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ON THE NORMAL CLASS OF CURVES AND SURFACES

ALFREDERIC JOSSE AND FRANCOISE PENE

ABSTRACT. We are interested in the normal class of an algebraic surface S of the complex
projective space P?, that is the number of normal lines to S passing through a generic point of
P3. Thanks to the notion of normal polar, we state a formula for the normal class valid for a
general surface S. We give a generic result and we illustrate our formula with examples. We
complete our work with a generalization of Salmon’s formula for the normal class of a Pliicker
curve to any planar curve with any kind of singularity. This last formula gives directly the
normal class of any cylinder and of any surface of revolution of P3.

INTRODUCTION

The notion of normal lines to an hypersurface of an euclidean space is extended here to the
complex projective space P". The aim of the present work is to study the normal class ¢, (S)
of a surface S of P?, that is the number of m € S such that the projective normal line A, (S) to
S at m passing through a generic m; € P? (see Section 1 for a precise definition of the projective
normal lines and of the normal class of an hypersurface of P™). We prove namely the following
result.

Theorem 1 (n=3). The normal class of a generic irreducible surface S C P3 of degree ds is

c,(S) = d% — d% + ds.

Actually we establish formulas valid for a wider family of surfaces. We illustrate our formulas
with the study of the normal class of every quadric and with the computation of the normal class
of a cubic surface with singularity Fg.

The notion of normal polar plays an important role in our study. Given an irreducible surface
S C P? of degree ds, we extend the definition of the line N, (S) to m € P3. In our approach, we
use the Pliicker embedding to identify a line with an element of G(1,3) C P5. We then define a
rational map a : P3 -—» P5 corresponding to m + N, (S). We write B for the set of base points
of this map «, i.e. the set of points m € P? at which the line N,,(S) is not well defined. Up to a
simplification of a in & = % (for some homogeneous polynomial H of degree dfr), this set B can
be assumed to have dimension at most 1. For any P € P3, we will introduce the notion of normal
polar of S with respect to P as the set of m € P3 such that either A}, (S) contains P or m € B.
We prove that the normal polar has dimension 1 and degree CZ?S —ds+1 for a generic P € P3
(with ds = dg — dr). If S has isolated singularities and satisfies some additional conditions, we
prove that its normal class ¢, (S) is equal to ds(d% —ds+1) minus the intersection multiplicity of
S with its generic normal polars at points m € BNS. Theorem 1 is a consequence of this general
result. Indeed we will see that, for a generic surface S C P3 of degree ds, we have SN B = () and
so ds = ds.
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When the surface is a cylinder or a surface of revolution, its normal class is equal to the normal
class of the corresponding basis planar curve. The normal class of any planar curve is given by
the simple formula given in Theorem 2 below, that we give for completness. Let us recall that,
when C = V(F) is an irreducible curve of P2, the evolute of C is the curve tangent to the family
of normal lines to Z and that the evolute of a line or a circle is reduced to a single point. Hence,
except for lines and circles, the normal class of C is simply the class (with multiplicity) of its
evolute. The following result generalizes the result by Salmon [7, p. 137] proved in the case of
Pliicker curves (planar curves with no worse multiple tangents than ordinary double tangents,
no singularities other than ordinary nodes and cusps) to any planar curve (with any type of
singularities). We write £, for the line at infinity of P2. We define I[1 : i : 0] and J[1 : —i : 0]
in P2. Recall that I and J are the two cyclic points (i.e. the circular points at infinity).

Theorem 2 (n=2). Let C = V(F) be an irreducible curve of P? of degree d > 2 with class d".
Then its normal class is

o (C) =d+d" —Q(C,lx) — 11(C) — 11s(C),

where Q denotes the sum of the contact numbers between two curves and where up(C) is the
multiplicity of P on C.

In [3], Fantechi proved that the evolute map is birational from C to its evolute curve unless
if! F2 + Fy2 is a square modulo F' and that in this latest case the evolute map is 2 : 1 (if C is
neither a line nor a circle). Therefore, the normal class ¢, (C) of a planar curve C corresponds to
the class of its evolute unless F2 + Fy2 is a square modulo F' and in this last case, the normal
class ¢,(C) of C corresponds to the class of its evolute times 2 (if C is neither a line nor a circle).

The notion of focal loci generalizes the notion of evolute to higher dimension [8, 1]. The
normal lines of an hypersurface Z are tangent to the focal loci hypersurface of Z but of course
the normal class of Z does not correspond anymore (in general) to the class of its focal loci (the
normal lines to Z are contained in but are not equal to the tangent planes of its focal loci).

x1
As usual, we write elements of C**! either by (21, - ,2,41) or by : (our convention

Tn+1
for line vectors is to write them (x1 -+ zp41)).

In section 1, we define the projective normal lines, the normal class of an hypersurface Z of
P". In section 2, we study the normal lines to a surface S of P?, we introduce the rational map
«, the normal polars, the set B, we state a general formula for the normal class of a surface of
P? and we prove Theorem 1. In section 3, we apply our results and compute the normal class of
every quadric. In section 4, we use our method to compute of the normal class of a cubic surface
with singularity Fg. In section 5, we prove Theorem 2. We end this paper with an appendix on
the normal class of two particular kinds of surfaces: the cylinders and the surfaces of revolution.

1. THE PROJECTIVE NORMAL LINES TO AN HYPERSURFACE

Let E, be an euclidean affine n-space of direction the n-vector space E,, (endowed with some
fix basis). Let V := (E, ® R) ® C (endowed with the induced basis ey, ...,e,4+1). We consider
the complex projective space P := P(V) with projective coordinates 1, ..., z,1+1. We denote
by H>® := V(zp41) C P" the hyperplane at infinity. Given Z = V(F') # Hs an irreducible
hypersurface of P" (with F € P(Sym(V")) = C|xy,..., Znt1]), we consider the rational map
nz :P" --» P" given by nz = [Fy, : -+ : Fy, : 0].

LWe write [z :y: 2] for the coordinates of m € P? and F;, F,,, F, for the partial derivatives of F'.
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Definition 3. The projective normal line N,,Z to Z at m € Z is the line (mnz(m)) when
nz(m) is well defined in P™ and not equal to m.

If F has real coefficients and if m € Z \ Ho has real coordinates [xgo) R %(10) : 1], then
N Z corresponds to the affine normal line of the affine hypersurface V(F(x1,...,x,,1)) C E,
at the point of coordinates (acgo), e ,mﬁ?)). The aim of this work is the study of the notion of

normal class.

Definition 4. Let Z be an irreducible hypersurface of P". The normal class of Z is the number
cv(2) of projective normal lines of Z through a generic my € P", i.e. the number of m € Z such
that Ny (Z) contains my for a generic my.

We will observe that the projective normal lines are preserved by some changes of coordinates
in P", called projective similitudes of P" and defined as follows.

