N
N

N

HAL

open science

Normal class and normal lines of algebraic hypersurfaces

Alfrederic Josse, Francoise Pene

» To cite this version:

Alfrederic Josse, Frangoise Pene. Normal class and normal lines of algebraic hypersurfaces. 2014.

hal-00953669v4

HAL Id: hal-00953669
https://hal.science/hal-00953669v4

Preprint submitted on 2 Apr 2016

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00953669v4
https://hal.archives-ouvertes.fr

NORMAL CLASS AND NORMAL LINES OF ALGEBRAIC
HYPERSURFACES

ALFREDERIC JOSSE AND FRANCOISE PENE

ABSTRACT. We are interested in the normal class of an algebraic hypersurface Z in the com-
plexified euclidean projective space P", that is the number of normal lines to Z passing through
a generic point of P". Thanks to the notion of normal polars, we state a formula for the normal
class valid for a general hypersurface Z C P". We give a generic result and illustrate our formula
on examples in P". We define the orthogonal incidence variety and compute the Schubert class
of the variety of projective normal lines to a surface of P? in the Chow ring of G(1,3). We
complete our work with a generalization of Salmon’s formula for the normal class of a Pliicker
curve to any plane curve with any kind of singularity.

INTRODUCTION

The notion of normal lines to an hypersurface of an euclidean space is extended here to the
complexified euclidean projective space P™ (n > 2). In this setting, H*° the hyperplane at
infinity is fixed, together with the umbilical at infinity Uy, C H, the smooth quadric in H*
corresponding to the intersection of H*° with any hypersphere (see Section 1.1 for details). The
aim of the present work is the study the normal class ¢,(Z) of a hypersurface Z of P™, that is
the number of m € Z such that the projective normal line N;,,(Z) to Z at m passing through a
generic my; € P" (see Section 1 for details). Our estimates provide upper bounds for the number
of normal lines, of a real algebraic surface in an n-dimensional affine euclidean space FE,,, passing

through a generic point in F,,. Let us consider the variety 91z of projective normal lines of
Z by

n(n+1) 1

Nz = Nn(Z)im € 2} C G(1,n) C P
and its Schubert class nz := Nz] € A" YG(1,n)) (when dim9z = n — 1). The fact that
PGL(n,C) does not preserve normal lines complicates our study compared to the study of
tangent hyperplanes. We prove namely the following result valid for a wide family of surfaces of
P". Let Z = V(F') be an irreducible hypersurface of P". We write Z,, := Z NH>™. Note that
the singular points of Z,, correspond to the points of tangency of Z with H°.

Theorem 1. Let Z € P" be a smooth irreducible hypersurface of degree dz > 2 such that H™ is
not tangent to Z and that at any m € Z,o NUx, the tangent planes to 2 and to Us at m are
distinct. Then the normal class ¢, (Z) of Z is
n—1
e (2)=dz Y (dz —1)".
k=0
In particular,

o ifdz =2, ¢(2)=n;
e ifn=2 ¢,(2)=dz;
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e ifn=3,c,(2)=ds —d%+dz;
o ifn=4,c,(2)=ds —2d3 +2d%;
e ifn=>5, ¢, (2)=d% —3d% +4d% — 2d% + dz.

The normal class of an hyperplane H C P™ (other than H*) is ¢, (H) = 1.

Actually we establish a general formula which is valid for a wider family of hypersurfaces of
P, The notion of normal polars P4 z plays an important role in our study. It is a notion
analogous to the notion of polars [2]. Given an irreducible hypersurface Z C P™ of degree dz,
we extend the definition of the line N,,(S) to any m € P". We then define a regular map

az: IP’"\BEZO) L P

az). We will see that Bz := BEZO) N Z corresponds to the union of the set of singular points of Z,
of the set of points of tangency of Z with H* and of the set of points of tangency of Z,, with
Uso. For any A € P", we will introduce the notion of normal polar P4 z of Z with respect to A

as the set of m € P" such that either m € Bg) or A € N,,,(Z). We will see that, if dim Bg)) <1,
then, for a generic A € P,

corresponding to m — N,,(Z) (where BEZO) is the set of base points of

n—1
dimPaz =1 and deg(Paz) =Y (dz — 1)
k=0
Theorem 2. Let Z be an irreducible hypersurface of P™ with isolated singularities, admitting a
finite number of points of tangency with H*>® and such that Z has a finite number of points of
tangency with Us,. Then the normal class ¢, (Z) of Z is given by

n—1
c(2)=dz.» (dz—1)" = > ip(Z,Paz),
k=0 PeBz

for a generic A € P", where ip(Z,Pa z) is the intersection multiplicity of Z with Pa z.

In dimension 3, we obtain the following result.

Theorem 3 (n=3, normal class and Chow ring). Let S be an irreducible surface of P3 with
isolated singularities, admitting a finite number of points of tangency with H*™ and such that Seo
has a finite number of (non singular) points of tangency with Us,. Then

ns = ¢, (S).09 + ds(ds — 1).011 € A%(G(1,3)),

where the normal class ¢,(S) of Z is equal to dz.deg(Pa,z) (for a generic A € P™) minus the
sum of the intersection multiplicities of S with its generic normal polars Pas at points of Bs.

Corollary 4 (n=3). For a generic irreducible surface S C P? of degree d > 2, we have ¢, (S) =
d®—d*+d and
ng = (d* — d* +d).oy +d(d—1).011 € A*(G(1,3)).

In the next statement, we consider smooth surfaces S of P? (P2 being endowed with projective
coordinates [x : y : z : t]) such that Sy, has no worse singularities than ordinary multiple points
and ordinary cusps.

Theorem 5 (n=3). Let S C P? be a smooth irreducible surface of degree ds > 2 such that:

(i) in H®, the curve Soo has a finite number of points of tangency with Uso,

) any singular point of Seo is either an ordinary multiple point or an ordinary cusp,
iii) at any (non singular) point of tangency of Seo with U, the contact is ordinary,

) at any singular point of Soe contained in Us, the tangent line to Us is not contained in
the tangent cone to Ss.
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Then
nsg = CV(S).O'Q + ds(ds — 1).0’171 € AQ(G(LP)))

and the normal class of S is

) (8) = d§ — d% +ds =Y _((k — 1)*m) + k(k — 1)m)) — 257, — 3foo — Coo,
k>2
where

° mzék) (resp. mé’é)) is the number of ordinary multiple points of order k of Soo outside

(resp. contained in) Uso,
o K’ (resp. Roo) is the number of ordinary cusps of S outside (resp. contained in) Uso,
® Co is the number of ordinary (non singular) points of tangency of Seo with Us.

Example 6 (n=3). The surface S =V (zzt —ta? — 2t> — 122 +y3) C P? is smooth, its only point
of tangency with Heo = V (t) is P[1:0: 0 : 0] which is an ordinary cusp of See = V (t, —x2%4+1>).
Moreover Soo has no point of tangency with Us,. Hence the normal class of S is 27—9+3—2 = 19.

Theorem 1 (resp. 5) is a consequence of Theorem 2 (resp. 3). In a more general setting, when
n = 3, we can replace as in s = 3¢ (for some homogeneous polynomial H of degree dp) so

that the set Béo) of base points of &g has dimension at most 1. In this case, we consider a notion

of normal polars associated to s which have generically dimension 1 and degree CZ?S —ds+1
(With ds = ds — dH).

Theorem 7 (n—3). Let S be an irreducible surface of P3. If the set Bg)) NS is finite, then
ns = ¢,(S).00 + ds(ds — 1).011 € A*(G(1,3)) and the normal class ¢,(S) of S is equal to
dg(c% —ds+ 1) minus the intersection multiplicity of S with its generic normal polars 75,473 at
points m € Béo) NnsS.

When the surface is a "cylinder" or a surface of revolution, its normal class is equal to the
normal class of its plane base curve. The normal class of any plane curve is given by the simple
formula of Theorem 8 below, that we give for completness. Let us recall that, when C = V(F')
is an irreducible curve of P2, the evolute of C is the curve tangent to the family of normal lines
to Z and that the evolute of a line or a circle is reduced to a single point. Hence, except for
lines and circles, the normal class of C is simply the class (with multiplicity) of its evolute. The
following result generalizes the result by Salmon [9, p. 137| proved in the case of Pliicker curves
(plane curves with no worse multiple tangents than ordinary double tangents, no singularities
other than ordinary nodes and cusps) to any plane curve (with any type of singularities). We
write /o, for the line at infinity of P2. We define the two cyclic points I[1 : 4 : 0] and J[1 : —i : 0]
in P2 (when n = 2, Uy, = {I,J}).

Theorem 8 (n=2). Let C = V(F) be an irreducible curve of P? of degree d > 2 with class d".
Then its normal class is

(€)= d+d" — 0(C, lus) — 1 (C) — ps(©),
where Q denotes the sum of the contact numbers between two curves and where up(C) is the

multiplicity of P on C.

