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Abstract The point vortex system is usually considered as an idealized model
where the vorticity of an ideal incompressible two-dimensional fluid is concen-
trated in a finite number of moving points. In the case of a single vortex in an
otherwise irrotational ideal fluid occupying a bounded and simply-connected
two-dimensional domain the motion is given by the so-called Kirchhoff-Routh
velocity which depends only on the domain. The main result of this paper
establishes that this dynamics can also be obtained as the limit of the motion
of a rigid body immersed in such a fluid when the body shrinks to a massless
point particle with fixed circulation. The rigid body is assumed to be only
accelerated by the force exerted by the fluid pressure on its boundary, the
fluid velocity and pressure being given by the incompressible Euler equations,
with zero vorticity. The circulation of the fluid velocity around the particle
is conserved as time proceeds according to Kelvin’s theorem and gives the
strength of the limit point vortex. We also prove that in the different regime
where the body shrinks with a fixed mass the limit dynamics is governed by a
second-order differential equation involving a Kutta-Joukowski-type lift force.

To prove these results, in a first step we reformulate the dynamics of the
body in order to make more explicit different kind of interactions with the fluid.
Precisely we establish that the Newton-Euler equations of translational and
rotational dynamics of the body can be seen as a 3-dimensional ODE with
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coefficients solving an auxiliary problem for the fluid. When the circulation
around the body is zero, this equation is a geodesic equation for a metric
associated with the well-known “added inertia” phenomenon; with a nonzero
circulation, an additional term similar to the Lorentz force of electromagnetism
appears. Then, in the zero-radius limit, surprising relations between leading
and subprincipal orders of various terms and modulation variables show up
and allow us to establish a normal form with a gyroscopic structure. This leads
to uniform estimates on the body’s dynamics thanks to a modulated energy,
and therefore allows us to describe the transition of the dynamics in the limit.
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1 Introduction

The point vortex system is a classical topic which originates from fluid me-
chanics and goes back to Helmholtz [16], Kirchhoff [22], Poincaré [36], Routh
[39], Kelvin [21], and Lin [24L25]. Tt appeared as an idealized model where the
vorticity of an ideal incompressible two-dimensional fluid is concentrated in a
finite number of points. Although it does not constitute a solution to the Euler
equations in the sense of distributions, it is now understood that point vortices
can be viewed as limits of concentrated smooth vortices which evolve accord-
ing to the Euler equations. In the case of a single vortex moving in a bounded
and simply-connected domain this was proved by Turkington in [4I]. An ex-
tension to the case of several vortices was given by Marchioro and Pulvirenti;
see [27]. Recently Gallay has proven in [9] that the point vortex system can
also be obtained as vanishing viscosity limits of concentrated smooth vortices
evolving according to the incompressible Navier-Stokes equations.

The main goal of this paper is to prove that the point vortex system can
also be viewed as the limit of the dynamics of a solid, shrinking into a massless
point particle with fixed circulation, in free motion in an irrotational bounded
flow. By free motion we mean that the rigid body is only accelerated by the
force exerted by the fluid pressure on its boundary, the fluid velocity and pres-
sure being given by the incompressible Euler equations with zero vorticity. In
a different regime, we also derive a different “massive” point vortex system
evoked (in the case of two point vortices in the whole plane) by Friedrichs in
[8, Chapter 3] under the terminology of bound vortices (as opposed to free vor-
tices). In this case the dynamics is given by a second-order differential equation
involving a gyroscopic force similar to the celebrated Kutta-Joukowski-type lift
force revealed in the case of a single body in a irrotational unbounded flow at
the beginning of the 20th century during the first mathematical investigations
in aeronautics; see for example [23]. This result extends the one obtained in
[11] to the case where the solid-fluid system is bounded.

To distinguish these two limits of the dynamics of the solid when its size
goes to 0 we therefore introduce two cases: Case (i) when the mass of the solid
is fixed (and then the solid tends to a point-mass particle), and Case (ii): when
the mass tends to 0 along with the size (and then the solid tends to a massless
point particle). In particular Case (ii) encompasses the case of fixed density.
The main results in this paper establish the massive point vortex system in
Case (i), see Theorem and the classical point vortex system in Case (ii),
see Theorem [2.12] as limits of the dynamics of a shrinking solid in a fluid in
a cavity. In both cases the strength of the point vortex obtained in the limit
is given by the circulation around the body. This circulation is supposed held
fixed independently of the size of the body and is conserved as time proceeds
according to Kelvin’s theorem.

From the fluid viewpoint the circulation around the body somehow encodes
the amount of vorticity hidden in the body. The limit where the body has
a diameter tending to zero therefore corresponds to a singular perturbation
problem (in space). Indeed it is well understood since the work [I9], see also
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[26], that when a solid obstacle with a nonzero given circulation is held fixed
in a perfect incompressible fluid, with possibly nonzero vorticity, then in the
limit the obstacle shrinks into a fixed point particle and the Euler equation
driving the fluid evolution has to be modified: in the Biot-Savart law providing
the fluid velocity generated by the fluid vorticity, a point vortex placed at the
fixed position of the point obstacle has to be added to the fluid vorticity, with
a strength equal to the circulation previously mentioned.

Still the dynamics of an immersed rigid body requires a more precise anal-
ysis, in particular because it is driven by the fluid pressure on the boundary
of the solid, a quantity which depends in a nonlinear and non local way on the
fluid velocity and hides a remote interaction between the moving body and the
exterior boundary. Moreover, in the zero-radius limit, the pressure field on the
boundary of the solid is expected to be singular and the Newton-Euler equa-
tions driving the particle’s dynamics involve a singular perturbation problem
in time (in addition to the singularity in space), in a particularly intricate
way for asymmetric particles (actually for any other form than a disk) and
even more so for light particles whose mass and moment of inertia go to zero
(Case (ii)). Our analysis relies on a detailed treatment of the structure of these
singularities, first for any positive body radius and then for vanishingly small
radius, to describe the transition of the dynamics in the limit.

In a first step, see Theorem [2.2] below, we reformulate the dynamics of the
body in order to make more explicit different kind of interactions with the fluid.
Indeed the fluid velocity can be recovered from the solid position and velocity
by an elliptic-type problem, so that the fluid state may be seen as solving an
auxiliary steady problem, where time only appears as a parameter, instead
of the unsteady incompressible Euler equation. We establish a reformulation
of the Newton-Euler equations as a second-order differential equation on the
solid position which is determined by three degrees of freedom (two for the
translation and one for the rotation) with coefficients obtained by solving the
auxiliary fluid problem. Indeed we establish that the dynamics of the body may
be recast as a geodesic equation with an applied force similar to the Lorentz
force of electromagnetism. The metric associated with the geodesic part of the
equation is given by the total inertia, that is the inertia of the solid to which one
adds the so-called “added inertia”: a symmetric nonnegative matrix depending
only on the body’s shape and position, encoding the amount of incompressible
fluid that the rigid body has also to accelerate around itself. The magnetic
part of the Lorentz force is a gyroscopic force, proportional to the circulation
around the body, which can be seen as an extension of the Kutta-Joukowski
lift force. In particular the contribution of this force to the energy variation
vanishes. On the contrary, the electric part of the Lorentz force leads to an
energy exchange between the fluid and the solid.

To be able to describe the transition of the dynamics in the zero-radius
limit we would like to deduce uniform estimates from this geodesic-Lorentz
reformulation in order to pass to the limit. Still the equation contains also the
electric-type force which prevents from obtaining such bounds from an energy
estimate. Indeed even if the whole system is hamiltonian, see [I3], nothing ex-
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cludes a priori some sharp energy exchange between the fluid and the immersed
rigid particles. To overcome this difficulty the second part of our analysis ex-
ploits the structure of the various terms of the geodesic-Lorentz reformulation
in the limit where the size of the solid goes to 0. These terms involve inte-
grals of functions describing the part of the fluid velocity due to the body’s
velocity and to the body’s circulation. These functions are given as solutions
to some elliptic-type problems in a domain which is the complement to the
vanishingly small body in the cavity, which entails some small-scale variations
of these functions. Multi-scale expansions allow us to precisely describe their
asymptotic behaviour and to deduce asymptotic expansions of every term of
the geodesic-Lorentz reformulation. In Case (i) a rough expansion is sufficient
as the only leading term is gyroscopic and therefore allows to obtain some uni-
form estimates. In Case (ii) a few striking combinations allow us to transfer
the bad electric-type term as a modulation of the particle velocity appearing
in the other terms of the equation (i.e. the geodesic and magnetic terms). This
leads to a geodesic-gyroscopic asymptotic normal form of the Newton-Euler
equations where a modulation of the unknown is used. This normal form is
tailored to obtain uniform estimates on the dynamics thanks to some energy-
type quantities modulated by the limit dynamics. These uniform estimates
then allow us to pass to the limit in both cases.

2 Main results
2.1 Dynamics of a solid with fixed size and mass

To begin with, let us recall the dynamics of a solid with fixed size and mass
in a perfect incompressible fluid. We denote by {2 the bounded open smooth
and simply connectedﬂ domain of R? occupied by the fluid-solid system. At
the initial time, the domain of the solid is a non-empty closed smooth and
simply connected domain Sy C 2 and Fy := 2\ Sp is the domain of the fluid.
There is no loss of generality in assuming that the center of mass of the solid
coincides at the initial time with the origin.

The rigid motion of the solid is represented at every moment by a rotation
matrix

_|cosd(t) —sind(t)
R(#)) = sind(t) cosd(t) |’

describing the rotation of the solid with respect to its original position and a
vector h(t) in R? describing the position of the center of mass. The domain of
the solid at every time ¢t > 0 is therefore S(t) := R(V(t))So + h(t), while the
domain of the fluid is F(t) := 2\ S(t) (see Fig. [I). The fluid-solid system is

1 the simple connectedness is a simplifying assumption but is actually not essential in the
analysis.
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Fig. 1 The domains (2, S(t) and F(t) := 2\ S(¢) of the problem.

governed by the following set of coupled equations:

Fluid equations:

% +(u-Vu+VII=0 in F(t), (2.1a)
divu =0 in F(t). (2.1b)
Solid equations:
mh'” = IInds, (2.1c)
as(t)
T :/ (z — h(t))* - Inds. (2.1d)
a5 (t)
Boundary conditions:
u-n=(-ht+n)n on 0S(t), (2.1e)
u-n=0 on 0f2. (2.1f)

Above u and II denote the velocity and pressure fields in the fluid, m > 0
and J > 0 denote respectively the mass and the moment of inertia of the
body while the fluid is supposed to be homogeneous of density 1, to simplify
the notations. When = = (1, z2) the notation x* stands for z+ = (—x9, 1),
n denotes the unit normal vector pointing outside of the fluid. Let us also
emphasize that ds will stand for the arc length without any distinction between
082, 9S(t) and 9Sy.

In this paper, we consider irrotational solutions, that is, solutions satisfying
curlu(t,-) =0 in F(t). (2.2)
Actually introducing the initial data:

U= = Uo in Fo, (2.3a)
9(0) = 0, h(0) =0, h'(0) = £y, ¥'(0) = wo, (2.3b)
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the condition merely depends on the initial vorticity curl ug: if the flow
is irrotational at the initial time, that is curlug = 0 in Fp, it will remain
irrotational for every time as in , according to Helmholtz’s third theorem.
On the other hand the circulation around the body is constant in time:

/ u(t) - 7ds =1, (2.4)
85(¢)

vi= / ug - 7 ds,
aSo

according to Kelvin’s theorem. Here 7 denotes the unit counterclockwise tan-
gential vector so that n = 71. Let us mention here that we will also use the
notation 7 on 9f2 such that n := 71 so that it is clockwise in this case (see

Fig. |1).

In the irrotational case, System — can be recast as an ODE whose
unknowns are the degrees of freedom of the solid, namely ¢ and h. In particular,
given 7 the motion of the fluid is completely determined by the solid
position and velocity. To state this rigorously, let us introduce the variables

with

h:= (hi,ho) and q:= (9, hi,hs) € R®.

Since the domains S(t) and F(t) depend on ¢ only, we will rather denote them
S(q) and F(q) in the rest of the paper. Since throughout this paper we will
not consider any collision, we introduce:

Q:={qeR® : d(S(q),00) > 0}, (2.5)

where d(A, B) denotes the minimal distance between the two sets A and B in
the plane
d(A,B) :=inf {|z — y|ge, = € A, y € B}. (2.6)

Above and throughout the paper we use the notation | - |ga for the Euclidean
norm in R?. Since Sy is a closed subset in the open set (2, the initial position
q(0) = 0 of the solid belongs to Q.

Now we need to introduce various objects depending on the geometry and
on the constants m, J, 7, in order to make the aforementioned ODE explicit.

Kirchhoff potentials ;. Consider the functions &;, for j = 1,2,3, defined for
(¢,z) in Ugeo ({q} X .F(q)), by the formula

&1(q,z) := (z — h)* and &(q, ) := ej_q, for j = 2,3, (2.7)

where e; and ey are the unit vectors of the canonical basis. For any j = 1,2, 3,
for any ¢ in Q, we denote by K;(qg,-) the normal trace of {; on 02 U dS(q),
that is:

K;(g,) :=n-&(g,-) on 002U 9S(q). (2.8)
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Now ¢ being fixed in Q, we introduce the Kirchhoff potentials ¢;(q,-), for
j =1,2,3, as the unique (up to an additive constant) solutions in F(q) of the
following Neumann problem:

Ap;(q,-) =0 in F(q), (2.9a)
90
S2(q,) = Kj(g,))  on 0S(g), (2.9b)
9p; _
5, (@) =0 on 012. (2.9¢)
We concatenate the K; and ¢; into the vectors:
K(q,-) = (Ki(q,-), Ka(q,-), K3(g,-))" and (2.10a)
®(aq,) = (p1(q; ), 2(q; ), p3(q, )", (2.10b)

where the exponent ¢ denotes the transpose of the vector.

Stream function ¥ for the circulation term. For every ¢ in Q, there exists a
unique C(q) € R such that the unique solution (g, -) of the Dirichlet problem:

AY(g,-) =0 in F(q) (2.11a)
¥(g,") =C(q) on dS(q) (2.11b)
¥(g,") =0 on 012, (2.11¢)

satisfies
/ g—w(q,-)dSZ —1. (2.11d)
aS(q) 9T

This can be seen easily by defining the corresponding harmonic function @(q, )
with ¢(g,-) = —1 on 9S(q) and (g, ) = 0 on 9f2 and renormalizing it. Indeed

the strong maximum principle ensures that gﬁ (¢,-) < 0 on 95(q), so that
oY
fas(q) S (q,-)ds <0.

The function C(q) is actually minus the inverse of the condenser capacity
of S(g) in {2, that is, of ff(q) |V4(q,-)|? dz. Observe that

Vo€ Q. Cla)=- [ |Vulg)Pdo <o, (212
F(9)
C € C*(Q; (—00,0)) and depends on Sy and (2. (2.13)

Concerning ([2.13)) and other similar properties below about the regularity with
respect to the shape, we refer to [6,17,321/40].

Decomposition of the fluid velocity. The fluid velocity u satisfies a div-curl type
system in the doubly-connected domain F(g), constituted of (2.1b)), ,
(2.11), (2.2) and of (2.4). When the solid position ¢ in Q, and the right hand

sides of these equations, including the solid velocity ¢’ = (¢}, d5,¢3) € R?® are
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given, the fluid velocity u is determined in a unique way and we will therefore

denote it by u(q, -). Moreover, thanks to (2.9)), (2.10) and (2.11)), the solution

u(q, -) takes the form:

u(g, ) = ug(q,-) + uy(g; ), (2.14)
with
3
ug(g,-) = Viplg,-) )=V Z ©;(q,-)q; (2.15a)
and  u,(q,-) ==YV (g, ). (2.15b)

So besides the dependence with respect to Sp, to {2 and to the space variable,
ug depends on ¢ and linearly on ¢’ while u, depends on ¢ and linearly on ~.
Notice that the initial data for system of equations is no longer
required since it can be deduced from the given circulation v and the initial
data of the solid through the functions ¢(0,-) and (0, -).

Inertia matrices. We can now define the mass matrices

M, = diag(J,m,m), (2.16a)
dp
M,(q) = ;) ® =—(¢,-)ds = Vo, - Vp,d ;
(9) /85((1)90@ )© 5 -(q,-) ds ( o V8V x)lgmgg
(2.16b)
M(q) := My + M,(q). (2.16¢)

The matrix M (g) corresponds to the sum of the genuine inertia M, of the body
and the so-called added inertia M, (q), which, loosely speaking, measures how
much the surrounding fluid resists the acceleration of the body motion (since
the fluid undergoes an acceleration as well). Both My and M, (g) are symmetric
and positive-semidefinite, and M, is positive definite.

Christoffel symbols. A bilinear symmetric mapping I'(q) associated with M (q)
can be defined as follows, for every p = (p1,p2,p3) € R?:

(F(q),p.p) == | Y. TFi(@pip; €eR?, (2.17a)

1<6,5<3 1<k

where, for every i, 7,k € {1,2,3}, we denote by

Ifi(a) = %((Ma)f;,j + (M), — (Ma)i-",j) () (2.17b)

the Christoffel symbols of the first kind associated with the mass matrix. In
this identity, the notation (Ma)‘lC ; stands for the partial derivative of the entry
of indices (i, 7) of the matrix M, with respect to g, that is

(Ma)k 8(Ma)i7j )

ko 2.1
i,j Oqs (2.17c)
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We underline that since the genuine inertia M, of the body is independent of
the position ¢ of the solid, only the added inertia is involved in the Christoffel
symbols.

Force term. Eventually, we also define the column vectors:

B~ [ “ (5 (525 52)) s (2.182)

_ 1 9
=3[ (] o

and for p in R? the force term

F(q,p) :==7*E(q) +vp x B(q). (2.18¢)

We recall that v denotes the circulation around the body.

2
gi) (g,-)ds, (2.18b)

Remark 2.1. The notations E and B are chosen on purpose to highlight the
analogy with the Lorentz force acting on a charged particle moving under the
influence of an electromagnetic field (F, B). This force vanishes if v = 0.

It can be checked that

M € C*(Q; S5 T(R)) and depends on Sy, m, J and 2, (2.19a)
F € C*(Q x R*;R?) and depends on Sy, and 2,

and vanishes when v = 0, (2.19b)
I' € C*(Q; BL(R? x R*;R?)) and depends on Sy and 2. (2.19¢)

Above S5 (R) denotes the set of real symmetric positive-definite 3 x 3 matri-
ces, BL(R3 x R3;R?) denotes the space of bilinear mappings from R? x R3 to
R3.

We stress that M does not depend on the circulation v whereas F' does not
depend on m and J and I" does not depend on m, v and J. In the following,
when specifying these dependences is relevant, we will denote

M[So,m, T, 2], I'[So, 2] and F[So,~, 2] instead of M, I and F. (2.20)

Now our first result is a rephrasing of System (2.1))-(2.2) as an ordinary dif-
ferential equation.

Theorem 2.2. For smooth solutions, System (2.1)-(2.2) can be recast, up to
the first collision, as the second order ODE
M(q)q" +(I'(q). 4", q") = F(a. ). (2.21)

Let us emphasize that (2.21)) only determines the body motion. The fluid
velocity u(q, ) is then deduced by (2.14) and (2.15)).
The proof of Theorem [2.2]is postponed to Section [5}
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Remark 2.3. Theoremextends [33, Theorem 1.1] where the potential case,
i.e. the case where v = 0, is obtained. In that case the ODE means that
the particle is moving along the geodesics associated with the Riemann metric
induced on Q by the matrix M (q).

On the other hand in [I3] another reinterpretation in term of geodesics
is given: classical solutions to the PDEs driving the fluid-rigid body system
are the geodesics of a Riemannian manifold of infinite dimension, in the sense
that they are the critical points of an action, which is the integral over time of
the total kinetic energy of the system. This result was stated in the 3D case
in [I3] but holds in the present setting as well, even in the case where v # 0
and where the fluid is rotational. Theorem [£.4] somehow establishes that for
irrotational flows this geodesic structure can be projected on the degrees of
freedom corresponding to the immersed rigid particle only, at the prize of an
extra Lorentz-type force for v # 0.

Remark 2.4. The analysis leading to Theoremis extended in [10] in the case
where a control acts on a part of the external boundary. Then the remote in-
fluence of the external boundary control translates into additional force terms.

According to classical ODE theory, given -y, there exists a maximal time
T > 0 and a unique maximal solution ¢ in C*°([0,T); Q) to with Cauchy
data ¢(0) = (0,0), ¢'(0) = (wo, lo).

Moreover, T is the time of the first collision of the solid with the outer
boundary of the fluid domain. If there is no collision, then T = +oc0. This
follows from Corollary [2.7] below, which itself relies on an energy argument.
Indeed an important feature of the system is that it is conservative.
More precisely, let us define for (¢,p) in Q x R3,

Ela,p) = ZM(@)pp+U(0), (222)

where the potential energy U(q) is given by

1

U(g) = =57°Cla),

with C(q) given by ([2.11]). We will prove the following in Subsection
Lemma 2.5. The derivative DC(q) of C(q) with respect to q satisfies:

Vg€ Q, 5DC(g) = Fla) (223)

where E(q) is defined by (2.18b)).

As a corollary of Lemma [2.5] we have the following result regarding the
energy conservation.

Proposition 2.6. For any q in C*([0,T]; Q) satisfying (2.21)),

_— / —
dtc‘f(q, q)=0, (2.24)
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We will prove Proposition [2.6] in Subsection [5.6

Let us emphasize that the energy function £ belongs to C°(Q x R3;R)
and is the sum of two nonnegative terms. In addition to its dependence on ¢
and p, the energy £ depends on Sy, m, 7,7y and 2.

If we assume that the body remains at a distance greater than § > 0 from
the boundary we may infer a bound for the body velocity. Indeed we have the
following immediate corollary of Proposition [2.6]

Corollary 2.7. Let Sy a subset of 2, po in R® and (v, m, J) in Rx (0, +00) X
(0,+00). Let § > 0 and q in C=([0,T]; Q x R3) satisfying with the
Cauchy data (q,q')(0) = (0,po) and such that d(S(q(t)),002) > § for t in
[0,T]. Then there exists K > 0 depending only on Sy, {2, po, v, m, J and §
such that |¢'|gs < K on [0, 7).

Let us refer here to [I8] and [34] for a study of the collision of a solid
moving in a potential flow (that is in the case where v = 0) with the fixed
boundary of the fluid domain.

Let us now turn our attention back to the Christoffel symbols defined in
(2.17). They actually can be split into two parts: one taking into account the
effect of the solid rotation and the other part encoding the effect of the exterior
boundary. First, we introduce the impulses py, pq, p in R and P, P, and P
in R? by the following relations

(ﬁoﬂi) = M,p, <1’§;) = Ma(q)p, <§,) = (1@; Iﬁ;;) . (2.25)

Then for every ¢ in @ and for every p = (w, £) in R?, we let:

jye) 0 O
@ = () xp-om (1) ew. @
We can notice that one also has
o O O
(I'"*(q), p,p) = — <P> x p—wM(q) <€L> e R?,

since the extra terms cancel out.
Next, for every j, k,1 € {1,2,3}, we set

(F%)(a) =

L[ (02500 | 005001, 00k 00
2/59(;(87 5y Kt 5 5 K= 55 Ki ) (¢,)ds, (227)

and we associate correspondingly I'?’(q) a symmetric bilinear mapping in
BL(R? x R3;R3) so that for p = (p1, p2,p3) € R3:

(r@),pp) = | D (%) (q) e eR®.
1<k,1<3 L<i<s

The Christoffel symbols satisfy the following relation.
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Proposition 2.8. For every q in Q and for every p in R3,

(I'(q), p,p) = (I'™"(q), p, ) + (I'*"(q), D, D). (2.28)

The proof of Proposition [2.§is given in Subsection [5.4] We emphasize that
in and the expressions above, unlike , there is no derivative with
respect to g, that is, no more shape derivative.

We will see that in the decomposition , the term I'%? obeys a scaling
law with respect to ¢ different from the one of I'*°* (compare and
below), which makes it of lower order.

The case where Sy is a disk is peculiar, and we focus on it for the rest of
Subsection In particular several degeneracies appear in this case:

— the added mass matrix M, (q) degenerates (it becomes of rank 2),

— the potentials ¢s, @3 and % depend on g only through the position h,
of the center of the disk S(g¢), and in particular so do Es, E3, By and
(Maij)ij=2.3

— the dynamics of the solid also degenerates in the sense that it satisfies
TV =mh" - (he — h)*.

Above and in the sequel we denote with an index (in normal font type) the

coordinates of E or B (we will sometimes use italic type indices for other

purposes, in a way that should not be ambiguous). Note that in particular if
the solid is homogeneous, h = h, and v’ is constant over time.

