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Abstract The vortex point system is usually considered as an idealized model
where the vorticity of an ideal incompressible two-dimensional fluid is concen-
trated in a finite number of moving points.

In the case of a single vortex in an otherwise irrotational ideal fluid occu-
pying a bounded and simply-connected two-dimensional domain the motion
is given by the so-called Kirchhoff-Routh velocity which depends only on the
domain. The main result of this paper establishes that this dynamics can also
be obtained as the limit of the motion of a rigid body immersed in such a fluid
when the body shrinks to a pointwise massless particle with fixed circulation.
The rigid body is assumed to be only accelerated by the force exerted by the
fluid pressure on its boundary, the fluid velocity and pressure being given by
the incompressible Euler equations, with vanishing vorticity. The circulation of
the fluid velocity around the particle is conserved as time proceeds according
to Kelvin’s theorem and gives the strength of the limit point vortex.

In order to understand the solid dynamics one has to evaluate the pressure
field on the boundary of the solid, that is, where the singularity is concentrated
at the limit. Moreover the Newton equations driving the particle’s dynamics
involve a singular perturbation problem in time whereas the fluid state may
be seen as solving an auxiliary problem. The fluid velocity can indeed be re-
covered by an elliptic-type problem where time appears only as a parameter.
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Since the analysis involves singular perturbation problem both in space and in
time and that nothing excludes a priori some sharp energy transfer from the
fluid toward the rigid immersed particle it is crucial to recast the solid dynam-
ics under normal forms. This form makes appear the gyroscopic structure of
these singularities and allows one to obtain uniform estimates on the dynam-
ics thanks to some energy-type quantities modulated by the limit dynamics,
and therefore to describe the transition of the dynamics in the limit. In order
to get such normal forms we first establish that the Newton equations can
be seen as a geodesic equation, with a metric associated with the well-known
“added inertia” phenomenon, under an applied force similar to the Lorentz
force which can be seen as an extension of the celebrated Kutta-Joukowski lift
force. Then, in the limit, surprising relations between leading and subprincipal
orders of various terms and the modulation variables show up and allow us to
establish a normal form with a more gyroscopic structure.

As a byproduct of our analysis we also prove that in the different regime
where the body shrinks with a fixed mass the limit equation is a second-order
differential equation involving a Kutta-Joukowski-type lift force, which extends
the result of [9] to the case where the domain occupied by the solid-fluid system
is bounded.
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1 Introduction

The point vortex system is a classical topic which originates from fluid me-
chanics and goes back to Helmholtz [I4], Kirchhoff [20], Poincaré [33], Routh
[36], Kelvin [19], and Lin [22123]. It appeared as an idealized model where the
vorticity of an ideal incompressible two-dimensional fluid is concentrated in a
finite number of points. Although it does not constitute a solution of the Euler
equations in the sense of distributions, it is now understood that point vortices
can be viewed as limits of concentrated smooth vortices which evolve accord-
ing to the Euler equations. In the case of a single vortex moving in a bounded
and simply-connected domain this was proved by Turkington in [38]. An ex-
tension to the case of several vortices was given by Marchioro and Pulvirenti,
see [25]. Recently Gallay has proven in [8] that the point vortex system can
also be obtained as vanishing viscosity limits of concentrated smooth vortices
evolving according to the incompressible Navier-Stokes equations.

The main goal of this paper is to prove that the point vortex system can
also be viewed as the limit of the dynamics of a solid, shrinking into a pointwise
massless particle with fixed circulation, in free motion in an irrotational fluid.
By free motion we mean that the rigid body is only accelerated by the force
exerted by the fluid pressure on its boundary, the fluid velocity and pressure
being given by the incompressible Euler equations, with vanishing vorticity. In
a different regime, we also derive a different “massive” point vortex system.
Let us mention that in [7, Chapter 3] Friedrichs already evoked such a mas-
sive point vortex system in the case of two point vortices in the whole plane
under the terminology of bound vortices (as opposed to free vortices). Here
we perform a rigorous analysis to derive the massive point vortex system in
a cavity from the dynamics of a shrinking solid in a fluid and we even obtain
the classical point vortex system as a limit in a certain inertia regime of the
dynamics of a shrinking solid in a fluid.

The limit where the body has a diameter tending to zero corresponds to
a singular perturbation problem (in space) for the fluid. The singular feature
of the fluid perturbation by the vanishingly small particle is largely due to
the circulation around the particle, a quantity which is conserved as time
proceeds according to Kelvin’s theorem. The circulation somehow encodes
the amount of vorticity hidden in the particle from the fluid viewpoint. The
amount of circulation is supposed to be independent of the size of the body
in our problem. It is well understood since the work [I7], see also [24] that
when a solid obstacle with a non vanishing given circulation is held fixed in a
perfect incompressible fluid, with possibly non vanishing vorticity, then in the
limit the obstacle shrinks into a fixed pointwise particle and the Euler equation
driving the fluid evolution has to be modified: in the Biot-Savart law providing
the fluid velocity generated by the fluid vorticity, a point vortex placed at the
fixed position of the pointwise obstacle has to be added to the fluid vorticity,
with an amplitude equal to the circulation previously mentioned.

Still the analysis of the dynamics of immersed rigid particles requires a
more precise analysis, in particular because it is driven by the fluid pressure,



Point vortex dynamics as zero-radius limit of a rigid body’s motion 7

a quantity which depends in a non linear and non local way on the fluid
velocity. Hence to understand the limit dynamics one has to precisely evaluate
the pressure field on the boundary of the solid, that is, where the singularity is
concentrated. Moreover the Newton equations driving the particles dynamics
involve a singular perturbation problem in time (in addition to the singularity
in space), in a particularly intricate way for asymmetric particles (actually for
any other form than a disk) and even more so for light particles whose mass
and moment of inertia go to zero. It is therefore crucial to understand the
structure of these singularities in order to be able to describe the transition of
the dynamics in the limit.

In order to deal with small light particles we look for normal forms of the
Newton equations tailored to obtain uniform estimates on the dynamics thanks
to some energy-type quantities modulated by the limit dynamics. Indeed even
if the whole system is hamiltonian, cf. [II], nothing excludes a priori some
sharp energy exchange between the fluid and the rigid immersed particles. The
development of these normal forms requires to obtain an accurate description
of the pressure, which itself requires to obtain asymptotic developments of
various functions allowing to describe the fluid. Then the analysis will also
require surprising relations between various terms appearing in the force term
and the modulation variables.

Let us give more details. The setting that we consider in this paper is the
same as Turkington in [38], that is we assume that the fluid is ideal, confined
in a two-dimensional bounded domain and we consider the motion of a single
solid immersed in it. Moreover the flow is supposed to be irrotational.

After the inspection of this situation one may forge the two following con-
victions regarding the nature of the fluid-rigid body interaction. On the one
hand the rigid body drives the dynamics and the fluid may be seen as solv-
ing an auxiliary problem. The fluid velocity can indeed be recovered by an
elliptic-type problem where time appears only as a parameter. On the other
hand the force undergone by a rigid body highly depends on its position: It
is not the same in the neighborhood of the fixed external boundary as in the
bulk of the fluid. This is of course due to the incompressibility of the ambient
fluid which allows such nonlocal effects.

More precisely the whole system may be recast as an ODE for the three
degrees of freedom of the body (two for the translation and one for the ro-
tation). This is the first result of this paper where the precise structure of
this ODE is given; it can be seen as a geodesic equation with an applied force
similar to the Lorentz force. See Theorem below. One can also interpret
this ODE as a lagrangian reformulation of the hamiltonian formulation of the
whole system mentioned above, but projected in a way that it depends on the
degrees of freedom corresponding to the immersed rigid particle only. Of course
this cannot be done without altering the structure. Let us underline that this
reformulation of the system plays a central role to establish our asymptotic
results, when the solid shrinks to zero.

Three remarks on this ODE are in order.
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— The metric associated with the geodesic part of the equation is given by
the total inertia, that is the inertia of the solid to which one adds the so-
called “added inertia”. This added mass effect is natural: a rigid body has
to accelerate not only itself but also an amount of the incompressible fluid
around it, this extra inertia being encoded into a symmetric nonnegative
matrix which depends on the geometry of the whole system.

— The magnetic part of the Lorentz force is a gyroscopic force, proportional
to the circulation around the body, which can be seen as an extension of
the celebrated Kutta-Joukowski lift force revealed in the case of a single
body in a irrotational unbounded flow at the beginning of the 20th century
during the first mathematical investigations in aeronautics, see for example
[21]. In particular the contribution of this force to the energy vanishes.

— Still the ODE also contains some electric-type force which may seem very
damaging in order to obtain uniform estimates and to pass to the limit.
The electric term will however have some structure which we can exploit.

Fortunately enough an intricate multi-scale analysis of the fluid state (a
precise analysis of the singular perturbation problem given by the vanishingly
small presence of the particle in the space domain of the elliptic-type problem
satisfied by the fluid velocity) and some striking combinations of apparently
unrelated terms (very loosely speaking some parts of the subprincipal order in
the asymptotic expansion of two types of term can be nicely combined with
the principal order in the expansion of a third type of term) allow to transfer
this bad electric-type part of the force term as a modulation of the particle
velocity appearing in the other terms of the equation (i.e. the geodesic and
magnetic terms).

To summarize, our analysis allows to give a sharp asymptotic analysis of
the remote interaction between one moving body (in particular its velocity
and circulation) and an exterior boundary, and provides another derivation of
the point vortex system as limit of dynamics of a rigid particle immersed in
a perfect fluid as its radius and mass go to zero. The vorticity of the limit
pointwise particle comes from the circulation (which is held fixed during the
shrinking process) around the particle.

Besides, as already mentioned earlier, our analysis also allows to cover an-
other asymptotic regime corresponding to the shrinking of a solid with fixed
mass and circulation. In this case we obtain at the limit a second-order differ-
ential equation involving a Kutta-Joukowski-type lift force, which extends the
result of [9] to the case where the solid-fluid system is bounded.

We are therefore interested in determining the limit of the dynamics of the
solid when its size goes to 0, distinguishing two cases:

— Case (i): when the mass of the solid is fixed (and then the solid tends to a
massive pointwise particle), and

— Case (ii): when the mass tends to 0 along with the size (and then the solid
tends to a massless pointwise particle). This encompasses the case of fixed
density.
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The main results in this paper, rigorously stated in the following section, are
Theorem [2.9) concerning Case (i) and Theorem concerning Case (ii).

Case (i) is way easier to tackle and we will therefore present it first in the
sequel as a warm-up before the difficulties appearing in the massless case. In
particular only a rough asymptotic analysis of the body dynamics suffices in
this case.

In the course of our analysis we will thus make use of three normal forms :

— a geodesic-Lorentz normal form for a fixed positive radius,

— a first gyroscopic asymptotic normal form for Case (i),

— a second geodesic-gyroscopic asymptotic normal form for Case (ii), where
a modulation of the unknown is used.

2 Main results
2.1 Dynamics of a solid with fixed size and mass

To begin with, let us recall the dynamics of a solid with fixed size and mass
in a perfect incompressible fluid. We denote by {2 the bounded open smooth
and simply connectedﬂ domain of R? occupied by the system fluid-solid. At
the initial time, the domain of the solid is a non-empty closed smooth and
simply connected domain Sy C 2 and Fy := 2\ S is the domain of the fluid.
There is no loss of generality in assuming that the center of mass of the solid
coincides at the initial time with the origin.

The rigid motion of the solid is described at every moment by a rotation
matrix

cos ¥(t) — sin(t)

R(O(t)) :== sind(t) cosd(t) |’

describing the rotation of the solid with respect to its original position and a
vector h(t) in R? describing the position of the center of mass. The domain of
the solid at every time ¢t > 0 is therefore S(t) := R(V(t))So + h(t), while the
domain of the fluid is F(t) := 2\ S(t) (see Fig. [I). The fluid-solid system is

1 the simple connectedness is a simplifying assumption but is actually not essential in the
analysis.
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Fig. 1 The domains (2, S(t) and F(t) := 2\ S(¢) of the problem.

governed by the following set of coupled equations:

Fluid equations:

0
8—;‘ +(u-V)u+ VI =0 in F(t), (2.1a)
divu =0 in F(t). (2.1b)
Solid equations:
mh” = IInds, (2.1c)
a5(t)
9" :/ (@ — h(t))- - [Tnds. (2.1d)
a5 (t)
Boundary conditions:
u-n=0(-hr+n)n on S(t), (2.1e)
u-n=0 on 0f2. (2.1f)
Initial data:
Uj—p = U in Fo, (2.1g)
9(0) = 0, h(0) = 0, A'(0) = Lo, ¥'(0) = wp. (2.1h)

Above u and II denote the velocity and pressure fields in the fluid, m > 0
and J > 0 denote respectively the mass and the moment of inertia of the
body while the fluid is supposed to be homogeneous of density 1, to simplify
the notations. When x = (z,x2) the notation x stands for z+ = (—z2, 71),
n denotes the unit normal vector pointing outside of the fluid. Let us also
emphasize that ds will stand for the arc length without any distinction between
082, 9S(t) and 9Sy.

Let us recall that if the flow is irrotational at the initial time, that is if
curlug = 0 in Fp, it will remain irrotational for every time, that is

curlu(t,-) = 0 in F(t), (2.2)
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according to Helmholtz’s third theorem. On the other hand the circulation
around the body is constant in time:

/ u(t) - 7ds =, (2.3)
a5(t)

with

7:/ ug - 7 ds,
aSo

according to Kelvin’s theorem. Here 7 denotes the unit counterclockwise tan-
gential vector so that n = 7+. Let us mention here that we will also use the
notation 7 on 92 such that n := 71 so that it is clockwise in this case (see

Fig. .

In the irrotational case, the system can be recast as an ODE whose
unknowns are the degrees of freedom of the solid, namely ¥ and h. In particular,
given , the motion of the fluid is completely determined by the solid
position and velocity. In order to state this rigorously, let us introduce the
variables

hi=(hi,hs) and q:= (9, h, hy) € R,

Since the domains S(t) and F(t) depend on ¢ only, we will rather denote them
S(q) and F(q) in the rest of the paper. Since throughout this paper we will
not consider any collision, we introduce:

Q:={q e R® : d(S(q),d9) > 0}, (2.4)

where d(A, B) denotes the minimal distance between the two sets A and B in
the plane
d(A,B) :=inf {|z — y|ge, = € A, y € B}. (2.5)

Above and all along the paper we will use the notation |- [ga for the Euclidean
norm in R%. Since Sy is a closed subset in the open set £2, the initial position
q(0) = 0 of the solid belongs to Q.

Now we need to introduce various objects depending on the geometry and
on the constants m, J, 7y, in order to make the aforementioned ODE explicit.

Kirchhoff potentials. Consider the functions &;, for j = 1,2, 3, defined for (¢, x)
in Ugeg ({q} X f(q)), by the formula

&1(q,z) := (x — h)* and &(q,z) := ej_q, for j = 2,3, (2.6)

where e and ey are the unit vectors of the canonical basis. For any 7 = 1,2, 3,
for any ¢ in Q, we denote by K;(g,-) the normal trace of §; on 92U 9dS(q),
that is:

Kj(q,-) :==n-§(g,-) on 92U IS(q). (2.7)
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Now fixed ¢ in Q, we introduce the Kirchhoff’s potentials ¢;(qg,-), for j =
1,2,3, as the unique (up to an additive constant) solutions in F(q) of the
following Neumann problem:

Ly
S2a.) = Ky(a,))  on 9S(a), (2.8)
9p; _
%(q, =0 on 0f2. (2.8¢)
We concatenate the K; and ¢; into the vectors:
K(Q7 ) = (Kl (Q7 ')7 KQ(q7 ')7 K3(Q7 ))t and (293’)
©(q,) = (p1(a); 2(, ), 3(a. )", (2.9b)

where the exponent ¢ denotes the transpose of the vector.

Stream function for the circulation term. For every q in Q, there exists a unique
C(q) € R such that the unique solution (g, -) of the Dirichlet problem:

AY(g,-) =0 in F(q) (2.10a)
¥(q,") = C(q) on dS(q) (2.10Db)
¥(g,") =0 on 942, (2.10¢)

satisfies
/ gj(q, )ds = —1. (2.10d)
85(q) 91

This can be seen easily by defining the corresponding harmonic function qﬁ(q, 3
with ¢(g,-) = —1 on 9S(q) and (g, ) = 0 on 9f2 and renormalizing it. Indeed

gﬁ (¢,-) < 0 on 95(q), so that

the strong maximum principle ensures that

3
faS(q) %% (q,-)ds < 0.
The function C(q) is actually the opposite of the inverse of the condenser

capacity of S(q) in {2, that is, of ff(q) |Vz/;(q, )|? dz. Observe that

Vo€ Q. Cla)=- [ |Vulg)Pds <o, (211)
F(q)
C € C*(Q; (—00,0)) and depends on Sy and (2. (2.12)

Concerning (2.12)) and other similar properties below about the regularity with
respect to the shape, we refer to [15] or [37].

Decomposition of the fluid velocity. The fluid velocity u satisfies a div-curl
type system in the doubly-connected domain F(q), constituted of , 7
, , and of . When the solid position ¢ in Q, and the right hand
sides of these equations, including the solid velocity ¢’ = (¢}, 5, ¢;) € R?® are
given, the fluid velocity u is determined in a unique way and we will therefore
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denote it by u(g, -). Moreover, using ([2.8)), (2.9)) and (2.10)), the solution u(q, )

takes the form:

u(g, ") = ug (g,-) + uy(q,), (2.13)
with
3
ug(q.) =V(plg,) ¢) =V | Y wila.)d) (2.14a)
j=1
and  u,(q,-) == yV*i(g, ). (2.14b)

So besides the dependence with respect to Sy, to {2 and to the space variable,
ug depends on ¢ and linearly on ¢’ while u, depends on ¢ and linearly on
~. Notice that in the system of equations 7 the initial data for the
fluid is no longer required since it can be deduced from the given circulation
~ and the initial data of the solid through the functions ¢(0,-) and (0, -).

Inertia matrices. We can now define the mass matrices

M, = diag(J, m,m), (2.15a)
dp
M,(q) = ) ® =—(q,-)ds = Vi - V,;d )
(@) /as(q)(’o(q ) on (g,-) ds ( @) pit Ve x)1<i,j<3
(2.15b)
M(q) := My + My(q). (2.15¢)

The matrix M (g) corresponds to the sum of the genuine inertia M, of the body
and the so-called added inertia M, (q), which, loosely speaking, measures how
much the surrounding fluid resists the acceleration of the body motion (since
the fluid undergoes an acceleration as well). Both M, and M, (q) are symmetric
and positive-semidefinite, and M, is positive definite.

Christoffel symbols. A bilinear symmetric mapping I'(q) associated with M (q)
can be defined as follows:

(F@,pp) = | > Tf@pw € R?, (2.16a)
1<4,5<3 1<k<3

where, for every i, 7,k € {1,2,3}, we set

Ita) = %((Ma)i,j + (M)}, — (Ma)f,j) (). (2.16b)

In this identity, the notation (M,)¥ ; stands for the partial derivative of the

entry of indices (i, ) of the matrix M, with respect to g, that is

(]Ma)]‘f j = 8(Ma)i7j-

2.16
i,j Oqs ( c)
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With a slight imprecision, we call the coefficients I’ fj the Christoffel symbols
associated with the mass matrix. Usually, one should multiply by M (q)~! the
right hand side considered as a column vector indexed by k to get the
standard Christoffel symbols.

We underline that since the genuine inertia M, of the body is independent
of the position ¢ of the solid, only the added inertia is involved in the Christoffel
symbols.

Force term. Eventually, we also define the column vectors:

B~ [ B (52 (52 52)) s (2.172)

_ 1 o
=5 [ (‘ o

and for p in R? the force term

F(g,p) :==v*E(q) +~p x B(q)- (2.17¢)
We recall that v denotes the circulation around the body.

g?:) (g,-)ds, (2.17b)

Remark 2.1. The notations £ and B are chosen on purpose to highlight the
analogy with the Lorentz force acting on a charged particle moving under the
influence of an electromagnetic field (F, B). This force vanishes if v = 0.

It can be checked that

M € C*°(Q; S5 (R)) and depends on Sy, m,J and (2, (2.18a)
F € C*(Q x R*;R?) and depends on Sy, and {2,

and vanishes when v = 0, (2.18b)
I' € C*(Q; BL(R? x R*R?)) and depends on Sy and £2. (2.18c¢)

Above ST (R) denotes the set of real symmetric positive-definite 3 x 3 matri-
ces, BL(R3 x R3; R?) denotes the space of bilinear mappings from R? x R3 to
R3.

We stress that M does not depend on the circulation v whereas F' does not
depend on m and J and I" does not depend on m, v and J. In the following,
when specifying these dependences is relevant, we will denote

M([So,m, T, 2], I'[So, 2] and F[Sp,~, 2] instead of M, I' and F. (2.19)

Now our first result is a rephrasing of System ([2.1]) as an ordinary differential
equation.

Theorem 2.2. Up to the first collision, System (2.1) is equivalent to the
second order ODE

M(q)q" +(I'(a).d',d') = F(a.4"), (2.20)
with Cauchy data
q(0) =0, ¢'(0) = (wo, %) € R x R,
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Let us emphasize that (2.20) only determines the body motion. The fluid
velocity (g, -) is then deduced by (2.13)) and (2.14]).
The proof of Theorem is postponed to Section

Remark 2.3. In the potential case, i.e. v = 0, the ODE (2.20) means that
the particle is moving along the geodesics associated with the Riemann metric
induced on Q by the matrix M(q), cf. [30].

According to classical ODE theory, given -y, there exists a maximal time
T > 0 and a unique maximal solution ¢ in C°°([0, T); Q) to with Cauchy
data q(0) = (0,0), ¢'(0) = (wo, {o).

Moreover, T' is the time of the first collision of the solid with the outer
boundary of the fluid domain. If there is no collision, then T = +o0. This
follows from Corollary below, which itself relies on an energy argument.
Indeed an important feature of the system is that it is conservative.
More precisely, let us defined for (g, p) in Q x R3,

£(a.p) = 3M(@p-p+U(a), (221)

where the potential energy U(q) is given by

Ula) = ~37°Cl0),

with C(q) given by (2.10). We will prove the following in Section
Lemma 2.4. The derivative DC(q) of C(q) with respect to q satisfies:

Vge O, E(q) = %DC(q). (2.22)

As a corollary of Lemma we have the following result regarding the
energy conservation.

Proposition 2.5. For any q in C([0,T]; Q) satisfying (2.20) one has

%S(q, q)=0. (2.23)

We will prove Proposition in Section [5.6

Let us emphasize that the energy function € belongs to C*(Q x R?;R)
and is the sum of two positive terms, see (2.12) and (2.18a)). In addition to its
dependence on ¢ and p, the energy £ depends on Sy, m, J,y and (2.

If we assume that the body remains at a distance greater than § > 0 from
the boundary we may infer a bound for the body velocity. Indeed we have the
following immediate corollary of Proposition [2.5

Corollary 2.6. Let Sy a subset of £2, py in R® and (v, m, J) in R x (0, +00) x
(0,400). Let § > 0 and q in C°°([0,T]; Q x R3) satisfying with the
Cauchy data (q,q')(0) = (0,po) and such that d(S(q(t)),002) > § in [0,T].
Then there exists K > 0 depending only on Sy, {2, po, v, m, J and § such
that |¢'|rs < K on [0,T].
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Let us refer here to [I6] and [31I] for a study of the collision of a solid
moving in a potential flow (that is in the case where v = 0) with the fixed
boundary of the fluid domain.

Let us now turn our attention back to the Christoffel symbols defined in
. They actually can be split into two parts: one taking into account the
effect of the solid rotation and the other part encoding the effect of the exterior
boundary. First, we introduce the impulses py, ps, p in R and P,, P, and P
in R? by the following relations

(1) =omw (5) =etan (3)=(275)- e

Then for every ¢ in Q and for every p = (w, ) in R?, we let:

j¥e) O O
(I™%(q),p,p) = — (Pa> x p—wMqa(q) <€l> eR% (2.25)
We can notice that one also has
TO 0 0 B
@) = - () xp -t (L) € %

since the extra terms cancel out.
Next, for every j, k,1 € {1,2,3}, we set
(12, (q) =
1 dpj Opr dp; O dpr Iy
— K+ —— K, - ————K; ) d 2.26
/69<8T or l+87’ or KT Tor ar Y (g,-)ds,  (2.26)

and we associate correspondingly "%’ (¢q) a symmetric form in BL(R3 x R3; R?)
so that for p = (p1, p2,p3) € R3:

2

(r@@),p.p) = | D (), (q) prpu eR®.

1<k,1<3 1<<3

The Christoffel symbols satisfy the following relation.

