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Abstract

The aim of this paper is to study the existence of solutions and some
approximations for a class of implicit evolution variational inequalities
that represents a generalization of several quasistatic contact prob-
lems in elasticity. Using appropriate estimates for the incremental
solutions, the existence of a continuous solution and convergence re-
sults are proved for some corresponding internal approximation and
backward difference scheme. To solve the fully discrete problems, gen-
eral additive subspace correction algorithms are considered, for which
global convergence is proved and some error estimates are established.

1 Introduction

This paper concerns the mathematical and numerical analysis of a system of
evolution variational inequalities that represents a generalization of several
quasistatic frictional contact problems in small deformation elasticity.

The results presented here are based on a unified approach, which contains
in particular the contact problems studied in [1], [2], and can also be applied
to various quasistatic problems, including unilateral or bilateral contact with
nonlocal friction, normal compliance conditions with friction or more complex
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interaction laws, as, for example, interface laws coupling unilateral contact,
adhesion and nonlocal friction between two elastic bodies [3].

The uniqueness of the solution does not hold in general, as was shown in
[4] for a quasistatic frictional contact problem, even for an arbitrarily small
coefficient of friction.

In this paper, we consider a class of implicit evolution variational inequal-
ities involving a nonlinear operator, for which approximation and existence
results are proved by using a semi-discrete scheme. The case of a linear oper-
ator was investigated in [1]. Also, for a problem which represents a particular
case of the one considered here, some similar results were announced in [5].

To solve the general quasi-variational inequalities of the second kind that
are obtained by the previous incremental procedure, two additive subspace
correction algorithms are introduced, for which global convergence is proved
and error estimates are established.

In [6] (see also [7] and [8]), one- and two-level multiplicative methods
have been introduced for variational and quasi-variational inequalities of the
second kind. Also, their application to contact problems with friction has
been analyzed. The additive methods, even if they are a little slower than
the multiplicative ones, have the advantage of being totally parallelizable. In
the present paper, we use the same techniques as in the multiplicative case,
but the convexity of the functionals plays a more important role here. Some
details in these proofs are omitted, but they can be found in [9], [6] or [7].
In a subsequent paper, we shall use these results to prove the convergence of
the one- and two-level additive methods for contact problems with friction.

The paper is organized as follows. In Section 2, the formulation of a
general system of evolution inequalities and some examples are presented.
Using an implicit time discretization scheme and some estimates, strong con-
vergences are proved and an existence result is established.

In Section 3, convergence results are proved for a method based on a
semi-discrete internal approximation.

In Section 4, two subspace correction algorithms, of additive type, are
proposed for the solution of the problem discretized in time. These algorithms
are introduced in a general framework and in a Hilbert space. We suppose
here an assumption on the convex set and the correction subspaces, which will
be essential in the proof of the convergence of the algorithms. Mainly, this
hypothesis refers to the decomposition of the elements in the convex set, and
introduces a constant Cj which will play an important role in the writing of
the convergence rate. Another hypothesis is made on the non differentiable
term in the inequality. Under these assumptions, we prove that the two
subspace correction algorithms are convergent and give an estimation of the
convergence rate. As for the multiplicative algorithms introduced in [6], the
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introduced assumptions are satisfied in the particular case of the frictional
contact problems if the coefficient of friction is sufficiently small.

2 Existence results for a system of evolution
inequalities

Let (V. (.,.)), (H,(+,-) ) be two real Hilbert spaces with the associated norms

| - || and || - ||z, respectively. Let K be a closed convex cone contained in V'

with its vertex at 0 and (K (g))gev be a family of nonempty closed subsets
of K satisfying the following conditions: 0 € K(0) and

if g,—¢g inV, v, € K(g,) and v, > vinV then v € K(g). (1)

Consider a functional F' : V — R differentiable on V', and assume that its
derivative F” : V' — V is strongly monotone and Lipschitz continuous, that
is there exist two constants «, > 0 for which

allo —ull® < (F'(v) = F'(u),v — u) (2)

and
[1F'(v) = F'(u)[lv < Bllv —ull (3)

for all u,v € V.
Using the relations

1

F(v)—F(u):/(F'(u—i—r(v—u)) v — u)dr

1
= (F'(u),v —u +/ (F'(u+r(v—u))— F'(u),v —u)dr
0

and (2), (3), it is easily seen that for all u,v € V' it results
(F' ()0 = u) + Sl = ul]? < F(v) = F(u)
< (F/(w), v — ) + 5 o — ull (W

We remark that since F' satisfies (4), it follows that F is strictly convex and
sequentially weakly lower semicontinuous on V.



Let ~:V x K — H be an operator such that ~(0,0) =0,

if gp—>¢9g nV, v, € Kand v, ~vinV

5
then 7(gn, vn) = 7(g,v) in H ?)

and for all g; e V, v, €e K, i =1, 2,
17(g1,v1) = (92, v2) lr < Fa(llgr — gall + [[v1 = val]), (6)

where k; is a positive constant.
Let j: VxKxV — R be a functional satisfying the following conditions:

j(g,v,-) is sequentially weakly continuouson V. Vge V,ve K, (7)

j(g,v,-) is sub-additive for all g € V, v € K, that is (8)
J(g, v, w1 +ws) < j(g,v,w1) + j(g,v,we) Vg, wie €V, veK,
j(g,v,-) is positively homogeneous for all g € V, v € K| (9)
that is j(g,v,0w) = 0j(g,v,w) Vg, weV,ve K, 0>0,

j(0,0,w) =0 YwEeV, (10)
and there exists ky > 0 such that

|j(917U17w2) +j(g2,v2,w1) - j(917U1,w1) - j(92;112,w2)|
< ka(llgr — g2l + 1791, v1) — Y(g2, v2) 1) w1 — wa| (11)
Vgi,w,-EV,viEK,izl,Q.

