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ABOUT GORDAN’S ALGORITHM FOR BINARY FORMS

MARC OLIVE

ABSTRACT. In this paper, we present a modern version of Gordan’s
algorithm on binary forms. Symbolic method is reinterpreted in terms
of SL2(C)—equivariant homomorphisms defined upon Cayley operator
and polarization operator. A graphical approach is thus developed to
obtain Gordan’s ideal, a central key to get covariant bases of binary
forms. To illustrate the power of this method, we obtain for the first
time a minimal covariant basis for S¢ @ S4 and Se¢ D S4 D So.
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1. INTRODUCTION

Classical invariant theory was a very active research field throughout the
XIX™ century. As pointed out by Parshall [49], the birth of this field can be
found in Gauss’ Disquisitiones Arithmeticae (1801). In this book, he studied
a linear change of variables in a quadratic form with integer coefficients.
About forty years later, Boole [12] established the main purpose of what has
become today classical invariant theory. Cayley [22, 23] deeply investigated
this field of research and developed important tools still in use nowadays,
such as the Cayley Omega operator. During about fifteen years (until 1861
and Cayley’s seventh memoir [20]) the English school of invariant theory,
mainly led by Cayley and Sylvester, developed important tools to compute
explicit invariant generators of binary forms. Thus, the role of calculation
deeply influenced this first approach in invariant theory [22].
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2 MARC OLIVE

At that time, a German school mainly conducted by Clebsch, Aronhold
and Gordan, developed their own approach, using the symbolic method, also
used with slightly different notations by the English school. In 1868, Gor-
dan, who was called the “King of invariant theory”, proved that the algebra
of covariants of any binary forms is always finitely generated [32]. As a
great part of the mathematical development of that time, such a result was
endowed with a constructive proof: the English and the German schools
were equally preoccupied by calculation and an exhibition of invariants and
covariants. Despite Gordan’s constructive proof, Cayley was reluctant to
make use of Gordan’s approach to obtain a new understanding of invariant
theory. That’s only in 1903, with the work of Grace—Young [34], that the
German approach of Gordan and al. became accessible to a wide commu-
nity of mathematicians. During that time, from 1868 to 1875, Gordan’s
constructive approach led to several explicit results: first, and without diffi-
culty, Gordan [33] computed a basis for the covariants of the quintic and the
sextic. Thereafter, he started the computation of a covariant basis for the
septimic and the octic. This work was achieved by Von Gall who exhibited
a complete covariant basis for the septimic [60] and for the octic [59].

In 1890, Hilbert made a critical advance in the field of invariant theory.
Using a totally new approach [37], which is the cornerstone of today’s alge-
braic geometry, he proved the finiteness theorem in the very general case of a
reductive group. However, his first proof [37] was criticized for not being con-
structive. Facing these critics, Hilbert produced a second proof [37], claimed
to be more constructive. This effective approach is nowadays widely used to
obtain a finite generating set of invariants [51, 29, 16, 17]. As pointed out by
Hilbert himself in [37], the main scope of this approach can be summarized
in three steps.

The first step is to compute the Hilbert series of the graded algebra A
of invariants, which is always a rational function by the Hilbert—Serre the-
orem [21]. This Hilbert series gives the dimensions of each homogeneous
space A; of A. There exists several methods to compute this Hilbert se-
ries [10, 43, 52] a priori. The second step is to exhibit a homogeneous sys-
tem of parameters (hsop) for the algebra A. Finally, the Hochster—Roberts
theorem [38] ensures that the algebra A is Cohen-Macaulay'. Thanks
to that statement, the system of parameters (or at least the knowledge
of their degree) altogether with the Hilbert series produce a bound for
the degree of generating invariants. We refer the reader to several refer-
ences [57, 16, 29, 25, 26, 27| to get a general and modern approach on this
subject.

One major weakness of this strategy is however that we need to compute a
system of parameters (or at least their degree). The Noether normalization
lemma [41] ensures that such a system always exists, but as far as we know,
current algorithms to get such a system [36] are not sufficiently effective
because of the extensive use of Grobnér bases. For the invariant or covariant
algebra of binary forms, one has of course the concept of nullcone and the
Mumford—Hilbert criterion [26, 14] to check that a given finite family is a

1Meaning the algebra A is a finite and free k[f1, ..., 0s]-module, where {01,...,0,} is
a system of parameters



ABOUT GORDAN’S ALGORITHM FOR BINARY FORMS 3

system of parameters. But this criterion does not explain how to obtain a
system of parameters. Furthermore, in the case of joint invariants, that is
for the invariant algebra of V := S, ®---®S,,,, such a system of parameters
has, in general, a complex shape. Indeed, Brion [15] showed there exists a
system of parameters that respects the multi-graduation of Inv (V') for only
thirteen cases.

Let’s point out that an important motivation for this work was to compare
effective approaches in invariant theory since we had to compute invariant
bases for non trivial joint invariants, such as Sg & S4 & S4 or Sg ® Sy D
So @ Sg. These computations are issued from continuum mechanics [5],
where constitutive laws (such as the generalized Hooke’s law) involve moduli
spaces of tensors by the three-dimensional orthogonal group. For instance,
to obtain invariants of the elasticity tensor [8], Boehler—Kirilov—Onat used a
classical isomorphism between complex SO(3,R) linear representations and
SL(2,C) linear representations on binary forms [55, 11]. Doing so, they
derived from the invariant basis of Sg (first obtained by Von Gall [59] in
1880), a generating set of invariants for the higher dimensional irreducible
component of the elasticity tensor. Such an invariant basis can be used to
classify the orbit space of the elasticity tensor, as pointed out by Auffray—
Kolev—Petitot [6]. In a forthcoming paper, we will present a new result,
useful in continuum mechanics [7]. This result is derived from the knowledge
of a basis for joint invariants of Sg @ Sy, already obtained by von Gall [58]
and checked again in this paper.

Other interests for effective computations of generating sets for invariants
of binary forms arise in geometrical arithmetic, illustrated by the work of
Lercier—Ritzenthaler [42] on hyperelliptic curves. But we could also cite
other areas such as quantum informatics with the paper of Luque [44] and
recoupling theory, with the work of Abdesselam and Chipalkatti [2, 3, 1, 4]
on 65 and 9j—symbols.

The algebraic geometry approach first developed by Hilbert is not the
only constructive one. In the case of a single binary form, Olver [46] exhibits
another constructive approach, which was generalized for a single n-ary form
and also specified with a “running bound” by Brini-Regonati—Creolis [13].
We could also cite Kung—Rota [40] but the combinatorial approach developed
there became increasingly complex for the cases we had to deal with.

A special case of Gordan’s algorithm, stated in theorem 7.1 of our present
paper, leads to a very simple computation of the covariant basis for Sg @ Ss.
Due to this observation, we decided to reformulate Gordan’s theorem? on
binary forms in the modern language of operators and SL(2, C) equivariant
homomorphism. We also decided to represent SL(2,C) equivariant homo-
morphisms with directed graphs, in the spirit of the graphical approach de-
veloped by Olver—Shakiban [48]. Understanding Gordan’s algorithm allowed
us to obtain for the first time a covariant basis of Sg @ S4 (in subsection 7.2)
and of Sg @ Sy @ Sy (in subsection 7.3). A minimal covariant basis for the
binary nonics will be presented in a forthcoming paper with Lercier [45].

ZNote that Weyman [61] has also reformulated Gordan’s method in a modern way
and through algebraic geometry but unfortunately, we were unable to extract from it an
effective approach. There is also a preprint of Pasechnik [50] on this method.
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The paper is organized as follows. In section 2 we recall the mathematical
background from classical invariant theory, and we introduce classical oper-
ators such as the Cayley operator, polarization operators and the transvec-
tant operator. In section 4, we introduce molecule and molecular covariants
which are graphical representations of SL(2, C) equivariant morphisms con-
structed with the use of Cayley and polarization operators. Gordan’s algo-
rithm for joint covariants produces a finite generating set for Cov(S,, ®S,,),
knowing a finite system of generators for Cov(S,,) and Cov(S,). It is ex-
plained in section 5. There is a second version of Gordan’s algorithm which
enables to compute a covariant basis for S,,, knowing covariant bases for S,
(k < n). This method is detailed in section 6. In subsection 7.1, we illus-
trate Gordan’s algorithm for joint covariants by (re-)computing a minimal
covariant basis for S¢ @S2 (already done by von Gall [58]). In subsection 7.2,
we exhibit for the first time a minimal basis for the joint covariants of S¢Sy,
and in subsection 7.3 a minimal basis for the joint covariants of Sg@® S4 @ So
(new). Finally, in subsection 7.4 we apply the algorithm for a single binary
form and give a minimal covariant basis for the binary octics. This was
already obtained by Von Gall [60], Lercier—Ritzenthaler [42], Croni [24] and
Bedratyuk [9].

2. COVARIANTS OF BINARY FORMS

Definition 2.1. The complex vector space of nth degree binary forms, noted
Sp, is the space of homogeneous polynomials

f(x) = apz™ + <€L> a " ly 4 (

with a; € C.

)an_wy"l + any",
n—1

The natural SLy(C) action on C? induces a left action on S,,, given by
(9-£)(x) = (g1 - x) for g € SLa(C), x = (z,y) € C°.

By a space V of binary forms, we mean a direct sum

V.= @ Snis
i=0
where the action of SLy(C) is diagonal. The action of SLy(C) on the coor-
dinate ring C[V @ C?] is defined by
(g-p)(f,x) :==p(g~t-f,g71-x) for g € SLy(C), p € C[V @ C2.

Definition 2.2. The covariant algebra® of a space V of binary forms, noted
Cov(V), is the invariant algebra

Cov(V) := C[V & C352©),

An important result, first established by Gordan [32] and then extended
by Hilbert [37] (for any reductive group) is the following.

