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CONVERGENCE OF A NONLINEAR ENTROPY DIMINISHING
CONTROL VOLUME FINITE ELEMENT SCHEME FOR
SOLVING ANISOTROPIC DEGENERATE PARABOLIC

EQUATIONS

CLEMENT CANCES AND CINDY GUICHARD

ABSTRACT. In this paper, we propose and analyze a Control Volume Finite El-
ements (CVFE) scheme for solving possibly degenerated parabolic equations.
This scheme does not require the introduction of the so-called Kirchhoff trans-
form in its definition. We prove that the discrete solution obtained wia the
scheme remains in the physical range, and that the natural entropy of the
problem decreases with time. The convergence of the method is proved as
the discretization steps tend to 0. Finally, numerical examples illustrate the
efficiency of the method.

1. INTRODUCTION

1.1. Presentation of the problem. Degenerate parabolic equations appear in
the modeling many real life applications, and in particular in the modeling of mul-
tiphase or unsaturated flows in porous media [6]. Since it appears to be a keystone
for studying complex porous media flows, we focus in the paper on the numerical
approximation of an anisotropic Generalized Porous Medium Equation (in the sense
of [42]). Moreover, despite our study can be extended to the 3-dimensional case,
we restrict our study to the 2-dimensional case.

In what follows, we denote by 2 a connected polygonal open bounded subset of
R?, by t; > 0 a finite time horizon, and by Q;, = Q x (0,t¢). We are interested in
approximating a convenient function p (p stands for pressure in analogy to porous
media flows [6, 37]) such that

B(p) =V - (n(p)AVp) =0 in Qy,
(1) BP)j—o =Bo inL
n(P)AVp-n=0 on 90 x (0,t).
In (1), the function § is a nondecreasing continuous function. Moreover, we
assume that there exist p, and p* in R with p, < p* such that § is strictly increasing

on [ps,p*]. Additionally, we assume that 8~ : [3(px), B(p*)] — R belongs to
LY(B(ps), B(p*)). In particular, this enforces that

—00 < B(ps) < B(p*) < +o0.

The mobility function 7 is assumed to be bounded, continuous, and to fulfill
(2) n(p) > 0 for a.e. p € (p«,p*) and 7n(p) = 0 otherwise.

Moreover, we assume all along this paper that

(3) /R\/n(a)da < 00, lim pn(p) =0.

p—+oo
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2 CLEMENT CANCES AND CINDY GUICHARD

The permeability tensor A belongs to (LOO(Q))QXQ, and it is supposed to be

symmetric and uniformly elliptic on €, i.e. there exist A\, A\ € R such that

(4) AV < AX)V-v <AV, Vv € R?, for a.e. x € Q.

The initial data Sy belong to L>(Q; [8(p«), B(p*)]). This assumption (together
with the assumptions on ) ensures that there exists a measurable function py :
Q = [p«, p*] such that So = B(po).

We define the function I' : R — R by

(5) r(p) = / " 48 (a)da

The the function I'o 371 is convex on [B(p4), 8(p*)], and it follows from the defini-
tion (5) of " that

(6) poB(p) = 0T (p), for all p € R.

Now remark that since ) is bounded, since By € L™ (Q; [5(p«), B(p*)]), and since
B~! belongs to L*((B(p+), B(p«)); R), then the finite entropy condition on the initial
data

(7) /QF(po(x))dx < oo.

holds (see e.g. [14]).

Multiplying (formally) the first equation of (1) by p and integrating on ) yields
the following entropy dissipation property:
d
©) G [ Tebedx =~ [ ape Aoty ol dx <0, e >0,
Q Q
In particular, integrating w.r.t. t € (0,tt) and using that I'(p) > 0 and (7), one
gets that

(9) // p)AVp - Vpdxdt < oc.
Qg

The natural set the pressure p has to belong to is then
={p: Qi — R| the estimate (9) holds}.

One of the main difficulty in the study of degenerate parabolic equations of
type (1) comes from the fact that the natural topology for the pressure p degenerates
when 7n(p) vanishes. Indeed, given a solution p of (1), define by w, (resp. w*) the
subset of @, such that p(x,t) < p, in ws (resp p(x,t) > p* in w*). Then, because
of the degeneracy of the topology (9) any function p : Q;, € R such that

p(x,1) if (x,1) € Q¢ \ (wx Uw™),
(10) p(x,t) = ¢ p(x,t) <p, if (x,t) € w*,
p(x,t) > p*  if (x,t) €

is a solution of (1). This lead for example to the notion of extended pressure
proposed in [14, 9] (see also [12, 13]). Therefore, in order to select one solution, we
impose that p, < p <p*.

Remark 1.1. In the case where = ¢ LY(B(ps), B(p*)), the analysis carried out
throughout this paper still holds under the assumption (7) that the initial condition
has a finite entropy.
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1.2. Kirchhoff transform or not Kirchhoff transform. As pointed out previ-
ously, the degeneracy of the system leads to a severe lack of control on the variations
of p. In order to circumvent this difficulty from a mathematical point of view, the
so-called Kirchhoff transform ¢(p) can be introduced.

More precisely, defining the nondecreasing Lipschitz continuous function ¢ : R —
R by

o(p) = /Op n(s)ds,  VpeR,

then for regular enough functions p, one has
(11) n(p)Vp = Ve(p),

so that (1) can be rewritten

OtB(p) =V - (AVp(p)) =0 in Qy,
(12) B(P),eo = Bo inQ,
AVp(p) - n=0 1in 0Q x (0,t).

Let us now introduce another closely related function. Define the Lipschitz
continuous nondecreasing function £ : R — R by

(13) £p) = / CJnG)ds,  WpeR,

then the function & belongs to L°°(R) thanks to (3). The natural entropy esti-
mate (9) rewrites

(14) / /Q AVE(p) - VE(p) dxdt < oo.

Due to the assumption (4), the relation (14) enforces that &(p) € L2((0,t¢); H*(2)).
Both ¢ and & remain constant on (—oo, p,) and (p*,4+00). Hence, whatever the
choice of a function p as in (10), one has ¢(p) = ¢(p) and £(p) = &(p). Since ¢ and
¢ are increasing on [py, p*], one can define their inverses =1, &7 1 [£(py), £E(p*)] —
[p*7 p*] .
This leads to the following notion of weak solution.

Definition 1.1 (weak solution). A measurable function p : Qi — [p«,p*] is said
to be a weak solution of (1) if

o &(p) € L2((0,t0); H'(Q));

e for ally € CX(Q x [0,t)), one has

(15) /Q,f B(p)dspdxdt +/ Bow(-,0)dx — //Q AVp(p) - Vipdxdt = 0.

Let us now state that the problem is well-posed in some convenient sense. The
existence of a weak solution has been established in [2], while a complete uniqueness
proof was given in [36].

Theorem 1.2 ([2, 36]). Under the assumptions stated in §1.1, there exists a unique
weak solution to the problem (1) in the sense of Definition 1.1.

Despite they are of great help from a mathematical point of view, both ¢(p) and
&(p) have no clear physical meaning in opposition with p. This was underlined for
example in the seminal work of Otto [37] in the case of the porous medium equation.
As a consequence, they are of no use in the case where the physics becomes more
complicated, like for example in presence of hysteresis (see e.g. [40]). Moreover, the
control of the decay of the entropy t — [, I'(p(x,t))dx has been shown to play a
crucial role for the long time behavior of the discrete solution in [18, 17].
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Therefore, from a numerical point of view, one aims to discretize the problem in
its form (1) rather than in its form (12), avoiding the introduction of the Kirchhoff
transforms ¢ and £ in the scheme. Nevertheless, the introduction of these function
will allow to perform the numerical analysis.

