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Abstract

This article is concerned with the mathematical analysis of the perturbation method
for extended Kohn-Sham models, in which fractional occupation numbers are allowed.
All our results are established in the framework of the reduced Hartree-Fock (rHF)
model, but our approach can be used to study other kinds of extended Kohn-Sham
models, under some assumptions on the mathematical structure of the exchange-
correlation functional. The classical results of Density Functional Perturbation Theory
in the non-degenerate case (that is when the Fermi level is not a degenerate eigenvalue
of the mean-field Hamiltonian) are formalized, and a proof of Wigner’s (2n + 1) rule
is provided. We then focus on the situation when the Fermi level is a degenerate
eigenvalue of the rHF Hamiltonian, which had not been considered so far.

1 Introduction

Eigenvalue perturbation theory has a long history. Introduced by Rayleigh [23| in the
1870’s, it was used for the first time in quantum mechanics in an article by Schrodinger [28]
published in 1926. The mathematical study of the perturbation theory of self-adjoint
operators was initiated by Rellich [26] in 1937, and has been since then the matter of a
large number of contributions in the mathematical literature (see [19, 27, 30] and references
therein).

Perturbation theory plays a key role in quantum chemistry, where it is used in particular
to compute the response properties of molecular systems to external electromagnetic fields
(polarizability, hyperpolarizability, magnetic susceptibility, NMR shielding tensor, optical
rotation, ...). Unless the number N of electrons in the molecular system under study is very
small, it is not possible to solve numerically the 3/N-dimensional electronic Schrodinger
equation. In the commonly used Hartree-Fock and Kohn-Sham models, the linear 3N -
dimensional electronic Schrodinger equation is approximated by a coupled system of N
nonlinear 3-dimensional Schrédinger equations. The adaptation of the standard linear
perturbation theory to the nonlinear setting of the Hartree-Fock model is called Coupled-
Perturbed Hartree-Fock theory (CPHF) in the chemistry literature [21] (see also 9] for a
mathematical analysis). Its adaptation to the Kohn-Sham model is usually referred to as
the Density Functional Perturbation Theory (DFPT) [4, 16]. The term Coupled-Perturbed
Kohn-Sham theory is also sometimes used.

The purpose of this article is to study, within the reduced Hartree-Fock (rHF) frame-
work, the perturbations of the ground state energy, the ground state density matrix, and
the ground state density of a molecular system, when a “small” external potential is turned
on.



In the case when the Fermi level € is not a degenerate eigenvalue of the mean-field
Hamiltonian (see Section 2 for a precise definition of these objects), the formalism of DFPT
is well-known (see e.g. [13]). It has been used a huge number of publications in chemistry
and physics, as well as in a few mathematical publications, e.g. [10, 14]. On the other
hand, the degenerate case has not been considered yet, to the best of our knowledge. An
interesting feature of DFPT in the degenerate case is that, in contrast with the usual
situation in linear perturbation theory, the perturbation does not, in general, split the
degenerate eigenvalue; it shifts the Fermi level and modifies the natural occupation numbers
at the Fermi level.

The article is organized as follows. In Section 2, we recall the basic properties of rHF
ground states and establish some new results on the uniqueness of the ground state density
matrix for a few special cases. The classical results of DFPT in the non-degenerate case
are recalled in Section 3, and a simple proof of Wigner’s (2n + 1) rule is provided. This
very important rule for applications allows one to compute the perturbation of the energy
at the (2n + 1) order from the perturbation of the density matrix at the n'® order only.
In particular, the atomic forces (first-order perturbations of the energy) can be computed
from the unperturbed density matrix (Wigner’s rule for n = 0), while hyperpolarizabili-
ties of molecules (second and third-order perturbations of the energy) can be computed
from the first-order perturbation of the density matrix (Wigner’s rule for n = 1). In Sec-
tion 4, we investigate the situation when the Fermi level is a degenerate eigenvalue of the
rHF Hamiltonian. We establish all our results in the rHF framework in the whole space
R3, for a local potential W with finite Coulomb energy. Extensions to other frameworks
(Hartree-Fock and Kohn-Sham models, supercell with periodic boundary conditions, non-
local potentials, Stark external potentials, ...) are discussed in Section 5. The proofs of
the technical results are postponed until Section 6.

2 Some properties of the rHF model

Throughout this article, we consider a reference (unperturbed) system of N electrons
subjected to an external potential V. For a molecular system containing M nuclei, V is

given by
M

Vr e R3, V(z)=-— Z zpv(r — Ry),
k=1
where z; € N* is the charge (in atomic units) and R, € R? the position of the k' nucleus.
For point nuclei v = | - |7, while for smeared nuclei v = px |- |7}, where u € C°(R?) is a
non-negative radial function such that [ps p = 1.
In the framework of the (extended) Kohn-Sham model [13], the ground state energy of
this reference system is obtained by minimizing an energy functional of the form

1 1
EXS(3) = Tr <—2A7> 4 [ oV 4 5D 0) + B (o) 1)
over the set
Ky :={y€eSIL*R*)|0<y<1, Tr(y) =N, Tr(-Ay) < 0o}

of the admissible one-body density matrices. To simplify the notation, we omit the spin
variable. In the above definition, S(L?(R?)) denotes the space of the bounded self-adjoint
operators on L?(R?), 0 < v < 1 means that the spectrum of v is included in the range [0, 1],
and Tr (—A#) is the usual notation for Tr (|V|y|V|), where |V| := (—=A)'/2 is the square



root of the positive self-adjoint operator —A on L?(R3). The function p, : R® — R is the
electronic density associated with the density matrix . Loosely speaking, py(z) = v(z, x),
where y(z,y) is the kernel of the operator v. It holds

prz0 [ o =N [ VP T-a)
R3 R3

(Hoffmann-Ostenhof inequality [18]) so that, in particular, p, € L'(R3) N L3(R3). The
first term in the right-hand side of (1) is the Kohn-Sham kinetic energy functional, the

second one models the interaction of the electrons with the external potential V', D(,-) is
the Coulomb energy functional defined on LS/5(R?) x L%/°(R3) by

[ e,
Difg) = [ [ HEEE dway,

and E*¢ is the exchange-correlation functional. In the reduced Hartree-Fock (rHF) model
(also sometimes called the Hartree model), the latter functional is taken identically equal
to zero. In the Local Density Approximation (LDA), it is chosen equal to

Eia(p) = / exelp(z)) d, (2)

RS

where the function ey, : Ry — R_ is such that for all p € Ry, the non-positive number
exc(p) is (an approximation of)) the exchange-correlation energy density of the homogeneous
electron gas with constant density p. It is known that for neutral or positively charged
molecular systems, that is when Z = 224:1 2, > N, the minimization problem

Eo := inf {E¥S(y), v € Kn'}, (3)

has a ground state 7o, for the rHF model [31] (E*¢ = 0), as well as for the Kohn-Sham
LDA model [1] (E* = EXS,,).

This contribution aims at studying, in the rHF setting, the perturbations of the ground
state energy FEjy, of the ground state density matrix 7g, and of the ground state density
Po = P, induced by an external potential W. In order to deal with both the unperturbed
and the perturbed problem using the same formalism, we introduce the functional

E™MF(y, W) = Tr (—;M> +/ PV + %D(pwh) +/ p W,
R3 R3
and the minimization problem
ErHF(W) = inf {ErHF(’y, W), ~ € ICN} . (4)
We restrict ourselves to a potential W belonging to the space
C' = {ve LSRR | Vv e (L*(R%)%},
which can be identified with the dual of the Coulomb space
C:={peS'(R%)|p € Lin:(R%), | - |T'p € L*(R%)}

of the charge distributions with finite Coulomb energy. Here, &'(R?) is the space of tem-
pered distributions on R? and p is the Fourier transform of p (we use the normalization



condition for which the Fourier transform is an isometry of L?(R3)). When W € C’, the
last term of the energy functional should be interpreted as

/Rg W= /Rg 7 (k) W (k) dk.

The right-hand side of the above equation is well-defined as the functions k — k|71, (k)
and k + |k|W (k) are both in L2(R3), since p, € L}(R%) N L3(R3) c LY/5(R?) c C.

The reference, unperturbed, ground state is obtained by solving (4) with W = 0.

Theorem 1 (unperturbed ground state for the rHF model [31]). If
M
Z = Z zp > N (neutral or positively charged molecular system,), (5)
k=1

then (4) has a ground state for W = 0, and all the ground states share the same density
po. The mean-field Hamiltonian

Hy = —%A+V+po*\ A
is a self-adjoint operator on L?(R3) and any ground state ~yo is of the form
Y0 = L (oo c0)(Ho) + do, (6)
with €% <0, 0 < § <1, Ran(dp) C Ker(Hy — €2).

The real number e%, called the Fermi level, can be interpreted as the Lagrange multiplier
of the constraint Tr () = N. The Hamiltonian Hy is a self-adjoint operator on L?(R?) with
domain H?(R?) and form domain H!(R?). Its essential spectrum is the range [0, +oc0) and
it possesses at least N non-positive eigenvalues, counting multiplicities. For each j € N*,
we set

€j := _inf sup (v|Hplv),

XiCXi vex;, vl 2=1

where X is the set of the vector subspaces of H!(R3) of dimension j, and v ~ (v|Hp|v)
the quadratic form associated with Hy. Recall (see e.g. [25, Section XIII.1]) that (€;);en-
is a non-decreasing sequence of real numbers converging to zero, and that, if €; is negative,
then Hy possesses at least j negative eigenvalues (counting multiplicities) and €; is the 5t

eigenvalue of Hy. We denote by ¢, ¢9, - - - an orthonormal family of eigenvectors associated
with the non-positive eigenvalues €; < eg < --- of Hy. Three situations can a priori be
encountered:

e Case 1 (non-degenerate case):
Hj has at least N negative eigenvalues and ey < ey11 < 0. (7)

In this case, the Fermi level eOF can be chosen equal to any real number in the range
(en, en+1) and the ground state g is unique:

N
i=1



e Case 2 (degenerate case):
Hj has at least N + 1 negative eigenvalues and ey11 = en. (8)
In this case, 6% =en =€n41 <0
e Case 3 (singular case): €% = ey = 0.

In the non-degenerate case, problem (4), for W € C’ small enough, falls into the scope
of the usual perturbation theory of nonlinear mean-field models dealt with in Section 3.
The main purpose of this article is to extend the perturbation theory to the degenerate
case. We will leave aside the singular case ey = 0. It should be emphasized that the
terminology degenerate vs non-degenerate used throughout this article refers to the possible
degeneracy of the Fermi level, that is of a specific eigenvalue of the unperturbed mean-
field Hamiltonian H,;, not to the possible degeneracy of the Hessian of the unperturbed
energy functional at v9. The perturbation method heavily relies on the uniqueness of the
ground state density matrix vy and on the invertibility of the Hessian (or more precisely
of a reduced Hessian taking the constraints into account). In the non-degenerate case
(Case 1), the minimizer vy is unique and the reduced Hessian is always invertible. We will
see that the same holds true in the degenerate case (Case 2) under assumption (9) below.
We denote by

N := Rank (1. c0) (Ho))

0
F

the number of (fully occupied) eigenvalues lower than e%, and by
N, := Rank (]1{62}(510))

the number of (partially occupied) bound states of Hy with energy eOF. We also denote by
RévaNp the space of real symmetric matrices of size N, X Np.