3For a general and modern approach on invariant and covariant algebra, we refer to
the online text [39] by Kraft and Procesi.
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Theorem 2.3. For every space V of binary forms, the covariant algebra
Cov (V) is finitely generated, i.e. there exists a finite set hy,... hy in
Cov(V), called a basis, such that

Cov(V) = Clhy,...,hy].

There is a natural bi-graduation on the covariant algebra Cov(V):

e By the degree, which is the polynomial degree in the coefficients of
the space V ;
e By the order which is the polynomial degree in the variables x ;

Let Covg (V) be the subspace of degree d and order k covariants, and:

C+ = Z COVng(V).
d+k>0
Then, C, is an ideal of the graduated algebra Cov (V). For each d + k > 0,
let 04 be the codimension of (C%r)z in Covgy. Since the algebra Cov(V)
is of finite type, there exists an integer p such that 645 = 0 for d +k > p
and we can define the invariant number:

n(V) = Z 5d,k-
d,k

Definition 2.4. A family (pi,...,ps) is a minimal basis of Cov (V) if its
image in the vector space C/C?% is a basis. In that case we have s = n(V)

Remark 2.5. As pointed out by Dixmier-Lazard [30], a minimal basis is
obtained by taking, for each d, k, a complement basis of (Ci)z in Covgp.

A first way to generate a covariant is by mean of the Cayley operator [46],
which is a bi-differential operator acting on the tensor product of complex
analytic functions f(x,)g(xz)

of 0g Of Og
Qap(f(xa)8(xp)) = T Us  UeTs
We also introduce the polarization operator®:
0 0
Oq 1= xa—xa + ya—ya

The Cayley and polarization operators commute with the SLy(C) action
(see [46] for instance).

Definition 2.6. Given two binary forms f € S,, and g € S,, their transvec-
tant of index r is defined by

(f.8)r == Qpo0 "o " (f(xa)8(xs))-
Recall that S,, is an irreducible SL(2, C) representation [31]. The Clebsch—
Gordan decomposition [31] is the decomposition of a tensor product

min(n,p)

Sn & Sp ~ @ Sn+p—2r-
r=0

4This operator is called scalling process in [46]
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The transvectant of index r corresponds to the Clebsch-Gordan projector
Tr 19 ®Sp — Spap—2r, fREH— (£,8). (2.1)

Remark 2.7. There are different definitions of transvectants in the literature,
each one differs from another by a scaling factor. The definition given in [46]
uses a trace operator:

1 1
n—r)(p—r) (F.8)-

[206f (x0)8(x8)] . s = (

Gordan’s definition [34] corresponds to
11
aa(f, g)r-

This last expression is very simple when applied to powers of linear forms.

Indeed, if
ay, = (ao%a + a1ya)", bi, = (bozs + biyp)",

then,
11 n D r o n—ryp—r
ma(ax‘“bxﬁ)r = (ab)"ay "l (ab) := agb; — a1bo.

Our choice of definition 2.6 has the advatange of inducing simple relations
(see 3.3 for instance) on operators and thus on transvectants.

Transvectants give also a canonical way to obtain covariants of binary
forms:

Theorem 2.8. Given a space V' of binary forms, the covariant algebra
Cov (V) is generated by the (infinite) family of iterated transvectants:

(f17f2)7’17 ((fla f2)7‘17f2)7‘37 o fl S ‘/7 T € N.

3. MOLECULAR COVARIANTS

Let Symd(V) be the space of totally symmetric tensors of order d on V.
The Aronhold polarization induces an isomorphism [28] between Covg (V)
and the space

HomSL(Q,C) (Symd(V), Sk) C HomSL(Z,(C) (®dV, Sk)

Transvectants, Cayley operators and polarization operators give natural way
to obtain SL(2, C)—equivariant homomorphism. For instance, the Clebsch—
Gordan projector
Tr 1 S @ Sp — Spgp—2r,
can be written as
QZBUZ_TUgfr.

Such a monomial will be represented by the colored directed graph (colored

digraph)®:
OO

5t is important to note that a digraph D represents here a morphism and not a bi-
differential operator as did Olver—Shakiban [47].
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where the atom « (resp. [3) is colored by S,, (resp. Sp).

More generaly, let V = S,,, @ --- & S,, be a space of binary forms. We
are going to define equivariant multilinear maps from V to some Sy, corre-
sponding to monomials in the symbols €},3,0,, ... and labelled by molecules
(colored digraphs).

More precisely, let V(D) = {a, 3,...,¢} be the set of vertices of a colored
digraph D and £(D) be its set of edges. Each vertex a of D, also called an
atom, is colored by a factor S(a) := S, of V. In that case, the valence of
a is val(a) := n. Define o(e), t(e) and w(e) to be respectively the origin,
the termination and the weight of an edge e € £(D). Finally, we define the
valence of « in the digraph D to be the free valence of the atom o € V(D):

valp («) := val(a) — Z w(e).
a=o(e) or a=t(e)

Definition 3.1. The SL(2,C)-equivariant homomorphism ¢p defined by
the molecule D is given by

w(e) val
H Qo (e) t(e H Oq o
ec&(D) aEV (D)
It maps S(a) ® --- ® S(e) to Sg, where k = valp(a) + ... + valp(e).

There exists syzygies on morphisms ¢p induced by fundamentals relations
among operators. Let «, £, v and 0 be four symbols associated to valence
ni, Ny, ng and ny.

(1) The first syzygy derives from the equality

Qop = —Qga
which leads to the graphical relation:

O—D=-O—® o

(2) The second one comes from the Pliicker relation [46]:
Qapoy = Qanyop + Q,504, (3.2)
which leads to the graphical relation:

@—@@\ ® @ ®

5 w & "

(3) The third one derives also from a Pliicker relation, namely
QapQys = Qassy + QaryQsp,
which leads to the graphical relation:

ool @ y
G—0 ©® T B
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For each atom o € V(D), let f, € S(w). Then

¢o | X fa] € Cov(V). (3.5)

aeV(D)

This defines a map from the set of molecules to Cov(V). A molecular
covariant D is defined to be an image of a molecule by this map, and in
that case a binary form f, € S(a) = S,, is said to be an atom of valence n
in D. The following result is known as the first fundamental theorem for
binary forms [40, 46].

Theorem 3.2. Given a space V' of binary forms, the covariant algebra
Cov(V) is generated by the (infinite) family of molecular covariants.

4. TRANSVECTANTS ON MOLECULAR COVARIANTS

A transvectant is represented by a simple molecular covariant:

General relations between iterated transvectant and molecular covariants
require some specific operations defined on molecular covariants.

Definition 4.1. Let D and E be two molecular covariants, » > 0 be an
integer and v(r) be a symbol, we define the molecular covariant M)
graphically noted

It
—~
=
S—

to be a new molecular covariant constructed by linking D and E with r
edges in a given way v(r).

Ezxemple 4.2. Given atoms f,, ... of valence greater than 4, let

D=(f, )« @ 2 @andE:@

we can define

or

By a direct application of Leibnitz formula, we obtain [46]:
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Proposition 4.3. Let D and E be two molecular covariants, r > 0 be an
integer, the transvectant (D,E), can be obtained as a linear combination
of molecular covariants® MY(") with rational positive coefficients, for each
possible link v(r) between D and E:

(D, E)r = a,M*") (4.1)
v(r)
where a, (. € Qr.
Ezxemple 4.4. Let f,,... be atoms of valence greater than 4,

2

We thus have:

(D’ E)Q = ay(1)

Definition 4.5. Given a molecular covariant D, and an integer k£ > 0, we

define” ﬁ“(k) as the molecular covariant obtained by adding k edges on D
in a certain way pu(k).

Ezemple 4.6. Given atoms f,, fg, £, of valence greater than 4 and the molec-

ular covariant
(1 y——(%)
D=

6The covariant M¥(") is called a term in [34].
"This operation is called convolution in [34].
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We can consider

3 2
D@ _ @ or D® — @
; ;

Proposition 4.7. Given two molecular covariants D and E, an integer r
and a molecular covariant MY(") in the decomposition 4.1 of (D,E),, then
M) is a linear combination of

(D.E), and (D" E"=")),,,
with k1 + ko + 1" = r being constant and r’ < r.

Sketch of proof. We do by induction on r. As an illustration, take the case
when r = 1 and a molecular covariant M*() in (D, E);. In this molecular
covariant, there is a link between an atom f,, in D and an atom fg, in E.

Let M*() be another molecular covariant in (D, E);, with a link between
an atom f,, # f,, in D and an atom fg, # f3, in E. By relation 3.3 we have

_|_

where the last molecular covariant is a transvectant (D,El)o. By the same
relation 3.3:

o

where the last molecular covariant is a transvectant (ﬁl, E)o. Thus every
molecular covariant of (D, E); is expressible in terms of M¥()) and a linear
combination of (ﬁal,E@)o. All coefficients a, of 4.1 being positives, this
conclude the case r = 1. O

Ezemple 4.8. Given V =S,, (n > 4) and the molecular covariants:

b (@)2(E) mae- (©)

we can consider the transvectant (D, E)s and the molecular covariant:
(=)
M= 9
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By proposition 4.7:

-0 (OEOO) +n(©LOO)
o (@A-B®)

Remark 4.9. A molecular covariant M with d atoms can be obtained as a
molecular covariant M¥(") in the decomposition of the transvectant (D, E),,
where D (resp. E) is constructed on d; < d (resp. dy < d) atoms. By
proposition 4.7 and by induction on d, we deduce that all molecular covari-
ants can be expressible in terms of transvectants. Thus theorem 3.2 implies
theorem 2.8.

5. GORDAN’S ALGORITHM FOR JOINT COVARIANTS

Gordan’s algorithm for joint covariants produces a finite generating set
for Cov(V; & V2), knowing a finite system of generators for Cov(V;) and
Cov(13).

