣❧❡ r❡s❡❛r❝❤❡r✱ ❜✉t ♠♦r❡ ❢r❡q✉❡♥t❧② ✐s ❛ ❤✐st♦r✐❝❛❧ ♣r♦❝❡ss t❤❛t ♠❛② ❧❛st ♠❛♥② ②❡❛rs✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡

t❤❡♦r② ♦❢ ❡❧❛st✐❝✐t② t❤❡ ✜rst t❤❡♦r✐❡s ❛ss✉♠❡❞ ❛ ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ✐s♦tr♦♣✐❝ ♠❛t❡r✐❛❧✳ ❍♦✇❡✈❡r✱ t❤✐s ❛ss✉♠♣t✐♦♥s ✇❛s ✐♥ ❞✐s❛❣r❡❡♠❡♥t ✇✐t❤

♠❛♥② ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐t ✇❛s ♠♦❞✐✜❡❞ ❛❝❝♦r❞✐♥❣❧② t♦ t❤✐s✿

❆❢t❡r t❤✐s ✐♥✐t✐❛❧ ❡①♣❧♦r❛t✐♦♥✱ ✇❡ r❡t✉r♥ t♦ t❤❡ st❛rt✐♥❣ ♣♦✐♥t✱ t♦ ❡①t❡♥❞ t❤❡ ✐♥❛✉❣✉r❛t❡❞ t❤❡♦r② t♦ t❤❡ ❝❛s❡ ♦❢ ❛ ♠♦r❡ ❣❡♥❡r❛❧

❤♦♠♦❣❡♥❡✐t② ♦❢ t❤❡ s♦❧✐❞ ♠❡❞✐✉♠✱ s✉❝❤ t❤❛t t❤❡ ❡✣❝✐❡♥t ❝❛✉s❡ ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ❝❤❛♥❣❡s ✇✐t❤ t❤❡ ❞✐r❡❝t✐♦♥ ❛r♦✉♥❞ t❤❡ s❛♠❡

♣♦✐♥t✳ ❇✉t t❤❡ ❧❛✇ ♦❢ t❤✐s ❝❤❛♥❣❡ ✐s ❛❧s♦ ✐♠♣❡r❢❡❝t❧② ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ❢❛❝ts✱ t❤❛t s❤♦✉❧❞ ❜❡ ❝♦♠♣❧❡t❡❞ ❜② t❤❡ ❤❡❧♣ ♦❢ ❛ s❡❝♦♥❞

❤②♣♦t❤❡s✐s✳ ❋r♦♠ t❤✐s ❛♥♦t❤❡r ♣r✐♥❝✐♣❧❡ ❢♦❧❧♦✇s✱ ✇❤✐❝❤ ✐s st✐❧❧ ❧✐❦❡❧②✱ ❛♥❞ t❤❛t ❧❡❛❞s t♦ ❛ ♥❡✇ s②st❡♠ ♦❢ ❧✐♥❡❛r ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧

❡q✉❛t✐♦♥s✱ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✱ ❜✉t ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❡ ✜rst ♦♥❡s ❬✷✸❪ ✼

▲❛♠é✬s ❛tt✐t✉❞❡ ❝♦✉❧❞ ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ♠♦❞❡r♥ ❤②♣♦t❤❡t✐❝❛❧✲❞❡❞✉❝t✐✈❡ ❛♣♣r♦❛❝❤✱ ❛♥❞ ❞✐✛❡rs ❢r♦♠ ❋♦✉r✐❡r✬s✱ ✇❤♦s❡ ❤②♣♦t❤❡s✐s ✇❛s

❞✐r❡❝t❧② ✐♥❢❡rr❡❞ ❢r♦♠ ❡①♣❡r✐♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥s ❛♥❞ ✇❛s ♥♦ ❧♦♥❣❡r ♦❜❥❡❝t ♦❢ ❞♦✉❜ts ❬✸✺❪✳

❆s ❢❛r ❛s t❤❡ t❤❡♦r② ♦❢ ❤❡❛t ✐s ❝♦♥❝❡r♥❡❞✱ ▲❛♠é r❡❝❛❧❧❡❞ ❋♦✉r✐❡r✬s t❤❡♦r②✱ ❛♥❞ ❝❧❛✐♠❡❞ ❤❡ ✇❛s r❡♠♦✈✐♥❣ ❋♦✉r✐❡r✬s ❧✐♠✐t❛t✐♦♥s✱ ❢♦r ❡①❛♠♣❧❡

t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ✐s♦tr♦♣②✱ s✐♥❝❡ t❤❛t ✇❛s ♥❡❝❡ss❛r② t♦ st✉❞② ❝r②st❛❧❧✐♥❡ ❜♦❞✐❡s✳

❚❤❡ ❝♦✉rs❡ ■ ✉♥❞❡rt❛❦❡ t♦❞❛② ❤❛s t❤❡ ♠❛✐♥ ♣✉r♣♦s❡ t♦ ❡st❛❜❧✐s❤ t❤❡ ❛♥❛❧②t✐❝❛❧ t❤❡♦r② ♦❢ ❤❡❛t✱ ✇✐t❤♦✉t ❧❡❛✈✐♥❣ ❛♥② ❤②♣♦✲

t❤❡t✐❝❛❧ ♣r✐♥❝✐♣❧❡ ♦♥ t❤❡ ✐♥t❡r♥❛❧ ❝♦♥st✐t✉t✐♦♥ ♦❢ t❤❡ s♦❧✐❞✱ ✇✐t❤♦✉t ♠❛❦✐♥❣ ❛ss✉♠♣t✐♦♥s ♦♥ ❛♥② ❧❛✇ ♦❢ ❤❡❛t ❡①❝❤❛♥❣❡✱ ♦r t❤❡

♣❛rt✐❝✉❧❛r r❛❞✐❛t✐♦♥✱ ✇✐t❤♦✉t ❛❞♦♣t✐♥❣ ❛♥② r❡str✐❝t✐♦♥ ❢♦r ❝♦♥❞✉❝t✐✈✐t② ✈❛r✐❛t✐♦♥s ❛r♦✉♥❞ ❛ ♣♦✐♥t ❬✳ ✳ ✳ ❪✳ ■♥❞❡❡❞✱ t❤❡ ❚❤❡♦r② ♦❢

❊❧❛st✐❝✐t②✱ ❝♦♠♣❧❡t❡❧② ❢r❡❡ ♦❢ ❛♥② ❤②♣♦t❤❡t✐❝❛❧ ♣r✐♥❝✐♣❧❡✱ ❝❛♥ ❞❡♠♦♥str❛t❡ r✐❣♦r♦✉s❧②✱ ❜❛s✐♥❣ ♦♥ t❤❡ ❢❛❝ts✱ t❤❛t ✐♥ ❞✐❛♣❤❛♥♦✉s

♠❡❞✐❛✱ t❤❡ ♣♦♥❞❡r❛❜❧❡ ✐♥❞✐✈✐❞✉❛❧s ✈✐❜r❛t❡ ❜r✐❣❤t❧② ❬✷✸❪✳✽

❚❤❡ ❤②♣♦t❤❡s✐s ❛ss✉♠❡❞ ❜② ▲❛♠é ❛t t❤❡ ❜❛s✐s ♦❢ ❤✐s t❤❡♦r② ✇❛s t❤❡ ❢♦❧❧♦✇✐♥❣✿

▲❡t M ❛♥❞ M ′ ❜❡ t✇♦ ❝❧♦s❡ ♣♦✐♥ts ♦❢ ❛ s♦❧✐❞ ♠❡❞✐✉♠❀ ζ t❤❡ ❞✐st❛♥❝❡✱ ♦❢ ✐♥s❡♥s✐❜❧❡ ✈❛❧✉❡✱ s❡♣❛r❛t✐♥❣ t❤❡♠❀ ϕ t❤❡ ❧❛t✐t✉❞❡

❛♥❞ ψ t❤❡ ❧♦♥❣✐t✉❞❡ ♦❢ t❤❡ ❞✐r❡❝t✐♦♥ MM ′❀ V t❤❡ ♣r❡s❡♥t t❡♠♣❡r❛t✉r❡ ❛t M ❀ V ′✱ ❛ ❧✐tt❧❡ ❧♦✇❡r t❤❛♥ V ✱ t❤❛t ✐♥ M ′❀ ω ❛♥❞ ω′✱

t✇♦ ❡❧❡♠❡♥ts ♦❢ ✈♦❧✉♠❡✱ t♦ ✇❤✐❝❤ M ❛♥❞ M ′ ❜❡❧♦♥❣✱ ♦❢ ✈❡r② s♠❛❧❧ s✐③❡ ❝♦♠♣❛r❡❞ t♦ ζ✳ ❚❤❡ q✉❛♥t✐t② ♦❢ ❤❡❛t tr❛♥s❢❡rr❡❞✱ ❞✉r✐♥❣

t❤❡ t✐♠❡ dt✱ ❜② t❤❡ ✈♦❧✉♠❡ ω′ t♦ t❤❡ ✈♦❧✉♠❡ ω✱ ✐s✿ ωω′(V − V ′)Fdt. ❚❤❡ ❝♦❡✣❝✐❡♥t F ✱ ❡ss❡♥t✐❛❧❧② ♣♦s✐t✐✈❡✱ ❞❡♣❡♥❞s ♦♥ t❤❡

❞✐st❛♥❝❡ ζ ❛♥❞ t❤❡ ❛♥❣❧❡s (ϕ, ψ) ❬✷✸❪✳✾

✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❋♦✉r✐❡r✬s ✇❤❡♥ F ✐s ❛ss✉♠❡❞ ❝♦♥st❛♥t✳

▲❛♠é ❝♦♥s✐❞❡r❡❞ ✈❡r② ✐♠♣♦rt❛♥t t❤❡ ❢❛❝t t❤❛t ✐♥ ❛❧❧ s❡❝t♦rs ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s s✐♠✐❧❛r ♦r ❡✈❡♥ ✐❞❡♥t✐❝❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇❡r❡

♦❜t❛✐♥❡❞✳ ❚❤✐s ❢❛❝t ♣♦✐♥t❡❞ t♦ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❤❛✈❡ ❛ ✉♥✐✜❡❞ t❤❡♦r② ❢♦r t❤❡ ✇❤♦❧❡ ♦❢ ♣❤②s✐❝s✳ ❆♥❞✱ ✐♥❞❡❡❞✱ t❤✐s ✇❛s ▲❛♠é✬s ❡①♣❡❝t❛t✐♦♥✿

❚❤❡s❡ ❤✐st♦r✐❝❛❧ ❛❝❝♦✉♥ts ✈❡r② ♥❛t✉r❛❧❧② ❧❡❛❞ t♦ t❤r❡❡ ♣r❡❞✐❝t✐♦♥s t❤❛t ■ ✇✐❧❧ st❛t❡✱ ❛s s♦ ♠❛♥② ♣r♦♣♦s✐t✐♦♥s t♦ ✈❡r✐❢②✳ ❋✐rst❧② ✿

❢r♦♠ t❤❡ st❡❛❞② st❛t❡ ♦❢ t❤r❡❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r✐❡s✱ ❛♥❞ t❤❡ ✐♥❝❡ss❛♥t ♣r♦❣r❡ss ♦❢ t❤❡ ♦t❤❡r t❤r❡❡✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ♣❛rt✐❛❧

♣r✐♥❝✐♣❧❡s ♦❢ t❤❡ ❝❛♣✐❧❧❛r② ♠♦t✐♦♥✱ ❡❧❡❝tr✐❝✐t②✱ ❛♥❞ ♠❛❣♥❡t✐s♠ ❝❛♥♥♦t ❜❡ ❦♥♦✇♥ ✉♥t✐❧ ✇❤❡♥ t❤♦s❡ ♦❢ t❤❡ ❧✐❣❤t✱ ❡❧❛st✐❝✐t② ❛♥❞

❤❡❛t ✇✐❧❧ ❜❡ ❦♥♦✇♥✳ ❙❡❝♦♥❞❧② ✿ s✐♥❝❡ t❤❡ t✇♦ t❤❡♦r✐❡s ♦❢ ❡❧❛st✐❝✐t② ♦❢ s♦❧✐❞ ❤♦♠♦❣❡♥❡♦✉s ❜♦❞✐❡s ❛♥❞ t❤❡ ❞♦✉❜❧❡ r❡❢r❛❝t✐♦♥ ♦❢

❞✐❛♣❤❛♥♦✉s ❝r②st❛❧s ❤❛✈❡ ❤❛❞ t❤❡ s❛♠❡ ✐♥✐t✐❛t♦r✱ t❤❛t ✐s✱ ❋r❡s♥❡❧✱ ♦♥❡ ♠❛② ❞❡❞✉❝❡ t❤❛t t❤❡s❡ t✇♦ t❤❡♦r✐❡s s❤♦✉❧❞ ♠❡r❣❡ ✐♥t♦

❛ s✐♥❣❧❡ ♦♥❡✱ ♦r ✐♥t♦ ❛ ❣r♦✉♣ ✉♥❞❡r t❤❡ s❛♠❡ ♣❛rt✐❛❧ ♣r✐♥❝✐♣❧❡✳ ❚❤✐r❞❧② ❡✈❡♥t✉❛❧❧②✱ s✐♥❝❡ ♦♥❧② t✇♦ ❛❝t✐✈❡ ❛♥❞ ❞✐st✐♥❝t t❤❡♦r✐❡s

✇✐❧❧ r❡♠❛✐♥✱ ♦♥❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ❢r♦♠ t❤❡✐r r❛♣♣r♦❝❤❡♠❡♥t ❛♥❞ t❤❡✐r ❢✉t✉r❡ ❢✉s✐♦♥✱ s♦♦♥❡r ♦r ❧❛t❡r t❤❡ ♦♥❧② tr✉❧② ✉♥✐✈❡rs❛❧

♣r✐♥❝✐♣❧❡ ♦❢ ♣❤②s✐❝❛❧ ♥❛t✉r❡ ✇✐❧❧ ❞❡r✐✈❡ ❬✷✺❪✳✶✵

✼♣✳ ❱■■■✲■❳✳ ▼② tr❛♥s❧❛t✐♦♥✳
✽♣♣✳ ❱✲❱■✳ ▼② tr❛♥s❧❛t✐♦♥✳
✾♣♣✳ ✷✲✸✳

✶✵♣✳ ✾✽✺✳ ▼② tr❛♥s❧❛t✐♦♥✳

✹



❋♦✉r✐❡r ❛♥❞ ▲❛♠é✱ t✇♦ ❢♦✉♥❞❡rs ♦❢ ♠♦❞❡r♥ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s✱ ✇❡r❡ st✐❧❧ ❛♥❝❤♦r❡❞ t♦ ❡①♣❡r✐♠❡♥t❛❧ ❢❛❝ts✱ ❛♥❞ ❢♦r t❤✐s r❡❛s♦♥ t❤❡② s❤♦✉❧❞

