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Increasing paths on N-ary trees

Xinxin Chen
LPMA, Université Paris VI

Summary. Consider a rooted N-ary tree. To every vertex of this tree, we
attach an i.i.d. continuous random variable. A vertex is called accessible if
along its ancestral line, the attached random variables are increasing. We keep
accessible vertices and kill all the others. For any positive constant «, we de-
scribe the asymptotic behaviors of the population at the aN-th generation as
N goes to infinity. We also study the criticality of the survival probability at
the (eN — 2 log N)-th generation in this paper.

Keywords. Increasing path; House of Cards.

1 Introduction

1.1 The model

We consider an N-ary tree T™™), which is rooted at @, so that each vertex in T™™) has exactly N
children. To every vertex o € T™W), we assign a continuous random variable, denoted by z,. All
these variables z,, 0 € TW) are i.i.d. Let |o| denote the generation of o, and o; (for 0 < i < |o|)

denote its ancestor at generation ¢. The ancestral line of ¢ is denoted by
(@, o] = {00 :=@,01, -, 00 :== 0},

which is also the unique shortest path relating o to the root @. A vertex o is called accessible if

along its ancestral line, the assigned random variables are increasing, i.e.,

(1.1) o accessible & 15 < 1, < - < Ty



This model is called accessibility percolation by Nowak and Krug [6]. We also call [, o] an
accessible path if ¢ is accessible.

The model comes from evolutionary biology, in which both mutation and selection involve. As
the main source of evolutionary novelty, mutations act on the genetic constitution of an organism.
In our setting, each vertex represents one gene type, or genotype. A certain genotype may
reproduce several new genotypes through mutations. The mechanism of successive mutations
hence gives the structure of trees if we also assume that each mutation gives rise to a new
genotype. Selection involves so that organisms better adapted to their respective surroundings
are favored to survive. We suppose that each genotype (vertex) has an associated fitness value,
which is represented by the assigned random variable. In the strong-selection/weak mutation
regime, we assume that only mutations which give rise to a larger fitness value survive. In this
way, the survival mutational pathways are noted by the accessible vertices. In this paper, we use
‘House of Cards’ model (see [5]), in which all fitness values are i.i.d. As is explained in [3], it
serves as a null model.

A variation of our model by replacing N-ary trees with N-dimensional hypercube has been
considered in [2] and [4]. More models are introduced in [1] and [3] to explain evolution via

mutation and selection.

1.2 Main results
For any k > 1, let Ay, := {0 € T™) : |o| = k, 0 is accessible}. We define

(1.2) Znk =Y Locany = #Avk VE> 1.
|o|=k

Since we are only concerned with the order of the random variables, under the assumption
of continuity of their law, changing the precise distribution will not influence the results. With-
out loss of generality, we assume throughout the paper that the assigned random variables are
distributed uniformly in [0, 1], i.e., Vo € T™), 2, has the uniform distribution in [0, 1], which is
denoted by UJ0, 1].

For any x € [0, 1], we introduce the following probability measure:
(1.3) P.(-) :=P(|zyg = ).

A nature question is about the survival probability P,(Zy > 1). Note that for any N, k > 1,
Ing = Zm:k Lioedy,) = Z|a|:k Loy <iy, <-<z,)- We Observe that

Nk

(14) E|:ZN’]€:| = NkP(J}@ Ly <0 < $’U) = m,



since Ty, Loy, Loy -+, T, are i.i.d. and distributed uniformly in [0, 1]. Immediately,

1— k
(1.5) E, [ZN,,C} — NMP (2 < 2gy < - <75 < 1) = N’“%, vz € [0,1].
Stirling’s approximation says that
k!
(1.6) 2< —— <3, VkE>1

Vh(k/e)k

It follows that

1 (eN(l — )
3VEN K

It is thus reasonable to take k = |aN | with a > 0.

For convenience, we write aN to represent the integer |aN | throughout this paper. We are

1 (eN(l —x))k‘

)k SEm[ZN,k] < N/ 3

(1.7)

interested in the asymptotic behaviors of Zy on as N — 00.

Nowak and Krug [6] showed that liminfy . Po[Znay > 1] > 0 for 0 < a < 1 and that
limy_yeo Po[Zn.an > 1] = 0 for o > e. This transition of phases implies the existence of a critical
value of a. Roberts and Zhao [7] proved that the critical value is o, = e, by considering some

typical increasing paths. In fact, we have

. 1 ifa<e;
(1.8) z\}lgl)o Py (ZN’aN = 1> - { 0 ifa>e.

This result tells us that, for N large, roughly speaking, the population of accessible vertices
survives until the eN-th generation and then dies out. Let us describe the asymptotic behaviors

of the population more precisely by the following theorems.
Theorem 1.1. Let §(a) := a(1 —log«) for a > 0.

(i) When o € (0,¢), the following convergence holds Py—almost surely,

. ZNaN
(1.9) A}l_f)]%o N = f(cr) > 0.
(i1) When a = e, we have
(1.10) P0<ZN7OCN > 1) = N~¥2+en() g5 N 5 o0,

where {on(1)}n>1 s a sequence of real numbers which goes to zero as N — oc.



(i1i)) When a > e, we have

log Py <ZN7O¢N > 1)
(1.11) ]\}5%0 N =0(a) < 0.

Remark 1.2. For a < e, the accessible population Zy on 15 exponentially large. Its second order
is not given here, but we present some arguments in Appendiz B. When a = e, the explicit order

of the survival probability is still unknown.

It is clear that the system becomes extinct before the generation e/N. In the next theorem,

we see that the real critical generation is eN — %log N.

Theorem 1.3. Let k =eN — Slog N. Then we have

. 1 if B>3/2;
. > =
(112) Jm Po(zwz1) = { ¢ 40200
At the critical generation k& = eN — %log N, the survival probability is not clear at this

moment. We state the following proposition, which only gives a lower bound.

Proposition 1.4. For any € > 0 and n sufficiently large, we have
(1.13) P, (ZN’eN%lOgN > 1) > N,

It is possible to replace the N-ary tree by the Galton-Watson tree whose offspring is Poisson
with parameter N, in which case all these results still hold.

The rest of the paper is organized as follows. In Section 2, we state some basic results of the
accessible population and the increasing paths. In Section 3 we prove Theorem 1.1. Finally, in
Section 4, we show the criticality at e/N — %log N, by proving Theorem 1.3 and 1.4.

Throughout the paper, we use the letter ¢ with subscript to denote a finite and positive

constant.

2 Basic ideas of the increasing paths

2.1 The generating function of Zy

As Zn , is an integer-valued r.w., we consider its generation function E, <SZN k) in this subsection.

Generally, for any 0 < a < b <1, we define Zy x(a,b) as follows:

(2.1) Zni(a,b) = ligcay, <can<p), k> 1.
lo|=k



For convenience, we write Zy x(b) for Zn x(0,b) and set Zno(b) = 1. One sees that Zn (b — a)

and Zy (a,b) have the same law. Let f,gN)(s, b) be the generating function of Zy x(b), i.e.,
(2.2) FN(s,b) = E[SZNN’)}, Vs € [0, 1].

For k =1, Zn(b) is a binomial variable with parameter (IV,b). So fl(N)(s, b) = [1 — b+ sb)™.

For any k > 1, one observes that

(23) ZN,kJrl(b) = Z 1(acg<b) Z 1(w1:0)1(:va<xw2<--~<xw§b)-

lo|=1 |w|=k+1

For all vertices o of the first generation, the variables 1,, <) ZM:k 1 Lwi=0) L(@o <ty <<z, <b) ATE
Lid., and given {z, =y < b}, 32, k1 Lwr=o) Lo <ty <<ao<p) I8 distributed as Zyx(y,b). It
follows that for any k£ > 1 and any b € [0, 1],

- b N
i (s,b) = 1—b+/ dyE<SZN,k<y,b>>}
B 0

_ b N
(2.4) :_1—b+/0 f,gN)(s,b—y)dy]

_ b N
- 1—b+/ féN)(s,y)dy} :
- 0

For brevity, we denote the generating function of Zy j under Py by f,gN)(s) instead of f,EN)(s, 1).