In [4], Fantechi proved that the evolute map is birational from C to its evolute curve unless if!
F2+ Fy2 is a square modulo F' and that in this latest case the evolute map is 2 : 1 (if C is neither
a line nor a circle). Therefore, the normal class ¢, (C) of a plane curve C corresponds to the class

LWe write [z :y: 2] for the coordinates of m € P? and F;, F,,, F, for the partial derivatives of F'.
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of its evolute unless F2 + Fy2 is a square modulo F' and in this last case, the normal class ¢, (C)
of C corresponds to the class of its evolute times 2 (if C is neither a line nor a circle).

The notion of focal loci generalizes the notion of evolute to higher dimension [10, 1]. The
normal lines of an hypersurface Z are tangent to the focal loci hypersurface of Z but of course
the normal class of Z does not correspond anymore (in general) to the class of its focal loci (the
normal lines to Z are contained in but are not equal to the tangent hyperplanes of its focal loci).

In Section 1, we introduce normal lines, normal class, normal polars in P" (see also Appendix
B for the link between projective orthogonality and affine orthogonality). In Section 2, we study
normal polars and prove Theorems 2 and 1. In Section 3, we introduce the orthogonal incidence
variety Z+ in G(1,n), give some recalls on the Schubert classes in the Chow ring of G(1,3) and
prove Theorems 3 and 7. In Section 4, we prove Theorem 5. In Section 5.1, we apply our results
on examples in P3: we compute the normal class of every quadric and of a cubic surface with
singularity Fg. In Section 6, we prove Theorem 8. Appendix A on the normal class of "cylinders"
and of surfaces of revolution in P".

1. NORMAL LINES, NORMAL CLASS AND NORMAL POLARS

1.1. Definitions and notations. Let V be a C-vector space of dimension n + 1. Given Z =
V(F) # H*> an irreducible hypersurface of P" = P(V) (with F € Sym(V"Y) = Clz1, ..., xnt1]),
we consider the rational map nz : P" --» H> given by nz = [Fy, : -+ : F,, : 0]. Note that,
for nonsingular m € Z such that the tangent hyperplane 7,,Z to Z at m is not H>, nz(m)
is the pole of the (n — 2)-variety at infinity 7,,Z N H> C H* with respect to the umbilical
Uso := V(22 + ...+ 22) NH® C H*™. Uy corresponds to the set of circular points at infinity.

Definition 9. The projective normal line N,,Z to Z at m € Z is the line (mnz(m)) when
nz(m) is well defined in P and not equal to m.

Remark 10. This is a generalization of affine normal lines in the euclidean space E, . Indeed,

if F' has real coefficients and if m € Z \ Hoo has real coordinates [xgo) R x&o) : 1], then N Z
corresponds to the affine normal line of the affine hypersurface V(F(x1,...,zpn,1)) C E, at the
point of coordinates (x§0)7 e ,xslo)) (see Section B).

The aim of this work is the study of the notion of normal class.

Definition 11. Let Z be an irreducible hypersurface of P". The normal class of Z is the
number ¢, (Z) of m € Z such that Npyp(Z) contains my for a generic my € P™.

Let A := {(m1,m2) € P*" x P" : my = ma} be the diagonal of P" x P". Recall that the
n(n+l)

Pliicker embedding (P x P")\A & P(A2 V) = P*5™ -1 s defined by

2
n(n+1)_
Pl(u,v) = [\ (uv) = [pij = wiv; = ujoidyqojany €P 71

with p; j = —pj; the (i, j)-th Pliicker coordinate, identifying P 71 with the projective space
of n x n antisymmetric matrices. Its image is the Grassmannian G(1,n) (see [3|) given by

n(n+1)
—5 -1

G(1,n) :=PI((P")’\A) = () V(Bijijojs) CP ;
(4,91,J2,J3) €T

where Bjj, jo.js = Dij1Pjs.js — PirjoPi1.js + PijsPirj» and where T is the set of (i, j1,7j2,J3) €
{1,...,n 4+ 1} such that j; < j2 < j3 and j1, jo, js # i. We recall also that dimG(1,n) = 2n — 2.
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Remark 12. Let hz : P\ V(F,,, - ,Fy,) — P" x P be the morphism defined by j(m) =

(m,nz(m)). The variety Nz C G(1,n) of projective normal lines to Z is the (Zariski closure
n(n+l)

of the) image of Z by the regular map az = Plohz : P"\ BY — P21 with BY =
V(ley"'aan) Uj_l(A), i.€.

2 2
Bg) = {m e P /\(m, nz(m)) =0 in /\V} .

Note that the number of normal lines to Z passing through A € P™ corresponds to the number
of m € Z \ Bz satisfying the following sets of equations :

3

3
Amnz(m) A]=0 in AV. (1)

Definition 13. For any A € P", the set of points m € P™ satisfying (1) is called normal polar
Pa,z of Z with respect to A

1.2. Projective similitudes. Recall that, for every field k,
GO(n,k) ={A € GL(n,k);IN e k" A A=\-1,}

is the orthogonal similitude group (for the standard products) and that GOAf f(n,k) =
k™ x GO(n,k) is the orthogonal similitude affine group. We have a natural monomorphism
of groups k : Af f(n,R) =R" x GL(n,R) — GL(n + 1,R) given by

ail ... . Q1p b1
a1 ... o Q9np b2
k(b A) = 2)
[47°% ] .. o App bn
0 .. 0 0 1

and, by restriction, slgoaffnr) : GOAff(n,R) = R" x GO(n,R) — GL(n + 1,R). Analo-
gously we have a natural monomorphism of groups &' := (k @ 1)|lcoaffm,c) : GOAff(n,C) =
C"xGO(n,C) — GL(n+1,C). Composing with the canonical projection 7 : GL(n+1,C)
P(GL(n+ 1,C)) we obtain the projective complex similitude Group:

Sime(n) == (o &) (GOAF f(n, C)).

which acts naturally on P”.

Definition 14. An element of P(GI(V)) corresponding to an element of SWn) with respect
to the basis (e1,- - ,ey,) is called a projective similitude of P".

The set of projective similitudes of P is isomorphic to Simc(n).

Lemma 15. The projective similitude preserves the orthogonality structure in P™. They preserve
namely the normal lines and the normal class of surfaces of P™.

This lemma has a straightforward proof that is omitted.

2. PROOF OF THEOREM 2

2.1. Geometric study of Bz := Bg) N Z. We write Z,, := Z N H*®. Recall that U, =
HOOHV(x%—i—...—i—x?L).
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Proposition 16. A point of Z is in Bz if it is a singular point of Z or a tangential point of Z
at infinity or a tangential point of Z to the umbilical, i.e. Bz = Sing(Z) U K (2) UT«(2),
where

e Sing(Z) is the set of singular points of Z,

o Koo(Z2) is the set of points of Z at which the tangent hyperplane is H,

o I'o(2) is the set of points of Zoo NUs at which the tangent space to Zo, and to Us, are
the same.

Proof. Let m € Z. We have
2
meBz < N (mmnz(m))=0

< nz(m)=0orm=nz(m)

& meV(Fy, -, Fy,) orm=mnz(m).
Now m € V(F,,,--- , Fy,) means either that m is a singular point of S or that 7,,Z = H>.
Let m = [x1 : --+ : py1] € Z be such that m = ng(m). So [xy : -+ : xpyy] = [Foy 0 -+ ¢

F,, : 0]. In particular ,,, = 0. Due to the Euler identity, we have 0 = .7z, F,, = Sl o2,
Hence m € Uy,. Note that the (n—2)-dimensional tangent space T,,Uso t0 Uso at m has equations
Xpt1 = 0 and (m,-) and that the (n — 2)-dimensional tangent space T,,Z to Zo at m has
equations X,,+1 = 0 and ((ns(m),-). We conclude that 7,,Uso = TinZoo-

Conversely, if m = [z1 : --+ : @, : 0] is a nonsingular point of Z,, N U such that Tp,Us =
TmZoo, then the linear spaces Span(m, é€,11) and Span(VF,é,1) are equal which implies that
[1: iy 0l = [Fyy -+ Fy, 1 0] O

Recall that the dual variety of Z,, C H® is the variety ZY, C (H*)Y = (P"!)V of tangent
hyperplanes to Z,. It corresponds to the (Zariski closure of the) image of Z,, by the rational
map nz. We write 2 C P" for this image. With this notation, Bz = Sing(Z) U (2. N Z%.).

Remark 17. For a generic hypersurface of P, Bz = () and so dim Bg]) <0.

But we will also consider cases for which #Bz < oo, and so dim Bg) <1

Example 18 (n=3). For the saddle surface S; =V (zy — zt), the set Bs, contains a single point
[0:0:1:0] which is a point of tangency at infinity of Si.

For the ellipsoid & = V (2% + 2y® + 422 — t2), the set Bg, is empty.

For the ellipsoid E = V(22 + 4y? + 422 — 12), the set Bg, has two elements: [0 : 1 : £i : (]
which are points of tangency of Eo with Uss.
Example 19. For the cuartic Z := V(22 + 23 + (13 4+ x5)13 + (223 + 24)74) C P4, Sing(Z) =0,
Koo(Z)={[0:0:1:—-1:0]} and I'so(Z) = {I1, Lo}, with 1[1:7:0:0:0] and I3[1: —i:0:0:
0].