Proposition 2.7. For every q in Q and for every p in R® we have:

(I'(q),p,p) = (I'"(q), p, p) + (I'*(q), p, ). (2.27)

The proof of Proposition [2.7]is given in Section We emphasize that in
and the expressions above, unlike , there is no derivative with
respect to ¢, that is, no more shape derivative.

We will see that in the decomposition , the term "% obeys a scaling
law with respect to e different from the one of I'*°* (compare and
below), which makes it of lower order.

The case where Sy is a disk is peculiar, and we focus on it for the rest of
Subsection 23] In particular several degeneracies appear in this case:
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— the added mass matrix M, (q) degenerates (it becomes of rank 2),

— the potentials @2, @3 and ¥ depend on g only through the position h,
of the center of the disk S(g), and in particular so do Es, E5, By and
(Maij)ij=2.3,

— the dynamics of the solid also degenerates in the sense that it satisfies
T =mh" - (h. — h)*.

Above and in the sequel we denote with an index (in normal font type) the

coordinates of E or B (we will sometimes use italic type indices for other

purposes, in a way that should not be ambiguous). Note that in particular if
the solid is homogeneous, h = h,. and 1 is constant over time.

As a consequence, in this case where Sy is a disk, we establish a particular
reduction of the dynamics. We will use a block decomposition of the matrix

M, = M,(q): t
my

M, =: 7 2.98

( h Mb) (2.28)

where M, is a symmetric 2 X 2 matrix. This matrix is useful in the case where
Sp is a disk of center ¢ (we will use this notation later in a broader context).
Of course the position k. of the center of S(t) is related to ¢ = (h,9) by
he =h+ R(9)C. (2.29)
It is easy to see that M,(q) depends on g only through h. so that we define
My (he) == My(q)- (2.30)

We associate with the matrix field M, (k) a bilinear symmetric mapping I} (he )
defined as follows: for p, € R?,

(L(he)spospo) = | Y (T))F;(he)ps.ims €R?, (2.31a)
A 1<k<2

where, for every i, j, k € {1,2}, we set
1 ~ ~ ~
(k5 (he) 1= 5 (OB + (V)] — (8%, ) (he): (2.31b)

In this identity, the notation (Mb)f ; stands for the partial derivative of the
entry of indices (i, j) of the matrix M, with respect to (he)k, that is
y O(M,); 5
Mk = LEERy 2.31
( b)i,j a(hc)k ( C)
The field E(q) also depends on ¢ only through k. and we define E,(h.) in R?
by
By (he) := (B2, Es)' (q)- (2:32)
In the same way, B(q) depends on ¢ only through h. and we define B (h,) in
R by the relation ~
Bi(he) = Bi(q)- (2.33)
With these settings, the dynamics can be described as follows.
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Theorem 2.8. In the case where Sy is a disk of center ¢, System (2.1) is
equivalent, up to the first collision, to the following differential system

mh" + M, (he)R!! + (I, (he), hl, hLY = 42 Ey(he) — yBi(he)(hL)Y,  (2.34a)
he —h = R(¥)C, (2.34b)
TV = (he — h)*t -mh”, (2.34c¢)
with Cauchy data (h,9)(0) =0, (9,h) (0) = (wo, lo) in R x R2.

As for Theorem [2.2] the fluid velocity u(q, ) is then deduced by (2.13) and
@1d).
The proof of Theorem [2.8]is given in Section

We have now at our disposal all the material to deal with the limit of the dy-
namics when the size of the solid goes to 0. As mentioned above, we distinguish
two cases:

— Case (i): the mass of the solid is fixed (and then the solid tends to a massive
pointwise particle), and

— Case (ii): the mass tends to 0 along with the size (and then the solid tends
to a massless pointwise particle).

2.2 Case (i): Dynamics of a solid shrinking to a pointwise massive particle

From now on, we suppose that 0 € {2 and scale Sy around 0. Precisely, for

every ¢ in (0, 1], we denote
SO,s = 880, (235)

and for every ¢ = (0, h) € R3,
Se(q) == R(9)Soe +h  and  Fe(q) = 2\ S:(q). (2.36)

We recall that h(0) = 0 so that (2.35) represents a homothety centered at
h(0). Without loss of generality, we suppose that for any £ € (0, 1], one has
So,e C {2 (considering some Sy . as the initial solid Sy if necessary).

In Case (i) the solid occupying the domain S.(g) is assumed to have a mass
and a moment of inertia of the form

me=m and J.=¢e N, (2.37)

where m > 0 and J; > 0 are fixed.

With these settings, we denote by g. the solution to the ODE ([2.20) asso-
ciated with M, := M[So.c,me, Tz, 2], I'. :=I'[Soc, £2] and F; := F[Spc,7, 2]
in place of M, I' and F, respectively, defined on the maximal time interval
[0,7). As before we decompose ¢. into

¢ = (U, h.) € R x R2
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We emphasize that v and the Cauchy data (qo,po) do not depend on e. The
latter are decomposed into

go = (0,0) and pg = (wo, 4o)-
Our first result is the convergence, in this setting, of h. to the solution of a

massive point vortex equation. Let us introduce this limit equation. Let (h, T)
be the maximal solution of the ODE:

_ _ —\L _
mh' = (hl —yu® (h)) for t € [0,T), (2.38a)
with  7(0) = 0 and % (0) = o, (2.38b)

where uf is the Kirchhoff-Routh velocity defined as follows. Consider first
32 (h,-), the solution to the following Dirichlet problem:

AP (h,) =0in 2, ¥ (h,-) = G(- — h) on 942, (2.39)
where
G(r) = —%IHM. (2.40)

The Kirchhoff-Routh stream function ' is defined as
2 L o
Y¥(x) = 51/10 (z,z), x €1, (2.41)

and the Kirchhoff-Routh velocity u? is defined by
u? = Viy?, (2.42)

where V1 1= (=0, 0).

The existence of (h,T) follows from classical ODE theory. Moreover it fol-
lows from the energy conservation stated below in and from the regularity
of the Kirchhoff-Routh stream function %’ in 2 that 7T is the time of the first
collision of A with the outer boundary 92 of the fluid domain. If there is no
collision, then T = +o0.

The precise statement of our first convergence result is as follows.

Theorem 2.9. Let Sy a subset of 2 as above, py in R and (y,m,J) in
R x (0,+00) x (0,+00). Let (h,T) be the mazimal solution of (2.38). For
every € in (0,1], let (ge, T:) be the maximal solution of with respectively
M, = M[Soe,me, T2, 2], I'e = I'[Soe, 2] and F, = F[Sp.,7, (2] in place of
M, I' and F, respectively, where me, J- are given by , and with the initial
data q-(0) = 0 and ¢.(0) = po. Then, as e — 0%, one has liminf 7. > T, and
for all T in (0,T), one has h. — h in W%>([0,T]; R2?) weak-+ and €. — 0
in W2°([0, T];R) weak-x.
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2.3 Case (ii): Dynamics of a solid shrinking to a pointwise massless particle

In this section the solid is still assumed to occupy initially the domain Sy
given by ([2.35]) (satisfying the same assumptions as above) but we assume now
that it has a mass and a moment of inertia given by

me = aemy and J. = aee? T4, (2.43)

where oy = 1 and o, — 07 as ¢ — 01, and where m; > 0 and J; > 0 are
fixed. In order to simplify the notations we will assume that a. is of the form

. = e, (2.44)

with a > 0. The particular case where a = 2 corresponds to the case of a fixed
solid density. Case (i) corresponded to the case where oo = 0.

In this setting, we denote by g. = (9., h.) in R xR? the solution to the ODE
associated with M, := M[Sp e, me, Te, 2], I := I'[Spe, 2] and F. :=
F[Soe,7, 2] in place of M, I' and F, respectively, defined on the maximal
time interval [0, 7). We stress that the circulation v and the Cauchy data are
still assumed independent of €. Moreover we will assume here that

v #0.

Our second result is the convergence of h. as € — 07 to the solution of the
point vortex equation:

—/

h = ~yu®(h) for t > 0, with 2(0) = 0. (2.45)

It is well-known that the solution h is global in time, and in particular that
there is no collision of the point vortex with the external boundary 0(2. This
follows from below and the fact that ¢ (h) — +oco when h gets close to
012, see for instance [38, Eq. (1.27)].

Our result in this situation is the following.

Theorem 2.10. Let Sy a subset of 2 as above, different from a disk. Let
v # 0, po in R® and (m1,J1) in (0,4+00) x (0,+00). Let us consider the
global solution h to and for every e in (0,1], let (¢, T:) the mazimal
solution to (2.20) with respectively M, = M[So o, me, Tz, 2], I = I'[So e, 2]
and F, = F[Soe,7, 2] in place of M, I' and F', where m., J. are given by
, and with the initial data q-(0) = 0 and ¢.(0) = po. Then, as e — 07,
one has T. — +oo and h. — h in W>([0, T]; R?) weak-x for all T > 0.

In the case where & is a disk, the statement needs a slight modification.

Theorem 2.11. Let Sy a disk in (2, with center ¢ and center of mass 0. Let
po in R3 and (y,m,J) in R x (0,+00) x (0,+00). Let us consider the global
solution h to and for every € in (0,1], let (g, T.) be as in Theorem|2.10}
Let hee = he + eR(V:)C the center of the disk. Then, as ¢ — 0%, one has
T. — +00 and he — h in WH([0,T]; R?) weak-x for all T > 0.
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It is straightforward to check that this involves the convergence of h. to
h in L™ weak-x for all T > 0. Actually, one even gets the convergence in
WH:22(0,T) weak-+ for all T > 0 with 8 := min (1, %), see Section As
we will see during the proofs, if either Sy is homogeneous (so that the center
of the disk and the center of gravity coincide) or if o < 2, Theorem is
actually valid without change.

3 Comments and organization of the paper
3.1 Comments

Energy for the limit equations. Let us first turn to the energy conservations
for the limit equations. It is elementary to see that for any i in C*°([0,T7; {2)

satisfying (2.38]) one has

1
%5@) (1) =0, with &g (b 1) = Smh' -1 =42 (h). (3.1)

Similarly for any h in C*°([0,T7; £2) satisfying (2.45) one has

%g(ii) (h) =0, with g(ii)(h) = ’yQ’L/JQ(h). (3.2)
Theorem[2.9)and Theorem [2.10|therefore respectively assert the convergence of
the trajectories of the system associated with the energy (g, p) given by
2.23) to those of the Hamiltonian system associated with the energy
Ein Case (i) and to the Hamiltonian system associated with the
energy (3.2) in Case (ii). For further Hamiltonian aspects related to Systems
and (2.45)), we refer for instance to [251[32,39].

Modulated energy argument. In our analysis of the massless Case (ii) we use
a modulated energy argument in a crucial way. This type of argument was
also used in [29] for a related issue but we would like to emphasize that the
modulation occurs for a different part of the energy. More precisely, in the
paper [29] an Euler-Vlasov system is introduced as a mean-field model for
massive pointwise particles moving in a perfect incompressible fluid according
to a system of ODEs which is believed to extend the equation of Case
(i). The last section of [29] deals with the limit where the individual mass of
the particles converges to 0. Then a modulated energy, inspired by the paper
[] of Brenier regarding yet another issue: the gyrokinetic limit for the Vlasov-
Poisson system, is used in order to obtain a hydrodynamic convergence, that
is the convergence of the macroscopic mixture velocity associated by the Biot-
Savart law with both fluid vorticity and particles circulations. Referring to
the decomposition of the energy in or to Eq. (78) in [29] we sketch the
following opposition. There the potential part of the energy or more exactly
of its modulation is crucial. On the contrary we will use here a modulation
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of the kinetic part of the energy in order to deduce the limit of the particle
dynamics, the fluid dynamics being subjugated to the particle one.

Miscellaneous remarks. The limit systems obtained in Cases (i) and (ii) do
not depend on the body shape nor on the value of a > 0. Still the proof is
simpler in the case where the body is a homogeneous disk. Indeed if S is a
disk, in both Cases (i) and (ii), it follows directly from that the rotation
9 satisfies, for any ¢ in (0, 1), 9.(t) = twp as long as the solution exists.

We notice that the convergences in Theorem and Theorem |2.10| cannot
be improved unless some compatibility condition holds at initial time. One
may however wonder if these convergences could be improved in the open
interval (0,7). It seems that some strong oscillations in time show up when
€ — 07 which prevent strong convergence from happening. We plan to study
this phenomenon by a multi-scale approach of the solution of the ODE ([2.20)
in a forthcoming work. Once again the case where the body is a homogeneous
disk is likely to simplify the discussion.

Let us also underline that the convergence of the dynamics of the solid
involves some convergence in the fluid. It is not difficult to check that for any
k € N one has the weak-* convergence, in W1°°(0,T; C*(K)) for any T < T in
Case (i) and in L>(0,T; C*(K)) for any T > 0 in Case (ii), of the fluid velocity

(—h()~*

u. toward yu®(-) + oL =R’

for any compact set K C {2 not intersecting

{R(t).t € [0,T1}.

In Case (i), one may also raise the question whether it is possible that
liminf 7. > T. This problem should be connected to the behaviour of the
potentials and stream functions as the body approaches the boundary; see for
instance [3], [5], [27] and [31] and references therein for this question.

The analysis performed in this paper can be easily adapted in order to
cover the case where the circulation v depends on & under the form 7 = &7 ~!
with 8 > 0 in Case (i) and 8 in (0,1) in Case (ii). One obtains respectively at
the limit the trivial equations & = 0 and ' = 0.

Our analysis should hold as well in the case of several bodies moving in the
full plane or in a multiply-connected domain, as long as there is no collision.
This will be tackled in a forthcoming work.

Another natural question is whether or not one may extend the results of
Theorem 2.9 and Theorem 210 to rotational flows. This issue is tackled in a
more restricted geometric set-up in the work [10].

3.2 Organization of the paper

The paper is organized as follows.

In Section[d] we deal with the simpler case when there is no external bound-
ary. This case is well-known in the literature and has been in particular studied
with complex analysis, using Blasius’ lemma (see e.g. [25]). We shall use an
alternative approach based on a lemma due to Lamb, cf. Lemma [£.3] allowing



Point vortex dynamics as zero-radius limit of a rigid body’s motion 23

one to exchange some normal and tangential components in some trilinear in-
tegrals over the body boundary. The case with no outer boundary is actually
very important to tackle the general one.

Then Theorem [2.2] Proposition [2.5] and Proposition which are inde-
pendent of ¢, are proved in Section

In Sections [6] and [7} respectively, we prove Theorem concerning the
limit of a massive particle (Case (i)) and Theorem concerning the limit of
a massless particle (Case (ii)). These proofs rely on some asymptotic normal
forms and , respectively. These normal forms are the key point of
the demonstration and allow to establish some renormalized and modulated
energy estimates and prove the passage to the limit. They are established in
the last two sections.

In Section |8 we establish some asymptotic expansions of stream and po-
tential functions with respect to . These expansions involve two scales corre-
sponding respectively to variations over length O(1) and O(e) respectively on
082 and 0S.(q). The profiles appearing in these expansions are obtained by
successive corrections, considering alternatively at their respective scales the
body boundary from which the external boundary seems remote and the ex-
ternal boundary from which the body seems tiny, so that good approximations
are given respectively by the case without external boundary and without the
body.

Then in Section @ we prove the normal forms and . In order
to do so we plug the expansions obtained in Section [§ into the expressions
of the inertia matrix M.(q), of the Christoffel symbol (I'.(q), p, p) and of the
force fields E. and p x B. and compute the leading terms of the resulting
expansions. These expansions can themselves be plugged into the ODE ([2.20)
of Theorem In particular, thanks to Lamb’s lemma we will make appear
in several terms of the expansions of F. and B. some coefficients of the added
inertia of the solid as if the external boundary was not there. Strikingly this
allows to combine the subprincipal terms of the expansions of £ and B with
the leading term of the expansion of I', see Lemma This fact is essential
in the proof.

4 Case without external boundary

In this section, we consider a simplified version of the problem that we are
interested in. The simplification consists in assuming that the domain occupied
by the fluid-solid system is the whole plane, i.e. £2 = R?, the fluid being at
rest at infinity.

The purpose of this section is not only to provide a “warm-up” for the much
more involved “bounded” configuration. It turns out that several objects that
will come up in the analysis will be also of central importance in the sequel.

We aim to give (in this simplified unbounded configuration) the counter-

parts of Theorems [2.2] 2.9 and 2.10]
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The rephrasing of the equations driving the dynamics as an ODE (that is
a result similar to Theorem , has been known since the investigations of
Blasius, Kutta, Joukowski, Chaplygin and Sedov. Their analysis, relying on
a complex-analytic approach, was then revisited following another approach
which seems to date back to Lamb. Since we will elaborate on the latter in
order to deal with the bounded case, we will first establish the counterpart of
Theorem [2.2] relying on Lamb’s analysis.

We will deduce from this ODE an energy conservation providing an anal-
ogous to Proposition 2.5

Then we will investigate the passage to the limit of the dynamics when the
size of the solid goes to 0 in both Cases (i) and (ii). Hence we will establish
the counterparts of Theorem and Theorem [2.10)

4.1 Recasting of the system as an ODE

In the case where 2 = R?, the fluid-solid system is governed by the following
set of coupled equations, quite similar to System (2.1)):

%+(U-V)U+VH:0 and divu =0in R*\ S(¢), (4.1a)
(T9", mh") = ( / (z — h(t))* - ITnds, IIn ds), (4.1b)
a5 (t) 0S(t)

u-n=(9(-—h)*+hn) nondS(t) and u(z) — 0 when |z| — 400, (4.1c)
uli—o = up in R* \ S and (9, h)(0) = (0,0), (¢',h')(0) = (wo,f). (4.1d)

In order to state the aforementioned reformulation, we introduce the Kirchhoff
potentials, the inertia matrices, the Christoffel symbols and the force term
corresponding to this simplified case.

Kirchhoff potential. Let us first denote by 4,0}807 for j =1, 2,3, the Kirchhoff’s
potentials in R?\ Sy which are the functions that satisfy the following Neumann
problem:

AQO}SO =0 in R?\ S, (4.2a)
0p3 xt.n forj=1
i j
on {ej_l -n, for j =2,3 on 95y, (4.2b)
Ve3P () =0 at infinity. (4.2¢)

We also denote

%0 = (o0, 30, p5o)t. (4.3)
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Stream function for the circulation term. In the same spirit as (2.10]), we first
introduce the function 1, as the solution of

—AYS, =0 in R?\ S, (4.4a)
Yoo = on 98y, (4.4b)
%, = O(In|z|) at infinity, (4.4¢)

where the constant C° is such that:

oY,
ds = —1. 4.4d
/8 o (4.4d)

The existence and uniqueness of 1/)‘3"1 will be recalled below in Proposition

s e 090 . e
one can still identify 1;;1 as being the equilibrium measure of 0Sy.

Change of frame and decomposition of the fluid velocity. The vector field u
defined from the fluid velocity u by

u(t,z) = R(WI) u(t, RW(t))x + h(t)), (4.5)

satisfies the following div-curl type system in the doubly-connected domain
]:01

divu = 0 and curlu = 0 in R? \ S, (4.6a
g~n:(£+19’xL)'n on 08y, (
u — 0 at infinity, (4.6¢
/ w-7ds =", (4.6d
880

where v 1= [ o - 7ds and £(t) := R(I(1))" I ().
When the right hand sides of these equations are given the auxiliary ve-
locity field u is determined in a unique way and takes the form:

U= Uy gy + U, (4.7a)
where, for £ = (¢,4,),
g gy = V(@70 + 9500 + 03°Ly)  and  w, =V (4.7b)
Inertia matrices. We define the added mass matrix

MSo :=/ PS5 ® 0% 4o~ (/ L ws%dx) . (48)
e 85, on R2\ S, g J 1<4,7<3

This matrix is symmetric positive-semidefinite and depends only on Sy. Ac-
tually it is positive definite if and only if Sy is not a disk. Moreover, when Sy is a
disk centered at the center of mass, this matrix reads M0 =: diag (0, mS°, mSo)
with mso > 0.
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Then we can introduce the mass matrix Mf% taking the rotation into
account by

M = R(O)MZPR(9)". (4.9)
Above we used the notation
R = (1 0 ) eso@) (4.10)
“\0R(W) ’ ’

Christoffel symbols. We define for all p = (w,f) € R x R,

0 0
<F;9sovp’p> :__<PS(;9> Xp_WM:z% (£l>, (411)

where Pf% denotes the last two coordinates of the impulse Mas% p. Of course
no "% is needed here.

Force term. Let us define the geometric constant

Do
¢:= —/88 T g;f ds (4.12)

which is a vector of R?, depending only on Sy, usually referred to as the
conformal center of Sy. Remark that if Sy is a disk, ¥ (z) = 5= In|z — h(0)|
where h.(0) is the center of the disk (recalling that the initial position of the
center of mass is h(0) = 0); it follows that ( = h.(0) and the definition of ¢ in
is coherent with the notation in Theorem [2.8

Next we define the force term, for all p = (w,¢) € R3, as being:

F0) = (1)) (413)

where
Co == R(I)C. (4.14)

An important feature of the force vector field (9,p) — Ff" (p) is that it is
gyroscopic, in the sense of the following definition, see for instance [, p. 428].

Definition 4.1. We say that a vector field F in C°°(R3 x R3; R3) is gyroscopic
if for any (g,p) in R3 x R3, p- F(q,p) = 0.

Indeed, for any (¢, p) in R x R3, the force F5°(p) can be written as

F3°(p) = yp x Bj° with Bj° := (_;) . (4.15)

The next result is a reformulation of System (4.1]) as an ordinary differential
equation.
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Theorem 4.2. System (4.1) is equivalent to the second order ODE
(Mg + M) ¢ +(I5°,d ') = F3° (¢), (4.16)

with Cauchy data q(0) = 0, ¢'(0) = (wo, o) in R x R

The proof of Theorem [£.2] is postponed to Section [£.3] Let us underline
that it is understood that we associate with the body equation given by (4.16] 1
the fluid velocity u such that the vector field u given by (4.5) satisfies
Theoremls therefore a statement similar to Theorem mh M, +M

MI[So,m', T, R?|(q), T'3° = I'[So, R?](q) and F;°(p) = F[So,7,R?(q, p) Ob—
serve in particular that the dependence on g of M F and F reduces to a
dependence on the rotation R(¢#) only; from now on, we will mention this de-
pendence on ¢ through an index, so g does no longer appear as an argument.
Moreover the dependence of M, I" and F on Sy, m1, J1 and 7 is rather explicit.

According to classical ODE theory, given v and Sy and some Cauchy data,
there exists a unique global smooth solution to .

4.2 Lamb’s lemma

In order to prove Theorem we start with recalling a technical result bor-
rowed from [21, Article 134a. (3) and (7)] and which is a cornerstone of our
analysis. We recall that §; and Kj, for j = 1,2,3, were defined in (2.6) and

[2.7) respectively.
Lemma 4.3. For any pair of vector fields u, v in Cw(m; R?) satisfying

— divu = dive = curlu = curlv = 0,
— u(z) = O(1/|z]) and v(x) = O(1/|z|) as |x| = +oo,

one has, for any j =1,2,3,
/ (u-v)K;(0,-)ds = £;(0,-) - ((u -n)v + (v n)u) ds. (4.17)
880 650
Proof Let us start with the case where j = 2 or 3. Then
/ (u-v)K;(0,) ds = / div ((u-v)&(0,)) dz,  (4.18)
850 R2\SO

by using that u(z) = O(1/|z|) and v(x) = O(1/|z|) when || — +o00. Therefore

[ wor09ds= [ 60 V) ds
850 RQ\SO
= / &(0,:) (u-Vo+wv-Vu)de, (4.19)
R2\So
using that curlu = curlv = 0. Now, integrating by parts, using that divu =

divv = 0 and once again that u(z) = O(1/|z|) and v(z) = O(1/|z|) as |z| —
~+00, we obtain (4.17) when j =2 or 3.
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We now tackle the case where j = 1. We follow the same lines as above,
with two precisions. First we observe that there is no contribution at infinity
in and when j = 1 as well. Indeed &; and the normal to a centered
circle are orthogonal. Moreover there is no additional distributed term coming
from the integration by parts in when j = 1 since

/ U'(U'szj(of))-l-u-(U~Vm§j(0,'))dx=/ (v~uL+u-vL)dx=0.
R2\ S, R2\ S,

The proof is then complete. O

4.3 Proof of Theorem [4.2]

In order to transfer the equations in the body frame we recast the equations
in terms of the vector field u (defined from the fluid velocity u by ), of
L(t) = R(I(t))! W (t) and of the auxiliary pressure I (defined from the fluid
pressure [T by II(t,z) = II(¢t, R(Y(¢))z + h(t))). Equations become

% +[(u—L—92t) V]u+dut + VI =0forz e R?\Sy  (4.20a)

divu = 0 for 2 € R*\ Sy, (4.20b)

u-n=({+ ﬁ'mL) -n for z € 08y, (4.20¢)

(T ml') = (/ zt - In ds, IIn ds — mﬂ'@J‘) ) (4.20d)
850 8S[)

Using that the vector field w is irrotational we infer that the equation (4.20a))
can be written as

1
W 9@+ ) =0, with Q= Luf> — (L+9's") .

On the other hand using an integration by parts we obtain

< Hzt - nds, Hnds> = / VQ~V<pfO dx
880 880 R2\80

Integrating by parts twice and taking into account the boundary condition

(4.20c)), one observes that the contribution of % is

!
/ ou, VP (z)de = M>° p/, where p := <19 ) .
R2\So ot ) - - £

i=1,2,3

Thus we obtain that the solid equations (4.20d]) can be rewritten in the form

S

1
= — (/ |u|? K; ds — / L+ 19/9#) -uK; ds) ,
2 Jas, 8So i=1,2,3
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where we simplified the notation by writing K; instead of K;(0,-) (defined in
(2.7)), which corresponds to the initial position of the solid, that is ¢ = 0. In
the same way, we will write &; for the vector fields &;(0, ) (defined in ) in
the computations below.

