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✶

●❡♦♠❡tr✐❝ ❲❛✈❡❧❡t ❆♣♣r♦①✐♠❛t✐♦♥s ❛♥❞

❉✐☛❡r❡♥❝✐♥❣

❆❜❞♦✉rr❛❤♠❛♥❡ ▼✳ ❆tt♦1✱ ❊♠♠❛♥✉❡❧ ❚r♦✉✈✓❡2 ❏❡❛♥✲▼❛r✐❡ ◆✐❝♦❧❛s3✱

Abstract—The paper introduces the concept of ge-

ometric wavelets defined from multiplicative algebras.

These wavelets perform generalized geometric approx-

imations and differencing. The paper also highlights

the statistical properties of multiplicative observation

models when the analysis is performed by using multi-

plicative wavelet transforms. It shows that multiplica-

tive wavelets are more relevant for the representation

of piecewise smooth signals observed in presence of

multiplicative noise, the sole case where additive and

multiplicative wavelet transforms share the same prop-

erties being the case of constant signals.

Index Terms—Wavelets ; Geometric convolution ;Geo-

metric approximations ; Geometric differencing.

■✳ ■♥tr♦❞✉❝t✐♦♥ ✲ ▼♦t✐✈❛t✐♦♥

H
■●❍▲❨ r❡s♦❧✈❡❞ ❞❛t❛ s✉❝❤ ❛s s✐❣♥❛❧s ❛♥❞ ✐♠❛❣❡s

✐ss✉❡❞ ❢r♦♠ ♠♦❞❡r♥ s❡♥s♦rs ❡①❤✐❜✐t s❤❛r♣ ❞❡t❛✐❧s✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡s❡ ❞❛t❛ ♠❛❦❡ ♥♦♥✲✈❛❧✐❞✱ t❤❡ st❛♥❞❛r❞

❛ss✉♠♣t✐♦♥ ❝♦♥s✐st✐♥❣ ✐♥ ❧✐❦❡♥ ❛s ❝♦♥st❛♥t✱ t❤❡ ❢♦❝✉s❡s

♦♥ t✐♥② s✐❣♥❛❧ ♣❛rts ♦r s♠❛❧❧ ✐♠❛❣❡ ♣❛t❝❤s✳ ❚❤✐s ❝♦♠♣❡❧s

✉s ❢♦r r❡✲❝♦♥s✐❞❡r✐♥❣ ❞❛t❛ r❡♣r❡s❡♥t❛t✐♦♥s ❛♥❞ ♣r♦❝❡ss✐♥❣

♣r✐♥❝✐♣❧❡s✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❢♦❝✉s ♦♥ ❞❛t❛ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♠✉❧✲

t✐♣❧✐❝❛t✐✈❡ t②♣❡ ✐♥t❡r❛❝t✐♦♥s✳ ❚❤♦s❡ ❞❛t❛ ❛r❡ ♦❜s❡r✈❡❞ ✐♥

♠❛♥② s✐t✉❛t✐♦♥s✱ ❢♦r ✐♥st❛♥❝❡ ✇❤❡♥ ❛❝q✉✐r✐♥❣ s✐❣♥❛❧s ❢r♦♠

r❛❞❛r✴s♦♥❛r✴✉❧tr❛s♦♥✐❝ ✇❛✈❡s ❬✶❪✴❬✷❪✴❬✸❪✱❬✹❪✱ ✇❤❡♥ ❛♥❛❧②③✲

✐♥❣ s❡❛s♦♥❛❧✐t② ❢r♦♠ ♠❡t❡♦r♦❧♦❣② ❞❛t❛ ❬✺❪ ♦r ✇❤❡♥ ❢♦❝✉s✐♥❣

♦♥ ♣r♦♣♦rt✐♦♥❛❧✐t② ✐♥ ❡❝♦♥♦♠② ❞❛t❛ ❬✻❪ ❛♥❞ ♣♦❧✐t✐❝❛❧ s❝✐✲

❡♥❝❡s ❬✼❪✳

❆ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♦❜s❡r✈❛t✐♦♥ ♠♦❞❡❧ ✐♥✈♦❧✈✐♥❣ str✐❝t❧②

♣♦s✐t✐✈❡ ✐♥t❡r❛❝t✐♦♥s ♦❢ ❛ ♣✐❡❝❡✇✐s❡ r❡❣✉❧❛r ❢✉♥❝t✐♦♥ f ❛♥❞

❛ r❛♥❞♦♠ ♥♦✐s❡ X ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿

y = fX = f+ f(X− 1) ✭✶✮

■♥ ♠♦❞❡❧ ❣✐✈❡♥ ❜② ❊q✳ ✭✶✮✱ ❢✉♥❝t✐♦♥ f ✐s ♦❜s❡r✈❡❞ ✐♥ ❛

♠✉❧t✐♣❧✐❝❛t✐✈❡ s✐❣♥❛❧✲✐♥❞❡♣❡♥❞❡♥t✲♥♦✐s❡X ♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱

✐♥ ❛♥ ❛❞❞✐t✐✈❡ s✐❣♥❛❧✲❞❡♣❡♥❞❡♥t✲♥♦✐s❡ f(X− 1)✳

1 ▲■❙❚■❈✱ ❯♥✐✈❡rs✐t✓❡ ❞❡ ❙❛✈♦✐❡ ✲ P♦❧②t❡❝❤ ❆♥♥❡❝②✲❝❤❛♠❜✓❡r②✱
❋r❛♥❝❡✱ ❆❜❞♦✉rr❛❤♠❛♥❡✳❆tt♦❅✉♥✐✈✲s❛✈♦✐❡✳❢r

2 ▲■❙❚■❈✱ ❯♥✐✈❡rs✐t✓❡ ❞❡ ❙❛✈♦✐❡ ✲ P♦❧②t❡❝❤ ❆♥♥❡❝②✲❝❤❛♠❜✓❡r②✱
❋r❛♥❝❡✱ ❊♠♠❛♥✉❡❧✳❚r♦✉✈❡❅✉♥✐✈✲s❛✈♦✐❡✳❢r

3 ▲❚❈■✱ ❈◆❘❙ ❯▼❘ ✺✶✹✶✱ ❚❡❧❡❝♦♠ P❛r✐s❚❡❝❤✱ ✹✻ r✉❡ ❇❛rr❛✉❧t✱
✼✺✵✶✸ P❛r✐s✱ ❋r❛♥❝❡✱ ❏❡❛♥✲▼❛r✐❡✳◆✐❝♦❧❛s❅t❡❧❡❝♦♠✲♣❛r✐st❡❝❤✳❢r

●✐✈❡♥ ❛ tr❛♥s❢♦r♠ W ❢♦r ❛♥❛❧②③✐♥❣ y✱ t❤❡ ✐ss✉❡ ❛❞✲

❞r❡ss❡❞ ✐♥ t❤✐s ♣❛♣❡r ✐s ❛♥❛❧②③✐♥❣ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❛♥❞ ❛❞❞✐✲

t✐✈❡ ❢r❛♠❡✇♦r❦s ❢♦r t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ y✳ ❲❡ ❛ss✉♠❡

t❤❛t t❤❡ ♣r♦♣❡rt✐❡s ❞❡s✐r❡❞ ❢♦r W ❛r❡ ❜♦t❤ i) s♣❛rs✐t②

♦❢ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ f ❛♥❞ ii) s✐♠♣❧✐❢②✐♥❣ t❤❡ st❛t✐st✐❝❛❧

♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥♦✐s❡ ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♠♦❞❡❧✳ ■♥ t❤✐s

r❡s♣❡❝t✱ t❤❡ tr❛♥s❢♦r♠ W ✇✐❧❧ ❜❡ ❛ss♦❝✐❛t❡❞ t♦ ✇❛✈❡❧❡t

♦♣❡r❛t♦rs✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ W[fX] r❡❢❡r t♦

• t❤❡ ✭st❛♥❞❛r❞✮ ❛❞❞✐t✐✈❡ ✇❛✈❡❧❡t tr❛♥s❢♦r♠✱ ✇✐t❤ ✭❧✐♥✲

❡❛r✐t② ✇✐t❤ r❡s♣❡❝t t♦ ❵✰✬ ♦♣❡r❛t✐♦♥✮✿

Wy = Wf+Wf(X− 1), (♣)

• t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✭♦r ❣❡♦♠❡tr✐❝✮ ✇❛✈❡❧❡t tr❛♥s❢♦r♠✱

✇✐t❤ ✭♠✉❧t✐♣❧✐❝❛t✐✈❡ ❧✐♥❡❛r✐t② ✇❤❡r❡ W ❞✐str✐❜✉t❡s

♦✈❡r ❵×✬ ♦♣❡r❛t✐♦♥✮✿

Wy = (Wf)× (WX) . (♠)

❚❤❡ t❡r♠ ❣❡♦♠❡tr✐❝ ✇❛✈❡❧❡t ✐s ✉s❡❞ ❜❡❝❛✉s❡ ❛♣♣r♦①✐♠❛✲

t✐♦♥s ❜❛s❡❞ ♦♥ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♦♣❡r❛t✐♦♥s ❛r❡ r❡❢❡rr❡❞ ✐♥ t❤❡

❧✐t❡r❛t✉r❡ ❛s ❣❡♦♠❡tr✐❝ ❛♣♣r♦①✐♠❛t✐♦♥s✿ ❢♦r ✐♥st❛♥❝❡✱ t❤❡

♠❡❛♥ ✈❛❧✉❡ ✐s ❦♥♦✇♥ ❛s ❣❡♦♠❡tr✐❝ ♠❡❛♥ ✇❤❡♥ ✐t ❛♣♣❧✐❡s

♦✈❡r ❵×✬ ♦♣❡r❛t♦rs✳

❲❛✈❡❧❡ts ❝❛♥ ❜❡ ❵❡♠❜❡❞❞❡❞✬ ✐♥ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❛❧❣❡❜r❛

s♦ t❤❛t t❤❡✐r ❞❡❝♦♠♣♦s✐t✐♦♥s ✭❣❡♦♠❡tr✐❝ ❛♣♣r♦①✐♠❛t✐♦♥

❛♥❞ ❣❡♦♠❡tr✐❝ ❞✐☛❡r❡♥❝✐♥❣✮ ✐♥✈♦❧✈❡ ❡①❛❝t❧② t❤❡ ♦♣❡r❛✲

t✐♦♥s ✉s❡❞ ✐♥ (♠)✳ ❚❤✐s ❡♠❜❡❞❞✐♥❣ ❝♦♥s✐❞❡rs ❝❤❛♥❣✐♥❣

t❤❡ ❛❧❣❡❜r❛ ❜② ✉s✐♥❣ ❜✐♥❛r② ✐♥t❡r♥❛❧ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛♥❞

❡①t❡r♥❛❧ ♣♦✇❡r ♦♣❡r❛t✐♦♥✳ ■♥ t❤✐s r❡s♣❡❝t✱ t❤❡ ❣❡♦♠❡tr✐❝

❛♣♣r♦❛❝❤ ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♣❛♣❡r ❝♦♥tr❛sts s✐❣♥✐☞❝❛♥t❧② ✇✐t❤

❵❝✉r✈❛t✉r❡✬ ❜❛s❡❞ ❛♣♣r♦❛❝❤❡s ✭❝✉r✈❡❧❡ts✱ ❜❛♥❞❧❡ts✱ ❡t❝✱ s❡❡

❬✽❪ ❬✾❪✱ ❬✶✵❪✱ ❬✶✶❪ ❢♦r ✐♥st❛♥❝❡✮✳ ◆♦t❡ t❤❛t t❤❡ s❛♠❡ ❛♣♣r♦❛❝❤

❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡☞♥❡ ❣❡♦♠❡tr✐❝ ❝✉r✈❡❧❡ts✱ ❜❛♥❞❧❡ts✱ ❡t❝✳✱

♦♥ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❛❧❣❡❜r❛s✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ❙❡❝t✐♦♥ ■■ ♣r♦✈✐❞❡s

st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❛❞❞✐t✐✈❡ ✇❛✈❡❧❡t ❜❛s❡❞ tr❛♥s❢♦r♠s

♦♥ ♠♦❞❡❧ (♣)✳ ❚❤❡ ❣❡♦♠❡tr✐❝ ✇❛✈❡❧❡t tr❛♥s❢♦r♠ ✐s ❞❡☞♥❡❞

✐♥ ❙❡❝t✐♦♥ ■■■✳ ■ts st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s ♦♥ ♠♦❞❡❧ (♠) ❛r❡