Definition 5.1. Let A = {f;,fs,...} C Cov(V) be a covariant family
taken from a space V of binary forms. Then Cov(A) is defined to be the
algebra generated by the iterated transvectants®

(f1,£2)r, ((f1,f2)r,£3)pp, ..., fi€A, reN
Note that for every family A and B:
A Cc B= Cov(A) C Cov(B). (5.1)

By theorem 3.2:
Lemma 5.2. LetV = S,,,f € V and A a family containing £, then Cov(A) = Cov(V).

And by (5.1):
Lemma 5.3. Let Ay and Ay be two families of Cov (V). If

A} C Ay C Cov(Ay)

then Cov(A;) = Cov(Az)
Definition 5.4. A covariant family A of V' is said to be complete if Cov(A) = C[A].

Remark 5.5. The notion of complete family is weaker than the one of a
covariant basis. For instance, let f € S3,
H:= (f,f)2, T:=(f,H); and A := (H,H)s.
As a classical result, the family A; = {f,H, T, A} is a covariant basis of
Cov(A;) = Cov(S3) and is thus a complete family. Now, let
A2 = {H, A}
We have Cov(Ag) € Cov(V), but Ay is exactly the covariant basis [34]

of the quadratic form H € Sy, thus As is a complete family but is not a
covariant basis of Cov (V).

80r equivalently, by all molecular covariants which atoms are in the family A.
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From now on, let V1 and V5 be two spaces of binary forms,
A={fy, - £} CCov(Vi), B:={gi, - ,8¢} C Cov(la),

be two finite and complete families of covariants of binary forms. Write
a; = Ord(f;) (resp. bj = Ord(g;)) to be the order of f; (resp. g;). Write U
(resp. V) to be a monomial in C[A] (resp. C[B]):

U:=fM.. .£7, V= gfl ...ggq.
To each non—vanishing transvectant
(U, V),
we can associate an integer solution k := (a, 3, u,v,r) of the linear system

a101 + ...+ apoypy =u

(5.2)
blﬂl‘i‘---‘i‘bqﬂq =v+r,

S(A,B) : {
Reciprocally, to each integer solution x of S(A,B) we can associate a well
defined transvectant (U, V),.

Lemma 5.6. If k is a reducible integer solution of (S), then F(k) contains
a non connected molecular covariant.

Proof. Take the integer solution k = K1 + k2 to be reducible, with
ki = (af, B, ul, v, %) solution of (5.2).

Thus U = U;Us and V = V1 Vy and there exists v(r), v (r!) and vy(r?)
such that

which is a non connected covariant molecular occurring in F(k). O

Remark 5.7. If an integer solution associated to a transvectant (U, V), is
reducible, this does not implie that such a transvectant is a reducible one.
For instance, take f € Sg, A = B := {f} and the transvectants

(Forfoz A1),

Then the solution (aq, g, 1, u,v,5) = (1,1,1,7,1,5) is a reducible one, and
the transvectant
(f27 f)5 (53)

contains the molecular covariant
(=1

which is a null covariant. Thus property 4.7 implies that transvectant (5.3)
is a linear combination of transvectants

((£,£)a,£)1, ((£,6)3,£)2 =0, ((f,£)2,f)3, ((f,f)1,£)2=0,
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and one can finally show that
65
£2,£)s = —((f,f)4,f
( ) )5 66(( ’ )4) )15
where ((f, )4, f); is a non reducible covariant, as being in the covariant basis

of Sg (see table 7.1).
Nevertheless, we have the result:
Lemma 5.8. Let a := max(a;), b := max(b;) and
U:=fM. . f7 V=gl gl

Let u=0rd(U) —r and v =0rd(V) — r. If

u+v>a+b, (5.4)
then, the transvectant (U, V), is reducible.
Proof. Condition (5.4) implies that v > a or v > b and thus that the
transvectant (U, V), contains a reducible molecular covariant T (the cor-
responding integer solution x is thus not minimal). By virtue of proposi-

tion 4.7, the transvectant is a linear combination the term T and transvec-
tants 3 3

(UH( 1),UH( 2))7”,
where 7" < r and ky + ko = r — 7’. Note that, since both families A and B
are supposed to be complete, we have

L I .
where, moreover, the order of the transvectant (Uu(kl),vu(b))w is of order
u' + v = u+v. Since we have supposed that v +v > a + b, we get that
u' + v > a+ b and the proof is achieved by a recursive argument on the
index of the transvectant r. O

Remark 5.9. The statement u+v > a+b can’t be replaced by the hypothesis
u > a or v > b. Taking back the example given in remark 5.7, for f € Sg
and h := (f2,f)5, we have u = 7 > 6 but h is not reducible.

Lemma 5.8 is closely related to:

Corollary 5.10. Let F € Cov(V) of order s and {F1,--- ,F} C Cov(V)
be a family of homogeneous covariants. Let t; be the order of F; and t =
max(t;). For a given integer r, if

k
Zti >a-+2r,
i=1

than the transvectant (Fi ... Fy, F), is reducible.

Proof. Let fi,...,f, be a covariant basis of Cov(V'), each f;’s being a homo-
geneous covariant of order a;. Then, each covariant F; is a linear combina-
tion of monomials fiolli1 - f;jil with a; <t; <t. Thus Fy...F} is a covariant
expressible in terms of monomials U in the f;’s with
k
Ord(U) = Zti and max(a;) < t.
i=1



14 MARC OLIVE

We have also F = ffljl fﬁi’" with max(a;) < s. By lemma 5.8, each
transvectant (U, V), is thus a reducible covariant. O

We know there exists a finite family of irreducible integer solutions of the
system S(A, B)(5.2) (see [54, 53, 57] for details). Let C := {71,--- 7!} be

the set of transvectants associated to these irreducible solutions.

Theorem 5.11. The algebra Cov(A U B) is generated by the finite and
complete family C = {r%,--- 7'},

Proof. Let first remark that each f; (resp. each g;) correspond to an irre-
ducible solution of S(A,B), then A € C and B C C.

From theorem 3.2 we first have to prove that each molecular covariant
M € Cov(A UB) is in a finite algebra. But, using definition 4.1 we can
write the molecular covariant M as

(o)
M=

with molecular covariants D € Cov(A) and E € Cov(B) ; r being some
integer. Thus, by proposition 4.7, all covariants of Cov(A U B) is a linear
combination of transvectants

(D7E)7”7 (ﬁl‘l’ENQ)T

Since A is complete, we can suppose all molecular covariants D, D" to be a
monomial expression on the f;’s. In the same way we can suppose E, E™ to
be monomial expression V on the g;’s. We then have to consider covariants
taken from the family (U, V),. We do now by induction on r. In the case
r = 0, we have that A C C and B C C, thus the assumption is true.

Let (U, V), be a transvectant which corresponds to a reducible integer
solution k. By proposition 4.7, (U, V), is a linear combination of a product
of 7%’s and transvectants

(ﬁm(kﬂ’vlu(lﬁ))r/’ r < (5.5)

But U ¢ Cov(A) (resp. V and B) and since A (resp. B) is complete
we know that the transvectants (5.5) are a linear combination of
(U, v, <,

where U’ (resp. V') is a monomial in the f;’s (resp. g;). Thus, by induction
on r, the algebra Cov(A U B) is generated by the finite family C.
Now, to prove C is a complete family, just remark that

AUB c C c Cov(AUB),

and then
Cov(C) = Cov(A UB) = C|[C],
U

One direct application of theorem 5.11 is about joint covariants. Indeed,
this theorem gives a constructive approach to get a covariant basis of V1 @& Va,
once we know a covariant basis of each space V7 and V5.

Note that lemma 5.8 gives a bound for the order of each element of a
minimal basis of joint covariants:
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Corollary 5.12. Let V =S, & --- @ S,,. If u; is the mazimal order of a
minimal basis for Sy, then, for each element h of a minimal basis for V,
we get

ord(h) < Z,ui.
i=1

Ezxemple 5.13. We can directly use theorem 5.11 to get a covariant basis of
S3®S4. The same result has been obtained by Popoviciu-Brouwer [18] with
more computations. Let u € S3 and v € S4. Recall that:
e The algebra Cov(S3) is generated by the three covariants u € Ss,
hy s := (u,u)2 € Sg, h33 := (u,hy2); € S3 and one invariant A :=
(u,t)3 ;
e The algebra Cov(S,) is generated by the three covariants v € Sy,
ko := (V,v)2 € S, k3 := (v,Hz4)1 € S and the two invariants
i =(v,v)g, j:=(v,H)y ;
We then have to solve the linear diophantine system

(5.6)
41 +4P2 + 603 =v+r

Using Normaliz package in Macaulay 2 [19], this leads to 104 solutions. The
associated covariants form a family of covariants of maximum total degree
18 (the total degree of a covariant being the sum of its degree and its order).
The Hilbert series of Cov(Ss @ S3) is given by

H(z)=14+224+222 4522 4+102° + 1825 + 3127 + 5528 +922°
+144 210 1+ 223 21 1 341 212 1499 213 4 725 21 + 1031 21°
+ 1436 216 + 1978 217 + 2685 218 + . ..