Immediately,

(2.5) e = [ [ 1] vz

This gives that

(2.6) P, (ZN,k > 1) —1-fMo)y=1- [/1 f,gf_vi(o,y)dy]N, Vk > 2.
0

To study the law of Zy, it suffices to study (2.4). However, it is quite difficult to investigate
analytically the sequence f,gN), k > 1, from the recursive relation (2.4). We thus turn to study
the accessible vertices via their paths.

2.2 Typical accessible paths

To study an increasing path, we let {U;;j > 1} be a sequence of i.i.d. U[0, 1] random variables.
Observe that for any 1 < j <k,

(2.7) E(Uj

U1§U2§'“§Uk>:—.

5



This leads us to comparing an increasing path {U; < Uy < -+ < Uy} with the line {kfl, 1< <

k}. For example, in Lemma 2 of [7], the authors showed that

J , 1
< <. . < U, > — <ji<k)= .
P(Uy <0 < SUGU; 2 = V1< < ) G

In what follows, we generalize their ideas and state the two lemmas, which estimate the

probabilities of some typical accessible paths.

Lemma 2.1. (1) Foranyl1 <k<.J-—1,

J J—k
(2.9 ok ) =P (U< sUst 2 I sy <) = L
(2) Foranye € [0,1) and 1 <k < J,
) —1
?/J(k’aj,a)::P(Ulﬁ‘“SUk;UjZe—l—(l—s)j ,nggk)

(2.9) SV LEES E
M(J 1 1) ‘

Proof. According to the assumption, we compute ¢(k,.J) directly.

1 Ug u
¢(]€’J):/ / / duy - - - duy,
k/J J(k=1)/J 1/J
1 pug ujrr , 071 1 4
_ = N, - duy
/k/J /(kl)/J /j/J <(J -t JG - 2)!> !
J—k

kLT

giving (2.8).
We now compute ¢ by using ¢. Rewrite ©(k, J, €) as follows:

1 u2
wikte) = [ [
s—&—(l—e)% €

Take u; = e+ (1 — ¢)v; for all 1 < j < k. By a change of variables,

1

va
(2.10) ok, T, ) :/ / (1= &)Fdvy - - dvg = (1— 2)*u(k, J, 0).
(k—1)/J 0
In particular, when € = 72, we have
Uk, ) = (kT 0) (L~
9 ’J—f—]_ - A J—|—1 .



On the other hand, when ¢ = %H, e+ (1—e)5t = -4 for any 1 < j < k. Hence,

J J+1
1 J+1—k

ko J,——) =k, J+1) = ——.
It follows that ¥ (k, J,0) = v (k, J, 745)(1 — 745)* = % By (2.10), we then obtain
that

L+ 1/ J+1—k)

211 — (11— o) _( ok
( ) w(k7 J? 8) ( E) w(k7 J? 0) k'(J _|_ 1) ( 8) Y
as desired. []

Following the assumption of Lemma 2.1, we define for any 0 < L < K,

(j— L)+ .
2.12 A (K) =<K U e < U U, > 22— V1< < K 5.
(2.12) L(K) {1< <UkiUj 2 " ivlsi <

Obviously, P[Ag(K)] = ¢(K, K + 1) = ﬁ by (2.8).

Lemma 2.2. There exists a positive constant co > 0 such that for any 1 < L < K,

ecoV'L oK
iy Plaut] < e e
Proof. Clearly, P[A,(K)] = ¢(K, K,0) = "HAO by (2.9). By (1.6),
e2VL K

(2.14) P[AL(K)] < e =t
The fact A1(K) C Ao(K) C --- C AL(K) leads to

L—-1
(2.15) PAL(K)] =) PlAia(K)\ Ai(K)] + P[A(K)], 2<L<K.

=1
Let us estimate P[A;1(K) \ 4;(K)]. Observe that

K
(2.16) P[Ai1(K)\ Ai(K)] = > PICix(K)],
k=i+1

where
(217) CualK) = { B iéﬁé—j{;fjlggéﬁv_ki 1<j<K }

7



It follows from the independence of U;’s that P[C; x(K)| = p; 1¢;, where

k—1 J—i
i = PlU < <U<——U;>2——Vi+1<j<k-1
Pik (1< SUS I T S KD itlsy )

k— i j—i—1
ik = Pl —— Uj > —— VE+1<j< K|.
ik (K+1_Uk+1< - < Uk; Uj Kol + J )
Then (2.16) becomes that
K
(2.18) PA;1(K) \ Ai(K)] = Z Dik4i k-
k=i+1

We first compute g; x:

j+k—i—1 .
. = U, > < 1< —
Qi k P<U1< < Ug_1;U; > K11 VI<j <K k>
1
= K—-—kK-k 1, .
4 it K+1)

By (2.9), we obtain that

(2.19)

' _(K—i—?—l—i—k)K—k 1+ 2
Gk ="K 11 (KK —k+i+2)

It remains to estimate p; ;. One sees that

k—i\k
Pik = (K 1) P<U1 <Uk,U>k VZ+1<j<k—1>
k—1 1
. <
oo (B hroa
where
(2.21) DM::{Ul < U U >kt7_—v@+1<j<k} k>i> 1.

Let us admit for the moment the following lemma, whose proof will be given later.
Lemma 2.3. For k > 1 > 1, there exists a constant ¢c; > 0 such that
ok —ipe1V/i—1+2
(k+1—q)kk3/2"

(2.22) Ui = P(Di,k) <

Lemma 2.3 implies that

< ( k—1 )k 1
Pik > K1) k— Z.Uz,k—l
ko—i—1_c1vVi—1+2
(2.23) < ( ¢ )e ¢
K+1 (k —1)3/2

8



Let us go back to (2.18). In view of (2.19) and (2.23), we see that

(2.24) PA(K)\ A(K)] = > pistin

k=i+1
< i (K+2+i—k>K—k i+ 2 ( e )ke_i_lecl‘/m“
= K+1 (KWK —k+it2)\K+1) ~ (k— 1)
Applying Stirling’s formula (1.6) to (K — k)! yields that
(i 4 2)erVi—142cK — e

PlA;i 1 (K)\ Ai(K)] <

(K+1DF & 2B52(K +i+1— k)"
VieaVitl+2 o oK
< o K+ 172 (K + DF
We then deduce from (2.15) that for L > 2,

L-1 [3/2ec1VL—1+2 oK
(225)  P[AL(K)] = ZZ;P[AM(K) \ ()] + PIAK)] < s ey
which is sufficient to conclude Lemma 2.2. ]

We now present the proof of Lemma 2.3.

Proof of Lemma 2.5. Recall that D;; = {Ul << U U > k{;il,\ﬁ +1<5< k} Since
D, C{U; <--- < Uy}, we have for any k > 1,

1
(2.26) Ui = P(Di,k) < P<U1 < < Uk) =0
By Stirling’s formula (1.6), we get that
ek ek i—1\kk ekt k
PR SO Lt U S
T 2kkVE (k41— d)RR k) 27 (k+1—i)kk322

as 1 —z < e * for any z > 0. Take ¢; := max{40,sup;, I\J/rl.l%gli} < 00. Then when k£ < 2i, we
deduce that

(2.27) P T P
' T (k1 —0)kk32 = (k+1—d)kk3/2

It remain to prove the inequality (2.22) when k/2 > i > 1. Let (i) := e“Vi=1*2 According
to Lemma 2.1, we have
Qb ot oy

' _ - <
(2 28) Uy k @Z)(k, k70) (k‘—{— 1)! = ofk+3/2 = (k—l— 1 — 1)’%3/2’

Vi > 1,

9



giving (2.22) in case i = 1.