2.2. Normal polars of Z C P". Let Z = V(F) C P" (with F € Sym(V")) be an irreducible
hypersurface. For every A € P", the normal polar P4 = of Z with respect to A is the set of
n+1

m € P" satisfying the ( 3

) equations of (1). For every m, A € P", we have

m e Paz & mGBg]) or Ae N, 2,
extending the definition of N, Z from m € Z to m € P™.
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Lemma 20 (The projective similitudes preserve the normal polars). Let Z = V(F) C P" be a
hypersurface and ¢ be any projective similitude, then ¢(Pa z) = Poa),pz)-

Proof. Due to Lemma 15, o(N;, Z) = Ny(m)(¢(Z2)) which gives the result. O
Note that

PA,g:Bg))U ﬂ az' Haijn |

1<j<k

where H 4 ; j« is the hyperplane of P%fl given by Ha, i := V(Dijk) C ! with
D;jr = aipjr — ajpir + arpij. On G(1,n), p = Pl(u,v) € ﬂi<j<kHA,i,j,k‘ means that
A’ (A,u,v) = 0.

Lemma 21. For every A € P", the set ()

n(n+1)

i<j<k MAijk 1S Q (n — 1)-dimensional linear space of

~1 contained in G(1,n).

Proof. Let Alay : -+ : apt1] € P". Assume for example aj, # 0 (the proof being analogous when
aj # 0 for symetry reason).

Let p € (;cj<pMa,ijk Let us prove that p € G(1,n). Let 4,j1,52,73 € {1,...,n + 1} be
distinct indices. Due to Dj, j, js = Dj j, j, = 0, we have

Q) QjoDi,j1 Pia,jz = Gj1 QjaPir,jalisjz T ajlpjl,j2(_aj3pi,j2)
+ aj2pj1,j2(_aipj1,j3) + Pji1,j2 (aiajspjl,j2)
= )y QjyDj1,jsPijo — Qg1 QjaPi,js P jo — GjPjrjaDija,js + iDjy,ja Dy jaja-

Hence aj,a;,B; j, j,.is = 0, for every i, ji, j2, js € {1,...,n+1}. So By j, j,.j; 7 0 implies that a;, =
aj, = aj, = 0 (up to a permutation of (4, 1,52, 3)) and s0 0 = Dj, j, jo = Djojois = Djo.jr.js
imply pj, j» = Pjsjs = Pjr,js = 0 which contradicts B; j, j, j; 7 0. Since AYA, A u,v) =0, we
get that a;,D; j . —a;Djy jx+ajDj, ik — apDjy ;5 = 0 for every 1 <i < j <k < n+1 such that
o . . -1
i,J,k # jo. Hence (i Haijk = Nicjijzio HAvjosij- Since ap # 0, the "(" )

n(n +1)
i<jijtjo Aoy C P
=n—1. |

corresponding

linear equations are linearly independent and so ) ~! has dimension

n(n+1 n—1)n
nntl) g _ (oot

Proposition 22. Let Z =V(F) C P" be an irreducible hypersurface such that dz := deg Z > 2
and dim Bg) < 1. Then, for a generic A€V, we have dimPy z =1 and

n—1

degPaz = » (dz —1)".
k=0

Proof. Due to the proof of Lemma 21, for every A € P" such that a,,11 # 0, we have ﬂi<j<k Haijk =
n n+1)

and so

Paz= (] V(Bai) CP",

b
1<i<j<n

nz<]<n+1 Ha mtlig C P

with
Vi,je{l,...,n}, FEa;j:=1La iFe; — LajFe, and L= anq12; — aiTn g,

Le. Baij=any1(ziFy; —v;F,) + ajzn1Fy; — aiwyy1Fy;. Note that
LapBaij—LajBair=Laibar; and Fp Ea;;—FrEar=Fe,Eag;. (3)
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Hence

Vie{l,..,n}, Paz\V(LaiFe)= [\  V(Baij)\V(Las Fr), (4)
Je{lmm I\ (i}

and so dimP4 z > 1. Recall that BEZO) = Ny Vzpg1 Fyy) N ﬂZj:l V(xiFy; — x;F,,;) and

that we have assumed that dim BEZO) < 1. In particular Pgz N H™ = Bg]) N H* and BEZO) \
H>® =V (Fyy, ..., Fp, ) \ H™°. This combined with (4) and with the expression of E4; ; leads to
dimPy z = 1.

Now let us compute the degree of P4 z. The idea is to prove an induction formula. Assume
that A ¢ H* is such that dimPyz = 1. Let H = V(Z?:Jrll a;z;) C P™ be an hyperplane
such that #(H NPaz) = degPa,z and Y ;" oz? # 0. We compose by a projective similitude

¢ : P" — P" so that ¢(A) has projective coordinates [0 : --- : 0 : 1] and that H = ¢(H) =

V(x1 = brps1) C P Set 2 := ¢(2) = V(F) C P", with F := F 0 . Hence ¢(Pa,z) = Py 4) 2
T Fy,

is the set of points m[zy : --- : z,41] € P" such that A : . =0in A’ V.
xon 6"

We then define G(22, ..., py1) .= F(bZps1, 2o, @ny1) € Clag, ..., tni1] and H(xs, ..., Tppy) =
G(0,23,....;zn11) € Clrz,...,xpy1]. We set 21 := V(G) C P71, 2y := V(H) C P" 2 and
Bil0:...:0:1] € Pk, We then write Pn—k.B, .2, for the normal polar in Pk of Z, c Pk
with respect to B,_j, with the conventions Py p,z, = 0 (if & = n) and P1 p, z, = Pt (if
k =mn —1). We will prove that

degPaz =dxdegPp-1B, 1,z — (d—1) xdegPy 25, , 2, -

Let II; : P* — P! and Il : P* — P"~2 be the projections given by IIi[z1 : ... : 2,4 1] = [22 :
o i Tpy1) and Igfxy @ ot Xpgq] = [x3 1 .t 2pg1]. Due to (3),

HOV (21 Fpy =20y ) (Poo1,8,1,20) = (HOPy 4y 2)U[HOV (@2, Foy )OI, (P2, ,2,)].

(5)

For a generic ‘H and for a good choice of ¢, the union in the right hand side of (5) is disjoint and
degPaz = #HNPaz)

= dz.degPp 18,1,z — (dz —1). Py 2B, 5 2

Hence deg P4,z = dz if n = 2 and deg Pa z = d% —dz + 1 if n = 3. The formula in the general
case follows by induction. O

Analogously we have the following.

Proposition 23 (n=3). If S is an irreducible algebraic surface of P* (with projective coordinates
[:y:z:t]) and if dim Béo) = 2, then the two dimensional part of Béo) is V(H) C P3 for some
homogeneous polynomial H € Clx,y, z,t] of degree diy. We write as = H - &s. Note that the
reqgular map as : P3\ Bfgo) — P3 (with dim Bg]) < 1) associated to &s. We then adapt our
study with respect to as instead of as and define the corresponding polar Pa.s. Then, we have

deg75,473 = (ds — dH)2 —ds +dyg + 1.
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Example 24. Note that the only irreducible quadrics S = V(F) C P? such that dim Béo) > 2
are the spheres and cones, i.e. with F' of the following form

F(z,y,2,t) = (x —zot)* + (y — yot)* + (2 — 20t)? + aot?,
where xo, Yo, 20, ag are complex numbers (it is a sphere if ag # 0 and it is a cone otherwise).

Hence, due to Proposition 22, the degree of a generic normal polar of any irreducible quadric
of P3 which is neither a sphere nor a cone is 3.

Moreover, for a sphere or for a cone, applying Proposition 23 with H = t, 75,475 s a line for
a generic A € P3.

2.3. Proof of Theorems 1 and 2.

Proof of Theorem 2. Let Z be an irreducible surface of P" of degree dz > 2 such that #Bz < oc.
It remains to prove that

c,(8) =dz.degPaz — Y ip(Z,Paz), (6)

PeBz

for a generic A € P". Note that, for a generic A € P, since az(Z) is irreducible of dimension at
most n — 1, we have # (), ;. Ha,ijk Naz(Z) < oo and so #Pa,zNZ < oo (since #Bz < 00).
Since dim P4,z = 1 and #Z NPy z < oo for a generic A € P", due to Proposition 22 and to the
Bezout formula, we have:

dz.deg (Paz) = deg(ZNPaz)
= Y ip(Z,Paz)+ Y, ir(Z,Paz).
PeBz PeS\Bz
Now let us prove that, for a generic A € P,

Z ip(Z,Paz)=#(Z2NPaz)\Bz). (7)
PeZ\Bz

Since az defines a rational map, az(Z) is irreducible and its dimension is at most n — 1.

Assume first that dimaz(Z) < n — 1. For a generic A € P, the plane ﬂi<j<k Hajk does

not meet az(Z) and so the left and right hand sides of (7) are both zero. So Formula (6) holds
true with ¢,(2) = 0.