❜❡ ❝♦♥s✐❞❡r❡❞ ❜♦t❤ ♣❤②s✐❝✐sts ❛♥❞ ♠❛t❤❡♠❛t✐❝✐❛♥s✳ ❇✉t ✇❤❡♥ ✐t ❜❡❝❛♠❡ ❝❧❡❛r t❤❛t t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❡q✉❛t✐♦♥s ❣♦✈❡r♥✐♥❣ ♣❤②s✐❝s ✇❡r❡

✇❡❧❧ ❡st❛❜❧✐s❤❡❞ ❛♥❞ ❛❧❧ ❤❛❞ s✐♠✐❧❛r ❢♦r♠✱ t❤❡✐r ♠❛t❤❡♠❛t✐❝❛❧ ❛s♣❡❝t ❜❡❝❛♠❡ ❛♣♣❡❛❧✐♥❣✳ ▼❛♥② ♠❛t❤❡♠❛t✐❝✐❛♥s ❡♠❜❛r❦❡❞ ♦♥ t❤❡ ❛tt❡♠♣t

t♦ s♦❧✈❡ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s ✐♥ s❡✈❡r❛❧ s✐t✉❛t✐♦♥s✱ s✉❜st❛♥t✐❛❧❧② ✐❣♥♦r✐♥❣ ♣❤②s✐❝❛❧ ✐♠♣❧✐❝❛t✐♦♥s ❛♥❞ ❧❡❛✈✐♥❣ t♦

t❤❡ ♣❤②s✐❝✐sts t❤❡ ❜✉r❞❡♥ t♦ ✈❡r✐❢② t❤❡✐r r❡s✉❧ts✳ ❋♦r ✐♥st❛♥❝❡✱ ❊♠✐❧❡ ▼❛t❤❡✐✉ ✭✶✽✸✺✲✶✽✾✵✮ ❛♥❞ ❈❛r❧ ◆❡✉♠❛♥♥ ✭✶✽✸✷✲✶✾✷✺✮ ♠♦✈❡❞ ✐♥ t❤✐s

❞✐r❡❝t✐♦♥✳

▼❛t❤✐❡✉ ♣r❡s❡♥t❡❞ ❤✐♠s❡❧❢ ❛s ❛ ❢♦❧❧♦✇❡r ♦❢ ▲❛♠é✳ ■♥ ❤✐s st✉❞✐❡s ♦♥ t❤❡ t❤❡♦r② ♦❢ ❡❧❛st✐❝✐t②✱ ✇❤❡r❡ ❤❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❢♦✉rt❤ ♦r❞❡r

❡q✉❛t✐♦♥✿
∂4V

∂x4
+ 2

∂4V

∂y2∂z2
+
∂4V

∂y4
+ 2

∂4V

∂x2∂z2
+
∂4V

∂z4
+ 2

∂4V

∂x2∂y2
= 0 ✭✷✮

❛♥❞ ❝❛❧❧❡❞ V t❤❡ ❵s❡❝♦♥❞ ♣♦t❡♥t✐❛❧✬✱ t♦ ❞✐st✐♥❣✉✐s❤ ✐t ❢r♦♠ t❤❡ ✜rst ♣♦t❡♥t✐❛❧ s❛t✐s❢②✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ▲❛♣❧❛❝❡ ♦r P♦✐ss♦♥ ✭s❡❡ ♥❡①t

s❡❝t✐♦♥✮✳✶✶

▼❛t❤✐❡✉✬s ❥♦❜ ✐♥ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s ✇❛s t♦ ✉♥✐❢♦r♠ t❤❡ ❞✐✛❡r❡♥t ✜❡❧❞s ♦❢ ♣❤②s✐❝s✱ ❛❧s♦ r❡✈✐s✐♥❣ t❤❡ ❞✐✛❡r❡♥t r❡s✉❧ts ❢♦✉♥❞ ❜② ❤✐s

♣r❡❞❡❝❡ss♦rs ❬✶❪✳✶✷ ■♥ ❢❛❝t✱ ❤❡ ❞❡✜♥❡❞ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s ❛s ❛ s❝✐❡♥❝❡ ✇❤♦s❡ ♦❜❥❡❝t ✐s t❤❡ st✉❞② ♦❢ ❛ ❧✐♠✐t❡❞ s❡t ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧

❡q✉❛t✐♦♥s✿

❚❤❡ ♣r✐♥❝✐♣❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s t❤❛t ✇❡ ♠❡❡t ✐♥ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s ❛r❡✿

△u = 0, △△u = 0, △u = −a2,
du

dt
= a2△u,

d2u

dt2
= a2△u

✇❤❡r❡ t ✐s t✐♠❡✳ ❚❤❡ ❢✉♥❝t✐♦♥ u✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts t❡♠♣❡r❛t✉r❡✱ ♣♦t❡♥t✐❛❧ ♦r ♠♦❧❡❝✉❧❛r ♠♦t✐♦♥✱ s❛t✐s✜❡s ♦♥❡ ♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s

✐♥s✐❞❡ ❛ s♦❧✐❞ ❧✐♠✐t❡❞ ❜② ❛ s✉r❢❛❝❡ σ ♦r ✐♥s✐❞❡ ❛ ♣❧❛♥❡ ❧✐♠✐t❡❞ ❜② ❛ ❧✐♥❡ σ✳ ▼♦r❡♦✈❡r✱ u ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡ ♠✉st ❜❡ ❝♦♥t✐♥✉♦✉s

✇✐t❤✐♥ t❤✐s ❞♦♠❛✐♥ ❬✶❪✳✶✸

❈❛r❧ ◆❡✉♠❛♥♥ ♠♦✈❡❞ s✐♠✐❧❛r❧②✳ ❍❡ r❡❝♦❣♥✐③❡❞ t❤❛t t❤❡ r❡s✉❧ts ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s s❤♦✉❧❞ ❜❡ ❝♦♥✜r♠❡❞ ❜② ❡①♣❡r✐♠❡♥ts ❬✸✾❪✱✶✹

❜✉t ❛❧s♦ ❝❧❛✐♠❡❞ ✐t ✐s ♥♦t ❛ ♠❛t❤❡♠❛t✐❝✐❛♥✬s ❝♦♥❝❡r♥ t♦ ✇♦r❦ ♦✉t ❛ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡♦r② ❛♥❞ ♣r❛❝t✐❝❡✳ ❆s ❛ ♠❛t❤❡♠❛t✐❝✐❛♥

✭♦r ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝✐st✮✱ ❤❡ ❢♦❝✉s❡❞ ❤✐s ❛tt❡♥t✐♦♥ ♦♥ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ ♣r✐♥❝✐♣❧❡s✱ ❛❜♦✈❡ ❛❧❧ ♦♥ t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢

♠❛t❤❡♠❛t✐❝❛❧ ♠❡❛♥s ❬✸✾❪✳✶✺

◆❡✉♠❛♥♥ ❛❧s♦ ❞✐s❝✉ss❡❞ t❤❡ ❞✐✛❡r❡♥❝❡s ♦❢ t❤❡ ❧♦❣✐❝❛❧ st❛t✉s ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝❛❧ t❤❡♦r✐❡s✳ ❆t t❤❛t t✐♠❡ t❤❡r❡

✇❛s ❛ s✉❜st❛♥t✐❛❧❧② ❆r✐st♦t❡❧✐❛♥✲❊✉❝❧✐❞❡❛♥ ✈✐s✐♦♥ ♦❢ ♠❛t❤❡♠❛t✐❝s✱ ❛❝❝♦r❞✐♥❣ t♦ ✇❤✐❝❤ ❛ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r② s❤♦✉❧❞ ❜❡ ❜❛s❡❞ ♦♥ ✐♥❞✉❜✐t❛❜❧❡

❛①✐♦♠s ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ t❤❡♦r❡♠ s❤♦✉❧❞ ♥♦t ❜❡ ❞✐s♣✉t❛❜❧❡✳ ❆❝❝♦r❞✐♥❣ t♦ ◆❡✉♠❛♥♥✱ ❛ ♣❤②s✐❝❛❧ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r② ✇❛s ❞✐✛❡r❡♥t ❜❡❝❛✉s❡

s♦♠❡ ❵❛①✐♦♠s✬ ♠✐❣❤t ❜❡ ❤②♣♦t❤❡t✐❝❛❧✱ ❛♥❞ ✐ts t❤❡♦r❡♠s✱ ✐♥❞❡❡❞ ♣❤②s✐❝❛❧ ❧❛✇s✱ ❝♦✉❧❞ ♥♦t ♥❡❝❡ss❛r✐❧② ❜❡ tr✉❡✳ ❋r♦♠ t❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇✱

♣❤②s✐❝❛❧ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r✐❡s ✇❡r❡ ♠♦r❡ ✐♥t❡r❡st✐♥❣ ❢♦r ❛ ♠❛t❤❡♠❛t✐❝✐❛♥ ❜❡❝❛✉s❡ ♦❢ t❤❡✐r ❣r❡❛t❡r ♣♦t❡♥t✐❛❧ ♦❢ ✐♥✈❡♥t✐♦♥ ✭❤②♣♦t❤❡t✐❝❛❧

❞❡❞✉❝t✐✈❡ t❤❡♦r✐❡s✮✳

❚❤❡s❡ ❝♦♥s✐❞❡r❛t✐♦♥s ❜② ◆❡✉♠❛♥♥✱ ♣❛rt✐❛❧❧② s❤❛r❡❞ ❛❧s♦ ❜② ▼❛t❤✐❡✉ ❬✶❪✱✶✻ ❝♦♥tr✐❜✉t❡❞ t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ♠♦❞❡r♥ ❝♦♥❝❡♣t ♦❢ ❛

♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r② ❜❛s❡❞ ♦♥ ♣r❡♠✐s❡s t♦ ✇❤✐❝❤ ✐s ♥♦t r❡q✉✐r❡❞ t♦ ❜❡ tr✉❡✳

✹ ❚❤❡ t❤❡♦r② ♦❢ ♣♦t❡♥t✐❛❧

❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ❳■❳ ❝❡♥t✉r②✱ ♣♦t❡♥t✐❛❧ t❤❡♦r② ❛♥❞ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s ✇❡r❡ ❝♦♥s✐❞❡r❡❞ ❛s s✉❜st❛♥t✐❛❧❧② s②♥♦♥②♠♦✉s✳ ❋♦r

t❤✐s r❡❛s♦♥✱ t❤✐s ❧❛r❣❡ s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♦r✐❣✐♥s ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤✐s ♣❡❝✉❧✐❛r ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝❛❧ t❤❡♦r②✳

■♥ ❤✐s ❚❤❡♦r✐❡ ❞❡ ❧❛ ❧✐❜r❛t✐♦♥ ❞❡ ❧❛ ▲✉♥❡ ♦❢ ✶✼✽✵✱ ▲❛❣r❛♥❣❡ ❞❡♥♦t❡❞ ❜② V ❛ s❝❛❧❛r ❢✉♥❝t✐♦♥ ✇✐t❤ ♥♦ ♥❛♠❡ ❛tt❛❝❤❡❞ t♦✳ ■ts ✉s❡ ✇❛s ✈❡r②

❝♦♥✈❡♥✐❡♥t ❜❡❝❛✉s❡✱ ✐♥ t❤❡ ❝❛s❡s ♦❢ ❝♦♥s❡r✈❛t✐✈❡ ❢♦r❝❡s✱ ❛s t❤❡② ❛r❡ ❝❛❧❧❡❞ t♦❞❛②✱ ✐ts ❞❡r✐✈❛t✐✈❡s ❛❧❧♦✇❡❞ t♦ ♦❜t❛✐♥ t❤❡✐r ❝♦♠♣♦♥❡♥ts ❬✶✼❪✳✶✼

■t ✇❛s✱ ❤♦✇❡✈❡r✱ ❙✐♠♦♥ ▲❛♣❧❛❝❡ ✭✶✼✹✾✲✶✽✷✼✮ ✐♥ ❤✐s ❚r❛✐té ❞❡ ♠é❝❛♥✐q✉❡ ❝é❧❡st❡ ❬✷✼❪ ✇❤♦ ✐♥tr♦❞✉❝❡❞ ❛ ❞❡t❛✐❧❡❞ ❛♥❞ s②st❡♠❛t✐❝ st✉❞② ♦❢

❢✉♥❝t✐♦♥s ❤❛✈✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s r❡q✉✐r❡❞ ❜② ▲❛❣r❛♥❣❡✳ ■♥ t❤✐s t❡①t s❡✈❡r❛❧ ♣r♦❜❧❡♠s✱ ✈❡r② ❞✐✛❡r❡♥t ❢r♦♠ ❡❛❝❤ ♦t❤❡r✱ ✇❡r❡ tr❡❛t❡❞ ✇✐t❤ t❤❡

♠❡t❤♦❞s ♦❢ r❛t✐♦♥❛❧ ♠❡❝❤❛♥✐❝s✱ ❜❛s✐♥❣ ♦♥ t❤❡ ◆❡✇t♦♥✐❛♥ ❧❛✇ ♦❢ ❛ttr❛❝t✐♦♥✿ ❢r♦♠ ❛str♦♥♦♠②✱ t♦ t❤❡ t❤❡♦r② ♦❢ ❝❛♣✐❧❧❛r✐t②✱ t♦ t❤❡ ♠♦t✐♦♥ ♦❢

❛ s②st❡♠ ♦❢ ❜♦❞✐❡s✳ ❚❤❡ r♦❧❡ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ❢✉♥❝t✐♦♥ ✭♠♦❞❡r♥ t❡r♠✮ ✇❛s ❝❡♥tr❛❧ t♦ ❤✐s r❡s❡❛r❝❤❀ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ s♣❤❡r♦✐❞✱ t❤❡ ❝❡♥tr❡ ♦❢

✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♦r✐❣✐♥ ♦❢ ❛ s❡t ♦❢ ♦rt❤♦❣♦♥❛❧ ❈❛rt❡s✐❛♥ ❛①❡s✱ ▲❛♣❧❛❝❡ ❝♦♥s✐❞❡r❡❞ t❤❡ ❛ttr❛❝t✐♦♥ t❤❛t t❤❡ s♣❤❡r♦✐❞ ❡①❡rts ♦♥ ❛ ♣♦✐♥t

