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EXPONENTIAL DECAY FOR THE SCHRODINGER EQUATION ON A
DISSIPATIVE WAVEGUIDE

JULIEN ROYER

ABSTRACT. We prove exponential decay for the solution of the Schrédinger equation on a
dissipative waveguide. The absorption is effective everywhere on the boundary but the geo-
metric control condition is not satisfied. The proof relies on separation of variables and the
Riesz basis property for the eigenfunctions of the transverse operator. The case where the
absorption index takes negative values is also discussed.

1. INTRODUCTION

Let I > 0 and d > 2. Let © denote the straight waveguide R9~1x]0,1[C R?. We consider on
Q the Schrédinger equation with dissipative boundary condition

iOu+Au=0 on ]0,+o0[xQ,
d,u = iau on |0, +oo[x 09, (1.1)
(0, ) = uo on .

Here ug € L?(Q2) and 8, denotes the outward normal derivative. The absorption index a belongs
to W1h>°(9€2). In the main result of the paper, a takes positive values, but we also discuss the
case where a takes (small) negative values.

We will first prove well-posedness for this problem. Then it is standard computation to check
that when a > 0 the norm of u(t) in L?(£2) is non-increasing, and that the decay is due to the
boundary condition:

d 2 2
— ||lu(t) = —2/ alu(t)]” <0.
GO0y = =2 [ alutt)

Whether this norm goes to 0 for large times, and then the rate of decay, are questions which have
been extensively studied in different contexts. For the Schrodinger equation as in the present
paper, or for the (damped) wave equation which is a closely related problem.

Many papers deal with the wave equation on compact manifolds, with dissipation in the
interior of the domain or at the boundary.

We know from [Har85, Leb96] that a weak assumption on the absorption index a (for instance
the dissipation is effective on any open subset of the domain) is enough to ensure that the energy
goes to 0 for any initial datum.

Uniform exponential decay has been obtained in [RT74, BLR92] under the now usual geomet-
ric control condition. Roughly speaking, the assumption is that any (generalized) bicharacteristic
(or classical trajectory, or ray of geometric optics) meets the damping region (in the interior of
the domain or at the boundary). For the free wave equation on a subset of R?, the spatial
projections of these bicharacteristics are straight lines, reflected at the boundary according to
classical laws of geometric optics. This condition is essentially necessary and sufficient (we do
not discuss here the subtilities due to the trajectories which meet the boundary tangentially).

Then the question was to understand what happens when this damping condition fails to
hold. In [Leb96, LRI7] it is proved that we have at least a logarithmic decay of the energy if the
initial datum belongs to the domain of the infinitesimal generator of the problem. This can be
optimal, in particular when non controlled trajectories are stable. Intermediate rates of decay
have been obtained for several examples where the flow is unstable near these trajectories (see
for instance [LR05, BHO7, Chr10, Sch11, ALJ).
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The same questions have been investigated for the Schrodinger or wave equation on the
Euclidean space. Even in the self-adjoint case, where the norm for the solution of the Schrodinger
equation or the energy for the solution of the wave equation are conserved, it is interesting to
study the local energy decay, which measures the fact that the energy escapes at infinity. For the
free case and with compactly supported initial conditions, explicit computations show that the
energy on a compact vanishes after finite time for the wave in odd dimension d > 3, while the
decay is of size t~? in even dimension. For the Schrédinger equation, the norm of the solution
decays like t=%.

Many authors have proved similar estimates for perturbed problems. For instance the wave
or Schrédinger equations can be stated outside a compact obstacle of R? (we can also consider
a perturbation of the Laplace operator). For the wave equation on an exterior domain, we
have uniform (exponential) decay for the local energy decay if and only if the non-trapping
assumption holds. This means that there is no trapped bicharacteristic. See [LPG67, Ral69,
Mel79]. See [Bur98] for logarithmic decay without the non-trapping assumption, and [NZ09] for
an intermediate situation.

For the dissipative equations, this non-trapping assumption can be replaced by the same
damping condition (geometric control condition) on bounded trajectories as in the compact case
(where all the trajectories were bounded). This means that the energy of the wave (or at least
the contribution of high frequencies) escapes at infinity or is dissipated by the medium. This
has been used in [AKO07] for a dissipation in the interior of the domain and in [Alo02, AK10]
for dissipation at the boundary, for the free equations on an exterior domain in both cases. See
also [Roy10b] for the corresponding resolvent estimates, and [BR] for the damped wave equation
with a Laplace-Beltrami operator corresponding to a metric which is a long-range perturbation
of the flat one.

In this paper we consider a domain which is neither bounded nor the complement of a bounded
obstacle. In particular, compared to the situations mentioned above, the boundary of the wave-
guide is not compact.

More precisely, we are going to use the fact that (2 is a Euclidean space in some directions and
compact with respect to the last coordinate, so that properties of both compact and Euclidean
domains will appear in our analysis.

The main result of this paper is the following:
Theorem 1.1. Assume that there exist two constants ag,ay such that on 9Q we have
O<ap<a<al.

Then there exist v > 0 and C > 0 such that for all ug € L?(Q) the solution u of the problem
(1.1) satisfies
vt 0, [ut)l 20y < Ce™" luollp2q -

In this theorem the absorption is effective everywhere on the boundary, so the damping
condition is clearly satisfied on bounded trajectories. However, it is important to note that we
prove exponential decay for the total energy and not only for local energy. This means that all
the energy is dissipated by the medium, including the energy going at infinity. This suggests
that all the classical trajectories, and not only the bounded ones, should be controlled by the
dissipation. This is clearly not the case here.

Thus this theorem provides a new example for the already mentioned general idea that given a
result for which the non-trapping condition (or the damping condition for dissipative problems)
is necessary, we get a close result if there are only a few trajectories which contradict the assump-
tion. Here the initial conditions in 772 whose corresponding trajectory avoid the boundary form
a submanifold of codimension 1 (the frequency vector has no tranversal component). Moreover
the flow is linearly unstable. Compared to the related results on compact or Euclidean domains,
our analysis will be based on simpler arguments. The key argument is that our problem will
inherit the decay property of the transverse problem (that is the Schrédinger equation on 0, [
with the same dissipative boundary condition), for which the geometric control assumption holds.

In order to prove time-dependent estimates for an evolution equation as in Theorem 1.1, we
often use spectral properties for the generator of the problem (spectral gap for the eigenvalues
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on a compact manifold, absence of resonances close to a positive energy on a perturbation of the
Euclidean space, etc.). Here, the problem is governed by the operator

Hyop=—-Ap (1.2)

defined on the domain
D(H,) = {¢€ H?(Q) : 0, = iap on o0} c L3(Q). (1.3)
In particular, when a > 0 the solution w of the problem (1.1) is given by the semi-group

e~Ha generated by this operator. When ug € D(H,) this solution belongs to C°(R,, D(H,)) N
C\ (R, 12(9).

The main part of this paper is devoted to the proof of resolvent estimates for the operator
H,. More precisely, in order to prove Theorem 1.1 we will use the following result:

Theorem 1.2. Let a be as in Theorem 1.1. Then there exist v > 0 and C > 0 such that any
z € C with Im(z) > —3 is in the resolvent set of H, and moreover

||(Ha — 2)71||L2(Q) <C

When a is constant, our analysis will provide a good description of the spectrum of H,, and
in particular there is a spectral gap as stated in Theorem 1.2. However, for a non-selfadjoint
operator the norm of the resolvent can be large far from the spectrum, so the uniform bound of
the resolvent on a strip around the real axis is not a consequence of the spectral gap and has to
be proved directly.

