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ALGEBRAIC DYNAMICAL SYSTEMS AND
DIRICHLET’S UNIT THEOREM ON ARITHMETIC VARIETIES

HUAYI CHEN AND ATSUSHI MORIWAKI

ABSTRACT. In this paper, we study obstructions to the Dirichlet property by two
approaches : density of non-positive points and functionals on adelic IR-divisors.
Applied to the algebraic dynamical systems, these results provide examples of
nef adelic arithmetic IR-Cartier divisor which does not have the Dirichlet prop-
erty. We hope the obstructions obtained in the article will give ways toward
criteria of the Dirichlet property.

INTRODUCTION

Let X be a projective geometrically integral variety over a number field K and
let D = (D,g) be an adelic arithmetic R-Cartier divisor of C’-type on X (for
details of adelic arithmetic divisors, see [20]). We say that D has the Dirichlet

—

property if D + (1) is effective for some ¢ € Rat(X)g (:= Rat(X)* @z R). It is
clear that, if D has the Dirichlet property, then it is pseudo-effective, namely for
any big adelic arithmetic R-Cartier divisor E, the sum D + E is also big. In [19],
the following question has been proposed:
If D is pseudo-effective, does it follow that D has the Dirichlet
property?
In the case where X = Spec K, the pseudo-effectivity actually implies the Dirich-
let property. It can be considered as an Arakelov geometry interpretation of the
classical Dirichlet unit theorem. Therefore the above problem could be seen as
the study of possible higher dimensional generalizations of the Dirichlet unit
theorem.
It is know that the above question has a positive answer in the following cases:

(1) X = Spec(K) (the classical Dirichlet unit theorem).

(2) D is numerically trivial on X (cf. [19, 20]).

(3) X is a toric variety and D is of toric type (cf. [5]).
The purpose of this paper is to give a negative answer to the above question and
to study the obstructions to the Dirichlet property. We will construct from an
algebraic dynamical system over a number field a nef adelic arithmetic Cartier
divisor D which does not have the Dirichlet property. The obstruction comes
from the denseness of the set of preperiodic points with respect to the analytic
topology. More precisely, let f : X — X be a surjective endomorphism of X over
K. Let D be an ample R-Cartier divisor on X such that f*(D) = dD + (¢) for
some real number d > 1 and ¢ € Rat(X)g. Let D = (D, g) be the canonical
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2 HUAYI CHEN AND ATSUSHI MORIWAKI

compactification of D, that is, D is an adelic arithmetic R-Cartier divisor of C-

—

type with f*(D) = dD + (¢) (cf. Section 3). Note that D is nef (cf. Lemma 3.1).
The main result of this paper is the following;:

Theorem 0.1 (cf. Theorem 3.4). If the set of all preperiodic points of f is dense on
some connected component of X(C) with respect to the analytic topology (the topology
as an analytic space), then the Dirichlet property of D does not hold.

The proof of the theorem relies on a necessary condition of the Dirichlet prop-
erty established in Lemma 1.1. We actually prove that the essential support (see
(1.1) for definition) of algebraic points with non-positive heights should not meet
the strictly effective locus of an effective section of the adelic arithmetic R-Cartier
divisor.

The concrete examples to apply the above theorem are discussed in Section 4.
Even for the algebraic dynamical system as treated in Theorem 0.1, it is a very
interesting and challenging problem to find a non-trivial sufficient condition to
ensure the Dirichlet property. Further, in [21], we introduce a geometric ana-
logue of the above question. Namely, if D is a pseudo-effective Q-Cartier divisor
on a normal projective variety defined over a finite field, can we conclude that
D is Q-effective? It actually holds on a certain kind of an abelian scheme over
a curve, so that the situation of the geometric case is slightly different from the
arithmetic case.

Note that the essential support of a family S of algebraic points is not empty
only if the family S is Zariski dense. Therefore, the lemma 1.1 provides non-
trivial necessary conditions for the Dirichlet property only when the set of non-
positive points is Zariski dense. In order to treat general adelic arithmetic R-
Cartier divisors, we propose the functional approach. We introduce the notion
of asymptotic maximal slope for any adelic arithmetic IR-Cartier divisor on X
(see §5.2 and §7), which is the threshold of the Dirichlet property where we
consider the twists of the adelic arithmetic IR-Cartier divisor by the pull-back of
adelic arithmetic R-Cartier divisors on Spec K. We prove that this arithmetic in-
variant also determines the pseudo-effectivity of the adelic arithmetic R-Cartier
divisor (see Proposition 7.2). Therefore the Dirichlet property and the pseudo-
effectivity are naturally linked by this numerical invariant. We then obtain a
necessary condition of the Dirichlet property in terms of the directional deriva-
tive of the asymptotic maximal slope, which is a functional on the space of all
adelic arithmetic R-Cartier divisors (non-necessarily additive a priori). For this
purpose we establish a general analysis for functionals on the spaces of adelic
arithmetic R-Cartier divisors as in Theorem 5.1.2. This result can be applied to
not only the maximal asymptotic slope (see Corollary 5.2.3) but also other nat-
ural arithmetic invariants such as the arithmetic volume function (see Corollary
5.3.1) and the arithmetic self-intersection number (see Corollary 5.4.1). In §6, we
compare these specifications of Theorem 5.1.2. The comparisons show that the
arithmetic maximal slope is particularly adequate in the study of the Dirichlet
property of pseudo-effective adelic arithmetic R-Cartier divisors.
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We conclude the article by a refined version of the question above (see Ques-
tion 7.4). We hope that our work will provide clues for the further research on
criteria of the Dirichlet property for higher dimension arithmetic variety.

Finally we would like to express thanks to Prof. Burgos i Gil, Prof. Kawaguchi
and Prof. Yuan for their valuable and helpful comments.

Conventions and terminology. In this paper, we frequently use the same nota-
tions as in [18] and [20].

1. Let V be a variety over a field F and F an algebraic closure of F. Let x be an
F-valued point of V, that is, a morphism

x : Spec(F) — V
over F. The residue field of V at the closed point given by the image of x is
denoted by F(x).

In the following, let X be a projective and geometrically integral scheme over
a number field K. Let d be its Krull dimension.

2. Let Ok be the ring of integers in K and My the set of all maximal ideals of
Ok. Let K(C) be the set of all embeddings K — C. For each v € Mg UK(C), we
define K, to be

_ JK®% C with respect to ¢ if v = ¢ € K(C),
7 | the completion of Katp ifv=yp € M.
Moreover, let X, denote the fiber product X Xg,e.(x) Spec(Ky). Note that Ko is

naturally isomorphic to C via a ®” z — o(a)z and X, is nothing more than the
fiber product X xg Spec(C) with respect to o.
pec(K)

Let x be a K-valued point of X. Let {¢1,...,$n} be the set of all Ky-algebra
homomorphisms K(x) ®x K, — K, where K, is an algebraic closure of K,. Note
that n = [K(x) : K]. For eachi = 1,...,n, let w; be the K,-valued point of X,
given by the composition of morphisms

XXide

— Xo,

where ¢7 is the morphism of K;-schemes induced by ¢;. We denote {wy,..., wy}
by Oy (x).

3. For v € Mg UK(C), the analytification X3" of X, is defined by
an {XU(KU) ifv =0 € K(C),
o

Spec(Ky) N Spec(K(x) ®k Ky)

Xg" in the sense of Berkovich [1] if v = p € M.

As K, is naturally identified with C, X3" = X,(K,) = X,(C). We equip the
space Xg" (resp. X{") with the analytic topology, namely the topology as an
analytic space (resp. as a Berkovich space). Let X' denote the set of C-valued
points of X over Q. Note that Xg' = [ [,cx(c) X5". We often denote X3! by X(C).
Note that the complex conjugation induces an involution F, : X(C) — X(C).
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4. Let us fix v € Mg UK(C). For a K,-valued point w of X, we define w® € Xan
to be

i )W ifv =0 € K(C),
"] the valuation of K,(w) as an extension of v, if v =p € Mg,

where v, is the valuation of K, defined as v,(f) = #(Ox/p)~ "% (/). Note that
#Hw' € X,(Kyp) | '™ = w™} = [Kp(w) : Ky).

5. Let Div(X) be the group of Cartier divisors on X and denote by Divy(X)
the R-vector space Div(X) ®z R. If ¢ is an element in Rat(X)*, we denote
by (¢) its divisor, which is an element in Div(X). The Cartier divisors on X
constructed in this way are called principal divisors. The map ¢ — (¢) is a
group homomorphism and extends by extension of scalar to an IR-linear map
Rat(X)g — Divr(X), where Rat(X)y := Rat(X)* @z R.

By an adelic arithmetic R-Cartier divisor of C'-type on X, we refer to a pair
D = (D,g), where D € Divg(X) and § = (gv)vemuk(c) is a family of Green
functions, with ¢, being a D-Green function of C°-type on X3". We also require
that g, comes from an integral model of D for all but a finite number of p € M,
and that the family (¢v)sck(c) is invariant under the action of Fw. The family
g = (8v)veMuk(c) is often denoted by

8o[0]-
ZJEMKUK(C)
If it is not specified, an adelic arithmetic IR-Cartier divisor refers to an adelic
arithmetic R-Cartier divisor of C-type. We denote the vector space consisting

of adelic arithmetic R-Cartier divisors on X by ]5;7]1{()(). If ¢ is an element in
Rat(X)*, we define an adelic arithmetic IR-Cartier divisor as follows

(9):=((9), L —loglgul3 [o]),
Z)GMKUK(C)
where ¢, is the rational function on X2" induced by ¢. The map Rat(X)* —

Divg(X) extends naturally to Rat(X)y and defines an R-linear homomorphism
of vector spaces. Any element in the image of this IR-linear map is called a
principal adelic arithmetic R-Cartier divisor.

For any v € Mg UK(C), one has a natural embedding from the vector space

CY(Xa") into Divr (X) which sends f, € CO(Xa") to
(0, £, [v]) if v € Mg,

(0,4l + JEx(£)[e]) if v € K(C),

We denote by O(f,) this adelic arithmetic R-Cartier divisor.
In the particular case where X = Spec K, an adelic arithmetic IR-Cartier divisor
¢ on SpecK is a vector ({o)yemuk(c) in RMxUK(C) .= Map (Mg UK(C), R) which
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we can write into the form of a formal sum
Colvl],
Z)GMKUK(C)

where {, = 0 for all but a finite number of indices v. The Arakelov degree of { is

then defined as .

UEMKUK(C)
For more details of (Te\g(.), see [20, SubSection 4.2]

6. Let D = (D, g) be an adelic arithmetic R-Cartier divisor of C’-type on X. For
any algebraic point x of X outside the support of D, the normalized height hp(x)
of x with respect to D is defined to be
deg (D |X) 1 an
hs(x) == = — .
o) = R K ~ K@K veMKZU;K@:) weg( 2 5 8ol

This function can be extended to the set of all points in X(K), see [20, §4.2] for
details. A K-valued point x of X is said to be non-positive with respect to D if
hp(x) < 0. Note that the height function h5(.) does not change if we replace D
by D + @ with ¢ € Rat(X)g. This is a consequence of the product formula for
the number field K. -

For any real number A, we denote by X(K)Z, the set of all K-valued points of

X whose height with respect to D is bounded from above by A, namely
X(K)2) = {x € X(K) | hp(x) < A},
The essential minimum of the height function h(-) is defined as

fless(D) := inf{A € R| X(K )< ) s Zariski dense}.