❞✐s❝✉ss❡❞ ✐♥ t❤❡ s❛♠❡ s❡❝t✐♦♥✳ ❙❡❝t✐♦♥ ■❱ ❝♦♥❝❧✉❞❡s t❤❡

✇♦r❦✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t X = (X[k])k∈Z

❞❡♥♦t❡s ❛ st❛t✐♦♥❛r② s❡q✉❡♥❝❡ ♦❢ str✐❝t❧② ♣♦s✐t✐✈❡ r❡❛❧

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳



✷

■■✳ ❲❛✈❡❧❡t tr❛♥s❢♦r♠ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♠♦❞❡❧s

❆✳ ❇❛s✐❝s ♦♥ ✇❛✈❡❧❡t ❜❛s❡❞ tr❛♥s❢♦r♠s

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ♠✉❧t✐✲s❝❛❧❡ ❞❡❝♦♠✲

♣♦s✐t✐♦♥ s❝❤❡♠❡s ✐♥✈♦❧✈✐♥❣ ♣❛r❛✉♥✐t❛r② ☞❧t❡rs (H0,H1)✱

✇❤❡r❡

Hǫ(ω) =
1√
2

∑

ℓ∈Z

hǫ[ℓ]e
−iℓω, ǫ ∈ {0, 1}, ✭✷✮

❛♥❞ t❤❡ ♣❛r❛✉♥✐t❛r✐t② ♦❢ ♣❛✐r (H0,H1) ✐s ❡q✉✐✈❛❧❡♥t t♦

s❛②✐♥❣ t❤❛t t❤❡ ♠❛tr✐①

M(ω) =

(
H0(ω) H1(ω)

H0(ω+ π) H1(ω+ π)

)
✭✸✮

✐s ✉♥✐t❛r② ❢♦r ❡✈❡r② ω✱ s❡❡ ❬✶✷❪✱ ❛♠♦♥❣ ♦t❤❡r r❡❢❡r❡♥❝❡s✳

❆ ♦♥❡✲❧❡✈❡❧ ✇❛✈❡❧❡t ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥✈♦❧✈❡s s♣❧✐tt✐♥❣

❬✶✸❪ ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡ Wj,n ⊂ L2(R)✱ ❞❡☞♥❡❞ ❛s

t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ s♣❛❝❡ s♣❛♥♥❡❞ {τ2jkWj,n : k ∈ Z} ✐♥t♦

❞✐r❡❝t s✉♠s ♦❢ s✉❜s♣❛❝❡s (Wj+1,2n+ǫ)ǫ∈{0,1}✱ s♣❛♥♥❡❞

r❡s♣❡❝t✐✈❡❧② ❜② {τ2j+1kWj+1,2n+ǫ : k ∈ Z}ǫ∈{0,1}✱ ✇❤❡r❡

τkf : t 7−→ f(t − k)✳ ❚❤❡ s♣❧✐tt✐♥❣ ♦❢ Wj,n ❢♦❧❧♦✇s ❢r♦♠

❞❡❝✐♠❛t❡❞ ❛r✐t❤♠❡t✐❝ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t✐♦♥s✿

Wj+1,2n+ǫ(t) =
∑

ℓ∈Z

hǫ[ℓ]Wj,n(t− 2ℓ). ✭✹✮

❢♦r ǫ ∈ {0, 1}✱ ✇❤❡r❡ hǫ ❞❡♥♦t❡s t❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ ♦❢

t❤❡ s❝❛❧✐♥❣ ☞❧t❡r ✭✇❤❡♥ ǫ = 0✮ ♦r t❤❡ ✇❛✈❡❧❡t ☞❧t❡r ✭✇❤❡♥

ǫ = 1✮✳

❚❤❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❊q✳ ✭✹✮ ✐s t❤❛t ❛ ❢✉♥❝t✐♦♥ g ❤❛✈✐♥❣

❝♦❡✍❝✐❡♥ts c = (c[ℓ])ℓ∈Z
∈ ℓ2(Z) ♦♥ {τ2jkWj,n : k ∈ Z}✿

g =
∑

ℓ∈Z

c[ℓ]τ2jℓWj,n ∈ Wj,n

❝❛♥ ❜❡ ❡①♣❛♥❞❡❞✶ ❬✶✷❪ ✐♥ t❡r♠s ♦❢

g =
∑

ℓ∈Z

c0[ℓ]τ2j+1ℓWj+1,2n

︸ ︷︷ ︸
∈Wj+1,2n

+
∑

ℓ∈Z

c1[ℓ]τ2j+1ℓWj+1,2n+1

︸ ︷︷ ︸
∈Wj+1,2n+1

✇❤❡r❡ ✐ts ❝♦❡✍❝✐❡♥ts cǫ = (cǫ[ℓ])ℓ∈Z
♦♥

{τ2j+1kWj+1,2n+ǫ : k ∈ Z}ǫ∈{0,1}✱ ❢♦r ǫ ∈ {0, 1}✱

✇❤❡r❡

cǫ[k] =
∑

ℓ∈Z

hǫ[ℓ]c[ℓ− 2k]. ✭✺✮

❙t❛rt✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢r♦♠ ❛ ❢✉♥❝t✐♦♥ f ∈ W0,0✱

f =
∑

ℓ∈Z

c[ℓ]τℓW0,0,

t❤❡ s✉❜❜❛♥❞ Wj,n ❝♦❡✍❝✐❡♥ts ♦❢ f ❢♦❧❧♦✇ ❢r♦♠

cj,n[k] =
∑

ℓ∈Z

hj,n[ℓ]c[ℓ− 2jk]. ✭✻✮

✇❤❡r❡ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ Hj,n ♦❢ hj,n ✐s ✭s❡❡ ❬✶✹✱ ❊q✳

✭✷✻✮❪✮✿

Hj,n(ω) = 2j/2

[
j∏

ℓ=1

Hǫℓ
(2ℓ−1ω)

]
. ✭✼✮

✶❊q✉❛❧✐t✐❡s ❤♦❧❞ ✐♥ L2(R) s❡♥s❡ ✐♥ t❤❡s❡ ❡①♣❛♥s✐♦♥s✳

❊q✳ ✭✻✮ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ♣r❛❝t✐❝❡ ❢♦r ❝♦♠♣✉t✐♥❣ ❞✐s❝r❡t❡

✇❛✈❡❧❡t tr❛♥s❢♦r♠s ❢r♦♠ s❛♠♣❧❡ ♦❜s❡r✈❛t✐♦♥s ✭t❡r♠✐♥♦❧♦✲

❣✐❡s ♦❢ ❵❞✐s❝r❡t❡ ✇❛✈❡❧❡t tr❛♥s❢♦r♠✬ ✇❤❡♥ n ∈ {0, 1}✱ ❵❞✐s✲

❝r❡t❡ ✇❛✈❡❧❡t ♣❛❝❦❡t tr❛♥s❢♦r♠✬ ✇❤❡♥ n ∈ {0, 1, . . . , 2j−1}✱

❵❛❞❛♣t❡❞ ❞✐s❝r❡t❡ ✇❛✈❡❧❡t ♣❛❝❦❡ts✬ ❢♦r ❛ s✉✐t❛❜❧❡ s❡❧❡❝✲

t✐♦♥ ♦❢ n✲✐♥❞✐❝❡s✮✳ ❙♦♠❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ✐♥✈♦❧✈✐♥❣ ♥♦♥✲

❞❡❝✐♠❛t✐♦♥ ✭❢❛❝t♦r 2j ✐♥ ❊q✳ ✭✻✮✮ ❛r❡ ❛❧s♦ ❛✈❛✐❧❛❜❧❡ ❛♥❞

②✐❡❧❞ t♦ t❤❡ ❝♦♥❝❡♣t ♦❢ ❢r❛♠❡s ❛♥❞ t❤❡ ♥♦t✐♦♥ ♦❢ st❛t✐♦♥❛r②

✇❛✈❡❧❡t tr❛♥s❢♦r♠s ❬✶✺❪✳ ❚❤❡ r❡❛❞❡r ❝❛♥ r❡❢❡r t♦ t❤❡ ❛❜✉♥✲

❞❛♥t ❧✐t❡r❛t✉r❡ ♦♥ ✇❛✈❡❧❡ts ❢♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ ✇❛✈❡❧❡t

tr❛♥s❢♦r♠s✳

❇✳ ❆❞❞✐t✐✈❡ ✇❛✈❡❧❡t tr❛♥s❢♦r♠ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♦❜✲

s❡r✈❛t✐♦♥ ♠♦❞❡❧ ✲ ❙♣❛rs✐t② ❝❤❡❝❦✐♥❣

❙♣❛rs✐t② ♣❧❛②s ❛ ♠❛✐♥ r♦❧❡ ❢♦r s✐♠♣❧✐❢②✐♥❣ ✐♠❛❣❡ st♦r❛❣❡

❛♥❞ ♣r♦❝❡ss✐♥❣✳ ❋♦r ♣✐❡❝❡✇✐s❡ s♠♦♦t❤ s✐❣♥❛❧s✱ s♣❛rs✐t②

❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞✐☛❡r❡♥❝✐♥❣ ♦♣❡r❛t❡❞ ❜② ✇❛✈❡❧❡t ❢✉♥❝✲

t✐♦♥s ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐☛❡r❡♥❝❡s ❛r❡ ❝❛❧❧❡❞ ❞❡t❛✐❧s

✭s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥s ♦♣❡r❛t❡ ❛s ❛♣♣r♦①✐♠❛t✐♦♥ ❢✉♥❝t✐♦♥s✮✳

■♥ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❛♣♣❧✐❝❛t✐♦♥

❞♦♠❛✐♥ ♦❢ ❙②♥t❤❡t✐❝ ❆♣❡rt✉r❡ ❘❛❞❛r ✭❙❆❘✮ ✐♠❛❣✐♥❣✳

■♥ ❙❆❘ ✐♠❛❣✐♥❣ s②st❡♠s ✭❝❤❛r❛❝t❡r✐③❡❞ ❜② ♠✉❧t✐♣❧✐❝❛✲

t✐✈❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ❝♦❤❡r❡♥t ✇❛✈❡s ❛♥❞ ❣r♦✉♥❞ s✉r✲

❢❛❝❡✮✱ t❤❡ ❧✐t❡r❛t✉r❡ ✉s❡❞ t♦ ❛❞♠✐t t❤❛t t❤❡ ❛❝q✉✐r❡❞ ❙❆❘

✐♠❛❣❡s ❛r❡ ♥♦t ✈❡r② s♣❛rs❡ ✐♥ t❤❡ ✇❛✈❡❧❡t ❞♦♠❛✐♥ ✳ ■♥ t❤✐s

r❡s♣❡❝t✱ ❛❞❛♣t✐✈❡ ❧✐❢t✐♥❣ ✇❛✈❡❧❡ts ❬✶✻❪ ♦r r❡❞✉♥❞❛♥t ✇❛✈❡❧❡t

❢r❛♠❡s ❬✶✼❪ ❛r❡ ♠♦r❡ ♦❢t❡♥ ✉s❡❞ ❢♦r ❛♥❛❧②s✐s ♣✉r♣♦s❡ ✐♥

♦r❞❡r t♦ ❡♥❝♦♠♣❛ss t❤✐s ❧❛❝❦s ♦❢ str♦♥❣ s♣❛rs✐t②✳

❋✐❣✉r❡ ✶ ♣r❡s❡♥ts ❛ ♣♦❧❛r✐♠❡tr✐❝ ❙②♥t❤❡t✐❝ ❆♣❡rt✉r❡

❘❛❞❛r ✭❙❆❘✮ ✐♠❛❣❡ ❛❝q✉✐r❡❞ ❜② t❤❡ ❉▲❘ ❋✲❙❆❘ s❡♥s♦r

♦✈❡r t❤❡ s✐t❡ ♦❢ ❑❛✉❢❜❡✉r❡♥✱ ●❡r♠❛♥②✳ ❚❤❡ ❛❝q✉✐s✐t✐♦♥ ✐s

♣❡r❢♦r♠❡❞ ❜② ✉s✐♥❣ ❝♦❤❡r❡♥t ❛♥❞ ♣♦❧❛r✐③❡❞ ✇❛✈❡s✿ ❍♦r✲

✐③♦♥t❛❧ ✭❍✮✴❱❡rt✐❝❛❧✭❱✮ ❢♦r ✇❛✈❡ ❡♠✐ss✐♦♥ ❛♥❞ ❍♦r✐③♦♥✲

t❛❧✴❱❡rt✐❝❛❧ ❢♦r ✇❛✈❡ r❡❝❡♣t✐♦♥✳ ❚❤♦s❡ ♣♦❧❛r✐♠❡tr✐❝ ❞❛t❛

❛r❡ ✉s✉❛❧❧② r❡♣r❡s❡♥t❡❞ ❛s ❛ ♠❛tr✐① ♦❢ ❝♦♠♣❧❡① ♥✉♠❜❡rs

❝♦♠♣♦s❡❞ ❜② t❤❡ ✹ ❝❤❛♥♥❡❧s ❍❍✱ ❍❱✱ ❱❍ ❛♥❞ ❱❱ ❛♥❞ ✇❡

❤❛✈❡ ❢♦❝✉s❡❞ ♦♥ t❤❡ ♠❛❣♥✐t✉❞❡s ♦❢ t❤♦s❡ ❝♦♠♣❧❡① ❞❛t❛ ❢♦r

✐♠❛❣❡ ❞✐s♣❧❛②✳ ❚❤✐s ❞✐s♣❧❛②✱ s❡❡ ❋✐❣✉r❡ ✶✱ ✐s ❛ ❝♦❧♦r ❝♦♠✲

♣♦s✐t✐♦♥ ✇❤❡r❡ ❝❤❛♥♥❡❧s ❍❍✱ ❍❱ ❛♥❞ ❱❱ ❛r❡ ❛ss♦❝✐❛t❡❞

✇✐t❤ ❝♦❧♦rs ❜❧✉❡✱ ❣r❡❡♥ ❛♥❞ r❡❞ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ✐♠❛❣❡

