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Abstract

In this article, we provide a mathematical analysis of the perturbation method for
extended Kohn-Sham models, in which fractional occupation numbers are allowed. All
our results are established in the framework of the reduced Hartree-Fock (rHF) model,
but our approach can be used to study other kinds of extended Kohn-Sham models,
under some assumptions on the mathematical structure of the exchange-correlation
functional. The classical results of Density Functional Perturbation Theory in the
non-degenerate case (that is when the Fermi level is not a degenerate eigenvalue of
the mean-field Hamiltonian) are formalized, and a proof of Wigner’s (2n + 1) rule
is provided. We then focus on the situation when the Fermi level is a degenerate
eigenvalue of the rHF Hamiltonian, which had not been considered so far.

1 Introduction

Eigenvalue perturbation theory has a long history. Introduced by Rayleigh [21] in the
1870’s, it was used for the first time in quantum mechanics in an article by Schrodinger [26]
published in 1926. The mathematical study of the perturbation theory of self-adjoint
operators was initiated by Rellich [24] in 1937, and has been since then the matter of a
large number of contributions in the mathematical literature (see [17, 25, 28| and references
therein).

Perturbation theory plays a key role in quantum chemistry, where it is used in particular
to compute the response properties of molecular systems to external electromagnetic fields
(polarizability, hyperpolarizability, magnetic susceptibility, NMR shielding tensor, optical
rotation, ...). Unless the number N of electrons in the molecular system under study is very
small, it is not possible to solve numerically the 3/N-dimensional electronic Schrédinger
equation. In the commonly used Hartree-Fock and Kohn-Sham models, the linear 3N -
dimensional electronic Schrédinger equation is approximated by a coupled system of N
nonlinear 3-dimensional Schrédinger equations. The adaptation of the standard linear
perturbation theory to the nonlinear setting of the Hartree-Fock model is called Coupled-
Perturbed Hartree-Fock theory (CPHF) in the chemistry literature [19] (see also [8] for a
mathematical analysis). Its adaptation to the Kohn-Sham model is usually referred to as
the Density Functional Perturbation Theory (DFPT) [3, 15]. The term Coupled-Perturbed
Kohn-Sham theory is also sometimes used.

Throughout this article, we consider a reference (unperturbed) system of N electrons
subjected to an external potential V. For a molecular system containing M nuclei, V is



given by

M
Ve eR3, V(z)=— szv(x — Ry),
k=1

where 2 € N* is the charge (in atomic units) and Ry, € R? the position of the & nucleus.
For point nuclei v = | - |71, while for smeared nuclei v = px |- |71, where p € C°(R?) is a
non-negative radial function such that fRS w=1

In the framework of the (extended) Kohn-Sham model [12], the ground state energy of
this reference system is obtained by minimizing an energy functional of the form

1 1
E¥S(y) :=Tr <—§A7> + /RS pyV + 5 Doy, py) + EX(py) (1)
over the set
Ky :={yeSL*R?)|0<~y<1, Tr(y) =N, Tr(—Ay) < oo}

of the admissible one-body density matrices. To simplify the notation, we omit the spin
variable. In the above definition, S(L?(IR?)) denotes the space of the bounded self-adjoint
operators on L2(R3), 0 <« < 1 means that the spectrum of ~ is included in the range [0, 1],
and Tr (—A~) is the usual notation for Tr (|V|y|V|), where |V| := (=A)!/? is the square
root of the positive self-adjoint operator —A on L?(R3). The function p, : R® — R, is the
electronic density associated with the density matrix 7. Loosely speaking, p,(z) = vy(z, z),
where ~v(z,y) is the kernel of the operator 7. It holds

pr20 [ oy =N [ VP T(-a)
R3 R3

(Hoffmann-Ostenhof inequality [16]) so that, in particular, p, € L'(R3) N L3(R3). The
first term in the right-hand side of (1) is the Kohn-Sham kinetic energy functional, the

second one models the interaction of the electrons with the external potential V', D(,-) is
the Coulomb energy functional defined on LS/5(R?) x L%/°(R3) by

f(z) gy

R JR3 [T — Y
and E*¢ is the exchange-correlation functional. In the reduced Hartree-Fock (rHF) model
(also sometimes called the Hartree model), the latter functional is taken identically equal

to zero. In the Local Density Approximation (LDA), it is chosen equal to

Bipa(p) = [ exlp(o)do. )
where the function ey, : Ry +— R_ is such that for all p € R, the non-positive number
exc(p) is (an approximation of ) the exchange-correlation energy density of the homogeneous
electron gas with constant density p. It is known that for neutral or positively charged
molecular systems, that is when Z = 212/1:1 zr > N, the minimization problem

Ey = inf{EKS('y), v E ICN} ,
has a ground state g, for the rHF model [29] (E*® = 0), as well as for the Kohn-Sham
LDA model [1] (E* = E3¢,).

The purpose of this article is to study the perturbations of the ground state energy Ej,
the ground state density matrix 7p, and the ground state density pg = p,,, when a “small”
additional external potential W is turned on.



In the case when the Fermi level € is not a degenerate eigenvalue of the mean-field
Hamiltonian (see Section 2 for a precise definition of these objects), the formalism of DFPT
is well-known (see e.g. [12]). It has been used a huge number of publications in chemistry
and physics, as well as in a few mathematical publications, e.g. [9, 13]. On the other
hand, the degenerate case has not been considered yet, to the best of our knowledge. An
interesting feature of DFPT in the degenerate case is that, in contrast with the usual
situation in linear perturbation theory, the perturbation does not, in general, split the
degenerate eigenvalue; it shifts the Fermi level and modifies the natural occupation numbers
at the Fermi level.

The article is organized as follows. In Section 2, we recall the basic properties of rHF
ground states and establish some new results on the uniqueness of the ground state density
matrix for a few special cases. The classical results of DFPT in the non-degenerate case
are recalled in Section 3, and a simple proof of Wigner’s (2n + 1) rule is provided. In
Section 4, we investigate the situation when the Fermi level is a degenerate eigenvalue of
the rHF Hamiltonian. We establish all our results in the rHF framework in the whole space
R3, for a local potential W with finite Coulomb energy. Extensions to other frameworks
(Hartree-Fock and Kohn-Sham models, supercell with periodic boundary conditions, non-
local potentials, Stark external potentials, ...) are discussed in Section 5. The proofs of
the technical results are postponed until Section 6.

2 Some properties of the rHF model

In order to deal with both the unperturbed and the perturbed problem using the same
formalism, we introduce the functional

EM(y, W) :=Tr (—%M) +/ P,V + %D(P%Pv) +/ P W,
R3 R3
and the minimization problem
EME (W) := inf {ETHF(% W), yeKn}. (3)
We restrict ourselves to a potential W belonging to the space
C' = {ve LSRR | Vv e (L*(R%)%},
which can be identified with the dual of the Coulomb space
Ci={pe S®|pe Lh (B, || e 2R}

of the charge distributions with finite Coulomb energy. Here, &'(R?) is the space of tem-
pered distributions on R? and p is the Fourier transform of p (we use the normalization
condition for which the Fourier transform is an isometry of L2(R3)). When W € C’, the
last term of the energy functional should be interpreted as

/Rg W = /RB 7y (k) W (k) dk.

The right-hand side of the above equation is well-defined as the functions k — |k|~'p, (k)
and k + |k|W (k) are both in L?(R3), since p, € L1(R%) N L3(R?) ¢ LS/5(R3) c C.

The reference, unperturbed, ground state is obtained by solving (3) with W = 0.



Theorem 1 (unperturbed ground state for the rHF model [29]). If
M
Z = Z zp > N (neutral or positively charged molecular system), (4)
k=1

then (8) has a ground state for W = 0, and all the ground states share the same density
po. The mean-field Hamiltonian

Hy = —%A+V+Po*| [
is a self-adjoint operator on L?(R?) and any ground state ~yo is of the form
Y0 = L(_oe0)(Ho) + do, (5)
with € <0, 0 < § < 1, Ran(d) C Ker(Hy — €2).

The real number EOF, called the Fermi level, can be interpreted as the Lagrange multiplier
of the constraint Tr () = N. The Hamiltonian Hy is a self-adjoint operator on L?(R?) with
domain H?(R?) and form domain H'(R?). Its essential spectrum is the range [0, +-00) and
it possesses at least N non-positive eigenvalues, counting multiplicities. For each j € N*,
we set

€j := _inf sup  (v|Holv),

XiCX veXy, vl 2=1

where X is the set of the vector subspaces of H!(R3) of dimension j, and v — (v|Holv)
the quadratic form associated with Hy. Recall (see e.g. [23, Section XIII.1]) that (€;);en-
is a non-decreasing sequence of real numbers converging to zero, and that, if €; is negative,
then Hj possesses at least j negative eigenvalues (counting multiplicities) and €; is the gt

eigenvalue of Hy. We denote by ¢, ¢9, - - an orthonormal family of eigenvectors associated
with the non-positive eigenvalues €; < eg < --- of Hy. Three situations can a priori be
encountered:

e Case 1 (non-degenerate case):
Hy has at least N negatives eigenvalues and ey < exy1 < 0. (6)

In this case, the Fermi level € can be chosen equal to any real number in the range
(en,en+1) and the ground state g is unique:

N
i=1

e Case 2 (degenerate case):
Hj has at least N 4 1 negative eigenvalues and ey;1 = en. (7)
In this case, eOF =en =€eng1 <0
e Case 3 (singular case): €% = ey = 0.

In the non-degenerate case, problem (3), for W € C’ small enough, falls into the scope
of the usual perturbation theory of nonlinear mean-field models dealt with in Section 3.



The main purpose of this article is to extend the perturbation theory to the degenerate
case. We will leave aside the singular case ey = 0.