We assume that k; and ko satisfy the following property:
kiks < . (12)
For each g € V, let b(g,-,-): K(g) x V — R be a functional such that
Vv e K(g), b(g,v,-) is linear on V, (13)

[b(g, v, w)] < Es(llgll + lvDllwl Vv e K(g), Vw eV, (14)

where k3 is a positive constant,

if g, —¢g inV, v, € K(g), vp >vinV -
and w, — w in V, then b(g,,v,, w,) — b(g,v,w).



From the above properties of F, j and K and by a classical argument, it
follows that for all g € V, d € K, w € K(g) the elliptic variational inequality

we K (F'(u),v—u)+j(g,w,v—d) —jlgyw,u—d) >0 VveK

has a unique solution, so that we can define the mapping S, 4 : K(g9) = K
by Sya(w) = u. We assume that for all g € V, d € K

K(g) is stable under S, 4 ie. S, q(K(g)) C K(g). (16)
For all g € V, d € K, we consider the following problems:
ue K(g) (F'(u),v—u)+j(g,u,v—d)—jlg,u,u—d)
(f’) >b(g,u,v—u) Yvey,
b(g,u,z—u) >0 VzeK,
Q) ueK(g) (F(u),v—u)+jlgu,v—d) —jlguu—d) >0 VveK,
and we assume that
if u is a solution of (Q), then w is a solution of (P). (17)
Remark 2.1. If u satisfies (P), then u obviously satisfies (Q).
Remark 2.2. i) From (11) and (6) it follows that
17 (g1, 01, w2) + j(g2, v2, wi) = j(g1, vi, w1) — (g2, V2, w2)]
< (k1 + Dkallgr — gol| 4 F1kalvr — v2])]Jwr — wo] (18)
Vg, w, €V, v, € K,1=1, 2.
i) Since, by (9) j(-,-,0) =0, from (11), for wy =0, w; = w, it results that
17 (g2, v2, w) = j(g1, 01, w)]
< ka(llgr = g2l + (g1, 01) = (g2, v2) ||
< ((k 4 Dkallgr = g2ll + krkaflvr — val D] (19)

Vg, weV, ve K,i=1, 2.

iii) As j satisfies (8), (9), j(g,v,-) is convex, and from (10) and (18), with
g2 =g, v3=uv, g1 = v, =0, it follows that

17(g,v,w1) — j(g,v,w2)| < ((k1 + Dkallgl| + kika||v]])[Jwr — wal|
VgeV,ve K,Yw,eV,i1=1, 2.
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iv) Using (5) and (19) we have
if gp—>9g mV, v, € K and v, ~vinV (20)
then j(gn, vn,w) = j(g,v,w) Yw € V.

Let f € WY%(0,T;V) be given. Using the hypotheses (2), (3), (16)
and (18), it follows that Syq)o : K(f(0)) — K(f(0)) is a contraction if
the condition (12) holds. Thus, the following implicit elliptic variational
inequality has a unique solution uy € K(f(0)) (see, e.g. [10]):

(F'(ug), w —ug) + 7(f(0),up,w) — j(f(0),up,up) >0 Vwe K.

We consider the following evolution problem involving an implicit variational
inequality.
Problem P: Find v € W'%(0,T; V) such that

(u(0) =g, u(t) € K(f(t)) Vte]o,T],
(F"(u(t)), v —a(t)) + 5(f (), ult), v) = 5(f(£), ul(t),i(t))
>b(f(t),u(t),v—u(t)) YveVae on0,T],
b(f(t),u(t),w—u(t)) >0 VweK, Vte]0,T].

(P)

The quasistatic unilateral contact problems with nonlocal friction in lin-
earized elasticity studied in [2], [1] can be considered as particular cases of
problem P corresponding to a quadratic functional F'.

We shall briefly present two examples involving nonlinear operators F”.

We consider an elastic body occupying an open, bounded, connected set
Q Cc RY d = 2,3 with a Lipschitz continuous boundary I' = 'y UT, U Iy,
where I'1, I'y, '3 are open and disjoint parts of I' with meas(I'y) > 0. Assume
the small deformation hypothesis and that the inertial effects are negligible.

We denote by w the displacement field, by e the infinitesimal strain
tensor and by o the stress tensor, with the components u = (u;), € = (&)
and o = (0y5), respectively. We use the classical decompositions © = uymn+
Ur, Uy =u-n, on =oyn+ op, oy = (oen)-n, where n is the outward
normal unit vector to I' with the components n = (n;). Also, the usual
summation convention will be used for 7, 5, k, [ =1, ..., d.

Assume that in Q a body force ¢, € W12(0,T; [L?(2)]?) is prescribed,
on I'y the displacement vector equals zero and on I's a traction ¢, €
W2(0,T;[L*(T'9)]?) is applied.

The displacement fields will be assumed to belong to the following space:

Vo:={ve[H Q)% v=0ae onT,}
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The body can be in contact with a support on I's, so that the displace-
ments and the stress vector on this part of the boundary will satisfy some
frictional contact conditions. The initial gap between the contact surface and
the support is assumed to be zero.