The function Jiess(.) takes value in RU { —co}. Note that if D verifies the Dirichlet
property, then the essential minimum of /5 (.) is non-negative.

7. We say that an adelic arithmetic R-Cartier divisor D = (D, ) is relatively nef
if D is a nef R-Cartier divisor and g is of (C° N PSH)-type (for details, see [20,
§ 2.1]). To each family (D )dJrl of relatlvely nef adelic arithmetic R-Cartier di-
visor one can associate a real number deg(D1 -Dy41) as in [20, §4.5]'. The
intersection number function (Dy,...,Dy.1) — deg(Dy,...,Dyi1) is symmet-
ric, additive and IR;-homogeneous in each coordinate and hence extends to a
(d + 1)-linear form on the vector space of integrable? adelic arithmetic R-Cartier
divisors. The extended function is continuous in each of its coordinates with
respect to the topology on the vector space of all integrable adelic arithmetic
R-Cartier divisors defined by the usual convergence in each of its finite di-
mensional vector subspaces and the uniform convergence of Green functions.

IThe smoothness condition for the scheme X in loc. cit. is actually not necessary.

%Recall that an adelic arithmetic R-Cartier divisor is said to be integrable if it can be written as
the difference of two relatively nef adelic arithmetic IR-Cartier divisors.
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Therefore, for fixed integrable adelic arithmetic R-Cartier divisors Dy, ..., Dy,
the function D1 — deg(Dy,...,Dy.1) can be extended by continuity to the
whole vector space of adelic arithmetic R-Cartier divisors on X.

Let Dy,...,D,; be relatively nef adelic arithmetic IR-Cartier divisors. The in-
tersection product defines a (non-negative) Radon measure (D; - - - D), on X%
for each place v € Mg U K(C) such that, for any ¢ € C°(X3") one has

(D1---Dg)o(¢) := deg(D1--- Dy O(¢)).

More generally one can define a signed Borel measure (D; - --Dy), on X2 for
integrable adelic arithmetic R-Cartier divisors Dy, ..., D;. Moreover, this signed
measure is multi-linear in Dy,...,D,;. Note that in the case where Dy,..., Dy
come from adelic line bundles and v is a non-archimedean place, the above
measure has been constructed in [6] (the archimedean case is more classical
and relies on the theory of Monge-Ampere operators). See §6.2 infra. for the
integrability of Green functions with respect to this measure extending some
results of [17, 7].

Let r be an integer in {0,...,d} and Dy,...,D,,; be a family of integrable
adelic arithmetic R-Cartier divisors. If Z is an R-coefficient algebraic cycle of
dimension r in X, written into the linear combination of prime cycles as

Z — Alzl + s +)L7’IZ7’I'
Then we define the height of Z with respect to Dy, ..., D,;1 as

n

h(Dl, ey Dr—|—1; Z) = Z Aideg(D1|Zi s Dr—|—1|Zi)-
i=1

In the particular case where all D; are equal to the same adelic arithmetic RR-
Cartier divisor D, we write h(Dy,...,Dy; Z) in abbreviation as h(D;Z). Note
that when Z is the algebraic cycle corresponding to a closed point x of X, the
height h(D; Z) equals [K(x) : K]hy(x).

We say that an adelic arithmetic R-Cartier divisor D = (D, g) is nef if it is
relatively nef and if the function hp(-) is non-negative. In the case where D is

nef, the function /(D; -) is non-negative on effective cycles.

8. Let D be an adelic arithmetic R-Cartier divisor on X. if s € Rat(X)g and
D+ (s) > 0, then |s|g, := [s[pexp(—g»/2) is a continuous function on X3",

o~

where v € Mg UK(C); |s|g, <1 for all v if and only if D + (s) > 0.
We denote by H’(X, D) the K-vector space

{¢ € Rat(X)" [ D+ (¢) = 0} U {0}

Assume that s is an element in H°(X, D). For each v € Mg U K(C), the Green
function g, defines a continuous function |s|¢, such that

|5|gv = [s|o exp(—gu/2).

This function vanishes on the locus of div(s) + D. We also define

Isllosup := sup |s|o(x).
xeXxgn
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Denote by H°(X, D) the set of all s € H(X, D) such that [s|[ssup < 1 for any
v € Mg UK(C). The arithmetic volume of D is defined as

—~ = , log #H%(X, nD)
I(D) :=1 .
“a(D) = timsup 5T

1. DENSITY OF NON-POSITIVE POINTS

This section is devoted to a non-denseness result for non-positive points under
the Dirichlet property. This result will be useful in the following sections to
construct counter-examples to the Dirichlet property. We fix a projective and
geometrically integral scheme X defined over a number field K.

Let S be a subset of X(K). For a proper subscheme Y of X and v € Mg UK(C),
we set

A(S; V)M = Uxes\y(@{waﬂ | w € Oy(x)}.

The essential support Supp,(S)5" of S at v is defined to be

(1.1) Supp..(S)3" == (] A(S;Y)3n,
YCX

where A(S;Y)an is the closure of A(S; Y)3a" with respect to the analytic topology.
Note that if A(S;@)3" is dense with respect to the analytic topology, then

Suppes(S)y" = X5
Moreover, if S is not Zariski dense, then Supp, . (S)5" = @.

Lemma 1.1 (Non-denseness of non-positive points). Let D = (D, g) be an adelic
arithmetic R-Cartier divisor of CO-type on X. If s is an element of Rat(X)y with

o~

D+ (s) > 0, then

SUpp .. (X(K)go)zn N{x € X" | [slg,(x) <1} =
forall v € Mg UK(C). In particular, if Supp(D + (s)) # @, then A(X(K)2,; @) is
not dense with respect to the analytic topology. -

Proof. We set S := X(K)go, Y := Supp(D + (s)) and g, := —log|s
assumption, g, > 0 for all v € Mg UK(C).

3.+ By our

Claim 1.1.1. For all y € A(S;Y)3", we have g, (y) = 0.

Proof. For y € A(S;Y)3", we choose x € S\ Y(K) such that y = w™ for some
w € Oy(x). Then,

0>2[K(x): Klhip(x) = 2deg(D+()lx) = Y, L gu(@™).
v’ e MgUK(C) w'€0,(x)

As g/, > 0 for all v € Mg UK(C), the assertion follows. O
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We assume that Supp,(S5)5" N {x € X" | |s|¢,(x) < 1} # @. In particular,
AS;Y)anN{x € XJ | |sg,(x) < 1} # @.

We can choose yo € Xj" and a sequence {y,;} in X3" such that [s|g, (ve) < 1,
Ym € A(S;Y)5" for all m and limy, 0 Y = Yoo. By the above claim, [s|g, (vm) = 1
for all m, and hence |s|¢, (Voo) = limy, o |S[g, (ym) = 1. This is a contradiction.

U

Remark 1.2. Let f : P, — P} be a surjective endomorphism over K with
deg(f) > 2. Let S be the set of periodic points in IP}(K). Fix ¢ € K(C). By
Lemma 3.3, A(S; @) coincides with the set of periodic points of f, in (k)"
The following are well-known:
(1) The closure of the set of repelling periodic points is the Julia set J, of f»
([22, Theorem 4.2.10]).
(2) The set of non-repelling periodic points is a finite set ([22, Theorem 4.2.9]).
(3) The Julia set ], is closed and perfect, that is, ], is closed and ], has no
isolated points in J, ([22, Theorem 2.3.6]).

Therefore, we can see that the essential support Supp,.(S)3" of S at ¢ is equal
to the Julia set J,.

For a subset S of X(K) and v € Mg UK(C), we set Sy = Uyes Op(x). Let us
consider a way to give the essential support of S at v in terms of S, and X,.

Proposition 1.3. Supp..(S)3" = Ny,cx, {w™ | w € Sy \ Yo(Ky)}, where Y, runs
over all proper subschemes of Xo.

Proof. 1t is sufficient to show that, for a proper subschemes Y; of X, there is a
proper subscheme Y of X such that

Usesiyi) O2(%) € So\ Yo(Ka),

that is, S, N Y5 (Ky) C Usesny(®) Oyp(x).

Let 71 : X, — X be the projection. For x € X(K) and w € X,(Ky), the natural
induced morphisms

Spec(K) — Xg and  Spec(Ky) = (Xo)g
are denoted by ¥ and @, respectively, where
Xg = X Xgpec(k) Spec(K) and  (Xo)g: = Xo Xspec(k,) SPec(Ky).
We fix an embedding K — K,, which yields a morphism 7 : (Xo)gz — Xz In

the case where w € O,(x), there is a homomorphism &, : K — K, over K such
that the following diagram is commutative:

Spec(Ky) 2, (Xo)o

Spec(K) —— Xg
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Let K be the algebraic closure of K in K,. Note that 1,(K) = K.
Let D be a Cartier divisor on X such that X° := X \ Supp(D) is affine. Let A
be a finitely generated K-algebra with X° = Spec(A). Note that

SN Supp(D)o(Ko) = UxeSﬁSuPP(D)(K) Ou(%).

If Yo C Supp(D)y, then the assertion is obvious, so that we may assume that
Yy, € Supp(D)y. We put T = S, N (Y, (Ky) \ Supp(D)o(Ky)).

Claim 1.3.1. There is a non-zero h € A @y K such that @*(7*(h)) = 0 forall w € T.

Proof. Let I, be the ideal of A ®k Ky, d_efining Y, NX5. CE)ose a non-zero element
W' of I,. There are hy,...,h, € AQgKand ay,...,a, € K, such that

W= a1 (hy) + - + a, 72 (hy)

and ay,...,a, are linearly independent over K. Forw € Tand w € Oy(x), by
using the above diagram,

0=a"(h)=a@*(7*(hy)) + - - + a,@* (7" (h;))
= a11(X" (1)) + -+ - + arw (2" (hy)),
so that ¥*(hy) = - -+ = ¥*(h,) = 0. Therefore, the assertion follows. O

We set i = cihy + - - - + ¢;h; for some ¢q,...,¢; € Kand hy,...,h; € A. Let K’
be a finite Galois extension of K such that K(cy,...,¢c;) € K. Here we put f =
[TreGai(kr/x) o (h). Note that f € A\ {0} and w*(7*(f)) = O forallw € T, so that
T C Usrspec(a/fa)®) Oyu(x). Therefore, if we set Y = Supp(D) U Spec(A/fA),
then the proposition follows. O]

2. ENDOMORPHISM AND GREEN FUNCTION

This section consists of the construction of the canonical Green functions for a
given R-Cartier divisor in the algebraic dynamical system setting, which can be
considered as a generalization of the construction of the canonical metrics in [24].
Here we explain them in terms of Green functions on either Berkovich spaces or
complex varieties. Throughout this section, we fix the following notation. Let X
be a projective and geometrically integral variety over a field K. Let f : X — X
be a surjective endomorphism of X over K. Let D be an R-Cartier divisor on X.
We assume that there are a real number d and ¢ € Rat(X)g such thatd > 1 and
f4(D) = dD + (p).