We prove (2.22) by induction on i. Assume (2.22) for some ¢ > 1 (and all £ > 7). We need
to bound P(D;;1 ) for k > 2(i + 1).

Since Dy C Doy C -+ Dy_1, we have:

(2.29) ujprh —up =P (Di—i-l,k \ Dz’,k)
k—i . .
=> P(Ui < <UpU >——i——V1<€<j1:l<lf‘<——i—;
~ e A T

j. <j+€f1
k—i+1 k—1

< Uigjye, V1 Séﬁk—]—i)‘

. k—
By the independence of the U;’s, we have w; 1 — u;x = Z] 1 r” kSijx where

14 g1 J
L Vi<ti<jl T <Uy < — L
“k—it fv_’<%k—i_Uﬂ<k—i+J
]+€—1

Tijk ' = P(U1<"'<Ui+j7Ui+z>
Sigk - = P(Ui+j+1<-..<Uk, <UZ+]+€7V1<€<I{?—]—Z)

Once again by (2.9),

] k—i—j+1\"" 1
(230) Si gk :’QZJ(]{?—’L—],]C—Z—], J ) = ( ] ) (k,’ - .
On the other hand,
riae < PlU <---<U,.; <;‘U- >LV1<E<' X J —j_l
igk > 1> > Z+]_1_k3—i+17 Z+Z—k_z-+17 = J k—i+1 k—3g

k—i—j+1
(k—i)(k—i+1)

. 1+7—1
J 14 .
= (m) P(UlS"'SUi+j—1;Ui+€237V1§€§]_1>

j R S
F—i+1 (k—i)(k—it1) "

This implies that

k—i

(2.31) uﬂmk—wu$==§zrmx&@k
j=1
Wiitj—1-
(k—i—j+ D\ k—i+1 (k—i)(k—i+1) "

]=1

10



By induction assumption, for any ¢ > 7 > 1, u; , < ﬁ% It follows that

ekfz

. k—1i . i+j—1 . .
7(7) j k—i—j+1
. < 4
u’“’k—(k+1—z’)’fk3/2+,zl<k—i+1) (k—i)(k—i+1)
" eIy (1) k—i—j+1\"" 1
JHI (i 45— 1)3/2 k—i (k—i—j+ 1)

The first term on the right-hand side of this inequality is bounded by

k—in~ (7 _ k41— k—i—1.,(s
(2.32) () ( k=i )< RO
(k —0)kk32\k+1—14 (k —d)kk3/2

whereas the second term bounded by

k—i K+l i k—i—j+1
1 J 1
E , .6.7(2) k—i—j+1 —
k—i (i47—1)%2 (k—i—7+1)!

J=1

iy (i) 1
—% — —
(k= i)+t = 2(i+ 5 =132 (k —i—j+1)1/2
< 20y(i)  eFit
R CEn
where the last inequality holds as we take k/2 > i 4+ 1. We obtain that

ek_i_l’y(i) 20
. < = T )<
(2 33) Ui41,k > (k _ Z)kk3/2 (1 T \/E) - (k — Z)kk3/2ﬁy

Note that v(i)e% =exp{avVi—1+2+ %} < ~(i+1) if we take ¢; > 40. Therefore,

IN

oh—i—1 20

(i)evi.

ey (i + 1)
(k —d)kk3/2 7

which completes the proof of Lemma 2.3. O

(2.34) Uit < Vk >1i+1,

3 Asymptotic behaviors of Zy,y: Proof of Theorem 1.1

In this section, we prove Theorem 1.1, by estimating the first and second moments of the acces-
sible population. However, we do not consider directly Zy,n even though its second moment
for a < 2 is obtained in Lemma B.1. In fact, we mainly count some typical increasing paths.

For any ¢ € (0,1) and any k > 1, let Ay == {0 € T™) 1 |o| = k24, < -+ < T} 70, >
e+ (1—e)5t, V1 < i < k}. We define the following quantities:
(3.1) INpe = Z loedn s, Vh>1

|o|=F

Clearly, under Py, Zn k. < Zni = #An k. Instead of Zyy, we study Zy i with suitable € > 0.

11



Proof of (i) of Theorem 1.1. We need to show that for o € (0, ),
Py —a.s., lim log Zy on/N = 0(1 — ),
N—o0

with 6(a) = a(1l —log«a). We first give the upper bound. By (1.7),

(B/Oé)aN ee(a)N
3.2 Eo|Znan| < = :
(3.2) 0[ o N} 2vaN 2vVaN
By Markov’s inequality, for any ¢ > 0,
o—ON
. > < — <
(33)  Po|Zyav = exp{N(0(a) +0)}] < exp{~N(0(a) + 8)}Eo| Zivan| < N

which is summable in N. By the Borel-Cantelli lemma, for any 6 > 0, Py-almost surely,

log Zn.o
(3.4) lim sup D8 INaN O(cv) + 6.
N—o00 N

This establishes the upper bound. To obtain the lower bound, it suffices to show that for any
0 > 0, there exists some € > 0 such that Py-almost surely,

log Zn o
(3.5) lim inf 28 ZNaN

By (2.9), we see that for any £ > 1 and any € € (0,1),

(1+1/k)k

(3.6) E, [ZN,,C,E} = N*y(k, k,e) = N* R ek,

Here we take £ = aN — 1 with a < e. For any a < e fixed, take € small enough so that
a<e(l—eg), 0(a) > 3ac and log(1l —¢) > —2¢. By Stirling’s formula (1.6),

exp {0(04)]\7 + alog(l — 6)N}

(3.7) Eo [ZN,aNA,E} > cy (aN)i7
For all N sufficiently large, we get that
(3.8) E, [ZN,aN—l,a} > 2exp{f(a)N — 3aeN} > 1.
By the Paley-Zygmund inequality;,
2
EO |:ZN,aN,si|
(3.9) P, [ZN,QN,LE > exp{f(a)N — 3aeN}] > L
4E0 |:Z]2V,aN,a:|

12



Let us bound Eg [ZN oN 5} , which is equal to:

k1
Eo[ Z 1(a,a/eAN,k,e)] :EO[ZN,k,a:|+EO[Z Z 1(a,a'eAN,k,s)}

(3.10) e 4=0 [ono'|=g
=E, [ZN,k,s] + Z NqN(N _ 1)N2k—2q—2P0 <g7 = AN,k,e |J A 0/| _ q))
q=0

where o A ¢’ denotes the latest common ancestor of ¢ and o’.

Recall that Ay s = {0 € Axi 2, > e+ (1—2)2, V1 <i < k}. Py (a, o' € Anpe|lone’] =

q) is hence equal to

1
/ PO <U7 o € AN,k,s |0 A OJ| =4, Tone’ = y) dy
e (1-e)(g—1)/k
1 .
—1
(3.11) :/ P<U1<~--<Uq_1<y;Ui25+(1—5)Z ,V1§i<q>
e+ (1=2)(g-1)/k k

X [P<y<Uq+1<---<Uk;Ui25+(1—6)i;1,Vq<i§k>]2dy.