The perturbation method heavily relies on the uniqueness of the ground state density
matrix 7. In the non-degenerate case, the ground state density matrix is always unique.
In the degenerate case, we have the following results. We denote by

N; := Rank <11(,007€%)(H0)>
the number of (fully occupied) eigenvalues lower than eOF, and by

N, := Rank (]I{E%}(Ho))

the number of (partially occupied) bound states of Hy with energy eOF. We also denote by
RévaNp the space of real symmetric matrices of size N, x Nj.

Lemma 2. Assume that (4) and (7) are satisfied. If for any M € R]SVPXNP,
Np
Vo € R?, D Myl i(2)dhy 1 () =0 | = M =0, (8)
ij=1

then the ground state vo of (3) for W =0 is unique
The sufficient condition (8) is satisfied in the following cases.

Proposition 3. Assume that (4) and (7) are satisfied. If at least one of the two conditions
below is fulfilled:

1. N, <3,
2. the external potential V' is radial and the degeneracy of e% s essential,

then (8) holds true, and the ground state vy of (3) for W = 0 is therefore unique.

Let us clarify the meaning of the second condition in Proposition 3. When V is radial,
the ground state density is radial, so that Hy is a Schrédinger operator with radial potential:

1
Ho = =5 A +v(|z]).

It is well-known (see e.g. [23, Section XIIL.3.B|) that all the eigenvalues of Hy can be
obtained by computing the eigenvalues of the one-dimensional Hamiltonians hg, I € N,
where hq is the self-adjoint operator on L?(0,4+00) with domain H?(0,4+00) N H{ (0, +00)
defined by

1d> 1(1+1)

hoy = —~-2 .
0. 2 dr? 272 +(r)

If e% is an eigenvalue of hg, then its multiplicity, as an eigenvalue of Hy, is at least 2/ + 1.
It is therefore degenerate as soon as [ > 1. If €% is an eigenvalue of no other hoy, U #1,
then its multiplicity is exactly 2] + 1, and the degeneracy is called essential. Otherwise,
the degeneracy is called accidental.




3 Density functional perturbation theory (non-degenerate case)

We denote by B(X,Y') the space of bounded linear operators from the Banach space X to
the Banach space Y (with, as usual, B(X) := B(X, X)), by S(X) the space of self-adjoint
operators on the Hilbert space X, by &; the space of trace class operators on L?(R?), and
by &2 the space of Hilbert-Schmidt operators on L?(R3) (all these spaces being endowed
with their usual norms [22, 27]). We also introduce the Banach space

6171 = {T NG ’ ’V‘T’V‘ S 61},

with norm

ITlle1, == ITlle, + IIVITIV] e,
We denote by B, (#) the open ball with center 0 and radius 7 > 0 of the Hilbert space H.
Let us recall that in the non-degenerate case,
% € Py = {7 € S(L*(R®)) [ 1> =, Tr (y) = N, Tr(-Ay) < oo},
that is 7o is a rank-N orthogonal projector on L?(R3) with range in H'(R?), and

1
Yo = ]1(700,610;\](}[0) = — %5(2 — HO)_l dZ,

24w

where ¢ is (for instance) the circle of the complex plane symmetric with respect to the
real axis and intersecting it at points e; — 1 and e%.

3.1 Density matrix formulation

The linear and multilinear maps introduced in the following lemma will be useful to write
down the Rayleigh-Schrédinger expansions in compact forms.

Lemma 4. Assume that (4) and (6) are satisfied.

1. For each k € N*, the k-linear map

QM . ) = e,
1
(v, 0K) = % (z — Ho)*lvl(z — Ho)*lvg e (z— Ho)*lvk(z — Ho)*1 dz
17T €

s well-defined and continuous.

Rank(Q¥ (vy,--- ,v3)) < N and Tr (Q¥) (vy,--- ,v3)) =0, for all (v, --- ,vx) € (C)¥,
and there exists 0 < o, C' < oo such that for all k € N* and all (vi,--- ,vy) € (C')¥,

1Q® (vr, -+ vi)ler, < Calllunller - [[vrller- ©)

2. The linear map
L:C —- C
P TPQW (pul 1)

associating to a charge density p € C, minus the density PO (px]-|-1) of the trace-

class operator QW) (px|-|~1), is a bounded positive self-adjoint operator on C. As a
consequence, (1 + L) is an invertible bounded positive self-adjoint operator on C.



The main results of non-degenerate rHF perturbation theory for finite systems are
gathered in the following theorem.

Theorem 5 (rHF perturbation theory in the non-degenerate case). Assume that (4) and
(6) are satisfied. Then, there exists n > 0 such that

1. for all W € B,(C'), (3) has a unique minimizer yw . In addition, yw € Py and

1 —1
= Loy = 5= § (2= Hw) 7 (10)

where 1
Hy = —5A+V +pw |- |1+ W
pw being the density of yw;

2. the mappings W — vy, W — py and W+ EE (W) are real analytic from B,(C')
into 61,1, C and R respectively;

8. for allW € C' and all —|W| ' < 8 < n|W||",

Yaw = w+§ﬁww,%w—m+§ﬁ%w,€“ww +§ﬁ%
k=1 k=1

the series being normally convergent in &y 1, C and R respectively;

4. denoting by W) = W—i—pg,)*\ |1 and W) = p%f,)*\ |7 for k > 2, the coefficients
(k)

pw of the expansion of pgw can be obtained by the recursion relation
(1+L)ply) = piy (11)
~k) . : A (k)
where py, s the density of the operator Qv defined by

Qw =),

k
k2, OF =3 $ QUG ... Wiy, (12)
=2 1<j1,---,54 k-1,
Zé:lji:k

5. the coefficients 'yl(,{j) and 51(,5) are then given by

) _
V0 = L ) W e = ) de 4+ G, (13)
2 74
and b1
1 — _
1 (o) + 150 () [ AW



3.2 Molecular orbital formulation

When €1 < €9 < - < ey < e%, that is when the lowest N eigenvalues of Hy are all
non-degenerate, it can be seen, following the same lines as in [8], that, for all W € C’, there
exist real analytic functions 8+ ew;(8) € R and 8 — ¢w;(8) € H*(R3) defined in the
neighborhood of 0 such that ey ;(0) = €;, ¢w.(0) = ¢, and

Hgwow,i(B) = ew,i(B)dw.i(8),
(ow,i(B), ow,j(B)) 2 = bij,

ew,1(f) < ewa2(B) < --- < ew,n(B) are the lowest eigenvalues of Hgy (counting multiplicities).

79

The coefficients of the Rayleigh-Schrédinger expansions

+oo
EW,i(ﬁ) = Zﬁkeg/[]?p ¢WZ ZﬁkQSWZ’
k=0

where e?,w =¢; and (ﬁ?,m = ¢?, are obtained by solving the system

(HO_EZ ¢Wz Z W_] = Wl+ W@¢27
Yk e N*, V1<i<N, (15)

Lo

Vo e LA(R?), KXo =2 (80| ")

where

and where the right-hand sides

1(4];,)1: k 1) Z Z (¢ ¢(12) x| - —1) +Z (1) ¢W2 ,

j=1 1<1y,ls,l3<k—1,
1 +la+1l3=k

and
SR

at order k only depend on the coefficients ng and e(l) at order [ < k — 1. System (15)
can therefore be considered as an infinite trlangular system with respect to k.

The fact that all the terms of the Rayleigh-Schrodinger series are defined unambiguously
by (15) is guaranteed by the following lemma and the fact that for all ¢ and v in H'(R3),
W¢ e HL(R?) and ¢ip x| - |71 € L®(R3).

Lemma 6. Assume that (/) and (6) are satisfied and that €1 < €2 < -+ < ey < €. For

all f=(f1,--,fn) € (HYR))N and all « = (a1, - ,an) € RY, the linear problem

N
(Ho — €i) i + ZK%T,Z)]' = fi+ nidl,
V1 <i<N, j=1 (16)

o /Rglbz‘tﬁ(i):ai,

has a unique solution (¥,n) = ((Y1,--- ,%N), (N1, ,nn)) in (HLR3))N xRN, Moreover,
if f € (L2R3))N, then U € (H?(R3))V



Let us notice that, although the constraints [ps dw,i(8)éw,;(8) = 0 for i # j are not
explicitly taken into account in the formal derivation of (15), the unique solution to (15)
is compatible with these constraints since it automatically satisfies

VkeN*, V1<ij<N, / Z%m(’“ V= (17)
R0

A proof of the above result is provided in Section 6.6, together with the proof of Lemma 6.

Let us finally mention that the Rayleigh-Schréodinger expansions of the density matrix
vsw and of the molecular orbitals ¢w () are related by

N k
=3 sl @,

i=1 1=0

where we have used Dirac’s bra-ket notation.

3.3 Wigner’s (2n + 1)-rule

According to (14), the first n coefficients of the Rayleigh-Schrodinger expansion of the
density matrix allows one to compute the first n coeflicients of the perturbation expansion
of the energy. Wigner’s (2n-+1)-rule ensures that, in fact, they provide an approximation of
the energy up to order (2n+1). This property, which is very classical in linear perturbation
theory, has been extended only recently to the nonlinear DFT framework [2]|. In the present
section, we complement the results established in [2] by providing a different, more general
and compact proof, which also works in the infinite dimensional setting.

In the density matrix formulation, the Wigner’s (2n + 1)-rule can be formulated as
follows. We introduce the nonlinear projector II on S(L?(R?)) defined by

VT € S(L*(R%), IIT) = L1/2,400)(T),
and, for W € C' and 8 € R, we denote by

T (8) =11 (’Yo +> /3%5’) .

For T € B(L?(R?)), resp. T € &3, we denote by
dist(T, Py) := inf {7 =~[l, v € Pn},

resp.
diste, (T, Pn) == inf {|T = ls,> ¥ € P},

the distance from T to Py for the operator, resp. Hilbert-Schmidt, norm. The projector
II enjoys the following properties.