Ezample 1. (Unilateral contact with nonlocal friction for a nonlinear Hencky
material)

Consider an elastic body satisfying the following nonlinear Hencky-Mises
constitutive equation (see [11], [12]):

~

o(u) = p(u) = (k - %ﬂ(@(u»)(tr e(u) I +24(y(u)) e(u),

where k is the constant bulk modulus, f is a continuously differentiable
function in [0, +-00[ satisfying

0< o < r) < 5 b, 0 < < lr) +2
. . . 2
() = Aot 0), 4 (us,0) = —2 Do) H(0) + 26(u) - (o)
with
Y(u) :=tre(u) =divu Vu,v €Vj.

Assume Signorini contact conditions with a nonlocal friction law on I's.

The classical formulation of the quasistatic contact problem is as follows.
Problem P!: Find a displacement field u = w(x,t) which satisfies the
initial condition w(0) = u in €2 such that for all ¢t €]0,7"|

(

diveo(u) = —¢p, in Q,

o(u) = Plu) in O,

u=0 on I},

on =@, on [

uy <0, oy <0, uyoy=0 on I,

lor| < p|(Ro)n| on Tt

lor| < p[(Ro)n| = ur =0,
and '
\ lor| = pl(Ro)n| = IXN >0, 4 = Ao,

where € L>(I'3) with g > 0 a.e. on I';s is the coefficient of friction and Ro
is a regularization of the stress tensor that will be presented below.



To obtain a variational formulation for this problem, we use the following
notations:

Ko:={veVy;oy <0ae onls}, (-,7) = (", )m@,
H2(D3) :={w:T5s > R;we H(T'), w=0 ae. only},

VLeV, Sp={ve Vo;/ P(v) - e(¢)de = (L, ¢)
Q
V¢ €V, such that ¢ =0 a.e. on I's}.

We assume that R : [Lgym(Q)]d2 — [H'(Q)]" is a regularization operator
satisfying RO = 0 and

if v, € Ky and v, — v in V; then Rep(v,) — Rap(v) in [H' ()],

IR (vy) — ,R”(L(’UQ)H[HI(Q)}fﬂ < kal|lvr —valligr e Yvi € Ko, 1 =1, 2,

where k4 is a positive constant. Similar regularizations were described in
[13], [14] for a viscoelastic body. For each L € Vj and v € Sg, we define
the stress vector o (v)n € ([Hz(I's)]4) by

Vw e [H2(T3)]4 (o /¢ w)dr — (L, ),
where (-,-)r, denotes the duality pairing on ([H2(I'3)]?) x [Hz(I's)]%, @ €

Vo satisfies w = w a.e. on I's, and we define the normal component of the
1 /
stress vector oy(v) € (Hz(I'3))" by

VMGH%(F:{) <O'N /77[) ’lI)d?[)—(L,’lZ)),

where (-,-)r, denotes also the duality pairing on (H2(T5)) x H2(T'3), W €
Vo satisfies wpr = 0 a.e. on I's, wy = w a.e. on ['3. It is easy to verify
that for all v € Sp, the definitions of o(v)n and of ox(v) do not depend
on the choices of w having the above properties, respectively.

Let J;: Ko x Vy — R be a functional defined by

Ji(v,w) = / 1| (Rap(v)) x| Jwrlds Vv e Ko, w e Vg,
I's

and L € Vj be given by the relation

(L, v) = (501, 'U)[LQ(Q)}d + ((,02, v)[LQ(Fg)]d Vv el (21)



We have the following variational formulation of (P}).
Problem P!: Find uw € W2(0,T;Vp) such that

w(0) = ug, u(t) € Ky Vt€]0,T],
- / Bu(t) - elw — (t)dr + (w(t), v) (), 4(0)

(L(t),v —u(t) + (on(u(t)), vy —Un(t))r, YU € Vp ae. on 0,7,
\ <O'N(’U,<t)),ZN — UN<t>>F3 Z 0 \V/Z c K(), \V/t 6] O,T [

We define the functional F': Vj — R by

F(v) = %k/ﬂﬁQ(v)dx + %/Q </0ﬁ7(v),&(r)dr> de Yo eV

One can verify, see, e.g. [11], Ch. 8, that F'is differentiable on V; and for all
u, v eV

(F'(u),v) = /Q[(/f - gﬂ(?(U))) O(w) I(v) + 2 4(Y(u)) (u) - e(v)]dz.

Taking V =Vy, K = Ko, H=L*I3), f = L, K(f) = Ko N S,

YL, v) = [(Rp(v))x], j(L,v,w) = Ji(v,w) — (L, w),
b(L,v, w) = (on(v), wn)rs,

it results that (P!) can be written in the form (P), where L is defined by
(21). It is easily seen that if the coefficient of friction is sufficiently small

then the condition (12) is satisfied.

Ezample 2. (Frictional contact with normal compliance)

We consider a linearly elastic body and we denote by & the elasticity
tensor, with the Cartesian coordinates £ = (a;j5) satisfying the usual prop-
erties of symmetry and ellipticity.

Let us define a : Vy x Vg — R by

a(v,w) = / aijri€i; (V) (w)de = / o(v) -e(w)dr YVv,w el
Q Q
We suppose that the frictional contact between I's and the support is de-
scribed by a normal compliance law, see, e.g. [15] and references therein for
more general laws.



The classical formulation of the contact problem is as follows.
Problem P2: Find a displacement field u = wu(x,t) which satisfies the
initial condition u(0) = uy in Q such that for all ¢ €]0,7T[

;

diveo(u) = —p; in

o(u)=Ee(u) in Q,

u=0 on I,

on =@, on I,

oy = —Cn(uy)y on I's with Cy >0,

lor| < ploy| on Tz

{ |0'T’ < /L‘O’N| = Ur = O,
and
\

‘O'T’ :,U‘O'N| = d\> O, Ur = —\o7.