Observe that

1
P(y<Uq+1<---<Uk;U->5+(1—5)Z Vq<z’<k>

k

§P<Uq+1< <Uk,U>5+(1—€) Vq<z<k:> ¢(k—q7k—q,6+(1—€)%>-

k

Plugging it into (3.11) implies that P, (O‘, o' € An e

lo Ao’ = q) is less than

(3.12)

1 s 1
{/ dyP<U1<---<Uq_1<y;Ui25+(1—s)Z ,V1§i<q>><
e+(1—e€)(g—1)/k k

 — 1
P<y<Uq+1<---<Uk§Ui25+(1_5)Zk ,Vq<i§k>} w( —q,k q,e+(1—5)%>

=k, k,e) xw<k—q,k—q,5+(1—5)%>.

Combining (3.10) with (3.12) yields that

(3.13) q=0 . |
=0 | Z (1+NN1E0{ZN,,€,E];N—W wh—u s 120y

13



where the last equahty follows from (3.6). By (2 9) and (1 6),

— L W(k—qk—gq,e —€) 3/2 g
(3.14) ZN : w(lzk,; . ( ) / (ﬁ) '

For k =aN — 1 and a < e(1 — ¢), we get that for NV large enough,

k \3/2 k ¢ L2 « q 3/2 @ a
(=) Gr—aw) S;%(m) + 3w (mg) Ser<ee

q>k/2

Mw

q=0

o

-1

Il
o

q

By (3.8), for N large enough, E, [ZNJM] > 1. Going back to (3.13), we obtain that for all N
sufficiently large,
2
(3.15) Eo | Z3an-1] < (1+ 0)Bo| Zyan-1e|
It then follows from (3.9) that

> - 2 TN
(3.16) Py |:ZN,OLN—1,€ > exp{f(a)N 3Q€N}} T 41+ er)

For any vertex w in the first generation, define Ay k11 .(w) as follows:

=:cg € (0,1).

, — 2
-AN,kJrl,z-:(w) = {‘U’:k"i_l;o'l:w;xm <"'<xd;x0i2€+(1_5>l L 72§i§k+1}'

To bound Po{Zy .n < exp{f(a)N — 3acN}}, we observe that

(3.17) ZNch > Z 1($w<5) Z 1(U€AN,aN,a(w))7

|w]=1 lo|=aN
where <xw, > jol=aN 1(U€AN1QN’E(OJ))> are i.i.d. Thus,

Py <ZN,O[N < exp{f(a)N — 3a5N})

S Po( Z 1(xw<8) Z 1(UEAN,QN7E(UJ)) < exp{Q(a)N — 3OJ€N})
|w|=1 lo|=aN
N
(3.18) < Py <1(Iw<s) Z LoeAy.anow) < exp{f(a)N — 3a€N}>

lo|=aN
The fact that Polo € Aygi1(w)|ze < €] = Polo € Anyg.] implies that given {z, < ¢},
ZMZ&N LoeAy an.-(w)) 18 distributed as Zn on-1, under Py. Therefore, we have

P0<1<xw<a> Y Locavanaten < exp{f(@)N —3aeN })

lo|=aN

< l—e+ 5P0< Z LiceAn ancw) < exp{f(a)N —3aeN}|z, < E)
lo|=aN
= 1—¢c+ 5(1 - P [ZN@N_LE > exp{f(a)N — 30z5N}] ),
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which is bounded by 1 — & + (1 — ¢g) because of (3.16). Plugging this inequality into (3.18)
yields that

Py [ZN,aN < exp{f(a)N — 3045]\/}} < (1 —e+e(l— cs))N < o Nese,

which is summable in N. By the Borel-Cantelli lemma, we conclude that for ¢ sufficiently small,

Py—almost surely,

log Z
(3.19) lim inf —2ZN.aN

> —
im in N > 0(a) — 3ae,

completing the proof of (i) of Theorem 1.1.

Before the proof of Part (ii), we turn to estimate Py |Zn oy > 1] with a > e.

Proof of (iii) of Theorem 1.1. The upper bound is easy. By Markov’s inequality and (1.7),

P,[z By [z o] < S0
av = 1| < Bo|Zyax] < .
o[ N,aN 0| 4NaN | NI
It follows that
log Py |:ZN,aN > 1}
(3.20) lim sup < 0(a) <0.
N—o0 N

To get the lower bound, we use the fact that Zy, > Zy k. and the Paley-Zygmund inequality
to get that for any € € [0,1),

2
EO |:ZN,k,5i|

(3.21) Po|Zwi 2 1] = Po[Zys 2 1) 2 .
EO [ZZQV,k,s:|

In this part, we always take ¢ = 0. Applying (3.6) and Stirling’s formula (1.6) gives that for
k= aN,

Nk . ef@)N
(k+1)! = 3(aN +1)3/2

(3.22) Eo| Zwio| >

On the other hand, in view of (3.13), we obtain that

N_lk—l

(3.23) Eq |:Z]2V,k,0i| < Eq [ZN,k,O] (1 + N Z N*%(k — g,k —q, %))

q=0

15



By (2.9) and (1.6), one sees that for k = aN with a > e,

k—1 k—1

B A F 1/ (k= g)te -
NE—(f — k—g: qu( 1—q/k)F1
q=0 q=0
k—1 k-1
e eN\ k- e
S S e
= — 32 = — \3/2°
2k =P\ k = 2k —q)¥
Let cg =327, 557 € (0,00). It follows that
k-1
(3.24) SNk =gk —q.7) < o
q=0
Plugging it into (3.23) shows that
(325) EO [Z?V,aN,O} S E() [ZN,aN,O] (1 + Cg).
According to (3.21) and (3.22), we obtain that
b [ Eo |:ZN,aN,0] el N
3.26 [ o >1}>—> e
( ) O[FNalN =] = 1+ cg = €10 (aN + 1)3/2
where ¢y := m Therefore, we conclude that for a > e,

log Py [ZN,aN > 1]
(3.27) lim inf

N—oo

> 0(a),
which completes the proof of (iii) of Theorem 1.1.

Proof of (i) of Theorem 1.1. Let us estimate Py[Zy v > 1].
For the lower bound, one observes that the inequality (3.26) still holds when o = e. As
0(e) = 0, we get that

(328) PO[ZN,eN Z 1] Z CllN_3/2.
To obtain the upper bound, we introduce the following collections of accessible vertices in
T
| — L
(329)  ALK):={lo| =K 25 < - < T4, > %;Vl <j<K}, 0<L<K.

Set K =eN and Ly = 2log K. One observes that

K
k—L
(3.30) Avig CAL(K)U | {Blol=k: 2, < <262, < o3,
’ k=Lo+1 K+ 1

16



As a consequence,

K
k—L
PO[ZNQN > 1} < P, [aa c ALO(K)} + Y P0[3\0| =k, < < Ty, Ty < 0]

’ K+1
k=Lo+1
K

(3:31) < Bo| 3 Seeae] + D Bo| D2 Tg, ).
lo|=K k=Lo+1 O'G.AN’]C

where the last inequality follows from Markov’s inequality. We first compute the second term on
the right-hand side of (3.31), which is

Z Eg[ Z 1 k*Lo} = Z NkP[U1<"~<Uk< 0]
(T )

k=Lo+1 0EAN K R k=Lo+1 K + 1
k— Lo 1

3.32 - Nk( ) .

( ) N LZO+1 K+1 k!

By (1.6),

K K

eN \kelo

(3.33) 3 EO[ 3 1(%<1€K_L0)} <y ( ) e S el 32

k=Lo+1 oEAN K i k=Lo+1 2

The inequality (3.31) thus becomes that

Py |:ZN,eN > 1] < Eo[ Z 1(06AL0(K))} + c1gN 732

lo|=K

(3.34) = NEP[AL (K)] 4 c1oN73/2,

where Ay, (K) is defined in (2.12). Applying Lemma 2.2 yields that
€CO\/TO eK

K —3/2
PO[ZN,eNzl] < N 7 (K+1)K+012N /
ecox/QlogK
which completes the proof of (ii) of Theorem 1.1. O

4 The criticality at eN — %logN

In this section, we prove Theorem 1.3 and Proposition 1.4, which says that

1 if B> 3/2;

> Y

(4.1) Nhi%oPO<ZN6N BlogN 1) { 0 if 5 <3/2.
and that when = 3/2, for any ¢ > 0 and N sufficiently large,
(4.2) Py (ZN,eNfﬂlogN > 1) > N"°.

