N

N

Balanced simplices
Jonathan Chappelon

» To cite this version:

Jonathan Chappelon. Balanced simplices. Advances in Applied Mathematics, 2015, 62, pp.74-117.
10.1016/j.aam.2014.09.007 . hal-00949618v1

HAL Id: hal-00949618
https://hal.science/hal-00949618v1
Submitted on 20 Feb 2014 (v1), last revised 30 Mar 2016 (v2)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00949618v1
https://hal.archives-ouvertes.fr

BALANCED SIMPLICES
JONATHAN CHAPPELON

ABSTRACT. An additive cellular automaton is a linear map on the set of infinite multi-
dimensional arrays of elements in a finite cyclic group Z/mZ. In this paper, we consider
simplices appearing in the orbits generated from arithmetic arrays by additive cellular
automata. We prove that they constitute a source of balanced simplices, that are sim-
plices containing all the elements of Z/mZ with the same multiplicity. For any additive
cellular automaton of dimension 1 or higher, the existence of infinitely many balanced
simplices of Z/mZ appearing in such orbits is shown, and this, for an infinite number
of values m. The special case of the Pascal cellular automata, the cellular automata
generating the multidimensional simplices of Pascal, is studied in detail.

1. INTRODUCTION

Let n and m be positive integers. Throughout this paper, n will denote the dimension
of the objects studied and m the order of the finite cyclic group Z/mZ. For any integers
a and b such that a < b, we denote by [a,b] the set of the integers between a and b,
that is, [a,b] := {a,a+ 1,...,b} and by [a,b]" the Cartesian product of n copies of [a, b].
For any n-tuple of elements u, we denote by wu; its ith component for all ¢ € [1,n], that
is, u = (uy,...,u,). For two n-tuples v and v and an integer A, we consider the sum
u+v:= (up+vy,...,u,+v,), the product u-v := (uyvy, ..., u,v,) and the scalar product

A= (Aug, ..o, Auy,).

Definition 1.1 (ACA). Let r be a non-negative integer and let W = (w;);e[—» be an
n-dimensional array of integers of size (2r+1)". The additive cellular automaton (ACA for
short) over Z/mZ associated with W is the map 0 which assigns, to every n-dimensional
infinite array of Z/mZ, a new array by a linear transformation whose coefficients are those
of W. More precisely, the map 0 is defined by

9 ((ai)iezn) = Z Wiy ,
JEl=rr i€zn

for all arrays (a;);ezn of elements in Z/mZ. We say that 0 is of dimension n > 1 and of

weight W with radius r > 0.

Definition 1.2 (Orbit). Let A = (a;)icz» be an infinite array of Z/mZ of dimension n.
The orbit O(A) generated from A by the ACA 0 is the collection of all the n-dimensional
arrays obtained from A by successive applications of 0, that is,

O(A) = {¥(A) | j e N},
where & is recursively defined by 97(A) = 9(0"71(A)) for all 7 > 1 and °(A) = A.
The orbit O(A) can also be seen as the (n + 1)-dimensional array (a;;), «n Of Z/mZ
corresponds to &’ (A), for all j € N.

i,j)€EZn
whose jth row R; := (ai;);cpn
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FIGURE 1. Example of triangles A((2,2),++,5), A((2,13),+—,5),
A((13,2), —+,5) and A((13,13),——,5) appearing in an orbit O(A) =
(ai;)a,jyezxn of Z/5Z generated by the ACA of weight W = (2,1,1).

-
o

FIGURE 2. The eight possible orientations of a tetrahedron

Definition 1.3 (Simplices). Let A = (a;);c;» be an infinite array of Z/mZ of dimension
n. Let e € {—1,1}" and let s be a positive integer. The simplex of size s, with orientation
e and whose principal vertex is at the coordinates j € Z" in A, is the multiset of Z/mZ
defined and denoted by

A(j,e,8) :={ajier | K € N such that ky + -+ k, < s —1}.
For n = 2 and n = 3, it is called a triangle and a tetrahedron, respectively.

In this paper, we mainly consider simplices of dimension n appearing in the orbit
generated from an infinite array of Z/mZ by an ACA of dimension n — 1. Examples of
triangles, for the four possible orientations in dimension n = 2, are depicted in Figure 1.
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In Figure 2, for dimension n = 3, the eight possible orientations of a tetrahedra are
represented.

Let M be a multiset of Z/mZ, that is a set where each element of Z/mZ can appear
more than once. The multiplicity function associated to M is the integer-valued function
mys : Z/mZ — N, which assigns to each element of Z/mZ its multiplicity in M. The
cardinality of M, denoted by |M|, is the number of elements constituting M, counted
with multiplicity, that is, [M| =} .5 /,., mu().

Definition 1.4 (Balanced multisets of Z/mZ). A multiset of Z/mZ is said to be balanced
if it contains all the elements of Z/mZ with the same multiplicity, i.e., if its associated
multiplicity function my is constant on Z/mZ, equal to L|M].

The goal of this paper is to prove the existence of balanced simplices appearing in certain
orbits generated by ACA. Sufficient conditions for obtaining this result will be detailed
throughout this paper. This notion of balanced simplices generated by ACA essentially
appears in the literature in the case of the Pascal cellular automaton of dimension 1.

Definition 1.5 (PCA,). The Pascal cellular automaton of dimension n is the ACA of
radius » = 1 and whose weight array W = (w;)ic[-1,1)» is defined by

s 1 ifi € {0z, —€1,—€2,...,—€n},
‘1 0 otherwise,

where (eq, €9, . .., €,) is the canonical basis of the vector space Z". It is denoted by PCA,,.
000
For instance, W = (1,1,0) for PCA; and W = | 1 1 0 | for PCA,.
010
Remark 1.6. Let A = (a;)jczn—1 be the (n — 1)-dimensional array of Z/mZ defined by
a; = 1 for i = Oz and a; = 0 otherwise. If (a;;)( jjczn—1xn is the orbit O(A) generated

by the PCA,,_;, then a; ; is the multinomial coefficient

— ( j ) _ !

ij = | - . . —1. | == . . 1

’ W1y na1,] = Doy U i i1y — Z:izk)!

for all i € N*~! such that 4y +--- +i,_1 < j, and a; ; = 0 otherwise. Thus, we retrieve

the coefficients of the Pascal n-simplex modulo m. This is the reason why this specific
ACA is called the Pascal cellular automaton.

Let A = (a;);ez be a doubly infinite sequence of Z/mZ. We consider the orbit generated
from A by PCA4, i.e., the infinite array O(A) = (a; ;) )ezxn defined by a; o = a; for all
1 € Z and

Qij = Qi—1j—1 + G451
for all (i,j) € Z x N*. The (—+)-triangles and (+—)-triangles appearing in a such orbit
are known as Steinhaus triangles and generalized Pascal triangles modulo m, respectively.
The name of Steinhaus triangle is due to Hugo Steinhaus himself in [26], where he proposed
this construction in the binary case m = 2. He posed the following problem, as an unsolved
problem.

Problem 1.7 (Steinhaus [26]). For every positive integer s such that s = 0 or 3 mod 4,
does there exist a Steinhaus triangle of size s in Z/27Z containing as many 0’s as 1’s?

Remark that the condition on the size s of a balanced Steinhaus triangle in Z/2Z is
obviously a necessary condition because the number of elements of a such triangle, that

is (S;I), is even if and only if s = 0 or 3 mod 4. A positive solution to this problem



4 JONATHAN CHAPPELON

appeared in the literature for the first time in [23], where the author gave, for every
s = 0 or 3 mod 4, an explicit construction of a balanced Steinhaus triangle of size s in
Z./27. More recently, several other constructions of balanced binary Steinhaus triangles
have been obtained by considering sequences with additional properties such as strongly
balanced [20], symmetric and antisymmetric [21], or zero-sum sequences [22].

The number of elements 1 € Z/2Z appearing in binary Steinhaus triangles and in
binary generalized Pascal triangles are studied in [6] and in [24], respectively. Such binary
triangles having certain geometric properties are studied in [3, 5]. A binary Steinhaus
triangle can also be considered as the upper triangular part of the adjacency matrix of
a finite graph. These undirected graphs are called Steinhaus graphs in [25]. A classical
problem on Steinhaus graphs is to study those having certain graphical properties such
as bipartition [7, 15, 18], planarity [17] or regularity [1, 2, 10, 14]. A survey on Steinhaus
graph can be found in [16].

Problem 1.7 on balanced binary Steinhaus triangles was generalized for any positive
integers m by Molluzzo in [25].

Problem 1.8 (Molluzzo [25]). Let m be a positive integer. For every positive integer s
such that (8;1) is divisible by m, does there exist a Steinhaus triangle of size s containing
all the elements of Z/mZ with the same multiplicity?

Since, this problem has been positively solved, by constructive approaches, for small
values of m: for m € {3,5} in [4], for m € {3,5,7} in [8], for m = 4 in [13]. First counter-
examples appeared in [8], where the author proved that there does not exist balanced
Steinhaus triangles of size 5 in Z/15Z and of size 6 in Z/217Z. Nevertheless, this problem
can be positively answered for an infinite number of values m. Indeed, as showed in [8, 9],
there exist balanced Steinhaus triangles, for all the possible sizes, in the case where m is
a power of 3. More precisely, the author obtained the following result.

Theorem 1.9 (Chappelon [8, 9]). Let m be an odd number and let a and d be in Z/mZ
such that d is invertible. The Steinhaus triangle, of size s, whose first row is the arithmetic
progression (a,a + d,a+2d,...,a+ (s — 1)d) is balanced in Z/mZ, for all s =0 or —1
(mod ord,,(2™)m), where ord,,(2™) is the multiplicative order of 2™ modulo m, i.e., the
order of 2™ in the group of invertibles (Z/mZ)*.

In particular, since ord,,(2™) = 2 for all m = 3, where k is a positive integer, it follows
from Theorem 1.9 that there exist balanced Steinhaus triangles of size s in Z/3Z for all
s = 0 or —1 mod 2.3%. This result can be refined by considering Steinhaus triangles whose
first row has the additional property to be antisymmetric. Thus, the author obtained a
positive answer to the Molluzzo problem for all m = 3*. Even if the Molluzzo problem
is not completely solved for the other odd values of m, we know from Theorem 1.9 that
there exist infinitely many balanced Steinhaus triangles in every Z/mZ with m odd. This
weak version of the Molluzzo problem was posed in [13].

Problem 1.10 (Weak Molluzzo problem). Let m be a positive integer. Does there exist
infinitely many balanced Steinhaus triangles of Z/mZ?

Problem 1.10 is thus solved for the odd numbers m. For the even values, the cases
m = 2 and m = 4 come from the solutions of Problem 1.8 and a solution will appear in
[19] for m € {6,8,10}. This problem is completely open for the even numbers m > 12.
Similar problems of determining the existence of balanced structures can be considered
for other shapes. In [12], the author not only considers balanced Steinhaus triangles,
but also balanced generalized Pascal triangles, trapezoids or lozenges. In particular, for
Steinhaus triangles and generalized Pascal triangles, the following result is proved.
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FIGURE 3. The arithmetic tetrahedron AS(0, (1,2,3),5) in Z/5Z

Theorem 1.11 (Chappelon, [12]). Let m be an odd number. For all s = 0 mod m and
s = —1 mod 3m, there exist Steinhaus triangles and generalized Pascal triangles of size
s, which are balanced in Z/mZ.