In the papers we have mentioned above concerning the damped Schrédinger equation [AloO8b,
Alo08a, AKV13, AKR], it is proved that this equation satisfies the Kato smoothing effect, that
is an estimate of the form

[ @™ a=atu], des ol

In these papers, the absorption is in the interior of the domain and, more important, it is of the
form a(x)(1 — A)za(z). This is stronger than multiplication by a(z)? for high-frequencies. It is
not the case here, which is why we have no smoothing effect for our problem. However, we still
have the usual smoothing property in the unbounded directions:

Theorem 1.3. Let a be as in Theorem 1.1. Let § > % Then there exists C = 0 such that for
all ug € L*(Q) the solution u of (1.1) satisfies

/OC H<x>*5 (1- AI)%u(t)‘ ’

0 L2(Q)

2
dt < C Hu0||L2(Q) )
where A, = Zi;ll 8§n 18 the partial Laplacian acting on the unbounded directions.

In the results above, we can relax the assumption that the absorption index is positive every-
where. For instance, the proofs hold true without modification in the case where a is a positive
constant one one side of the boundary, say R~ x {I}, and vanishes on the other side R9~! x {0}.
What happens if the absorption index is a negative constant on one side is not so clear.

Let a;, a9 € R be such that
ar+ag >0 (1.4)

and consider the problem

iOu+Au=0 on ]0,+o0[xQ,
O,u = iagu on ]0, +oo[ xR~ x {I},
O,u = iagu on ]0, +oo[xRI~ x {0},
u(0, ) = ug on .
When a; and ag have different signs but satisfy (1.4), we will say that the boundary condition
is weakly dissipative. Estimates like those of Theorems 1.1 and 1.2 are not likely to hold with-

out this assumption. For instance, when ag = —a; we get a PT-symmetric waveguide. Such
a boundary condition has been studied in [KBZ06, BK08]. See also [KT08]. In particular it
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is known that in this case the spectrum is real, so we cannot expect any generalization of our
results. The case a; + ag < 0 is dual to the case a; + ag > 0. We will see that in this case the
norm of the solution grows exponentially (see Remark 7.5).

In the weakly dissipative case we have the following theorem:

Theorem 1.4. Let a;, a9 € R satisfy Assumption (1.4). If ug € D(H,) then the problem (1.5)
has a unique solution u € C*(]0,+oo[, L2(£2)) N C°([0, +o0[, D(H,)). Moreover, if |a;| and |ao|
are small enough there exist v > 0 and C' > 0 such that for all ug we have

Ve =0, [ut)] 20y < Ce ™ Jluoll p2 (e -

Let us discuss the assumption that the absorption has to be small. In [Roy] it was proved in
another context that for high frequencies the properties of a dissipative problem remain valid
when the absorption index is positive on average along the corresponding classical flow. This is
the case here under Assumption (1.4). The restriction comes from low frequencies. When a # 0,
the boundary condition can be rewritten

u = lauu on Of).
a

When a is large compared to the frequency, this is close to a Dirichlet condition. That for large
dissipation we recover a self-adjoint problem is usually called the overdamping phenomenon. This
suggests that the problem is now governed by the quantity 1/a. And when ab < 0, Assumption
(1.4) can be rewritten as

1 1

—+— <0

aj agp
It turns out that for a;,ag large enough with a;ap < 0 and (1.4), the contribution of low fre-
quencies is indeed exponentially increasing (see Proposition 7.4).

In this paper we prove all these results on the model case of a straight waveguide with a
one-dimensional section. The purpose is on one hand to observe all the non-trivial phenomenons
mentioned above on a quite simple example. On the other hand our analysis is the first step
toward the understanding of similar properties for the wave equation on a more general domain.

On this model case, and with the additional assumption that a is constant, we can rewrite H,
as the sum of the usual Laplacian on the Euclidean space R¢~! and a Laplace operator on the
compact section. Since this section is of dimension 1, we can give quite explicitely many spectral
properties for this operator. In particular, we will see that its eigenfunctions form a Riesz basis,
which will give a good description of the spectrum of H,, first when a is constant and then in
the general case. The time dependent estimate will follow.

In Section 2 we prove that H, is maximal dissipative, which gives in particular well-posedness
for the problem (1.1). In Section 3 we study the transverse operator, that is the Laplace operator
on the section ]0,![. Spectral properties of H, are obtained for a constant absorption index in
Section 4, and then Theorems 1.2 and 1.3 are proved in Section 5. Once the spectral properties
of H, are well-understood, the proof of Theorem 1.1 is given in Section 6. Finally, the problem
(1.5) where a can take negative values is discussed in Section 7.

All along the paper, a general point in  will be written (z,7) € Q ~ R?~1x]0,I[, with
r € R¥! and y €]0,1[. As in Theorem 1.3, we denote by A, the usual laplacian on R?~!. For
Hilbert spaces H1 and Ha, L(H1,Hz2) is the set of bounded operators from H; to He. For v > 0
we finally set

Cy,={2€C :Imz>—v}, andthen C, :=C,.

Acknowledgements: I am grateful to Petr Siegl for stimulating discussions which motivated
this paper and helped me through its realization. This work is partially supported by the French-
Czech BARRANDE Project 26473UL and by the French National Research Project NOSEVOL
(ANR 2011 BS01019 01).
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2. OPERATOR ASSOCIATED TO THE DISSIPATIVE WAVEGUIDE

In this section we consider a more general waveguide  of the form RP x w C R¢ where
p€{l,...,d—1} and w is a smooth open bounded subset of R?~P. In particular, {2 is open in
R4

Let a € W1°(9Q). Until Proposition 2.5, we make no assumption on the sign of a. We
consider on L?(Q) the operator H, defined by (1.2) with domain (1.3). For all ¢ € D(H,) we
have

(Hap,0) 12(0) = = (B0, 0) 2y = (V, V) 12y — (a0, 0) 1200y - (2.1)
On the other hand, we consider the quadratic form defined for ¢ € D(q,) = H'(Q) by

4e(®) =/ Vol? —z‘/ alol?.
Q oN

We also denote by g, the corresponding sesquilinear form on D(q,)%. That this quadratic form
is sectorial and closed follows from the following lemma and traces theorems:

Lemma 2.1. Let qr be a non-negative, densely defined, closed form on a Hilbert space H. Let
qr be a symmetric form relatively bounded with respect to qr. Then the form qr —iqy is sectorial
and closed.

It is important to note that there is no smallness assumption on the relative bound of ¢; with
respect to gr. In particular, for g, we do not need any assumption on the size of a in L>(91).

Proof. There exists C' > 0 such that for all ¢ € D(qr) we have

la1(2)| < € (an(0) + Iel3,) -

Let eg = 55. If we already know that (gr —iAqr) is sectorial and closed for some A > 0, then
(qr — i(A+¢€)qr) is sectorial and closed for all € € [0, 9] according to Theorem VI.3.4 in [Kat80].
Now since gg is sectorial and closed, we can prove by induction on n € N that (gg — iAqr) is
sectorial and closed for all A € [0,ne], and hence for all A > 0. This is in particular the case
when A = 1. (]

We recall the definitions of accreative and dissipative operators (note that the conventions
may be different for other authors):

Definition 2.2. We say that an operator T on the Hilbert space H is accreative (respectively
dissipative) if

Vo € D(T), Re(Tp, )y =0, (respectively Im(T¢p,¢), <0).