Lemma 7. For each T € Q := {T € S(L*(R?)) | dist(T, Pn) < 1/2, Ran(T) C H*(R?)},
I(T) € Pn. Besides, for each T € QN &g, II(T') is the unique solution to the variational
problem
HT - H(T)HGQ = min HT - fYHGQ = distg, (T7 PN) (18)
v€PN



It follows from Lemma 7 that, for all W € C’ and |3| small enough, W(n) (B) is the
projection on Py (in the sense of (18)) of the Rayleigh-Schrodinger expansion of the
density matrix up to order n.

Theorem 8 (Wigner’s (2n+ 1)-rule in the non-degenerate case). Assume that (4) and (6)
are satisfied. For each n € N and all W € C', it holds

0.< BTG (5), W) — €M (5W) = O(157"). (19)

Note that as v + > 5, ﬁk'yl(/{j) has finite-rank N,,, it can be diagonalized in an or-
thonormal basis of L?(R?) as

Yo + Zﬁk Zng |¢Wz )><¢A§W,z(5)|’ (20)
k=1

with (owi(8), dw;(8)) 12 = 8ij, gw.i(8) € R, and |gw:i(8)] > |gw,;(B)] for all i < j. We

also have N
> gwa(B) =Tr (70 + Zﬁ%&'ﬁ’) =N,
i=1

since, in view of (12), (13) and Lemma 4, Tr (7‘(,[]3)) =0 for all £ > 1. For |f| small enough,
the above operator is in €, and therefore, gw1(8) > gw2(8) > -+ > gw.n(B8) > 1/2 and
lgw,;(B)] < 1/2 for all j > N 4+ 1. We then have

N
= [owa(B) (Swa(B)]. (21)
=1

4 Perturbations of the rHF model in the degenerate case

We consider in this section the degenerate case. We assume that (8) is satisfied, yielding
that the ground state vy of the unperturbed problem (3) with W = 0 is unique. We also
make the following assumption:

ey <0, Rank(dy) = N,, Ker(l— )= {0}, (22)

where Jp is the operator in (5). Assumption (22) means that the natural occupation
numbers at the Fermi level (or in other words the N, eigenvalues of 50]Ker(H076% )) are

strictly comprised between 0 and 1. As a consequence, vy belongs to the subset
Kn:n, = {7 € Kn | Rank(y) = Ny + N,,, Rank(1 — ) = N¢}

of Ky.

We are going to prove that, under assumptions (8) and (22), the rHF problem (3) has a
unique minimizer for || ||¢s small enough, which belongs to Cp;, n, and whose dependence
in W is real analytic. To establish those results and compute the perturbation expansion
in W of the minimizer, we proceed as follow:

1. we first construct a real analytic local chart of Ky, n, in the vicinity of vy (Sec-
tion 4.1);

10



2. we use this local chart to prove that, for |[IW|¢; small enough, the minimization
problem

EMF W) = inf {EMF (4, W), v € Ky, } (23)

has a unique local minimizer vy in the vicinity of o, and that the mappings W
yw € 61,1 and W ErHF (W) are real analytic; we then prove that vy is actually
the unique global minimizer of (3) (Section 4.2), hence that E™HF (W) = £™1F (W);

)

3. we finally derive the coefficients of the Rayleigh-Schrédinger expansions of ~y and
EMF(IV), and prove that Wigner’s (2n + 1)-rule also holds true in the degenerate
case (Section 4.3).

4.1 Parametrization of Ky, n, in the vicinity of v,

We first introduce the Hilbert spaces H¢ = Ran(1(_ 0)(Ho)), Hp = Ran(]l{eg}(Ho))

and H, = Ran(]l(eg , JrOO)(HO)), corresponding respectively to the fully occupied, partially
occupied, and unoccupied spaces of the unperturbed ground state density matrix ~y. For
later purpose, we also set H, = Hs @ Hp. As

L*(R3) = H; ® Hp @ Hay,

any linear operator 7' on L?(R?) can be written as a 3 x 3 block operator

Ty T T
T = Tpf Tpp Tpu ,

Tuf Tup Tuu

where Ty is a linear operator from Hy to H. In particular, 79 and Hy are block diagonal
in this representation, and it holds

100 Hy= 0 0
=10 A 0|, Hy=| 0 €& 0
000 0 0 Hff

with 0 < A = doly, <1, Hy = —e) < —g_ = ey, —€ and HJJF—EOF > gy = eNf+Np+1—e%.

We then introduce
e the spaces of finite-rank operators
A = { Aue € B Ha) | (HG = )/ Aux € B(Mo o)}
for x € {f,p}, endowed with the inner product

(AUX’ BUX)-Aux = Tr (ATIX(HJ+ - Eg)BUX);

e the finite dimensional spaces

Ape = B(Hs, Hp)

and

App = {App € S(Hp) | Tr (App) = 0}

11



e the product space

./4 = Auf X Aup X Apf X App,

which we endow with the inner product

(A,B)a= Y (Auw.Bud)aw + > Tr (ApBh,) .
xe{f,p} xe{f,p}

To any A = (Aut, Aup, Apt, App) € A, we associate the bounded linear operator I'(A) on
L?(R?) defined as

[(A) = exp (Luo(A)) exp (Lp(A)) (Yo + Lpp(A)) exp (=Lpi(A)) exp (=Luo(4)), (24)

where

0 0 -—A% 0 —A% 0 0 0 0
Li(A):=|0 0 =Ay |, Ly(A)=|Ayx 0 0|, Lpp(A)=|0 Ay 0
Ay Awp O 0 0 0 0 0 0

Note that I' is real analytic from A to &; 1, I'(0) = 70, and I'(4) € Ky for all Ay, such
that 0 < A+ Ay, < 1. In addition, it follows from Assumption (22) that I'(A) € Kn; n,
for all A € A small enough. The following lemma provides the parametrization of Ky; n,
near 7y our analysis is based upon.

Lemma 9. Assume that (4), (7), (8) and (22) are satisfied. Then there exists an open
neighborhood O of 0 in A and an open neighborhood O’ of vy in &1 1 such that the real
analytic mapping

0O — ’CNf,NpﬂO,
A s T(A) (25)
18 bijective.

In other words, the inverse of the above mapping is a local chart of K, n, in the vicinity
of 79. Note that a similar, though not identical, parametrization of the finite-dimensional
counterpart of Kn;, n, obtained by discretization in atomic orbital basis sets, was used in [7]
to design quadratically convergent self-consistent algorithms for the extended Kohn-Sham
model.

4.2 Existence and uniqueness of the minimizer of (3) for I small enough
We now define the energy functional
E(A,W) = EE(D(4), W), (26)

for all A€ O and all W € C’, which, in view of Lemma 9 allows us to study the existence
and uniqueness of local minimizers of (23) in the vicinity of vy when ||[W||¢/ is small enough.
The functional F is clearly real analytic; we denote by

F(A, W) = V4E(A, W), (27)

the gradient of E with respect to A, evaluated at point (A,W). As 7 is the unique
minimizer of the functional v ~— E™M¥(y,0) on Ky, hence on Kng,N,, 0 is the unique
minimizer of the functional A — E(A,0) on O, so that

F(0,0) = 0.
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Lemma 10. Assume that (4), (7), (8) and (22) are satisfied. Let

1
O := §FA(0,0)|Ax{o},

where F(0,0)] axgoy 45 the restriction to the subspace A x {0} = A of A x C' of the
derivative of F with respect to A at (0,0). The linear map © is a bicontinuous coercive
isomorphism from A to its dual A’.

We infer from Lemma 10 and the real analytic version of the implicit function theorem
that for W € C’ small enough, the equation F(A, W) = 0 has a unique solution K(W) in
O, and that the function W +— E(W) is real analytic in the neighborhood of 0. It readily
follows from (27) and Lemma 9 that for W € C’ small enough,

w = T(AW) (25)
is the unique critical point of (23) in the vicinity of . This critical point is in fact a

local minimizer since ©, which is in fact the second derivative of the energy functional
A — E(A,0), is coercive. We have actually the following much stronger result.

Lemma 11. Assume that (4), (7), (8) and (22) are satisfied. Then, for |[W|c small
enough, the density matriz vy defined by (28) is the unique global minimizer of (3).

We conclude this section by providing the explicit form of ©, which is useful to prove
Lemma 10, but also to compute the Rayleigh-Schrédinger expansion of ~yy:

O = —Au(Hy ™ — ) + (B — ) Au + T (A
Oy = (HF™ — &) Auwh + 51T (A,

O = (1~ A) A (Hy ™ — ) + 51T (A
Oy = 1T (A,

J denoting the linear operator from A tp A’ defined by
V(A7A/) eAx A, (J(4), AI> = D(p‘/l(A)7p“/1(A'))7

where
M(A4) = (I'(0), A) = [Luo(A) + Lpt(A),70] + Lpp(A). (29)
A key observation for the sequel is that

VAe A, Tr (Ho’yl(A)) =0. (30)

4.3 Rayleigh-Schrédinger expansions

It immediately follows from the previous two sections that, for any W € C’, the functions
B — Aw(B) := A(BW) and S — vpw = [(A(BW)) are well-defined and real analytic
in the vicinity of 0. The purpose of this section is to provide a method to compute the

coefficients Agj), 71(/5) and Egﬁ) of the expansions

400 400 +oo
Aw(B) = B*AR. vaw =v0+ Y By and  EMF(BW) = £MF(0) + > prely).
k=1 k=1 k=1
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We can already notice that the coefficients 71(/5) and Egﬁ) are easily deduced from the

coefficients Agj). Using the following version of the Baker-Campbell-Hausdorff formula

1 1
we indeed obtain

k o : a @ a
W= S af with gy =m(ARY, o ARY), ()
1<I<k  ae(N*)! | |a =k

where for all a = (ag,--- ,a7) € (N*)!, |al; = a1 + -+ + ay, |a]oo = max(ay;), and
1
W(Ag, LAY =Y Z.,—ﬂ[Luo(Al),-“ [Luo(Ai), [Lpt(Aiv1), -+ 5 [Lpe(Ar), o] - -]
itj=l

+ Z %‘j![Luo(Al), ceey [Luo(Ai)a [Lpf(AiJrl)’ T [Lpf(Al—l)? Lpp(Al)] e

itj=l—1

for all (Ay,---,A;) € AL Note that for I = 1, the above definition agrees with (29), and
that, more generally,

+o0o
=1

It follows from (30) and (31) that

= [ w
R3

and that for all k£ > 2,

k
B _ oy (~Lla® / s D ) / W (34
Ew r ( 5w |+ - ﬂyg;)VJr 3 2 Py Pkt ) + T (34)

We will see however that the above formula is far from being optimal, in the sense that
51(/{;) can be computed using the coefficients Ag,jv) for 1 < j < k/2 only (see formulation (38)
of Wigner’s (2n 4 1)-rule), whereas the direct evaluation of E‘(,(j) based on (31) and (34)

requires the knowledge of the Ag,)’s up to j = k.