Lemma 2. Assume that (5) and (8) are satisfied. If for any M € ]RJSVPXNP,
Np
Vo € RS, Y Mol yi(2)d% (@) =0 = M =0, 9)
i5=1

then the ground state vy of (4) for W =0 is unique
The sufficient condition (9) is satisfied in the following cases.

Proposition 3. Assume that (5) and (8) are satisfied. If at least one of the two conditions
below s fulfilled:

1. N, <3,
2. the external potential V' is radial and the degeneracy of e% s essential,

then (9) holds true, and the ground state o of (4) for W =0 is therefore unique.

Let us clarify the meaning of the second condition in Proposition 3. When V is radial,
the ground state density is radial, so that Hy is a Schréodinger operator with radial potential:

1
Hy = _iA + v(|z|).

5



It is well-known (see e.g. [25, Section XIII.3.B]) that all the eigenvalues of Hy can be
obtained by computing the eigenvalues of the one-dimensional Hamiltonians hg,, [ € N,
where hq is the self-adjoint operator on L?(0, 4+00) with domain H?(0, 4+00) N H{ (0, 4+00)
defined by ,

1d (l+1

ho; == 352 (2r2 ) v(r).

If eOF is an eigenvalue of hg;, then its multiplicity, as an eigenvalue of Hy, is at least 2/ + 1.
It is therefore degenerate as soon as [ > 1. If eOF is an eigenvalue of no other hgy, I # 1,
then its multiplicity is exactly 2] + 1, and the degeneracy is called essential. Otherwise,
the degeneracy is called accidental. It is well-known that for the very special case when
v(r) = —Zr~! (hydrogen-like atom), accidental degeneracy occurs at every eigenvalue
but the lowest one, which is non-degenerate. On the other hand, this phenomenon is
really exceptional, and numerical simulations seem to show that, as expected, there is no
accidental degeneracy at the Fermi level when v is equal to the rHF mean-field potential
of an atom (see [22]).

3 Density functional perturbation theory (non-degenerate case)

We denote by B(X,Y') the space of bounded linear operators from the Banach space X to
the Banach space Y (with, as usual, B(X) := B(X, X)), by S(X) the space of self-adjoint
operators on the Hilbert space X, by &; the space of trace class operators on L?(R3), and
by &3 the space of Hilbert-Schmidt operators on L?(R3) (all these spaces being endowed
with their usual norms [24, 29]). We also introduce the Banach space

61,1 = {T € 61 ’ |V‘T|V‘ € 61},

with norm
1Tle,, = Tlle, + IIVITIV||e,-

We denote by B, (#) the open ball with center 0 and radius 7 > 0 of the Hilbert space H.
Let us recall that in the non-degenerate case,
% € Py = {y € S(L*(R?) [¥* =, Tr(y) = N, Tr(-Ay) < oo},
that is 7o is a rank-N orthogonal projector on L?(R3) with range in H'(R?), and

1
'yO — ﬂ(_m7€%](H0) = — fg(z — HO)_l dZ,

2
where % is (for instance) the circle of the complex plane symmetric with respect to the
real axis and intersecting it at points €; — 1 and eOF.
3.1 Density matrix formulation

The linear and multilinear maps introduced in the following lemma will be useful to write
down the Rayleigh-Schrédinger expansions in compact forms.

Lemma 4. Assume that (5) and (7) are satisfied.
1. For each k € N*, the k-linear map

Q(k) : (C’)k — 6171
1
(vi,- -, o) = mﬁ(z—Ho)_lvl(Z—Ho)_lvz'“(Z—Ho)_lvk(Z—Ho)_le

6



is well-defined and continuous.

Rank(Q® (vy,--- ,u3)) < N and Tr (QW) (vy,--- ) = 0, for all (vy,--- ,v5) € (C)¥,
and there exists 0 < o, C' < oo such that for all k € N* and all (vy,--- ,v;) € (C)F,
1Q™ (v, -+, vi) e, < CoFllonller - [[vkller (10)

2. The linear map
L:C — C
P TPQO (x|

associating to a charge density p € C, minus the density PO (px|-|-1) of the trace-

class operator QW (px | -|~1), is a bounded positive self-adjoint operator on C. As a
consequence, (1 + L) is an invertible bounded positive self-adjoint operator on C.

The main results of non-degenerate rHF perturbation theory for finite systems are
gathered in the following theorem.

Theorem 5 (rHF perturbation theory in the non-degenerate case). Assume that (5) and
(7) are satisfied. Then, there exists n > 0 such that

1. for all W € By(C'), (4) has a unique minimizer yw . In addition, yw € Py and

1 -1
W = ]1( ooeF}(HW) 2”1_ é(z - Hw) dZ, (11)

where ]
Hy = —5A+V +pw x| |7+ W,
pw being the density of yw;

2. the mappings W — vy, W = pyw and W — EWE (W) are real analytic from B,(C')
into G1,1, C and R respectively;

3. for all W € C" and all —n||W| ' < B < W]zt

+oo +o0
ow =20+ DB paw = po+ Y B ETT(BW) = £(0) + Z ghefy
k=1 k=1

the series being normally convergent in &y 1, C and R respectively;

4. denoting by W) = W—l—p *] =1 and W) = ,0 *| |~ for k > 2, the coefficients
(k)

pyw of the expansion of pgw can be obtained by the recursion relation

(1+ L)ply) = piy (12)
where 3% is the densit A (k)
py/ s the density of the operator Qy, defined by
(1) Q(l ( )
k
vk>2, QY =Y S QO ... Wy, (13)
=2 1<j1, -, <k-1
25:13 =k



5. the coefficients ’yl(,llj) and Eﬁ) are then given by

'Y{(/Ilj) _ L (z — Ho)—lw(k’)(z — Hy) 'dz+ QV(V’;), (14)
29w 74
and h1
e® _ o (o) L LS () (k=) (k=1) 15
W= r( O’YW)+§Z (IOWHOW ) RBPW : (15)
1=1

3.2 Molecular orbital formulation

When €1 < €9 < -+ < ey < e%, that is when the lowest N eigenvalues of Hy are all
non-degenerate, it can be seen, following the same lines as in [9], that, for all W € C’, there
exist real analytic functions 8+ ep;(8) € R and 8 — ¢w;(8) € H*(R?) defined in the
neighborhood of 0 such that ey;(0) = €;, ¢pw,i(0) = ?, and

Hawowi(B) = ew,i(B)ow:(5),
(ew.i(B), dw,j(B)) 2 = dij,

ew,1(B) < ew2(B) < --- < ewn () are the lowest eigenvalues of Hayy (counting multiplicities).

The coefficients of the Rayleigh-Schrédinger expansions

EWz Z/BkGWW ¢W1 Zﬂk¢wz7

where e%w =¢; and gb%,,i = qﬁ?, are obtained by solving the system

k k
(H0_62)¢WZ+ZK W]_ Igv)ﬁ‘ g/V)z i
Vk e N*, V1<i<N, j=1 (16)

[ ot =it
RS ’

Vo € LA(R%), Ko =2(¢jpx|-[7)
and where the right-hand sides

19 = W) - Z 3 (oW)oby«1-17) 0 Z3+Z Y,

j=1 1<1y,la,l3 <k—1,
1 +la+1l3 =k

where

and

aWz / ¢W2¢V1k;;l)

at order k only depend on the coefficients d)W and e(l) at order [ < k — 1. System (16)
can therefore be considered as an infinite trlangular system with respect to k.

The fact that all the terms of the Rayleigh-Schrédinger series are defined unambiguously
by (16) is guaranteed by the following lemma and the fact that for all ¢ and v in H(R3),
W¢ € H-Y(R?) and ¢p x| - |71 € L=(R?).



Lemma 6. Assume that (5) and (7) are satisfied and that €1 < €2 < -+ < ey < €. For
all f = (f1,--, fn) € (H YR and all @ = (a1, --- ,an) € RY, the linear problem

N
(Ho—e) i+ Y Kijhj = fi +mig},
V1 <i<N, j=1 (17)

o /Rgi/h'éf??:ai,

has a unique solution (U, n) = (1, ,UN), (1, ,nn)) in (H'(R3))N xRN, Moreover,
if fe (L*R3))N, then U € (H*(R?)N

Let us notice that, although the constraints [p3 dwi(8)¢w,;(8) = 0 for i # j are not
explicitly taken into account in the formal derivation of (16), the unique solution to (16)
is compatible with these constraints since it automatically satisfies

Vk € N*, V1<i,j<N, / oy =o0. (18)
R0
A proof of the above result is provided in Section 6.6, together with the proof of Lemma 6.

Let us finally mention that the Rayleigh-Schrodinger expansions of the density matrix
vsw and of the molecular orbitals ¢y ;(5) are related by

N k
=2 1w ol
=1 =0

where we have used Dirac’s bra-ket notation.

3.3 Wigner’s (2n + 1)-rule

According to (15), the first n coefficients of the Rayleigh-Schrodinger expansion of the
density matrix allows one to compute the first n coefficients of the perturbation expansion
of the energy. Wigner’s (2n+1)-rule ensures that, in fact, they provide an approximation of
the energy up to order (2n+1). This property, which is very classical in linear perturbation
theory, has been extended only recently to the nonlinear DFT framework [2]|. In the present
section, we complement the results established in 2] by providing a different, more general
and compact proof, which also works in the infinite dimensional setting.

In the density matrix formulation, the Wigner’s (2n + 1)-rule can be formulated as
follows. We introduce the nonlinear projector II on S(L?(R?)) defined by

VT € S(L*(R%), IIT)= 111 /2,400) (1),
and, for W € C' and 8 € R, we denote by
W (8) =1 <’Yo 3 Mﬁ)) -
k=1
For T € B(L?(R?)), resp. T € &, we denote by
dist(T, Py) := inf {||T — 7|, v € Pn},

resp.
diste, (T, Py) := inf {[|[T" - v|le., v € Pn},

the distance from T to Py for the operator, resp. Hilbert-Schmidt, norm. The projector
IT enjoys the following properties.



Lemma 7. For each T € Q := {T € S(L*(R?)) | dist(T, Pn) < 1/2, Ran(T) Cc H*(R?)},
II(T) € Pn. Besides, for each T € QN &g, II(T) is the unique solution to the variational
problem
1T = T(T)|le, = min [|T = 7lle, = dists, (T, Pn). (19)
YE€PN

It follows from Lemma 7 that, for all W € C’ and |3] small enough, 51(;) (B) is the
projection on Py (in the sense of (19)) of the Rayleigh-Schréodinger expansion of the
density matrix up to order n.