In fact, the author proves that the orbit generated by PCA; from the following sequence
(...,0,—-1,1,1,-3,2,2,-5,3,3,—7,4,4,-9,5,5,.. ),

which is an interlacing of three arithmetic progressions, contains all the balanced triangles
whose existence is announced in Theorem 1.11 and this, for every odd number m. The
main ingredient in the proof of this result is an elementary object that the author called
a doubly arithmetic triangle in [12] and that we simply call an arithmetic triangle here
in this paper. An arithmetic triangle with common differences d; and ds is a triangle of
elements in Z/mZ whose rows and columns are arithmetic progressions with the same
common differences, d; for the rows and ds for the columns. The interest of this structure
is that this is very often balanced. In this paper, we consider a generalization in higher
dimensions of arithmetic triangles.

Definition 1.12 (Arithmetic arrays and simplices). Let n and m be positive integers.
Let A = (a;)iezn be an array of Z/mZ. The array A is said to be arithmetic with first
element a and with common difference d = (dy, ..., d,) € (Z/mZ)" if

a; = a+1i1dy + -+ ipdn,

for all i = (41,...,4,) € Z". The arithmetic array with first element a € Z/mZ and with
common difference d € (Z/mZ)" is denoted by AA(a,d). The arithmetic simplex of size
s, with first element a € Z/mZ and with common difference d = (dy, ..., d,) € (Z/mZ)",
is the simplex A(Ozn, + - - -+, s) appearing in the array AA(a, d) = (a;);cz» and is denoted
by AS(a,d, s), that is,

AS(a,d,s) ={a+iydy + -+ in,d, | i € N" such that iy +--- 4+, < s—1}.
For n = 1, the arithmetic progression AS(a,d, s) is also denoted by AP(a,d, s).
Remark 1.13. The following multiset identities hold for arithmetic simplices :

AS((J,, (dh ‘. -adn)a 5) = AS(CL + (S - ]-)dla (_dladQ - d17 s 7dn - d1)7 5)
= AS(a+ (s — 1)da, (d — do, —dy,d3 — da, ..., d, — d3), 5)

=AS(a+ (s — 1)dy, (dy — dp, ..., dy_1 — dy,—dy), s),
and AS(a, (dy,...,dn),s) = AS(a, (dz1, - - ., dxw)), ), where 7 is a permutation of [1,n].

For example, the arithmetic tetrahedron AS(0, (1,2,3),5) of Z/5Z is depicted in Fig-
ure 3. The successive rows of this tetrahedron are the arithmetic triangles AS(0, (1,2),5),

AS(3,(1,2),4), AS(1, (1,2),3), AS(4, (1,2),2) and AS(2, (1,2),1) of Z/5Z.
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Return now to the general case of an ACA of dimension n — 1, with a weight array
W = (wj)jej—ryn—1 of radius r € N. Let us denote

o= Z w; and oy = Z Jrw;, for all k € [1,n —1].

je[—7’77’]n71 je[—T‘,T‘}nil

For any integers a and b, we denote by ged(a, b) and lem(a, b) the greatest common divisor
and the least common multiplicator of a and b, respectively. Let z € Z/mZ. We also
denote by ged(x, m) the greatest common divisor of m and any representant of the residue
class z.

Using properties of arithmetic simplices, the following theorem, which is the main result
of this paper, will be proved.

Theorem 1.14. Let n > 2 and m be two positive integers such that ged(m,n!) = 1.
Suppose that o is invertible modulo m. Let a € Z/mZ, d = (di,...,d, 1) € (Z/mZ)"*
and e € {—1,1}" such that d;, for all1 <i < n, and e;d; —e;d;, forall1 <i < j<n, are
invertible, where d, == o= 37— ody,. Then, in the orbit O(AA(a,d)), every n-simplex
with orientation € and of size s is balanced, for all s = —t mod lem(ord,, (o), m), where
tel0,n—1].

Remark 1.15. Obviously, lem(ord,, (o), m) = ord,,(¢™)m. A complete study of this arith-
metic function can be found in [11].

For n =2, m odd and W = (1,1,0), the weight sequence of PCA;, we retrieve Theo-
rem 1.9. Indeed, in this case, we have 0 = 2, 0y = —1, dy = d, dy = o toyd; = —27'd
and e1d; — eady = £271d for ¢ = (&1, F1), which are invertibles of Z/mZ.

In the special case of PCA,,_1, Theorem 1.14 gives a positive answer to the equivalent
problem of the weak Molluzzo problem, in higher dimensions, for an infinite number of
values m.

Corollary 1.16. Let n > 2 be a positive integers. For every positive integer m such
that ged(m, (3(n — 1))!) = 1, there exist infinitely many balanced n-simplices of Z/mZ
generated by PCA,,_1, for all possible orientations ¢ € {—1,1}". In the special case of the
two orientations € = +---+ — ore = —--- — 4, the existence of an infinite number of
such balanced simplices is verified for every m such that gcd(m,n!) = 1 for n even and
for every m such that ged(m, (255)!) = 1 for n odd.

This paper is organized as follows. After giving some basic results on balanced simplices
and orbits of arithmetic arrays generated by ACA in Section 2, we study, in Section 3,
arithmetic simplices and we give some sufficient conditions on them to be balanced, for
any dimension n > 2. Moreover, in dimension 2 and 3, we complete by providing nec-
essary conditions on arithmetic triangles and arithmetic tetrahedra for being balanced.
This leads to the proof of Theorem 1.14, the main result of this paper, in Section 4.
Moreover, using the specificities on balanced arithmetic tetrahedra in dimension 2, high-
lighted in Section 3, we complete Theorem 1.14 for balanced tetrahedra. In Section 5,
we consider the special case where simplices have the additional geometric property of
being constituted by antisymmetric sequences. This permits us to obtain more results for
ACA of dimension 1 generating balanced triangles. Finally, the new results obtained on
balanced simplices generated by PCA,,_; are summarized and the problem of determining
the existence of balanced ones for the remaining open cases is posed in the last section.

2. PRELIMINARIES

We begin this section with the terminology on simplices that we will use in the sequel.
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Definition 2.1 (Vertices, edges, facets and rows of simplices). Let A = (a;);ezn be an
infinite array of dimension n of Z/mZ. Let A = A(j,¢e,s) be the n-simplex of size s of
Z/mZ with principal vertex at position j € Z™ in A and with orientation ¢ € {—1,1}".
Let (e, eq,...,6,) denote the canonical basis of the vector space Z™ and let ey := Ozn.
The n + 1 vertices Vo, ..., V, of A are defined by Vi(A) := a4 (s-1)e.c, for all k € [0, 7],
that are Vo(A) := a; (principal vertex) and

V(D) 1= Qjre(s—1)ex = Wr,omjiriiten(s—1)dhsirins

for all k € [1,n]. The (";rl) edges Eg; of /A are sequences of length s defined by

EkJ(A) = {aj+5.((8_1_$)ek+$el) ’ S [O, S — 1]}

= {aj+6-(s—1)ek)7 aj+€~((s—2)ek+el)7 aj+6~((s—3)ek+26l)7 sy aj+€~(s—1)el} )

for all distinct integers k,1 € [0,n]. The n+ 1 facets Fy, ..., F, of A are the (n — 1)-
simplices of size s defined by

Fr(A) :={ajicq | L € N" such that [y =0 and I + -+ 1, < s— 1},
for all I € [1,n] and
Fo(A) :={aj4cq | L € N" such that I, +---+ 1, =s—1}.
For every k € [0, s — 1], the kth row of A is the (n — 1)-simplex of size s — k defined by
Ri(A) :={aj4eq | 1 € N" such that [, =k and l; +---+ 1,y <s—k—1}.

2.1. Sizes of balanced simplices. In this subsection, the admissible sizes of balanced
simplices are studied. First, the cardinality of an n-simplex of size s is determined.

Proposition 2.2. Let A be an n-simplex of size s appearing in an n-dimensional array.
Then, the multiset cardinality of A is |A| = (**771).

n

Proof. By induction on n. For n = 1, A is a finite sequence of length s. Thus, |A| =
s = (5). Suppose that every (n — 1)-simplex of size k has cardinality of (k:ff), for all

integers k£ > 1. Now, let A be an n-simplex of size s. Since, for all k& € [0, s — 1], the kth
row Ry of A is an (n — 1)-simplex of size s — k, it follows that

s—1 s—1 s+n—2

s—k+n-—2 k s+n—1

-z -2 (1) - 2 050
k=0 k=0 k=n—1

This completes the proof. O

The divisibility of (S+Z_1) by m is obviously a necessary condition for having a balanced
n-simplex of Z/mZ of size s. When m is a composite number, to give all the sizes s for
which the binomial (S+Z_1) is divisible by m is tedious and not really important here
because the results that we obtain in this paper are only for some of them, not for all
the admissible sizes. Nevertheless, we can see that the sizes involved in Theorem 1.14 are
admissible for this problem.

Proposition 2.3. Let n,p, k, s be positive integers such that p is prime and p > n > 2.
Then, the binomial coefficient (SJFZ*l) is divisible by p* if and only if s = —t mod p* for
te[0,n—1].

Proof. Since p* and n! are relatively prime, we have

(S+Z_1)EO (modpk)<ﬁ> (s+n—1)(s+n—2)---s=0 (mOdpk>'
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Moreover, n < p implies that p can divide at most one factor of (s+n—1)(s+n—2)---s.
Therefore, (**"~") is divisible by p* if and only if s+¢ = 0 (mod p*) for some ¢ € [0,n—1].
This concludes the proof. O

Proposition 2.4. Let m and n be two positive integers such that ged(m,n!) =1 and let
s be a positive integer such that s = —t mod m, where t € [0,n — 1]. Then, the binomial
coefficient (S’Lz_l) is divisible by m.

Proof. If s = —t mod m, then (s+n—1)(s+n—2)---(s+1)s is divisible by m. Finally,

since ged(m, n!) = 1, we deduce from Gauss Lemma that m divides (S+"_1)(S+Z_2)'“(S+1)S =

(s+271). This concludes the proof. O

2.2. Projection Theorem. The result presented in this subsection is useful for proving,
by induction on m, that multisets of Z/mZ are balanced.

For any divisor a of the positive integer m, denote by 7, the canonical projective map
To o L/mZ — ZJaZ. For any multiset M of Z/mZ, its projection m, (M) into Z/aZ is
the multiset of Z/aZ defined by m, ) (y) = > epm1(,y Mmu (@) for ally € Z/aZ.

Theorem 2.5. Let m and « be two positive integers such that m s divisible by o and let
M be a finite multiset of elements in Z/mZ. Then, the multiset M is balanced in Z/mZ
if and only if its projection o (M) is balanced in Z/aZ and mpy(x + o) = my(z) for all
x € Z/mZ.

Proof. Since 7' ({ma(2)}) = {z + Aa | A € [0,2 — 1]}, for all # € Z/mZ, it follows that
M, () (Ta () = Z/\E:_Ol mys(x + M) and the result follows. O

2.3. Orbits of arithmetic arrays. In this subsection, the orbits of arithmetic arrays
are studied in detail. Let n > 2 be a positive integer. First, we show that the arithmetic
structure is preserved under the action of 0 for any weight array W = (w;)ic[—ryn—1, of
radius r € N.