Moreover T is said to be maximal accreative (maximal dissipative) if it has no other accreative
(dissipative) extension on H than itself. In particuliar T is (maximal) dissipative if and only if
iT is (maximal) accreative.

Let us recall that an accreative operator T' is maximal accreative if and only if (7' — z) has
a bounded inverse on H for some (and hence any) z € C with Re(z) < 0. In this case we know
from the Hille-Yosida Theorem that —7T generates a contractions semi-group ¢ — e 7. Then
for all ug € D(T) the map u : t — e *Tug belongs to C*(Ry,H) N C°(Ry, D(T)) and solves the
problem

u(0) = up.
Let us come back to our context. According to Lemma 2.1 and the Representation Theorem
VI.2.1 in [Kat80], there exists a unique maximal accreative operator H, on L?(2) such that

D(H,) C D(ga) and

{u’(t) +Tu(t) =0, V>0,

Vo € D(HL), Y € Dlae), (Hagprt) |, = dalip ).

Moreover we have
D(H,) = {u € D(qa) : 3f € L*(Q), Y0 € D(qa), ta(u,v) = (£, 0)},
and for u € D(ﬁa) the corresponding f is unique and given by H,u = f.
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Proposition 2.3. We have ﬁa = H,. In particular H, is mazximal accreative.

For a one-dimensional section we can essentially follow the proof of Lemma 3.2 in [BKO0S].
This would be enough for our purpose but, for further use, we prove this result in the general
setting.

Proof. Tt is easy to check that D(H,) € D(H,) and H, = H, on D(H,). Now let u € D(H,).
By definition there exists f € L?(2) such that

Vv e HY(Q), /Vu~V5—i/ au@z/f@.
Q a0 Q

Considering v € C§°(Q) we see that —Au = f in the sense of distributions and hence in L?(Q).
This proves that u € HZ _(€2). It remains to prove that u € H?(f) and that the boundary
condition d,u = iau holds on 9Q. Let j € {1,...,p} and let e; be the j-th vector in the
canonical basis of RF. Let § € R* and us : (z,y) — +(u(z + de;,y) — u(z,y)) € H (). See for
instance [Eva98, §5.8.2] for the properties of the difference quotients. For all v € H'(Q) we have

q(us,v) = — [ flz,y)v=s(z,y) dxdo(y) — Z/ u(z,y)a—s(z, y)v(z — dej,y) dedo(y),
Q o0
where o is the Lebesgue measure on w. Since a € W1>°(9Q) there exists C' > 0 such that for
all v € HY(Q) and 6 > 0 we have
|ga(us, v)| < C||v]l 1 (q) -
Applied with v = us this gives
2

||U6HH1(Q) = Regq(us,us) <C ||U6||H1(Q) :

Since we already know that us € L?(Q) uniformly in § > 0, we have
2
lusllgr oy S 1+ llusl gy

which implies that us is uniformly in H'(Q). This means that 8,,u € H'(2). Since this holds
for any j € {1,...,p}, this proves that all derivatives of order 2 with at least one derivative in
the first p directions belong to L?(2). Then we get

—Ayu=f+Aue L*(Q).
According to the Green Formula we have for all v € H(Q)

/Q —Ayu@dae dy = /vau : Vﬁdm dy — <8nu, ’U>H*1/2(SQ),H1/2(SQ)

(see for instance [Gri85, eq. (1.5.3.10)]). By density of the trace map, we obtain that
O,u =iau on Of). (2.2)

In particular d,u € H'/?(9S). Then there exists v € H?(Q) such that d,v = 9,u (see [Cri85,
Th. 1.5.1.1] for a fonction on R% ; for a function on 2 we follow the same idea as for a fonction
on a bounded domain, except that we only use a partition of unity for Ow, which allows to cover
0N by a finite number of strips, each of which is diffeomorphic to a strip on RP). Let w = u —v.
We have w € HY(Q), Ayw € L*(Q) and

-Ayw~+w=f+Au—Aw+w onf,

d,w=0 on 0.

Then for almost all z € R? we have

{—Ayw(x) +w(z) = f(z) + Agu(z) — Ayv(z) + w(z) on w,
dyw(x) =0 on dw.

By elliptic regularity for the Neumann problem (see for instance Theorem 9.26 in [Brell]) we
obtain that w(z) € H?(w) with

lw(@) g2y S 1 (@) + Agulz) = Ayv(z) + w(@)l| 1o, -
After integration over x € RP, this gives

||UHH§(Q) S+ Agu— Ay + w||L2(Q) + ||UHH2(Q) :
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Since we already know that second derivatives of u involving a derivation in = are in L?((2), this
proves that u € H?(Q) and concludes the proof. O

Remark 2.4. We have H} = H_,,.

Now assume that a takes non-negative values. According to (2.1), a is a dissipative operator.
Since it is maximal accreative, it is easy to see that it is in fact maximal dissipative:

Proposition 2.5. The maximal accreative operator H, is also maximal dissipative.

Proof. We already know that H, is dissipative. Since it is maximal accreative, any z € C
with Rez < 0 is in its resolvent set. Then it is easy to find z in this resolvent set of H, with
Imz>0. (]

Proposition 2.6. Ifa > 0 in an open subset of 02 then H, has no real eigenvalue.

Proof. Let u € D(H,), A € R, and assume that H,u = Au. Taking the imaginary part of the
equality ¢q(u,u) = A |ul|® gives
/ alu)® = 0.
oQ

This implies that v = 0 where a # 0 and d,u = iau = 0 everywhere on 0. By unique
continuation, this implies that w = 0 on (. (|

3. THE TRANSVERSE OPERATOR

Let us come back to the case of a one-dimensional cross-section w =]0,{[. Under the additional
assumption that the absorption index a is constant on OS2 the operator H, can be written as

H,=-A;® Isz(O,l) +IdL2(]Rd*1) Ty, (31)

where —A, is as before the usual flat Laplacian on R4~ and T, is the transverse Laplacian on
d2

— a7 with domain

]0,1[. More precisely, we consider on L?(0,1) the operator T, =
D(T,) = {u € H*(0,1) : u/(0) = —iau(0),u' () = iau(l)} .

This is the maximal accreative and dissipative operator corresponding to the form
l
q:u€ HY(0,1) — / /()] da — ia [u()|* — ia |u(0)]?.
0

In this section we give the spectral properties of T, which we need to study the full operator
H,. This operator has compact resolvent, and hence its spectrum is given by a sequence of
isolated eigenvalues. When a = 0, which corresponds to the Neumann problem, we know that
the eigenvalues of Ty are the real numbers n?v? for n € N, where we have set

T
v=—.

l

These eigenvalues are algebraically simple.

Proposition 3.1. There exists a sequence (An),cy of continuous functions on R such that
An(0) = nv and for all a € R the set of eigenvalues of T, is {)\n(a)Q,n € N}, Moreover:

(i) For (n,a) € (NxR)\{(0,0)} the eigenvalue A\, (a) is algebraically simple and a correspond-
ing eigenvector is given by

. iAn(a)x /\’ﬂ(a) +a —iAp(a)x

on(a) :x— Ay(a) (e (@z 4 me (@) ) ) (3.2)
where we can choose An(a) € R in such a way that |[pn(a)llp2,) =1 (when a =0 then
0 is a simple eigenvalue and corresponding eigenvectors are non-zero constant functions).