Recall that, for every field k, GO(n,k) = {A € GL(n,k);IN e k*, A" A=\ -1,} is the or-
thogonal similitude group (for the standard products) and that GOAf f(n, k) = k" ©xGO(n, k)

is the orthogonal similitude affine group. We have a natural monomorphism of groups
k:Aff(n,R) =R" x GL(n,R) — GL(n + 1,R) given by

all ... e Q1p b1
asl ... o Q9n b2
w(b, 4) = (1)
any .- ee. Qpn b
0o .. 0 0 1

and, by restriction, klgoarfmr) : GOAff(n,R) = R" x GO(n,R) — GL(n + 1,R). Analo-
gously we have a natural monomorphism of groups ' := (k @ 1)|lcoaffm,c) : GOAff(n,C) =
C"xGO(n,C) — GL(n+1,C). Composing with the canonical projection 7 : GL(n+1,C) —
P(GL(n + 1,C)) we obtain the projective complex similitude Group:

Sime(n) = (7 0 &) (GOAF f(n, C)).

which acts naturally on P™.

Definition 5. An element of P(GL(V)) corresponding to an element of Simc(n) with respect to
the basis (e1,--+ ,ey,) is called a projective similitude of P".

—

The set of projective similitudes of P™ is isomorphic to Simc(n).
Lemma 6. The projective similitudes preserve the normal lines.

More precisely, given an hypersurface Z = V(F) C P", for any projective similitude ¢ and any
m € Z such that nz(m) is well defined so is ny(z)(w(m)) and we have p(nz(m)) = nyz)(e(m)).
Hence, if Nin(Z) is well defined, so is Nym)(2(2)) and

PNm(Z2)) = Nom) (0(2)).

Proof. Let ¢ € GI(V) with matrix £'(b, A) (in the basis (e1,--- ,e,)) of the form (1), with b € C"
and A € GL(n,C) such that A’A = X\-I,,. Let ¢ the projective similitude of P associated to ¢.
Observe that ¢(Z2) = V(G) with G := F o ¢~ 1. We write

ApH = gzcgo)Hgg1 + -4 m(o) H

n+1""Tn+1

for any P(a:go), e ,xg]ll) € Vand H € P(Sym(V")). Observe that, for every B,P € V, we
have

Npm)(Fop™!)(p(P)) = ApF(P). (2)
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We consider a nonsingular point P € Z such that Tp(Z) # Ho. We set € := ¢(e;) and
P’ := ¢(P). Due to (2), we obtain that 7,py(¢(Z)) # Hoo, hence n,s)(¢(P)) is also well
defined. Moreover we have

pns(P)) = (A F(P) €14+ Ae, F(P)-ep)

= A, F(P) €|+ + A, F(P) e,

= Ae/IG(P') el 4+ Ay G(P) - €.
Now the first coordinate of this vector is

[p(ns(P))]i = AygGP') a1+ + A G(P) a1,

= Ay o) ttarne, GP')
Apar-erttarnen) GP)
AAfar 1, a1.),0) G (P')
A(A(tAer),0)G(P')

= Ape,G(P) =X A, G(P).
Treating analogously the other coordinates we obtain that

pns(P)) = X (Ae;G(P) +--- + Ae, G(P))
= )\ nw(s)(P’)

and so p(ns(P)) = ny(s)((P))- .

Remark 7. It is worth noting that, due to this lemma, the normal class of surfaces of P is
invariant by projective similitudes of P3.

2. STUDY OF THE NORMAL CLASS OF SURFACES

Let V be a four dimensional complex linear space (endowed with a basis (ej, ez, es,e4)) and
P? := P(V) with projective coordinates z,y,z,t. In P3, we consider an irreducible surface
S = V(F) with homogeneous F' € C|x,y, z,t] of degree ds. Recall that we write H> = V(t) for
the plane at infinity. For any nonsingular m € S (with coordinates m = (z,v, z,t) € C%), we
write 7,,S for the tangent plane to S at m. If 7,8 # H>, then

ns(m) = [Fy(m) : Fy(m) : F.(m) : 0 (3)

is well defined in P3. If moreover ng(m) # m, we define the projective normal line NV,,S to S at
m as the line (mng(m)). We will associate to a generic m € S a system of equations of N,,,S.
This will be done thanks to the Pliicker embedding. Observe that ns given by (3) defines a
rational map ng : P3 --» P3.

2.1. Pliicker embedding. Let W = VV be the set of homogeneous polynomials of degree one in
Clz,y, 2, t], endowed with (e7, €3, €3, e}) the dual basis of (e;, ez, e3,e4). We consider the duality
§: W ——» P3 given by §(ael + bej + cel +del) = [a:b:c:d]. We define §@® : W4 ——» (P3)* by

8 (11, 19,13, 14) = (8(11),6(12), 6(I3), 6(14)) -
We consider now A3 : V x V x W* — W* given by

A3(u,v,0) = <M1, —MQ,MB,_M4> )

where ]\A/fj is the determinant of the minor obtained from M = (u v /) by deleting the j-th row
of M.
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Let A be the diagonal of P3 x P3. We define u : (P? x P3)\A — (P?)* by
p(u,v) = 6D (A3 (uv L)) where L := z

Observe that when u # v, A3 (uv L) gives four equations in C[z,y, z,t] of the line (uv), i.e.
(uv) - m?:lv“ui(uvv)v >) - ]P)gv

where pu(u,v) = (11 (u, v), p2(u, v), 3 (u, ), pa(u,v)) and where we write (u,v) = 3% | w;v; for
the complexification of the usual scalar product on R* to V.

We will express v in terms of the Pliicker embedding (P? x P%)\A Zops = P(A2C*) defined
by

UIV2 — V1U2
U1v3 — v1U3
UIV4 — V1U4
U2V3 — V2U3
UV4 — VU4
U3v4 — V3U4

Pl(u,v) =[uAv] =

The image of the Pliicker embedding is the quadric hypersurface (see [2])
G(1,3) := PI((P*)?\ A) = V(wiwg — waws + wzwy) C P,

We have a first commutative diagram (for i =1,...,4)

(P3)t 2 op3
m i
A/ T / (4)

@ x PPA T P = pA2V)

where pr; is the canonical projection (on the i-th coordinate) and where U = (11,19, 13,14) is
given on coordinates by

0 —Wg ws —Wq

We 0 —ws3 w2 4
‘I’(wl,wg,W3,w4,w5,w6) = —ws ) ws ) 0 s —wy eV

wy — w2 w1 0

Observe that the images of W correspond to antisymmetric matrices (by identifying (u, v, w, w’) €
V* with the matrix M, := (uvww’)).

2.2. Equations of projective normal lines. Now we come back to normal lines. Let j : P3 —
P3 x P? be the morphism defined by j(m) = (m,ns(m)). We define o : P3 --» P® by

a:= Ploj.
We observe that the set of base points of a is B := j~1(A), i.e.