(S) : {2a1+3a2+3a3 =u+r

Using scripts written in Macaulay 2 [35], we reduce the family of 104 gener-
ators to a minimal set of 63 generators given in table 1, which has also been
obtained by Popoviciu-Brouwer [18].

d/o]|0 1 2 345 6|#|Cum|
1—=——11-—-[2] 2
2111 1111-—|6| 8
311 122111|9] 17
411 2221——[8] 25
512 3 311—-[10] 35
6123 21———|8] 43
71331 —-————[7| 50
813 2 —————|5]55
914 1 —————|5] 60
102 - ————— 21 62
111 = —=———— 1] 63
Tot|2016118 5 2 1 63

TABLE 1. Covariant basis of S3 & Sy
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Remark 5.14. An important reduction of the integer system (5.6) can occur.
As noted in example 5.13 the algebra Cov(Sy) is generated by v, ko 4,ks¢

and the two invariants ¢, j. But from the relation
12k3 ¢ = —6k3 4 — 2jv° + 3ivikay, (5.7)

we deduce that Cov(Sy4) is a finite C[i, j, v, ko 4]-module:
COV(S4) = C[Z?ja Vv, k2,4] + T(C[Za.]’ v, k2,4]'
From now on, suppose there exists a subfamily
Ao = {fi41, -, f} CA

such that C[A] is a C[Ap]-module of finite type generated by monomials
N1, ,7Ns taken from the family fi,--- ,f;. To the monomials

ul ul u2 U2 .
m=f1 =5, (ul #£0)
we associate the set
Z(A) = {a, o <ul,...,oq <up, o §u%}

Suppose also there exists a subfamily By := {gk+1,- -+ ,8,} such that C[B]
is a C[Bg]-module of finite type generated by monomials &1, ...,&,, taken
from the family g, ..., gr. We thus have another set Z(B) associated to the
monomials §;. Consider the reduced system

a1 + ...+ apoypy =u

) aEIA, cT(B
bifi+ ...+ b8, =v+r, (A), B (B)

S*(A,B) : {

(5.8)
and k',...,Kk" be its irreducible solutions. Let 7!,... 7" be their asso-
ciated transvectant.

Theorem 5.15. The algebra Cov(A U B) is generated by the finite and
complete family C = {7',... "}.

Proof. We have to take back the proof of theorem 5.11. First observe
then that each f; (resp. each g;) correspond to an irreducible solution of
S*(A,B) (5.8). Thus we know that A C C and B C C. Now, we can write
a covariant M € Cov(A UB) as

(o)
M=

with a molecular covariant D € Cov(A) and E € Cov(B) ; r being some
integer. From the hypothesis, we can write covariants D and E as

D=3 nFi E=3} &G (5.9)

where F;’s (resp. Gj’s) are monomials in f,1;,7 > 1 (resp. gi4j,J > 1).
Thus we have to consider transvectants

(n:Fi, &Gj)r,
which corresponds to a solution k of the system S*(A,B). Now, if & is

a reducible solution of S*(A,B), we have kK = k1 + ko where each k; is a
solution of S*(A,B) (a direct consequence of k; being lower than ). As
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in the proof of 5.11, by proposition 4.7, we can write transvectant (5) as a
linear combination of products of 7*’s and transvectants

mFM M GG, < (5.10)
But mFiM(kl) € Cov(A) (resp. ¢;G; and B) and by hypothesis on A and

Bthe transvectant (5.10) is a linear combination of
(niF;,ijg)r/, 7“/ < T+1,

and we thus conclude the proof by induction. U

6. GORDAN’S ALGORITHM FOR SIMPLE COVARIANTS

There is a second version of Gordan’s algorithm which enables to compute
a covariant basis for S,,, knowing covariant bases for Sg, (k < n).

Definition 6.1. Let I C Cov(V) be an homogeneous ideal. A family
A={f,--- ,f,} C Cov(V) of homogeneous covariants is relatively complete
modulo I if every homogeneous covariant h € Cov(A) of degree d can be
written

h:p(fl,...,fp) + h; with hy € I,

where p(fi,...,f,) and h; are homogeneous covariants of degree d.

Given molecule D upon a space V of binary forms, the grade of D, denoted
gr(D) is the maximum weight of the edges of D :

D) := .
gr(D) egﬂ}g)w(e)

Definition 6.2. Let r be an integer ; we define G,.(V') to be the set of all
molecular covariants with grade at least r.

As a first observation, it is clear that for V' =S,,, we have G,.(S,,) = 0 for
r > n. Furthermore, we have

Git1(V) C Gi(V) for all 4. (6.1)

Definition 6.3 (Gordan’s ideals). Let r be an integer. We define the Gor-
dan ideal I,(V) to be the homogeneous® ideal generated by G.(V) ; we write

L(V) = (G:(V)).
We observe directly that:
o [.(S,) ={0} for all r > n ;
e By equation 6.1, we have I, 1(V) C I.(V) for every integer r.
By the property 4.3:
Lemma 6.4. If h, € I.(V), for every covariant h € Cov (V') and for every
nteger j > 0,
{hra h}j € IT(V)'
Remark 6.5. For every invariant A € Cov(S,), the ideal (A) is stable by

transvection, since

(h, Ak), = A(h, k), .

9Such an ideal is an homogeneous ideal as being generated by homogeneous elements
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Given two finite families A and B of covariants, let x',..., x! be the
irreducible integer solutions of the linear system S(A,B) (5.2) and 7¢ be the
associated transvectants. Let f € S,,, A € Cov(V) be an invariant, k£ > 0
be a given integer and

Hgk = {f,f}gk
Finally, write J = Iog19 or J = Igiio + (A).
Theorem 6.6. Suppose A is relatively complete modulo Is, and contains
the binary form f. Suppose also that B is relatively complete modulo J and

contains the covariants Hyy,. Then the family C := {T1,..., 7'} is relatively
complete modulo J and

Cov(C) = Cov(A UB) = Cov(S,).

Before getting to the proof of this theorem, we have to consider two
previous lemmas.

Lemma 6.7. Taking the same hypothesis as in theorem 6.6. Suppose hgy €
Ly, is a covariant of degree d in f, and let V be a monomial in the g;’s in
B. For a given integer r > 0, the transvectant

(hog, V)y, (6.2)
is a linear combination of
(U, V"o and hy € J,
where U is a monomial in A with degree strictly less then d.

Proof. We do it by induction on d, starting with d = 2. In this case observe
hy;, = Hog, thus

(Hog, V), € Cov(B),
and B being relatively complete modulo J, this covariant can be written as
a linear combination of monomials V' = (1,V’)y and h € J. Now, for a
given degree d, we may suppose hy; is a molecular covariant

OO )

where degree of M in f is d’ < d. Thus by proposition 4.3, the transvectant
(6.2) is a linear combination of molecular covariants

But such a molecular covariant is a term in the transvectant

v(r2)
(M,N),, where N := (" Hy, =®

Then, by proposition 4.7, transvectant (6.2) is a linear combination of

(MMI ) NMQ )7’”
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where M is a covariant in Cov(A) of degree d’ < d and N is a covariant
of Cov(B). Since A and B are relatively complete, we thus can write

M" =Uj + hy,
where U; and hyy, are of degree d’ < d and
N*” =V,+hy;, hyel
Transvectant (6.2) is then a linear combination of transvectants

(U1, Vi)

(hog,hy), € J by lemma 6.4 and remark 6.5
(Uy,hy) e J

(hag, V1),

and by induction we can decompose the last one into a linear combination

of
(UQ,V/)T’U h € J’
with Uy being a monomial in A with degree strictly less then d. (]

Lemma 6.8. Taking the same hypothesis as in theorem 6.6. Let U (resp.
V) be a monomial in the £;’s in A (resp. in the g;’s in B), then for every
integer r >0

(U, V), =p(t},...,7") + hopya, hopia € J,

Proof. We first observe that A C C and B C C since each f; and g; corre-
sponds to a minimal solution of the linear system S(A,B).

Then, we argue by induction on the degree d of U in f € Cov (V') and by
induction on 7.

e In the case d = 1 we can only have U = f
o For r = 0 we have to consider a product fV which is a product
of T¥’s;
o For a given r, if (f, V), corresponds to a reducible solution of
S(A,B), by proposition 4.7 we have

(f, V)r = T1T2 + Z(fﬂlavw)r%r

But we can only have "' = f and thus by induction on r the
lemma is true for U = f.
e In the case d = 2;
o For r = 0 we have to consider a product UV which is a product
of T¥s
o For a given r, if (U, V), correspond to a reducible solution of
S(A,B), by proposition 4.7 we have

(U, V), =T1 Ty + Y (T, V"), (6.3)

But each UM is of degree 2. Since A is relatively complete
modulo Iy, we thus have

U" = U, + hy,
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each of the covariants being of degree 2 in f. From this we can
suppose that hs = Hy, € B. We can also write

V*? = V| + hy4s + Ah.
In (6.3) we then have to consider transvectants

(U1, Vi)rrcr,
(U1, hogy2)r<r € J,
(U1, Ah),r o = A(Uy, h)p ey € J,
(Hog, V1)< € Cov(B),
(Hok, hop 1o + Ah)o, € J,

where Uj is a degree 2 transvectant of lower indexes. By in-
duction, this prove the case when d = 2.
e For a given d the same ideas as in the case d = 2 will occur;

o For r = 0 we have to consider a product UV which is a product
of T

o For a given r, if (U, V), correspond to a reducible solution of
S(A,B), by proposition 4.7 we have

(U7 V)r - T1T2 + Z(ﬁﬂl7vﬂ2)r,<r (64)

But each U"' is of degree d. Since A is relatively complete
modulo Iy, we thus have

U™ = U + hy,
each of the covariants being of degree d in f. We also write
V" = V| + hojsa + Ah.
Thus we have to consider transvectants
(Ul, Vl)r’<ra
(U1, hog o + Ah)poy €

(th;a Vl)r/<7') (65)
(th‘, h2k‘+2 + Ah)r/<r e J

By lemma 6.7, we can write transvectant (6.5) as a linear com-
bination of

(U, V'), helJ

with U’ being a monomial in A with degree strictly less then d.
We thus can conclude by induction on d.

O
Proof of theorem 6.6. Since A C C and f € A, we know that
Cov(S,) = Cov(A) = Cov(A UB) = Cov(C).

As already stated in the proof of theorem 5.11, Cov(C) is generated by
transvectants

(D,E),.
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where D € Cov(A) and E € Cov(B). By hypothesis, we can suppose that

D =TU + hy, E=U+hy,
hy € Iy, h;eJ
Thus we have to consider transvectants
(U, V), (6.6)
(U,hy), € J by lemma 6.4 and remark 6.5,
(hax, V)y, (6.7)
(hog,hy), € J.
(6.8)
We conclude with lemmas 6.7 and 6.8. U

In the case family A or B can be associated to a reduced system S*(A,B)
(5.8), we define ', ..., k™ to be the irreducible solutions of S*(A, B) and 7*
to be their associated transvectants. In all the proofs to get theorem 6.6, we
can write monomials U or V to be

U=nU, V=¢V.
And we thus get:

Theorem 6.9. Given the same hypothesis as in theorem 6.6, the family
C:={7',..., 7"} is relatively complete modulo J and

Cov(C) = Cov(A UB) = Cov(S,).