4.4 Main results for the degenerate case

The following theorem collects the results obtained so far, and provides a systematic way

to construct the Agf,)’s, as well as an extension to Wigner’s (2n 4 1)-rule to the degenerate

case.

Theorem 12. Assume that (4), (7), (8) and (22) are satisfied. Then there exists n > 0,
such that

1. existence and uniqueness of the ground state: for all W € B, (C’), the rHF model (8)
has a unique ground state vy ;

14



2. no energy level splitting at the Fermi level: the mean field Hamiltonian
1 -1
HW:_§A+V+pW*"

(where pw is the density of yw ) has at least N, = N + N, negative eigenvalues
(counting multiplicities) the degeneracy of the (N + 1)%t eigenvalue, which is also
the Fermi level eF of the system, being equal to Ny, and it holds

W =1y (Hw) + 0w,

where 0 < Sy < 1 is an operator such that Ran(dy ) C Ker(Hy — e ) with mazimal
rank Np;

3. analyticity of the ground state: the functions W+ vy and W s EHF (W) are real
analytic from By(C') to &1,1 and R respectively. For allW € C' and all —n|W||z! <

5 < UHWHE/I;

+o0
Yow =0+ Z Bhy), TP (BW) = £ (0) + 3 ey,
k=1 k=1

the series being normally convergent in G171 and R respectively;
4. Rayleigh-Schrodinger expansions: the coefficients 71(/@) are given by (31), where the

Agf,) ’s are obtained recursively by solving the well-posed linear problem in A

1

k k
O(Ay)) = —5 By, (35)
where the B‘(,];) ’s are defined by
VA € A, (B‘(,[l,),A> = /RS Py ()W, (36)
and for all k > 2 and all A € A,
k+1 l
By, A) => > > T <H071(T(i71)(14§/?/1),-“ ,Agﬁl*l),A)))
1=3 ac(N*)l-1  i=1

lal1 =k, |aloo <k—1

l/
+ Z Z ;D (p’vﬁv,z’p AT/ >
P

’
'Vl’(T(i‘,l’)(Awl 7...714Wl 1 714))

3+ <k+1 ae(N*)!, o/ e(N*)I' -1
ZLUZL oyl =k, max(Jaleo, |0/ [oo) <k—1
k
DD z - i W 37
3 WT( l)A( v At T A)) (37)
=2 OZE N*)l 1

lal1=k—1, |a|co <k—2

where 7(; jy is the transposition swapping the i™ and j™ terms (by convention (i)
is the identity);
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5. first formulation of Wigner’s (2n + 1)-rule: for alln € N, and all € € {0, 1},

5&2,%5) = Z Z Tr (Hovyy,)

2<I<2n+e  ae(N*)!||al1=2n+e¢, |a|c<n

Z Z D <p’y\(}v,l7p’“/$‘;’l/>

2SI SInte  ag(N), /€M) | falu+lo/[1=2n-e
JU'>1

DN | =

max(|alco, |[@|co)<n

+ Z Z /R3 Pﬂ/“j‘v’lW§ (38)

1<I<2n+e—1  ae(N*)!||aj1=2n+e—1,|a|cc<n

6. second formulation of Wigner’s (2n + 1)-rule: it holds
k=1

Note that both formulations of Wigner’s (2n + 1)-rule state that an approximation

of the energy E™MF(BW) up to order (2n + 1) in 8, can be obtained from the A%Ak/) for
1 < k < n. They are yet different since the first formulation consists in computing all
the coeflicients E‘(,(j) up to order (2n + 1), while the second formulation is based on the

computation of the density matrix T" <ZZ:1 ﬁkAgf,)>.

Remark 13. The block representation of 71(/11/), the first-order term of the perturbation
expansion of the ground state density matriz, is given by

0 (ara-a @)y

W= a-may oA ARy (40)
1 1
AW A 0

where the above operators solve the following system

1
O(A, A, AL AR = —(War, WapA, (1 = A) Wi, 5 Wop), (41)

up > “*pf > “pp
where Wy, is the xy-block of the operator “multiplication by W7. We also have

2 1,1 1
EI(/V) =Tr <H071(/V,2)) + §D (p’\/‘(/[l/)1’p'y‘(/xl/)1> * /]R3 Py, W

Tw,1
The second-order term 7‘(,[2,) 1s also useful to compute nonlinear responses. For brevity, we
do not provide here the explicit formula to compute this term and refer the reader to [20)].

Remark 14. In the degenerate case, there is no analogue of (11), that is no explicit closed
recurston relation on the coefficients of the Rayleigh-Schrodinger expansion of the density.
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5 Extensions to other settings

Although all the results in the preceding sections are formulated for finite molecular systems
in the whole space, in the all-electron rHF framework, some of them can be easily extended
to other settings:

e all the results in Sections 3 and 4 can be extended to valence electron calculations with
nonlocal pseudopotentials, as well as to regular nonlocal perturbations of the rHF
model, that is to any perturbation modeled by an operator W such that W(1—A) is
a bounded operator on L?(R3), the term Jgs pyW being then replaced with Tr (yW);

e the first three statements and the fifth statement of Theorem 5 can be transposed
to the Hartree-Fock setting. On the other hand, there is no analogue of (11) for
the Hartree-Fock model. Recall that according to Lieb’s variational principle [18],
minimizing the Hartree-Fock energy functional on Ky is equivalent to minimizing
this functional on Py, so that the non-degenerate case is the only relevant one for
the Hartree-Fock model. It is easily checked that our proof of Wigner’s (2n + 1)-rule
also applies to the Hartree-Fock setting;

e all the results in Section 3 can be extended to the rHF model for locally perturbed
insulating or semiconducting crystals (see in particular [9], where the analogues of
the operators £ and Q) in Lemma 4 are introduced and analyzed); the extension
to conducting crystals is a challenging task, see [14] for results on the particular case
of the homogeneous electron gas;

e extending our results to the Kohn-Sham LDA model for finite molecular systems in
the whole space is difficult as the ground state density decays exponentially to zero at
infinity while the LDA exchange-correlation energy density is not twice differentiable
at 0 (it behaves as the function Ry 3 p — —pi3 e R_). On the other hand, all
the results in Sections 3 and 4 can be extended to the Kohn-Sham LDA model on
a supercell with periodic boundary conditions as well as to the periodic Kohn-Sham
LDA model for perfect crystals, as in this case, the ground state density is periodic
and bounded away from zero (see e.g. [5, 6]). Let us emphasize however that in the
LDA setting, it is not known whether the ground state density of the unperturbed
problem is unique. We must therefore restrict ourselves to local perturbation theory
in the vicinity of a local minimizer and make a coercivity assumption on the Hessian
of the energy functional at the unperturbed local minimizer 9. In the supercell
setting, the operator £ was used in [13] to study the stability of crystals;

e the extension to some of our results to Stark potentials W (x) = —E -z, where E € R3
is a uniform electric field, will be dealt with in a future work [10].

6 Proofs

6.1 Proof of Lemma 2

Let 79 and v be two ground states of (3) for W = 0. By Theorem 1, vy — 7, = o, with
o € S(L*(R3)), Ran(o) C Ker(Hy — €%), Tr (o) = 0. Therefore,

Np
o= Mld% i) (6% ,]

i,j=1
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Np X Np

for some symmetric matrix M € Rq such that Tr (M) = 0. As, still by Theorem 1,

7o and 7y, share the same density, the density of o is identically equal to zero, that is

Vz € R3, Z ¢Nf+z ¢Nf+j( z) = 0.
t,j=1

If Assumption (8) is satisfied, then M = 0; therefore o = 0, and uniqueness is proved.

6.2 Proof of Proposition 3

Let us first notice that as for all 1 < i < N, qﬁ?vfﬂ- € D(Hy) = H?*(R?) — CO(R3),
condition (8) is mathematically well-defined.

Case 1: Let M € ]RJSV"XN" be such that

Np
Vz € R%, Z M 4i(2) ¢ 15 (z) = 0.
ij=1

The matrix M being symmetric, there exists an orthogonal matrix U € O(N,,) such that
. . 7 N,

UMUT = d1ag~(n1,--- ,nn,) with ny < -+ < ny,. Let (ﬁ?vfﬂ(x) =5 Uij(é?vfﬂ(x).

The functions qﬁ?vf +; form an orthonormal basis of Ker(Ho — €f) and it holds

NP
Vx S RBa an‘(ﬁ(j)Vf+l(x)‘2 = 07

from which we deduce that ZZ 1 n; = 0. Consider first the case when N, = 2. If M # 0,
then ny = —n; = n > 0, so that

Vo € RY, [ (@) = (B pa(o) .