✶✶❚❤❡ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥ ✐s ✉s✉❛❧❧② ✇r✐tt❡♥ ❛s △△V = 0✱ ✇✐t❤ △ t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✳
✶✷♣✳ ✶✶✶✳
✶✸♣✳ ✶✵✾✲✶✶✵✳
✶✹♣✳ ✶✸✵✳
✶✺♣✳ ✶✷✼✳
✶✻♣✳ ✶✶✵✲✶✶✶✳
✶✼♣♣✳ ✷✸✲✷✹✳ ▲❛❣r❛♥❣❡ r❡s✉♠❡❞ t❤✐s ❝♦♥❝❡♣t ✐♥ t❤❡ ▼é❝❤❛♥✐q✉❡ ❛♥❛❧✐t✐q✉❡ ♦❢ ✶✼✽✽ ❬✶✽❪✱ ♣✳ ✷✷✺✳

✺



♦❢ ♠❛ss m ❛♥❞ ❝♦♦r❞✐♥❛t❡s x, y, z✳ ❉❡♥♦t✐♥❣ ❜② ρ t❤❡ ♠❛ss ❞❡♥s✐t② ♦❢ t❤❡ s♣❤❡r♦✐❞ ❛♥❞ x′, y′, z′ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ ✐ts ♣♦✐♥ts✱ ❤❡ ✐♥tr♦❞✉❝❡❞

t❤❡ ❢✉♥❝t✐♦♥ V ♦❢ x, y, z ✭❤✐s s②♠❜♦❧s✮ ❬✷✼❪✿✶✽
∫

ρdx′dy′dz′
√

(x− x′)2 + (y − y′)2 + (z − z′)2
✭✸✮

t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ ✇❤✐❝❤ ✇✐t❤ r❡s♣❡❝t t♦ x, y, z ❣✐✈❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ ❣r❛✈✐t❛t✐♦♥❛❧ ❢♦r❝❡s✱ ❛♥❞ ✇❤✐❝❤ ♠✉st s❛t✐s❢② t❤❡ r❡❧❛t✐♦♥ ✭❤✐s s②♠❜♦❧s✮✿

0 =

(

ddV

dx2

)

+

(

ddV

dy2

)

+

(

ddV

dz2

)

✭✹✮

♥♦✇ ❝❛❧❧❡❞ ▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥✳ ❚❤❡ ❡q✉❛t✐♦♥ ✇❛s ✐♥tr♦❞✉❝❡❞ ❢♦r t❤❡ ✜rst t✐♠❡ ❜② ▲❛♣❧❛❝❡ ❢♦r ❛ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❬✷✽❪✳✶✾ ❖♥❧② ❧❛t❡r

✐t ✇❛s ❜r♦✉❣❤t ❜❛❝❦ ❛❣❛✐♥ t♦ t❤❡ ❝❛s❡ ♦❢ r❡❝t✐❧✐♥❡❛r ❝♦♦r❞✐♥❛t❡s ❬✷✼❪✳

❉❡♥✐s P♦✐ss♦♥ ✭✶✼✽✶✲✶✽✹✵✮ ✐♥ ❛ ♣❛♣❡r ♣✉❜❧✐s❤❡❞ ✐♥ ✶✽✶✸ ❬✸✻❪✷✵ ♦❜s❡r✈❡❞ t❤❛t ✐❢ t❤❡ ♣♦✐♥t P s✉✛❡r✐♥❣ t❤❡ ❛ttr❛❝t✐♦♥ ✐s ❧♦❝❛t❡❞ ✇✐t❤✐♥ t❤❡

❛ttr❛❝t✐✈❡ ❜♦❞② ✐ts❡❧❢✱ ▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ ✐s ♥♦ ❧♦♥❣❡r ✈❛❧✐❞✱ ❛♥❞ V s❛t✐s✜❡s t❤❡ r❡❧❛t✐♦♥ ✭❤✐s s②♠❜♦❧s✮✿

d2V

da2
+
d2V

db2
+
d2V

dc2
= −4πρ ✭✺✮

✇✐t❤ ρ t❤❡ ❞❡♥s✐t② ♦❢ ♠❛ss ♦r ❡❧❡❝tr✐❝ ❝❤❛r❣❡ ❛t t❤❡ ♣♦✐♥t P ✱ ❛♥❞ a, b, c t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ♣♦✐♥t ✇❤❡r❡ V ✐s ❡✈❛❧✉❛t❡❞✳ ❊q✉❛t✐♦♥ ✭✺✮✱

❝❛❧❧❡❞ P♦✐ss♦♥✲▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥✱ ✐s ✐♥ ❢❛❝t ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✹✮✱ ❢♦r ✐❢ t❤❡ ♣♦✐♥t P ✐s ❧♦❝❛t❡❞ ♦✉ts✐❞❡ t❤❡ ❜♦❞② ✐t ✐s ρ = 0✱ ❛♥❞ t❤❡♥

V s❛t✐s✜❡s ▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥✳ P♦✐ss♦♥ tr✐❡❞ t❤r❡❡ ❞✐✛❡r❡♥t ❞❡♠♦♥str❛t✐♦♥s ♦❢ ❡q✉❛t✐♦♥ ✭✺✮✱ ❜✉t t❤❡ ✜rst r✐❣♦r♦✉s ♣r♦♦❢ ✇❛s ❣✐✈❡♥ ❜② ❈❛r❧

❋r✐❡❞r✐❝❤ ●❛✉ss ✭✶✼✼✼✲✶✽✺✺✮ ✐♥ ❤✐s ❢❛♠♦✉s ❆❧❧❣❡♠❡✐♥❡ ▲❡❤rsät③❡ ✐♥ ❇❡③✐❡❤✉♥❣ ❛✉❢ ❞✐❡ ✐♠ ✈❡r❦❡❤rt❡♥ ❱❡r❤ä❧t♥✐ss❡ ✇✐r❦❡♥❞❡♥ ❆♥③✐❡❤✉♥❣s

✉♥❞ ❆❜st♦ss✉♥❣s✲❑rä❢t❡ ♦❢ ✶✽✹✵ ❬✶✶❪✳✷✶ ■♥ t❤❡ s❛♠❡ ♠❡♠♦r② ●❛✉ss ✉s❡❞ t❤❡ ♥❛♠❡ ♣♦t❡♥t✐❛❧ ❢♦r V ✳

▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ ✐s ❢✉♥❞❛♠❡♥t❛❧ t♦ ♣♦t❡♥t✐❛❧ t❤❡♦r② ❛♥❞ ✐t ✐s ✈❛❧✐❞ ❢♦r ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣❤❡♥♦♠❡♥❛✱ ♦t❤❡r t❤❛♥ t❤♦s❡ ✐t ✇❛s ✐♥tr♦❞✉❝❡❞

❢♦r✱ s✉❝❤ ❛s t❤❡ ❞✐❧❛t✐♦♥ ♦❢ ❛ s♦❧✐❞ ✐♥ ❡❧❛st✐❝ ❡q✉✐❧✐❜r✐✉♠✱ ❛♥❞ t❤❡ st❡❛❞② st❛t❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❡♠♣❡r❛t✉r❡ ✐♥ ❛ ❜♦❞②✳ ●✐✈❡♥ t❤❡ ✐♠♣♦rt❛♥❝❡

♦❢ ▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ✜❡❧❞ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s✱ t❤❡ ♥❡❡❞ ❢♦r ❛ss✐❣♥✐♥❣ ❛ s②♠❜♦❧ t♦ t❤❡ s✉♠ ♦❢ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s ♦❢ ❛ ❢✉♥❝t✐♦♥

V ✇❛s ❢❡❧t❀ ❘♦❜❡rt ▼✉r♣❤② ✭✶✽✵✻✲✶✽✹✸✮ ❞❡♥♦t❡❞ ✐t ❜② △V ✱ ●❛❜r✐❡❧ ▲❛♠é ❜② △V 2✱ ●❡♦r❣❡ ●r❡❡♥ ✭✶✼✾✸✲✶✽✹✶✮ ❜② δV ✱ ✇❤✐❧❡ t❤❡ ❢✉♥❝t✐♦♥ V

s✉❝❤ t❤❛t △V = 0 ✇❛s ❝❛❧❧❡❞ ❤❛r♠♦♥✐❝ ❬✸❪✳

❉✐✛❡r❡♥t ✇❛②s ✇❡r❡ ♣r♦♣♦s❡❞ t♦ ❛❞❞r❡ss ❡q✉❛t✐♦♥s ✭✹✮ ❛♥❞ ✭✺✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ t❤❡ ♠❡♠♦✐rs ♦❢ ●❛✉ss ❬✶✶❪ ❛♥❞ ●r❡❡♥ ❬✶✷✱ ✶✸❪ ❛♥❞ ✐♥

♦t❤❡r s❝✐❡♥t✐sts✬ ♠❡♠♦✐rs ✐t ✇❛s s✉❣❣❡st❡❞ t❤❛t t❤❡ s❡❛r❝❤ ❢♦r ❛ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ ❝♦✉❧❞ ❜❡ r❡♣❧❛❝❡❞ ❜② t❤❡ s❡❛r❝❤ ❢♦r t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡

❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥❛❧✿

I =

∫

[

(

∂V

∂x

)2

+

(

∂V

∂y

)2

+

(

∂V

∂z

)2
]

dx dy dz ✭✻✮

❆t t❤❛t t✐♠❡✱ t❤✐s r❡s✉❧t ✇❛s ♥♦t ♣r♦✈❡❞ r✐❣♦r♦✉s❧② ❛♥❞ ♥♦✇ ❣♦❡s ✉♥❞❡r t❤❡ ♥❛♠❡ ♦❢ ❉✐r✐❝❤❧❡t ♣r✐♥❝✐♣❧❡✱ ❛❝❝♦r❞✐♥❣ t♦ ✇❤✐❝❤ I ♠✉st ❛tt❛✐♥

❛ ♠✐♥✐♠✉♠ ✈❛❧✉❡ ❡q✉❛❧ t♦ 0✱ ❛♥❞ t❤❡ s♦✉❣❤t ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ ♠✐♥✐♠✐③❡s I ❬✶✻❪✳

❚❤✐s ♣r✐♥❝✐♣❧❡ ❞r❡✇ ♠✉❝❤ ❝r✐t✐❝✐s♠✳ ❋✐rst✱ ✐t ✇❛s ♥♦t ❛t ❛❧❧ ❡✈✐❞❡♥t t❤❛t t❤❡ ❝❧❛ss ♦❢ ❛❞♠✐ss✐❜❧❡ ❢✉♥❝t✐♦♥s✱ ♥❛♠❡❧②✱ t❤♦s❡ ❢✉♥❝t✐♦♥s

s❛t✐s❢②✐♥❣ t❤❡ ❣✐✈❡♥ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠✱ ✐s ♥♦t ❡♠♣t②✳ ❙❡❝♦♥❞✱ ✐t ✐s ♥♦t s❛✐❞ t❤❛t t❤❡ ✐♥t❡❣r❛❧ I ❛❧✇❛②s ❛ss✉♠❡s ✜♥✐t❡ ✈❛❧✉❡s✳ ❋✐♥❛❧❧②✱ I ♠❛②

♥♦t ❤❛✈❡ ❛ ♠✐♥✐♠✉♠ ♦r✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ I ❝♦✉❧❞ ❜❡ ❣✐✈❡♥ ❜② ❛ ♥♦♥ ❛❞♠✐ss✐❜❧❡ ❢✉♥❝t✐♦♥✳ ❚❤❡ ❧❛tt❡r ♦❜❥❡❝t✐♦♥ ✇❛s ❝❧❡❛r❧②

❢♦r♠✉❧❛t❡❞ ❜② ❑❛r❧ ❚❤❡♦❞♦r ❲✐❧❤❡❧♠ ❲❡✐❡rstr❛ss ✭✶✽✶✺✲✶✽✾✼✮ ✐♥ ✶✽✼✵✷✷ ❬✸✽❪✱ ❜✉✐❧❞✐♥❣ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❛ ❢✉♥❝t✐♦♥ t❤❛t ❤❛s ❛ ❧♦✇❡r ❡①tr❡♠❡✱

❜✉t ♥♦t ❛ ♠✐♥✐♠✉♠✳ ❇❡❢♦r❡ ✶✽✼✵✱ ♠❛t❤❡♠❛t✐❝✐❛♥s ❤❛❞ ❛❧r❡❛❞② ♠♦✈❡❞ ❝r✐t✐❝✐s♠ t♦ t❤❡ ❧❡❣✐t✐♠❛❝② ♦❢ ❉✐r✐❝❤❧❡t✬s ♣r✐♥❝✐♣❧❡✱ ✇❤✐❝❤ ♣r♦✈✐❞❡❞

❛ ❝r✐t❡r✐♦♥ ♦❢ ❡①✐st❡♥❝❡✱ t❤❡ ♦♥❧② ♦♥❡ ❦♥♦✇♥✱ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠✳ ❚❤❡ ♦❜❥❡❝t✐♦♥s st❛rt❡❞ ❢r♦♠ ❇❡r❧✐♥✱ ❝❛♠❡ t♦ ■t❛❧②✱ ❛♥❞

❊♥r✐❝♦ ❇❡tt✐ ✭✶✽✷✸✲✶✽✾✷✮ t♦♦❦ ♣❛rt ✐♥ t❤❡ ❝♦♥tr♦✈❡rs②✱ ♠❛❦✐♥❣ t❤❡ ❞✐✣❝✉❧t✐❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❉✐r✐❝❤❧❡t ♣r✐♥❝✐♣❧❡ ❦♥♦✇♥ ✐♥ ■t❛❧② ❜② ♠❡❛♥s

♦❢ ❤✐s ❝❤❛r✐s♠❛✳ ❍♦✇❡✈❡r✱ ✐t ✇❛s ✇✐❞❡❧② ❜❡❧✐❡✈❡❞ t❤❛t ❉✐r✐❝❤❧❡t ♣r✐♥❝✐♣❧❡ ❤❡❧❞✱ ❛t ❧❡❛st ✉♥❞❡r ❝❡rt❛✐♥ ❛ss✉♠♣t✐♦♥s✱ ❛♥❞ t❤❛t ✐ts r✐❣♦r♦✉s