Proposition 2.6. Let a € Z/mZ and let d = (dy, ..., dn_y) € (Z/mZ)""". Then,

n—1
OAA(a,d) = AA (Ja +) " owdy, o—d> ,

k=1
where o and oy, are the coefficients
o= Z wj, O = Z Jrwj, for allk e [1,n—1].
je[frvr]n_l je[frvr]n_l

Proof. Let AA(a,d) = (a;);cpn—1 and 0AA(a,d) = (b;);czn-1- By definition of 0, for every
i € Z" ', we have

n—1 n—1
b; = ijalﬂ ij (a + Z ix + Jr)d ) = (aa + Zakdk> + Zik(adk).
jE[—rr]n1 jel—rrn1 k=1 k=1
The result follows. U

Proposition 2.7. Let a € Z/mZ and let d = (dy, ..., dn_y) € (Z/mZ)""". Then,

n—1
O'AA(a,d) = AA (aia +io" Z ordy, O'id> :
k=1

for all v € N.
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Proof. By induction on i € N. For ¢ = 0, we retrieve that °AA(a,d) = AA(a,d). For
i > 1, by the recursive definition of @ and Proposition 2.6, we obtain that

O'AA(a,d) = 0 (9" 'AA(a, d))

n—1
=0 (AA (cri_la + (i — l)cri_2 Z ody, gi_1d>>
k=1
n—1 n—1
= AA (0 (a“a + (i =102y am) +3 o (0" o (o—ild)>
k=1

n—1
= AA <aia +io' Y oy, a’d) .

k=1
This concludes the proof. O

Thus, the elements of the orbit of an arithmetic array AA(a, d) are entirely determined
in function of a, d, o and oy, for all k € [1,n —1].

Proposition 2.8. Leta € Z/mZ and let d € (Z/mZ)""". Let O(AA(a,d)) = (a;);cpm-1.n
be the orbit of the arithmetic array AA(a,d). Then,

a; = (6i”AA(a, d))i1 _____ = o' <a+ szdk> ,
k=1

for alli € Z" ' x N, where d,, := o1 ZZ: o dg.
Proof. Directly comes from Proposition 2.7. U
Remark 2.9. For O(AA(a,d)) = (a;);cgn-14y and for every (i1,...,i,—1) € Z""', the

sequence (aih,,,7,~n71,in)ineN

. . . . _ —1 .
irvdy + -+ +ip_1d,_1, with common difference d,, := o' ZZ=1 ordy, and common ratio o.

is the arithmetico-geometric sequence with first element a +

We deduce from Proposition 2.8 that two distinct ACA can generate the same orbit
from an arithmetic array. For instance, for any ACA of weight array W = (w;);c(_, o1 Of

radius 7, we can consider the ACA of weight array W = (W7);[-1,1n—1 of radius 1 defined
by

n—1
(W) => on(W)  ifi =0z,
w; = k=1
(W) , if i =eg, forall k € [1,n — 1],
0 , otherwise.

ie[—1,1]""1

and

(W)= > i = on(W),
ie[—1,1]" "1
for all k& € [1,n — 1]. Therefore, in the sequel of this paper, the coefficients o and o}, will
be more important than the elements of the weight array W themselves.
Now, we prove that, in the orbit of an arithmetic array of Z/mZ, if there exists a
balanced simplex of sufficiently large size, then ¢ is invertible modulo m.
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Proposition 2.10. Let a € Z/mZ and let d € (Z/mZ)""". In the orbit O(AA(a,d)), if
an n-simplex of size s > {5";3w 18 balanced, then o is invertible modulo m.

Proof. Let j € Z"!' x N and let ¢ € {—1,+1}". Suppose that A(j,¢,s) is balanced
and that ¢ is not invertible modulo m. Without loss of generality, we can suppose that
o = 0 mod m. If not, we consider the projection into Z/gcd(o, m)Z and then we have
o = 0 mod ged(o, m). By Proposition 2.7, we know that, in the case ¢ = 0 mod m, we
have "AA(a,d) = AA(0,0), the constant array equal to zero in Z/mZ, for all i > 2.
Therefore, all the elements in the kth row of A(j, ¢, s) are constituted by elements equal
to zero, for all k such that j, + ke, > 2. Thus A(j, e, s) contains at least (**"~?) elements
equal to zero by Proposition 2.2. Moreover, since A( J, €, ) is balanced, we deduce that
(*n 3) < (- 1) (*tn 3) since A(j, €, s) must contain all the other elements of Z/mZ
with the same multiplicity. It follows that

s+n—3 s+n—2 s+n—3
< + .
n n—1 n—1
s+n—3 s+n—2 s+n—3

+ +

n n—1 n—1

s+n—3 s+n—3 s+n—3 s+n—1

— +92 + — ,

n n—1 n—2 n
it follows that we have

S+7’I,—3 S+'I’I,—1 s+n—3 s+n—1
(7<) T

1=s—2

Since

— 2(s—=2)(s—1)<(s+n—2)(s+n—1).
Thus s*> — (2n + 3)s — (n? — 3n — 2) < 0 and we deduce that it is possible only if

< 2n+3+v8n2+1 - 5n + 3
- 2 2
in contradiction with the hypothesis that s > {%W This concludes the proof. O

This is the reason why we suppose, in the sequel of this paper, that ¢ is invertible
modulo m. We end this section by showing that a simplex in the orbit of an arithmetic
array can be decomposed into arithmetic subsimplices.

Proposition 2.11. Let a € Z/mZ and let d = (dy,...,dp_1) € (Z/mZ)""". Let o and
s be two positive integers such that « is divisible by ord,,(¢) and s = —t mod «, where
t €[0,n—1], and let e € {—1,1}". Let A(j,¢,s) be the n-simplex appearing in the orbit
O(AA(a,d)) = (a;)iezn-1xn- Then, for every k € [0, — 1]™, the subsimplex

SSy = {aj+5.(k+al) } l € N" such that (k1 + aly) + -+ (kp + aly,) < s— 1}

obtained from /A(j,e,s) by extracting one term every « in each component, is the arith-
metic simplex

. - n ku t
$S) = AS ( agirtentoe g, [2] - {Z;D |

(% (%

where d = (d1,--- n—1,0 _1Zu 10u U)
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Proof. Let k € [0,a — 1]". As already observed in Remark 2.9, for every (iy,...,i,_1) €
Z" 1, the sequence (azl, i 1M) is the arithmetico-geometric sequence whose first ele-

in €N
ment is a+i1dy +- - - +in_1d,_1, with common difference o1 Zu 1 0ud,, and with common
ratio 0. Since « is a multiple of ord,, (o), it follows that, for every (I1,...,l,—1) € N"‘l the

sequence (aj+€_(k+al))l <y Is arithmetic, with common difference ao]"Jre"k" len Zu 1 Oudy.
Indeed, from Prop051t10n 2.8, we obtain

Ajte (k+al) = ginten(kntaln) (a + Z(]u + 5u(ku + alu))du> )

u=1
where d,, := 0~ Y.'_} 0,,d,,. Since « is a multiple of ord,(¢), we have

o-jn+€n(kn+04ln) — o-jn+5nkn .

Thus

— sJntenk
Ajte-(k+al) = glnrentn

(a + i(ju + suku)du> + o i lueudu] )
u=1 u=1

By Proposition 2.8 again, for a;..x,

n
(jte-(ktal) = jtek T gl tentn Z lu<5udu>7
u=1
for every | € N". Therefore the subsimplex SSj is an arithmetic simplex whose principal
vertex is aji., and with common difference agintenkng . d where d = (di,ds, ..., dy).
It remains to determine the size of this arithmetic simplex. Let A : EW and p =

{Zﬁzl ku+tJ

. In other words, we have s = Ao — t and

pa —t < Zk (p+ 1o —t —1.

For any [ € N", the inequality
Z(k‘ +al,)<s—1=Xa—-t—-1
u=1

is then equivalent to
n

S l<A-p-1
u=1

Therefore the arithmetic simplex SSy, is of size A — u. This completes the proof. U

From the previous proposition, we know that every n-simplex A of size Ao — t, where
a is a multiple of ord,,(¢) and t € [0,n — 1], appearing in the orbit of an arithmetic array
can be decomposed into o™ arithmetic n-simplices of sizes in [\ — (n — 1), A]. Therefore,
in next section, the arithmetic simplices will be studied in detail.

3. BALANCED ARITHMETIC SIMPLICES

In this section, we will see that arithmetic simplices are a source of balanced multisets
of Z/mZ. First, we show, in the general case n > 1, that there exists sufficient conditions
on arithmetic simplices for being balanced. After that, in dimension n = 2 and n = 3,
i.e. for arithmetic triangles and arithmetic tetrahedra, necessary conditions for being
balanced are also given.
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3.1. The general case : in dimension n > 1. We begin this subsection by showing
that, when n > 2, the edges, the facets and the rows of an arithmetic simplex are also
arithmetic.

Proposition 3.1. Let a € Z/mZ, d = (dy,...,d,) € (Z/mZ)" and let s be a positive
integer. Let A\ := AS(a,d,s) and let dy := 0. Then, we have

Vi(A) =a+ (s—1)d,

for all i € [0,n],

Eij(A) = AP(Vi(A), d; — di, 5),
for all distinct integers i, j € [0,n],

R;(A) = AS(a + id,, (dy, ... ,dp-1),s — 1),
for all i € [0,n],
Fi(A) = AS(a, (dy,...,di—1,div1, ..., dy), S),
for alli € [1,n], and
Fo(A) = AS(a + (s — 1)dy, (dy — dy, ..., d,, — dy), 8).

Moreover, for all i € [0,n], we have

A\ F;(A)=AS(a+d;,d, s —1).
Proof. By Definition 1.12 and Definition 2.1. O

The following theorem, which gives sufficient conditions on arithmetic simplices for
being balanced, is the main result of this section.

Theorem 3.2. Let n and m be two positive integers such that ged(m,n!) = 1. Let
a € Z/mZ and let d = (di, .. .,d,) € (Z/mZ)" such that d;, for all1 <i < n, and d; —d;,
for all 1 < i < j < n, are invertible. Then, the arithmetic simplex AS(a,d, s) is balanced
for all s = —t mod m, with t € [0,n — 1].

The proof of this theorem is based on the following result, which is a key lemma in this
paper.

Lemma 3.3. Letn > 2, m and s be positive integers. Let a € Z/mZ and let d € (Z/mZ)"™.
Then, the multiplicity function of A = AS(a,d, s) verifies

ma (2 + dj) = ma(z + di) = mp, ) (2 + dj) — g, 0)(2 + dy),
for all x € Z/mZ and for all distinct integers i,j € [0,n|, where dy := 0.
Proof. Let 0 <1 < j < n. Since, from Proposition 3.1, we have
AN\ Fr(A) = AS(a+dy,d, s — 1),

for all integers k € [0,n|, it follows that the arithmetic simplex A \ F;(A) is a translate
of A\ F;(A) by dj — d;. Thus, for all x € Z/mZ, we have

Mg, (2)(€ + dj) = marg, ) (€ + di).
Therefore,
ma(x +dj) — mp, ) (2 + d;j) = ma(z 4 di) — mp, ) (2 + d;)
for all x € Z/mZ. O
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AS(a, (dy,ds), s) AS(a, (0,d), s)
FiGUrE 4. Common differences of arithmetic triangles

Proof of Theorem 3.2. By induction on n.

For n =1 and s = 0 mod m, the arithmetic simplex AS(a, d, s) is simply an arithmetic
progression with invertible common difference d € Z/mZ and of length a multiple of m.
Therefore AS(a, d, s) is balanced in this case.

Suppose now that n > 2 and that the result is true in dimension < n—1. We distinguish
different cases depending on the residue class of s modulo m.