17



4.1 Extinction after eN — Slog N for any § < 3/2

Let K = eN — fBlog N with 5 < 3/2 fixed. Similarly as (3.31), one sees that

k— Loy
Py [ZNK>1} <P0[E|0€.AL0 } Z P0[3|a|—k Ty < --<aco,aco<K_l_1
k=Lo+1
K
(4.3) SEo[ > l(aeALO(K))} + Y Eo[ > 1(%</;+Lf)}
lo|=K k=Lo+1 0EAN &

<NKP[A (K)] + i ( €N >k€_LO
>~ Lo .
k=Lo+1 K + 1 2\/E

We take Ly = 2log N. Note that for 1 < k < K,

eN ke Lo Blog N\K N2 1
44 () < (1+ ) < NP
(44 K+1/ 2vk K 2Vk 2Vk
So, the second sum on the right-hand side of (4.3) is less than
K
(4.5) Z < c1aNP=3/2,
—Lo+

which converges to zero if 8 < 3/2.
Applying Lemma 2.2 for Ay (K) yields that

6cO\/L;O eN K cox/i ﬂlOgN - .
40 NPULK) < G () < G (L ) S ek,

which also converges to zero as N — oo.
Consequently, when < 3/2,

(47) lim P[)(ZNeN BlogN = > 1) =0.

N—oo

4.2 Survival until eN — Slog N for any 5 > 3/2

It remains to show that limy_,o Po <ZN,eNfBlogN > 1) =1 when 8 > 3/2.

Let ko :=vlog N, Ky :=eN — (B +v)log N and oy M?’/e# We define A(ko, oy, Ko)

to be the collection of accessible individuals satisfying that

0<zy <--- < Loy, < dn;

0

J
5N < xako-H < el <& xUK0+kO =z, <1 and $0k0+j > (SN + (1 — 5]\[)

18



Clearly, Pg <ZN76N_510gN > 1> > P, <#.,Z(k0, on, Ko) > 1). Recalling the definitions of Zy k, s,
and Zy,(0n) in (3.1) and (2.1) respectively, one observes that

ZN ko (ON)
(4.9) Py (ZN,eN—mogN = 0) <E {1 - Py <ZN,K0,5N > 1)} .

We first give a lower bound for the survival probability Py (Z NKs > 1). It follows from the
Paley-Zygmund inequality that

2
Eo (Zwcs)
(4.10) Po(Zyss 2 1) = — 4,
Eo <Z]2V,K,6>
where the first moment of Zy s is as follows:
1+ 1/K)K

411 E(Z >:NK K. i.5) = Nk UEVEOT 0 o
(111) o(Zaacs) = N0k I6.0) = NKE A (- 0)
By (3.13) again

K-1
K \3/2 K q

4.12 E[Z2 ]<E[Z }{1 E[Z } ( ) (—) }
(4.12) 0|4Nks| S HolZnks| L+ Bo|4NKs ; S\ = J c(1—0)N
Here we take 6 = and K = Ky. On the one hand,
(413) ClgN_3/2 S EO (ZN,KOﬁN) S Cl7N_3/2.
On the other hand e (O oy (R LNV

n the other hand, as Zq:O C5<K07q) (6(175N)N> < cig ,
(414) EO |:Z]2V7K075N] S ClgEo [ZN,KOyéN:| .
As a consequence,
(4.15) Py (ZN,KO,zSN > 1) > ko [ZN,KO,JN] > ey N7%/2,
We deduce that

ZN ko (ON)

(416) PO (ZN,eN—BlogN = O) S E {]_ - CQlN_3/2} .
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We are going to prove that with high probability Zy 4,(dx) > N*/2. Take ¢ > 0 sufficiently
small so that f—3¢ > 3/2. Let ' = —¢ >0, ey := als—JgVN and 0y = FloeN 1t immediately

eN
follows that

ZN,kO((SN) = Z 1{0<$01<"'<m0k0S6N}

lo|=ko
/ j_2
>4 \a|:k0:0<x01§5N<:c02<~-~<xgko§5N+5N;xgj25N+k ]
o —

Oy, Vi > 2}

= Z 1{$wS5N} Z 1{€N<aco2<-~~<xak0 §€N+6§v;xgjZaN—&-,g;_ZlJ;V,ijQ}’
|w|=1 |o|=ko,o>w

where Z|o|=k0,0>w 1{6N<%2<._,<%k0 Sen+Olsaa, en-+ A28 Y22} is distributed as Zy ,-1,1-s, under
Py. This implies that

Py (ZN,ko (0n) < N%E)

3+e
(4.17) = [P <1{‘%S€N} Z 1{5N<%2<'”<%k0§€N+5§v;%jZ€N+136772153\77WZ2} <N >}

|o|=ko,o>w
3+e N
= (1 —en +enPo (ZN,kofmfa;\, < N?» :
Recall that
(4.18) Bo(Zxk1aos) = Nk = 1k = 1,1 - 8).
Then there exist two constants c4(8,) such that

¢ (8, ) N7
(log N)3/2

e (B, ) N7
(log N)3/2

(4.19) < Eg <ZN,k0—1,1—5;\,) <

As v goes to infinity, vlog(1 + %) — (' > 3/2 + 2e. Take « sufficiently large so that vlog(1 +

34+¢

%) > 3/2+e. For all N sufficiently large, we have E (ZNJgo,l,l,%) > 2N,
By (3.13), there exists a constant C'(3,7) > 0 such that

ko—2

ko —1 3/2 rkg — 1\ ¢
Ea(Zi 1) < B ) (B ) S () () )
N

< C(B,7)Eo (ZN,k—1,1—6’> 2-

By the Paley-Zygmund inequality,

1 e 1
Py (ZN,k0_1,1_5;V > §Eo (ZN,ko—1,1_5;V>> > Py (ZN,k—l,l—(S’ > N ) > 1C(B.) > 0.
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Plugging it into (4.17) implies that

3+e 3+e

N
Py <ZN,kO(5N) <Nz ) < (1 —en teEn [1 — Py (Zj\f,ko—u—(sgV > Nz ﬂ)

(4.20)
3+e
< e—NENPO ZN,k071,1—5§VZNT < pec2 log N =0

It follows from (4.16) that

Py <ZN,eN—,BlogN = 0>

ZN ko (ON) . s
(4.21) gE({l - c21N—3/2} i (Oy) = N ) + Po(Zia(0n) < N'F°)

3+¢
S(l . 021N73/2)N 2 + e*&nglogN 0.

This tells us that limy_e PO(ZN,eN_BlogN > o) — 1 with 8 > 3/2.

4.3 Proof of Proposition 1.4: §=3/2

In this subsection, we consider the probability P, (Z N,eN—3/2log N = 1). Recounting the argu-

ments in the previous subsection with kg = ylog N, Ky = eN — (3/2 + v)log N and iy =

(y+3/2) log N

N . Again,

Py <ZN,eN73/2logN > 1) > Py (#«1(%,(5]\[,[(0) > 1).