♣r♦♦❢ ✇❛s ♣♦ss✐❜❧❡✳ ❚❤✐s ✈✐❡✇ ✇❛s ❛❧s♦ s❤❛r❡❞ ❜② ♣❤②s✐❝✐sts ✇❤♦✱ ❧❡ss s❡♥s✐t✐✈❡ t♦ ✐ss✉❡s ♦❢ r✐❣♦✉r✱ ❝♦♥t✐♥✉❡❞ t♦ ✉s❡ ❉✐r✐❝❤❧❡t ♣r✐♥❝✐♣❧❡ ✐♥

t❤❡✐r ❞❡❞✉❝t✐♦♥s✳

❚❤❡ ❛tt✐t✉❞❡ ♦❢ ❞✐str✉st t♦✇❛r❞s t❤✐s ♣r✐♥❝✐♣❧❡ ✐s ♣❡r❢❡❝t❧② ✉♥❞❡rst❛♥❞❛❜❧❡ ✐❢ ♦♥❡ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❡✛♦rt ♦❢ ♠❛❦✐♥❣ ♠❛t❤❡♠❛t✐❝s

r✐❣♦r♦✉s✱ ✇❤✐❝❤ ✇❛s t❛❦✐♥❣ ♣❧❛❝❡ ✐♥ t❤♦s❡ ②❡❛rs✳ ❚❤✐s ♣r♦❝❡ss ❜❡❣✉♥ ✐♥ ❋r❛♥❝❡✱ ✇✐t❤ ❆✉❣✉st✐♥ ❈❛✉❝❤② ✭✶✼✽✾✲✶✽✺✼✮ s✐♥❝❡ t❤❡ t✇❡♥t✐❡s✱

❛♥❞ ❧❛t❡r ❢♦✉♥❞ ✐ts ❝♦♥t✐♥✉❛t✐♦♥ ✐♥ ●❡r♠❛♥② ✇✐t❤ ❲❡✐❡rstr❛ss ❛♥❞ ❤✐s s❝❤♦♦❧ ♦❢ ❇❡r❧✐♥✳ ❚❤❡ ❣♦❛❧ ✇❛s t♦ ♠❛❦❡ t❤❡ ❡♥t✐r❡ ♠❛t❤❡♠❛t✐❝❛❧

❢♦✉♥❞❛t✐♦♥s ❜❛s❡❞ ♦♥ ❛❜s♦❧✉t❡❧② r✐❣♦r♦✉s ❛♥❞ ❝❡rt❛✐♥ ❞❡♠♦♥str❛t✐♦♥s✳ ❲❛s t❤✉s ♣♦ss✐❜❧❡✱ ❢r♦♠ t❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇✱ t♦ ❜✉✐❧❞ t❤❡ ❢✉♥❞❛♠❡♥t❛❧

r❡s✉❧ts ♦❢ ♣♦t❡♥t✐❛❧ t❤❡♦r② ❛♥❞ ♦t❤❡r ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r✐❡s ❜❛s✐♥❣ ♦♥ t❤❡ ❝❤❛❧❧❡♥❣❡❞ ❉✐r✐❝❤❧❡t ♣r✐♥❝✐♣❧❡❄

❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✐ts s♦❧✉t✐♦♥ ✇❡r❡ ❞❡❡♣❧② ❝♦♥♥❡❝t❡❞ t♦ s❡✈❡r❛❧ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r✐❡s✱ s✉❝❤ ❛s ❝♦♠♣❧❡① ❛♥❛❧②s✐s✱

✶✽♣♣✳ ✶✸✻✲✶✸✼✳
✶✾❘❡❧❛t✐♦♥ ✭✹✮ ✇❛s ❛❧r❡❛❞② ❞❡❞✉❝❡❞ ❜② ▲❡♦♥❤❛r❞ ❊✉❧❡r ✐♥ ✶✼✺✸ ❞✉r✐♥❣ ❤✐s r❡s❡❛r❝❤ ♦♥ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ❤②❞r♦❞②♥❛♠✐❝s ❬✾❪✱ ♣✳ ✸✵✵✳ ❍❡ ✇❛s ❛❝t✉❛❧❧② r❡❢❡rr✐♥❣ t♦ ❛

♣♦t❡♥t✐❛❧ ♦❢ ✈❡❧♦❝✐t✐❡s ❛♥❞ ♥♦t ♦❢ ❢♦r❝❡s✳
✷✵♣✳ ✸✾✶✳
✷✶♣✳ ✷✶✵✳
✷✷❇✉t ♣✉❜❧✐s❤❡❞ ♦♥❧② ✐♥ ✶✽✾✺✳

✻



❢✉♥❝t✐♦♥❛❧ ❛♥❛❧②s✐s ❛♥❞ ✈❛r✐❛t✐♦♥❛❧ ❝❛❧❝✉❧✉s✳ ■♥ t❤❡ s❡❝♦♥❞ ❤❛❧❢ ♦❢ t❤❡ ❳■❳ ❝❡♥t✉r②✱ t❤❡ ❢❛❝t t❤❛t t❤❡ ✈❛❧✐❞✐t② ♦❢ ❉✐r✐❝❤❧❡t ♣r✐♥❝✐♣❧❡ ✇❛s

❞♦✉❜t❢✉❧ ✉♥❞❡r♠✐♥❡❞ t❤❡ ❜❛s✐s ♦❢ ♠❛♥② ❞❡✈❡❧♦♣♠❡♥ts ♦❢ t❤❡s❡ t❤❡♦r✐❡s ✇❤✐❝❤✱ ✉♥t✐❧ t❤❡♥✱ r❡❧✐❡❞ ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ ❉✐r✐❝❤❧❡t

♣r♦❜❧❡♠✳ ▼❛t❤❡♠❛t✐❝✐❛♥s t❤❡♥ tr✐❡❞ t♦ ♦✈❡r❝♦♠❡ t❤❡ ♦❜st❛❝❧❡ ❜✉✐❧❞✐♥❣✱ ♦✈❡r t✐♠❡✱ t❤❡ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥ t♦ t❤❡ ❣✐✈❡♥ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠✳

❚❤❡ ♠❡t❤♦❞s ❞❡✈❡❧♦♣❡❞ ❞✉r✐♥❣ t❤❡ ❳■❳ ❝❡♥t✉r② ✇❡r❡ ♠❛✐♥❧② ●r❡❡♥✬s ❢✉♥❝t✐♦♥ ✭❛♥❛❧②③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✮✱ t❤❡ ❛❧t❡r♥❛t✐♥❣ ♠❡t❤♦❞ ♦❢ ❑❛r❧

❍❡r♠❛♥♥ ❆♠❛♥❞✉s ❙❝❤✇❛r③ ✭✶✽✹✸✲✶✾✷✶✮✱ t❤❡ ♠❡t❤♦❞ ♦❢ t❤❡ ❛r✐t❤♠❡t✐❝ ❛✈❡r❛❣❡s ♦❢ ❈❛r❧ ◆❡✉♠❛♥♥ ✭✶✽✸✷✲✶✾✷✺✮ ❛♥❞ t❤❡ ❜❛❧❛②❛❣❡ ♦❢ ❍❡♥r✐

P♦✐♥❝❛ré ✭✶✽✺✹✲✶✾✶✷✮ ❬✸❪✳✷✸

❆♠♦♥❣ t❤❡ ♠❛♥② ❛❞ ❤♦❝ ♠❡t❤♦❞s ❢♦r s♦❧✈✐♥❣ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠✱ t❤❡ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ❜② ●r❡❡♥ ♠✉st ❜❡ ❞✐s❝✉ss❡❞✳ ■t ✇❛s r❡♣♦rt❡❞ ✐♥

❤✐s ❢❛♠♦✉s ♣❛♣❡r ♦❢ ✶✽✷✽ ❆♥ ❡ss❛② ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ❬✶✷❪✱ ❛❜♦✉t t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❛♥❛❧②s✐s t♦ t❤❡ st✉❞② ♦❢

❡❧❡❝tr✐❝✐t② ❛♥❞ ♠❛❣♥❡t✐s♠✳ ❚❤❡ s❡❝t✐♦♥ ❡♥t✐t❧❡❞ ●❡♥❡r❛❧ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts ✐s t❤❛t ♦✛❡r✐♥❣ t❤❡ ❣r❡❛t❡st ❝♦♥tr✐❜✉t✐♦♥s t♦ ♣♦t❡♥t✐❛❧ t❤❡♦r②✳

❘❡❧②✐♥❣ ♦♥ ♣❤②s✐❝❛❧ ✐♥t✉✐t✐♦♥ ❛❧s♦✱ ●r❡❡♥ ❢❡❧t t❤❛t ❛ ❢✉♥❝t✐♦♥ V ❤❛r♠♦♥✐❝ ✐♥ ❛ ❞♦♠❛✐♥ T ✱ ❜♦✉♥❞❡❞ ❜② ❛ s✉r❢❛❝❡ S✱ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡

❢♦❧❧♦✇✐♥❣ ✇❛② ✭♠♦❞❡r♥ s②♠❜♦❧s✮ ❬✶✷❪✿✷✹

V (P ) =
1

4π

∫

S

V (Q)
∂

∂n
G(Q,P )dS ✭✼✮

✇❤❡r❡ P ✐s ❛ ✜①❡❞ ♣♦✐♥t✱ Q ❛ ✈❛r✐❛❜❧❡ ♣♦✐♥t ♦♥ t❤❡ s✉r❢❛❝❡ S✱ n t❤❡ ✐♥♥❡r ♥♦r♠❛❧ t♦ S✱ ❛♥❞ G(Q,P ) = 1/r+U(Q,P ) ❛ ❢✉♥❝t✐♦♥ ✈❛♥✐s❤✐♥❣

❛t ❛❧❧ ♣♦✐♥ts ♦❢ t❤❡ s✉r❢❛❝❡✱ ✇✐t❤ r t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ P ❛♥❞ Q✳ ❚❤❡ ❢✉♥❝t✐♦♥ U ✐s ♥♦t❤✐♥❣ ❜✉t t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ t❤❡ ❝❤❛r❣❡ ✐♥❞✉❝❡❞ ♦♥ ❛

❝♦♥❞✉❝t♦r ❧❛②❡r✱ ❤❛✈✐♥❣ t❤❡ ❢♦r♠ ♦❢ S✱ ❢r♦♠ t❤❡ ✉♥✐t ❝❤❛r❣❡ ♣❧❛❝❡❞ ✐♥ P ✳

❚❤❡ ❆♥ ❡ss❛② ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ❜② ●r❡❡♥✱ ✇❤✐❝❤ ❛❧s♦ ❛♥t✐❝✐♣❛t❡❞ s♦♠❡ r❡♠❛r❦❛❜❧❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② ●❛✉ss✱

❛♥❞ ✐♥tr♦❞✉❝❡❞ ♥❡✇ ♠❡t❤♦❞s ♦❢ ♣♦t❡♥t✐❛❧ t❤❡♦r②✱ ✇❛s ❢♦r ♠❛♥② ②❡❛rs ✉♥❦♥♦✇♥ t♦ ♠♦st ♦❢ t❤❡ s❝✐❡♥t✐✜❝ ✇♦r❧❞✳ ❖♥❧② ✐♥ ✶✽✹✺✱ ❲✐❧❧✐❛♠

❚❤♦♠s♦♥ ✭✶✽✷✹✲✶✾✵✼✮ ❤❛❞ ✐♥ ❤✐s ❤❛♥❞s t❤❡ ❊ss❛②✱ ❛♥❞ s❡♥t ❛ ❝♦♣② t♦ ❆rt❤✉r ❈❛②❧❡② ✭✶✽✷✶✲✶✽✾✺✮✱ ✇❤♦ ♣✉❜❧✐s❤❡❞ ✐t ♦♥ t❤❡ ♣r❡st✐❣✐♦✉s

●❡r♠❛♥ ♠❛❣❛③✐♥❡ ❏♦✉r♥❛❧ ❢ür ❞✐❡ r❡✐♥❡ ✉♥❞ ❛♥❣❡✇❛♥❞t❡ ▼❛t❤❡♠❛t✐❦ ✐♥ s❡r✐❛❧ ❢♦r♠ st❛rt✐♥❣ ❢r♦♠ ✶✽✺✵✳ ❚❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ♣✉❜❧✐❝❛t✐♦♥

✇❛s r❡♠❛r❦❛❜❧❡ ❛♥❞✱ ❢r♦♠ t❤❛t ♠♦♠❡♥t ♦♥✱ ●r❡❡♥✬s ❢✉♥❝t✐♦♥ ❜❡❝❛♠❡ ❛ ❝♦♠♠♦♥ ♠❡t❤♦❞ ✉s❡❞ t♦ ❛❞❞r❡ss ✐ss✉❡s ♦❢ ♣♦t❡♥t✐❛❧ t❤❡♦r②✱ ❛♥❞ ✐♥

♣r✐♠✐s✱ t♦ s♦❧✈❡ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠✳

■♥ t❤❡ ♣❡r✐♦❞ ❜❡t✇❡❡♥ ✶✽✻✵ ❛♥❞ ✶✽✼✵ s♦♠❡ ♠❛t❤❡♠❛t✐❝✐❛♥s✱ ✐♥❝❧✉❞✐♥❣ ❊♥r✐❝♦ ❇❡tt✐✱ ❘✉❞♦❧❢ ❖tt♦ ❙✐❣✐s♠✉♥❞ ▲✐♣s❝❤✐t③ ✭✶✽✸✷✲✶✾✵✸✮✱ ❋r❛♥③

❊r♥st ◆❡✉♠❛♥♥ ✭✶✼✾✽✲✶✽✾✺✮✱ ❛♥❞ ❈❛r❧ ●♦tt❢r✐❡❞ ◆❡✉♠❛♥♥✱ tr✐❡❞ t♦ ❞❡❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥s ❤♦❧❞✐♥❣ t❤❡ s❛♠❡ r♦❧❡ ❛s ●r❡❡♥✬s ❢✉♥❝t✐♦♥ ✐♥ t❤❡

t❤❡♦r✐❡s ♦❢ ❤❡❛t✱ ❡❧❛st✐❝✐t②✱ ♠❛❣♥❡t✐s♠✱ ❛♥❞ ❡❧❡❝tr♦❞②♥❛♠✐❝s✳ ❚❤❡✐r ❣♦❛❧ ✇❛s t♦ ❞❡✈❡❧♦♣ ♣r♦❝❡❞✉r❡s ❛♥❞ ♠❡t❤♦❞s ♦❢ ♣♦t❡♥t✐❛❧ t❤❡♦r② t♦