Case 1. For s = —t mod m, with t € [0,n — 2].
Let A = AS(a,d, s). First, from Proposition 3.1, we know that

Fi(A) = AS(a, (da, .. .,d,), s) and Fo(A) = AS(a, (dy,ds, ..., d,), s).

Moreover, since d;, for all 1 < i < n, and d; — d;, for all 1 < ¢ < j < n, are invertible, we
obtain by induction hypothesis that the facets F1(A) and Fo(A) are balanced simplices
of dimension n —1. Therefore, their multiplicity functions mg, (a) and mg,a) are constant

on Z/mZ, equal to
1 (s+n—2
mpy () (%) = mpyy (@) = (),

for all x € Z/mZ. By Lemma 3.3, we obtain
ma(z +di) —ma(z +dy) = mp,a) (2 + di) — mp,a) (2 + da) =0,
for all x € Z/mZ. Finally, since dy — d; is invertible and
ma(z + (dy — d2)) = ma(x)

for all + € Z/mZ, we conclude that ma is a constant function and so the arithmetic
simplex A is balanced in Z/mZ.

Case 2. For s = —(n — 1) mod m.

The arithmetic simplex AS(a, (di,...,d,),s) can be seen as the multiset difference
A\ Fi(A), where

A == AS((I — dl, (dl, N 7dn)7 S + ].)

Since s +1 = —(n — 2) mod m, it follows, from Case 1 and from the induction hy-
pothesis, respectively, that A = AS(a — dy,(dy,...,d,),s + 1) and F1(A) = AS(a —
dy, (dg,...,d,),s+ 1) are balanced. The multiset difference of balanced multisets is also
balanced. This concludes the proof. 0

3.2. In dimension 2. In this subsection, we only consider arithmetic triangles over
Z/mZ. Necessary conditions on the common differences dy, ds and dy—d; of AS(a, (dy, ds), s),
depicted in Figure 4, for being balanced in Z/mZ are determined.

Theorem 3.4. Let m and s be two positive integers and let a,dy,dy € Z/mZ. If the
arithmetic triangle AS(a, (dy,ds), s) is balanced, then the common differences di, ds and
dy — dy are all invertible.
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The proof of this theorem is based on the following lemma, where the multiplicity
function of the arithmetic triangle AS(a, (0,d), s), with d invertible, is explicitly given.

Lemma 3.5. Let m and s be two positive integers and let a,d € Z/mZ such that d is
invertible. Then, the arithmetic triangle A = AS(a, (0,d), s) is not balanced in Z/mZ.
Moreover, if s = Am + p is the Euclidean division of s by m, we have

ma(a +id) = <)\;1)m+ hﬂ (1 — i),

for all integers i € [0,m — 1].

Proof. Let s = Am + p be the Euclidean division of s by m. As represented in Figure 4,
the common differences of A = AS(a, (0,d),s) are 0, d and d. Then, for every integer
J € [0, s —1], the jth row R; of A is the constant sequence of length s — j equal to a + jd,
that is, R;(A) = AP(a + jd,0,s — j). Thus, the multiplicity function ma is determined

by
s—1 I_%-I
ma(a+id) = Z mg;(a)(a +id) = } Mg, (o) (a +id)
5] [ ]
= (s=0Um+i)= > ((A=dm+(p—1)

for all integers ¢ € [0, m — 1]. Tt follows that
ma(a) >ma(a+d) >ma(a+2d) > - > ma(a+ (m—1)d).

Since its multiplicity function is not constant on Z/mZ, the arithmetic triangle A is not
balanced. This completes the proof. O

Proof of Theorem 3.4. Let A = AS(a, (dy,ds),s) be an arithmetic triangle and suppose
that there exists at least one common difference that is not invertible. Without loss of
generality, suppose that d; is not invertible. Then, we consider the projection of A into
Z]aZ, where oo = ged(dy, m) > 2. Then,

Ta(D) = AS(ma(a), (0,74 (d2)), s).

If wo(ds) is invertible in Z/aZ, then A is not balanced in Z/mZ since m,(A) is not
balanced in Z/aZ by Lemma 3.5. Otherwise, if m,(d2) is not invertible in Z/aZ, the
result follows since the projection of m,(A) into Z/5Z, where 8 = ged(m,(dy), ) = 2, is
the constant triangle uniquely constituted by elements mg(m,(a)), which is obviously not

balanced in Z/BZ. O

It follows from this theorem that there does not exist balanced arithmetic triangles in
Z/mZ for m even. Nevertheless, in the case where m is an even number, the multiplicity
function of an arithmetic triangle of Z/mZ can be completely determined when exactly
two of the three common differences di, ds, d; — dy are invertible and the size s is such
that s = 0 or —1 mod m.

Proposition 3.6. Let m and s be two positive integers such that s = 0 or —1 mod m.
Let a,dy,dy € Z/mZ and let \ = AS(a, (dy,d3),s). If dy and dy — dy are invertible, then

ma(x) = ma(z + ged(dy, m)),
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for all x € Z/mZ, and
. L(s+1 s ged(dy,m)—1
mA(a+zd2)—a< 5 )—F[E—‘( 5 -,

for all integers i € [0, ged(dy, m) — 1].

Proof. Since dy and dy —d; are invertible and s = 0 or —1 mod m, it follows that F;(A) =
AP(a,ds, s) and Fo(A) = AP(a+ (s — 1)dy, dy — dy, s) are balanced in Z/mZ. Therefore,
mp, (a)(2) = mpya)(z) = L (°11) for all z € Z/mZ. 1t follows, from Lemma 3.3, that

mA(az) — mA(a: -+ dl) = mFO(A) (a:) — mFI(A)(:c + dl) = 0,

for all x € Z/mZ. The first identity is then proved.

The second identity, in the case where d; is invertible, comes from the fact that A is
balanced, by Theorem 3.2, in this case. Suppose now that o = ged(dy, m) > 2 and consider
the projected triangle 7, (A) in Z/aZ. Then, since 7, (A) = AS(mq(a), (0, m4(d2)), s) and
To(dz) is invertible in Z/aZ, the multiplicity function m. () is entirely determined by
Lemma 3.5. Let s = Am + u be the Euclidean division of s by m, where p € {0,m — 1}.
Then, the Euclidean division of s by ais s = A%q, if p = 0, and (A +1)2 — 1) a+(a—1),
if 4 = m — 1. The multiplicity function m,_ () verifies

m . q i
(&f+)a—[s ﬂi it =0,
2 o

(M+U%)%%F‘fha—yw),ﬁu=m—L

2 o

My, (2)(Ta(a) + ima(d)) =

for all ¢ € [0, — 1]. Moreover, by the first identity, since ma(x + «) = ma(z) for all
x € Z/mZ, we have

ma(a+id) = % X My ) (Tal@) + i7a(d)),

for all i € [0, @ — 1]. Finally, since
(.m

A Lifp=0,i€0,a—1]
(6%
[&”wz CERE Jifp=m—1,4i€0,a—2,
[0 (6]
A+ DD 1 ifp=m—1,i=a—1,
\ (6]

A 41\ a? AN 1 /am+1 1
mMmH@z(“+)g"%h>Lﬂi@—M:E<m+)+AC¥ —0,

2 m 2 2 2
for all i € [0, — 1] if u =0, and
A+ 1)1 o?
mA(a+id):(< +2)a)%+()\+1)(a—1—i)

_ ()\+1)(()\;rl)m—oz)+()\+1)(a_1_2,)

::%<M+;Wv%%A+n(g%1—0,
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x O[1]2[3]4]5]6]7][8]9]10]11
ma(z) [5]6|7(8[5(6]7|8|5|6] 7|3

TABLE 1. Multiplicity function of A = AS(0, (1,5),12) in Z/127Z

d1 and d3 — dg dg and d1 — dg dg and dg — d1

FIGURE 6. Non adjacent common differences of AS(a, (di, ds, d3), s)

for all i € [0, « — 1] if p = m — 1. This completes the proof. U

For example, for m = 12, a = 0, d; = 1 and dy = 5, we obtain that dy — d; = 4,
ged(dy — dy,m) = 4 and the multiplicity function of A = AS(a, (d1,d2), m) is given in
Table 1.

3.3. In dimension 3. In this subsection, we only consider the arithmetic tetrahedron
AS(a, (dy,ds,d3), s) in Z/mZ. We determine necessary and sufficient conditions on the
common differences dy, ds, d3, do —dy, d3 — dy and dy — d3 of AS(a, (dy,ds, d3), s), depicted
in Figure 5, for being balanced in Z/mZ.

Definition 3.7 (Adjacent common differences). Among the six common differences dj,
dy, ds, dy — dy, d3 — dy and dy — d3 of AS(a, (dy,ds,d3),s), two of them are said to be
adjacent if they have a vertex in common. The couple of non adjacent common differences
of AS(a, (di,ds,ds),s) are (dy,ds — ds), (da,dy — d3) and (d3,dy — dq). The twelve other
couples of common differences are said to be adjacent (See Figure 6).

Theorem 3.8. Let m and s be two positive integers and let a, dy, dy, d3s € Z/mZ. Let D =
{dy,dy,d3,dy — dy,d3s — do,dy — d3} be the set of common differences of the arithmetic
tetrahedron A = AS(a, (dy, ds,d3), s). If A is balanced in Z/mZ and

i) m is odd, then all the elements of D are invertible.
ii) m is even, then all the elements of D are invertible, except two of them, say 6, and
0o, which are non adjacent and such that ged(dy, m) = ged(de, m) = 2.
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AS(a, (0,0,d),s) AS(a,(0,dy,ds2),s) AS(a,(0,d,d),s)
FIGURE 7. Arithmetic tetrahedra with a common difference equal to zero

The proof of this theorem is based on the following four lemmas, where we study the
multiplicity function of the arithmetic tetrahedra with at least one common difference
equal to zero. A representation of the common differences of these arithmetic tetrahedra
can be found in Figure 7 and Figure 8.

Lemma 3.9. Let m and s be two positive integers and let a,d € Z/mZ such that d is
invertible. Then, the arithmetic tetrahedron AS(a, (0,0,d),s) is not balanced in Z/mZ.

Proof. Let A = AS(a, (0,0,d),s). By Lemma 3.3, we obtain
ma(a) = ma(a+d) = mp,a)(a) — mp,a)(a+ d).

Since F3(A) = AS(a, (0,0), s), i.e. the constant triangle of size s where all the terms are
equal to a, we have mp,ay(a + d) = 0. Since F1(A) = AS(a, (0,d), s), it follows from

Lemma 3.5 that
A+1 s—1
mFl(A)(a) = 2 m—+ m o> 07

where s = Am + p is the Euclidean division of s by m. This leads to the inequality
ma(a+d) < ma(a) and thus the multiplicity function mx is not constant on Z/mZ. This
concludes the proof. O

Lemma 3.10. Let m and s be two positive integers and let a,dy,dy € Z/mZ such that
dy, dy and dy — dy are invertible. Then, the arithmetic tetrahedron AS(a, (0,dy,ds), s) is
not balanced in 7 /mZ.