We compute the first term in the right hand side by using Lamb’s lemma
and the boundary conditions. For i = 1,2, 3, we get

2 Jos, 8So

+/850 (€492 ) (u-7) (& - 7) ds,

so that

0
i o ()

:_(i Dy, /as (w-m)[(& - 7)Kr = (& - 7) K] dS) (4.21)

i=1,2,3

We observe that the brackets above are either vanishing (for ¢ = k) or given
by the following identities:

(& 1)Kz — (& 1)Ka=1, (& 1)K — (&4 -7) Ky =2t e,
and (& - 7) K1 — (6 -7) K3 = —a" - en. (4.22)

Thanks to these equalities we compute the previous integrals in terms of the
entries of the matrix M2°. Precisely we decompose MS° into

SO 80 t
MSo = (mj (1 S) ) , (4.23)
pso M

where Mbs ° is a symmetric 2 x 2 matrix. Then we have the following result.

Lemma 4.4. There holds:
/ (u-7)atds = ¢t =9 — ML (4.24)
a8,
Proof We first use (4.7)) and (4.12)) to get
3
1 i S i
u-T)r-ds =~ + p,/ Ve - m)x— ds.
[, @) 3on ), (755

Therefore, it only remains to observe that an integration by parts yields:

[ (e s == [ s = —(O))
8o S0 7
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Combining now (4.21)), (4.22), (4.6d) and (4.24) we end up with the iden-
tity:

o 0 - MPr 0 1
[Mg +sz ]Bl +md’ <£L> + (19/(M;90b€)1_> +19/B x (#) =7p % (g ) :

Going back to the original frame leads to (4.16)). This concludes the proof of
Theorem [£.2

4.4 Energy conservation

Let us first justify that I 5 © defined in (4.11)) are Christoffel symbols in the
sense of (2.16b)) (see the comment below (2.16b)) regarding the slight modifi-

cation of the usual definition of the Christoffel symbols). We develop, for any
¥ in R, for any p in R3, the bilinear symmetric mapping FI?,SO into

(respp) = D (I3 pips €R’.

1<6,5<3 1<k

Then a tedious computation reveals that for every 4, j,k € {1,2,3}, we have:

1 . _
So\k S S So \k

(T = 5 (s + IS — IS, ).

where (Mf%)f ; denotes the partial derivative with respect to gj of the entry
of indexes (i, j) of the matrix Mf%

For any ¥ in R, for any p in R, we define the matrix

S = > () pi so that (I'°, p, p) = S5° (p)p.

1siss 1<k,j<3

Then, an explicit computation (another method, more theoretical, is given in
the proof of Proposition see Lemma [5.12]) proves that for any ¢ in R, for
any p in R3,
10MS
2 0Oq

(9)-p— Sg“ (p) is skew-symmetric. (4.25)

Then the following energy conservation property straightforwardly follows
from (4.25) and from the fact that the force Fl;s °(p) is gyroscopic in the sense
of Definition 1]

Proposition 4.5. Let ¢ be a solution to (4.16), then the quantity (Mg +
M&S(b) q' - q' is conserved.
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The quantity above corresponds to twice the sum of the kinetic energy of
the solid associated to the genuine inertia and of the one associated to the
added inertia.

Now in the remaining subsections will make use of the reformulation of the
system established in Theorem to investigate the passage to the limit of
the dynamics when the size of the solid goes to 0 in both Cases (i) and (ii).
We will stablish the counterparts of Theorem [2.9] and Theorem [2.10]

4.5 Scaling with respect to ¢

In this subsection we investigate the scaling of several objects with respect
to € in the absence of outer boundary. We will treat at once both Cases (i)
and (ii). Recall that the scaling of the inertia is given by the relations ([2.43])
and , that is to say, Case (i) corresponds to a = 0 in while Case
(ii) occurs when « > 0. We consider for ¢ in (0, 1], the scaled solid occupying
initially the domain Sy . given by . We recall that v and the Cauchy data
po = (wo, £o) are supposed to be independent of € whereas ¢y = 0. We denote
by ¢ := (9., h:) in R x R? the solution of the ODE obtained from (4.16]) by

rescaling the coefficients following the relations (2.35)), (2.43) and (2.44)).

Genuine inertia matriz and kinetic energy. Under the relation (2.43) and
(2.44), the matrix of genuine inertia reads

M, . =c*I.M,I., (4.26)
where we define
I, := diag(e,1,1) and M, := diag(J1,m1, m1) (4.27)

Therefore, it is natural to introduce the vector

eV’
pei=1q. = <hf> : (4.28)
€
In particular the solid kinetic energy of the solid can be recast as
1 /! / ]‘ «
Mg €e " G = 58" Mg pe - pe. (4.29)

Hence the natural counterpart to h. for what concerns the angular velocity is
rather ¢, than ¥.. This can also be seen on the boundary condition (2.1el):
when z belongs to dS.(t), the term V. (x — h.)* is of order 9. and is added
to hL.

Added inertia matriz. We recall that M>0 is the added inertia matrix for Sy
defined in (4.8), while Mf‘;9 is the one corresponding to S(¢) = R(9)Sy + h
(with ¢ = (9, h)), given in (4.9)). The scaled version of these matrices are M, (fg
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corresponding to the solid Sp . and Ma 9. corresponding to S. (¢)- Then one

easily sees after suitable scaling/ rotation arguments that

MJ0 = L. M1, and MY, | = e*I. MY I.. (4.30)

a,9,e

So the dependence of the added inertia matrices with respect to € is quite
simple. It will not be the case any longer in the case {2 bounded, where this
dependence will be much more intricate, see Proposition 0.1] below.

Other terms and scaled equation. The other terms in (4.16]) have also a simple
scaling Wlth respect to € in the unbounded case. Concerning the Christoffel
symbols (4 , it is not hard to check that (Fge, q., q5> = EIE<F1§§°,p6,pE>, and

concerning the force term ) that F;;S °(qL) = I- F °(pe). The counterpart
of Equation (4.16) for a shrmkmg solid is therefore

(6“ﬂd§4%62A4§%5)p2‘F€<I§?,1k,ps>:ifﬁf(ps) (4.31)

As we can see here, a difficulty is that the term F 795: depends on the unknown
el through 9., that is singularly. This difficulty, which is still present in the
general case, will be overcome by using some averaging effect; see and
Lemma [£.§ below.

Rescaled energy. Let, for any ¢ in R and for any ¢ in (0, 1),

4.32
Mf‘;—i—eo‘ 2]\4_ if a>2 (432)

M, + €2~ ‘D‘M‘S0 if o<

Mﬂ (E) = {
Observe that e M, + £ MSO = e™in(29) My (), and that this matrix is of
order O(1) with respect to £ Usmg (4.28)), (4.29) and (4.30) we obtain that

the total energy is e™™(2) £4(e, p.), where for any p in R?,

Eyle,p) = %Mﬁ(a)p-p. (4.33)

The use of Ey(g, p) is motivated by the following elementary result.

Lemma 4.6. Suppose that Sy is not a disk or a < 2. There exists K > 0
depending only on So, my and Jy such that, for any (¢,9,p) in (0,1) x R x R3,

Klp|gs < Es(e,p) < K Hp|Ra.

Using the energy conservation provided by Proposition we deduce that,
unless Sp is a disk and o > 2, (|p:|)z¢(0,1) is bounded uniformly on [0, 4+-00)
in both Cases (i) and (ii). (Obtaining such an a priori estimate when (2 is a
bounded domain will be much more involved in particular in Case (ii).)

In the degenerate case when Sy is a disk and a > 2 (hence in Case (ii)),
the problem is that M 519 is both the principal part of My(e) and degenerate.
However using ) below, one can check that for p = (w, ),

M%p p=M> 4+ wiy) (L+wiy),
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where Mbs ° is given in (4.23). We obtain that
1 — feY
Eolep) = 5 (=X Hmalhl|? + XL + MEHL - h. ).

We deduce in this case that (k] |)ee(0,1), (€2 7HhL])ee(0,1) and (€2 [02])ce(o,1)
are bounded uniformly on [0, 4+00).

Now our goal is to pass to the limit in each term of (4.31)). We distinguish
Case (i) (with m., J. given by (2.37)) and Case (ii) (with m., J. given by
243)) .

4.6 Case (i) without external boundary

In Case (i) we show that h. converges to the solution of a massive point vortex
equation similar to ([2.38) with a vanishing Kirchhoff-Routh velocity. For v # 0

we let for t > 0,
W= Mg (T L
h(t) :== {R(m 2)&)4—50}7

and h(t) := Lot for v = 0. Of course h satisfies

=/

N\ L _ _
mh :7(h’) for ¢ >0, with A(0)=0 and B'(0) =y  (4.34)

The precise statement of our first convergence result is as follows.

Theorem 4.7. Let Sy a subset of R%, po in R3 and (y,m, J) in Rx (0, +00) x
(0, 4+00). Let h be the global solution of (4.34]). For every e in (0, 1], let q. be

the global solution of (4.28) and (4.31) where m. and J. are given by (2.37)),

and with the initial data q-(0) = 0 and q.(0) = po. Then, as € — 0%, for all
T >0, he = h in W2°([0,T];R?) weak-x and €9 — 0 in W2>°([0,T];R)
weak-x.

Proof Let T' > 0. Using that (|p:|)c(o,1) is bounded uniformly on [0,7] and
the equation ([4.31]), we deduce some uniform W2 bounds on h. and e9..
This entails the existence of a converging subsequence (h.,,,e,0,, ) of (he,e?,):

(he,,endz,) — (hy,0,) in W™ weak—* . (4.35)

We now aim at characterizing the limit. First it is clear that the left hand side
of ([4.31) converges to My(©Y,h)" in L> weak — . Now consider the force

term F5°(p.,) = Y(Co., - hL  (hL )& —endl Co. )t as defined in (4.13). On
the one hand using (4.14)) we see that

entl Co., — 0 in W1 weak— . (4.36)

On the other hand since the weak-x convergence in W2 entails the strong
W one, we get that h. — k) in L and (h.(0),h}(0)) = (0,4). Hence
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we infer from the two last components of System that myh! = ~y[h.]*.
Due to the uniqueness of the solution of , this proves that h, = h and
the convergence as ¢ — 07 of the whole sequence (not merely the convergence
along a subsequence). This concludes the proof of Theorem for the part
concerning the position of the center of mass.

We now turn to the part concerning the angle, that is the convergence of
ete. We will use the following lemma (see [9]).

Lemma 4.8. Let (wy,)nen in WH(0, T; RN, (e,,)nen in (0, +00)N with e, —
0% as n — +oo, such that e w, — p in WH*(0,T;R) weak-+ as n — +oo.
Let (wp)nen in L=(0,T; C)N such that w, — w in L>=(0,T;C) as n — +oco.
Let ¥, == fot wp,. Suppose that, on (0,T), e w), (t) = Re [wy,(t) exp(—id,(1))].
Then p is constant on [0,T].

We consider the first component of the system . We apply Lemma
to w, =U; , U = V., and wy, 1= [(¢-hL ) —4(¢C- (hL)")]. The assump-
tions are satisfied thanks to . Using the initial data, we infer that @, = 0.
This concludes the proof of Theorem O

4.7 Case (ii) without external boundary

In this situation we show that the limit system is the point vortex system with
—/

a vanishing Kirchhoff-Routh velocity field, that is the trivial system h = 0.

Our result is the following.

Theorem 4.9. Let Sy a subset of R? different from a disk (or o < 2), v # 0,
po in R® and (y,m,J) in R x (0,+00) x (0,+00). For every ¢ in (0,1], let
q- be the global solution of and (4.31)) where m. and J. are given by
, and with the initial data g-(0) = 0 and ¢.(0) = po. Then, as e — 07,
he — 0 in Who°([0,T]; R?) weak-* for all T > 0.

Proof First, thanks to the energy estimate, EMi%E is bounded in W1°°. Since
moreover M, is constant and (p.)’ is bounded in W1, we can conclude
that the left hand side of converges to 0 in W1 (due to the extra
powers of ¢). Next, concerning the right hand side, the term 5<Fi°,p€,ps>
converges to 0 in L* since the terms inside the brackets are bounded. Now let
us consider the remaining terms in the two last lines of the equation ,
that is, y(h.)T — ve9.(y.. The last term converges weakly to 0 in W=1:°° as
seen in Case (i), see (4.36). Hence we infer that h. converges weakly-x to 0 in
W12 Due to the a priori estimate, this convergences occurs in L™ weak-x.
Again this is sufficient to deduce the strong convergence of h. towards some
hy in L, and that A/ = 0 and h.(0) = 0. O

In the case of a non-homogeneous disk (or more precisely a disk for which
the center of gravity is not at the center of the disk) and for o > 2, we have
the equivalent convergence for the center of the disk A . It suffices to pass to
the weak limit in where the right hand side is simplified as in .



Point vortex dynamics as zero-radius limit of a rigid body’s motion 35

Note that in that case M, is constant, so I}, = 0 (while the “original” I is not,
since M, has one more dimension and a different set of variables). We omit
the details.

5 Recasting the system: Proofs of Theorem [2.2], Lemma [2.4
Proposition and Proposition

In this Section, we prove the results of Subsection |2.1|concerning the dynamics
of a solid with fixed size and mass.

5.1 Splitting the proof of Theorem

The pressure II can be recovered by means of Bernoulli’s formula which is
obtained by combining (2.1a)) and (2.2)), and which reads:

B ou 1 9 .
VIl = — (31& + §V|u |) in F(q). (5.1)

Given ¢, p and 7, the pair (u, IT) where u is given by (2.13]) and IT by (5.1
yields a solution to (2.1p-d).
Now, equations (2.1-h) can be summarized in the variational form:

mh" 0 + J¥'w* = / I (w*(x — h)* +£*) - nds, (5.2)
95(q)
for all p* := (w*,£*) in R x R2. Let us associate with (g, p*) in @ x R? the
potential vector field
u* = V(p(q,-) - p*), (5-3)
which is defined on F(gq). According to Bernoulli’s formula (5.1)) and upon an
integration by parts, identity (5.2]) can be turned into:

0 1
mh" - 0+ JY"w* = —/ (u + V|u2) -u*dz, (5.4)
Fa) \O 2
for all p* := (w*,£*) in R x R2. Therefore plugging the decomposition (2.13)
into ([5.4)) leads to

Ougy 1
mh" - 0* + J¥"w* +/ Loy “Vug*) -u*dz =

1 0 1
—/ <2V|u7|2> ~utde —/ ([;L; + §V(uq, '“7)) ~u*dx, (5.5)
F(a) F(9)

for all p* := (w*,£*) in R x R2.

Then the reformulation of Equations —h) mentioned in Theorem
will follow from the three following lemmas which deal respectively with the
left hand side of and the two terms in the right hand side.
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Lemma 5.1. For any smooth curve t — q(t) in Q and every p* = (w*,£*) in
R3, the following identity holds:

8“"]/ 1 2 *
( ot +§V|uq/| ) cude
=M(q)¢" -p*+(I'(q).¢',¢) - p*, (5.6)

where ¢ = (9, h), u* is given by (5.3)), uy is given by (2.14), M(q) and I'(q)
are defined in (2.15)) and (2.16).

Lemma 5.2. For every ¢ € Q and every p* = (w*,£*) € R3, the following
identity holds:

mh”-f*—i—Jﬂ”w* +/
F(a)

1 . *
[ (59IP) wae =BG v (57)
F(a)

where u* is given by (5.3)), ugy is given by (2.14), E(q) is defined in (2.17)).
Lemma 5.3. For any smooth curve t — q(t) in Q and every p* = (w*,£*) in
R3, the following identity holds:

- Lo (G V) wdr =l < B@) -, (68)

where ¢ = (0, h), u* is given by (5.3)), uy and uy are given by (2.14), B(q) is
defined in (2.17)).

Lemma [5.2] simply follows from an integration by parts. Let us consider
Lemmas [5.1] and [5.3] as granted. Then gathering the results of Lemmas [5.1

and with (5.5)), the conclusion of Theorem follows. O

5.2 Reformulation of the potential part: Proof of Lemma [5.1

We start with observing that
mhl/ . g* + j'l?” * — qu/l p* (59)
Now in order to deal with the last term of the left hand side of (5.6)) we use a
Lagrangian strategy. For any ¢ in Q and every p in R?, let us denote
1

flan) =3 [ V(66 Pl (510)

Thus &£1(q,q’) denotes the kinetic energy of the potential part ug, of the
flow. It follows from classical shape derivative theory that & is in C°°(Q X

R%; [0, +00)).
Now the crucial quantity here is the Euler-Lagrange function:
d 0& 0&1
EL=|—-—"(q,¢)— —(¢.¢) ) - p* 5.11
(dt 8p(q,q) aq(q,q)) P, (5.11)

associated with any smooth curve t — ¢(t) in Q and any p* € R3.
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Lemma 5.4. For any smooth curve t + q(t) in Q , for every p* € R3, we

have:
8uq/ 1 2)
+ =V]ug|* | - u'de =EL (5.12)
/f(q) ( o 21

where ug is given by (2.14), u* is given by (5.3) and EL is given by (5.11)).

Proof Let us make use of the following slight abuse of notations which simpli-
fies the presentation of the proof of Lemma For a smooth function I(g, p),
where (q,p) is running into @ x R?, and a smooth curve ¢ — ¢(t) in Q let us
denote

(aaqsltf(q, q’)) (t) = (qu) (a(t),q'(t),q" (1)),
where, for (q,p,7) in Q x R3 x R3,

or or
J(q,p,7) = pafq(qm) + Tafp(q,p) (5.13)

Observe in particular that

and

d (01 , 0 d

— | = =(=—-=I ! . .14

i (Grta0.0) = (5 5@ 0 (5.14)
Below, in such circumstances, it will be comfortable to write

a% [7(a(t), (1), 4" (1))] instead of (gg) (a(0). 4/ (0.4 (1)),

and it will be understood that J is extended from (g(t),¢’(t),q” (t)) to general

(¢,p,7) by (5.13).
We start with manipulating the first term of ££. An integration by parts
leads to:

98 pt = / ug - uder = / (p-q)(u*-n)ds.
p Fla) 95(a)

Then, invoking the Reynolds transport theorem (see [35, pages 12-13]), we
get:

g ([ 0w}, o)
== . dz | - p* — —_— -p*de. 5.15
Y ( F(q) (oo a) ) g FORNY e 19
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Differentiating (5.15)) with respect to ¢, we obtain:

d o ,

_ % (/f(q) @‘2’ . q'> ~p*dz> . (5.16)

With the abuse of notations mentioned above we exchange the derivatives
involved in the first term of the right hand side, so that the identity (5.16]) can
be rewritten as follows:

108 28 )

_ % (/ﬂq) @‘2’ . q'> ~p*dz> . (5.17)

Moreover, using again the Reynolds transport theorem, we have:

d ) 9 / /
dt(/ (<P’Q)dx>/ a(w’q)dzﬁ/ (- q')(ug -n)ds
F(a) F(q) 0S(q)

7]
— [ Se )28, (515)
F(a)

by integration by parts.
We infer from (5.17) and (5.18]), again with the abuse of notations men-
tioned above, that:

9 a/ o
sL=2L 4 = “(p-q)dz]| -p*
94 aqlf(q)at(“’ q) ] p

_ % (/F(q) (?9(5' ’) ~p*dm> . (5.19)

Thanks to the Reynolds transport theorem, we get for the second term of the
right hand side

d / B ) . / 0 (a ,) X
il Z(p-d)dz| -p* = Z | Z(p- cp*dx
B4 [ o 5 (# ) 1 P o) 04 5P d)) P

v S ds (G20)
25(q) Ot
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and for the last one:
i (L, (o) var)= [ 5 (5 0)»)
— - -pide | = — —_ . dx
dt<f<q> og )" PN I

(5.21)

Using again ((5.14) for the first term and integrating by parts the second one,
we obtain:

i ([ (50) v
- — ¢ | p*dx
dt(f@) q
o 0 ,> « / (auq/ *>
/F(q) dq (315( ) Fa) \ 94 ! 22

On the other hand, again using the Reynolds transport theorem, we have:

o0& / (8uq/ *> 1 / 2/ x
——= .p*= p* ) ugdx + = ug |“(u™ - n)ds. 5.23
dq Flay \ 94 ! 2 Jas(a) ot ) %)

Plugging the expressions (5.23), (5.20)) and (5.22)) into (5.19) and simplifying,

we end up with:

0 1
ee= [ |Gty Juek| w n)as

85 (q) L%

Upon an integration by parts, we recover ((5.12)) and the proof of Lemma
is completed. O

Now, we observe that the kinetic energy &;(q, ¢') associated to the potential
part of the flow, as defined by (5.10]), can be rewritten as:

1
&g, q) = gMa(q)q' q, (5.24)

where M, (q) is defined by (2.15)). This allows us to prove the following result.

Lemma 5.5. For any smooth curve t — q(t) in Q, for every p* € R?, we
have:

EL = Ma(q)q” : p* + <F(q)7 ql7 q/> ! p*a (525)

with EL is given by (5.11)), M,(q) defined by (2.15) and I'(q) associated with
M(q) by the Christoffel formula (2.16a})-(2.16b).
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Proof of Lemma[5.5 Using (5.24]) in the definition of £L we have
EL = Ma(q)q" -p" + ((DMa(Q) : q’)q) P - f((DM (@)-p )q’) q.

Let us recall the notation (M,)¥ .(q) in (2.16d) and let the notation Y stand

0,J
for E1<z‘,j,k<3 for the rest of this proof. Then

1 ko1 1 %
EL=Moq" p" + Y (M5 dhdip} — 5 D (M)t diajpi.

A symmetrization of the second term of the right hand side above leads to

EL=M,q" p*
1 *
t3 ( D (Ma)F; aiaipf + D (Ma)]  ardjp — > (Mo qz‘q}pk),
Then the result follows by exchanging ¢ and k in the last sum. O

Finally Lemmalp.1] straightforwardly results from the combination of (5.9),
Lemmas [5.4] and [5.5] This concludes the proof of Lemma [5.1]

5.3 Reformulation of the cross part: Proof of Lemma
Write ¢ := (0, h) and recall that

Uy = VY(q, ), ug = V(p(g,-) - ¢) and u* == V(p(q,") - p*).

We first observe that

/}'(Q) (881?) de= _7/33(,1) (gt(w(q’ '))> (Zf(q, ) -p*) ds. (5.26)

Let us emphasize that there is no contribution on 942 since (g, -) is vanishing
there. Now we have the following result.

Lemma 5.6. On 05(q), we have

%W(qw)) = gi(q,-) (g: (q,)- q’) +DC(q) - ¢ (5.27)

Proof We start with the observation that

5 6(0) = 3@ 4. (5:29)

is the derivative of the function (g, -) when the boundary 0S(gq) undergoes a
rigid displacement of velocity w = w(x — h)* + ¢ where ¢’ = (w, ). Then we
differentiate the identity:

¥(g, R(9)X + h) = C(q), for X € 08y,
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with respect to ¢ in the direction ¢’. We obtain:

0

(?—f(q7 z)-q + Vi(qg,x)-w=DC(q) - ¢, for x € 9S(q). (5.29)
Since (g, -) is constant on dS(q), its tangential derivative is zero. Besides, on
0S(q) we have w-n=wuy -n = g—‘z(q, )¢’ so we get

_H 9¢ /
Vit w= 5t a) (Gea) o) forocos). (530
Gathering ([5.28)), (5.29) and (5.30) we obtain (5.27). O

Plugging now (/5.27)) into (5.26)) we deduce that:

)9 g an (o) (57 7)
T4 e = (2.4 ) (= p*) ds. 5.31
/.F(q) ( 81& 8S8(q) 877, 8n 87 ( )

On the other hand, integrating by parts and using that u, = —'yg—’ﬁr on 9S(q),
we get:

V(ug - uy) - u*de = 7/ (ug - uy)(u™ - n)ds. (5.32)

F(a) 0S(q)

Adding (5.31) and (5.32)), we get:

au’)’ > *
— + V(ugy - u ~utde =
/}_(q)(at (q 'Y)
/ 9 (02 N (2 ) (22 ) (2% )] as
7 Josi on [\ on ar on or ’

which is (5.8]). This ends the proof of Lemma

5.4 Decomposition of the Christoffel symbols: Proof of Proposition [2.7]

This section is devoted to the proof of Proposition 2.7} We will use the matrix
M, (q) given by
M,(q) == R(Y)" Ma(a)R(Y), (5.33)

where we recall that R(¥) is the rotation matrix defined by (4.10). We also
introduce the following real-valued functions depending on the variables ¢ =
(9,h) € Q, p in R? and p* in R3:
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The indices in =7 and =3 above are chosen in order to recall the position where
p* appears (the “first p” in the expression of = is p* and so on.) Similarly we
define, for p = (w, ¢) and p* = (w*, £*) the functions:

Haos) = Mo (1) Talawr?) =t (1)

. 0
and 73(q,p,p*) := wM,(q)p - (gu) :

The proof of Proposition [2.7]is then split into the proof of the following three
lemmas.