Several contributions have been proposed for solving problems related to (1),
either thanks to Finite Volumes or to Finite Elements. In the isotropic case, i.e.
A = Mg, let us mention the work of Eymard et al. [27] (see also [28, 25, 26]) for
the convergence of a two-point flux approximation under a restrictive assumption
on the mesh (the so-called orthogonality condition). In the anisotropic case, the
convergence of a nonconforming finite element schemes is proposed in [30, 31], while
the convergence of mixed/hybrid finite volume discretization is proven in [3]. The
convergence of very general schemes based on the Kirchhoff transform towards the
solution of a Stefan problem is addressed in [22]. In [27, 25, 26, 30, 31, 3], the
discretization always uses the Kirchhoff .

Let us now focus on schemes that do not require the introduction of the Kirchhoff
transform in their definition. Let us first mention the scheme proposed in [7]. Its
convergence is addressed in [8] under the assumption that A is isotropic and that the
mesh the so-called orthogonality condition. In the more complex case of multiphase
flows in porous media, schemes avoiding the introduction of the Kirchhoff transform
have been proposed in [34, 29, 38]. While no convergence proof is provided in [34],
the isotropy of the porous medium and a restrictive orthogonality condition on the
mesh are required in [29, 38].

1.3. Outline of the paper. The goal of this paper is to establish the convergence
of a scheme inspired from one proposed in [34] in the anisotropic case, allowing
further extensions to more complex physics and more general schemes in future
works.

In §2, we define the scheme and we state the main result of our paper in Theo-
rem 2.1. In §2.1.1, we introduce the primal triangular mesh and the corresponding
dual barycentric mesh that are needed to define a CVFE scheme (see e.g. [5]).This
leads to the introduction in §2.1.2 and §2.1.3 of two different reconstructions of the
discrete solution, one being the usual P; reconstruction, the other being piecewise
constant. Difficulties in considering nonlinear test functions in linear numerical
methods are underlined in §2.2. The nonlinear CVFE scheme is defined in §2.3,
and the main result of the paper, i.e. the convergence of such a scheme, is stated
in Theorem 2.1 of §2.4. In §3, we derive a priori estimates on the discrete solution,
allowing to state the existence of such a discrete solution in §3.4. §4 is devoted to
the convergence proof of the discrete solution when the size of the time and space
discretization tends to 0. This is based first on the obtention of compactness on the
family of the discrete solutions in §4.1, and then on the identification of the limit as
the size of the time and space discretization tends to 0 in §4.2. Numerical results
are finally proposed in §5. In particular, we give an evidence that using nonlinear
schemes can be a very powerful tool for avoiding numerical locks even for solving
linear equations.

2. THE NUMERICAL SCHEME AND MAIN RESULT
2.1. Discretization of Q..
2.1.1. Space discretizations of (. The CVFE method requires the introduction of

two different space discretizations of 2, namely the primal triangular discretization
and the dual barycentric discretization.



NONLINEAR CVFE SCHEME FOR PARABOLIC EQUATIONS 5

We denote by T a triangular discretization of {2 made of a finite number #7 of
triangles. We assume that (Jpo 7 = Q (recall that © is assumed to be polygonal),
and that TNT’ = @ if T # T’. We denote by V the set of the vertices of the
discretization 7', located at positions (Xx ). The set € of the edges of T is
made of straight segments o joining two vertices of V. Given T, T’ € T, we assume
that T NT is either empty, or it is reduced to xx for some K € V, or it consists
in an edge o belonging £. For T' € T, we denote by Er the subset of £ made of
the edges o such that |, 0 = 0T. We assume that € = (Jpcr 7. Given two
vertices K, L € V of a triangle T, then the edge joining xx and xj, is denoted by
OKIL-

For T € T, we denote by x the center of gravity of T', by hr the diameter of
the triangle T', and by pr the diameter of the incircle of 7. Then, we define the
mesh diameter h and the mesh regularity 6+ by

h
h = maxhr, OT:maX—T.
TEeT TeT pr
For K € V, one denotes by Tk the subset of 7 made the triangles admitting K
as a vertex, by £k the set of edges having the vertex K at an extremity, and by

Vi the subset of V such that, if L € Vi, then [xx,x] is an edge of k.

Once the primal triangular mesh has been built, we can define its dual barycentric
mesh M as follows. To each K € V corresponds a cell wx whose vertices are the
isobarycenters xp of the triangles T" € Tk and the isobarycenters x, of the edges
o € Ek. Note that UKeV @Wr = Q. The 2-dimensional Lebesgue measure of wg is
denoted by mg.

The construction of the primal triangular and dual barycentric meshes is illus-
trated on Figure 1.

FIGURE 1. The triangular mesh 7 (solid line) and its correspond-
ing dual barycentric dual mesh M (dashed line).

2.1.2. The discrete spaces V5 and X . From the two meshes built in §2.1.1, we
construct two discrete functional spaces. The first one, namely V7, is the usual
conforming P;-finite elements space corresponding to the triangular mesh 7, con-
taining piecewise affine elements:

Vi ={fecH'(Q)| f, e Pi(R), VT eT}

On the other hand, we define the space X of the piecewise constant functions
on the dual mesh M by

Xpm = {f:Q — R measurable | flo, € R is constant, VK € V}.
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Given a vector (uk)gcy € R#V | there exists a unique ur € Vy and a unique
uspm € X pq such that

(16) ur(XK) = um (XK ) = uk, VK e V.

As a consequence, there are one-to-one mappings between R#Y. Vo and X 4.
In what follows, we denote by (ex )¢y the canonical basis of V7, characterized
by
GK(XK):L eK(XL):OlfL#K, VK e V.

The following geometrical property holds:
/eK(x)dx:mK, VK e V.
Q

2.1.3. Space-time discretization of Q. In order to simplify the notations, we re-
strict our study to the case of a uniform time discretization of (0, ), but all the
results presented in this paper can be extended to the case of a general time dis-
cretization without any difficulty. Moreover, we assume, still for the sake of sim-
plicity, that the spacial meshes do not change with the time step.

Let N be a nonnegative integer, then we define At = ¢¢/(N + 1), and t,, = nAt,
so that tg = 0, and tx4+1 = tr. Then we define the space and time discrete spaces
Vi ar and X aq A+ as the set of piecewise constant functions in time with values in
Vi and X uq respectively:

Vrae={f € L*(0,t); H'(Q)) | f(z,t) = f(z, t"") € Vir, VEtE (tn,tny1]},
Xpmar={f: Qi — R measurable | f(z,t) = f(z,t"T") € X, VtE (tn,tnta]},
where

. n+1
Given (uK )ne{o,...,N},KeV
unique elements of Vi a+ and X aq, A+ respectively such that

€ RWHD#V we denote by ur.a¢ and upqar the

(17) ur ac(Xi,t) = up(x,t) = uptt, VK € V,VE € (ty, tnta)-
For all n € {0,..., N}, we also denote introduce the functions
U?:H = UT,At('; tn+1), ijl_l = uM,At('vthrl)-

2.2. Finite elements and nonlinear test functions. For (K, L) € V?, we define
the coeflicient

(18) aKL:7/A(X)VGK(X)~V€L(X)dX:aLK.
Q
Since ) ey Vex = 0, one obtains that
(19) AKK = Z axr > 0.
LAK

As a consequence of (18)—(19), given ur and vy two elements of V-, one has

(20) /QAVUT-VdeX: Z axr(ux —ur)(vg —vp).

oxrL€E

Let ¢ be a locally Lipschitz continuous nondecreasing function, then denoting
by ¢ a nondecreasing function such that (¢’ )2 = ¢/, the Cauchy-Schwarz inequality
yields that for all a, b, one has (a—b)(¢(a)—¢(b)) > (¢(a)—((b))?. As a consequence,
denoting by ¢7 (resp. (7) the function of V- with nodal values (¢(ux)) xcy (resp.