Proof. First, since d;, dy and dy — d; are invertible, we know that m is an odd number.
Assume, without loss of generality, that m is an odd prime. Indeed, if m is composite,
we know that A cannot be balanced in Z/mZ if its projected tetrahedron m,(A) is not
balanced in Z/pZ, where p is an odd prime factor of m. Moreover, a necessary condition
on s for /A being balanced is that m divides (SJ?:Q). Since m is an odd prime, this implies
that s =0,—1 or —2 mod m. If s = —2 mod m, then A = AS(a, (0,d;, dz), s) can be seen
as A"\ F1(4"), where A" = AS(a, (0,dy,ds),s + 1) and F{(A") = AS(a, (d1,d2),s + 1).
Since s + 1 = —1 mod m and d;, ds, dy — d; are invertible, we deduce from Theorem 3.2
that F1(A') is balanced. Therefore A is balanced if and only if A’ is. This is the reason
why, in this proof, we suppose that m is an odd prime and that s is a positive integer
such that s =0 or —1 mod m. First, by Lemma 3.3, we obtain

ma(z + do) — ma(x) = mp,n)(T + d2) — mp, a)(2),

for all x € Z/mZ. Since dy, ds and dy—d; are invertible and s = 0 or —1 mod m, we know,
from Theorem 3.2, that F1(A) = AS(q, (dy,ds), s) is a balanced triangle. Therefore,

1 /s+1

m
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for all x € Z/mZ. Moreover, since d; is invertible, it follows from Lemma 3.5 that the
multiplicity function of F3(A) = AS(a, (0,d;), s) verifies

mFS(A)<a) > mFg(A)(a + dl) > e > mFS(A)(a + (m — 1)d1).
Therefore, since 37" My, (a +id) = (SH), we have mp,a)(a) > %(5451) This leads

2
to the inequality

1 /s+1
ma(a) —ma(a —da) = mpya)(a) = My (a)(@ = da) = mpy(a)(a) - E( 2 ) -0

Thus, the multiplicity function ma is not constant on Z/mZ. This concludes the proof.
O

Lemma 3.11. Let m and s be two positive integers and let a,d € Z/mZ such that d is
invertible. If the arithmetic tetrahedron AS(a, (0,d,d),s) is balanced, then m = 2 and s
1S even.

Proof. Let A = AS(a, (0,d,d), s). First, by Lemma 3.3, we obtain the identity
ma(z +d) — ma(r) = mp,a) (7 + d) — mp, 2 (2),

for all x € Z/mZ. Let s = Am + p be the Euclidean division of s by m. Since Fo(A) =
AS(a, (0,d), s), we know, from Lemma 3.5, that

My, (a)(a + id) = (A;I)er Fﬂ;ﬂ (n—1)

for all i € [0, m—1]. Moreover, since F1(A) = AS(a, (d,d), s) = AS(a+(s—1)d, (0, —d), s),
by Lemma 3.5 again, we have

T e Ul (e IR B [P

for all j € [0,m — 1]. This leads to the identity

ma(a) —ma(a = d) =mpya)(a) — mp,a)(a = d)
s
= Miy(a)(a) = e,y (@t (s = 1= p)d) = ||
If A is balanced, then my is constant on Z/mZ. Then, ma(a) = ma(a—d) and [£] p = 0.
Therefore p = 0 and s = 0 mod m. Suppose now that s = Am, with A > 1. For every
integer i € [1,m — 1], we deduce from the previous results that

ma(a+id) —ma(a+ (i — 1)d) = mp,ay(a +id) — mp,ay(a + (i — 1)d)
= mFQ(A)(a + Zd) — mFl(A)(a + (S —-1- (m — ’L))d)
= A(m — 2i).
The only possibility for having ma (a + id) = ma(a + (i — 1)d) is that m = 2 and ¢ = 1.

This concludes the proof. 0

Lemma 3.12. Let s be a positive integer let a,d € Z/AZ such that d is invertible. Then,
the arithmetic tetrahedron AS(a, (0,d, —d), s) is not balanced in 7 /AZ.
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FIGURE 8. AS(a,(0,d, —d), s) in Z/4Z, with d = £1

Proof. Let A = AS(a, (0,d, —d),s). If A is balanced in Z/4Z, then its projection mo(A) =
AS(mg(a), (0,1,1),s) is balanced in Z/2Z. This implies, by Lemma 3.11, that s is even.
Let s = 4\ + p be the Euclidean division of s by 4, where p € {0,2}. Since F3(A) =
AS(a, (0,d), s) and Fa(A) = AS(a, (0,—d), s), it follows from Lemma 3.5 and Lemma 3.3
that

ma(a) —ma(a+2) =mpya)(a) — mpya)(a+2)

= mFS(A)(a) — mFQ(A)(a — Qd)

(AT T4t A1\ [4h+p—2
() Pl (L) - e
AN+ 1 AN+ p—2
- AR ),
] P2
For pn = 0, we obtain that ma(a) —ma(a+2) = 2X # 0. For pp = 2, ma(a) —ma(a+2) =

2(A+1) > 2. In all cases, we obtain that ma (a) # ma(a+ 2). Therefore the tetrahedron
A\ is not balanced in Z/4Z. O

We are now ready to prove Theorem 3.8.

Proof of Theorem 3.8. Let A = AS(a, (dy,ds,d3), s) be an arithmetic tetrahedron of size
s, where all the common differences are

D = {d17 d27 d37 d2 - dl, d3 - dQ, d1 — dg}

If there exists an element § of D which is not invertible in Z/mZ and not equal to
zero, then we consider the projection of A into Z/aZ, where o = ged(d, m) > 2. The
projected tetrahedron m,(A) is also arithmetic. In this tetrahedron, the corresponding
common differences of the invertible common differences of A are invertible in Z/aZ and
Ta(d) = 0. If there exists a common difference ¢ of 7, (D) which is not invertible in Z/aZ
and not equal to zero, we project again 7,(A) into Z/B7Z, where 8 = ged(d', a) > 2. We
continue until the projected tetrahedron is such that all its common differences are either
invertible, or equal to zero. In the sequel, suppose that m,(A) is like that. Obviously,
if the projected tetrahedron m,(A) is not balanced in Z/aZ, we know that A cannot be
balanced in Z/mZ. We distinguish different cases.

Case 1. There exist three adjacent common differences, in 7, (A), which are equal to zero.
Then, all the elements of 7, (D) are equal to zero and m,(A\) is the constant tetrahedron
where all terms are equal to m,(a). Thus, the tetrahedron 7,(A) is not balanced in Z/aZ.

Case 2. There exist two adjacent common differences, in m,(A), which are equal to
zero. Without loss of generality, suppose that m,(dy) = m.(ds) = 0. Then, m,(A) =
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AS(ma(a), (0,0, m4(d3)), s). If ma(ds) = 0, this is Case 1. Otherwise, if m,(d3) is invertible,
the tetrahedron 7, (A) is not balanced in Z/«aZ, by Lemma 3.9.

Case 3. There exist two non adjacent common differences, in 7,(A), which are equal
to zero. Without loss of generaliry, suppose that 7,(d;) = m4(d3 — d2) = 0. Then,
Ta(A) = AS(ma(a), (0, 7o (d2), ma(da)), s). If ma(dy) = 0, this is Case 1. Otherwise, if
Ta(dz) is invertible, we know from Lemma 3.11 that if 7,(A) is balanced, then o = 2 and
s is even.

Case 4. There exists one common difference, in m,(A), which is equal to zero. Without
loss of generality, suppose that m,(d;) = 0. If there exists a second common difference
which is equal to zero, this is Case 2 or Case 3, depending on the adjacency of these
two common differences. If the five other common differences of m,(A) are invertible, we
know that m,(A) is not balanced by Lemma 3.10.

Therefore, the only possibility for m,(A) being balanced in Z/aZ is that « = 2 and s
is even. Thus, when m is odd, we have proved the result i) of Theorem 3.8. When m
is even, we deduce from the previous results that if A is balanced with a non invertible
common difference 9, then the corresponding non adjacent common difference of § is also
non invertible and their projection in Z /27 are equal to zero. Moreover, since the constant
tetrahedra in Z/27 are not balanced, it follows that the four other common differences of
A must be invertible in Z/mZ. Suppose now that m and s are even and that the common
differences of the balanced tetrahedron A are such that d; and d3 — dy are non invertible
and ds, ds, doy — dy, di — d3 are invertible, where

ma(A) = AS(ms(a), (0,1,1),s).

If ged(dy, m) or ged(ds — dy, m) are divisible by an odd number m/, then the projected
tetrahedron m,,(A\) is a balanced arithmetic tetrahedron in Z/m'Z, with at least one
common difference which is non invertible, that is impossible by result i) of Theorem 3.8.
Thus ged(dy, m) and ged(ds — do, m) are powers of two. Finally, from Lemma 3.12, we
deduce that ged(dy, m) = ged(ds — dg, m) = 2. This completes the proof. O

We continue by showing that there is no balanced arithmetic tetrahedron in Z/mZ
when m is divisible by 3.

Theorem 3.13. Let m and s be two positive integer such that m is a multiple of 3. There
is no balanced arithmetic tetrahedron of size s in Z/mZ.

Proof. Let A be an arithmetic tetrahedron of size s in Z/mZ. We consider the projected
tetrahedron m3(A) in Z/37Z. We know from Theorem 3.8 that if m3(A) is a balanced
tetrahedron, then all the common differences of m3(A) are invertible in Z/3Z. In Z/3Z,
the invertible elements are 1 and 2. Thus, if dy, dy and d3 are invertible, there are at least
two of them which are equal and thus their difference is a common difference equal to
zero. Therefore m3(/A\) cannot be balanced in Z/3Z. This completes the proof. O

In the end of this subsection, we prove that the necessary conditions on the common
differences of balanced arithmetic tetrahedra highlighted in Theorem 3.8 are also sufficient
for certain sizes.

Theorem 3.14. Let m be an odd number not divisible by 3 and let a,dy,ds,ds € Z/mZ
such that dy, ds, d3, do — dy, d3 — dy and d; — ds are invertible. Then, the arithmetic
tetrahedron AS(a, (dy,ds, ds), s) is balanced for all s =0, —1, or —2 mod m.

Proof. Theorem 3.2 for n = 3. O
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Theorem 3.15. Let m be an even number not divisible by 3 and let a,dy,ds, ds € Z/mZ
such that ged(dy, m) = ged(ds — dy,m) = 2 and ds, ds, dy — dy and dy — d3 are invertible.
Then, the arithmetic tetrahedron AS(a, (dy,ds, d3), s) is balanced for all s =0 or —2 mod
m.

Proof. Let A\ = AS(a, (dy,ds, d3), s).

Case 1. Suppose that s is divisible by m.

Since ged(dy, m) = 2, d3 and dy — d3 invertible and s divisible by m, it follows from
Proposition 3.6 that the multiplicity function of Fo(A) = AS(a,(dy,d3),s) is entirely
determined by

1 /s+1 S 1 /s+1 s

%) = — = % +1) = — _ 2

Mg, a) (@ + 20) m( 9 ) to mp,n)(a+2i+ 1) m( ) ) 5y

for all ¢ € [0,2 — 1]. Similarly, since ged(ds — da, m) = 2, dy and d3 invertible and s

)
divisible by m, we have by Proposition 3.6 that the multiplicity function of Fi(A) =

AS(a, (dg, ds),s) = AS(a+ (s — 1)dy, d3 — da, —ds, s) is equal to

) 1 /s+1 s . 1 /s+1 S
mFI(A)(a+22+1):E 9 ‘|‘%, mFl(A)(a+22):E 9 _%7

for all 7 € [0, — 1]. This leads to the identity

mp, o) (@ + 1) = mp, (o) (2),
for all z € Z/mZ. Then, since ged(d;, m) = 2 and d is invertible, we obtain by Lemma 3.3
that

mA(x + dl) — mA(x + dg) = mFl(A)(x + dl) — mFQ(A)(x + dg)
= mFl(A)(x + 2) — mFQ(A)(x + 1) = O,

and thus

ma (@ + (d) — d3)) = ma(2)
for all z € Z/mZ. Since d; — ds is invertible, we conclude that m, is constant and A is
balanced in Z/mZ.