❞❡t❡r♠✐♥❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠s s✐♠✐❧❛r t♦ ❉✐r✐❝❤❧❡t✬s ❬✹✶❪✳ ❆♠♦♥❣ t❤❡s❡✱ t❤❡ s♦✲❝❛❧❧❡❞ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ❛✐♠s t♦ ❞❡t❡r♠✐♥❡ ❛

❢✉♥❝t✐♦♥ V ❤❛r♠♦♥✐❝ ✐♥ ❛ ❞♦♠❛✐♥ ✇✐t❤ ❛ss✐❣♥❡❞ ✈❛❧✉❡s ❢♦r t❤❡ ♥♦r♠❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ V ♦♥ t❤❡ ❜♦✉♥❞❛r②✱ ♠✉st ❜❡ ♠❡♥t✐♦♥❡❞✳ ❚❤❡ ❢✉♥❝t✐♦♥

s✐♠✐❧❛r t♦ ●r❡❡♥✬s ❢✉♥❝t✐♦♥ ❢♦r ❛ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠ ✇❛s ❞❡r✐✈❡❞ ✐♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ❜② ❛ ♣✉♣✐❧ ♦❢ ❇❡tt✐✱ ❯❧✐ss❡ ❉✐♥✐ ✭✶✽✹✺✲✶✾✶✽✮✱

✐♥ ✶✽✼✻✳

❚♦✇❛r❞s t❤❡ ❡♥❞ ♦❢ t❤❡ ❝❡♥t✉r②✱ ♠❛t❤❡♠❛t✐❝✐❛♥s ❝❛♠❡ ❜❛❝❦ t♦ ❉✐r✐❝❤❧❡t ♣r✐♥❝✐♣❧❡✱ tr②✐♥❣ t♦ ♣r♦✈✐❞❡ ❛ r✐❣♦r♦✉s ♣r♦♦❢ ✐♥ s❡✈❡r❛❧ ♦❝❝❛s✐♦♥s✳

❙♦♠❡ ■t❛❧✐❛♥ s❝✐❡♥t✐sts✱ st✐♠✉❧❛t❡❞ ❜② t❤❡ ♣r♦❜❧❡♠s r❡❧❛t❡❞ t♦ ❉✐r✐❝❤❧❡t ♣r✐♥❝✐♣❧❡✱ ❣❛✈❡ ❛♥ ✐♠♣♦rt❛♥t ❝♦♥tr✐❜✉t✐♦♥ ✐♥ t❤✐s r❡❣❛r❞✱ ❧❛②✐♥❣

t❤❡ ❢♦✉♥❞❛t✐♦♥s ♦❢ ♠♦❞❡r♥ ❢✉♥❝t✐♦♥❛❧ ❛♥❛❧②s✐s ❬✸❪✳ ❍♦✇❡✈❡r✱ ✐t ✇❛s ❉❛✈✐❞ ❍✐❧❜❡rt ✭✶✽✻✷✲✶✾✹✸✮ ✇❤♦ ♣✉t ❉✐r✐❝❤❧❡t ♣r✐♥❝✐♣❧❡ ♦♥ s♦❧✐❞ ❜❛s✐s✳

■♥ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✇✐t❤ ❛ s✉✣❝✐❡♥t❧② s♠♦♦t❤ ❜♦✉♥❞❛r② ❛♥❞ t❤❡ ❣✐✈❡♥ ❢✉♥❝t✐♦♥ s✉♣♣♦s❡❞ ♣✐❡❝❡✇✐s❡ ❛♥❛❧②t✐❝❛❧✱ ❤❡ ♣r♦✈❡❞ t❤❛t t❤❡

❢✉♥❝t✐♦♥❛❧ ✭✻✮ ❛❞♠✐ts ❛t ❧❡❛st ❛ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ t❛❦✐♥❣ ❛ss✐❣♥❡❞ ✈❛❧✉❡s ♦♥ t❤❡ ❜♦✉♥❞❛r② ❬✶✹✱ ✶✺❪✳ ❍✐❧❜❡rt ♦❜s❡r✈❡❞ t❤❛t ❉✐r✐❝❤❧❡t ♣r✐♥❝✐♣❧❡

✐s ❛ ♣❛rt✐❝✉❧❛r ♣r♦❜❧❡♠ ♦❢ ✈❛r✐❛t✐♦♥❛❧ ❝❛❧❝✉❧✉s✱ ❛♥❞ t❤❡r❡❢♦r❡ ❞❡✈❡❧♦♣❡❞ ❛ ❣❡♥❡r❛❧ ♠❡t❤♦❞ ❢♦r ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ ♥❡❝❡ss❛r② t♦ ❡♥s✉r❡

t❤❛t ❛ ❢✉♥❝t✐♦♥ ✐s t❤❡ ♠❛①✐♠✉♠ ♦r t❤❡ ♠✐♥✐♠✉♠ ♦❢ ❛ ❢✉♥❝t✐♦♥❛❧✳ ❍✐❧❜❡rt ❵❝❛❧❧❡❞ ❜❛❝❦ t♦ ❧✐❢❡✬ ✭❛s ❤❡ ❤✐♠s❡❧❢ ✇r♦t❡✮ ❉✐r✐❝❤❧❡t ♣r✐♥❝✐♣❧❡ ❜②

❣♦✐♥❣ ❞✐r❡❝t❧② t♦ ❝♦♥str✉❝t ❛ s❡q✉❡♥❝❡ ♦❢ ♠✐♥✐♠✐③✐♥❣ ❢✉♥❝t✐♦♥s✱ s✉❝❤ t❤❛t t❤❡✐r ❧✐♠✐t ❡①✐sts ❛♥❞ ✐s ♣r❡❝✐s❡❧② t❤❡ s♦✉❣❤t ❢✉♥❝t✐♦♥✳

✺ ❚❤❡ r♦❧❡ ♦❢ ●❛❜r✐♦ P✐♦❧❛

●❛❜r✐♦ P✐♦❧❛ ✭✶✼✾✹✲✶✽✺✵✮✱ s✉❜st❛♥t✐❛❧❧② ❛ ❝♦♥t❡♠♣♦r❛r② ♦❢ ▲❛♠é✱ ❝♦♥❝❡♥tr❛t❡❞ ❤✐s ❡✛♦rts ♦♥ ❛ ♣❛rt✐❝✉❧❛r ❜r❛♥❝❤ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s✱

t❤❛t ✐s✱ r❛t✐♦♥❛❧ ♠❡❝❤❛♥✐❝s✱ ♦r✱ r❛t❤❡r✱ r❛t✐♦♥❛❧ ♠❡❝❤❛♥✐❝s ♦❢ ❝♦♥t✐♥✉♦✉s ❜♦❞✐❡s✳

❘❛t✐♦♥❛❧ ♠❡❝❤❛♥✐❝s ❞✐✛❡r❡❞ ❢r♦♠ ♦t❤❡r ❝❧❛ss✐❝❛❧ ♣❤②s✐❝❛❧ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r✐❡s ❜❡❝❛✉s❡✱ ❛t ❧❡❛st ✐♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡s✱ t❤❡

❡♠♣✐r✐❝❛❧ ❡❧❡♠❡♥t ❤❛❞ ❛❧✇❛②s ❜❡❡♥ r❡❧❡❣❛t❡❞ t♦ ❛ ❝♦r♥❡r✱ ❛♥❞ ✇❤❡♥ ✐t ✇❛s ✐♥tr♦❞✉❝❡❞ ✐t ❝♦♥❝❡r♥❡❞ ♥♦t s②st❡♠❛t✐❝ ❡①♣❡r✐♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥s

❜✉t ♦❜s❡r✈❛t✐♦♥s ♦❢ t❤❡ ❝♦♠♠♦♥ ♠❛♥✳

❆r❝❤✐♠❡❞❡s✬ st❛t✐❝s✱ ❢♦r ✐♥st❛♥❝❡✱ ❡✈♦❧✈❡❞ ♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ s✐♠♣❧❡ ♣r✐♥❝✐♣❧❡s ❢♦r ✇❤✐❝❤ ❛ ❜♦❞② t❡♥❞s t♦ ❢❛❧❧ ❞♦✇♥ ✐♥st❡❛❞ ♦❢ r✐s❡ ✉♣

❛♥❞ ❝❡t❡r✐s ♣❛r✐❜✉s✱ ❢♦r ❡①❛♠♣❧❡ ❢♦r ❛ ❧❡✈❡r ✇✐t❤ t✇♦ ❛r♠s ♦❢ s❛♠❡ ❧❡♥❣t❤✱ t❤❡ ❣r❡❛t❡r ✇❡✐❣❤t ❤❛s t❤❡ ❣r❡❛t❡r ❡✛❡❝t✐✈❡♥❡ss✱ ❛♥❞ ♠♦✈❡s t❤❡

s②st❡♠ ❞♦✇♥✳ ❚❤❡r❡ ✐s ♥♦ ❞♦✉❜t t❤❛t t❤❡s❡ ♣r✐♥❝✐♣❧❡s ❛r❡ ❡①tr❛✲❧♦❣✐❝❛❧ ✐♥ ♥❛t✉r❡ ❛♥❞ ✐♥ ❛ ❞✐✛❡r❡♥t ✇♦r❧❞ ❝♦✉❧❞ ♥♦t ❜❡ ✈❛❧✐❞✳ ❚♦❞❛② t❤❡r❡

✐s ❡✈❡♥ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❢❛❧s✐❢②✐♥❣ ❆r❝❤✐♠❡❞❡s✬ ♣r✐♥❝✐♣❧❡s ♦❢ st❛t✐❝s ❜② ❡♠♣✐r✐❝❛❧ ❡①♣❡r✐♠❡♥ts✿ ✐t ✇♦✉❧❞ ❜❡ s✉✣❝✐❡♥t t♦ s❡t ✉♣ t❤❡ ❜♦❞✐❡s ✐♥

❞❡❡♣ s♣❛❝❡✱ ✇❤❡r❡ t❤❡② ❤❛✈❡ ♥♦ ✇❡✐❣❤t✳

✷✸♣✳ ✷✹✳
✷✹♣♣✳ ✸✸✲✸✹✳

✼



❊✈❡♥ ✐♥ t❤❡ st❛t✐❝s ♦❢ t❤❡ ❳■❳ ❝❡♥t✉r② t❤❡ ❡♠♣✐r✐❝❛❧ ❡❧❡♠❡♥t ✐s ♥♦t ✈❡r② ❡✈✐❞❡♥t✳ ❚❤❡r❡ ❛r❡ ❡ss❡♥t✐❛❧❧② t✇♦ ❛♣♣r♦❛❝❤❡s✱ ♦♥❡ ❜❛s❡❞ ♦♥

❡q✉❛t✐♥❣ t♦ ③❡r♦ t❤❡ s✉♠ ♦❢ t❤❡ ❢♦r❝❡s ✭❛♥❞ ♠♦♠❡♥ts✮ t❤❛t ❛r❡ ❝♦♠♣♦s❡❞ ✇✐t❤ t❤❡ ♣❛r❛❧❧❡❧♦❣r❛♠ r✉❧❡✱ ❛♥❞ ♦♥❡ ❜❛s❡❞ ♦♥ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢

✈✐rt✉❛❧ ✈❡❧♦❝✐t✐❡s ❛♥❞ t❤❡ ❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s✱ ❛s ❞❡✈❡❧♦♣❡❞ ❜② ▲❛❣r❛♥❣❡ ✐♥ ❤✐s ▼é❝❛♥✐q✉❡ ❛♥❛❧②t✐q✉❡✳ ❚❤❡ ❋r❡♥❝❤ ♠❛t❤❡♠❛t✐❝✐❛♥s ✇❤♦

❤❛❞ st✉❞✐❡❞ ❝♦♥t✐♥✉❛✱ s✉❝❤ ❛s ❈❛✉❝❤②✱ P♦✐ss♦♥ ❛♥❞ ▲❛♠é✱ ❤❛❞ ✉s❡❞ t❤❡ ✜rst ❛♣♣r♦❛❝❤✱ P✐♦❧❛ ❝❤♦s❡ t❤❡ s❡❝♦♥❞ ♦♥❡✳ ❆❧t❤♦✉❣❤ ❤❡ ❞✐❞ ♥♦t

❝♦♥s✐❞❡r ✐t ❛s ♦❜✈✐♦✉s✱ ❤❡ ❝♦♥s✐❞❡r❡❞ ✐t ❛t ❧❡❛st ✐♥❞✉❜✐t❛❜❧❡ ❛♥❞ ❡❛s✐❧② ♣r♦✈❛❜❧❡ ❢r♦♠ ❡✈✐❞❡♥t ♣r✐♥❝✐♣❧❡s✿

❚❤❡s❡ t❤♦✉❣❤ts ♣❡rs✉❛❞❡ ✉s t❤❛t ❤❡ ✇♦✉❧❞ ❜❡ ❛ ❜❛❞ ♣❤✐❧♦s♦♣❤❡r ✇❤♦ ✇✐❧❧ ♣❡rs✐st t♦ ✇✐s❤ t♦ ❦♥♦✇ t❤❡ tr✉t❤ ❛❜♦✉t t❤❡

❢✉♥❞❛♠❡♥t❛❧ ♣r✐♥❝✐♣❧❡ ♦❢ ♠❡❝❤❛♥✐❝s ✐♥ t❤❡ ✇❛② ❤❡ ❝❧❡❛r❧② ✉♥❞❡rst❛♥❞s ❛①✐♦♠s✳ ❬✳ ✳ ✳ ❪ ❇✉t✱ ✐❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♣r✐♥❝✐♣❧❡ ♦❢

♠❡❝❤❛♥✐❝s ❝❛♥♥♦t ❜❡ ❡✈✐❞❡♥t ✐♥ ✐ts❡❧❢✱ ✐t s❤♦✉❧❞ ❛t ❧❡❛st ❜❡ ❛ tr✉t❤ ❡❛s② t♦ ❜❡ ✉♥❞❡rst♦♦❞ ❛♥❞ t♦ ❜❡ ❝♦♥✈✐♥❝❡❞ ♦❢ ❬❡♠♣❤❛s✐s ❛❞❞❡❞❪

