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Generation of ultrahigh and tunable repetition rates in CW injection-seeded frequency-shifted feedback lasers

We show both theoretically and experimentally that frequencyshifted feedback (FSF) lasers seeded with a single frequency laser can generate Fourier transform-limited pulses with a repetition rate tunable and limited by the spectral bandwidth of the laser. We demonstrate experimentally in a FSF laser with a 150 GHz spectral bandwidth, the generation of 6 ps-duration pulses at repetition rates tunable over more than two orders of magnitude between 0.24 and 37 GHz, by steps of 80 MHz. A simple linear analytical model i.e. ignoring both dynamic and non-linear effects, is sufficient to account for the experimental results. This possibility opens new perspectives for various applications where lasers with ultra-high repetition rates are required, from THz generation to ultrafast data processing systems.

Introduction

Frequency shifted feedback (FSF) lasers have attracted a sustained attention during the last 25 years because of their counter-intuitive physical properties that have triggered a large amount of fundamental studies in laser dynamics [START_REF] Stellpflug | Dynamics of frequency shifted feedback lasers: simulation studies[END_REF] or optical coherence [START_REF] Kowalski | Noise waveforms with repetitive phase and nonrepetitive amplitude[END_REF][START_REF] Yatsenko | Coherence in the output spectrum of frequency shifted feedback lasers[END_REF][START_REF] Guillet De Chatellus | Statistical properties of frequency shifted feedback lasers[END_REF], and have found applications in very diverse areas: communications protocols [START_REF] Kowalski | Noise waveforms generated by frequency shifted feedback lasers: application to multiple access communications[END_REF] , atomic physics [START_REF] Guillet De Chatellus | λ /2 fringe spacing interferometer[END_REF], telemetry [START_REF] Nakamura | Optical frequency domain ranging by a frequencyshifted feedback laser[END_REF], profilometry [START_REF] Ogurtsov | High accuracy ranging with Yb3+-doped fiber-ring frequency-shifted feedback laser with phase-modulated seed[END_REF] and sensing among others. Recall that a FSF laser is a laser cavity closed on the +1 (or -1) diffraction order of an acousto-optics frequency shifter (AOFS): each time a photon makes a roundtrip in the cavity its frequency is increased (or decreased) by the AOFS frequency in the case of a ring cavity, and by twice this frequency in the case of a linear cavity. The process is repeated over successive roundtrips of the light field in the cavity, which confers to this laser source an intrinsic chirp and peculiar time-frequency properties [START_REF] Yatsenko | Coherence in the output spectrum of frequency shifted feedback lasers[END_REF].

A FSF laser can operate with or without external seeding. When seeded only with spontaneous emission FSF lasers can exhibit different regimes, depending essentially on the influence of the gain dynamics and non-linear effects like cross-phase modulation . When the influence of the gain medium and possible non-linear effects are neglected as in the passive cavity model, the output optical field shows a modeless spectrum and consists, in the time-frequency representation, in a periodic function chirping with time [START_REF] Guillet De Chatellus | The hypothesis of the moving comb in frequency shifted feedback lasers[END_REF][START_REF] Guillet De Chatellus | Heterodyne beatings between frequency-shifted feedback lasers[END_REF]. In the case where the frequency shift per roundtrip is much smaller than the cavity free spectral range, the periodic function tends to a Dirac comb and the FSF laser field can be seen as a frequency comb chirping in the timefrequency plane [START_REF] Balle | Frequency shifted feedback dye laser operating at a small shift frequency[END_REF]. On the contrary when the gain dynamics and non-linear effects cannot be neglected, various pulsing regimes have been reported in the literature so far [START_REF] Kowalski | Optical pulse generation with a frequency shifted feedback laser[END_REF], especially in fiber FSF lasers where the spatial confinement enhances the non-linear effects [START_REF] Sabert | Pulse generation in fiber lasers with frequency shifted feedback[END_REF][START_REF] Bonnet | Dynamics and self-modelocking of a titanium-sapphire laser with intracavity frequency shifted feedback[END_REF][START_REF] Sousa | Short pulse generation and control in Er-doped frequency-shifted-feedback fiber lasers[END_REF][START_REF] Nikodem | Actively mode-locked fiber laser using acousto-optic modulator[END_REF][START_REF] Nikodem | Wavelength tunability and pulse duration control in frequency shifted feedback Er-doped fiber lasers[END_REF][START_REF] Heidt | High power and high energy ultrashort pulse generation with a frequency shifted feedback fiber laser[END_REF].