(C(UK))KEV)a then if
(21) axr > 0for all oxp, €&,
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one has

22 [ AVur-Vordx= 30 axs(ux —u)(6ux) = our)

oxrL€E

> 3 arnlClun) = ) = [ AVGr - Verdx > o

oxrL€E

In particular, the fact that (22) holds for any nondecreasing function ¢ yields
the monotonicity of the discrete counterpart of the anisotropic diffusion operator
(u =V - (AVu)) ™"

In the case where A is isotropic, and if all the triangles of 7 have only acute
angles, the condition (21) holds, as well as property (22). This was used for example
in [16] for proving the convergence of the finite element approximation towards the
renormalized solution of an elliptic equation, or in [39] for proving the convergence
of a finite-volume finite element approximation for compressible multiphase flows
in porous media.

A property similar to (22) holds for the two-point flux finite volume approxi-
mation (see e.g. [24]). This was, among other, used in [26] for proving the conver-
gence of a monotone scheme towards the entropy solution of a strongly degenerate
parabolic problem (see [15]), and in [20] for the approximation of the solution to
non-coercive parabolic equations.

Nevertheless, for general triangulations 7 of £, and/or in the case of anisotropic
tensors A, it is well known that some coefficients ax;, may become negative. There-
fore, the relation (22) (and thus the monotonicity of the discrete diffusion operator)
is lost.

2.3. The nonlinear CVFE scheme. The discretization ﬁjovl € X of the initial

data is defined by
1
(23) Bu(x) =B =— [ Poly)dy, Vx€wx VK €EV.

MK Jug

As a consequence of Jensen’s inequality and of (7), one has

(24) /Q To 8~ (Bao)dx < /Q [0 871 (B)dx < oc.

Let us now define what we call the nonlinear control volume finite element
scheme. For all K € V, and for all n € {0,..., N},

ﬂ(p}l(—i_l)iﬂ?( n+1 n+1 n+1\ _
(25) —Rr it Y miilax (R - R =0,

oxkLEEK
where 3% = ﬁ o, Bo(x)dx and Bf = B(pl) if n > 1, and where, denoting by
1 o 1 1
ot QWi ppT PR <ppt
KL [p’L"H, p’}(ﬂ] otherwise,
we have set
) et (e ) a0
KL min__1m(p) i agr <0
pelptt TP KL > U
This scheme, whose construction is based on finite elements via (18), can be
interpreted as a finite volume scheme. Indeed, denoting by

ngl = GKLU?EI (pK - pL),
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the scheme (25) can be rewritten under the locally conservative form on the dual
cells wg:

F}é"’l—i—F"H—O for all ok, € &,
(27) Bpi™) — B n
— e + Y Frpl=0, forallKeV.
oKLEEK

As a straightforward consequence, we can claim that the scheme is globally conser-
vative:

(28) ST B ymi = > Brmk,  ¥ne{0,...,N}.

Kevy Key

2.4. Main result. Consider a sequence (7y,),,>; of triangulations of Q such that

(29) hy = max diam(T) — 0 as m — oo.
TETm

We assume that there exists § > 0 such that
(30) 01, <0, VYm > 1.

As a by-product, a sequence of dual meshes (M,,),, -, is given.

Let (Ny,),, be an increasing sequence of integers, then we define the correspond-
ing sequence of time steps (At,,),, tending to 0 as m tends to co.

The purpose of this paper is to prove the following theorem.

Theorem 2.1. Given a sequence of spatial discretization (Tp,),, and time dis-
cretization (Aty,),., then there exists a corresponding sequence (p,, At,,),, Of so-
lutions to the scheme (25) such that p. < pm,, At,, <D a.e. in Q.

Moreover, if (29) and (30) hold, then

m

PMpn, Aty —> P a.e. in Qt, as m — 0o,
where p is the unique weak solution to the problem (1) in the sense of Definition 1.1.

In view of Theorem 1.2, it is sufficient to prove appropriate compactness prop-
erties for the sequence (pa,,,At,,),,, and to prove that, up to a subsequence, it
converges towards a weak solution. Indeed, the uniqueness of the weak solution
ensures automatically the convergence of the whole sequence.

3. A priori ESTIMATES AND EXISTENCE OF A DISCRETE SOLUTION

3.1. Some preliminary material. The first Lemma we state is of great impor-
tance, since it will replace partially the property (22) that is lost if some coefficients
a1 are negative.

Lemma 3.1. Let ( "+1)Kn S E(NH)#V

tion of Vo a+ with nodal values («E(p}‘("’l))Kn e RVHD#Y  one has

, then denoting by & ar the unique func-

Z At Z aKLnn-‘rl n+1 p’rz-{-l)

oxrL€E

>SN Y (€0E) — €0E™) 7= /Q AVEr, a0+ VT ardxdt.

oxrL€EE
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Proof. Forall oy, € &, it follows from the definition (13) of £ and the definition (26)
that for all n > 0,

GKLUK-El (pK+1 - pL+1) > KL (E(pK—H) - g(pL-i-l)) .
The result of Lemma 3.1 follows. O
Let T € T, and let (K, L) € V2, then we denote by

(32) Y —/ AVer - Verdx = al .
T
In particular, if a%; # 0, then both K and L belong to Vr, and
ZO&J;(L:GKL, Vokr € E.
TeT

Remark 3.1. Despite (p’}(H)K n € E(NH)#V can contain infinite values, the sums
appearing in (31) are well deﬁnéd. Indeed, thanks to (3), the function £ is uniformly
bounded, ensuring that the right-hand side has a sense. Concerning the left-hand
side, if axy > 0, then the corresponding term in the sum can be equal to +oo

it is anyway nonnegative). If axr < 0, then either p"1 and p"™ belong to the
K L
open interval (py,p*), yielding a finite contribution, or 77?;1 = 0, yielding a null

contribution thanks to (3).

Lemma 3.2. Let Vr = > .\, ¥kex € Vr, then there exists Co depending only
on A, 0 such that

SN ekl —vr)? < co/ AV - VU dx.
ok €EETET Q

Proof. In the proof below, unless specified, C denotes a generic quantity depending
only on A and 6. First, notice that

1
197320 < 5 /Q AVE7 - Vrdx,

so that it only remains to prove that

Yo > lakrl(Wi — i) < CIVET| ()

ok €EETET
It follows from Cauchy-Schwarz inequality that
lakr| < M Vex|lL2er I VeLll Lacr).-

Using the classical inequality (see e.g. [21, 10]), one has

T
Verllio < cbrgpiz. VK €VNTET,
where c is an absolute constant, so that
(33) |0<1T(L| <C, VI'eT, Vogr €€&r.
This implies that
T
> Ikl —vn) <O ST (-
(hr)?
okLEET okLEET

Now, it follows from the analysis carried out for example in [10] that for all T' € T,
K, L, M being its vertices,
7|
(hr)?

(b —9r)? + (bx —Ym)® + (Vr — Yar)?) < CIVET]| T2 (1),
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so that, since o € £ is shared by at most two triangles, one has

S0 lekil@Wr —vr)? <C Y IVELl ey = CIVIT)Z2 (),

TeT ok €ET TeT

concluding the proof of Lemma 3.2. O
Lemma 3.3. There exists C1 depending only on A and 01 such that

N
ZAt Z |aKL|77n+1 (pr;{ﬂ pz+1)2
n=

oKLEE
2
<Clet Z aKLnn—i-l n+1 n+1) )
oxrL€E

Proof. Denoting by £~ = {0k € £ | axr < 0}, one has
al 2
At > axclnidt (oF - ppt)
n—=

oxLEE
72&5 Z aKL??"H ol n+1)2

oxL€EE

+22Af S Jaxclmdt (o - pit)”.

OKLEE™

It follows from the definition (26) of 7t that

Ml (i — it < () — Eph)?, Yok € £

Plugging it into (35) yields

N
ZAt Z laxo|njt (pht! *p’i“)
n—

oxrL€EE

< ZAt Z aKLnn-i-l n+1 pz-‘,—l)

oxL€E

42 Z At ST Jarcl (€ETY — ).

oxL€EE

The technical Lemma 3.2 ensures the existence of Cy > 0 depending only on A and
01 such that

N
SOAE ST Jaxel (€05 - i)’ < Go / /Q AVET At - VET ardxdt.

oxLEE

We deduce from Lemma 3.1 that estimate (34) holds with C1 = 1+2C(A, 7). O

Now, we introduce the notion of transmissive path.