Let Jo: Vo x Vo —R and py:Vy x Vg = R be two functionals defined by

Jo(v, w) = / pCn(vn)y |wrlds Vo, w eV,
I's

py (v, w) :/ Cn(vn)+wyds Vo, w e V.
I's

A variational formulation of (P?) is as follows.

Problem P2: Find uw € W2(0,T;V,) such that u(0) = ug and
P { a(u(t),v —u(t)) + py(u(t),v —a(t) + J(u(t), v) — Jr(u(t), u(t))
: > (L(t),v—u(t)) VvelVyae on]0,7T],

where L € V; is given by the relation (21).
Let us define the functional F': Vj — R by

1 C
F(v) = §a(v,v) + 7N/F (vwv)ids Vo €V

I is differentiable on Vj and for all u, v € 1
(F'(u),v) = a(u,v) + py(u,v).
Taking V =K = K(f)=Vy, H=L*T3), f =L,
(L, v) = Cn(un)y, §(L,v,w) = Jr(v,w) = (L, w),
b(L,v,w) =0,
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it results that (P?) can be written in the form (P).

We remark that C'y can be chosen arbitrarily positive and that if the
coefficient of friction is sufficiently small then the condition (12) is satisfied.

Now, we shall prove the existence of a solution to problem P by using an
implicit time discretization scheme and its convergence properties.

For v € N* we set At := T/v, t; := i At and K' := K(f(t;)), i =
0,1,...,v. If 0 is a continuous function of ¢ € [0, T'] valued in some vector space,
we use the notations 0° := 0(t;) unless = u, and if ', Vi € {0,1,...,v},
are elements of some vector space, then we set

Cz‘—i—l _ CZ

0(’ :A—t VZG{O,l,,I/—l}

We denote u” := up and we approximate (P) using the following sequence
of incremental problems (P!);—o1, ,—1-
Problem P!: Find v € K™ such that

(F'(u*h), v = ou') + j(fH u ™t v) = (f w ™t o)
(F) > b(fH ut v — dul) Ve,
b(fr T w—uT) >0 YVwe K.

By (17) and Remark 2.1 for ¢ = fi™' d = v, it is easily seen that for
all + € {0,1,...,v — 1} the problem P! is equivalent to the following quasi-

variational inequality.
Problem Q!: Find v'*! € K™ such that

(QZ) <F/(ui—i-1)7 w— ui+1> +j(fi+17 ui—&—l’w _ uz)
’ (L w T — i) > 0 Yw e K.

From the hypotheses (2), (12), (16) and (18), it follows that Syi+1 i : K1 —
K™ is a contraction. Therefore (Q?) has a unique solution which is equally
the unique solution of (P?), for all 7 € {0,1,...,v — 1}.

Remark 2.3. i) Since K is a cone with the vertex at 0, the solutions u of
(P) and u'™ of (P!) obviously satisfy

b(f(t),u(t),u(t)) =0 on [0,T]

and , , .
bt w ) =0 Vie{0,1,.,v— 1}

ii) It follows also that (see, e.g. [1])
b(f(t),u(t),u(t)) =0 a.e. on [0,T].

11



Let us define the following functions:
(u,(0) =4,(0) =u’ f,(0)=f° and
Vie{0,1,....v—1}, Vit €lt;, tin],

Uy(t> — ui-i-l7
Uy (t) = u’ + (t — t;)0u’,
( fult) = 7

Then for all v € N* the sequence of inequalities (Pj)iZOJ ,,,,, ,—1 18 equivalent
to the following incremental formulation: for almost every ¢ € [0, 7]

ult) € KOR0), (F b)), v — S (1) + 1), (1), )

PN ol ual), Sale) 2 A0, w(t), 0 —

aﬁy(t)) VoeV,
b(fu(t),u,(t),w —u,(t)) >0 YVweK.

Also, the sequence (Q)i=o.1...,—1 implies the following inequality: for almost
every t € [0,7]

(RV) <F,(uu(t))7w - uu(t» +j(fu(t)vuu(t)7w - uV(t)) > 0 Vwe K7

which, by (4), is clearly equivalent to the following inequality: for almost
every t € [0,7]

(Ry) F(w)=F(uy(t)+j(fo(t), un(t), w—uy,(t)) = %Hw—uy(t)IIQ Vuw e K.

Using straightforward generalizations of the linear case presented in [1] one
can prove the following two lemmas.

Lemma 2.1. For all v € N* we have
[, ()| < Mol F'(O)|| + Mill flleqorivy Vit €[0,T], (22)

min{t+At,T}

() — un (1) < M, / (P dr Vs, te[0,T],s<t,

X Tid.
o (t) = @ ()] < —

auy(t)H a.e. tel0,7T],

, (23)

L2(0,T3V)

T || d
||Uu - fLuHL?(o V) = — = H—@u
[ ]/\/g dt

12



d . .
H%u < Myl
L2(0,T;V)
where
O_Oé_kle’ l_Oé_kle.

Lemma 2.2. There exist a subsequence of (uy,,),, denoted by (uy,, Uy,)p
and an element uw € WY2(0,T;V) such that

Uy, (t) —=u(t) m V. Vte|0,T], (24)

y, = u in W"(0,T;V),

%f% —q in L*0,T;V). (25)
Also, we have
T p T
imint [ 50, (0,1, (0) G () e = [ 570, a0 0ttt (26)
0 0

Note that since F” is nonlinear, it is not possible to use a simple extension
of the linear case presented in [1] in order to pass to the limit for the terms
involving F’ or F.