2.1. Non-archimedean case. We assume that K is the quotient field of a com-
plete discrete valuation ring R. Let X" be the analytification of X in the sense of
Berkovich. Note that 2" : X" — X" is also surjective by [1, Proposition 3.4.7].
Let us begin with the following proposition:

Proposition 2.1.1. There exists a unique D-Green function g of CO-type on X such
that (f**)*(g) = dg —log|¢[*
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Proof. Let us fix a D-Green function gg of C’-type on X®. As

fH(D) =dD + (9),
(fa)*(go) is a (dD + (¢))-Green function of C%-type, and hence, there is a con-
tinuous function Ay on X" such that

(f*)(30) = dgo —log|@|* + Ao.
For each n € Z~1, let us consider a continuous function &, on X" given by

n

Z dl+1 (/\0)

Claim 2.1.1.1. (a) There is a continuous function h on X* such that the sequence
{hyn} converges uniformly to h.
(B) (f)*(h) + Ao = dh.

Proof. (a) It is sufficient to show that ||k, — hy||sup — 0 as n,m — co. Indeed, if
n > m, then

n
1 [ *
=l = || 3 ™00 < 2 e [ o)
i=m+1 sup i=m+1
L 1
= ||)L0||sup‘ Z g1
i=m+1
as required.
(b) Note that
n
(F*) (ha) + A0 = ) =5 (™)) (A0) + Ao = dhysa,
i=0
and hence the assertion follows. O]

If we set g = g + h, then g is a D-Green function of C%-type and
(f)7(8) = (f7)"(g0) + (f7)"(h) = (dgo —log |g|* + Ao) + (dh — Ag)
= dg —log g[*,
as desired.

Next we consider the uniqueness of g. Let ¢’ be another D-Green function of
C-type such that (f)*(¢') = dg¢’ —log|@|®>. Then, as ¢’ — g is a continuous
function on X®" and (f*")*(¢’ — ¢) = d(¢’ — g), we have

18" = &llsup = [I(F™)* (8" — &) lsup = 14(&" — &) llsup = dlI8" — &l sup,
and hence ||g" — g|lsup = 0. Thus ¢’ = g. O
Proposition 2.1.2. Let 2~ — Spec(R) be a model of X over Spec(R) and 2 an R-
Cartier divisor on 2" such that & coincides with D on X. If there is an endomorphism

f: 2 — 2 over Spec(R) such that f|, = f and f*(2) = dZ + (¢) o, then the
D-Green function g 4, arising from the model (27, 7) is equal to g.
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Proof. The relation f*(2) = d2 + (¢) o~ yields

(fan)*(g(%,g)) =dg(a,2) —log |90’2/
so that, by the uniqueness of g, we have g4 ) = g. O]

Using the identities
f(D) =dD +(g) and (f")*(g) =g~ logle|,

we can easily see that

(f")*(D) =d"D + (¢u) and ((f™)")*(g) = d"g — log|¢ul”

for n > 1, where
n—1

o= TT (77 ()"

i=0
Let 2" — Spec(R) be a model of X over Spec(R) and 2 an R-Cartier divisor
on 2" with 2|y = D. For each n > 1, we choose a model .Z;, — Spec(R) of X
over Spec(R) together with a morphism f, : 2;, — 2 over Spec(R) such that
fn‘ X = f"". Here we define an R-Cartier divisor %, on 2, to be

1 s
Dni= = (Fi(2) = (pn) ) -
Note that 2|y = D. Then we have the following:

Proposition 2.1.3. If we set 0, = § — §(4;, 2,), then limy e ||0y||sup = 0. In partic-
ular, if 9 is relatively nef, then g is of (C° N PSH)-type.

Proof. Since
f:(@) =d"P, + (Gon)ggn ,
we have
(™) (8(2,9)) = d"8(2:,9,) — 108 lonl*,
so that if we set 0 = g — g(4 ), then ((f*)")*(0) = d"0y. Therefore,

||9||sup = ||((fan)n)*(9)||sup = ||dn9n||sup = dn||9n||supr

and hence lim, e ||0 ||sup = 0.
For the last statement, note that if 7 is relatively nef, then %, is also relatively
nef for n > 1. O]

2.2. Complex case. We assume that K = C.

Proposition 2.2.1. There exists a unique D-Green function g of C'-type on X such that
f*(g) = dg — log |@|>. Moreover, if there is a D-Green function of (C° N PSH)-type,
then g is also of (C° N PSH)-type.

Proof. We can prove the unique existence of ¢ in the same way as Proposi-
tion 2.1.1. Let gg be a D-Green function of (C° N PSH)-type. As in the previous
subsection, we can see

(f")* (D) =d"D+ (¢s) and (f")*(g) =d"g —log|pu|’
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for n > 1, where
n—1 di

o= 1 () ()

i=0
Here we define g, to be

]' *
gni= 3 (") (30) +1og lgul”)
that is,
(f")"(80) = d"gn —log |gu|”.
Then g, is a D-Green function of (C° " PSH)-type. Moreover, if we set § = ¢ — go
and 0, = ¢ — gn, then (f*)*(6) = d"6,. Thus
||9Hsup = H(fn)*(e)usup - ||dn9n||sup = d”H@anupf

and hence limy_,c [|6 ||sup = 0. Therefore, g is of (C” N PSH)-type by [15, Theo-
rem 2.9.14, (iii)]. (]

Let ¢ : Spec(C) — Spec(C) be the morphism given by the complex conjugation
map z +— Z. Let X denote the fiber product X ngEC(C) SE:)eC(C) in terms of c. Let
F : X — X be the projection morphism and f : X — X the induced morphism
by f. Note that the following diagram is commutative:

1%

F F

X X
If we set D = F*(D) and $ = F*(¢), then f*(D) = dD + (¢). For x € X(C),
the composition Spec(C) % Spec(C) — X £ x yields a C-valued point of

X, so that we define F : X(C) — X(C) to be Fx(x) = Foxoc. The above
commutative diagram gives rise to the following commutative diagram:

|

|-

%(C) - %(0)

r| f |7

X(C) 1~ x(C)

Proposition 2.2.2. Let ¢ be a D-Green function of CO-type on X with f*(g) = dg —
log |@|? as in Proposition 2.2.1. Then § := FZ(g) is a D-Green function of CO-type on
X with f*(g) = dg — log |p|%. Moreover, if g is of (C° N PSH)-type, then § is also of
(CY N PSH)-type.

Proof. It is easy to see that § is a D-Green function of C-type on X because
F () (x) = x*(F* () = (" (x" (F*()))) = (Foo (x))*(¢) = ¢ (Feo(x))
for x € X(C) and ¢ € Rat(X)*. In addition,
FH(8) = E(f*(8)) = F(dg — log|g[?) = dg —log|[*.
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The last assertion follows from the same argument of [18, Lemma 5.1.1]. ]

3. CANONICAL COMPACTIFICATION

Let X be a projective and geometrically integral variety over a number field K.
Let f : X — X be a surjective endomorphism of X over K. Let D be an R-Cartier
divisor on X. We assume that there are a real number d and ¢ € Rat(X)y such
thatd > 1 and f*(D) = dD + (¢). We use the same notation as in Conventions
and terminology 1 ~ 4. In addition, for each v € Mg UK(C), let /2" : Xan — Xan
be the induced map by f. By Proposition 2.1.1, for p € Mk, there is a unique
D-Green function g, of C’-type on Xyt with

(fZ™)*(gp) = dgp — log |o]5.

We can find a model 27; of X over a non-empty Zariski open set U of Spec(Ok),
an R-Cartier divisor Z;; on £y and an endomorphism fy; : 2 — Zy over U
such that fi|y = f and f5(2) = dZ + (¢) on 2y, so that, by Proposition 2.1.2,
for P € U, gp comes from the model (2, Zi1). Further, by virtue of Propo-
sition 2.2.1 and Proposition 2.2.2, let us take a unique Fe-invariant D-Green
function ge of CO-type on X2 (for the definition of X237, see Conventions and
terminology 3) such that

(f&)7 (§eo) = dgeo —log ]2,
where f3' = [1,ek(c) fo - Therefore,

D:= <D/ )3 8P[P]+goo[°°]>

PeMg

forms an adelic arithmetic Cartier divisor of C’-type on X. By our construction,

f*(D) = dD + (¢).
The adelic arithmetic Cartier divisor D is called the canonical compactification of D
with respect to f.

Lemma 3.1. If D is ample, that is, there are ample Cartier divisors Dy,..., Dy on X
and ay,...,ar € Rugwith D = a1Dq + - - - 4+ a,Dy, then D is nef.

Proof. First let us see the following claim:

Claim 3.1.1. (a) There are a model 7t : 2~ — Spec(Ox) of X over Spec(Ok) and
a relatively nef R-Cartier divisor 9 on 2 such that 2|y = D.
(b) There is an Fe-invariant D-Green function h of C®-type on X' such that
c1(D, h) is positive.

Proof. If D is an ample Cartier divisor, then the assertions (a) and (b) are well-
known. Moreover, in this case, Z in (a) can be taken as a Q-Cartier divisor.

(a) For eachi =1,...,r, there are a model Z; — Spec(Ox) of X over Spec(Ok)
and a relatively nef Q-Cartier divisor ; on Z; such that Z;|y = D;. Let us take
a model 2" — Spec(Ok) of X over Spec(Og) such that we have a birational
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morphism y; : & — 2; over Spec(Ok) for each i = 1,...,r. If we set ¥ =
mpi () + - +au; (Zy), then 7 is relatively nef and 2|y = D.

(b) For each i = 1,...,r, let h; be an Fy-invariant D;-Green function of C*-
type on X&' such that ¢1(D;, h;) is positive. Then ajhy + - - - + a,h, is our desired
Green function. ]

By the above claim together with Proposition 2.1.3 and Proposition 2.2.1, gp
and g are of (C° N PSH)-type on X3 and X', respectively. Therefore, D is
relatively nef. Let i be the height function associated with D. Then

hp(f(x)) = dhp(x)

for all x € X(K). Indeed,
h5(f(x)) = hpp) (¥) = hyp, (%) = hyp (%) = dhp (x).
As D is ample, there is a constant C such that h; > C. In particular,
s (x) = i (F7(x)) /" = C/d"
for all n > 1, and hence hg(x) > 0 for x € X(K). Therefore, D is nef. O
For v € Mg UK(C), we set

{Prep(f) ={xe X(Klf”(x) = f™(x) for some 0 < n < m},
Prep(fy) := {x € Xy, (Kyp) | fi(x) = fI'(x) for some 0 < n < m}.