The case where the FSF cavity is seeded with a monochromatic field has been partially investigated in early work on FSF lasers. Kowalski reported first the possibility to generate pulses from a passive FSF cavity seeded with a CW He-Ne laser, when the frequency shift per roundtrip f s was equal to the cavity free spectral range f c [START_REF] Kowalski | Pulse generation with an acousto-optic frequency shifter in a passive cavity[END_REF]. Then the same team observed numerically in the frame of the passive cavity model, that when the two frequencies are in the ratio f s / f c = p/q (p and q being coprime integers) the laser generates pulses at repetition rate qf s [START_REF] Hale | Output characterization of a frequency shifted laser: Theory and experiment[END_REF]. An experimental demonstration was given in 1993 in the case f s / f c = 2 [START_REF] Phillips | Frequency comb generation and pulsed operation in a Nd:YLF laser with frequency-shifted feedback[END_REF]. Meanwhile the application of this system as an optical synthesizer had been proposed [START_REF] Coppin | Novel optical frequency comb synthesis using optical feedback[END_REF]. In 2004 Yatsenko et al. developed a numerical model of a FSF laser where the gain and losses of the cavity were taken into account, which proved numerically the possibility of increasing the repetition rate by adjusting the frequency shift f s and the cavity free spectral range f c as the ratio of two integers [START_REF] Yatsenko | Theory of a frequency-shifted feedback laser[END_REF]: in this case, supposing f s / f c = p/q, the repetition rate is equal to qf s = pf c . Since then however, despite recent experimental investigations of seeded FSF lasers for frequency combs and metrology applications [START_REF] Ogurtsov | Experimental Characterization of an Yb3+-doped Fiber Ring Laser with Frequency-shifted Feedback[END_REF][START_REF] Ryu | Optical frequency comb generator based on actively mode-locked fiber ring laser using an acousto-optic modulator with injection-seeding[END_REF][START_REF] Nikodem | Controlling the frequency of the frequency shifted feedback fiber laser using injection-seeding technique[END_REF], to our knowledge no experimental evidence of the multiplication of repetition rates in CW injection seeded FSF cavities has been reported, beyond the case f s / f c = 2.

In this paper we develop a brief analytical explanation of this effect and report an experimental demonstration of the generation of ultrahigh and tunable repetition rates in CW-seeded FSF lasers for values of p and q as large as 183 and 586 respectively. Indeed we prove the generation of 6 ps Fourier-transform limited pulses with a repetition rate tunable by steps of f s = 80 MHz between 3 × f s (240 MHz) and 458 × f s (37 GHz), with an average power larger than 100 mW. We provide a simple (linear) model based on the interference of the optical modes of the frequency comb generated at the output of the CW injection-seeded FSF laser, and attribute this behavior to the fact that the phase of the n th mode has a quadratic dependence with n.

We expect this demonstration to have significant outcomes for the implementation of lasers with GHz to THz repetition rates.