The algorithm

Take V =S,, (n > 2) be a space of a single binary form and f € S,,. By
corollary B.2, the family Aj := {f} is relatively complete family modulo I5.
This means that every covariant h € Cov(S,,) can be written as

h = p(f) + hy with hy € I

Take the covariant Hy = (f, f)5 of order 2n — 4. Then

e If 2n—4 > n, we take By := {Hs} which, by lemma B.4, is relatively
complete modulo Iy ; applying theorem 6.6 leads us to a family
Ay := C relatively complete modulo I4.

e If 2n — 4 = n, we take By := {Hj, A} which, by lemma B.5, is
relatively complete modulo Iy 4+ (A) ; where A is the invariant

In that case, by applying theorem 6.6, we can take A to be CU{A}.
A direct induction on the degree of the covariant shows that Aj is
relatively complete modulo Iy.
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o If 2n — 4 < n, we suppose already known a covariant basis of So,,_4 ;
we then take B1 to be this basis, which is finite and complete, thus fi-
nite an relatively complete modulo I ; we directly apply theorem 6.6
to get A; := C.

Let now be given by induction a family A containing f to be finite and
relatively complete modulo I, we consider the covariant Hop = (f, ).
Then

o If Hyy is of order p > n, we take By, := {Hox} which, by lemma B.4,
is relatively complete modulo Iy 9. By theorem 6.6 we take Ag 1 :=
C.

o If Hyy is of order p = n, we take By, := {Hoi, A} which, by lemma B.5,
is relatively complete modulo Ik o+ (A) ; where A is the invariant

n
2

A = = —
9 2

In that case, by applying theorem 6.6, we can take Axiq to be CU
{A}. A direct induction on the degree of the covariant shows that
Ay is relatively complete modulo Iojo.

e If Hoy is of order p < n, we suppose already known a covariant basis
of S, ; we then take By, to be this basis, which is finite and complete,
thus finite an relatively complete modulo Is;yo ; we directly apply
theorem 6.6 to get Agy; := C.

Thus in each case we get the construction of the family Agq.
Now, depending on n’s parity:
o If n = 2¢ is even, we know that the family A, is relatively complete
modulo Iy, ; furthermore the family B,_; only contains the invariant
Ag = {f,f}y, ; finally we observe that A, is given by

Ap = Ap 1 U{Ag}

and it is relatively complete modulo I,2 = {0} and is thus a co-
variant basis.

o If n = 2¢g + 1 is odd, the family B,_; contains the quadratic form
Hy, := {f,f}5, ; we then know that the family B, is given by the
covariant Hy, and the invariant d, := {Hy,, Hoy }2. By theorem 6.6,
the family A, := C is relatively complete modulo Iz;12 = {0} and is
thus a covariant basis.

7. EFFECTIVE COMPUTATIONS

7.1. Covariant basis of Sg & So. There is a simple procedure to get a
basis covariant of V' & So once we know a covariant basis of V', as detailed
in theorem 7.1, which proof is given in [34].



ABOUT GORDAN’S ALGORITHM FOR BINARY FORMS 23

Theorem 7.1. Let {hy,...,hs} be a covariant basis of Cov(V'), and let
u € Sy. Then irreducible covariants of Cov(V @ Sy) are taken from one of
this set:

e {h;,u"}o,q fori=1...s;

e {h;,u"}y fori=1...s;

e {h;h;, u"}s, where h; is of order 2p+1 and h; is of order 2r —2p—1.

We write hy, to be a covariant of degree d and order o, taken from the
covariant basis of Sg in table 7.1, issue from Grace-Young [34], and u to be
a quadratic form in Se. By theorem 7.1 we only have to consider covariants
given by

{h, ur}gr,l or {h, uT}QT.

D/O 0 ) 1 6
1 f
2 (f, f)@ h2’4 = (f, f)4
3 h3o 1= (hyy4,f)y h3 ¢ := (hg4,f)o
4 | (hg4,ho4)y (h3z2,f)2 hyg := (h3a, )
5 (ho 4,h32)2 (ho 4,h32)
hg 61 := (h3s,h32)2
6| (a2 haa) hg 62 := (h36,h32)1
7 (f’ h§,2)4 (fv hg 2)3
3 (ha.s,12,)5
9 (h3,87 h% 2)4
10 (h% 2 f)ﬁ (h§,27 f)5
12 (hss,h3 56
15 | (hsg,h3,)s
D/0 3 10 12
) hos = (F,©)s
3 hy s := (ha 4, f); (hag, )1
4 (hog, ho4);
5 | hsg:= (hag,h3o)

TABLE 2. Covariant basis of Sg

Recall the covariant algebra Cov (V) := Cov(Sg @ Sz) is a multi-graded
algebra:
Cov(V) = EB Cov(V)a, dy,o0-

d120,d22>0,0>0
where dy is the degree in the binary form f € Sg, do is the degree in the
binary form u € Sy and o the degree in the variable x € C?. We can define
the Hilbert series:

He2(21, 22, 1) := Z dim(Cov (V) ay .y .0)28 2521°,

di,dz2,0

which has been computed using maple package of Bedratyuk [10]. From

this Hilbert series and theorem 7.1, we finally get a minimal basis of 99
covariants: it’s worth noting that, by using this algorithm, we had to check
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invariant homogeneous space’s dimensions up to degree 15. We summerize
the results in table 3.

dfo| 0 2 4 6 8 10 12| # | Cum|
1 - 1 — 1 — — —J2] 2
2 |2 - 2 1 1 - —|6] 8
30— 3 2 2 2 — 1/|10] 18
4 l4 3 3 4 — 2 —|16| 34
5 1 - 4 6 - 3 — 13| 47
6 |5 7 — 5 - —|17] &4
713 1 6 - — — —|10| ™
s |1 8 — — — — —|9] 83
9 |7 - 1 - — — —]8] 9
01 2 - — — — —|3| o
12 - — — — — —]2/| 9%
12 - 1 - — — — —|1/| 91
1301 - — — — — —]1/| 9
“ |- - - — — — — |- o
1501 - — — — — —]1/| 9
Tot [ 27 30 20 13 6 2 1 99

TABLE 3. Minimal covariant basis of Sg @ So

27 invariants
5 invariants from Sg, 1 invariant from So and 21 joint invariants.
Degree 2 | (f,f)g (u,u)2

Degree 13
Degree 14

Degree 4 (hig,u®)s  (ha4,u?)y (hsa, )2
Degree 6 | (hzg,u®)s  (hag,u)s (hys,u?)y (hs2,u);
Degree 7 (h574,u2)4 (h378,u4)8 (h476,u3)6
Degree 8 (h72,u)2
Degree 9 (h774,u2)4 (h6761,u3)6 (h4,10,u5)10
(hss,u')s  (hgg,u)y  (h312,u%)12  (hgg2,u’)s
Degree 10 | (h3,,f)s
Degree 11 | (hyg2,u)s (h974,u2)4
(
(

30 covariants of order 2

1 from Sy, 6 from Sg and 23 joint covariants.

Degree 1 ‘ u

continued on next page
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continued from previous page

Degree 3 | hso (£, u2)4 (hg4,u)2
Degree 4 | (hgq,u?)s  (hso,u);  (f,u?);
Degree 5 | hso  (hyg, u?)g (hgq,u)2  (hsg, u?),
Degree 6 | (hys, u4)7 (hyg, u2)3 (hs2,u); (hsg, u3)5
(hs4,u)y  (hag,u’)s  (hyg,u?)y
Degree 7 | hy o
Degree 8 |hgs (h7o,u);  (hra,u)y  (hge, u?),
(hss,u®)s  (h312,u’)10  (hgio,ut)s  (hgge, u?)a
Degree 10 | hig2  (hg4,u)2
Degree 12 | hia 9
20 covariants of order 4
5 covariants from Sg and 15 joint covariants.
Degree 2 | hyy (f,u)2
Degree 3 | (hgq,u);  (f,u?);
Degree 4 |hyg (hzg,u)2 (hgg, u?),
Degree 5 | hsq  (hgg,u®)s  (hgg,u®)s  (hyg,u);  (hyg,u)y  (hyg u’)s
Degree 7 | h7s  (hgg,u)2  (hziz,u)s  (hgio,ud)s  (heez,u)2  (hsg, u?)y
Degree 9 | hg 4
13 covariants of order 6:
5 covariants from Sg and 8 joint covariants.
Degree 1 | f
Degree 2 | (f,u);
Degree 3 |hsgs (hag,u)o
Degree 4 | hyg (hag,u?); (hsg,u); (hss,u)2
Degree 7 |hgg1  hger (hsg,u)e  (haio,u?)s  (hsi2,u)s
6 covariants of order 8:
3 covariants from Sg and 3 joint covariants.
Degree 2 | hog
Degree 3 | hzg (has,u);
Degree 5 | hss  (hgio,u)2  (hzi2,u?)y

2 covariants of order 10:

1 covariant from Sg and 1 joint covariant.

Degree 3 ‘ hy 10

(hs 12,u)2

1 covariant of order 12 from Sg.

Degree 3 ‘ h3 12
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7.2. Covariant basis of Sg @ S4. Taking f € S and v € S; we take
generators of Cov(Sg) given by 7.1 and we write

veSy ko= (v,v) ks := (v,koa)1
i:=(v,v)s j:=(v,koa)s
From relation (5.7) we have:
Lemma 7.2. Cov(Sy) is a finite Cli, j, v, ko 4] -module:
Cov(S4) = Cli, j, v, koa] + TC[i, j, v, ko 4.