An element of Prep(f) (resp. Prep(fy)) is called a preperiodic point of f (resp. fy).
Moreover, for a subset T of X,(Ky), T®" is defined by

T .= [ | w € T}

(for the definition of w™", see Conventions and terminology 4). Let us see the
following proposition.

Proposition 3.2. Uycprep(f) Ov(x) = Prep(fy) (for the definition of Oy(x), see Con-
ventions and terminology 2).

Proof. Clearly Uyeprep(r) Ouo(x) C Prep(fy). Conversely, we suppose that x €
Prep(fy), thatis, f' o x = fI! o x for some m > n > 0. Let 71, : X, — X be the
projection. Then 71, o f)' o x = 7, 0 f}! o x. Note that the following diagram is
commutative:

XULXU

oI

X —X,

so that we have f™ o m,0x = f" o m, o x. Therefore, Lemma 3.3 below, there
are a closed point ¢ of X and a homomorphism K(¢) — K, such that 7, o x is
given by the composition Spec(K,) — Spec(K(Z)) — X, so that the assertion
follows. O
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Lemma 3.3. Let V be a projective variety over a field k. Let f : V — Vand g:V =V
be surjective endomorphisms of V and let D be an R-Cartier divisor on V. We assume
the following:

(1) D is ample, that is, there are ample Cartier divisors Dq,...,D, on V and
a,...,a, € Rugwith D =a1Dy+ -+ a,D;,.

(2) There are ¢, € Rat(V)g and a,b € Rwq such that f*(D) = aD + (¢),
g°(D) =bD + (¢) and a # b.

If Q) is a field over k, x € V(Q) and f(x) = g(x), then there are a closed point &
of V and a homomorphism k(¢) — Q) such that x coincides with the composition of
Spec(Q)) — Spec(k(g)) — V.

Proof. Let Z denote (f x g)~1(A), where f x g: V — V x V is a morphism given
by x — (f(x),g(x)) and A is the diagonal in V x V. It is sufficient to show
that dim Z < 0. We assume the contrary, so that we can find a 1-dimensional
subvariety C of V with C C Z. Then f|- = g|.. In particular, f,(C) = g«(C). As

f*(D) =g (D) = (a =)D+ (py~"),

we have
(@a=b)(D-C) = ((f"(D) =g"(D)) - C) = (D- f«(C)) = (D - g+(C)) =0,
and hence (D - C) = 0. This is a contradiction because D is ample. Ul

The purpose of this section is to prove the following theorem:

Theorem 3.4. We assume that D is ample. If there are v € Mg UK(C) and a subvariety
Yy C Xy such that dimY, > 1 and Y, C Supp.(Prep(f))3", then the Dirichlet
property of D does not hold. In particular, if Prep(f,)™ is dense in X3 with respect to

the analytic topology for some v € My U K(C), then the Dirichlet property of D does
not hold.

—~

Proof. We assume that D + (s) is effective for some s € Rat(X)g. Here we set
S := X(K)Z, (for the definition of X(K)Z, see Section 5). By Lemma 1.1,

SUPPess (S); N {x € X3 | Islg, (x) <1} = @.

Note that if x € Prep(f) for x € X(K), then hy(x) = 0. Therefore, Prep(f) C S,
and hence

Supp, (Prep(f))7" N Supp(D + (s))3" = @

because Supp(D + (s))5" € {x € X5" | [s|¢,(x) < 1}. As (D + (s))o is ample, we
can see that Y, N Supp(D + (s))» # @. In particular,

Y3" NSupp(D + (5))5" # 2,

an

which is a contradiction because Y3" C Supp,.,(Prep(f))3". O
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4. EXAMPLES

In this section, we give several examples to apply Theorem 3.4.

Example 4.1 (Abelian variety). Let A be an abelian variety over a number field
K. Let D be an ample and symmetric R-Cartier divisor on A, that is, there are
ample and symmetric Cartier divisors Dy, ..., D, on A and ay,...,a, € R with
D = aDy + -+ +a,D,. Then [2]*(D) = 4D + (¢) for some ¢ € Rat(A)g. Let D
be the canonical compactification of D with respect to [2]. Note that Prep([2],)
is dense in A, (C) with respect to the analytic topology for ¢ € K(C). Thus,
by Lemma 3.1 and Theorem 3.4, D is nef and D does not have the Dirichlet

property.
Example 4.2 (Projective line). Let E be an elliptic curve over a number field K,
X := E/[£1] and p : E — X the natural morphism. Note that X ~ PL and the

endomorphism [2] : E — E descends to an endomorphism f : X — X, that is,
the following diagram is commutative:

.
|
N

X

P

~—1m

>

Clearly p(Prep([2])) C Prep(f). In particular, Prep([f],) is dense in X,(C) with
respect to the analytic topology for ¢ € K(C). Let D be an ample Cartier divisor
on X. Note that p*(D) is symmetric because p o [-1] = p, so that there is
¢' € Rat(E)* with [2]" (0" (D)) — 40°(D) + (¢'), that is, p* (f* (D) — 4D) = ().
Therefore, if we set 9 = N(¢')!/2 € Rat(X)g, then f*(D) = 4D + (¢), where N :
Rat(E)* — Rat(X)* is the norm map. Let D be the canonical compactification
of D with respect to f. By Lemma 3.1 and Theorem 3.4, D is nef and the Dirichlet
property of D does not hold.

Here let us consider a special elliptic curve E due to Tate, that is,
E := Proj (K[X, Y, Z)/(Y2Z + XYZ + Y72 — X3))
where € = (5+1/29)/2 and K = Q(e). It has a smooth model
& = Proj (OK[X, Y,Z)/(Y2Z + XYZ + 2YZ% - X3)>

over Ok := Zl[e|. Let & --» IP})K be a rational map induced by the homomor-
phism Ok (X, Z] — Ox([X, Y, Z]/ (Y?Z + XYZ +€*YZ? — X°), thatis, & ——» P}, is
the projection at (0:1:0). Note that & --» IP(le actually extends to a morphism
p:E — ]P<13K because the tangent line at (0:1:0) is given by {Z = 0}.
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Claim 4.2.1. There is a morphism f : ]P<131< — ]P<131< such that the following diagram is
commutative:

e

/| |o
f
]P}DK —>IP(1)K

Proof. The x-coordinate of [2](P) for P = (x:y : 1) € E is given by

xt — 2x2 — 2¢*x
4x3 + x?2 +2e2x 4+ e’

Therefore, if we consider a rational map f : IP%)K - IP%)K given by
fx:z) = (x* — x%2% — 2e*xz® : 4xdz 4 %2 + 26%x2° + €2,

then the diagram

2]

& &

pl lp
]P}DK AN ]P}DK

is commutative as rational maps, so that we need to see that f extends to a
morphism f : ]P(lDK — ]P<13K' Let F be either Q or le, where ]Fp = Z/pZ for a
prime p. It is sufficient to show that if (x,z) € F? satisfies a system of equations
xt — €2x222 —2e*xz3 = 0,
4x37 4+ x272 4 2e2xz3 + €*2% = 0,

then x = z = 0. We assume the contrary, that is, the above has a solution
(x,z) € F>\ {(0,0)}. As z # 0, we may assume z = 1, so that x # 0, and hence

3 —e?x —2e* =0,
4x3 + x?2 +2e2x + et = 0.

Therefore, 0 = (4x® + x> + 2e?x + €*) — 4(x® — €?x — 2¢*) = (x + 3€?)?, that s,
x = —3¢€2. Thus, as (—3¢?)® — €?(—3€?) — 2¢* = 0 and € # 0, we have 27¢2 = 1.

On the other hand, since €2 —5¢ — 1 = 0, we obtain 27 - 5¢ = —26, so that
27 -25 = 27-25-27¢* = (27 - 5¢)® = 262 in F. Note that 267> — 27 -25 = 1, and
hence 1 = 0 in F, which is a contradiction. (]

Since the norm map N : Rat(&)* — Rat(]P%)K) * is a homomorphism, we have
the natural extension

Ng : Rat(£)g = Rat(£)* ® Q — Rat(PY, ) := Rat(IPh,)* ® Q.
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Let 2 be an ample Cartier divisor on ]P})K. As the following diagram
-1
& . &
N A
Py

is commutative, p*(2) is symmetric, so that [2]*(p*(2)) — 4p*(2) — (¢') is ver-
tical for some ¢’ € Rat(&) . As the class group of Q(e) is finite, there is A € K§
such that

e (f(2) —42) = [2]"(0"(2)) — 40" (2) = (A¢)),
and hence, if we set ¢ = No(Ag')1/? € Rat(]P%)K)a, then f*(2) =42 + (¢). Let
g be an Fy-invariant 2-Green function of (C° NPSH)-type on IP})K (C) such that
f*(g) = 4¢ —log|¢|%. By Lemma 3.1 and [20, Proposition 2.1.7], an arithmetic
Cartier divisor 7 := (2,¢) on IP})K is nef and, by Theorem 3.4, & + (/1/)\) is not

effective for all ¢ € Rat(]P%)K)HX{. Further, p*(2) is nef and p*(2) + (7;) is not
effective for all ¢ € Rat(o/)g.

Example 4.3. Here let us give an example due to Burgos i Gil, which shows that
the converse of Theorem 0.1 in the introduction does not hold in general.
Let E be an elliptic curve over Q and ]P‘%2 := Proj(Qlx,y]). Let Dy (resp. D»)

be the Cartier divisor on E (resp. IP%Q) given by the zero point (resp. {x = 0}).
Then there is ¢ € Rat(E)* with [2]*(D;) = 4D; + (¢). Let li : P — PG, be the
endomorphism given by (x : y) — (x* : y*). Then h*(D,) = 4D,. We set

X:=ExPs, f:=[2]xh:X—X and D:=pj(D;)+ps5(Ds),
wherep; : X - Eand pp : X — 1[’@12 are the projections to E and P}, respectively.
As the following diagrams are commutative,

x L x x 15 x
Pll lm le lpz
ST Po = Po

we have
f(D) = f*(pi(D1)) + f*(p3(D2)) = pi([2]*(D1)) + p3(h*(D2))
= p1(4D1 + (9)) + p2(4D2) = 4D + (pi(9))-

Let D be the canonical compactification of D with respect to f.

Claim 4.3.1. (1) D is nef.
(2) Prep(f,)™™ is not dense in X5™ with respect to the analytic topology for all
v € Mg U {oo}, where co is the unique embedding Q — C.
(3) Supp.(Prep(f))& = E(C) x ', where §' = {(¢ : 1) € PY(C) | [¢] = 1}.
(4) The Dirichlet property of D does not hold.
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Proof. (1) follows from Lemma 3.1.
(2) As (pp)a - X3™ — (]Pb)?,“ is surjective and (p2)3" (Prep(f»)*™) C Prep(hy)®®,
it is sufficient to show that Prep(h,)?" is not dense in (IP}Q)%H. Note that

Prep(h) = {(0:1),(1:0)} U{({,1) | { € Qand " = 1 for some m € Z~g},
so that the assertion is obvious if v = co. We assume that v = p for some prime
p. Let w € Prep(h,)™ N Ug;, where U is the Zariski open set of ]P%2 given by
U:={x #0, y # 0} and Uq, := U Xgpec() Spec(Qp). In the same way as
Proposition 3.2, there is { € Prep(h) such that w is one of valuations arising
from ¢, that is, if we set

Q) ®Q,=K;&---®K, (thesum of finite extension fields over Q,),

then w is the valuation of some K;. Put z := X/Y. As z({)"™ = 1 for some
m € Z~q, we obtain z = 1 at K, so that |z|,, = 1. Therefore we have

Prep(hp)™ N Ug; Clwe U&r; | |z]w =1},

and hence Prep(h,)*" is not dense.