Theorem 8 (Wigner’s (2n+ 1)-rule in the non-degenerate case). Assume that (5) and (7)
are satisfied. For eachn € N and all W € C', it holds

0 < B GE(8), W) — TP (BW) = O(|6]>"+2). (20)

Note that as vo + > 5y Bk%(/‘lj) has finite-rank IN,,, it can be diagonalized in an or-
thonormal basis of L?(R3) as

70+25k ngw )| dwi (B)) (dw.(B)], (21)
k=1
with (¢w.i(8), dw,i(8)) 12 = 65, gwi(8) € R, and |gw.(8)| > |gw;(8)] for all i < j. We

also have
Np " )
ZQW,i(/B) =Tr <’Yo + Zﬁk%(/v)> _ N,
i=1 pt

since, in view of (13), (14) and Lemma 4, Tr (’y(k)) =0 for all £ > 1. For |f| small enough,
the above operator is in €, and therefore, gy 1(8) > gw2(8) > -+ > gw.n(B8) > 1/2 and
lgw,;(B)] < 1/2 for all j > N + 1. We then have

N
=" low(3) (Swi(B)]. (22)
=1

4 Perturbations of the rHF model in the degenerate case

We consider in this section the degenerate case. We assume that (9) is satisfied, yielding
that the ground state 7y of the unperturbed problem (4) with W = 0 is unique. We also
make the following assumption:

ey <0, Rank(dp) = N, Ker(l— )= {0}, (23)

where dg is the operator in (6). Assumption (23) means that the natural occupation
numbers at the Fermi level (or in other words the N, eigenvalues of 50|Ker(H0—eO)) are

F
strictly comprised between 0 and 1. As a consequence, vy belongs to the subset

Knin, = {7 € Kn | Rank(y) = Nt + N, Rank(1 — ) = Nt}

of ,CN-

We are going to prove that, under assumptions (9) and (23), the rHF problem (4) has a
unique minimizer for ||[IW{|¢ small enough, which belongs to Kn;,n, and whose dependence
in W is real analytic. To establish those results and compute the perturbation expansion
in W of the minimizer, we proceed as follow:

10



1. we first construct a real analytic local chart of Kx; n, in the vicinity of 4o (Sec-
tion 4.1);

2. we use this local chart to prove that, for ||[W|¢r small enough, the minimization
problem

EMF (W) = inf {EF (4, W), v € Ky, } (24)

has a unique local minimizer vy in the vicinity of 7o, and that the mappings W
yw € G611 and W — ErHF(W) are real analytic; we then prove that vy is actually
the unique global minimizer of (4) (Section 4.2), hence that E™HF (W) = &1 (W),

9

3. we finally derive the coefficients of the Rayleigh-Schrédinger expansions of vy and
EMF(W), and prove that Wigner’s (2n 4 1)-rule also holds true in the degenerate
case (Section 4.3).

4.1 Parametrization of Ky, y, in the vicinity of 7,

We first introduce the Hilbert spaces H¢ = Ran(]l(_oo7€%)(Ho)), Hp = Ran(ﬂ{eg}(Ho))

and H, = Ran(ll(eoF +00) (Hy)), corresponding respectively to the fully occupied, partially
occupied, and unoccupied spaces of the unperturbed ground state density matrix ~g. For
later purpose, we also set Ho, = Hy © Hp. As

L*(R?) = He © Hp © Ha,
any linear operator T on L?(R3) can be written as a 3 x 3 block operator
Ty Ty Tha
T= Ty Tpp Tpul,
Tot Tup Tau

where Ty is a linear operator from Hy to Hy. In particular, 79 and Hy are block diagonal
in this representation, and it holds

10 0 Hy= 0 0
=10 A 0f, Ho=| 0 & 0
000 0 0 Hff
with 0 <A = doly, <1, HO__—GOF < —g_:= eNf—e% and HJ+—€% > gy = eNf+Np+1—e%.

We then introduce

e the spaces of finite-rank operators
Aue = {Aux € B(Ha, Ha) | (HF+ — )12 A, € B(’HX,HH)} ,
for x € {f,p}, endowed with the inner product

(Aux, BuX)Aux =Tr (Aﬁx(HJ+ - eoF)BUX);
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e the finite dimensional spaces

Apg = B(Hs, Hp)

and

App 1= {App € S(Hp) | Tr (App) = 0}

e the product space

A= Aus X Aup X Apt X App,

which we endow with the inner product

(A7 B).A = Z (AuxyBux)Aux + Z Tr (APXB;X) .
xe{f,p} xe{f,p}

To any A = (Aut, Aup, Apt, App) € A, we associate the bounded linear operator I'(A4) on
L?(R3) defined as

I'(A) = exp (Luo(A)) exp (Lpi(A4)) (70 + Lpp(A)) exp (—=Lpi(A)) exp (=Luo(4)), (25)

where

0 0 —A% 0 —A% 0 0 0 0
Li(A) =0 0 =Ay |, Ly(A) = |Ayx 0 0|, Lpp(A):=|0 Ay, 0
Ay Awp O 0 0 0 0 0 0

Note that I' is real analytic from A to &1 1, I'(0) = 7o, and I'(4) € Ky for all Ay, such
that 0 < A 4 Ap, < 1. In addition, it follows from Assumption (23) that I'(A) € Kn; N,
for all A € A small enough. The following lemma provides the parametrization of Ky; n,
near 7y our analysis is based upon.

Lemma 9. Assume that (5), (8), (9) and (23) are satisfied. Then there exists an open
neighborhood O of 0 in A and an open neighborhood O’ of vy in &1 such that the real
analytic mapping

0 — ’CNﬁNpﬂO,

A = T(A) (26)

1s bijective.

In other words, the inverse of the above mapping is a local chart of Ky, n, in the vicinity
of 7y. Note that a similar, though not identical, parametrization of the finite-dimensional
counterpart of Kn; n, obtained by discretization in atomic orbital basis sets, was used in 8]
to design quadratically convergent self-consistent algorithms for the extended Kohn-Sham
model.

4.2 Existence and uniqueness of the minimizer of (4) for W small enough
We now define the energy functional
E(A,W) = EMF(L(4),W), (27)

for all A € O and all W € C’, which, in view of Lemma 9 allows us to study the existence
and uniqueness of local minimizers of (24) in the vicinity of o when ||W||¢ is small enough.
The functional F is clearly real analytic; we denote by

F(A,W) = VAE(A, W), (28)
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the gradient of E with respect to A, evaluated at point (A,W). As 7 is the unique
minimizer of the functional vy ~ E™¥(y,0) on Ky, hence on Kn;,N,, 0 is the unique
minimizer of the functional A — E(A,0) on O, so that

F(0,0) = 0.

Lemma 10. Assume that (5), (8), (9) and (23) are satisfied. Let

1
O := §F1/4(070)|A><{0}a

where Fy(0,0)| 4x {0y is the restriction to the subspace A x {0} = A of A x (" of the
derivative of F with respect to A at (0,0). The linear map © is a bicontinuous coercive
isomorphism from A to its dual A’.

We infer from Lemma 10 and the real analytic version of the implicit function theorem
that for W € C’ small enough, the equation F'(A, W) = 0 has a unique solution A(W) in
O, and that the function W +— A(W) is real analytic in the neighborhood of 0. It readily
follows from (28) and Lemma 9 that for W € C’ small enough,

yw =T (AW)) (29)

is the unique critical point of (24) in the vicinity of ~y. This critical point is in fact a
local minimizer since ©, which is in fact the second derivative of the energy functional
A E(A,0), is coercive. We have actually the following much stronger result.

Lemma 11. Assume that (5), (8), (9) and (23) are satisfied. Then, for ||W|l¢ small
enough, the density matriz vy defined by (29) is the unique global minimizer of (4).

We conclude this section by providing the explicit form of ©, which is useful to prove
Lemma 10, but also to compute the Rayleigh-Schrodinger expansion of ~yy:

1

O = —Au(Hy ™~ )+ (B — ) A + 51T (A
Oy = (H* — &) Auh + 51T (A,

O = (1= A) Ayt (Hy~ = ) + 51T (Al

Oy = SIT(A)p

J denoting the linear operator from A to A’ defined by
V(A7 A/) € Ax A, <\7(A)7 A/> = D(p’Yl(A)7p’Yl(A'))7

where
71(A) = (I7(0), A) = [Luo(A) + Lpt(A), 70] + Lpp(A). (30)

A key observation for the sequel is that

VAe A, Tr (H()"yl(A)) =0. (31)

13



4.3 Rayleigh-Schrodinger expansions

It immediately follows from the previous two sections that, for any W € C’, the functions
B = Aw(B) := A(BW) and S — vw = ['(A(BW)) are well-defined and real analytic
in the vicinity of 0. The purpose of this section is to provide a method to compute the

coefficients A%,Ik/), ’ygj) and 51(/5) of the expansions

+o00 +o00 +oo
Aw(8) =D A" AW, qaw =0+ B0y and ETF(BW) = &M (0) + ) prey.
k=1 k=1 k=1

We can already notice that the coeflicients 'y‘(;) and 5$) are easily deduced from the

coefficients A%,]f,). Using the following version of the Baker-Campbell-Hausdorff formula

KV X =Y+ X Y]+ gIX, XY+ XX X V]

we indeed obtain

k a . a a @
71(/1/) - Z Z Twy with Tw, = VI(AE/vl)v e aAE/Vl))» (32)
1<I<k  ae(N*)!||ali=k

where for all a = (a1, -+, ;) € (N*)!, |al; = a1 + -+ + oy, | = max(a;), and

WAL A) = 3 LA oA, et Assn). - Epe(A 2] ]
itj=l

+ Z L [Luo(Al)a ceey [Luo(Ai)> [Lpf(AiJrl)v ) [Lpf(Al—1)> LPP(AZ)] e

7!
itj=t-1"7

for all (Ay,---,A;) € A.. Note that for [ = 1, the above definition agrees with (30), and
that, more generally,

+o0
VAe A, T(A) =7+ w4, A). (33)
=1

It follows from (31) and (32) that

& = [ ot (34)
R:’)

and that for all £ > 2,

k
1 1
e®) —y (—Zan® / V4= D( _) / W (35
1% I\ 752w + R3’Ov€§) +2§ Pyb)s P =0y + R:%p”(wk i) (35)

We will see however that the above formula is far from being optimal, in the sense that
51(/5) can be computed using the coefficients AE,{,) for 1 < j < k/2 only (see formulation (39)
of Wigner’s (2n + 1)-rule), whereas the direct evaluation of 5‘(,5) based on (32) and (35)

requires the knowledge of the Ag,{,)’s up to j = k.
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4.4 Main results for the degenerate case

The following theorem collects the results obtained so far, and provides a systematic way
(k)

to construct the AW
case.

s, as well as an extension to Wigner’s (2n + 1)-rule to the degenerate

Theorem 12. Assume that (5), (8), (9) and (23) are satisfied. Then there exists n > 0,
such that

1. existence and uniqueness of the ground state: for all W € B, (C'), the rHF model (4)
has a unique ground state Yy ;

2. no energy level splitting at the Fermi level: the mean-field Hamiltonian
1
Hw =—sA+V+pw+| [T+ W