Lemma 5.7. For any (q,p,p*) in @ x R3 x R?, we have:

(I'(q),p,p) - p* =T1(q,p, p*) — Ta(q, p,0") — T3(q, 0, P"

)
_ 1_
+ Z3(¢,p,0") — 751

Z1(q,pp"). (5.34)
Lemma 5.8. For any (q,p,p*) in @ x R3 x R?, we have:

Ti(q,p,p%) — Ta(q,p,0%) — Vs(q,p,p*) = (I'"*(q),p, p) - P*,
where I'*°%(q) is defined in ([2.25)).

Lemma 5.9. For any (q,p,p*) in @ x R3 x R?, we have:

351lep ) = (I%%(q),p,p) - p*, (5.35)

where I'%(q) is defined in (2.26)).

Before proving these three lemmas, we introduce a few notations. For every
q = (9,h) € Q, we define the change of variables y = R(9)!(z—h), the domains

2(q) = RW)' (2 —h), Eq) = R®)" (F(q) —h) = 2(q) \ So,

Z3(q,p,p") —

and the functions gi(q, y) such that, denoting ¢(q, -) := (gl (q, ~)7£2(q, ), @y (q,%)),
we have

#la.y) =RW) p(g,x), ye L)
For every j = 1,2, 3, the functions fj(q, -) are harmonic in F(q) and satisfy:

y-—-n J 5
= 0So, 5.36
6 ! (q,y) = {nj—1 P93 on 0S8, (5.36a)
Iy,
o —(qy)=0 (j=1,2,3) on 0£2(q). (5.36b)

Therefore the matrix M ,(q) defined in (5.33]) can be recast as

M) = [ e 5l (5.37)
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Proof of Lemma[5.7. Let t — ¢(t) be a smooth curve in Q, defined in a neigh-
borhood of 0 such that ¢(0) = ¢ and ¢’(0) = p. For every p* = (w*, £*) € R3,
using the expression of & (g, p) given by (5.24]) leads to, on the one hand:

d 651 * d t t % *
i VT a (M, (q)R(®)" p) - R(9)" p* — T3(q,p,p")
= Mq(q)p" - p* — Yalq,p,p*) + Z3(q, p,p") — V3(q, p,p*). (5.38)

On the other hand, we get:

0&; 1

— -pF=-T * = ). 5.39

9 P 1(¢:p.p") + 5510 ") (5.39)
Gathering ((5.38) and (5.39) and (5.25) we deduce (5.34)). O

Proof of Lemma[5.8. On the one hand, invoking the symmetry of M(q), we
get:

T2(q,p,p") = wMa(q) (ﬁ) P (5.40)

On the other hand, recalling the notation (2.24)), one has:
* *Y _Pj L * 0 *
—13(q,p,p") + 11(q,p,0") = ( WPt > p= - Kpa> Xp} pr. (5.41)

Now gathering (5.40) and (5.41) concludes the proof of Lemma [5.8 O
Proof of Lemma[5.94 We will use the following lemma.

Lemma 5.10. Fori,j = 1,2,3, for every § = (ﬁ,ﬁ) in Q and every p* =
(w*, %) in R®, we have:

0 Ve .(q)-Ve.(q)d * / afiafj(“* )ds, (5.42)
o> (@) Ve (dy || "=~ L (@*-n)ds, (5.
94 \Jrq 5 i o) 01 0T
with

@*(q,p*, ) == —w* —R(@D) £, (5.43)

Let us first take Lemma[5.10|for granted and conclude the proof of Lemma[5.9]
Applying the change of variables x = R(J)y + h, we deduce that:

oM 0
—2(q) -p* = | - Vo.(q) - Ve (q)d :
g )P 94 ( - #,(a) - Ve, (9) y) o
=1/ <iy<s

Dp. Op.
=— (/ s (0" - n) ds)
802(4) 67' 67' 1<i

<6I<3

—riy ([ @%@ ma) =)

o Or <i,j<3
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with w* := w*(z — h)* + £*. Therefore, applying this with (g, p*) = (g, p*) and
with (¢,p") = (¢,p), we get

— * ]-,—, * 1 7 *
Es(a:p.p") = 551(e,p,p7) = > {Aéj(Q)plpj - 2Ajl(Q)plpj] Pi

where, as before, the notation ) stands for 37, ., ;5 for the rest of this proof
and for every k = 1,2,3 the matrices A¥(q) are given by:

t@= ([ LaSEomas)

1<i,j<3

where we recall that K,(g,-) = (z — h)* -n and K;(¢,-) = n;_1 (j =2,3) on
012. The quadratic form in p can be symmetrized as follows:
1. L 1 i i "
Z [Alij(Q)Plpj - 2/1]-1((1)]9110]} p; = B Z |:Aéj + Afl - Ajl} (@) pipj P
which leads to (5.35)). This concludes the proof of Lemma O

Now we give the proof of Lemma [5.10

Proof of Lemma[5.10, The quantity

)
% (/;(q) Vo, (@) - Vsﬂj(q)dy>

can be interpreted as the time derivative of the quantity between parenthe-
ses, when the fluid outer boundary 9£2(4) undergoes a rigid displacement of
velocity w*.

More precisely, denote by x a cut-off function, compactly supported, valued
in [0,1] and such that x = 1 in a neighborhood of 9£2(4) and x = 0 in a
neighborhood of Sy. Then, denote by £(t, -) the flow associated with the ODE:

't y) = x(E(Ey)w"(t.6(ty)), fort>0, with £(0,y) =y,  (5.45)
where w* was introduced in (5.43)). Notice that:
£(ty) = R(—tw")y — tRW)" ",

in a neighborhood of 9£2(¢) and £(t,y) = y in a neighborhood of 9Sy.
For every t small, define

2, := E(t’Q(Cj)) and F; := g(taz(Cj))

-p* (5.44)

q=q

For j =1,2,3, let . be harmonic in F, and satisfy the Neumann boundary
Tyt t

conditions:
Op . — L. i =1:
Lie _ Jy=n)"-n I=h o as., (5.46a)
on nj_1 Jj=23
Op .
=t —0 (j=1,2,3) on 042,. (5.46b)

on
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With these settings, the quantity (5.44)) can be rewritten as:

au

Vgi,t . ngi da:)

t=0

According to the Reynolds transport theorem, it can be expanded as follows:

d
— / Vo, , Ve do :/ V@(-V@,dmﬁ-/ V. V' dz
at \Jg, —t o JE@ T o 7

+/ (V. -V )(w*-n)ds, (5.47)
0£2(q)

where

t=0

Lemma 5.11. For j =1,2,3, the function f;' is harmonic in F(§), satisfies

oy’
a—n] =0 on 9S8y (5.48)
and
0y’ ) 0p .
= — | (p* - n)——L 7) = q
= (@ n)=2) on 092(4) = 92(a): (5.49)
Once Lemma is proved, (5.42)) follows from ([5.47)) and an integration
by parts. O

Proof of Lemma[5.11} The function f;' is defined and harmonic in F(§) and

the boundary conditions are obtained by differentiating with respect to ¢, at
t = 0, the identities on the fixed boundaries 0Sy and 9£2(§):

Jo . _ B)L . —1-

(o MPTS
Jj— - ) )

.

2L (e) =0 (=123 on 0Q(d).  (5.500)

Let us focus on the proof of (5.49)), the proof of (5.48|) being quite similar with
some simplifications. On 9£2(§), using (5.45)), we can write that:

d [9¢, ¢" dp .
( e (s<t,->>> oo = —2 + (D%p " n) +w' =2,  (5.51)

dt on on or
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where the last term is obtained by noticing that n(£(t,-)) = R(—tw*)n. There-

fore by taking the derivative at ¢t = 0 of the identity (5.50b)) and using (5.51)
we obtain

oy 0p .

T = (Dl d"m) —wt 5
. 82£j e D2 A~ * agj 5.52
= S )~ (D () —w o, (5.52)

by decomposing w* into normal and tangential parts. Taking the tangential
derivative of the identity ([5.36b|), we get:

) g X
(D*p . ,7,n) +k— =0 on 9£2(9), (5.53)
= or
where we used the relation % = k7 with s the local curvature of 0£2(§).
Plugging (5.53) into (5.52)) yields the identity:
op' ¢ 0p.
T = )+ (s ) -t 2
0. o e
=— 87;2] (w*-n)+ <87(w* n)> 8;7} (5.54)
On 9£2(g), we have with local coordinates:
0%y, dp. 0%,
Ap = —L — = =
%= 92~ "on - on?

. . . Op . . %y, %y,
Since p, s harmonic and 52 = 0 on 942(¢), we deduce that -3 = ——5=
on 8£2(§), and therefore

' 0. 9 %y
I (¥ —J —(p* . _—J
on (@7 n) or? + (87 (@ n)) or’
which is (5.49). O

5.5 Expression of the potential energy: Proof of Lemma

By definition we have
Clo) =~ [ Vila.) Vola.)d
F(q)
Thus, by the Reynolds transport theorem we infer that for every p in R3,

Dcmwp:—a/

\V4 (31/} .p> -V dz — / |V|?uy -nds,  (5.55)
Flop \9q 85(q)
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where u, was defined in (2.14)). Upon an integration by parts, we get

oY B oY o
-/F(q) v (3(] ) Vydx = /as(q) (8(] p) o ds. (5.56)

Moreover gathering (|5.29)) and (| - yields

00 (@) -p=DCa) p~ g—ﬁm, 05e

9 (g, 7) - p. for x € 0S(q). (5.57)

Now combining (5.56)) and ( we obtain

2

oY ) o oV | dp
Vi{==—"p -V¢dx=/ DC(q d—/ —| == -pds
/f<q) <a‘1 85(q>( 50 os(q) |On| On
oY 84,0
=—-DC(q ~p7/ — -pds, 5.58
(q) o5t || 9n (5.58)

thanks to (2.10d)). On the other hand since (g, -) is constant on 9S(q), we get

/ |V |*uy - nds = /
95(q) 95(q)

Gathering (5.55)), (5.58]), (5.59) and (2.17b)) leads to the result. This concludes

the proof of Lemma

2
g—f: P2 pds. (5.59)

on

5.6 Conservation of energy: Proof of Proposition
We start with the observation that

(£0.4)) = M@)o ;<DM<> )d ¢~ 57 DC)d. (560

Now, thanks to ) and (2.17c), we have
M(q)q" ¢ =—(I'(q),d'.¢) - d + F(q.¢) - ¢, (5.61)
and
F(g.4")-d =7*E(q) - ¢ (5.62)

We introduce the matrix for any (g, p) in Q x R3,

S(ap) = | > Ifi(@ps : (5.63)

I<iss 1<k,j <3

so that
(I'(q),p,p) = S(q,p)p- (5.64)
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Combining ((5.60)), (5.61), (5.62), (5.63)) and (5.64) we obtain

1 1
(£(a.d)) =~ (E(q) - 2DC(Q)> -+ (2DM((J) - S(%q’)) q-q.
(5.65)
The first term of the right hand side vanishes thanks to (2.22)). The proof of
Proposition [2.5] follows then from the following result.

Lemma 5.12. For any (q,p) in Q x R3, the matriz %DM(q) -p—S(g,p) is
skew-symmetric.

Proof We start with the observation that DM (q) - p is the 3 X 3 matrix con-
taining the entries

ST (Mo)E(q) pry for 1<4,5 <3,
1<k<3

where (M)} ;(q) is defined in (2.16d). On the other hand, the matrix S(q, p)
contains the entries

5 S0 (Ol + (ML - O, ) @) o,

1<k<3

for 1 < 4,5 < 3. Therefore, the matrix DM (q) -p— S(q, p) contains the entries

1 ; ;
eslan) =35 > (M, — M)i,) (@,
1<k<3
for 1 < 4,5 < 3. Using that the matrix M(q) is symmetric, we get that
Cij(q7p) = _le(Qap) for 1 g Z7.] g 3. ]

5.7 The case of a disk: proof of Theorem

In this subsection, we suppose that Sy is a disk, say of center ¢ and radius r.

We start by observing that, as noticed in Subsection ¢ = he(0) = h.(0) —
h(0), so with (4.14) we deduce (y = h. — h, that is, (2.34b)). Relation (2.34d])

is an immediate consequence of the decomposition © —h = (z — h.) + (he — h),

the fact that (z — h.) -n = 0 on 98y, (2.1d) and (2.34b)). Hence only ([2.34al)

needs proving.
Concerning the added mass matrix, due to (2.8), one has in this case
On1(q,-) = (he — h)L - n(-), and consequently,

©1(q,") = —Co,202(q,) + Co,103(q,-)- (5.66)

We underline that 9 and @3 depend merely on h. while ¢; depends also on
9. From , one deduces that for any ¢ in Q such that d(B(h,r¢),042) >0
and any p = (w, {): 3

Ma(q)p - p = My (he)ps - py (5.67)
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with
= Py (0, w, 0) := £+ Wiy (5.68)

Notice that for a solution (p,q) : [0,7] — Q x R3 of the system with p = ¢/
one has for all times

Py (9(1), V' (1), B () = he(t). (5.69)
Now to establish ([2.34a]) we rely on the following adaptation of Lemma

Lemma 5.13. For any smooth curve t — q(t) in Q, for every p* = (w*,£*) €
R3, we have:

EL = My(he)p, - pi + (Iy(he), Py, 1b) - D5 (5.70)

where
py =y (0, w*, %) == 0" + w*@‘, (5.71)

with EL is given by (5.11)), M, (he) is defined by (2.28)-(2.30) and I} (h.) is
defined in (2.31)).

Proof Mimicking the proof of Lemma using %p; = —'w*(y, (2.30) and
(5.67) we obtain

d 88 * ~) * " * Y *
%671)1 p" = Myp, - p; + (D M, - hi)ps - py — Myps - (9'w"Cy).

On the other side, one has

08 . 1

g P Q(Dthb W)y - Py + My (9w Cy) - py

One gets
- - 1 -
EL = Myp, - p; + (Dp M, - hy)p, - p; — 7 (Dn.M, - W )Py - Dy
and one concludes as in Lemma by symmetrizing the second term. O

Relying on Lemmas [5.1] and [5.2] Theorem [2.8]finally follows from a rewrit-
ing of E(q) and B(q) taking (5.66] into account. Details are left to the reader.
This ends the proof of Theorem 2.8

6 Convergence to the massive point vortex system in Case (i):
Proof of Theorem [2.9]

In this section we prove Theorem which corresponds to Case (i), relying

on results (Proposition Lemma and Proposition [9.1)) whose proof is
(2:20

postponed to the last sections. We work on Equations (2.20) with a shrunk
solid, that is

M (qe)q! + (Ie(qe), 4Ly L) = Fe(qe, qL), (6.1)
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where
M, .= M[Soe,me, Je, 2], It :=I'[So.e, (2] and F, := F[Sy ., 7, 2],

with me, Jz given by (2.37). The functions M. (q), (I'-(q), p,p) and F:(q,p) are
defined for ¢ in Q° and for p in R3.

We begin by introducing some notations. Given § > 0 and ¢ in (0,1), we
let

9 :={(e,q) € (0,1) x R® : d(S.(q),00) > 0}, (6.2)
Q% :={(e,q) € (0,1) x R® : d(S-(q), ) > 6}, (6.3)
Q500 :={(e,9) € (0,60) x R® : d(S.(q),00) > 5} (6.4)

We will also make use, for § > 0, of

25 :={x e /dxz,002) >} (6.5)
Observe that despite the fact that the center of mass h. does not necessarily
belong to S:(q), we have the following elementary result whose proof is left to
the reader.

Lemma 6.1. Let § > 0. There exists & in (0,0) and g in (0,1] such that for
any (g,q) in Qs.¢,, with ¢ = (Y, h), necessarily h belongs to £2s,.

6.1 Normal form

In the Case (i) considered in this section, we will rephrase the normal form
(6.1) suitably, in order to pass to the limit as € goes to 0. The following
definition will be useful to deal with the remainder.

Definition 6.2. Let § > 0 and ¢ € (0, 1) be given. We say that a vector field

F in L*°(Qs., x R?;R3) is weakly nonlinear if there exists K > 0 depending
on Sy, m, J, v, £2 and § such that for any (e,q,p) in Qs x R3,

|[F(e,q,p)les < K(1+ |ples +elpls)- (6.6)

The normal form is as follows.

Proposition 6.3. Let 6 > 0. There ezists g in (0,1) and F, in L (Qse, X
R3;R3) depending on Sp, v and 2, weakly nonlinear in the sense of Defini-
tion 6.2 such that Equation (6.1]) can be recast as

Mgpls = FﬂS: (519/57 hfe - ’YUQ(ha)) +eF (e, Ges pe)- (6.7)
Recall that u*? was defined in (2.42)), that the force term F, 1‘99 °(p) was defined

in the case without outer boundary, see (4.13), and that p. = (eVl, hL)t was
defined in .

The normal form will be useful in order to pass to the limit. To
get Proposition [6.3] we will perform expansions of the inertia matrix, of the
Christoffel symbols and of the force terms with respect to €. Roughly speaking
the leading terms coming from the force terms will be gathered into the first

term of the right hand side of (6.7)), see (9.60).
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6.2 Renormalized energy estimates

We will of course need uniform estimates as ¢ — 0T in order to pass to the
limit in . The energy is the natural candidate to yield such estimates.
Hence we are led to consider the behavior of the energy with respect to . We
index the energy as follows:

£:(a.p) = 3 M(a)p P+ U.(0) (63)

where the potential energy U is given by

Uula) i= —5°C:(a). (69)

Of course Proposition can be applied for each ¢ € (0, 1) so that the energy
associated with a solution ¢. as in Theorem [2.9]is conserved along time until
its maximal time of existence T.. We will establish in Section the following
result regarding the expansion of C.(q) with respect to €. The expansion is
uniform, in the sense that the remainder is uniformly bounded, as long as
the solid stays at a positive distance from the external boundary. Let us recall
that the Newtonian potential G was introduced in 7 the Kirchhoff-Routh
stream function ¢*? was defined in and the constant CS° in . We
will also use the scalar field defined for ¢ := (¢, h) in R x £2,

e(a) = Db () - Go. (6.10)
Above Dy, denotes the derivative with respect to h.

Lemma 6.4. Let § > 0. There ezists €9 in (0,1) and a function C, in the
space L (Qs.c,; R) such that for any (e,q) in Qs.¢,,

C:(q) = —G(e) + O + 20 (h) + 2e¢(q) + £Ci (e, ). (6.11)

We recall that C°° was introduced in . This result establishes that
the potential energy U.(q) diverges logarithmically as ¢ — 07. However the
contributions of the two first terms of in can be discarded from
the energy since they do not depend on the solid position and velocity.

On the other hand an immediate consequence of Proposition below (on
the asymptotic development of the added mass matrix with respect to ¢) is
the following result regarding the kinetic energy part.

Lemma 6.5. Let 6 > 0. There exists g in (0,1) and a function M, in the
space L™ (Qs,c,; R3*3) depending on Sy and $2, such that, for all (¢,q) in Qs ., ,
for all p in R3,

1 1 2 1 S0 1,

S Me(@)p - p = 5 (Mg + " MH)Lp)) - (Lep) + 57 (Mr(e, ) Lep) - (Lep)-

Recall that Mf% was defined in (4.9) and I, in (4.27)). Combining Lemma
and Lemma [6.5] we obtain the following.
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Corollary 6.6. Let g- and T. be as in Theorem [2.9. Then the renormalized
energy

1
5((Mg +e? Mi%)pe) "Pe — Vzwn(hs)

1 1
+ 554Mr(57 qg)ps “Pe + 5572 (wc(q‘s) + 507"(57Q6))a

is constant in time until 1.

The two most important terms in the renormalized energy above are the
first and second ones which are respectively of order O(|p.|2;) and O(1) as
long as there is no collision. Hence the uniformity in € in Lemma and
Lemma [6.5] the conservation property stated in Corollary [6.6]and the uniform
coercivity of M, allow to get the following counterpart of Corollary

Corollary 6.7. Let (g, p:) satisfy the assumptions of Theorem . Let 6 > 0.
There exists K > 0 (depending on Sy, 2, po, v, m1, Ji, 0) and €9 > 0 such
that for any € in (0,e9), for any t > 0 such that as long as (g,q-(t)) belongs
to Qs.ey, one has [pe(t)|rs < K.

6.3 Passage to the limit

We deduce from Corollary [6.7] two different results. The first result concerns
the lifetime T of the solution (g., pc), which can be only limited by a possible
encounter between the solid and the boundary 0f2.

Lemma 6.8. There exist g > 0, T > 0 and § > 0, such that for any € in
(0,e0), we have

T° > T and moreovoer on [0,T], one has (€,q:) € Qg.e,- (6.12)
Proof Let us introduce
Ry := max{|z|, z € 0S5y}, (6.13)

so that, whatever ¢t > 0, 9(¢) in R and ¢ in (0,1), one has

S:(¢=(1)) € B(he(t),eRo). (6.14)

We introduce § := 1d(0,012) and &y in (0,1) (which may be reduced later)
such that egRy < § and

Ve e (0,e0), d(B(0,2Ry),02) > Zd(o,am. (6.15)

We apply Corollary [6.7] with § to deduce that there exists K > 0 such that,
reducing ¢ if necessary, we have

|h.| < K, for all t for which d(S:(g:(t)),d12) > 4. (6.16)
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We introduce T := min (1, %), and for € in (0, gg],

¢ ={te[0,1] / Vse[0,t], d(B(h(s),eRo),082) =6} .

The set Z¢ is a closed interval containing 0, according to . Consider T, :=
max Z¢, and let us show that T, > T. Of course, if T, = 1 then this is clear;
let us suppose that 7. < 1. ThlS involves that d(B(h(1%),eRo),012) = 6.
Using eoRo < & we deduce d(he(T%), 082) < 2. With the triangle inequality
and 5 = 1d(0,012) we infer that d(h (T. ),O) > 1d(0,012). Now the relation

4) implies that for all ¢ in [0, T. 2],
d(S-(ge(t)), 002) = d(B(he(t),eRo), 012) > 6, (6.17)

so that ( is satisfied during [0,7:]. We deduce that KTE > d(0,00)/2,
so T, > T T herefore for any t in [0,], for any € in [0, o], (6.17) holds true.
This concludes the proof of Lemma [6.8] O

The second result establishes the desired convergence on any time interval
during which we have a minimal distance between S.(¢) and 9{2, uniform for
small . Let us recall that (h,T) denotes the maximal solution of ([2.38]).

Lemma 6.9. Lete; > 0,0 >0 and T > 0 with T < T, and suppose that for
any € in (0,e1), we have

d(S.(ge(t)),002) =6 on [0,T]. (6.18)
Then (he,e9.) — (h,0) in W2°([0,T); R?) weak-x.

The proof of Lemmal[6.9] consists in passing to the weak limit, with the help
of all a priori bounds, in each term of (6.7). It is a straightforward extension
of the proof of Theorem [4.7] and it is therefore omitted.