We can also find an interesting result about Cov(Sg) by getting relations
as:

36h3,10 = —}12,0}1%,4f2 + 6h%,4ﬂ13,6 - 3h§,4h2,8 — 6h32hy 4fhy g
+ 3haohy 4h3 g — 9hy 4h3 .
Now:

Lemma 7.3. Take hyy to be the covariant of degree d and ordre k in
Cov(Sg) given by table 7.1. Let

Ao := {h20,h40,h60,h100,h150,h32,h52,h24,hyy,f,
h36,hy6,has s}
Then Cov(Sg) is a finite C[Ag]-module generated by the monomials
h7bhgbhig ohyg phs?hzdhglhe s hegohs Chilohs'
with
w; <1, Vi, and ug+uq <1

From lemmas 7.2 and 7.3, the reduced integer system S*(A,B) and the-
orem 6.9 leads to 1072 generators. Observe also that we know in which
space Cov(Se @ S4)d, dy,0 cach covariant of these solutions belong, where d;
is the degree in Sg, ds is the degree in S4 and o is the order of the covariant.
Hilbert series of Cov(Sg @ S4) have been computated using Maple package
by Bedratyuk [10].

From the 1072 original generators, we had to check 339 invariants. The
maximum total degree di + ds is 24 and, for that degree, only one invariant
occurs, of degrees d; = 21 and do = 3. From Hilbert series, we only had to
check a space of dimension

dim(COV(SG D S4))21,370 = 324.

As other examples, we also had to check invariant spaces with degrees and
dimension given in table 5.

After reduction, this leads to the 53 joint invariants. In order 2, we find
68 covariants : 6 covariants from Sg and 62 joint covariants. From the
1072 original generators, we had 433 order 2 covariants, the maximum total
degree dy + do being 24, and for that degree, only one covariant occurs, of
degrees d; = 21 and dy = 3. From Hilbert series, we only had to check a
space of dimension 1063. Finally, results are summarized in table 4.
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djo 0 2 4 6 8 10 12| # | Cum|
1 [- = 11 — — -2 2
2 |2 1 3 1 2 — —|9| 11
3 12 4 4 5 3 1 12/ 31
404 6 9 5 2 1 —|27] 58
5 |4 12 11 3 1 — —|[31] 89
6 |9 14 6 2 — — —|[31] 120
719 17 2 — — — — |28 148
8 |9 7 1 - — — —|17] 165
9 |8 3 1 - — — —l12] 177
015 2 — — — — —|7]| 184
113 1 - — — — — |4/ 188
1212 1 - — — — —|3]19
131 - — — — — —]1/| 19
M1 - - — — — —|1]| 193
1501 - — — — — —|1]| 194
Tot |60 68 38 17 8 2 1 194

TABLE 4. Minimal covariant basis of Sg @ S4

Degree | dy | do | dim || Degree | d; | do | dim
23 20| 3 | 335 21 18| 3 | 258
22 19| 3 | 248 17 4 | 354

18 | 4 | 498 16| 5 | 621
171 5 | 650 15| 6 | 747
16| 6 | 1005
15| 7 | 1142

TABLE 5. Dimensions of homogeneous space from Cov(Sg @ Sy)

53 joint invariants

Degree 3 | (ha4,V)4

Degree 4 | (hag,v?)s  (hoa kou)s  (£,ksg)s

Degree 5 | (h3g,v?)s (hg4,v)s (hog,v- ko 4)g (£2,v3)12

Degree 6 | (hg,v-koa)s  (£2,v? - koa)io  (hog k3 )s  (hsgg ksg)e
(

hy12,v3)12  (hs4,V)s

continued on next page
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(h4 1. koa)s  (hag-f,v?)s
Degree 7 (h2 50,V)a (hsa,kog)s (h5,8aV2)8 (f‘h3,6>V3)12
(f V- k2 iz (hga-f,v-koa)s
(hyg, kse)s (hgio,v?-kog)io  (hsg k3 )s
Degree 8 | (hsohy s, ksg)s (hsi2,v-k3 )12 (hgohss, v?)s  (h3, kou)s
(hr4,v)s  (f-hye, v3)i2
(f-hgg,v?-koa)ia (h3a-£,k3,)s (hss, v -koa)s
Degree 9 (h74,ko4)s  (hg2-hs2,v)s (hsa-f,v-kos)s
(h3 12, kz 212 (hso-hag,v-k3e)i0
(fhye, vZ - ko4)12 (h;%,@, 312 (hsa - hyg, v?)s
Degree 10 | (hg4,v)s  (hg2-hog koskse)io (hs2-hsgg v?)s (f-hger,v¥)io
Degree 11 | (hZ,,v)s (f-hggo, v? -kos)12  (hso-hge1, v2)s
Degree 12 | (hzohg2,v)s  (h32hge2, vkas)s
Degree 13 | (hgohsg, v v2)g
Degree 14 | (h3ohig2,V)4
Order 2 : 62 joint covariants.
Degree 2 | (f,v)y
Degree 3 | hga (hou,v)s (F kou)s (f,v%)g
Degree 4 | (hoa,koa)s (F,v-kos)s (f.kse)s (hag,v¥)7 (hg2,v)e (hse,v)s
Degree 5 | hso (hsg, koa)s (has,v)s (hgg, v?)s
(hog, v-koa)r (£ k34)6 (32 kaa)o
(£2,v®)11 (hae,v)s (hag,kse)s (hoa ksg)a (hgs,v?)7
Degree 6 (f2,v2. ko)1 (hag,v-ksg)s (hzo- f,v?)7 (h278,k%74)7
(hya,ko4)s (hato,v¥)s (h3i2,v?)11 (hs2,v)2
(hyg,v?)s (hgg,v-kos)s (hye koa)s (h3g,v-kos)7
(h3s,kse)s  (hs4,v)3
Degree 7 | hra (hog,kos-kse)s (hee2,v)a (h3i2,v? -kos)11 (haio,v¥)10 (hee1,v)a
(f-hge,v¥)11 (h3,,v)s (hsokoa)y (hag,v-Kksg)s (h3,,kse)s (hsg,v?)r
(hyg,v-kog)s (f2,v-k3 )11 (hsa,kos)s (hyio,v-koa)s (has, ksg)s
Degree 8 hgo (hss- h3,6,v2)7 (h72,v)2 (h§72,k2,4)3
(hee,kaa)s (hee2, v2)s  (hyi0.k3,)s
Degree 9 (hg2,v)2 (h?,h27 ksg)a (hg2-hsa,v)3
Degree 10 | hygo (hs2 - h376,v2)7
Degree 11 | (hZ,,v)3
Degree 12 | hygo

38 covariants of order 4:

continued on next page
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2 covariants from Sy, 5 covariants from Sg and 31 joint covariants.

Degree 1 | v

Degree 2 | kos hoy (f,v)3

Degree 3 | (ho4,v)2 (£,v?)5 (hogs,v)s (f koua)s

Degree 4 | hyy (h3g,v)s (hso,v)1 (h2g,kaa)s

(ho4,koq)s (hog, v?)s

(f.ksg)a (f,v-koa)s (hsg, V)3

Degree 5 | hs 4 (hag,v-koa)s (h3i12,v?)s (hags,v)s (hg2,koa)r

(hge,koa)s (hgs,v)2 (hss,kos)s (has,kse)s (£,k34)5 (hse, v?)s

Degree 6 | (hs2,v)1 (h312,v-kos)s (hsg,v)s (hsa,v)2 (hag, koa)s (hsg kse)a

Degree 7 | hyy (hsg,ko4)s

Degree 8 | (h7.4,V)2

Degree 9 | hg 4

17 covariants of order 6:

1 covariant form Sy, 5 covariants from Sg and 11 joint covariants.

Degree 1 |

Degree 2 | (f,v)s

Degree 3 | hsg ksg (f,kaa)o (hos,v)1 (hag,Vv)s

Degree 4 | hyg (hos,kos)s (hsys,v)s (hos,v?)s (hoa ko)t

Degree 5 | (ha10,v)s (has,v)1 (hag, V)2

Degree 6 h6,61 h6,62

8 covariants of order 8:

3 covariant form Sg, 5 joint covariants.

Degree 2 | hog  (f,v);

Degree 3 | hsg (f,koa)1 (hag, V)2

Degree 4 | (hzg,v)2 (h312,V)4

Degree 5 | hsg

2 covariants of order 10:

1 covariant from Sg and 1 joint covariant.

Degree 3 | (hag, ki4)1

Degree 4 h4710

1 covariants of order 12 taken from Sg.

Degree 3 ‘ h3 12

7.3. Covariant bases of Sg @ S4 @& So. We directly use theorem 5.11 with
V =S¢ & S4. We summarize the result in the table 6
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djo| 0 2 4 6 8 10 12| # | Cum|
1 [ - 1 1 - — —]3] 3
2 | 3 2 5 2 2 — —|14]| 17
304 10 9 8 4 1 1]37]| 54
4 |12 19 20 10 3 2 —| 66 | 120
5 | 15 38 24 6 3 — — |8 | 206
6 | 37 46 12 5 — — — |100]| 306
7 |42 31 7 — — — — |80 | 3%
8 |3 15 1 — — — — |54 440
9 |22 4 1 — — — — |27 | 467
019 3 — — — — —|12] 479
1m)e6 1 - — — — —| 7| 486
123 1 — — — — —| 4| 49
132 - - — — — —| 2| 49
M1 - - - — — —| 1| 493
1501 - - — — — —| 1| 494
Tot || 195 171 80 32 12 3 1 494

TABLE 6. Covariant basis of S ® S4 @ So

195 invariants: 5 from Sg, 2 from Sy, 1 from So, 21 joint invariants of Sg & So given in 7.1,
53 joint invariants of Sg @ Sy given in 7.2. There is left 113 invariants.