(where pw is the density of yw) has at least Ny = Nf + N, negative eigenvalues
(counting multiplicities), the degeneracy of the (Ny + 1) eigenvalue, which is also
the Fermi level EFW of the system, being equal to Ny, and it holds

wo= 1o qry(Hw) + 0w,

where 0 < Sy < 1 is an operator such that Ran(dy) C Ker(Hy — e} ) with mazimal
rank Np;

3. analyticity of the ground state: the functions W + vy and W+ EHF (W) are real
analytic from By(C') to &1,1 and R respectively. For allW € C' and all —n|W||! <

+o00 .

the series being normally convergemﬁ in &1,1 and R respectively;

4. Rayleigh-Schrodinger expansions: the coefficients 71(/5) are given by (32), where the

Agf,) 's are obtained recursively by solving the well-posed linear problem in A

oAl = 5 BY. (36)
where the B‘(,[Ii) ’s are defined by
vAc A (BY,A)= /R oW, (37)
and for all k > 2 and all A € A,
k+1

D IEDY ST (Moo (A A, )

Oée N* -1 =1
laly=k, Ia\oo<k 1

l/
+ > 21? (Pvav,pﬂ
o

3l <k+1 ae(N*)!, a/e(NF)I'~1
1>1,1>1

() (o, )
7l/(7(i,l/)(AW1 7"'7AWZ ! 7A))

lal1+|e! |1 =k, max(|a|co,|a/|co)<k—1

k
+; Z Z/B P, (7 A(D‘l),~~,A(v§ﬁl*1>,A))W; (38)

OtG(N* l 1
lal1=k—1, |a|oo <k—2
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where 7(; j) is the transposition swapping the ith and jN terms (by convention (i)
is the identity);

5. first formulation of Wigner’s (2n + 1)-rule: for alln € N, and all € € {0,1},
gm0 _ 3 3 T (Hify)

2<I<2n+e  ae(N*)!||al1=2n+e¢, |a|co<n

1
t 3 Z Z D <p73v,l’pﬁ‘vl,zf)

2§l+l’/§2n+e a€(N*)L o/ (N | |ali 4o/ |1 =21+
bzt max(|afoo, o’ |oo) <n

+ D > /R W (39)

1<I<2n+e—1  ae(N*)!||al1=2n+e—1, |a|cc<n

6. second formulation of Wigner’s (2n + 1)-rule: it holds

0 < BT (r (Z ﬂkA‘V’y) ,W) — &M (BW) = 0(BP" ). (40)

k=1

Note that both formulations of Wigner’s (2n 4 1)-rule state that an approximation
of the energy E™MF(BW) up to order (2n 4 1) in 8, can be obtained from the Ag/‘k/) for
1 < k < n. They are yet different since the first formulation consists in computing all
the coefficients 5$) up to order (2n + 1), while the second formulation is based on the

computation of the density matrix I' (Zzzl ﬁkAgf,)).

Remark 13. Although we were not able to rigorously prove that assumptions (5), (8), (9)
and (23) were actually satisfied for a specific molecular system, we strongly believe that
this is the case for some atoms. Recall that the singlet-spin state rHF model is obtained
from the spinless rHF model dealt with here by replacing N by N/2 (the number of electron
pairs) and p~ by 2py (each state is occupied by one spin-up and one spin-down electron),
so that all our results can be applied mutatis mutandis to the singlet-spin state rHEF model.
We have performed numerical simulations of a carbon atom within the singlet-spin state
rHF model [22] and observed that for this system, the lowest two eigenvalues of Hy, cor-
responding to the 1s and 2s shells, are negative and non-degenerate, while the third lowest
eigenvalue, corresponding to the 2p shell, is threefold degenerate. As the carbon atom con-
tains six electrons, that is three electron pairs, the Fermi level coincides with the third lowest
eigenvalue. Using the first statement of Proposition 3, we obtain that assumptions (8) is
satisfied, hence that the ground state density matriz o is unique, yielding that, by symme-
try, all the occupation numbers at the Fermi level are equal to 1/3. Numerical simulations
therefore suggest that assumptions (8), (9) and (23) are satisfied for the singlet-spin state
rHE model of a carbon atom, while (5) is obviously satisfied since this system is electrically
neutral.

Remark 14. In order to illustrate what may happen when assumption (23) is not satisfied,
we consider the toy model

E™(w) = inf {E™ (v, w), v € K2}, (41)
where

E™ (y,w) = Tr (HyMy) + % (Tr (v = 9™)%)* + Tr (yw),
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Hyg™ = —2Jer)(e1] — |ea) (ea| — les)(esl, 70 = lex)(er| +|ea){eal,
e1, e, e3 being pairwise orthonormal vectors of L2(R3). For w = 0, the unique ground
state of (41) is WOTM and the mean-field Hamiltonian of the unperturbed system is HOTM.
We are therefore in the degenerate case with € = —1 and 5g™ = |e2){ea|, and we have
Ng =1, 1 = Rank(6§M) < N, = 2, Ker(1 — 6§M) = Rey # {0}, so that condition (23) is
not fulfilled. A simple calculation shows that for w = |es){es|, it holds

=3 =3I81"*  for B <0,

gTM(ﬁw) | -3 for B> 0.

Clearly, real-analytic perturbation theory cannot be applied.

Remark 15. The block representation of 71(41/), the first-order term of the perturbation
expansion of the ground state density matriz, is given by

[0 ARra-a) (AT
W= a-nal Al aal| (42)
Al A A 0o |

where the above operators solve the following system

1

1 1
O(AL, AR, AT AR = —(War, Wap, (1= ) Wpe, 5 W), (43)

where Wy is the xy-block of the operator “multiplication by W7. We also have

2 i1 1
SIEV) =Tr (HO’YI(Alf,z)> + §D <pv§5)1’p7&1/)1> +/]R Pap, W

3 Twi

The second-order term 7{(,[2,) is also useful to compute nonlinear responses. For brevity, we

do not provide here the explicit formula to compute this term and refer the reader to [22].

Remark 16. In the degenerate case, there is no analogue of (12), that is no explicit closed
recursion relation on the coefficients of the Rayleigh-Schrédinger expansion of the density.

5 Extensions to other settings

Although all the results in the preceding sections are formulated for finite molecular systems
in the whole space, in the all-electron rHF framework, some of them can be easily extended
to other settings:

e all the results in Sections 3 and 4 can be extended to valence electron calculations with
nonlocal pseudopotentials, as well as to regular nonlocal perturbations of the rHF
model, that is to any perturbation modeled by an operator W such that W (1 —A) is
a bounded operator on L?(R?), the term [ps p,W being then replaced with Tr (vW);

e all the results in Section 3 can be extended to the rHF model for locally perturbed
insulating or semiconducting crystals (see in particular [10], where the analogues of
the operators £ and Q™) in Lemma 4 are introduced and analyzed); the extension
to conducting crystals is a challenging task, see [15] for results on the particular case
of the homogeneous electron gas;
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e extending our results to the Kohn-Sham LDA model for finite molecular systems in
the whole space is difficult as the ground state density decays exponentially to zero at
infinity while the LDA exchange-correlation energy density is not twice differentiable
at 0 (it behaves as the function Ry 3 p +— —p%3 € R_). On the other hand, all
the results in Sections 3 and 4 can be extended to the Kohn-Sham LDA model on
a supercell with periodic boundary conditions as well as to the periodic Kohn-Sham
LDA model for perfect crystals, as in this case, the ground state density is periodic
and bounded away from zero (see e.g. [6, 7]). Let us emphasize however that in the
LDA setting, it is not known whether the ground state density of the unperturbed
problem is unique. We must therefore restrict ourselves to local perturbation theory
in the vicinity of a local minimizer and make a coercivity assumption on the Hessian
of the energy functional at the unperturbed local minimizer 9. In the supercell
setting, the operator £ was used in [14] to study the stability of crystals;

e the Hartree-Fock model consists in minimizing the energy functional

1 1 1
EYF (W) = T (—2A7)+ Lo v4w)5D0n )= [ [ e e dy
R3 R3 |l‘ yl

over the set Py of Slater determinants with finite kinetic energy. It turns out that all
the local minimizers of EM¥ (v, W) on K are on Py (Lieb’s variational principle [20]).
Consequently, an equivalent formulation of the Hartree-Fock model is

E(W) :=inf {EHF(%W), YyeEKN}. (44)

Uniqueness for problem (44) is an essentially open question (see however [17] for
partial results). In order to apply perturbation theory, we therefore need a coercivity
assumption on the Hessian at the minimizer 7y, just as in the LDA setting. It is
known that there are no unfilled shells in the Hartree-Fock theory [3|, which implies
that we are always in the non-degenerate case. The first three statements and the
fifth statement of Theorem 5 can be transposed to the Hartree-Fock setting under
the above mentioned coercivity assumption. On the other hand, there is no analogue
of (12) for the Hartree-Fock model. A mathematical analysis of the perturbation
theory for the molecular orbital formulation of the Hartree-Fock model was published
in [9]. It is easily checked that our proof of Wigner’s (2n + 1)-rule also applies to the
Hartree-Fock setting;

e the extension to some of our results to Stark potentials W (z) = —E-z, where E € R3
is a uniform electric field, will be dealt with in a future work [11].

6 Proofs

6.1 Proof of Lemma 2

Let 79 and v be two ground states of (4) for W = 0. By Theorem 1, vy — 7} = o, with
o € S(L*(R3)), Ran(o) C Ker(Hy — €2), Tr (o) = 0. Therefore,

Np

o= Z Mz‘j|¢9vf+z‘><¢(z]vf+j|

ij=1
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for some symmetric matrix M € ]RNPXNP such that Tr (M) = 0. As, still by Theorem 1,
70 and 7, share the same density, the density of ¢ is identically equal to zero, that is

NP
vz € R?, Z Mij¢(1]vf+i($)¢9vf+j($) =0.
i,7=1

If Assumption (9) is satisfied, then M = 0; therefore 0 = 0, and uniqueness is proved.

6.2 Proof of Proposition 3

Let us first notice that as for all 1 < ¢ < N, Nf+z € D(Hy) = H?*(R?) — C(R3),
condition (9) is mathematically well-defined.

Case 1: Let M € ]R]SVPXNP be such that

V€ R3, Z 1N i (@)% 45 (2) = 0.
,5=1

The matrix M being symmetric, there exists an orthogonal matrix U € O(N,,) such that
. . = N,

UMUT = dlagi(nl,'-- ,nn,) with ny < -+ < ny,. Let ¢9\,f+i(:v) = Z P U]qufﬂ( x).

The functions QS?Vf +; form an orthonormal basis of Ker(Ho — €f) and it holds

NP
Ve e B Y nildk (@) =0,

from which we deduce that vazpl n; = 0. Consider first the case when N, = 2. If M # 0,
then ny = —n; =n > 0, so that

Vo € R%, |01 (@) = (B2 ()

In p~articular the tWS eigenfunctions a?vf 41 and 59\& 4o have the same nodal surfaces (that
is (d)N +1) H0) = (¢?Vf+2)_1(0)). Consider now the case when N, = 3. If M # 0, then

either ny = 0 and gbR,f 41 and QNS?Vf 43 have the same nodes, or ng # 0. Replacing M with
— M, we can, without loss of generality assume that n; < 0 < ny < ng, which leads to

In3|

Vo € R%, |04 (@)* = 168 2 (@) + n |!¢Nf+3( z)[.