As a consequence, in this case where Sy is a disk, we establish a particular
reduction of the dynamics. We will use a block decomposition of the matrix

M, = M,(q): t
My p

M, —: 7 2.29

( h Mb) (2.20)

where M, is a symmetric 2 x 2 matrix. This matrix is useful in the case where
Sp is a disk of center ¢ (we will use this notation later in a broader context).
Of course the position h. of the center of S(t) is related to ¢ = (h,9) by

he = h + R(9)C. (2.30)
It is easy to see that M,(q) depends on ¢ only through h. so that we define
M, (he) := M, (q). (2.31)

We associate with the matrix field M, (h¢) a bilinear symmetric mapping I, (h.)
defined as follows: for p, € R?,

(D (he),oome) = | Y () (he)psips €R?, (2.32a)
1,52 1<k<2
where, for every 4,5,k € {1,2}, we set

(k5 (he) = 5 ()i + (W) — (W), ) (he) (2.320)
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In this identity, the notation (Z\Zb)f ; stands for the partial derivative of the

entry of indices (4, j) of the matrix M, with respect to (h.)x, that is

- d(M,)i,
M)k = 22 2.32
( b)z,j a(hc)k: ( 3 C)
The field E(q) also depends on ¢ only through h, and we define E, (h.) in R?
by
Ey(he) := (Ea, E3)"(q). (2.33)

In the same way, B(q) depends on ¢ only through h. and we define Bl(hc) in
R by the relation :
B (he) = B1(q). (2.34)

With these settings, the dynamics can be described as follows.

Theorem 2.9. In the case where Sy is a disk of center (, for smooth solu-
tions, System (2.1)-(2.2) can be recast up to the first collision, as the following

differential system

mh” 4 N (ho) b+ (L (he), B, B = ¥2Ey(he) = vBa(ho) (), (2:350)

he —h = R(V)C, (2.35b)
TV = (he — h)*t - mh”, (2.35¢)

with Cauchy data (h,9)(0) =0, (J,h)"(0) = (wo, lo) in R x R2.

As for Theorem [2.2] the fluid velocity u(g, -) is then deduced by (2.14) and
@.15).
The proof of Theorem [2.9]is given in Subsection [5.7

We have now at our disposal all the material to deal with the limit of the
dynamics when the size of the solid goes to 0. As mentioned in the introduction,
we distinguish two cases:

— Case (i): the mass of the solid is fixed (and then the solid tends to a massless
point particle), and

— Case (ii): the mass tends to 0 along with the size (and then the solid tends
to a point-mass particle).

2.2 Case (i): Dynamics of a solid shrinking to a point-mass particle

From now on, we suppose that 0 € {2 and we scale Sy around 0. Precisely, for
every ¢ in (0, 1], we define
8075 = 680, (236)

and for every ¢ = (9, h) € R3,
S.(q) == R(¥)Soc +h and  F.(q) = 2\ S-(q). (2.37)
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We recall that h(0) = 0 so that (2.36) represents a homothety centered at
h(0). Without loss of generality, we suppose that for any ¢ € (0,1], Sp C £2;
it suffices to consider some Sp . as the initial solid position Sy, if necessary.

In Case (i) the solid occupying the domain S.(g) is assumed to have a mass
and a moment of inertia of the form

me=m and J. =2, (2.38)

where m > 0 and J; > 0 are fixed.
With these settings, we denote by g. the solution to the ODE ([2.21)) asso-
ciated with

M, = M[SO,a7msajs7Q]7 I, = F[SO,sa Q] and F; := F[SO,57’Y7 Q]a (239)

in place of M, I' and F, respectively, defined on the maximal time interval
[0,7°). Accordingly, we define E. and B. so that the equivalent of (2.18¢)) is
true for all p € R3. As before we decompose ¢. into

¢ = (U, he) € R x R2.

We emphasize that the circulation v and the Cauchy data (go,po) do not
depend on e. The latter are decomposed into

g0 = (0,0) and po = (wo, lo).

Our first result is the convergence, in this setting, of he to the solution to a
massive point vortex equation. Let us introduce this limit equation. Let (h,T')
be the maximal solution to the ODE:

_ _ _\L _
mh =~ (h’ - wﬂ(h)) for ¢ € [0,T), (2.40a)
with  7(0) = 0 and 7' (0) = £o, (2.40Db)

where u® is the Kirchhoff-Routh velocity defined as follows. Consider first
¥ (h, ), the solution to the following Dirichlet problem:

A (h,-) =0in 2, ¥§(h,-) =G(-— h) on 91, (2.41)
where )
G(r) = —gln|r|. (2.42)
The Kirchhoff-Routh stream function 1 is defined as
2 (z) = %wg(x,x), x € {2, (2.43)

and the Kirchhoff-Routh velocity u? is defined by

u? = Vi, (2.44)
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where V4 := (=8,,01).
The existence of (h, T) follows from classical ODE theory. Moreover for any
h in C*°([0,T]; §2) satisfying (2.40) the following energy conservation holds:

%E(i)(h, R)=0, with &g (h,h) = %mh’ B =422 (h). (2.45)

Remark 2.10. Indeed ([2.40) is a Hamiltonian system associated with the en-
ergy ([2.45)). For further Hamiltonian aspects related to System (2.40|) we refer
for instance to [42].

From and the regularity of the Kirchhoff-Routh stream function 1)*
in 2 we deduce that T is the time of the first collision of h with the outer
boundary 02 of the fluid domain. If there is no collision, then T = +oo0.

The precise statement of our first convergence result is as follows.

Theorem 2.11. Let Sy a subset of £2 as above, py in R® and (y,m,J) in
R x (0,+00) x (0,+00). Let (h,T) be the mazimal solution to (2.40). For
every € in (0,1], let (¢, T:) be the mazimal solution to with respectively
M, = M[Soe,me, T2, 2], I'e = I'[So, 2] and F, = F[Sp.,7, (2] in place of
M, I' and F, respectively, where me, J- are given by , and with the initial
data q-(0) = 0 and ¢.(0) = po. Then, as ¢ — 0T, iminf T, > T, and for all T
n (0,T), he = h in W22([0, T); R?) weak-x and €9, — 0 in W2>([0,T]; R)
weak-x.

Theorem [2.11] is proved in Section [6]

2.3 Case (ii): Dynamics of a solid shrinking to a massless point particle

In this section the solid is still assumed to occupy initially the domain Sy .
given by ([2.36)) (satisfying the same assumptions as above) but we assume now
that it has a mass and a moment of inertia given by

me = aemy and J. = aee? Jh, (2.46)

where o; = 1 and o — 07 as ¢ — 01, and where m; > 0 and J; > 0 are
fixed. To simplify the notations we will assume that a. is of the form

. =%, (2.47)

with a > 0. The particular case where a = 2 corresponds to the case of a fixed
solid density. Case (i) corresponded to the case where oo = 0.

In this setting, we denote by g. = (9., h.) in R xR? the solution to the ODE
associated with M, := M[Sp e, me, Te, 2], I := I'lSpe, 2] and F. :=
F[Soe,7,42) in place of M, I' and F, respectively, defined on the maximal
time interval [0, 7). We stress that the circulation v and the Cauchy data are
still assumed independent of €. Moreover we will assume here that

v # 0.
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Our second result is the convergence of h, as € — 0 to the solution to the
point vortex equation:

B = yu? () for t > 0, with h(0) = 0. (2.48)

It is well-known that is a Hamiltonian system associated with the
energy
g(u‘) (h) = 72¢Q(h);
see for instance to [27,35]. In particular for any h in C°°(]0,T); £2) satisfying

(2.48), J

It follows from (2.49) and the fact that 1*(h) — +oo when h gets close to
092, see for instance 41, Eq. (1.27)], that the solution A is global in time, and
in particular that there is no collision of the point vortex with the external
boundary 0f2.

Our result in this situation is the following.

Theorem 2.12. Let Sy a subset of {2 as above, different from a disk. Let
v # 0, po in R® and (m1,J1) in (0,4+00) x (0,+00). Let us consider the
global solution h to and for every e in (0,1], let (ge,T:) the maximal
solution to with respectively M, = M[Spc,me, Te, 2], Ie = I'[So e, 2]
and F. = F[Soe,7, 2] in place of M, I' and F, where me, Je are given by
, and with the initial data q-(0) = 0 and ¢.(0) = po. Then, as e — 07,
T. = +o0 and he — h in WH>([0, T]; R?) weak-x for all T > 0.

Theorem [2.12] is proved in Section
In the case where Sy is a disk, the statement needs a slight modification.

Theorem 2.13. Let Sy a disk in §2, with center ( and center of mass 0. Let
v #0, (my,J1) in (0,+00)2 and po in R3. Let us consider the global solution
h to and for every e in (0,1], let (¢, T:) be as in Theorem . Let
hee = he + eR(V:)C the center of the disk. Then, as e — 0%, T, — 400 and
hee — hoin Whe2([0,T]; R?) weak-x for all T > 0.

Theorem [2.13] is proved in Subsection It is straightforward to check
that this involves the convergence of h. to h in L* strong for all 7' > 0.
Actually, one even gets the convergence in W5°°(0,T) weak-x for all T > 0
with 8 := min (1, 2); see again Subsection As we will see during the
proofs, if either Sy is homogeneous (so that the center of the disk and the
center of gravity coincide) or if o < 2, Theorem is actually valid without
change.

3 Comments and organization of the paper
3.1 Comments

The limit systems obtained in Cases (i) and (ii) do not depend on the body
shape nor on the value of a > 0. Still the proof is simpler in the case where
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the body is a homogeneous disk. Indeed if Sy is a disk, in both Cases (i) and
(ii), it follows directly from that the rotation ¢, satisfies, for any € in
(0,1), Y-(t) = twp as long as the solution exists.

We notice that the convergences in Theorem [2.11]and Theorem [2.12] cannot
be improved unless some compatibility condition holds at initial time. One
may however wonder if these convergences could be improved in the open
interval (0,7). It seems that some strong oscillations in time show up when
€ — 07 which prevent strong convergence from happening. We plan to study
this phenomenon by a multi-scale approach of the solution to the ODE ([2.21)
in a forthcoming work. Once again the case where the body is a homogeneous
disk is likely to simplify the discussion.

Let us also underline that the convergence of the dynamics of the solid
involves some convergence in the fluid. It is not difficult to check that for any
k € N we have the weak-x convergence in W1°°(0, T; C*(K)) for any T < T in
Case (i) and in L>(0,T; C*(K)) for any T > 0 in Case (ii), of the fluid velocity

(=h@)~*

RO for any compact set K C {2 not intersecting

u. toward yu®(-) + oL
{R(t).t € [0,T1}.

In Case (i), one may also raise the question whether it is possible that
liminf 7. > T. This problem should be connected to the behaviour of the
potentials and stream functions as the body approaches the boundary; see for
instance [3], [5], [29] and [34] and references therein for this question.

The analysis performed in this paper can be easily adapted in order to
cover the case where the circulation v depends on & under the form 7 = &7 ~!
with 8 > 0 in Case (i) and 8 in (0,1) in Case (ii). One obtains respectively at
the limit the trivial equations B '=0and i =0.

Our analysis should hold as well in the case of several bodies moving in the
full plane or in a multiply-connected domain, as long as there is no collision.
This will be tackled in a forthcoming work.

Another natural question is whether or not one may extend the results
of Theorem 2.11] and Theorem 2.12] to rotational flows. These extensions are
respectively tackled in [I1] and [I2] in the case without external boundary.

3.2 Organization of the paper

The paper is organized as follows.

In Section [ we deal with the simpler case when there is no external bound-
ary. This case is well-known in the literature and has been in particular studied
with complex analysis, using Blasius’ lemma (see e.g. [27]). We shall use an
alternative approach based on a lemma due to Lamb, see Lemma [£.6] allowing
one to exchange normal and tangential components in some trilinear integrals
over the body boundary. The case without outer boundary is actually very
important to tackle the general one.

Then Theorem [2.2] Proposition [2.6] and Proposition [2.8] which are inde-
pendent of , are proved in Section [5
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In Sections [6] and [7] respectively, we prove Theorem [2:11] concerning the
limit of a massive particle (Case (i)) and Theorem [2.12] concerning the limit of
a massless particle (Case (ii)). These proofs rely on some asymptotic normal
forms and , respectively. These normal forms are the key point of
the demonstration and allow us to establish some renormalized and modulated
energy estimates and prove the passage to the limit. They are established in
the last two sections.

In Section [8] we establish some asymptotic expansions of stream and po-
tential functions with respect to €. These expansions involve two scales corre-
sponding respectively to variations over length O(1) and O(e) respectively on
082 and 9S.(q). The profiles appearing in these expansions are obtained by
successive corrections, considering alternatively at their respective scales the
body boundary from which the external boundary seems remote and the ex-
ternal boundary from which the body seems tiny, so that good approximations
are given respectively by the case without external boundary and without the
body.

Then in Section EI, we prove the normal forms and . To do so we
plug the expansions obtained in Section [§] into the expressions of the inertia
matrix M, (q), of the Christoffel symbol (I'.(¢),p,p) and of the force fields E.
and p X B. and compute the leading terms of the resulting expansions. These
expansions can themselves be plugged into the ODE (2.21]) of Theorem In
particular, thanks to Lamb’s lemma we will make appear in several terms of
the expansions of E. and B, some coefficients of the added inertia of the solid
corresponding to the case without external boundary. Strikingly this allows us
to combine the subprincipal terms of the expansions of F. and B. with the
leading term of the expansion of I'. thanks to a modulation of the variable;
see Lemma This fact is essential in the proof.

4 Case without external boundary

In this section, we consider a simplified version of the problem that we are
interested in. The simplification consists in assuming that the domain occupied
by the fluid-solid system is the whole plane, i.e. £2 = R?, the fluid being at
rest at infinity. We aim to give (in this simplified unbounded configuration) the
counterparts of Theorems [2.2] 2.11] and 2.12] The rephrasing of the equations
driving the dynamics as an ODE (that is a result similar to Theorem, has
been known since the investigations of Blasius, Kutta, Joukowski, Chaplygin
and Sedov. Their analysis, relying on a complex-analytic approach, was then
revisited following another approach which seems to date back to Lamb. Since
we will elaborate on the latter in order to deal with the bounded case, we
will first establish the counterpart of Theorem relying on Lamb’s analysis.
We will deduce from this ODE an energy conservation providing an analogous
to Proposition [2.6] Then we will investigate the passage to the limit of the
dynamics when the size of the solid goes to 0 in both Cases (i) and (ii). Hence
we will establish the counterparts of Theorem and Theorem [2.12]
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Remark 4.1. The purpose of this section is not only to provide a “warm-up”
for the much more involved “bounded” configuration. It turns out that several
objects that will come up in the analysis will be also of central importance in
the sequel.

4.1 Recasting of the system as an ODE
In the case where 2 = R2, the fluid-solid system is governed by the following
set of coupled equations, quite similar to System (2.1)):

%+(U-V)U+VH=0 and  divu =0 in R?\ S(t), (4.1a)

(J9",mh") = (/ (x — h(t))* - Mnds, IIn ds), (4.1b)
dS(t) a8(t)
u-n=(9(—h)"+n') nondS(t) and u(z) — 0 when |z| — +o0. (4.1c)
We still consider irrotational solutions:
curlu = 0 in R?\ S(t). (4.2)
Again, this depends solely on the fluid part of the initial data
u|i—o = ug in R?\ Sy and (¢, h)(0) = (0,0), (¥, 1 )(0) = (wo, o).

To state the aforementioned reformulation, we introduce the Kirchhoff poten-
tials, the inertia matrices, the Christoffel symbols and the force term corre-
sponding to this simplified case.

Kirchhoff potential. Let us first denote by Lpfo, for j = 1,2, 3, the Kirchhoff
potentials in R?\ Sy which are the functions that satisfy the following Neumann
problem:

A<p‘j30 =0 in R?\ S, (4.3a)
03" zt-n forj=1
i J
on {ejl -n, for j = 2,3 on 95, (4.3b)
v“o‘jso (#) =0 at infinity. (4.3¢)
We also define
P = (0, 950 95" (4.4)

Stream function for the circulation term. In the same spirit as (2.11]), we first
introduce the function 1%, as the solution to

—Ap®, =0 in R\ Sp, (4.5a)
Yo = on 98y, (4.5b)
¢ = O(In|z|) at infinity, (4.5¢)
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where the constant CS° is such that:

0P
/ U g = 1, (4.5d)
0S¢

on

The existence and uniqueness of w‘f"l will be recalled below in Proposition
9y,

one can still identify —~

as being the equilibrium measure of 0Sy.

Change of frame and decomposition of the fluid velocity. The vector field u
defined from the fluid velocity u by

u(t, ) := R(I(t)) u(t, ROI(t))x + h(t)), (4.6)

satisfies the following div-curl type system in the doubly-connected domain
]:0:

divu = 0 and curlu = 0 in R? \ Sy, (4.7a)
u-n=({+ ﬁ'wL) -n on 08y, (4.7b)
u — 0 at infinity, (4.7¢)
/ w-Tds =7, (4.7d)

880

where 7 1= [,5 o - 7ds and £(t) == R(J(t))" I'(¢).
When the right hand sides of these equations are given the auxiliary ve-
locity field u is determined in a unique way and takes the form:

U= Uy gy + Uy (4.8a)
where, for £ = (£,,4,),
U g) 1= V(g@‘f“ﬁ’ + cp‘;oﬁl + @59“52) and  w, = nylwf“l. (4.8b)
Below we define Mi%, Fgo and FI?,SO such that
My + My = M[So,m*, T R®](q), I3 = I'[So,R*)(q)
and F3° (p) = F[S0,7. R*](¢, p)-

Remark 4.2. In particular, since the dependence on ¢q of M, I" and F' reduces to
a dependence on the rotation R(1}) only in the case without external boundary,
this dependence on ¥ is mentioned through an index.

Inertia matrices. We define the added mass matrix

DS
MSo = / 0500 T2 ds = ( / VS ~V<p}g°dx) (19
9o In R2\So 1<i,j<3

This matrix is symmetric positive-semidefinite and depends only on Sy. Ac-
tually it is positive definite if and only if Sy is not a disk. Moreover, when Sy is a
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disk centered at the center of mass, this matrix reads M0 =: diag (0, mS°, mSo)
with mso > 0.

Then we can introduce the mass matrix Mf% taking the rotation into
account by ’

M5 = R()MIPR()". (4.10)
Above we used the notation
R@) = (L 0 ) eso@) (4.11)
T \0R®®W) ' '

Christoffel symbols. Let I 5 9 the bilinear symmetric mapping defined for all
p=(w,0) €R x R? by

0 0
<F507p7p> :—<PS(;9) Xp_UJM;S:% (€l>7 (412)

where Pa % denotes the last two coordinates of the impulse M % p. We associate
with FS" the coefficients (FSO) such that for any 9 in R, for any p in R3,

(Lo pp)y = > (L) pips

1<6,4<3 1<k

Then a tedious computation reveals that for every i, j, k € {1,2, 3},
1 , ,
S So \i S S
(501 = 5 (L) + (M), = (MaZ9)E),

where (M(f%) denotes the partial derivative with respect to g of the entry

of indexes (i, ) of the matrix M>%. Thus the coefficients (I75°) jy fori,j, ke
{1, 2,3}, are the Christoffel symbolb of the first kind associated with the matrix
Mfo There is naturally no counterpart of the term "% here.

Force term. Let us define the geometric constant

L 0y,
(= /330 an ds (4.13)

which is a vector of R?, depending only on Sy, usually referred to as the
conformal center of Sy. Remark that if Sy is a disk, ¥ (z) = 5= In|z — h(0)|
where h.(0) is the center of the disk (recalling that the initial p051t1on of the
center of mass is h(0) = 0); it follows that ¢ = h.(0) and the definition of ¢ in
is coherent with the notation in Theorem

Next we define the force term, for all p = (w,¢) € R3, as being:

FJ(p) =1 (gfﬂ WCﬂ) (4.14)
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where

Cy := R(I)C. (4.15)
An important feature of the force vector field (9,p) — Fgo (p) is that it is
gyroscopic, in the sense of the following definition; see for instance [, p. 428].
Note that we use here again the convention of Remark [£2] to put ¢ as an
index.

Definition 4.3. We say that a vector field F in C*°(R x R3; R3) is gyroscopic
if for any (9,p) in R x R3, p- F(9,p) = 0.
Indeed, for any (¢, p) in R x R3, the force F5°(p) can be written as

F5°(p) = yp x BS° with BS° := (;) . (4.16)

The next result is a reformulation of System (4.1)) as an ordinary differential
equation and the counterpart of Theorem in the case without external
boundary.

Theorem 4.4. For smooth solutions, System (4.1)-(4.2) can be recast, up to
the first collision, as the second order ODE

(Mg + M) " +(I5°,q.q) = F5*(q'). (4.17)
Let us underline that it is understood that we associate with the body

equation given by (4.17) the fluid velocity u such that the vector field u given

by (4.6]) satisfies (4.8).
The proof of Theorem is postponed to Subsection [4.3
In addition we have the following energy conservation property.

Proposition 4.5. If q is a smooth solution to (4.17)) then during its lifetime
the quantity (M, + Mas%) q - q is conserved.

The quantity above corresponds to twice the sum of the kinetic energy of
the solid associated with the genuine inertia and of the one associated with
the added inertia.

Proof For any 9 in R, for any p in R3, we define the matrix

S = > () pi so that (I'y°, p, p) = S5°(p)p.

Isiss 1<k,j<3

Then, an explicit computation (another method, more theoretical, is given in
the proof of Proposition see Lemma [5.12]) proves that for any ¢ in R, for
any p in R3,
1OMZ, Sor < .
iqu) -p—55°(p) is skew-symmetric. (4.18)
Then Proposition follows from (4.18) and from the fact that the force
F 1‘; °(p) is gyroscopic in the sense of Definition

As a consequence, given v and Sy and some Cauchy data, there exists a
unique global smooth solution to (4.17)).
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4.2 Lamb’s lemma

To prove Theorem[4.4] we start with recalling a technical result borrowed from
[23] Article 134a. (3) and (7)] and which is a cornerstone of our analysis. We
recall that &; and K, for j = 1,2, 3, were defined in (2.7) and (2.8)) respectively.

Lemma 4.6. For any pair of vector fields u, v in C°(R2 \ Sp; R?) satisfying

— divu = divey = curlu = curlv = 0,

— u(z) = O(1/|z]) and v(x) = O(1/|z|) as || — +oo,

for any 5 =1,2,3,

/ (u-v)K;(0,-)ds = &(0,-)- ((u -n)v+ (v - n)u) ds. (4.19)
9So

9S8y

Proof Let us start with the case where j = 2 or 3. Then

/ (u-v)K;(0,-)ds = / div ((u - v)&;(0,-)) dz, (4.20)
880

R2\So

since u(z) = O(1/|z|) and v(x) = O(1/|z|) when |z| — 4o00. Therefore

/aso(u.v)Kj(O,.)ds_/ £0,) - V(u-v)de

R2\50

= / &(0,) (u-Vou+wv-Vu)de, (4.21)
R2\Sp

since curl u = curlv = 0. Now, integrating by parts, using that divu = dive =
0 and once again that u(x) = O(1/|z|) and v(z) = O(1/|z|) as |z| — +o0, we
obtain when j = 2 or 3.