Case 2. Now, suppose that s = —2 mod m.

The tetrahedron A can be seen as the arithmetic tetrahedron A’ of size s + 2 where
the first two rows have been removed, i.e. A = A’\ {Rg,Ry}, where A’ := AS(a —
2d3, (dl, dQ, dg), S+2), RQ = AS(G,—ng, (dl, dg), S+2) and R1 = AS(a—dg, (dl, dg), $+1)
Since ged(dy, m) = 2, do, do —dy, d3 invertible and s+2 =0, s+1 = —1 mod m, it follows
from Proposition 3.6 again that

, 1 (s+3 s+ 2 : 1 (s+3 s+ 2
mRO(aJrZZ):—( >+ : mRO(a+22+1):—( )— ,

m 2 2m m 2 2m
) 1 /s+2 s+ 2 ) 1 /s+2 s+ 2
le(a—l—Qz—i—l):E( 0 )+ Syt le(a+22):E( 0 )— e

This leads to

g (1) + g, (1) = ((3;3) 4 (3;2)) ,

for all x € Z/mZ. Therefore the multiset Ry U R; is balanced in Z/mZ. Moreover,
since s + 2 = 0 mod m, we already know from Case 1 that A’ is balanced. The multiset
difference of balanced multisets is obviously balanced. This completes the proof. O
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Remark 3.16. When m is even not divisible by 3, if we suppose that ged(d;, m) = ged(ds—
dy,m) = 2 and dy, d3, dy — dy and dy — d3 are invertible, then the arithmetic tetrahedron
AS(a, (dy,ds,ds), s) is not balanced for all s = —1 mod m. Indeed, it can be seen as the
multiset difference of the arithmetic tetrahedron AS(a — ds, (dy,ds,ds), s + 1), which is
balanced by Theorem 3.15, and the arithmetic triangle AS(a — ds, (d1,dz), s + 1), which
is not balanced by Theorem 3.4.

4. BALANCED SIMPLICES GENERATED FROM ARITHMETIC ARRAYS

We are now ready to show that the orbits generated from arithmetic arrays by additive
cellular automata are a source of balanced simplices.

4.1. The general case : in dimension n > 2. In this subsection, we prove Theo-
rem 1.14, the main result of this paper, and, in corollary, the special case of the Pascal
cellular automata is examined.

4.1.1. For any ACA. First, we recall Theorem 1.14.

Theorem 4.1. Let n > 2 and m be two positive integers such that ged(m,n!) = 1.
Suppose that o is invertible modulo m. Let a € Z/mZ, d = (dy,...,d,—1) € (Z/mZ)"*
and e € {—=1,1}" such that d;, for all 1 < i < n, and €;d; — ;d;, for all1 < i < j < n,
are invertible, where d, = o> 7_{ oxdy,. Then, in the orbit O(AA(a,d)), every n-
simplex with orientation € and of size s is balanced, for all s = —t mod ord,,(¢"™)m,
where t € [0,n — 1].

The proof of this theorem is based on the following lemma.

Lemma 4.2. Let n > 2, my and my be three positive integers such that ged(mg,n!) =1
and let m := mymy. Let a € Z/mZ and let d = (dy,...,d,) € (Z/mZ)" such that 7, (d;),
for all 1 < i< n, and mp,(d;) — T, (d;), for all 1 < i < j < n, are invertible in Z/msyZ.
Then, for all positive integers s = —t mod mo, where t € [0,n — 1], the multiplicity
function of the arithmetic simplex A = AS(a, m1d, s) of Z/mZ verifies

ma(x +my) = ma(x),
for all x € Z/mZ.

Proof. First, it is clear that A is uniquely constituted by elements of the form a + kmy,
where k € [0, mgy — 1]. Therefore, the identity is obviously true for all elements x not in
{a+ kmy | k € [0,my — 1]}. Moreover, since m,,(d;), for all 1 < i < n, and m,,(d;) —
Tms (d;), for all 1 < i < j < n, are invertible in Z/m»Z and since s = —t mod mgy, where
t € [0,n — 1], we know from Theorem 3.2 that the arithmetic simplex AS(0, m2(d), s) is
balanced in Z/msZ. Finally, since /A can be seen as the image of the balanced arithmetic
simplex A" = AS(0, m2(d), s) by the function

f: Z/mZ — Z/mZ
Tm,(T) — a+myx

it follows that
ma (@ + ki) = mpan(f (k) = mar(k) = mar(0) = myan(£(0)) = ma(a),
for all k& € [0, mgy — 1]. This completes the proof. t

We are now ready to prove Theorem 4.1 (Theorem 1.14), the main result of this paper.
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Proof of Theorem 4.1. Let A(j,¢,s) be an n-simplex of size s = Alem(ord,, (o), m) — t,
where ¢t € [0,n — 1], appearing in the orbit O(AA(a,d)) = (a;)iezn-1xn. We proceed by
induction on m. For m = 1, the result is obvious. Suppose now that the result is true for
all finite cyclic groups of order strictly lesser than m. Let

my = ged (ord,,(0),m)  and mg = .
my

Then, s = Mord,,(o)my — t.
First, we prove that ma(z +m;) = ma(z) for all x € Z/mZ. By Proposition 2.11 for
a = ord,, (o), we know that A(j, ¢, s) can be decomposed into ord,, ()" subsimplices SSy,

Nies)= | S
kel0,ordm (o)—1]"
that are, for all k € [0, 0rd,,(c) — 1]", the arithmetic simplices
in+e 7 Z: ku +1
SS,. = AS <aj+€.k,ordm(a)aj"+ nkne L d Amg — {%J) ,
where d = (dy, ..., dy_1,dy,) and d, = 0! EZ;} oudy,. Since

ord,, (o) _ ged(ordy,(0),m)
ng( ,mg) ~ ged(ord,, (o), m) L

)

1
it follows, from the hypothesis of the theorem, that the elements
d., ,
o (Ol" (U) O_]nJrenkngudu) :
my
forall 1 <u < n, and
d;, :
s (Or (U) O.jn-i-é‘nkn (Eudu _ Evdv)> ’
my

for all 1 < w < v < n, are invertible in Z/msZ. Moreover, since the size of SSy, Ams —

D=t kutt
ordm (o)

modulo my with y € [0,n — 1], we deduce from Lemma 4.2 that

J, is in [Amg — (n — 1), Amy] and thus is congruent to a certain integer —y

mgs, (T +m1) = mgg, (),

for all © € Z/mZ, and this, for all k € [0,0rd,,(c) — 1]". Then, the multiplicity function
of A verifies

ma(z+my) = Z mgs, (. +my) = Z mgg, () = ma(x),
ke[0,0rdm, (0)—1]" ke[0,0rdm (0)—1]"
for all x € Z/mZ.
Now, we prove that the projected simplex m,,, (A) is balanced. We begin by showing
that the integer ord,,(¢™)m is divisible by ord,,, (6™ )m;. Indeed,
(O'ml )mgordm (e™)

= (™)) =1 (mod m)

and, by divisibility of m by m;, this equivalence is also true modulo m;. It follows
that moyord,,(c™) is divisible by ord,,, (¢""), implying that ord,,(¢™)m is divisible by
ord,,, (6™ )my. Then, s = —t mod ord,,, (6"*)m; and since the elements m,,, (d,), for all
1 <u < n,and 7, (e,d, — €4dy), for all 1 < u < v < n, are clearly invertible in Z/m4Z,
we deduce from the induction hypothesis that 7, (A) is balanced in Z/m4Z.

Finally, since mp,, (A) is balanced and ma(x + m;) = ma(x) for all z € Z/mZ, we
deduce from Theorem 2.5 that the simplex A is balanced. This concludes the proof. [
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Remark 4.3. If 0 = 1 mod m, then the n-simplex A (j, ¢, s) appearing in O(AA(a,d)) is
an arithmetic simplex and Theorem 4.1 is simply Theorem 3.2 on balanced arithmetic
simplices.

4.1.2. For the Pascal cellular automata. Here, we investigate the consequences of Theo-

rem 4.1 on the existence of balanced n-simplices, in the case where the ACA considered
is PCAnfl.

Corollary 4.4. Let n > 2 be a positive integers. For every positive integer m such
that ged(m, (3(n — 1))!) = 1, there exist infinitely many balanced n-simplices of Z/mZ
generated by PCA,,_4, for all possible orientations ¢ € {—1,1}". In the special case of the
two orientations € = +---+ — ore = —--- — 4, the existence of an infinite number of
such balanced simplices is verified for every Z/mZ such that gcd(m,n!) =1, if n is even,
and for every Z/mZ such that ged(m, (352)1) =1, if n is odd.

Proof. For the Pascal automaton of dimension n — 1, we have ¢ = n and o, = —1 for all
k € [1,n — 1]. Let m be a positive integer such that ged(m,n!) =1 and let A = AA(a,d)
be the arithmetic array of Z/mZ with common difference d = (dy,...,d,_1) defined by
dp ==k € Z/mZ for all k € [1,n — 1]. Then,

n—1 n—1
d, =01 Z ordy = —n~t Z k=—-2"1n-1).
k=1 k=1
Since ged(m,n!) = 1, the common differences dy,ds, . ..,d, 1 and d,, are invertible in

Z/mZ. For all integers u and v such that 1 <u < v <n—1, we have

(1) 3<ut+v<2n—3 and 1<v—u<n—2

For all integers u such that 1 < u < n — 1, we have

(2) n+1<2u+(n—-1)<3n—-1) and —n-3)<2u—(n—1)<n—1.

If n is even, then 2u — (n — 1) cannot vanish and we deduce that if ged(m, (3(n—1))!) =1
then, for any orientation € € {—1,1}", all the elements in

(3) {evdy —eudy | 1 < u < v < n}

are invertible modulo m. Therefore, by Theorem 4.1, any simplices of orientation ¢ and
of size s = —t mod lem(ord,,(n), m), with ¢ € [0,n — 1], appearing in the orbit O(A) are
balanced in Z/mZ. For the specific orientations ¢ = +--- 4+ — and ¢ = —--- — +, we
deduce from the second inequalities of (1) and (2) that this result is also true in the more
general case where ged(m,n!) = 1. Now, suppose that n is odd and let ¢ € {—1,1}" be an
orientation. If there exist [ € [1,n— 1] such that ¢, = ¢,, , then we consider the arithmetic
array A = AA(a,d) of Z/mZ with common differences d = (di,...,d,_1) defined by
dp =", dozy =1l and dy ==k for all k € [1,n—1]\ {l,2%5*}. Then, d, = —27'(n — 1)
as before and

Eldl — Endn = 61(71 — 1).

If ged(m, (3(n — 1))!) = 1, we deduce that all the common differences dj for k € [1,n]
and, from inequalities (1) and (2), all the elements in the set of (3) are invertible modulo
m. Therefore, by Theorem 4.1, any simplices of this orientation e, where ¢, = ¢,, and
of size s = —t mod lem(ord,,(n), m), with ¢ € [0,n — 1], appearing in the orbit O(A) are
balanced in Z/mZ. Finally, suppose that n is odd and ¢ is such that e, = —¢,, for all
kel[l,n—1],ie,e=+---4+—ore=—---—+. In this case, we consider the arithmetic

array A = AA(a,d) of Z/mZ with common differences d = (di,...,d,_1) defined by
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dugr = 34l and dy, ==k for all k € [1,n — 1]\ {&}. Then, d, = —27*(n +1). For all

integers v and v such that 1 <u <wv < 3”2“, we have
3n—1 -1 1
(4) 1<v—u< n2 and _n2 <u—n;r < n.