Theoretical description

Expression of the electric field

First we provide a brief analytical description of the generation of Fourier-transform limited pulses with ultrahigh repetition rates in CW injection-seeded FSF lasers. For simplicity reasons we neglect the self-seeding of the cavity with spontaneous emission. (Note however that a more realistic description would require involving the spontaneous emission, since it is predicted to play a non-negligible role in the behavior of the FSF laser [START_REF] Yatsenko | Coherence in the output spectrum of frequency shifted feedback lasers[END_REF]). We consider a FSF cavity characterized by the roundtrip time τ c = 1/ f c = 2π/ω c and the frequency shift per roundtrip f s = ω s /2π (Fig. 1). The cavity is seeded continuously with a monochromatic field E 0 e -iω 0 t : at each roundtrip in the cavity the angular frequency is shifted by ω s . A slightly transmitting mirror enables to extract a fraction of the intracavity field. The output optical spectrum consists in a comb of optical modes separated by the frequency f s . The influence of the gain and losses of the FSF cavity is modeled by a real and positive function g, where E 0 g(n) is the amplitude of the mode of angular frequency ω 0 + nω s . One sets g(n)=0 when n < 0 and n > N, the cutoff limit of g (Fig. 1). Calling Δω the spectral bandwidth of the FSF laser, N = Δω/ω s . The electric field at the output of the cavity is, following [START_REF] Kowalski | Pulse generation with an acousto-optic frequency shifter in a passive cavity[END_REF][START_REF] Hale | Output characterization of a frequency shifted laser: Theory and experiment[END_REF][START_REF] Yatsenko | Theory of a frequency-shifted feedback laser[END_REF]:

E(t)=E 0 g(0)e -iω 0 t + g(1)e -i(ω 0 +ω s )t+iφ 1 (1)
+g(2)e -i(ω 0 +2ω s )t+iφ 2 + g(3)e -i(ω 0 +3ω s )t+iφ 3 + ... of the n th mode is: φ n = nω 0 τ c + n(n + 1)ω s τ c /2 and the resulting electric field is:

where φ 1 =(ω 0 + ω s )τ c , φ 2 = φ 1 +(ω 0 + 2ω s )τ c , φ 3 = φ 2 +(ω 0 + 3ω s )τ c ...
E(t)=E 0 e -iω 0 t ∑ n g(n)e -inω s t e inω 0 τ c e i n(n+1) 2 φ (2)
where φ = ω s τ c = 2π f s / f c . Note that E(t) appears as a Fourier series with phase terms quadratic in n: the same kind of expression was previously shown as playing a fundamental role in the time-spectrum description of modeless FSF lasers [START_REF] Guillet De Chatellus | The hypothesis of the moving comb in frequency shifted feedback lasers[END_REF][START_REF] Guillet De Chatellus | Heterodyne beatings between frequency-shifted feedback lasers[END_REF]. In the following it is shown that these quadratic phases play also a decisive role in the expression of the intensity at the output of the CW injection-seeded FSF laser.

Expression of the intensity

The intensity of the laser field is I(t)=E(t)E * (t). Writing I 0 = |E 0 | 2 leads to:

I(t)=I 0 ∑ n,m g(n)g(m)e -i(n-m)(ω s t-ω 0 τ c -mφ ) e i (n-m)(n-m+1) 2 φ (3)
which can be rewritten as (introducing k = nm):

I(t)=I 0 ∑ k e -ik(ω s t-ω 0 τ c ) e i k(k+1) 2 φ ∑ m g(k + m)g(m)e -ikmφ . (4) 
The occurrence of the sum ∑ m g(k + m)g(m)e -ikmφ is a direct consequence of the quadratic phases in Eq. ( 2): it ensures a selection of specific values of k based on the comparison between the width of the function m → g(k + m)g(m) and the period of m → e -ikmφ . For simplicity reasons it is assumed g(m) is a Gaussian function of characteristic width N/2. Then the width of g(k 

+ m)g(m) is N/2 √ 2.
- 2 √ 2 N < kφ [2π] < 2 √ 2 N (5)
the term ∑ m g(k +m)g(m)e -ikmφ is a sum of positive terms whereas for other values of k, both positive and negative terms appear in the sum and limit its amplitude. Therefore only integers satisfying Eq. ( 5) contribute significantly to the sum over k arising in Eq. ( 4). We consider the case φ = 2π p/q where p and q are coprime integers and q < N. Then the previous condition reduces to:

- √ 2 π q N < pk [q] < √ 2 π q N .
Since pk is an integer and

√ 2 π q N < 1, it sets k = 0 [q]
. Then the intensity rewrites:

I(t)=I 0 ∑ k G(kq)e -ikq(ω s t-ω 0 τ c ) e iπ pk(kq+1) (6)
where

G(λ )=∑ m g(λ + m)g(m)
is the discrete autocorrelation function of g. Assuming that p is even or q is odd:

I(t)=I 0 ∑ k G(kq)e -ikq(ω s t-ω 0 τ c ) (7) 
whereas when p is odd and q is even,

I(t)=I 0 ∑ k G(kq)(-1) k e -ikq(ω s t-ω 0 τ c ) . (8) 
In both cases since G(λ ) is real this Fourier series describes Fourier transform-limited pulses at the repetition rate qf s = pf c , according to φ = 2π f s / f c = 2π p/q [START_REF] Yatsenko | Theory of a frequency-shifted feedback laser[END_REF]. The time duration of the pulses is limited by the spectral bandwidth of the intensity spectrum and scales therefore as 2π/(Nω s )=2π/Δω. The average intensity is constant and equal to Ī = I 0 G(0) whereas the peak intensity is equal to I peak = I 0 ∑ k G(kq). The conservation of energy leads to I peak ≈ I 0 G(0)Nf s /q. Note that the maximal repetition rate is limited by the number of modes and therefore by the spectral bandwidth of the laser: when q becomes comparable to N, the pulses begin to overlap.

The notable consequence of this calculation is the fact that a CW injection-seeded FSF laser is a source of Fourier-transform-limited pulses with a tunable repetition rate: the latter can be adjusted simply by varying the ratio p/q, i.e. f s or f c . It is also interesting to compare this expression to that of the intensity delivered by a mode locked laser with a frequency spacing f s = ω s /2π and having the same optical spectrum but constant phases. In this case the expression of the intensity is quite similar:

I ML (t)=I 0 ∑ k G(k)e -ikω s t (9)
and corresponds to Fourier-transform pulses at the repetition rate f s . Remarkably both laser fields share the same optical spectrum and deliver the same average intensity, but exhibit a different intensity spectrum. The multiplication of the repetition rate in a CW injection-seeded FSF laser results from a decimation in the intensity spectrum, i.e. from the selection of spectral components multiples of qω s which is a direct effect of the quadratic phases arising in the expression of the electric field.

Intensity fluctuations

When φ = 2π p/q, the laser emits pulses at the repetition rate qf s and a signature of this appears in the variation with φ of the relative intensity fluctuations of the laser defined by: 

W (φ )= < I 2 (t) > < I(t) > 2 (φ ) (10) 
where <> denotes the average over time. When φ = 2π p/q with q << N, the laser emits q pulses per period 2π/ω s . The average intensity does not depend on the repetition rate and a simple calculation leads to: W (2π p/q) ∼ 1/q. The intensity fluctuations of the injected FSF laser tend therefore to the self-similar so-called "Thomae's function" defined on [0, 1] by: T (p/q)=1/q when p and q are coprimes, and T (η)=0 when η is irrational.

Experimental validation

Experimental setup

To validate this brief description of the seeded FSF laser, we demonstrated the possibility of high repetition rates in a dye FSF laser seeded by a single-mode stabilized dye laser (Coherent 599) with a typical linewidth of 1 MHz. Both lasers are pumped by a 4 W CW pump laser at 532 nm whose intensity is equally distributed between both lasers (Fig. 2). The single mode laser delivers about 30 mW at 580 nm and injects the FSF laser via the zero diffraction order of AOFS. The insertion losses are about 90%. The FSF laser consists in a linear cavity closed on the +1 diffraction order of the AOFS. The latter is driven at the (fixed) frequency 40 MHz, which leads to a frequency shift per roundtrip f s = 80 MHz. The output coupler of the FSF laser is mounted on a translation stage (TS1) enabling to scan the cavity length over more than 7 cm and consequently the cavity free spectral range f c between 240 and 280 MHz. The typical output beam power is 100 mW and the spectral bandwidth is 150 GHz. The latter can be reduced down to about 3 GHz by the insertion in the FSF cavity of a Fabry-Perot etalon. A fraction of the output beam is directed onto a fast photodiode (100 ps resp. time) and the signal is acquired by a fast digital oscilloscope (5 GHz BW). The other part of the beam is sent into a Michelson interferometer whose moving mirror is mounted on a second translation stage (TS2). The output of the interferometer is focused onto a BBO crystal tuned for second harmonic generation (SHG) at 580 nm. The UV signal is filtered out by a prism and a color glass plate and detected by a photomultiplier tube (PMT). 