We now tackle the case where j = 1. We follow the same lines as above,
with two precisions. First we observe that there is no contribution at infinity
in and when j = 1 as well. Indeed &; and the normal to a centered
circle are orthogonal. Moreover there is no additional distributed term coming
from the integration by parts in when j = 1 since

/ v'(u~Vm§j(0,~))+u~(v'VI§j(O,~))dx:/ (v-ut +u-vt)de = 0.
R2\S, R2\So

The proof is then complete. O

4.3 Proof of Theorem [4.4]

To transfer the equations in the body frame we recast the equations in terms
of the vector field u (defined from the fluid velocity u by (4.6)), of £(t) =
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R(Y(t))! W' (t) and of the auxiliary pressure I1, defined from the fluid pressure
II by I(t,x) = II(t, R(Y(t))x + h(t)). Equations (4.1)) become

ou

VT [(w—€—9zt) - V]u+9u"+VII=0forz € R\ S,  (4.22a)
divu = 0 for 2 € R*\ Sy, (4.22b)
u-n=({+ ﬁ'xL) -n for x € 0Sy and wu(x) — 0 as |z| = +o0,  (4.22¢)
(T ml") = (/ zt - In ds, IIn ds — mﬁ'éL) ) (4.22d)

850 880

Let us consider the right hand side of (4.22d]). Using an integration by parts
(which we can justify by the decay at infinity of the solution, see [I1], p. 520]),
we obtain

( Hzt - nds, Hnds>= / VII - Vs da
BSO BSO ]RQ\SO

Moreover since the vector field u is irrotational we infer from the equation

[22a) that

i=1,2,3

1
VI = ——= = VQ, with Q := SJul* = L+ V'z") -u.

Thus the solid equations (4.22d)) now read
/ /(0
Myp' +md (EJ_)

=- / @-wfvdx ~ / VQ - Vi da
r2\S, O i=1,2,3 R2\So

Integrating by parts, taking into account the boundary condition (4.22¢|), and

recalling that the added mass matrix M is defined in (4.9) we observe that

the contribution of g—% is

!
/ Ou Vs da = M5 p/, where p := (i) )
R2\80 6t =123 - - L

By another integration by parts we also have, for i = 1,2, 3, that

i=1,2,3

1
/ vQ - Vgof” dr = = / |g|2KZ- ds — / L+ ﬁ/mj-) -ukK; ds,
R2\So 2 Jos, aSo

where we simplified the notation by writing K; instead of K;(0,-) (defined in
(2.8))), which corresponds to the initial position of the solid, that is ¢ = 0. In
the same way, we will write &; for the vector fields & (0, -) (defined in (2.7))) in
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the computations below. Thus the solid equations (4.22d|) can be rewritten in
the form

(My + MZ®)p' +mi' (é(l>

1
=— (/ lu|?K; ds —/ (49 zt) - uk; ds) .
2 Jas, 8So i=1,2,3

We compute the first term in the right hand side by using Lamb’s lemma and
the boundary conditions. For i = 1,2, 3,

1/ |Q|2Ki ds = / ((£+19/xl) ’I’L) (QH)KIL ds
2 Jos, 8So

-I-/as ((£—|—19’mJ‘) n)(gT) (fi -7') ds.

It follows that the solid equations (4.22d)) can be recast as follows:

0
(Mg + MZ)p' +md’ <€J_>

i=1,2,3

- (Zi: by, /830 (w-7)[(& - 7) Kk — (& - 7) K] ds) (4.23)

We observe that the brackets above are either vanishing (for ¢ = k) or given
by the following identities:

(52 'T)K3 - (53 'T)K2 =1, (52 : T)Kl — (51 'T)KQ =zt e,
and (& 7) K1 — (& -7) K3 = —a* -er. (4.24)

Thanks to these equalities we compute the previous integrals in terms of the
entries of the matrix M0, Precisely we decompose M0 into

So So\t
M = (Mg W (4.25)
o MP°

where M,;S ° is a symmetric 2 x 2 matrix. Then we have the following result.

Lemma 4.7. There holds:
/ (u- 7)ot ds = ¢t =9 p— ML (4.26)
S0

Proof We first use (4.8]) and (4.13)) to get

3
r)ztds = ¢t + / Vs 7)ot ds.
/aso (u- 7)o" ds =~¢ ;Q] . ( ©; )zt ds
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Therefore, it only remains to observe that an integration by parts yields:

/ (Vi® - m)atds = _/ pionds = —((M5)ij),_y 5
88, 850 7

O

Combining now (4.7d)), (4.23), (4.24) and (4.26) we end up with the iden-
tity:

y e - MPy 0 —1
[My + M| p' +my <£L> + <19'(Mf°bf)L> +9'p x <u> =9p x << >

Going back to the original frame we arrive at . This concludes the proof
of Theorem [£.41

Now in the remaining subsections we will make use of the reformulation of
the system established in Theorem [f.4] to investigate the passage to the limit
of the dynamics when the size of the solid goes to 0" in both Cases (i) and
(ii). We will establish the counterparts of Theorem and Theorem m

4.4 Scaling with respect to ¢

In this subsection we investigate the scaling of several objects with respect
to € in the absence of outer boundary. We will treat at once both Cases (i)
and (ii). Recall that the scaling of the inertia is given by the relations
and , that is to say, Case (i) corresponds to a = 0 in while Case
(ii) occurs when a > 0. We consider for € in (0, 1], the scaled solid occupying
initially the domain &g . given by . We recall that v and the Cauchy data
po = (wo, £o) are supposed to be independent of € whereas gy = 0. We denote
by g := (<, he) in R x R? the solution to the ODE obtained from (4.17)) by

rescaling the coefficients following the relations (2.36)), (2.46]) and (2.47).

Genuine inertia matriz and kinetic energy. Under the relation (2.46) and
(2.47)), the matrix of genuine inertia reads

Mg . =e%1.Myl., (4.27)
where we define
I. .= diag(e, 1,1) and M, := diag(Jr, m1, m1). (4.28)
Therefore, it is natural to introduce the vector

/
pe=1I.q. = (5;36) . (4.29)
€

In particular the solid kinetic energy of the solid can be recast as

1 1
§Mg7€ qels 'q./s = igaMg De * De- (430)
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Hence the natural counterpart to h. for what concerns the angular velocity is
rather €9, than ¥.. This can also be seen on the boundary condition (2.1€):
when x belongs to 9S.(t), the term ¥.(z — h.)* is of order 9. and is added
to hL.

Added inertia matriz. We recall that M50 is the added inertia matrix for Sy
defined in (4.9), while Mf% is the one corresponding to S(q) = R(9)So + h
(with ¢ = (9, h)), given in (4.10). The scaled version of these matrices are
M fg_ corresponding to the solid Sy . and M(f% . corresponding to Sc(g). Then
one easily sees after suitable scaling/rotation arguments that

Mo = [.MJ° 1. and MY

a,9,e

=2 .M I.. (4.31)

So the dependence of the added inertia matrices with respect to € is quite
simple. It will not be the case any longer in the case {2 bounded, where this
dependence will be much more intricate; see Proposition below.

Other terms and scaled equation. The other terms in (4.17) have also a simple
scaling w1th rebpect to € in the unbounded case. Concerning the Christoffel
symbols (|4 , it is not hard to check that (FSO 4L, ql) = el (F;,S‘),ps,p5> and

concerning the force term ) that Fg °(qL) = I.Fy %9 (p.). The counterpart
of Equation (4.17)) for a shrlnkmg solid is therefore

(ea My + 22 MSy )pl+ (T30, pe ) = F3° (). (4.32)

As we can see here, a difficulty is that the term F ° depends on the unknown
e through 9., that is singularly. This difficulty, Wthh is still present in the
general case, will be overcome by using some averaging effect; see and
Lemma .10 below.

Rescaled energy. Let, for any 9 in R and for any € in (0, 1),
M, +&> M, if a <2
M = % a,9 o7 4.
0(e) {Mj% + e 2 M, if o> 2. (4.33)
Observe that _
€™ My + € M35 = ™) My(e), (4 34)

and that this matrix is of order O(1) with respect to e. Using (4.29 ,
and ( we obtain that the total energy is e™(%) (e, p.), where for any
p in R?’

1
Ey(e,p) = iMlg(s)p-p. (4.35)
The use of Ey(e,p) is motivated by the following elementary result.

Lemma 4.8. Suppose that Sy is not a disk or o < 2. There exists K > 0
depending only on Sp, my and Jy such that, for any (¢,9,p) in (0,1) x R x R3,

Kplgs < E(e,p) < K '|p[ga.
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Using the energy conservation provided by Proposition 4.5 we deduce that,
unless Sy is a disk and a > 2, (|p:|)z¢(0,1) is bounded uniformly on [0, +-00)
in both Cases (i) and (ii). (Obtaining such an a priori estimate when (2 is a
bounded domain will be much more involved in particular in Case (ii).)

In the degenerate case when S is a disk and « > 2 (hence in Case (ii)),
the problem is that Mf‘;9 is both the principal part of My(e) and degenerate.
However using below, we can check that for p = (w, £),

MZopp = MP(C+wp) - (L +w(),
where Mb‘S ° is given in (4.25). We obtain that
1
E.(pe) = 5 (77 Hmal L + 2 TL2 + MR B )

where we recall that h. . = he + eR(9:)C.
We deduce in this case that the families (k] ), (€2 *hL) and (¢29.) for e
in (0,1), are bounded uniformly on [0, +00).

Now our goal is to pass to the limit in each term of (4.32). We distinguish
Case (i) (with m., J. given by (2.38)) and Case (ii) (with m., J. given by
2-46)) .

4.5 Case (i) without external boundary

In Case (i) we show that h. converges to the solution to a massive point vortex
equation similar to (2.40) with a vanishing Kirchhoff-Routh velocity. For vy # 0

we let for ¢ > 0,
i) = wnom L
h(t) o |:R(m 2>£0—’_€O:|7

and h(t) := Lot for v = 0. Of course h satisfies

=/ -/

L _ _
mh =~ (h ) for t >0, with h(0) =0 and h/(O) = 4. (4.36)

The precise statement of our first convergence result is as follows.

Theorem 4.9. Let Sy a subset of R? as above, py in R® and (y,m,J) in
R x (0,400) x (0,+00). Let h be the global solution to ([4.36)). For every e in
(0,1], let q- be the global solution to and where mg and [J. are
given by , and with the initial data q-(0) = 0 and ¢.(0) = po. Then, for
all T >0, as e — 07, he — h in W2>([0,T]; R?) weak-+ and . — 0 in
W2([0, T); R) weak-x.

Proof Let T' > 0. Using that (pc)-c(o,1) is bounded uniformly on [0,7] and
Equation ([4.32)), we deduce uniform W?2> bounds on h. and 1. This entails
the existence of a converging subsequence (g,9._, he, ) of (¥, h.):

n

(enVe,, he,) — (B4, hy) in W™ weak—* . (4.37)
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We now aim at characterizing the limit. First it is clear that the left hand side
of ([4.32)) converges to M,(O7,h])! in L> weak — . Now consider the force
term F5°(p.,) = Y(Co., - hL (Bl )& —e,0. Co. )t as defined in ([.14). On
the one hand using (4.15]) we see that

A
enVs,

Co., — 0in W1 weak—*. (4.38)

On the other hand since the weak-x convergence in W?2> entails the strong
Wt one, we deduce that h. — R/, in L> and (h.(0), h/,(0)) = (0, o). Hence
from the last two coordinates of System we deduce mih! = y(h.)*t.
Due to the uniqueness of the solution to Equation , this establishes that
h. = h and the convergence as ¢ — 0% of the whole sequence (not merely of a
subsequence). This concludes the proof of Theoremfor the part concerning
the position of the center of mass.

We now turn to the part concerning the angle, that is the convergence of
e¥.. We will use the following lemma (see [I1]).

Lemma 4.10. Let (wp)nen in WE2(0,T;R)N, (en)nen in (0, +00)N with
€n — 0T as n — +oo, such that e,w, — P in W17°°(0,T; R) weak-* as
n — +o0. Let (wy)nen in L>=(0,T;C)N such that w, — w in L>(0,T;C) as
n — +oo. Let 9, = fot Wy - Suppose that, on (0,T),

enw), (1) = Re [wy,(t) exp(—id, (1))].
Then p is constant on [0,T].

We consider the first coordinate of the system (4.32)) (recall that « = 0
here). By the uniform estimate of p. in W1°°(0,T), the system can be written
as:

Mgplg = F;sio (ps) + R,

where the remainder R. is of order O(¢) in L>(0,T). We apply Lemma [.10]
to w, = 9L and wy = = [v(C-AL) —iv(C- (AL)T) + Re, 1€ ], where
R, 1 denotes the first coordinate of R.. The assumptions are satisfied thanks
to (4.37). Hence O, is constant; using the initial data, we infer that 6, = 0.

This concludes the proof of Theorem O

4.6 Case (ii) without external boundary

In this situation we show that the limit system is the point vortex system with

a vanishing Kirchhoff-Routh velocity field, that is the trivial system R =0
Our result is the following.

Theorem 4.11. Let Sy a subset of R? as before, different from a disk (or
a<2),v7#0,poin R and (y,m,J) in R x (0,4+00) x (0,+00). For every
e in (0,1], let q. be the global solution to and (4.32) where m. and J:
are given by , and with the initial data g-(0) =0 and ¢.(0) = po. Then,
as e — 0%, hy — 0 in WH2°([0, T); R?) weak-x for all T > 0.
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Proof First, thanks to the energy estimate, er’%E is bounded in W1 uni-
formly with respect to . Since moreover M, is constant and (p.)’ is bounded
in W1 we can conclude that the first term in the left hand side of
converges to 0 in W12 (due to the extra powers of €). Next, the second term
of the left hand side converges to 0 in L since the terms inside the brackets
are bounded. Now the last two coordinates of the right hand side of the equa-
tion correspond to the vector y(h.)+ —~e0.(y. . The last term converges
weakly to 0 in W~1° as seen in Case (i); see (4.38). Hence we infer that h.
converges weakly-x to 0 in WW~1:°°. Because h’. is bounded, this convergences
also occurs in L weak-%. This is sufficient to deduce the strong convergence
of h. toward some h, in L, and that A, = 0 and h.(0) = 0. O

In the case of disk and for @ > 2, we have the equivalent convergence
for the center of the disk h... It suffices to pass to the weak limit in
where, since there is no external boundary, the right hand side is simplified by
E, =0 and B; = —1. Note that in that case M, is constant, so I}, = 0 (while
the “original” I" is not, since M, has one more dimension and a different set
of variables). When the disk is homogeneous, he = h. ¢, so that h. converges
itself in W weak-+. We omit the details.

5 Recasting the system: Proofs of Theorem Lemma [2.5
Proposition Proposition and Theorem

In this Section, we prove the results of Subsection [2.] concerning the dynamics
of a solid with fixed size and mass, that is, Theorem [2.2] Lemma [2.5] Propo-
sition [2.6] Proposition [2.8] and Theorem

5.1 Splitting the proof of Theorem

The pressure II can be recovered by means of Bernoulli’s formula which is
obtained by combining (2.1a)) and (2.2)), and which reads:

N ou 1 2 .
VII = (875 + §V|u |) in F(q). (5.1)

Given ¢, p and +, the pair (u, IT) where u is given by (2.14]) and IT by (5.1
yields a solution to (2.1a]), (2.1b)), (2.1€) and (2.1f]).

Now, equations (2.1c¢) and (2.1d) can be summarized in the variational
form:

mh” -0 + T w* = / I (w*(x — k)t +£*) - nds, (5.2)
98(q)

for all p* := (w*,£*) in R x R2. Let us associate with (g,p*) in @ x R?® the

potential vector field

u* = V(p(g,-) - p), (5.3)
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which is defined on F(q). By definition of the Kirchhoff potentials, see (2.9b)
and (2.9¢)), we have the following equalities:

u*on=(w(-—h)+£)n ondS(g) and u*-n=0 on I

According to Bernoulli’s formula ([5.1)) and upon an integration by parts, iden-
tity (5.2)) can be turned into:

mh" - 0+ J9" *:_/ @1‘ V| 2) *da, (5.4)

for all p* := (w*, £*) in R xR2. Therefore substituting the decomposition (2.14)
into (|b.4) we arrive at
Ougr

mh,/'€*+j19//w*+/ ( at

1
- / <V|u,y|2) cutdr — / (MY + V(ug '“v)) ~u*dz, (5.5)
Fla) \2 Fa) \ O

for all p* := (w*,£*) in R x R2.

Then the reformulation of Equations — stated in Theorem will
follow from the three following lemmas which deal respectively with the left
hand side of and the two terms in the right hand side.

Lemma 5.1. For every smooth curve t — q(t) in Q and every p* = (w*,£*)
in R3, one has

Sl
mh' - 4 JO"* +/ Qg 11y 2) urda
Fa \ O 2

+ V|uq |2> ~utdr =

=M(q)q"-p"+(I'(q),d.qd)p", (56)
where ¢ = (¥, h) * z's given by (5.3), uq is given by ([2.15a), M(q) and I'(q)

are defined in and -

Lemma 5.2. For every q € Q and every p* = (w*, (*) € R?,

1 * *
[ (59IP) wae =BG (57)
F(q)
where u* is given by (5.3), uy is given by (2.15b)), E(q) is defined in (2.18b).

Lemma 5.3. For every smooth curve t — q(t) in Q and every p* = (w*, *)
in R3,

- /m) ((Zy +V(ug - W) cutde =y(d x Blg)) -p7, (58)

where ¢ = (U, h), u* is given by (5.3)), uy and uy are given by (2.15), B(q) is
defined in (2.184)).

Lemma simply follows from an integration by parts. If we consider
Lemmas [5.1] and [5.3) as granted, then gathering the results of Lemmas[5.1] -
and [5.3] - with (| . the conclusion of Theorem [2.2 - 2| follows.

Lemmas [5.1] and [5.3] are proved in Subsections [5.2] and [5.3] respectively.
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5.2 Reformulation of the potential part: Proof of Lemma [5.1

We start with observing that
mhl/ . g* + j,lg// * — ng// p* (59)

Now in order to deal with the last term of the left hand side of (5.6)) we use a
Lagrangian strategy. For any ¢ in Q and every p in R3, let us define

1

flan)=5 [ Vela) plar (510)

Thus £1(q,q’) denotes the kinetic energy of the potential part u, of the flow.
It follows from classical shape derivative theory (see [6LI7,32/40]) that &; is
in C>=(Q x R?; [0, +00)).

Now the crucial quantity here is the Euler-Lagrange function:

C(do&, . 0&E, N\
8£—<dt6p(q7q) aq(%q)) P, (5.11)

associated with any smooth curve t — ¢(t) in Q and any p* € R3.
Lemma 5.4. For any smooth curve t — q(t) in Q, for every p* € R3,

Oug

1
=L 4 V|u /|2> uide = EL (5.12)
/;(q) ( o 2 1

where ug is given by (2.19), u* is given by (5.3) and EL is given by (5.11)).

Proof Let us make use of the following slight abuse of notations which simpli-
fies the presentation of the proof of Lemma For a smooth function I(g, p),
where (q,p) is rTunning into @ x R?, and a smooth curve ¢ +— ¢(t) in Q let us
define

0 d 0
— 7T / = = / "
(5o 1) 0= (557) @00 O (0),
where, for (¢,p,7) in Q x R? x R3,
ol ol
Observe in particular that
dt

and

% (Zé(q(t%q’(t))) = (;qif(q,q’o (t). (5.14)
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Below, in such circumstances, it will be comfortable to write

o 7(al0): 4 (0.4 (9)] wstead of (gg) (40,4 (£).4"(1)),

and it will be understood that J is extended from (g(t), ¢’ (¢),q"(t)) to general

(¢,p,7) by (5.13).
Let us also recall the Reynolds transport formula (see [38, pages 12-13]),
that we shall use to express the derivative of functionals of the kind:

() = /F )

where f(qg, ) is a smooth function defined in F(q). The formula reads, for every
q € Q and every p* in R3:

= 1[ 2Ly N
5@ =[Gt [ faemds 619

where u* is given by (5.3).
We start with manipulating the first term of ££. Upon an integration by
parts we arrive at

Op F(q) 9S8(q)

Then, thanks to formula (5.15)),

- (Lo ) oL, ()0
o x_ 9 ) da | pt — L) prda. (516
o 7 6q<f(q) (p-q) :c) P g oy 0) e (5.16)

We differentiate (5.16) with respect to ¢ to arrive at
d 0& d o ,
Bl N Ndz | -t

_ % (/ﬂq) @2’ . q'> ~p*da:> . (5.17)

With the abuse of notations mentioned above we exchange the derivatives
involved in the first term of the right hand side, so that the identity (5.17]) can
be rewritten as follows:

108 . 08 e

_ % (/;(q) (2‘;’ . q’> ~p*dx> . (5.18)
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Moreover, using again the Reynolds transport formula (5.15)), we deduce that

d , 0 , .
dt(/ (‘P'Q)dJJ):/ ﬁ(cp-q)da:—s—/ (p-q¢)(uy -n)ds
F(q) F(q) 9S(q)

0
[ Sea)der28d), (519)
F(9)

by integration by parts.
We infer from (5.18)) and (5.19)), again with the abuse of notations men-

tioned above, that:

o9& 0 / 0 )
fL="24 2 Z(p-q)da| p

_ % (/F(q) (g‘;. ’) ~p*daj> . (5.20)

Thanks to formula (5.15)), we translate the second term of the right hand side

into

gq[/ a(wq’)dx] -p*=/f(q)§q<§t(<p-q’)) ptdz

Fla) Ot

and the last one into
i (L, (Ga)vae) = [ 5 ((50) )
— - ‘pide | = === . dz
dt(f@) o )" 0 \Nag )7
e
+/ ((-q')-p*) Uy - n)ds.
BS(q) aq ( q )

(5.22)

Using again ((5.14) for the first term and integrating by parts the second one,

we arrive at

i\ L, (i)
a a , ) % / <8uq/ *>
/m) dq <5t( ) Flg) \ 94 ! 29

On the other hand, thanks to formula (5.15)),

851 « / (3uq/ *> 1 / 2/ %
—— .pt = p* ) ugdx + = ug | (u* - n)ds. (5.24)
dq F \ 94 ! 2 Jos(a) e
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Substituting the expressions ([5.21)), (5.23) and (5.24)) into (5.20)) and simpli-
fying, we end up with:

0 1
EL = { g+ =|ug ?| (u* - n)ds.
[t 0+ el o

Upon an integration by parts, we recover ((5.12)) and the proof of Lemma
is completed.

Now, we observe that the kinetic energy &;(q,q’) associated with the po-
tential part of the flow, as defined by (5.10), can be rewritten as:

1
s Ma(9)d -4, (5.25)

&l d") =
where M, (q) is defined by (2.16)). This allows us to prove the following result.

Lemma 5.5. For any smooth curve t — q(t) in Q, for every p* € R3, one
has

EL=My(q)q" - p"+(I'(q),d,q) p, (5.26)

with EL is given by (5.11)), M,(q) defined by (2.16]) and I'(q) associated with
M(q) by the Christoffel formula (2.17a)-(2.17b)).

Proof of Lemmal5.5 Using (b in the definition (5.11]) of ££, we arrive at

eL =@ » + (Do) )o') " = 5((OMala) )

Let us recall the notation (M,)¥ .(q) in (2.17d) and let the notation Y stand

ij
for Zlgi,j,kg:ﬂ for the rest of this proof. Then

EL=M,q"-p*+> (Ma)f; qha;p; — ; > (Ma)E; did;pi.
A symmetrization of the second term of the right hand side above leads to
EL=M.q"-p*
+ %(Z(M ) edpy + Y (Ma)] aidipy =D (Ma); q{quz?)
Then the result follows by exchanging ¢ and k in the last sum. O

Finally Lemmal[5.1]straightforwardly results from the combination of (5.9),
Lemmas [5.4] and [5.5] This concludes the proof of Lemma [5.1]
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5.3 Reformulation of the cross part: Proof of Lemma, [5.3

We now turn to the proof of Lemma Write ¢ := (¥, h) and recall that
¥(q,-) and C(q) are defined in (2.11) and that

uy =VEP(g,-),  ug = V(p(g,-) - ) and u* = V(p(g,-) - p).

Upon an integration by parts, since ©(g, -) vanishes on 92,

/]-'((1) (88?) = _7/33(,1) (gt(w(q’ '))> (gf(q, ) -p*) ds. (5.27)

Lemma 5.6. On 9S(q),

%(wq«)) = —g%(q,-) (W(q,-) : q’) +DC(q) - ¢ (5.28)

on
Proof We start with the observation that

%(1#(617 ) = %(q, - q (5.29)

is the derivative of the function (g, ) when the boundary dS(q) undergoes a
rigid displacement of velocity w = w(x — h)* + ¢ where ¢’ = (w, ). Then we
differentiate the identity:

P(g, R(V)X + h) = C(q), for X € 98y,

with respect to ¢ in the direction ¢’. We obtain:

0

a—iﬁ(q, z)-¢ +Vi(q,z)-w=DC(q) ¢, for x € 9S8(q). (5.30)
Since (g, -) is constant on dS(q), its tangential derivative is zero. Besides, on
0S(q) we have w-n=wuy -n = g—‘z(q,-) ¢’ so

0 (%20
Vitg.0) 0= 5 0e) (S0e) o) orscosa. (531
Gathering ([5.29)), (5.30) and ([5.31]) we obtain . O

Substituting now (5.28]) into (5.27)), we arrive at

au’y) * / 81/} (aso /) (aso *)
/f(q) < ot 8S(q) on on or ( )

On the other hand, by an integration by parts,

/ V(ug - uy) - u*de = 'y/ (ug - uy)(u™ - n)ds. (5.33)
F(a) a5(q)
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Adding (5.32) and (.33) and using that u, = —V%T on 98(q), we arrive at

Ou )
— + V(ug - u cutdx =
/}_(q)(at (q ’Y)

/ 9 (0 N (2 ) (22 ) (2% /)] a
7 Jos on [\ 1) \or P on V) \or 1))

which is (5.8]). This ends the proof of Lemma

5.4 Decomposition of the Christoffel symbols: Proof of Proposition [2.§

This subsection is devoted to the proof of Proposition We will use the
matrix M ,(q) given by

M,(q) :=R(¥)" Ma(q)R(V), (5.34)

where we recall that R(¢) is the rotation matrix defined by (4.11). We also
introduce the following real-valued functions depending on the variables ¢ =
(9,h) € Q, pin R3 and p* in R3:

84

0. = | (G5 ) ROY'5| - RO

1

[1

3(¢,p,p") = Kaé\ga (a) -p) R(ﬂ)tp} “R(0)" p*.