Definition 3.4. A transmissive path w joining K; € V to K¢ € V consists in a list
of vertices (Kq)0<q<1\/[ such that K; = Ko, Ky = Ky, with Ky # Ky if ¢ # £, and
such that UKqKq+: € & with ar,i,., >0 for all g € {0,...,M —1}. We denote by
W(K;, K¢) the set of the transmissive path joining K; € V to K € V.

Lemma 3.5. For all (K;, Kt) € V? there exists a transmissive path w € W(Kj, K).
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Proof. Let K; € V, then define Vg, the subset of V made of the vertices connected
to K; via a transmissive path. Assume that Vg, ¢ V.
We introduce the function uy € V7 such that

1 if K € Vg,
U =
0 otherwise.

The lack of transmissive path between the elements of Vg, and the elements of
V\ Vk, leads to

Z (aKL)+ (’LLK — uL)2 =0.

oKxLEE

On the other hand, since V\ Vg, # (), the function u7 is not constant. Therefore,
since € is assumed to be connected,

Z (axr)" (ug —up)? > Z axr(urx —ur)? = / AVur - Vurdx > 0.
oL €EE oL €EE Q

providing a contradiction. The fact that the path is necessarily of finite length
stems from the finite number of possible combinations for designing a path. (|

3.2. A uniform L*>-estimate on S(pa,a:). In what follows, (p}‘(“)Kn denotes

a solution to the scheme (25) (whose existence will be established latter).
Proposition 3.6. For all K € V and alln € {0,...,N + 1}, one has
(37) — 00 < f(ps) < B < B(P") < Foo.

Proof. The property (37) clearly holds for n = 0 thanks to the assumption on 5y
and to (23). Assume now (37) holds at time step n, and assume that

n+1 n+1 *
= > s
K = max L") > A7)
implying that p’l’(fnl > p*. In view of the definition (26) of U?(Tnlp and of the fact
that n(p) = 0 if p > p*, one has that
77?(—7:1[, =0 if aK,, L S 0.
Therefore, the scheme (25) at the vertex K, rewrites
At
0<— Y (ax,o)" npt L (it —ppt™h) = B, — BT <0,
mg )
LEVK
yielding a contradiction, ensuring that
WS BTB0), VK eV,
Proving that ﬁ}?l > B(p«) for all K €V is similar. O

Remark 3.2. The Proposition 3.6 holds for any choice of nondecreasing function
B. This means that the behavior of 8 outside of [p«, p*] does not affect the solution
to the scheme (25). We then choose arbitrarily to extend B by

(38) B(p) = B(p«) +p — ps %fp<p*,
Bp*)+p—p" if p> pa.

Recall here that p, (resp. p*) can be equal to —oo (resp. +00). As a consequence,
Proposition 3.6 yields

(39) P <pPt<p*, VK eV,vne{0,...,N}.

Note that this estimate only provides some information for finite p. or p*.
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Remark 3.3. Defining the functions (M) ey, and (Ri) ey, by

n+1 _ n
MK( n+17pK, (szrl)L;éK) _ Bpx ) B(PK)m

At
+ Y (axn) i R - o,
LEVK
Ric (B 00 ) = 3 (o) A R — ),
LeEVK

then Mg s nondecreasmg w.r.t. p"+1 and non-increasing w.r.t. its other argu-

ments, while Ry (p (p’L‘H)L;ﬁK) = 0 as soon as it ¢ (p.,p*). Hence, the

scheme (25) can be decomposed into the sum of a monotone part (corresponding to

My ) and a residual part (corresponding to Ry ) which vanishes in the degenerate
TegIONS.

3.3. A “nonlinear” entropy estimate. The goal of this section is to establish

a discrete counterpart to the entropy estimates (8) and (14). In what follows,

(p% ) ., denotes a solution to the scheme (25) (whose existence will be established

latter).

Proposition 3.7. For alln € {0,...,N}, one has

(40) / T(p "H)derAt Z GKLUnH( n+1 pz+1)2 < / Lo (B, )dx
Q oKLEE Q

Proof. Multiplying the scheme (25) by Atp"Jrl and summing over K € V provides
after reorganizing the sums

A+B=0,
where
A= Z n+1 )p}z(JrlmK,
Key
B=At > arxniyt (pF - pth?,
oKLEE

By convexity of I'y((371), one deduces that A can be underestimated as follows:

A> / (pﬂl)dx — / [o B~ H(Bhy)dx
Q Q
concluding the proof of Proposition 3.7. O

Remark 3.4. In the discrete counterpart (40) of (9), the equality is replaced by
an inequality. But as well as in the continuous setting, the function

t— | T(pm,ac)(x,t)dx
Q

is monincreasing, justifying the denomination Entropy diminishing scheme.

Corollary 3.8. There exists C depending only on 0 and 8 such that

(41) // AVET At - VET ardxdt < ZAt Z aKLnnJrl ( n+1 pz+1)2 <C
Qg

n=0 oKLEE
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Proof. Summing (40) over n € {0,..., N} provides

/ N+1 dx—i—ZAt Z aKLnn+1 n+1 PZ-H) /Foﬁ_l(ﬁ/o\/l)dx
Q

oxrL€E

Since I'(p) > 0 for all p, we get that

ZAt Z arconht (ot p2+1)2§/roﬁ_1(ﬁ9\4)dx
Q

oxLEE

It remains to check that for all b € (B(p«), B(p*)),
b

'(b)
ToB ) = /0 af'(a)da = o) B~ (a)da

ensuring that
/Q Lo B~ (BROdx < QB Lt (5,60
The first inequality in (41) follows from Lemma 3.1. O

The following statement is a straightforward consequence of Corollary 3.8 and
of Lemma 3.3.

Corollary 3.9. There exists C depending only on 2, 8, A and 01 such that

N
2
YAt > Jaclmdt R - i) < C
oKLEE
3.4. Existence of a discrete solution. In order to prove the existence of a solu-
tion (p’}(ﬂ) to the scheme (25), we need an additional mesh-depending estimate
on the solution. In what follows, mgq denotes the Lebesgue measure of 2, and

BO = mLQ fﬁodx.

Lemma 3.10. Assume that B, < B(p*) (resp. By > B(ps)), then there exists
C* < o (resp. Cy > —o0) depending only on At,T,A,Q, S, B, such that

Pt <C* (resp. pitt > C,), VK eV, ¥Yne{0,...,N}.

Proof. Let us prove that p”Jr1 < C*, the proof of p?jl > C, being similar. Assume
first that p* < oo, then we can choose C* = p* thanks to (39), so that we can focus
on the case p* = +oc.
Since, in view of the definition (23) of 3% and of the global conservation prop-
erty (28), one has that
> BOE) = Bo)ymix =0,
Key

”*1) < Bo- In partic-

ensuring the existence of at least one vertex Kj such that 3(p'
ular,

(42) it < 871 (Bo) < 0.
Let K¢ € V\ {Ki}, then thanks to Lemma 3.5, there exists a transmissive path
w e W(K;, Ky) = (K, )O<q<M of finite length in the sense of Definition 3.4. Let us
! < oo for all g € {0,..., M}.
1

First, we have Checked in (42) that p”+1 < 00. Assume now that p”+ < 00,
then it follows from Corollary 3.9 that

show that for all p;

2
n+1 n+1 n+1
AtaKqKq+177KqKq+1 (pK qu+1) S C.
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It follows from the definition (26) of U%quzl(qﬂ that

+1 +1
N iy, = NP, ) > 0.

> 0, we obtain that
n+1 n+1 2
(qu o qu+1)

ensuring that p}‘(‘il < o0.