If Z/mZ is such that ged(m, (252)!) = 1, we know by definition that all the common
differences dj. are invertible modulo m for all k& € [1,n]. Moreover, since d, + d,, cannot
vanish by definition, and from (4), we deduce that all the elements in the set of (3)
are invertible modulo m. By Theorem 4.1 again, any simplices with these orientations,
e=+4--++—ore=—---—+, and of size s = —t mod lem(ord,,(n), m), with ¢ € [0,n—1],
appearing in the orbit O(A) are balanced in Z/mZ. This concludes the proof. O

4.2. In dimension 3. In this subsection, we show that, in dimension 3, a similar result
than Theorem 4.1 can be obtained for certain even values of m by using Theorem 3.15.
In corollary, the special case of the Pascal cellular automaton PCA, is studied.

4.2.1. For any ACA.

Theorem 4.5. Let m be an even number not divisible by 3 such that o € Z/mZ is
invertible and o = 1 mod 2'2(™ | where vy(m) is the highest exponent u such that 2"
divides m. Let a € Z/mZ, d = (dy,dy) € (Z/mZ)* and e € {—1,1}> such that eody, e3ds,
eody—e1dy, £1dy —e3ds are invertible in Z/mZ and ged(e1dy, m) = ged(e3ds—eade, m) = 2,
where dz = o~ (oydy + 09ds). Then, in the orbit O(AA(a,d)), every tetrahedron with
orientation € and of size s is balanced, for all s =0 or —2 mod lem(ord,, (o), m).

Proof. Let A = A(j, ¢, s) be a tetrahedron of size Alem(ord,,(¢), m) —t, where t € {0, 2},
appearing in the orbit O(AA(a,d)) = (a;)iezzxn. We proceed by induction on m.

For m = 2" since ¢ = 1 mod m, it follows that A is an arithmetic tetrahedron
of size s = 0 or —2 mod m and of common differences (e1d;, e2ds, £3d3) such that eyds,
Egdg — €1d1, €3d3 and Eldl — €3d3 are invertible and ng({fldl, m) = ng(€3d3 — Ezdz) = 2.
By Theorem 3.15, the tetrahedron A is balanced in this case.

Suppose now that m > 2°2(™ and let m/ := m/2%(™ the odd part of m. Let

m m’

= 2U2(m) ! == .
my ged(ordp(o),m’) and my = - ged(ord,, (o), m)

First, we prove that ma(z +m;) = ma(x), for all x € Z/mZ. Since
my = 2% ged(ord,, (o), m') = ged(22™ord,, (o), m),

it follows that m is divisible by ged(ord,, (o), m). By Proposition 2.11 with
my
o =
ged(ord,, (o), m)

ord,, (o),

since s = amsy — t, we know that /\ can be decomposed into a® subtetrahedra that are
arithmetic. More precisely, we have

A = U SSy,
kel0,a—1]3

where
ord,, (o)
ged(ord,, (o), m)

SSk = AS (a/jJre.k’ mi

. k k k
093%e3ks (21d, e9dy, £3d3), Mg — { MJ) ;

«



26 JONATHAN CHAPPELON

for all k € [0,a — 1]>. Since my is an odd factor of m and ged(eady, m) = ged(esds —
gody, m) = 2, we deduce that m,,,(e2ds) and 7, (e3d3 — e2ds) are invertible in Z/msZ.
Since o, e9dy, e3ds, £ady — €1dy and e1d; — €3d3 are invertible in Z/mZ and since

4 (gt ™) |2 Gty s~

we obtain that the elements

Trms Ordm (U) Uj3+€3k3 Eudu )
ged(ord,, (o), m)

forall 1 <wu <3, and
ord,, (o) i tesks
m c vdv - udu )
o (G 7 e 2

for all 1 < u < v < 3, are invertible in Z/myZ. Moreover, since the size of SSy is msy —
[ MJ Whlch is congruent to 0, —1, or —2 modulo ms, we deduce from Lemma 4.2
that the multiplicity function of SSy Verlﬁes

mss,, (l‘ + ml) = Mgg,, (l‘),
for all x € Z/mZ and for all k € [0, — 1]3. Therefore, we have

ma (z+my) = Z mgs, (2 +mq) Z mgs, (7 ma (),

ke[0,a—1]3 €[0,a—1]3

for all 2 € Z/mZ. Since o = 1 mod 2*2(™) it follows that ord,,(c) = ord,,(c) and thus
my = 2%20™ ged(ord,, (o), m') = 2%20™ ged(ord, (o), m') is a proper divisor of m. Thus,
from the induction hypothesis, we know that the projection of A into Z/m,Z is balanced.
Finally, since ma(z+my) = ma(x) for all x € Z/mZ and 7,,, (A) balanced in Z/m1Z, we
conclude that the tetrahedron A is balanced in Z/mZ by Theorem 2.5. This completes
the proof. O

4.2.2. For the Pascal cellular automaton. Here, we investigate the consequences of The-
orem 4.5 on the existence of balanced tetrahedra, in the case where the ACA considered

is PCAQ

Corollary 4.6. For even numbers m not divisible by 3 and such that vo(m) = 1, there
exist infinitely many balanced tetrahedra of Z./mZ generated by PCA,, for all orientations

=++4+, +—-—+, +——, —++, —+ — and — — —. In the special case of the
two orientations € = + + — or € = — — 4+, the existence of an infinite number of such
balanced tetrahedra is verified for every Z/mZ of even order m such that vo(m) =1 and
ged(m, 3.5) = 1.

Proof. For the Pascal automaton of dimension 2, we have 0 = 3 and 0, = 09 = —1. If
there exists i € {1,2} such that ¢; = 3, then we consider the orbit associated with the
arithmetic array AA(a, (di,ds)) of Z/mZ, where d; := 1 and d; := 2 with {4, j} = {1, 2}.
Then, dg = —371.3 = —]_, dl+d] = 3, d]—dz = ]_, dj+d3 = ]_, dj—dg = 3 and dl—dg = 2.
It follows that, if m is an even number not divisible by 3 and such that vy(m) = 1, we
have

ged(e;d;, m) = ged(esds, m) = ged(e;d; — €,d;, m) = ged(ejd; —ezds,m) =1
and
ged(g;d;, m) = ged(e;d; — e3ds,m) = 2.
Therefore, by Theorem 4.5, any tetrahedron of this orientation e, where ; = 3, and of
size s = 0 or —2 mod lem(ord,, (3), m) appearing in the orbit O(A) is balanced in Z/mZ.
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o[1]1[3]6] [o]4]o]1] [0]2][3] [o]5] [O]
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FIGURE 9. An (1,2)-antisymmetric tetrahedron in Z/77Z

Suppose now that ¢ = ++4— or ——+ and consider the orbit associated with the arithmetic
array AA(a, (dy,ds)) of Z/mZ, where d; := 4 and dy := 5. Then, d3 = —371.9 = -3,
dy—dy =1,d4+d3 =1 and dy + d3 = 2. It follows that, if m is an even number such
that vo(m) =1 and ged(m, 3.5) = 1, we have

ged(gada, m) = ged(esds, m) = ged(eady — e1dy, m) = ged(e1dy — e3ds,m) =1
and
gcd(z—:ldl,m) = ng(€2d2 — 53d3,m) = 2.

Therefore, by Theorem 4.5, any tetrahedron of the orientation € = ++ — or — —+ and of
size s = 0 or —2 mod lem(ord,,(3), m) appearing in the orbit O(A) is balanced in Z/mZ.
This concludes the proof. O

5. THE ANTISYMMETRIC CASE

We begin this section by defining the antisymmetric sequences and the antisymmetric
simplices.

Definition 5.1 (Antisymmetric sequences). A finite sequence S = (ay, ..., as) of length
s> 11in Z/mZ is said to be antisymmetric if a; + as_;41 = 0 for all i € [1, 5].
For instance, the sequence S = (2,2,1,0,4, 3, 3) is antisymmetric in Z/5Z.

Definition 5.2 (Antisymmetric simplices). Let A = (a;);.;» be an infinite array of ele-
ments in Z/mZ and let A(j, €, s) be the n-simplex of size s, with orientation € € {—1,1}"
and whose principal vertex is a; in A, that is,

A(j,e,s) ={ajser | kK € N" such that ky +---+ k, <s—1}.

Let v and v be two integers such that 0 < u < v < n. The simplex A(j, ¢, s) is said to be
(u,v)-antisymmetric if all its subsequences in the same direction of the edge between the
vertices V, and V, are antisymmetric. More precisely, A(j, ¢, s) is (0, v)-antisymmetric
if we have

Qjyet + Qjyesky = 0, where s(k) = (k:l, o ky_1,s—1— Z ki kot k;n> ,
=1

for all £ € N" such that k;+- - -4k, < s—1and, foru > 1, A(j, ¢, s) is (u, v)-antisymmetric
if we have

Ujyek + jres) = 0, where (t(k)); = k.o for all [ € [1,n],
where 7 is the transposition (u,v), for all & € N such that ky + -+ + k, < s — 1.

For instance, the tetrahedron depicted in Figure 9 is (1, 2)-antisymmetric. Moreover,
each row of this tetrahedron is an (1, 2)-antisymmetric triangle.
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5.1. Antisymmetric simplices. Let m and n be two positive integers such that n > 2
and ged(m,n!) = 1. In the sequel of this section, we consider n-simplices A(j, ¢, s)
appearing in the orbit of the arithmetic array AA(a,d), where a € Z/mZ and d =
(dy,day ... ,dpq) € (Z/mZ)"_l, generated by an ACA of weight array W = (w;)iej—yjn-1-
The elements of this orbit are denoted by O(AA(a,d)) = (a;)iczn-1xn. As already defined
before,
o= Z w; and o = Z lywy, for all k € [1,n — 1].
lel—rr|n—1 le[—rr]n—1
Moreover, suppose that ¢ is invertible modulo m and let

n—1
d, =oc* E ody.
k=1

In this subsection, necessary conditions on simplices for being antisymmetric are deter-
mined.

Proposition 5.3. Let u and v be two integers such that 1 < u < v < n. If A(j,e,s) is
(u, v)-antisymmetric, then d,, = 0 for all w € [1,n]\ {u,v} and e,d, + €,d, = 0.

Proof. Let k € N" such that ky +---+ k, <s—1. If k, = k,, then 7(k) = k and

2aj+z—:-k = Qjtek T+ Ajter(k) = 0,
by definition of the (u, v)-antisymmetry. It follows that a;4., = 0 in this case. Therefore,
if k, = k,, we have

gintenkn (a + Z(,]l + Slkl)dl> =0 < a+ Z(Jl + etki)dy = 0.