(ii) For n € N and a € R we have A,(—a) = A\, (a).

(ii) Let n € N. For all a € R* we have Re(A,(a)) €]nv, (n+ 1)v| (when n = 0, we have chosen
the square root of A3(a) which has a positive real part).

(iv) For all n € N there exists Cy, > 0 such that for a > 0 we have —C,, < Im(\,(a)) < 0.
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(v) Let a > 0 be fizred. We have

21a
An = - — —2
(a) n ’flVl * n—>O+oo (n )
and hence "
M@)? = () = ="+ 0 (n7h)
l n—-+oo

Proof. e 1t is straightforward computations to check that 0 is an eigenvalue of T, if and only
if a =0 and, if A € C*, A? is an eigenvalue if and only if

(a— N2 = (a+ N2 (3.3)

If A2 is an eigenvalue then the corresponding eigenfunction is of the form ¢ : x +— Ae** 4 Be™A?
with \ \

A=2"0p_2AT¢ amp (3.4)

Aa A—a
Moreover, all these eigenvalues have geometric multiplicity 1. Indeed, given n € N, the space
of eigenvectors corresponding to the eigenvalue \,(a)? is stricly included in the space of H?
functions which are solutions of —u” — A, (a)?u = 0, and this space is of dimension 2. The fact
that the eigenvalues of H_, are conjugated to the eigenvalues of H, is a consequence of Remark
24.
e Leta>0and A € C* be such that A\? is an eigenvalue of T,,. Assume that Re A € vN. Then

N
(a+ ) — 2N e R,

a— A\
(note that A cannot be equal to a in (3.3)) and hence
a-+ A\
= € R.
" a— A\
If r = —1 then a = 0. Otherwise A = % € R. In both cases we obtain a contradiction

(see Proposition 2.6), and hence Re A ¢ vN. This proves that for a > 0 the operator T;, has no
eigenvalue with real part in vN.

e Now let R > 0. We prove that if Cr > 0 is chosen large enough and if « € R and A € C* are
such that A\? is an eigenvalue of T}, then

Re\|<R = |Im)|<Cp. (3.5)

Assume by contradiction that this is not the case. Then for all m € N we can find x.,,, € [-R, R]
and y,, € R with |y,,| > m such that (z,, + iy, )? is an eigenvalue of T}, for some a,, € R. We
have

(am +2m)* + yp,
= 1’

(am — 2m)? +y2, m—oo

A + Ty + 1Y

Qm — Tm — 1Ym

e~ 2yml —

‘ 2

which gives a contradiction.

e The family of operators Ty, for a € R is an analytic family of operators of type B in the sense
of Kato [Kat80, §VIL.4]. We already know that the spectrum of Tj is given by {(nl/)z, n e N}.
Then for all n € N there exists an analytic function A2 such that, at least for small a, \2(a) is
in the spectrum of T, (and then we define \,, as the square root of A2 with positive imaginary
part). See Theorem VII.1.7 in [Kat80].

o Let n € N*. We write A\,(a) = nv + Ba + va® + Oq—s0(a®). We have

2l — 1 4 92418a + 2ilya® — 2128%a® + O(a®),
and on the other hand:

2 2
(efae) =1 - a2 vow
Since A\, (a) solves (3.3) for any a > 0 we obtain
2 29
Tl
and
Re(1) = —

n3mw3’
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Since Re(8) = 0 and Re(v) > 0 we have Re (A,(a)) € Jnv, (n + 1)v[ for a > 0 small enough. The
functions a — Re (A, (a)) are continuous and cannot reach vN unless a = 0, so this remains true
for any a > 0 such that A, (a) is defined. Similarly Re (Ao(a)) €]0,v] for all a > 0. In particular
the curves a — A,(a) for n € N never meet. Moreover we know from (3.5) that A, (a) remains
in a bounded set of C, so the curves a — A, (a) are defined for all @ € R and for all a € R the
eigenvalues of T, are exactly given by \,(a)? for n € N.
e It remains to prove that the asymptotic expansion of A, (a) for n fixed and a small is also
valid for a fixed and n large. Let a > 0 be fixed. Derivating (3.3) and using the fact that
[An(s)| = nv for all s € R we obtain that
sup |\, (s)] :O(n_l).

s€[0,a]
This means that \,(a) = nv + O(n~!). Then we obtain the asymptotic expension of \,(a)
for large n as before, using again (3.3). This gives the last statement of the proposition and
concludes the proof. O

Now that we have proved what we need concerning the spectrum of the operator T,, we study
the corresponding sequence of eigenfunctions. In the self-adjoint case a = 0, we know that the
eigenfunctions ¢, (0) form an orthonormal basis. Of course this is no longer the case for the non-
selfadjoint operator T, with a # 0. However we can prove that in this case we have a Riesz basis.

We recall that the sequence (), of vectors in the Hilbert space # is said to be a Riesz
basis if there exists a bounded operator © € L£(H) with bounded inverse and an orthonormal
basis (ey),,cy of H such that ¢, = Oe, for all n € N. In this case any f € H can be written as
> nen fnon with (fp), ey € 1?(C), and there exists C' > 1 such that for all f =3 fapn € H

we have
2

CON R <D fan|| <CD_1fal®
neN neN H neN
In these estimates we can take C' = max (||(9||2 N @_1"2).

Let (¢n),en be a Riesz basis of H with © and (e,,),, oy as above. If we set ¢f = (©71)*e, for
all n € N then (¢} )nen is also a Riesz basis, called the dual basis of () In particular for
all 7,k € N we have

neN"

(55 Ph)ag = ik (3.6)
We refer to [Chr03] for more details about Riesz bases. Now we want to prove that for any a € R
the sequence of eigenfunctions for the operator T, is a Riesz basis of L?(0,1).

Proposition 3.2. For all a € R the sequence (¢n(a))nen defined in (3.2) is a Riesz basis of
L?(0,1). Moreover for all R > 0 there exists C' > 0 such that for a € [-R, R] and (¢y), oy € I*(C)
we have

%) o0 2 00
CT Y el < | D ennla)|| <O el
n=0 n=0 n=0

If C was chosen large enough and if (), oy € 12(C) is such that Y~ |An(@)en|” < 0o we also
have

o0 2 o0
C7Y ala)en* < <O n(a)en]?.
n=0 n=0

Z Cn 90;; (a)
n=0

For similar results we refer to [Mik62] (see also Lemma XIX.3.10 in [DS71]). For the proof
we need the following lemma:

Lemma 3.3. Let R > 0. Then there exists C' > 0 such that for a € [—R, R] and j,k € N with
7 < k we have
C k

<@j(a)v@k(a)>[l2(0)l) < m and <g0;-(a)7<p;€(a)>L2(0’l) < Ckfj'
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Proof. Let e,(a,z) = (7 and &, (a,x) = e~*»(@)¥  According to Proposition 3.1 we have
An(a) = nv + O(n™1) (here and below all the estimates are uniform in a € [~R, R]), so
len(@lsg0s) = e 1
en(a =
L2(0.0) —2Tm(A,(a))

Similarly Hén(a)Hiz(o,l) =1+0(n™1Y), and (e,(a),é,(a)) = O(n~1). Moreover, with (3.2) we see
that

=14+0(n™).