Since K, Ky

C

N Ata’KqKq+177(p7[l(ng>

< 00,

We have proved the existence of a finite quantity (Ck, k;w)
At, T, A, Q, B3, By) such that

k.ey (depending on

1 ) 1
B <By = P <Ckikiw
AS a consequence,

p’}jl < max max min  Cg; kw < 00, VK € V,¥n e {0,...,N},

T Ki€eV KieV weW(K;,Ky)

concluding the proof of Lemma 3.10. O

Proposition 3.11. Given (B%) ey € [Bps), B*)#Y such that Y- ey, Brmy =
Boma, there exists (at least) one solution (p?(H)Kev € [ps, p*]*Y of the scheme (25),
that moreover satisfies ZKGV 6?(+1mK = Bomg.

Proof. Assume first that 8, = 8(ps) (resp. B, = B(p*)), then the constant function

Pt = p, (vesp. pit! = p*) for all K € V is a solution.

We assume now that 3, € (B(p.), 3(p*)). In order to prove the existence of
a weak solution, we follow the methodology proposed in [25], using a topological
degree argument [35, 19]. We detail the proof, since some unusual difficulties occur
because of the discretization of the degenerate problem.

Let o € [0,1], and define (p}?’;) as the solution of the scheme: VK €V,
) K
BPkiy) — Bk
, +1 +1 +1
LeVk
= mlllee Y- lascel (P35 - pi5) =0,
LeVk

where 77?21 ., is defined by (26) with p?jﬂl and pzt} instead of p?jl and pzﬂ.

Reproducing carefully the analysis carried out in §3.3, one can show that there
exists C' depending only on €2, 8, A and 6+ such that

N
2
1 1 1
oAt > Jaclnid, (p}ﬂ — p’ﬂ) <C,  Vpelo1]
n=0 oKLEE
In view of Lemma 3.10, we can claim that any solution (p?jﬂl) satisfies
P K
(43) P <p<pi,<P<p, VKeV.

for some finite p,p depending on the discretization and on the data.
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Define the compact subset K = [p — 1,5+ 1]#Y of R#Y, and define the function

H((pr) > 1) : R*Y x [0,1] — R#Y by: VK €V,

ﬂ(p?f;) — Bk n+1 n+1 n+1
Hic (PR ) = —— 7 mx +p Y axngtl, (pm *pm)
LeVk
=l Y larxel (i - pi5)
LeVk

The function H is uniformly continuous on I x [0,1] (recall that § is artificially
extended by (38)), and it follows from (43) that for all u € [0, 1], the nonlinear
system

(44) H((I’K)K7M>:O

cannot admit any solution on K. Therefore, the corresponding topological degree
§(H,K)(p) is constant w.r.t. p. For p = 0, the topological degree is equal to
1 thanks to the monotonicity of the system (this can be proved for example by
adapting the existence proof of a discrete solution to the monotone implicit scheme
for an hyperbolic scalar conservation law studied in [23]). Hence, the system (44)
admits at least one solution for u = 1, ensuring the existence of a solution to the
scheme (25). O

4. CONVERGENCE TOWARDS A WEAK SOLUTION

4.1. Compactness result for the family of the discrete solutions. We define
the (strictly) increasing function Y : [p., p*] — R by

(45) T@=Km4mwn@ﬁw

For all K € V,, and for all n > 1, we denote by Y% = Y(p%), and by Y7, At
the corresponding piecewise affine in space and constant in time reconstruction in
V1., At , and by T, Ae,. the piecewise constant reconstruction in X a¢.

4.1.1. Space translates estimates. For all m > 0, the function Y7, a¢, (resp.
Y am,,.At, ) belongs to Vi ar (resp. Xaq,a¢), and is extended by 0 outside of Qy,.

Lemma 4.1. There exists C' depending only on T,Q,n, B, uo, A and 6 (but not on
m) such that

te
(46) / / T ar (X4 W,1) = Yoo, ac, (x,4)] dxdt < Clw].
0 R2

Proof. The function Y o £~! is 1-Lipschitz continuous, so that, thanks to Corol-
lary 3.8, one has

VYT At 222 < C-
The set Q)¢+, being of finite measure, Holder inequality yields

(47) VYT, At (22 (@02 < C.

Since T is uniformly bounded (because ¢ is), its extension to the whole R3, still
denoted by Y7, At,,, belongs to L> N BV(R?) and satisfies

(48) TV (TTm,Atm> < ||VTTm,Ath(L1(Qtf))2 + ||THOO (Tmag + Qm(z) < 00,

where mgq denotes the length of 9Q. The inequality (46) is a classical consequence
of (48) (see e.g. [11, 4]). O
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Lemma 4.2. There exists Cy g depending only on T, n, B,uo, A and 0 (but nei-
ther on m nor on w) such that

te
(49) / [T, at, (X +W,t) — T, At (X, )] dxdt < Cr g (W] 4+ h).
0 R2

Proof. The triangle inequality implies that

te
/ / |TMWL1AtWL(X+W’t) - TMWuAtnL(X’ t)ldx S A +B’
0 R2

where

te
A= / T 0, (6 W) = Y7, a0, (5, 1)

B 2/ / |TM Aty )7TTm1Atm(X,t>|dxdt.
Qg

The term A is overestimated thanks to Lemma 4.1, while B < Ch thanks to (47)
and to a straightforward generalization of Lemma A.2 given in appendix. O

4.1.2. Time translates estimate. Because of the possible degeneracy of the prob-
lem (1), the discrete version [32] of the Aubin-Simon Lemma [41] is of no use in our
case. Therefore, following Eymard et al. [25, 29], we adapt the path proposed by
Alt & Luckhaus [2] to obtain some estimates on the times translates for the family
(Y(P) My At ),,- Forall 7 € (0,¢), we denote by Qg = Q x (0, — 7).

Lemma 4.3. There exists Cv y depending only on t¢, 2, 8, Bo,n, A and 0 (but nei-
ther on m nor on 7) such that, for all 7 € (0,t¢), one has

(50) // I Mo 8t (%, 7) = Tt 50, (5, 0)] At < o (VT 4 V/Bl )
Qv
Proof. For t € (0,tf — 7), we denote by A,,(t) the quantity defined by

A (t) :/ IT p,, A, (X, 4+ T) —TMmAtm(x,t)|2dx.
Q

Cauchy-Schwarz inequality ensures that

te—T
51 // |TM At X t+ T) — YT M, At (X, t)| dxdt < C / Am(t)dt.
Q 0

tg—T

For t € (0,77, we denote by v(t) the unique positive integer such that t,;) <t <
ty(t)+1, S0 that, for almost all ¢ € (0,¢; — 7),

2
Aty = >0 (DT O e
KEVm int

The definition (45) of Y implies that
2
(e =) < (BT - BHT)

% (g(puK(tJr'r)Jrl) _ £(p;((t)+1))
v(t+T1)

= > (BeE-B0K)

n=v(t)+1

% (g(p;((t-i-r)-i-l) B g(puK(t)Jr1)) .
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Therefore, using the scheme (25) and a classical reorganization of the sum, provides
that

v(t+T1)
DS A Y lamn?&l(p}?“ Pt

n=v(t)+1 oKLEEm
x ((6(732@“) —€(p2(t)+l)) - (ﬁ(pi((t”)ﬂ) —€(p2(t”)“))) ]

Then, using Young’s inequality provides that

where we have set
v(t+T1)
A= Y Atw Y laxcl s 0 — o™,
n=v(t)+1 okLEEmM
t+'r 2
v )41 v T)+1
Ap(t) =112 S Aty ST s (60T — e )
n=v(t)+1 OKLEEM
| t+'r 2
v 1 v 1
A pn(2) :— S At > laxel (60T - 0l Hh)
n=v(t)+1 OKLEEM

Using the technical result proposed in [29, Proposition 9.3], the Lemma 3.3, and
the Proposition 3.7, we can claim that there exists C' such that

tg—T
(53) / Apn(B)dE < Clr+ Aty), Vi€ {1,2,3).
0

Hence, the function s — /s being concave, estimates (51), (52), and (53) allow us
to conclude that (50) holds. O

Lemma 4.4. There exists C depending only on t¢,Q, 8, Bo,n, A and 6 (but not on
m) such that, for all T € (0,t¢), one has

// |TMm,Atm(x,t+7)—TMmyAtm(x,tﬂdxdtgC’(\/?+ AthrT).
R JR2

Proof. In view of the null extension of Y aq,, A¢,, outside @y, one has
/ / |TMm,7Atm, (X’ t + T) - TMﬂLaAtWL (X’ t)' dth
R JR2

:// [T M, At (X0 +7T) — T aq,, At (X, )] dxdt
Qip—r
te
+ / / |TMm,Atm(X7 t)|dxdt.
te—7 JQ
Thanks to Lemma 4.3, one has

// |TMWL7AtWL X, t + T) TMWLaAtm, (X’t)| dth S C(\/;—’— \% Atm)’
Qi

while, since T is bounded, one has

te
[ [ 1Tt st (0] dxdt < | T
te—7 JQ
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4.1.3. Compactness for the approrimate solutions.
Lemma 4.5. There exists a measurable function p : Q¢ — [px, p*] such that
(54) DM, At,, =D G.e. in Qi as m — oo.