We infer from the above equality that the nodal surfaces of 59\& 41 () are included in those
of $9Vf+2(x). Let §2 be a connected component of the open set R\ (~9Vf+1)_1(0), and let
H§’ be the self-adjoint operator on L2(£2) with domain

D(H) = {u € H(2) | Au e 12(2))

defined by
1
Yu € D(H"), Hi'u= —§Au—|— Vu+ (po*|- | Hu.

As both 9 = ¢~59Vf+1|9 and 1y = q~5(j)vf+2|g are in D(HE) and satisfy H{¢y = €y,
HE%y = edaba, |1b1| > 0 in £2, we deduce from [25, Theorem XIII.44] that €% is the non-
degenerate ground state eigenvalue of HOQ , so that there exists a real constant C' € R
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such that ¢ = Ctv;. It follows from the unique continuation principle (see e.g. |25,
Theorem XIII.57]) that (;SN 12 = CQSN L1 0n R3, which contradicts the fact that (Z)N 41 and

qSNf 4o are orthogonal and non identically equal to zero. Thus, M = 0 and the proof of
case 1 is complete.

Case 2. The degeneracy being assumed essential, e% is (2 4 1)-times degenerate for some
integer [ > 1, and there exists an orthonormal basis of associated eigenfunctions of the
form

VI<i<Ny=20+1, % () =Ri(r) Y 710,),

where (7,6, ) are the spherical coordinates of the point z € R?, and where the functions
Y™ are the spherical harmonics. In particular,

20+1 20+1
> Myd (@)@ (@) = Ri(r)* D My Y771 (0,0) Y776, ).
i,j=1 i,j=1

We therefore have to prove that for any symmetric matrix M € R(QIH)X(QZH)

20+1

—l+i—1~)—l+j—1
S Myt T =0 = M =0
ij=1

Let M € RQZH)X@ZH) a symmetric matrix such that

20+1
i Tyl 1
Z My =y =0

i.j=1

on the unit sphere S?. Using the relation

1 [ l L I 1 L
Yy \/(2z +1)%(2L + 1) ymtm:
my mg  —(mp+ma) 00 0
h b I3
where the denote the Wigner 3-j symbols (see [5] for instance), and
miy mo M3
where, by convention, YJ* = 0 whenever |m| > L, we obtain
Vir R i1yl —1
0 = 2l—|—1ijz:1Mijyl Y
2141 21 l l L I 1 L o
- Sy vare i
e i1 —l+j—1 2A+2—i—j) \o 0 0
20 2 Il | L l l L
= 2. > VaL+l >
m=—21 L=0 00 0 1<ij<2+1 —l+i—-1 —-l+353—-1 —m
i+j—-2-2=m
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l l L
Using the fact that the Wigner 3-j symbol is equal to zero unless
mi1 Mma —(m1 + TTLQ)

Imi| <1, |mao| <, |mi+mo| <L, 0<L<2], and L €2Nifm; =mgy=0,

we obtain that for all L € {0,2,---,2l} and all —-L <m < L,

l l L
> M;; = 0. (45)
i+j—2—-2=m
For m = —2[ and L = 2I, the above expression reduces to
It 2 U ) 1
M11 = 0, where = .
1 -1 2 —1 -1 o) VAAL

Hence M7; = 0. More generally, for each integer value of m in the range [—21, 2], equation
(45) gives rise to a linear system of n,,; equations (obtained for the various even values of
L in the range [|m|,2]) with n,,; unknowns (the M; ;’s satisfying ¢ < j - recall that the
matrix M is symmetric - and ¢ + j = 2l + 2 + m). Using the symmetry property

l { L l l L

—l+i—-1 —-l+5—-1 —m —l+j-1 —l+i—1 —m
and the orthogonality relation stating that for all —2] < m < 2[, and all |m| < L, L' < 21,

l l L l l L
3 _ _Orr
(2L +1)’

i+j5—-2-2=m

it is easy to see that this linear system is free, and that the corresponding entries of M are
therefore equal to 0. Hence, the matrix M is identically equal to zero, which completes
the proof.

6.3 Proof of Lemma 4

As % is a compact subset of the resolvent set of Hy and as the domain of Hy is H2(R?),
there exists Cp € Ry such that

max([|(z ~ Ho) M|, |(1 = A)(z = Ho) "I, (= = Ho)(1 = A)7]) < Co.

It follows from the Kato-Seiler-Simon inequality [29] that for all v € C’,
lo(z — Ho) ™|l < Collv(1 = A)7H < Collu(1 = A) e < Cllvllzs < allv]ler,

for constants a, C' € R, independent of v. The k-linear map Q¥ is therefore well-defined
and continuous from (C')¥ to the space of bounded operators on L?(R3). Denoting by
70l =1 — 9, we have

k
QW 0y op) = D = b (= Ho) 'R [T (vy(e — Ho) ™' Py) =

k+1 =1
(Pj)o<j<rk€{v05 } J
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In the above sum, the term with all the P;’s equal to '78- is equal to zero as a consequence of
Cauchy’s residue formula. In all the remaining terms, one of the P;’s is equal to the rank-/NV
operator 7o. The operators (z — Hy)™! and vj(z — Hp) ™! being bounded, QM (vy, -+ ,vp)
is finite-rank, hence trace-class, and it holds

14
1 N oot furller - Il

HQ(k)(Ub T 7vk’)||61 =
Likewise, the operator

IVIQW (vr, -+, 0|V

= Z 2,”1.% ’v| z = HO 1/QPO H ( z — HO) 1/2 ( — Ho)_l/ZPj) (2; _ HO)—1/2’v| dZ

Pye{rong }k+1 =1

is finite rank and
1VIQM (vy, -+ ,ve) V| le, < Calurller - lvgller,

for some constant C' independent of vy, - -, v;. Therefore Q) is a continuous linear map
from (C')* to &1 and the bound (10) holds true. It then follows from Cauchy’s residue
formula and the cyclicity of the trace that, for k£ > 1,

k
1
Tr (QM) (v, -+ ,vp)) = Tr 227T7{z—H0 T (vi(z = Ho) ™YY dz
Jj=1

k
1
> Tr m]iz—Ho 1130};[1 vj(z — Ho) "' P}) dz

(Ppe{rong }k+1

k 1 k—1
Z Z Tr <2m % H (Vij mod(k) (2 — Ho)_lPl) vi(z — Ho) 70 dz) = 0.
= (R) E{Voﬁé} ‘=

Let p € C and Q := QW(p x| -|~1). Proceeding as above, we obtain that for all
¢ € CZ(R?),

2m

[ ot = 1 @o1 =1 (g .~ B o 170 - B )
< Cllplieli¢ller,

for a constant C' € Ry independent of p and ¢. Therefore, pg is in C and ||pg|lc < C||p|lc-
This proves that £ is a bounded operator on C. In addition, for all p1, ps in C,

(ﬁphpz)c:—Tl‘( = ) <p1*r'|1><z—Ho>1<p2*|-r1>dz>=<p1,£pz>c,

um

where we have used again the cyclicity of the trace. Thus, £ is self-adjoint. Lastly, for all
peC,

N

(Lo,p)e =Y 0 ((ox|- "D Hy — &) P ((ox |- 171)eD)) =

i=1

where Hy is the self-adjoint operator on Ran(qz) = Ker(7p) defined by Yo € Ran(vg),
Hd-v = Hyw.
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6.4 Stability of the spectrum of the mean-field Hamiltonian

We assume here that we are

e cither in the non-degenerate case (exy < 0 and ey < €n41), in which case we set

6O __ ENTEN+1.,
F— 2 )

e or in the degenerate case (exy = eny1 = EOF <0).

We recall that Ny = Rank(1_, 6%)(H0)), Ny = Rank(]l{eo}(Ho)) and N, = Ny + Np. We
’ F

also have g_ = e% —eng and gy = ENp 4N, +1 — e%. By definition g— > 0 and g4 > 0 since

0

ep < 0.

Lemma 17. Let

_ 3
_gZ’ a4:€%+gf, 04526%—%%.

3g—
0 0
alzel—l,agzeF—Tl,ag:eF

There exists n > 0 such that for all v € By(C'),

Rank(]l(—oo,al](HO + U)) =0, Rank(]l(al,ag)(HO + U)) = N, Rank(]l[ag,ag} (HO + U)) =0,
Rank(]l(a&ad(ﬂo + U)) = Np, Rank(]l(a47a5}(H0 + U)) =0.

Proof. Let z € {a1, g, as,a4,a5}. As z ¢ o(Hy), we have
z—(Ho+v)=(1+v(1—-A)"11-A)(z— HO)_l) (z — Hp).

Besides, as D(Hp) = H?(R?), there exists a constant C' € R independent of the choice of
z € {aq, ag, a3, ay, a5}, such that

I(1 = A)(= — Ho)~H| < C.
In addition, there exists a constant C’ € R such that for all v € C’,
lo(1 = 2)7H < o1 = A) e < Clvler.
Let n = (CC’)~1. We obtain that for all v € B, (C’),
lo(1 = A8)7H (1 = A)(z = Ho) ™'l < 1,

so that z — (Hy + v) is invertible. Therefore, for all v € B, (C’), none of the real numbers
a1, g, a3, a4, a5 are in o(Hy + v). It also follows from the above arguments that for
all v € C', the multiplication by v is a Hop-bounded operator on L?(R3). Using Kato’s
perturbation theory, we deduce from a simple continuity argument that the ranks of the
spectral projectors

]l(foo,al](HO"i_v)a ]l(al,ag)(H0+v)7 1[a2,a3}(HO+U)7 1(043,044]([{0 —|—'U), and ]1(a4,oz5](H0+U)

are constant for v € B, (C’), and therefore equal to their values for v = 0, namely 0, Ny, 0,
Ny and 0 respectively. O
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6.5 Proof of Theorem 5
Step 1: proof of statement 1.

Let us introduce the relaxed constrained problem

EEN (W) = inf { B (7, W), v € Ken}, (46)
where

Ken = {v€SL*R*)|0<y <1, Tr(y) <N, Tr(—Ay) < oo}
As €% < 0, 4o is the unique minimizer of (46) for W = 0, and as K<y is convex, the
corresponding optimality condition reads
Vy € Ken, Tr(Ho(y —10)) = 0. (47)
Let W € C’, and (7}, )ken+ a minimizing sequence for (46) for which
1

Vk>1, EMF(y, W) <EIN (W) + - (48)

Set p. = p;- We obtain on the one hand, using (47),

1
eMEW) > B W) -
1
= ETHF(%’C,OH/ A
R3 k
. 1 1
= SO+ T (Holoh —20) + 5Dk~ puosk =)+ [ AW~
1
> EUN(0) + D( = P0; Pl = P0) +/ W =
R3
and on the other hand
ngF( ) ErHF( ) ngF( )_i_/]R3 poW
Therefore,
1 1
5 D0k = pos P = po) < / (Po = PLIW + £,
R3
from which we get
1 1
Sllok = polle < W lerllpk = polle +
and finally
_1\1/2
o} = polle < 2Wler + (26712 (49)

Then, using Cauchy-Schwarz, Hardy and Hoffmann-Ostenhof [18] inequalities, we obtain

O = &) = B (0.0) = B0, W) ~ [ oW

> ngF(W)_/

Pl = BT W) - [l -
R3 R3

k
1

1 1
= STr(-Ay) +/t Vol + 5D (pj: Pl +/ pZW—/ poW — =
2 R3 2 R3 R3 ]{?