Now, we prove the following strong convergence and existence result.

Theorem 2.1. Under the assumptions (1)-(3), (5)-(17) every convergent
subsequence of (u,,1,),, still denoted by (u,,1,),, and its limit u € W12(0,T; V),
giwen by lemma 2.2, satisfy the following properties:

u,(t) = u(t) i V. Vtel0,T], (27)

i, —u in L*(0,T;V), (28)
and u is a solution of problem P.

Proof. Let (u,), be the subsequence given by lemma 2.2 and u its weak limit.
Taking w = u(t) in (R,), we obtain for all ¢ € [0, 7]

Fu(t)) = F(uy(t) + (o (8), un(t), u(t) — w,(t)) = %HU(&-—lw(ﬂH?

13



Since F' is sequentially weakly lower semicontinuous, by using the previous
relation, (19), (24), (5) and (7), we have that for all ¢ € [0, 7]

lim sup g||U(lf) —u, (1)
V—00 2

< F(u(t)) + limsup(—F(u,(t)))

T (G 0], 8),u(®) = wu(8) = S (0), D) u(t) — (1)
+ lim (70, u(®) u(t) = (1)
< P(u(t) — lim nf F(u, (1)
Flim Ea(lff0) — FOI + (0, (6) = 21 (FO, ule) ) a(t) — w, O]
+ lim (£ 1), u(t) ult) - u, (1) <0,

which proves (27). By applying Lebesgue’s dominated convergence theorem,
it follows from (27) and (22) that

u, —u in  L*(0,T;V), (29)

and using (23) we obtain (28).

It remains to prove that the limit u is a solution of problem P.

First, by (1) we obtain that u(t) € K(f(t)) Vt €]0,7[ and by (15)
one can pass to the limit in the second inequality of (P,) for all ¢t €]0,T
so that the second inequality of (P) is satisfied. Second, integrating both
sides in the first inequality of (P,) over [0, 7] and passing to the limit, by the
relations (27), (29), (25), (3), (20), (26) and Remark 2.3 i), we have for all
ve L*0,T;V)

/(F’(U(t)),v(t) — u(t))dt + /j(f(t),U(t),v(t))dt

T

—/j(f(t),U(t)aﬂ(t))dtZ /b(f(t),U(t)»v(t))dt- (30)

0

By Lebesgue’s theorem and Remark 2.3 ii), it follows that u is a solution of
the first inequality of problem P. m
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3 Internal approximation and convergence re-
sults

In this section we shall consider a semi-discrete approximation of (P), which
extends the classical internal approximations as presented in, e.g. [16], [17].
We shall prove a convergence result for a method based on an internal approx-
imation and a backward difference scheme that represents a generalization of
the case studied in [1], where F” is linear and there is no internal approxima-
tion for the functional j, which is a limitation on the numerical realization
of the discrete problem.

For a positive parameter h converging to 0, let (V},), be an internal ap-
proximation of V| that is a family of finite-dimensional subspaces of V' which
satisfies:

there exists U C V such that U =V and

31
Yo eU, Ju, € V), for each h, such that v, — v in V. (31)

Let (Kp)p be a family of closed convex cones with their vertices at 0 such
that Kj C Vj, for all h and (K}), is an internal approximation of K, i.e.

if v, € K, for all h and v, — v then v € K, (32)

Vv e K, du, € K, for each h, such that v, — v in V. (33)

Let (K3(9))gev be a family of nonempty closed subsets of Kj, such that
0 € K,(0) for all h, satisfying the following conditions:

if g, = ¢ inV, vy, € Kp(g,) and wvp, — vy in Vj, then vy, € Kp(g),
(34)
if v, € Kj,(g) for all h and v, — v then v € K(g) Vg e V. (35)

We assume that there exists an operator =, : V x K, — H such that
Y1(0,0) =0 and for all g; € V, vy, € Kp, i =1, 2,

7 (g1, vr1) — Y092, vn2) la < Fr(llgr — g2l + llvnr — vnzl))- (36)

Let j,:V x K, xV,, — R be a functional satisfying the following conditions
for all g € V:

ifv, € K, forall h, v, = v inV and w, =~ w in V

37
then hmjh(gavhawh) :j(g,’u,w), ( )
h—0
for all h and vy, € K}, ji(g, vn, ) is sub-additive, (38)

15



for all h and v, € K;,  ju(g,vp, ) is positively homogeneous,
Jrn(0,0,wp) =0 Vwy, € Vj, (39)

and

if vy,(t) € K, for all h and t € [0,7T], v, — v in WH(0,T;V)

h—0

then nmmf/jh(g(t),vh(t),@h(t))dtz /j(g(t)m(t),i}(t))dt (40)

for all g € C([0,T]; V),
n (g1, vn1, wha) + Jn(g2, Vhz, w1) — Jr(91, Va1, Wai) — Jn(g2, Vna, Who)|
< ka(llgr = g2ll + [lva(g1, va1) — Y0(92, vn2) o) [[wnt — wraf| - (41)
Vg€V, vy € K, wp; € Vi, 1 =1, 2.
From the properties of F, j, and Kj, it follows that for all ¢ € V, d, €
Ky, w, € Ki(g), the elliptic variational inequality: wuy, € K},
(F'(up),vn — up) + ju(g, wp, vn — dp) — jn(g, wn,up — dp) >0 Yo, € Ky,

has a unique solution. Hence we can define a mapping S;‘,dh : Kin(g) — Ky

by S;L,dh (wp) = up. We suppose that for all g € V, d, € K},

Sy 4, (EKn(9)) € Ki(g)- (42)
For all g € V, d;, € K}, we consider the following problems:
up € Kn(g), (F'(un),vn — un) + jn(g, un, vn — dp)
(Pr) —Jn(g, un, up — dp) > b(g, up, vn — up)  You € Vi,
b(g,up, zn —up) >0 Yz, € Ky,

and
- up, € Ki(g), (F'(un),vn —un) + jn(g, un, vn — dp)
(Qn)