(3) We need to see Prep(f) \ Y(C) = E(C) x S! for any proper subscheme Y
of E x ]P%). Note that

Prep(f) = E(C) x S' and Prep(f) \ Y(C) C Prep(f) \ Y(C),

so that it is sufficient to check E(C) x S! C (E(C) x S!)\ Y(C).

Weset T = {{ € S' | E(C) x {¢} C Y(C)}. Let us see that T is finite.
Otherwise, as E(C) x T C Y(C) and E(C) x T is Zariski dense in E(C) x IP1(C),
we have Y(C) = E(C) x P}(C), which is a contradiction.

Since (E(C) x {}) \ Y(C) = E(C) x {} for € S'\ T, we obtain

E(C) x (S'\ T) C E(C) x S1\ Y(C).

Thus the assertion follows because S\ T = S*.
(4) follows from (2) and Theorem 3.4. ]

5. MEASURE-THEORETICAL APPROACH TO THE STUDY OF DIRICHLET PROPERTY

The purpose of the section is to study the Dirichlet property in a functional
point of view. Our method consists of introducing some (possible non-linear)
functionals on the spaces of continuous functions on the analytic fibers of the
arithmetic variety. The Dirichlet property leads to conditions on the supports of
these functionals.

We fix a geometrically integral projective scheme X of dimension d defined
over a number field K and denote by 77 : X — SpecK the structural morphism.
In the following subsection, we will establish an abstract framework to study
the consequences of the Dirichlet property by the functional approach. We then
specify the theorem for different choices of the functionals, notably those coming
from the asymptotic maximal slope and the volume function.
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5.1. A formal functional analysis on Dirichlet property. Let V be a vector sub-
space of ]5RI]R(X) containing all principal divisors and let V. denote the subset
of all effective adelic arithmetic Cartier divisors in V. Let C, be a subset of V
verifying the following conditions :

(a) for any D € C, and A > 0, one has AD € C;

(b) for any Dy € C, and D € V., there exists ¢ > 0 such that Dy +¢D € C, for
any ¢ € R with 0 < e < g;

(c) for any D € C, and ¢ € Rat(X)y, one has D + (¢) € Co.

In other terms, C, is a cone in V which is open in the directions in V, and
invariant under translations by a principal divisor.
Assume given a map y : Co — R which verifies the following properties :

(1) there exists a positive number a such that u(tD) = #'u(D) for all adelic
arithmetic R-Cartier divisor D € Cy and t > 0; -
(2) forany D € C, and ¢ € Rat(X)g, one has u(D + (¢)) = u(D).
For D € C, and E € V, we define V%y(ﬁ) to be
— D +€E) —u(D
V%y(D) zlimsupy( eb) = ul ),
€
e—0+

which might be +co. Note that, for any D € Co, the function E + V(D)

is positively homogeneous. Moreover, for any E € Vand t > 0, one has

+..0M) — a—1o+(m " .
thpt(tD) = 7"V (D). In addition to (1) and (2), assume the following prop-
erty:

(3) there exists a map V, : Divg(X)+ x Co — R U {400} such that
Vu(E,D) =V u(D) forE€V.and D € Co,
where ﬁR(X)+ denotes the set of all effective adelic arithmetic R-Cartier

divisors.

Denote by Cs. the subset of C, of adelic arithmetic R-Cartier divisor D such
that, the map E — V,(E, D) preserves the order, namely, for any couple (Ej, E;)

of elements in ]5R7]R(X)+ such that E; < Ej, one has V,(E1,D) < V,(E, D).
If D is an element in Co., then the map V, defines, for any v € Mg UK(C), a
non-necessarily additive functional

¥ COXM s — [0,400], ¥E (o) = V,u(O(f), D),
where C%(X3"), denotes the cone of non-negative continuous functions on X320,

Definition 5.1.1. We define the support of ‘I’%U to be the set Supp(‘I’%v) of all
x € X§" such that ‘I’%U( fv) > 0 for any non-negative continuous function f, on
Xan verifying f,(x) > 0. Note that Fe (Supp(‘I%’U)) = Supp(‘I’%/ﬁ) for o € K(C)
because 1~I’%ﬂ(ﬁ7) = ‘I’%"_T(Pj‘o (fr)) for fo € CO(X3M),.
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Theorem 5.1.2. Let D be an element of Coo with u(D) = 0. If s is an element of
Rat(X)g with D + (s) > 0, then

Supp(‘I’%’v) N{x e XJ" | [slg, <1} =@
for any v € Mg UK(C).
Proof. We set D' =D + (s) = (D’,¢') and f, = min{g/, 1}. Thus, as
0<0(fo) < D'

and D € Co,, one has

0= V4((0,0),D) < ¥5,(fo) = V4(O(fo), D) < V,(D', D) = Vi,u(D).

On the other hand, by using the properties (1) and (2), one obtains
(D +eD') — u(D) = pu(D +€D) — u(D) = ((1+¢€)" = 1)u(D),
and hence V1 j(D) = ap(D) = 0. Therefore, ¥ ,(f») = 0, so that
Supp(¥p,) N {x € X" | fu(x) > 0} = @.
Note that g, = —log [s|3,
fx € X3 | fo(x) > 0} = {x € X" [ [s], < 1},

as required. O

. Thus, we can see that

Under the assumptions of Theorem 5.1.2, we have the following corollaries.

Corollary 5.1.3. Assume that the Dirichlet property holds for D and that D is big. For
any v € Mg UK(C), if Yy is a closed subvariety of X, of dimension > 1 such that
Yo" C Supp (‘I’% v), then Y, is contained in the the augmented base locus of Dy.

Proof. Let s be an element of Rat(X)g with D + (s) > 0. We introduce D' =

D+ (/S\) as in the proof of the theorem. Assume that Y} is a closed subvariety of
Xy which is not contained in the augmented base locus of D, (which identifies
with the augmented base locus of D). Then the restriction of D), on Y}, is a big
R-Cartier divisor since the restricted volume of D/, on Yy is > 0 (cf. [11]). Hence
[D]] has non-empty intersection with Y, which implies that [D]]*™" N Y3" # .
Therefore, by the previous theorem, Y;" cannot be contained in the support of
the functional ‘I’% . 0

Corollary 5.1.4. Assume that (D - C) > 0 for any curve C on X. If the Dirichlet
property holds for D, then, for any v € Mg U K(C), there is no subvariety Yy, of X,
such that dimY, > 1 and Y3" C Supp (‘I’%U).

Proof. It is sufficient to prove that (D, - C,) > 0 for any curve C, on X,. Indeed,
there are a variety W over K and a subscheme % of X x W such that Rat(W)
is a subfield of K;, € is flat over W and ¥ xy Spec(K,) = Cp. Let p and g be
the projections X x W — W and X x W — X, respectively. By our assumption,
(g*(D) - ¢ np~H(w)) > 0 for any closed point w of W, so that (q*(D) - ¢;) > 0,
where 7 is the generic point of W, as required. O]
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5.2. Asymptotic maximal slope. In this subsection, let V = 5’1;]1{()() and C, be
the cone of all adelic arithmetic R-Cartier divisors D such that D is big.
Let D be an adelic arithmetic R-Cartier divisor in C, and { be an adelic arith-
~asy,{ 1y

metic R-Cartier divisor on Spec K with (Te\g(g ) = 1, we define jimax (D) as
sup{t € R | D — t7r*({) has the Dirichlet property}.

Note that for sufficiently negative number ¢, the adelic arithmetic IR-Cartier divi-

sor D — t7t*({) is big (since D is a big R-divisor) and therefore has the Dirichlet

property. Moreover, one has ﬁ?ﬁg’f(ﬁ) < Tless(D) (see Conventions and termi-

nology 6). Therefore ﬁfnsayxg() is a real-valued function on C,. By definition, for

any t > 0 and any D € C, one has (D) = 1355 (D).
The function ﬁ?ﬁgf(ﬁ) is actually independent of the choice of . This is a
consequence of the following proposition.

Proposition 5.2.1. Let {y and (» be adelic arithmetic R-Cartier divisors on SpecK.
Then deg((1) = deg({2) if and only if {1 = (o + () for some ¢ € K (:= K* ® R).

Proof. Tt is sufficient to show that if deg(Z) = 0, then { = (¢) for some ¢ € Kg.
We set § = Y penmr p[P] + Loek(c) a0 [0]. As the class group of K is finite, we may
assume that a, = 0 for all p € Mg. Therefore, Dirichlet’s unit theorem implies
the assertion. ]

We shall use the expression fimax () to denote this function. By definition, for
any adelic arithmetic R-Cartier divisor { one has

fimax(D + 70°(0)) = fimax(D) + deg(0).
This function has been introduced in the adelic line bundle setting in [9] in an
equivalent form by using arithmetic graded linear series. We refer the readers to

§6 infra for more details.
If D is an adelic arithmetic R-Cartier divisor verifying the Dirichlet property,

—_

then for any ¢ € Rat(X)g, D + (¢) also verifies the Dirichlet property. Moreover,
for any D’ > D, the adelic arithmetic R-Cartier divisor D’ verifies the Dirichlet
property. We deduce from these facts the following properties of the function
~asy (')'

,u max

Proposition 5.2.2. (1) Let D be an adelic arithmetic R-Cartier divisor in Co. For any
@ € Rat(X)y one has fimax (D + (¢)) = fimax(D).
(2) The function T () preserves the order relation, namely for D1 < Dy in C, one
has ﬁ?l?ZX(Dl) S ,ﬁlanst(D2)-
(3) The function Jimay(.) is super-additive, namely
ﬁ?ﬁz}i]x (51 + E2) 2 ﬁ?ﬁz}i]x (51) + ﬁ?ﬁz}i]x (52)
for Dy and Dy in Co.

The Theorem 5.1.2 leads immediately to the following corollary.
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Corollary 5.2.3. Let D be an adelic arithmetic R-Cartier divisor such that D is big and

~asy R

that fimax(D) = 0. If s is an element of Rat(X)g with D + (s) > 0, then
~asy
Supp(\If%Iin) N{xeX3"||sly, <1} =2
for any v € Mg UK(C).

The function 7imax(.) is important in the study of Dirichlet’s theorem. In fact, it
is not only the threshold of the Dirichlet property but also the pseudo-effectivity.

