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CONTACT POINTS AND SCHATTEN COMPOSITION OPERATORS

H. BENAZZOUZ, O. EL-FALLAH, K. KELLAY, H. MAHZOULI

AssTrACT. We study composition operators on Hardy and Dirichlet spaces belonging to
Schatten classes. We give some new examples and analyse the size of contact set of the
symbol of such operators.

1. INTRODUCTION

In this paper, we consider composition operators acting on Hardy and weighted
Dirichlet spaces. Let ID be the unit disc. Let dA(z) = dxdy/m denote the normalized area
measure on ID. For a > -1, dA, will denote the finite measure on the unit disc ID given
by

dA.(z) := (1 + a)(1 - |z*)*dA(z).
The weighted Dirichlet space D, (0 < a < 1) consists of those analytic functions on ID
such that

D)= [ I @RAR = Y [Ff(t o0y < .

D n>0
Note that the classical Dirichlet space D corresponds to & = 0 and 9, = H? is the Hilber-
tian Hardy space. Every function f € O, has non-tangential limits almost everywhere
on the unit circle T = JD. If the non—tangential limit of f at C € T exists it also will be
denoted by f(C).

Let ¢ be a holomorphic self-map of ID. The composition operator C, on D, is defined
by

Co(f) =fogp, f €D,
For s € (0,1), the level set of ¢ is given by

E,(s5) ={CeT: |p)l>s},

The contact set of ¢ is E,, := E,(1).
Let H be a Hillbert space, a compact operator is said to belong in the Schatten class
S,(H) if its sequence of singular numbers is in the sequence space 7.
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In section 2, we give a simple proof of Luecking’s Theorem [18, 23] about the characteri-
zation for p—Schatten class of Toeplitz operators for p > 1. In section 3, we give a simple
sufficient condition, in terms of the level set, which ensures the membership to S,(H?).
This approach allows us to give explicit examples of composition operator belonging
to Schatten classes. If the symbol is outer and the contact set is reduced to one point,
we give an explicit complete characterization to the membership to S,(H?). In the last
section, we study the size of contact set of ¢, when C, € §,(D,). For a treatment of some
questions addressed in this paper see also [4, 5, 6, 7, 13, 14, 15, 17].

The notation A < B means that there is a constant C independent of the relevant
variables such that A < CB. We write A < B if both A < Band B < A.

2. LUECKING CHARACTERIZATION FOR SCHATTEN CLASS OF TOEPLITZ OPERATORS

2.1. Toeplitz operators on the Bergman spaces. Let @« > —1. We denote by A, the
Bergman space consisting of analytic functions f on ID such that

|wg=Lv@w@@<m

The reproducing kernel of A, is given by
1

Ky(z) = W, z,w € D.
So we have
fw)={fKo)a,,  [f€A. (1)
In particular,
1
2 _ —
Ky, = Kelw) = o

For a positive measure u on the unit disc we associate the operator T, defined on the
Bergman space A, by

(w)
106 = [ K@i = [ L, fea.
D p (1 —@2)
Let us denote k, = K,/||Ky|l the normalized reproducing kernel at w. The Berezin
transform of T, is given by
(1 _ |Z|2)2+a

;LI(Z) = <Tyk21 kz>ﬂLY = f

D |1 — wzl4+2a

du(w).
The hyperbolic measure in D is given by
dA(w) = (1 — [w*)2dA(w).
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It satisfies

[ Mo, it = R, e @

+

The dyadic decomposition of ID is the family (R, ;) given by

; 2nj 2n(j+ 1)

Rn/j:{T€QED: VnS1"<7’n+1,7 S6<T}

where j=0,1,..,2" -1 and where 1 —r, =27".

Using the dyadic decomposition, it is not difficult to prove that p € LP(ID, dA) if and only
if

2m-1
Z p@+ayp Z (R, < oo.
n>0 j=0

For details see [22].
The following result is due to Luecking [18] ( an alternative proof is given by Zhu [23]).
Here we give a simple proof of this result.