—in(g, un,up — dp) >0 Vo, € K.
Assume that

if uy, is a solution of (@), then wy, is a solution of (P,). (43)

Remark 3.1. If u;, satisfies (Py), then u, obviously satisfies (Qp).
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Remark 3.2. Using similar arguments as in Remark 2.2, one can easily
prove the following properties:

171(91, Un1, Wh2) + G (92, U2, Wa1) — Jn(91, Va1, Wh1) — Jn(g2, Vna, Whe)|
< (k1 + Dkallgr — g2l 4+ krkalloar — vnel|))||wi — whsl|
v.gia Wh; c Vha Uhi c Kha 1= 17 27

|71.(92, Un2, wn) — jn(g1, vn1, wh)|
< (k1 + Dkallgr — goll + kika|lvn — vna||) ||wh]|
Vgi €V, wy € Vi, vng € K, i =1, 2,

|171(9, Un, wa1) — n(G, Un, wh2)|
< (k1 + Dkallg]l + Erkallonl)][wn1 — waa|
VgeV, v, € K, YVwy, € Vp,, 1 =1, 2,
if go—9g MV, vp, € Ky, and vy, — vy, in V),
then jn(Gns Vnn, wn) = Jn(g, vn,wp) Y wy € V.

We introduce the following semi-discrete approximation of problem P.
Problem Py,: Find w, € W'2?(0,T;V}) such that

(un(0) = uon, un(t) € Kin(f(t)) Vte€l0,T],
(F"(un(t)),vn — wn(t)) + Ja(f (1), un(t), vn) — Jn(f (L), un(t), wn(t))
> b(f(t), un(t),vp —up(t)) Yo, €V ae. on 0,71,
L O(f(t), un(t), zn —up(t)) >0 Vz, € K, Vte€]o,T],

where g, € K,(f(0)) is the unique solution of the variational inequality

(F'(uon), wn, — uon) + Jn(f(0), uon, wp)
—3n(f(0), uon, uon) > 0 Vwy, € Ky,

By (4), it follows that (P,) implies the following relation:

F(wn) = F(un(t)) + ja(f (£), un(t), wn — un(t))

> —||lwp — un(t)||* Ywy, € K, ae. on |0, 7).
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The full discretization of (F}) is obtained by using an implicit scheme as for
(P). For u) := ug, and i € {0,1,...,v — 1}, we define u}"" as the solution
of the following problem.

Problem Pi : Find u,™" € K, such that

(F (i), on = 0u) + (£ g on) = (£ w3, Ou)
(Pilw) Z b(fiJrlv U;j—l, Uh — au%) \V/Uh S Vh7
b(fi+1au7;l+17 Zh — u;l+1) Z 0 vZh S Khu
where Kt = K,(f).
As in Section 2, it follows that for all ¢ € {0,1,...,v — 1} the problem
P} ) is equivalent to the following variational inequality:
find ufl € K}fl such that
) <F,(“2H>v wp, — U§z+1> + Jn(f, U?l’ wy, — uj,)
—n(fH et =) >0 Y, € K.

(@

From (2), (36), (41), (12) and (42) it results that the mapping S;}m i
. . . "h
K™ — K™ is a contraction, so that (Q},) has a unique solution which is
also the unique solution of (P{)), for all 7 € {0,1,...,v — 1}.
If we define the functions

upy(0) = Uy (0) = ugp, and

Vie {O, 1, V= 1}, Vi E]ti,tlurl],

up, () = uj™,

tpy (t) = ul + (t — t;)0ul,
then for all v € N* the sequence of inequalities (P}, )i—01, ,—1 is equivalent
to the following incremental formulation: for almost every ¢ € [0, 7]

U (8) € Kn(£u(8)), (F (unult)), vn = i () + jn(Fult), wns (8), v1)

dt
(Phy) _jh(fu<t)a uhu<t>’ %ﬂh’/@)) > b(fu(t)vuhl/(t)vvh - iﬁh’/@)) Von € Vi,

dt
b(fy(t),uhy(t),wh — u;w(t)) >0 th - Kh.

We have the following analogue to theorem 2.1 in the finite-dimensional
case.

18



Theorem 3.1. Assume that (2), (3), (12)-(15), (34), (36), (38), (39), (41)-
(43) hold. Then there exists a subsequence of (Upy,Uny),, Still denoted by
(Uhw, Uny)v, such that

up,(t) = up(t) in V. Vtel0,T],
Upy, —> Up 1N L2(O, T; V),
where uy, s a solution of (Py).

By similar arguments as in lemma 2.1 and passing to the limit by using
the previous theorem, we find the following a priori estimates for the solutions
of (P,) which are limits of subsequences of (up,),.

Lemma 3.1. If u, is a solution of (Py,) then

lun(®)]] < Mol F*(O)| + Mil[ flleqorivy VEE[0,T],  (44)

wuﬁ—wﬁMSAL/vawm Vs te[0.T], s <t

un||wr20,mvy < Ms,

where

My = /2 METIF(O)]12 + 2 MET| 0 ey + M IBgoz -

We have the following convergence and existence result.