Experimental results

First we characterize the optical spectrum without and with injection (Fig. 3). Without injection the (modeless) spectrum is found to be 60 GHz wide. To minimize the effects of spontaneous emission and avoid the so-called modeless regime, the frequency of the seed laser is adjusted about 100 GHz below the maximum of the modeless spectrum: the resulting spectrum is then shifted to the low frequencies and spans over 150 GHz. We now investigate the cases where φ = 2π p/q, that is f s / f c is a rational quantity. f s is kept constant while f c is adjusted by tuning the cavity length with TS1. First the cavity length is adjusted to relatively low values of q (q < 30) and the intensity spectrum of the FSF laser is recorded for different values of the cavity free spectral range. Results are plotted on Fig. 4 and demonstrate the decimation in the intensity spectrum predicted theoretically: beside additional beat notes of smaller amplitude, only RF frequencies corresponding to common multiples of f s and f c appear in the intensity spectrum, in accordance to Eq. ( 6). This also corresponds to the fact that the repetition rate of the laser is the least common multiple of f s and f c .

Second to investigate large values of q (which corresponds to repetition rates out of reach of our electronic detection system) we record the interferometric autocorrelation trace < |E(t)+ E(t + τ)| 4 > by measuring the time-averaged SHG signal at the output of the interferometer (τ is the time delay of the interferometer). The cavity length is adjusted to a given value f c = (q/p) f s and the mobile arm in the Michelson interferometer is scanned around null delay by TS2. A central fringe pattern is recorded in all cases, independently from the cavity length and represents the autocorrelation of a single pulse (Fig. 5). Note that the width of this trace is independent from the cavity length and simply proportional to the inverse of the spectral bandwidth of the laser, that is the coherence time of the source. In the case of a pulsed source the theoretical ratio between the baseline and the top of the fringes is equal to 1:8. A slightly lower value is obtained in our case due to an average over the fringes caused by the excessive scan speed of TS2. The appearance of additional peaks in the autocorrelation trace for path delays much smaller than the cavity length is the signature of the multiplication of the repetition rate and corresponds to the overlap of successive light pulses at the output of the interferometer. It could be shown theoretically that the lack of fringe pattern in the satellite peaks is due to the absence of average coherence between consecutive pulses, which results in the 1:2 ratio between the baseline and the height of the secondary peak. The repetition rate can be deduced from the time delay between consecutive peaks on the autocorrelation trace while the pulse duration corresponds to the widths of the peaks. According to the theoretical description, Fig. 5(b) evidences the generation of 6 ps duration Fourier-transform limited pulses at a repetition rate as high as 37 GHz, which is close to the ultimate limit set by the bandwidth of the laser (150 GHz in this case).

Finally we measure the variation of the intensity fluctuations with the cavity length. The moving arm of the interferometer is blocked and the time-averaged SHG signal ĪSHG φ is recorded as a function of the cavity length by scanning TS1 continuously. Since ĪSHG φ ∝< I 2 (t) > (φ ), it is proportional to the intensity fluctuations of the seeded FSF laser W (φ ). The experimental results are shown on Fig. 6. When the spectral bandwidth of the laser is increased from 3 to 150 GHz, the intensity fluctuations tend to the self-similar Thomae's function and reveal selfsimilarity.