Theorem 2.1. Let p > 1. The following assertions are equivalent.

(i) T, € S)(A,),
(ii) Tt € LP(ID, dA).

For the proof, we need the following key inequality (see [4, Lemma 2.1]).
Lemma 2.2. Let f € A% Then there exists a constant C, depending only on a, such that

(1 _ |w|2)2+a

@ <, [ SoEiff dAsw), z<D. ®

Proof. Let f, be an orthonormal basis of A,. We have by (1) and (3),

Y Tufu i, =3 ( [ tePaua)

n>1

<Y ([ ARl oPdA)du)

<. Y ( [ Afierdaw)

n>1

.Y ( [ Fwan @),

n>1 D
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where dv,(w) = |f,(w)dA(w). Note that v,(D) = [Ifl}; = 1. By (2) and Jensen’s

inequality, we have

Y Tuhfd, < Y, [ @@ @PaA )

n>1

. [ @y Y kA o)

nx1
— P mP
- Ca ||[J||Lp(]D,d/\)-
The last equality comes from the fact that

1
2 2 _ 2 2 _ 2 _ -
L |fn(ZU)| = - <Kw/fn>y[a - ”Kw”y[a - (1 _ |w|2)2+a

Conversely, since T, € S,(A,), let (s,).=0 be the singular values of T, and (e,),>0 be
the orthonormal sequence of the eigenfunctions of T, associated to (s,),s0. Using the

spectral decomposition of T, (T, = Z su{-, ex)e,) and Jensen’s inequality we obtain

n>1

@y = [ KTukokudaPir)
D

fD (Y sultw en)a, ) dA(w)

n>0

f Y sk, 0, PAA o)
D
1

IN

n=0
_ p
C 1+a Z S
n=0
This completes the proof. ]

2.2. Composition operators. Let « > 0 and ¢ € Hol(ID) such that ¢(ID) Cc ID. The
generalized counting Nevanlinna function of ¢ is defined by

Npo@= Y, (-, (zeD)
weD : p(w)=z

Note that N, (z) = n,(z) is the multiplicity of ¢ at z and N, 1. = N,, is equivalent to the
usual Nevanlinna counting function associated to ¢. For a Borel subset ) of ID, we put

fipal©) = fQ Ny a(MAG).

It is well known that C, € S,(D,) if and only if C,Cop € S,/2(D.). By a routine calcu-
lation (see [22]), there exists a rank one operator R on A, such that CoCo and T,  +R
are similar. It implies that C, € S,(D,) if and only if T, , € S,/2(A,), and the following
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result can be deduced easily from Theorem 2.1 (see also [22]).

Corollary 2.3. Letp > 2,0 < a < 1 and ¢ holomorphic self-map on ID. The following assertions
are equivalent

(i) Cy € S,(D),

21—

(i) Z 2 2+aynp/2 Zl [[J(P,a(Rn’j)]P/Z <o,

j=0
(iii) e € LPPdA(w).

Remark 2.4. 1. Let g be a positive measurable function on ID and a holomorphic self-map ¢ on
ID. By the change of variables formula [21] we have

f (g0 9@ @PdA) = (1 +a) f &N, (2AAG).
D D

Hence the condition (iii) becomes
1-— |w|2 2+a p/2
Top(@) = (1 +a)? f ( f WN(PIQ(Z){L‘X(Z)) dA(w) < co. (4)
D JD

2. The pull back measure associated to ¢ is defined by
my(B) :={CeT: ¢(C) € Ba.el,

here B is a Borel subset for D and |E| denotes the normalized Lebesgue measure of a Borelian
subset E of T.