Recall that #.A(ko, oy, Ko) is equal to

(422) Y L <ocon<on) D ooy o1 <oy spg =0 Slitoy 4, 20N +H(1=0x) Sd W21}
|w|=ko |o|=Ko+ko;o>w

where Z|U|:Ko+ko;a>w 1{6N<xgk0+1<...<x,,Ko+k0 =20 <1iToy | 2ON+(1—0n) St Vj>1} is distributed as Zn k.5 -

One hence sees that

P, (#ﬂ(ko,aN,Ko) > 1)

N3/2—¢
ZP0< Z Nau, < <mu, <on} = N3/2_€>{1 - <1 —Po(Znkoon > 1)) }
|w|=k

By (4.15), Po(Zn.ro5y = 1) > cat N73/2. We get that
~ N3/2—¢
Py (#A(/{Z7(5N,K) > 1) >P <ZNJ€0(5N) > N3/2—5){1 . <1 . CQlN_3/2> }
N3/2—¢
>Py <ZN,k0,1—5N > N3/2_€> {1 — <1 — cle_3/2> }
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Similarly as above, there exist two constants c4(7) such that

o 3/2 lo. (1+3/—2)
c_(y) N7 s ) ey (y) N7
4923 <E (Z B ) <
There exists a constant C'(y) > 0 such that
2
(4.24) Eq (le\f,ko,l—dN> < C(7)Eo (ZN,ko,1—6N> -

As v 1 oo, vlog(1 + 37/2) 1 3/2. Take v > 0 large enough such that vlog(1 + BWﬁ) >3/2—¢. By

the Paley-Zygmund inequality, we obtain that

4.25 P (Z S N3/2*5> > .
(4.25) o(Znsanosy 2 > 20

We deduce that for all N sufficiently large,

N3/2—¢
{1 — <1 — CglN_3/2> } Z 023N_6.

We thus conclude that for any € > 0 and all N large enough,

- 1
(4.26) Py (#A(k075N7K0> > 1) > 100

(4.27) Py <ZN,6N—3/2logN > 1> > N"F.

A Coupling with a branching process

By considering the typical increasing paths, it has been proven that the critical value for « is
a. = e. In what follows, by coupling with a branching process, we give an auxiliary idea to show
the following result.

(A.1) lim PO(ZN,QN > 1) = 1,Va € (0,e).

N—oo

In the same probability space, we introduce accessibility percolation on a Galton-Watson
tree as follows. For A > 0, let 7» be a Galton-Watson tree rooted also at @&, whose offspring
distribution is Poisson with parameter A. To each vertex ¢ € T\ {@}, we attach an random
variable z¢, which is independent of x,. Assume that all these variables z¢, £ € T are i.i.d.,
following the law U[0,1]. Similarly, let [@,&] denote the ancestral line of € in 7. We keep &
if the attached random variables along its ancestral line [&, £] is decreasing and delete all other

vertices. Let D,E:A) be the number of individuals alive at k-th generation. Let d,gA)(s, x) denote the
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generating function of DIEA) under P,. Similarly to (2.4), we get the following recursive equation.

(A.2) dg}r)l(s,x) =E, [sD;ﬁ} = exp{ Ax + A/ d (s y)dy} Yk > 1.
0

In particular, dgA)(s, z) = exp{Az(s — 1)}. We also note that d,(CA)(s7 z) < d,(cA)(s, y)ifx >y.
We compare the generating functions f,EN) and dg\) via the following lemma.

Lemma A.1. For any 0 < A < N and u € [0,1], we have

(A3) 15, ) < dV (s, w), VR L

Proof. For N > A >0 and u € [0, 1],

(A.4) F s, ﬁu) = (1 - %u + %us)N < exp{Au(s — 1)} = dV(s, ).

Assume that f,gN)(s, Au) < d,(CA)(s, u) holds for & > 1. Then,

s ) = 1 / s y)dy]N

A
(N)
= 1——NU—|— / f S —U dv}

< exp{—Au—i—A/ fk (s,%v)dv}7
0

which is bounded by exp { —Au+A [ d,(CA)(s, v)dv}. It follows from (A.2) that

A

N

(A5) (s 57w0) < A (5.0).

Therefore, by induction on k, we have f,gN)(s, Au) < d,(CA)(s, u) for any k > 1. O

With the help of this lemma, we show that with positive probability, there exists at least one

accessible vertex at the aN-th generation for o < e.

Lemma A.2. Let a € (0,e). For any 0 € (2,1 A «), there ewists some positive constant
c(0, ) > 0 such that

(A.6) ]{fnzflP Znan(0) > 1] > c(d, a).
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Proof. Set K = aN. It follows from (A.3) that for a« € Ny and a < N,

(A7) 1, %2) < d (5, 22) < d0(s, D),

a a

For convenience, we write h(s) = hon i s5(S) = féN)(s, 2 and d(s) = czz’(;,a(s) = d((f)(s, 23, both
of which are generating functions, satisfying h(s) < d(s) for N > a.
Let J>0and k € {0,1,--- ,;a — 1} be such that K = aJ + k. Let B%V)((S) be the collection

of vertices o in T®) such that

(A.8) F”Jrajd < Topyajn < < Tgpyais S %5, Vje{0,---,J—1},
and that

K
(A.9) 0< 2y <+ < Ty, < —0.

- K
where K :=|o|. According to the definition of B%V)(é), one sees that

N
(A.10) Znx(0) = #BLY(0) = D Locan, <oconcis) O (R PN

|w[=r lo|=K

where given {0 < z,, < -+ <z, < %4}, the generating function of >, 1(%:@1(0_68?)) is

ho---oh=:h"’. As a consequence,
———
P, [ZN,K((S) > 1} > P, [#B(N 5) > 1}

K
K
Z |: Z 10<xw1< <TWw< 7 0) 2 1 PO[ Z 1(0'€:"J)1(UGB;{N)) Z 110 < Ly < << Xy S §5
o|l=K

(%)
|
- (=0 4)(1-10),

since the generating function of Zy .(59) = ZM L(0<ay, <-<zp< o) 18 f,gN)(,g, #6). Applying
the inequality (A.7) to fa (N)(O #0) and h, respectively, shows that

|w|=r

(A11) Po[Zv() 21] > (1-dP(0,5/a))(1- ()" (0)),

where (c/l\)o‘] :=do---od. Going back to the generating function a/l\(s) = d((za)(s, 2y = Eg/a[sD‘(la)],

J
we see that

(A.12) E;s/a[D{Y] = (a(z_!a)a = (ead/a)",
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where e, := (%)% By (1.6), e, T e as a 1 co. For § > a/e, there exists an integer a(d, a) such
that e,0/a > 1 for all a > a(d, «). This implies that
(A.13) d'(1) = Esjo[DW] > 1, Va > a(s, ).

a

~

Thus, for the Galton-Watson tree whose offspring has generating function d(s), its extinction
probability, denoted by q(a, d/«), satisfies that

(A.14) dla,6/a) = lim (d)(0) < 1.
This tells us that
(A.15) (1 - (8)""(0)) >1—§la,8/a) = pla,d/a) >0, YJ > 0.
Moreover, for any a > 0 fixed, we have
— _gw)
(A.16) B(a,5/a) == inf (1 d")(0, 5/a)> >0,

as dY) are non-trivial generating functions.

Therefore, we end up with

(A.17) inf P[ZN,QN((S) > 1} > (8, @) > 0,

N>a(é,a)
where ¢o(d, @) := S(a(d, @), 0/a)pla(d, «),d/a) > 0.
Notice that P[Zy on(6) > 0] > 0 for any 1 < N < a(d, ). We conclude the proof of this
lemma by taking ¢(0, o) := mini<y<a(s,a){co(, @), P[Znan(0) > 0]} > 0. O

Now we are ready to prove the convergence (A.1).