✭P✐♦❧❛ ✶✽✷✺✱ ♣✳ ❳❱■✮✳

P✐♦❧❛✬s ❛♣♣r♦❛❝❤ t♦ r❛t✐♦♥❛❧ ♠❡❝❤❛♥✐❝s ✇❛s s✐♠✐❧❛r t♦ t❤❛t ❜② ▲❛♠é t♦ t❤❡ t❤❡♦r② ♦❢ ❡❧❛st✐❝✐t②✱ ✇✐t❤ s♦♠❡ ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡s✳ ▲✐❦❡ ▲❛♠é✱

P✐♦❧❛ t❤♦✉❣❤t t❤❛t ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s ♠✉st ♣r♦❝❡❡❞ ❢r♦♠ ✉♥❞♦✉❜t❡❞ ❢❛❝ts✱ ❛♥❞ ♠❛❦❡ ❡①t❡♥s✐✈❡ ✉s❡ ♦❢ ♠♦❞❡r♥ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s t♦

❞❡r✐✈❡ t❤❡♦r❡♠s ❛s t❤❡ ❧❛✇s ♦❢ ♣❤②s✐❝s✱ ❜✉t ❤❡ ✇❛s ❡✈❡♥ ♠♦r❡ ❝❛✉t✐♦✉s✳ ▲❛♠é✬s ❢♦✉♥❞❛t✐♦♥ ♦❢ ❤✐s r❛t✐♦♥❛❧ ♠❡❝❤❛♥✐❝s ✇❛s✱ ♦♥ ♦♥❡ ❤❛♥❞✱ t❤❡

❡①♣❧✐❝✐t ❛ss✉♠♣t✐♦♥ ♦❢ ♣❛rt✐❝❧❡s ❛ttr❛❝t✐♥❣ ❡❛❝❤ ♦t❤❡r ❜② ❢♦r❝❡s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡✐r ❞✐st❛♥❝❡❀ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✐♠♣❧✐❝✐t ❛ss✉♠♣t✐♦♥

♦❢ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ✉s✉❛❧ ❧❛✇s ♦❢ st❛t✐❝s✱ ✇❤✐❝❤ t❤❡♥ ✇❡r❡ t❤❡ ♣❛r❛❧❧❡❧♦❣r❛♠ r✉❧❡ ❛♥❞ t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ t♦t❛❧ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts✳ P✐♦❧❛

❜❡❧✐❡✈❡❞ t❤❛t ▲❛♠é✬s ❤②♣♦t❤❡s✐s ♦♥ t❤❡ ❝♦♥st✐t✉t✐♦♥ ♦❢ ♠❛tt❡r ❛♥❞ t❤❡ ♥❛t✉r❡ ♦❢ ✐♥t❡r♥❛❧ ❢♦r❝❡s ✇❡r❡ ✉♥♥❡❝❡ss❛r✐❧② ❜♦❧❞✳ ❍❡ ✇❛♥t❡❞ t♦

❛ss✉♠❡ ♦♥❧② t❤❡ ❣❡♦♠❡tr✐❝❛❧ ❝♦♥str❛✐♥ts ♦❢ ❜♦❞✐❡s✱ ✇❤✐❝❤ ❛r❡ ✐♥ t✉r♥ ❝♦♥s✐❞❡r❡❞ ❛s ♠❛t❤❡♠❛t✐❝❛❧ ❝♦♥t✐♥✉❛✱ s✐♠✐❧❛r❧② t♦ ✇❤❛t ✇❛s ❞♦♥❡ ❜②

❈❛✉❝❤② ❛♥❞ ▲❛❣r❛♥❣❡✱ ❛s ❡✈✐❞❡♥t✳

❘❡❣❛r❞✐♥❣ t❤❡ ❝r✐t❡r✐♦♥ ♦❢ ❜❛❧❛♥❝❡ P✐♦❧❛ st♦♦❞ ♦✉t ❢r♦♠ ▲❛♠é✱ ❛ss✉♠✐♥❣ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✈❡❧♦❝✐t✐❡s✱ ❛s ❢♦r♠✉❧❛t❡❞ ❜② ▲❛❣r❛♥❣❡✿

❍❡r❡ ✐s t❤❡ ❣r❡❛t ❜❡♥❡✜t ♦❢ ❆♥❛❧②t✐❝❛❧ ▼❡❝❤❛♥✐❝s✳ ■t ❛❧❧♦✇s ✉s t♦ ♣✉t t❤❡ ❢❛❝ts✱ ❛❜♦✉t ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❝❧❡❛r ✐❞❡❛s✱ ✐♥t♦ ❡q✉❛t✐♦♥✱

✇✐t❤♦✉t ❢♦r❝✐♥❣ ✉s t♦ ❝♦♥s✐❞❡r ✉♥❝❧❡❛r ✐❞❡❛s ❬✳ ✳ ✳ ❪✳ ❚❤❡ ❛❝t✐♦♥ ♦❢ ❛❝t✐✈❡ ♦r ♣❛ss✐✈❡ ❢♦r❝❡s ✭❛❝❝♦r❞✐♥❣ t♦ ❛ ✇❡❧❧ ❦♥♦✇♥ ❞✐st✐♥❝t✐♦♥

❜② ▲❛❣r❛♥❣❡✮ ✐s s✉❝❤ t❤❛t ✇❡ ❝❛♥ s♦♠❡t✐♠❡s ❤❛✈❡ s♦♠❡ ✐❞❡❛s ❛❜♦✉t t❤❡♠❀ ❜✉t ♠♦r❡ ♦❢t❡♥ t❤❡r❡ r❡♠❛✐♥ ❬✳ ✳ ✳ ❪ ❛❧❧ ❞♦✉❜ts t❤❛t

t❤❡ ❝♦✉rs❡ ♦❢ ♥❛t✉r❡ ✐s ❞✐✛❡r❡♥t ❬✳ ✳ ✳ ❪✳ ■♥ ❆♥❛❧②t✐❝❛❧ ▼❡❝❤❛♥✐❝s✱ ❤♦✇❡✈❡r✱ t❤❡ ❡✛❡❝ts ♦❢ ✐♥t❡r♥❛❧ ❢♦r❝❡s ❛r❡ ❝♦♥t❡♠♣❧❛t❡❞✱ ♥♦t

t❤❡ ❢♦r❝❡s t❤❡♠s❡❧✈❡s❀ ♥❛♠❡❧②✱ t❤❡ ❝♦♥str❛✐♥t ❡q✉❛t✐♦♥s ✇❤✐❝❤ ♠✉st ❜❡ s❛t✐s✜❡❞ ❬✳ ✳ ✳ ❪ ❛♥❞ ✐♥ t❤✐s ✇❛②✱ ❜②♣❛ss❡❞ ❛❧❧ ❞✐✣❝✉❧t✐❡s

❛❜♦✉t t❤❡ ❛❝t✐♦♥ ♦❢ ❢♦r❝❡s✱ ✇❡ ❤❛✈❡ t❤❡ s❛♠❡ ❝❡rt❛✐♥ ❛♥❞ ❡①❛❝t ❡q✉❛t✐♦♥s ❛s ✐❢ t❤♦s❡ ✇♦✉❧❞ r❡s✉❧t ❢r♦♠ t❤❡ t❤♦r♦✉❣❤ ❦♥♦✇❧❡❞❣❡

♦❢ t❤❡s❡ ❛❝t✐♦♥s ✭P✐♦❧❛ ✶✽✸✸✱ ♣♣✳ ✷✵✸✕✷✵✹✳✮✳

P✐♦❧❛✬s ✇♦r❦ ♦♥ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s ❝♦♥❝❡r♥❡❞ ✢✉✐❞s ❛♥❞ s♦❧✐❞s✳ ❚❤❡s❡ ❧❛st ✇❡r❡ ♣✉❜❧✐s❤❡❞ ✐♥ ✈❛r✐♦✉s ②❡❛rs ✭P✐♦❧❛ ✶✽✷✺✱ P✐♦❧❛ ✶✽✸✷✱ P✐♦❧❛

✶✽✸✻✱ P✐♦❧❛ ✶✽✹✽✱ P✐♦❧❛ ✶✽✺✻✮✱ ✇✐t❤ ▲❛ ♠❡❝❝❛♥✐❝❛ ❞❡✬ ❝♦r♣✐ ♥❛t✉r❛❧♠❡♥t❡ ❡st❡s✐ tr❛tt❛t❛ ❝♦❧ ❝❛❧❝♦❧♦ ❞❡❧❧❡ ✈❛r✐❛③✐♦♥✐ ♦❢ ✶✽✸✷ ♣r♦❜❛❜❧② t❤❡

♠♦st r❡❧❡✈❛♥t ♦♥❡✳ ❚❤❡ t✐t❧❡ ✐s ❛♠❜✐❣✉♦✉s ❜❡❝❛✉s❡ ❡st❡s✐ ✭❡①t❡♥❞❡❞✮ ❛t P✐♦❧❛✬s t✐♠❡ ♠❡❛♥t ❜♦t❤ r✐❣✐❞ ❛♥❞ ❞❡❢♦r♠❛❜❧❡✱ ✇❤✐❧❡ P✐♦❧❛ ✐♥ t❤✐s

♠❡♠♦✐r st✉❞✐❡❞ ♦♥❧② r✐❣✐❞ ❜♦❞✐❡s✱ ✇❤✐❝❤ ❤❡ q✉❛❧✐✜❡❞ ❛s s♦❧✐❞✱ ❛ t❡r♠ ✉s❡❞ ❜② ❊✉❧❡r ❛♥❞ ▲❛❣r❛♥❣❡ ❛s s②♥♦♥②♠♦✉s ♦❢ r✐❣✐❞✳ P✐♦❧❛ ♠❛✐♥t❛✐♥❡❞

t❤✐s ❛♠❜✐❣✉✐t② t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✱ s✐♥❝❡ ❤❡ t❡♥❞❡❞ t♦ ✉s❡ ♥♦t❛t✐♦♥s ✇❤✐❝❤❝❝♦✉❧❞ ❜❡ ❡①t❡♥❞❡❞ t♦ ❞❡❢♦r♠❛❜❧❡ ❜♦❞✐❡s✳ ❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s

❛♠❜✐❣✉✐t② st❡♠s ✐♥ ❤✐s ❞❡❝❧❛r❡❞ ✐♥t❡♥t✐♦♥ t♦ st✉❞②✱ ✐♥ ❛ ❝♦♠♣❛♥✐♦♥ ♠❡♠♦✐r✱ t❤❡ ❝❛s❡ ♦❢ ❞❡❢♦r♠❛❜❧❡ ❜♦❞✐❡s ❛❧s♦✱ ❡✈❡♥ t❤♦✉❣❤ t❤✐s ✐♥t❡♥t✐♦♥

❞✐❞ ❛❝t✉❛❧❧② ♥♦t ❝♦♥❝r❡t✐③❡✳✷✺

❆❝❝♦r❞✐♥❣ t♦ P✐♦❧❛✱ ✐♥ t❤❡ st✉❞② ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ ❛ r✐❣✐❞ ❜♦❞② t❤❡ ♦♥❧② ❢❛❝t ♦❢ ✇❤✐❝❤ ♦♥❡ ❤❛s ❝❧❡❛r ❡✈✐❞❡♥❝❡ ✐s t❤❛t t❤❡ ❞✐st❛♥❝❡s

❜❡t✇❡❡♥ t❤❡ ✈❛r✐♦✉s ♣♦✐♥ts ♦❢ t❤❡ ❜♦❞② ❝❛♥♥♦t ✈❛r②✱ r❡❣❛r❞❧❡ss ♦❢ t❤❡ ✐♥t❡r♥❛❧ ❢♦r❝❡s t❤❛t ❛r❡ ❛✇❛❦❡♥❡❞ ❛s ❛ r❡s✉❧t ♦❢ t❤❡ ❛♣♣❧✐❡❞ ❛❝t✐✈❡

❢♦r❝❡s✳ ❚❤✐s ❢❛❝t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✇✐t❤ ❛❧❣❡❜r❛✐❝ ❡q✉❛t✐♦♥s t❤❛t r❡❧❛t❡ t❤❡ ♠♦✈❡♠❡♥ts ♦❢ t❤❡ ✈❛r✐♦✉s ♣♦✐♥ts t♦ ❛ ❧✐♠✐t❡❞ ♥✉♠❜❡r ✭✻✮ ♦❢

❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✱ ♦r t❤r♦✉❣❤ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s t❤❛t ❡①♣r❡ss t❤❡ ❝♦♥str❛✐♥t ♦❢ r✐❣✐❞✐t② ❧♦❝❛❧❧②✳ P✐♦❧❛ ❝❤♦s❡ t❤✐s s❡❝♦♥❞ ❛♣♣r♦❛❝❤✱

❞r❛✇✐♥❣ ✐♥s♣✐r❛t✐♦♥ ❢r♦♠ ✇❤❛t ✇❛s ❞♦♥❡ ❜② ▲❛❣r❛♥❣❡ ✐♥ t❤❡ ▼é❝❛♥✐q✉❡ ❛♥❛❧②t✐q✉❡ ❢♦r t❤❡ st✉❞② ♦❢ ♦♥❡✲ ❛♥❞ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ r✐❣✐❞ ❜♦❞✐❡s✳

❍❡r❡ ▲❛❣r❛♥❣❡ ✐♠♣♦s❡❞ t❤❡ ❝♦♥str❛✐♥t ♦❢ r✐❣✐❞✐t②✱ r❡q✉✐r✐♥❣ t❤❛t t❤❡ ♠✉t✉❛❧ ❞✐st❛♥❝❡s ♦❢ ❛❧❧ ♣♦✐♥ts ♦❢ t❤❡ s♦❧✐❞ r❡♠❛✐♥ ✉♥❝❤❛♥❣❡❞ ❢♦r

❛♥② ✈✐rt✉❛❧ ❞✐s♣❧❛❝❡♠❡♥t✳ ❍❡ ❣♦t ❛ s❡t ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ♣♦✐♥ts (x, y, z)✱ ♦❢ t❤❡ ❢♦r♠ ✭▲❛❣r❛♥❣❡

✶✽✶✶✱ ♣✳ ✶✽✸✮✿

dnxdnδx+ dnydnδy + dnzdnδz = 0, ✭✽✮

♦❢ ✇❤✐❝❤ ♦♥❧② t❤r❡❡ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ ❢♦r ❡①❛♠♣❧❡ t❤♦s❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ n = 1, 2, 3✳ ▲❛❣r❛♥❣❡ ❞✐❞ ♥♦t ❢❛✐❧ t♦ ♥♦t✐❝❡ t❤❛t t❤❡s❡ ❡①♣r❡ss✐♦♥s