In pjmrticular, the tWS eigenfunctions 5% 41 and 59\& o have the same nodal surfaces (that
is ((ﬁ?vfﬂ)*l(O) = ( 9Vf+2)*1(0)). Consider now the case when N, = 3. If M # 0, then

either ng = 0 and (Z?Vf 41 and (Z?Vf 43 have the same nodes, or ng # 0. Replacing M with
— M, we can, without loss of generality assume that n; < 0 < no < ng, which leads to

In2| ~ 3|
m|¢9\,f+2(x)|2 + n ’|¢Nf+3(ﬂf)|2-

We infer from the above equality that the nodal surfaces of 59\,{ 41 () are included in those

Vo B, (R @) =

of $9Vf+2(x). Let 2 be a connected component of the open set R3 \ (~9Vf+1)71(0), and let
HE be the self-adjoint operator on L?(£2) with domain

D(HY) ={ue H)(R) | Auec L*(2)}
defined by
1
Vu e D(HY), Hiu= —§Au+ Vu+ (po*|- | Hu.

As both 9 = $9vf+1yg and 1y = $9Vf+2’_(2 are in D(H§?) and satisfy H{1 = €l
HE%y = edaba, 11| > 0 in 2, we deduce from [23, Theorem XII1.44] that €% is the non-
degenerate ground state eigenvalue of HE, so that there exists a real constant C € R

18



such that 1o = C1. It follows from the unique continuation principle (see e.g. [23,
Theorem XIII1.57]) that ¢Nf+2 C’(;SN 4 on R3, which contradicts the fact that ng 41 and

59\,{ 4o are orthogonal and non identically equal to zero. Thus, M = 0 and the proof of
case 1 is complete.

Case 2. The degeneracy being assumed essential, e% is (21 4 1)-times degenerate for some
integer [ > 1, and there exists an orthonormal basis of associated eigenfunctions of the
form

VI<i<N,=20+1, ¢} (@) =R(r) Y10, ),

where (7,0, ¢) are the spherical coordinates of the point 2 € R?, and where the functions
V" are the spherical harmonics. In particular,

20+1 20+1

—l+5-1
Z ¢Nf+l ¢Nf+_7 Z yl it 67@) yl i (67@)
7.7 1 7] 1

We therefore have to prove that for any symmetric matrix M € ]R(2l+1) (2l+1),

2[+1

—li—1~,—l+j—1
> Myt =0 = M=o
ij=1

Let M € ]R(2l+1) @D 5 symmetric matrix such that

20+1
—lti—1)—l+j—1
ZMijyz - Yy =0

i,j=1

on the unit sphere S?. Using the relation

2 I L I 1 L
y;nl l7n2 — Z \/(2l + 1)2(2L + 1) yml-i-mg
L=0 mi1 Mo —(m1 + mg) 0 0 O
Lol I3
where the denote the Wigner 3-j symbols (see [4] for instance), and
mi1 Mg M3
where, by convention, YJ* = 0 whenever |m| > L, we obtain
Vir R i1y y—li—1
i,7=1
20+1 l l L A
- Sy e e
i,j=1 L=0 —l+i-1 —l+j-1 2042—i—j 0 0 0
20 2 I 1 L l l L
- Y Svare >
m=—2l L=0 0 0 O 1<i,j<20+1 —l+i-1 _l‘|’j_1 -m
i+j—-2—2=m
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l l L
Using the fact that the Wigner 3-j symbol is equal to zero unless
my ma —(mi+ma)

Imi| <1, |meo| <1, |mi+mo| <L, 0<L<2l, and L €2Nifm;=my=0,

we obtain that for all L € {0,2,--- ,2{} and all -L <m < L,

l l L
> M;; = 0. (42)
i+j—20—2=m
For m = —2[ and L = 2I, the above expression reduces to
I 2 1 2 1
My, =0, where = .
1 -1 2 1 -1 o2) VAL

Hence M;; = 0. More generally, for each integer value of m in the range [—2I, 2[], equation
(42) gives rise to a linear system of n,,; equations (obtained for the various even values of
L in the range [|m|,2l]) with n,,; unknowns (the M; ;’s satisfying ¢ < j - recall that the
matrix M is symmetric - and i + j = 2l + 2+ m). Using the symmetry property

l l L l l L

—l+i—-1 —l+j—1 —m —l+j—-1 —l4+i—1 —m
and the orthogonality relation stating that for all —2] < m < 2[, and all |m| < L, L' < 21,

l l L l l r

> - s
l<ijeaiil \l+i=1 —l+j—1 —m) \~l+i-1 —l+j-1 —m (2L +1)

i+j—20—2=m

it is easy to see that this linear system is free, and that the corresponding entries of M are
therefore equal to 0. Hence, the matrix M is identically equal to zero, which completes
the proof.

6.3 Proof of Lemma 4

As % is a compact subset of the resolvent set of Hy and as the domain of Hy is H?(R3),
there exists Cy € R4 such that

mas (= — Ho) ™, 1(1 = &)z = Ho) (= — Ho)(1 = &)™) < Gy,

It follows from the Kato-Seiler-Simon inequality [27] that for all v € C’,
lo(z = Ho) M| < Collo(1 = A)7H < Collo(1 = A)Hles < Cllvllze < allv]er,

for constants o, C' € R, independent of v. The k-linear map Q) is therefore well-defined

and continuous from (C’)* to the space of bounded operators on L?(R®). Denoting by

v = 1 — 70, we have

k
Q(k)(vla - ,Ulc) — Z i (Z _ HO)*lpo H (vj(z - HO)*le) dz.

k1 2m &€ 1
(Pjo<j<k€{v075 } 7=
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In the above sum, the term with all the P;’s equal to ’yol is equal to zero as a consequence of
Cauchy’s residue formula. In all the remaining terms, one of the P;’s is equal to the rank-N
operator 9. The operators (z — Hy)~* and v;(z — Hp) ™! being bounded, Q) (vy, - -+ ,vy)
is finite-rank, hence trace-class, and it holds

]

ﬁNCooékHlec' o flogller

1Q™ (v1, -+ ,vi)lle, <
Likewise, the operator
VIQW (vr,- -, u)| V|
= > % jip V(2 — Ho)"'/*Py ﬁ ((Z — Ho)™0j(z — Ho)fl/zpj) (2 — Ho)""?|V| dz
(Pefrong =
is finite rank and

HVIQW (1, up) |Vl e, < Ca¥[lorler - loxlle,

for some constant C independent of vy, - - ,v;. Therefore Q) is a continuous linear map
from (C')* to &1 and the bound (9) holds true. It then follows from Cauchy’s residue
formula and the cyclicity of the trace that, for k > 1,

1 k
Ty (Q(k)(m, eug)) =Tr | — ]gg(z — Ho)_1 H (vj(z — Ho)_l) dz

iz
k
— 3 [ L l{p(z — Ho) 'R [ [ (vj(z — Ho) ™' P}) d=

2
PHe{rog
k

}k+1 ]:1
T 1 k—1 o o )
Z r % %H(Ul-i—jmod(k)(z_ O) l)?)j(z— 0) Yo dz =0.
=1

=1 (Pl)E{“/o,’YoL}k

Let p € C and Q := QW(p«|-|~1). Proceeding as above, we obtain that for all
¢ € CX(R?),

T (51 f = o1 H@l@dz)‘

‘ /[R wa‘ = T Qo) =T (5
< Clolcléle

for a constant C' € R} independent of p and ¢. Therefore, pg is in C and ||pgllc < C|lpllc-
This proves that £ is a bounded operator on C. In addition, for all pi, ps in C,

1 _ _ _ _
@orple ==Tr (5= f (o= Ho Mol [)Ge = Ho) (oo |7 d2) = (on. Lnle,
where we have used again the cyclicity of the trace. Thus, £ is self-adjoint. Lastly, for all
peC,

N
(Lo, p)e =D (o ((px|-1TVeNI(Hg =€) Mg ((ox |- |71)e))) > 0,

i=1

where Hy is the self-adjoint operator on Ran(qz) = Ker(7p) defined by Yo € Ran(vg),
Hd-v = Hyv.
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6.4 Stability of the spectrum of the mean-field Hamiltonian

We assume here that we are

e cither in the non-degenerate case (exy < 0 and ey < €n41), in which case we set
0 __ ENTEN+1.
€& = 2

e or in the degenerate case (ex = ent1 = €2 < 0).
0
F

We recall that Ny = Rank(1(_ .0(Ho)), Np = Rank(]l{gg}(Ho)) and N, = Ny + Np. We

also have g_ = e% —en; and gy = NN, +1 — e%. By definition g_ > 0 and g4+ > 0 since
0
ep < 0.

Lemma 15. Let

g- 9+ 39+
Z, 0542510?4‘?, a5:€%+T-

39—
0 0
alzel—l,agzep——4,a3:ep—

There exists 1 > 0 such that for all v € By(C'),

Rank(]l(—oo,aﬂ(HO + U)) =0, Rank(]l(oq,ozg)(HO + U)) = Mg, Rank(]l[ozg,ozg}(HO + U)) =0,
Rank(]l(a&ad(Ho +v)) = Np, Rank(]l(a47a5}(H0 +v)) =0.

Proof. Let z € {1, a0, a3, 4, 5}, As z ¢ o(Hp), we have
z—(Ho+v)=(1+v(1—A)""(1-A)(z—Hy) ") (z — Hp).