In [14], Lefevre, Li, Queffélec and Rodriguez-Piazza showed that the classical Nevanlinna
counting function and the pull buck measure are connected as follows : There exists two universal
constants Cy, C, such that

my(W(C,Cih) s sup Ny(2) S my(W(C,Ch), CeT, he(01)
zeW(C,h)ND

where W(C,h) ={z€D:1—h < |z| < 1and |arg(zC)| < h} are the Carleson boxes.
Clearly, one can formulate the membership to Schatten classes, in the case of the Hardy space,
in terms of the pull back measure as follows,

2"—1

Cy € SP(HZ) — Z 2np/2 Z [m(P(Rn,]-)]p/2 < 0.

j=0
Let W, ; the dyadic Carleson box given by

, 271
Wn,j:{z:relee]D:1—2‘”§|z|<1and2—n]§9<—2n
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where j = 0,1,..,2" — 1. It was remarked in [15] that

Z 2””/222_1 [m(p(Rn,j)]p/2 <00 & Z 2”’7/22”21 [m(p(Wn,j)]p/2 < oo,
n =0 p =0

In this paper we will also use the earlier characterization of compactness du to B. MacCluer and
J. Shapiro. They showed in [19] that C,, is compact on H? if and only if

sup m,(W(C, h)) = o(h)(h — 0).
CeT

3. MemsersHrp To S,(H?)

3.1. Membership to S,(H?) through level sets. Note that C, is in the Hilbert-Schmidt
class in H? (i.e. C, € S>(H?)) if and only if

1 dc (7 IE()]
Yo'l = 5= [ 7o = [ s <o

n>0

Then the membership of composition operators to S,(H?) is completely described by the
level sets of their symbols. For p > 2, it is proved in [13] that there exists two symbols
@, Y such that [E,(r)| = |Ey(r)| forr € (0,1], C, € Sp(H?) and Cy, ¢ S,(H?). In the following
proposition we give a sufficient condition in terms of the level sets which ensures the
membership to Schatten classes. This allows us to give new examples of operators in
S,(H?) \ S,(H?) forp > 2.

Proposition 3.1. Let p > 2. If

L Ey(s)I"?

. mds<00,

then C, € S,(H?).
Proof. Since |[E, (1 —27")| = Z m(p(Wn]) we get

2"—1

Y (Wi )2 < |Eg(1 = 272,

Hence,

IA

127171
ds
— 2 m)p/2 -
;lE"’(l ) flz (1 -9t
L E ()P

< -
T Jo M=)tz
By Remarks 2.4.2, we obtain C, € S,(H?). |

Z 2np/2 2"21 1o (W, )
=0

n

ds < oo
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Remark 3.2. If C, € S,(H?), then
HEG ()P
o (I—-1) =
Indeed, write |[E,(1 —27")| = 2”(2177251 27"my(W,,;)). So by Jensen’s inequality,

2"-1
[Eg(1 =272 < 2027 Y g (W, )72,
=0

Since C,, € S,(H?), by Remark 2.4.2, we have

O Y e, -2 < T 2R Y (P < o
o A=nr T i =H
n n =

Now we are able to give some concrete examples. Let K be a closed subset of the unit
circle T. Fix a non-negative function i € C'[0, ] such that h(0) = 0. We consider the
outer function defined by

i) = exp( - [ EE2 0 1ac),

where d denotes the arc-length distance. It is known that the non tangential limit of fj, x
satisfies

| fnx(O) = e HAEK), a.e.onT. (5)

Given K € T and t > 0, let us write K; = {C: d(C,K) < t} and |K;| denotes the Lebesgue
measure of K;.

Corollary 3.3. Let p > 2 and let ¢ = fj, k.