✐❧❧✉str❛t❡s ♠✉❧t✐♣❧✐❝❛t✐✈❡ s❝❛tt❡r✐♥❣ ♣❤❡♥♦♠❡♥♦♥s ✐♥ t❤❡

❞✐☛❡r❡♥t ♣♦❧❛r✐♠❡tr② ❝❤❛♥♥❡❧s✳

❋✐❣✉r❡ ✷ ♣r♦✈✐❞❡ st❛♥❞❛r❞ ✭❛❞❞✐t✐✈❡✮ ❞❡t❛✐❧ ✇❛✈❡❧❡t

❝♦❡✍❝✐❡♥ts ♦❢ ♣♦❧❛r✐♠❡tr✐❝ ❞❛t❛ ✉s❡❞ t♦ ❣❡♥❡r❛t❡ t❤❡ ✐♠❛❣❡

♦❢ ❋✐❣✉r❡ ✶✳ ❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✉s❡❞ ✐s s❡♣❛r❛❜❧❡ ✇✐t❤

r❡s♣❡❝t t♦ t❤❡ ❞✐☛❡r❡♥t ♣♦❧❛r✐♠❡tr② ❝❤❛♥♥❡❧s ❛♥❞ t❤❡ ❍❛❛r

✇❛✈❡❧❡t ❤❛s ❜❡❡♥ ✉s❡❞ ❢♦r t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥✳

■♥ t❤♦s❡ ❞❡t❛✐❧ ❝♦❡✍❝✐❡♥ts ✭s❡❡ ❋✐❣✉r❡ ✷✮ ✐ss✉❡❞ ❢r♦♠

❛❞❞✐t✐✈❡ ✇❛✈❡❧❡ts ♦♥ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♦❜s❡r✈❛t✐♦♥ ♠♦❞❡❧✱

✇❡ ♦❜s❡r✈❡❞ ♠❛♥② str✉❝t✉r❡s ♦❢ t❤❡ s❝❡♥❡ ✉♥❞❡r ❝♦♥s✐❞✲

❡r❛t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♦❜s❡r✈❡ ❡✈❡♥ r❡❣✉❧❛r str✉❝t✉r❡s✱

✇❤✐❝❤✱ ♦❜✈✐♦✉s❧② ♠✐❣❤t ♥♦t ❜❡ ♣r❡s❡♥t ✐♥ ❞❡t❛✐❧ ✇❛✈❡❧❡t



✸

❝♦❡✍❝✐❡♥ts✿ r❡❣✉❧❛r str✉❝t✉r❡s ❛r❡ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ s❝❛❧✲

✐♥❣ ❢✉♥❝t✐♦♥ ❛♥❞ ❞❡t❛✐❧s ♠✉st ♥♦t ❝♦♥t❛✐♥ r✐❝❤ str✉❝t✉r❛❧

✐♥❢♦r♠❛t✐♦♥ ✐♥ ❝❛s❡ ♦❢ str♦♥❣ s♣❛rs✐t②✳

❆♣♣r♦①✐♠❛t✐♦♥ ❝♦❡✍❝✐❡♥ts ❛r❡ ♥♦t ♣r♦✈✐❞❡❞✿ t❤❡② ❧♦♦❦

✈❡r② s✐♠✐❧❛r ❢♦r ❛❞❞✐t✐✈❡ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✇❛✈❡❧❡t ✐♠♣❧❡✲

♠❡♥t❛t✐♦♥s✱ t❤❡ ❢❡✇ ❞✐☛❡r❡♥❝❡s ♦❢ ♣❡r❝❡♣t✐♦♥ ❛r❡ ❧✐♥❦❡❞

t♦ ❡❞❣❡s ❛♥❞ ❝♦♥t♦✉rs✿ s✉❝❤ tr❛♥s✐t✐♦♥ ✐♥✈♦❧✈❡ ❛ ✇✐❞❡

r❛♥❣❡ ♦❢ r❡❛❧ ♥✉♠❜❡rs ✭tr❛♥s✐t✐♦♥ ♠♦❞❡❧✮ ❛♥❞ ✐♥ t❤✐s ❝❛s❡✱

t❤❡ ❣❡♦♠❡tr✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❦♥♦✇♥ t♦ ❤❛✈❡ ❛ ❤✐❣❤❡r

❝♦♠♣❛❝✐t② ♣r♦♣❡rt② t❤❛♥ t❤❡ ❛r✐t❤♠❡t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ✭❛

s♠❛❧❧ r❛♥❣❡ ✐♥ t❤❡ ❣❡♦♠❡tr✐❝ ♠❡❛♥ ❝♦rr❡s♣♦♥❞s t♦ ❛ ✇✐❞❡r

r❛♥❣❡ ✐♥ t❤❡ ❛r✐t❤♠❡t✐❝ ♠❡❛♥✮✳

◆♦t❡ t❤❛t s♣❛rs✐t② ✐s ❛ ♣r♦♣❡rt② ❛♣♣❧②✐♥❣ ♦♥ f✳ ❍♦✇❡✈❡r✱

✐♥ ❛ ♥♦✐s② ❡♥✈✐r♦♥♠❡♥t✱ t❤❡ ✉s❡❢✉❧ s♣❛rs✐t② ✐s str♦♥❣❧②

❧✐♥❦❡❞ t♦ t❤❡ ♥♦✐s❡ ♣r♦♣❡rt✐❡s s✐♥❝❡ ♥♦✐s❡ ❛☛❡❝ts t❤❡ ♥♦♥✲

③❡r♦ ❝♦❡✍❝✐❡♥ts ❛♥❞ t❤✉s✱ ❛☛❡❝ts t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ❛♣♣r♦①✲

✐♠❛t✐♦♥ t❤❛t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤♦s❡ ♥♦♥✲

③❡r♦ ❝♦❡✍❝✐❡♥ts✳ ■♥ t❤✐s r❡s♣❡❝t✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❞r❡ss❡s

t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ✇❛✈❡❧❡t ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ♥♦✐s❡ ✐♥✈♦❧✈❡❞

✐♥ (♣)✳

❈✳ ❙t♦❝❤❛st✐❝✐t② ❛♥❞ t❤❡ ❛❞❞✐t✐✈❡ ✇❛✈❡❧❡t ❞❡❝♦♠♣♦s✐✲

t✐♦♥

■♥ ♠♦❞❡❧ (♣)✱ t❤❡ ❛❞❞✐t✐✈❡ ♥♦✐s❡ ❝♦♥tr✐❜✉t✐♦♥ ✐s ❛ss♦❝✐✲

❛t❡❞ ✇✐t❤ ❛ r❛♥❞♦♠ s❡q✉❡♥❝❡ ❤❛✈✐♥❣ t❤❡ ❢♦r♠

Y[k] = f[k](X[k] − 1). ✭✽✮

❙✐♥❝❡ ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t (X[k])k∈Z ❛r❡ st❛t✐♦♥❛r② ✇✐t❤

EX[k] = µ0 ❛♥❞ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ❘X[k, ℓ] =

E [X[k]X[ℓ]] , ❘X[k− ℓ], t❤❡♥✿

• ❚❤❡ ♠❡❛♥ ♦❢ Y[k] ✐s

EY[k] = f[k](µ0 − 1). ✭✾✮

• ❚❤❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ Y✱ ❘Y[k, ℓ] =

E [Y[k]Y[ℓ]] s❛t✐s☞❡s✱ ❜② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❊q✳ ✭✽✮✿

❘Y[k, ℓ] = f[k]f[ℓ] (❘X[k− ℓ] − 1) . ✭✶✵✮

❘❡♠❛r❦ ✶✿ ❊qs✳ ✭✾✮ ❛♥❞ ✭✶✵✮ ❛❜♦✈❡ ❤✐❣❤❧✐❣❤ts t❤❛t t❤❡

❛❞❞✐t✐✈❡ s✐❣♥❛❧✲❞❡♣❡♥❞❡♥t ♥♦✐s❡ Y ✐s ♥♦♥✲st❛t✐♦♥❛r② ✐♥

❣❡♥❡r❛❧✱ ❡①❝❡♣t❡❞ s♦♠❡ ❢❡✇ ❝❛s❡s✱ ❢♦r ✐♥st❛♥❝❡ ✇❤❡♥ f ✐s

❝♦♥st❛♥t✳

▲❡t ✉s ♥♦✇ ❛♥❛❧②③❡ t❤❡ ✇❛✈❡❧❡t ❝♦❡✍❝✐❡♥ts ♦❢ Y✳ ❉❡♥♦t❡

❜② C+
j,n t❤❡ ❝♦❡✍❝✐❡♥ts ♦❢ Y ♦♥ s✉❜❜❛♥❞ Wj,n✳ ❲❡ ❤❛✈❡

C+
j,n[k] =

∑

ℓ∈Z

hj,n[ℓ]f[ℓ− 2jk](X[ℓ− 2jk] − 1). ✭✶✶✮

■t ❢♦❧❧♦✇s t❤❛t

EC+
j,n[k] = (µ0 − 1)

∑

ℓ∈Z

hj,n[ℓ]f[ℓ− 2jk] ✭✶✷✮

❛♥❞ t❤❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ❘+
j,n[k, ℓ] =

EC+
j,n[k]C

+
j,n[ℓ] ♦❢ C

+
j,n ✐s

❘+
j,n[k, ℓ] =

∑

p∈Z

∑

q∈Z

hj,n[p]hj,n[q]×

f[p− 2jk]f[q− 2jℓ]×
(
❘X[p− q− 2j(k− ℓ)] − 1

)
✭✶✸✮

❋r♦♠ ❊qs✳ ✭✶✷✮ ❛♥❞ ✭✶✸✮✱ ✇❡ ❞❡r✐✈❡ t❤❛t C+
j,n ♥♦♥✲

st❛t✐♦♥❛r② ✐♥ ❣❡♥❡r❛❧✱ ❢♦r ✐♥st❛♥❝❡ ✇❤❡♥ µ0 6= 1✳ ❲❤❡♥

µ0 = 1✱ ♥♦♥✲st❛t✐♦♥❛r✐t② ✐s ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ t❡r♠

f[p− 2jk]f[q− 2jℓ] ✐♥ ❊q✳ ✭✶✸✮✳

❘❡♠❛r❦ ✷ ✭◆♦♥✲st❛t✐♦♥❛r✐t② ♦❢ C+
j,n ❢♦r ❡①♣♦♥❡♥t✐❛❧

t②♣❡ ❢✉♥❝t✐♦♥ f✮✿ ❆ss✉♠❡ t❤❛t µ0 = 1 ❛♥❞ ❢✉♥❝t✐♦♥ f

s❛t✐s☞❡s f[k]f[ℓ] = f[k + ℓ] ✭❡①♣♦♥❡♥t✐❛❧ t②♣❡ ❢✉♥❝t✐♦♥s✮✱

✇❤❡r❡ f ❞♦❡s ♥♦t r❡❞✉❝❡ t♦ t❤❡ ❝♦♥st❛♥t ✶✳ ■♥ t❤✐s ❝❛s❡✱

✇❡ ❞❡r✐✈❡

❘+
j,n[k, ℓ] =

f[−2j(k+ ℓ)]

2π
×

∫π

−π

γX0(ω) |Gj,n(ω)|
2
ei2

j(k−ℓ)ω ❞ω ✭✶✹✮

✇❤❡r❡ Gj,n = F ∗ Hj,n ❛♥❞ F ✐s t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢

f✳ ❚❤❡ ♥♦♥✲st❛t✐♦♥❛r✐t② ♦❢ C+
j,n ✐s t❤❡♥ ❞✉❡ t♦ t❤❡ t❡r♠

f[−2j(k+ ℓ)] ✐♥ ❊q✳ ✭✶✹✮ ❛❜♦✈❡✳

▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❡✈❡♥ ✇❤❡♥ ❛ss✉♠✐♥❣ t❤❛t µ0 = 1✱ ✐t

✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t ♠♦st st❛♥❞❛r❞ ❢✉♥❝t✐♦♥s f ❧❡❛❞ t♦

♥♦♥✲st❛t✐♦♥❛r✐t② ♦❢ C+
j,n✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❧✐♥❡❛r ❢✉♥❝t✐♦♥s ♦❢

t②♣❡ f[k] = f0 × k ✭❢♦r ❝❡rt❛✐♥ k ✐♥ ❛ ☞♥✐t❡ s❡t✮ ❤❛✈❡ ❛

t❡r♠ ✐♥ kℓ ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ s✐♠♣❧✐☞❡❞ ✐♥ ❘+
j,n[k, ℓ]✳ ❍✐❣❤