Besides, as D(Hy) = H?(R?), there exists a constant C' € R, independent of the choice of
z € {a1, a2, a3, a4, a5}, such that

I(1 = A)(z — Ho)"'[| < C.
In addition, there exists a constant C’ € R, such that for all v € ,
lo(@ = 2)7H < o = A) e < C'vller-
Let n = (CC")~1. We obtain that for all v € B, (C’),
lo(1 = A)7H (1 = A)(z — Ho) ™'l < 1,

so that z — (Hy + v) is invertible. Therefore, for all v € B,(C’), none of the real numbers
a1, e, a3, a4, a5 are in o(Hy + v). It also follows from the above arguments that for
all v € C', the multiplication by v is a Hy-bounded operator on L?(R3). Using Kato’s
perturbation theory, we deduce from a simple continuity argument that the ranks of the
spectral projectors

]l(foo,cu](HO_"v)a ]l(al,ag)(HO_"v)a ]l[ag,ag}(HO +U)a 1(043,044](H0 +U)a and 1(0{4,0{5}(H0+v)

are constant for v € B, (C’), and therefore equal to their values for v = 0, namely 0, N¢, 0,
Ny and 0 respectively. O
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6.5 Proof of Theorem 5
Step 1: proof of statement 1.

Let us introduce the relaxed constrained problem
XN (W) = inf {E"MF (v, W), v € K<n'}, (43)
where
Ken = {7 €SL*R?) [0<y <1, Tr(y) <N, Tr(=Ay) < oo}

As € < 0, 7o is the unique minimizer of (43) for W = 0, and as K<y is convex, the
corresponding optimality condition reads

Vy e K<n, Tr(Ho(y—10)) > 0. (44)
Let W € C’, and (v},)ren+ a minimizing sequence for (43) for which
1
Vi>1, E™F(y, W) <IN (W) + = (45)
Set p), = P~ - We obtain on the one hand, using (44),
1
HEW) = BT (W) -+
1
= B0+ [ AW
R3 k
1 1
= SO + T (Ho — ) + 500k~ poush =) + [ AW
1 1
> 2N (0) + 5D (6l = pos i = po) + / W =7
R3
and on the other hand
W) < B0, W) = 0 + [ W
Therefore,
1 1
3 Dok = pos Pl = po) < / (Po = PLIW + 7,
R3
from which we get
L 2 / 1
3 lox = polle < W llerllok = polle + 2
and finally
1\ 1/2
ok = polle < 2Wller + (271)"2. (46)

Then, using Cauchy-Schwarz, Hardy and Hoffmann-Ostenhof [16] inequalities, we obtain

WO = &) = B (0,0 = BTG W)~ [ oW
> W)~ [ oWz BTG W) - [ oW
R3 R3

1 1 1
= AR+ [ Vet 5D+ [ AW = [ - g
2 R3 2 R3 R3 k

1 1 1

> §Tr(—A71'€) — 2ZN2(Tr (~Ay))? + 5”/’2\\% — ekl W llier = llpolle W ller —
1 1 1 1

> LT (~Af) M2~ 22N 1 L(lokle — IWle)? — 222N — L lol3 — W13 -
1 1 1 1

> L(Tr (- A2~ 2ZNE) —22°N — Llolld — (W3~ .
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from which we infer that
Tr (=A%) < Co(1+ W),

for some constant Cy € R, independent of W and k. This estimate, together with (46) and
the fact that [|v,]le, = Tr(y;) < N, shows that the sequences (7} )ken+ and (p))ken+ are
bounded in &;; and C respectively. We can therefore extract from (v;,)zen+ a subsequence
(7,%_ )jen= such that (7,’%_ )jen converges to vy for the weak-* topology of &1 1, and (p}cj )jeN
converges to pw := p,,, weakly in C and strongly in L{’OC(R:S) for all 1 < p < 3. This
implies that

yw € K<y and ErHF(ny, W) < liminf ErHF(’y]gj, W) = EEI}VF(W)

J—0Q

Thus vy is a minimizer of (43). In addition, as the rHF model is strictly convex in the
density, all the minimizers of (43) have the same density py, and, passing in the limit in
(46), we obtain that py satisfies

lew — polle < 2[[W|er.

Denoting by

ow =W + (pw — po) x| - |1, (47)
we have 1
Hyw = =5A+V+ W+ pw || = Ho +vw, (48)
with
low ller < [Wiler + 1 (pw — po) * | - | Hler < 3[W e (49)

By Lemma 15, for all W € B, 3(C’), we have
Rank(]l(_oo7€%_g7/2}(HW)) =N and Rank(]l(gg_gi/27e%+gf/2} (Hw)) = 0.

In particular, Hy has a least N negative eigenvalues, from which we infer that Tr (yy) =
N. Therefore, vy is a minimizer of (3). In addition, vy = ]1(—00,6%](HW) and it holds

W= = 7{5(2 — Hy) 'dz. (50)

2w
Step 2: proof of statement 2.
It follows from (47), (48) and (50) that
VIV e Bn/?’(cl)’ X(UW) =W,
where X is the mapping from B, /3(C") to C" defined by

X(0) =0 =P 1 g ((mttg—v) (-t~ 2= * | [

24

The mapping X is real analytic. Besides, denoting by v, the Coulomb operator associating
to each density p € C the electrostatic potential v.(p) = p*|-|~! € C’, we have

X'(0) = ve(1 + L)v; b

It follows from the second statement of Lemma 4 and from the fact that v. : C — C' is
a bijective isometry that X’(0) is bijective. Applying the real analytic implicit function
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theorem, we obtain that the mapping W +— vy is real analytic from some ball B,,(C’) (for
some 1’ > 0) to C’. By composition of real analytic functions, the functions

1

" 2ir

YW 7{ (z— Ho—vw) "V dz, pw = po+v.  (vw — W) and EF (W) = E™HF (4, W)
€

are real analytic from B,/ (C’) to &11, C and R respectively.
Step 3: proof of statements 3 and 4.

Let W € B,y (C'). It follows from the above result that the functions 5 — vgw, 8 — psw,
and 3+ EMF(BW) are real analytic in the vicinity of 0, so that, for |3| small enough,

+oo +o0 +oo
ow =0+ D B0 paw =po+ Y By €M (W) = £ (0) + 3 phel),
k=1 k=1 k=1

the series being normally convergent in G171, C and R respectively. The Dyson expansion
of (10) gives

+o0o
vow = Y0+ Q" (vew, - vw).
k=1

+oo +o0
vew = BW + > B8Rl x| -7 =3 g,
k=1 k=1

where we recall that W) =W + pg,) x|+ |7 and W) = pgf,) x| |71, we obtain

400 +o00o 400
o =0+ 3 QW [ S w0, 3 giw0)
k=1 J=1 Jj=1

from which we deduce (13). Taking the densities of both sides of (13), we get

o = L) + 7.

This proves (11).

6.6 Proof of Lemma 6 and of (17)

The proof of Lemma 6 is similar to the proof of Lemma 1 in [§8]. We only sketch it here
for brevity. We denote by V := (HY(R3))VN | by &% = (¢9,--- ,8%)T € V and by S the
bounded linear operator from V to V' = (H~1(R3))" defined by

N
VU eV, (HT),=(Ho—e)vi+ » K.
j=1

We then decompose V as
YV =53° + AdY + % =D + 5% + AD? + @Y

where D, A, S, and S denote the vector spaces of N x N real-valued matrices which are
respectively diagonal, antisymmetric, symmetric, and symmetric with zero entries on the
diagonal, and where

) = {® = (¢i)1<i<y €V | V1 <i,j <N, (¢i,9})2 =0} .
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Likewise, it holds
V' =858+ A%+ @Y with @Y = {g=(gi)i<icy €V |VI<i,j <N, (g;,9)) =0}
and it is easily checked that

{geV |vxe @}, (g,x) =0} =S + AD". (51)
Denoting by F' = (f1,---, fx)T € V' and by @ € D the N x N diagonal matrix with entries
aq,- -+ ,an, we have to show that there exists a unique pair (¥, n) € V x D such that

U —ad® e S°00 + AP0 + 9. (52)

For this purpose, we first introduce the matrix S € S defined by

€ — €

and observe that F := F — #(S®%) € S®Y + ®Y . Next, using the fact that €; < -+ <
en < eOF and the positivity of the operator K°, namely

= (Yi)i<i<n €V, Z (Kijj, i) =2D <Z ¢O¢z7z¢0¢z> 20,

i,j=1

{ AV = F +nd°,

VlSiSN, S“‘:Oéi and Vlgl#jSN, Sijz

we can see that the operator 5 is coercive on ®Y . Therefore, by Lax-Milgram lemma and

(51), there exists a unique ¥ € ®9 such that AV —F cSP + AP, As F e SO0 + 0
and

N N
VI<i k<N, YU=()icjen €V, Y (KD, o0 =D (K. 60),
j=1 j=1

we have in fact U — F € S®°. Setting U = ¥ + SB°, we get SV — F € SB°. We
now observe that . is an isomorphism from A®? to S°®°. Decomposing SV’ — F as
HV — F = —5"®% 4 n®° with S’ € S” and n € D, and denoting by A the unique element
of A such that #(A®°) = §’®°, and by ¥ = ¥ 4 AP we finally obtain that the pair
(W, n) is the unique solution to (52) in V x D.

The fact that ¥ € (H?(R?))" whenever f € (L?(R?))" follows from simple elliptic
regularity arguments.