B = {m € P*;rank (m,ns(m)) < 2} .
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We define also v := p o j which maps any m € S\ A to the coordinates of a system of four
equations of the normal line NV,,,S to S at m. We deduce from (4) a second commutative diagram

(]P:3)4 ﬂ) P3

v i
A (5)
PA\B < PP
Fy —yFy,
xF, — 2F,
Observe that a(z,y, z,t) = Tt and so
Y5 % - sz _ ZFy
—tF,
—tF,
0 tF, —tF, 2By —yF,
B —tF, 0 tF, xF, — 2F,
V(x,y, Z’t) - tFy ’ —tF, ’ 0 T yEL —mFy
yF, — zF, zF, —xF, rFy —yF, 0

2.3. The normal polars of S. Let m; be a generic point of P2. By construction, for every
mlz :y:z:t] € S\B, we have N;,S = N_,V((v;(m),-)) where v; := pr;ov. For every A € VV,
we define the normal polar P4 s of S with respect to A by

4 4
Pas = ﬂ V(Aoy))=BU <ﬂ V;1HA> )

i=1 i=1
where H 4 := V(A) C P3. For every m € P3 and every A € VY, we have
m e Pas < me Bord(A) € Ni(S),

extending the definition of N, (S) from m € S to m € P3. From the geometric point of view,
due to (5), we observe that

4 4
Pas=(V((Aot)oa)=BU <ﬂ alHAw) ,

i=1 =1
where H 4 ; is the hyperplane of P® given by
Ha, =V (Aoq) = Base(¥;) UT; (H).
Lemma 8. For every A € VY \ {0}, the set ﬂ?zl Ha; is a plane of PP contained in G(1,3).

Proof. Let A = aej+bel+celz+de} be an element of VV and write B := §(A) = [a: b: c: d] and
B := (a,b,c,d) € V. Assume for example d # 0 (the proof being analogous when a # 0, b # 0 or
¢ # 0, for symetry reason). Observe that a-Aoth; +b- Aotpy+c- Aoty +d-Aotpy = ('B)-My-B =0
since My, is antisymmetric. Hence

4 3
(VHai = Has
i=1 i=1

Recall that Aoy = bwg — cws + dwy, Aoy = —awg + cws — dwy and Aoy = aws — bws + dwy .
Since d # 0, these three linear equations are linearly independent and so ﬂ?zl H 4, is a plane of
P5. Moreover, we observe that

ws - (Aothy) +ws - (Aoy) +we - (Aos) = dwiws — waws + w3wy)
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and so, since d # 0, it follows that (?_, Ha; C V(wiws — wows + wswy) = G(1,3). O

Due to the proof of the previous lemma that, if d # 0, we have

3
Pas = ﬂ V(Aouy).
i=1
Proposition 9. Assume ds > 2, dimB < 1, that F,F,F, # 0 in Clz,y, z,t|. For a generic
A€ VY, we have dimPys =1 and degPas = ds —ds + 1.

The assumptions of this proposition are valid for a generic surface and are discussed in Remark
10 and in Proposition 11.

Proof of Proposition 9. Let us notice that, since dim B < 1, at least one of the following varieties
has dimension less than one : V(tF,, tF,, F,), V(tFy, tF,, F,) and V(tF,,tF;, Fy).

Indeed, dim V (tF,,tF,, F,) > 2 implies the existence of an irreducible G € Cle, y, 2, t] dividing
tF,, tF, and F,. G divides F,, F,, and F, would contredict dim B < 1. So dim V' (tF,,tF, F,) > 2
implies that ¢ divides F,. Hence if the three varieties above were of dimension larger than 1, ¢
would divide F, F, and F,, which contredicts dim B < 1.

Assume that dim V (tF,,tF,, F.) < 1 (the proof being analogous in the other cases). For
Ae VY, wewrite [a:b:c:d = 3(A). Assume that d # 0. Then Pas = (oo, V(A o v;) with

Aovy =t(cFy —bFZ)—l—d(yF — 2Fy) = F,(dy — bt) + F(ct — dz),
Aoy =t(aF, — cF,) + d(zF, —a:F) F.(at — dz) + Fy(dz — ct), (6)
Aovy =t(bF, —aFy) +d(xF, — yF,) = F,(dx — at) + F,(tb — dy).
We notice that
(¢t —dz)-Aovg=(dx —at)- Aovy + (dy — bt) - Ao vs. (7)

Let us write H, g for the plane V(ct — dz) C P3. Hence, due to (6), we have
7DA,S \ Hc,d = V(A ovi,Ao V2) \ /Hc,d (8)

and
HeaNV(Aovi,Aowy) = (Hea NV (F;)) U{6(A)}. (9)

Observe that dim B < 1 implies that dim P4 s = 1 for a generic A € V. Since dim V (¢tF, tF,, F,) <
1 and F, # 0, for a generic A € VY, we have dim(F,, Aovs) = 1 and #(Hc 4NV (F,, Aovs)) < 0o

ie. #(HcaNPas) < oo. Dueto (8) and (9), dimPys = 1 and #(Hea N Pas) < oo implies
that dim(V (Aowvy, Aows)) = 1.

Let A € VY be such that dimPas = 1 and #(H.q N V(F,, Ao vz)) < oo. Observe that
dim(V (F,) N Hea) = 1. Let Ho C P? be a generic plane such that Ho N H.q N Pas = () and
dim (HoNV(Aowvy, Aory)) = 0. Hence Hg does not contain 6(A). Due to (7) and to the Bezout
theorem, we have

degPas = Y. ipr(Ho,Pas)
PeHoNPa,s
= > ip(Ho, V(Aowy, Aow))

Pe(HonPa,s)\He,d
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since Ho N Hea N Pas =0 and due to (7). Using (8), we obtain

degPas = > ip(MHo,V(Aow, Aowy)) — > ip(Ho,V(Aow, Aow))
PeHoNV (Aovy,Aovs) PeHoNH,aNV (Aovy,Aovs)
= d%— > ip(Ho, V(Aowvy, Aoy, (ct —dz)Aovs))
PeHoNH,aNV (Aovy,Aovo)
= d%— > ip(Ho, Heg, V(Ao v, Aowy)) (10)

PeHNHe, 4NV (Aovy, Aows)
due to (7) and since HoNHeaNPa,s = 0. Moreover, due to (6), HoNHeaNV(Aowvy, Aowy) =
Ho N Hea NV (F;) and, for every P € HoNHe g NV (Aowvy, Aowy), we have
ip(Ho, Hea, V(Ao v, Aows)) = ip(Ho, Hea,V(Fs(dy — bt), Fs(at — dz))
= ip(Ho, Hea, V(FL))
since §(A) € Ho and so
degPas = ds — > ip(Ho, V(F.), Heaq) = ds — (ds — 1).
PeHoNH,,aNV (F2)

U

Remark 10. Observe that, in the computation of the normal class, up to a change of variable
by an element of Simc(3), one can always suppose that FyFyF, = 0.