Proof. As a consequence of Lemma 4.2 and Lemma 4.4, one can apply the Kol-
mogorov compactness criterion (see e.g. [25] or [29, Corollary 9.1]) to the sequence
(Y My At ) y>1» €DsUTing that, up to an unlabeled subsequence,

T m,,.At, — T strongly in Ll(Qtf).

Since the function YT is continuous and increasing on [p,,p*] for all x € , this
allows to define

(55) p(x,t) = Y71 (T*(x,1)), for a.e. (x,t) € Qy,
and since
Py Aty (X, 1) = T (T pn,, A, (X,1), V(x,t) € wi x (0,t), VK €V,
the relation (54) holds. O

Lemma 4.6. Up to an unlabeled subsequence, the sequence (§(p)7,,,Atm) >y €ON-
verges weakly in L((0,t¢); HY(Q)) towards &(p), where p is defined by (55).

Proof. Tt follows from Lemma 3.1 and Proposition 3.7 that V&(p)7, At is uni-

formly bounded in (L2(Qtf))2. Moreover, the boundedness of £ (due to (3)) ensures
that £(p)7,, .At, is uniformly bounded in L?(Qy,), providing the boundedness of
(EP)Ton.Atm),, I L2((0,25); H'(£2)). The existence of £* such that £(p)7,, A, — &*
follows.

Let us identify £* as £(p). Due to Lemma A.2, we know that the sequences
@) T At )1 a0 (E(P) Moy, Aty )n>q have the same limit. Since £(p)m,,,At,, =
€ (Pm,, A, ), then (54) ensures that lim,, oo £(p) M, A1, = (D). O

4.2. Identification of the limit as the weak solution.
Proposition 4.7. Let p be a measurable function such that ppm,, At,, — P a.e. in

Q1,, and such that £(p)T.,, at,, — £(p) weakly in L*((0,t); HX(Q)). Then p is the
unique weak solution to the problem (1) in the sense of Definition 1.1.

Proof. Let 1 € C>(Q2 x [0,t¢)), then, for all K € V,, and all n € {0,..., N,,}, we
denote by ¥ = ¥(xk,t"). Multiplying the scheme (25) by At,,¥% and summing

over n € {0,...,N,,} and K € Vi, provides, after a classical reorganization of the
sums (see e.g. [26]),

(56) Am+3m+cm+pm:0a

where

Z Z 6 n+1 }L{-‘,—l)mK,

n=0 KEV,,
KeVy,
8 MR o)
Cm :ZAtm Z OKIL (1/)?(71/}2)7
"m0 oxrcEnm —\/ier € — EpET)

ZAt > axp\/np EERT) = T (Wi — o).

OKLEEM
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Define the function 09 aq,, at, of X, At,, by

n+1 1/}[(
Atm

then, the term A, can be rewritten

Amz-i/ Bor, ae)5%an, ar, dxdt.
o

0P M, AL, (X, 1) = if (x,t) € wi X (tn,tnt1)s

Thanks to the regularity of ¢, the function da4,, A+, converges uniformly towards
O0wp on Qy,, while, since 3 is bounded and since pa4,, A¢,, converges almost every-
where in @, towards p,

BPMmo.at,) = Bp)  n LU (Qy,) as m — oo
for all ¢ € [1,00). Therefore,

(57) A — —/ B(p)dspdxdt  as m — oc.
Qi

Moreover, it follows from classical arguments (see e.g. [25]) that

(58) By — —/ Bo(-,0)dx  as m — oo.
Q

For all o, € &, and all n > 0, we define

e —e(ertH ) Pl 4

1 piFl_pnt # pPr
Nk =

n(pE) if pit = pptth.

The term C,,, then rewrites

mfZAt > annuit (VRS - VT ) R o0 - )

OKLEEM

Using Cauchy-Schwarz inequality provides that

N 1/2
(59) |Cm| < (Z Aty Z lag Lyl (it — prtt)? )
n=0

OKLEEM
1/2

N 2
}jA%/§j|%ﬂ<w#$\M%ﬁ (W3 — 02
n=0

OKLEEmM

=Rm

The first term in the right-hand side of (59) is bounded thanks to Lemma 3.3 and
Proposition 3.7. Therefore, in order to prove that C,, tends to 0 as m tends to oo,
it remains to check that R,, does.

For T € T,,, we denote by

—-n+1 n :

fr = max (‘E(P)Tm,mn (x, tn+1)) R min (ﬁ(p)Tm,Atn (x, tn+1)) :
and by

= -n+1 .
ng,Atm( ) éT if (X7 t) €T x (tnvthrl)v

£ an, (1) =60 (x,1) € T X (tn, tns1):
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For all o € Er, one has

n+1 —n-+1
(60) '\/ Ngr —\ kL

where p is the continuity modulus of y/n o {1 (which exists and is bounded since

V/no&~1 is continuous on the bounded interval [£(p.),&(p*)]). Using (60) in the
definition (59) of R,, provides that

(61) 0< R < Q,

<p (E;H - §§+1) :

where we have set

N,
6 Q=AY u(@ g™ Y klwk - vp?
n=0

TETm oKLEET

Following the proof of Lemma 3.2, there exists C' depending only on A, and on 1
such that

Z el (Vi — ¥7)* < Cmop.

oKkLEET
Therefore, (61) implies that
CRES ) /Q i (s, (60 &y, (1)) dxt,
g

where C' depends on A, and . Since p is bounded, continuous, with p(0) = 0,

it suffices to show that ETm, at,, — & —_ tends to 0 almost everywhere in @,

as m — oo (up to an unlabeled subsequence). It follows from a straightforward
generalization of Lemma A.1 that

JI s =, ag,|xit < [ 196017, a0, v
te tf

1/2
(64) <Ch,, ( / / |vs<pm,mm|2dxdt> < Chy,
Qg

thanks to Lemma 3.1 and to Proposition 3.7. As a consequence of (59), (63) and
(64), up to the extraction of an unlabeled subsequence, one has
(65) lim C,, = lim R,, = lim Q,, =0.

m—0o0

Let us now focus on the last term D,,. For all T' € T,,, denoting by xr its center
of mass, we define the piecewise constant functions =7, a:,, and Hr,, A+, by

T At (X,1) = E(D) T, AL, (XT, 1), Vx € T,Vt € (tn, tni1],

and Hr,, at,, = V1o & 1 (E7,.,at,)- It is easy to check (one can for example use
a slight adaptation of Lemma A.2 given in appendix) that

Et.at, = &(p)  in L*(Qy,) as m — oo.
The function /1 o £~1 being continuous and bounded, one obtains that
(66) Hr,, at,, = /n(p) in L*(Qy) as m — oco.