To prove (17), we introduce, for k € N*,

k k
Xik(B) = Zﬁlégiv,i, Nik(B) = Zﬂleg‘)/v,w
=0

=0

i=1

N
Hy(B) = —§A+V+ (Z xi,kw)?) [ |THHBW, fin(B) = Hi(B)xik (B) =i (B)xik(B)-

By construction, [n;x(58) — egwiil + [1xik(8) — dpwill w2 + | fin(B) | g1 € O(BFH!) when 8
goes to zero, for all 1 <i < N. As the operator Hy(3) is self-adjoint, it holds

(fiks X ke) + ik (X ks Xgk) = (HiXi ko Xik) = (HreXgk Xik) = (Fies Xak) + 05,6 k> Xi k)

(the variable 8 has been omitted in the above equalities). As by assumption €; < ez <
- < €N+1, We obtain

Xik(B), Xx5.k(8)) =

from which we deduce (17).

ir(B): x5k (B)) = (Jik(B). xik(B))

k1
n],k() Nik(B) G
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6.7 Proof of Lemma 7

Let T € Q and v € Py such that [T —7lle, < 1/2. As [T — | < [|T - 9le, < 1/2,
o(y) = {0,1} and Rank(y) = N, Rank(II(T")) = Rank(1l[;/240)(T)) = N. Therefore
I(T) € Py. If, in addition, T' € &9, then
IT — (D&, IT =+~ = (D)3,

= T =4I, + Iy = D&, +2Tx (T = 7)(y = I(T)))

= T =7, + Iy = D&, + 2Tx (T(y = I(T))) — (2N — 2Tr (4IL(T)))

= T =&, +2Tr (T(y - 1(T)))

= T =~l§, +2Tx (T - 1/2)(y - I(T))) ,
where we have used that both v and II(T") are in Py and that for all P € Py, HPH%52 =
Tr(P?)=Tr(P)=N. Let A=T —1/2 and Q = v — II(T). The self-adjoint operator A
has exactly N positive eigenvalues (counting multiplicities), and all its other eigenvalues
are negative. Remarking that II(T') = T 45)(A), and denoting A™+ = II(T)AI(T),

A7 = (1-I(T))A(l - I(T)), Q~~ = I(T)(y — I(T)IT), Q*F = (1 - I(T))(y —
II(T))(1 — TI(T)), and g := dist(0,0(A)), we obtain, using the fact that AT+ > g, A=~ <

g, QT >0,Q7" <0and Q?=Q*" —Q ",
Tr (T —1/2)(y—I(T))) = Tr(A™"Q ~ +A Q")
< —gTr(QTT - Q) = —gTr (Q%) = —g|ly — I(D)||E,-

Hence, II(T) is the unique minimizer of (18).

6.8 Proof of Theorem 8

Throughout the proof, W is a fixed potential of C’, chosen once and for all, and C denotes
a constant depending on W but not on 3, which may vary from one line to another. For all

8 € R, we denote by Qg}) (B) == fwv‘(,:}) (B) —vsw. When |3] is small enough, 71(;) (B) € Pn,
so that we have

ErHF(~(" (B),BW) > &EHF(pW)
— BTG (8) - Q) (8), BW)
~\n n 1
_ ErHF( (n) (B), BW) — Tr (HBWQ(W)(B)> - §D( (")(6)’/)@ ’”(6))

where we have used Lemma 16 below. We thus obtain that for |3| small enough,

0 < BTG (8), 8W) - £ (BW) = Tr (|Haw — 21(Q (8))) + 2 legpplic

Using (48), (49) and the bound |[v(1 — A)~!|| < Clv||¢r for all v € C’, we obtain that for
all | 3] small enough,
|Hgw — e < C(1—A).

Hence, for || small enough,
n 1
0. < BHGR (), aW) - e (ew) < T (1= A)YQWEN?) + 5 legp 4 12
< ClRW®BI, ..

A
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where we have used the continuity of the linear mapping &11 > v — py € C. The latter
property is proved as followed: we infer from the Kato-Seiler-Simon inequality and the
Sobolev inequality ||V zsmsy < Csl|VV|12msy = Csl|V]lcr that there exists a constant
C € R such that for all y € &1 1N S(LQ(]Rg))

Tr (V) Tr((1— A)Y2y(1 — A)V2(1 = A)"127(1 — A)~1/2)
= su
veenfoy IVlle  veenioy IVller
< Cllley,- (53)

lpylle =

Denoting by
k
Ywa(B) =0+ > By,

we get

0.< B G(8), 6W) £ (8) < O (A (8) — wa®NE,, + lwa(8) —vawld,, )
We infer from the third statement of Theorem 5 that
Wi (B) = vaw lle,, < CB™.

We now observe that as W is fixed, all the functions ngi(ﬂ) in (20)-(21) lay in a finite
dimensional subspace of H'(R?) independent of 3. Using the equivalence of norms in finite

dimension, the fact that 7 ) w (B) = (yw,n(B)) and Lemma 7, we obtain that

FS(8) = win(B)lers < CIFR(B) — wn(B)llss < Cllvsw — win(B)llss < CB™,

which completes the proof of (19).

Lemma 16. Let H be a bounded below self-adjoint operator on a Hilbert space H, ep € R,
and 7y = 1o ep)(H). Assume that Tr(y) < oo. Then, for all orthogonal projector
v € S(H) such that Tr (v') = Tr (), it holds

0< Tr(HQ) =Tr(|H — er|Q?),

where Q =~ — 7.

Proof. We first observe that
Q=7 -1=0) == +1/ +7'v -2,
H—ep=1-7)(H—er)(1 =) +7(H —er)v,
|H —er|=(1—7)(H —er)(1 —7) —v(H —€r)7,
Q*=(1-7)Q(L —7) — Q.
As Tr (Q) = 0, it follows that
Tr (HQ) = Tr((H-ep)Q)=Tr ((H - EF)QQ) +Tr (H = er)(vy +9'v — 27))

= Tr ((H—er)Q*) +2Tr ( —er)VQ)

= Tr ( —ep)Q ) +2Tr ( —ep)YQY)

= Tr ((H—er)Q )—2Tr( er)7Q?)

= Tr (|H —er|Q%) .
Note that all the terms in the above series of equalities containing ~ are finite, since
Tr () < oo and H is bounded below, while the other terms may be equal to +oc. O
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6.9 Proof of Lemma 9
Using the fact that L?(R3) = H,® H,, any linear operator T on L?(R3) can be represented

by a 2 x 2 block operator
Too T
T — 00 ou ,
( Two Tuu )

where Ty is a linear operator from Hy to Hy (with z,y € {o,u}). In particular, the
operators Py := ]l(foo,e%}(HO) (the orthogonal projector on H,), Py := ]l(E%’JrOO)(HO) and
Hj are block diagonal in this representation, and we have

(10 L (00 [ Hy 0

withHoo—eoF SOandHuu—e%:HOJr+—e%zg+ > 0.
We consider the submanifold
Pn, = {P € S(L*(R*)) | P* = P, Tr (P) = N,, Tr (-AP) < o0}

of S(L?(R?)) consisting of the rank-N, orthogonal projectors on L?(R?®) with range in
H1(R3), and the Hilbert space

Z = {Z = < ZO _guo > | (Huw — €)% Zyo € B(?—lo,%u)} :

endowed with the inner product
(Z7 Z/)Z =Tr (ZSO(HUH - 6%)21/10)'

We are going to use the following lemma, the proof of which is postponed until the end of
the section.

Lemma 17. There exists an open connected neighborhood O of Py in Pn,, andn > 0 such
that the real analytic mapping

B,(2Z2) —» O
Z eZPoe_Z

s bijective.
By continuity, there exists a neighborhood O of 0 in A such that
VA€ O, 1y, (I(A)cCO.
Let A and A’ in O be such that I'(A) = I'(A"). Then
eluo( ) pye=luo(A) = Lo (T(A) = Lo (T(4)) = el pyeFue @),
and we infer from Lemma 17 that L;o(A’) = Lyo(A). Therefore,
eL01(4) (5 - Ly (A'))eLor(4) = elax(0) (g 4 1y (A))eEor ), (54
In particular (using again functional calculus),

Lpf (A)

Lot (A) o o= Lot (A)  oLiot(A) 3 =Lt (4)

Yoe
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Using the finite dimensional analogue of Lemma 17 (a standard result on finite dimensional
Grassmann manifolds), we obtain that, up to reducing the size of the neighborhood O
if necessary, Lpp(A’) = Lps(A). Getting back to (54), we see that Lyp(A) = Lpp(A).
Therefore, A = A’, which proves the injectivity of the mapping (25).

We now consider a neighborhood O of vy in &1 in such that I'(O) C O and
L1y (Knen, NO') C O. Let v € Kn;,n, N O’ By Lemma 17, there exists a unique
Z € By(Z) such that 1 q(y) = e? Pye=?, and by the classical finite-dimensional ver-
sion of the latter lemma, there exists a unique A,s € Apf in the vicinity of 0 such that
Tay(y) = eZeLPf(Ovo’APf’O)]l{l}(yo)e—Lpf(Ovo’Avao)e_Z. It is then easily seen that the operator

67Z67Lpf(0707Apf70) Lpf(ovoyApﬁO) €Z

ve

is of the form 7y + Lpp(0,0,0, App) for some Ay, € App, which is close to 0 if O is small
enough. Decomposing Zy, as (Ayf, Aup) and setting A = (Ays, Aup, Apf, App), We obtain
that A is the unique element of A in the vicinity of 0 such that v = I'(A).

Proof of Lemma 17. Let
U:={U e GLH"R?) | |Ull 2 = |92, Vo € H'(R?)}

where GL(H'(R?)) is the group of the inversible bounded operators on H'(R3). In view
of [11, Theorem 4.8], the mapping

u — PNO
U — UPU!

is a real analytic submersion. Besides [11, Lemma 2.5, U is a Banach-Lie group with Lie
algebra
U ={ZeB(L*R?)|z*=-2, Z(H'(R*) c H'(R®)}

(with the slight abuse of notation consisting of denoting by Z the restriction to H'(R?) of
an operator Z € B(L?(R3)) such that Z(H'(R?)) ¢ H'(R3)), and [11, Remark 4.7], the
isotropy group of the action of & on Py, is the Banach-Lie group with Lie algebra

U= {2 € BL*®Y) | 2" = —2, Z(H'(B)) € H'(R), Zyo = 0}.