1
Ay(a) = —=+0(n™ 1.
n(a) NoT (n™)
Now let j,k € N with j < k. We omit the dependence in a for ¢;, e;, €; and ;. We have
(egrer) = 1 and (6,6 = et
Aj = Ak —(Aj = k)
Since o
Aj— Ak = (j — k)v+ O(1/j)
we have . .
ei e+ [{(é, x| S —— and eiep)+ (€, 6] S ——i—.
[(ej, ex)| + (€5, ) - [(ej ex) + (€5, k)] =7
Similarly
el + Hep el S i and [{8g.ex) + (e8] S 7
€i, €L €i€L)| S5 7 Al €5, €L Cilk) | S TN T -
! ! k+j ! ! () (k+3)
And finally
—_— pV —a . /\k —a ..
(@5, )| = ’AjAk <6j + m%ek bW +aek>’

S Kejher) + (€5, €k) + (&5, €x) + (€5, €k)|
A —1 ~ ~ ~ ~
+ ) (Kejren)| + [ejy )| + (€5, ex)| + (€5, €x))
() (k—=3)
The second estimate is proved similarly, using again that |\, (a)| = nv+O(n~!) for large j. O
Proof of Proposition 3.2. e Let a € R and (cp), oy € I2(C). Let C > 0 be given by Lemma

3.3. For N,p € N we have
2

N+p N+p N+p N+p o] ; 0 |Ck+] < )
> i@ = 3 leal® =D Y7 2Relear (04 0n)) ZTZ lellze -
n=N n=N j=N k=j+1 7=0 k=1
This proves that the series > " ¢, (a) converges in L?(0,1) and
o0 2 o0
Z Cnpn(a) S Z |Cn|2 .
n=0 L2(0,1) n=0

e Let n,m € N be such that n # m. In L?(0,1) we have
An(a)2 (pn(a), pm(—a)) = (Hapn(a), pm(—a)) = (pn(a), Hypm(—a))
= An(a)* {on(a), om(—a)),

and hence (¢, (a), om(—a)) = 0. On the other hand, with (3.2) we can check that (¢, (a), ¢n(—a)) #
0 at least for n large enough. Now let (cy), oy € [*(C) be such that 7 | ca¢n(a) = 0. Taking
the inner product with ¢,,(—a) we see that ¢,, = 0 for m > N if N is chosen large enough.
Then for all k£ € {0,..., N} we have

N N
0=HF Z Cnipn(a) = Z (@) enon(a).
n=0 n=0

Since the eigenvalues A, (a)? for n € {0,..., N} are pairwise disjoint, this proves that for all n €
{0,..., N} we have c,¢,(a) = 0, and hence ¢,, = 0. Finally the map (c,) € I2 = Y cpon(a) €
L?(0,1) is one-to-one.
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e As above we can check that for N € N we have

oo 2 o0 oo o0
> @ = S lal? S S lal )| Y =
n=N n=N n=N n=N <7l>

This is less that > lca|” is N is chosen large enough. Let such an integer N be fixed.
Now assume by contradiction that the sequences (am),,cy € [-R, RN and (¢™)men in 12(C)Y
are such that ||¢™|,. = 1 for all m € N and

2

—— 0.

m—0o0

Z ' Pn(@m)
n=0

For m € N we set f,, = Zg:_ol Mon(am) and g, = >0y Mo, (an). After extracting a

subsequence if necessary we can assume that a,, converges to some a € [—R, R] and f,, con-
verges to some f € L%(0,1). Let P, (respectively P) denote the orthogonal projection on
span(y;(am))j>n (respectively on span(yn,(a))n>n). We have

1o+ Gonl> = 1l + 2Re P fs o) + g l> 2 il = 1 Pon il == 151~ [ PFI

This gives f = Pf, and hence f = 0. This gives a contradiction with

. 2 ol w2 L

0= lim_|lgn|” > Am > ler = 3
n=N

and proves the first inequality of the proposition.
e It remains to prove that the sequence (p,(a)) is complete. We know that the family
(¢n(0)), oy is an orthonormal basis of L*(0,1). Since @n(a) = ¢n(0) + O(n™") in L*(0,1),
this follows from a perturbation argument (see Theorem V.2.20 in [Kat80]). This concludes the
proof. O

For a € R we denote by (@2 (a))nen the dual basis of (¢, (a))nen. We have % (a) = p,(—a) =
on(a).

4. SEPARATION OF VARIABLES - SPECTRUM OF THE MODEL OPERATOR

In this section we use the results on the transversal operator T, to prove spectral properties
for the full operator H, when a is constant on 9€2. Most of the results of this section are inspired
by the PT-symmetric analogs (see [BKO08]). Let a > 0 be fixed. We set

S, = U {An(@)?}+ Ry ={M(a)*+rneNreR;} cC.
neN

Proposition 4.1. We have &, C o(H,).

Proof. Let n € N, 7 > 0 and z = A, (a)? +7 € S,. Let (fm),,cy be a sequence in H?(R4!) such
that || fin |l z2ga-1y = 1 for all m € N and [|(=Ay — 1) fin | p2(ga-1) = 0 as m — co. For m € N

and (z,y) € R™1x]0, 1] we set u, (2,Y) = fin(z)@n(a;y). Then u,, € D(H,) and lumll 2@y =1
for all m € N. Moreover, according to (3.1) we have

|(Ha — Z)umHLZ(Q) =[(-As — r)fm”m(Rd*l) o 0.
This implies that z € o(H,). O

For u € L*(Q), n € N and = € R we set u,(2) = (u(z,-),¢}(a))

sequence of functions w,, defined almost everywhere on R%~1.

L2(0.)° This gives a

Proposition 4.2. Let u € L?>(Q). Then u,, € L*(R4™Y) for all n € N and on L?(Q) we have

u = Z Up @ @n(a).

neN
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Proof. For N € N we set vy = ET]LO Up @ @n(a). For almost all z € R4~ vy (z) defines a
function in L2(0,1) which goes to u(x) as N — co. According to Proposition 3.2 we have

2
lon (z ||L2 0,0) S Z [ (2 ||L2(o 0~ Z l[un (z HLZ(O N~ S u(z )||L2(0,l)’

where all the estimates are uniform in N. Since the map = — ||u(x)|\i2(0 ;) belongs to L2(R41),

we can apply the dominated convergence theorem to conclude that v — vy — 0 in L2(Q). O
Proposition 4.3. (i) Let w € D(H,). Then u, € H*(R?™!) for alln € N and in L*(Q) we
have

Hou= Z ( — A, + /\n(a)Q)un ® @n(a).

neN
(ii) Let z € C\ &,. Then z belongs to the resolvent set of H, and for all u € L?() we have

(Ho—2)"'u =" (=As + Mn(a)? = 2) " un @ n(a).

neN

In particular there exists C > 0 such that for all z € C\ & and u € L?(Q) we have
C
—1
[(Ho = 2) 7 ]| 1 g < (=6 lull L2 (o

Proof. e Let 2 € C\&, and u € LQ(Q) Let u, € L?2(R%1), n € N, be as above. For n € N we
set Ry (u) = (=As 4+ Ap(a)? — 2) " tu, € H2(RYY) and R, (u) = R, (u) ® ¢, (a) € D(H,). Using
the standard spectral properties of the self-adjoint operator —A,, we see that on L?(R?~!) we
have

Il o Ml i )

<
H ~d(z, ()2 +Ry) ()2 "(U)H ~Eo(n)
The first estimate is umform in z but not the others. With Proposition 3.2 we obtain for N,p € N