1 1 1

> STr (—A7,) — 2ZN2(Tr (—Ay))2 + §||P2H(2: — 1ok llelWller = llpolle[Wler —
1 1 1 1

> (T (—Ay)/2 —2ZNz2)% + §(||P2;Hc — |[Wller)? — 22N — §||P0||<23 — Wiz -
1 1 1 1

> L(Tr (~Aof)) M~ 22N3) —22°N — Llollg ~ W13 — 7.
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from which we infer that
Tr (—Av;,) < Co(1+ [W]3),

for some constant Cjy € R independent of W and k. This estimate, together with (49) and
the fact that [|v,[|le, = Tr(y,) < N, shows that the sequences (7, )ren+ and (p})ren+ are
bounded in &;; and C respectively. We can therefore extract from (7, )zen+ a subsequence
(’y,’gj )jen= such that (’y,;]_ )jen converges to vy for the weak-* topology of &1 1, and (pﬁcj )jeN
converges to py := p-, weakly in C and strongly in LI (R3) for all 1 < p < 3. This
implies that
yw € Keny and - E™F (3, W) < lim inf E™ (4, W) = EZF(W).
- J—00 -

Thus 7w is a minimizer of (46). In addition, as the rHF model is strictly convex in the

density, all the minimizers of (46) have the same density py, and, passing in the limit in
(49), we obtain that py satisfies

low — polle < 2[|W]|c.

Denoting by

ow =W+ (pw — po) x| - |71, (50)
we have q
Hy = —=SA+V+ W pw |- [71 = Ho+vw, (51)
with
low ller < Wl + 1 (pw = po) * | - | Hler < 3[W e (52)

By Lemma 17, for all W € B, ;3(C’), we have
Rank(]l(foo,egfg_ﬂ] (HW)) = N and Rank(]l(egig_/2,6%+g_/2] (HW)) = 0

In particular, Hy has a least N negative eigenvalues, from which we infer that Tr (yw) =
(Hw) and it holds

N. Therefore, vy is a minimizer of (4). In addition, vy = ]1(70076% ]
G- Hw) (59)
=— ¢ (2 — 2.
=g f W

Step 2: proof of statement 2.
It follows from (50), (51) and (53) that

YW e Bn/g(C’), X(Uw) =W,

where X is the mapping from B, /3(C") to C' defined by

X(’U) =0V — pm% .o ((z—Ho—v)~1—(2—Ho)~1) dz * ’ . ‘_1.

The mapping X is real analytic. Besides, denoting by v, the Coulomb operator associating
to each density p € C the electrostatic potential v.(p) = p*|-|~ € C’, we have

X'(0) = ve(1 + L)vt.

It follows from the second statement of Lemma 4 and from the fact that v. : C — ' is
a bijective isometry that X’(0) is bijective. Applying the real analytic implicit function
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theorem, we obtain that the mapping W +— vy is real analytic from some ball B,,(C’) (for
some 1’ > 0) to C'. By composition of real analytic functions, the functions

1
W= um

7({”(2 — Ho—vw) " dz, pw = po+v; ' (ow — W) and & (W) = B (qy, W)
are real analytic from B,/ (C’) to &1, C and R respectively.
Step 3: proof of statements 3 and 4.

Let W € B,/ (C'). It follows from the above result that the functions g — vysw, 8 — psw,
and 3+ EMF(BW) are real analytic in the vicinity of 0, so that, for |3| small enough,

“+00 o0 o0
Yew =0+ 3 BN paw =po+ > BN, EMF(BW) = £MF(0) + 3 prel
k=1 k=1 k=1

the series being normally convergent in G171, C and R respectively. The Dyson expansion
of (11) gives

“+oo
vow = w0+ Y. QW (vaw, - vaw).
k=1

As
“+oo “+o00
vgw = BW + > B8 (ply) |- 171 =3 BFW ),
k=1 k=1

where we recall that W) =W + p%/) *|-|7' and W) = pgf,) x| |71, we obtain

—+00 —+o0o “+00
76W270+ZQ(’€) Zﬁ]W(])7... aZﬁJWO)
j=1 j=1

k=1
from which we deduce (14). Taking the densities of both sides of (14), we get

o8 = c(oll) + 7.

This proves (12).

6.6 Proof of Lemma 6 and of (18)

The proof of Lemma 6 is similar to the proof of Lemma 1 in [9]. We only sketch it here
for brevity. We denote by V := (HY(R?))N | by @ = (4),--- ,¢%)T € V and by 5 the
bounded linear operator from V to V' = (H~1(R?))"V defined by

N
VU eV, (V)= (Hy— )+ ZKinwj'

j=1
We then decompose V as
YV =53% + AdY + @Y = DdY +S°0% 4 ADY + @Y,

where D, A, S, and S° denote the vector spaces of N x N real-valued matrices which are
respectively diagonal, antisymmetric, symmetric, and symmetric with zero entries on the
diagonal, and where

0 = {® = (¢i)1<icny €V |V1 <4, < N, (¢i,¢) 2 =0}
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Likewise, it holds
V' =50+ A®% + @Y with @Y = {g=(gi)1<icy €V |VI<i,j <N, (g;,0)) =0}
and it is easily checked that

{geV | ¥xedl, (g9,x) =0} =50 + ADO. (54)
Denoting by F' = (f1,---, fn)? €V and by o € D the N x N diagonal matrix with entries
ag, -+ ,an, we have to show that there exists a unique pair (¥,7) € V x D such that

_ 0
{%\IJ—F—H](I), (55)

U —ad® € S°00 + AP0 + 9.
For this purpose, we first introduce the matrix S € S defined by

V1<i<N, S;i=a; and V1<i#j<N, Sij:<f”¢l> <f ¢J>,
Ej—Ei

and observe that F := F — H(SPY) € SBY + @Y . Next, using the fact that e < -+ <
ey < 6% and the positivity of the operator K°, namely

N
VU = (Yi)icisn €V, > (K, hi) =2D (Z qs%,Zas%) >0,
i,j=1 i=1

we can see that the operator J# is coercive on ‘ID(i. Therefore, by Lax-Milgram lemma and

(54), there exists a unique U € @Y such that AU — F € SO+ AD. As F € S + Y

and
N

V1<i k<N, VYV¥=(icj<n €V, Z ]¢ga¢k> Z(Kﬂjwcﬁ?%

7=1 7=1

we have in fact U — F € S®°. Setting U = ¥ + SB°, we get SV — F € SB°. We
now observe that . is an isomorphism from A®°? to S°®°. Decomposing V' — F as
AV — F = -850 + nd° with §’ € S° and n € D, and denoting by A the unique element
of A such that #(A®") = S’®°, and by ¥ = ¥ + A®Y  we finally obtain that the pair
(U, n) is the unique solution to (55) in V x D.

The fact that ¥ € (H?(R3))"N whenever f € (L?(R3))Y follows from simple elliptic

regularity arguments.
To prove (18), we introduce, for k € N*|

k
Xi,k(ﬁ) = Zﬁlgi)(ﬂll)/ula i, k Zﬁl ,BWz’
1=0

N
Hy(B) = —%A‘FVJF (Z Xi,k(5)2> w1 THHBWL fik(B) = Hie(B) Xk (B) =ik (B)Xik (B)-
i—1

By construction, |n; x(8) — esw.i| + ||1Xik(B) — dpwill 2 + || fire(B)|| -1 € O(BEFL) when 3
goes to zero, for all 1 <7 < N. As the operator Hy(f3) is self-adjoint, it holds

(fiks Xg.k) ik Xk Xik) = (HeXi ks Xok) = Hi Xk Xak) = (Fik> Xak) + 055Gk Xiok)

(the variable § has been omitted in the above equalities). As by assumption €; < €3 <
- < €N+1, We obtain

Xik(B), x5k(B)) =

from which we deduce (18).

i (8), X3 (B)) = {f56(B), Xk (B))

k+1
mB) — min(B) O™,
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6.7 Proof of Lemma 7

Let T € Q and v € Py such that [|[T —~|le, < 1/2. As |[T — | < |IT —9lle, < 1/2,
o(y) = {0,1} and Rank(y) = N, Rank(II(T')) = Rank(1l[;/5 15)(T)) = N. Therefore
I(T) € Py. If, in addition, T' € &g, then
IT-T(D)l[g, = IT—~+~-IDE,

= T =~l§, + Iy = DI, +2Tx (T = ~)(y — I(T)))

= T =&, + Iy = IWD§, + 2T (T(y — I(T))) - (2N — 2T (4I(T)))

= T =&, + 2T (T(y - 1(T)))

= T =~l§, +2Tr (T = 1/2)(y - I(T))),
where we have used that both v and II(7") are in Py and that for all P € Py, HPHQ62 =
Tr(P?)=Tr(P)=N. Let A=T —1/2 and Q = v — II(T). The self-adjoint operator A
has exactly N positive eigenvalues (counting multiplicities), and all its other eigenvalues
are negative. Remarking that TI(T) = T ;o)(A), and denoting A™+ = TI(T)AI(T),

A7 = (1 -I(T))AQ1l - I(T)), @™~ = I(T)(y — I(T)IT), Q*F = (1 — I(T))(y —
I(T))(1 — TI(T)), and g := dist(0,5(A)), we obtain, using the fact that AT+ > g, A= <

—¢, Q" >0,Q7 " <0and Q*=Q"T -Q ,
Tr (T —1/2)(y—I(T))) = Tr(ATTQ~+A~Q™)
< —gTr(QTT - Q) = —gTr (Q%) = —g|ly — I(T)|&,.

Hence, II(T) is the unique minimizer of (19).

6.8 Proof of Theorem 8

Throughout the proof, W is a fixed potential of C’, chosen once and for all, and C' denotes
a constant depending on W but not on 3, which may vary from one line to another. For all

8 € R, we denote by Q%) (B) = :?(Wn) (B) —vsw. When |3] is small enough, ?(Wn) (B) € Pn,

so that we have
EMTE(8), W) > &M (3w)
= E""(yw, BW)
= BTG 6) - @i (). W)
= ErHF( '(8), 8W) - (HBWQ%;)(B))—%D( <n>(5),PQ<n>(ﬁ))
BRGEE), ) ~ T (1Haw - 1@ E)?) ~ 3l s

where we have used Lemma 18 below. We thus obtain that for || small enough,

0< EMFG(8), W) ~ £ (3W) = Tr (How — @@ B)F) + 3llogq s I

Using (51), (52) and the bound ||v(1 — A)7Y|| < CJ|v||¢r for all v € C’, we obtain that for
all || small enough,
Haw — 4 < C(1 - A).