Moreover, if F, =0 in Cz,y, z,t], then S is a cylinder of axis V(x,y) and
e (8) = a(C),
where C := V(G) C P? (with G(x,y,z) = F(x,y,0,2)) is the base-curve of the cylinder S and
Theorem 2 applies to C (see Proposition 22).

Proposition 11. If dimB = 2, then the two dimensional part of B is V(H) C P3 for some
homogeneous polynomial H € Clz,y, z,t| of degree diy. We write o« = H - &. Observe that the
rational map & : P? --» P3 associated to & coincide with a on P3\ V(H) and that the set B of
its base points has dimension at most 1. We then adapt our study by replacing v by v associated
to U := % and by defining the corresponding polar 73,43 Assume moreover that FyFyF, # 0 in
Clz,y, 2, t] Then, we have

degPas = (ds — dy)? —ds + dy + 1.

Proof. We explain how the proof of Proposition 9 can be adapted to prove this remark. We have
Pas = V(Ay, Ay, A3), with Ay, Ay, A3 € Clx,y, 2,t] such that Aov; = H- A; for i € {1,2,3}.
Observe that, due to (7), we have

(ct —dz) - Ay = (dx — at) - Ay + (dy — bt) - As. (11)
Hence we have . o
Pas\ Hea=V(A1,A2) \ Hea- (12)
We distinguish two cases.
e Assume first that H divides F,, F, and F,. Then, we define Fy, Fy, F, € Clz,y, 2,t] such
that F,, = H-F,, F)y=H -F, and F, := H - I’,. We have

Ay = F.(dy —bt) + F y(ct —dz),
Ay = F,(at — dz) + Fy(dz — ct), (13)
Az = F,(dx — at) + F(tb — dy)
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and so
Hea NV (A1, Ag) = (Hea N V(F,)) U {5(A)}. (14)

As in the proof of Proposition 9, we can assume that dim V(tﬁw,tﬁy,ﬁz) < 1 and we
take a generic A € VV such that dim 75,473 =1 and #(HeaN 75A,S) < oc0. In particular,
we have dimV (A;, A3) = 1 and dim(V(F,) N H.4) = 1. We consider a generic plane
Ho < P3 such that Ho N HeaNPas =0 and dim(Ho N V([ll, [12)) = 0. Following the
proof of (10), we obtain that, for a generic plane Ho C P3

degPas = deg(fh)Q—Zip(%o,%qd,‘/(z‘ihfb))
P

= deg(A1)” = Y ip(Ho, Hea, V() = deg(A;)? — deg ., (15)
P

due to (14), to (13) and since §(A) &€ Ho.

Assume now that H does not divide F, or does not divide Fy, or does not divide F,. Due
to the expression of o, H divides tFy,tF,, tF,, o F, —yF,, oF, — zF,,yF, — zF,. Hence t
divides v Fy — yFy, 2 F, — zF,,yF, — zF,. This implies that ds is even and the existence
of a non null polynomial G € C[r] of degree ds/2 and of an homogeneous polynomial
K € C[z,y, z,t] of degree ds — 1 such that

F(z,y,2,t) = G2 + y> + 2%) + tK (2, y, 2, t). (16)

Hence t divides H, we set H; € C[z,y, z,t] such that H = tH; and we define F, Fy, F, e
Clz,y, 2,t] such that F, = Hy - F,,, F;, = Hy - F;, and F, := H; - F,. Observe that
Ay = cFy = bF, + dG,,. and tA, = F.(dy — bt) + Fy(ct — dz),
Ay = aF, — cF, — dG,, and tAy = (at —dx) + Iyp(dz — ct), (17)
A3 = bF, — aF, + dG,, and tA3 = F,(dx — at) + F,(tb — dy).

with ém,ya C?LZCNJZ,y € Clz,vy, z,t] such that

xFy, —yF, = H- G’ = Hy - (xﬁ’y - yﬁ})
zoF, —zF, = H- G’ . =Hyp- (xﬁ’z—zﬁ’x)
yF, —z2F, = H- C? . =Hp- (yﬁ’z—zﬁ’y).

Observe that dim V(Fx,ﬁy,pz) < 1. Moreover F, # 0. Due to (16), it will be useful
to notice that V(z,t) ¢ V(Fy) U V(F) nor V(y,t) ¢ V(F;) UV (F:) and V(z,t) ¢
V(F,) UV(E,). Hence we take A € VY such that dim V(F,, A3) = dim V (A, Ay) = 1
and V(A;)UV (A2)UV (A3) contains neither V (z,t) nor V(y,t) nor V(z,t) and such that
a,b,c¢,d are non null and such that dim(#H.4 NV (F,, A3)) = 0. We consider a generic
plane Ho C P3 such that §(A) & Ho, HoﬂHcdﬂV(ﬁz, [13) =0, dim(HoﬂV([ll, 1212)) =0
and Ho NV (A, Az, z,t) = 0 so that, due to (17), we have

HoNHeg NV (AL, Ag) = Ho N Hea NV (F)\ V(1) (18)
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(since 6(A) & Ho and since Ho NV (A, Ag,z,t) = ). Hence Hg N Hea N 75A,S = 0.
Following the proof of (10), we obtain that, for a generic plane Ho C P3, we have

degPas = deg(Ai)? - Z ip(Ho, Hea, V(A1 As))
PE’HOQ’HC’dﬁV(AhAg)
= deg(4))* - > ip(Ho, He,a, V (A1, 1A2))
PEHoNHe 4NV (F2)\V (1)
= deg(Al)Q — Z ’L'P(,H(], /Hc,da V(Fz))

PEHoNH e aNV (F)\V (t)
due to (18), to (13) and since §(A) ¢ Ho. Hence we have
degPas = deg(A1)? —deg F. + ip,(Ho, Hea, V(F:))
= deg(A;)? —degF, + 1, (19)

where P is the point contained in Ho NV (z,t). Indeed, if Hy = V(ax + By + vz +d0t), a

parametrization of HoNH. 4 at Py[B : —a: 0 : 0] is given by 9 (t) = [ : —a—(vyet/d)—dt :

(¢Bt/d) : tB]. Moreover, since Hy(z,y,z,0) divides G'(x? 4+ y> + 22), F, has the form

Go(z? + y* + 22)z + tKo(z,y, 2,t), and so ip,(Ho, V(F.,ct — dz)) = val, F,(4(t)) =
valy (¢ftGo(B% +a?) /d+ Bt Ky(B, —a,0,0)) = 1, for a generic Hy (given a generic A € VV
such that ¢Go(8% 4 a?) # dKo(8, —a,0,0) in Cla, 4]).

The remark follows from (15) and (19). O

Example 12. Observe that the only irreducible quadrics S = V(F) C P? such that dim B > 2
are the spheres and cones, i.e. with F' of the following form

F(z,y,2,t) = (x — zot)” + (y — yot)? + (2 — 20t)* + aot”,
where g, Yo, 20, ag are complex numbers (it is a sphere if ag # 0 and it is a cone otherwise).