Proof of (A.1). For 0 < a <e,let § € (2,1 Aa). Observe that under Py,

(A.18) ZN.aN = Z Lio<zu<1-6) Z Lioy=w) L(1—b6<z0, < <aq<1)-

|w|=1 lo|=aN

For all vertex w in the first generation, the variables E|o’|:aN Loy=w) L1 —b<us, <<z, <1) ALE inde-

pendent and distributed as Zy on—1(6). Consequently,

PO [ZN,aN - O] S PO|: Z 1(0<$w<1—5) Z 1(01:w)1(1—5<J:52<-~~<xa§1) - 0i|

wl=1 lo|=aN
N
— (PO |:1(O<Iw<176) Z 1(0’1:0.))1(176<x02<...<x0_§1) — 0:|)
loj=aN

_ (5 +(1- )P, [ZN@N,l((S) - ODN.
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By Lemma A.2, Py [ZN@N_l((S) = O} <P, [ZN@N((S) = O} <1—¢(d,a). Thus,

N
(A.19) P, [ZN@N - o] < (5 +(1-9) (1 e a)>) < e~e6)1=ON
which converges to zero as N goes to infinity. This tells us that
(A.20) lim P, [ZN,QN > 1] ~1,
N—o00
which is what we need. O

B The second order of Zy ,y for a € (0,¢)

Note that for a € (0, e), the population size Zn oy is asymptotically of order e?@N The figure
of the limit function 6(«) is shown in FIGURE 1 at the end of this paper.

We have the following lemma, concerning the second moment of Zy ,n.

Lemma B.1. For x € [0,1) fized and 0 < o < 2(1 — x), we have
2
E.|(ZNa —
(B.1) i ellZnan) ] 20-2)
N—oo maN(a:)Q 2(1 —SL’) —

where for any k> 1 and x € [0, 1],

(B.2) me(z) == “‘% =E.,[Znu].

This lemma shows that under Py, for a € (0,2), with positive probability, Zy .n is of the
same order as its expectation Eg (ZN,QN), that is N~1/2e%@N_ But we do not get the second
order of Zy on for a € [2,€). From the arguments as above, one can say that for o € [2,e), with

positive probability under Py,
(B.3) Cog N73/20 N < Znan < Cos N~H/20(@N,

In particular, one sees that the maximum of o — 6(a) is reached at « = 1. We turn to
consider Zy ,n when a = 1. Let £(X,P,) denote the law of random variable X under P,. The

theorem is given as follows.

Proposition B.2. Let A > 0 fized. Then the following convergence in law holds as N — oo:

Z
(B.4) ﬁ(M;PA) et x W,
my N

. . . . N
where W 1s an exponential variable with mean 1 and my := %

Remark B.3. A similar result to Proposition B.2 has been given in [2] by considering the

accessible paths in the N -dimensional hypercubes. Our proof is mainly inspired by it.
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B.1 The second moment of Zy ,xy

Proof of Lemma B.1. By (3.10),

2 N—-1¢
Ex[<ZN7k> | = mk(:r)—l—T N*"1P (0,0’ GANk)|aAU|—q)
q=0
k-1
N -1 1 —a)N)*=1 (2(k —
N = (2k-q! \(k-9q)
k—1
N -1
(B.5) = mg(z) + mg(z)? N Zak(q,$)>
q=0
where ay (g, x) := [(1%)]\”(?’21 23;'?,;k'q),(k - Note that if k+1 < 2(1 —x)N,
(k—q)(2k —q)

(B.6) ap(q+1,2) = ar(q, x) ap(q,z), Y0<gq<k.

2(1 —x)N(2k — 2q — 1)

Moreover, for ¢ < vk and k = aN,

2

Eooyela= =59 e e
B0 wea) = (gw) G ey ~ Gaog) 1O

g
Take ¢y = (%W so that (2(10135)) ’ < N2 Tt follows from (B.6) that
k—1
(B.8) > ar(q.7) < kag(go, ) < crzaN ",
=40

which vanished as N goes to infinity. The dominated convergence theorem implies that for
0<a<2(1—=x)and k= aN,

q0

. > 2(1 —x
I SIS o e B

q=0 q=0

Moreover, 1/mqn(z) — 0 as N goes to infinity. We thus conclude that for 0 < a < 2(1 — ),

Ew[<ZN,aN)2} 201 -2)

li = : m
N3 Man(T)? 21 —2z) -«
2
As a consequence of Lemma B.1, one sees that Ey /v [(ZW’QV—NN> } — e as N = oo.

27



B.2 Proof of Proposition B.2

In this subsection, we investigate Zy y. Let {Fi;k > 1} denote the natural filtration of the
accessibility percolation on N-ary tree, i.e., Fy := o{(w, x,);w € TW) |w| < k}.

We introduce the following variables:

Oni(z) :=E, [ZN7N|]-";€], and 07”(1:) =E, [ZN7N+;§|]-";§].

Let 0 := Zy n for simplicity.
Recall that my = Ey[f] = NT],V We begin with the following lemma.

Lemma B.4. As N goes to infinity then k goes to infinity,

(B.10) c(eN”“(A/M_@,PA/N) 0.

mpy

Proof. We observe that for any z € R and 6 > 0,

Px[eN’k<£L') S (Z — 5)mN|]:k] — Px[|9 — 9N,k(£)| Z mN5|]:k] S Pm[9 S mNz\]:k];

Note also that

Var, (0| F;
(B.11) Po[l0 = Onp(z)] = mnd|Fi] < %
Consequently,
Var, (0| F;
P.lfs(e) < (2~ d)ma] — P lp < my2] < B, [ V2],
my
Var,, (0| F;
P[0 <mnz] = Pgl0ni(z) < (24 0)my]| < Efv[ g 5|2 kq
my

Thus, it suffices to prove the following convergence.

E)/n|[Var(0|F
(B.12) lim i o Var@F]_
k—o00 N—o0 my
The branching property yields that
(B.13) Var, (0|Fy) = Z v(xy, N — k),
0€AN K

where v(y, L) := E,[(Zn,1)*] — E,[Zn 1]? for any L > 1. Taking the expectation implies that

(B.14) E,[Var,(0|F;)] = N’“/ dy(ky__;!v(y,N—k).
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N . 1 L—1
v(y,L) = mL(y)+mL(y)zT aL(‘]ay)_mL<y)2
q=0
L—1
N —1 m 2
= ) £ 3 a0 - L)
Plugging it into (B.14) yields that
B, [Var,(6F)] = my(x) + my(e) et NZ (0,7) — —my(x)an(k,z)
x| Valy k) = N\T N\T N q:kHaNqax N N\Z) an(~K,T).

It follows from (B.7) and (B.1) that 2111\7:211 an(q,\/N) = 5. Clearly, my(A/N)/my = (1 —
A/ N)N — e~ Therefore,

. EA/N[Var)\/N(GU:;C)] o 6_2)‘

(B.15) li

N—o0 TTL?V Qk ’

which vanishes as k goes to infinity. This yields (B.12) and completes the proof of Lemma
B.4. O

Lemma B.5. For any k > 0 fized, we have

(B.16) lim Exn[(Onk(A/N) = Oxx(A/N))?]

N—oo m%\f

= 0.