Hence, for || small enough,
~(n T n 1
0 < ETE(B), W) = M (3w) < O (1= 2@ (9))?) + 5lIpgm 512
< ClRW®BIE, ,.

A
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where we have used the continuity of the linear mapping &1,1 3 v+ py € C. The latter
property is proved as followed: we infer from the Kato-Seiler-Simon inequality and the
Sobolev inequality ||V zems) < Co[|VV||2msy = Cs||V|c that there exists a constant
C € R; such that for all vy € &11 NS(L*(RY)),

— A)24(1 — AYV2(1 — A2V (1 — A)1/2

ool = sp TOVI_ o, T-AVA-A)P- 4TV - AT
veenioy IVlle  veenioy V]lc

< CH’YHGm' (56)

Denoting by
2
wa(B) =0+ D By

k=1
we get

We infer from the third statement of Theorem 5 that
Ivwn(B) = vaw lle,, < CB™H

We now observe that as W is fixed, all the functions awﬂ(ﬁ) in (21)-(22) lay in a finite
dimensional subspace of H!(R?) independent of 3. Using the equivalence of norms in finite

dimension, the fact that V(H) (B) =11 (ywn(B)) and Lemma 7, we obtain that

552 (8) = ywn(B)le1s < CIFW (B) = ywn(B)lles < Clivsw — ywn(B)lles < CB™,

which completes the proof of (20).

Lemma 18. Let H be a bounded below self-adjoint operator on a Hilbert space H, ep € R,
and v = 1(_ogep)(H). Assume that Tr(y) < oo. Then, for all orthogonal projector
v € S(H) such that Tr (v) = Tr (v), it holds

0<Tr(HQ) = Tr(|H — er|Q?),

where Q =~ — 7.

Proof. We first observe that
Q=7 -7=0")V-7V=Q+ +Vv—-,
H—ep=(1—=7)(H—ep)(1 —7) +v(H —er)7,
[H —er| = (1 =7)(H —er)(1 =) —v(H —er)7,
Q*=(1-7Q( —7) —7Q.
As Tr (Q) = 0, it follows that
Tr (HQ) = Tr((H—ep)Q) =Tr ((H - 6F)QZ) +Tr ((H = er)(rY +7'v = 27))

= Tr ((H—ep)Q*) +2Tr ( —er)7Q)

= Tr ((H — er) Qg) +2Tr (y(H - EF)’YQ’Y)

= Tr ((H —ep) ) —2Tr ( )7@2)

= Tr (|H—€F|Q ).
Note that all the terms in the above series of equalities containing v are finite, since
Tr () < oo and H is bounded below, while the other terms may be equal to +occ. O
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6.9 Proof of Lemma 9
Using the fact that L?(R3) = H,®H.y, any linear operator T on L?(R?) can be represented

by a 2 x 2 block operator
Too T
T — [e]e} ou ,
< Tuo Tuu )

where Ty is a linear operator from Hy to Hy (with z,y € {o,u}). In particular, the
operators Py :=1(_, 0 (Hp) (the orthogonal projector on H,), Py := 11(6%7+OO)(H0) and
Hy are block diagonal in this representation, and we have

(10 L (00 _( Hoo O
PO_<O 0)7 PO_(O 1)7 H0_< 0 Huu>’
WithHoo—e%gOandHuu—e%:HJJr—eonng > 0.
We consider the submanifold
Pn, :={P € S(L*(R*)) | P> = P, Tr (P) = N, Tr (—AP) < o0}

of S(L*(R?)) consisting of the rank-N, orthogonal projectors on L?(R3) with range in
H1(R?), and the Hilbert space

Z = {Z = ( ZO _guo ) | (Huy — )22, € B(Ho,Hu)},
endowed with the inner product
(Zv Z,)Z =Tr (Z:Jko(Huu - Eg)Zl,,lO)'

We are going to use the following lemma, the proof of which is postponed until the end of
the section.

Lemma 19. There exists an open connected neighborhood O of Py in Pn,, andn > 0 such
that the real analytic mapping

By(Z) — O
Z eZPoefz
1s bijective.
By continuity, there exists a neighborhood O of 0 in A such that
VA€ O, 1y (T(A)cCO.
Let A and A’ in O be such that I'(A) = T'(A’). Then
eluolA) pye=hnol4) — Loy (T(A)) = 1oy (T(A)) = eluol) ppetuold),

and we infer from Lemma 19 that Lyo(A’) = Lyo(A). Therefore,

5ot () (3 4 Lyp(A'))e™ B4 = Lot (5 4 L (A))e (), (57)
In particular (using again functional calculus),

elpi(4)

Lpf(A/) = eLpf(A) Lpf(A)

Yoe Yoe .
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Using the finite dimensional analogue of Lemma 19 (a standard result on finite dimensional
Grassmann manifolds), we obtain that, up to reducing the size of the neighborhood O
if necessary, Lpf(A") = Lpe(A). Getting back to (57), we see that Lyp(A') = Lpp(A).
Therefore, A = A’, which proves the injectivity of the mapping (26).

We now consider a neighborhood O’ of ~y in &1 in such that I'(O) C O and
L1y (Knpnv, NO') C O. Let v € Kn;n, N O’ By Lemma 19, there exists a unique
Z € By(Z) such that 1 q(y) = e? Pye=%, and by the classical finite-dimensional ver-
sion of the latter lemma, there exists a unique Ap € Ape in the vicinity of 0 such that
Tiy(y) = eZeLpf(O’UyApﬁO)]l{l}(fyo)e*Lpf(O’OvApffo)e*Z. It is then easily seen that the operator

Lpf (anzApf 70) Z

efzeprf(OzovApfvo) e

e

is of the form ~y + Lpp(0,0,0, App) for some Ay, € App, which is close to 0 if O is small
enough. Decomposing Zy, as (Aut, Aup) and setting A = (Ays, Aup, Apf, App), We obtain
that A is the unique element of A in the vicinity of 0 such that v = T'(A).

Proof of Lemma 19. Let
U:={U e GLH'R) | |Ug]l 2 = |¢]12, V¢ € H'(R?)}

where GL(H'(R?)) is the group of the inversible bounded operators on H*(R3). In view
of [12, Theorem 4.8|, the mapping

uU — Pn,
U — UBRU!

is a real analytic submersion. Besides [12, Lemma 2.5|, U is a Banach-Lie group with Lie
algebra
U ={ZeB(L*RY)|z"=-2, Z(H'(R®) c H'(R®)}

(with the slight abuse of notation consisting of denoting by Z the restriction to H'(R3) of
an operator Z € B(L?(R3)) such that Z(H'(R3)) ¢ H*(R3)), and [12, Remark 4.7, the
isotropy group of the action of & on Py, is the Banach-Lie group with Lie algebra

Uy ={Z € B(L*(R)) | 2* = —Z, Z(H (R*)) ¢ H'(R%), Zyo =0} .

Hence, denoting by

Z- {Z . < ZO _guo ) (1= A)2Z,, ¢ B(’HO,”HH)},

there exists an open connected neighborhood O of Py in Py, and 77 > 0 such that the real
analytic mapping

Bﬁ(Z) — O
Z eZPoefz

is bijective. As there exists 0 < ¢ < C' < oo such that ¢(1 — A) < (Hyy — €2) < C(1 — A)
on Hy, we have Z = Z, which concludes the proof of the lemma. O
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6.10 Proof of Lemma 10

In view of (33), the density matrix I'(A) can be expanded as

D(4) = 70 + 1 (4) +72(4, 4) + O(IAIR), (58)
with
1A = {0 4) = [LuolA) + L(4). 7] + Lpp(A)
1A A) = S04, 4)
= 5 [LaolA), [Euol(4), %] + [Luo(A): [Eyr(4), 0]] + 5 [Epe(A), [Epe(4), 70]

[Luo(4), Ly (A)] + (L (4), Lp(A)
= 5 {Buol A + Lyr(4)%, 20} + [Luo(4) + Lye(4), Lyp(4)]
FLuol A) gt (450 + 0Lyt (A) Lo 4) ~ (LulA) + Lot (4)10( Lol A) + Lor(4),
where {X,Y} = XY + Y X denotes the anticommutator of X and Y. As in Section 4, we

denote by F(A,0) = V4E(A,0) and © = %FA(O,O)MX{O}. It follows from (58) and the
analyticity properties of the mapping A — F(A,0) that for all (4, A") € A x A,

1
E(A,0) = Eg + Tr (Hyy1(A)) + Tr (Hoy2(A, A)) + §D(PM(A)7 pruay) + O(IAL2),
and 1
(©(A4), 4) = Tr (Ho72(4, 4)) + 5D (P31 (4), P11 (4))-

Besides, a simple calculation leads to
Tr (Hoy(A, A)) = Tr (A (Hf " — @) Au) = Tr (Aue (Hy ~ — €p) Aly)
+Tr ((Hyt —ep) AwpAAL) — Tr ((Hy ~ — ) Afp(1 — A)Ape) .
Hence,
1
<@(A),A/> = CL(A, Al) + §D(p71(14)’p’71(14/))’ (59)

where

a(A, A = Tr( zf(HJ+—60F) /f)—Tr (A{lf(HO__—eoF) *)

u uf

+Tr ((Hy ™" = e) AlpAAlp) = Tr ((Hy ~ — ep) Aj(1 = A)Apy)

For all A and A’ in A, we have

0

€Ep — €1
la(A, A" < (1 + Fg+ > At e A e+ Aup g Al gy (el e0) | Apllae 1Al
We thus deduce from (56) that there exists a constant C’ € R, such that for all A € A,

P alle < Clm(Alle, . < A4

The bilinear form in (59) is therefore continuous on the Hilbert space A. It is also positive
since for all A € A,

1
(0(4), A) > [[AutllZ, + A-lAupllh,, + (1= A)g- [ Ape 2, + 5l llE (60)
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where 0 < A_ < Ay < 1 are the lowest and highest eigenvalues of A. To prove that
it is in fact coercive, we proceed by contradiction and assume that there exists a nor-
malized sequence (Ag)ken in A such that limg_00 (©(Ag), Ax) = 0. We infer from (60)
that [|(Ar)utllAue> 1(Ak)upllaups [(A)ptlla,: and [y, (4,)llc converge to zero when k goes
to infinity. Denoting by (M) := (gb(])vf+i, (Ak)pp¢?vf+j)L2a this implies that | Mgl|le =
H(Ak)ppH.App — 1 and

Np

ij=1 c

Extracting from (My)ken a subsequence (Mg, Jnen converging to some M € RéVPXNP,

letting n go to infinity, we obtain

and

Np
0 0
M|l =1  and > MiidQ b, =0.
ij=1
This contradicts (9). The bilinear form (59) is therefore coercive on A. As it is also
continuous, we obtain that the linear map © is a bicontinuous coercive isomorphism from

Ato A.

6.11 Proof of Lemma 11

We can prove the existence of a minimizer Ay, to (4) reasoning as in the proof of the
first statement of Theorem 5 (non-degenerate case) up to (52). Only the final argument
is slightly different. In the degenerate case, we deduce that Hy has at least N negative
eigenvalues from the fact that Rank(1(_og o5 (Hw)) = No > N.