We now finish the proof of Theorem [2.9] It only remains to extend the time
interval on which the above convergences are valid to any closed subinterval
of [0,T). Hence let T' € (0,T), and let us prove that for small € > 0 the time
of existence T° is larger than 7" and establish the convergences on the time
interval [0, 7). For such a T, we know that there exists d > 0 such that

Vi [0 T’QLT] d(h(t),002) > d. (6.19)

We let T, := max {t >0, d(B(h(t),eRy),092) > d/2} . Let us recall that Ry
is defined in . Using Lemma we deduce that, reducing d if necessary,
we have that for some € > 0, mfgie] T. > 0. Therefore T :=liminf,_,o+ T

satisfies T > 0. Due to Corollary |6.7] there exists K > 0 and &g such that for
all t in [0,7 + 1] and € in (0, &), one has the following estimate

|hL| + |ev.] < K as long as d(S.(q-(t)),082) > d/2. (6.20)
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Now we claim that o
~ T-T
T>T+ 1 (6.21)

Suppose that this is not the case, so that we have a sequence €, — 0% such
that T., — T <T + L=T Now for any 7 in (0,T), on the interval [0,T — ),
the condition d(B(he, (t),eRo),002) > d/2 is satisfied for n large enough.
Moreover, for such n, for all ¢ in [0,T — 7], implies that

d(S:, (e, (1), 002) = d(B(he, (1), enRo),002) > d/2.

Hence applying Lemma we deduce the uniform convergence of (he, )n to
h on [0,T — n]. In particular, as n — 400,

d(he, (T —1),002) — d(A(T —n),09) > d,
according to (6.19). On the other hand by definition of T, we have
d(B(he, (Te,),enR0),002) = d/2.

Using the triangle inequality and T, — T, we get a contradiction with
for 1 small enough. Hence is valid, so that, reducing Z if necessary, we
have inf.c (o T. > T. Now, applying again and Lemma we reach
the conclusion. This ends the proof of Theorem [2.9]

7 Convergence to the point vortex system in Case (ii): Proof of
Theorem [2.10]

In this section we prove Theorem which corresponds to Case (ii). Here
again, we rely on results that are proved in subsequent sections. We work again
on Equations but here m., and J. are given by . We begin this
section with a simplified case, that is the case where Sy is a homogeneous disk.
Then we treat the case when Sy is not a disk, and finish with the case of a
non-homogeneous disk.

7.1 The case of a homogeneous disk

When Sp is a homogeneous disk, we obtain a simplified normal form, which
in particular depends only on the center of mass i and where the dynamics of

the angle 9 is trivial. Without loss of generality, we write Sy = B(0, 1).
To state this normal form, we first modify a bit Definition [6.2] as follows.

Definition 7.1. Let § > 0 and €9 € (0,1) be given. We say that a vector
field F}, in L>((0,&0) x 2 x R?;R?) is weakly nonlinear if there exists K > 0
depending on m, J, 7, {2 and § such that for any ¢ in (0,&q), any h in {2 such
that d(B(h,e),082) > ¢ and any ¢ € R?, one has

|Fy(e, 1y O)re < K (1 + [€]re +elf[go). (7.1)
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We used the notation (2.5). Now the normal form is as follows.

Proposition 7.2. There exists F,,. in L>((0,1) x 2 x R?;R?), weakly non-
linear in the sense of Deﬁnition such that Equation (2.34) can be recast
as

9 =0,

and

(5a m 52”) (e = u?(he)) = y(hL — u?(he))*
+emin@) @ (e b, BL). (7.2)

The coefficient m comes from the fact that Mr;s ° = 7ldy in this case (where

Mbs ° is defined in (4.23)). As a consequence, Corollary has the following
counterpart.

Corollary 7.3. Let h. satisfy the assumptions of Theorem[2.8 Let § > 0.
There exists K > 0 (depending on (2, ly, v, m1, 0) and g9 > 0 such that
for any € in (0,e9), for any t > 0, as long as d(B(he,e),02) > 0 one has
gmin(1,5) |hllrz < K.

Proof The proof is almost the same as for Corollary but one has to take
into account that the added mass matrix is degenerate and that dynamics of
the rotation angle is trivial.

In the case of a homogeneous disk, the decomposition of the energy given
in can be described by using the following function, where ¢ = (¢, h) and
p=(w,¥):

E.(hyw,0) = (eo‘mlldg n 52Mb(h)) 00+ 2T LU, (7.3)

1
2
Here we wrote U.(h) := U.(q) for ¢ = (9, h) since actually it does not depend
on the angle 9.

Now using the same analysis as for Corollary and taking into account
that ¢, (t) = wy for all times, we deduce that the following quantity is conserved
over time:

1 ~
3 (Eamlldg + 62Mb(h)) h,; . hlg - 72¢n(h8)
1, - -
+ 554MW(5, he)h. - hL +eCy (e, he),
where C,.(, he) := C,(e, q.) since it does not depend on the angle, and Z\ZW

is a bounded function on sets for which d(B(he,¢),02) > §. The conclusion
follows. O

To improve the estimates on h., we obtain modulated energy estimates.

The following lemma relies on straightforward computations.
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Lemma 7.4. Let he satisfy the assumptions of Theorem [2.8 Then, as long
as the solution exists,
dl min
75 (€8 +ema) [h — uf (he)? = e (h, —u(he)) - B p(e, hes h).
(7.4)

Moreover one has the following immediate estimate.

Lemma 7.5. There exists 6 > 0, g9 in (0,1) and K > 0 such that for any
e € (0,e0), any h € 2 such that d(B(h,¢),08) > 6§, one has [u(h)|r: < K.

One concludes that Corollary can be improved into the following.

Corollary 7.6. Let h. satisfy the assumptions of Theorem[2.8 Let § > 0.
There exists K > 0 (depending on Sy, £2, {o, v, m1, §) and g9 > 0 such
that for any € in (0,e9), for any t > 0 such that d(B(he,€),082) > 6 one has
|hl|r: < K.

Thanks to Corollary [7.6] Lemma [6.§ remains true in the case under view,
that it, the time of existence T, of h. is bounded from below by some 1" > 0.
Now we have the following local convergence result of h. toward h, where we
recall that h is the global solution of .

Lemma 7.7. Lete; > 0,6 > 0 and T > 0, and suppose that for any € in
(0,e1), we have
d(B(h(t),e),002) > on [0,T)]. (7.5)

Then he — h in WH°([0, T]; R?) weak-*.

Proof Given § > 0,T > 0 and €1 > 0 as above we apply Corollary [7.6]on [0, T
so that reducing £; > 0 if necessary, one has

(|hZ])ee(0,e1) is bounded uniformly on [0, 7. (7.6)

Our goal is to pass to the limit in each term of . For what concerns the
left hand side it is obvious that (% m; +&? ) (h. —u® (hs))l — 0in W—1ee,
Next, the term emin(Q’“)Fb’T (€, hey hL) converges to 0 in L>°. Hence we infer that
h. — ~u*(h.) converges weakly to 0 in W~1:°°. Due to the a priori estimate,
this convergences occurs in L weak-%. By , one has a subsequence of (h.)
satisfying he, — h, in W1 weak-x. In particular convergence of h. towards
h. is strong in L™, and with the convergence of h. — yu*(h.) we deduce that
h! = yu®?(h,) and h.(0) = 0. The uniqueness of the solution of this Cauchy
problem gives h, = h and that the whole (h.) converges toward h as ¢ — 07.
This concludes the proof of Lemma [7.7] O

Finally we briefly conclude the proof of Theorem [2.10] in the case of a
homogeneous disk, which is the same as the one of Theorem except that
in the case (i) under view, as mentioned below (2.45)), the solution % is global
in time, and in particular that there is no collision of the point vortex with
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the external boundary 9f2. Hence here, compared to the end of the proof of
Theorem [2.9] at the end of Subsection[6.3] we can pick any 7' > 0, and then we
define d so that for all t € [0,T +1], d(h(t),0£2) > d rather than by (6.19) and
prove T > T +3 L rather than @ Of course we rely on Corollary [7. ther
than Corollary - and on Lemma [7.7] rather than Lemma This ends the
proof of Theorem [2.10]in the case of a homogeneous disk.

7.2 Geodesic-gyroscopic normal form

In Case (i) we will establish that can be put into a normal form whose
structure looks like ( up to a reﬁned modulation of the velocity of the
center of mass. Indeed, in the same way as we defined the Kirchhoff-Routh ve-
locity u® by u? = V14 we introduce the corrector velocity u, corresponding
to the stream function . defined in by

uc(q) == Vite(q). (7.7)

Observe that the function u. depends on 2, Sy, ¥ and on h, whereas u*

depends only on {2 and h. We will make use in a crucial way of the following
second order modulation:

B = (9L bl — y[u®(he) + euc(q.))), (7.8)

which can be compared to the expression of pe.

Two remarks are in order. We first observe that v(u*(h) + cu.(q)) is the
beginning of the expansion of ,lle (q) where U.(q) is the electric-type
potential energy defined in (6.9)), see (6.11)). This modulation is therefore driven
by the leading terms of the electric-type potential.

Observe also that, as long as the solid does not touch the boundary, the
drift term in the velocity of the center of mass is bounded. Indeed the following
refinement of Lemma [T is a direct consequence of Lemma [6.1] and of the
definitions of % and ..

Lemma 7.8. There exists 6 > 0, g9 in (0,1) and K > 0 such that for any
(g,q) in Qsc, with ¢ = (9,h), [u?(h) + cue(q)|rs < K.

Before stating our normal form, we introduce the following definition.

Definition 7.9. Let § > 0 and ¢y € (0,1) be given. We say that a vector field
F in C°(R x 2;R3) is weakly gyroscopic if there exists K > 0 depending on
Sp, 2, v and ¢ such that for any smooth curve ¢(t) = (9(t), h(t)) in R x £25,
we have, for any ¢ > 0 and any € € (0,¢p)

)/ <eK (1+t+/0t Iﬁﬁés), (7.9)

with p = (e?, b/ — y[u?(h) + eu.(q)])*.
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The weakly gyroscopic vector fields in the sequel have the form F =
(F1,0,0)!. The normal form that we use in Case (ii) is as follows.

Proposition 7.10. Let § > 0. There exists o in (0,1) and

— F, in L*®(Qs., x R3;R3) depending on Sp, v and 2, weakly nonlinear in
the sense of Definition

— EY in C®(R x 2;R3) depending on Sy and 2, weakly gyroscopic in the
sense of Definition [7.9,

such that Equation (6.1) can be recast as

(2 My + €2 M3y Vil + (T30 5oy ) = F3O(52) + 2 °El a.)
+5mi“(2’“)Fr(s,q5,ﬁ€). (7.10)

We recall that Mfg’g, r 759 ° and the force term F ;,9 © were defined in the case

without outer boundary in (£.9)), ({I.11)) and ([.13)) (see also (1.15)) respectively.

Moreover the term EY is explicit, see (9.15)).

— Motivations. We will use the normal form both in order to get

a uniform bound of the velocity and to pass to the limit in Case (ii). It
would be actually possible to deal with the case where « is small with a
less accurate normal form and still get an energy estimate.
In particular in order to get a uniform bound of the velocity in Case (ii)
we will perform an estimate on an energy adapted to the normal form
7.10). Observe that should the right hand side vanish the normal form
7.10)) would be the geodesic equation associated with the metric My(e).
On the other hand the right hand side is the sum of terms with a quite
remarkable structure: the leading term F[i °(p.) is gyroscopic in the sense
of Definition the electric-type term EY (¢.) is weakly gyroscopic in the
sense of Definition and the remainder F;. is weakly nonlinear.

— Ideas of the proof of Proposition As for Proposition [6.3] the
proof of Proposition relies on expansions of the inertia matrix, of the
Christoffel symbols and of the force terms with respect to €. A striking
and crucial phenomenon is that some subprincipal contributions (that is,
of order €) of the force terms will be gathered with the leading part of
the term involving the Christoffel symbols to become a part of the second
term of the left hand side of , see Lemma The leading part of
the contribution coming from the Christoffel symbols will be provided by
the I'*°*-part of the decomposition .

Remark 7.11. The normal forms above are inspired by the case without ex-
ternal boundary (see equation (£.16)) and by the paper [2] where the authors
consider the motion of a light charged particle in a slowly varying electromag-
netic field. The equation of motion for the particle is an ordinary differential
equation involving a small parameter in front of the term with the highest time
derivative. In order to restore some uniformity with respect to the small param-
eter they use a modulation, subtracting to the particle velocity the |B|72E x B
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drift, and a normal form, see [2, Eq. (3.5)], where the only remaining singu-
lar term appears through a Lorentz gyroscopic force. This allows to tackle
the convergence of the particle motion to the so-called guiding center motion
despite the fast oscillations induced by the gyroscopic force.

In the case where the solid Sy is a homogeneous disk (Subsection ,
u?(h.) is the restriction to the two last components of this drift. However in
the case where Sy is not a disk our drift term (0,v(u*(h) + cu.(q))) does not
enter this framework. Actually the use of the |B|"2E x B drift could give a
modulated energy estimate only in the case o < 1, and in particular not in the
case of a solid with a fixed homogeneous density (o = 2). Moreover it would
not be adapted to the passage to the limit.

7.3 Modulated energy estimates

As mentioned above, in Case (i), Corollary [6.7] provides a uniform bound of h.
as long as the body stays at a positive distance from the external boundary.
In Case (ii), the same analysis can be carried on so that Corollary and
Corollary have the following counterpart.

Corollary 7.12. Let (ge,p:) satisfy the assumptions of Theorem . Let
0 > 0. There exists K > 0 (depending on Sy, 2, po, v, m1, J1, 6) and g > 0
such that for any e in (0,g¢), for any t > 0 such that as long as (g, qe(t))
belongs to Qs ,, one has e™™13) |p_|gs < K.

Therefore this analysis does no longer provide a uniform bound of the solid
velocity. An important part of the proof consists in finding an appropriate
substitute which allows a better control on the body velocity. This will be
accomplished below by a modulated energy, which, roughly speaking, consists
in applying the energy &y (see (4.33)) to p. rather than to p..

The structure established in Proposition will allow us to obtain an
estimate of the modulated energy &£y(e,p.). Since the equation looks
like the equation of the case without external boundary for which the
total energy is the kinetic energy alone (as defined in Proposition , one
may hope to have a good behaviour of the modulated energy Ey(e,p.) when
time proceeds. Indeed we have the following result (compare to Lemma .

Lemma 7.13. Let (g, p:) satisfy the assumptions of Theorem|2.10} Then, as
long as the solution exists,

d

%5195 (e,Pe) = gmax(l=e.—1) 72155 : E[; (ge) + Pe - Fr(e,q,Pe)- (7.11)

Proof Using the symmetry of the matrix My_ defined in (4.32)), we get that
the time derivative of the modulated energy is

d = 5 5 d _ 1. d N
2150 (,P) = p. - My, (E)ﬁpa + 5P (dtMﬂa (5)) Pe- (7.12)
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Combining ([7.12)) and ( we get
mine) L2, (o 5y = p, Ff: (#.)

dt
1 mln(2 a) d ~ Sy ~ ~
+p5 2 dtM’& ( ) p5_5<Fﬁaapeape>

+ev?p. - EY(ge) + €™M b Fr(e,qe,p.).  (7.13)

3

Using that the force term is Fg °(p) is gyroscopic in the sense of Definition
we get that the first term of the right hand side of the equation vanishes.

Let us now show that the second term in the right hand side of the equation
vanishes as well. Going back to the definition of My(¢) we obtain that

' d d
min(2,a) M — 2 fMSO _
€ dt 195( ) € dt e € dq

Using (4.25]) then entails that the second term of the right hand side of the
equation ([7.13]) vanishes. Therefore the equation ([7.13)) reduces to (7.11)).

(%) - Pe- (7.14)

O

Now Corollary [6.7] and Lemma already give us that ep, is bounded.

Then we use that F,. in L>®(Qs¢, X R3;R?) is weakly nonlinear in the sense

of Definition [6.2) hat EY is weakly gyroscopic in the sense of Definition

(using Lemma , Lemma 4.6| and Gronwall’s lemma to get the followmg
result (compare to Corollary -

Corollary 7.14. Let (qc,pe) satisfy the assumptions of Theorem|2.9 - Let § >
0. There exists K > 0 (depending on Sy, £2, po, v, m1, J1, 0) and g9 > 0 such
that for any e in (0,e9), for any t > 0 such that as long as (e,q.(t)) belongs
to Qs.c,, one has |pe|rs < K.

Corollary therefore provides the same estimates for Case (ii) as Corol-
lary [6.7] for Case (i).

7.4 Passage to the limit

Here we prove the convergence of the center of mass h. to h, where h is the

global solution of ([2.45)).
First, thanks to Corollary[7.14] Lemmal6.8|remains true in Case (ii). More-

over we have the following counterpart of Lemma [6.9] and Lemma

Lemma 7.15. Let ¢; > 0, § > 0 and T > 0, and suppose that for any € in
(0,e1), we have
(EVqE) E Q(S,&‘l on [07T]' (7.15)

Then he — h in WH°([0, T]; R?) weak-.

As for Lemmal[7.7] the proof of Lemma consists in passing to the weak
limit, with the help of all a priori bounds, in each term of ([7.10]).
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Proof We consider § > 0, T > 0 and £; > 0 as above and apply Corollary
on the interval [0, T]. Reducing €1 > 0 if necessary, one has

(|hZ] + [€92])ee(0,e,) 18 bounded uniformly on [0,77]. (7.16)

Our goal is to pass to the limit in each term of (7.10)). For what concerns the
left hand side we first observe that, thanks to eMg,s,,9. is bounded in
W whereas p. is bounded in W~1°°. Since M, is constant, it follows that
(e“M, + EQMi%E)ﬁ; — 0 in W1, Next, the term 5<F1§i°,ﬁ5,ﬁ5> converges
to 0 in L*° since all factors in the brackets are bounded. In the same way, the
terms e72E4 (¢.) and e F, (¢, q.,p.) converge strongly to 0 in L.

Now let us consider the remaining terms in the two last lines of the equation
(7-10). These are y(h. —yu®?(he)—evyuc(g.)) - —e9.¢y. . The last term converges
weakly to 0 in W= as seen in Case (i), see (4.36). Hence we infer that
h. —~yu*’(h.) converges weakly to 0 in W~1°°. Then one concludes exactly as
for Lemma [T O

Once Lemma [7.15 is established, the conclusion of the proof of Theo-
rem [2.10] (provided that Sy is not a disk) follows the exact same lines as
in the case of a homogeneous disk. This concludes the proof of Theorem
in this case.

7.5 The case of a non-homogeneous disk

We now return to the case Sy is a disk, but this time we handle the case where
it is non-homogeneous. We aim at proving Theorem This adds some
extra-difficulties in the analysis which require a separate treatment in the case
a > 2. In the case a < 2, we can use the above section since the degeneracy
of Mf% does not prevent My(g) to be uniformly bounded from below, so that
we can obtain Corollary [7.14]in the same way.

From now on we suppose a > 2 and once again we assume without loss of
generality So = B(0, 1). We will use yet another slight variant of Deﬁnition
and Definition [T.1]

Definition 7.16. Let 6 > 0 and ¢p € (0,1) be given. We say that a vector
field F}, in L>°((0,g0) x 2 x R?;R?) is weakly nonlinear if there exists K > 0
depending on m, J, v, £2 and § such that for any € in (0,&¢), any « in {2 such
that d(B(x,¢),062) > 6 and any p in R3, one has
By (e, 2, p)|re < K(1+ [plre + elplgs)- (7.17)
We will use the modulated variable p, . defined by
ﬁb,e = h’g,s - ’yuQ(hc,s%

and the following normal form.
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Proposition 7.17. There exists F, . in L>=((0,1) x 2 x R?;R?), weakly non-
linear in the sense of Deﬁnition such that Equation (2.34)) can be recast
as

e*mih! +*n(p,.) = 7]3&5 + &2 F (8, heer €95, Py c), (7.18)
hc,s - hs = 5<1957 (719)
Jied! = (5 -mihl, (7.20)

Again the coefficient 7 comes from the fact that Mb‘s0 = 7ldy (where Mb‘g0
is defined in (4.23))). The proof of Proposition is given in Section [9]

Once Proposition is obtained, for € € (0,e0), we multiply (7.18) by
Dpe- We notice that

mihl - Rl . =myh? - bl + e T2V,

ever

)

so we get, denoting &, := e my|hL|* + T2 T |01 + 2 7|py o |

d . X i i
agb(t) +e mlhlal ' ug(hc,a) < C€2|pb,£‘(1 + |pb,€| + Elpb,e|2)'

The standard energy estimate gives us here that e|h;, .| is bounded, and con-
sequently so is e[p, .|. Integrating over time and using an integration by parts
we obtain (as long as the solid stays at positive distance from 9(2):

t
E(t) — &(0) < Ce? + C/ & (s)ds + Ce®|hL(t)| + Ce*|hL(0)].
0
With Young’s inequality, we finally get
t
& (t) < C/ &,(s)ds + C&(0) + Ce?,
0

so with Gronwall’s lemma we finally deduce that &,(t) < C(&,(0) + €2), as
long as the solid stays at positive distance from 0f2. Since a > 2, we deduce
that (AL .)zc(0,c0)5 (627 ML) cc(0,e0) and (29.)cc(0,e0) are bounded in L.
(Notice in passing that using (7.19) and an interpolation argument we get
that (he)ee(0,e,) is bounded in Wa>>.)

Then it is straightforward to adapt the previous reasoning to pass to the
weak limit in . We deduce p, . — 0 in L* and the conclusion follows.
This ends the proof of Theorem [2.11]

8 Asymptotic development of the stream and potential functions

In this section, we establish asymptotic expansions for the circulation stream
function (defined in (2.10)) and the Kirchhoff potentials (defined in (2.8)) in
the domain F¢(q), as € tends to 0. The asymptotic analysis of the Laplace
equation when the size of an inclusion goes to 0 has been deeply studied, cf.
for example [27] and [I8]. However to our knowledge the results of this section
are not covered by the literature.
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8.1 A few reminders about single-layer potentials

In order to get the asymptotic expansions hinted above, we will look for a
representation of these stream and potential functions as a superposition of
single-layer integrals supported by the two connected components 05¢(¢q) and
91?2 of the boundary of the fluid domain F.(g). In this subsection, we give a
few reminders about single-layer potentials which we will use in the analysis.
We refer for instance to [26] and [6].

Below we consider single-layer potentials of the form:

SIS = /C B (1) (- — y) ds(y), (8.1)

where C is a smooth Jordan curve in the plane and p® belongs to the Sobolev
space H=2(C). Recall that G was defined in (2.40). We say that C is the
support of the single-layer potential and that p¢ is a density on C.

e Harmonicity and trace. The formula defines a function in the Sobolev
space H}, (R?), harmonic in R? \ C. In particular, for any p® in H_%(C), the
trace of SL[p€] on C is well-defined as a function of the Sobolev space Hz (C).

o Jump of the derivative and density. The density p€ is equal to the jump
of the normal derivative of SL[p®] across C. In order to state this rigorously let
us be specific on the orientation of the normal. According to Jordan’s theorem,
the set R? \ C has two connected components, one bounded (the interior), say
O;, and the other one unbounded (the exterior), say O.. Moreover the curve
C is the boundary of each component. We consider the restrictions of SL[p‘]:

u; := SL[p)jo, and u. = SL[p0..

e

Denote n; (respectively n.) the unit normal on C outward to O; (resp. to O,).
Then the function u; (respectively w.) is harmonic in O; (resp. O.) and the

traces of the normal derivatives % and gze on each side of C are well-defined

in H~2(C) and satisfy

c 3u,~ 8ue
 9n;  On,’
In the sequel we will make use of single-layer potentials supported on the
external boundary 92, on the boundary 9S.(q) of the solid body and on the
boundary 08 of the rescaled body as well. We will not use the notations n; nor
n. but rather the notation n which always stands for the normal outward the
fluid. Hence we will have to particularly take care of the signs when referring

to the formula (8.2]).

e Kernel and rank. We will use the following facts:

p (8.2)

The operator SL is Fredholm with index zero from L*(C) to H'(C), (8.3)

If p¢ € H*%(C) satisfies / pCds =0 and SL[p‘] = 0 then p¢ =0, (8.4)
c

If Cap(C) # 1, then for any p¢ € H™2(C), SL[p¢] = 0 implies p¢ = 0. (8.5)
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Above, with some slight abuses of notation, we omit to mention the trace op-
3 C : C
erator on C and we write [, p© ds for the duality bracket (1,p >H_%(C)7H%(C).

We refer to [26] Th. 7.17] for (8.3), to [26, Th. 8.12] for (8.4) and to [26, Th.
8.16] for (8.5)).

These properties have the following consequences in our context. We will
assume without loss of generality that the logarithmic capacityﬂ Cap(9£2) of
012 satisfies Cap(942) < 1, using translation and dilatation of the coordinates
system if necessary. Observe that the monotony property of the logarithmic
capacity entails that Cap(90Sy) < 1. Using this latter property, we deduce the
two following results.

Proposition 8.1. There exists a unique smooth function L/J‘EOI solution of

(4.4). Moreover, it satisfies
S
oY,
on ’
In potential theory —p‘fol is called the equilibrium density of 0Sy. The
constant C° in ([4.4) is given by C% = ;L In (Cap(dSy)). Note that the index

—1 is in italic type to emphasize the fact that it is related to an asymptotic
development of ¢ in powers of ¢ and is not a coordinate.