Assume now that dimaz(Z) = n — 1. Then, for a generic A € P", the plane ﬂi<j<k, Haijk
meets az(Z) transversally (with intersection number 1 at every intersection point) and does not
meet az(Z) \ az(Z). This implies that, for a generic A € P", we have ip (Z,P4z) = 1 for
every P € (SNP4,z)\ Bz and so (7) follows. Hence, for a generic A € P", we have

dz.deg(Paz) = Z ip(2,Paz)+#{P € Z\Bz: A€ NyZ}
PeBz
= ) ip(S,Paz) +a(2),
PeBz
which gives (6). O

Proof of Theorem 1. Let H = V(Z?:Jrll a;z;) be an hyperplane such that H # H*>. For every
m € H, ny(m)fay : -+ : ayp : 0] € P*. Hence every A € P" belong to a single normal line to H
(the line containing A and [a; : -+ - : a, : 0]).



NORMAL CLASS AND NORMAL LINES OF ALGEBRAIC HYPERSURFACES 10

The case dz > 2 follows from Theorem 2 and Remark 17. O

3. ORTHOGONAL INCIDENCE VARIETY AND SCHUBERT CLASSES

3.1. Orthogonal incidence variety. Let us write as usual G(1,n) (resp. G(n — 1,n)) for the
grassmannian of the lines (resp. of the hyperplanes) of P". Let us write pr; : G(1,n) x G(n —
1,n) — G(1,n) and pro : G(1,n) x G(n — 1,n) — G(n — 1,n) for the canonical projections. We
define the orthogonal incidence variety Z+ by

Tt = {(L1,H1) € G(1,n) x G(n—1,n) : L1LH,}.

Let us write p; : Z- — G(1,n) and ps : Z+ — G(n — 1,n) for the restrictions of pr; and prs.
We want to describe in the Chow ring of G(1,n) and G(n — 1,n) = P the rational equivalence
class of papy *(£) and p1p; ' (H).

Lemma 25. poop;' : G(1,n) \ {£L C H®} — G(n — 1,n) is a line projective bundle and
propy ! :G(n—1,n)\ {H®} — G(1,n) and is a plane projective bundle.

Proof. Let H =V (ajz1+- - any12Zn+1) be a projective hyperplane of P, which is not H*°. Then
pilpy'(H)) = {L£ € G(1,n), (a1, -+ ,a,,0) € L}.
Moreover py(py ' (H™®)) = G(1,n).
Let £ ¢ H* be a line of P3, let Aglay : --- : a, : 0] be the only point in £ N H>, we have
pe(pyH(L) ={H €G(n—1,n) : a:b] €P, H="V(aa1z) + -+ aanz, + brmi1)}.

Finally, if £ =P(L) C H* is a projective line, then we have

pa(p ML) = {H € G(n—1,n) : Ja,b € C, Iay,--- ,a,,0) € L, H = V(aayz1+ - -+aa,zn,+bx, 1)}
O

It follows directly from the proof of this lemma that if H € G(n — 1,n) \ {H*°}, the class of
p1(py (M) in the Chow ring A*(G(1,n)) is simply the Schubert class o, 1.

3.2. Schubert classes for G(1,3). Given a flag F ={V1 C V2 C V3 C V4 =V} of V with
dimc(V;) = i for all integer 4, we consider its associated projective flag F of P? (image by the
canonical projection 7 : V\{0} — P3)

F={peDcPcP.

Let Z* denote the set of cycles of codimension k in G(1,3). We recall that the Schubert cycles
of G(1,3) associated to F (or to F) are given by

( Yo,0 = G(1,3) € 2°%(G(1,3))
Y10:={L€G(1,3);DNL+#a} e 2YG(1,3))
S0 :={L € G(1,3);pc L} € Z%(G(1,3)) .
0= {£ € G(L,3): L C P} € Z2G(L,3) (8)
2271 = 22,0 N 2171 € Zg(G(l, 3))
Yoo = {L € G(1,3); L =D} € 2%(G(1,3))

\

We write as usual A*(G(1,3)) for the Chow ring of G(1,3) and 0, ; := [%; ;] € A™(G(1,3)) for
Schubert classes. For commodity we will use the notation ¥ := X ¢ and o} := o,9. We
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recall that A*(G(1,3)) is freely generated as graded Z-module by {o; ;;0 < j <14 < 2} with the
following multiplicative relations
0'171 = O'% — 02
01,101 = 0102 =021
E ) )
BN\ 031 01= 03, = 08 = 925
01105 =0

Hence, the Chow ring of the grassmannian is

Z[O’l, 0'2]

A*(G(1,3)) = .
(G(1,3)) (207 - 09 —0‘;’,0%-02 —0%)

3.3. Proofs of Theorems 3 and 7. Recall that we have defined Mg := {N,,,(S);m € S} C
G(1,3) and ng := [Ns] € 4%2(G(1,3)).

Proposition 26. Let S C P? be an irreducible surface of degree d > 2 of P3.
o [f #Bs < oo, we have
ns = ¢, (S).09 + ds(ds — 1).011 € A%(G(1,3)).

e [f dim Bfgo) = 2 with two dimensional part V(H) and #Bs < oo (with the notations of
Proposition 23), then we have

ns = ¢,(S).09 +ds(ds — dg — 1).011 € A%(G(1,3)).

Proof. Since ng € A%(G(1,3)), we have ng = a.0q + b.o1 1 for some integers a and b. Morever by
Kleiman’s transversality theorem (see for example [3, Thm 5.20]), since ¥ ; := {£ € G(1,3); L C P} €
Z%(G(1,3)), we have ng - 011 = (aos + bo11) - 011 and so, using (8), we obtain

ns-01,1 = b.O’il = b.0'272 =b. (9)
Analogously, since 3 := {£ € G(1,3);p € L} € Z2(G(1,3)), due to (8), we have
ns - oo :(aO'z—i-bO'l,l)-O'Q:aO'% = a022 = Q. (10)

Now it remains to compute ng-o9 and ns-oy 1, i.e. to compute the cardinality of the intersection
of Ns with ¢ 1 and with ¥,.

Let us start with the computation of a = ng - 09. If #Bs < oo, then, for a generic P € P2, we
have

NsNEy={LeNs;P e L} ={N,,S;m e S\ Bs, PeN,S}
and if dim Bgo) =2 and #[5’%0) NS < 00, then, for a generic P € P3, we have

mssz{zems;Peﬁ}:{Nms;mGS\B”gO), PeNmS}.

So, in any case, a = ¢, (S) by definition of the normal class of S.
Now, for b, since #Bs < 0o, we note that, for a generic projective plane H C P3, we have

NsNE11 ={LeNs; L CH} ={NyS; me S\ Bs, N;, S CH}.

We have H = V(a1 X + a2 + a3Z + a4T) C P3 for some complex numbers ai, as, as and aq.
Let m[z :y: 2z : t] € P3. For a generic H, we have
meS\Bs, NuySCH & meS\Bs, meH, ns(m)eH
F(x,y,2,t) =0
= alFx—i—ang + a3k, =0
a1x + asy + asz +agt =0
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Hence b = ds(ds — 1). Assume now that dim Bgo) = 2 with two dimensional part V(H) and
#légo) NS < oo. For a generic projective plane H = V(AY) C P3, we have

mSQELl = {NmS, mGS\Bng), NmSC’H}
= {NnS; me S\B(O), m e H, ns(m) € H}.

Now there are two cases:

o If H divides F,, F,, and F, and then ns = [% : % : %] and b = ds(ds — dg — 1).
e Otherwise H = tH,, with Hy dividing F,, F,, and F, and V(X) C V(¢ F, — yFy,zF, —

2Fy,yF, — zF,). Hence ng = [% : g—yl : %] We have

F(my,zt)—O t#0
mES\(’HOOUBS)./\/'SC’H = alH +a21}; —|—CL3FZ_
a1x+a2y+a32+a4t—0

and
F(z,y,2z,t) =0
meSu\BY N,SCH o t=0 ,
a1T + agy +azz =0
SO
b= ds(ds — i) +ds— 3 ip (S Vgt +argt +arge) H)

PeSNH>*NH
(due to the Bezout Theorem). Now let P € SNH>® NH, we have © # 0 or y # 0 or

z # 0. Assume for example that x # 0, we have

F, F F,
(S V(alE—l—aQE—i-agH ) 'H) —

. F, By, —yFy zF, — zF,
= 1ip (S,V( ( a4H1 + ag H +a3 o )7H

F, F, —yF, F, — zF,
= 1—|—’LP <S,V( CL4F1+(Z z yHy m+a3x ZH_Z w),H)

= 2
for a generic H and so b = ds(ds — dg + 1).

Theorem 3 follows from Theorem 2 and Proposition 26.