Theorem 3.2. Under the assumptions (2), (3), (12)-(15), (31)-(43) there
exists a subsequence of (up)n such that

up(t) > u(t) in V. Vtel0,T], (45)
up, —u in L*0,T;V), (46)
up, = in L*(0,T;V), (47)

where u is a solution of (P).

Proof. From lemma 3.1 it follows that there exists a subsequence of (up)p
and an element u € W(0,7;V) such that

up(t) = wu(t) in V. Vtel0,T], (48)
up, —u in WH0,T;V). (49)
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which implies (47).
As one can easily prove that

Upp, — U In V,

from (48) it follows that w(0) = wuo.
For each t € [0, 7], by (33) one can find (@), such that 4, € Kj and
up, — u(t) in V. Taking w, = 4y, in (R}), we have for all h

Ftn) — F(un(t)) + jn(f (t), un(t), tn — un(t)) = %Hﬂh — un(t)]|*.

Since F'is strongly continuous and sequentially weakly lower semicontinuous,
by using the previous relation, (48) and (37), we obtain

. o
lim sup §||uh — uh(t)||2
h—0

S limh_>0 F(ﬁ,h) — h%l_)l(r)lf F(Uh<t)) + }ILILI(I) jh(f(t), Up, (t), ah - uh(t))
< F(u(t)) — F(u(t)) +(f(1),u(t),0) = 0,

which proves (45).

From (44) and (45), by applying Lebesgue’s dominated convergence the-
orem, we obtain (46).

Now, we shall prove that the limit « is a solution of problem P.

Using (33), (45), (35) and passing to the limit in the second inequality
of (P) for all t €]0, T, we obtain that w(t) € K(f(t)) Vt € [0,T] and the
second inequality of (P).

Let m,v be the projection of v € V on V} defined by (mv,wy) =
(v,wy) Ywy, € Vj,. Thus if v € L*(0,7;V) then mw € L*0,7;V,) and
using (33) we have m,v(t) — v(t) in V a.e. on [0,T]. Forallv € L*(0,T;V),
integrating both sides in the first inequality of (F},) over [0, T] with v, = m,v
and passing to the limit, by the relations (3), (45), (46), (49), (37) and (40)
it follows that (30) is satisfied, which, by Lebesgue’s theorem, implies that u
is a solution to the first inequality of problem P. O]

Using theorems 3.1 and 3.2, we obtain the following main approximation
result.

Theorem 3.3. Under the assumptions of theorem 3.2, there exists a subse-
quence of (Upy)ny such that

up, (1) = u(t) i V. Vtel0,T), (50)
Upy, — 1 in L*(0,T;V), (51)

where uw € WH2(0,T;V) is a solution of (P).
Furthermore every cluster point of (up,)n, s a solution of (P).
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4 Subspace correction approximation

The aim of this section is to give, for a fixed time step 7, two additive subspace
correction algorithms for problem Q°, prove their global convergence and
estimate the convergence rate.

The methods we deal here generalize the projected multilevel relaxation
method suggested in [18] and [19] for complementarity problems. This method
was later developed in [20]-[22] and named as monotone multigrid method.
On the other hand, the application of this method to other types of convex
sets in general abstract spaces and monotone minimizing functionals have
been investigated in [23], [24] and [25], for instance. Also, the case where the
inequality contains extra terms which do not stem from the minimization of
a functional has been investigated in [26]. Additional non-linear terms have
also to be considered in the case of quasi-variational, or implicit, inequalities.

As in the previous section, we consider a Hilbert space V and let Vi, ..., V,,,
m > 2, be some closed subspaces. We also consider a closed convex subset
K C V and assume that the following assumption is satisfied.

ASSUMPTION 4.1. There exists a constant Cy > 0 such that for each w,v € I
there exist v, € V,, v = 1,...,m, which satisfy

v, e K—w forv=1,...,m, (52)

v—w = Z v, (53)
=1
and

> Nl < Collo = wll. (54)
=1

This assumption is satisfied for various convex sets in Sobolev spaces and
will be used in the proofs, where v is the exact solution and w is the current
approximation.

Now, we consider a functional ¢ : V x V' — R and we assume that it is
convex and lower semicontinuous with respect to the second variable, and

[p(v1, w2) + (v, w1) — p(v1,w1) — P(v2, w2)|
S ]{?1/{?2HU1 — ’UQ” ||U)1 — ’U)QH ‘v’vl,vg,wl,wg e V. (55)
Also, we suppose

ASSUMPTION 4.2.

m

Y eluww,) < (m—1)p(u,w) + (u,0) (56)

=1
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for each v € K and forv,w € K andv, € V,, 1 =1,...,m, as in Assumption

4.1,

This assumption has been introduced for technical proof reasons.

As in the previous section, let F': V' — R be a differentiable functional
satisfying (2), (3) and (12), and we consider the problem of finding u € K,
the solution of the following quasi-variational inequality

(F'(0),v —a) 4+ p(a,v) — p(u,u) >0 YoveKk. (57)

Since ¢ satisfies (55), with similar arguments as for problem @Q°,, we can prove
that problem (57) admits a unique solution.

Evidently, since ¢ is convex with respect to the second variable, F' is
differentiable and satisfies (4), problem (57) is equivalent to the problem

wek F(u)+pu,a) < Fv)+e(t,v) Yvek.
Also, in view of (4), we see that the solution u of (57) satisfies
Sl —all? < F) = F(@) + pli,0) = plina) Yoek.  (58)

A first algorithm corresponding to the subspaces Vi, ..., V,, and the con-
vex set C is the following.