The indices in =7 and =3 above are chosen in order to recall the position where
p* appears (the “first p” in the expression of = is p* and so on.) Similarly we
define, for p = (w, ¢) and p* = (w*, £*) the functions:

T = Mo (1) Talawr?) =t (1)

. 0
and 13(q,p,p*) := wM,(q)p - (gu) :

The proof of Proposition [2.8]is then split into the proof of the following three
ancillary lemmas.

Lemma 5.7. For any (q,p,p*) in @ x R? x R3,

(I'(q);p,p) - " ="1(q,p. ") — Ya(q,p,0") — Y3(q,p, ")
— 3 1 — *
+ Z3(q,p,p%) — 351(a.pp ). (5.35)

Lemma 5.8. For any (q,p,p*) in @ x R3 x R?,

*

Ti(q,p.p*) — Y2(q.p,p*) — V3(q,p,p*) = (I"***(q),p, D) - P*,
where I'*°Y(q) is defined in ([2.26)).
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Lemma 5.9. For any (q,p,p*) in @ x R3 x R3,

— * 1,— * *
Ss(a.p.0") = 5E1(@.p.0") = (T(0),p.9) 17, (5.36)

where I'%%(q) is defined in ([2.27).
Before proving these three lemmas, we introduce a few notations. For every
q = (9,h) € Q, we define the change of variables y = R(9)*(xz—h), the domains

2(q) = R(W)" (2= h), Elq) :=R®)'(F(q) —h) = £2(a) \ So,
and the functions ¢ (¢, y) such that
f(Q? ) = (fl (Q7 ')792(qv ')793(Q7 ))a
satisfies

(g, y) =RW)'e(q,z), yeE(q).

For every j = 1,2, 3, the functions gj(q, -) are harmonic in F(q) and satisfy:

6(,0, €L i=1:
3 y—-n jg=154L
a. \{ = oS, 5 5.37
5, (0Y) {nj_1 i3 On0S (5.37a)
Op .
So(ay) =0 (j=1,23)  ond2g). (5.37b)
Therefore the matrix M ,(q) defined in (5.34) can be recast as
O
M) = [ oo G (5.39)
9So n

Proof of Lemma[5.7. Let t — ¢(t) be a smooth curve in Q, defined in a neigh-
borhood of 0 such that ¢(0) = ¢ and ¢’(0) = p. On the one hand, it follows

from (5.25) and (5.34) that for every p* = (w*, ¢*) € R?,

do&r . X - * *
@(,Tpl pt=Mu()p' - p* = Ya(q,p,p") + E3(¢,p,0") — Vs(q,p,p7).  (5.39)
On the other hand,
o0&, 1
—pf =" * —= ). 5.40
94 1(@:p:p") + 5510 . 07) (5.40)
Gathering (5.11)), (5.26)), (5.39) and (5.40]), we deduce ([5.35)). O

Proof of Lemma[5.8 On the one hand, since M(q) is symmetric,
* 0 *
T>(q,p,p*) = wMa(q) <€J_> p" (5.41)
On the other hand, with the notation of ([2.25)),
* * _Pal 4 * 0 *
—T3(q,p,p") + Ti(g;p,0") = < WPt > = Kp) Xp} P (542)

Now gathering (5.41)) and (5.42) we conclude the proof of Lemma O
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Proof of Lemma[5.9 We will use the following lemma.

Lemma 5.10. Fori,j = 1,2,3, for every § = (ﬁ,ﬁ) in Q and every p* =
(w*, %) in R3,

0 0p. 5@,
o Vo (q)- Ve (¢)dy Pt = —/ — L (*-n)ds, (5.43
& ( Z(@) 20 Vel ) 4=i o) 0T pr (0 0 (349)
with
W*(4,p", ) = —w* - =R £* (5.44)

Let us first take Lemma[5.10|for granted and conclude the proof of Lemma[5.9]
Applying the change of variables x = R(J)y + h, we deduce that:

0
2§ -p = | 5 Ve.(9)- Ve (q)d :
g ‘P 9 ( - #,(a0) - Ve, (9) y) o
=t/ <ij<s

Op. 0p.
—(/ QPZJ(UA)*-n)ds)
on(g) OT OT L<ij<s

RO ([ SC@5E@w was) RO,

o Or 1<i,j<3

with w* := w*(z — h)* 4 £*. Therefore, applying this with (4, p*) = (¢, p*) and
with (¢,p*) = (¢q,p), we arrive at

— * 1—~ * ! 1 7 *
Zs(¢,p:0") = 551(a,p,p") = > [Aij(Q)plpj - 2Ajl(Q)plpj] P

where as before, the notation »_ stands for 7, ., ;<3 in this proof and where
for k = 1,2,3, the matrices A*(§) are given by:

t@= ([ 05w )

1<i,j<3

We recall that K(g,-) = (z — h)* -n and K;(g,-) = n;_1 (j = 2,3) on 912.
Now the quadratic form in p can be symmetrized as follows:

> [Aﬁj(Q)pzpj - 2Ajl(Q)plpj:| pi=5 > {A'lij + A}~ Ajl} (9) pLpjp;s

which leads to (5.36)). This concludes the proof of Lemma O

Now we give the proof of Lemma [5.10]
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Proof of Lemma[5.10, The quantity

)
% (/;(q) Vg, (@) - Vsﬂj(q)dy>

can be interpreted as the time derivative of the quantity between parentheses,
when the outer boundary 9£2(§) undergoes a rigid displacement of velocity
w*.

More precisely, denote by x a cut-off function, compactly supported, valued
in [0,1] and such that x = 1 in a neighborhood of 9£2(4) and x = 0 in a

neighborhood of Sy. Then, denote by &(¢, -) the flow associated with the ODE:

&'t y) = x(&(t,y)w* (t,&(ty)), fort >0, with £(0,y) =y,  (5.46)

where w* was introduced in (5.44]). Notice that:

-p* (5.45)

q=q

E(t,y) = R(—tw*)y — tR(D)" £*,

in a neighborhood of 9£2(¢) and £(¢,y) = y in a neighborhood of 9Sy.
For every ¢ small, define

£2,:=&(1,2(q)) and £, = £(t, E(9))-

For j =1,2,3, let . be harmonic in F, and satisfy the Neumann boundary
jt t

conditions:
0p. _p)L. =1
=t (y—h)y=n j L on 98y, (5.47a)
on nj—1 J=23
&p.t
5—;’ =0 (j=1,2,3) on 0£2,. (5.47b)

With these settings, the quantity (5.45) can be rewritten as:

d

According to the Reynolds transport formula (5.15)), it can be expanded as
follows:

d
— / Vo, , Ve do :/ V@(-V@,dmﬁ-/ V. V' dz
at \Jg, —t o JE@ T o 7

+/ (V. -V )(w*-n)ds, (5.48)
0£2(q)

t=0

where
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Lemma 5.11. For j = 1,2,3, the function f;‘ is harmonic in F(§), satisfies

ag;_
and 50’ 5
$; 0 ¥
= — Z ((p* -n)—L 5
5 = Br ((w n) o ) on 02(q). (5.50)
Once Lemma is proved, (5.43) follows from (5.48) and an integration
by parts. O

Proof of Lemma[5.11} The function f;' is defined and harmonic in F(4) and

the boundary conditions are obtained by differentiating with respect to ¢, at
t = 0, the identities on the fixed boundaries 0Sy and 9£2(§):

aga — L. | = 1:
-5 LY, e o
]7 - ) )
dp .
5;;‘/ (g(t, )) =0 (j=1,2,3) on 9£2(q). (5.51b)

Let us focus on the proof of (5.50)), the proof of (5.49)) being quite similar with
some simplifications. On 0£2(§), using (5.46[), we can write that:

d (9%, ¢} 5 02
o ( on (f(ﬂ'))) lt=0 = o +(D Ppw ,n) +w o (5.52)

where the last term is obtained by noticing that n(£(t,-)) = R(—tw*)n. There-

fore by taking the derivative at ¢t = 0 of the identity (5.51b)) and using (5.52)
we obtain

0y’ 0y .

=) _ _ 2 ~ % k]

e e A =
— 828] A~k D2 K *a£] 553
__8712 (w ’I’L)—< £j7T7n>(w 'T)_w o7 ( . )

by decomposing w* into normal and tangential parts. Taking the tangential
derivative of the identity (5.37bf) and using the relation ‘3—: = k7T with k the
local curvature of 9£2(§), we arrive at

LY
(D%*¢ . T,n) + lii =0 on 02(g). (5.54)
—J or
We substitute (5.54)) into (5.53)) to deduce:
oy’ 0%y, 0p.
i A G A COR
0. Oy

- (%*2] (@* - n) + (;_(d;* -n)) a;rj' (5.55)
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On 9£2(§), we have with local coordinates:

Iy dop. 0%,
Ap. 0 ( J>+/~$j+ =,

i or \ or on ' on
: : : 9%, 5 e, e,
Since . is harmonic and 52 = 0 on 9§2(g), we deduce that 53 = — 5=

on 9£2(g), and therefore

oy’ 9 [0y, 9 Op .
=) (. | = — (¥ . _—J
on (@7 -n) or ( or + (87 (@ n)) or’
which is (5.50]). O

5.5 Identification of the electric potential: Proof of Lemma [2.5
We now establish Lemma By definition,
Clo) =~ [ Vila.) Volg.)d.
F(q)
Thus, by Reynolds transport formula (5.15) we infer that for every p in R3,

DC(q) p= —2/

V(W.p>.wdx_/ IV [2uy -nds,  (5.56)
Flo) \9¢ 25(q)

where ug was defined in (2.15). Upon an integration by parts,

o N, _ o\
/]__(q)V(aq p> Vz/;dx—/as(q) <8q p> o ds. (5.57)

Moreover gathering (5.30) and (5.31]) we arrive at

o oY Op
9 qx)-p=DC) p—2(q,2) L (q,2)-p. G
34 (0,2) p=DC(a) p~ 5 (@,2)5(¢,2) - p or z € 95(q). (5.58)
Now combining (5.57)) and (5.58]) we obtain
I oY o |* ¢
V(-p)-vwdx:/ DCq-p—ds—/ —| == -pds
/]:(Q) dq GS(q)( @) )an 85(q) on| On
| o
:7DCq~pf/ —| = -pds, 5.59
@ v [ |5 o (5.59)
thanks to (2.11d)). On the other hand since (g, ) is constant on S(q),
o |? de
Vz/;2u/~nds:/ —| =X .pds. 5.60
/asun' " 0s(q) |On| On (560

Gathering (5.56]), (5.59) and (5.60) and recalling the definition (2.18b) of E,
we obtain (2.23). This concludes the proof of Lemma [2.5] O
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5.6 Conservation of energy: Proof of Proposition [2.6]
We prove Proposition We start with the observation that

(£¢.4)) = M(@)q" ¢+ 5(DM(q)-)q’ ¢ ~ 3°DC(@) ¢ (5:61)
Now, thanks to and ,

M(q)d" ¢ =—(I(q),d.d)- ¢ +Fla.d)- ¢, (5.62)

and
F(q,q) ¢ =7E(q)- ¢ (5.63)
We introduce the matrix for any (g, p) in Q x R3,

1<i<3 1<k <3
so that
(I'(q),p,p) = S(q,p)p- (5.65)

Combining (5.61)), (5.62)), (5.63)), (5.64) and (5.65) we obtain

1 1
(E(a. ) =~ (E(q) - QDC(q)) -+ (QDM(q) ¢ - S(q,q’)> qq.
(5.66)
The first term of the right hand side vanishes thanks to Lemma [2.5] Proposi-
tion [2.6] follows then from the following result.

Lemma 5.12. For any (q,p) in Q@ x R3, the matriz %DM(q) -p—S(g,p) is
skew-symmetric.

Proof We first observe that DM (q)-p is the 3 x 3 matrix containing the entries

ST (Ma)E (@) pre, for 1<0,5 <3,
1<k<3

where (M)} ;(q) is defined in (2.17d). On the other hand, the matrix S(q, p)
contains the entries

% Z <(Ma)fj + (Ma)zk - (Ma)z,j>(9)pk,
1<k<3

for 1 < 4,7 < 3. Therefore, the matrix DM (q) - p — S(q, p) contains the entries
1 4 ,
clar) =—3 Y (Mol — (M);) @ p,
1<k<3

for 1 < 4,7 < 3. Since the matrix M(q) is symmetric, ¢;;(g, p) = —c;i(¢,p) for
1<4,j<3. O
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5.7 The case of a disk: proof of Theorem

In this subsection, we suppose that Sy is a disk, of center ¢ and radius ry. We
start by observing that, as noticed in Subsection ¢ = he(0) = he(0)—h(0),
so with (4.15) we deduce (y = h. — h, that is, (2.35b)). Relation (2.35d)) is an

immediate consequence of the decomposition z — h = (x — h.) 4+ (he — h), of

the fact that (z —h.)-n = 0 on dS(t), and of (2.1¢)-(2.1d)). Hence only (2.35a)

needs proving.
Concerning the added mass matrix, due to (2.9)), in this case, 9,1(q,-) =
(he —h)* - n(-), and consequently,

01(q,-) = —Co,202(q, ") + Co,1 03(q; ). (5.67)
We underline that s and @3 depend merely on h. while ¢; depends also on
9. From , one deduces that for any ¢ in Q such that d(B(h,rg),0§2) > 0
and any p = (w, ¥): .
Ma(q)p - p = My (he)ps - py (5.68)
with
o =y (9w, 0) ==L+ wC;. (5.69)
Notice that for a solution (p, q) : [0,T] — Q x R? of the system with p = ¢/,
for all times,
Py (9(2), 9 (), h'(t)) = he(t). (5.70)
Now to establish we rely on the following adaptation of Lemma
Lemma 5.13. For any smooth curve t — q(t) in Q, for every p* = (w*,£*) €
R3,
EL = My(he)p, -y + (Ih(he) Py, 2s) - 1} (5.71)
where
py =py (9, w*, £) == 0"+ w ¢y, (5.72)
with EL is given by , Mb(hc) is defined by — and Iy (h.) is
defined in .
Proof Mimicking the proof of Lemma using %p; = —Yw*(y, and
we obtain

do& . - . . . - \
=Lt = Mypl, - pt 4 (D, M, - hl)p, - pi — Myp, - (0'w*Co).
dt Op
On the other hand,
& . 1 S SRV
7; pt = §(DhCMb W CE )Py Py + My (9w Cy) - py

We deduce that
" * Y * 1 " *
EL = Mypj, - pj + (DM - he)ps - py = 5 (Dn My - w (5 D> - Py
and conclude as in Lemma by symmetrizing the second term. O

Theorem finally follows from Lemmas and a rewriting of F(q)
and B(q) taking (5.67) into account.
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6 Convergence to the massive point vortex system in Case (i):
Proof of Theorem [2.17]

In this section we prove Theorem which corresponds to Case (i). We will

rely on intermediate results (Proposition Lemma and Lemma .

The proofs of these intermediate results will be postponed to the last sections.
We work on Equation with a small solid, that is

Ms(‘]s)qg+ <F6(q6)aq;7q‘;> :FE(qqu‘;)a (6.1)

where
ME = M[80,57ms;j570]7 FE = F[SO,st] and FE = F[So,a% 9]7

with m., J: given by (2.38)). The functions M. (q), (I'.(q),p,p) and F.(q,p) are
defined for ¢ in Q° and for p in R3.

We begin by introducing some notations. Given § > 0 and &¢ in (0, 1), we
let

0 :={(s,9) € (0,1) x R® : d(S.(q),00) > 0}, (6.2)
Q% :={(e,q) € (0,1) x R® : d(S-(q),89) > 6}, (6.3)
Qseo = {(5,9) € (0,60) x R® : d(S.(q),d0) > 5} (6.4)

For § > 0, we also introduce

Q5 ={z e : dx,002)> 5} (6.5)

Observe that despite the fact that the center of mass h. does not necessarily
belong to S:(¢), we have the following elementary result whose proof is left to
the reader.

Lemma 6.1. Let § > 0. There exists & in (0,0) and o in (0,1] such that for
any (g,q) in Qs.¢,, with ¢ = (9, h), necessarily h belongs to (25, .

6.1 Normal form

We will rephrase (6.1) to be able to pass to the limit as ¢ goes to 0. The
following definition will be useful to deal with the remainder.

Definition 6.2. Let § > 0 and ¢¢ € (0, 1) be given. We say that a vector field
F in L2 (Qs.., x R?; R?) is weakly nonlinear if there exists K > 0 depending

loc

on Sy, m, J, v, £2 and § such that for any (,q,p) in Qs o, x R3,
|F(e,q,p)lrs < K (1 + |plrs + €[p[zs)- (6.6)

The normal form is as follows.
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Proposition 6.3. There exists F, : Q x R> — R3 depending on Sy, v and
2 such that, for any § > 0, there exists g in (0,1) such that F, belongs to
L (95,6, X R3;R3) and is weakly nonlinear in the sense of Deﬁnitz’on and
such that Equation can be recast as

Mypl. = Fy° (90, b, — yu? (he)) + eFr(, ge, pe). (6.7)

Recall that u®? was defined in (2.44)), that the force term F[i °(p) was defined
in the section dealing with the case without outer boundary, see , and
that p. = (9., h.)" was defined in (4.29).

The normal form will be useful in order to pass to the limit. To
get Proposition |6.3] we will perform expansions of the inertia matrix, of the
Christoffel symbols and of the force terms with respect to €. Roughly speaking
the leading terms coming from the force terms will be gathered into the first

term of the right hand side of (6.7)); see .

6.2 Renormalized energy estimates

We will of course need uniform estimates as ¢ — 0T in order to pass to the
limit in (6.7). The energy is the natural candidate to yield such estimates.
Hence we are led to consider the behavior of the energy with respect to . We
therefore now index the energy (introduced in in ) as follows:

£:a.0) = ZM.(a)p-p + Uul0) (63)

where the potential energy U, is given by

Ud(q) == —%VQCE(q)- (6.9)

Of course Propositioncan be applied for each ¢ in (0, 1) so that the energy
associated with a solution g. as in Theorem is conserved along time until
its maximal time of existence T.. We will establish in Subsection[8.3| the follow-
ing result regarding the expansion of Cc(q) with respect to . The expansion
is uniform, in the sense that the remainder is uniformly bounded, as long as
the solid stays at a positive distance from the external boundary. Let us recall
that the Newtonian potential G was introduced in , the Kirchhoff-Routh
stream function ¥*? was defined in and the constant C°° in . We
will also use the function defined for ¢ := (¢, h) in R x £2,

Ye(q) := Dpp? (h) - Co. (6.10)
Above Dy, denotes the derivative with respect to h.

Lemma 6.4. There exists a function C, : Q — R such that, for any 6 > 0,
there exists g9 in (0,1) such that C, is in L= (Qs.,;R) and that for any (e, q)
m Qg,ao,

Ce(q) = —G(e) + C% + 297 (h) + 2evc(q) + €2Cr (e, q). (6.11)
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This result establishes that the potential energy U.(q) diverges logarith-
mically as ¢ — 0F. However since they do not depend on the solid position
and velocity the contributions of the two first terms of can be discarded
from the energy in without altering its conservation property.

On the other hand an immediate consequence of Proposition [0.1] below is
the following result regarding the kinetic energy part.

Lemma 6.5. There is a function M, : Q — R3*3 depending on Sy and
2, such that, for any 6 > 0, there exists g9 in (0,1) such that M, is in
L (95,003 R3*3) and such that for all (g,q) in Q, for all p in R3,

SM(@)pp = (M + 2 ME)Lp)) - (Lp) + 3= (M, (e, ) Lep) - ().

Recall that Mf% was defined in (4.10)) and ¢ in (4.28)). Combining Lemma
and Lemma [6.5] we obtain the following.

Corollary 6.6. Let q. and T. be as in Theorem|2.11. Then the renormalized
energy

1
5((MH +e? Mf,%)pe) *DPe — 72¢Q(h5)

1 1
+ 554Mr(57 qg)ps *Pe — 57277[10((15) - 5527207"(67(18)1

is constant in time until Ty.

The two most important terms in the renormalized energy above are the
first and second ones which are respectively of order O(|p.|2s) and O(1) as
long as there is no collision. Hence we deduce the following counterpart of

Corollary

Corollary 6.7. Let (q.,T:) as in Theorem [2.11} Let 6 > 0. There exists
K > 0 (depending on Sy, 2, po, v, m1, J1, 0) and €9 > 0 such that for any e
in (0,e0), as long as (e, qe) belongs to Qs ., one has |ps|ps < K.

6.3 Passage to the limit

We deduce from Corollary [6.7] two different results. The first result concerns
the lifetime T of the solution (g., pc), which can be only limited by a possible
encounter between the solid and the boundary 0f2.

Lemma 6.8. There exist g > 0, T > 0 and § > 0, such that for any € in
(0550)7
T°>T and on [O,I], (57QE) € Qé,so‘ (6'12)

Proof Let us introduce

Ry := max{|z|, x € 0S5y}, (6.13)
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so that, whatever ¢ > 0, ¥(¢) in R and ¢ in (0,1),

Se(¢=(1)) € B(he(t),eRo). (6.14)

We introduce § := 1d(0,012) and &y in (0,1) (which may be reduced later)
such that eg Ry < J§ and

Ve e (0.e0), d(B(0,Ry),02) > Zd(o,am. (6.15)

We apply Corollary with § to deduce that there exists K > 0 such that,
reducing g if necessary,

|h.| < K, for all t for which d(S:(g:(t)),d12) > 4. (6.16)

We introduce T := min (1, %), and for € in (0, gg],

¢ ={te[0,1] : Vs€0,1], d(E(hg(s),eRo),aﬂ) >0},

The set Z° is a closed interval containing 0, according to . Consider T. :=
max Z¢, and let us show that T.>T. Of course, if T. = 1 then this is clear
let us suppose that 7. < 1. This involves that d(B(he(1%.),eR0),00) =

Using e9Ry < & we deduce d(h.(T%), 082) < 2. With the triangle inequality
and 5 = 1d(0,012) we infer that d(h (T: ),O) > 1d(0,012). Now the relation

4) implies that for all ¢ in [0, T%],
d(S:(g: (1)), 02) = d(B(he(t),eRo),092) > 4, (6.17)

so that ( is satisfied during [0,7:]. We deduce that KT, > d(0,)/2,
soT. > T T herefore for any ¢ in [0, 7], for any € in [0, g¢], - holds true.
This concludes the proof of Lemma, O

The second result establishes the desired convergence on any time interval
during which we have a minimal distance between S.(q) and d42, uniform for
small €. Let us recall that (h,T) denotes the maximal solution to ([2.40]).

Lemma 6.9. Lete, >0, >0 and T > 0 with T < T, and suppose that for
any € in (0,e1),
d(S-(g=(t)),002) =6 on [0,T]. (6.18)

Then (he,e9.) — (h,0) in W2>([0,T]; R?) weak-.
The proof of Lemma[6.9] consists in passing to the weak limit, with the help

of all a priori bounds, in each term of (6.7). It is a straightforward extension
of the proof of Theorem [£.9] and it is therefore omitted.

We now finish the proof of Theorem It only remains to extend the time
interval on which the above convergences are valid to any closed subinterval
of [0,T). Hence let T € (0,T), and let us prove that for small € > 0 the time
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of existence T is larger than 7" and establish the convergences on the time
interval [0,T]. For such a T, we know that there exists d > 0 such that

T+T

vt
o1

] , d(h(t),00) > d. (6.19)
We let T, := max {t >0 d(B(he(t),eR0),002) > d/2} . Let us recall that Ry
is defined in . Using Lemma we deduce that, reducing d if necessary,
for some € > O 1nf€e 0,2] T. > 0. Therefore T := liminf._,+ 1. satisfies T > 0.
Due to Corollary [6.7] there exists K > 0 and g¢ such that for all ¢ in [0, T + 1]
and ¢ in (0,¢&9),

|h'| + |e¥.| < K as long as d(S-(g:(t)), 002) > d/2. (6.20)
Now we claim that
T-T
T>T+ — (6.21)
Suppose that this is not the case, so that there is a sequence £, — 01 such
that 7., — T < T + LZL. Now for any 7 in (0,T), on the interval [0, T — 7],

the condltlon d(B(h. n( ),eR0),062) > d/2 is satisfied for n large enough.
Moreover, for such n, for all ¢ in [0,T — 5], (6.14]) implies that
d(S:, (e, (1), 002) = d(B(he, (1), enRo),002) > d/2.

n

Hence applying Lemma we deduce the uniform convergence of (h.,) to h
on [0,7 — 7). In particular, as n — +o0,

d(han(T n),002) — d(h(T n),002) >d
according to - On the other hand by definition of Tan
d(B(he, (T, ),enRo),002) = d/2.