♦r❞❡r ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥s ❤❛✈❡ ❜✐✈❛r✐❛t❡ ♠♦♥♦♠✐❛❧ t❡r♠s

✐♥✈♦❧✈✐♥❣ kλℓη ✐♥ ❘+
j,n[k, ℓ]✳ ❋✉♥❝t✐♦♥s ♦❢ t②♣❡ s✐♥, ❝♦s

s❛t✐s❢② f[k]f[ℓ] = g1[k + ℓ] + g2[k − ℓ] ❛♥❞ ✐♥ t❤✐s ❝❛s❡✱

t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ g1 ✐♠♣❧✐❡s ♥♦♥✲st❛t✐♦♥❛r✐t② ❛s ✐♥ t❤❡

❡①♣♦♥❡♥t✐❛❧ ❝❛s❡ ❣✐✈❡♥ ❛❜♦✈❡✱ ❡t❝✳ ❋♦r ❛ ♣r❛❝t✐❝❛❧ ✈✐❡✇✲

♣♦✐♥t✱ t❤✐s ♥♦♥✲st❛t✐♦♥❛r② ✐s s✐♠♣❧② ❡♠♣❤❛s✐③❡❞ ❜② ❋✐❣✉r❡

✷✿ ✐♥ t❤❡ ❛r❡❛s ✇❤❡r❡ f ✐s ♥♦t ❝♦♥st❛♥t✱ ♠❛♥② f✲str✉❝t✉r❡s

✭❜✉✐❧❞✐♥❣s✮✴f✲t❡①t✉r❡ ✭❢♦r❡st✮ ❛r❡ ♣r❡s❡♥t ✐♥ ❞❡t❛✐❧ ✇❛✈❡❧❡t

❝♦❡✍❝✐❡♥ts✳

❆♥ ❛♣♣❡❛❧✐♥❣ ❝❛s❡ ♦❢ st❛t✐♦♥❛r✐t② s❡q✉❡♥❝❡ C+
j,n ❝♦rr❡✲

s♣♦♥❞s t♦ ❛ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ f ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ r❛♥❞♦♠

s❡q✉❡♥❝❡ X ✇✐t❤ ✉♥✐t ♠❡❛♥✿

❘❡♠❛r❦ ✸ ✭❙t❛t✐♦♥❛r✐t②✮✿ ❲❤❡♥ µ0 = 1 ❛♥❞ f ✐s ❛

❝♦♥st❛♥t ❢✉♥❝t✐♦♥✿ f[k] = f0✱ t❤❡♥ EC+
j,n[k] = 0 ❛♥❞

❢✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡r✐✈❡ ❘+
j,n[k, ℓ] = ❘+

j,n[k − ℓ] = ❘+
j,n[m]

✇✐t❤✿

❘+
j,n[m] =

f20
2π

∫π

−π

γX0(ω) |Hj,n(ω)|
2
ei2

jmω ❞ω ✭✶✺✮

✇❤❡r❡ γX0 ❞❡♥♦t❡s t❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡ r❛♥❞♦♠ s❡q✉❡♥❝❡

X0 = X− 1✳

γX0(ω) =
∑

m∈Z

(❘X[m] − 1) e−imω.



✹

❚❤✐s ❝❛s❡ ♦❢ ❛ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ f ♦❜s❡r✈❡❞ ✐♥ ❛ ♠✉❧t✐✲

♣❧✐❝❛t✐✈❡ ♥♦✐s❡ r❡♣r❡s❡♥ts ❤♦♠♦❣❡♥❡♦✉s ❛r❡❛ ♦❜s❡r✈❛t✐♦♥ ✐♥

♣r❛❝t✐❝❛❧ ❙❆❘ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤✐s ❝❛s❡ ✐s t❤❡ s♦❧❡ ❢❛✈♦r❛❜❧❡

s❝❡♥❛r✐♦ ❢♦r st❛♥❞❛r❞ ❛❞❞✐t✐✈❡ ✇❛✈❡❧❡ts ✇❤❡♥ t❤❡ ❝❤❛❧❧❡♥❣❡

✐s s✐♠♣❧✐❢②✐♥❣ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♠♦❞❡❧ fX✳

❉✉❡ t♦ t❤❡ ♥♦♥✲st❛t✐♦♥❛r✐t② ♦❢ C+
j,n ✐♥ ❣❡♥❡r❛❧ ✭❡①❝❡♣t❡❞

❢❡✇ ❝❛s❡s s✉❝❤ ❛s t❤❛t ♦❢ ❘❡♠❛r❦ ✸✮✱ ♠♦❞❡❧✐♥❣ ♦r ❡st✐♠❛t✲

✐♥❣ ❛❞❞✐t✐✈❡ ✇❛✈❡❧❡t ❝♦❡✍❝✐❡♥ts ♦❢ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♠♦❞❡❧

✐s ♥♦t ❛♥ ❡❛s② t❛s❦✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❤✐❣❤❧✐❣❤ts t❤❛t ♠✉❧t✐✲

♣❧✐❝❛t✐✈❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ ✇❛✈❡❧❡ts ✐s ♠♦r❡ ❝♦♥✈❡♥✐❡♥t

❢♦r t❤❡ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ♠♦❞❡❧ fX✳

■■■✳ ❊♠❜❡❞❞✐♥❣ ✇❛✈❡❧❡ts ✐♥ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡

❛❧❣❡❜r❛

❆✳ ●❡♦♠❡tr✐❝ ❝♦♥✈♦❧✉t✐♦♥

❚❤❡ ❜✐♥❛r② ♦♣❡r❛t✐♦♥ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s

t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✭× s②♠❜♦❧✮ ♦✈❡r ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs

R
+ ✭❭✵✧ ❤❛s ♥♦ s✐❣♥ ❛♥❞ ✐s ♥♦t ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♣♦s✐t✐✈❡

♥✉♠❜❡r✮✳

❈♦♥s✐❞❡r ❛ ❞❛t❛ s❡q✉❡♥❝❡ x = (x[ℓ])ℓ∈Z✱ ✇✐t❤ x[ℓ] ∈ R
+

❢♦r ❡✈❡r② ℓ ∈ Z✳ ❙✐♥❝❡ t❤✐s s❡q✉❡♥❝❡ r❡♣r❡s❡♥ts ❛ ♠✉❧t✐✲

♣❧✐❝❛t✐✈❡ ♣❤❡♥♦♠❡♥❛✱ t❤❡♥

• ❭③❡r♦✧ ♦r ❭♥♦t❤✐♥❣✧ ♦r ❭♥♦ ❝❤❛♥❣❡✧ ❝♦rr❡s♣♦♥❞s t♦

t❤❡ ✐❞❡♥t✐t② ❡❧❡♠❡♥t ❭✶✧

• ❛ ❭s♠❛❧❧✧ ✈❛❧✉❡ ✐s ❛ ✈❛❧✉❡ ❝❧♦s❡ t♦ ✶ ✭10−3 ❛♥❞

103 ❤❛✈❡ t❤❡ s❛♠❡ s✐❣♥✐☞❝❛♥❝❡ ✐♥ t❡r♠s ♦❢ ❛❜s♦❧✉t❡

♣r♦♣♦rt✐♦♥✱

• ❛ ♠✐ss✐♥❣ ✈❛❧✉❡ ♠✉st ❜❡ r❡♣❧❛❝❡❞ ❜② ✶✱

• s❤r✐♥❦❛❣❡ ❞❡s✐❣♥❛t❡ ❢♦r❝✐♥❣ t♦ ✶✱ t❤❡ ❝♦❡✍❝✐❡♥ts t❤❛t

❛r❡ ❝❧♦s❡ t♦ ✶✳

❚❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❛❧❣❡❜r❛ ✐♠♣❧✐❡s ❞❡☞♥✐♥❣ t❤❡ s✉♣♣♦rt

♦❢ t❤❡ s❡q✉❡♥❝❡ x ❛s t❤❡ s✉❜✲s❡q✉❡♥❝❡ ❝♦♠♣♦s❡❞ ✇✐t❤

❡❧❡♠❡♥ts t❤❛t ❛r❡ ❞✐☛❡r❡♥t ❢r♦♠ ✶✳ ❲❡ ✇✐❧❧ t❤✉s ✉s❡

t❤❡ st❛♥❞❛r❞ t❡r♠✐♥♦❧♦❣✐❡s ♦❢ ☞♥✐t❡✴✐♥☞♥✐t❡ s✉♣♣♦rts ✇✐t❤

r❡s♣❡❝t t♦ t❤❡ ❛❜♦✈❡ r❡♠❛r❦✳ ❲❤❡♥ s✉❝❤ ❛ s❡q✉❡♥❝❡ x ✐s

✐♥☞♥✐t❡✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t ❧♦❣(x) = ((❧♦❣x[k])k∈Z) ∈
ℓ2(Z)✳

❲❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❛ s❝❛❧❛r s❡q✉❡♥❝❡ ✭✐♠♣✉❧s❡ r❡s♣♦♥s❡

♦❢ ❛ ☞❧t❡r ❢♦r ✐♥st❛♥❝❡✮ h = (h[ℓ])ℓ∈Z ✇❤❡r❡ h[ℓ] ∈ R ❢♦r

❡✈❡r② ℓ ∈ Z✱ t❤❡♥ ✇❡ ✇✐❧❧ ❦❡❡♣ t❤❡ st❛♥❞❛r❞ t❡r♠✐♥♦❧♦❣②

r❡❧❛t❡❞ t♦ s✉♣♣♦rt ❞❡☞♥✐t✐♦♥ ❢r♦♠ ♥♦♥✲③❡r♦ ❡❧❡♠❡♥ts ✭♥♦♥✲

♥✉❧❧ r❡❛❧ ♥✉♠❜❡rs✮✳

❚❤❡ ❣❡♦♠❡tr✐❝ ❝♦♥✈♦❧✉t✐♦♥ ❞❡☞♥❡❞ ❜❡❧♦✇ ✐s ❜❛s❡❞ ♦♥

t❤✐s ❜✐♥❛r② ♦♣❡r❛t✐♦♥ ✭♥♦t❛t✐♦♥ x× y , xy ❢♦r x, y ∈ R
+✮

❛♥❞ r❡❛❧ s❝❛❧❛r ♣♦✇❡r ♦♣❡r❛t✐♦♥s ✭♥♦t❛t✐♦♥ a∧ x , xa ❢♦r

x ∈ R
+ ❛♥❞ a ∈ R✮✳

❉❡☞♥✐t✐♦♥ ✶ ✭●❡♦♠❡tr✐❝ ❝♦♥✈♦❧✉t✐♦♥✮✿ ▲❡t h =

(h[ℓ])ℓ∈Z ❞❡♥♦t❡s t❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ ♦❢ ❛ ❞✐❣✐t❛❧ ☞❧t❡r✳

❲❡ ❞❡☞♥❡ t❤❡ ❣❡♦♠❡tr✐❝ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ x ❛♥❞ h ♦♥ t❤❡

✈❡❝t♦r✐❛❧ s♣❛❝❡ (R+,×,∧) ❛s✿

y[k] = x> h[k] ,
∏

ℓ∈Z

(x[ℓ])
h[k−ℓ]

=
∏

ℓ∈Z

(x[k− ℓ])
h[ℓ]

, h> x[k], ✭✶✻✮

❖♥❡ ❝❛♥ r❡♠❛r❦ t❤❛t✱ ✐♥ ❝♦♥tr❛st ✇✐t❤ t❤❡ st❛♥❞❛r❞ ❝♦♥✲

✈♦❧✉t✐♦♥ ♦♣❡r❛t✐♦♥ ♦♥ t❤❡ s❡q✉❡♥❝❡s ♦❢ t❤❡ ☞❡❧❞ (R,+,×)✱

s❡q✉❡♥❝❡ h ♣❧❛②s ❛ ♥♦♥✲❝♦♠♠✉t❛t✐✈❡ s❝❛❧❛r r♦❧❡ ✇✐t❤

r❡s♣❡❝t t♦ x s✐♥❝❡ t❤❡ ❡①t❡r♥❛❧ ♦♣❡r❛t✐♦♥ ❵♣♦✇❡r✬ ✉s❡❞ ✐♥

❊q✳ ✭✶✻✮ ✐s ♥♦t ❝♦♠♠✉t❛t✐✈❡✳ ❚❤✐s ❥✉st✐☞❡s t❤❡ s❡❝♦♥❞ , ✐♥

❊q✳ ✭✶✻✮✿ t❤❡ ❡q✉❛❧✐t② x>h = h>x ❛♣♣❧✐❡s ✐♥❞❡①✲✇✐s❡ ♦♥

t❤❡ ❣❡♦♠❡tr✐❝ ❝♦♥✈♦❧✉t✐♦♥✱ ❣✐✈❡♥ t❤❛t t❤❡ s❝❛❧❛r s❡q✉❡♥❝❡

h ♦♣❡r❛t❡s t♦ t❤❡ ♣♦✇❡r ♦❢ ❡❧❡♠❡♥ts ♦❢ x✱ ❜② ❞❡☞♥✐t✐♦♥✳

■❢ h ∈ ℓ2(Z)✱ t❤❡♥ x>h[k] ❡①✐sts ❛♥❞ ✐s ☞♥✐t❡ ❢♦r ❛❧♠♦st

❡✈❡r k s✐♥❝❡ ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t ❧♦❣(x) ∈ ℓ2(Z)✳

❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ☞❧t❡r h ✉s❡❞✱ ❊q✳ ✭✶✻✮ ♠❛❦❡s ♣♦ss✐❜❧❡

t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❣❡♦♠❡tr✐❝ ❛♣♣r♦①✐♠❛t✐♦♥s ❛♥❞ ❞✐☛❡r✲

❡♥❝❡s ♦❢ t❤❡ ✐♥♣✉t ❞❛t❛ x✳ ❚❤❡ st❛♥❞❛r❞ ❣❡♦♠❡tr✐❝ ❛♣✲

♣r♦①✐♠❛t✐♦♥ ✭❝❛❧❧❡❞ ❣❡♦♠❡tr✐❝ ♠❡❛♥✮ ♦❢ ❛ ☞♥✐t❡ s❡q✉❡♥❝❡

{x1, x2, . . . , xN} ✐s ❣✐✈❡♥ ❜②✿

y = N
√
x1x2 · · · xN =

N∏

ℓ=1

x
1/N
ℓ . ✭✶✼✮

❚❤❡ ❣❡♦♠❡tr✐❝ ♠❡❛♥ ❣✐✈❡♥ ❜② ❊q✳ ✭✶✼✮ ❛❜♦✈❡ ✐s ❛ss♦❝✐❛t❡❞

✇✐t❤ ❛♥ N✲❧❡♥❣t❤ ❍❛❛r✲❧✐❦❡ s❝❛❧✐♥❣ ☞❧t❡r

h0[k] = ν ❢♦r k = 1, 2, . . . ,N. ✭✶✽✮

❋✐❧t❡r h0 ✭❧♦✇ ♣❛ss ☞❧t❡r✮ ♣❡r❢♦r♠s ❣❡♦♠❡tr✐❝ ❛♣♣r♦①✐♠❛✲

t✐♦♥s ❛♥❞ ❝❛♥ ❜❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❍❛❛r✲❧✐❦❡ ✇❛✈❡❧❡t ☞❧t❡r

h1[k] = (−1)k−1ν ❢♦r ❡✈❡r② k = 1, 2, . . . ,N. ✭✶✾✮

✇❤✐❝❤ ♣❡r❢♦r♠s ❣❡♦♠❡tr✐❝ ❞✐☛❡r❡♥❝✐♥❣ ✭❤✐❣❤ ♣❛ss ♦r ❞❡✲

t❛✐❧s✮✱ ✇❤❡r❡ ❝♦♥st❛♥t ν > 0 ✐s ☞①❡❞ s♦ ❛s t♦ ✐♠♣♦s❡ ♣❛✲

r❛✉♥✐t❛r✐t② ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛✐r ♦❢ ☞❧t❡rs ✭ν =
√
2/2

❢♦r st❛♥❞❛r❞ ❍❛❛r ☞❧t❡rs ✇❤❡♥ N = 2✮✳

❇✳ ●❡♦♠❡tr✐❝ ✇❛✈❡❧❡t ❞❡❝♦♠♣♦s✐t✐♦♥

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s❛♠❡ ♣❛r❛✉♥✐t❛r②

✇❛✈❡❧❡t ☞❧t❡rs (h0,h1) ∈ ℓ2(Z) × ℓ2(Z) ❛s ✐♥ ❙❡❝t✐♦♥ ■■✳

▲❡t

h[k] = h[−k].

❉❡☞♥❡ t❤❡ ✇❛✈❡❧❡t ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ x ✇✐t❤ r❡s♣❡❝t t♦

t❤❡ ❣❡♦♠❡tr✐❝ ❝♦♥✈♦❧✉t✐♦♥ ✭❣❡♦♠❡tr✐❝ ✇❛✈❡❧❡t ❞❡❝♦♠♣♦✲

s✐t✐♦♥✮ ❜②✿

c1,0[k] = x> h0[2k], ✭✷✵✮

c1,1[k] = x> h1[2k], ✭✷✶✮

❛♥❞✱ r❡❝✉rs✐✈❡❧②✱ ❢♦r ǫ ∈ {0, 1} ✭✇❛✈❡❧❡t ♣❛❝❦❡t s♣❧✐tt✐♥❣

❢♦r♠❛❧✐s♠ ❞❡s❝r✐❜❡❞ ✐♥ ❬✶✸❪✮✿

cj+1,2n+ǫ[k] = cj,n > hǫ[2k]. ✭✷✷✮



✺

■♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❣✐✈❡♥ ❜② ❊q✳ ✭✷✷✮ ❛❜♦✈❡✱ s❡q✉❡♥❝❡

cj+1,2n+ǫ r❡♣r❡s❡♥ts

• ❣❡♦♠❡tr✐❝ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ cj,n ✇❤❡♥ ǫ = 0

• ❣❡♦♠❡tr✐❝ ❞✐☛❡r❡♥❝❡s ✭❞❡t❛✐❧s✮ ♦❢ cj,n ✇❤❡♥ ǫ = 1✳

❚❤❡ ❧❡✈❡❧ j = 0 ❝♦❡✍❝✐❡♥ts r❡♣r❡s❡♥t t❤❡ ✐♥♣✉t s❡q✉❡♥❝❡

x✳ ❚❤❡ ❛❜♦✈❡ ✇❛✈❡❧❡t ♣❛❝❦❡t s♣❧✐tt✐♥❣ ✐s ❛ss♦❝✐❛t❡❞ t♦ ❛

✇❛✈❡❧❡t ❞❡❝♦♠♣♦s✐t✐♦♥ ✇❤❡♥ t❤❡ s♣❧✐tt✐♥❣ ❝♦♥❝❡r♥s ♦♥❧②

(cj,0)j>1

Proposition ✶ ✭●❡♦♠❡tr✐❝ ✇❛✈❡❧❡t r❡❝♦♥str✉❝t✐♦♥✮✿

❲❡ ❤❛✈❡✿

cj,n[k] = (✔cj+1,2n > h0[k])× (✔cj+1,2n+1 > h1[k]) . ✭✷✸✮

✇❤❡r❡

✔u[2k+ ǫ] =

{
u[k] ✐❢ ǫ = 0,

1 ✐❢ ǫ = 1.
✭✷✹✮

Pr♦♦❢✿ ❚❤❡ ♣r♦♦❢ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❡①✲

♣❛♥s✐♦♥ ♦❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ❊q✳ ✭✷✸✮✱ ❜② t❛❦✐♥❣ ✐♥t♦

❛❝❝♦✉♥t ❊q✳ ✭✷✷✮ ❛♥❞ t❤❡ ♣❛r❛✉♥✐t❛r② ❝♦♥❞✐t✐♦♥ ♦❢ ❊q✳ ✭✸✮✱

t❤❡ ❧❛tt❡r ✐♠♣♦s✐♥❣
∑

ℓ∈Z
hǫ[ℓ]hǫ[ℓ− 2k] = δ[k]✳

Pr♦♣♦s✐t✐♦♥ ✶ r❡♣r❡s❡♥ts t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❧❡✈❡❧✲

j✲✇❛✈❡❧❡t✲❝♦❡✍❝✐❡♥ts ❢r♦♠ t❤❡ ❝♦❡✍❝✐❡♥ts ❧♦❝❛t❡❞ ❛t ❧❡✈❡❧

j + 1✳ ❆s ✐♥ t❤❡ st❛♥❞❛r❞ ❛❞❞✐t✐✈❡ ❢♦r♠✉❧❛t✐♦♥ ❣✐✈❡♥

✐♥ ❙❡❝t✐♦♥ ■■ ✭s❡❡ ❊q✳ ✭✺✮✮✱ ❞✐☛❡r❡♥t ✇❛✈❡❧❡t ❞❡❝♦♠♣♦✲

s✐t✐♦♥ s❝❤❡♠❡s ✭♦rt❤♦❣♦♥❛❧ ✇❛✈❡❧❡ts✱ st❛t✐♦♥❛r② ✇❛✈❡❧❡ts✱

❛❞❛♣t❡❞ ✇❛✈❡❧❡t ♣❛❝❦❡ts✱ ❡t❝✳✮ ❛♥❞ ♣❡r❢❡❝t r❡❝♦♥str✉❝t✐♦♥s

❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❊qs✳ ✭✷✷✮ ❛♥❞ ✭✷✸✮ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r

✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ ❣❡♦♠❡tr✐❝ tr❛♥s❢♦r♠s ❢r♦♠ t❤❡ st❛♥❞❛r❞

♦♥❡s✱ ✐t s✉✍❝❡s t♦

• r❡♣❧❛❝❡ t❤❡ st❛♥❞❛r❞ ❝♦♥✈♦❧✉t✐♦♥ ❜② t❤❡ ❣❡♦♠❡tr✐❝

❝♦♥✈♦❧✉t✐♦♥ ❣✐✈❡♥ ✐♥ ❉❡☞♥✐t✐♦♥ ✶ ❛♥❞

• ♥♦t✐❝❡ t❤❛t ❞❡❝✐♠❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ r❡♣❧❛❝✐♥❣ ♦♥❡

❝♦❡✍❝✐❡♥ts ♦✈❡r t✇♦ ❜② t❤❡ ♥✉♠❜❡r ✶✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ❛❞❞r❡ss t❤❡ st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s

♦❢ t❤❡ ❝♦❡✍❝✐❡♥ts ✐ss✉❡❞ ❢r♦♠ ❊q✳ ✭✷✷✮✳

❈✳ ▼✉❧t✐♣❧✐❝❛t✐✈❡ ✇❛✈❡❧❡t tr❛♥s❢♦r♠ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐✈❡

♦❜s❡r✈❛t✐♦♥ ♠♦❞❡❧ ✲ ❙♣❛rs✐t② ❝❤❡❝❦✐♥❣

❙❡❝t✐♦♥ ■■✲❇ ❤❛s ❡♠♣❤❛s✐③❡❞ t❤❡ ❧❛❝❦ ♦❢ s♣❛rs✐t② ♦❢ t❤❡

❛❞❞✐t✐✈❡ ✇❛✈❡❧❡t ❞❡t❛✐❧s ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡

♦❜s❡r✈❛t✐♦♥ ♠♦❞❡❧ ✭s❡❡ ❋✐❣✉r❡ ✷ ❢♦r ✐♥st❛♥❝❡✮✳ ■♥ ♦r❞❡r t♦

s❡❡❦ s♣❛rs❡ ❞❡t❛✐❧ r❡♣r❡s❡♥t❛t✐♦♥s ❢♦r t❤✐s ♠♦❞❡❧✱ ❝❤❛♥❣✐♥❣

✇❛✈❡❧❡t ❢✉♥❝t✐♦♥s ❜② ❝♦♥s✐❞❡r✐♥❣ ❛♥♦t❤❡r ❝❧❛ss ♦❢ ❜❛s✐s

❢✉♥❝t✐♦♥s ✐s ♥♦t t❤❡ ✐ss✉❡ t♦ ❛❞❞r❡ss✿ ✇❡ ❥✉st ♥❡❡❞ t♦

❛♣♣❧② ❛ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t✐♦♥ ❛❞❛♣t❡❞ t♦ ♦✉r s❛♠♣❧✐♥❣

♣r♦❝❡ss✳ ■♥❞❡❡❞✱ s✐♥❝❡ ❛ ❣✐✈❡♥ ♥❛t✉r❛❧ s❝❡♥❡ ✭s✉❝❤ ❛s t❤❛t

♦❢ ❋✐❣✉r❡ ✶✮ ❝❛♥ ❜❡ ❝♦❛rs❡❧② ❞❡s❝r✐❜❡❞ ❛s ❛ ♣✐❡❝❡✇✐s❡

s♠♦♦t❤ ❢✉♥❝t✐♦♥✱ t❤❡♥ ✇❛✈❡❧❡ts ❛r❡ ❡①♣❡❝t❡❞ t♦ ❝❛♣t✉r❡

t❤❡ ✐♥tr✐♥s✐❝ r❡❞✉♥❞❛♥❝② ♦❢ s✉❝❤ ❛ s❝❡♥❡ ✐♥ ❛ s♣❛rs❡ ✇❛②✱

✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ✐♥tr✐♥s✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❛❝q✉✐s✐t✐♦♥

❞❡✈✐❝❡✳

❋♦r t❤❡ ❙❆❘ ✐♠❛❣❡s✱ t❤✐s ♦♣❡r❛t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ❜② ❛