¥, = SL[p%], with p%°, = (8.6)

Proposition 8.2. Let g be a smooth function on Sy such that

/ gp°°, ds = 0. (8.7)
aSo
Then there exists a unique bounded smooth function f such that

—Af=0 in R2\Sy;, and f=g ondSo. (8.8)

Moreover, there exists a unique smooth density p?S° in C>(0Sy) such that
f = SL[p?®] and

/ p?%0ds = 0. (8.9)
850
Finally, f = O(|z|gs) at infinity and
9F 4s = 0. (8.10)
8o 311

Proof of Proposition and[8-3. The uniqueness part of Proposition 8.1 and
of Proposition [8:2] and the decaying at infinity in Proposition [8.2] can be es-
tablished by considering holomorphy at infinity of appropriate functions, see
for instance [6, Prop. 2.74. and Prop. 3.2.].

The existence part of Proposition is given in [26, Th. 8.15]; it also
follows from the properties of the single-layers potentials recalled above, in

particular (8.3]) and (8.5]).

2 also called external conformal radius or transfinite diameter in other contexts [34]
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Regarding the existence part of Proposition we proceed in two steps.

First we prove that the operator which maps (p?5°,C) in L?(Sy) x R to
(SL[p?%]=C, [5s, P7°° ds) in H'(Sp) x R is invertible. In order to prove this,
we observe that thls operator is Fredholm with index zero as a consequence of
. Moreover if (p?5, (') is in the kernel of this operator, then SL[p?% —
%% pfol] = 0, so that according to (8.4)), p?S0 = %pf‘}. Now we have

/ p ds = —1, (8.11)
9So

as a consequence of (4.4d]) and of the second identity of . Then using that
fasa p?%0 ds = 0 we deduce that C' = 0 and therefore p?>° = 0 as well.

Then (g,0) is in the image of this operator, that is there exists (p?S°, C)
in L?(Sp) x R such that

SL[p?5°] — C = g on dSy, (8.12)

and . Observing that the trace of the operator SL on 98y is self-adjoint
we infer that

SL[PBSO]Pfoz ds = /

p?50SL[p,]ds = ¢ / PP ds = 0. (8.13)
680 650 680

Combining (8.7), (8-11), (8-12) and (8.13) we infer that C' = 0.

Finally the smoothness part of Proposition and of Proposition fol-
lows from [26, Th. 7.16] and follows from (8.9), and the vanishing
by integration by parts of the interior contribution. O

e Regular integral operators. Since we consider single-layer potentials sup-
ported on two disjoint curves and their values on both curves, we will also
be led to consider regular integral operators. We recall below some straight-
forward results which are useful in the sequel. Given C a smooth Jordan curve
in 2, we introduce, for § > 0,

0= {z €2/ dist(z,C) < 6},
and define
Fy: C'(2\CH?(C)) x H3(C) » C'(2\ C*5R),

by setting, for any (b,p¢) in O (2\C%; Hz(C)) x H~3(C), for any x in 2\ C°,

Flb,p°) () := /C bz, 9)p° () ds(y).

This will be applied to b defined in a larger set but singular for x = y; this
motivates our framework for b.
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Next, given another smooth Jordan curve C in 2\ €? and for b in C* (2\
Co: H? (C)), we define the operator

Fsp : L*(C) — H'(C)

by setting Fj,(p€) as the trace of Fs[b,p¢] on C. We will make use of the
following lemma.

Lemma 8.3. Let § > 0. The two following properties hold.

(i) The operator Fy is bilinear continuous with a norm less than 1, in other
words: for any (b,p¢) in C*(£2\C?% H%(C)) x H=2(C), one has

C C
1500l amesy < 1Bl (b ) I o

(ii) If C is a smooth Jordan curve in 2\ C° and b in C* (ﬁ\C‘S;H%(C)), the
operator Fy, is compact from L*(C) to H'(C).

The proof of Lemma [8.3] is elementary and left to the reader.

8.2 Statements of the results
8.2.1 Clirculation part

Let (g, q) in Q. We denote 1. (q, -) in F.(q) the function defined as the solution
to the Dirichlet boundary value problem:

—A¢e(g,-) =0 in Fe(q), (8.14a)
Ye(q,-) = Ce(q) on 9S:(q), (8.14b)
Ve(q,-) =0 on 912, (8.14c)
where the constant C.(q) is such that:
e
g,-)ds = —1. 8.14d
Lo Bt (5.149)

Here, n stands for the unit normal vector to 0S.(q) U 942 directed toward the
exterior of F.(q). The function . is the counterpart, for the case where the
size of the solid is of order €, of the function 1 defined in in the case
where the size of the solid is of order 1. For any ¢ in £, the existence and
uniqueness of a solution ¥.(q,-) of is classical.

In order to state a result establishing an asymptotic expansion of C.(q)
and of %ﬁs (g,-) on dS.(q) as ¢ — 0" we introduce a few notations.
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— Definition of wbs“(q, -) and of Py(q,X). We denote, for any ¢ := (¢, h) in
R x £2, by Py(q, X) the harmonic polynomial
Po(g, X) = u®(h)* - (ROO)X = Gy). (8.15)

Let us recall that (y is defined in (4.14]) in terms of ¢ defined in (4.12)).
Recalling (8.11]) and the second identity of we observe that Py(q, X)
satisfies

/ Py(q,)p%; ds = 0. (8.16)
08y

Therefore, according to Proposition there exists a unique smooth func-
tion Wgo((b -) satisfying

— A5 (q,) =0 in R?\ Sy, (8.17a)
5°(0,) = Po(q,)) on Sy, (8.17h)
and vanishing at infinity. Moreover
/650 aggo ds =0. (8.17¢)
— Definition of ¥ (q,-). We also introduce the solution ¢ (g, -) of
M (q,) =0 in 2, (8.18a)
v2(q,) = —(VG)(- —h)- ¢y on O (8.18D)

Above G denotes the Newtonian potential defined in (2.40]). The function
¥ can be expressed thanks to the function L/Jg? defined in (2.39) according
to the following formula:

Vhyo € 2, Y9ER, Dyp§(h,z)-Co =09, 2,h). (8.19)

Proof of (8.19). We first recall that 9§ is symmetric in its variables. In-
deed by uniqueness of the Dirichlet problem ({2.39)) we have for any h in £2,
the decomposition in §2:

Ui (h) = G(- = h) + G?(h, ), (8.20)

where G denotes the Green function associated with the domain 2 and
the homogeneous Dirichlet condition, that is

AG?(h,-) =6, in 2, G?(h,-) =0 on dN.

Using the decomposition (8.20f), that the Newtonian potential G is even
and the symmetry of G we get

Vhyx € 2, i(h,x) = (x,h). (8.21)

It follows that (D,§)(w,h) - Co = (Dnb$)(h,x) - (9. Next we observe
that Dy (h,-) - (y satisfies the same Dirichlet problem as (9, h, -), by
derivation of . Formula follows then from the uniqueness of
solutions to the Dirichlet problem, after switching ~ and z. O
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— Definition of 5°(q,-) and of P;(g, X). Let us denote, for any ¢ := (9, h)
in R x £2, by P;(g,X) the polynomial defined by
1
Py (g, X) = =5 (R()" D3 (h, h)R(9), T*(p%) + X¥%) g
+R(®)' Dyp?(g,h) - (C— X). (8.22)

Above D2y (h, h) denotes the second derivative of ¥ (h,-) evaluated in
h, D, (q, h) stands for the derivative of ¥’ (q, -) evaluated in h and X ®2
stands for the 2 x 2 matrix X ® X. The notation T%(p>,) stands for

So
T%(p%,) = /68 ag: (X) X®2ds(X). (8.23)

This notation is justified by (8.6]). Observe that P; (g, X) is harmonic (since
every monomial of Taylor’s expansions of harmonic functions are them-
selves harmonic) and satisfies

/ P;(q,)p%, ds = 0. (8.24)
98y

Therefore, according to Proposition there exists a unique smooth func-
tion z/ff"(q, -) satisfying

~ A7 (q,) =0 in R?\ S, (8.25a)
P(q.)) = Pi(g,") on Sy, (8.25D)

and vanishing at infinity. Moreover

So
/BS a;pé (¢,)ds = 0. (8.25¢)

Our main result regarding the potential 1. is the following, in addition to
Lemma [6.4]

Proposition 8.4. Let § > 0. There exist eo in (0,1) and a function p?S° in
L (95750; Lz(aSo;R)), depending only on Sy and (2, such that for any (g,q)
in Qs, and for any X in 0S5y, one has

Ope
on

So So
(a.eR)X +1) = 2200 () (8;’73 (4, X) ~ R@) w? (1) - )

oy ap;
+5< o on

) (0, X) +’p)™ (e, 0, X).  (8.26)

We recall that the set Qs ., was defined in (6.4]).
The proofs of Lemmal6.4]and of Proposition[8.4]are gathered in Section[8.3]
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8.2.2 Potential part

For any j = 1,2,3, for any ¢ in Q, we consider the functions K;.(q,-) on
02U 0S8 (q) given by:

Kje(q,-) :==n-&(q,-) on 92U 9S.(q), (8.27)

where n denotes the unit normal to 9S.(¢g) U 92, pointing outside F¢(q) and
the functions ;(q,-) are given by the formula (2.6). Then the Kirchhoff’s
potentials ¢, (g, -), for j = 1,2, 3, are the unique (up to an additive constant)
solutions in F¢(q) of the following Neumann problem:

Apjelg:r) =0 in 7*(q), (8.28a)
%(q, ) =Kj.(g,-) ondS:(q), (8.28b)
890]',6 o

5, (@) =0 on 92. (8.28¢)

The functions K .(q,-) (respectively ¢;.(g,-)) are the counterpart, for the
case where the size of the solid is of order ¢, of the functions defined in
(resp. in ) in the case where the size of the solid is of order 1.

We will use the vector notations:

e = (P10, P2, p3.2)" and K. = (K1, Kac, Ks.)". (8.29)
Our result on the expansion of the Kirchhoff potentials ¢; . is the following.
Proposition 8.5. Let § > 0. There exists g in (0,1) and
(i) there exists @, in L™ (Qg,ED;LQ(aSO;H@)) and ¢ in L*>® (535750;R3) such
that for any (e, q) in Qs.¢,, with g = (9, h), for any X in 0S8y,
©.(0,eR(0) X +h) = sLRW) (9% (X) (e, a) +%¢,(¢,0, X)), (830)

(i) there exists p25° in L>®(Qsc,; L*(0S0; R?)) such that for any (e,q) in
Q5,005 With ¢ = (U, h), for any X in 0S8y,
Jp Do
t Ve — 2_08y
R(9) P2 (. RW)X + 1) = L —(X) + %% (e,0, X)), (831)
(iii) there exists p2? in L™ (Qs.c,; L?(862;R3)) such that for any (,q) in
Qs.c0, for any x in 012,

de.
or

(¢,2) = I. 2 pP% (e, q, 2). (8.32)

Moreover the remainders @,., p?5° and p2? depend only on Sy and £2.

We recall that ¢°° was defined in (4.2). The proof of Proposition is
given in Section
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8.3 Asymptotic expansion of the circulation part: Proof of Proposition
and of Lemma

In this section we prove Proposition [8:4] and of Lemma [6.4 We proceed in
four steps that we now detail. We rely on intermediate results: Lemma [8.6]
Lemma [8.7] Lemma 8.9} Lemma [8.10] and Lemma whose proofs are post-
poned to Subsection [8.4

We will use the following functional space: for —% < s < 1, let the Hilbert
space

F, = H*(8So) x H*(902) x R.

We will mainly make use of the indices s = 0 and 1 and also for technical
reasons of —% and %

First Step. Reduction to integral equations. We look for the solution
Ye(q, ) of as a superposition of two single-layer integrals, one supported
on the body’s boundary and the other one supported on 9f2. This transforms
(8.14) in an integral system as follows.

We define, for any (¢,q) in Q with ¢ = (9,h) in R x £2, two operators
K90 (e,q) and K9%(s,q) respectively from L2(9£2) to H'(0Sy) and from
L?(0Sy) to H'(02), by the following formulas: given densities p?? and pss
respectively in L?(9£2) and L?(dS),

K9S0 (e, q)[pag](-) = SL[pan](sR(ﬁ) - +h) on 0S8y, (8.33)
K22(e, q)[p?](-) 1= /a B SG( (RO + 1)) ds(¥) on 02,
(8.34)

Thanks to Lemma , the operators K% (¢, ¢) and K99 (¢, q) are compact
respectively from L?(082) to H'(0Sy) and from L?(dS,) to H(912).

We also introduce for (g, ¢) in 9, the operator (e, q) : Fy — Fy as follows:
for any p := (p?%,p??, C) in Fy,

Ae,q)lp) = (SLEP] + KO (2, q)p7?) - C.

smfﬂ+K”@@m“%/

pOSo ds) . (8.35)
9So

In order to simplify the notations, we omitted to write the trace operators ap-
plied to the single-layers in K95 (e, q), K9(¢, q) and (e, q). We also empha-
size that the dependence of (e, ¢) on (g, ¢q) occurs only through the compact
operators K99 (g, q) and K9%(¢, q).

Now the equation (8.14)) is transformed into an integral system thanks to
the following lemma.
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Lemma 8.6. For any (g,q) in Q, let p(q, ) = (p?s‘) (q,-),p2%(q,-), C’E(q)) n
Fy such that

A(e, q)[pe(q,) + (0,0,G(e))] = (0,0,-1). (8.36)
Then the function in F=(q)
Ye(q,) == SL[pZ%9 (g, )] + SLP??(q, )], (8.37)

where the density p?sg(q) (q,-) on 0S:(q) is defined through the relation:

for X € 88y, p?%(q, X) := ep?%-D(q,eR(9)X + h), (8.38)

is the solution of (8.14). Moreover the normal derivative %ﬁf (q,-) on 9S8:(q)
is given by:

for X € 08y, %(q,sR(ﬁ)X +h)= %p?sﬂ (g, X). (8.39)

The proof of Lemma [8.6 is postponed to Section [8.4.1

Second Step. Construction of an approximate solution. In this step we
describe an approximation p,p, up to order O(e?) of the solution p. of (8.36)
and reformulate the equation (8.36)) in terms of the rest p. — Papp-

We introduce the various terms involved in the approximation.

— Densities on 0Sy. Recall that the functions wf“l, '050 (¢,+) and w‘f“ (g,),

defined respectively in (4.4), (8.17) and (8.25)), are harmonic in R? \ .

Let p%, ps°(q,-) and p3°(q,-) be the densities on 9S, associated respec-
tively with wfﬂp ‘OSO (¢,-) and w}s" (q,-) as explained in Propositions
and Thus we have, in R? \ Sy:

% = SLp%] and ¥7°(q,) = SL[p(q,)] (j=0,1). (8.40)

The single layer potentials, as being supported by 0Sy, are actually defined
in R? and harmonic in R?\ 8Sy. The identities above can therefore be used
to extend the functions 1/Jf01, ‘USO (q,-) and w‘lg"(q, -) in Sp. Recalling the
definitions and of the harmonic polynomials Py and P;, this
leads explicitly to:

— fz is extended by C° in Sy,

- wgz (g,") %s extended by Py(q, ) %n Sp and

— ¥7°(q, ) is extended by P;(g,-) in So.
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— Densities on 012. We follow the same ideas to extend in R2 the functions

V& (h,-), V¥ (q,-) and ¥ (q, ), so far defined and harmonic in 2 (see (2.39),

(8.18) and (8.44))). We consider their densities p$ (g, -), p¥ (g, ) and p5 (g, -),
supported in 92 and such that, in 2:

o (h,) = SLIpg (h, )], ¥(q,-) = SLIp(a,)] (7 =1,2). (8.41)

The single layer potentials being defined in R? and harmonic R?\ 82, these
identities are used to extend the functions ¥ (h,-), ¥*’(q,-) and ¥ (q,-)
in R?. Explicitly, this leads to:

— ¢ (h,-) is extended by G(- — h) in R?\ £,

— ¢¥%(q,-) is extended by —(VG)(- — h) - ¢y in R?\ §2, and

— ¥%(q,-) is extended by Q2(q,-), defined in , in R2\ 2.

— Definition of ¥ (q,-) and of Q2(gq,-). In order to define ¥¥(q,-), we intro-
duce the harmonic function in R? \ 2:

Qa4 2) = 3 (RW) D*Gla — R, T(p%)) oo
+RO) VG 1) T 6 (0,), (842

where

T (P (a,7)) == s Ypg°(q,Y) ds(Y). (8.43)

Then we consider (g, -) as the solution of

— AP (q,) =0 in 2, (8.44a)

extended by Q2 (g, z) for x in R?\ £2. These functions ¥ (q,-) and Q2 (g, -)
do not appear in the claim of Proposition [8:4] and of Lemma but will
be useful later.

With the choices above we expect to construct a solution of (8.36) with

25 (e, q,-) and p?*(e,q,-) close respectively to

poSo (e, q, ) = p%°, +ep5°(a, ) + €23 (g, ), (8.45)
ngo(fv q, ) = pg(h’v ) + EP?(Q7 ) + EQP?(Qa )

The corresponding approximation Capp (€, q) of Ce(g) is chosen as:

Capp(,q) := —G(e) + Co(h) +eC;(q) +£2C2(q), (8.46)
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with
Co(h) :=CS + 4 (h, h),
Cl (Q) ::2D:c1/}(?(h7 h) : Cﬂa
C2 (Q) 3:@[13(% h) + mei(z(qv h) : <19
+ %(R(ﬁ)t D2 (h, h)R(9), T%(p%°,))gax2. (8.47)

Using that 1§ is symmetric with respect to its two arguments (see (8.21))),
and using (2.41]), we see that the first terms of the expansion above are the
same as those claimed in Lemma that is

Co(h) := C% +2¢?(h) and C;(q) := 2¢.(q). (8.48)
We finally denote

Papp (€5 ¢, °) := (Pffﬁ (e,q, -),pggf)(e, ), Capp(EvQ))- (8.49)

Now the equation (8.36) translates as follows. Let us introduce g% (e, ¢, -)

and ¢° 2(e,q,-) two functlons respectively defined on 0Sy and 02, for ¢ =
(9, h), by

g% (e, q, ) Z/ Py (@, y)n3- (e, a0, y) ds(y), (8.50a)
g q,z) = / o5, (43 (&, (9, ), —y, h) ds(y)
880
+Z / (¢, 9)n2—s (e, (9, 7), —y, h) ds(y),  (8.50b)

where we have denoted, for N > 1

1 (1- 0>N71
m(eaw)i= [ S D DYGeR0) - +h—y) - (R9))Ndo. (351

Let
a(e.q,) = (¢°%°(c,4,), 9% (e, 4.-),0). (8.52)

We can deduce from the definitions of the densities pJQ for j =0,1,2, p‘i“l and
pfo for =0 and 1, and from Lemma that g9 (e, q,-) and g% (e, q, )
belong respectively to H'(9Sy) and to H'(9£2). Actually we even have

g€ L>=(Q°% ). (8.53)

We can now state the result of this second step.
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Lemma 8.7. For any (g,q) in Q, let p-(g,q,-) in Fy satisfy:

A(e, q)pr(c,9,-)] = 8l 0, ) (8.54)

Then
pa(q7 ) = papp(57 q, ) + 63 pT(E7 q, ')7 (855)

is solution of (8.306).

The proof of Lemma is postponed to Section Let us stress in
particular that the third argument of the left hand side of (8.54) does not
contain the singular term G(g) anymore (compare with (8.36)) and that the
third component of the right hand side of is now 0.

Third Step. Existence and estimate of the remainders. In this third
step we prove, for (g,q) in Q5,., with ¢ and & positive and small enough, the
existence of p,(g,q,-) in Fy satisfying and provide an estimate in Fy,
uniform over (g, q) in Qg ¢, -

We will make use of the fact that the the third argument of the right hand
side of vanishes. Accordingly, we denote

Fy = HY(3Sy) x H'(802) x {0}, (8.56)

which is a closed subspace of F; and prove the following result.

Lemma 8.8. Let § > 0. There exists o in (0,1), such that for any g in
L>*(Qs.¢0; F1), there exists py in L™ (Qs.6.; Fo) such thatp,(e, q,-) solves (8.54)
for any (,q) in Qs -

Proof of Lemma[8.8 In order to prove Lemma [8.8|let us start with stating a
perturbative result. We will use the notation that given X and Y two Banach
spaces, L£(X;Y") is the space of bounded linear operators from X to Y. Now
the framework is as follows. Let & > 0. Recall that Q7 and 25 were defined in
and . We introduce the following families of operators.

— First we consider a family of operators in £(L?(982); H(0S))):

K9% ¢ Lip (925; £L(L?(002); H'(0Sp))) such that for all h in 25,
K950 (h) is compact from L2(882) to H*(8S,). (8.57)

— Next we consider two families of operators: one in L£(L?(92); H'(9Sy))
and the other one in £(L*(8Sy); H'(012)):

(T9%0 (e, 0))(c,qens bounded in L(L*(902); H'(8Sy)), (8.58a)
(T%?(e,q))(c.qyeas bounded in L(L*(0S); H'(012)). (8.58D)
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Given these operators we can construct the following one. For (g, q) in 9%, let
A(e,q) : Fy — Fy given by the following formula: for any p := (p?5°,p?%,C)
in Fo,

A(e,q)lp] = (Ale, @)pli) ;5 € F1, (8.59)
with
A(e, @)[ph == S + K% (h)[p??] + eT%% (e, ¢)[p"?] = C,  (8.60a)
Az, @)[plz := SL??) 4+ eT7%(e, ¢)[p*], (8.60b)
Ale,q)lp]s = / p?% ds. (8.60c)
9So

Our perturbative result is the following lemma whose proof is postponed to
Section [R.4.3]

Lemma 8.9. Let § > 0 and for (¢,q) in Q°, A(e,q) given as above, with

assumptions (8.57) and (8.58)). Then there exists e in (0,1) such that for any
(€,q) in Qs.ey, Ale,q) is an isomorphism from Fy to Fy and

sup  [|A(e, @) Ml ormmy) < oo (8.61)
(€,9)€Qs5,,

In our case, Lemma is applied as follows. Recalling (8.33)-(8.34)) we
define, for any (e, q) in Q, with ¢ = (9, h),

— for any density p?¢ in L2(012),
K% (h)[p?] = K?%(0,0, h)[p"?] = SL[p"?](h) (8.62)

as a constant function on 98y, and

T9%(2,q)[p?’] := / p”(y)n: (e, q,-,y)ds(y) on S, (8.63)
on

— for any density p?5° in L?(0Sy),

T (e, q)[p"%] := / p?% (Y)n; (e, 9, —Y,h)ds(y) on 0£2. (8.64)
08o

The following lemma whose proof is postponed to Section [B:4.4] entails that
the hypotheses of Lemma [8.9] are satisfied.

Lemma 8.10. Let 6 > 0. With the definitions above, (8.57) and (8.58|) hold
true.

Then we consider the operator A(e,q) associated with these operators

I~(830(h), T9% (e, q) and T?%(g,q) as given by (8.59)-(8.60). The next lemma
shows that this operator A(e, q) provides the existence of a solution to ({8.54)

with uniform estimates.
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Lemma 8.11. Let § > 0. There exists ey in (0,1) such that for any (,q) in
D5,607

pr(€7q,') = A(an)ilg(qua') (865)
belongs to Fy and solves (8.54). Moreover p, is in L>(Qs¢y; Fo).

The proof of Lemma [8.11]is postponed to Section [8:4.5] Now once assumed
Lemma Lemma [8:§| follows in a straightforward manner. O

Fourth Step. Conclusion.