Degree 3 | (v,u?)y ((f,v)s,u)s

Degree 4 (k2,4,u2)4 (£, v)3,u?)y  ((F,v?)g,u)2 ((f,koa)a,u)2  ((ho4,v)3,u)2

Degree 5 | ((f,v)2,u?)g ((f,k274)3,u2)4 ((F,v?)5,u?)4 ((f, k3 )5, u)2
((f,v-koa)s )2 ((hag,v)s,u?)s ((has,v)2,u®)s ((has,v?)7,u)2
((ho4,ko4)3,u)2  ((h3g, V)4, )2
((hg2,v)2, )2

Degree 6 | (kze,u’)s  ((F,v)1,ut)s  ((F kaa)2,u)s  ((F kae)s,u®)s
((F,v-koa)s,u?)s ((F, k3 4)6, w2 ((h24,v)1,u%)s ((hag,v)3,u’)s
((has,v*)6,u?)s ((hos,koa)s,u?)s ((hoa,koa)2,u?)s ((hog,v-koa)7,u)2
((hag, k3e)s,w)a  ((F2,v)i1,u)y  ((hoa,kse)s,w)2  ((hyg, V)3, u?)y
((hggs,v)s,u?)s ((hz2,v)1,u?)s ((hse, kos)s,u)2  ((hgg,v?)s, u)o
((h32,koa)2,u)2  ((hzs,v¥)7,u)2  ((hga,v)3,u)2  ((hyg, v)a,u)2

Degree 7 | ((f,ka4)1,ut)s  ((f,k3,)5,u?)4 ((hg’g,v)g,u4)8 ((h2,87v2)57u3)6
((hog, ko4)3,u)s  ((hoa,koa)1,u)s  ((hos,v-koa)s,u?)s ((has, kse)s u?)s

continued on next page
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((hog, k3 )7,u)2 ((f%,v? - koy)i1,u)e ((hog,v-kse)s,u)y  ((hsg,v)3,u’)g
((h32,koa)1,u?)s  ((hsgs,koa)s,u?)s  ((hse, v¥)s,u®)s ((hsi2,v?)s,u?)y
((hsg,koa)s,u)s  ((hse,v-koa)s,u)2 ((hgi2,v®)11,u)2  ((hss, v -koa)7,u)2
((h3s, kse)s w2 ((has,v)s,u®)s  ((hag,v)2,u?)s  ((hags, koa)s, u)2
((hag,v¥)e,u)2  ((has, koa)z,u)2  ((haio,v?)s,u)2  ((hsg-f,v?)7,u)s
((hs4,v)3, )2 ((hs2,Vv)2, 1)

Degree 8 | ((has,v)1,u”)10  ((has,koa kse)s,u)2  ((F%,v-k3 g1, u)2 ((hsi2,v)a,ul)s
((hsg, )2, u')s  ((hsi2,v-koa)s,u?)s ((hse, kse)s,u?)s ((hss,v-ksg)s,u)
((hs2,v? - koa)11,u)2  ((ha1o,v)a,u)s  ((hag,v)2,u®)s  ((haa,Vv)1,u)s
((ha,koa)3,u?)s  ((hae,v-koa)s, w2  ((haio,v?)i0,w)e  ((f-hsg,v3)11,u)2
((hy10,v -koa)s,w)o  ((hyg kse)s,u)a (34, ksg)e,u)a  ((hsg, v)s,u?)y
((hs2,v)1,u?)s ((hs4,v)2,u%)s ((hs2,koa)2,u)2 ((hsg, v?)7,u)o
((hs4,ko4)3,u)2  ((hee2,v)s,u)2  ((h35,v)3,u)2  ((hee1,v)s, )2

Degree 9 | ((hy10,k34)s,w)2  ((hsgs, koa)s,u?)s ((hso-hsg, v?)7,u)y  ((hee1, kod)s, u)2
((h39,koa)s,u)2  ((hge2, v¥)6, w2  ((hr2,v)2, 1)

Degree 10 | ((h35,ks6)a, )2 ((hra,v)2,u®)s ((hgo,v)2,u)2  ((hz2-hs2,v)3,u)

Degree 11 | ((hs2 - hsg, v2)7,u)s

Degree 12 ((h572, V)3, )2

171 covariants of order 2:6 from Sg, 1 from S, 23 joint covariants of Sg @ Se given in 7.1,

62 joint covariants of Sg @ S4 given in 7.2. There is left 79 covariants given below:

Degree 2 (v u)

Degree 3 u?)s  (kpg,u)e ((F,v)g,u)1 ((F,v)3,u)

Degree 4 (1 kos)o,u?)s ((£,v)2,u?)s ((F,v)3,u?)s ((f kaa)s,0)2

(f,v?)5,u)s ((F kog)s,w); ((F,v?)s,u)1 ((hgg, V)2, u)

(h28a ) ((h247 )7 )1
Degree 5 )2,

u)s
ksg,u?)s ((F,v)2,u?)s ((F,v)1,u’)s  ((f koa)2,u’)y
f.koa)3,u?)s  ((f.ksg)s,u)1r ((F,v-koa)s,u)a  ((F,v-koa)s, u)s

(
f.kse)s, )2 ((hos,v)s,u?)s  ((hog,v)1,u?)s  ((hag,v)s,u?)y

hy4,v)2,u?)3  ((hog, v¥)7,u)1  ((hga,koa)s,u)1 ((hog, ko4)s, u)2
hy 5, v?)s, (ho4,ko4)2,u)2  ((hz2,v)i,u)2 ((hse, V)4, u)1

(
(
(h

u)2
h3o,v)o,u);  ((h3g,v)3,u)2 ((hsg,Vv)s,u)2
Degree 6 u?)s

hyg,v?)s,u?)s  ((hag,koa)s,u?)s ((has,koa)s,u?)s  ((hoa, ko)1, u?)s

hog, v-kay)7,u)1  ((hag,kse)s,u)2 ((h2g,kse)s,u)r ((hog,v-kas)s u)2

hygs,v)s,u?)s ((hsg,v)s,u?)s ((hsa,kos)i,u)a ((hss,koa)s, 1)z

(
(
(
(
(
(f. ko)1, (F,X34)5w)2 (£, k3 4)s,w)1 ((has, V)2, u’)s
(
(
(
(

h36,v?)s,u)2  ((hsg,v¥)s,u)1  ((hse koa)s,u)s ((hso,kos)2, 1)1

continued on next page
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((h312,v*)s, w2 ((hag, vz, w)i ((has, V)3, w)2  ((has, v)a, 0)
((h4 4,V ) 2 )2

Degree 7 | ((has,v)1,ut)s ((hss, v)2,u®)s  ((hgi2,v)a,u®)s  ((hg2, v -koa)s,u)2
((hse, kse)a,w)2  ((has,v)2,u?)s  ((haa,v)1,u?)s  ((hao,v)s,u?)y
((has,v*)s,w)1 ((ha, koa)s,w)2 ((hsa,v)2,w)e ((hss, V)4, u)s
((hs4,v)s, w1 ((hs2,v)1,u)

Degree 8 | ((hsg,k24)4,u)2

Degree 9 | ((h7.4,v)2,u)2

80 covariants of order 4 : 5 from Sg, 2 from S4, 15 joint covariants of S¢ & So given in 7.1,

31 joint covariants of Sg @ S4 given in 7.2. There is left 27 covariants given below:

Degree 2 | (v,u);

Degree 3 | (kaa,u)1  ((f,v)2,u)2  ((f,v)3,u);

Degree 4 | (kzg,u)2  ((f,v)2,u?)3  ((F,v)1,u®)s  ((f koa)s,u)
((f,kaa)2,w)e ((hos,v)s,u)1 ((hoa,v)2,u)1 ((hag, v)3, 1)
((ho4, v)1,u)2

Degree 5 | ((f,ka4)1,u?)s  ((hog,v)2,u?)y ((hos,kaa)s, )1 ((hag,v?)s, 1)z
((hog,ka4)z,u)2  ((hoa,kas)1,u)2 ((hzg,v)3,u)1 ((hsg,v)s3,u)2

Degree 6 | ((hog,v)1,u)s  ((hgg,v)2,u?)s ((hz12,v)s,u?)s  ((hy10,v)s,u)
((ha4,v)1,u)s ((hyg,v)2,u)s

32 covariants of order 6 : 5 from Sg, 1 from Sy, 8 joint covariants of Sg & Sy given in 7.1,

11 joint covariants of Sg @ Sy given in 7.2. There is left 7 covariants given below:

Degree 3 | ((f,v)2,u)1 ((f,v)1,u)

Degree4 ((f,k2,4)1,11)2 ((hg,g,v)g,u)g

Degree 5 | ((hags,v)1,u%)s  ((hsi2,v)s,u)2  ((hsg,v)2,u)2

12 covariants of order 8 : 3 from Sg, 3 joint covariants of Sg & Sy given in 7.1,

5 joint covariants of Sg ® Sy given in 7.2. There is left 1 covariant given below:

degree 4 ‘ ((hag,v)1,u)2

There is left 3 covariants of order 10 : 1 from Sg, 1 joint covariant of

Se¢ @ So given in 7.1 and 1 joint covariant of Sg & S4 given in 7.2. Finally
there is 1 covariant of order 12 taken from Sg.

7.4. Covariant bases of Sg. We apply here Gordan’s algorithm for a sim-
ple binary form.

(1) As a first step Ag = {f} for f € Sg. The family B, contains only

h2712 = {f, f}g S 812.