Lemma 5.2.4. Let (D;)"_, be a family of adelic arithmetic R-Cartier divisors on X, and
D be an adelic arithmetic R-Cartier divisor on X such that D is big. Then one has

\Hmo oy (D4 # Dy + - -+ t,Dy) = fimew(D),
%

where for t = (t1,...,t,) € R", the expression |t| denotes max{|t1],..., |ta|}.

Proof. If we replace D by D + 71*(Z), where { is an adelic arithmetic Cartier
R-divisor on SpecK, both sides of the equality to be proved differ the initial

value by (Te\g(g ). Hence one may assume that D is big. Moreover, without
loss of generality, one may assume that (D;)"_; are adelic arithmetic Cartier
divisors which are big and effective (by possibly augmenting the number of
adelic arithmetic Cartier divisors in the family). In fact, each D; is R-linearly
equivalent to an R-linear combination of big and effective arithmetic Cartier
divisors. Then by using the fact that the function Jima(.) preserves the order,

one obtains
fimax (D — [t|(D1+ - -+ + Dy)) < fimax(D + ;D1 + - - - + t,Dy)
< fimax(D + [t[(D1 4 - - - + Du)).

Therefore we have reduced the problem to the case where n = 1 and D; is a
big and effective adelic arithmetic Cartier divisor. Let 2 > 0 be a real number
such that aD — D; and aD + D; are both R-linearly equivalent to effective adelic
R-Cartier divisors. By the positive homogenity of the function fima(.), for any
t > 0 one has

ﬁ?r?e}llx(ﬁ) > ]//Z?nsgx (5 - tﬁl) > (1 - at)ﬁ?r?e}llx (5)

Hence lim jimax (D — tD1) = fipx (D). Similarly, one has lim 7igun (D +tD1) =
=0+ t—0+

fimix (D). The result is thus proved. O

Proposition 5.2.5 (cf. Proposition 7.2 ). Let D be an adelic arithmetic R-Cartier divi-
sor such that D is big. Then D is big (resp. pseudo-effective) if and only if fimax (D) > 0
(resp. fimax (D) > 0).

Proof. Assume that D is big. Let { be an arithmetic R-Cartier divisor on Spec K
such that deg({) > 0. Since D is big, for sufficiently small t > 0, the adelic

arithmetic R-Cartier divisor D — t71*({) is big, and hence verifies the Dirichlet
property. Therefore one has

i (D) = tdeg(Q) + fimw (D — t71(¢)) > tdeg(g) > 0.
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Conversely, assume that fima, (D) > 0. We write D as an R-linear combination
D=aDi+---4a,Dy,

where (D;)"_, are big adelic arithmetic Q-Cartier divisors. For any ¢ > 0, we can
choose by, ...,b, in Q such that a; — ¢ < b; < a;. Then Dy = byDy + - -- + b, Dy,
is an adelic arithmetic Q-Cartier divisor and D — D; is big. Moreover if € is
sufficiently small, D; is big and ymax( ¢) > 0. By [8, Proposition 3.11] (see also
Proposition 6.1.1), one obtains that D, is big. Therefore D is also big.

Assume that D is pseudo-effective. Let D’ be a big adelic arithmetic R-Cartier
divisor. For any t > 0, tD’ + D is big. Therefore jipux(tD’ + D) > o By the
continuity of the function 7iga (.) (see Lemma 5.2.4), one obtains that fimy, (D) >
0.

Conversely, assume that figma (D) > 0. If D’ is a big adelic arithmetic R-Cartier
divisor, then D + D’ is big since D is pseudo-effective and D’ is big. Moreover,
one has

fimax(D + D) > fimax(D) + fimax(D") > 0.
Hence D + D' is big. Therefore D is pseudo-effective. O

Remark 5.2.6. Let D be an adelic arithmetic R-Cartier divisor on X such that D
is big. The above proposition shows that

fimax (D) = max{t € R|D — trr*({) is pseudo-effective},

where ( is any adelic arithmetic R-Cartier divisor such that cTe\g(g) = 1. Note
that big adelic arithmetic IR-Cartier divisors verify the Dirichlet property. There-
fore, in order to construct counter-examples to the Dirichlet property, one should
examine adelic arithmetic IR-Cartier d1V1sor of the form D — fimax (D) 77*(Z), where

deg(Z) = 1. Note that the functionals i m;* remain invariant if one replaces D

by a translation of D by the pull-back of an adelic arithmetic R-Cartier divisor
on Spec K. Therefore the study of these functionals will very possibly provide a
large family of counter examples to the Dirichlet property and suggest a way to
characterize it.

5.3. Volume function. In this subsection, we still assume that V' = 5’1;]1{()() and
C, is the cone of all adelic arithmetic IR-Cartier divisors D such that D is big.

Let i be the arithmetic volume function vol (see Conventions and terminology
8). Note that one has vol(tD) = t4t1vol(D). Moreover, for any ¢ € Rat(X)g,
one has vol(D + @) — vol(D). Therefore the function u = vol(.) verifies the
conditions (1)—(3) in §5.1. Moreover, the volume function preserves the order
relation. Namely for D; < D; one has vol(D;) < vol(D,).

A direct consequence of Theorem 5.1.2 is the following corollary.

Corollary 5.3.1. Let D be an adelic arithmetic R-Cartier divisor such that D is big and
that vol(D) = 0. If s is an element of Rat(X)g with D + (s) > 0, then

Supp(‘I%AO’lv) N{x e XJ" | [slg, <1} =@
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for any v € Mg UK(C).

5.4. Self-intersection number. In this subsection, let V be the subspace of ﬁR(X )
consisting of integrable adelic arithmetic R-Cartier divisors. Let C, = V. We de-
fine the function u : C, — R as u(D) := cTe\g(ﬁdH). The function p verifies the
conditions (1) and (2) of §5.1. For D € C, and E € V., we define V% u(D) as
follows

_ Joo (D . T
Jim ; = (d+1)deg(D" - E).

The function extends naturally to the whole space ﬁR(X ) of adelic arithmetic
R-Cartier divisors (see Conventions and terminology 7) and thus defines a map
Vi Divg(X) x Co — R. Note that the subset Co. of D € C, such that Vu(., D)
preserves the order contains all nef adelic arithmetic IR-Cartier divisors. For
D € Coo and any place in v € Mg UK(C), the map V,(., D) defines a posi-

tive functional ‘P%ej on C%(Xa"); which sends f, € C°(X3") to cTe\g(Ed -O(fy))-

It is an additive functional on C%(X2"),, which coincides with the functional
(Ed)v defined in Conventions and terminology 7 when D is nef. Therefore, from
Theorem 5.1.2, we obtain the following corollary.

Corollary 5.4.1. Let D be an adelic arithmetic R-Cartier divisor on X. Assume that D

is nef and deg(D*1) = 0. If s is an element of Rat(X )g with D' := D + ( ) >0,
then, for any v € Mg UK(C),

Supp(Y25) 1 {x € X" |slg, <1} = @,

6. COMPARISON OF THE FUNCTIONALS

Let 7t : X — SpecK be a projective and geometrically integral scheme defined
over a number field K and D be an adelic arithmetic R-Cartier divisor on X
such that D is big. In view of the applications of Theorem 5.1.2 to different
functionals, notably Corollaries 5.2.3, 5.3.1 and 5.4.1, a natural question is the

~asy

comparison between the functionals 1~I’y max ‘I’VO1 and ‘IL g For this purpose, we

relate the function 7igme (D) to the graded lmear series of D and show that it is
always bounded from below by vol(D)/(d + 1) vol(D).

6.1. Asymptotic maximal slope and graded linear series. If D = (D, ¢) is an
adelic arithmetic R-Cartier divisor on X, we denote by V(D) the K-vector sub-
space of Rat(X) generated by (X, D) (see Conventions and terminology 8).
Let { be an adelic arithmetic R-Cartier divisor on Spec K such that cTe\g(g ) =1
For any integer n > 1 and any real number t, we denote by vi(D (D) the K-vector
subspace of R(X) defined as

Vi (D) := V(nD — *(ntl)).
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The direct sum V¢ (D) forms a graded sub-K-algebra of V.(D) := @, H*(X, nD).
Moreover, (V&) forms a multiplicatively concave family of graded linear se-
ries of the R-divisor D. Namely, for (t1,t,) € R? and (n,m) € IN? one has

6.1) v D)V (D) c VL, (D)

where t = (nty +mty)/(n + m).
For any integer n > 1, let A% (D) be the supremum of the set

{t e R|V;"(D) # {0}}.

The function /\g() preserves the order. Namely, if D and D’ are two adelic arith-

metic R-Cartier divisors on X such that D < D/, then one has A§(D) < A(D').
Therefore by [4, Lemma 2.6] (the Hermitian line bundle case), the sequence

(A% (D)),>1 is bounded from above. Moreover, the relation (6.1) shows that the

sequence (nA§ (D)),;>1 is super-additive. Therefore the sequence (A% (D))yn>1
converges in R. The following proposition relate the limit of the sequence

(A% (D));>1 to the asymptotic maximal slope of D. In particular, the function
ﬁ;ﬁgx() coincides with the one defined in [8, §4.2] in the adelic line bundle set-
ting.

Proposition 6.1.1. Let D be an adelic arithmetic R-Cartier divisor such that D is big,
then for any { € Divg (Spec K) with deg({) = 1 one has

Fai(D) = lim A%(D).

Proof. We say that an adelic arithmetic R-Cartier divisor E satisfies to the Q-
Dirichlet property if there is ¢ € Rat(X)¢ such that E + (¢) > 0. This condition
is stronger than the usual Dirichlet property. We define p’ifnSZX’Q (D) as

sup{t € R | D — t7r*({) has the Q-Dirichlet property}.
1) lm A5(D) < ﬁfnSZXQ(ﬁ): If nD — tnt*({) + (¢) > 0 for some ¢ €

n——+o0
Rat(X)*, then D — t77* () has the Q-Dirichlet property, so that A5 (D) < . oD),
and hence the inequality follows.

(2) lim Ao (D) > firaso(D): Let € be a positive number. Then there is ¢ € R
such that
s o(D) —e <t < i (D)

and D — t71*({) has the Q-Dirichlet property. Therefore, nD — tnt*({) + (¢) > 0
for some n € Z~( and ¢ € Rat(X)*. Thus,

Y (D) —e<t<A5(D) < fim(D),

max,Q

as required.

3) ﬁfnSZxQ( ) < fimax (D): This is obvious.
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4) p’ifnSZX’Q (D) > imix(D): Let € be a positive number. Let (. be the adelic
arithmetic IR-Cartier divisor on Spec K given by (e := Y ,ck(c) €lo]. We assume
that D — t7t*({) has the Dirichlet property. In particular, D — t7t*({) is pseudo-
effective, so that D + 77%({¢) — t7t*({) is big by [20, Proposition 4.4.2(3)], so that
D + t*(Ce) — tr*({) has the Q-Dirichlet property. Therefore, we have

fimax (D) < fig) (D + 7T (Ce)) = fioma (D) +€[K: Q]/2,
as desired. O

The following proposition compares the arithmetic maximal slope to a nor-
malized form of the arithmetic volume function.