Conclusion

We have demonstrated that a FSF laser seeded with a monochromatic laser is a source of Fourier-transform limited pulses at a tunable (and possibly ultra-high) repetition rate. The max- imum repetition rate of the laser is limited by the temporal overlap of consecutive optical pulses, i.e. by the spectral bandwidth of the laser. We have given a brief analytical description of this phenomenon, based on a linear approach, i.e. a pure interference phenomenon between waves with quadratic phases, ignoring both dynamic or non-linear effects. This simple approach is sufficient however to account for the experimental results. In the present study the repetition rate is a multiple of f s = 80 MHz and tunable over two orders of magnitude between 3 × f s and 458 × f s . Note that we have neglected so far the role of the coherence of the seed laser since our theoretical description involves a pure monochromatic wave. In fact to ensure Fourier transform-limited pulses, the coherence time of the seed laser needs to be longer than the photon cavity lifetime in the cavity, that is Nτ c . In the current experiment the coherence time of the seed laser (1 µs) is of the same order of magnitude (although smaller) as the photon cavity lifetime (about 4 µs). To demonstrate ultrahigh repetition rates (100 GHz to THz), seed lasers with longer coherence time will be required, such as extended-cavity diode lasers or distributed feedback lasers (with 10 µs up to 1 ms respective coherence times). Finally an additional advantage of this scheme for high repetition rates is the fact that the repetition rate is derived from the electronic frequency driving the AOFS, and not only from the cavity free spectral range, like in conventional passive mode-locking. This work constitutes a proof of principle promising for various applications where ultrahigh repetition rate lasers are necessary: ultrafast digital communications and optoelectronics processing systems, THz generation, spectroscopy of metallic nanoparticles. The requirements related to ultra-high repetition rates, the influence of the line width of the seed laser, the limitations of the spectral purity of the repetition rate, the link with the fractional Talbot effect [START_REF] Berry | Integer, fractional and fractal Talbot effects[END_REF] and the role of spontaneous emission, intracavity dispersion and nonlinear effects in the FSF cavity will be addressed in detail in forthcoming publications.
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 1 Fig. 1. Top left: sketch of a generic (linear) FSF laser. The FSF cavity is injected through a leak of the AOFS. The AOFS is driven at frequency f AO . The laser mode is diffracted by the traveling acoustic wave onto the +1 order and frequency-shifted by f AO , resulting in a frequency shift per roundtrip equal to f s = ω s /2π = 2 f AO . The cavity roundtrip time is τ c = 1/ f c . Top right: optical spectrum of the output of the FSF laser seeded by a monochromatic wave at angular frequency ω 0 . The envelope of the spectrum of the FSF frequency comb is the function g (see text). Bottom: when f s / f c = p/q the FSF cavity transforms a CW seed laser field into a pulsed one with a repetition rate equal to qf s (see text).

#Fig. 2 .

 2 Fig.2. Experimental setup to characterize the pulsing output and the intensity fluctuations of the seeded FSF laser. AOM is the acousto-optics frequency shifter, SM denotes the seeding single mode laser, BS is a beamsplitter, PD and PMT are respectively the fast photodiode and the photomultiplier tube, TS1 and TS2 are translation stages and MI stands for Michelson interferometer. OC is the output coupler of the FSF laser.
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 3 Fig. 3. Optical spectrum of the FSF laser with and without injection. The frequency of the injection laser corresponds to the large peak on the left wing on the spectrum.
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 4 Fig.[START_REF] Guillet De Chatellus | Statistical properties of frequency shifted feedback lasers[END_REF]. Intensity spectra of the seeded FSF laser recorded for different values of the cavity free spectral range. f s is kept equal to 80 MHz. Top left and top right: for comparison, intensity spectrum of the FSF laser without injection ("modeless" regime). Center and bottom plots: intensity spectra of the CW injection-seeded FSF laser for different values of f c . f s / f c is set as the ratio of two coprime integers p/q. The principal beat notes correspond to common multiples of f s and f c .
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 2056 Fig. 5. Interferometric autocorrelation traces recorded for different values of (p, q).B y adjusting the position of the output coupler (TS2), the cavity free spectral range is tuned to 256.33 MHz, 256.22 MHz and 256.17 MHz from left to right and the repetition rates are 12.56 GHz, 36.64 GHz and 46.88 GHz respectively. The time duration of the peaks is about 6 ps, corresponding to the inverse of the spectral bandwidth of the laser (150 GHz).
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