♠✉❧t✐♣❧✐❝❛t✐✈❡ t②♣❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ s✐❣♥❛❧ ❛♥❞ s♣❡❝❦❧❡

♥♦✐s❡✳ ■♥ t❤✐s r❡s♣❡❝t✱ ✇❛✈❡❧❡t ❜❛s❡❞ ❞❡❝♦♠♣♦s✐t✐♦♥s

s❤♦✉❧❞ ❛❧s♦ ❜❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢♦r s♣❛rs✐t② t♦ ❤♦❧❞s tr✉❡ ✐♥

✇❛✈❡❧❡t ❞❡t❛✐❧ ❞♦♠❛✐♥✳

❋✐❣✉r❡ ✸ ♣r♦✈✐❞❡ ❣❡♦♠❡tr✐❝ ✭♠✉❧t✐♣❧✐❝❛t✐✈❡✮ ❞❡t❛✐❧

✇❛✈❡❧❡t ❝♦❡✍❝✐❡♥ts ♦❢ ♣♦❧❛r✐♠❡tr✐❝ ❞❛t❛ ✉s❡❞ t♦ ❣❡♥❡r✲

❛t❡ t❤❡ ✐♠❛❣❡ ♦❢ ❋✐❣✉r❡ ✶✳ ❲❤❡♥ ❛♥❛❧②③✐♥❣ t❤❡s❡ ❞❡t❛✐❧

❝♦❡✍❝✐❡♥ts✱ ✇❡ ♦❜s❡r✈❡ ♦♥❧② ❛ ✈❡r② ❢❡✇ str✉❝t✉r❡s ♦❢

✐♥♣✉t s✐❣♥❛❧✳ ▼✉❧t✐♣❧✐❝❛t✐✈❡ ✇❛✈❡❧❡t ❞❡t❛✐❧s ❛r❡ t❤✉s ♠♦r❡

❝♦♥✈❡♥✐❡♥t ❢♦r s♣❛rs❡ ❜❛s❡❞ ❛♥❛❧②s✐s t❤❛♥ ❛❞❞✐t✐✈❡ ✇❛✈❡❧❡t

❝♦❡✍❝✐❡♥ts ❢♦r t❤✐s ♦❜s❡r✈❛t✐♦♥ ♠♦❞❡❧✳ ◆♦t❡ t❤❛t ❢♦r t❤❡

♠✉❧t✐♣❧✐❝❛t✐✈❡ ♠♦❞❡❧ (♠)✱ s♣❛rs✐t② ❞❡♥♦t❡s ❛ ❧❛r❣❡ ♥✉♠❜❡r

♦❢ ❵♦♥❡s✬ ❛♥❞ ❞❡t❛✐❧ ✇❛✈❡❧❡t ✐♠❛❣❡s ♦❢ ❋✐❣✉r❡ ✸ ❤❛✈❡ ❜❡❡♥

❞✐s♣❧❛②❡❞ ✐♥ ❛ ❧♦❣❛r✐t❤♠✐❝ s❝❛❧❡ s♦ ❛s t♦ ♠❛❦❡ ❝♦♠♣❛r✐s♦♥

✇✐t❤ ❋✐❣✉r❡ ✷ ♣♦ss✐❜❧❡✳

❉✳ ❙t♦❝❤❛st✐❝✐t② ❛♥❞ t❤❡ ❣❡♦♠❡tr✐❝ ✇❛✈❡❧❡t ❞❡❝♦♠♣♦s✐✲

t✐♦♥

■♥ ♠♦❞❡❧ (♠)✱ ♥♦✐s❡ ❝♦♥tr✐❜✉t✐♦♥ ✐s ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❛♥❞

❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ✉♥✐t✲♠❡❛♥ st❛t✐♦♥❛r② r❛♥❞♦♠ s❡q✉❡♥❝❡

X = (X[k])k∈Z✳ ◆♦t❡ t❤❛t t❤❡ ❣❡♦♠❡tr✐❝ ✇❛✈❡❧❡t ❞❡✲

❝♦♠♣♦s✐t✐♦♥ ♦❢ ❊q✳ ✭✷✷✮✱ s❛② W×✱ ❞✐str✐❜✉t❡s ♦✈❡r t❤❡

♣r♦❞✉❝t fX✿ W×[fX] = (W×f) (W×X)✳ ■♥ t❤✐s r❡s♣❡❝t✱

t❤❡ ❢♦❝✉s ♦❢ t❤✐s ❙❡❝t✐♦♥ ❛r❡ t❤❡ st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢

W×X✳ ❚❤❡ s✉❜❜❛♥❞ Wj,n ❣❡♦♠❡tr✐❝ ✇❛✈❡❧❡t ❝♦❡✍❝✐❡♥ts

♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ X ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ (C×

j,n)j,n ✭✇❡

❛ss✉♠❡ t❤❛t t❤✐s st♦❝❤❛st✐❝ s❡q✉❡♥❝❡ ✐s ✇❡❧❧ ❞❡☞♥❡❞ ✐♥ t❤❡

❢♦❧❧♦✇✐♥❣✮✳

◆♦t❡ t❤❛t ✐❢ Cj+1,2n+ǫ[k] = Cj,n>hǫ[2k] ✇❤❡r❡ Cj,n ✐s

❛ st❛t✐♦♥❛r② s❡q✉❡♥❝❡✱ t❤❡♥ Cj+1,2n+ǫ ✐s ❛❧s♦ st❛t✐♦♥❛r②✳

❙✐♥❝❡ C0,0 = X ✐s ❛ss✉♠❡❞ st❛t✐♦♥❛r②✱ ✇❡ ❞❡r✐✈❡ t❤❛t ❛❧❧

❣❡♦♠❡tr✐❝ ✇❛✈❡❧❡t s❡q✉❡♥❝❡s Cj,n ❛r❡ st❛t✐♦♥❛r② ❢♦r j > 0

❛♥❞ n ∈ {0, 1, . . . , 2j − 1}✳

▲❡t Y = ❧♦❣X✳ ❲❡ ❛ss✉♠❡ ❤❡r❡❛❢t❡r t❤❛t Y ✐s ❛ s❡❝♦♥❞✲

♦r❞❡r r❛♥❞♦♠ ♣r♦❝❡ss✱ ❝♦♥t✐♥✉♦✉s ✐♥ q✉❛❞r❛t✐❝ ♠❡❛♥✳ ▲❡t

Dj,n = ❧♦❣C×

j,n✳ ◆♦t❡ t❤❛t Y ❛♥❞ Dj,n ❛r❡ st❛t✐♦♥❛r②

s❡q✉❡♥❝❡s✳ ❆ss✉♠❡ t❤❛t EY[k] = 0 ❢♦r ❡✈❡r② k ∈ Z✳ ❚❤❡♥

EDj,n[k] = 0 ❢♦r ❡✈❡r② k ∈ Z✳

▲❡t ❘Y[m] = ❘Y[k−ℓ] = E [Y[k]Y[ℓ]] ❜❡ t❤❡ ❛✉t♦❝♦rr❡✲

❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ Y✱ ✇❤❡r❡ t❤❡ ☞rst ❡q✉❛❧✐t② ❛❜♦✈❡ ❤♦❧❞s

tr✉❡ ❢♦r ❛♥② ♣❛✐r (k, ℓ) ∈ Z × Z s✉❝❤ t❤❛t m = ±|k − ℓ|✳

Pr♦♣♦s✐t✐♦♥ ✷ ❜❡❧♦✇ ❞❡r✐✈❡s t❤❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥

❘Dj,n
♦❢ t❤❡ ❧♦❣✲s❝❛❧❡❞ ❣❡♦♠❡tr✐❝ ✇❛✈❡❧❡t ❝♦❡✍❝✐❡♥t Dj,n✳

❲❡ ❛ss✉♠❡ t❤❛t
∑

q∈Z
hǫ[p − 2k]hǫ[q − 2ℓ]❘Dj,n

[p, q]

❡①✐sts ❢♦r ❡✈❡r② j > 0 ❛♥❞ n ∈ {0, 1, . . . , 2j − 1}✳

Proposition ✷ ✭❆✉t♦❝♦rr❡❧❛t✐♦♥ ❋✉♥❝t✐♦♥ ♦❢ Dj,n✮✿

❆ss✉♠❡ t❤❛t ❘Y ❤❛s ❛ s♣❡❝tr✉♠ ✭♣♦✇❡r s♣❡❝tr❛❧ ❞❡♥s✐t②✮

γY(ω) =
∑

m∈Z

❘Y[m]e−imω

❛♥❞ t❤❛t γY ✐s ❜♦✉♥❞❡❞✳ ❉❡♥♦t❡ ❜② γDj,n
✱ t❤❡ s♣❡❝tr✉♠



✻

♦❢ Dj,n✿

γDj,n
(ω) =

∑

m∈Z

❘Dj,n
[m]e−imω ✭✷✺✮

❲❡ ❤❛✈❡✱ ❢♦r j > 0✱ n ∈ {0, 1, . . . , 2j−1} ❛♥❞ ǫ ∈ {0, 1}✿

❘Dj+1,2n+ǫ
[m] =

1

2π

∫π

−π

∣∣∣Ĥǫ(ω)
∣∣∣
2

γDj,n
(ω)e2imω ❞ω

✭✷✻✮

✇❤❡r❡ γD0,0
= γY✳

Pr♦♦❢✿ ❇② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❧♦❣ ♦❢ C×

j+1,2n+ǫ ❞❡♥♦t❡❞

❜② Dj+1,2n+ǫ✱ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ❛❞❞✐t✐✈❡ ❝♦♠❜✐♥❛✲

t✐♦♥s ♦❢ Dj,n = ❧♦❣C×

j,n✳

❚❤❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❘Dj+1,2n+ǫ
[k, ℓ] =

ED+
j+1,2n+ǫ[k]D

+
j+1,2n+ǫ[ℓ] ❛♥❞ ❘Dj,n

[k, ℓ] =

ED+
j,n[k]D

+
j,n[ℓ] ♦❢ C

+
j,n s❛t✐s❢② t❤❡ r❡❧❛t✐♦♥✿

❘Dj+1,2n+ǫ
[k, ℓ] =

∑

p∈Z

∑

q∈Z

hǫ[p− 2k]hǫ[q− 2ℓ]×

❘Dj,n
[p, q] ✭✷✼✮

❙✐♥❝❡ Dj,n ✐s st❛t✐♦♥❛r②✿ ❘Dj,n
[p, q] , ❘Dj,n

[p− q]✱ t❤❡♥

❊q✳ ✭✷✼✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠

❘Dj+1,2n+ǫ
[k, ℓ] =

∑

p∈Z

❘Dj,n
[p]×

∑

q∈Z

hǫ[p+ q− 2k]hǫ[q− 2ℓ]. ✭✷✽✮

❇② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t ✭P❛rs❡✈❛❧✬s t❤❡♦r❡♠✮✿
∑

q∈Z

hǫ[p+q− 2k]hǫ[q− 2ℓ] =

∑

q∈Z

τ2k−2ℓ−phǫ[q]hǫ[q]

=
1

2π

∫π

−π

∣∣∣Ĥǫ(ω)
∣∣∣
2

ei(2k−2ℓ−p)ω ❞ω, ✭✷✾✮

✇❡ ♦❜t❛✐♥ ❢r♦♠ ❊q✳ ✭✷✽✮✿

❘Dj+1,2n+ǫ
[k, ℓ] =

1

2π

∫π

−π

ei(2k−2ℓ)ω
∣∣∣Ĥǫ(ω)

∣∣∣
2

×

∑

p∈Z

❘Dj,n
[p]e−ipω


 ✭✸✵✮

❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ❢r♦♠ ❊q✳ ✭✷✺✮ ❛♥❞ ❊q✳ ✭✸✵✮✱ ❜② ✐❞❡♥✲

t✐❢②✐♥❣ t❤❡ ❋♦✉r✐❡r ❡①♣❛♥s✐♦♥ ♦❢ γDj,n
✐♥ ❊q✳ ✭✸✵✮ ❛♥❞

❜② ♥♦t✐♥❣ t❤❛t ❘Dj+1,2n+ǫ
[p, q] , ❘Dj+1,2n+ǫ

[p − q] =

❘Dj+1,2n+ǫ
[m] ✇❤❡r❡ m = k− ℓ✳

❇② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t s❡q✉❡♥❝❡ Dj,n ✐ss✉❡s ❢r♦♠ ❛