Proof of Theorem 7. 1f dim Béo) = 2, we saw in Proposition 23 that we can adapt our study
to compute the degree of the reduced normal polar Py s associated to the rational map as :

P3 \Bg]) — P3 such that as = H - &s. Using Proposition 23 and following the proof of Theorem
2, we obtain Theorem 7. U

4. PROOF OF THEOREM 5

We apply Theorem 3. Note that, since S is smooth, it has only a finite number of points of
tangency with H., (due to Zak’s theorem on tangencies [13, corolloray 1.8]). Since the surface
is smooth, Bgs consists of points of tangency of S with H, and of points of tangency of Sy, with
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Uso. It remains to compute the intersection multiplicity of & with a generic normal polar at
these points. Let us recall that if A & H°, then

Z'P(S, 7DA,S) = dimc¢ ((C[x’ Y, z, 75]/I)P)

where I is the ideal (F, E412F 41,3, Ea23) of Clx,y, 2,t], with the notation £, ; ; introduced in
the proof of Proposition 22.

To compute these quantities, it may be useful to make an appropriate change of coordinates
with the use of a projective similitude of P3. Note that:

* The umbilical U, is stable under the action of the group of projective similitudes of P3.
* For any P € Heoo \ Uso, there exists a projective similitude ¢ of P2 mapping [1:0: 0 : 0]
to P. 2

* For any P € U, there exists a projective similitude ¢ of P* mapping [1:7:0: 0] to P.
3

We recall that a multiple point of order k of a plane curve is ordinary if its tangent cone contains
k pairwise distinct lines and that an ordinary cusp of a plane curve is a double point with a
single tangent line in the tangent cone, this tangent line being non contained in the cubic cone
of the curve at this point.

e Let P be a (non singular) point of tangency of & with H.
We prove the following:

(a) ip(S,Pas) = k* for a generic A € P? if P is an ordinary multiple point of order
E+1of S \ Uso-

(b) ip(S,Pas) = k(k + 1) for a generic A € P? if P is an ordinary multiple point of
order k + 1 of Sy, which belongs to U, and at which the tangent line to U, is not
contain in the tangent cone of Sq.

(c) ip(S,Pas) =3 for a generic A € P3 if P is an ordinary cusp of S, which belongs
to U, and at which the tangent line to U, is not contain in the tangent cone of S..

(d) ip(S,Pas) =2 for a generic A € P? if P is an ordinary cusp of Soo \ Use.

Due to Lemma 20, we assume that P[1 : 6 : 0 : 0] with 6 = 0 (if P € Heo \ Uso) Or
0 =i (if P € Us). Since TpS = Hoo, we suppose that F,(P) = F,(P) = F.(P) =0 and
F,(P) =1 (without any loss of generality). Recall that the Hessian determinant Hp of
F satisfies®

0 F, F. F

Hp — (ds—1)?*| F, F,, F, Fu
2 Fz Fyz Fzz th

Ft Fyt th Ftt

2Let Plzo : yo : 2o : 0] with a3 + yd 4+ 25 = 1. Assume for example that 25 # 1 (up to a permutation of
the coordinates) and take ¢ given by x'(b, A) (for any b € C") with A = (vvw) where u = (z0,y0, 20) and
L _1
v = (x5 +y3) "2 (yo, —0,0) and w = (¢F + 43) "2 (w020, Yoo, —TF — ¥3)-
3Let Plro : yo : 20 : 0] € Ux. Assume for example that yo # 0 and z3 + v3 # 0 (up to a
composition by a permutation matrix). A suitable ¢ is given by x'(b,A) (for any b € C") with A =

zo(y3—1) _imo(14y3) Voi+ud
2y2 2y2 vo
1442 i(1—yg) 0
2y2 Yo
. 2 2 2 .
i(yp+vdzd—vd—=3)  (+yg)v/ed+ud iz
2
ENEE: 23 v

4see for example [8].
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Hence Hp(P) #0 & [FyF.. — FyQZ](P) # 0. For a generic A € P?, we have

Recall that Ay = atF, — ctF, + d(zF, — «F,) and A3 = —atF, + btF, + d(zF, — yF;)
(with Afa : b: c: d]). Using the Euler identity xF, + yF, + zF, +tF; = dsF', we obtain

that
<<C[w,y,z,t]> Q<<C[w,y,z,t]> Q< Cly, 2, 1] )
I P \AY AL ) p \(F A% A% ) 000

b= ateF, + ct(yF, + 2F, + tF;) — d(2(yF, + 2F, + tF,) + 2*F,),
L= —atxF, — bt(yF, + 2F, + tF) + d(2*F, + y(yF, + 2F, + tF}))
and with G.(y,z,t) :== G(1,0 + y, z,t) for any homogeneous G. In a neighbourhood of
(0,0,0), V(Fy) is given by ¢ = ¢(y, z) with ¢(y,z) € C[[y, 2]] and
CFy(L04y, 2,9y, 2)) F (1,60 +y, 2,0y, 2))
F(1,0 +y, 2,0y, 2)) F(1,0 +y, 2, ¢(y, 2))

(250) = 2,

PET S
with G (y,2) == G(1,0 + y,z,¢(y,2)). Now due to (11), we have
H = Ay, = (F)s[—appz + cp(o = (0 + y)py — 202) + d(2((6 + y)py + 202 — ¢) + 2]

and

K = A5, = (F)wlappy —bp(e — (0 +y)py — 202) — d(py + (0 + ) (0 + y)py + 20. — )]

Hence

with

oy(y,2) = and  p.(y,2) = — (11)

So

ip(S,Pa,s) =i T'k),
where 'y and ' are the analytic plane curves of respective equations H and K of
Clly, =]]-
Note that (Hy(0,0),H.(0 : 0)) = d(¢y-(0,0),¢:-(0,0)). Analogously, we obtain

(Ky(o’ O)’ KZ (0’ O)) = _d(l + 92)(903/7?/(0’ 0)’ SDyZ (0’ O))

(a) If P ¢ Uy and if P is an ordinary multiple point of order k + 1 of Sy, with our
change of coordinates we have P[1 : 0 : 0 : 0] (i.e. § = 0) and V((pg+1)y) and
V((¢r41)-) have no common lines.® Then the first homogeneous parts of H and K
have order k and are Hy = d(pp+1). and Ky, = —d(@g41)y respectively. Since I'p,
and 'k, have no common lines, we conclude that ip(S,Pas) = k2.

(b) Assume now that P € U, is an ordinary multiple point of Sy, which belongs to
U~ and at which the tangent line to Uy, is not contain in the tangent cone of S.
With our changes of coordinates, this means that P[1:4:0:0] (i.e. # =i) that y
does divide pp41 (since V(y) is the tangent line to Us, at P) and that V((¢x41)y)
and V((¢x+1)-) have no common lines.

Note that the first homogeneous parts of H and K have respective orders k and
k + 1 and are respectively Hy = d(¢k11), and

Kiv1 = —di2y(prs1)y + 2(0rt1)2 — Prti)
) 1 1
= —di [(2 - k‘—+1> y(@k+1)y + (1 - kz—+1> Z(ka+1)z:| )

SRecall that the tangent cone V(gg41) of Iy at (0,0) (corresponding to the tangent cone of V(Ss) at P) has
pairwise distinct tangent lines if and only if V/((¢x+1)y) and V((¢r+1)-) have no common lines.
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due to the Euler identity applied to 4. Hence ip(S,Pas) = k(k+1) if V((pr+1)-)
and V' (y(¢r+1)y) have no common lines, which is true since V' ((¢g+1)-) and V((@r41)y)
have no common lines and since y does not divide (pg41)..

(c) Assume that P € Uy is an ordinary cusp (of order 2) of S, which belongs to
U~ and at which the tangent line to U, is not contain in the tangent cone of S.
With our changes of coordinates, this means that P[1 : ¢ :0: 0] (i.e. # = 1), that
Hp(P) =0 and F,,(P) # 0 (since V(y) is the tangent line to Us, at P).

Note that H = —d(Fy.(P)y+ F..(P)z)+.... In a neighbourhood of (0,0), H(y, z) =
0 & z=h(y) with
h(y) o Fyz(P)y _ FZZZ(P)FyQ (P)=2Fy25(P)Fyz(P)Foz(P)+Fyy-(P)FZ2(

z

P) 2
oy F3.(P) v
and we obtain that val, K (y,h(y)) = 3if P ¢ V(Fynyzgz—3Fyyzezszz—|—3FyzzeszzZ—
ngng’z) which means that the line V' (Fy,(P)y+F..(P)z) (corresponding to the tan-
gent cone of V(F(1,y,2,0))) is not contained in the cubic cone of V(F(1,y,z,0)).
Hence ip(S,Pa,s) = 3 if the node P of S is ordinary.
(d) Assume now that P is an ordinary cusp (of order 2) of Soo \ Uno.
With our change of coordinates, this means that P[1:0: 0 : 0] (i.e. # = 0), that
Hp(P)=0and P &€ V(Fyy, Fy., F..). This implies that Fy,(P) # 0 or F,.(P) # 0.
If Fy,,(P) # 0, the tangent line to Soo at P is given by V (¢, Fy, (P)y + F,.(P)z).
If F..(P) # 0, the tangent line to Sy at P is given by V (¢, F.,(P)z + F,.(P)y).
The fact that the cusp is ordinary implies also that the tangent line is not con-
tained in the cubic cone of V(F(1,vy,2,0)), i.e. this tangent line is not contained
V(Fyyy(P)y® + 3Fyy:(P)yz + 3F22(P)yz® + Fozo(P)2°](P).
Hence, we have either

Fyy [Fyny;z - 3Fyysz2szy + 3Fyzszsz2y - FZZZFyBy](P) #0

or
Fzz{Fzzngz - 3Fyzsz2zez + 3Fyyszze2z - Fyny,gz](P) 7"é 0.