Proposition 6.1.2. Let D be an adelic arithmetic R-Cartier divisor such that D is big

~asy 1y

and Hmax(D) > 0. Then one has
vol(D)
(d+1)vol(D)"

(6.2) Hmax(D) >

In particular, if fiagx (D) = vol(D) = 0, then for any E € Divg(X), one has
1

a5 (D) > *vol(D
(6.3) Vzimax(D) = a+ 1)V01(D)VEV01(D)’
so that, for any v € Mg U K(C), one has
ﬁ?ja}a]x 1 vol
(6.4) Yo (fo) = vol(D)Tﬁv(f”)

for any non-negative continuous function f, on X3" and hence

~asy

Hmax /\1
Supp(Y57,") 2 Supp(¥y,)-

Proof. Let { be an adelic arithmetic IR-Cartier divisor on Spec K such that ae\g(g )
1. By [4, Corollary 1.13], one has

vol(D) = (d +1) /0+oo vol(V&4) dt.

Therefore
vol(D) [+~ vol(ViH)
@+ 1)vol(D) — I vol(v, (D)) 4

Moreover, by Proposition 6.1.1 we obtain that Vit = {0} oncen > 1 and t >

iE . (D). Therefore (6.2) is proved. =

6.2. Poicaré-Lelong formula and integration of Green function. Let X be a
geometrically integral projective scheme of dimension d defined over a number
field K, and Dy,...,D, be integrable adelic arithmetic R-Cartier divisors on X,
and D = (D, g) be an arbitrary adelic arithmetic R-Cartier divisor of C'-type on
X. The purpose of this section is to establish the following result.
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Proposition 6.2.1. For each place v € Mg U K(C), the Green function g, is integrable
with respect to the signed measure D1 - - - Dy. Moreover, if [D] denotes the R-coefficient
algebraic cycle of dimension d — 1 corresponding to D, then the following relation holds
(see Convention and terminology 7)

(6.5) h(Dy,---,D4,D;X) =h(Ds,...,Dg;[D])+ Y. (D1---Da)o(80)-
veE MgUK(C)

Note that in the particular case where Dy,..., Dy, D are Cartier divisors, this
result has been obtained in [17, §5] and [7] respectively for hermitian and adelic
cases.

Before proving the above proposition, we present several observations as fol-
lows. Let Dy, ..., D, be integrable adelic arithmetic R-Cartier divisors on X, and
p be a place in Mg. In [20], the number (Te\glg (D1---Dy;¢) was defined for an
integrable continuous function ¢ on Xi". Moreover, the set of integrable contin-
uous functions is dense in CO(Xg“) with respect to the supremum norm. There-

fore, one has a natural extension of the functional log #(Ox/ p)(Te%p (D1---Dgy;¢)
for any continuous function ¢, which defines a signed Borel measure on XJ"
which we denote by (D; - --Dj),. Similarly, for any o € K(C), the product of
currents %cl(Dl, 81,0) N+ Ac1(Dg,84,) defines a signed Borel measure on X3"
which we denote by (Dy---Dy), . See Convention and terminology 7 for a
presentation of the construction of these measures in the language of arithmetic

intersection product. In particular, the proposition is true in the special case
where D = 0.

Proof of Proposition 6.2.1. Note that both side the equality (6.5) are multilinear
with respect to the vector (Dy,---,Dy, D). Therefore we may assume that
Dy, ...,D, are relatively nef and D is ample without loss of generality. More-
over, for any place v € Mg UK(C) two D-Green functions on X5" differ by a
continuous function on X3". Therefore it suffice to prove the proposition for an
arbitrary choice of adelic D-Green functions, and the general case follows by
the linearity of the problem and the particular case where D = 0. In particular,
we can assume without loss of generality that D is a relatively ample arithmetic
Cartier divisor, namely D comes from an ample line bundle L on X and the
adelic structure on D comes from an ample integral model of (X, L) equipped
with semi-positive metrics at infinite places.

We shall prove the following claim by induction on k. Note that the case where
k = d + 1 is just the result of the proposition itself.

Claim 6.2.1.1. Assume that D; is relatively nef for any i € {1,...,d} . Let k be an
index in {1,...,d + 1}. Then the assertion of the proposition holds provided that each
D; (k < i < d) can be written as a positive linear combination of ample Cartier divisors
equipped with Green functions of C° N PSH-type.

The claim in the case where k = 1 is classical, which results from [7, The-
orem 4.1] by multilinearity. In the following, we verify that the claim for k
implies the same claim for k 4+ 1. We choose an R-Cartier divisor Ej; such that



ALGEBRAIC DYNAMICAL SYSTEMS AND DIRICHLET’S UNIT THEOREM 29

E; can be written as a positive linear combination of ample Cartier divisors
and D; = Ej + Dy is an ample Cartier divisor. We choose suitable E;-Green
functions such that E; can be written as a positive linear combination of am-
ple Cartier divisors equipped with Green functions of C° N PSH-type. Then
D, = Ei + Dy is an ample Cartier divisor equipped with Green functions of
C% N PSH-type. The induction hypothesis then implies that the claim holds for
51, .. -rﬁk—lrﬁkrﬁk—klr .. -/Bd and for 51, .. -rﬁk—lrﬁllcrﬁk—klr .. -/Bd- We then
conclude by the multilinearity of the problem. O

~as

y
6.3. Intersection measure and comparison with ‘I’%‘“;X. Similarly to the results

obtained in the previous subsection, in the case where D is nef and D is big,
Too /\asy
the linear functional ((d + 1) Vol(D))_l‘?IE’%e 5 is bounded from above by ‘I’%m;"

provided that deg(D™!) = 753 (D) = 0 (we can actually prove that they are
equal). This comparison uses a generalization of the positive intersection prod-
uct to the framework of adelic arithmetic R-Cartier divisors.

Let D be a big adelic arithmetic R-Cartier divisor on X. We denote by ©(D)
the set of couples (v, N), where v : X’ — X is a birational projective morphism
and N is a nef adelic arithmetic R-Cartier divisor on X’ such that

A°(X',t(v*(D) = N)) # {0}

for some t > 0. We then define a functional (D?) on the cone 1\/TEf]R(X) of nef
adelic arithmetic R-Cartier divisors on X as

VA € Nefg(X), (D% -A:= sup deg(N%-v*(A)).
(v,N)e®

If the set @(D) is empty, then the value of (D?) - A is defined to be zero by

convention. The set ©(D) is preordered in the following way :
(1/1 : X1 — X,Nl) > (1/2 : X2 — X,Nz)

if and only if there exists a birational modification v' : X’ — X over both X; and
X, such that H(X',t(piN1 — p3N2)) # {0} for some t > 0, where p; : X' — X;
(i = 1,2) are structural morphisms (which are birational projective morphisms
such that v1p; = vpp2 = V). By the same method of [10, Proposition 3.3], one
can prove that ©(D) is filtered with respect to this preorder and hence (D?) is an
additive and positively homogeneous functional on l\/TgflR(X ) and hence extends
to a linear form on the vector space I/I?qR(X) of integrable adelic arithmetic R-
Cartier divisors. Finally, by [20, Theorem 3.3.7], one can extends by continuity
the functional (D) to the whole space Divg(X) of adelic arithmetic R-Cartier
divisors such that (D?) - E > 0if E > 0.

=P ~asy
The comparison between Vol(D)_l‘I’%ei and ‘I’%m;" comes from the following
variant of [23, Theorem 2.2] in the adelic arithmetic IR-Cartier divisor setting.
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Theorem 6.3.1. Let D = (D, g) and L = (L,h) be nef adelic arithmetic R-Cartier
divisors. Then

(6.6) vol(D — L) > deg(D**") — (d +1)deg(D" - I).

Proof. By [20, Definition 2.1.6 and Proposition 2.1.7], there are sequences
(2w, Zn) b and (2, L) 1

of models (X, D) and (X, L), respectively, with the following properties:

1) 2, = (.@n,ZUGK(C)gU) and %, = (.,%,ZaeK(C) hg> are nef for each n.
(2) If we set

(0, ). g;,p[p]> ~D—-7, and (0, ). h;,p[p]> -L-Z,

peMg peMg
then lim,, ||g;l’p||sup =0 and lim; ||h;1,p||5up =0.

Therefore, by [20, Theorem 5.2.1], it is sufficient to see the case where D=9
and L = & for nef arithmetic R-Cartier divisors Z and .Z on some arithmetic
variety 2 .

Let o/ be an ample arithmetic R-Cartier divisor on 2. If Siu’s inequality
holds for 7 + €</ and £ + €</ (¢ > 0), then, by using the continuity of the
volume function, we have the assertion for our case, so that we may assume that
2 and £ are ample. Thus we can set

D=mP+ - +a9 and L =b0L+ - +b",
where Z,..., 4], 9,..., 2, are ample Cartier divisors on 2" and
ai,...,a;, by, ..., by € Ry
Let g/ (resp. h;-) be a 2!-Green function (resp. i”/—Green function) such that
!/

9; = (2],8!) (resp. ?; = (£, I})) is ample. We set

D=aD1+ 40,71+ (0,¢) and L =b L1+ +b2L. +(0,9).
Moreover, for a},...,a;,b},...,b, € R, we set
Dty =GP+ -+ 0T+ (0,9) and Ly = bjZ1+ - + 5.2, + (0,9).

Note that if af > ay,...,a4, > a; and b} > by,...,b, > by, then @ufl,m,u; and
gbi,...,b; are nef, so that, using the continuity of the volume function together
with Siu’s inequality (cf. [23, Theorem 2.2]) for nef arithmetic Q-divisors, we

have the assertion. O

Corollary 6.3.2. Let D be a relatively nef adelic arithmetic R-Cartier divisor on X such
that D is big. If

c@(ﬁd"ﬂ)
(d+1)vol(D)’

(6.7) fimax (D) =
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then one has

. 5 4D E)
+ ~asy _ g
6.8) VE € DivR(X),  Vefima(D) = = 15y
In particular,
ﬁ':‘izx _ (DY
(6.9) oo = vol(D)

for any v € Mg UK(C).