☞❧t❡r ❜❛♥❦ (Hǫℓ
)ℓ=1,2,...,j ✭❧♦✇✲♣❛ss ✇❤❡♥ ǫℓ = 0 ❛♥❞ ❤✐❣❤✲

♣❛ss ✇❤❡♥ ǫℓ = 1✮ ❤❛✈✐♥❣ t❤❡ ❡q✉✐✈❛❧❡♥t r❡♣r❡s❡♥t❛t✐♦♥

❣✐✈❡♥ ❜② ❊q✳ ✭✼✮✱ ✇❡ ❞❡r✐✈❡ r❡❝✉rs✐✈❡❧② ❢r♦♠ ❊q✳ ✭✷✻✮✿

❘Dj,n
[m] =

1

2π

∫π

−π

|Hj,n(ω)|
2
γY(ω)e2

jimω ❞ω ✭✸✶✮

❊q✳ ✭✸✶✮ ❣♦✈❡r♥s t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ♦❢

Dj,n✳ ❋r♦♠ t❤✐s ❡q✉❛t✐♦♥✱ ❞❡❝♦rr❡❧❛t✐♥❣ ❣❡♦♠❡tr✐❝ ✇❛✈❡❧❡t

❝♦❡✍❝✐❡♥ts ✐♥✈♦❧✈❡s s❡❧❡❝t✐♥❣ ✇❛✈❡❧❡t ☞❧t❡rs s✉❝❤ t❤❛t

1

2π

∫π

−π

|Hj,n(ω)|
2
γY(ω) ❝♦s 2jmω❞ω ✭✸✷✮

❜❡❤❛✈❡s ❛♣♣r♦①✐♠❛t❡❧② ❛s δ[m]✳ ❚❤✐s ✐s str♦♥❣❧② ❧✐♥❦❡❞ t♦

t❤❡ s❤❛♣❡ ♦❢ γY ❛♥❞ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜②

(i) ❝❤♦♦s✐♥❣ ❛ s❡q✉❡♥❝❡ ♦❢ ✇❛✈❡❧❡t ☞❧t❡rs s✉❝❤ t❤❛t ❢✉♥❝✲

t✐♦♥ |Hj,n(ω)|
2
γY(ω) ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♣♣r♦①✐♠❛t❡❧②

❝♦♥st❛♥t ♦r

(ii) s❡❡❦✐♥❣ ❢♦r ❛s②♠♣t♦t✐❝ ❞❡❝♦rr❡❧❛t✐♦♥ ✇✐t❤ j✱ ✇❤❡♥ ✐t

❛♣♣❧✐❡s✳

■t❡♠ (i) ✐s ♣❛r❛♠❡tr✐❝ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t r❡❧❛t❡s t♦

❛❞❛♣t❡❞ ✇❛✈❡❧❡t s❡❧❡❝t✐♦♥ ❢♦r ❞❡❝♦rr❡❧❛t✐♥❣ Y✳ ■t❡♠ (ii)

✭♥♦♥✲♣❛r❛♠❡tr✐❝✮ ❡①♣❧♦✐ts ♣r♦♣❡rt✐❡s ♦❢ r❡❝✉rs✐✈❡ ❝♦♥✈♦❧✉✲

t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❍❛❛r ✇❛✈❡❧❡t ☞❧t❡rs

✭✉s❡❞ ❜❡❧♦✇ ❢♦r ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✮✱ ✇❡ ❝❛♥ ❞❡r✐✈❡ ✿

Proposition ✸ ✭❍❛❛r ❡q✉✐✈❛❧❡♥t ✇❛✈❡❧❡t ☞❧t❡r s❡✲

q✉❡♥❝❡ H❍❛❛r

j,n ✮✿ ❆ s❡q✉❡♥❝❡ (hǫℓ
)ℓ=1,2,...,j ❤❛s ❡q✉✐✈❛❧❡♥t

☞❧t❡r✿

∣∣H❍❛❛r

j,n (ω)
∣∣2 = 2j

j∏

ℓ=1

❝♦s2
(
2ℓ−2ω+ ǫℓ

π

2

)
. ✭✸✸✮

Pr♦♦❢✿ ▲❡t ǫ ∈ {0, 1}✳ ❚❤❡ ❍❛❛r s❝❛❧✐♥❣ ☞❧t❡r H❍❛❛r

0

❛♥❞ ✇❛✈❡❧❡t ☞❧t❡r H❍❛❛r

1 s❛t✐s☞❡s

H❍❛❛r

ǫ (ω) =
1

2

(
1+ (1− 2ǫ)e−iω

)
✭✸✹✮

❇② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❊qs✳ ✭✼✮ ❛♥❞ ✭✸✹✮✱ ✇❡ ❤❛✈❡

H❍❛❛r

j,n (ω) = 2−j/2

j∏

ℓ=1

(
1+ (1− 2ǫℓ)e

−iω
)
. ✭✸✺✮

❚❤✉s✱

∣∣H❍❛❛r

j,n (ω)
∣∣2 =

j∏

ℓ=1

(
1+ (1− 2ǫℓ) ❝♦s(2

ℓ−1ω)
)
. ✭✸✻✮

❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ❜② ♥♦t✐♥❣ t❤❛t (1 − 2ǫℓ) ❝♦s(2
ℓ−1ω) =

❝♦s(2ℓ−1ω + ǫℓπ) ❛♥❞ ❛❢t❡r s♦♠❡ str❛✐❣❤t❢♦r✇❛r❞ s✐♠♣❧✐✲

☞❝❛t✐♦♥s ❜② ✉s✐♥❣ tr✐❣♦♥♦♠❡tr② ❞♦✉❜❧❡ ❛♥❣❧❡ ♣r♦♣❡rt✐❡s✳

■♥ t❤❡ ✉s✉❛❧ ✇❛✈❡❧❡t s♣❧✐tt✐♥❣ s❝❤❡♠❡✱ ♦♥❧② ❛♣♣r♦①✐♠❛✲

t✐♦♥ ❝♦❡✍❝✐❡♥ts ❛r❡ ❞❡❝♦♠♣♦s❡❞ ❛❣❛✐♥ ✭t❤❡ s❤✐❢t ♣❛r❛♠❡t❡r

n ∈ {0, 1}✮✳ ❚❤✐s ✐♠♣❧✐❡s ☞❧t❡r✐♥❣ s❡q✉❡♥❝❡s ✇✐t❤ t❤❡ ❢♦r♠

h0,h0, . . . ,h0︸ ︷︷ ︸

j t✐♠❡s

,hǫj+1




ǫj+1∈{0,1}

❛t ❞❡❝♦♠♣♦s✐t✐♦♥ ❧❡✈❡❧ j+ 1✳ ❈♦♥s✐❞❡r ❛ j✲❧❡♥❣t❤ ❛♣♣r♦①✐✲

♠❛t✐♦♥ s❡q✉❡♥❝❡
(
h❍❛❛r

0

)
ℓ=1,2,...,j

♦❢ ❍❛❛r t②♣❡✳ ❚❤❡♥ ❢r♦♠



✼

❊q✳ ✭✸✸✮✱ t❤❡ ❡q✉✐✈❛❧❡♥t ☞❧t❡r ♦❢ t❤✐s s❡q✉❡♥❝❡ ❝❛♥ ❜❡

r❡✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠✿

∣∣H❍❛❛r

j,0 (ω)
∣∣2 = 2j

(
s✐♥❝(2j−1ω)

s✐♥❝(2−1ω)

)2

✭✸✼✮

✇❤❡r❡ s✐♥❝ ❞❡♥♦t❡s t❤❡ ❝❛r❞✐♥❛❧ s✐♥❡ ❢✉♥❝t✐♦♥✱ s✐♥❝ω =

s✐♥ω/ω✳ ❚❤❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❘❍❛❛r

Dj,0
♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

❣❡♦♠❡tr✐❝ ✇❛✈❡❧❡t ❝♦❡✍❝✐❡♥ts ✐s t❤❡♥✿

❘❍❛❛r

Dj,0
[m] =

2j

π

∫π

0

(
s✐♥❝(2j−1ω)

s✐♥❝(2−1ω)

)2

γY(ω) ❝♦s 2jmω❞ω

✭✸✽✮

Proposition ✹ ✭▲✐♠✐t ❆✉t♦❝♦rr❡❧❛t✐♦♥ ❋✉♥❝t✐♦♥✮✿

❧✐♠
j→+∞

❘❍❛❛r

Dj,0
[m] = γY(0)δ[m] ✭✸✾✮

Pr♦♦❢✿

❋r♦♠ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ✐♥ ❊q✳ ✭✸✽✮✱ ✇❡ ♦❜t❛✐♥

❘❍❛❛r

Dj,0
[m] =

1

π

∫2jπ

0

(
s✐♥❝(ω/2)

s✐♥❝(ω/2j+1)

)2

γY(
ω

2j
) ❝♦smω❞ω.

❋✐rst✱ ✇❡ ♦❜s❡r✈❡ t❤❛t✿

∣∣∣❘❍❛❛r

Dj,0
[m]
∣∣∣ 6 ||γY ||∞ ×

(
1

π

∫2jπ

0

(
s✐♥❝(ω/2)

s✐♥❝(ω/2j+1)

)2

❞ω

)
.

❛♥❞✱ ❢✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡

1

π

∫+∞

0

(
s✐♥❝(ω/2)

s✐♥❝(ω/2j+1)

)2

❞ω = 1.

■♥ t❤✐s r❡s♣❡❝t✱ ✇❡ ❞❡r✐✈❡
∣∣∣❘❍❛❛r

Dj,0
[m]
∣∣∣ 6 ||γY ||∞

s♦ t❤❛t✱ ❢r♦♠ t❤❡ ▲❡❜❡s❣✉❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦✲

r❡♠✱

❧✐♠
j→+∞

❘❍❛❛r

Dj,0
[m] = γY(0)

1

π

∫+∞

0

(s✐♥❝(ω/2))
2
❝♦smω❞ω

Pr♦♣♦s✐t✐♦♥ ✹ t❤❡♥ ❢♦❧❧♦✇s ❜② ♥♦t✐♥❣ t❤❛t
∫+∞

0

(s✐♥❝(ω/2))
2
❝♦smω❞ω = πδ[m]

Pr♦♣♦s✐t✐♦♥ ✹ ❤✐❣❤❧✐❣❤ts ❛♥ ❛s②♠♣t♦t✐❝ ❞❡❝♦rr❡❧❛t✐♦♥

♣r♦♣❡rt② ✇✐t❤ j✳ ❚❤✐s ♣r♦♣❡rt② ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ❜② ❝♦♥✲

s✐❞❡r✐♥❣ ❞✐☛❡r❡♥t ✇❛✈❡❧❡ts ❛♥❞ ❞✐☛❡r❡♥t ✇❛✈❡❧❡t ♣❛❝❦❡t

s♣❧✐tt✐♥❣ s❝❤❡♠❡s✱ ❛s ❞♦♥❡ ✐♥ ❬✶✹❪ ❢♦r t❤❡ st❛♥❞❛r❞ ❛r✐t❤✲

♠❡t✐❝ ✇❛✈❡❧❡t tr❛♥s❢♦r♠s ✭✇❡ r❡str✐❝t t♦ t❤❡ ❍❛❛r ✇❛✈❡❧❡ts

✐♥ ❛ ✇❛✈❡❧❡t ❞❡❝♦♠♣♦s✐t✐♦♥ s❝❤❡♠❡✱ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡

❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♣r♦✈✐❞❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✮✳

❋r♦♠ t❤❡ st❛t✐♦♥❛r✐t② ❛♥❞ ❞❡❝♦rr❡❧❛t✐♦♥ ♣r♦♣❡rt✐❡s s❤♦✇♥

✐♥ t❤✐s s❡❝t✐♦♥✱ ✐t ❢♦❧❧♦✇s t❤❛t ▼♦❞❡❧ (♣) ✐s s✉✐t❛❜❧❡ ❢♦r

st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ♦❜s❡r✈❛t✐♦♥ fX s✐♥❝❡ X✲✇❛✈❡❧❡t ❝♦✲

❡✍❝✐❡♥ts ❞❡☞♥❡ ❛ st❛t✐♦♥❛r② s❡q✉❡♥❝❡ C×

j,n ✭❝♦♥☞r♠❛t✐♦♥

♦❢ t❤❡ st❛t✐♦♥❛r✐t② ♣❡r❝❡♣t✐♦♥ ✐♥ ❋✐❣✉r❡ ✸✮ ❛♥❞ t❤❡ ❢♦r♠

♦❢ t❤❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ♦❢ t❤✐s s❡q✉❡♥❝❡ ❝❛♥ ❜❡ s♣❡❝✐☞❡❞ ❢♦r

❞❡❝♦rr❡❧❛t✐♦♥ ♣✉r♣♦s❡ t❤r♦✉❣❤ ❛ s❡❧❡❝t✐♦♥ ♦❢ ❛❞❛♣t❡❞ ☞❧t❡r

Hj,n ✐♥ ❊q✳ ✭✸✶✮✳

■❱✳ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ♣❛♣❡r ❤❛s ❛❞❞r❡ss❡❞ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❛ ❣❡♦♠❡tr✐❝