Using the triangle inequality and T, — T, we get a contradiction with
for 7 small enough. Hence is valid, so that, reducing  if necessary,
inf.e(g T. > T. Now, applying again and Lemma m we reach the
conclusion. This ends the proof of Theorem [2:11]

7 Convergence to the point vortex system in Case (ii): Proof of
Theorem [2.12]

In this section we prove Theorem which corresponds to Case (ii). We
work again on Equations but here m., and J. are given by (2.46). Our
analysis relies on some normal forms (see Propositions and below)
which proved in subsequent sections. We begin this section with the case where
Sp is a homogeneous disk because in this situation it is simpler to deduce the
convergence from the normal form. Then we treat the case when Sy is not a
disk, and finish with the case of a non-homogeneous disk.
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7.1 The case of a homogeneous disk

When Sp is a homogeneous disk, the dynamics of the angle . is trivial; we
expand the dynamics of the center of mass h. in powers of ¢.

Without loss of generality, we assume that Sy = B(0,1). We first modify
a bit Definition [6.2] as follows.

Definition 7.1. Let § > 0 and €9 € (0,1) be given. We say that a vector
field F, in L{ ((0,e0) x 2 x R?;R?) is weakly nonlinear if there exists K > 0

depending on m, J, v, {2 and § such that for any ¢ in (0,&q), any h in {2 such
that d(B(h,e),082) > § and any ¢ € R?,

By (e, b, O)lre < K (1 + [flz2 + el¢l2). (7.1)

We used the notation (2.6). In this simpler situation we obtain the following
result.

Proposition 7.2. There exists F, . in LS ((0,1) x £2 x R*;R?) such that, for

loc
any 6 > 0, there exists € in (0,1) for which F, , is weakly nonlinear in the

sense of Deﬁnition and such that Equation (2.35) can be recast as
9 =0
and

(2 ma + ) (W = u?(he) = (L = u?(h))*
+emin@e) @ (e b, BL). (7.2)

Since this proposition is a particular case of Proposition (or of Propo-
sition , we make no specific proof.

Note that the coefficient m comes from the fact that Mb'S % = 7ldy in this
case (where Mf © is defined in ) As a consequence, Corollarym has the
following counterpart.

Corollary 7.3. Let h. satisfy the assumptions of Theorem [2.9 Let § > 0.
There exists K > 0 (depending on (2, ly, v, m1, 0) and g9 > 0 such that
for any € in (0,e0), for any t > 0, as long as d(B(he,€),062) > & one has
gmin(1,5) |hllrz < K.

Proof The proof is almost the same as for Corollary but we have to take
into account that the added mass matrix is degenerate and that dynamics of
the rotation angle is trivial.

In the case of a homogeneous disk,the energy given in can be described
by using the following function, where ¢ = (¢, h) and p = (w, ¢):

1 ~ -
E(hw,0) = 5 (gamlldg n Esz(h)> 0042t L UL(h).  (1.3)

Here we wrote Ug(h) := U:(q) for ¢ = (¥, h) since actually it does not depend
on the angle 9.
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Now using the same analysis as for Corollary and taking into account
that 9. (t) = wy for all times, we deduce that the following quantity is conserved
over time:

1 .
= (Eo‘mlldg + eQMb(h)) BB — A2?(h.)
1, - .
+ 554Mb7r(5, he)h. - hL +eCy (e, he),

where CT(E, he) := Cy(e, q.) since it does not depend on the angle, and Mb,r
is a bounded function on sets for which d(B(he,¢e),0f2) > §. The conclusion
follows. 0

To improve the estimates on h., we obtain modulated energy estimates.

The following lemma relies on straightforward computations.

Lemma 7.4. Let h. satisfy the assumptions of Theorem [2.9. Then, during
their lifetime, reqular solutions satisfy

d1l .
& (P em) | — u? ()2 = RO (B, — u?(h)) - B (e, he, L),

dt 2
(7.4)

Moreover we have the following immediate estimate.

Lemma 7.5. Let § > 0, there exists g in (0,1) and K > 0 such that for any
e € (0,e0), any h € 2 such that d(B(h,),00) > &, we have [u(h)|p: < K.

We conclude that Corollary can be improved into the following.

Corollary 7.6. Let h. satisfy the assumptions of Theorem [2.9 Let § > 0.
There exists K > 0 (depending on Sy, 2, o, v, m1, §) and €9 > 0 such that
for any € in (0,e0), for any t > 0 such that d(B(he(t),e),002) > § one has
he(t)|re < K.

Thanks to Corollary Lemma remains true in the case under view,
that it, the time of existence T of h. is bounded from below by some T" > 0.

Now we have the following local convergence result of h. toward h, where we
recall that h is the global solution to (2.48)).

Lemma 7.7. Lete; > 0, 6 > 0 and T > 0, and suppose that for any € in

(0151);
d(B(h(t),e),002) > on [0,T). (7.5)

Then he — h in W ([0, T]; R?) weak-*.

Proof Given § > 0, T > 0 and g1 > 0 as above we apply Corollaryon [0,T]
so that reducing €1 > 0 if necessary,

(RL)ee(0,e1) is bounded uniformly on [0,7]. (7.6)

Our goal is to pass to the limit in each term of (7.2). For what concerns the
left hand side it is obvious that (e*my +e27) (bl —u?(he)) — 0 in W1,
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Next, the term emin(Q’“)Fb’T (€, hey hL) converges to 0 in L. Hence we infer that
h. — yu®?(h.) converges weakly to 0 in W~1°°. Due to the a priori estimate,
this convergences occurs in L> weak-x. By , there is a subsequence (h., ),
of (h.) satisfying h., — h, in W weak-%. In particular convergence of h.
toward h, is strong in L™, and with the convergence of h. — vu‘(h.) we
deduce that h’, = yu*’(h,) and h.(0) = 0. The uniqueness of the solution to
this Cauchy problem gives h, = h and that the whole sequence (h.) converges
toward h as € — 0F. This concludes the proof of Lemma O

Finally we briefly conclude the proof of Theorem [2.12] in the case of a
homogeneous disk, which is the same as the one of Theorem [2.11] except that
in the case (i) under view, as mentioned below (2.48)), the solution % is global
in time, and in particular that there is no collision of the point vortex with
the external boundary 9f2. Hence here, compared to the end of the proof of
Theorem at the end of Subsection we can pick any 7' > 0, and then
we define d so that for all t € [0, T + 1], d(h(t),3§2) > d rather than by (6.19)
and prove T >T+ % rather than . Of course we rely on Corolla
rather than Corollary [6.7] and on Lemma [7.7] rather than Lemma [6.9] This
ends the proof of Theorem [2.12]in the case of a homogeneous disk.

7.2 Geodesic-gyroscopic normal form

In Case (ii) we will establish that can be put into a normal form whose
structure looks like up to a refined modulation of the velocity of the
center of mass. Indeed, in the same way as we defined the Kirchhoff-Routh ve-
locity u*? by u? = V+4* we introduce the corrector velocity u,. corresponding
to the stream function . defined in by

ue(q) == Vi the(q)- (7.7)

Observe that the function u. depends on 2, Sy, ¥ and on h, whereas u®

depends only on {2 and h. We will make use in a crucial way of the following
second order modulation:

Pe = (200, B — A[u? (he) + uc(q.)])’, (7.8)

which can be compared to the expression of p.. We note that y(u®(h) +
euc(q)) is the beginning of the expansion of —%VﬁUs(q) where Ug(q) is the
electric-type potential energy defined in ; see . This modulation is
therefore driven by the leading terms of the electric-type potential. Observe
also that, as long as the solid does not touch the boundary, the drift term in
the velocity of the center of mass is bounded. Indeed the following refinement
of Lemma [7.5] is a direct consequence of Lemma and of the definitions of

u®? and wu..

Lemma 7.8. Let 6 > 0, there exists g9 in (0,1) and K > 0 such that for any
(£,9) in Qse, with = (9,h), [u?(h) + cuc(q)lrs < K.
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Before stating our normal form, we introduce the following definition.

Definition 7.9. Let § > 0 and ¢¢ € (0, 1) be given. We say that a vector field
F in C°(R x 2;R3) is weakly gyroscopic if there exists K > 0 depending on
So, 2, v and ¢ such that for any smooth curve ¢(t) = (9(t), h(t)) in R x £25,
for any ¢ > 0 and any € € (0,¢q)

[ oraf <en(1eee [, w)

with p = (e, 0 — y[u?(h) + cu.(q)])*.

The weakly gyroscopic vector fields in the sequel have the form F =
(F1,0,0)!. The normal form that we use in Case (ii) is as follows.

Proposition 7.10. There exist

— F. : 9 xR® = R3 depending on Sy, v and 2, such that for any 6 > 0,
there exists € in (0,1) such that F,. € L (Qs.e, x R3;R?) and is weakly
nonlinear in the sense of Definition

— EY in C®(R x 2;R3) depending on Sy and 2, weakly gyroscopic in the
sense of Definition

such that Equation (6.1]) can be recast as

(= My + 2 M3, )t + (50 2. Be) = Fy? (52) +€9°El ae)
+5mi“(2’“)Fr(s,q5,ﬁ€). (7.10)

We recall that Mf%, I 1‘98 ° and the force term F 9 were deﬁned in the case

without outer boundary in (4.10), (4.12) and (4. 14 ) (see also ) respec-
Gi

tively. Moreover the term EY is exphclt see The proof of Proposi-
tion is given in Section @

— Motivations. We will use the normal form both in order to get

a uniform bound of the velocity and to pass to the limit in Case (ii). It
would be actually possible to deal with the case where « is small with a
less accurate normal form and still get an energy estimate.
In particular in order to get a uniform bound of the velocity in Case (ii) we
will perform an estimate on an energy adapted to the normal form (7.10)).
Observe that should the right hand side vanish the normal form
would be the geodesic equation associated with the metric My(e) defined
in - On the other hand the right hand 51de is the sum of terms with
a quite remarkable structure: the leading term F “(P.) is gyroscopic in the
sense of Definition the electric-type term Eb (qa) is weakly gyroscopic
in the sense of Deﬁnition and the remainder F. is weakly nonlinear in
the sense of Definition [6.2)
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— Ideas of the proof of Proposition As for Proposition [6.3] the
proof of Proposition relies on expansions of the inertia matrix, of the
Christoffel symbols and of the force terms with respect to . A striking
and crucial phenomenon is that some subprincipal contributions (that is,
of order ¢) of the force terms will be gathered with the leading part of
the term involving the Christoffel symbols to become a part of the second
term of the left hand side of (7.10); see Lemma The leading part of
the contribution coming from the Christoffel symbols will be provided by
the I'*°*-part of the decomposition .

Remark 7.11. The normal forms above are inspired by the case without ex-
ternal boundary (see Equation (4.17))) and by the paper [2] where the authors
consider the motion of a light charged particle in a slowly varying electromag-
netic field. The equation of motion for the particle is an ordinary differential
equation involving a small parameter in front of the term with the highest time
derivative. To restore some uniformity with respect to the small parameter
they use a modulation, subtracting from the particle velocity the |B|=2E x B
drift, and a normal form, see [2, Eq. (3.5)], where the only remaining singu-
lar term appears through a Lorentz gyroscopic force. This allows us to tackle
the convergence of the particle motion to the so-called guiding center motion
despite the fast oscillations induced by the gyroscopic force.

In the case where the solid Sy is a homogeneous disk (Subsection ,
u*?(h.) is the vector whose coordinates are the last two coordinates of this drift.
However in the case where Sy is not a disk our drift term (0, y(u® (h) +eu.(q)))
does not enter this framework. Actually the use of the |B|7?E x B drift could
give a modulated energy estimate only in the case a < 1, and in particular
not in the case of a solid with a fixed homogeneous density (a = 2). Moreover
it would not be adapted to the passage to the limit.

7.3 Modulated energy estimates

As mentioned above, in Case (i), Corollary provides a uniform bound of h.
as long as the body stays at a positive distance from the external boundary.
In Case (ii), the same analysis can be carried on so that Corollary and
Corollary have the following counterpart.

Corollary 7.12. Let q. satisfy the assumptions of Theorem [2.13 Let § > 0.
There exists K > 0 (depending on Sy, 2, po, v, m1, J1, 0) and €9 > 0 such
that for any € in (0,&¢), such that as long as (e, q.) belongs to Qs¢,, one has
Emin(l,%) |ps‘R3 <K.

Therefore this analysis does no longer provide a uniform bound of the solid
velocity. An important part of the proof consists in finding an appropriate
substitute which allows us a better control on the body velocity. This will be
accomplished below by a modulated energy, which, roughly speaking, consists
in applying the energy & (see ({.38)) to p. (defined in (7.8))) rather than to

pe (defined in (4.29)).
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The structure established in Proposition will allow us to obtain an
estimate of the modulated energy Ey(e, pe). Since Equation looks like
Equation of the case without external boundary for which the total
energy is the kinetic energy alone (as defined in Proposition , one may
hope to have a good behaviour of the modulated energy Ey(e,p.) as time
proceeds. Indeed we have the following result on the time derivative of the
modulated energy.

Lemma 7.13. Let (q.,1:) as in Theorem [2.12 Then

d

%gﬁe (6,Pe) = gmex(1=a,—1) 72135 : El; (q=) + pe - Fr(g, 4, pe). (7.11)

Proof Since the matrix My_ defined in (4.33) is symmetric,

d _ _ N d _
0.6 = o Mo, @+ 3o (Mo, )5 (712

Recalling (4.34) and substituting (7.10) in (7.12)) we arrive at

min(2,a) i

e Eo.(e.52) = B - F3* (p)

~ 1 min(2,o d ~ So ~ =
#a- (e (SMo.(6)) b T30 i)
+ P By (ge) + ™Y b Fo(e,qe,p)- (T13)
Using that the force term is (d,p) — Fgo (p) is gyroscopic in the sense of

Definition we deduce that the first term of the right hand side of the
equation ([7.13]) vanishes. Moreover, going back to the definition of My(¢),

iz d d MYy
8m1n(2,o¢) %Mﬁg (5) =2 %Mi%s —¢ aqvﬂ (195) “Des (714)

by taking advantage of the fact that the matrix Mf% depends only on ¥ and

not on the last two coordinates of ¢. Using (4.18) we conclude that the second
term of the right hand side of Equation ([7.13)) vanishes. Therefore the equation

(7.13)) reduces to (7.11)) and the proof of Lemma is complete.

O

Now Corollary and Lemma already give us that ep, is bounded.

Then we use that F. is weakly nonlinear in the sense of Definition that

EY is weakly gyroscopic in the sense of Definition (using Lemma ,
Lemma [I.§ and Gronwall’s lemma to get the following result.

Corollary 7.14. Let (q.,T:) as in Theorem |2.11} Let § > 0. There exists
K > 0 (depending on Sy, 2, po, v, m1, J1, 0) and g9 > 0 such that for any e
in (0,e0), as long as (¢, ge) belongs to Qsc,, one has [pe|ps < K.

Corollary therefore provides the same estimates for Case (ii) as Corol-
lary [6.7] for Case (i).
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Remark 7.15. A modulated energy argument was also used in [31] for a re-
lated issue but we would like to emphasize that the modulation occurs for a
different part of the energy. More precisely, in the paper [31] an Euler-Vlasov
system is introduced as a mean-field model for massless point particles mov-
ing in a perfect incompressible fluid. This system couples the incompressible
Euler equation with a Vlasov equation which describes the dynamics of the
massive particles, seen as a dispersed phase. This Vlasov equation is therefore
the counterpart of the ordinary differential equation of Case (i). The
last section of [31] deals with the limit where the individual mass of the par-
ticles converges to 0. Then a modulated energy is used in order to obtain a
hydrodynamic convergence, that is the convergence of the macroscopic mix-
ture velocity associated by the Biot-Savart law with both fluid vorticity and
particles circulations. This modulated energy is inspired by the paper [4] of
Brenier regarding the gyrokinetic limit for the Vlasov-Poisson system. Refer-
ring to the decomposition of the energy in and to Eq. (78) in [31] we
sketch the following opposition. In [31] the potential part of the energy or more
exactly of its modulation is crucial. On the contrary we use here a modulation
of the kinetic part of the energy in order to deduce the limit of the particle
dynamics, the fluid dynamics being subjugated to the particle one.

7.4 Passage to the limit

Here we prove the convergence of the center of mass h. to h, where h is the

global solution to ([2.48)).
First, thanks to Corollary[7.14] Lemma 6.8 remains true in Case (ii). More-
over we have the following counterpart of Lemma and Lemma

Lemma 7.16. Let ey > 0, § > 0 and T > 0, and suppose that for any € in
(0,e1),
(57q8> E 95,81 on [07T] (715)

Then he — h in WH>([0, T]; R?) weak-.

As for Lemmal [7.7] the proof of Lemma [7.16] consists in passing to the weak
limit, with the help of all a priori bounds, in each term of ([7.10]).

Proof We consider § > 0, T > 0 and ; > 0 as above and apply Corollary
on the interval [0, T]. Reducing €1 > 0 if necessary,

(|hZ] + [e92])ce(0,e1) 18 bounded uniformly on [0,7]. (7.16)

Our goal is to pass to the limit in each term of ([7.10)). For what concerns the
left hand side we first observe that, thanks to eMg,s,,9. is bounded in
W whereas p.. is bounded in W~1°°. Since M, is constant, it follows that
(e*M, + EQM[‘E%E)]?’E — 0 in W1, Next, the term 5<Fi°,ﬁe,ﬁe> converges
to 0 in L*° since all factors in the brackets are bounded. In the same way, the
terms e72E4 (¢.) and e™*(2) F, (¢, ¢, p.) converge strongly to 0 in L.
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Now let us consider the last two coordinates of the remaining term F 5: (P.)
in the equation , that is, y(h. —yu®?(h.) — eyuc(q.))t — 9.y, . The last
term converges weakly to 0 in W~1:°° as seen in Case (i); see (4.38]). Hence we
infer that h’ — yu‘(h.) converges weakly to 0 in W%, Then one concludes
exactly as for Lemma O

Once Lemma is established, the conclusion of the proof of Theo-
rem [2.12] (provided that Sy is not a disk) follows the exact same lines as
in the case of a homogeneous disk. This concludes the proof of Theorem [2.12
in this case.

7.5 The case of a non-homogeneous disk

We now return to the case Sy is a disk, but this time we handle the case
where it is non-homogeneous, or more precisely the case where the center of
gravity h. is not at the center of the disk h.., which can occur with a non-
uniform mass distribution. We aim at proving Theorem This adds some
extra-difficulties in the analysis which require a separate treatment in the case
a > 2. In the case a < 2, we can use the above subsection since the degeneracy
of Mf% does not prevent My(e) to be uniformly bounded from below, so that
we can obtain Corollary in the same way.

From now on we suppose a > 2 and once again we assume without loss of
generality Sy = B(0, 1). We will use yet another slight variant of Deﬁnition
and Definition [T.11

Definition 7.17. Let 6 > 0 and ¢¢ € (0,1) be given. We say that a vector
field F}, in L ((0,20) x £2 x R?;R?) is weakly nonlinear if there exists K > 0

loc

depending on m, J, v, £2 and d such that for any € in (0,&¢), any « in {2 such
that d(B(x,¢),082) > § and any p in R3,

|y (e, 2, p)|re < K(1+ [plre + elpls)- (7.17)

We will use the modulated variable p, . defined by

ﬁbxe = h,c,e - VUQ(hC,EL
and the following normal form.

Proposition 7.18. There exists F, . in LS. ((0,1) x 2 x R%R?) such that,

loc
for any 6 > 0, there exists eo in (0,1) for which F,, is weakly nonlinear in

the sense of Deﬁnitz’on and such that Equation (2.35) can be recast as

e mih! + 27 (Pre) = VPye + 2 F (€, hee, €95, By ), (7.18)
hcﬁ - he = 6(195, (7.19)
Jev! = ¢y - mahl, (7.20)
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Again the coefficient 7 comes from the fact that Mf © = 7ldsy (where Mb‘S o
is defined in (4.25))). The proof of Proposition is given in Section [9|

Once Proposition is obtained, for € € (0,g¢), we multiply (7.18)) by
Do We set & :=e“mq|hL]? + 271|012 + €27 |p, . |*. Noticing that

myhl - Rl . =myh? - hl + e T2V,

erer

we arrive at

d _ _ _
6 (®) + e mihl - u(he,e) < CEPye|(1+ Po.e| +elpo.c ).

The standard energy estimate gives us here that |h;, .| is bounded, and con-
sequently so is [p, c|. Integrating over time and using an integration by parts
we obtain (as long as the solid stays at positive distance from 02):

t
E(t) —&(0) < Ce? + C’/ &, (8)ds + Ce®|hL(t)| + Ce*|hL(0)].
0
Thanks to Young’s inequality,
t
& (t) < C/ & (s)ds + C&,(0) + C€2,
0

so with Gronwall’s lemma we finally deduce that &,(t) < C(&,(0)+€?), as long
as the solid stays at positive distance from 02. Since a > 2, we deduce that
(he.c)ee(0,e0)5 (27 hl).c 0,e0) and (8%19/5)56(0,60) are bounded in L°°. Notice
in passing that using and an interpolation argument we deduce that
(he)ee(0,e) is bounded in W% see the discussion after the statement of
Theorem

Then it is straightforward to adapt the previous reasoning to pass to the
weak limit in . We deduce p, . — 0 in L*° and the conclusion follows.
This ends the proof of Theorem [2.13]

8 Asymptotic development of the stream and potential functions

In this section, we establish asymptotic expansions for the circulation stream
function (defined in (2.11)) and the Kirchhoff potentials (defined in (2.9)) in
the domain F¢(q), as € tends to 0. The asymptotic analysis of the Laplace
equation when the size of an inclusion goes to 0 has been deeply studied, see
for example [20] and [29]. However to our knowledge the results of this section
are not covered by the literature.
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8.1 A few reminders about single-layer potentials

To get the asymptotic expansions mentioned above, we will look for a repre-
sentation of these stream and potential functions as a superposition of single-
layer integrals supported by the two connected components 05¢(q) and 92
of the boundary of the fluid domain F.(g). In this subsection, we give a few
reminders about single-layer potentials which we will use in the analysis. We
refer for instance to [7] and [28].

Below we consider single-layer potentials of the form:

SLEpC] = /C 2 (1) (- — y) ds(y). (8.1)

where C is a smooth Jordan curve in the plane and p¢ belongs to the Sobolev
1

space H™2(C). Recall that G was defined in (2.42). We say that C is the

support of the single-layer potential and that pC is a density on C.

Harmonicity and trace. The formula (8.1)) defines a function in the Sobolev
space HL_(R?), harmonic in R? \ C. In particular, for any p¢ in H~(C), the
trace of SL[p®] on C is well-defined as a function of the Sobolev space H 2 ©).

Jump of the derivative and density. The density pC is equal to the jump of
the normal derivative of SL[pC] across C. To state this rigorously let us be
specific on the orientation of the normal. According to Jordan’s theorem, the
set R?\ C has two connected components, one bounded (the interior), say O;,
and the other one unbounded (the exterior), say O.. Moreover the curve C is
the boundary of each component. We consider the restrictions of SL[p]:

u; 1= SL[pc]‘oi and u. := SL[pC]ng.

Denote n; (respectively n.) the unit normal on C pointing outward of O; (resp.
of O.). Then the function w; (respectively u.) is harmonic in O; (resp. O,)

and the traces of the normal derivatives gZ’f and gze on each side of C are

well-defined in H~2(C) and satisfy

c __ 3u1 8“6
P= on; One

(8.2)

In the sequel we will make use of single-layer potentials supported on the
external boundary 92, on the boundary dS:(q) of the solid body and on the
boundary 98y of the rescaled body as well. We will not use the notations n; nor
n. but rather the notation n which always stands for the normal outward the
fluid. Hence we will have to particularly take care of the signs when referring

to the formula (8.2)).
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Kernel and rank. We will use the following facts (see Th. 7.17, Th. 8.12 and
Th. 8.16 in [28]):

The operator SL is Fredholm with index zero from L*(C) to H'(C), (8.3)

If p¢ € H*%(C) satisfies / pCds =0 and SL[p‘] = 0 then p€ =0, (8.4)
c

If Cap(C) # 1, then for any p¢ € H™2(C), SL[p¢] = 0 implies p¢ = 0. (8.5)

Above, with some slight abuses of notation, we omit to mention the trace op-
: c ; c
erator on C and we write fc p" ds for the duality bracket (1, p )H,%(C),H%(C).
These properties have the following consequences in our context. We as-
sume without loss of generality that the logarithmic capacityﬂ Cap(012) of 01?2
satisfies Cap(042) < 1, using translation and dilatation of the coordinates sys-
tem if necessary. Observe that the monotonicity property of the logarithmic
capacity entails that Cap(9Sp) < 1. Using this latter property, we deduce the
two following results.