1=1 =1
For k = 0, we obtain that

a—+ Zjldl = 0.
=1

Now, we consider the canonical basis (ej,...,e,) of the vector space Z". For all w €
[1,n]\ {u,v}, since k, = k, =0 in k = ¢,,, we have

Ajtee, =0 = a+2jzdz+€wdw =0 < ¢,dy, =0 < d, =0.
=1
Finally, for k = e, + e,, since k, = k, = 1, we obtain that

jrer, =0 <= a+ Zjldl + eydy +epd, =0 <— e,d, + c,d, = 0.
1=1

This completes the proof. O
Proposition 5.4. Let v be an integer in [1,n]. If A(j, e, s) is (0,v)-antisymmetric, then
2edy = €yd, for all w € [1,n] \ {v}.

Proof. Let k € N" such that ky +---+k, <s—1. Ifk, =s—1—>"" Kk, then s(k) =k
and

2aj+€-k = Gjiek + Qjtes(k) = 07

by definition of the (0, v)-antisymmetry. It follows that a;;.., = 0 in this case. Therefore,
if k, =s—1—>"", k, we have

gIntenkn (a + Z(jl + €zk:l)dz> =0 < a+ Z(jl + etk)dy = 0.

=1 =1
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Let w € [1,n] \ {v}. Since k, + > ;" ki = s — 1 for k = (s — 1)e,, we have

Qjre(atye, =0 <= a+ Y _jidi + (s — 1)dy, = 0.
=1

Moreover, for k = e, + (s — 3)ey, since ;" k; + k, = s — 1, we obtain that

Qe =0 <= a+ E Jidy + epdy + €4(s — 3)dy, = 0.
=1
It follows that

Evly 4+ €u(s — 3)dy = (s — 1)dy, <= e,dy, = 26, dy.
This completes the proof. O

For n > 3, it is easy to see from Proposition 5.3 and Proposition 5.4 that if the simplex
A(j,e,s) is (u,v)-antisymmetric, then there is at least one element among the elements
gid;, for all 1 < ¢ < n, and €;d; — €;d;, for all 1 < ¢ < j < n, which is non invertible
and egual to zero in Z/mZ. In this case, the hypothesis of Theorem 3.2 are not satisfied.
Therefore, in the next subsection, we only consider the case of dimension n = 2.

5.2. In dimension 2. An arithmetic array of dimension 1 is simply called an arithmetic
progression and is denoted by AP(a,d) or AP(a,d,s), for an arithmetic progression of
length s, that is,

AP(a,d,s) = (a,a+d,a+2d,...,a+ (s —1)d).

Let W = (w_,,...,w,) € Z* ! be the weight sequence of the ACA of dimension 1 that
we consider here. By Lemma 3.10, we know that the derived sequence of an arithmetic
progression is also an arithmetic progression. Indeed, we have

OAP(a,d) = AP(ca + od'd,od),
where

o= Zwi and o = ZZU}Z
As already remarked, for W = (0,0 —0’,0"), we obtain that o (W) = (W) and o’ (W) =
o'(W). Thus, the orbits of AP(a, d) are the same if we consider W or W. Therefore, in the
sequel of this subsection, we only consider the case where r = 1 and W = (0,0 — o', 0").

5.2.1. (1,2)-antisymmetric triangles. First, we know from Proposition 5.3 that if the tri-
angle A(j, €, s), appearing in the orbit O(AP(a, d)) with d invertible, is (1, 2)-antisymmetric,
then
ei1d + 820’710'101 =0 < 0+ 820” =0 < o' = —E1E90.
So, we deduce that
W = (0, (1 + e169)0, —€1620).
Since A(j, ¢, s) is (1,2)-antisymmetric, we know that a; = 0 and ajic.c; + Qjee, = 0. It
follows that
a; =0 <= a+ jidy + jady =0,

and
UjteerHjiee, =0 <= 0”(a+ (j1 +e1)dy + jods) + 072 (a + jidy + (jo +€2)d2) =0

— €1d1 + 0'6262d2 =0

<— &1+ 0'62820'710'/ =0.
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This implies that ¢°2 = 1 and thus ¢ = 1. Therefore,
W = (0, 14 €169, —6162).

Finally, since o = 1, we know that A(j,¢,s) is an arithmetic triangle which is already
balanced for all s = 0 or —1 mod m from Theorem 3.2.

5.2.2. (0,2)-antisymmetric triangles. First, we know from Proposition 5.4 that if the tri-
angle A(7, €, s), appearing in the orbit O(AP(a, d)) with d invertible, is (0, 2)-antisymmetric,
then
g0 Lo =26, <= o = 2ee90.
So, we deduce that
W = (O, (1 — 28182)0', 281820').
Since A(j,¢€,s) is (0, 2)-antisymmetric, we know that a;i(s—1)e.e;, = 0 and aji(s—9)c.e, +
Ajte.((s—2)er+es) = 0. It follows that
Ajt(s—1)e-e; — 0 < a+ (]1 + 51(8 — 1))d1 +j2d2 =0,

and

Aji(s—2eer TAjte((s-2)ertes) = 0 = 02(a+ (j1 +e1(s — 2))di + jada)
+0727 %2 (a + (1 +e1(s — 2))dy + (j2 + £2)d2) = 0
— —&1dy + 0'52(—51d1 + Egdg) =0
— —e;+0%2(—e; +e0 o) =0

This implies that ¢°2 = 1 and thus ¢ = 1. Therefore,
W = (O, 1— 25182, 28162).

Finally, since 0 = 1, we know that A(j,¢,s) is an arithmetic triangle which is already
balanced for all s =0 or —1 mod m from Theorem 3.2.

5.2.3. (0,1)-antisymmetric triangles. First, we know from Proposition 5.4 that if the sim-
plex A(j,¢,s) is (0, 1)-antisymmetric, then
g1 = 2690 'o! = 0= 2890

So, we deduce that
W = (0, (28182 — 1)0',, 0',).

Now, we refine Theorem 4.1 in this case by considering triangles that have the additional
property to be (0, 1)-antisymmetric.

Theorem 5.5. Let m be an odd positive integers and let W € Z? 1 such that o = 20’
and o is invertible modulo m. Let a,d € Z/mZ such that d is invertible. Then, in the
orbit O (AP(a,d)), every (0, 1)-antisymmetric triangle of orientation (++) or (——) and
of size s is balanced, for all positive integers s = 0 or —1 mod lem(pord,, (o), m), where
pord,, (o) is the multiplicative order of o in (Z/mZ)* /{—1,1}.

Proof. Let A = A(j,¢e,s) be a triangle of size s and with orientation ¢ = ++ or ——
appearing in the orbit O(AP(a,d)) = (ai)iczxn. It is clear that ord,,(¢) = pord,,(o) or
ord,, (o) = 2pord,,(c). From Theorem 4.1, we already know that A is balanced for s =0
or —1 mod lem(ord,,(¢), m). Suppose now that ord,,(c) = 2pord,, (o). Different cases on
the congruence of s modulo pord,, (o) are distinguished.
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FIGURE 10. Decomposition of A" = A(j, ¢, 2s)

Case 1. s = 0 mod lem(pord,, (o), m).

We consider the triangle A" = A(7, £, 2s). Since 2s = 0 mod lem(ord,,(c), m), the triangle
A" is balanced by Theorem 4.1. As depicted in Figure, /A’ can be decomposed into
two triangles of size s, that are A(j,¢e,s) and A((j1,J2 + €29),¢,5), and s arithmetic
progressions of length s, that are

Sk = {ajl+ell,j2+€2k ‘ le [8 — k, 2s — k — 1]} ,
for all k£ € [0, s — 1]. Since
PR AP (a, d) = AP(072752K (0 4 (jy + e2k)o 1 o’d), o722k q),

for all k& € [0,s — 1], by Proposition 2.7, we deduce that S is an arithmetic progression
with invertible common difference and of length s, which is divisible by m. Therefore
the sequence Sy is balanced in Z/mZ for all k € [0, s — 1]. Moreover, since s = 0 mod
lem(pord,, (o), m), we obtain that 0”27°25AP(a,d) = £0”2AP(a,d). If 8727=25AP(a,d) =
&2 AP(a,d), then A((j1,j2 + €25),¢,8) = A(J,¢,s) and two copies of /A can then be
seen as the multiset difference of the balanced triangle A’ and all the arithmetic progres-
sions S, which are also balanced. Therefore, A is balanced in this case. Otherwise, if
521225 AP (a,d) = —32AP(a,d), then A((j1,72 + €25), €, s) is the opposite triangle of A.
Moreover, since A is antisymmetric, it follows that

MA (1, jotezs).e,s)(T) = Ma(—x) = ma(x)

for all x € Z/mZ. Finally, since A((j1, jo + €25),¢,s) and A have the same multiplicity
function and since they can be seen as the multiset difference of the balanced triangle
A" and all the arithmetic progressions Sy, which are balanced, we deduce that A is also
balanced in this case.

Case 2. s = —1 mod lem(pord,, (o), m).

The triangle A(j,e,s) can be seen as the multiset difference of A((j1,j2 + €2),¢,5+ 1),
which is balanced by Case 1, and the arithmetic progression AP(aj, j,4e,, 07272d, s + 1)
of invertible common difference and of length s + 1 = 0 mod m, which is also balanced.
The multiset difference of two balanced multisets is balanced. This completes the proof.

n

Theorem 5.6. Let m be an odd positive integers and let W € Z* 1 such that 0 = —20’
and o is invertible modulo m. Let a,d € Z/mZ such that d is invertible. Then, in the
orbit O (AP(a,d)), every (0, 1)-antisymmetric triangle of orientation (—+) or (+—) and
of size s is balanced, for all positive integers s = 0 or —1 mod lem(pord,, (o), m), where
pord,, (o) is the multiplicative order of o in (Z/mZ)* /{—1,1}.

Proof. Similar to the proof of Theorem 5.5 O
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6. CONCLUSION AND OPEN PROBLEMS

Throughout this paper, the existence of infinitely many balanced simplices of Z/mZ
appearing in the orbit generated from arithmetic arrays by additive cellular automata
have been shown and this, for an infinite number of values m for each additive cellular
automata of dimension 1 or higher.

For the Pascal cellular automaton of dimension 1, we have proved the existence of
infinitely many balanced triangles with orientation +— and —+ in any Z/mZ with m
odd and with orientation ++ and —— in any Z/mZ with m odd not divisible by 3. The
following problems remain open.

Problem 6.1. For m even, does there exist infinitely many balanced triangles of Z/mZ,
with any orientation, generated by PCA;?

Problem 6.2. For m odd divisible by 3, does there exist infinitely many balanced triangles
of Z/mZ, with orientations ++ and ——, generated by PCA;?

For the Pascal cellular automaton of dimension 2, we have proved the existence of
infinitely many balanced tetrahedra with orientation ++ —, + —+, + ——, —++, — 4+ —
and — — — in any Z/mZ with m odd not divisible by 3 or 5, or m even not divisible by
3 such that ve(m) = 1 and with orientation + + — and — — + in any Z/mZ with m not
divisible by 3 or 5 such that vy(m) < 1. The following problems remain open.

Problem 6.3. For m divisible by 3, does there exist infinitely many balanced tetrahedra
of Z/mZ, with any orientation, generated by PCA5?

Problem 6.4. For m even such that ve(m) > 2, does there exist infinitely many balanced
tetrahedra of Z/mZ, with any orientation, generated by PCA,7

Problem 6.5. For m odd divisible by 5, does there exist infinitely many balanced tetra-
hedra of Z/mZ, with orientations + + —, + —+, + — —, — + 4+, — + — and — — —,
generated by PCA,?

Problem 6.6. For m divisible by 5 such that ve(m) < 1, does there exist infinitely many
balanced tetrahedra of Z/mZ, with orientations + + — and — — +, generated by PCA,?
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