Hence, due to Proposition 9, the degree of a generic normal polar of any irreducible surface
S = V(F) C P? of degree 2 which is neither a sphere nor a cone is 3.

Moreover, for a sphere or for a cone, applying Proposition 11 with H = t, 75,475 s a line for
a generic A € VV.,

2.4. Geometric study of the base points. We set Bs := BN S for the base points of as.
We identify the set Bs thanks to the next proposition. We recall that the umbilical curve C.,
is the set of circular points at infinity, i.e.

Coo i ={[z:y:2z:t]€P? : t=0, 2® +9y* 4+ 22 =0}.
We also set Sy := S N H™.
Definition 13. We denote by Sing(S) the set of singular points of S.

The set of contact at infinity of S, denoted by Co(S), is the set of points of S where the
tangent plane is Heoo.

The set of umbilical contact of S, denoted by U (S), is the set of points of contact of Seo
with the umbilical in Hao.

Proposition 14. The set of base points of s is SIng(S) U Coo(S) UUuo(S).

Proof. We have to prove that the base points of o5 are the singular points of S (i.e. the points of
V(Fy, Fy, F., F})), the contact points of S with H (i.e. the points P € S such that TpS = H>)
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and the contact points of Sy, with Co in He (i.e. the points P € S NCx such that the tangent
lines Tp(Sao) and Tp(Cx) are the same).

Let m € S. We have

meBs < mAns(m)=0
< ng(m) =0 or m=ng(m)
& me V(F,, Fy, F,) or m =ng(m).
Now m € V(Fy, F,, F,) means either that m is a singular point of S or that 7,,S = H>.
Let m =[x :y:z:t] €S besuch that m =ns(m). So [z :y:z:t]=[F,: Fy:F,:0]. In
particular ¢ = 0. Due to the Euler identity, we have 0 = o F, + yFy + 2F, +tF; = F2 + Fy2 + F2
and so 22 4+ y? 4 22 = 0. Hence m is in the umbilical curve Cs. Observe that the tangent line

TnCoo t0 Coo at m has equations 7= 0 and 6~ !([z :  : 2 : 0]) and that the tangent line 7,,Suc
to S at m has equations 7' = 0 and 6~ !(ns(m)). We conclude that 7,,Co0 = TrnSwo-

Conversely, if m = [z : y : z : 0] is a nonsingular point of So; N Coo such that 7;,,Co = TrmSso,
then the linear spaces Span((z,y, z,t),(0,0,0,1)) and Span((F,, F,, F., F}), (0,0,0,1)) are equal
which implies that [z :y: 2z : 0] = [Fy : Fyy : F, : 0]. O

In other words, the base points Bs of a|s are the singular points of & and the common points
of S with its dual surface? at infinity.

Example 15. For the saddle surface S = V(xy — zt), the set Bs, contains a single point
[0:0:1:0] which is a point of contact at infinity of Sy .

For the ellipsoid & = V (z? + 2y? + 422 — t2), the set Bg, is empty.

For the ellipsoid E := V (x? + 4y? + 42 — t2), the set Bg, has two elements: [0 : 1 : £i : 0
which are umbilical contact points of Es.

2.5. Computation of the normal class of a surface.

Theorem 16 (Normal class formula). Let S be an irreducible surface of P? of degree ds > 2
such that #Bs < co. Assume moreover that FyFyF, # 0 in Clz,y,z,t]. Then, for a generic
A e VY, we have

o (S)=db—di+ds— Y ip(S,Pas). (20)

PeBs

Proof. We keep the notation §(A) = [a : b: ¢ : d]. Observe that, for a generic A € V", since a(S)
is irreducible of dimension at most 2, we have # ﬂ?zl HaiNa(S) <ooandso #PasNS < oo
(since Bs < 00).

Since dimPy s = 1 and #S NP4 s < oo for a generic A in VY, due to Proposition 9 and to
the Bezout formula, we have:

ds(d% —ds+1) = deg(SNPas)
= Y ip(S,Pas)
P

= Y ip(S,Pas)+ Y. ip(S,Pas).

PeBs PeS\B

2We call dual surface of S its image by the Gauss map.
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Now let us prove that, for a generic A € VV,

> ip(8.Pas) = #(SNPas)\ B). (21)
PeS\B

Since « is a rational map, a(S) is irreducible and its dimension is at most 2.

Assume first that dim o(S) < 2. For a generic A € VY, the plane (\_; Ha; = i, ¢; (Ha)

does not meet a(S) and so the left and right hand sides of (21) are both zero. So Formula (20)
holds true with ¢,(S) = 0.

Assume now that dimﬁ = 2. Then, for a generic A € VY, the plane ﬂ?zl Ha,; meets
a(S) transversally (with intersection number 1 at every intersection point) and does not meet
a(S) \ a(S). This implies that, for a generic A € VY, we have ip (S,Pas) = 1 for every
P e (8NPas)\ B and so (21) follows. Hence, for a generic A € VV, we have

ds(df —ds+1) = Y ip(S,Pas)+#{P €S\ B: §(A) € NS}
PeBs
= Y ip(S5,Pas) +cl(S),
PeBs
which gives (20). U

We can now prove Theorem 1.

Corollary 17. For a generic irreducible surface S C P of degree ds, Bs =0, V(F,F,F,) # P?
and so

c,(S) = d% — d% + ds.

If dim B = 2, we saw in Proposition 11 that we can adapt our study to compute the degree of
the reduced normal polar 75,4,3 associated to the rational map & : P --» P3 such that o = H - &.
Recall that we have denoted by B the set of base points of this rational map. Using Proposition
11 and following the proof of Theorem 16, we obtain:

Proposition 18. Assume that dimB = 2, with two dimensional part V(H) C P? for some
homogeneous polynomial H € Clx,y,2,t] of degree dp. Assume moreover that F,FyF, # 0 in

Clz,y, z,t] and that #(S N B) < co. Then, for a generic A € VY we have
e(S) =ds (B —ds+1)— 3 ip (8, Pas),
PeBNS
with CZS =ds — dpy.

3. STUDY OF THE NORMAL CLASS OF QUADRICS

The aim of the present section is the study of the normal class of every irreducible quadric. Let
S = V(F) C P3 be an irreducible quadric. We recall that, up to a composition by ¢ € Simc(3),
one can suppose that F' has the one of the following forms:

(a) F(z,y,2,1) =2+ oy’ + 2% + 1

(
(b) Flx,y,2,t) = 2° + ay® + 2°
(¢) F(z,y,2t) = 2® + ay® — 2tz
(d) Flz,y,2t) =2* +ay’ + 1%,
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with «, 8 two non zero complex numbers. Spheres, ellipsoids and hyperboloids are particular
cases of (a), paraboloids (including the saddle surface) are particular cases of (¢), (b) correspond
to cones and (d) to cylinders.

We will see, in Appendix A, that in the case (d) (cylinders) and in the cases (a) and (b) with
«a = B =1, the normal class of the quadric is naturally related to the normal class of a conic.