Proposition 8.1. There exists a unique smooth function w‘f‘} solution to

(4.5). Moreover, it satisfies

oy,

wfoz = SL[p‘EOZ], with pfol ~ on

(8.6)

In potential theory fpf‘)l is called the equilibrium density of 0Sy. The
constant C* in ([L.5)) is given by C° = ;L In (Cap(9Sy)). Note that the index
—1 is in italic type to emphasize the fact that it is related to an asymptotic
development of i in powers of € and is not a coordinate.

Proposition 8.2. Let g be a smooth function on Sy such that

/ gp°°, ds = 0. (8.7)
9So
Then there exists a unique bounded smooth function f such that

—Af=0 in R2\Sy;, and f=g ondSo. (8.8)

Moreover, there exists a unique smooth density p®S° in C>(0Sy) such that
f = SL[p?%] and

/ p?% ds = 0. (8.9)
a8,
Finally, f = O(|x\ﬂg21) at infinity and
of
“Las=o. (8.10)
88, an

2 also called external conformal radius or transfinite diameter in other contexts [37]
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Proof of Proposition and[8-3 The uniqueness part of Proposition 8.1 and
of Proposition [8:2] and the decay at infinity in Proposition [8.2] can be estab-
lished by considering holomorphy at infinity of appropriate functions; see for
instance [7, Prop. 2.74. and Prop. 3.2.].

The existence part of Proposition is given in [28, Th. 8.15]; it also
follows from the properties of the single-layers potentials recalled above, in
particular and (B.5).

Regarding the existence part of Proposition [8.2] we proceed in two steps.

First we prove that the operator which maps (p?5°,C) in L?(0S,) x R to
(SL[p?%°] — C, faso p?50ds) in H'(9Sy) x R is invertible. To prove this, we
observe that this operator is Fredholm with index zero as a consequence of
(8-3). Moreover if (p?S0,C) is in the kernel of this operator, then SL[p?S0 —
% p‘f‘)l] = 0, so that according to (8.5)), p?%° = %pf‘}. Now, as a conse-

quence of (4.5d)) and of the second identity of ,

/ p% ds = —1. (8.11)
9So

Then using that [, p?50 ds = 0 we deduce that C' = 0 and therefore p?50 = 0
as well.

Then (g,0) is in the image of this operator, that is there exists (p?S°,C)
in L?(0Sy) x R such that

SL[p?%°] — C = g on 88y, (8.12)

and . Observing that the trace of the operator SL on 08y is self-adjoint
we infer that

SL[paso]pfol ds = /

p?S SL[p%,]ds = C / PP ds = 0. (8.13)
9So

830 830

Combining (8.7), (8.11)), (8-12) and (8.13)) we infer that C' = 0.
Finally the smoothness part of Proposition 8.1 and of Proposition fol-

lows from [28, Th. 7.16] and (8.10) follows from , (8.2) and the vanishing

by integration by parts of the interior contribution. O

Regular integral operators. Since we consider single-layer potentials supported
on two disjoint curves and their values on both curves, we will also be led
to consider regular integral operators. We recall below some straightforward
results which are useful in the sequel. Given C a smooth Jordan curve in £2,
we introduce, for 6 > 0,

C’:={zxec R : dist(z,C) < 4§},
and define

F5: CY(2\C% H?(C)) x H 2(C) — C*(2\ C%R),
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by setting, for any (b,p¢) in C* (£2\C?; H%(C)) x H=2(C), for any x in 2\ C°,

Fsfb,p°) () := /C b, 1) (y) ds(y).

This will be applied to b defined in a larger set but singular for x = y; this
motivates our framework for b. o -
Next, given another smooth Jordan curve C in £\ C° and for b in C*(£2\

C% H: (C)), we define the operator
F57b : LQ(C) — Hl(é)

by setting Fj,(p€) as the trace of Fs[b,p¢] on C. We will make use of the
following lemma.

Lemma 8.3. Let § > 0. The two following properties hold.

(i) The operator Fy is bilinear continuous with a norm less than 1, in other

words: for any (b,p¢) in C*(2\CO HZ(C)) x H™3(C),
I1E5b, pc]|‘01(5\05> S Hb”c1 (2\es:m3(0)) HPC”H—%(C)'

(ii) If C is a smooth Jordan curve in 2\ C° and b in C! (ﬁ\C‘S;H%(C)), the
operator Fsy, is compact from L*(C) to HY(C).

The proof of Lemma [8.3 is elementary and left to the reader.

8.2 Statements of the results
8.2.1 Circulation part

Let (e, q) in Q. We denote 9. (g, -) in F:(q) the function defined as the solution
to the Dirichlet boundary value problem:

_A’(/JE((L ) =0 in ]:E(q)7 (8143)
Ve(q,-) = Ce(q) on 05:(q), (8.14b)
Ye(q,-) =0 on 012, (8.14c¢)

where the constant C.(q) is such that:

0

/ Ve (g, ) ds = —1. (8.14d)
95-(q) O

Here, n stands for the unit normal vector to 0S.(q) U 942 directed toward the

exterior of F.(g). The function . is the counterpart, for the case where the

size of the solid is of order ¢, of the function v defined in (2.11]) in the case

where the size of the solid is of order 1. For any ¢ in £, the existence and
uniqueness of a solution ¥, (q,-) of (8.14) is classical.
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To state a result establishing an asymptotic expansion of C.(q) and of
%ﬁf (q,-) on dS.(q) as e — 0" we introduce a few notations.

Definition of ¥5°(q,-) and of Py(q, X). We denote, for any ¢ := (9, h) in Rx £2,
by Py(g, X) the harmonic polynomial

Py(q, X) = u®(h)* - (R(O)X — Co)- (8.15)

Let us recall that (y is defined in (4.15)) in terms of ¢ defined in (4.13)).
Recalling (8.11]) and the second identity of we observe that Py(q, X)
satisfies

/ Py(gq,)p%, ds = 0. (8.16)
9So

Therefore, according to Proposition there exists a unique smooth function
‘3“ (g, ) satisfying

—M5°(g,) =0 in R?\ S, (8.17a)
5°(q.") = Polg,") on Sy, (8.17)

and vanishing at infinity. Moreover

oY5e
ds =0. 8.17¢c
/a o (8.17)

Definition of 1%’ (q,-). We also introduce the solution (g, -) of

—ApP(q,) =0 in £, (8.18a)
2(q,)=—(VG)(-—h)- ¢y on 0N. (8.18b)

Above G denotes the Newtonian potential defined in (2.42)). The function 1
can be expressed thanks to the function 1/1? defined in (2.41]) according to the
following formula:

Vhyo € 2, Y9ER, Dyp$(h,z)-Co=v¢(9,z,h). (8.19)

Proof of (8.19)). We first recall that wg is symmetric in its variables. Indeed
by uniqueness of the Dirichlet problem (2.41)) it follows that for any h in (2,
the following decomposition holds in 2:

Y (h,-) = G(-—h) + G%(h,-), (8.20)

where G denotes the Green function associated with the domain 2 and the
homogeneous Dirichlet condition, that is

AG?(h,-) =6, in 2, G?(h,-) =0 on 0.
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Using the decomposition (8.20)), that the Newtonian potential G is even and
the symmetry of G we deduce

Vh,w € 2, Vg (h,x) = ¥g (z, h). (8.21)

It follows that (D) (2, h)- (o = (Dpp$)(h, ) - y. Next we observe that
Dyp$ (h, -)-Cy satisfies the same Dirichlet problem as ¥ (¥, h, ), by derivation
of . Formula follows then from the uniqueness of solutions to the
Dirichlet problem, after switching h and . O

Definition of ¥5°(q,-) and of P;(g, X). Let us denote, for any ¢ := (9, h) in
R x 2, by P;(gq,X) the polynomial defined by
1
Pi(q, X) = —§<R(19)t D3y (h, )R(), T?(p%) ) + X 9%)gascz
+R()" D.Y7(q,h) - (¢ —X). (8.22)

Above D24$(h,h) denotes the second derivative of ¥ (h,-) evaluated in h,
D, (g, h) stands for the derivative of 1/¥ (g, -) evaluated in h and X ®? stands
for the 2 x 2 matrix X ® X. The notation T2(p®,) stands for

So
T?(p%,) = /as ag: (X) X®2ds(X). (8.23)

This notation is justified by (8.6). Observe that P;(g, X) is harmonic since
every monomial of Taylor’s expansions of harmonic functions are themselves

harmonic. By (4.13)), (4.15)) and the second identity of 7
/ p%, (¢ — X)ds = 0. (8.24)
9So
Thus, by (§-11) and (824,
/ P;(q,-)p°% ds = 0. (8.25)
a8,

Therefore, according to Proposition there exists a unique smooth function
%0 (q,-) satisfying

— AP (g,-) =0 in R?\ Sp, (8.26a)

$(q,") = Pi(q,) on S, (8.26b)

and vanishing at infinity. Moreover

So
/88 8;’; (q,-)ds = 0. (8.26¢)

Our main result regarding the potential 1., in addition to Lemma is
the following.
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Proposition 8.4. There exist p?SO : 0 — L?(08; R), depending only on Sy
and 2, such that, for any § > 0, there exists g9 in (0,1) for which p?S €
L™ (25750; L2(08y; R)), and such that for any (¢,q) in Qs e, and for any X in

SO;

e
on

X =
(0:cR@)X +h) = ~ == o

(o

So So
1O () ¢ (8% (¢.X) — RW)' u?(h) )

on on ) (¢, X) +£°p2%(e,¢, X). (8.27)

We recall that the set Qs ., was defined in (6.4)).
The proofs of Lemma and of Proposition are gathered in Subsec-
tion B3l

8.2.2 Potential part

For any j = 1,2,3, for any ¢ in Q, we consider the functions Kj;.(g,-) on
002U IS (q) given by:

Kj,a(Q7 ) =n- gj (q7 ) on aQ U 68&‘(q)a (828)

where n denotes the unit normal to 9S. (¢)Ud2, pointing outside F¢(¢) and the
functions (g, -) are given by the formula . Then the Kirchhoff potentials
©;.e(g,-), for j =1,2,3, are the unique (up to an additive constant) solutions
in F¢(q) of the following Neumann problem:

Apje(q,-) =0 in F<(q), (8.29a)
0 i€

LI (g, ) = Kie(q,)  on 05.(a), (3.29)
aﬁaj,s o

o @) =0 on 92. (8.29¢)

The functions K .(q,-) (respectively ¢;(g,-)) are the counterpart, for the
case where the size of the solid is of order ¢, of the functions defined in
(resp. in ) in the case where the size of the solid is of order 1.

We will use the vector notations:

P = (901,57 P2.e, 903,5)t and Ka = (K1,€7 K2,E) KS,E)t~ (830)
Our result on the expansion of the Kirchhoff potentials ¢; . is the following.

Proposition 8.5. There exist

(i) ¢, : Q — L?(0Sp;R?) and & : Q — R? such that for any (g,q) in Q,
with ¢ = (9, h), for any X in 98y,

©. (0, 2R X +h) = sLRW) (9% (X) +2(e, 4) +%¢, (2,0, X)), (831)
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(ii) p2% : Q — L%*(0S0; R®) such that for any (g,q) in Q with ¢ = (9, h), for
any X in 0Sy,

dp 00
t € —
R()' L2 (0, 2R)X +h) = L

(iii) p2? 1 Q — L?(002;R3) such that for any (,q) in Q, for any = in 02,

(X)+ 52pf50 (e,q, X)), (8.32)

e,

5 2p?9(e, q, ), (8.33)

(qax) =1le¢

and such that for any § > 0, there exists g in (0,1) such that ¢, belongs to
L% (Q5.60; L2 (0S0; R?)), & to L™ (Qs.¢; R?), p2%0 to L™ (Qs,; L*(0S0; R?))
and p29 to L™ (Qs..,; L*(002;R?)).

Moreover the remainders @,., p25° and p2 depend only on Sy and 2.

We recall that ¢°° was defined in (4.3). The proof of Proposition is
given in Subsection

8.3 Asymptotic expansion of the circulation part: Proof of Proposition [8.4
and of Lemma [6.4]

In this subsection we prove Proposition and Lemma Let, for —% <
s < 1, F; denote the following Hilbert space:

Fs := H(080) x H*(092) x R,
We will mainly make use of the indices s = 0 and 1 and also for technical

reasons of —% and % We will proceed in four steps.

8.3.1 First Step. Reduction to integral equations

We look for the solution (g, -) of as a superposition of two single-layer
integrals, one supported on the body’s boundary and the other one supported
on 0f2. This transforms in an integral system as follows.

We define, for any (g,q) in Q with ¢ = (9,h) in R x 2, two operators
K% (g, q) and K%?(e,q) respectively from L?(9£2) to H'(dSy) and from
L?(0Sy) to H'(912), by the following formulas: given densities p?? and p?
respectively in L?(9£2) and L?(dS),

K% (e, )[p??)(-) := SL[p??](¢R(Y) - +h) on ISy, (8.34)
K9(e, q)[p?%]() = /8 _PPG(- ~(R@)Y + ) ds(Y) on 02,
(8.35)

Thanks to Lemma , the operators K% (¢, ¢) and K99 (¢, q) are compact
respectively from L?(92) to H'(0Sy) and from L?(0Sy) to H(992).
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We also introduce for (g, ¢) in 9, the operator (e, q) : Fy — Fy as follows:
for any p := (p?,p??, C) in Fy,

A, q)lp] = (SLE] + K7 (2, q)p7?) = C,

smfﬂ+KW@4m“%/

pOSo ds). (8.36)
9So

To simplify the notations, we omitted to write the trace operators applied to
the single-layers in K2 (g, q), K?9(e,q) and 2(¢, ¢). We also emphasize that
the dependence of 2(g, q) on (g, g) occurs only through the compact operators
K950(e,q) and K99 (e, q).

Now the equation (8.14)) is transformed into an integral system thanks to
the following lemma.

Lemma 8.6. For any (,q) in Q, let pc(q,-) = (p25(q,-),p??(q,),C(q)) in
Fy such that

A(e, q)[p<(g,) + (0,0,G(¢))] = (0,0,-1). (8.37)
Consider the density p?sg(q) (q,-) on 8S:(q) defined through the relation:
for X € 88y, p?5(q, X) := ep?%-D(q,eR(9)X + h). (8.38)
Then the function in F=(q)
e(q, ) = SLPZ% W (g, )] + SLPZ? (g, )], (8:39)

(g,-) on 0S:(q)

is the solution to (8.14]). Moreover the normal derivative %ﬁs
is given by:

0 1

for X € 08y, %(q,eH(ﬁ)X +h)= gp?‘s‘) (¢, X). (8.40)
Proof First observe that for any densities p?%*?(q,-) in H=%(8S.(q)) and
p292(q,-) in H~2(842), the right hand side of (8.39) is in H} (R?) and harmonic
in F.(q) and in R?\ F.(q). In particular the equation (8.14a)) is satisfied when
©¥=(q,-) is given by (8.39) without further assumptions about p?si(q)(q, -) or

082
P (a,0)-
Next we write (8.37) explicitly in the form:

—G(e) + SL[Pp%S(q,)] + K% (e, ¢)[p°?(q,")] = C-(q) on 8Sy, (8.41a)
SLP??(q, )] + K22 (e, q)[p?® (¢,)] = 0 on 02, (8.41b)

/ p2%(q,-)ds = 1. (8.41c)
S0
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Thanks to a change of variable, the identity G(e(z —y)) = G(¢) + G(z — y),
(8.34)), (8.35) and (8.38)), (8.41) can be recast as

SLp?%D (g, )] + SLp??(q,)] = C=(q)  on 8S-(q), (8.42a)

SL[p?S(D (g, )] + SLp??(q,)] = 0 on 912, (8.42b)

/ p2% (g, ) ds = —1. (8.42¢)
9S:(q)

In particular we infer from (8.42a)) and (8.42b|) that, when .(q,-) is given

by (8:39) with pe(q,) = (p2°°(g,-),p?"(4,-),C=(q)) solution to (8.37), the
boundary conditions (8.14b|) and (8.14c]|) are satisfied. Moreover, by uniqueness
of the solutions to the Poisson problem:

AU =01in S.(¢q), ¥ =C.(q) on 9S.(q),

the right hand side of (8.39) is equal to C.(g) in S:(q).
The single-layer potential SL[p?(q,-)] is smooth in a neighborhood of

]
0S8:(q). Hence, according to (8.2), when 1°(q, -) is given by (8.39)), the density
(

P?SE(q)(% -) is equal to the jump across 0S.(¢) of the normal derivatives of the
function equal to ¥.(q,-) in Fe(¢) and to Cc(q) in S:(g), that is

_ 0
)

P25 (g, ) - (g,-) on 8S-(q).

Hence we obtain (8.40) by using (8.38) and the condition (8.14d)) by using
(8.42¢)). This concludes the proof of Lemma O

8.8.2 Second Step. Construction of an approximate solution

In this step we describe an approximation p,p,;, up to order O(e?) of the solution

pe of (8.37) and reformulate the equation (8.37) in terms of the rest p. — Papp.-
We first introduce the various terms involved in the approximation.

Densities on 8Sy. Recall that the functions ¢, | w‘oso (¢,-) and ¢5°(q, -), defined

respectively in (4.5)), (8.17) and (8.26)), are harmonic in R? \ S.

Let p‘fol, p‘go (g,-) and pfo (¢,-) be the densities on 9S8y associated respec-
tively with ¢§°1a g" (g,-) and w‘fo(q, -) as explained in Propositions and

Thus, in R? \ Sp:
v = SLpY,] and  ¢7°(q.) = SL[p*(0,)] (G=10,1).  (843)

The single layer potentials, as being supported by 08, are actually defined in
R? and harmonic in R? \ 8Sp. The identities above can therefore be used to
extend the functions 1%, ¥5° (¢, ) and ¥5° (g, -) in So. More explicitly 1% is
extended by C° in Sy, z/)‘go (g,-) is extended by Py(q,-) in Sy and 19°(g, ) is
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extended by P; (g, ) in Sp, see the definitions (8.15]) and (8.22)) of the harmonic
polynomials Py and P;. Moreover using (|8.2)

sy _ 5’ Py

_ P op
Po on on

on on

and p3° = (8.44)

Densities on 0f2. We follow the same ideas to extend in R? the functions
¥ (h, ), v (q,-) and ¥ (q,-), so far defined and harmonic in 2 (see (2.41)),

(8-18) and (8.48)). We consider their densities p$(q,-), p(¢,-) and p%(q,"),
supported in 92 and such that, in £2:

The single layer potentials being defined in R? and harmonic R? \ 942, these
identities are used to extend the functions % (h,-), ¥¥(q,-) and ¥ (q,-) in
R2. More explicitly ¥ (h,-) is extended by G(- — h) in R? \ £2, %(q,") is
extended by —(VG)(- —h) - ¢y in R2\ 2, and (g, -) is extended by Q2 (g, ),
defined in (8.46), in R?\ (2.

Definition of ¥ (q,-) and of Q2(q,-). To define ¥¥(q,-), we introduce the
harmonic function in R? \ £2:

Qs(q.7) = %{R(ﬁ)t D2G(x — ) R(9), T*(p%, ) )gave
+R(W)'VG(z —h) - T (p5°(q,-)), (8.46)

where

T (P (a,7)) = s Xp3° (g, X) ds(X). (8.47)

Then we consider ¥ (g, -) as the solution to

— AP (q,) =0 in £, (8.48a)

extended by Q2(gq, r) for z in R?\ £2. These functions ¥¥(q,-) and Q2(q,-) do
not appear in the claim of Proposition [8-4] and of Lemma [6.4] but will be useful
later. With the choices above we aim at constructing a solution to (8.37)) with

p?5(g,q,-) and p?% (e, q,-) close respectively to

P50 (e,q,7) =P +epi’(q,-) +€2pT (g, ), (8.49)
ngé(fv q, ) = pg(h7 ) + ep?((L ) + EZPg(qa )
The corresponding approximation Capp (g, q) of Cc(g) is chosen as:

Capp(,q) := —G(e) + Co(h) +eC;(q) +£2C2(q), (8.50)
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with
Co(h) :=CS + 4 (h, h),
Cl (Q) ::2D:c1/}(?(h7 h) : Cﬂa
C2 (Q) 3:@[13(% h) + mei(z(qv h) : <19
+ %(R(ﬁ)t D2 (h, h)R(9), T%(p%°,))gax2. (8.51)

Using that 1§ is symmetric with respect to its two arguments (see (8.21))),
and using (2.43]), we see that the first terms of the expansion above are the
same as those claimed in Lemma that is

Co(h) := C% +2¢?(h) and C;(q) := 2¢.(q). (8.52)
We finally define

Papp (€5 ¢, °) := (Pffﬁ (e,q, -),pggf)(e, ), Capp(EvQ))- (8.53)

Now the equation (8.37)) translates as follows. Let us introduce g% (e, ¢, -)

and ¢° 2(e,q,-) two functlons respectively defined on 0Sy and 02, for ¢ =
(9, h), by

g% (e, q, ) Z/ Py (@, y)n3- (e, a0, y) ds(y), (8.54a)
g q,z) = / o5, (43 (&, (9, ), —y, h) ds(y)
880
+Z / (¢, 9)n2—s (e, (9, 7), —y, h) ds(y),  (8.54b)

where, for N > 1,

. ./1(10>N N ). BN
nn (e, q,-y) = N DY G(oeR(Y) - +h —y) - (R(9))® " do. (8.55)

Let
a(e.q,) = (¢°%°(c,4,), 9% (e, 4.-),0). (8.56)

We can deduce from the definitions of the densities pJQ for j =0,1,2, p‘i“l and
pfo for =0 and 1, and from Lemma that g9 (e, q,-) and g% (e, q, )
belong respectively to H'(9Sy) and to H'(9£2). Actually we even have

g€ L>=(Q°% ). (8.57)

We can now state the result of this second step.
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Lemma 8.7. For any (g,q) in Q, let p-(g,q,-) in Fy satisfy:
Ae, q)lpr(e,q,)] = ale, q, ) (8.58)
Then
Pe(ds) = Papp(e,0,7) +€°pr(e,q.), (8.59)
1s solution to .

Let us stress in particular that the third coordinate of the left hand side of
(8.58) does not contain the singular term G(e) anymore (compare with (8.37)))
and that the third coordinate of the right hand side of (8.58]) is now 0.

Proof Let (,q) in 9 and p,(2,q,) := (2% (€,q, ), p?%(2.4,), Cr(2,9)) in F

satisfying (8.58)) (where 2 is defined in (8.36))), that is
SL[p?SO (57 q, )] + K(’?SO (Ea q)[p?Q(Ea q, )] - CT(€7 Q) = 9880 (67 q, ) on 8807

(8.60)
SL[p?Q(E7 q, )] + Kan(ga q) [p?SO (5? q, )} = gag(€7 q, ) on 8“(2’ (861)
/ p?%(e,q,) ds = 0. (8.62)

0S¢

Let p.(q,-) = (P?SO (g, '),P?Q(q, ), Cs(q)) in Fy given by (8.59)). To prove ({8.37))
we now verify the three parts of (8.41]).

Let us start with (8.41c). Using the second equality in (8.6) and (8.44)),
the fact that Py and P; are harmonic and the conditions (4.5d)), (8.17c) and
(8.26¢)), we arrive at

/ p%, ds = —1 and / p§°(q,~)ds:/ p7*(g.)ds =0.  (8.63)
880 880 8SO

We deduce from (8.62)) and (8.63)) that the condition (8.41c) is fulfilled.
Let us now verify (84Ta). Using (£53), (§59), (£0), (E30), (E3), we

obtain, on 08y,
SL[p?%(q,-)] = C% + ey (q,-) + £°¥7°(q,-) + €*SL[p25° (e,q,-)].  (8.64)

It follows from (8.34)), (8.53), (8.59), (8.45)), Taylor’s formula and (8.19) that,
on 08y,

K% (e,q)[p?” (g, )I(X) = ¥F (h, h) + €Dty (b, h) - (R(9)X + (9)
(2 (0. 1) + Det(a, ) - RO)X + S D28 (. h) - (RW)X, R(9)X)
+ &t (K2, )p?%(e,0,))(X) — 7 (,0.X)). (8.65)

We recall that the function g2 (e, g, -) is defined in (8.54a)).
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Gathering (8.50), (8.59), (8.64) and we obtain, on 98y,
- G(E) + SL[p?SO (Q7 )] + Kaso (57 q) [pgn (Q7 )] - CE (Q)
=e(¥"(a,) = Pola,) + €(¥7°(a,-) = Pilg,"))
—+ 83 (SL[p?io (87 q, )} + KaS() (Ea Q)[p?'g(ga q, )] - CT(Ev Q) - 9850 (Ea q, ))7

where Py(q,-) and P;(g, ) are the harmonic polynomials defined respectively
in (8.15) and in (8.22). Now taking into account the boundary conditions
(8.17b) and (8.48b), and (8.60) we deduce that (8.41a) holds true.