Hence, denoting by

Z = {Z = ( ZO _guo ) | (1= A)Y22Z,, € B(?—LO,HH)},

there exists an open connected neighborhood O of Py in Py, and 1 > 0 such that the real
analytic mapping

By(Z) — O

Z = eZPoe_Z

is bijective. As there exists 0 < ¢ < C' < oo such that ¢(1 — A) < (Hyy — €%) < C(1 — A)
on H,, we have Z = Z, which concludes the proof of the lemma. [l
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6.10 Proof of Lemma 10
In view of (32), the density matrix I'(A) can be expanded as

D(4) =70+ 71(4) +72(4, 4) + O I}, (5)
with
(A) = ((0), 4) = [Luo(A) + Lye(4),70] + Lpp(4)
1A A) = SO](4,4)
= 5 [Euo(A), [Luo(4),70]] + [Luo(A), [Lpe(A), 2]l + 5 [Lpe(4), [Lpe(4), 201

[ o(A), Lpp(A)] + [Lps(A), Lpp(A)]
= 5 {Luo (A)? + Lye(A) ’70} + [Luo(A) + Lpt(A), Lpp(A4)]
"’LUO( ) Lpe(A)v0 + Y0 Lpt (A) Luo(A) — (Luo(A) + Lps(A))v0(Luo(A) + Lpt(A)),

where {X,Y} = XY 4+ Y X denotes the anticommutator of X and Y. As in Section 4, we
denote by F(A,0) = V4E(A,0) and © = %FA(O,O)\AX{O}. It follows from (55) and the
analyticity properties of the mapping A — E(A,0) that for all (4, A") € A x A,

1
E(A,0) = Eo + Tr (Hoy1(A)) + Tr (Hove (A, A)) + §D(Pv1(A),Pv1(A)) + O(J|A[1%),
and 1
(0(4), 4) = Tr (Ho72(4, 4)) + 5D (P31 (4), P11 (4))-
Besides, a simple calculation leads to

Tr (Hoy2(A,A4)) = Tr (Al (Hit - EOF) Aye) — Tr (Auf (Hy ™~ — EOF) o)

+Tr ((Hyt —ep) AwpAAL) — Tr ((Hy ™ — €p) gff(l — N)Ay) .
Hence,
(O(4), ) = a(A, &) + 2 D(pyy 4y, Py ) (56)
where
a(A,A) = Tr (A (HF' —ef) Ay) — Tr (A;f (Hy ™ —ep) Alg)
+Tr ((Hgt —ep) A AAL) —Tr ((Hy ™ —ep) Asp(1— A)AL) .

For all A and A’ in A, we have

O
la(A, A')] < (1 +F ) At e A N e 1Ay 1AL L, + (R =€) | Ape Ly 1A -
We thus deduce from (53) that there exists a constant C’ € R, such that for all A € A,

oy alle < Clm(Alle, , < Al

The bilinear form in (56) is therefore continuous on the Hilbert space A. It is also positive
since for all A € A,

1
(0(A), 4) > [[Autlld, + A Aupll,, + 1= A)g- | Ape e + 5l lIE: (57)
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where 0 < A_ < Ay < 1 are the lowest and highest eigenvalues of A. To prove that
it is in fact coercive, we proceed by contradiction and assume that there exists a nor-
malized sequence (Aj)ren in A such that limg oo (O(Ag), Ax) = 0. We infer from (57)
that | (Ar)utlaues [(At)apllangs | (Ak)plLays and [[p, (a0 lc converge o zero when k goes
to infinity. Denoting by (My);; = (¢?vf+ia(Ak)pp¢9vf+j)L2> this implies that | M|z =
|(Ax)ppllay, — 1 and
NP
(M)ij % i il — 0
k Zj¢Nf+Z Ni+j :
ij=1 c

Extracting from (My)ken a subsequence (My,, Jnen converging to some M € RévaNp,

letting n go to infinity, we obtain

and

NP
[M]l2 =1 and Z Mij¢9vf+i¢9vf+j =0.
ij=1

This contradicts (8). The bilinear form (56) is therefore coercive on A. As it is also
continuous, we obtain that the linear map © is a bicontinuous coercive isomorphism from

Ato A

6.11 Proof of Lemma 11

We can prove the existence of a minimizer 7y to (3) reasoning as in the proof of the
first statement of Theorem 5 (non-degenerate case) up to (49). Only the final argument
is slightly different. In the degenerate case, we deduce that Hy, has at least N negative
eigenvalues from the fact that Rank(1(_ug o5 (Hw)) = No > N.

We now have to prove that Jy = v, where vy is defined by (28). We know that
is the unique local minimizer of (23) in the neighborhood of 7. Decomposing the space

L?*(R3) as
LR =1 e N} onY, (58)
where H{" = Ran(113(vw)), HY = Ran(L(g1)(yw)), and HY = Ran(Ly(yw)), we can
parametrize Kp; n, in the neighborhood of vy using the local map
I'W(A) == exp (LI (A)) exp (LE{(A)) (vw + LE;(A)) exp (—LE{(A)) exp (L (A)),

where

0 0 —A% 0 —A% 0 0 0 0
Lig(A):==10 0 =A |, LA :=[Ay 0 0|, LY(A):=1]0 Ay 0
Aut Ay 0 0 0 0 0 0 0

the block decomposition of the operators L)‘?;(A) being done with respect to the decom-
position (58) of the space L?(R3). As A = 0 is the unique minimizer of the functional
A EHF(TW(A), W) in the neighborhood of 0, we obtain that the block decomposition

~ 1
of the operator H = —§A +V A+ pyy < |- |7+ W reads

He 0 0
H:=1[0 Hy 0
0 0 Hy
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(first-order optimality conditions), and that there exists € € R such that
flﬂr—e§0, j:lpp—e:0, j-vluu—GZO
(second-order optimality conditions). These conditions also read

W = Lo (H) + dw, (59)

with 0 < 8y < 1, Ran(dw) C Ker(H — ¢€), Tr (yw) = N, which are precisely the Euler
conditions for problem (3). Thus, vy is a minimizer to (3).

It follows that all the minimizers Jy of (3) have density pw := p.,, and are of the
form

Fw = 1(_ooe)(H) + ow,

with 0 < 8y < 1, Ran(dy) C Ker(H — €), Tr (Jw) = N. As the optimization problem (3)
is convex, the set of its minimizers is convex. Therefore, for any ¢ € [0, 1]

(1 - t)’YW + t?W = ]l(—oo,e)(ﬁ) + (1 - t)5W + th7

is a global minimizer of (3), hence of (23) for ¢ small enough. As we know that yy is the
unique minimizer to (23) in the vicinity of 7y, we obtain that dy = dy, which proves that
~yw is the unique minimizer of (3).

6.12 Proof of Theorem 12

The first statement of Theorem 12 has been proved in the previous section. The second
statement is a consequence of (59) and of the fact that vy € Kn; n,. The third statement
follows from the real analyticity of the mappings B,(C") > W — AW) e A, A5 Aws
[(A) € &1y, and &1 1 x C' > (v, W) = E™MF (4 W) € R and the chain rule.

It follows from (32) that for all A € O and all W € C’,

BAW) = Bot [ W+ @A)+ [ oW + 3T (Hon(A, -+ 4)
>3

1
+ 5 Z D(pVL(A,---,A)’pwl/(A,---,A))+Z/RS IOVL(A,---,A)W

1+1'>3 1>2
L,U'>1

As a consequence, we obtain that that for any A’ € O,

(VAB(AW). s = 200 A) + [ o,y W+ 3 Tr (Hl1 (A, A7)
>3

+ Z D(PW(A,M,A)7PFZ/(A,A’))+Z/RS pr,(a,4anW, (60)

I+1'>3 1>2
1>1,/>1

with where T'1(A4, A") = ~1(A’) is in fact independent of A, and where for all [ > 2
(A A = 22:1 V(7 (A, -, A, A')) (recall that 7,y denotes the transposition swap-
ping the i*" and *" elements, and that, by convention 71, is the identity). By definition of
Aw (), we have

VA e A, (VaE(Aw(B),BW), A)4 = 0. (61)
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Using (60) and observing that

Ti(Aw(8),A) = > 85 > Z'n Ta(AGY - AY A), (62)

k>1—1 ac(N*)i-1 =1
laly=k,|aloo<k

we can rewrite (61) by collecting the terms of order 3* as
VkeN*, VA e A, (20(A%)+ B Ay =0

where ng) is given by (36) for k =1 and by (37) for the general case k > 2. Thus (35) is
proved.

Using (29) and (31), we can rewrite (34) for k =2n+¢€ (n € N, e € {0,1}) as

2n+ 2n+
51(/1/'” ) = Tr (Ho’yl(A%/Vn E)))-i- Z Z Tr (HO’YI?VJ)
2<l<2n+e ae(N*)!||al1=2n+¢
1
> > Dy,
2SHUSInte  a(N), a/€(N)! | falu+lol[1=2ne
D > e
2<l<2n+e—1 ae(N*)!||a|1=2n+e—1
= > > Tr (Hoviyy)
2<i<2n+e  ae(N*)!||al1=2n+¢, |a|cc<n
1
+ 5 Z Z D(pﬁa/’l’p’ygv’l,)
2V <2nte  ae(N*)], a/e(N*)! | al1+|a/[1=2n-+e ’
Li'>1 max(|a|oo, [a’|so)<n
(1) (2n+e—1)
S S L A AR
2<I<2n+e—1  ae(N*)!||al1=2n+e—1,|a|cc<n R
where
1 Inte—1
Ty (AD, AT S )
2<l<2n+e ae(N*)!||al1=2n+¢
laloo>n
1
+ 3 > > D(p, 1P, 1)
2<11+l2<2n+E ac(N), ol e(N9) | |af1+] o [1=2n+e ! 2
l1,lg2> max(|a|oo,|a!|co)>n
Py > [eew
1<I<2n+e—1 ae(N*)!||ali=2n+e—1
lafoo>n
As
2n+e—1
(1) (2n+e-1)y " (2n+e k) (2n+e k) (k)
k=n

the proof of the fifth statement is complete. Lastly, the sixth statement can be established
reasoning as in the proof of Theorem 8.
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