Proposition 19. The normal class of a sphere is 2.
The normal class of a quadric V(F) with F given by (a) is 6 if 1, o, B are pairwise distinct.
The normal class of a quadric V(F) with F given by (a) is 4 if « = 1 # B.
The normal class of a quadric V(F) with F given by (b) is 4 if 1,«, 8 are pairwise distinct.
The normal class of a quadric V(F) with F given by (b) is 2 if a =1 # .
The normal class of a quadric V(F) with F given by (b) is 0 if « = 8 = 1.
The normal class of a quadric V(F) with F' given by (c) is 5 if a # 1 and 8 if a = 1.
The normal class of a quadric V(F) with F given by (d) is 4 if « # 1 and 2 if « = 1.
Corollary 20. The normal class of the saddle surface S = V(xy — zt) is 5.

The normal class of the ellipsoid & = V (12 + 2y* + 422 — t2) with three different length of axis
15 0.

The normal class of the ellipsoid Eo = V(2% + 4y? + 42% — t2) with two different length of axis
18 4.

Proof of Proposition 19. Let S = V(F') be a quadric with F' of the form (a), (b), (c) or (d).

e The easiest cases is (a) with 1, «, 5 pairwise distinct since the set of base points Bs is
empty. In this case, since the generic degree of the normal polar curves is 3 and since &
has degree 2, we simply have ¢,(£1) =2 -3 =6 (due to Theorem 16).

e The case of a sphere S is analogous. In this case, BNS = 0 and deg 75A,S =1 for a
generic A € VV (see Example 12). Hence, we have ¢, (1) = 2-1 = 2 (due to Proposition
18).

In the other cases, the set of base points on S will not be empty and we will have to compute
intersection multiplicity of the surface with a generic normal polar curve at the base points P.
To this end, we compute a parametrization ¢ — 9(t) (in a chart z =1,y =1,z =1ort = 1)
of the normal polar curve P4 s at the neighbourhood of each base point P and use the formula
ip(S,Pas) = val(F o).

e In case (a) with a = 1 # 3, the set Bs contains two points [1 : i : 0 : 0]. We find the
parametrization ¢ (y) = [1 : 2i+y : 0 : 0] of P4 s at the neighbourhood of P[1 : 44 : 0 : 0],
which gives ip(S,Pas) = val,(1+ (£i+y)?) =1 andsoc,(S)=2-3—-1-1=4.

e In case (b) with «, 8 and 1 are pairwise distinct, the set Bs contains a single point
P[0:0:0:1] and a parametrization of P4 s in a neighbourhood of P is

bx cx
= |z:— : (1. 22
¥(z) * dla—1)z—a a+d(1-p)z (22)
Hence ip(S,Pas) = valy(F(¢(z))) =2 and so ¢,(S) =2-3 -2 =4.
e In case (b) with @« = 1 # [, we have Bs = {P,P,,P"} with P[0 : 0 : 0 : 1] and
PL[1:4i:0:0]. A parametrization of P4 s in a neighbourhood of P is given by (22)
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with & = 1 and so ip(S,Pa,s) = 2. A parametrization of P4 s at a neighbourhood of P/
is(z) =[1:+i+y:0:0] and soip (S,Pas)=1. Hencec,(S)=2-3-2-1-1=2.
In case (b) with a = 8 = 1, for a generic A € VY, we have deg 75A,S =1 (see Example
12) but here BNS = {[0:0:0: 1]}. We find the parametrization ¥ (z) = [z : (bz/a)
(cx/a) : 1] of Pas at the neighbourhood of P[0 : 0: 0 : 1]. Hence ip(S,Pas) = 2 and
so,(S8)=2-1-2=0.

In case (c) with a # 1, the only base point on S'is P1[0:0: 1 : 0] and a parametrization
of P4 s at the neighbourhood of this point is

at? bt?
vt = d+ (d—c)t : t(d—ca)—l—adzl:

which gives ip, (S,Pa,s) = 1. Hence ¢,(S) =2x3 —-1=5.

In case (c) with o = 1, there are three base points on S: P[0 :0:1:0], P, 4[1: £i:
0 : 0]. As in the previous case, a parametrization of P4 s at the neighbourhood of P
is given by (23) with a = 1 and so ip, (S,Pa,s) = 1. Now, a parametrization of Py s
at the neighbourhood of P, 1 is ¥(t) = [1 : i+ y : 0: 0] and so ip,, = (5,Pas) =
valy(1+ (y £i)%) = 1.

For the case (d), due to Proposition 22 (see also Remark 10), ¢,(S) = ¢,(C) with C =
V(2?2 4+ ay? + 2%) C P? which is a circle if @ = 1 and an ellipse otherwise. Hence, due to
Theorem 2, ¢,(C) =24+2—-0—-1—-1=2if a=1and ¢,(C) = 2+ 2 = 4 otherwise.

t, (23)

O

4. NORMAL CLASS OF A CUBIC SURFACE WITH SINGULARITY Fjg

Consider S = V(F) C P3 with F(x,y,2,t) := 2?2 + 2%t + y3. S is a singular cubic surface
with Fg—singularity at p[0 : 0 : 0 : 1]. Let a generic A € VYV with §(A) = [a : b : ¢ : d].
The ideal of the normal polar Ps 4 is given by I(Ps a) = (Hi,Hs, Hs) C Clz,y,z,t] with
Hy = (y(2?+22t)—3y%2)d—b(x® +22t)t+3y>ct, Hy = (w(2?+22t)—2w22)d—a(x?+22t)t+2x2tc
and Hs := (—2z2y + 3zy%)d — 3ay®t + 222tb. We have two base points: p and ¢[0 : 0 : 1 : 0].
Actually ¢ is the contact point of S with Hao. The curve at infinity Seo := V(222 + 3%) C Hoo
has a cusp at q.

(1)

Study at p.
Near p the ideal of the normal polar, in the chart ¢ = 1, H3 = 0 gives z = g(z,y) :=
2
%. Now V(A1 (z,y,g(x,y),1)) corresponds to a quintic with a cusp at the origine
(and with tangent cone V(y?)). Its single branch has Puiseux expansion y? = —%x?’ +
o(x3), with probranches y = ¢.(x) with ¢.(x) = iey/ 3%2?% + o(x%) for e € {£1}. Hence,

g(z,0e(x)) = —362—2 + o(z?). Hence parametrizations of the probranches of Pys at a
neighbourhood of p are

Pe(a) = [z : pe(@) 2 g(2, e () : 1]

and F(I'.(z)) = —%4 + o(z*). Therefore i,(Ps a,S) = 8.
Study at q.