N+p N+p ~ 9 ol =
POLIE I o) (L0 RS R LB
Hl(Q) n=N

This proves that the series > R, (u) converges to some R(u) € H' (). Moreover, with the first
inequality of (4.1) and Proposition 3.2 again, we see that

|

2
) 5o
L2(Ré-1) | N—oo

lull e

2 S 4z 6, (4.2)

IR
uniformly in z. It remains to see that

Vv e Hl(Q)v QQ(R(u)a ’U) -z <R(u)a ’U> = (u,v) )
which comes from the fact that this is true with R(u) and w are replaced by Ry, (u) and u, @ ¢, (a)
respectively. This proves that R(u) € D(H,) and (H, — z)R(u) = u. If Re(z) < 0, we already
know that (H, — z) has a bounded inverse on L?(f2), and hence we have (H, — z)~! = R. This
proves the second statement of the proposition when Re(z) < 0.

o Letu € D(H,) and v = (H, + 1)u € L?(). For n € N and almost all z € R¥~! we set
vp () = (v(z,), ¥}, (a)) 20, According to (ii) applied with z = —1 we have

u = (Ha + 1)_17} = Z ( - A:c + )\n(a)Q + 1)_1Un by (,Dn(a)
neN

By uniqueness for the decomposition of u(x,-) with respect to the Riesz basis (¢n(a))nen, we
have for all n € N )
Uy = (— Ay + Ap(a)? + 1)_ Up,-
This proves that u, € H2(R?"!). Then
Hu=v—u= Z (1 — (= Ay +M(a)* + 1)71> Un ® @n(a)

neN
_Z — Ay + An(a)?)un @ pn(a).
neN
This proves the first statement of the proposition.
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e It remains to finish the proof of (ii). Let z € C\ & and w € D(H,). With (i) we see that
R((H, — z)w) = w. Since we already know that (H, — z)R(u) = u for all u € L*(2), this proves
that R is a bounded inverse for (H, — 2)~! on L?(€2). The estimate on (H, — z)~! follows from
(4.2), and the proposition is proved. O

As a first application of this proposition, we can check that the operator H, has no eigenvalue,
as is the case for —A,:

Corollary 4.4. The operator H, has no eigenvalue.

Proof. Let z € C and u € D(H,) be such that (H, — z)u = 0. Then according to the first item
of Proposition 4.3 we have

3 (A + Aa(@)’ — 2) un ® pula) = 0.
neN

This implies that for all n € N we have
(A + A (a)® —2)u, =0

in L2(R%~1), and hence u,, = 0 since the operator —A, has no eigenvalue. Finally v = 0, and
the proposition is proved. O

However, the main point in Proposition 4.3 is the second:
Corollary 4.5. Theorem 1.2 holds when a > 0 is constant.

Proof. According to the last statement of Proposition 3.1 and the fact that Im(\,(a)?) < 0 for
all n € N| there exists v > 0 such that for all z € &, we have Im(z) < —3~. With Proposition
4.3, the conclusion follows. D

5. NON-CONSTANT ABSORPTION INDEX

In this section we prove Theorems 1.2 and 1.3 for a non-constant absorption index a. For
b € W (99Q) we denote by Oy, € L(H (), H=1(Q)) the operator such that for all , v € H'(2)

<®b¢7w>H*1(Q),H1(Q) = /aQ b

We denote by 6 the corresponding quadratic form on H' (). We also denote by H, the operator

in £(H'(Q), H-'()) such that <ﬁa¢,w>H_l o = alp ) for all o,v € H'(Q). Let 2 € Cy.

According to the Lax-Milgram Theorem, (1 + 4)(H, — z) is an isomorphism from H'(Q) to
H~'(Q). Moreover, for f € L*(Q) C H~(2) we have

(Ij[a - Z)_lf = (Ho — Z)_1f~
The following proposition relies on a suitable version of the so-called quadratic estimates:

Proposition 5.1. Let ag > 0 be as in the statement of Theorem 1.1. Let B € L(H* (), L*()).
Then there exists C > 0 such that for all z € C; we have

HB(ﬁa —2)7lp*

<C HB(FIGO _ ) ipr

L(L2(2)) L(L?(2))
Proof. For z € C4 the resolvent identity applied to H, = Hy, + ©Oq—q, gives
B(H, — 2)"'B* = B(Hy, — 2) 'B* — B(Hyy — 2) '04_q,(Hy — z) "' B*. (5.1)

Let p,% € L*(Q). Since ©,_,, is associated to a non-negative quadratic form on H!({2), the
Cauchy-Schwarz inequality gives

<B(ﬁa0 —2) ' Ou_ay(Ha — 2) "B, ¢>L2
— (O (o — )7 B, (13, - 5>‘IB*1/’>H71,H1

g (= 2) B0 0y (5, — %) B0)
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The first factor is estimated as follows:
Oo—aq ((f[a — z)_lB*go) < Ha((ffa — z)_lB*ga)

< Ql <2¢(@a +Im2)(H, — 2) " B, (H, — z)_lB*g0>
1

< 5 (B~ 27 — (-9 Bg)

< ’ B(H, — 2)"'B*

H-1,H1

2
o

We can proceed similarly for the other factor, using the fact that a — ap < aag for some a > 0.
Thus there exists C' > 0 such that

1 1
By = 2) 'Oy (Ha — 2) ' B B, -2 B

<C HB(ﬁao — )i

02 ] —1 px* 1 r] —1 px*
<7HB(HGO—Z) B +§HB(H,1—Z) B*|.

With (5.1), the conclusion follows. O
Now we can finish the proof of Theorem 1.2:

Proof of Theorem 1.2. According to Corollary 4.5 and Proposition 5.1 applied with B = Id2(q)

(note that we can simply replace H, by H, when B € L(L*(Q))), there exists C' > 0 such
that H(Ha — < C for all z € C4. Then it only remains to choose v € ]0, %[ to
conclude.

2)7! HE(L2(Q))

O

Let us now turn to the proof of Theorem 1.3. We first prove other resolvent estimates.
Compared to the estimate of Theorem 1.2, the first estimate of Proposition 5.2 requires a weight
but decays for Re(z) > 1. This allows to add a power of —A, in the second estimate, which
gives the smoothing effect.

Proposition 5.2. Let § > % Then there exists C = 0 such that for all z € C; we have

|@ = @7 L <O

Nl

and
-5 1 1 1,6
1= A (Hy =) (1= A0 @) <cC
|@ " a-antd - a0t @ L

Proof. This result is well-known if we replace (H, — z)~! by (—=A, — 2)~! and L£(L?*(2)) by
L(L?*(R471)). When a is a constant, we obtain the result using the separation of variables
as in Section 4. Then we conclude with Proposition 5.1 with B = (m)fé (1 —A,)3. In fact,
we first obtain an estimate on the resolvent (H, — z)~!, but this proves that the operator
()70 (1 = Ap)*(Hy — 2)~1(1 — Ay)T (2)° extends to a bounded operator on L2(Q), and then
the same estimate holds for the corresponding closure. O

Proof of Theorem 1.3. With the second estimate of Proposition 5.2, we can apply the theory of
relatively smooth operators (see §XIII.7 in [RS79]). However, since H, is not self-adjoint but
only maximal dissipative, we have to use a self-adjoint dilation (see [NF10]) of H,, as is done in
the proof of [Roy10b, Proposition 5.6] (see also Proposition 2.24 in [Roy10a]). O