We introduce the term

Dy, = / Hr, ae,, AVED) T av, - VOT., ar, (1 — Aty )dxdt,
Qg
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then since V&(p) 7., At,, converges weakly in L?(Q,) towards VE&(p), since Vb7, ar,,
converges uniformly towards Vi, and thanks to (66), we obtain that

(67) lim D!, / / V1(p)AVE(p) - Vipdxdt = / /Q AVp(p) - Vipdxdt.

m—o0

Therefore, it only remains to verify that
(63) Dy, — D] -0 asm — oo.
We denote by
it = (Hr, ae, (%7, tn11))?, VT € Ton, V0 € {0,..., Ny},
so that

o Z e Sy |k (Vo )
TeTmoxreer | x (€I —E0EM)) Wk — ¥p)
Since for all n € {0,..., Ny}, for all T € T,,, and for all o, € Er, one has

n+1
‘ /U?(Jil /ngjl ( §;+1) ,

where p is the continuity modulus of /1 o £~1, one obtains that

N
Dy, — D), | < Z At,, Z l (5;“ §n+1)
n=0

TETm

XY ager (EPET = €p™) (vt - Z“)}-
oKLEET

We deduce from Cauchy—Schwarz inequality that

(69) |Dim —D/| <meZAt Z Z ’aKL’ n+1 P7£+1)) )
n=0 TETmokLEET

where the term Q,, has been introduced in (62). Using Lemma 3.1, Lemma 3.2
and Proposition 3.7 provides that

(70) Z At Z Z |k | (€(rE™) PZH)) <C,
TE€Tm okLEET
where C' does not depend on m. We then deduce from (65), (69) and (70) that the
relation (69) holds. Therefore, in view of (67), we obtain that
(71) lim D, // AVp(p) - Vipdxdt.

Putting (57), (58), (65) and (71) together in (56) provides that p satisfies the weak
formulation (15), then it is a weak solution. O

5. NUMERICAL RESULTS

This section illustrates the numerical behavior of the scheme (25) through two
test cases for which an analytical solution can be exhibited, thus enabling the
numerical study of the convergence of the scheme. For both cases, the meshes used
for the discretization of the domain Q = (0,1)? are issued from a 2D benchmark
on anisotropic diffusion problem [33]. These triangle meshes show no symmetry
which could artificially increase the convergence rate, and all angles of triangles
are acute. This allows to compare situations where all coefficients ax defined
by (18) are positive, with situations where some of them are negative by introducing
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anisotropic permeability tensors. This family of meshes is built through the same
pattern, which is reproduced at different scales: the first (coarsest) mesh and the
third mesh are shown by Figure 2.

FIGURE 2. First and third mesh used in the numerical examples.

In the following numerical experiments, the permeability tensor is defined by

I, 0
()

A first constant time step, denoted by Atq, is associated to the coarsest mesh and
then between two successive meshes, the time step is divided by four since the mesh
size is divided by two, so that the error due to the implicit Euler-time discretiza-
tion remains negligible compared to that issued from the space discretization. The
nonlinear systems obtained at each time step are solved by a Newton-Raphson al-
gorithm. Notice that the scheme (25) has been implemented, not using the pressure
p as main unknown, but using the saturation u = S(p) as main unknown.

5.1. First numerical example. The first test case respects the framework of ho-
mogeneous Neumann boundary conditions of the model described in the theoretical
part of the paper. The function $ in (25) is defined through its reciprocal function

ﬁ_l

1N u _€p
p=p""(u) =log (—1 — u) hence B(p) = T e
Then the function 7 of (25) is defined by
P
1(p) = u(l = w) = BE)(1 ~ ) = T gy

In this test case, note that (1) leads to
Ou — V- (AVu) =0,

and therefore we compare the results with those obtained, using the linear scheme
defined by 3, '(u) = u and 7¢(p) = 1 where the subscript ¢ is used here for the
linear method. The numerical convergence of both cases has been compared on the
following analytical solution,

cos(mx) exp(—m2l,t) + 1

i (2.y).1) = 5 ,

for (z,y) € Q,t € (0,tr), and where the final time ¢; has been fixed to 0.07 and
the first time step At; to 0.01024. Two different permeability tensors have been
tested : the isotropic one I, = I, = 1 and an anisotropic one I, = 1, I, = 103.
For all tests we have computed the errors in the classical discrete L?(Qy,), L' (Qy,)
and L>°(Q¢,) norms. All the results are presented in the Tables below. Each table
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h erry2 rate erry rate €IT [ oo rate | Umin  Umax
0.250 | 0.188E-02 - 0.387E-03 - 0.182E-01 - 0.041 0.959
0.125 | 0.478E-03 1.977 | 0.987E-04 1.970 | 0.473E-02 1.944 | 0.011 0.989
0.063 | 0.120E-03 1.995 | 0.250E-04 1.980 | 0.120E-02 1.976 | 0.003 0.997
0.031 | 0.300E-04 1.999 | 0.628E-05 1.994 | 0.305E-03 1.978 | 0.001 0.999
0.016 | 0.751E-05 2.000 | 0.157E-05 1.999 | 0.774E-04 1.979 | 0.000 1.000

TABLE 1. Test 1. Linear scheme, with an isotropic tensor.

h erryz2 rate erry. rate €IT 00 rate | Umin  Umax
0.250 | 0.129E-02 - 0.268E-03 - 0.133E-01 - 0.054 0.946
0.125 | 0.139E-02 -0.108 | 0.293E-03 -0.129 | 0.115E-01 0.211 | 0.016 0.984
0.063 | 0.889E-03 0.646 | 0.188E-03 0.639 | 0.693E-02 0.734 | 0.004 0.996
0.031 | 0.492E-03 0.855 | 0.104E-03 0.858 | 0.373E-02 0.895 | 0.001 0.999
0.016 | 0.257E-03 0.935 | 0.541E-04 0.938 | 0.193E-02 0.952 | 0.000 1.000

TABLE 2. Test 1. Nonlinear scheme, with an isotropic tensor.

h erry2 rate erry rate €IT 00 rate | Umin  Umax
0.250 | 0.980E-02 - 0.229E-02 - 0.677E-01 - -0.020 1.020
0.125 | 0.235E-02 2.062 | 0.542E-03 2.076 | 0.201E-01 1.753 | -0.008 1.008
0.063 | 0.579E-03 2.019 | 0.134E-03 2.019 | 0.531E-02 1.918 | -0.002 1.002
0.031 | 0.144E-03 2.005 | 0.334E-04 2.005 | 0.136E-02 1.970 | -0.001 1.001
0.016 | 0.360E-04 2.001 | 0.833E-05 2.001 | 0.342E-03 1.987 | -0.000 1.000

TABLE 3. Test 1. Linear scheme, with an anisotropic tensor.

h erryz2 rate erry1 rate €IT [ oo rate | Umin Umax
0.250 | 0.497E-01 - 0.115E-01 - 0.286E+00 - 0.300 0.700
0.125 | 0.486E-01 0.034 | 0.114E-01 0.017 | 0.294E+00 -0.038 | 0.180 0.820
0.063 | 0.438E-01 0.148 | 0.102E-01 0.155 | 0.269E+00 0.130 | 0.076 0.924
0.031 | 0.371E-01 0.240 | 0.856E-02 0.254 | 0.227E+00 0.240 | 0.025 0.975
0.016 | 0.295E-01 0.330 | 0.673E-02 0.349 | 0.181E+00 0.327 | 0.007 0.993

TABLE 4. Test 1. Nonlinear scheme, with an anisotropic tensor.

provides the mesh size h, the discrete errors and the associated convergence rate,
and finally the minimum and maximum values of the discrete solution.

We observe on Tables 1 and 2 that the linear method shows higher conver-
gence rates. However, the more the anisotropy ratio is important, the more the
linear scheme exhibits over- and under-shoot (see in particular Table 3). On the
contrary, following the theoretical properties proved in this paper, the nonlinear
scheme satisfies the maximum principal whatever the anisotropy. Unfortunately,
this property has a cost: the convergence is quite slow and accuracy decreases when
the anisotropy ratio increases.