(1) If
h'(t
f h(t)1(+zv/z|Kf|p/2dt <o,
0

then C, € S,(H?).
(2) If C, € Sp(H?) then

40)
— K, P2dt < .
fo noe

Proof. Since

HC e T: e"EK) > g}
fCeT:d(C,K)y<h'(1-9)}
= |Kh‘1(1—s)|

Ep(s)]

X

Proposition 3.1 and Remark 3.2 give the result. O
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Note that there are several examples of composition operators which belong in S, (H?) \
S>(H?) for p > 2 (see [3, 5,9, 13]). In all these examples the contact sets of their symbols
is reduced to one point. Here we will construct examples with a large set of contact
points. To state our example we have to recall the definition of Hausdorff dimension.
Let E be a closed subset of T. The Hausdorff dimension of E is defined by

d(E) = inf{a : A,(E) = 0}
where A, (E) is the a-Hausdorff measure of E given by
Ao(E) = lim inf { Z A E C U Ar, A <e).
Corollary 3.4. Let p > 2 there exists an analytic self-map @ of ID such that ¢ € A(ID), the disc
algebra, C, € S,(H*)\S»(H?) and d(E,) = 1.
Proof. 1t suffices to apply corollary 3.3 with ¢ = f, x where

1
B log®(e/t) log log(e?/t) '

1
h(t) = —— d K
(t) 10g2(e/t) an | f|

O

Other type of examples are constructed by Gallardo-Gonzalez [6]. They proved that
there exists a univalent symbol ¢ such that C, is compact on H? and such that the
Hausdorff dimension of E,, is equal to one. This result can not be extended to Schatten
classes. Indeed, we have the following result

Proposition 3.5. Let p > 2. If ¢ is univalent function such that C, € S,(H?) then

P
d(E,) < et

For the proof see Remark 4.5.

3.2. Contact set reduced to one point. In this subsection we will consider outer func-
tions ¢ which their contact set is reduced to one point. In this case, and under some
regularity conditions, we give a concrete necessary and sufficient condition for the
membership to Schatten classes.

Let i be a continuous increasing function defined on [0, ] such that h(0) = 0. We
extend it to an even 2n-periodic function on R. We say that the function / is admissible
if h is differentiable, h(2t) < h(t) < th’(t), and h is concave or convex.

Let ¢ be the outer function on ID such that

lp(e")| = e, a.eon (0,m).

We have the following;:
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Theorem 3.6. Let h be an admissible function such that t* = o(h(t)) and

1(0) = o(0 fe ’ @)(t - 0).

Then
(1) C, is compact if and only if

f @dt: 1%
i'2
0

(2) Let p > 0, then C, € S,(H?) if and only if
" dt

fo " ( ftn @ds)m_l

As an immediate consequence of this theorem we obtain

< +o00.

Corollary 3.7. 1. There exists compact composition operator C,, on H? but belongs to none
Schatten class.
2. Let q > 0 there exists a compact composition operator C, such that

Cp € [ ) SyH\S,(H).

p>q

To prove our theorem, we need some notions. Let /1 be the harmonic conjugate of h.
It is defined by
~ o .1 [ThO+t-hO-t)
o) = 1513(} 27 ., tan(t/2) at.

The Hilbert transform of 1 will be denoted by Hh and is given by

HI(0) = lim ~ f MO+H=h6-1,

e—0 TT t

We will also need the following auxiliary function

1 s+06
W) .= - L@ h'(s) log = Gds.
The following estimates of It is the key of the proof of our theorem.

Lemma 3.8. Let h be an admissible function. There exists a,b > 0 such that

W(0) < h(0) < W(O) +ah(0) +b6%, O € [0, /4]
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Proof. First let’s estimate the Hilbert transform of h. Under our assumptions, the Hilbert

transform can be written as follows

1 (ThO+H-hO -t
HI(0) = nfo t dt.

We split the integral into three parts

0 -0
Hh(e):%fo h(6+t)—h(6—t)dt+lf6 hO+1H)-h(t-6)

t T t
+lf h(2n—9—t)—h(t—6)dt
T Jrep t
=A+B+C.

Since h increases on (0, 1), it is clear that A, B, C are positive. First, we will prove that

A+ C = O(h(20) + 62).
By concavity or convexity, we have
h(t + 0) = h(0 —t) < 2tmax(h' (0 —t),h’'(0 + 1)).