✇❛✈❡❧❡t tr❛♥s❢♦r♠ ❢r♦♠ ✐♥❢❡r❡♥❝❡ ❜❡t✇❡❡♥ ❛❞❞✐t✐✈❡ ❛♥❞

♠✉❧t✐♣❧✐❝❛t✐✈❡ ❛❧❣❡❜r❛s✳ ❙♣❛rs✐t② ❛♥❞ st♦❝❤❛st✐❝✐t② ♣r♦♣❡r✲

t✐❡s ♦❢ ❛❞❞✐t✐✈❡ ✭❛r✐t❤♠❡t✐❝✮ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✭❣❡♦♠❡tr✐❝✮

✇❛✈❡❧❡t tr❛♥s❢♦r♠s ❤❛✈❡ ❜❡❡♥ ❞✐s❝✉ss❡❞ ♦♥ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡

♦❜s❡r✈❛t✐♦♥ ♠♦❞❡❧✳

■♥ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♥♦✐s❡ ♠♦❞❡❧✱ t❤❡ ♣❛♣❡r ❤❛s s❤♦✇♥

t❤❛t✿

• ❝♦♥❝❡r♥✐♥❣ s♣❛rs✐t②✱ ❛❞❞✐t✐✈❡ ❞❡t❛✐❧ ✇❛✈❡❧❡t ❝♦❡✍✲

❝✐❡♥ts ❛r❡ ✐♠♣❛❝t❡❞ ❜② t❤❡ ♣r❡s❡♥❝❡ ♦❢ s✐❣♥❛❧ ✭❧❛r❣❡

❛♠♦✉♥t ♦❢ s✐❣♥❛❧ ❝♦♥tr✐❜✉t✐♦♥ ✐♥ ❞❡t❛✐❧ ❝♦❡✍❝✐❡♥ts✮✱

✇❤❡r❡❛s ❢❡✇ s✐❣♥❛❧ ❝♦♥tr✐❜✉t✐♦♥s ♦❝❝✉r ✐♥ ♠✉❧t✐♣❧✐❝❛✲

t✐✈❡ ❞❡t❛✐❧ ❝♦❡✍❝✐❡♥ts✳

• ❝♦♥❝❡r♥✐♥❣ st♦❝❤❛st✐❝✐t②✱ ❣❡♦♠❡tr✐❝ ✇❛✈❡❧❡ts ✐♥❤❡r✐ts

st❛t✐♦♥❛r② ♣r♦♣❡rt② ♦❢ t❤❡ ✐♥♣✉t ♥♦✐s❡ ✇❤❡r❡❛s ❛❞❞✐✲

t✐✈❡ st❛t✐♦♥❛r② ♥♦✐s❡ ❜❡❝♦♠❡s ♥♦♥✲st❛t✐♦♥❛r② ✐♥ t❤❡

❛❞❞✐t✐✈❡ ✇❛✈❡❧❡t ❞♦♠❛✐♥✱ ❞✉❡ t♦ t❤❡ ✐♠♣❛❝t ♦❢ ♥♦✐s❡✲

❢r❡❡ s✐❣♥❛❧ ✐♥ ❞❡t❛✐❧ ❝♦❡✍❝✐❡♥ts✳

❚❤❡ ♣❛♣❡r ❝♦♥❝❧✉❞❡s ❜② ♥♦t✐♥❣ t❤❛t t❤❡ s❡❧❡❝t✐♦♥ ♦❢ ❛

s✉✐t❛❜❧❡ ❢r❛♠❡✇♦r❦ ❢♦r ❛♥❛❧②③✐♥❣ s✐❣♥❛❧s✴✐♠❛❣❡s s❤♦✉❧❞ ❜❡

❛❝q✉✐s✐t✐♦♥✲❞❡♣❡♥❞❡♥t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ t❤❡ ❛❝q✉✐s✐t✐♦♥

s②st❡♠ ②✐❡❧❞s ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✐♥t❡r❛❝t✐♦♥ ♠♦❞❡❧ ✐♥✈♦❧✈✲

✐♥❣ ❛ ♥♦♥✲❝♦♥st❛♥t s✐❣♥❛❧✱ t❤❡♥ ❣❡♦♠❡tr✐❝ r❡♣r❡s❡♥t❛t✐♦♥

❢r❛♠❡✇♦r❦s s✉❝❤ ❛s t❤❛t ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r ❛r❡

❡①♣❡❝t❡❞ t♦ ❜❡ ♠♦r❡ r❡❧❡✈❛♥t t❤❛♥ ❛❞❞✐t✐✈❡ ❢r❛♠❡✇♦r❦s✳

❚❤✐s ❤❛s ❜❡❡♥ ❡♠♣❤❛s✐③❡❞ ♦♥ ❙❆❘ ✐♠❛❣❡s ❝♦rr✉♣t❡❞ ❜②

♠✉❧t✐♣❧✐❝❛t✐✈❡ s♣❡❝❦❧❡ ♥♦✐s❡✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❍✳ ❳✐❡✱ ▲✳ ❊✳ P✐❡r❝❡✱ ❛♥❞ ❋✳ ❚✳ ❯❧❛❜②✱ ❭❙t❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s
♦❢ ❧♦❣❛r✐t❤♠✐❝❛❧❧② tr❛♥❢♦r♠❡❞ s♣❡❝❦❧❡✱✧ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥
●❡♦s❝✐❡♥❝❡ ❛♥❞ ❘❡♠♦t❡ ❙❡♥s✐♥❣✱ ✈♦❧✳ ✹✵✱ ♥♦✳ ✸✱ ♣♣✳ ✼✷✶ ④ ✼✷✼✱
▼❛r✳ ✷✵✵✷✳

❬✷❪ ❘✳ ●❛r❝✐❛✱ ❚✳ ◆✐❝♦s❡✈✐❝✐✱ ❛♥❞ ❳✳ ❈✉☞✱ ❭❖♥ t❤❡ ✇❛② t♦ s♦❧✈❡
❧✐❣❤t✐♥❣ ♣r♦❜❧❡♠s ✐♥ ✉♥❞❡r✇❛t❡r ✐♠❛❣✐♥❣✱✧ ✐♥ ❖❈❊❆◆❙ ✬✵✷
▼❚❙✴■❊❊❊✱ ✈♦❧✳ ✷✱ ✷✵✵✷✱ ♣♣✳ ✶✵✶✽④✶✵✷✹ ✈♦❧✳✷✳

❬✸❪ ❖✳ ▼✐❝❤❛✐❧♦✈✐❝❤ ❛♥❞ ❆✳ ❚❛♥♥❡♥❜❛✉♠✱ ❭❉❡s♣❡❝❦❧✐♥❣ ♦❢ ♠❡❞✐❝❛❧
✉❧tr❛s♦✉♥❞ ✐♠❛❣❡s✱✧ ❯❧tr❛s♦♥✐❝s✱ ❋❡rr♦❡❧❡❝tr✐❝s ❛♥❞ ❋r❡q✉❡♥❝②
❈♦♥tr♦❧✱ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥✱ ✈♦❧✳ ✺✸✱ ♥♦✳ ✶✱ ♣♣✳ ✻✹④✼✽✱ ✷✵✵✻✳

❬✹❪ ▲✳ ❋❧♦r❛❝❦ ❛♥❞ ❍✳ ❆ss❡♥✱ ❭▼✉❧t✐♣❧✐❝❛t✐✈❡ ❝❛❧❝✉❧✉s ✐♥ ❜✐♦♠❡❞✐❝❛❧
✐♠❛❣❡ ❛♥❛❧②s✐s✱✧ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ■♠❛❣✐♥❣ ❛♥❞ ❱✐s✐♦♥✱
✈♦❧✳ ✹✷✱ ♥♦✳ ✶✱ ♣♣✳ ✻✹④✼✺✱ ✷✵✶✷✳ ❬❖♥❧✐♥❡❪✳ ❆✈❛✐❧❛❜❧❡✿ ❤tt♣✿
✴✴❞①✳❞♦✐✳♦r❣✴✶✵✳✶✵✵✼✴s✶✵✽✺✶✲✵✶✶✲✵✷✼✺✲✶

❬✺❪ P✳ ●♦✉❧❞ ❛♥❞ ❋✳ ❱❛❤✐❞✲❆r❛❣❤✐✱ ❭❚✐♠❡ s❡r✐❡s ✇✐t❤ ♠✉❧t✐♣❧❡
s❡❛s♦♥❛❧ ♣❛tt❡r♥s✱✧ ✐♥ ❋♦r❡❝❛st✐♥❣ ✇✐t❤ ❊①♣♦♥❡♥t✐❛❧ ❙♠♦♦t❤✐♥❣✱
s❡r✳ ❙♣r✐♥❣❡r ❙❡r✐❡s ✐♥ ❙t❛t✐st✐❝s✳ ❙♣r✐♥❣❡r ❇❡r❧✐♥ ❍❡✐❞❡❧❜❡r❣✱
✷✵✵✽✱ ♣♣✳ ✷✷✾④✷✺✹✳ ❬❖♥❧✐♥❡❪✳ ❆✈❛✐❧❛❜❧❡✿ ❤tt♣✿✴✴❞①✳❞♦✐✳♦r❣✴✶✵✳
✶✵✵✼✴✾✼✽✲✸✲✺✹✵✲✼✶✾✶✽✲✷ ✶✹

❬✻❪ ▼✳ ❱❡r❜❡❡❦✱ ❆ ●✉✐❞❡ t♦ ▼♦❞❡r♥ ❊❝♦♥♦♠❡tr✐❝s✱ ✹t❤ ❊❞✐t✐♦♥✳
❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s✱ ❋❡❜r✉❛r② ✷✵✶✷✳

❬✼❪ ❏✳ ▼✳ ❇♦①✲❙t❡☛❡♥s♠❡✐❡r ❛♥❞ ❈✳ ❏✳ ❲✳ ❩♦r♥✱ ❭❉✉r❛t✐♦♥ ♠♦❞❡❧s
❛♥❞ ♣r♦♣♦rt✐♦♥❛❧ ❤❛③❛r❞s ✐♥ ♣♦❧✐t✐❝❛❧ s❝✐❡♥❝❡✳✧ ❙♣r✐♥❣❡r ❇❡r❧✐♥
❍❡✐❞❡❧❜❡r❣✱ ✷✵✵✶✱ ✈♦❧✳ ✹✺✱ ♥♦✳ ✹✱ ♣♣✳ ✾✼✷④✾✽✽✳

❬✽❪ ❊✳ ❏✳ ❈❛♥❞✒❡s ❛♥❞ ❉✳ ▲✳ ❉♦♥♦❤♦✱ ❭❈✉r✈❡❧❡ts ✲ ❛ s✉r♣r✐s✐♥❣❧②
❡☛❡❝t✐✈❡ ♥♦♥❛❞❛♣t✐✈❡ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ♦❜❥❡❝ts ✇✐t❤ ❡❞❣❡s✱✧
❈✉r✈❡s ❛♥❞ ❙✉r❢❛❝❡s✱ ▲✳ ▲✳ ❙❝❤✉♠❛❦❡r ❡t ❛❧✳ ✭❡❞s✮✱ ❱❛♥❞❡r❜✐❧t
❯♥✐✈❡rs✐t② Pr❡ss✱ ◆❛s❤✈✐❧❧❡✱ ❚◆✱ ✷✵✵✵✳



✽

❋✐❣✳ ✶✳ P♦❧❛r✐♠❡tr✐❝ ❋❙❆❘ ❳✲❜❛♥❞ ✐♠❛❣❡ ✇✐t❤ s✐③❡ ✺✵✵✵ × ✺✵✵✵ ♦✈❡r ❑❛✉❢❜❡✉r❡♥ s✐t❡✱ ●❡r♠❛♥②✳ ❚❤❡ s❡♥s♦r ✉s❡❞ ❢♦r t❤✐s ❛❝q✉✐s✐t✐♦♥ ♦♣❡r❛t❡s
✐♥ t❤❡ s♣❡❝tr❛❧ ❳✲❜❛♥❞✱ ❤❛s ❛❧t✐t✉❞❡ ✸✵✹✺ ♠❡t❡r ❛♥❞ ♦☛❡r ❛ ♣✐①❡❧ s♣❛❝✐♥❣ ♦❢ ✶✺ ❝❡♥t✐♠❡t❡r ✐♥ r❛♥❣❡ ❛♥❞ ✶✼ ❝❡♥t✐♠❡t❡r ✐♥ ❛③✐♠✉t❤✳

❬✾❪ ⑤⑤✱ ❭◆❡✇ t✐❣❤t ❢r❛♠❡s ♦❢ ❝✉r✈❡❧❡ts ❛♥❞ ♦♣t✐♠❛❧ r❡♣r❡s❡♥t❛✲
t✐♦♥s ♦❢ ♦❜❥❡❝ts ✇✐t❤ ♣✐❡❝❡✇✐s❡ ❈2 s✐♥❣✉❧❛r✐t✐❡s✱✧ ❈♦♠♠✉♥✐❝❛✲
t✐♦♥s ♦♥ P✉r❡ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ❲✐❧❡② P❡r✐♦❞✐❝❛❧s✱ ■♥❝✳✱
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