We now have to prove that 7y = yw, where vy is defined by (29). We know that
is the unique local minimizer of (24) in the neighborhood of 7. Decomposing the space
L?(R3) as

LR =H eH) eoH, (61)
where HV = Ran(113(yw)), HK/ = Ran(1g,1y(yw)), and HY = Ran(1{py(yw)), we can
parametrize Ky, n, in the neighborhood of vy using the local map

FW(A) = exp (LK[(/)(A)) exp (Lgf/(A)) (’yw + LE{)(A)) exp (—LE{(A)) exp (—LES(A)) ,

where

0 0 —A% 0 —A% 0 0 0 0
Lig(A) =0 0 =Ai|, LiA):=|Ax 0 0|, L}(A):=1[0 Ay 0
Aw Ay 0 0 0 0 0 0 0

the block decomposition of the operators LE}/,(A) being done with respect to the decom-
position (61) of the space L?(R3). As A = 0 is the unique minimizer of the functional
A EHF(TW(A), W) in the neighborhood of 0, we obtain that the block decomposition

~ 1
of the operator H = —§A +V + pyy x| - |71+ W reads

(e 0 0




(first-order optimality conditions), and that there exists e € R such that

ﬁﬁ—eSO, I:Tpp—ezo, Hy,—€¢>0

(second-order optimality conditions). These conditions also read

YW = 1 (oo, (H) + dw, (62)

with 0 < oy < 1, Ran(dw) C Ker(H —¢€), Tr (yw) = N, which are precisely the Euler
conditions for problem (4). Thus, vy is a minimizer to (4).

It follows that all the minimizers Jw of (4) have density pw := p,, and are of the
form

Aw = 1(_ooo(H) + ow,

with 0 < 6y < 1, Ran(dy) C Ker(H —€), Tr (3w) = N. As the optimization problem (4)
is convex, the set of its minimizers is convex. Therefore, for any ¢ € [0, 1]

(1 - t)’VW + t;VJW = ]l(—oo,e)(ﬁ) + (1 - t)6W + th7

is a global minimizer of (4), hence of (24) for ¢ small enough. As we know that ~y is the
unique minimizer to (24) in the vicinity of 7g, we obtain that dy = dy, which proves that
~yw is the unique minimizer of (4).

6.12 Proof of Theorem 12

The first statement of Theorem 12 has been proved in the previous section. The second
statement is a consequence of (62) and of the fact that vy € Kn;, n,. The third statement
follows from the real analyticity of the mappings B,(C') 2 W — A(W) e A, A>3 A —
[(A) € &11, and &1 1 x C' > (7, W) — E™HF(y W) € R and the chain rule.

It follows from (33) that for all A € O and all W €

BAW) = Bt [ oW+ @A)+ [ W+ ST (Hon(A -, 4)
>3

1
+ 5 Z D(p'Yl(Av"'7A)7p’Yl’(A7"'7A)) + Z /R3 p'Yl(Av"'9A)W

I+1'>3 >2
L'>1

As a consequence, we obtain that that for any A’ € O,

(VAE(A, W), ANs = 2(0(A), A+ /R PruanW D7 T (HOLu(A, A7)
>3

+ ) D(PW(A,..-,A),ﬂrl,(A,A'))+Z/RS pry(a,an W, (63)

I+0'>3 >2
1>1,1>1

with where T'1(A, A") = 71 (A4’) is in fact independent of A, and where for all | > 2,
(A A) = 22:1 (T (A, -, A, A)) (recall that 7(; ;) denotes the transposition swap-
ping the 7" and [*"

Aw (B), we have

elements, and that, by convention 7;; is the identity). By definition of

VA € A, (VAE(Aw(B), BW), A') 4 = 0. (64)
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Using (63) and observing that

l
L(Aw (), A) = Y 85 3 N mlrap (A, - A, A7), (65)

E>-1 ag(N+)i-1 =1
lal1=Fk,|aloo <k

we can rewrite (64) by collecting the terms of order ¥ as
VEeN*, vA e A (20(AW)+ B Ay =o,

where BI(/IIj) is given by (37) for K =1 and by (38) for the general case k > 2. Thus (36) is
proved.

Using (30) and (32), we can rewrite (35) for k =2n+¢€ (n € N, e € {0,1}) as

5$n+6) = Tr(How(A%,nJre)))-l- Z Z TT(HO’YI?‘V,Z)
2<i<2nte  ae(N*)!|jafi=2n+e

1
+ 5 Z Z D(p’}"%yl ) pV%,l’)

2<IHI<nte  ag(N*), o/ €(N*)! | ol +]a’ [ =2n+c
L,I'>1

DS > [

2<I<2n+e—1  ae(N*)!||a|1=2n+e—1

> ) Tr (Hofy)

2<I<2n+e  ae(N*)!||ali=2n+e¢, |a|co<n

> > D(prgy st )

2V <2nte  ag(N*), o/e(N*)! | al1+|a/ 1 =2n-+e
LI'>1

N

max(|erfoo, [0/ [oo) <1

+ Z Z /R3 pWV»lW‘FJ2n+e(A%,)7,,,7A§42/n+efl))’

2<I<2n+e—1  ae(N*)! ||a|1=2n+e—1,|a|cc<n

where

Tonre(AD), .., ATy = 3 > Te(Hoy®)
2<i<2n+e  ae(N*)!H||ali=2n+¢

[aloo>n

1
- E E D(p_),p_(or
5 (P%(l) 07;2 )

2<l1+12<2n+¢€ ae(N*)l,a’E(N*)l' a1+ o/ |1 =2n+e
lola21 max(|aloo; |’ [oo)>n

DS > W

1<I<2n+e—1 ae(N*)!||al1=2n+e—1

laloo>n

2n+e—1
Jonse( AR,y AT = ST oA ) £ BN AR =0,
k=n
the proof of the fifth statement is complete. Lastly, the sixth statement can be established
reasoning as in the proof of Theorem 8.

Ackowledgments. This work was completed while the authors were core participants
to the IPAM program Materials for a sustainable energy future. Financial support from
IPAM and the ANR grant Manif is gracefully acknowledged.

35



References

[1]

2]

3]

4]

[5]

[6]

7]

8]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

A. Anantharaman and E. Cancés, Eristence of minimizers for Kohn-Sham models in
quantum chemistry.,Ann. I. H. Poincaré, An. 26 (2009) 2425-2455.

J.G. Angyan, Wigner’s (2n + 1) rule for nonlinear Schrédinger equations, J. Math.
Chem. 46 (2009) 1-14.

V. Bach, E. H. Lieb, M. Loss, and J.-P. Solovej, There are no unfilled shells in unre-
stricted Hartree-Fock theory, Phys. Rev. Lett. 72 (1994) 2981-2983.

S. Baroni, P. Giannozzi and A. Testa, Green’s-function approach to linear response in
solids, Phys. Rev. Lett. 58 (1987) 1861.

D. M. Brink and G. R. Satchler, Angular Momentum, 3rd edition, Clarendon, Oxford,
1993.

E. Cancés, R. Chakir and Y. Maday, Numerical analysis of the planewave discretization
of orbital-free and Kohn-Sham models, M2AN 46 (2012) 341-388.

E. Canceés, A. Deleurence and M. Lewin, Non-perturbative embedding of local defects
in crystalline materials, J. Phys.: Condens. Matter 20 (2008) 294213.

E. Canceés, K. Kudin, G.E. Scuseria and G. Turinici, Quadratically convergent algo-
rithm for fractional occupation numbers, J. Chem. Phys. 118 (2003) 5364-5368.

E. Cancés and C. Le Bris, On the perturbation method for some nonlinear Quantum
Chemistry models, Math. Mod. and Meth. in App. Sci. 8 (1998) 55-94.

E. Canceés and M. Lewin. The dielectric permittivity of crystals in the reduced Hartree-
Fock approximation, Arch. Ration. Mech. Anal. 197 (2010) 139-177.

E. Cancés and N. Mourad, in preparation.

E. Chiumiento and M. Melgaard, Stiefel and Grassmann manifolds in quantum chem-
istry, J. Geom. Phys. 62 (8) (2012) 1866-188.

R. Dreizler and E.K.U Gross. Density functional theory. Springer Verlag, 1990.

W. E and L. Lu, The Kohn-Sham equation for deformed crystals, Memoirs of the
American Mathematical Society, American Mathematical Society, 2013.

R. Frank, M. Lewin, E.H. Lieb, and R. Seiringer, A positive density analogue of the
Lieb-Thirring inequality, Duke Math. Journal 162 (2012) 435-495.

X. Gonze, Perturbation expansion of variational principles at arbitrary order, Phys.
Rev. A 52 (1995) 1086; X. Gonze, Adiabatic density-functional perturbation theory,
Phys. Rev. A 52 (1995) 1096.

M. Griesemer and F. Hantsch, Unique solutions to Hartree-Fock equations for closed
shell atoms, Arch. Ration. Mech. Anal. 203 (2012) 883-900.

M. Hoffmann-Ostenhof and T. Hoffmann-Ostenhof, "Schridinger inequalities” and
asymptotic behavior of the electron density of atoms and molecules, Phys. Rev. A 16
(1977) 1782-1785.

36



[19]

[20]

[21]

[22]
23]
[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

T. Kato. Perturbation theory for linear operators, 2nd. ed.. Springer-Verlag, Berlin,
Heidelberg, New York 1980.

E.H. Lieb, Variational principle for many-fermion systems, Phys. Rev. Lett. 46 (1981)
457-459.

R. McWeeny, Methods of Molecular Quantum Mechanics, Second Edition, Academic
Press, London, 1992.

N. Mourad, PhD thesis, University Paris-Est, in preparation.
J.W.S. Rayleigh. The theory of sound. Vol. I. London : Macmillan, 1877.

M. Reed and B. Simon. Methods of Modern Mathematical Physics, Vol I, Functional
Analysis. Second Ed. Academic Press, New York, 1980.

M. Reed and B. Simon. Methods of Modern Mathematical Physics, Vol IV, Analysis
of Operators. Academic Press, New York, 1978.

F. Rellich. Storungstheorie der Spektralzerlegung. I-V. Math. Ann. 113 (1937) 600-619;
113 (1937) 677-685; 116 (1939) 555-570; 117 (1940) 356-382; 118 (1942) 462-484.

F. Rellich. Perturbation theory of eigenvalue problems. Gordon & Breach, New York,
1969.

E. Schrodinger, Quantisierung als Eigenwertproblem. III. Ann. der Physik 80 (1926)
457-490.

B. Simon. Trace ideals and their applications. London Mathematical Society Lecture
Note Series, vol. 35. Cambridge University Press, 1979.

B. Simon. Fifty years of eigenvalue perturbation theory. Bull. Amer. Math. Soc. 24
(1991) 303-319.

J.P. Solovej. Proof of the ionization conjecture in a reduced Hartree-Fock model. Invent.
Math. 104 (1991), 291-311.

37