Hence,

A lfeh(9+t)—h(9—t)
o 0 t
By a change of variables and convexity, we get

2
dt < ~1(26)

9 p— p— J— p—
c o= lf h(t—0 +u) —h(n—-06 u)du
T Jo T—u
1 fQZumax(h’(n—6—u),h’(n—6+u)) "
om 0 T—u

86?2 ,
< 5= sup K@

3n 0elr/2,m]

Hence (6) is proved. Now we have to estimate B. We have

Tl X[G 6] t+6
nB = fo t ( f I (s)ds )t

t—0
T s+60
_ f ' (s) f 10501 34
0 s—0 t
20

oSO, se0. (T =0
_f@ 1 (s)log 5 ds+f29 h(s)logs_eds+fn_26h(s)logS_Gds

:B1+B2+B3

(6)
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Note that

Bi + Bs = O(h(20) + 6°).
Indeed, we have

By <log3(h(20) — h(0))

and
202

-0 46
sup W' (s) < —— sup [K'(s)l.
- 30 [r/2,7] T [r/2,7]

Hence the estimate of the Hilbert transform follows from B, and we have
W(0) < Hh(0) < W(O) + c1h(20) + c,6, 0 € [0, t/4].

B; <20 log

Since

1 1 ¢
——=——+0(),
wn@2) - 3o

as before N
|Hh(0) — h(6)| = O(h(20) + 6%) 0 — 0.

The proof is complete.

Remark 3.9. 1. Iff @dt = oo, then
o

92+h(9):o(9f h(t)dt) 0—0+.
0

h(t
2. Note that if h is an admissible function and f %dt = oo then
0

n—20
\y(@):fw h(s)log stAafe h(t)dt

Observe that, the function WV is increasing, W(0) = 0, and satisfies the following properties

o W(t) = W(2t)

h(t)
o = —d
(t) fe t
o (Wly(2t) = (\If ().

11

Proof of Theorem. 1) Let m,, be the pull back measure associated to the function ¢ and

let W(1,0) ={z€D:1-|z] <6, |arg(z)| < 0} be a Carleson box.
Note that

my(W(1,0)) {0 € (—m, ) : 1" ()] € W(1,6)}
{0 € (0,70) : h(0) <&, h(6) <5
{6 € (0, ) : W(O) < o}

wL(5).

X

X

)
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Recall that C,, is compact if and only if m,(W(1, 6)) = 0(6). It follows that C, is compact
if W71(5) = 0(6) as 6 — 0, which is equivalent to

f h(t) h(t) 4 _

h(t)

Conversely, suppose that f —=dt < +oo. It is clear that h(t) = o(t). Note that
0

0= O(ﬁ(@)). Indeed by convexity
1 (™hO+1t) —h(t-0)
h(@) o 27 f tan(t/2)

n—0 T
max(h'(t - 0),/'(t+0)) . f ht) ,
y an(t/2) dt < 0 ] —-dt < 0

So in this case m,(W(1, 6)) < 6 and C, is not compact.

dt

> 20

2) To prove the second assertion, we will estimate 1,(W,,;), where
W, ;=W ,1/2") = {zeD: 1-|z| < 1/2", j/2" <argz < (j + 1)/2"}.
Let _
Q,;=1{0: h(0) <1/2", j/2" <h(O) < (j +1)/2"}.
We have m,(W, ;) = 1€, /. By Lemma 3.6, there exists ¥ > 0 such that
W(0) < h(6) < W(0) + kh(6).

Let
Apnji=10: h(0) <1/2", j/2" <W(0) < (j +1)/2"}.
Hence for j > [x] + 1,

j
Q,; C10: h(O) <1/2%, (j—1)/2" <W(O) < (j+1)/2"} = U A
I=-1x]
and for j < [«x],
j
Q,; C10: h(0) <1/2", W(0) < (j +1)/2"} = UAn,l.