5.2. Second numerical example. The second test case deals with a degenerate
parabolic equation with a Dirichlet boundary condition. The function § is defined

by

(72)

B(p)

{

if p <0,
if pe[0,1],
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The mobility 7 is defined by

0 ifp<O0orp>2,
(73) n(p) = 4 2p if p €10,1],
2(2_p) 1fp€[1,2],
so that
0 if p <0,
2 .
D if p€0,1],
74 =
) A=V g el
p if p>2.

In particular, any weak solution p of (1) that remains bounded between 0 and 1 is
a solution to the anisotropic porous medium equation

dp — V- (AVp?) = 0.

We compare the results with the scheme obtained by taking the following functions
p = B, (u) = |ulu and n(p) = 1 where the subscript £ has been added for this
formulation called the quasilinear one. Recall that u remains the numerical main
unknown for the approximation of this degenerate parabolic equation. The numer-
ical convergence of both schemes has been studied through the following analytical
solution,

a( (z,y) ,t ) =max( 2t —x,0),

for (z,y) € Q,t € (0,t), and where the final time ¢ has been fixed to 0.5 seconds
and the first time step is still given by At; = 0.01024 seconds. T'wo permeability
tensors have been tested : the isotropic one I, = I, = 1 and an anisotropic I, = 1,
l, = 102. For all tests we have again computed the errors in the classical discrete
L?(Qy,), LY (Qy,) and L>°(Qy,) norms. All the results are presented in the Tables
below. Each table again provides the mesh size h, the discrete errors and the
associated convergence rate, and finally the minimum and maximum values of the
discrete solution.

h erry2 rate erry rate €IT 00 rate | Pmin  Pmax
0.250 | 0.671E-02 - 0.234E-02 - 0.431E-01 - 0.000 1.000
0.125 | 0.242E-02 1.472 | 0.746E-03 1.647 | 0.204E-01 1.081 | 0.000 1.000
0.063 | 0.828E-03 1.546 | 0.218E-03 1.776 | 0.949E-02 1.101 | 0.000 1.000
0.031 | 0.281E-03 1.560 | 0.611E-04 1.834 | 0.454E-02 1.066 | 0.000 1.000
0.016 | 0.959E-04 1.550 | 0.168E-04 1.863 | 0.223E-02 1.025 | -0.000 1.000

TABLE 5. Test 2. Quasilinear diffusion scheme, with an isotropic tensor.

h erry2 rate erry rate €IT 00 rate | Pmin  Pmax
0.250 | 0.172E-01 - 0.673E-02 - 0.906E-01 - 0.000 1.000
0.125 | 0.104E-01 0.724 | 0.388E-02 0.793 | 0.650E-01 0.478 | -0.000 1.000
0.063 | 0.604E-02 0.783 | 0.211E-02 0.880 | 0.424E-01 0.616 | -0.000 1.000
0.031 | 0.339E-02 0.831 | 0.111E-02 0.924 | 0.263E-01 0.688 | -0.000 1.000
0.016 | 0.185E-02 0.873 | 0.576E-03 0.951 | 0.159E-01 0.724 | -0.000 1.000

TABLE 6. Test 2. Nonlinear scheme, with an isotropic tensor.
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h erry2 rate erry1 rate €rIT [ 00 rate Pmin  Pmax
0.250 | 0.169E-01 - 0.734E-02 - 0.960E-01 - -0.061 1.000
0.125 | 0.906E-02 0.897 | 0.356E-02 1.043 | 0.759E-01 0.338 | -0.043 1.000
0.063 | 0.373E-02 1.282 | 0.128E-02 1.480 | 0.344E-01 1.142 | -0.020 1.000
0.031 | 0.136E-02 1.450 | 0.395E-03 1.692 | 0.184E-01 0.907 | -0.010 1.000
0.016 | 0.494E-03 1.466 | 0.116E-03 1.768 | 0.922E-02 0.994 | -0.005 1.000

TABLE 7. Test 2. Quasilinear diffusion scheme with anisotropic tensor.

h erry,2 rate erry1 rate erry,co rate | Pmin  Pmax
0.250 | 0.226E-01 - 0.962E-02 - 0.110E4-00 - 0.000 1.000
0.125 | 0.174E-01 0.376 | 0.720E-02 0.419 | 0.933E-01 0.243 | 0.000 1.000
0.063 | 0.132E-01 0.402 | 0.503E-02 0.517 | 0.753E-01 0.310 | 0.000 1.000
0.031 | 0.967E-02 0.444 | 0.334E-02 0.593 | 0.600E-01 0.329 | 0.000 1.000
0.016 | 0.691E-02 0.485 | 0.212E-02 0.654 | 0.472E-01 0.344 | 0.000 1.000

TABLE 8. Test 2. Nonlinear scheme with anisotropic tensor.

We observe that, as expected, the convergence rates of the quasilinear imple-

mentation are better, but the numerical solution presents some undershoots. Nev-
ertheless, in the anisotropic case, the L', L? and L errors are of the same order
on the coarsest meshes, which are currently used in the industrial applications.

(A) Quasilinear diffusion scheme

(B) Nonlinear scheme

FIGURE 3. Test 2 - 2nd mesh. Discrete unknown p and its iso-
values, for each scheme, with an anisotropic tensor.

APPENDIX A. TECHNICAL LEMMAS

Let © be a polygonal subset of R?, let 7 be a conforming triangular mesh of Q
as described in §2.1.1. For all triangle T' € T, we denote by hp = diam(T"), and by
h = suppcq hr. We consider the set V of the vertices (called nodes), and (xx)xey
their coordinates in 2, and the usual P; finite element space V7 introduced in §2.1.2.

Let uwr € Vg, then one defines the piecewise constant functions wy and ur
mapping {2 to R by

ur(x) =ur =supur(x) ifxeTeT,
xeT

ur(x) =up = inf ur(x) ifxeTeT.

xeT
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Lemma A.1. There exists an absolute constant ¢ > 0 such that
[ a6~ wrldx < ch [ [Furo)]dx
Q Q
Proof. Let T € T be a triangle whose nodes are located at xg,xy and xp;. We
assume without loss of generality that
(75) Ur = UK 2 UL 2 UM = Up.

We denote by

1 1
X7 = g(XK—i-XL +xp) and xXgp = E(XK +x5),
and by wg ;, the triangle whose vertices are xx,xxr and x7. Note that

(76) myr = Ea

N xp

FI1GURE 4. The subtriangle wIT(,L.

Since ug € V}, is a linear function of x on T', then one has

1

1
ur = —/ UT(X)dX = ’LL(XT) = — (UK +ur +'U/]\/I)a
mr Jr 3

and, in view of (75), one has
1
ur(XKL) = B (ug +ur) > urp.
As a consequence,
(77) uT(x) > ur, Vx € WK, L-

Hence, one has.

/Wﬂwﬂmmz
T

T
=
2
NeJ

|
e
=5
a
b
I
e~
=
2
NeJ
|
e
2
S
™

®.L
myr Uk + u m
= 3K,L ( K+ K2 L 2’(,LT> :1—5(5uK7uL—4uM)
2m 2
(78) ZTT(UK —upy) = 9 /T [ar(x) — ur(x)]dx.

On the other hand, it follows from the Poincaré-Wirtinger inequality (cf. [1]) that

h
/|ur(x)—uT|dx§ TT/ IV ()| dx,
T T
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which, together with (78), yields

[ 60 =y Goldx = 3 fir () — a0 dx

TeT

ggZ/

9h
(%) — upldx < Z/ IV (x)[dx,
TeT /T a2

concluding the proof of Lemma A.1. O

Lemma A.2. Let (“K)Kev € R#*V, and let ur and urg be the corresponding
piecewise linear and piecewise constant reconstructions defined in §2.1.2, then

(79)

/ g () = upn () [dx < ch|[Vurllz @2,
Q

where ¢ is an absolute constant.

Proof. In order to prove (79), it suffices to check that, for a.e. x € Q,

ur (%) = upm(x)| < [ur (%) — ur(x)|.

One concludes by using Lemma A.1. O
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