✇❡r❡ ❛❧r❡❛❞② ♦❜t❛✐♥❡❞ ❜② ❊✉❧❡r ✐♥ ❤✐s ✇♦r❦ ❉❡❝♦✉✈❡rt ❞✬✉♥ ♥♦✉✈❡❛✉ ♣r✐♥❝✐♣❡ ❞❡ ♠é❝❛♥✐q✉❡ ✭❊✉❧❡r ✶✼✺✷✱ ♣♣✳ ✶✾✼✲✷✵✶✮ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♠♦t✐♦♥

♦❢ ❛ ❜♦❞② ✜①❡❞ t♦ ✐ts ❝❡♥tr❡ ♦❢ ❣r❛✈✐t② ✭▲❛❣r❛♥❣❡ ✶✽✶✶✱ ♣✳ ✶✽✹✮✳

❆t t❤✐s ♣♦✐♥t ▲❛❣r❛♥❣❡ ❤❛❞ t♦ ❛♣♣❧② t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✈❡❧♦❝✐t✐❡s✱ t♦ ✇❤✐❝❤ ❤❡ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦♠❡♥ts✿✷✻

❙(Xδx+ Y δy + Zδζ) dm = 0, ✭✾✮

✷✺■♥ t❤❡ ♣❛♣❡r P✐♦❧❛ s♣❡❛❦s ❛❜♦✉t ❛ ❝♦♠♣❛♥✐♦♥ ♣❛♣❡r t❤❛t ✇✐❧❧ ❢♦❧❧♦✇ ✐♥ t❤❡ ❥♦✉r♥❛❧❀ ❛❝t✉❛❧❧② t❤✐s ♣❛♣❡r ♥❡✈❡r ❛♣♣❡❛r❡❞✳
✷✻❚❤❡ s②♠❜♦❧ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❛r❡ ▲❛❣r❛♥❣❡✬s✱ ✇✐t❤ ❙ ✐♥❞✐❝❛t✐♥❣ t❤❡ ✐♥t❡❣r❛❧✳

✽



✇❤❡r❡ X,Y, Z ❛r❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❛❝t✐✈❡ ❢♦r❝❡s ❢♦r ✉♥✐t② ♦❢ ♠❛ss m❀ δx, δy, δz ❛r❡ t❤❡ ✈✐rt✉❛❧ ❞✐s♣❧❛❝❡♠❡♥ts✱ ♥♦t ❢r❡❡ ❜✉t s❛t✐s❢②✐♥❣

t❤❡ ❝♦♥str❛✐♥t r❡❧❛t✐♦♥s ✭✽✮✳ ❚♦ ❛❝❝♦✉♥t ❢♦r t❤❡s❡ r❡❧❛t✐♦♥s ▲❛❣r❛♥❣❡ ❤❛❞ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✿

▼❡t❤♦❞ ❆✳ ❚♦ ✐♥t❡❣r❛t❡ t❤❡♠ t♦ ♦❜t❛✐♥ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❢♦r δx, δy, δz✱ t❤✉s ❞❡♣❡♥❞✐♥❣ ♦♥ ✐♥t❡❣r❛t✐♦♥ ❝♦♥st❛♥ts✳

▼❡t❤♦❞ ❇✳ ❚♦ ✉s❡ ❤✐s ♠✉❧t✐♣❧✐❡r ♠❡t❤♦❞ ❛♥❞ ❛❞❞ ✭✽✮ t♦ ✭✾✮✳

■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ♠♦♥♦✲❞✐♠❡♥s✐♦♥❛❧ r✐❣✐❞ ❜♦❞②✱ ▲❛❣r❛♥❣❡ ❢♦❧❧♦✇❡❞ ♠❡t❤♦❞ ❇✱ ✉s✐♥❣ t❤❡ ✜rst t❤r❡❡ r❡❧❛t✐♦♥s ✭✽✮ ✭▲❛❣r❛♥❣❡✱ ✶✽✶✶✱ ♣✳

✶✼✺✮✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ r✐❣✐❞ ❜♦❞② ▲❛❣r❛♥❣❡ ❝❤♦s❡ ♠❡t❤♦❞ ❆✱ ♣r♦❜❛❜❧② ❜❡❝❛✉s❡ ✇✐t❤ ♦♥❧② t❤r❡❡ ❡q✉❛t✐♦♥s ♦❢ ❝♦♥❞✐t✐♦♥

❤❡ ❝♦✉❧❞ ♥♦t ♦❜t❛✐♥ ❛♥② s✐❣♥✐✜❝❛♥t r❡s✉❧ts✳ ❇② ✐♥t❡❣r❛t✐♥❣ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦❢ ❝♦♥❞✐t✐♦♥ ❤❡ ❣♦t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ♦❢ ✈✐rt✉❛❧

❞✐s♣❧❛❝❡♠❡♥ts ♦❢ ❛ r✐❣✐❞ ❜♦❞②✿
δx = δl − yδN + zδM,

δy = δm+ xδN − zδL,

δx = δn− xδM + yδL,

✭✶✵✮

❙✉❜st✐t✉t✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥s ✭✶✵✮ ✐♥t♦ δx, δy, δz ✐♥ t❤❡ ♠♦♠❡♥t ❡q✉❛t✐♦♥ ✭✾✮ ▲❛❣r❛♥❣❡ ♦❜t❛✐♥❡❞ t❤❡ ❝❧❛ss✐❝❛❧ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ♦❢ st❛t✐❝s ✐♥

t❡r♠s ♦❢ t❤❡ ❛❝t✐✈❡ ❢♦r❝❡s ❛♥❞ t❤❡✐r st❛t✐❝❛❧ ♠♦♠❡♥ts ✭▲❛❣r❛♥❣❡ ✶✽✶✶✱ ♣✳ ✶✽✺✮✳

P✐♦❧❛ ❢♦❧❧♦✇❡❞ ❛♥ ✐♥✈❡rs❡ ♣❛t❤❀ ❤❡ t♦♦❦ ❢♦r ❣r❛♥t❡❞ t❤❡ ❣❧♦❜❛❧ ❡q✉❛t✐♦♥ ❢♦r r✐❣✐❞ ❜♦❞✐❡s ✭✶✵✮✱ t❤❡ t❡r♠✐♥❛❧ ♣♦✐♥t ❢♦r ▲❛❣r❛♥❣❡❀ ❜② s✉✐t❛❜❧②

❞❡r✐✈✐♥❣ t❤❡♠✱ ❤❡ ✇❛s ❛❜❧❡ t♦ ♦❜t❛✐♥ ❛ ✜♥✐t❡ ♥✉♠❜❡r ✭✻✮ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡ t❤❡ r✐❣✐❞✐t② ❝♦♥str❛✐♥t ❧♦❝❛❧❧②✳

❚♦ ✇r✐t❡ ❞♦✇♥ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥✱ t❤❡ ♠❛t❡r✐❛❧ ♣♦✐♥ts ♦❢ ❛ r✐❣✐❞ ❜♦❞② ✇❡r❡ ❧❛❜❡❧❧❡❞ ❜② t✇♦ s❡ts ♦❢ ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s✳ ❚❤❡ ✜rst

r❡❢❡rr❡❞ t♦ ❛①❡s ❝❛❧❧❡❞ a, b, c✱ ❛s ❞♦♥❡ ❜② ▲❛❣r❛♥❣❡ ✐♥ t❤❡ ▼é❝❛♥✐q✉❡ ❛♥❛❧②t✐q✉❡ ✭▲❛❣r❛♥❣❡ ✶✽✶✸✱ ❙❡❝t✳ ❳■✱ ❛rt✳ ✹✱ ♣✳ ✷✼✼✮ r✐❣✐❞❧② ❛tt❛❝❤❡❞

t♦ t❤❡ ❜♦❞② ✕ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥ ✕ ❛♥❞ t❤❡ s❡❝♦♥❞ t♦ ❛①❡s ❝❛❧❧❡❞ x, y, z✱ ✜①❡❞ ✐♥ t❤❡ ❛♠❜✐❡♥t s♣❛❝❡ ❛♥❞ t♦ ✇❤✐❝❤ t❤❡ ♠♦t✐♦♥ ♦❢ t❤❡

❜♦❞② ✐s r❡❢❡rr❡❞ ✕ ❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥ ✕✳ ❲✐t❤ P✐♦❧❛✬s s②♠❜♦❧s ✭P✐♦❧❛ ✶✽✸✷ ✱ ♣✳ ✷✵✾✮✿

x = f + α1a+ β1b+ γ1c

y = g + α2a+ β2b+ γ2c

z = h+ α3a+ β3b+ γ3c

✭✶✶✮

■t ✇❛s ♥♦t ❞✐✣❝✉❧t t♦ P✐♦❧❛ t♦ ♣r♦✈❡ t❤❡ ✈❛❧✐❞✐t② ❛♥❞ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ t✇♦ s❡ts ♦❢ s✐① r❡❧❛t✐♦♥s✿

(

dx

da

)2

+

(

dx

db

)2

+

(

dx

dc

)2

= 1

(

dy

da

)2

+

(

dy

db

)2

+

(

dy

dc

)2

= 1

(

dz

da

)2

+

(

dz

db

)2

+

(

dz

dc

)2

= 1

(

dx

da

)(

dy

da

)

+

(

dx

db

)(

dy

db

)

+

(

dx

dc

)(

dy

dc

)

= 0

(

dx

da

)(

dz

da

)

+

(

dx

db

)(

dz

db

)

+

(

dx

dc

)(

dz

dc

)

= 0

(

dy

da

)(

dz

da

)

+

(

dy

db

)(

dz

db

)

+

(

dy

dc

)(

dz

dc

)

= 0.

✭✶✷✮

(

dx

da

)2

+

(

dy

da

)2

+

(

dz

da

)2

= 1

(

dx

db

)2

+

(

dy

db

)2

+

(

dz

db

)2

= 1

(

dx

dc

)2

+

(

dy

dc

)2

+

(

dz

dc

)2

= 1

(

dx

da

)(

dx

db

)

+

(

dy

da

)(

dy

db

)

+

(

dz

da

)(

dz

db

)

= 0

(

dx

da

)(

dx

dc

)

+

(

dy

da

)(

dy

dc

)

+

(

dz

da

)(

dz

dc

)

= 0

(

dx

db

)(

dx

dc

)

+

(

dy

dc

)(

dy

db

)

+

(

dz

db

)(

dz

dc

)

= 0.

✭✶✸✮

✾



■♥ ✇r✐t✐♥❣ t❤❡ ✈✐rt✉❛❧ ✈❡❧♦❝✐t✐❡s ❡q✉❛t✐♦♥✱ P✐♦❧❛ ❞✐st✐♥❣✉✐s❤❡❞ ❜❡t✇❡❡♥ t❤❡ r❡❢❡r❡♥❝❡ ✭❝♦♦r❞✐♥❛t❡s a, b, c✮ ❛♥❞ t❤❡ ♣r❡s❡♥t ❝♦♥✜❣✉r❛t✐♦♥s

✭❝♦♦r❞✐♥❛t❡s x, y, z✮✳ ❍❡ ✇r♦t❡ t❤❡ ❡q✉❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥ ✜rst ✭♥♦t r❡♣♦rt❡❞ ❤❡r❡ ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✮✱

t♦ ❝♦♥❝❡♥tr❛t❡ t❤❡♥ ♦♥ t❤❡ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ♣r❡s❡♥t ❝♦♥✜❣✉r❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜② ✭P✐♦❧❛ ✶✽✸✷✱ ♣✳ ✷✶✺✮✿

∫

da

∫

db

∫

dc ΓH

[(

d2x

dt2
X

)

δx+

(

d2y

dt2
− Y

)

δy +

(

d2z

dt2
− Z

)

δz

]

= 0, ✭✶✹✮

✇❤❡r❡ Γ ✐s t❤❡ ♠❛ss ❞❡♥s✐t② ✐♥ t❤❡ ♣r❡s❡♥t ❝♦♥✜❣✉r❛t✐♦♥✱ H t❤❡ ❏❛❝♦❜✐❛♥ ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠ (a, b, c) t♦ (x, y, z)✱ ❛♥❞ (δx, δy, δz)

t❤❡ ✈✐rt✉❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ ❛ ♠❛t❡r✐❛❧ ♣♦✐♥t ♦❢ t❤❡ ❜♦❞②✳✷✼

❆t t❤✐s ♣♦✐♥t P✐♦❧❛ ❛❝❝♦✉♥t❡❞ ❢♦r t❤❡ ❝♦♥str❛✐♥t r❡❧❛t✐♦♥s ✭✶✷✮ ❛♥❞ ✭✶✸✮✳ ❚♦ ✐♠♣♦s❡ t❤❡ ❝♦♥str❛✐♥t✱ P✐♦❧❛ ❢♦❧❧♦✇❡❞ ▲❛❣r❛♥❣❡✬s ❛♣♣r♦❛❝❤

❢♦r t❤❡ ♠♦♥♦✲❞✐♠❡♥s✐♦♥❛❧ r✐❣✐❞ ❜♦❞✐❡s ✭♠❡t❤♦❞ ❇✮✱ ❜② ❛❞❞✐♥❣ t♦ t❤❡ ✐♥t❡❣r❛❧ ♦♥ t❤❡ ❧❡❢t s✐❞❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❡q✉❛t✐♦♥ ✭✶✹✮ t❤❡ ✐♥t❡❣r❛❧

♦❢ ✈❛r✐❛t✐♦♥❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ❝♦♥str❛✐♥t r❡❧❛t✐♦♥s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ ❞❡✈❡❧♦♣♠❡♥ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ r❡❧❛t✐♦♥s ✭✶✷✮ ♦♥❧② ❛r❡ r❡♣♦rt❡❞✳

■♥tr♦❞✉❝✐♥❣ t❤❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs ✭❆✱ ❇✱ ❈✱ ❉✱ ❊✱ ❋ ✮✱ t❤❡ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥ ✭✾✮ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♦r✐❣✐♥❛❧ P✐♦❧❛✬s t❡①t ❛r❡ ✭P✐♦❧❛ ✶✽✸✷✱

♣✳ ✷✶✺✮✿

❙da❙db❙dc ·A

{(

dx

da

)(

dδx

da

)

+

(

dx

db

)(

dδx

db

)

+

(

dx

dc

)(

dδx

dc

)}

❙da❙db❙dc ·B

{(

dy

da

)(

dδy

da

)

+

(

dy

db

)(

dδy

dba

)

+

(

dy

dc

)(

dδy

dc

)}

❙da❙db❙dc · C

{(

dz

da

)(

dδz

da

)

+

(

dz

db

)(

dδz

db

)

+

(

dz

dc

)(

dδz

dc

)}

❙da❙db❙dc · F

{(

dx

da

)(

dδy

da

)

+

(

dx

db

)(

dδy

db

)

+

(

dx

dc

)(

dδy

dc

)}

+

{(

dy

da

)(

dδx

da

)

+

(

dy

db

)(

dδx

db

)

+

(

dy

db

)(

dδx

dc

)}

❙da❙db❙dc · E

{(

dx

da

)(

dδz

da

)

+

(

dx

db

)(

dδz

db

)

+

(

dx

dc

)(

dδz

dc

)}

+

{(

dz

da

)(

dδx

da

)

+

(

dz

db

)(

dδx

db

)

+

(

dz

dc

)(

dδx

dc

)}

❙da❙db❙dc ·D

{(

dy

da

)(

dδz

da

)

+

(

dy

db

)(

dδz

db

)

+

(

dy

dc

)(

dδz

dc

)}

+

{(

dz

da

)(

dδy

da

)

+

(

dz

db

)(

dδy

db

)

+

(

dz

dc

)(

dδy

dc

)}

.