Finally we move to the verification of (8.41b)). First, using (8.53)), (8.59)
and (8.45]), we obtain, on 942,

SLP??(q,)] = v (h, ")+t (q, ) +e*¥F (g, ) +&* SLP??(e,q,-)]. (8.66)

By (4.15), (4.13)), the second equality in and (8.23)),
| P ORI as(X) = o (8.67
880
S 0Xas(x) = 7265 (5.68)
0

On the other hand, using (8.35)), (8.59), Taylor’s formula, (8.54b)), (8.47),
(8:62), (8.63)), (8.67)), (8.68), we deduce , for x in 92,

K%%(e,q)[p2* (q,)](z) = ~G(z — h) +eDG(z — h) -

+2% (= RW)' DG(x — h) - T" (53 (a, )

— (RO D2G(x — h)R(), T (65 )z

+ 2 (K22, g™ (2,0, ))(2) - 62 (e,0,0)) . (8.69)

By and , the equation now reads, for z in 0f2,
SLP2?(g,)](x) + K2(e, @) [p2% (g, -)](2) = ¥5 (h,x) = G(z — h)
+2 (0800, 2) + DGl —h) - Go) +* (68 (0. 2) - Qa(a,2))
+ 2 (SLB?(e.0,)] + KO, P2 (2., V(@) — 977 (. 0,2) ) (8.70)

where Q2(q, ) denotes the harmonic polynomial defined in (8.46)).

Taking now the boundary conditions (]2.41 , (8.18b), (8.48b) and (8.61)

into account, we deduce from the equation (8.70) that (8.41b)) holds true. This
concludes the proof of Lemma [8.7] O
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8.3.83 Third Step. Ezistence and estimate of the remainders

In this third step we prove, for (e,¢) in Qs., with § and ey positive and
small enough, the existence of p..(¢, ¢, ) in Fy satisfying and provide an
estimate in Fy, uniform over (g, ¢) in Q5.

We will make use of the fact that the the third argument of the right hand
side of vanishes. Accordingly, we define

Fy = HY(8S8y) x H*(892) x {0}, (8.71)
which is a closed subspace of F; and prove the following result.

Lemma 8.8. Let § > 0. There exists o in (0,1), such that for any g in
L>®(Qs.¢0; F1), there exists py in L™ (Qs.60; Fo) such thatp,(e, q,-) solves (8.58)
for any (g,q) in Qs¢,-

Proof of Lemma[8.8 To prove Lemma [8.8] let us start with stating a pertur-
bative result. We will use the notation that given X and Y two Banach spaces,
L(X;Y) is the space of bounded linear operators from X to Y. Now the frame-
work is as follows. Let § > 0. Recall that Q% and 25 were defined in and
. We introduce the following families of operators.

— First we consider a family of operators in £(L2(9£2); H'(0S8)):
K9% ¢ Lip (9255 E(Lz(ﬁﬂ); Hl(aSO))) such that for all h in 25,
K250(h) is compact from L*(982) to H'(9S,). (8.72)

— Next we consider two families of operators: one in L(L?(9£2); H'(9Sy))
and the other one in £(L?*(8Sy); H'(012)):

(T?%°(e,q))(c.q)eqrs bounded in L(L?*(012); H'(0S,)), (8.73a)

(T%(2,9)) (c.q)eqns bounded in L(L*(9Sy); H'(012)). (8.73b)

Given these operators we can construct the following one. For (g, q) in 9%, let

A(e,q) : Fy — Fy given by the following formula: for any p := (p?5°,p?%,C)
in Fo,

Ale,)li) = (A, ), iy € Fi, (8.74)

with

A(e, q)[p]y = SL[p?%] + K% (h)[p??] + eT% (e, q)[p??] — C,  (8.75a)

A(e,@)lplo == SL[??] + eT?(¢,¢)[p"], (8.75b)
Ale,q)lp]s = /05 p”% ds. (8.75¢)

We will use the following perturbative result.
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Lemma 8.9. Let § > 0 and for (g,q) in Q°, A(e,q) given as above, with

assumptions (8.72)) and (8.73). Then there exists eg in (0,1) such that for any
(€,q) in Qs.cy, Ale,q) is an isomorphism from Fy to Fy and

sup [ A(e, )l e(mm) < 00 (8.76)
(€7Q)€D6,EO
Proof Tt is straightforward to see that for any (e,q) in Q, A(e,q) is linear

continuous. Let (g,¢) in Q, with ¢ = (¢, h) in R X £2. Let us introduce, for any
pi= (paso’pa(z’c) in F—%a

Llp] := (SL[p**], SL[p??], C),

K(h)lp] = (K25 (h)[p??) - C,0, /as p% ds = C),

T(e,q)lp] == (T (2, ) [p7?], T (. @) "], 0),

so that we can write A in the following form: on Fj,
A(e,q) = L+ K(h) +eT(e,q). (8.77)

We first consider the operator L + K (h). According to (8.3), the operator
L is Fredholm with index zero and since for each h in 25, K(h) is compact,
we deduce that L+ K (h) is Fredholm with index zero. It follows that to prove
that L + K (h) is an isomorphism, it is sufficient to prove that its kernel is
trivial.

Consider p := (p?°,p??, C) in F_y such that (L+K(h))[p] = 0. Since the
logarithmic capacity Cap(942) of 012 satisfies Cap(942) # 1, according to ,
the second equation SL[p?*’] = 0 implies p?** = 0. Then, substituting into the
first equation, SL[p®°] = C, whereas the third equation reads fasg p?% ds = 0.
Thus according to , we obtain p?%0 = 0 and thus C' = 0. This proves that
the kernel of L + K(h) is trivial, and consequently that for any h in 25,
L + K(h) is an isomorphism.

Now using that the dependence of K on h is Lipschitz, we deduce that
L+ K(h) has locally a bounded inverse. By compactness of {25, it follows that
L + K(h) has a bounded inverse for h running over £25.

Since the operators (1:).c(o,1) are bounded in the space of bounded op-
erators from Fy to F} we can then easily deduce the result from . This
concludes the proof of Lemma [8:9] O

In our case, Lemma is applied as follows. Recalling (8.34)-(8.35)) we
define, for any (e,q) in Q, with ¢ = (9, h),

— for any density p?¢ in L?(012),
K25 (h)[p”?] = K?%(0,0,h)[p”?] = SL[p"”](h) (8.78)

as a constant function on 98y, and

95 (¢, g)[p?) = / 22 ()i (.0, 9)ds(y) on 8Se,  (8.79)
on
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— for any density p?%° in L?(0Sy),
199, q)[p") i= [ BV )na(e, 0., <Y, ) ds(y) on 02, (850)
98¢
The following lemma entails that the hypotheses of Lemma [8.9] are satisfied.
Lemma 8.10. Let 6 > 0. With the definitions above, (8.72)) and (8.73)) hold

true.

Proof We use Lemma with C = 92, b = G and p¢ = p?*? to obtain
that K95 satisfies (8.72). Next we apply Lemma for any (g,q) in
Qs.c0, With C = 092, b(x,y) = n1(¢,¢,2,y) and p¢ = p?? and with C = 9S8y,
b(x,y) = n:(e,9,2,—y, h) and p¢ = ps, to get that T9% (g, q) and T9%(¢, q)
satisfy . This ends the proof of Lemma O

Then we consider the operator A(e,q) associated with these operators

f(as‘)(h), T9% (e, q) and T?% (e, q) as given by (8.74)-(8.75)). The next lemma
shows that this operator A(e, q) provides the existence of a solution to ({8.58)

with uniform estimates.

Lemma 8.11. Let § > 0. There exists eo in (0,1) such that for any (,q) in
Qé,am

pT(S’%') = A(E’q)ilg(sv%') (881)
belongs to Fy and solves . Moreover p, is in L (Qs.¢,; Fo).
Proof Let 6 > 0. Let us first observe that for any (e, ¢) in Qs, for any p :=
(p%%,p?%, C) in F, satisfying the condition

/ p’% ds =0, (8.82)
880
the following equality holds:

2A(e, q)lp] = Ale, 9)lp-

Indeed (8.78) and first order Taylor expansions yield with (8.79) and (8.80)
that

K9 (e, q)[p??] — K% (h)[p?] = eT?% (e, q)[p?“],
K%(e,q)[p?%°] = T (e, q)[p?®].

We emphasize in particular that the last equality relies on the condition (8.82)).
Now, consider g in (0, 1) obtained by applying Lemma|8.9] For any (¢, ¢) in
D&Eov consider pr(€7 q, ) = (p?SO (65 q, ')7p7(?9(67 q, ')7 CT (67 Q) given by ‘) .
It belongs to Fy and satisfies (8.62)) and consequently
Ae, q)[pr(e,q,7)] = Ale, @)pr (e, 0. )] = 8(e, ¢ ).

Moreover we have the estimate
”pr(E, q, ')”Fo < HA(€7Q)71||E(F1;F0) Hg(€7Qa ')”Fl'

The estimates (8.57) and (8.76) entail that p,. is in L>°(Qs¢,; Fo), which con-
cludes the proof of Lemma [8.11 O

Lemma [8:§| follows in a straightforward manner. O
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8.3.4 Fourth Step. Conclusion

End of proof of Lemma[6.4) We apply Lemma to (8.56)). Thanks to (8.57)
the assumption is satisfied. Regarding C.(q) this yields an expansion actually
better than the one stated in Lemma that is, according to and
and what precedes, there exists C, in L>(Qs,; R) such that

Co(q) = —G(e) + C% + (b, h) 4+ 2e D02 (h, h) - Co 4 €2 Co(q)
+&3C,(e,q), (8.83)

where Cy(q) is given by (8.51). To prove Lemmal[6.4]it is therefore sufficient to
observe that Cz(g) is bounded uniformly in R for (e, ¢) in Q° and to redefine
C,(g,q) such that €2 C,(¢,q) is equal to the sum of the last two terms in
®=3). O

End of proof of Proposition [8.]] Combining (8.40)), (8.49) and (8.59)), we de-
duce that on 08,

e

on
with p?%0 in L°°(Qs.,; L*(8S0; R)).

Combining this with the second equality in , and using that
6P” % (q,X) = —R(9)'u?(h) - 7, for X on 08y, as a direct consequence of the
deﬁnltlon of Py in , we conclude the proof of Proposition O

(¢,eR(D) - +h) = p%, (-) +p3° (g, ) + €2 pF°(q,-) + &3 p2% (e, ¢, ),

8.4 Asymptotic expansion of the potential part: Proof of Proposition 8.5

The proof of Proposition is very close to the one of Proposition [8:4 We will
only explain how to transform the (Neumann) problem defining the Kirchhoff
potentials into a Dirichlet one, so that the proof of Proposition [8.5] follows
from a tedious adaptation of the steps of the proof of Proposition [8:4] detailed
in Subsection B3]

We emphasize that the indices below correspond to coordinates in R? and
are in normal font type (while indices related to the order in an asymptotic
development in powers of € are written in italic type).

We consider the functions @j,s(q, -), for j = 1,2,3, as the solution to the
following Dirichlet boundary value problem in F.(q):

_A¢j, (g,) =0 in F.(q), (8.84a)
Bje(a,) = K;j(g,) +cje(q) on 9S:(q), (8.84b)
Y;e(q,) =0 on 0f2, (8.84c¢)

2l

where the functions K (g, -) are given by

o iz — h? if j=1,
Ki(g,")=q —RW)" (x—h) ez if j=2,
RW)' (x—h)-ex if j=3,



Point vortex dynamics as zero-radius limit of a rigid body’s motion 81

where e; and e are the unit vectors of the canonical basis, and the constants
¢;.e(q) are such that:

0P
—(g,-)ds =0. (8.84d)
/885@) on
Precisely, the constants ¢; .(¢q) are given by
09
cje(q) = CE(Q)/ %(q, ) ds, (8.85)
9S:(q) M

where aj,a, j =1,2,3 are the solutions of

_Agj,s((L ) =0 in FE(Q)? (886)
aj,s(% ) = Fj(qa ) on asﬁ(q)7 (8'87)
bj.(a,-) =0 on d92. (8.88)
We will use the vector notation:
Ee = (@1,57 ¢Z,Ea @3,e)t' (889)

Up to a rotation, the functions p; -(g,-) are harmonically conjugated to the
Kirchhoff potentials ¢; (g, -) (see (8.29)), as shown in the following result.

Lemma 8.12. For any (e, q) in Q, with ¢ = (9, h), there holds in F.(q),

Veje(a,) = Vig)e(a,), (8.90)
where
(Pre(0.): @2c(,): B3c(09)) = RO (7120 ) Pl )s B c(a0))-
(8.91)

Proof We recall that for any (g, ¢) in Q, the system

divu =0 in F.(q), (8.92a)

curlu =0 in F.(q), (8.92b)

u-n=0 on 012, (8.92¢)

u-n=K;(g-) ondS(q)), (8.92d)

/ u-7ds =0, (8.92¢)
98 (q)

has a unique solution w, say in H'(F.(g)). Then one observes that both
V(g ) and V3, .(q,-) solve (8:92). In particular let us emphasize that,
on 0S:(q),
0K ;
. Li, . — J . — t .
(n-V*%.00.9) (Fr@)) _,, =ROK),

Jj=12,3

so that, for j = 1,2,3, V1, (g, -) satisfies (8.92d)), and the condition (8.84d))
ensures that (8.92¢]) is satisfied. O
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In the case without exterior boundary we consider in the same way @‘js“
the solution to

— A = in R?\ S, (8.93a)
@fﬂ(.) =K;(0,-) +¢; on dS, (8.93b)
@fo(x) -0 as |z| — +oo, (8.93¢)
where the constant cs, ; is such that
/ 077" 45—, (8.93d)
as, On

The existence and uniqueness of such a constant cs, ; is provided by a similar
argument as for (8.85))-(8.86]). Proceeding as in the proof of Lemma
V<p5° = VchjO, (8.94)
where the functlons or S0 for j = 1,2,3, are the Kirchhoff potentials in R2 \ So
deﬁned in . As before we introduce the vector notation for the functions
‘Pj :
7% = (7,75, B3 2 ). (8.95)
Then, following the strategy of Proposition we obtain the following result.
Proposition 8.13. There exist
(i) p950 : Q — L?*(0Sy;R3) such that for any (,q) in Q, with ¢ = (9, h),
for any X in 08,
So

0p. op
2 (g, eRWO)X +h) = L(F—
(i) 2 : Q — L2(092;R?) such that for any (s,q) in Q, for any = in 012,

(X) +e2p0(e,0,X)),  (8.96)

Jp
o (0,w) = 1. p) (e ,2). (8.97)

and moreover such that for any § > 0, there exists g in (0,1) for which
p2%0 € L™ (Qs.¢,; L2(8S0; R?)) and pf’)Q €L>® (Q(;,ao; L2(002;R?)).

Proposition [8.5|then follows from Lemma[8.12} (8.94)) and Proposition

We omit the details.

9 Proof of the normal forms

This section is devoted to the proof of the normal forms in Proposition
Proposition and Proposition [7.18] as well as the expansion of the added
inertia in Proposition [0.1] that was used to establish Lemma [6.5] The proof
of the normal forms , and consists first in expanding the
functions M.(q), (I-(q),p,p) and F:(q,p) with respect to e thanks to the
expansions of the previous sections and to Lamb’s lemma (Lemma , and
then in substituting these expansions into (6.1). Next, further modifications
are needed in order to reach the exact forms (6.7), and (7.18)).
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9.1 Asymptotic expansion of the added inertia and the Christoffel symbols

In this subsection, we use the asymptotic developments of Section [§]to deduce
expansions for the added inertia matrix and for the Christoffel symbols.

We begin by giving the expansions in terms of ¢ of the inertia matrix
M, .(q) which is the counterpart for the body of size ¢ of the added mass
M,(q) defined in . Precisely, it is defined for (g, ¢) in Q by

Do,
Mavf(q) = / @6(‘15') @ aLP (Q7) ds = / LPE(Q?') ®K6(Q7) ds.
8S:(q) n 98:(q)

The function ¢, mentioned above is defined in (8.29)), (8.30). Let us also recall
that the matrix M(f% is defined in (4.9) and (4.10)), and I, is defined in (4.28]).
The expansion is as follows.

Proposition 9.1. There exists a function M, : Q — R3*3 depending on
So and §2 such that for any 6 > 0 there exists g9 in (0,1) such that M, €
L> (95,003 R3*3) and such that for all (e,q) in Q, with ¢ = (I, h),

M, .(q) = €21, (Mffg9 + M, (e, q))]a. (9.1)

Proof Using a change of variable, (2.10) and (8.30) we deduce that for (e, q)
in 9,
K. (q,eR(¥) - +h) = I.R(¥)K(0,-) on 9Sp. (9.2)

It follows that
Mocla) =< [ u(a.2RO) - ) © LR@)K(0.")ds.
a8,
We now apply Proposition 8.5 (i) to get

Ma.(q) = 5215( R(9) (<p50 + (e q) + 20, (e, .)) © R(0)K(0,-) ds)]a

9So
=L (M +ERO) [ elea) @ K0, AR,
' dSo

since
/ ¢(e,q9) @ K(0,-)ds = é(e,q) ® K(0,-)ds =0,
8So 0So
and
M, = R(ﬁ)/ @5 @ K(0,-)ds R(9)",
8So

thanks to (4.3b)), (4.9) and (4.10). Above g belongs to (0,1) and ¢, is in the
space L (Qg’ao; L?(08y; R3)). Then we set

Mo(e,q) = R(D) /&S 0. (e 0,-) @ K(0,) ds R(9)",

and we observe that M, is in L>°(Q;¢,; R) and depends only on Sy and (2. This
concludes the proof of Proposition [0.1] and consequently of Lemma[6.5] [
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We now consider the Christoffel symbols '™ given for (e,q) in Q and
p=(w,€) ER? by

@)=~ (o) xp-wdoclo) (L) € B 0

where P2 denotes the last two coordinates of M, -(¢)p. The formula (9.3) is
the counterpart for a body of size € of the Christoffel symbols given by ([2.26)

when € = 1.
The next result proves that the leading term of I'™' is given, up to an
appropriate scaling, by the Christoffel symbols (I 1;9 ° p,p) of the solid as if it

was immersed in a fluid filling the plane. We recall that (I’ 1;9 ° p,p) is defined
in (4.12). Precisely, we have the following result.

Proposition 9.2. There exists I™°" : Q — BL(R3 x R3;R3) depending on
So, v and 2, such that for any § > 0, there exists €¢ in (0,1) for which
It € L%°(Qs.00; BL(R3 x R3;R3)) and such that for any (g,q) in Q, with
q=(9,h), for any p = (w,€) in R3,

<Fsr0t(Q)’pvp> =el. ((Fgoa Lp, I.p) + e <F:Ot(5a q), Lp, I >) (9.4)

Proposition [0.2] follows from Proposition [0.1] by straightforward computa-
tions.

Finally we study the Christoffel symbols I'$? given for (g,¢) in Q and
P = (plupZapB) S R37 by

(r2%q).pp) = D (I2). . (@prpr eR?, (9.5)
1<k,I<3

where for every j, k,l € {1,2,3}, we set

Lo

(T2 1(a) 1= 51AL sy la) + 42 la) = AL (@),

0 j,€ 0 €
M= [ (%000 ) o as.

The Christoffel symbols I'¥ are the counterpart I'? defined in (2.27). They
are expanded as follows.

with

Proposition 9.3. There exists I'?? : Q — BL(R® x R3;R3) depending on
So, v and 2, such that for any § > 0, there exists e¢ in (0,1) for which
29 € L%°(Q5.,; BLR? x R%R3)) and such that for any (g,q) in Q, with
q = (9,h), for any p := (w,€) in R3,

(I'?%(q),p,p) = *I(I'?" (e, q), L.p, I.p). (9.6)
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Proof Proposition follows from Proposition (iii). Indeed, (9.5) can be

rewritten as:
. . 1. (9p.
or (K< -p) ( or p) QKE ( or P (g,-) ds.

Observe that K. is actually independent of € on 9f2. According to (8.33)), we
obtain:

o8N _
(L2(q),p.p) = /a )

(I?°(q),p.p)

N 1.~ 2
=&l /(m [pr(Ke -Lp) (p?9 - Lp) — ;K- (P29 - I.p) } (g,-)ds,

where K. := eI-'K_. This gives the expected result. O

9.2 Asymptotic expansion of E.

We now consider the expansion of E. which is given, for (¢,¢q) in Q, by

2

1
K_.(q,-)ds.

E =—
A) 2 /ass(q)

This formula is the counterpart of (2.18b) for a body of size . We recall

e
on

(q7 )

that the function 9.(q,-) is defined in (8.14) and the vector field K.(q,-) in

(8:28)-(8.30).

The first two terms in the asymptotic expansion will be given respectively
thanks to two vector fields Ey(q) and E; (g) which we now define. First we set
u?(h) - Gy
EO(q) A ( uQ(h)J_ ) ) where q= (ﬂah)

We recall that u®? and ¢y were defined in (2.44) and (4.15)-(.13) respectively.
Next we define E;(q) as

E;(q) == E$(q) + E%(q) + ES (a), (9.7)

where the three addends are given by the definitions below.

The inertial subprincipal term E. The definition of the term E$ will use some
functions of the entries of the matrix M defined in (£.9). Let us first recall
that we decomposed M50 in . We also define the real traceless symmetric
2 x 2 matrix M defined by

Mt = (M] _

I icsse =5 (M) + (2 (1)) = 3 (M (1) — (M),

(9.8)
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where (L) is defined as the 2 x 2 matrix

(1) = (? _01> . 9.9)

The matrix MT depends only on Sy. Its coefficients can be described as follows:

agos"
My :*Mg,zz/as as @3’ ds, and (9.10a)
0
1 69080 8(,080
M, =M, == 350 ZX2 %0 ) q 9.10b
1,2 2,1 2/350< on P3 on P2 5, ( )

where the functions cpfo, for j = 1,2, 3, are the Kirchhoff potentials in R?\ Sy
defined in (4.3)). Recalling (4.25]), we also consider

M = ROMP R, p5° := RW)p™, MJ:= R@)MR®)". (9.11)
Then we define:

u?(h) - M) u? (h) -
E%(q) == 0 , where ¢ = (9, h). (9.12)
0

The weakly gyroscopic subprincipal term EY. Let us introduce the geometrical
constant 2 x 2 matrix

[ o n i
a._/aso LX) X X ds(X) + ¢ ¢

/ o>, L L
=) o (X) (X ® X+ - (®¢h)ds(X), (9.13)

which only depends on §y. Next we introduce its symmetric part

o’ = %(U+Jt), (9.14)

and the associated field force EY (q) defined, for ¢ = (9,h) in R x £2, by

_<Diw(gz(ha h>7 R<_219)0-8>R2X2
EY (q) := 0 . (9.15)
0

Let us recall that the function ¥ is defined in (2.41)). The main property of
EY is the following.

Lemma 9.4. The vector field EY in C°°(R x £2; R3) defined by (9.15)) is weakly
gyroscopic in the sense of Definition[7.9
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Proof Multiply (9.15) by p and integrate. The conclusion follows from an in-
tegration by parts, crude bounds, Lemma[6.1] the smoothness of the function
¥¥ and Lemma O

The drift subprincipal term E. Let us introduce the force field EG (¢) defined,
for ¢ = (9,h) in R x 2, by

c Co - Uc(‘]))
E = — . 9.16
1(q) ( (ue(q))* ( )
Above u.(q) denotes the corrector velocity defined in ([7.7)).

Now the goal of this subsection is to establish the following result.

Proposition 9.5. There exists a function E, : Q — R® depending on Sy and
02, such that for any 6 > 0, there exists g in (0,1) for which E, belongs to
L (95,03 R?) and such that for any (g,q) in Qs.,,

B.(@) = L (Eo () + <E:1 (g) + £ B4 (,0))- (9.17)

Proof We proceed in three steps: first we use a change of variable in order
to recast E.(q) as an integral on the fixed boundary dSy. Then we plug the
expansion of 1° into this integral. Finally we use several times Lamb’s lemma
in order to compute the terms of the resulting expansion.