(2) To obtain A; we have to consider transvectants

(fav hg,12)7“7

with no reducible molecular covariants modulo I;. From lemma B.1
we deduce that necessarily r < 2. Take now a molecule
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By lemma A.4 with eg = 2 and e; = 2, this molecule is of grade 3
and thus by lemma B.1 of grade 4.
We can deduce from all this that A; is the family

f, hoio, hzis:={f hyio}1.
The family B is sthe form
h278 = {f, f}4 € Ss.
(3) To get Ay we have to consider transvectants
(£ h3%,h3% g, hg,s)r-

The same kind of argument as above, using lemma such as lemma A .4
leads to [34, 33]:

Lemma 7.4. The family As is given by the seven covariants

f, hog=(f,f)s, hoio=(f,f)2, hsio:=(f,hog)2, hsi4:=(f hog):

h3 18 := (f,ha12)1, haig:= (hy12,ho3g):
Recall we have to take the invariant
(f, hag)s.
The family Bs is given by the covariant basis of
hy 4 := (f,f)s € S4.
As seen above in 7.2, a covariant basis is given by:
hoy4, hys:=(has,ho4)s, hee:= (hay, (hag,hoy)o)
and two invariants
hyo:= (hos,ho4)s, hgo:= (hoy, (hog,hay4)2)s
(4) To get family Bs, we have to consider transvectants
(£ hg?s hg?lzhg?mhg?mhg,elshfls7 hgh hgj4 hg?ﬁ)r
which is associated to the integer system

{8(11 4 8as + 12a3 + 12a4 + 14as + 18ag + 18a7 = u +r 1)

4b1 + 4by + 6b3 :’U—{—T"
We also make use of the relation taken from Cov(S4):
12h§ ¢ + 6h , + 2hgoh3 4 — 3h3 shyshy = 0.

With computations in Macaulay2 [35], we finally get a covariant
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basis of Sg given bellow.

8 invariants

Degree 2 | hy := (f,f)s
Degree 3 | (f,ha3g)s
Degree 4 | (ha4,hp4)4
Degree 5 | (f, h3 4)
Degree 6 | (ha4,h24)4
Degree 7 | (f,hy4hy44)s
Degree 8 | (hy12,h3 )12
Degree 9 | (hs12,h3 )12
Degree 10 | (hy12,h3 jhy4)10

14 covariants of order 2.
Degree 5 | (f,h3,);
Degree 6 | (hyg,h3 )7
Degree 7 | (f,hg6)s (f,hoahy4)7
Degree 8 | (ha 2, h3 4)11 (hag,he6)6
Degree 9 | (hg14,h3 )12 (hs 12, h§,4)11 (f, h421,4)7
Degree 10 | (hg 12, ha 4hg6)10  (ha 12, h%,4h474)11
Degree 11 | (h31g,h3 ;)16 (h314,h3 Jhy4)10
Degree 12 | (ha1s,h3 )16

13 covariants of order 4.
Degree 2 | hy 4 := (f,f)g
Degree 3 | (f,ho4)4
Degree 4 | hyy := (hg4,ho4)2

(ha s, ho4)g

Degree 5 | (f,haa)s (£, h%,4)6
Degree 6 | (h12,h34)s  (hos,hya)a
Degree 7 | (h312,h3 ,)s  (f,hee)s
Degree 8 | (hg 12, h2 ahya)s  (hoi2,h3 )10
Degree 9 | (hz14,h3 )11

12 covariants of order 6.
Degree 3 | (f,ho4)3
Degree 4 | (has,ha4)s
Degree 5 | (f,hg4)s  (£,h34)5
Degree 6 | hgg:= (hyg,hos)1  (hoi2,h3 )7 (hag, hyd)s

continued on next page
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Degree 7 | (h314,h3 4)s  (hg12,h3,)7 (£, heg)s

Degree 8 | (ha12,h66)s  (ho212,h24hy4)7
6 covariants of order 8.

Degree 1 | f
Degree 2 | ha g
Degree 3 | (f,h24)2

Degree 4 | (ha12,h24)4
Degree 5 | (f,hy4)2
Degree 6 | (h212,h44)4
7 covariants of order 10.
Degree 3 | (f,ha4)1

(
Degree 4 | (ha12,h24)3  (hag, hoa);
Degree 5 | (h314,h24)s  (h312,h24)3
(
(

fa h4,4)1
hy 12,hy4)3
3 covariants of order 12.

Degree 6

Degree 2 | hy 19

Degree 3 | hs 12 := (f,hag)2

Degree 4 | (hg 12,h24)2

3 covariants of order 14.
Degree 3 | hs 14 := (f,hog)1

Degree 4 | (hg 12, ho4)1

Degree 5 | (hs 12, h24)1

2 covariants of order 18.
Degree 3 | hg 15 := (f,ha12)1

Degree 4 | (hg12,h2g):

APPENDIX A. THE STROH FORMULA AND SOME COROLLARIES

The following general algebraic relation was obtained by Stroh [56] (see
also [34]).

Lemma A.1. Let uq, us and ug be three commutative variables such that
ur + ug + uz = 0.

Then we have

k1 ) ko .
g\ (k1 +ks—1i i g\ (ko + k1 —1 i
Y (z) ( ks >“g LACUADYD (z) ( woo )M

=0 =0
ks g\ (ks + ke —1
3 2 — —i 4
SO <Z> < b >ug uhy =0, (A.1)
=0

’withkl—{—kz—{—kgzg—l.
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This formula leads to new degree three relations. Let V = S, and
(€0, €1, €2) be three integers such that e; +e; <n (i # j). Define:

(——(®)
D(eg, e1,€2) := . A with weight w =eg 4+ €1 + €2, (A.2)
2
Note that D(eq, e1,e2) € Homgy,2,c)(Sn ® Sn ® Sp, S3n—2u)-

Lemma A.2. Let w < n and my,mg,mg > 1 be integers such that mi +
mg +m3 = w ~+ 1, then the molecule D(egp, e1,e2) is a linear combination of

D(w —1,41,0), D(0,w —i9,i2), D(i3,0,w —i3),
with i =0...mg — 1,
Sketch of proof. Using Clebsch—Gordan decomposition, first observe that
dim Homgp,(2,¢)(Sn @ Sp @ Sp, San—2w) = w + 1

Suppose we have a linear relation
w
> AD(w —4,i,0) = 0.
i=0

Taking f, = z},,fs = yg and £, = yJ leads to Ao = 0 ; and by induction
we get \; = 0 for all i. Thus F; := {D(w —,,0),i = 0...w} is a basis of
HomSL(ZC)(Sn ® Sp ® Sy, S3n—2w)- There is the same statement for Fy :=
{D(0,w —14,7),i=0...w} and F3 := {D(i,0,w —i),i =0... w}.
Let
up = Qapoy, Uz =Qgy04, uz =03
These are commutative variables verifying u; + us + ug = 0. Now, taking
the family
.7: = {D(w — ’il,il, 0), D(O,’U) — i2,’i2), D(ig, 0,w — ig), is =0... mg — 1}
lemma A.1 with k1 = mq, ke = ma, ks = mg+1 (for ms < w) and g = w+3
induces that D(mg + 1,0,w — mg — 1) € F3 is generated by the family F.
By induction, F3 and thus all molecules are generated by F. U
Lemma A.3. Let D(eg, e1,e2) be given by A.2.
(1) If w < n then

2
D(eg, €1, €e2) is of grade r > gw.
(2) If w > n then
D(eg, e1,e2) is of grade r > n — %

Sketch of proof. The detailed proof is in [34]. Just consider here the case
when w < n with w = 3k — 1. Taking m1 = mg = mz = m in lemma A.2
leads to a family F whose molecules are of grade at least 2k. We use the
same kind of arguments for w = 3k + 2 and w = 3k. U

A special case of A.3 is:



ABOUT GORDAN’S ALGORITHM FOR BINARY FORMS 37

Lemma A.4. Let D(eg,e1,e2) be given by A.2 with e; +ej < n (i # j).
Suppose that

n €0
eogiandel+eg>—,

2
then
D(ep, €1, €2) is of grade ey + 1,
n
unless eg = e1 = eg = 5
APPENDIX B. RELATIVELY COMPLETE FAMILIES OF A SINGLE BINARY

FORM

We give her results about reduction of some families modulo an ideal.
First of all:

Lemma B.1. Let k be an integer such that 2k < n ; then
Iog—1 = Iy

Proof. On has to consider molecular covariants of grade 2k — 1, that is
molecular covariants containing

= (i)——®)

Then, such a molecular covariant is a molecular covariant in a transvectant
(E,E), for some integer r and some molecular covariant E’. By proposi-
tion 4.7, D is a linear combination of

(E,E'), and (Em,ﬁm)r.

But, all symbols being equivalent, we know that E = 0 and each transvectant
(E" E™), are in Iy, by lemma 6.4. O

Every molecular covariant of grade 1 is thus in I3, and then:
Corollary B.2. The family Ag := {f} is relatively complete modulo Io

The following lemma is about degree three molecular covariants, and is
used in the following:

Lemma B.3. Let V be a space of binary forms, a, B and v be three atoms
of respective valence n, p, q. Let r be an integer such that r < min(n,p,q) ;
then

r—1 (B.1)

Proof. Starting with relation (3.2):
Qapoy = Qayop +Qyp0a,
we get
T
T . . . s
=0

and we just have to multiply each side of the equation by ag*”agfraqfr. O
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Recall here that, for f € S,,, for a given integer £ > 0, we define Hyy, :=
(f,£)ox.

Lemma B.4. If 2n — 4k > n, than the Hoy strictly greater than n and the
family B = {Ho} is relatively complete modulo Iogyo

Proof. We have to consider molecular covariants containing

(t)——)
D= r with 1 <r <2k

all symbol being equivalent. When r > k, the molecular covariant

. eg:2k

€1 =T

®)

is of grade 2k + 1 by lemma A.4. Thus the molecular covariant associated
to D is in Iogy1 = Iokyo (lemma B.1).
When r < k, by relation (B.1), D decomposes as a linear combination of

2k

Now:

e If 4 > k, we consider the molecular covariant

of weight w = 2k +r +1i > 3k 4+ r > 3k. Since 2k + r + i < n, this

2
molecular covariant is of grade rgquw > 2k by lemma A.3;
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e If i < k, we consider the molecular covariant

and we conclude by lemma A.4.

In the same way:

Lemma B.5. If n = 4k, then Hyy is of order n and the family B = {Hox}
is relatively complete modulo Iokio + (f5) where £5 is an invariant given by:
n
2

|3
|3
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