~asy

Proof. Since the map E V+ymax( ) from Divg(X) to R U {+oo} is super-

additive and E — deg(Dd E) is a linear functional, it suffice to establish the
inequality (see [10, Remar 4.3])

= —. _ deg(D?-E)
+ a5y g
VE € Divg(X), VZiimax(D) > vol D)

Note that both the condition (6.7) and the assertion (6.9) remain equivalent if
one replaces D by D + 7t*({) with { € Divgr(Spec K). Therefore we may assume
that D is nef and big without loss of generality. In this case one has

VE € Divg(X), deg(D?-E)= (D% -E
since D is nef. We shall actually establish the equality
Vivol(D) = (d+1)(D") - E

for any E € Intg(X). We choose M € Nefg(X) such that M — E and M + E are
nef and big and M — D is big. Then for any (v, N) € @(D), by (6.6) one has
vol(D + tE) > vol(N + tv*(E)) = vol((N + tv*(M)) — tv*(M — E))

> deg((N + tv*(M)*)

— (d+1)tdeg((N + tv* (M))" - v* (M — E))
= deg(N*1) + t(d + 1)deg(N" - E) + O(t?),

(6.10)

where the implicit constant in O(#?) only depends on Vol( ) = deg( *(M)4+1),
We then deduce
vol(D + tE) > vol(D) + t(d +1)(D?) - E + O(#?),
which implies that
+vol(D AN
Vivol(D) > (d+1)(D") - E
By the continuity of the linear functional E + (D?) - E, we obtain that this

inequality holds for general E € Divg (X). Finally, by the log-concavity of the
arithmetic volume function, the functional E ~ V+V01(D) is super-additive (see

[10, Remar 4.2]). Therefore one obtains V‘gvol( ) = (d +1)(D% - E. The result
is thus proved by using the relation (6.3). O
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6.4. Comparison with the distribution of non-positive points. In this subsec-
tion, we compare the functional approach and the distribution of non-positive
points in the particular case where the set of non-positive points is Zariski dense.
The main point is an equidistribution argument. Let X be a projective and geo-
metrically integral variety over a number field K. Let D be an adelic arithmetic
R-Cartier divisor on X. We assume that D is nef and D is big.

Proposition 6.4.1. Assume that the set X (K)go is Zariski dense, then for any place
v € Mg UK(C) one has

E?Iigx — (Ed)v
Do vol(D)

and

~ .
SUPP (X (K)Z)3 2 Supp ¥,

Proof. Since the set X (K)EO is Zariski dense, we obtain that the essential mini-
mum of the height function hy(.) is non-positive. However, since D is nef one
has deg(D?*!) = vol(D) and therefore

vol(D)
(d+1)vol(D)
which implies that deg(D“*!) = vol(D) = 0. B
Let S = (x,),>1 be a generic sequence in X (K)go. For any adelic arithmetic

0= ﬁess(ﬁ) > P/Z‘rar?e}llx(ﬁ) >

>0,

R-Cartier divisor E on X we define

dg(E) := 17113 inf hg(xy,).

—+00
This function takes value in R U {+o0} on the cone © of adelic arithmetic RR-
Cartier divisors E such that E is big. The function ®g(.) : @ — RU {+o0} is
also super-additive. Moreover, one has ®5(E) > fimi(E) for any E € © and
®5(D) = fimix(D) = 0. Therefore one has

VE € Divg(X), VZ®s(D) > Vijim(D).
By (6.8) and [10, Proposition 4.3], one obtains

VE € Divg(X), V%q)S(D) = V%VH?’ZX(D) - %

This relation implies that, for any E € Divg(X), the sequence (hg(xn))n>1
actually converges to vol(D) 'deg(D? - E). In fact, one has hg5(x,) = 0 for
any 1 € N, n > 1. Therefore VI ®s(D) = ®s(E). In particular, one has

®5(—E) = —Pg(E), which implies the convergence of the sequence (hz(x,))n>1-

~asy

= ~asy
Suppose Suppe(X (K)2y)3" 2 Supp ‘I’%‘f‘;lthat is, there is w, € Supp ¥A™ \
Supp,gs (X (K)go)?,’“- As wy & Supp. (X (K)go)%n, there is a proper subscheme

Y of X such that w, ¢ A(X(K)2);Y)3. Let f, be a non-negative continuous
function on X3" such that f,(w,) =1 and f, =0 on A(X(K)EO;Y)?}‘.
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Claim 6.4.1.1. For x € X(K)zo \ Y(K), we have g, () = 0.

Proof. If v € Mk, the assertion is obvious, so that assume v € K(C). By the
definition of O(fy) (cf. Conventions and terminology 5),

4KG) Ky () = L fol@)+ ¥ folFul@)).

weO0,(x) w'€05(x)
Note that Fs(O35(x)) = Oy(x), and hence the assertion follows. O
By the previous observation,
, oG - (PDolfo)
lim By ) (xn) = @5(O(fo)) = BN

On the other hand, as S = (x,),>1 is generic, there is a subsequence S’ = (xy,)

such that x,,, & Y(K) for all 7, so that, by the above claim, lim;_, hig 1,y (xn;) = 0.
This is a contradiction. O

7. EXTENSION OF THE ASYMPTOTIC MAXIMAL SLOPE

In this section, we extends the function of the asymptotic maximal slope to the
whole space Divg(X) of adelic arithmetic R-Cartier divisors. Let D be an adelic
arithmetic R-Cartier divisor on X. We define jimyy (D) to be
(7.1) inf lim (fmax(tDo + D) — timax (Do) € RU {—o0},

Doe@ t—r+4o00
where © denotes the set of all adelic arithmetic R cartier divisors E such that
E is big. Note that if D is bi& then the value (7;1) coincides with the maximal
asymptotic maximal slope of D. In fact, for any Dy € © one has

,ﬁ?ns;]x(tﬁo + E) - t,ﬁ?nsgx (EO) > ﬁ‘ra;z}ilx(tEO) + ,ﬁ?ns%]x(ﬁ) - tﬁ?nsgx (EO) = ﬁ‘ra;z}i]x (5)
Therefore the infimum is attained at Dy = D and coincides with fimay (D).

The extended function also verifies the good properties such as positive ho-
mogenity, super-additivity etc. We resumes these properties in the following
proposition.

Proposition 7.1. (1) Let D be an adelic arithmetic R-Cartier divisor on X. For any
A > 0 one has figax (AD) = Adigax (D).

(2) Let Dy and D5 be two adelic arithmetic R-Cartier divisors on X. One has

ﬁ?r?gx(ﬁl + 52) > ﬁ?ns;]x(ﬁl) + ﬁ?r?z}ilx(§2)'

(3) Let Dy and D, be two adelic arithmetic R-Cartier divisors on X. If D1 > Dy, then
fimax(D1) > fimax(D2).

(4) If D is an adelic arithmetic R-Cartier divisor on X and { is an adelic arithmetic
R-Cartier divisor on Spec K, one has

Fimas (D + 70°(2)) = fimax(D) + deg(0).
(5) For any adelic arithmetic R-Cartier divisor D on X and any ¢ € Rat(X)g one has

—

fimax(D + (¢)) = fimax(D)-
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Proof. (1) The equality is trivial when A = 0. In the following, we assume that
A > 0. For any Dy € © one has
tEI—iI—loo (I//Z?nsgx(tﬁo + )LE) - t.ir?r?e}l,x (50))
= ETOO (Fimax (AtDg + AD) — Atfimax(Do))

=A tli)r_floo (ﬁ?ﬁg’x(tﬁo + E) - t,ﬁ?nSZx(EO))

By taking the infimum with respect to Dy, one obtains the result.
(2) Let Dg be an element in ®. For sufficiently positive t, one has

lim 73(2tDo + D1 + D2) — 2#fimi(Do)

> lim o) (tDg + Dy) — tiigex (Do)
~asy

+ tEI—Foo }ﬁgx(tﬁo + E1) - tﬁ?ligx (50) > ﬁ?ﬁz}i,x (51) + Hmax (52)
Since Dy is arbitrary, one obtains the result.
(3) Let Dy be an element in ®. For sufficiently positive number t one has

tEI—Ii-loo Fimax (tDo + D1) — timax (Do)
2 Hm Fimax (tDo + D2) — timax (Do) > fimax(D2).
Since Dy is arbitrary, one obtains Timax (D1) > Timax (D2).
(4) For any Dy € © and any sufficiently positive number ¢, one has
P/Z‘?r?e}llx(tﬁo +D+ 1" (g)) B tﬁ?r?e}llx(EO) = PA‘?nng(tﬁo + 5) - tﬁ?r?e}llx(EO) + cTe\g(g)
By passing to limit when t tends to the infinity and then by taking the infimum

~asy

with respect to Dy, one obtains fima (D + 7% (Z)) = fimx (D) + deg(Z).
(5) Let Dy be an element in ©. For sufficiently positive number ¢, one has
A (tDo + D + (9)) — 22 (Do) = 2 (tDg + D) — tisiy (Do)
Therefore ﬁfﬁgx (D + (/95) = ﬁ?r?e}llx (D).
O

The following is a criterion for the pseudo-effectivity of adelic arithmetic R-
Cartier divisors, which is a generalization of Proposition 5.2.5.

Proposition 7.2. Let D be an adelic arithmetic R-Cartier divisor. Then D is pseudo-
effective if and only if D is pseudo-effective and fimax (D) > 0.

Proof. Assume that D is pseudo-effective, then D is a pseudo-effective R-divisor.
Moreover, for any Dy € ©, there exists { € Divg(Spec K) such that D; = Dy +
*(¢) is big. Therefore, for any € > 0, the adelic arithmetic R-Cartier divisor
¢(Do+ 7*()) + D is big. Hence for t > ¢ one has
]//l\?ns;]x(tﬁo + 5) - tﬁ?rigx(EO) = ,a?r?;]x(tﬁl + 5) - ,a?r?;]x(ﬁl)
> (t = &)fimax(D1) — tfimax (D1) = —&fimax(D1).
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Since ¢ is arbitrary, we obtain that
tgl}—’loo (PA‘?nSZx(fﬁo + 5) - tﬁ?r?e}llx(EO)) > 0.
Conversely assume that D is pseudo-effective and fimay (D) > 0. If D’ is a big
adelic arithmetic R-Cartier divisor, then D + D’ is big since D is pseudo-effective
and D’ is big. Moreover, one has

fimax(D + D) > fimax(D) + fimax (D") > 0.
Hence D + D' is big by Proposition 5.2.5. Therefore D is pseudo-effective. [

The results which we have obtained in §5.1 can be applied to the extended
function fimax(.). Let C, be the cone of all pseudo-effective adelic arithmetic R-
Cartier divisors and V = ﬁlR(X). Then the cone C, satisfies the conditions
(a)—(c) of §5.1. Moreover, Proposition 7.2 shows that the restriction of ﬁi‘nSZX on C,
is a real valued function. By Proposition 7.1, this function verifies the conditions
(1)—(3) of §5.1. Thus we obtain the following corollary of Theorem 5.1.2.

Corollary 7.3. Let D be an adelic arithmetic R-Cartier divisor such that D is pseudo-

~asy 73

effective and that fimax(D) = 0. If s is an element of Rat(X)g with D + (s) > 0,
then

~asy
Supp(YE™) 1 {x € X2 | [slg, <1} = &
forany v € Mg UK(C).
We conclude the article by the following question.

Question 7.4. Let D be an adelic arithmetic R-Cartier divisor such that D is
pseudo-effective and that ﬁ‘?ﬁgx(D) = 0. Assume that, for any place v € Mg U
~asy
Hmax

Do _
augmented base locus of Dy, does the Dirichlet property always hold for D?

K(C), the union of all algebraic curves lying in Supp(¥°="**) is contained in the
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