Note that, if F,(P) and F..(P) are both non null, these two conditions are equiv-
alent.

Assume for example that the first condition holds. In a neighbourhood of (0,0),
H(y,z) =0 < y=h(z) and K(y,2) =0 < y = k(z), with

A AR Keh2)2)

Hy(h(z),z)
Hence we have
(C[Sv,y, ZJ]) o Clly, 2] ~  Cl[]
I P (W—h()y—k(z)  ((h—Fk)(2))
We have h'(0) = £'(0) = —¢,-(0,0) /¢y, (0,0) and
(hl/ - k”)(O) = [‘ngfpzy (¢yyy@2z - 3‘Pyyz90§z90yy + 3@yzz@§y@yz - @zzz‘ng)] (0,0)
Hence ip(S,Pa,s) = dime % = 2.

and K'(z) = —

e Let P be a simple (non singular) point of tangency of So, with Us.

Let us prove that ip(S,Pas) = 1. Due to Lemma 20, we can assume that P =[1:4:
0:0] (i.e. 8 =1) and that Fy(P) = 1. As previously, we note that

(C[w,y,z,t]> ~ _Clly 2l
I p (A, AL
with
Atax (Y, 2) = (F)sx[p(bipz — cipy) — d((y + 1)z — 20y)]



NORMAL CLASS AND NORMAL LINES OF ALGEBRAIC HYPERSURFACES 16

and

Azie = (Fp)sx[appy — bp(o — (0 + y)py — 202) — d(py + (i + y) (I + y)py + 202 — 9))]-

The fact that P is a simple contact point of So With Uy, implies that [F,(P) : Fy(P) :
F,(P)] =[1:4:0] and that ¢,.(0,0) # 1. Indeed V (¢, F(1,i + y, z,t)) is given by t =
0, y = g(z) with g(0) = 0 and ¢'(z) = —¢.(9(2), 2) /¢y (9(2), z) (in particular ¢’(0) = 0),

" Cliy, <] N Cll]

(y—9(2), 1+ (i +y)?+22) (14 (i +9(2)%+2?)

and finally
iP(Soo,Uso) = valo(1+ (i + g(2))” + 2%) = 1+ val((i + g(2))g'(2) + 2)

which is equal to 2 if and only if ¢,,(0,0) # 1.

In a neighbourhood of (i,0), Aj. can be rewritten ¢ — k with Kk = d((y + i), —
2py)/(bpr —cpy). Since ¢, (0) # 1, £,(0,0) # 0 and, in a neighbourhood of 0, ¢ —k =0
corresponds to y = h(z) with h'(0) # 0 (recall that ¢,(0) = ¢ # 0 and that A is generic)

which gives
(C[w,y,z,t]> ~ _ Clly~]
1 P (y—h(z),45,,)

3kk
and finally ip(S,Pa,s) = val, A5, (h(z),z) = 1.

5. EXAMPLES IN P3

5.1. Normal class of quadrics. The aim of the present section is the study of the normal class
of every irreducible quadric. Let S = V(F) C P3 be an irreducible quadric. We recall that, up

to a composition by ¢ € Simc(3), one can suppose that F' has the one of the following forms:

(a) F(x,y,z,t) =22 +ay®+ B2 + 12
(b) Flz,y,21) = 2” +ay® + 52°

(¢) F(z,y,2t) = 2> +ay® — 2tz

(d) Flz,y,2,t) = 2" + ay* + 7,

with «, 8 two non zero complex numbers. Spheres, ellipsoids and hyperboloids are particular
cases of (a), paraboloids (including the saddle surface) are particular cases of (c), (b) correspond
to cones and (d) to cylinders.

We will see, in Appendix A, that in the case (d) (cylinders) and in the cases (a) and (b) with
«a = =1, the normal class of the quadric is naturally related to the normal class of a conic.

Proposition 27. The normal class of a sphere is 2.

The
The
The
The
The
The
The

normal class of a quadric V(F') with F given by (a) is 6 if 1, o, B are pairwise distinct.

normal class of a quadric V(F') with F given by (a) is 4 if « =1 # 5.

normal class of a quadric V(F) with F given by (b) is 4 if 1,c, B are pairwise distinct.

normal class of a quadric V(F) with F given by (b) is 2 if « = 1 # .

normal class of a quadric V(F) with F given by (b) is 0 if « = = 1.
(F)
(F)

normal class of a quadric V(F) with F' given by (¢) is 5 if « # 1 and 3 if a = 1.
normal class of a quadric V(F) with F given by (d) is 4 if « #1 and 2 if a = 1.
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Corollary 28. The normal class of the saddle surface §; = V(xy — 2t) is 5.
The normal class of the ellipsoid & = V (x? + 2y* + 422 — t2) with three different length of axis

18 0.

The normal class of the ellipsoid Eo = V (2% + 4y? + 42% — t2) with two different length of axis

18 4.

Proof of Proposition 27. Let S = V(F') be a quadric with F' of the form (a), (b), (c) or (d).

The easiest cases is (a) with 1, a, 8 pairwise distinct since Bgs is empty. In this case, since
the generic degree of the normal polar curves is 3 and since £ has degree 2, we simply
have ¢,(€1) =2-3 =6 (due to Theorem 3).

The case of a sphere S is analogous. In this case, Bgo) NS = () and deg 75,4,3 =1 for a
generic A € P? (see Example 24). Hence, we have ¢, (£1) = 2-1 = 2 (due to Theorem 7).
In case (a) with o = 1 # 3, the set Bs contains two points [1 : i : 0 : 0]. We find the
parametrization ¢ (y) = [1 : £i+y : 0 : 0] of P4 s at the neighbourhood of P[1 : £i : 0 : 0],
which gives ip(S,Pas) =val,(1+ (£i+y)*) =1landsoc,(S)=2-3—1-1=4.

In case (b) with «, 8 and 1 are pairwise distinct, the set Bs contains a single point
P[0:0:0:1] and a parametrization of P4 s in a neighbourhood of P is

bx cx

P(x) = |x: d(a—l)m—a'a—i—d(l—ﬁ)x'l . (12)
Hence ip(S,Pa,s) = val,(F(¢(z))) =2 and so ¢,(S) =2-3 -2 =4.
In case (b) with @« = 1 # 3, we have Bs = {P, P} ,P"} with P[0 : 0 : 0 : 1] and
PL[1:=4i:0:0]. A parametrization of P4 s in a neighbourhood of P is given by (12)
with @ =1 and so ip(S,Pa,s) = 2. A parametrization of P4 s at a neighbourhood of P}
ist(z) =[1:4+i+y:0:0] and so ip, (S,Pas) =1. Hence ¢,(S) =2-3-2-1-1=2.
In case (b) with a = 3 = 1, for a generic A € P3, we have degPas = 1 (see Example
24) but here Bg}) NS ={[0:0:0:1]}. We find the parametrization (z) = [z : (bz/a) :
(cx/a) : 1] of Pas at the neighbourhood of P[0 : 0: 0 : 1]. Hence ip(S,Pas) = 2 and
so,(S§)=2-1-2=0.
In case (c) with o # 1, the only point of Bs is P[0 : 0 : 1 : 0] and a parametrization of
Pa,s at the neighbourhood of this point is

2 2
P(t) = y at : bt (1
+(d—c)t t(d—ca)+ad

which gives ip, (S,Pa,s) = 1. Hence ¢,(S) =2x3—1=5.
In case (c) with a = 1, Bs is made of three points: P;[0:0:1:0], Po4+[1:+i:0:0].
As in the previous case, a parametrization of P4 s at the neighbourhood of P; is given
by (13) with @ = 1 and so ip,(S,Pas) = 1. Now, a parametrization of P4 s at the
neighbourhood of P+ is ¢(t) = [1: £i+y :0:0] and so ip, , = (S,Pas) = val, (1 +
(i) =1
For the case (d), due to Proposition 30, ¢, (S) = ¢,(C) with C = V(22 + ay?® + 2?) C P?
which is a circle if @« = 1 and an ellipse otherwise. Hence, due to Theorem 8, ¢,(C) =
24+42-0-1-1=2ifa=1and ¢, (C) =2+ 2 = 4 otherwise.

|, (13)

O

5.2. Normal class of a cubic surface with singularity Es. Consider S = V(F) C P? with
F(z,y,2,t) := 2?2 + 2%t + y3. S is a singular cubic surface with Eg—singularity at p[0 : 0 :

0:1].