6. TIME DECAY FOR THE SCHRODINGER EQUATION

In this section we prove Theorem 1.1. Let uy € D(H,) and let u be the solution of the
problem (1.1). We know that [[u(t)|| 2oy < [[uollp2(q) for all t > 0, so the result only concerns
large times. Let v > 0 be given by Theorem 1.2. Let x € C*°(R) be equal to 0 on | — oo, 1] and
equal to 1 on [2,+oo[. For t € R we set

and for z € Cy:
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The map t — e "*u,(t) belongs to L'(R) N L2(R) N C'(R) and its derivative is in L'(R) so
7+ v(7 4 i) is bounded and decays at least like (7)~". In particular it is in L2(R). For R > 0
we set

(S
un(t) = g [ e ot i)
Then
—t
le™ Cuxe = ur)| o, 22y 7 O

Since u,, is continuous, Theorem 1.1 will be proved if we can show that there exists C' > 0 which
does not depend on ug and such that for all ¢ > 0 we have

tim sup [un (1) 2 ) < Ce ™" [0l 20 (61)
R—o0

For z € C we set )
0(z) = —i / et (yult) dt = —i / ¢ito (Hu(t) dt.
R 1

Let z € Cy. We multiply (1.1) by x(t)e®* and integrate over ¢t € R. After partial integration
we obtain
v(z) = (H, — 2)710(2).
Then v extends to a holomorphic function on Cs,, taking this equality as a definition. According
to the Cauchy Theorem we have in L?(RR;)
1

R
Rli_r}réo ug(t) = Py ngnoo e e T2y (7 — 24y) dr = =2 I%i_{nm ug(t), (6.2)

where for t € R we have set

R
ug(t) = / e Ty(r — 2i7y) dr.
-R

According to Plancherel’s equality and Theorem 1.2 we have uniformly in R > 0:

LV de= [ |0 = (= 20m) 0t =207

2

dr
L2(2)

R
—R
< / 1607 = 207) |2y 7

2
< / T ()] ()32 dt

S luol 720 -
In particular there exists C' > 0 such that for ug € D(H,) and R > 0 we can find T'(ug, R) € [0, 1]
which satisfies
[ur(T (w0, B)ll 12() < Clluoll 2o -
Let R > 0. Then ug € C*(R) and for ¢ > 1 we have

t

ugr(t) = e_i(t_T(“‘)’R))H“Ué(T(uo,R)) +/ 9 (e—i(t—S)HQﬁE(s)) ds,

T (uo,R) Os
where
9 —i(t—s o 9 f —isT ,—i(t—s . -1 .
a2 (T iR(s) = o T e (Hy — (7 = 20)) 7 0(r — 2y dr

R
= z/ e it Hap=isT (g 1) (Ho — (1 — 2i'y))719(7 — 2iy)dr
-R

R
= 2ye =) Hagp (5) 4 je i) Ha / e~ TO(T — 2iv) dr.
-R
This proves that the map s — 2 (e~"(t=*)Hayp(s)) belongs to L2([0,t], L*(Q2)) uniformly in ¢
and R > 0, and its L2([0,¢], L?(2)) norm is controlled by the norm of uy in L(£2). We finally

obtain C' > 0 such that for all £ € R and R > 0 we have

[ur()]L2(0) < C () [[uoll L2 (q) -
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With (6.2) this proves (6.1) and concludes the proof of Theorem 1.1.

7. THE CASE OF A WEAKLY DISSIPATIVE BOUNDARY CONDITION

In this section we prove Theorem 1.4 about the problem (1.5). The absorption index a now
takes the value a; on R4~ x {I} and ag on R4~ x {0}.

The proof follows the same lines as in the dissipative case, except that well-posedness of the
problem is not an easy consequence of the general dissipative theory. We will use the separation
of variables as in Section 4 instead. Once we have a decomposition as in Proposition 4.2 for the
initial datum, we can propagate each term by means of the unitary group generated by —A,
and define the solution of (1.5) as a series of solutions on R4~

Let us first look at the transverse problem. The transverse operator on L2(0,1) corresponding

2 . .
Lao = 70;1? with domain

D(Th,a0) = {u € H*(0,1) : v/ (0) = —iaou(0),u' () = iqyu(l)} .
If a; > 0 and ag > 0 (or if one of them vanishes) then we can reproduce exactly the same analysis

as in Section 3. In particular, there is no restriction on the sizes of these coefficients. The results
we give here to handle the weakly dissipative case are also valid in this situation.

to the problem (1.5) is now given by T,

The strategy will be the same as in Section 3, so we will only emphasize the differences. We
first remark that 0 is an eigenvalue of Ty, 4, if and only if a; = ag = 0. Otherwise, A> € C* is an
eigenvalue of T, ,, if and only if

(A —a))(\ = ag)e®™ = (A + a;) (A + ao). (7.1)
We recover (3.3) when a; = ag.

Lemma 7.1. Let aj,ap € R and A\ € C* be such that a; + ag # 0 and \* is an eigenvalue of
Ta,,a0- Then Re(X) ¢ vN.

We recall from [KBZ06] that if a; + ag = 0 (PT-symmectric case) then n?v? € o(Ty, q,) for
all n € N* (see also Figure 1 for a; + ag > 0 small).
Proof. ¢ We assume by contradiction that Re(A) € vN. According to (7.1) we have

A+ a)A+ao0)  sun _ _—ortm(n)
— 1 — m R*.
C—a)h—a) € €K+

After multiplication by |A — a;|* |A — ao|® € R* we obtain
(|A? = 2ia; Im(\) — a?) (|A]* — 2iao Im()) — a3) € RY.
Taking the real and imaginary parts gives
A" = (a? + ad) N? + afa? — 4a;a0 Im(N)? > 0 (7.2)

and

2Im(\)(a; + ao) (N — arao) = 0. (7.3)
e Assume that ajap > 0. In this case Im(\) # 0 (for the same reason as in the proof of
Proposition 2.6), so (7.3) implies |A|* = a;ag. Then (7.2) reads

—ayap(a; — ag)? — 4ajag Tm(\)? > 0,
which gives a contradiction.

e Now assume that ajag < 0. Then (7.3) implies Im()\) = 0 and hence ¢*!* = 1. From (7.1)
we now obtain

()\ - al)()\ - ao) = ()\ + al)()\ + ao),
which is impossible since A(a; + ag) # 0. This concludes the proof. O

Proposition 7.2. There exists p > 0 such that if |a;|+]ao| < p and a;+ag > 0 then the spectrum
of Ta, a0 18 given by a sequence (Ap(aj, ap)?)nen of algebraically simple eigenvalues such that
sup Im (A, (az, a0)?) < 0.
neN

Moreover, any sequence of normalized eigenfunctions corresponding to these eigenvalues forms
a Riesz basis.
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FIGURE 1. A, (aj,a9) for n € {0,...,30} and | = 7.