Note that for 6 € A, ;, we have A, ; = for j > ], = 2"W(h!(1/2")). We obtain

Zzﬂp/zznzl [mW,,)] <Zz”P/ZZ|A P2,
" =0

Recall that (W) (2t) < (W) (t). By Remark 3.9.2, we have
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(j+1)/2"

Z onp/2 i |An,j|P/2 = Z onp/2 i ( f (\P_l)'(t)dt)p/z
n =0

jr2

VZZWUmﬂ Zfﬂww
Zt f(]+1)/zn (\If 1) (t) dt ZZ” f]n/2" (\I]—l)'(t)]p/2

j2
it r2) i /24)

fof [y ] ZTZI [ tye]”

W (k1 (1/25)

o0 w1254 1 [(\If—l)’(t)]
_ sz fw _ [(wy (t)]p/z = fo YT dt

— 1(r1(1/29)

W (u)

L | 1 ! 1
= — du = . du.
fo h(u)[ ]7 1 f » )(f h(s)d )z 1

Conversely, let 0 < ¢; <1
B,j:={0: h(0) < (1 —c1)/(x2"): j/2" <W(O) < (j +c1)/2"},
By Lemma 3.8 B, ; C Q,, ;. The rest of the proof runs in the same way as before. m|
Remark 3.10. Note that H. Queffelec and K. Seip studied in [17] the asymptotic behavior of the
singular values of composition operators with symbol having one point as contact set.
4. ScHATTEN cLASS S,(D,) AND LEVEL SETS

Let ¢ be a holomorphic self map of ID. In this section, we discuss the size of E,,, when
Cp € Sp(Do).

Given a (Borel) probability measure p on T, we define its a-energy, 0 < a < 1, by

N Y 2
L=y B

n=1

For a closed set E C T, its a-capacity cap,(E) is defined by
cap,(E) := 1/inf{l,(u) : u is a probability measure on E}.
For Borelian set E of the unit circle its a-capacity is defined as follows

cap,(E) := sup{cap (F) : F CE, F closed}.
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Note that if &« = 0, cap := cap, is equivalent to the classical logarithmic capacity. There is
a connection between the a—capacity and the Hausdorff dimension. In fact the capacitary
dimension of E is the supremum of @ > 0 such that cap (E) > 0. By Frostman’s Lemma
[11] the capacitary dimension is equal to the Hausdorff dimension for compact sets. Let
us mention the result obtained by Beurling in [1] (and extended by Salem Zygmund
[2, 11]), which reveals an important connection between a-capacities and weighted
Dirichlet spaces. These results can be stated as follows: Let f € O,, the radial limit of f
satisfies capacitary weak-type inequality

2
cap (CeT: [f(O) >t} <A”f||

In particular
cap,({C € T: f(C) does not exist}) = 0.

Our main result in this section is the following theorem.

Theorem 4.1. Let ¢ be a holomorphzc self-map of D, « € (0,1) and p < 2/(1 — a). If
Cy € Sp(D,) then cap,(E,) =

For the proof we need the following lemmas.

[ ¢ @PdAL) o )
= le@PPlog /1~ Ip@P) ~ "

Lemma 4.2. If

then cap (E,) = 0
Proof. First, note that

1 1+n on
(1-x2)2loge/(1—x2) ~ nZ>O loge(1 + n)x ’ x€©1). ®

Indeed,

Z 1+n 2 Z 1+n 2 = 1 /

loge(1 + n) . , loge(l+n) (1 —x2)?loge/(1 —x2)
122~ S1—3(2
and
Z 1+n 1+n o Z o = 1 1
loge(1+n) =S e v n) T T-vloge/l-n1-x

By (8), we have

@ @)FdA) v 1+n ,
fp(l—|qo(z)|2)21og1/(1—|<p(z)|2) - nzllog(1+n) f # @FlpE)FdA )

_ Z Da(p")
B (1+mn)log(l+n)
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So (7) implies that liminf, [|p"]|, = 0. On the other hand, the weak capacity inequality
gives
Capa(Eq)) = Capa(Eq)”) < Ca”(pn”i'
Now let n — oo, we get our result. m|