End of proof of Lemma[6.J] We apply Lemma [8.8|to (8.52). Thanks to (8.53)

the assumption is satisfied. Regarding C.(q) this yields an expansion actually
better than the one stated in Lemma that is, according to (8.46) and
(8.48) and what precedes, there exists C, in L*°(Qs,;R) such that

Co(q) = —G(e) + C%° + 7 (h, h) 4+ 26D, 0% (h, h) - Co 4 €2 Co(q)
+e3C,(e,q), (8.66)

where Cg(q) is given by (8.47). In order to prove Lemma it is therefore
sufficient to observe that Cs(q) is bounded uniformly in R for (&, ¢) in Q° and
to redefine C,(e,q) such that 2 C,.(e,q) is equal to the sum of the last two

terms in (8.66]). O

End of proof of Proposition [8.7] Combining (8.39)), (8.45) and (8.55)), we get
that on 98,

e

on (qa ER('&) : +h) = p‘EO] () + 5P§0 (‘L ) + 82 p?b (q7 ) + 83 P?SO (87 q, ')a

with p?% in L (Qs.,; L*(0So; R)). Moreover using (8.2) we have that

8 SO 80 30
So w-] So _ aw() _ % and pSO = 6¢1 — 8& (867)

P-1 = on ' Po on on 1 on on

Referring to the definition of Py in (8.15)) we obtain %(q7 X) = —R®) u?(h)-
7, for X on 88y, which concludes the proof of Proposition [84] O

8.4 Proof of the intermediate lemmas

In this subsection, we establish the intermediate lemmas used in Subsec-

tion B3l
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8.4.1 Proof of Lemma

First observe that for any densities p25@ (¢,-) in H=2(08.(q)) and p??(q,-)
in H=2(d12), the right hand side of is in H},(R?) and harmonic in
F-(q) and in R? \ F.(q). In particular the equation (8.14al) is satisfied when
1¥%(q,-) is given by without further assumptions about p?sg(q)(q, -) or
p?Q(Q7 )

Next we write (8.36)) explicitly in the form:

—G(e) + SLpZ%(q,)] + K7 (e,q)[p??(¢,-)] = Cc(g)  on 8Sp,  (8.68a)
SLp?*(q, )] + K%%(e,q)[p?%(q,)] = 0 on 912, (8.68b)

/ p?%0(q,-)ds = —1. (8.68c¢)
880

Thanks to a change of variable, and using G(e(z — y)) = G(g) + G(z — y),
(8.33]), (8.34) and (8.38)), this can be recast as

SL[pZ% D (g, )] + SL[p??(q,-)] = C(q)  on 9S.(q), (8.69a)

SL[p25@ (g, )] + SL[p??(g,)] = 0 on 992, (8.69b)

/ p2%@(q,-)ds = 1. (8.69¢)
9S:(q)

In particular we infer from (8.69a)) and (8.69b|) that, when . (g,-) is given

by .37 with p.(q,-) = (p2>°(g;-),p2"(q,-), C(q)) solution of (8.36), the
boundary conditions (|8.14b]) and (8.14c)) are satisfied. Moreover, by uniqueness
of the solutions to the Poisson problem:

AV =01in S:(q), ¥ = C.(q) on 9S:(q),

the right hand side of (8.37) is equal to C.(q) in S:(q).
The single-layer potential SL[p?(q,-)] is smooth in a neighborhood of
0S5:(q). Hence, according to (8.2), when 1°(q, -) is given by (8.37)), the density
(

P?SE(q)(% -) is equal to the jump across 0S.(q) of the normal derivatives of the
function equal to 9. (q, ) in F.(q) and to C.(q) in S:(g), that is

oLl
835((]) . = 76 .
pe-=(q,") n (g,-) on 0S-(q)-

Hence we obtain (8.39) by using (8.38|) and the condition (8.14d)) by using
(8.69c). This concludes the proof of Lemma
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8.4.2 Proof of Lemma[8.7

Let (¢, q) in Q and p,(¢,q,) = (7> (¢, 4,-), 077 (¢, 4,+), Cr (e, ) in Fy satis-
fying (8.54) (where 2 is defined in (8.35)), that is

SL[p:?So (67 q, )} + KBSO (67 Q)[p?‘n(aa q, )] - C’r(57 q) = 9380 (57 q, ) on 6807

(8.70)
SL[p?Q(& q, )] + K&Q(Ea Q) [p?SO (5’ q, )} = 989(57 q, ) on 897 (871)
/ pfso (57 q, ) ds = 0. (872)

08o

Let p-(q,-) = (p?so(q,'),p?Q(q,-),Cg(q)) in Fy given by (8.55). In order to
prove (8.36]) we now verify the three parts of (8.68]).

Verification of (8.68c). Using (8.67)), the fact that Py and P; are harmonic
and the conditions (4.4d)), (8.17c) and (8.25¢) we get that

/ p% ds = —1 and po" (g, ) ds = / pi°(a.)ds =0.  (8.73)
880 880 850

As a consequence of (8.73]) and of (8.72)) we get that the condition (8.68¢) is
fulfilled.

Verification of (8.68a)). Using (8.49), (8.55), (8.6), (4.4b), (8-40), we obtain,
on 98y,

SLPZ® (q,7)] = O + v (¢,) + %97 (a,-) + € SLPZ (e.0,7)].  (8.74)
Using (8.33)), (8.49), (8.55)), (8.41) and then Taylor’s formula and (8.19) we

get on 98

K950(e, )52 (g, ))(X) = 0 (h, 1) + D, (b, 1) - (RO)X + )
4 (68 ) + D (g, h) - ROVX + S D208 (1) - (R(9)X, R)X))
+ & (K9 (e, B0 (2.4, )](X) — " (.0, X) ). (8.75)

We recall that the function g2 (e, g, -) is defined in ({8.50a)).
Gathering (8.46)), (8.55)), (8.74)) and (8.75|) we obtain, on 98y,

— G(e) + SL[pZ%(q, )] + K% (e, q)[p2?(q.")] — C:(q)
=e(¥3°(q,7) — Pol(q,)) + €2(¥5°(q,-) — Pi(q,-))
+ & (SLZY (.0 )] + KO (2.0 p27 (0. 0.)] = Crlen) = 67 (.0.0))

where Py(q,-) and P;(g, ) are the harmonic polynomials defined respectively

in (8.15) and in (8:22). Now taking into account the boundary conditions
(8.17b)) and (8.44b)), and (8.70) we get that (8.68al) holds true.
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Remark 8.12. Let us explain a bit how the ansatz of C.(q) given by (8.46)
and (8.55) was guessed. Taking into account (8.74) and (8.75) we multiply

—G(e) + SLp?%(q,-)] + K%%(e,q)[p?%(g,-)] by —p%, and integrate over
08y, combining with (8.68al). We then simplify the resulting equation with
the following observations:

— using , and the first equality in , we have:
[P OR@)X as(X) = 6, (3.76)
so that
| PO () - @)X ds(X) = ~Dof 1) G,
| PSS O 0, ROX As() = ~Detsf a,h) - o
— using again the first equality in and , we get:
/8 L PR OXT () = (6%, (8.77)
so that

/8 P (X) D2 (b ) - (RO)X, B)X) ds(X) =

(R(0)' D3G (h, ) R(9), T2 (p2; ) e x;

— using (8.16), (B170), (8-24), (8.250).

Then we deduce that if (8.68c) and (8.68a) hold true then C.(g) should be
given by (8.46]) and (8.55)) with

Cr(e,q) =

- /85 p‘iol (SL[pgs’r(€7 q, )] + K(’?SO (67 q)[pf“o(g’ q, )} - gaso (53 q, )) ds.

We see that the ansatz (8.46)-(8.55) leads to a remainder C..(e,¢q) of order

O(1), which encourages the try of ( ) as an approximate solution.

Verification of (8.68b). First, using (8.49), (8.55) and (8.41)), we obtain, on
012,

SLp2?(g,-)] = ¥§ (b, ) +evi (¢,) +e2 45 (a0, ) +¢° SLpY? (6,4, )] (8.78)
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On the other hand, using (8.34)), (8.55)), Taylor’s formula, (8.50b|), (8.43)),
(8.72), (8.73)), (8.76)), (8.77)), we get, for x in 912,

K%%(e,q)[p2* (q,)](z) = —~G(z — h) +eDG(z — h) -

e ( — R(9)' DG(z — h) - T*(p5°(q, "))

— S{RO) DG~ WR(9), T (%, )2

+ & (K2, ™ (6,0, ))(@) — 76, q0). (8.79)
Gathering and , the equation now reads, for x in 042,
SL[p? (. ))(x) + K*%(c, ) [p2% (¢, "))(2) = ¥§ (h, ) — G(z — h)
+ 2 (080, 0) + DGl —h) - Go) + 2 (68 (a.2) — Qa(a,))

+ £ (SLE (5,0, + K27 (e, @) b2 .0, ))(a) — 6775, 0,0)), - (8.80)

where Q2 (g, z) denotes the harmonic polynomial defined in (8.42]).
Taking now the boundary conditions (2.39), (8.18b)), (8.44b]) and (8.71))
8.80)

into account, we deduce from the equation (| ) that (8.68b)) holds true. This
concludes the proof of Lemma [8.7]

8.4.3 Proof of Lemma

It is straightforward to see that for any (g, q) in Q, A(e, ¢) is linear continuous.
Let (g,q9) in Q, with ¢ = (¢,h) in R x 2. Let us introduce, for any p :=
(pSSO,pc?Q’ C) in Fféa

Llp] := (SL[p**], SL[p??], C),

K(h)[p] = (K9 (h)[p??] - €0, /3 =)

T(e,q)lp] = (T (2, ) [p"?], 7% (. @) "], 0),

so that we can write A in the following form: on Fy,
Ale,q) = L+ K(h)+eT(e,q). (8.81)

We first consider the operator L + K (h). According to (8.3), the operator
L is Fredholm with index zero and since for each h in 25, K (h) is compact, we
deduce that L + K (h) is Fredholm with index zero. It follows that in order to
prove that L + K (h) is an isomorphism, it is sufficient to prove that its kernel
is trivial.

Consider p := (p?%,p?? ) in F_1 such that (L + K(h))[p] = 0. Since
the logarithmic capacity Cap(92) of 012 satisfies Cap(9f2) # 1, according
to (8.5), the second equation SL[p??] = 0 implies p?? = 0. Then reporting
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in the first equation, we get SL[pS°] = C, whereas the third equation reads
Jos, p?%0 ds = 0. Thus according to (8.4)), we obtain p?®° = 0 and thus C' = 0.
This proves that the kernel of L 4+ K(h) is trivial, and consequently that for
any h in 25, L + K (h) is an isomorphism.

Now using that the dependence of K on h is Lipschitz, we deduce that
L+ K(h) has locally a bounded inverse. By compactness of {25, it follows that
L + K(h) has a bounded inverse for h running over §25.

Since the operators (7:).c(o,1) are bounded in the space of bounded op-
erators from Fj to F} we can then easily deduce the result from . This
concludes the proof of Lemma [8:9]

8.4.4 Proof of Lemma

We use Lemma [8.3| with C = 02, b = G and p = p?%? to obtain that K9

satisfies . Next we apply Lemma [8.3] u ) for any (e,q) in Qs.,, with
C = 99, b(x, )fm(,q,z y) and p¢ and with C = 98y, b(z,y) =
n1(e,9, z, —y7h) and p¢ = ps, to get that T9% (e, q) and T?%(e,q) satisfy
(B58). This ends the proof of Lemma [8.10]

8.4.5 Proof of Lemma|8.11

Let § > 0. Let us first observe that for any (e,q) in Qgs, for any p =
(p?%0,p?%, C) in Fy satisfying the condition

/ p?% ds = 0, (8.82)
0Sg

one has
™U(e, q)lp] = Ale, g)[p].

Indeed (8.62) and first order Taylor expansions yield with (8.63)) and (8.64)
that

K%%(e,q)[p??] = K% (h)[p?] = eT?% (e, ) [p”“],
K%(e,q)[p?] = eT?%(e, q)[p"*].

We emphasize in particular that the last equality relies on the condition (8.82)).
Now, consider g in (0, 1) obtained by applying Lemma For any (g, ¢) in

D5,807 COHSideI' p’r‘(gv q, ) (p?SO (6’ q, ')7p?'9(6a q, ')7 C’r' (57 q) given by " .
It belongs to Fy and satisfies and consequently

A(e, q)[pr(e,q,-)] = Ale, @) pr(e,q, )] = a(e, q, ).
Moreover we have the estimate
e (e, 0, )l m0 < A, @) loersm lales g, )l 7y

The estimates (8.53) and (8.61) entail that p, is in L°°(Qs,,; Fo), which con-
cludes the proof of Lemma [8.11]
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8.5 Asymptotic expansion of the potential part: Proof of Proposition

The proof of Proposition is very close to the one of Proposition [8:4 We will
only explain how to transform the (Neumann) problem defining the Kirchhoff
potentials into a Dirichlet one, so that the proof of Proposition follows
from a tedious adaptation of the steps of the proof of Proposition detailed
in Subsection R3]

We emphasize that the indices below correspond to coordinates in R? and
are in normal font type (while indices related to the order in an asymptotic
development in powers of ¢ are written in italic type).

We consider the functions ¢j’6(q, -), for j = 1,2,3, as the solution to the
following Dirichlet boundary value problem in F.(q):

—A@j,g((L ) - O in ]:E(q)v (8838‘)
Ej,s(Q7 ) = ?_] (q,-) + ¢4, <(g) on dS.(q), (8.83b)
Pje(q,-) =0 on 942, (8.83c)

where the functions K (g, -) are given by

B 3la — h|? if j=1,
Kj(g,) = —RO)" (x = h)-es i j =2,
R@) (x—h)-er it j =3,

where e; and e are the unit vectors of the canonical basis, and the constants
¢;.e(q) are such that:

8@]’ 5
—(g,-)ds = 0. (8.83d)
/35 @ On

Precisely, the constants ¢;.(g) are given by

0o,
o)) =Cula) | () ds, (8.84)
8S=(q) I
where aj,a, j =1,2,3 are the solutions of
7A$j,s(q7 ) =0 in fs(‘])v (885)
aj,s(% ) = ?J (q’ ) on 635(q>, (8'86)
gjys(q, )=0 on 0f2. (8.87)
We will use the vector notation:
P = (Pre) Paer Pae) (8.88)

Up to a rotation, the functions @, (¢,-) are harmonically conjugated to the
Kirchhoft’s potentials ¢; - (g, ) (see (8.28)), as shown in the following result.
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Lemma 8.13. For any (e,q) in Q, with ¢ = (U, h), there holds in F.(q),

Veie(g:) = V7 5(0,), (8.89)
where
(£100:): #2(0:)s P2.c(0,)) 1= RO (rc(a: ): Boe(@:)s P ea 1))

(8.90)

Proof We recall that for any (g, q) in £, the system
divu =0 in F.(q), (8.91a)
curlu =0 in F.(q), (8.91b)
u-n=0 on 912, (8.91¢c)
u-n=K;(g-) ondS(q), (8.91d)
/ u-7ds =0, (8.91¢)

9Se(q)

has a unique solution u, say in H'(F.(q)). Then one observes that both
V,e(q,-) and V1@, .(q,-) solve (8.91). In particular let us emphasize that,
on 0S:(q),
_ 0K ;
(n ° VLQO]-“E(q, )) = ( aTJ (q? )) = R('ﬂ)tK(Q7 ')7

j=1,2.3 j=1,2,3

so that, for j = 1,2, 3, VJ-@]»,E(q7 -) satisfies (8.91d]), and the condition (8.83d))
ensures that (8.91€) is satisfied. O

In the case without exterior boundary we consider in the same way @fo as
the solution of

— AP = in R?\ Sy, (8.92a)
27°() =K;(0,-) +¢; on Sy, (8.92b)
750 (z) =0 as |z| — +oo, (8.92¢)
where the constant cs, ; is such that
/8 . agzo ds = 0. (8.92d)

The existence and uniqueness of such a constant cs, ; is provided by a similar

argument as for (8.84)-(8.85)). Proceeding as in the proof of Lemma we
get

Vel = Vg, (8.93)
where the functions cp}go, for j = 1,2, 3, are the Kirchhoff’s potentials in R?\ Sy
defined in . As before we introduce the vector notation for the functions

?% = (27, 75", 75°)- (8.94)
Then, following the strategy of Proposition [8:4] we obtain the following result.
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Proposition 8.14. Let § > 0. There exists g in (0,1) and
(i) there exists p2S° in L™ (ch,so;LQ(aSo;R?’)) such that for any (e,q) in
Qs.e4, with ¢ = (9, h), for any X in 08y,
_ —So

P g, cR0)X 1) = L(Z 00+ 290 X)), (399)

(ii) there exists p2< in L (Qg,EO;LQ(a.Q;RS)) such that for any (g,q) in
5,60, for any x in 012,

op.

on

Once Proposition is obtained, Proposition follows by using addi-
tionally Lemma and (8.93]). We omit the details.

(¢,2) = I. 2 p29(¢,q, ). (8.96)

9 Proof of the normal forms

This section is devoted to the proof of the normal forms in Proposition [6.3
Proposition [7.10] and Proposition [7.17] as well as the expansion of the added
inertia in Proposition that was used to establish Lemma |6.5] The proof
of the normal forms , and consists first in expanding the
functions M.(q), (I'-(q),p,p) and F.(q,p) with respect to e thanks to the
expansions of the previous sections and to Lamb’s lemma (Lemma , and
then in plugging these expansions into (6.1). Next, further modifications are

needed in order to reach the exact forms (6.7), (7.10) and (7.18]).

9.1 Asymptotic expansion of the added inertia and the Christoffel symbols

In this subsection, we use the asymptotic developments of Section [§to deduce
expansions for the added inertia matrix and for the Christoffel symbols.

We begin by giving the expansions in terms of ¢ of the inertia matrix
M, -(q) which is the counterpart for the body of size ¢ of the added mass
M,(q) defined in (2.15D)). Precisely, it is defined for (e,q) in Q by

O,
Moc) = [ e G ds = [ ) 9 Ko ds
9S-(q) n 9S.(q)

The function ¢, mentioned above is defined in (8.28)), (8.29). Let us also recall
that the matrix Mf% is defined in (4.8) and (4.9), and I, is defined in (|4.27).
The expansion is as follows.

Proposition 9.1. Let § > 0. There exists g in (0,1) and a function M, in
L> (95,03 R¥*3) depending on Sy and $2, such that, for all (z,q) in Qs.,, with
q= (9, h),

M, .(q) = €21, (Mi% + M, (e, q))Is. (9.1)
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Proof Using a change of variable, (2.9) and (8.29) we get that for (e, q) in 9Q,
K.(q,eR(¥) - +h) = I.R($)K(0,-) on 9Sp. (9.2)

It follows that
Moc) =< [ pula.eR(0) - +h) © LR@)K(.")ds.
a8,
We now apply Proposition (i) to get

Moc(g) =L ( | R@)(9% +8(e,0) + %0, (e,0,)) @ RW)K(0,)ds ) .

9So

= &1 (M + 2R () /

@ (5,0,) @ K(0,) dsR()' ) L,
9So

since
[ oo Kots=degs [ Kods=o
350 85‘0

and

M =RO) [ o @ K(0.)dsR()'
0So

thanks to (4.2b)), (4.8) and (4.9). Above gy belongs to (0,1) and ¢, is in the
space L™ (Qs.¢,; L?(0So; R?)). Then we set

Mr(ea Q) = R(ﬂ) / (pr(€7 q, ) ® K(Oa ) ds R(’ﬂ)ta
a8,

and we observe that M, is in L*>(Qs.,;R) and depends only on Sy and {2,

which concludes the proof of Proposition [9.1 O

We now consider the Christoffel symbols '™ given for (e,q) in Q and
p=(w, ) €R? by

@)=~ (pe) xp-wdoclo) (L) € B, 03

where P: denotes the two last lines of M, .(¢)p. The formula is the
counterpart for a body of size ¢ of the Christoffel symbols given by
when ¢ = 1.

The next result proves that the leading term of I'™" is given, up to an
appropriate scaling, by the Christoffel symbols (Fgo, p,p) of the solid as if it
was immersed in a fluid filling the plane. We recall that (Fgo, p,p) is defined
in . Precisely, we have the following result.

Proposition 9.2. Let 6 > 0 be fized. There exists e¢ in (0,1) and I'°% in
L (95,003 BL(R? x R3;R3)) depending on Sy, v and 2, such that for any
(,q) in Qs,, with g = (9, h), for any p = (w,£) in R3,

(IT°(q), p,p) = el ((I'5°, Ip, I.p) + (I (¢, q), Ip, I.p)). (9.4)
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Proposition [0.2] follows from Proposition [0.1] by straightforward computa-
tions.

Finally we study the Christoffel symbols I'? given for (,q) in Q and
p= (p1,p2,p3) € R?, by

(22 (q),ppy = | Y. (I2), (@)prpn e R (9.5)
1<k,I<3
where for every j, k,l € {1,2,3}, we set

Lo

(Fsag)i,z(Q) = 5[/15,@‘((1) + Alg,jl(Q) - Ai,m(é})],

0 ’ea €
tgto= [ (%000 ) o as.

The Christoffel symbols I'¥? are the counterpart I defined in ([2.26). They
are expanded as follows.

with

Proposition 9.3. Let 6 > 0 be fired. There exists g¢ in (0,1) and I'?? in
L>®(Qs.¢,; BL(R3 x R3;R3)) depending on Sy, v and 2, such that for any (e, q)
in Qs.c,, with q := (9, h), for any p := (w, ) in R3,

<F§Q(Q)7pap> :€BIE<FTBQ(€7q)?I&‘p) L.p). (9.6)

Proof Proposition follows from Proposition (iii). Indeed, (9.5) can be

rewritten as:
. e, 1 o0, 1\
or (K< -p) ( or p) §K€ ( or P (g,) ds.

Observe that K. is actually independent of ¢ on 2. Let us denote K, :=
el 1K.. According to (8.32), we obtain:

o5 _
(I% ((1)719,1?>—/aQ

(I'?%(q),p,p) :egfs/

~ 1.
- [p?”(Ks -Lp) (p27 - I.p) — ;K- (p29 - Isp)2] (g,-)ds,

which gives the expected result. O

9.2 Asymptotic expansion of F.

We now consider the expansion of E. which is given, for (¢,¢q) in 9, by
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This formula is the counterpart of (2.17b)) for a body of size €. We recall
that the function ¥, (q,-) is defined in (8.14) and the vector field K.(g, ) in

(8-27)-(8.29).
The two first orders of the asymptotic expansion will be given respectively
thanks to two terms E,(¢q) and E;(¢) which are now defined.
First we set
u?(h) -
Ea(0)i= = (805" )« wihere = (0.0)

We recall that u? and (y were defined in (2.42) and (4.14)-([4.12)) respectively.
Next we define E;(q) as

Ei(g) = Ef(q) + Ef(a) + ES (a), (9-7)

where the three addends are given by the definitions below.

The inertial subprincipal term E. The definition of the term EY will use some
functions of the entries of the matrix MZ° defined in (4.8). Let us first recall
that we decomposed MZ° in ([4.23). We also define the real traceless symmetric
2 x 2 matrix M1 defined by

1

Mt = (M‘T ‘)1<i,j<2 T 9

]

(Mo (1) + (1)) = 5 (M%) — (M),
(9.8)
where (L) denotes the 2 x 2 matrix

(1) := (? _01> . (9.9)

The matrix M T depends only on Sy. Its coefficients can be described as follows:

8(,030
M1T,1 = —MQT,Q = /as 82 p50ds, and (9.10a)
0
1 8(‘050 &pSo
M, =M} :7/ 3 o0 X2 50| g 9.10b
1,2 217 5 . on ¥3 on 2 S, ( )

where the functions @fo, for j = 1,2, 3, are the Kirchhoff’s potentials in R?\ Sy
defined in (4.2)). Recalling (4.23)), we also consider

M = RO)MP RO,  p5° == RW)™, M} :=R@)MR®)". (9.11)
Then we define:

w?(h) = M) u?(h)*
ES(q) := 0 , where ¢ = (9, h). (9.12)
0
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The weakly gyroscopic subprincipal term EY. Let us introduce the geometrical
constant 2 X 2 matrix

So
‘“:/ OV (%) X @ X ds(X) + ¢ @ ¢
980

on
o, L L
:/ W1 (X) (X @ X = @ ¢h)ds(X), (9.13)
88o 871
which only depends on Sy. Next we introduce its symmetric part
1
o° = 5(0 + o), (9.14)

and the associated field force EY (q) defined, for ¢ = (9, h) in R x £2, by

—(D2F (h, h), R(—209)0°)pax2
E%(q) := 0 . (9.15)
0

Let us recall that the function v is defined in (2.39)). The main property of
EY is the following.

Lemma 9.4. The vector field EY in O (R x £2; R3) defined by (9.15)) is weakly
gyroscopic in the sense of Definition[7.9

Proof Multiply (9.15) by p and integrate. The conclusion follows from an in-
tegration by parts, crude bounds, Lemma the smoothness of the function
¥ and Lemma O

The drift subprincipal term ES. Let us introduce the force field EG (¢) defined,
for g = (9,h) in R x 2, by

c o Co - uc(Q)
ES(q) := ((uc(q))L> : (9.16)

Above u.(q) denotes the corrector velocity defined in ([7.7)).

Now the goal of this subsection is to establish the following result.