Proof. By Jensen’s inequality,

(B.17) <9N,k(5€) - 51\/,1«(90))2 = (Ex [Z NNk — ZN,N|~Fk]>2 <E, [(ZN,N+k — ZN,N>2|]:’€]
Taking the expectation yields that

(B.18) E. [<9Nk($) - gNk($)>2} <E, [(ZN,N—H@ - ZN,N> 2]>

which, by the Cauchy-Schwarz inequality, is bounded by

k

2
(B.19) kY E, [(ZN,NH - ZN,NH-,1> } .
=1
Let L=K+1i—12> K. Then,
(B.20) ZN+1— ZN = Z (yo — 1),
O'EAN,L
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where yo := 37111 Lwr=0)L@gu>a,). It immediately follows that

(ZN,LH - ZN,L)2 = Z (?Ja - 1)2 + Z (ya - 1)(%/ - 1)

o€AN, L o#o’;0,0'€AN, L
L—-1
(B21) = Z (ya - 1)2 + Z Z 1(0’,0'/€AN7L)(yU - 1)(?/0’ - 1)a
0€AN, L q=0 |ono'|=q

where o A o is, as before, the latest common ancestor of o and ¢’. Note that under P,[-|FL],
Yo,'s are independent binomial variables with parameters N and 1 — z,. Thus, taking E,[-|F]
on both sides of (B.21) yields that

(B.22) E, |:<ZN,L+1 - ZN,L>2’-FL] = X1 + 2o,
where
(B.23) S = Y E, [ }

oc€AN, L

Z_: Z 1(‘770'/EAN,L)(N<]‘ - 'Z‘O') - 1)(N(1 - IU/) - 1)

7=0 [oNo'|=q

Obviously, (y, — 1)*> < N2. Hence,

(B.24) S,

(B.25) E.[21] < N°E,[Zy ] = N*my(z) = o(m3).

Conditioning on the value of x,,,s yields that

L-1

EA&J::EJEj > Teweann(N(1—2,) = DN = 2,) = 1)]
q=0 |cf/\a’|—q
NI ey [y W) N (e ) (N ) ~ D)
- %N / <wm{ld” (L—q-1)! |
B26) = "3 (5i(g) ~ 25(0) + Gs(a).

=0

olg): = NQL—‘I/I1 dy(y—l")q‘l (N(l —y)L—q—H)?;

[}

where

(g—1)! \ (L—q+1)

L v [ )T (N(L—gy)tett (1)t

) = v [ (RS GV,
. 2L—q ! (y — 31:)‘1—1 (1 — y)L—q 2
d3(¢): = N /$ dy I ( g ) .
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On the one hand,
(B.27) 0 < d1(q) — 2d2(q) + d3(q) < 5ds(q), Vg = 0.

On the other hand,

(B.28) 51(q) — 202(q) + 83(q) < @,@0(%), Vg < O(log L).
Thus, (B.26) becomes
L—-1 ci4log L q2
(B.29) E,[3%] < Z 505(q) + Z 53(Q)C15(ﬁ)-
q=c14log L q=0

Notice that d3(q) = m2(z)ar(q,z). Take z = A/N and recall that L = N + i — 1. By (B.6),
for N large enough so that N +1i < 2(1 — A/N)N, ar(q, ) is non-increasing as ¢ increases. It
follows that

L—-1 ci4log L 2

q
B2 < mi@)( Y sarlen)+ Y aulgw)en())
q=c14log L q=0
c14log L)3
< mi(z) <5LaL(cl4logL,x)+cl5( 14 LQg ) ar(0, ))
I ci4log L (log L)?
Note that a;(0,z) = 1. By (B.7), ar(ciqlog L,z) = (m) 1+ O(5~)]. We can

choose a suitable ¢4 so that ar(ciylog L, x) = o(N71). As a result,
(B.30) E.[X] = m3 (x)oy(1) = mion(1).

We return to (B.22). Combining (B.25) with (B.30) implies that

2
N N
] = ON(]_).

(B.31) Exv| =

Therefore, for any k > 1 fixed, we have

]\}EI;O EA/N[(QN”“(A/N)”:fN,k(/\/N))z

] =0. O

By considering the variables ] ~.k(x), we will prove the convergence in law in Proposition B.2

as follows.
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Proof of Proposition B.2. In view of Lemmas B.4 and B.5, we only need to prove that the distri-
bution ﬁ(%ﬁ‘vﬂv), P, /N> converges weakly to an exponential variable of mean e, as N goes

to infinity then & goes to infinity.
Clearly, gN,O(x) =mpy(1 — )N with my = NT],V Define for any £ > 0 and pu > 0,

(B.32) Gr(p,z,N) :=E, [exp{—ugNyk(x)/mN}},

which is the Laplace transform of (@)

It is immediate that Go(u,x, N) = exp{—pu(1 — x)V}. Recursively,

(B:33)  Onpi(z) = E, (Zn Nkt | Frsn] = Z E., |:ZN,N+k‘fk:| = Z 1(aca>a;)§N,k(xa)7

o€AN1 lo|=1

where for |o] =1, ]-(xg>a:)5N,k(xo> are 1.i.d. It follows that

1 N
We define for A, u > 0,
(B.35) Qo(p, A) 1 = exp{—pe};
(B.36) Qi) = en{~ [ (- Qluu)d} vEzo.
A
Clearly, limy_,o, Go(i, ]%, N) = Qo(p, A). We are going to prove that for any k£ > 0,
(B.37) lim Gg( iN)—Q( A)
. Nl—r>noo kM, N’ = e, A)-

Suppose that (B.37) holds for £ > 0. By a change of variables, (B.34) becomes that

(B.38) Gk—&-l(#»%vN) = [1—/ANdy(1—Gk(“’%’N)>]N

Because 1 —e™* < z for all z € R, (B.32) gives that

y po(NQL—y/N)M
B.39 0<1-G = N)<uEy|[Z = < Y.
( ) = k(1 N ) S w ﬁ[ NNk /My e (N + &) = pe
The dominated convergence theorem implies that
N y Nes [e%S)
(B.40) / dy<1 = Gilp N)) — / dy<1 - Qk(u,y)>-
A A
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It follows that limy_yoo Gy1 (1, %, N) = Qg+1(i, X). By induction, we conclude (B.37) for any
k> 0.
We write Qg (p, A) = Fj,(ue™) for all k > 0. We check that

(B.41) Fia () = exp { - /0 ) “TFIC(%U}, Folz) = e,
Define Ag(z) for z > —1 and z # 0 by
o1+ 231 1
(B.42) A(z) =245 [1 —- Fk(z)].

Then we claim that there exists a constant M such that for all £ > 0,
(B.43) 0<Ak(z) <M, Vz>-l.

Indeed, for k = 0,

(B.44) Ag(z) = U ;Z>3 [1 i — - e—z},

which is nonnegative for z > —1, because e* > 1 + z. Moreover, since lim, 0 Ag(z) = 1/(2e),

define Ag(0) := 5 so that Ay(z) is continuous in (—1,00), and that both lim.;_; Ag(z) and

lim 1+ Ag(2) exist and are bounded. Hence, there exists M € (0, 00) such that
(B.45) 0<Ap(z) <M, Vz>-L1

Assume now that (B.43) holds at order k. In view of (B.41) and (B.42),

(B.46) Fen(z) = 5 i - exp{ B /0 ; fu)s A';Sﬁu) du}.

This leads to

1 1 :u M 1 M2
> Rz i [t M = Y
1127 I<:+1(Z)—1+Z /0(1+u)32k “ 1+z 28 2(1 + 2)?

This implies that (B.43) holds for k + 1. In view of (B.42) and (B.43), we check that

1
(B.47) lim Fy(z) = 112 for z > —1.

k—o0 1

Recall that Qi (i, \) = Fy(ue™). Going back to (B.37), we let k go to infinity for both sides and
obtain that for any A > 0 fixed,

B 1
14 pe N

On x(A/N)
(B.48) lim lim By [e*“ oS ] ~ lim lim Gl =, N)

k—o0 N—o0 k—o0 N—o0 N ’
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which is the Laplace transform of an exponential variable of mean e=*. Therefore, we deduce

that as N — oo,
ZNN —\
(B.49) L(—’,PA/N> et x W,
my

where W is an exponential variable with mean 1. O

An analogous argument implies that for 0 < a < 1, started from z = 1—0z+%, E(%, Px>
A

converges to an exponential distribution of mean e™".

Figure 1: The curve of o — 6(a) = a(1 — log ).
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