Assume that b = 1. Near ¢[0: 0:1: 0], in the chart z =1, H3 = 0 gives t = h(z,y) :=
% and V(Ha(x,y,1,h(x,y))) is a quartic with a (tacnode) double point in (0,0)
with vertical tangent and which has Puiseux expansion

z = 0:(y) = weay® + o(y?),
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with w. = 354 + £,/d(d — 6) for ¢ € {£1} and h(0-(y),y) = —sz_dgijgy + o(y). Hence
parametrizations of the probranches of Ps 4 in a neighbourhood of ¢ are given by
Le(y) :=[0:(y) :y : 12 h(0:(y), p)]

for e € {1} and F(I':(y)) = —32f’2fiy + o(y). Hence i4(Ps 4,S) =2

Therefore, due to Theorem 16, the normal class of S = V(222 + 22t + y3) C P3(C) is
c,(S)=3-(3>-3+1)-8—-2=11.

5. NORMAL CLASS OF PLANAR CURVES : PROOF OF THEOREM 2

Let V be a three dimensional complex linear space and set P? := P(V) with projective
coordinates z,y,z. We denote by ¢, = V(2) the line at infinity. We consider the natural map
§: VY ——» P2 given by §(A) = [A(1,0,0) : A(0,1,0) : A(0,0,1)].

Let C = V(F) C P? be an irreducible curve of degree d > 2. For any nonsingular m[z : ¥ :
2] € C (with coordinates m = (z,y,2) € C3), we write 7,,C for the tangent line to C at m. If
TmC # oo, then ne(m) = [F, : F, : 0] is well defined in P? and the projective normal line
NnC to C at m is the line (mne(m)) if ne(m) # m. Equations of this normal line are then given
by 6~ 1(N¢(m)) where Ne : P? --» P2 is the rational map defined by

F, —zFy(m)
Ne(m):=mA | F, | = z2Fy(m) . (24)
0 xFy(m) — yF(m)

Lemma 21. The base points of (N¢)c are the singular points of C, the contact points with the
line at infinity and the points of {I,J} NC.

Proof. A point m € C is a base point of N¢ if and only if F,, = F, = 0 or z = oF, — yF, = 0.
Hence, singular points of C are base points of Ng.

Let m = [z : y : 2] be a nonsingular point of C. First F, = F,, = 0 is equivalent to 7,,C = (.
Assume now that z = zF, — yF, = 0 and (Fy, Fy) # (0,0). Then m = [z : y : 0] = [F} : F}, : 0]
and, due to the Euler formula, we have 0 = —zF, = xF, +yF, and so 22 +1y? = 0, which implies
m=1orm=J.

Finally observe that if m € {I,J} NC, then m = [~y : z : 0] and, due to the Euler formula,
0= —2F, =aF, +yly =aF, —yF,. O

Hence the set of base points of (N¢)|¢ is at most finite (since C # o).

Since the degree of each non zero coordinate of Ng¢ is d, due to the fundamental lemma of
[5], we have

Cl/(c) =d’ - Z Z'P(C’ V(L © NC))a (25)
PEBase((NC)‘C)

for a generic L € VV. The set V(L o N¢) C P? is called the normal polar of C with respect to
L. It satisfies

meV(LoN¢) <« Ne(m)=0ord(L) e Ny(C).

Now, to compute the generic intersection numbers, we use the notion of probranches [4, 9, 10].
See section 4 of [5] for details. Let P € C be a base point of N¢ and let us write up for the
multiplicity of C at P. Recall that up = 1 means that P is a nonsingular point of C. Let
M € GL(V) be such that M(O) = P with O = (0,0,1) (we set also O = [0 : 0 : 1]) and such
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that V' (z) is not contained in the tangent cone of V(F o M) at O. Recall that the equation of
this tangent cone is the homogeneous part of lowest degree in (x,y) of F(z,y,1) € C[z,y] and
that this lowest degree is up. Using the combination of the Weierstrass preparation theorem and
of the Puiseux expansions,

mp
FoM(z,y,1) = Ulz,y) [[ (v — g;(x)),

7=1
for some U(x,y) in the ring of convergent series in x,y with U(0,0) # 0 and where g;(z) =

Zm21 ajqu_f' for some integer q; # 0. The y = gj(x) correspond to the equations of the
probranches of C at P. Since V(z) is not contained in the tangent cone of V(F o M) at O, the
valuation in z of g; is strictly larger than or equal to 1 and so the probranch y = g;(z) is tangent
to V(y—xg;(0)). We write Tlﬁ” = M(V(y—xg}(0))) the associated (eventually singular) tangent
line to C at P (T]@ is the tangent to the branch of C at P corresponding to this probranch) and
we denote by igﬁ) the tangential intersection number of this probranch:

igﬁ) = valg(g;(z) — xg;(O)) = valg(g;(z) — xg;(x))
We recall that for any homogeneous polynomial H € C[z,y, z|, we have

ip(C,V(H)) = io(V(FoM),V(HoM))

pp
= ) val,(H(M(Gj(2)))),
j=1

where Gj(z) := (x,gj(x),1). With these notations and results, we have

QCl)= Y (ipCle) —pur@)= > > @ -1

PeCNloo PEClo j.7li)

For a generic L € VY we also have

Kp
ip(CV(LoNe) = 3 valo(L(Ne(M(Gj(x)))))
j=1

Hp
= Z mljnvalx([Nc o M|i(Gj(x))),
j=1

where [-]; denotes the k-th coordinate. Moreover, due to (24), as noticed in Proposition 16 of
[6], we have

N¢o M(m) = Com(M) - (m A [AAG(m) - A + AgG(m) - B]),
where G := FoM, A := M~1(1,0,0), B:= M~1(0,1,0) and A

As observed in Lemma 33 of [5], we have

A(Jrl,yl,zl)G('Ia gj (:C), 1) = Rj(x)W(xl,yl,zﬂ,j(x)a

where R;(z) = U(z, g;()) [1;4;(95 (x) = gj(2)) and Wiz, 4, 21y, (2) = y1— 219 () + 21 (29j(2) —
g;j(z)). Therefore, for a generic L € VV, we have

)H = lex+y1Hy+lez-

T1,Y1,21

Hp
ip(C,V(LoNg))=Vp+ kainvalm([Gj(x) AN (Waj(z) A+ Wgj(z)-B)g)
j=1
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where Vp := 37K 57, val(gy — g;). Now, we write hg) := miny, val, ([Gj(z) A (Wa j(z) A+

Wsj(z) - B)li) and hp := ?ﬁl hg). Observe that V(P) = 0 if P is a nonsingular point of C.
We recall that, due to Corollary 31 of [5], we have

> o Vep=dd-1)-d

PeCnBase(Ne)

and so, due to (25), we obtain

o) =d+d — > hp (26)

PeCnBase(Ne)