Proof. As in the proof of Proposition 3.1 we can see that for any R > 0 there exists Cr > 0
such that if A> € C* is an eigenvalue of T}, o, we have

Re\|<R = |Im)| < Ch. (7.4)

The operator Ty, 4, depends analytically on the parameters a; and ap, and we know that when
a; = ap = 0 the eigenvalues n?v? for n € N are algebraically simple. With the restrictions given
by (7.4) and Lemma 7.1, we obtain as in Section 3 a sequence of maps (a;, ag) — An(ar, ag) such
that the eigenvalues of Ty, 4, are A,(a;,a0)? for n € N. Let n € N*. We have

T
A, a0) = nv = = (ar +a0) + Y@ + a0)* + O (o’ Jao[*) (7.5)

with Re(y) = [/(nm)®> > 0. As in the dissipative case, we obtain that for any a;,aq with
a; + ap > 0 these eigenvalues A, (a;, ag) are simple. If moreover a; and ag are small enough, the
eigenvalue A, (a;, ag)? is close to (nv)? and away from the real axis uniformly in n € N* (the first
two terms in (7.5) are also the first two terms of the asymptotic expansion for large n and fixed
a; and ap). It remains to check that we also have Im(\g(a;, ag)?) < 0. For small a;, agp we denote
bY ¢a,.00(0) a normalized eigenvector corresponding to the eigenvalue A\g(a;, ap)? and depending
analytically on a; and ag. For all » € H'(0,1) we have

<30:1l,a0 ) 1//>L2(07l) - ial‘paz,ao (ZW(Z) - iaO@az,ao (0)1#(0) = )‘0(047 a0)2 <80a,,a0; w>L2(0,l)

We apply this with ¢ = ¢4, 4,, take the derivatives with respect to a; and ag at point (a;, ap) =
(0,0), and use the facts that g is constant and Ag(0,0) = 0. We obtain

Varan (W) = =3 (L,1).
This proves that Im (/\O(al, ao)z) < 0 if a; and ag are small enough with a; + ag > 0. The Riesz
basis property relies as before on the fact that
I\ (ar,a0) —nv| = O(n™1).
For this point we can follow what is done in Section 3 for the dissipative case. O

For n € N and a;,a9 € R with a; + ag > 0 we consider a normalized eigenvector ¢, (a;, ag) €
L?(0,1) corresponding to the eigenvalue A, (a;, ag)? of Ty, 4, We denote by (o7 (ar, ap))nen the
dual basis.

Proposition 7.3. Letug € D(H,). Then the problem (1.5) has a unique solution v € C1(R, L*(Q))N
C°(R,D(H,)). Moreover if we write

Upg = Z Ug,n ® Qon(ala aO)
neN
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where ug , € L2(R4™Y), then u is given by

u(t) _ Z (e—it(—A1~+/\n(al,ao)z)uo’n) ® @n(az,ao)-

neN

Proof. @ Assume that v € C°(Ry,D(H,)) N C*(R%, L*(2)) is a solution of (1.5). Let t € RY.
For all n € N and almost all 2 € R%~! we can define u, (t,z) = (u(t; z, ), onlar, ao)) 2(g 1) SO
that in L?(Q)

= un(t) @ pnlar, ap).

neN

According to Proposition 4.3 (which can be proved exactly the same way in this context) we
have u,(t) € H?*(R?™1) for all t € R and n € N, and for s € R* we have

ZM — Hu(t) = Z <Z‘un(t +5) —un(t) (=Ay + Mo (ar, ag)?) un(t)) ® @n(ar, ag).

S S
neN

Let n € N. According to Proposition 3.2 we have

,LU/n(t + 3) — Un(t) _ (_Ax + An(a/lyaO)Q) U(t) 5 Zw _ Hau(t)
s L2(Rd—1) B} L2(Q)
— 0.
s—0

This proves that u,, is differentiable and for all t > 0
iul,(t) = (—Ag + Anlar, ao)?) un(t).
Then for all ¢ > 0
up(t) = e—it(—Ax+)\n(al,a0)2)un(0) _ e—it(—Am+>\n(al,a0)2)uo,n'

e Conversely, let us prove that the function u defined by the statement of the proposition
is indeed a solution of (1.5). Let ¢ € R. According to Proposition 4.3, wg, and hence

e_it(_A”"")‘”(a“aO)z)uo,n belong to H?(R?1!) for all n € N. Therefore u(t) € D(H,). Then
for all s € R* we have

[
1

S
neN

2

a (_AI + A”(alva0)2)> e_it(_Aw—H‘"(“l’%)z)uo,n
L(Rd-1)
2

SeY

neN

NtZH —Ag + An( al,ao)Q)UmndSHi(Rd*l)
neN

/ —is(—Am—&-)\n(al,ao)z) - 1) (_A;E + An(al7 a0)2) U,n, ds

L(Rdfl)

2
St Hawol| 720

This series of functions converges uniformly in s so we can take the limit, which proves that for

any t € R
2

— 0.
s—0

iu(t +5) —u(t)
s
This proves that u is differentiable and iu'(t) + Hou(t) = 0, so w is indeed a solution of (1.5). O

— Hau(t)

Now we can prove Theorem 1.4:

Proof of Theorem 1.4. According to Proposition 7.3 we have existence and uniqueness for the
solution u of the problem 1.5. Then with Proposition 3.2 we have

. 2
L B R
neN

< 3 cmOn00a0?) g 2
neN

2

L2(Rd—1)
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Proposition 7.2 gives 74, 4, > 0 such that

2 - 2 - 2
()72 S e a0 Z [wo,nll72ga-1) S € a0 [uollz2 () -
neN

which concludes the proof. O

In the end of this section we show that the smallness assumption on |a;| + |ag| is necessary in
Theorem 1.4. More precisely, if |a;| and |ag| are too large, then the transverse operator Ty, 4,
has eigenvalues with positive imaginary parts and hence the solution of the Schrodinger equation
grows exponentially.

Proposition 7.4. Let a;,a9 € R with a; + ag > 0 and ajag < 0. Let n € N. If s > 0 is large
enough, we have Im ()\n(sal, sao)z) > 0.

Proof. We know that the curves s — \,(sa;, sag) for n € N are defined for all s € R and remain
bounded. Moreover we have chosen the square root \,(sa;,sag) of \,(sa;,sag)? which has a
non-negative real part, so the imaginary parts of \,(sa;, sagp) and \,(sa;, sag)? have the same
signs. Assume that a;ag < 0, and let n € N* be fixed. We have

(An(sar, sag) + sar)(An(say, sag) + sagp) 2Mn(ag,a0) (1 1 9
=1 — 4= .o
(An(sar, sag) — say)(An(sar, sag) — sagp) + s a; + ao +,9 (S ) (7.6)

s—+00

Since Re(\,(say, sap)) > nv and Im(A, (say, sag)) is bounded, this quantity is of norm less than
1 when s > 0 is large enough, so

ef2llm()\n(sal,sag)) _ 62il)\n(sal,sag)

<1,

and hence Im(\, (sa;, sag)) > 0. When n = 0, the same holds if we can prove that A\g(sa;, sag)
does not go to 0 for large s. Indeed, in this case the only possibility to have

eQilAg(sal,sao) 1

is that Ag(say, sag) goes to v, and then Re(Ag(sa;, sag)) is bounded by below by a positive
constant, and we can conclude as before. So assume by contradiction that \g(sa;, sag) goes to 0
as s goes to +00. Then we have

62il}\0(8ahsa0) =1+ 2il>‘0(5ala SCLO) + O ( |)‘0(5ala Sa’o))‘Q )7
s——+o00

which gives a contradiction with (7.6), where the rest O(s2) has to be replaced by O(A\3s™2).
This concludes the proof. O

Remark 7.5. We remark from (7.5) (see also Figure 1) that given a;, ag € R such that a;+ag > 0
we always have Im(\,(a;,a9)) < 0 if n is large enough. By duality, this means that there is
always an eigenvalue with positive imaginary part when a; + ag < 0, and hence the norm of the
solution of (1.5) is always exponentially increasing in this case.
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