Let a generic Ala : b : ¢ : d] € P3. The ideal of the normal polar Ps 4 is given by
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I(Ps ) = (Hy, Ho, H3) C Clz,y,2,t] with Hy == (y(a® 4 22t) — 3y®2)d — b(2? + 2z2t)t + 3y>ct,
Hy = (w(2? + 22t) — 2222)d — a(2? + 22t)t + 2xztc and Hy := (—2x2y + 3zy?)d — 3ay>t + 2x2tb.
Bs is made of two points: p and ¢[0 : 0 : 1 : 0]. Actually ¢ is the point of tangency of S with
Hoo- This point is an ordinary cusp of Se.

(1) Study at p.
Near p the ideal of the normal polar, in the chart ¢ = 1, H3 = 0 gives z = g(z,y) :=
2
%. Now V(A1 (z,y,g(x,y),1)) corresponds to a quintic with a cusp at the origine
(and with tangent cone V(y?)). Its single branch has Puiseux expansion y? = —%x?’ +
o(x3), with probranches y = ¢.(x) with ¢.(x) = iey/ %x% + o(x%) for e € {£1}. Hence,

g(z,0e(x)) = —362—2 + o(z?). Hence parametrizations of the probranches of Pys at a
neighbourhood of p are

Pe(a) = [2: pe(@) 2 g(2, () : 1]

and F(T'.(z)) = —%4 + o(z*). Therefore i,(Ps a,S) = 8.
(2) Study at gq.
Assume that b = 1. Near ¢[0: 0:1: 0], in the chart z =1, H3 = 0 gives t = h(z,y) :=
%73‘1’2)? and V(Hs(x,y,1,h(x,y))) is a quartic with a (tacnode) double point in (0, 0)

with vertical tangent and which has Puiseux expansion
z = 0-(y) = weay® + o(y?),

with w. = 354 + £,/d(d — 6) for ¢ € {£1} and h(0-(y),y) = —sz_dgijgy + o(y). Hence

parametrizations of the probranches of Ps 4 in a neighbourhood of ¢ are given by

Le(y) == [0:(y) sy = 12 h(0:(y), y)]

for e € {1} and F(I'.(y)) = —32f’2fiy + o(y). Hence i4(Ps 4,S) =2

We can also apply directly Item (c) of Section 4 to prove that i4(Ps a,S) = 2.

Therefore, due to Theorem 3, the normal class of S = V(222 + 2%t +33) C P3(C) is
c,(8)=3-(32-3+1)—-8-2=11.

6. NORMAL CLASS OF PLANE CURVES : PROOF OF THEOREM 8

Let V be a three dimensional complex vector space and set P2 := P(V) with projective
coordinates x,y, z. We denote by ¢, = V(2) the line at infinity.

Let C = V(F) C P2 be an irreducible curve of degree d > 2. For any nonsingular m[z : ¥ :
2] € C (with coordinates m = (z,y,2) € C3), we write 7,,C for the tangent line to C at m. If
TnC # lso, then ne(m) = [Fy : Fy, : 0] is well defined in P? and the projective normal line
NiC to C at m is the line (mne(m)) if ne(m) # m. An equation of this normal line is then
given by (N¢(m),-) where N¢ : P? --» P? is the rational map defined by

F, —zFy(m)
Ne(m):=mA | F, | = zFy(m) . (14)
0 xFy(m) — yFy(m)

Lemma 29. The base points of (N¢)|c are the singular points of C, the points of tangency with
the line at infinity and the points of {I,J} NC.
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Proof. A point m € C is a base point of N¢ if and only if F}, = F;, =0 or z = aF, — yF, = 0.
Hence, singular points of C are base points of N¢.

Let m = [z : y : 2] be a nonsingular point of C. First I, = F, = 0 is equivalent to 7,,C = l.
Assume now that z = zF, — yF, = 0 and (F, Fy) # (0,0). Then m = [z :y : 0] = [F, : F}, : 0]
and, due to the Euler formula, we have 0 = —zF, = xF, +yF, and so z? +y? = 0, which implies
m=1orm=J.

Finally note that if m € {I,J} NC, then m = [—y : = : 0] and, due to the Euler formula,
0= —2F, =xF, +yly =2l —yF;. |

Since the degree of each non zero coordinate of N¢ is d, we have

=&~ Y ip(CV(LN())), (15)

PEBase((NC)‘C)

for a generic L € P?, where we write Base <(Nc)‘c> for the set of base points of (N¢)c. The set
V((L,N¢(+))) € P? is called the normal polar of C with respect to L. It satisfies

m e V((L,N¢(+))) < Ne(m)=0or LeN,(C).

Now, to compute the generic intersection numbers, we use the notion of probranches [5, 11, 12].
See section 4 of [6] for details. Let P € C be an indeterminancy point of N¢ and let us write up
for the multiplicity of C at P. Recall that up = 1 means that P is a nonsingular point of C. Let
M € GL(V) be such that M(0O) = P with O = (0,0,1) (we set also O = [0: 0 : 1]) and such
that V(z) is not contained in the tangent cone of V(F o M) at O. Recall that the equation of
this tangent cone is the homogeneous part of lowest degree in (x,y) of F(z,y,1) € C[z,y] and
that this lowest degree is up. Using the combination of the Weierstrass preparation theorem and
of the Puiseux expansions,

mp
FoM(z,y,1) =U(x,y) H(y - g;(x)),

7j=1
for some U(xz,y) in the ring of convergent series in z,y with U(0,0) # 0 and where g;(z) =

> m>1 aj7qu_1 for some integer ¢; # 0. The y = g;(x) correspond to the equations of the

probranches of C at P. Since V(z) is not contained in the tangent cone of V(F o M) at O, the

valuation in z of g; is strictly larger than or equal to 1 and so the probranch y = g;(z) is tangent

to V(y—zg;(0)). We write TISZ) := M(V(y—2g}(0))) the associated (eventually singular) tangent

line to C at P (Tlﬁl) is the tangent to the branch of C at P corresponding to this probranch) and
)

we denote by i’ the tangential intersection number of this probranch:

igﬁ) = val,(g;(z) — xg;(O)) = valg(g;(z) — xg;(x))
We recall that for any homogeneous polynomial H € C[z,y, z|, we have

ip(C,V(H)) = io(V(FoM),V(HoM))
Hp

= D valo(H(M(G;())),
j=1

where Gj(x) := (x,gj(x),1). With these notations and results, we have

QClo) = > (ipCite) —pp@) = > Y (% —1).

PeCnleo PeCnloo jITlgj):zoo
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For a generic L € VV, we also have

mp
ip(CV(LoNe) = 3 valo(L(Ne(M(Gj(x)))))
j=1

rp

= Z H}Cinvalx([Nc o M]1(Gj(x))),
=1

where [-]; denotes the k-th coordinate. Moreover, due to (14), as seen in Proposition 16 of [7],
we have

NeoM(m)=Com(M) - (mA[AAG(m) - A + AgG(m) - B]),
where G := FoM, A := M~1(1,0,0), B:= M~%(0,1,0) and A H=x1H,+y1 Hy+21 H..
As seen in Lemma 33 of [6], we have

A(ml,yl,zl)G(xa gj (:C)’ 1) = Rj(x)W(:vl,yl,n),j(x)a

where R;(x) = U(z, g;(2)) [ 12 (95 (2) — g5 () and Wz, g, 21) ;(x) = y1 =219 (2) + 21 (295 () —
g;j(z)). Therefore, for a generic L € VY, we have

*1,Y1,21)

Hp
ip(C,V(LoNg))=Vp+ kainvalm([Gj(x) AN (Waj(z) A+ Wgj(z)-B)g)
j=1

where Vp := 2?1:31 >z val(gy — g;). Now, we write hg) := miny, val, ([Gj(z) A (Wa j(z) A+
Wg,j(z) - B)]y) and hp := ?ﬁl hg). Note that V(P) = 0 if P is a nonsingular point of C. We
recall that, due to Corollary 31 of 6], we have

> Vp=dd—1)—d

PeCnBase(Ne)

and so, due to (15), we obtain

o) =d+d — > hp (16)
PeCnBase(Ne)

Now we have to compute the contribution hg) of each probranch of each P € C N Base(Ng).
We have seen, in Proposition 29 of [6], that we can adapt our choice of M to each probranch
(or, to be more precise, to each branch corresponding to the probranch). This fact will be
useful in the sequel. In particular, for each probranch, we take M such that g;(O) = 0 so
Gj(x) N (Wa j(z) - A+ Wgj(z) - B) can be rewritten:

x waya — (2% +a3)g;(x) + xpys + (2474 + 2p7E) (29} (2) — gj(2))
g9i(@) | A YA+ yE— (zaya+2pys)g;(x) + (2aya + 2ByB)(2g)(x) — gj(x)) |. (17)
1 yaza +ypzp — (vaza + p2B)g)(x) + (25 + 23)(2g)(x) — g;(x))

e Assume first that P is a point of C outside £n. Then for M as above and such that

z4 = zp = 0, we have

YA — VB
G;(0) AN (Wa;(0)- A+Wg;(0)-B) = | zaya+BYB
0

which is non null since (ya,ygr) # (0,0) and since A and B are linearly independent. So
hd) =o.
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e Assume now that P € CNl\{I,J} and Tlﬁj) # loo. Then yo+iyp # 0 and ya—iyg # 0
(since I,J & Tlgj )) and so y4 + y% # 0 which together with (17) implies that hg) =0 as
in the previous case.