First, thanks to a change of variable and ((9.2)),

0. ?
D g, R) )| K (0,

B0) = ~SLRW) [

09S¢

where K (g, -) is the vector field defined in (2.10). Now let § > 0. Using Propo-
sition we deduce that there exists ¢ in (0,1) such that for any (e,¢) in

4,09

E0) = LRO)(ZE, +E(0) + €, () + 2E,(c.0),  (019)

2
oy,

on K(Ov ) dS,

1
E_1 = _*/
2 Jas,

So So
Eolq) = — /8 ) 0vh (a‘/’” <q,->R<ﬁ>tu”<h>-v> K(0,)ds, (9.19)

on on
E,(q) :=E{(q) +E' (), (9.20)
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where

a 1
Ef(q) := _5/38
0

So So
B = [ T (8”1 (@) -2 <q,~>> K09, (922)
880

2

So
9o K(0,-)ds, (9.21)

on

(¢,) = R(9) u®(h) -7

on on
and E, in L*°(Qs.,; R?) depending only on Sy and (2.

We now compute each term thanks to Lamb’s lemma. More precisely we
establish the following equalities:

E , =0, (9.23)
R(V)Ey(q) = Eo(q), (9.24)
R(V)ET(a) = E7 (), (9.25)
R(9)E] (¢) = Ef () + E(9). (9.26)

The proof of Proposition is then concluded after observing that R(V)E, is
also in L°°(Qs.¢,; R?) and depends only on Sy and {2.

To simplify the notations we omit to write the dependence on ¢ except if
this dependence reduces on ¥ or h. Similarly we omit to write that the function
K, its coordinates K; and the vector fields £;, which appear thanks to Lamb’s
lemma, are evaluated at ¢ = 0.

Proof of (9.23). Computation of E_,. We use Lemma with u = v =
VL5 and observe that V14 is tangent to Sy to obtain (9.23).

Proof of (9.24). Computation of E,. We observe that

o

viypd, = — 1;;1 7 on dSy, (9.27)
So

7 Viygse = —ags on dSp. (9.28)

Hence for j =1,2,3,
o>, oy s s
- . K;ds=— V2o - V° K ds,
/880 an an J 950 1 0 J

and we use Lemma [4.6| with (u,v) = (V=95 V245°) to obtain

-/ 0U%s U
8S, on on

Kjds = - /as (& - V) (n- VH5e) ds.
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Then we use again (9.27) and observe that applying the tangential derivative

to (8.17h)), taking (8.15) into account, yields

o
or

n-Viyse = R u?(h)* - 7 on 0Sy. (9.29)

Thus

W vy ol
_/33 gnl ' gg K; ds:/as %(ﬁj'T)(R(ﬁ)tuQ(h)L'T) ds. (9.30)

Then using (4.5d)), (4.13) and (4.15), we arrive at

So
R(V)Ep = R(V) ( /8 B 81;7;1 (& - R u(h)*) ds> =— (uz(g’z;l) fﬁ) = E,.

Proof of (9.25). Computation of E]. We start with expanding the square
in (9.21), to get

So
ES :E;’l+/ o0 (R(ﬂ)tu”(h)w)de—l/ |R(W) w2 () - |* K ds,
as, on 3So
(9.31)
with
2 2
1 oo 1 2 1 oo
E‘vl:—f/ —0 de:—f/ Vg de+f/ 0| Kds.
! 2 8S, 871 2 88, 0 2 8So 87’
We apply Lemma [4.6| with u = v = V145° to get
1 So|? _ LS LySo . ¢
Vi Kds= (VEpe - n) (VEgp - &) ds)
2 Jas, 980 j=1,2,3

,1

Let us denote by E7’;, j = 1,2,3, the coordinates of the vector E%'. We use

(9-29) to get

4l = — /a (6 VR (RO) W) ) as
1

— tu? L~7'2 - ds.
g L ROY U)K

Then we decompose &; - Vlwgo in normal and tangential parts and use again

(19.29) to obtain:

ol _ 81/17‘3‘0 tuQ J—.T 7)ds— = tuQ J“T 2 ds
By = /a s, On (R()" u®(h)=7)(&7)d / (R u?(h)*r) K ds.
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Now we plug this expression of E}’l into (9.31)) to get

. 1 2 oy
£, - [ (RO ) s [ 0

88, 3n

(R@) u(h) - 7)K;ds

OU0° (ot (1L V(£ ) ds
+/880 o (R u®(h)*= - 7)(& - 7)ds.

We observe that the first term in the right hand side vanishes and we combine
the two other ones to get

oPy°
£, = [ S (R0 € ds.

on
Using (8.17c|) we infer
EIZJ =0 for j =2,3. (9.32)
Now for j = 1, we start with observing that
opy°
E}, = (R(W)" u?(h)") / 0 ztds. (9.33)
’ 88, 3n

To compute the right hand side we introduce the matrix

o —So 8@?
M= / (QD?SD) ®( 2, ) ds, (9.34)
98, \¥3 757;

where the functions ¢fo, for j = 1,2,3, defined in (8.93)), are harmonic conju-
gates to the functions gof”.
Lemma 9.6. For any q := (9,h) in R x {2,

oy’ L TEROAVE 2L
3 (¢, x)x~ ds(x) = MR(9) v’ (h)~. (9.35)
a8, on
Proof First it follows from (8.93b]) that, on 98y,
—So So
1L _ (P2 —C
xr = (@‘35‘0 _ C?O) . (936)

We now express the stream function wg“ (g, ) thanks to the functions @‘g" and

@‘290. Let ¢ := (9,h) in R x 2. On 9S8y, it follows from (8.15)), (8.17b)), (8.93)
and Proposition that there exists ¢ in R such that, on R2 \ Sy,

_So
$a) = RO (T ) ey,

Then using (4.5d)), (8.17¢)) and (8.93d)) we obtain ¢ = 0. Thus for any g := (9, h)

in R x £2, on R2\ &y,

S,
S (g,) = RO9) ()" - (_‘”;50) | (9.37)

Substituting (9.36]) and (9.37)) into the left hand side of ((9.35)) and using again
(8.17¢) establishes Lemma [9.6| O
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Then, combining (9.33]) and (9.35|), we obtain:
ES = (R u?(h)) - MR()" u®?(h)™".

Let us now connect the matrices MT defined in and M defined in (9.34).
Using integrations by parts and (8.94), we get, for any ¢, j = 2, 3,

__So
/ 9p; 750 ds = / g5 oSode.
8So 8n 8So (’971

Combining this with (9.10) yields

1
M7 §(M + 31 ). (9.38)
Recalling the definition of Mj; in (9.11)), we deduce that
ES = u?(h)* M) u?(h)*. (9.39)
Gathering (9.12)), (9.32)) and (9.39) we obtain (9.25)).

Proof of (9.26). Computation of El}. We start by splitting El} into two
parts as follows:

IS, O o>, OP;
Eb = - LK / L2 1K
=1 /3\80 5'71 an ds + 8So 3n 8n ds.

Using (9.27)) and (9.28]), we see that the first term of the right hand side above
is equal to
— vy . vigpd K ds.
S,

We denote E} j» J =1,2,3, the coordinates of E}. We apply Lemma E with
u = VL’(/J‘EOJ and v = va}SO for any j =1,2,3, to get

So So
E} = /BS v, & -V ds+/ vt @K ds.
0

or as, On  oOn

We now use that, on 985y,

awso ‘.. a¢f° ~oP;
J or  or’
the last identity being a consequence of (8.26b)), to deduce that

gj : VL¢‘E01 =

oo
E},jz/as gﬂlgj-vpl ds. (9.40)
0

Thanks to the expression of P; in ,
E' ;= —(D2F (b, h), R(O)AJR(9) )p2x2 — Dotp? (g, h) - R(9)AF,  (9.41)
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where

oo oo
Al = 1 d dAZ;:/ Leods.
! /aso on ©@4ids and 4 s, On S ds

Case j = 1. Consider the first term in the right hand side of (9.41f). Using
(0.13)) we see that A} = o — ( ® (*+ and we observe that, since D21 (h, h) is
symmetric,

(D2vg (b, h), R(9)oR(V) )gexz = (D7 (h, h), R(9)a*R(I)"),

where 0® is the symmetric part of o defined in (9.14)). Then using that ¢° is a
traceless symmetric 2 X 2 matrix,

(D2wg (h,h), R(9)oR(D)")axz = (D20 (h, h), R(~20)0®) = ~E] 1(q),

where EY | (¢) denotes the first coordinate of the vector field EY (¢) defined in
(9.15). Therefore we obtain for j = 1,

—~(D20g (b, h), R(O)AJR() Jpaxz = E] 1 (q) + (D305 (h,h), Co @ g )mexa.

Concerning the second term in the right hand side of (9.41)), we use A? = —¢*
(see (4.13)) to get that for j =1,

—Dotv¢(q,h) - R()A3 = Dobf(q,h) - i -
Thus
EY L =EY () + (D20F (h,h), Co @ (i Ymexe + Dutb (g, h) - G-

The last two terms in the right hand side can be expressed in terms of the cor-
rector velocity u.(q) defined in (7.7)), as follows from the following statement.

Lemma 9.7. For any g = (¥,h) in 2 x R,

uela) = (D20F (1) - Co + Dol 1) (9.42)

Proof From the definition of . in (6.10) and the one of u.(¢q) in we
deduce that for any ¢ = (9,h) in 2 x R,

uela) = (D26 (b 1) -Gy + DS (1) )

which yields (9.42)) thanks to (8.19). O

Hence we finally obtain

ES L =E%1(q) — Co - uclq). (9.43)
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Case j = 2 or 3. In this case, A; =—(®¢& and A? = —¢;, and therefore
E} ;= (D205 (h.h), R(9)(C ® &) R(D) )raxz + Dy7 (g.h) - R(9)E
= (D208 (1) - o + DY (a, 1)) - RO
= 7R(19)t uc(‘])l ' gj'

Thus

R(0)(E 1)j=2,3 = —uc(q)* (9.44)
Gathering (9.15)), (9.16), (9.43) and (9.44)) we obtain (9.26)). This ends the
proof of Proposition [0.5] O

9.3 Asymptotic expansion of B,

We now tackle the expansion of B, which is given, for (g,¢) in Q, by

B [ G (Kele) < ) as

This formula is the counterpart of (2.18a]) for a body of size . Let us recall
that the Kirchhoff potentials ¢, are defined in (8.29))-(8.30]).
The expansion that we obtain for B.(q) is given in the following statement

where Bg“ is defined in (4.16]), Mj; in , I in (4.28) and where:

B:(q) := (2Mg29(h)l-) for ¢ = (9, h). (9.45)

Proposition 9.8. There exists B, : Q — R® depending only on Sy and 2,
such that for any § > 0, there exists gq in (0,1) for which B, € L>®(Qs,; R?)
and such that for any (e,q) in Qs,¢,, where ¢ = (Y, h),

B.(q) = eI~ (B;?O 1B, (q) + 2B, (e, q)). (9.46)

Proof We proceed as in the proof of Proposition[9.5] Let us state the following
formula which is useful several times in the sequel:

for any (pa,py) € R® xR, ep, x pp = I, ((Ispa) X (Ispb)). (9.47)
By a change of variable, using (9.47)) and (9.2)), we arrive at

B.(q) =

eI7'R(V) e

88, 8’0

(g,eR(9)-+h) (K(O, ) x R(9)" 8acp: (g,eR(9) - +h)> ds.
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Now let 6 > 0. We use Proposition and Proposition to obtain that
there exists ¢ in (0, 1) such that for any (e, ¢) in Qs,¢,,

B.(q) = <17 R() (B + B, (0) + <*Bo(e.4) ).

with

o 81/}§OJ D™
B, = /(980 o (K(O,-) X - ) ds,
9 So B) So
B, (q) := /as( gg — R®)" u? () - 7) <K(O,-)>< - )ds,

and B, in L*®(Qs.,;R?) depending only on Sy and 2.
We now compute each term thanks to Lamb’s lemma. More precisely we
will prove the following equalities:

R(9)B, = B, (9.48)
R(¥)B, =Bj;. (9.49)
As in the proof of Proposition [0.8] we will omit to write the dependence on ¢,
except if this dependence reduces to a dependence on 9 or h, and it will be

understood that the functions K, its coordinates K; and the vector fields &;
are evaluated at ¢ = 0.

Proof of (0.48). Computation of B". For j = 1,2, 3, we denote by By, the
coordinates of B,. By (9.27),

8 So So 8 So So
B,, :/ VT 005" ds—/ U1 909" g g
’ a8y dSo

on Ot on Ot

=— / V4 Vel Ky ds + / V%o - V5o Ky ds.
880 880

Then we use Lemmatwice, with (u,v) = (V45 , V5°) and with (u, v) =
(VA% Vi), [@5d) and (9:27) to obtain

Bo1= / 8?201 ((T “&)(n-&)— (1-&)(n- 52)) ds = —1.

Proceeding in the same way and using (4.13]), we arrive at

oo
By2 = /830 2’7—11 <(T “&3)(n- &) — (T‘El)(n‘f?))) ds = (* - &,

and B, 5 = ¢t - &3. This gives (9.48).
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Proof of (9.49). Computation of B,. Let us start with the first coordinate

B, of By, that is:
31/)0 , 8902 3<p3
= - —_
Bis /880 ( on ()" u(h) - 7') < e Ks o K3 | ds

—Ba1+Bb1+lev

with
B¢ ,__/ 8¢go 8902 K d
=11 S0 on Or 3
So
B, 1:/ %" a<,03 K> ds,
’ S0 on or
c 9p5° 93"
Bj.1:= - R u®(h) - ( ai K3 — 33 K2>Tds.
We start with
BY, = vt 30~V<p‘29"K3ds—/ g" Ky K5 ds.
850 880 T

We use Lemma [4.6| with « = V+¢5° and v = Vi5° to obtain
VJ‘l/)'gO V3 K3ds = /as (VJW/}‘USO - &3) (V(p‘zso -n)ds
0

+ / (VJ‘w'OSO . n) (Vgp‘go . 53) dsv
0S8y

oy 31/)
= Ksd
/((;SO ( 87’ > 248

SO SO
+/ w() KQKg ds +/ 8¢0 8902 (53 'T) ds.
380 8SO

9So

or or Or

Therefore

. 5° awo / AR
51,1—/650< or K3 — &7 | Kods + s, 07 Or (§3-7)ds.

By switching the indexes 2 and 3 we obtain

) 0 oS0 PO
E§71:_/698 ( 18/}7' ¢ )Kgds—/as g;_) gj (& - 1) ds.

We sum these two terms, observe that —(£3-7)Ka+ (&2 7)K3 = K2+ K3 =1

and use (8.17¢) to get

/ (K22+K3)8w0 ds 7/ ik ds = 0.
8So 880 on
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We deduce

. op° [ 0p5° v
BIl+B]1_/aso or (67 (E3-7) — or (§o-7) | ds.

Now, using (9.29)), we obtain

. o5
BY 1+ By =~ | RO I (T ) -

d5°
87’ (52 . T))nds

So
— R ) [ (et

On the other hand we observe that

B 1 = R(W)' u®(h)- / (8%% (& -7) +

So
8:;?: (53-n))nds. (9.50)

('53 T))Tds (9.51)

980 87’
By (9-50) and (9.51),
9 So
B,y = r0y - [ % 4 P s
880 T

thanks to an integration by parts.

Let us now consider the second coordinate B, , of B, that is:

_ 87#’50 t 0 8‘»01 &PE?O
'3172/850 (o = RO w?(h) - 7) | TG K = S5k ) ds

—B(112+B12+Bz27

with
BCL — 7/ 81/)‘30 3903 K d
=12 8So on or !
O5° D
B, := 0 ZFL K.ds,
=12 /330 on or °
BS,:= [ R u?(h)- 95" Ky — Opy" Ks | 7ds.
’ 89S, 87‘ 6

Proceeding as above with BS ; and Bb we arrive at
1,1 1,15

) ) oS0 HpSo
Bﬁ,gz/ U0 e, - 1/’0 G sts+/ Uo" 005 (6, .1y ds,
880 87‘ 8So 87' 87'

M5 e aw Oy O
Bb - _ 0 K _ / 0 1 . ]
=12 /350 ( 87' > ! ds 88, 87’ 87' (53 T) ds
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We sum these two terms, observing that (& - 7)K3 — (&3 - 7)K; = 1 - &, to
get

a oy’
Bz,szBl;,z/aSO(xl'fZ) 87(1} ds

ovy [ 0g5° Doy
—|—/ Vo L& (& 1) — 1 (&3-7) | ds. (9.52)

88, or or or

Using (9.35) we obtain

1 oYy Vi t, 201

(z= - &)—%ds = MR(9) v (h)~ - &, (9.53)
88, an

with M given by ([9.34). We also use ([9.29) to modify the second term in the
right hand side of (9.52)) and then get

B ,+ B, = —MR@) u?(h)* - &

905° Dy
5, (&1-7) — 5y (&3-7) | nds.

— R u*(h) - (

9So

Adding B ,, we arrive at

B, =~ MR u?(h)* - & — R(W) u?(h) - B} ,, (9.54)

)

with

Bl | L

8So 87’

+ /8 . a§f° (= (& mn— (& n)r)ds

SU 80
= / 905" el g5 - / 901" 1 g
89S, 87’ 8S, 87’

Using an integration by parts we see that the second term of the right hand
side above vanishes and the first term gives

—=50
%(m):f‘ ds(x) = —/ @30 nds = —M&y(0,-).
Sy 9T dSo

Therefore
R®) u?(h)-BY , = M' R®) u?(h)* - &. (9.55)

Gathering ([9.54) and (9.55) and using (9.38)), we arrive at
B, o= —2M'R(®) u?(h)* - &. (9.56)
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Proceeding in the same way for the third coordinate, using
975"
88, 87’

(&1-7)Ks — (&-7)Ky = —2* - & and (z)x* ds(z) = M¢&3(0, ),

we deduce that

Bis= _2MTR(19)t un(h)L - &3. (9.57)
Combining ([9.56)) and (9.57)) and recalling the definition of M:g in (9.11), we
deduce ((9.49). This ends the proof of Proposition O

9.4 End of the proof of the normal forms

To prove Proposition and Proposition we have to put Equation
under the normal forms and . We focus on the more delicate Case
(ii). Case (i) can be proved with the same strategy with some simplifications,
since the proof of the normal form corresponding to Case (ii) actually
requires to perform additional manipulations. At the end of this section, we
add a few words about Proposition [7.18]

By ([2.18c) the equation ([2.21]) reads
M. (q=)q! = vV*E=(q:) +v¢. x B=(q:) — (Ix(¢:), ¢’ ¢L)- (9.58)

The proof now consists in substituting the previous expansions of I'., E. and
B: into the right hand side of (9.58)) and to rely on some crucial cancellations.
Let 6 > 0. Using the decomposition (2.28) of I", the definition (4.29)) of p., the

expansions (9.2) and for the Christoffel symbols, (9.17)) for the electric
field, (9.46)) for the magnetic field and the relation (9.47) we obtain that, for

g in (0,1) small enough, as long as (e, ¢.) belongs to Qs .,
Y’ Ee(qe) + 4. % Be(qe) — (Ie(ge), ¢t L) = I [(szo(qa) + pe X BS:)
+5<’72E1 (¢=) + vpe x B1(ge) — <F§f,ps,ps>) + 52FT(£7Q€7P8)]; (9.59)

where

Fo(e,¢e,pe) = V' Er(e,q2) + vp= X Br(e,q) — e(I7°(,qc), pe, pe)
- 5<Fr89(57 qE)apé‘ypE)-
Then recalling that Fg ° is defined in (4.14)), we observe that the zero order

term in the right hand side of (9.59) (in terms of powers of €) can be recast
as follows:

V*Eo(q:) +vpe x B3°(qe) = Fy° (9%, hl. — yu® (he)). (9.60)

Now, in order to deal with the subprincipal term of the right hand side of
(19.59), let us state the following crucial lemma, where we consider only the
part E%(ge) defined in (9.12)) of the decomposition (9.7)) of the term E;(g.).
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Lemma 9.9. The following holds:

Y2ES(g:) + vpe % B1(ge) — (150, pe, =) = —(I5°, Pe, Pe), (9.61)

where
P = (e9., L — yu(h.))". (9.62)

Remark 9.10. As for , this relation is algebraic, in the sense that it does
not rely on p. = I.q. or on the fact that ¢. satisfies (2.21]).

Proof of Lemma[9.9 We will recast the second and third terms of the left
hand side in terms of the matrix MT defined in (9.8)). Let us start with the
Christoffel term. Using the definition of Mf% in (4.10) and the decomposition

of M3 in ([f.25)), we arrive at
m?*
M5 = ¢ ), 9.63
a,d < Lo Mf% ) ( )
with Mbsg and py as in (9.11). In particular we infer from (4.12)) that

S
(I5°, pe,pe) = —(M;%5 hL)* - b
voreE (€00)2 g, + 0L ((MyS_hL)*: — M (hL)F)

It remains to recast this expression thanks to the matrix M defined in (9.8].
This is done thanks to the following elementary identities: recalling (9.9) we
have for any ¥ in R and X in R?,

(M X)X = x+ Mixt, (9.64)
(MZx)E — M X+ = —2M]X, (9.65)
(L)MS(L) = M. (9.66)
Therefore
. h/)J_ Yl (h/)J_
I5°,pe,pe) = (e Ve : 9.67
< 9 P p> ((519/s>2M1J9_52519/5M1;h/5 ( )

Now using (9.45)), and the fact that for any ¥ in R, M:g is symmetric,
we obtain

_ (2000t My u? (ho)*
~2(edL)?Mj_u(he) |
(9.68)
Now it suffices to combine (9.68)), and ([9.12) to deduce (9.61)). O

oL W () -
pesz(qe)=< 2he) = My, u”(he >

;
—2(e0L)% (M u?(ho)t) "
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As a consequence, combining ((9.59)), (9.60)) and (9.61]), we arrive at

VE-(¢=) + 4. % Be(g:) — (I=(4:), ¢t 4L)
= L [F50 (5.) + e{ = (T30 e, ) + 72 (Bl (0) + ES (00)) } + 2 Foes e, ) |-
(9.69)
Moreover F,. belongs to L (Qs., x R3;R3), depends on Sy, v and {2 and

loc

is weakly nonlinear in the sense of Definition Next the part ES of the
subprincipal term in can be absorbed by the principal term up to a
modification of size € of the arguments (that is, thanks to the second oder

modulation). More precisely, by (4.16)) and (9.16]),
Fsy0. (De) = Fsy0. (Pe) + 5’72E§ (ge), (9.70)
where p. is given by ([7.8)). Thus we deduce from and (9.70) that
’72Es(qs) + ’7(]./5 X Be(qe) — <Fs(q5),q2, Q;>
= L [F52(5.) = (50 e ) + 27} (@) + 2 Foe,ae,5) |, (971)
where the term F), is defined by
Fr(2,qe,pe) == Fr(g,qe, Pe + evpe(de)) — 294050, Pe. pe(ge))
— eV (150, pe(e), Pe(ae)),

where p.(g:) := (0,uc(g:)). One can easily check that F. is still weakly non-
linear.

Using Proposition and (9.71), and recalling the notation (4.33), we
recast the equation (9.58)) as follows:
i) (M, () + 47 @) M (e,q2) ol = F5P(.) — (T30 e o)
+ E'YQEI; (ge) + 82FT(65 GesPe). (9.72)

We need to perform further modifications on this equation in order to achieve
the normal forms — exactly, due to the fact that the mass matrix in
contains some extra lower-order terms, and that the time derivative is
applied to p. rather than to p.. To deal with the first discrepancy, reducing &g
in (0,1) if necessary, we simply multiply by the matrix

M () (Mae) + £ 0 (e, q))

On the other hand, for the second discrepancy, we observe that the modulated
translation velocity /. := b’ — y(u’(he) + eu.(q.)) satisfies

gls = hls/ - ’Ygs : (Vun)(hs) - 72(Un(hs) + euc(qe)) - Vun(hs)
— yDyuc(qe)edl — eyDpuc(qe) - (ZE + ’y(u”(hg) + euc(qe))).
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Thus we obtain (7.10) with F, in L (Qs., x R?; R?) weakly nonlinear in

loc

the sense of Definition [6.2] This ends the proof of Proposition [7.10}

Starting from ([2.35al), the proof of Proposition is similar to the one
of Proposition with some simplifications, since in this case Mbs ° = 7ldy
and consequently M1 = 0. It follows that E¢ = 0 and B; = 0.

Now we expand Mb@, I, ., E, . and BLE (which depend merely on h. and
£) in terms of e. Note that the last two coordinates of EY (which are the only
ones to be relevant here, recall ) are zero and that ES gives the term
—uc(q)*. Noting that u(h) + eu.(q) = u?(he) + O(2) and recalling (2.34))
we infer

E,.= —uQ(hc)J‘ +52Eb,r and BLE =—-1+ 52Bb,r»

with B, , = FE, ,(¢, h¢,c) weakly nonlinear in the sense of Definition and
B, , = By (¢, he,s) bounded as long as h.. is away from 0f2. On the other
side, one finds that M, = e2rldy + O(¢*) and I}, . = O(c*). The conclusion
follows easily and this ends the proof of Proposition [7.18]
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