Now we have to compute the contribution hgﬁ) of each probranch of each P € C N Base(N¢). We
have observed, in Proposition 29 of [5], that we can adapt our choice of M to each probranch
(or, to be more precise, to each branch corresponding to the probranch). This fact will be
useful in the sequel. In particular, for each probranch, we take M such that g}(O) = 0 so
Gj(x) N (Wa j(z) - A+ Wgj(x) - B) can be rewritten:

x waya — (2% +ap)g;(x) + xpys + (2474 + 2p7E) (29} (2) — gj(2))
gi(@) | A YA +yE— (zaya+2pys)g;(x) + (2aya + 2ByB)(2g)(x) — gj(x)) | . (27)
1 yaza +ypzp — (vaza + xp2B)g)(x) + (25 + 23)(2g)(x) — g;(x))

e Assume first that P is a point of C outside £,. Then for M as above and such that
za = zp = 0, we have

~Yi — VB
G;j(0) A (Wa,;(0)- A+ Wg,;(0)-B) = | zaya+zBys
0

which is non null since (ya,ygr) # (0,0) and since A and B are linearly independent. So
h = o. |

e Assume now that P € CNly\{I,J} and Tlﬁj) # lso. Then yo+iyp # 0 and ya—iyp # 0
(since I,J & T]g] )) and so y4 + y% # 0 which together with (27) implies that hg) =0 as
in the previous case.

e Assume that P € C N/l \ {I,J} and T]?) = loo. Assume that M(1,0,0) = (1,4,0).
Hence A + iB = (1,0,0). Then y4 = yp = 0, x4 +ixp = 1, z4 + iz = 0. So
,2124 + Z% =0and zgx4 + zprp = 24 # 0 (since zp = iz4 and zp = i(x4 — 1)). Observe
that P # J implies also that x4 —izp # 0. So that 2% + 2% # 0. Hence, due to (27),
Gj(x) N (Wa j(z) - A+ Wgj(z) - B) is equal to

x (@% + 2%)g5(2) + 2a(2g(x) — g;(2))
gi(z) | A 0
1 zag; ()

) D) _q

= valy((2% + 2%)gj(x)) = ip
e Assume that P = I and that Tlﬁj) = l~. Take M such that M (O) = (1,7,0), B = (1,0,0)
and so A = (—4,0,1). Due to (27), Gj(z) A (Wa j(x) - A+ Wg(x) - B) is equal to

Therefore we have hg

x —i(zg}(z) — gj(v))
gi(z) | A U : (28)
1 ig(x) + (zgj(z) — g;(2))
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(7)

Now observe that each coordinate has valuation at least equal to ip” = valg; and that
the term of degree igﬁ) of the second coordinate is the term of degree igﬁ) of

—i(xg;(x) — gj(x)) + wig;(x) = ig;(x) # 0
)

which is non null. Therefore hg) = ig .

e Assume finally that P = I and that Tlﬁj) # loo. Take M such that M(O) = (1,4,0),
B =(0,1,0) and so A = (0, —¢,1). Due to (27), Gj(z) A (Wa j(z) - A+ Wgj(z) - B) is

equal to
T 0
gi(x) | A —i(zg;(z) — g;(7)) ) (29)
1 —i+ (zg;(z) — gj(2))

Now observe that each coordinate has valuation at least equal to 1 and that the term of
degree 1 of the second coordinate is ix # 0. Hence igﬁ) =1.

Observe that the case P = J can be treated in the same way than the case P = I.

Theorem 2 follows from (26) and from the previous computation of hp.

APPENDIX A. NORMAL CLASS OF SURFACES LINKED TO NORMAL CLASS OF PLANAR CURVES

We consider here two particular cases of surfaces the normal class of which is naturally related
to the normal class of a curve.

We start with the case of cylinders.

We call cylinder of base C = V(G) C P? and of axis V(z,y) C P3 the surface V(F) C P3,
with F(z,y, z,t) := G(z,y,1).

Proposition 22. Let S = V(F) C P2 be a cylinder of azis V(x,y) C P? and of base C =
V(G) C P2. Then
& (S) = ¢, (C).

Proof. The normal line of S at m[zy : y1 : 21 : t1] € S is contained in the plane V(12 — 21t).
Hence, for any P[zg : yo : 20 : 1] € P\ Hoo, we have the following equivalences:
PeN,S & Pe(mns(m))
& Pe(m,ns(m)), m¢ He
& Pe(m,ns(m)), t1 #0, 21 = 20ty
& 1 #0, 21 = 20t1, P € (m1,ne(my))
& 11 #0, 21 = 20t1, P € N, C,

with my[z1 : y1 : t1] and Pi[xg @ yo : 1] in P2, Hence #{m € S : P € N,,S8} = #{m1 € C :
Py € N;p,C} and the result follows. O

Another case when the normal class of a surface corresponds to the normal class of a planar
surface is the case of revolution surfaces.

We call algebraic surface of revolution of axis V(z,y) a surface V(F) C P3, where
F(z,y,2,t) := G(z% + 42, z,t), where G(u,v,w) € Clu,v,w)] is such that G(u?,v,w) is homoge-
neous.
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Proposition 23. Let S = V(F) C P3 be an irreducible surface of degree ds > 2. We suppose
that S is an algebraic surface of revolution of axis V(z,y), then c,(S) = ¢,(C) where C =
V(G(22,y,2)) C P? where G € Clu,v,w] is such that F(z,y, z,t) = G(2? + y?, 2,1).

Proof. We observe that, for every m[zy : y; : 21 : t1] € S, we have
ns(m) = [Fp(m) : Fy(m) : F,(m) : 0] = 221G, (m3) : 2y1G,(m3) : G,(m3) : 0],

with mg = (2% + v, 21,t1). The normal line of S at m[zy : y; : 21 : t1] € S is contained in the
plane V(z1y — y1) if (z1,y1) # 0. Hence, for any Plzg : yo : 20 : 1] € P?\ Hoo with 23+ y3 # 0
and xg # 0, we have the following equivalences:

PeN,S & Pe(mns(m)), m¢&He
< Pe (m7n3(m))7 t1 #0, T1Y0 = Toy1.
We observe that z1yg = zoy; implies that 23 + y§ # 0 or (z1,y1) = 0. Hence we have

X
1_y07 Py € (my,Ny),
0

PeNs(m) & t1#0, y1 =
with Pi[zg : 20 : 1], mi[z1 : 21 : t1] and Ny = [221Gy(m3) : G,(m3) : 0] in P2, Now let § be a
complex number such that 52x3 = x% + y(z]. We then have

N E(mla)Gu((mla)%zml) L Go((210), 21, 1)) - O] ’

1 1
mi [Smlé D21 :tl} and P [5%5 120 1] .
Now we set ma[z10 : 21 : t1] and Pa[z¢0 : yo : 1]. We observe that

ne(ms) [2($15)Gu((x15)2,21,t1) Go((216)%, 21, 11)) 0],

so that

PeN,S & t1#0, y1 = 36;_2;0’ Py € (ma,ne(ma))

& 75 0, z1 = zot1, P ENmQC.

Hence #{m € S : P € Ns(m)} = #{ma € C : P, € Ng(msy)} and this number does not
depend on the choice of § such that 6223 = 22 + y2. The result follows. O
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