e Assume that P € C N/l \ {I,J} and T]?) = loo. Assume that M(1,0,0) = (1,4,0).
Hence A + iB = (1,0,0). Then y4 = yp = 0, x4 +ixp = 1, z4 +izp = 0. So
,2124 + Z% = 0 and z4x4 + zprp = 24 # 0 (since zp = iz4 and xp = i(z4 — 1)). Note
that P # J implies also that x4 —izp # 0. So that 2% + 2% # 0. Hence, due to (17),
Gj(x) N (Wa j(z) - A+ Wgj(z) - B) is equal to

@ (2% + 2%)g;(x) + za(zgj(x) — g;(x))
gi(x) | A 0
1 zag; ()
Therefore we have hg) = val,((z% + xQB)g;(x)) (J) —1.
e Assume that P = I and that Tlﬁj) = loo. Take M such that M(0) = (1,,0), B = (1,0,0)
and so A = (—4,0,1). Due to (17), Gj(z) A (Wa j(x) - A+ Wg(x) - B) is equal to

x —i(zg;(x) — g;(x))
gi() | A 0 - (18)
1 ig(x) + (zgj(x) — g;(x))

Note that each coordinate has valuation at least equal to 2(] ) =

.(7)

= val g; and that the term

of the second coordinate is the term of degree zg) of

—i(xg;(x) — gj(x)) + wig;(x) = igj(x) # 0
which is non null. Therefore hg) = ig).

e Assume finally that P = I and that T]gj) # loo. Take M such that M(O) = (1,4,0),
B =(0,1,0) and so A = (0, —,1). Due to (17), Gj(z) A (Wa j(z) - A+ Wgj(z) - B) is

of degree i

equal to
T 0
gi(x) | A —ilzgj(z) —gi(z)) . (19)
1 —i+ (zgi(z) — gj(z))

Note that each coordinate has valuation at least equal to 1 and that the term of degree

1 of the second coordinate is 7z # 0. Hence 2(] ) =

Note that the case P = J can be treated in the same way than the case P = I.

Theorem 8 follows from (16) and from the previous computation of hp.

APPENDIX A. DIMENSION DECREASE

Here, we consider two particular cases of hypersurfaces the normal class of which is equal to
the normal class of a hypersurface of lower dimension: cylinders (i.e. cones at a point at infinity)
and revolution hypersurfaces (circles fibers).

Let n > 3. Let F € C[uy, ..., u,] be homogeneous. We call cylinder of base Z = V(F) C
P* and of axis V(zg,...,xn,) C P" the hypersurface V(F) C P", with F(z1,...,2p41) =
F(xz, e ,$n+1).

Proposition 30. Let n > 3 and d > 2. Let Z = V(F) C P™ be the cylinder of awis
V(x2,...,xn) C P" and of base Z =V (F) C P* . Then ¢, (2) = c,(2).
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Proof. Note that Z N V(:Ug,.. xn+1) C Sing(Z) C Bz. Let m[azgl) Do xSJ)rl] Z\
V(22,0 wnq1) and Pz o0 20 € PP\ Vg, ooy ppn). Set mfe) -2l e 2
and p[xéo) HERR x,(%)q] € P!, Note that nz(m)[0: Fy,, () :---: F, _, (m): 0] e p™.

o Let H = V(awy + Bxpy1) C P be a hyperplane orthogonal to V(z3,...,x,) such that
H #H® (ie. a#0). Assume m € H. Then m € Bz & m e Bz. If me HN Z\ Bz,
then NV, (2) C H.

e Assume P € P"\V (21, 2p41). Then H := V(w&o)xnﬂ —xslollxl) is the unique hyperplane
orthogonal to V' (z3, ..., ;) containing P and

PeNn(2), me Z\Bz & meH, meZ\Bs, PcNy2).

Hence ¢, (Z) = ¢,(2) O
Let F' € Cluy, ..., u,] be a homogeneous polynomial of the form F(ui,...,u,) = G(u?, ..., up)
for some G € Cluy, ..., u,]. Let Z:=V(F) c P*—L.

We call algebraic hypersurface of revolution of Z around the subspace V(z1,x9) the
hypersurface Z = V(F) C P* with F(z1,....,2p11) = G(2 + 23, 23, ..., Tnt1)-

Note that if m[xgl) HERRN xg_)H] € Z \ H*™ with x&)_l = 1, then the "circle" V(2% + 23 —
(xgl))Q - (xél))Q) NNy Ve — xgl)xmrl) of center [0:0: (1) e ,(%)Ll] that passes through

m 1s contained in Z.

Proposition 31. Let n > 3 and d > 2. Let Z = V(F) C P be the algebraic hypersurface of
revolution of Z =V (F) C Pt (with F € Cluy, ..., u,] as above) around the subspace V (1, x2),
then ¢, (Z) = ¢, (2).

Proof. Let m[mgl) Dot 51_21] € Z and Plz; O gloll] € P". Then
nz(m) 201V Gy, (my) : 2287 Gy, (my) 1 Guy(my) < -+ Gy, (1) : 0] € P™,

with ml((acgl))2 + (xgl)) ac:(,, ) ;ll) € C". Hence if m € ZNV (2?2 + 23) \ Bz, then N,,Z C
V(z3+22%). Assume from now on that m € Z\V (2? +23) and that P € P*\ (V (22 +22)UV (z1)).

Let M[yil) : :cél) SRR ﬂ:&zl] e P! and ]S[yio) : :céo) D S)J)rl] e P! with (yii))2
(gzcgl))2 + (xg))Q. Note that 7 € Z. Then
nz(m)[at! By, () /98" 2 By (m) /i« By () o By, (1) : 0] € P,

e Note that m € Bz < m € B3 (since xgl) and xgl) are not both null).
e Let H =V (axy + Bxa) C P" be a hyperplane that contains V' (z1,x2) but not contained
in V(2?2 + 23) (ie. a2+ 32 #0). f m € HN Z\ Bz, then N,,Z C H.

o Let H := V(mgo)xg — xgo)xl) be the unique hyperplane that contains V(z1,z2) and P.
Then

PeNn(2), me Z\Bz & meH, meZ\Bs, PcNy(2),

by choosing yil) = y%o)xgl)/:cgo).

Hence ¢,(Z2) = ¢,(2) O
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APPENDIX B. PROJECTIVE ORTHOGONALITY IN P"

B.1. From affine orthogonality to projective orthogonality. Let E,, be an euclidean affine
n-space of direction the n-vector space E,, (endowed with some fix basis). Let V := (E,,®#R)®C
(endowed with the induced basis ey, ...,e,+1). We consider the complex projective space P" :=
P(V) with projective coordinates 1, ..., o, 1. Let us write 7 : V' \ {0} — P3 for the canonical
projection. We denote by H*> := V(x,41) C P" the hyperplane at infinity. We consider the

affine space A" := P"\ H*> endowed with the vector space E := Span(ey,--- ,e,) C V (with
the affine structure m+ v = r(m+ V) if V € E and m = m(m) € A" with m(zq,--- ,2p,1)).

Let us consider Wy, = P(W;) C P" and Wy, = P(W3) C P where W7 and Wy are two
vector subspaces of V not contained in E such that dim W; + dim Wy = n + 2. Since W; is not
contained in H*>, W; := W; \ H> is an affine subspace of _A}" with vector space W/', =W;nN E,
that is to say that there exists m; such that W; = m; + W; in A™. Consider the usual bilinear
symmetric form (u,v) = Z?:O u;v; on V, the associated orthogonality on V is written L.

Definition 32. Let us consider Wy = P(W1) C P and Wy = P(Wy) C P where W1 and Wy
are two vector subspaces of V not contained in E and such that dim W1 + dim Wy = n + 2.

With the above notations, we say that Wi and Wa are orthogonal in P? if Wl L WQ, We then
write W1 L Wh.

Note that if H C P"™ and £ C P" are respectively an hyperplane and a line in P" not contained
in H*°, then H 1 L if and only if the point at infinity of £ is the pole in H*> of the line
H N H® C H>™ with respect to the umbilical Uy, := V(2% + ... + 22) N H>® C H>®. This leads
us to the following generalization of normal lines to an hyperplane.

Definition 33. We say that a projective hyperplane H =V (a1x1 + -+ + apt1Tn+1) C P" and a
projective line L = P(L) C P™ are orthogonal in P™ if (a1, -+ ,a,,0) € L. We then write L 1 H.

It is worthful to note that, with this definition, an orthogonal line to an hyperplane H may
be included in H.
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