✭✶✺✮

❆❢t❡r ❧❡♥❣t❤② ❝❛❧❝✉❧❛t✐♦♥s P✐♦❧❛ ❛rr✐✈❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥ (x, y, z) ✭P✐♦❧❛ ✶✽✸✷✱ ♣✳ ✷✷✵✮✿

Γ

[

X −

(

d2x

dt2

)]

+
dA

dx
+
dF

dy
+
dE

dz
= 0

Γ

[

Y −

(

d2y

dt2

)]

+
dF

dx
+
dB

dy
+
dD

dz
= 0

Γ

[

Z −

(

d2z

dt2

)]

+
dE

dx
+
dD

dy
+
dC

dz
= 0.

✭✶✻✮

P✐♦❧❛ r❡♣❡❛t❡❞ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✉s✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❝♦♥❞✐t✐♦♥s ✭✶✸✮ ❛♥❞ ♦❜t❛✐♥✐♥❣ ❛♥ ❛♥❛❧♦❣♦✉s r❡s✉❧t✳

P✐♦❧❛✬s ❛♣♣r♦❛❝❤ ✐s t②♣✐❝❛❧ ♦❢ t❤❡ ❳■❳ ❝❡♥t✉r② ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s✳ ❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❡q✉✐❧✐❜r✐✉♠ ✭✾✮✱ ✇✐t❤ ❛♥ ❛ss✉♠♣t✐♦♥

✇❤✐❝❤ ❝♦✉❧❞ ♥♦t ❜❡ s✉❜❥❡❝t ♦❢ ❛♥② ❝r✐t✐❝✐s♠✱ ❤❡ ❣♦t t♦ ♣r♦✈❡ ❛ t❤❡♦r❡♠ ❛❝❝♦r❞✐♥❣ t♦ ✇❤✐❝❤ t❤❡ r❡❧❛t✐♦♥ ✭✾✮ ✇✐t❤ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ❝♦♥❞✐t✐♦♥

✭✶✷✮ ❧❡❛❞s t♦ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭✶✻✮✳ ❉✉r✐♥❣ t❤✐s ❞❡♠♦♥str❛t✐♦♥ P✐♦❧❛ ❤❛❞ t♦ ♦✈❡r❝♦♠❡ ♠❛♥② ❞✐✣❝✉❧t✐❡s ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ❦✐♥❞✱

❛❧s♦ ❝♦♠✐♥❣ t♦ ✐♥tr♦❞✉❝❡ ❛♥ ✐♥t❡r❡st✐♥❣ tr❛♥s♣♦rt❛t✐♦♥ t❤❡♦r❡♠ ❛❧❧♦✇✐♥❣ t♦ ♠♦✈❡ ❢r♦♠ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✇r✐tt❡♥ ✐♥ t❤❡ r❡❢❡r❡♥❝❡

❝♦♥✜❣✉r❛t✐♦♥ t♦ t❤♦s❡ ✇r✐tt❡♥ ✐♥ t❤❡ ♣r❡s❡♥t ❝♦♥✜❣✉r❛t✐♦♥ ✭P✐♦❧❛✱ ✶✽✸✷✱ ♣♣ ✳ ✷✸✹✲✷✸✻✮✳

●✐✈❡♥ t❤❡ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ❛❜str❛❝t✐♦♥ t❤❛t P✐♦❧❛ ✇❛♥t❡❞ t♦ ❦❡❡♣✱ t❤❡ ❡q✉❛t✐♦♥s ✭✶✻✮ ❞♦❡s ♥♦t ❤❛✈❡ ❛♥② ♠❡❝❤❛♥✐❝❛❧ s❡♥s❡✳ P✐♦❧❛ ❢♦✉♥❞ t❤❛t

❤✐s ❡q✉❛t✐♦♥s ❝♦✉❧❞ ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤♦s❡ ❢♦✉♥❞ ❜② ❈❛✉❝❤② ❛♥❞ P♦✐ss♦♥ ✭❈❛✉❝❤② ✶✽✷✼✱ P♦✐ss♦♥ ✶✽✷✾✮ ❢♦r t❤❡ ❜❛❧❛♥❝❡ ♦❢ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧

❝♦♥t✐♥✉❛✳ ❚❤❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs ✭❆✱ ❇✱ ❈ ✱ ❉✱ ❊ ✱ ❋✮ ❛r❡ t❤❡ str❡ss ❝♦♠♣♦♥❡♥ts ✐♥ ❛♥ ❛ss✐❣♥❡❞ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✐♥ t❤❡ r❡❢❡r❡♥❝❡

❝♦♥✜❣✉r❛t✐♦♥✳ ❍❡ ❦❡♣t t❤✐s ♣♦s✐t✐♦♥ ♦❢ ❧✐tt❧❡ ✐♥t❡r❡st ❢♦r t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❛s♣❡❝ts ❢♦r ❛❧❧ ❤✐s ❧❛t❡r ✇♦r❦s✳ ❖♥❧② ✇✐t❤ ❤✐s ♣♦st❤✉♠♦✉s ✇♦r❦✱

❉✐ ✉♥ ♣r✐♥❝✐♣✐♦ ❝♦♥tr♦✈❡rs♦ ❞❡❧❧❛ ▼❡❝❝❛♥✐❝❛ ❆♥❛❧✐t✐❝❛ ❞✐ ▲❛❣r❛♥❣❡ ❡ ❞❡❧❧❡ s✉❡ ♠♦❧t❡♣❧✐❝✐ ❛♣♣❧✐❝❛③✐♦♥✐ ✭P✐♦❧❛ ✶✽✺✻✮✱ P✐♦❧❛ ❣❛✈❡ ❛ ❝♦♥✈✐♥❝✐♥❣

s❡♥s❡ ♦❢ t❤❡ ♣❤②s✐❝❛❧ r❡❧❛t✐♦♥s ✭✾✮ ❜② r❡❝♦❣♥✐③✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥s t❤❛t ❛r❡ t♦ t❤❡ ❧❡❢t ♦❢ ❝♦♥❞✐t✐♦♥ ❡q✉❛t✐♦♥s ✭✶✷✮ ❛♥❞ ✭✶✸✮ t❤❡ s✐❣♥✐✜❝❛♥❝❡ ♦❢

✷✼❚❤♦✉❣❤ P✐♦❧❛ ✐s ❞❡❛❧✐♥❣ ✇✐t❤ ❛ r✐❣✐❞ ❜♦❞② ♠♦t✐♦♥ ❤❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❏❛❝♦❜✐❛♥ H ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠ ✭a, b, c✮ t♦ ✭ x, y, z✮✳ ■ts ✐♥tr♦❞✉❝t✐♦♥ ✐s
✉s❡❧❡ss ❢♦r ❛ r✐❣✐❞ ❜♦❞② ♠♦t✐♦♥ ✇❤❡r❡ H = 1❀ ❜✉t ✐t ❛❧❧♦✇s t♦ ❡❛s✐❧② ❡①t❡♥❞ t❤❡ ❛♥❛❧②s✐s t♦ t❤❡ ❝❛s❡ ♦❢ ❞❡❢♦r♠❛❜❧❡ ❜♦❞✐❡s

✶✵



str❛✐♥ ❝♦♠♣♦♥❡♥ts✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❡q✉❛t✐♦♥s ✭✶✷✮ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❧❡❢t ❈❛✉❝❤② ✲ ●r❡❡♥ ❞❡❢♦r♠❛t✐♦♥ t❡♥s♦r ❛♥❞ ❡q✉❛t✐♦♥s ✭✶✸✮ t♦ t❤❡

r✐❣❤t ❈❛✉❝❤②✲●r❡❡♥ ❞❡❢♦r♠❛t✐♦♥ t❡♥s♦r✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❇❛r❜✐♥ ❊✱ ●✉✐t❛rt ❘ ✭✷✵✶✸✮ ▼❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s ✐♥ t❤❡ st②❧❡ ♦❢ ●❛❜r✐❡❧ ▲❛♠é ❛♥❞ t❤❡ tr❡❛t✐s❡ ♦❢ ❊♠✐❧❡ ▼❛t❤✐❡✉✳ ■♥✿ ❇❛r❜✐♥ ❊✱ P✐s❛♥♦

❘ ✭❡❞s✮ ✭✷✵✶✸✮ ❚❤❡ ❞✐❛❧❡❝t✐❝ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♣❤②s✐❝s ❛♥❞ ♠❛t❤❡♠❛t✐❝s ✐♥ t❤❡ ❳■❳t❤ ❝❡♥t✉r②✳ ❙♣r✐♥❣❡r✱ ❉♦r❞r❡❝❤t
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❬✹❪ ❈❛♣❡❝❝❤✐ ❉✱ ❘✉t❛ ● ✭✷✵✶✶✮ ▲❛ s❝✐❡♥③❛ ❞❡❧❧❡ ❝♦str✉③✐♦♥✐ ✐♥ ■t❛❧✐❛ ♥❡❧❧✬❖tt♦❝❡♥t♦✳ ❯♥✬❛♥❛❧✐s✐ st♦r✐❝❛ ❞❡✐ ❢♦♥❞❛♠❡♥t✐ ❞❡❧❧❛ s❝✐❡♥③❛ ❞❡❧❧❡
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❬✽❪ ❊✉❧❡r ▲ ✭✶✼✺✷ ✮ ❉é❝♦✉✈❡rt❡ ❞✬✉♥ ♥♦✉✈❡❛✉ ♣r✐♥❝✐♣❡ ❞❡ ♠é❝❛♥✐q✉❡ ✭✶✼✺✵✮✳ ▼é♠♦✐r❡s ❞❡ ❧✬❛❝❛❞é♠✐❡ ❞❡s s❝✐❡♥❝❡s ❞❡ ❇❡r❧✐♥ ✻✿✶✽✺✲✷✶✼
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❬✶✵❪ ❋♦✉r✐❡r ❏ ✭✶✽✷✷✮ ❚❤é♦r✐❡ ❛♥❛❧②t✐q✉❡ ❞❡ ❧❛ ❝❤❛❧❡✉r✳ ❋✐r♠✐♥✲❉✐❞♦t✱ P❛r✐s

❬✶✶❪ ●❛✉ss ❈❋ ✭✶✽✹✵✮ ❆❧❧❣❡♠❡✐♥❡ ▲❡❤rsät③❡ ✐♥ ❇❡③✐❡❤✉♥❣ ❛✉❢ ❞✐❡ ✐♠ ✈❡r❦❡❤rt❡♥ ❱❡r❤ä❧t♥✐ss❡ ✇✐r❦❡♥❞❡♥ ❆♥③✐❡❤✉♥❣s✲ ✉♥❞ ❆❜st♦ss✉♥❣s❦rä❢t❡✳

■♥ ●❛✉ss ❈❋ ✭✶✽✻✸✲✶✾✸✸✮ ❲❡r❦❡✳ ●ött✐♥❣❡♥✱ ✈♦❧✳ ✺✱ ♣♣✳ ✶✾✹✲✷✹✷

❬✶✷❪ ●r❡❡♥ ● ✭✶✽✷✽✮ ❆♥ ❡ss❛② ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s t♦ t❤❡ t❤❡♦r✐❡s ♦❢ ❡❧❡❝tr✐❝✐t② ❛♥❞ ▼❛❣♥❡t✐s♠✳ ■♥✿ ●r❡❡♥ ●

✭✶✽✼✶✮ ▼❛t❤❡♠❛t✐❝❛❧ ♣❛♣❡rs ♦❢ t❤❡ ❧❛t❡ ●❡♦r❣❡ ●r❡❡♥✳ ▼❝▼✐❧❧❛♥ ❛♥❞ ❝♦✳✱ ▲♦♥❞♦♥✱ ♣♣✳ ✶✕✽✷

❬✶✸❪ ●r❡❡♥ ● ✭✶✽✸✺✮ ❖♥ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❡①t❡r✐♦r ❛♥❞ ✐♥t❡r✐♦r ❛ttr❛❝t✐♦♥s ♦❢ ❡❧❧✐♣s♦✐❞s ♦❢ ✈❛r✐❛❜❧❡ ❞❡♥s✐t✐❡s✳ ■♥✿ ●r❡❡♥ ● ✭✶✽✼✶✮

▼❛t❤❡♠❛t✐❝❛❧ ♣❛♣❡rs ♦❢ t❤❡ ❧❛t❡ ●❡♦r❣❡ ●r❡❡♥✳ ▼❝▼✐❧❧❛♥ ❛♥❞ ❝♦✳✱ ▲♦♥❞♦♥✱ ♣♣✳ ✶✽✼✕✷✷✷

❬✶✹❪ ❍✐❧❜❡rt ❉ ✭✶✾✵✹✮ Ü❜❡r ❞❛s ❉✐r✐❝❤❧❡ts❝❤❡ Pr✐♥③✐♣✳ ▼❛t❤❡♠❛t✐s❝❤❡ ❆♥♥❛❧❡♥✱ ✺✾✿ ✶✻✶✕✶✽✻
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❬✶✻❪ ❑❧✐♥❡ ▼ ✭✶✾✼✷✮ ▼❛t❤❡♠❛t✐❝❛❧ t❤♦✉❣❤t ❢r♦♠ ❛♥❝✐❡♥t t♦ ♠♦❞❡r♥ t✐♠❡s✳ ❖①❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✱ ❖①❢♦r❞
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