Lemma4.3. Letd > 0,¢c > —1and o > 0, then

f A (w) 3 1 o
p 11 = zwP+e+d|log(1 — [wP)l ~ (1 - |z12)4| log(1 — |z[?)l°
Proof. Let w = |wle”, by [23, Lemma 3.2], we have

fz" dt _ 1
o |1 = zlwle-it|re+d T (1 = |zw|) e

Using this result the lemma follows from a direct computation. O
4.1. Proof of Theorem. Let =2/(p —2) and
dA(w
du(w) = (@w)

(1 = [w)l log(1 = fwl*+F-
We have u(ID) < oo, so for p > 2, by Jensen inequality and by Lemma 4.3, we obtain

( f lp’(2)*dAa(2) )é
p (I1 = lp(z)P) 27| log(1 - lp(2)P)|
du(w)

3 (1~ [wP)*** 7| log(1 — [w)| PP |’ (2) P
<(, ), [ETEE a2y

(1 = [wP)*** 3 log(1 - [w])|" Pl () bdu(w)
s fD ( fD 1= u) ~ L)

Since a +2/p +1 > 2, by Remarks 2.4.2 and Lemma 4.2 we get the result. m|
As a consequence, we obtain the following corollary.

P
2

dA())

Corollary 4.4. Let 0 < a < 1 and ¢ be a holomorphic self~map of ID. Suppose that ¢ is
univalent. If C, € S,(D,) then cap I (Ey) =0.
+pa

Proof. Since ¢ is univalent, N, 5 = (N,)f. By [20], C, € S,(Dp) if and only if N,z €
LP*(D,dA). Using these observations, it is clear that C, € S,(D,) if and only if C, €
S,/(Dyy). Let y = 2+ pa/p, since C, € Sp(D.), Cp € Sripa(D i ). The result follows
from Theorem 4.1. O

Remark 4.5. If ¢ is univalent function and C, € S,(H?) (here a = 1) then cap » (E,) = 0.
2+4p

Proposition 4.6. If C,, is bounded on D, and ¢(ID) is contained in a polygon of the unit disc,
then cap(E,) = 0.
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Proof. Since C,, is bounded on D,,

sup tp.o(W(E, B)) = O(R***)(h — 0).

see [4, 10]. Hence pg0(R,,;) = O(1/2@*9"). Suppose that ¢(D) is contained in a polygon
of the unit disc, then for all n we have p,4(R,,;) = 0 uniformly on n except for a finite
number of j. Then there exists | such that for all n and all j > ], uy,.(R;,;) = 0 and so

Y 2 pa(Ry) < oo.
nx1 j
Now, we get

¢’ (2)l N oo .
fD (1_|(P(z)|2)2dAa(z)—ZZ Z]‘( fR n’qu,,a(z)dA(z))< ,

n

and by Lemma 4.2 we obtain cap, (E,) = 0. m|

Gallardo-Gonzalez [7, Corollary 3.1] showed thatforalla € (0, 1] there exists a compact
composition operator, C,, on D, such that the Hausdorff dimension of E, is one. In the
case of the classical Dirichlet space (o = 0) the situation is different as showed in the
following proposition.

Proposition 4.7. If C, is compact on the Dirichlet space D, then E,, as vanishing Hausdorff
dimension.

Proof. LetK,(z) =log1/ (1-zA) be the reproducing kernel of D and letk, (z) = K,(z)/(log 1/1-
IAP)!/> the normalized reproducing kernel. If C, is compact then C, is as well and
Cy(ky) > 0, |A] = 1. Hence

koo (@(1)) — [log(1 = lp(A)P)]

— 0, A — 1.

kx(A)  [log(1 —[AR)
Then (1 - |A]?)P/(1 = |@(A)[*)? is bounded for all B € (0, 1]. So
P’ ()P f )
— (A, (2) <C "2)|7dA(z) = D(@) < oo.
A <C | perdae) = D)
By Lemma 7, cap (E,) = 0 for all « and hence d(E) = 0 (see [11]). O
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