Proposition 9.5. Let 6 > 0. There exists €g in (0,1) and a function E, in
L (95,03 R3) depending on Sy and 2, such that for any (g,q) in Qs.c,,

B.(@) = L (Eo () + <E1 (g) + £ B4 (,0))- (9.17)

Proof We proceed in three steps: first we use a change of variable in order
to recast E.(q) as an integral on the fixed boundary dSy. Then we plug the
expansion of 1° into this integral. Finally we use several times Lamb’s lemma
in order to compute the terms of the resulting expansion.
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First, thanks to a change of variable, using (9.2)), we get

e
on

2
K(0,-)ds,

Bdq) = ~5LRO) [ |G 2R(0) - +h)

9So

where K (g, ) is the vector field defined in (2.9). Now let 6 > 0. Using Propo-
sition [8.4] we get that there exists g in (0, 1) such that for any (e, q) in Qs .,

E) = LRO)(ZE +Eg(0) +<E,(0) + PE,(0)),  (98)

with

1
571 = _*/
2 Jas,

So
E,(q) :=— /880 aié)n < ;/)n (q,-) — R(ﬁ)tun(h) -7) K(0,-)ds, (9.19)

oy, |
on

K(0,-)ds,

E;(q) == ES(q) + E (9), (9.20)
where
So 2
Ei0) = =5 [ |G ()~ RO w0 7| KOs (021
a SOI o 1
- [ % (8;; ()~ <q,->> K(0,)ds,  (9.22)

and E, in L*°(Qs.,; R?) depending only on Sy and 2.

We now compute each term thanks to Lamb’s lemma. More precisely we
establish the following equalities:

E_, =0, (9.23)

R(I)E,(q) = Eo(q), (9.24)

R(D)ET () = E7(q), (9.25)

R(V)E] (9) = EY (a) + E5 (). (9.26)

The proof of Prop051t1on is then concluded after observing that R(9)E, is

also in L°°(Qs..,;R3) and depends only on &y and (2.

In order to simplify the notations we omit to write the dependence on ¢
except if this dependence reduces on ¥ or h. Similarly we omit to write that the
function K, its coordinates K; and the vector fields &;, which appear thanks
to Lamb’s lemma, are evaluated at ¢ = 0.

Proof of (9.23). Computation of E_,. We use Lemma with u =v =
VL%, and observe that V14 is tangent to Sy to obtain (9.23).
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Proof of (9.24). Computation of E,. We observe that

>

VS = g;l 7 on 98y, (9.27)
So

T Ve = _agg on 98, (9.28)

so that, for j = 1,2, 3,
OYSy s s
- : K;jds=— V=, - VY ° K, ds
/880 on on J 25, 1 0 J

and we use Lemma [4.3| with (u,v) = (V9% V+5°) to obtain

(‘wfﬂl 81/"080 / 1,8 1,8
— . K;ds=— & -V )(n-V %) ds.
/850 on on 850( J il )

Then we use again (9.27)) and observe that applying the tangential derivative
to (8.17h)), taking (8.15)) into account, yields
o

. J‘S(J:
n-V'Y or

R u?(h)* - 7 on 0Sy. (9.29)

Thus

Lo L L R
/830 an on ids= /830 5 (& T)(RE) u? (R)T - 7)ds. (9.30)

Then using (4.4d)), (4.12)) and (4.14)), we get

So
RWE, = R(9) ( [ 2 mor ) ds) —— (") o

Proof of (9.25). Computation of ES. We start with expanding the square
in (9.21)), to get

So
ES ZE;’I—F/ %(R(ﬁ)t uQ(h)-T)de—l/ |R(19)tu'o(h) -7"2de,
850 850

on 2
(9.31)
with
2 2
1 o5 1 2 1 P50
E;J:_f/ Vo de:—f/ )wpgo de+f/ Yo" | g ds,
2 88, 571 2 88, 2 88, 87'
We apply Lemma with u =v = Vlw‘go to get
1 2
7/ v | Kds = (/ (THu5 ) (VU0 - ) ds)
2 Jas, 850 j=1,2,3
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Let us denote by E}’j-, j =1,2,3, the coordinates of the vector E}’l. We use
(9-29) to get
1 2
a,l S
E}l = —/650 (&7 5") (RW) w? () o7) dst5 /850 (R)"u®(h)"7) K ds.

Then we decompose &; - Vlw'go in normal and tangential parts and use again

(19.29) to obtain:

a,l __ 377/1‘090 t 0 J"T o S—l tug J_.T 2 s
Ez,j—/as(] o (RO (R) 1) (57) d 2/350 (R(@W)* u?(h)*-7) K, ds.

Now we plug this expression of E}’l into (9.31)) to get

a __1 t 1)\2 ds 31/’590 t 82 A K ds
E};= 2/850(}3(19) (W)*")°K;d +/ (R(W)' u?(h)-7)K;d

88, 571

QU 2L (e ds
+/850 o (RO w(h)* - 7) (& - 7) ds.

We observe that the first term in the right hand side vanishes and we combine
the two other ones to get

oy°
E‘},j=/880 g’s (R u?(h)*") - & ds.

Using (8.17¢) we infer
EY =0 for j =2,3. (9.32)

Now for j = 1, we start with observing that

O
88, 87’1,

E} 1 = (RW) u?(h)*) zt ds. (9.33)

To compute the right hand side we introduce the matrix
o —So 8¢§O
M= / (‘p§90> ®( g | ds, (9.34)
880 \¥3 — 2

where the functions Ef”, for j = 1,2,3, defined in (8.92)), are harmonic conju-
gates to the functions gofg.

Lemma 9.6. For any q := (9,h) in R x {2,

So
/as 818!]72 (¢, x)z* ds(z) = MR(9)! UQ(h)J_. (9.35)
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Proof First it follows from (8.92b]) that, on 98y,

—So So
1 P2 T C
= . 9.36
’ (so?“ - c?“) (%30

We now express the stream function w‘go (g, -) thanks to the functions @}?0 and

750, Let ¢ := (9,h) in R x 2. On 98, it follows from (8.13), (8.170), (8-92)
that there exists ¢ in R such that, on R? \ Sp,

and Proposition

—_So
$0(q,) = RO u?(h)" - ( fjso) N

T2

Then using (4.4d)), (8.17¢c) and (8.92d]) we obtain ¢ = 0, which proves that for
any q := (J,h) in R x 2, on R?\ Sy,

S oL (B
(0. = RO a0 - (P, (9.87

12
Plugging (9.36)) and (9.37)) into the left hand side of (9.35)) and using again
(8.17¢) establishes Lemma [9.6| O

Then, combining (9.33)) and (9.35)), we obtain:
E%, = (RO) u?(h)*) - BIR(9)" u?(h)".

Let us now connect the matrices MT defined in and M defined in ((9.34)).
Using integrations by parts and (8.93)), we get, for any ¢, j = 2, 3,

o5 Dy
/ e @}90 ds = / 9oi @fodx.
880 3n 8So 871
Combining this with (9.10]) yields
1 —
M= (0 + ). (9.38)
Recalling the definition of Mg in (9.11), we deduce that
ES = u?(h)E M) u®(h)* . (9.39)
Gathering (9.12)), (9.32)) and (9.39) we obtain (9.25)).

Proof of (9.26). Computation of El}. We start with splitting El} into two
parts as follows:

k) So So b So
8So on on 8So on on

Using (9.27)) and (9.28]), we see that the first term of the right hand side above
is equal to

7/ VS - VAT K ds.
9So
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We denote E} j»J =1,2,3, the coordinates of El}. We apply Lemma with

u = VJ‘Q/)‘EOI and v = VJ-w‘ZSO for any j =1,2,3, to get

oo o>, op;
b — _ L e vty q / 121K, ds.
=13 ~/850 87' gj v wil 5+ 8S, 871 an J 5

We now use that, on 98y,

o oo HP
oyLySo — 1 e d 1 _ 771
& Vs on &7 an or or’
the last identity being a consequence of (8.25b|), to deduce
S
Eb . = —L¢,. VP, ds. 9.40
Ly /6 s, On & 14ds ( )

Using the expression of P; in (8.22)), we obtain
EY ;= —(D3¢§ (b, h), ROO)AJR(9) )p2x> — Dobf (g, h) - R(9)A3,  (9.41)

o, W,
A; = /880 an $®§] dS and A? = /BSO Wﬁj dS.

where

o We start with the case j = 1. Consider the first term in the right hand side

of (9.41)). Using (9.13)) we see that Al = o —( ® ¢+ and we observe that, since
D2y (h, h) is symmetric,

(D395 (h,h), R(O)oR(0) )gaxz = (D300g (b, h), R(9)a° R(D)"),

where ¢ is the symmetric part of o defined in (9.14)). Then using that ¢° is a
traceless symmetric 2 X 2 matrix we get

(D20g (h,h), R(9)oR(D)")axz = (D20 (h, h), R(~20)0") = ~E] 1(q),

where EY | (¢) denotes the first coordinate of the vector field EY (¢) defined in
(9.15). Therefore we obtain for j = 1,

—(D29 (h, h), R(9) AJR(D) a2 = EY 1(q) + (DIvg (b, h), Co @ (g )raxe.

Concerning the second term in the right hand side of (9.41)), we use A? = —¢*
(see (4.12)) to get that for j =1,

Thus
EY 1 = EY 1(q) + (D2F (h, 1), o @ (5 )roxa + Datv (g, 1) - G-

The last two terms in the right hand side can be expressed in terms of the cor-
rector velocity u.(q) defined in (7.7, as follows from the following statement.
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Lemma 9.7. For any g = (¥,h) in 2 x R,

uela) = (D20R (1) - Co + Do) (9.42)

Proof From the definition of v, in (6.10) and the one of u.(q) in we
deduce that for any ¢ = (9, h) in 2 x R,

uela) = (D20g () - Go + D2 (1) -Go)

which yields (9.42) thanks to (8.19). O
Hence we finally obtain
ES 1 =ES1(0) = Go - uel9): (9-43)

e On the other hand, for j = 2 or 3, we have A; = —(®¢& and A? = =&,
and therefore

E} ;= (D2f (h,h), R()(C ® &)R(Y) )gaxa + DY (q, h) - R(V);
= (D248 (1, 1) Go + DYP (g, 1)) - RN
= 7R(19)t uc(Q)J_ ' gj'

Thus

R(D)(E} 1)j=2,3 = —uelg) ™ (9.44)
Gathering (9.15)), (9.16)), (9.43) and (9.44)) we obtain (9.26). This ends the
proof of Proposition [9.5 O

9.3 Asymptotic expansion of B,

We now tackle the expansion of B, which is given, for (¢,¢q) in 9, by

Bl = [ T (Kela) x o) as

S.(q) O

This formula is the counterpart of (2.17a]) for a body of size . Let us recall
that the Kirchhoff potentials ¢, are defined in (8.28])-(8.29).
The expansion that we obtain for B.(q) is given in the following statement

where B3° is defined in (@.15)), Mg in , I. in (4.27) and where:

B:(q) := (—QM:;ZQ(h)L) for ¢ = (9, h). (9.45)

Proposition 9.8. Let 6 > 0. There exists €y in (0,1) and a function B, in
L>®(Q5.4;R?) depending only on Sy and 2, such that for any (g, q) in Qs.,,
where ¢ = (Y, h),

B.(q) = eI~ (B;jo 1B, (q) + £2B, (e, q)). (9.46)
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Proof We proceed as in the proof of Proposition[9.5] Let us state the following
formula which is useful several times in the sequel:

Wpa 1= (wa, la) and py = (wp, ) in RXRE, epoxpy = L ((Lpa) % (Imy) ).

(9.47)
By a change of variable, using and ( -, we get
B.(q) =
SIIR() / OV (4, eR(9)—+h) <K(0,-) « R(ﬁ)ta%(q,sR(ﬁ)-—i—h)) ds.
84S, on or

Now let 6 > 0. We use Proposition and Proposition to obtain that
there exists ¢ in (0, 1) such that for any (e,¢) in Qs .,

Bu(q) = eI 'R(9)(By + B, (a) +£*Br(e,0)).

o 61#‘3‘} dp>
BO i /880 on (K(Ov) X o ) dS,
a So a So
B,(q) = /880 ( 16/}72 — R(9)* uﬂ(h) . 7—) <K(0, - x gr ) ds,

and B, in L*®(Qs.,;R?) depending only on Sy and 2.
We now compute each term thanks to Lamb’s lemma. More precisely we
will prove the following equalities:
R(9)B, = B, (9.48)
R(¥)B, =Bj;. (9.49)

with

As in the proof of Proposition we will omit to write the dependence on g,
except if this dependence reduces to a dependence on ¥ or h, and it will be
understood that the functions K, its coordinates K; and the vector fields ¢;
are evaluated at ¢ = 0.

Proof of (0.48). Computation of B". For j = 1,2, 3, we denote by By, the
coordinates of B,. We have

b So So b So So
50’1:/ Loy 63K2d —/ s 82K3d
880 850

“on  or on Ot

=— [ V% VP Kyds+ [ VET - Vet Ksds,
850 8SO

using (9.27)). Then We use Lemma with (u,v) = (V9% Vps©) and

(u,v) = (VJW/’ )s and - to obtain
o
By = / 1;;1 ((T “&)(n-&)— (- &)(n- fg)) ds = —1.
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Proceeding in the same way and using (4.12)) we get

oo
Byo = /aso 1;;1 ((T “&3)(n-&) — (- fl)(n'ffs)) ds = (* - &,

and B, 3 = ¢t - &3. This gives (9.48).

Proof of (9.49). Computation of B,. Let us start with the first coordinate
B, 1 of B;, that is:

31/)‘30 0 3(,02 3g03
B R . K K.
51 /880( on (9)  u(h) 7') 5, Ks— 5 Ko ds

—Ba1+B 1+B71,

with

. S0 9
B, ::-/ L K ds,
RN

on Ot
O° Dps°
B, .= 0 3 K
=11 /85 on or 2d
D5’ dp3°
B¢ | := DEu?(h) - Ky — “53 K, | rds.
Bia BSOR( ) u(h) ( Ir oy 12 Tds
We start with
BY | = VS - Vst Ksds — i KoKsd
Biai= 0 Vg £13dS 9 2413 ds.
38, 28, 9T

We use Lemma with u = VL@D‘EO and v = V3° to obtain

VAU Ve Kads = [ (VU5 6) (Ve m) ds

850 8S()

+ / (Vlw‘go . n) (Vgp‘;” -53) dsv
9S8,

= / Oy’ awo &7 | Kods + / vy’ KyKsds
84S, 87’ 8So 67'

So 5 _So
0v5" 073 (&3 - 7) ds.

8So 67’ 87'

Therefore

" P50 aw Y50 Dp3®
BY, = K. . .
=0t /aso ( or ) 2ds ¥ /aso or ot (& 7)ds
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By switching the indexes 2 and 3 we obtain

oy’ 6w O D5’
BY, =— 0 Ky Kzds — / 0 73 (& :
Bia /330< or ) 3ds vs, O O (§2-7)ds

We sum these two terms, observe that —(£3-7)Ka+ (&2 7)K3 = K2+ K3 =1

and use (8.17¢) to get

/ (K§+K3)8% ds _/ 0vy” ds = 0.
880 as, On
We deduce

a L 5’
Bll+Bll_/as 8: ( ai (§3-7) — f; (&2-7) | ds.
0
Now, using (9.29)), we obtain
Dp3°

05"
BBl = — [ RO 00 (6 r) — T ) )nds

So So
=R ) [ (% e+ 2 e s, 050)

On the other hand we observe that

95"
B, = RO () [ (Fe )+

As a consequence, gathering (9.50) and (9.51)) we get

So So
By = RO [ [+ 2
09S¢

So
8;;?: (& -T)>Tds. (9.51)

as follows by integration by parts.

Let us now consider the second coordinate B, , of B, that is:

_ O’ 0,0 001" . 0p5
81’2_/5;50( S = R@) u?(h) ) | Ky - Tk ) as

—B(112+B12+Bzz7

with

y° 05
BY , = — 0 73 K, ds,
=12 /330 on or °

50 D
B) , = 0 Tl Kyds,
=12 /830 on or °

So
BS 5= R(9) u(h) - <3<p3 K — 4a K3>Td8.

or or
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Proceeding as above with B ; and El})l we get

onpSe onpSe oS0 HpSo
53,2:/ ( i - Lo 51'T> K3d5+/ Vo' 265 (1-7)ds,
0So 0So

or on or 0t

awso 6¢80 8¢SO 8()030
Bb - _ 0 Ka— 0 A K _ / 0 1 . )
By /380 ( oy s on & -1 1ds b5, Or O (&3 -7)ds

We sum these two terms, observing that (&1 - 7)K3 — (&3 - 1)Ky = ot - &, to
get

oy’
B%,+B! =—/ ot )0 ds
1,2 1,2 950 ( ) an

oy (05 dt"
+/880 or (67’ (€1-7) = or (§3-7) | ds. (9.52)

Using (9.35) we obtain

Lo OV TRV ()L
/ (2% - &) 220 ds = MTR(Y) u?(h)* - &, (9.53)
89S, 571

with M given by (9.34). We also use ([9.29) to modify the second term in the
right hand side of (9.52) and then get

E(;Q + 52,2 = _MR(ﬁ)t Ug(h)L &2
So So
- [ Rt (%fj(sl -2 <53~T>> nds.

Adding Bf 5 we get

B, , = —MR®®) u?(h)* - & — R(W)' u?(h) - B ,, (9.54)

with

D5°
8o [ 2 (et mnk e omir) 0

. 9 (_ (¢t mpn— (6 - )7) ds

D0 D
:/ s gllds—/ P el gs,
88, 37’ 88, 87'
Using an integration by parts we see that the second term of the right hand
side above vanishes and the first term gives

—=50
/ &(:c)xl‘ ds(z) = 7/ ©3° nds = —Mé&(0,-).
o

So or 880
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Therefore
R(®) u?(h) B, = M' R(®) u?(h)* - &. (9.55)
Gathering (9.54) and (9.55)) and using (9.38) we get
B, o= —2MTR(®) u?(h)* - &. (9.56)

Proceeding in the same way for the third coordinate, using

075 —
(€K~ (G DBy = —at G and [ T2 @) ds(a) = W6a(0, ),
830
we get
B; 5 =—2MTR(W)" u”(h)* - &. (9.57)
Combining (9.56) and (9.57)) and recalling the definition of M:; in (9.11)), we
get (9.49). This ends the proof of Proposition O

9.4 End of the proof of the normal forms

In order to prove Proposition and Proposition we have to put Equa-
tion (2.20) under the normal forms and ([7.10). We focus on the more

delicate Case (ii). Case (i) can be proved with the same strategy with some
simplifications, since the proof of the normal form corresponding to
Case (ii) actually requires to perform additional manipulations. At the end of
this section, we add a few words about Proposition

Using (2.17d)) the equation (2.20]) reads
M(g:)q? = 7*E(g:) +74L % Be(g:) = (Ie(g:), ¢l ql). (9.58)

The proof now consists in plugging the previous expansions of I, E. and B,
into the right hand side of and to rely on some crucial cancellations.
Let § > 0. Using the decomposition of I, the definition of p., the
expansions (9.2)) and for the Christoffel symbols, for the electric
field, for the magnetic field and the relation we get, for g in (0,1)
small enough, as long as (¢, g-) belongs to Q; ¢,

72Es(QE) + ¢ % Be(ge) — (Ie(qe), ¢ty q2) = 1e |:<72E0(QE) +YPe X Bg:)
+ E(VQEZ (QE) + YPe X BI (CIa) - <Fqioap87p8>> + 62F’f(€7 qupe):I ) (959)

where

Fr(e,qe,p:) = V2 Er(e,q2) + p- x Br(e,q:) — (I (e, qe)s pe, De)
- E<F1?Q(8a QE)apEapE>'
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Then recalling that Fi ° is defined in (4.13]), we observe that the zero order
term in the right hand side of (9.59) (in terms of powers of ) can be recast
as follows:

Y2Eo(qe) + 7pe x B3 () = Fy° ((e9%, bl — yu® (he))). (9.60)

Now, in order to deal with the subprincipal term of the right hand side of
(19.59)), let us state the following crucial lemma, where we consider only the
part ES(ge) defined in (9.12) of the decomposition ((9.7)) of the term E; (g.).

Lemma 9.9. The following holds:

V2E% (o) 4+ vp- X B1(g) — (I5°, pe,pe) = —(I5°, be, o) (9.61)

where
P = (e9., L — yu(h.))!, (9.62)

e

Remark 9.10. As for , this relation is algebraic, in the sense that it does
not rely on p. = I.q. or on the fact that ¢. satisfies (2.20)).

Proof of Lemma[9.9 We will recast the second and third terms of the left
hand side in terms of the matrix MT defined in (9.8)). Let us start with the
Christoffel term. Using the definition of Mf% in (4.9) and the decomposition

of M3 in ([4.23) we get
m#* b
M5 = %), 9.63
- (M Mf%) 59
with Mbsg and gy as in (9.11). In particular we infer from (4.11)) that

S
<F30 De, P > — 7(Mb,?9sh/6)l_ : h/s
vormEE (€9)? g, + 0L (M5 R — My, (RL)*)

It remains to recast this expression thanks to the matrix MT defined in .
This is done thanks to the following elementary identities: recalling one
has for any ¥ in R and X in R2?,

(M X)X =X+ Mix+, (9.64)
(M X))t — MS X+ = —2M]X, (9.65)
(L)M(L) = M. (9.66)

Therefore we have:

o —(hL)- - M (hL)*
<F1;S 3p63p€> = <(519/)2M$ _ 21;19/ M,; h/ * (967)
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Now using ((9.45]), and the fact that for any ¢ in R, Mg is symmetric,
we obtain

pe  Bi(g) = ( ~2(h)t - My u?(he i) _ (—2(h;)i M uﬂ(ha)L> |

—2(e9L)2 (M} u®(he)b) —2(92)2 M} u?(h.)
(9.68)
Now it suffices to combine ((9.68]), and (9.12)) to deduce (9.61)). O

As a consequence, combining (9.59)), (9.60) and (9.61) we get,

Y’ Ec(qe) + 4L X Be(qe) — (Ie(ge), 4L qL)
= L[ F5P(50) + £ = (I3 o)+ (B (02) +E5 (02) } +€2Fr (2,00 0) .
(9.69)

Moreover F,. belongs to L>®(Qs., x R3;R3), depends on Sy, v and 2 and
is weakly nonlinear in the sense of Definition [6.2} Next the part ES of the
subprincipal term in can be absorbed by the principal term up to a
modification of size € of the arguments (that is, thanks to the second oder

modulation). More precisely, considering (4.15)) and (9.16)), we have
Fsy,0.(P=) = Fs,0. () +€7E (az), (9.70)
where p. is given by ([7.8). Thus we deduce from and (9.70)) that
V2 Ee(ge) +vaL % Be(ge) — (Ie(ge), a2, 42)
= L|F§0(5) = (T30 Be, o) + 2} (a0) + €2 By (2, 40,50 (9.71)
where the term F), is defined by
Fri(e,qe,pe) == Fr(e, 0, Pe + evpe(de)) — 294050, Pe, pe(ge))
— e (I5°, pe(ge), Pe(ae))

where p(g:) := (0,u(g:)). One can easily check that F). is still weakly non-
linear.

Using Proposition and (9.71), and recalling the notation (4.32)), the
equation (9.58)) can now be recast as follows:

cmin(2,0) <M195 (e) + gA—min(2,0) M, (e, qg))plg = Fgf (p.) — €<F5:7ﬁ57ﬁ5>
+ E’VQE!; (ge) + 62FT(€7 e; Pe)- (9.72)

We need to perform further modifications on this equation in order to achieve

the normal forms || exactly, due to the fact that the mass matrix
in (9.72) contains some extra lower-order terms, and that the time derivative
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is applied to p. rather than to p.. In order to deal with the first discrepancy,
reducing g in (0, 1) if necessary, we simply multiply (9.72]) by the matrix

Mye) (Mo (e) + £ M (e, )

On the other hand, for the second discrepancy, denoting /. := b’ —y(u® (he) +
euc(ge)) we compute

Z,s = hlsl - '726 : (VUQ)(hE) - VQ(UQ(hs) + euc(ge)) - V“Q(hs)
— ’YDﬁUc(Qs)ﬂ?/g —evDpuc(qe) - (Za + ’Y(Un(hs) =+ 5“6(‘16)))-

Thus we obtain (7.10) with F, in L*°(Qs., x R*;R3) weakly nonlinear in
the sense of Definition [6.2] This ends the proof of Proposition [7.10}

Starting from ([2.34al), the proof of Proposition is similar to the one

of Proposition with some simplifications, since in this case Mbs ° = 7ldy
and consequently M1 = 0. It follows that E4 = 0 and B; = 0.

Now we expand Mb’g, I, ., E, . and BLE (which depend merely on h. and
€) in terms of e. Note that the two last coordinates of EY (which are the only
ones to be relevant here, recall ) are zero and that ES gives the term
—uc(q)*. Noting that u(h) + euc(q) = u?(he) + O(?) and recalling (2.33))
we infer

BE,.=—u?(h.)* +&%E,, and By . = —1+¢%B,,,

with E, , = FE, ,(¢, he.) weakly nonlinear in the sense of Definition and
B, , = B, (¢, hce) bounded as long as h.. is away from 0f2. On the other
side, one finds that M, = e2rldy + O(¢*) and I}, . = O(c*). The conclusion
follows easily and this ends the proof of Proposition [7.17]
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