ALGORITHM 4.1. We start the algorithm with an arbitrary u° € K. At
iteration n+1, having u™ € IC, n > 0, we simultaneously solve the inequalities

w' e VN (K —u™)
(F'(u" +w™) v, — 0™ + p(u” + 0™ u™ +v,)

—o(u" +w "+ w ) >0 Yo, eV,n(K—u"),  (59)

r m
forv=1,...,m, and then we update v = u™ + — Zw?“, where r is a
m =1
fized constant such that 0 < r < 1.
A simplified variant of Algorithm 4.1 can be written as

ALGORITHM 4.2. We start the algorithm with an arbitrary u° € K. At
iteration n + 1, having u™ € IC, n > 0, we solve the inequalities

W' eV, N (K —u")
(F'(u™ +w"™), v, — w'"™) + o(u™, u" +v,)
—gO('LLn, u” + U)LnJrl) Z 0 VUL € ‘/L N (’C - un), (60)
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m
r
orv=1,....,m, and then we update u"™' = u" + — W™t where v is a
P L
m
=1
fixed constant such that 0 <r < 1.

The following theorem proves that if k;ks is small enough in comparison
with «, then Algorithms 4.1 and 4.2 are convergent.

Theorem 4.1. Let us assume that Assumptions 4.1 and 4.2 are satisfied. If
@ is the solution of problem (57), u™, n > 0, are its approzimations obtained
from one of Algorithms 4.1 or 4.2, there exists a constant xo satisfying 1 >
Xo > 0, such that if

— < Xo (61)

then the two algorithms are globally convergent and we have the following
error estimations

< (o) [P0 + o) - F@) - olaw)] . (6

Hw—aW<3( Cl)nwm%+w@w%—Fm»ﬂmmmL (63)

where the constant C; > 0 depends on «, 3, ki, ko, the number of subspaces
m and on the constant Cy introduced in Assumption 4.1.

Remark 4.1. Condition (12) is an existence and uniqueness condition for
the solution of problems P' and Q' in Section 2. Theorem 4.1 proves that
the algorithms introduced in this section for problem Q°, are convergent if
condition (61) is satisfied. We see that the two conditions are similar, but the
convergence condition is more restrictive than the existence and uniqueness
one. This fact seems to be natural, and, roughly speaking, these conditions
hold for frictional contact problems if the coefficient of friction is sufficiently

small.

Proof. Since the proof of the theorem is almost the same for both algorithms,
we prove the theorem only for Algorithm 4.1. Also, in view of (58), we notice
that (63) can be obtained from (62).

Now, we prove (62). Let us denote
"t ="+ Z wt, (64)
=1
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Applying Assumption 4.1 for w = u™ and v = 4, we get a decomposition
uf, ... ul of t—wu™. From (52), we can replace v, by u! in (59), and in view
of (4) and the convexity of F', we obtain

F(u™) = F(@) + (™) = (@, @) + — 1 — a1
m

<= D)lF) - @)+ 1 [ @+ Sl a0

—i—gp(ﬂ, un+1> - 90({1’7 ﬁ)
< (1= D)F(?) = F@)] + —(F/ @), @' = ) + o, u™") - p(a, @)
< (1= )P = F@)] + = S (F@" + ™) = Fl@*), u} - uf™)

=1
L S n n+l | n ny _ n+l , n n+1
+— ) o+ w ot ) — p(u” + w " + w)]
n+1) - (10(&7 ﬁ)
Consequently, we have

F(u") = F(a) + o(i, ") — o(i, @) + —|la — @™
m

=1
+o(t,u

L S n n+l , n ny n n+l | n n+1
+— > o+ wi ot ) — p(u” )]

+—[p(@,u") — (@, 4)] + (i, u" ) — (i, u"). (65)

Using (3), (54) and the Holder inequality, we get (see (3.21) in [9], for p =
q=2),

L L

SO ) = P, — )
=1

1 " &1
n+1112 ~ ~n+12
< pm [1+00(1+2—€1)] ;Hua I+ BCo [l — ™| (66)
for each ¢; > 0. In view of the convexity of ¢ in the second variable, we have

~ o n+1 < (1 — ~on L ~on n+1'
™) < (L= plia) + T3 (i +ul™)
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From this equation, by (56), (55) and (54), we obtain

% Z[gp(u” +w™u" +u™) — p(u” + w " w )
=1
T ~ n A A A n A~ n
+E[90(U’7u )—QD(’U/,U)] +Q0(U,’LL +1) ()O(u7u )
, m
< n n+l , n ny noy n+1 noy n+1
< D ) = )
r - n n n RS
Yl ) = Sm = (i, u”) + (i, )
=1
- m
< n n+l |, n n n+l ., n n+1
_m;[so(u ot ) — (" w ™t ut )]
L - n n+1
+m;[<p(u,u +w) = (i, u" + u))]
- m
< —]{] k n+1 n+l __ n
S i ZLZZ;HU +w, = dalf||w, |
T ~r N - n - n n
< —kikz ||| el Y DD (e )
=1 =1
< —k1k2 [ +ZH7UZH1H
Colla™* —all + (1 + Co) ZHW”HH
Therefore,

koo + (1+2C0) =2 ]II”’+1 alf?

1+2C), —
kikol1 C n+11|2
Friukall + Gyt 22 | (67)
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for each g9 > 0. Consequently, from (65)—(67), we have
F(un+1) - F(IAL) + g&(ﬂ’ un—i—l) - 90(717 lAL)

a £ £ S
+ {5 - BCyT — kuka[Co+ (1+ 200)52]} i — a2

m—r - n . n
< ——[F(u") = Fu") + (@, u") = (i, u"*)]
1 1+ 2C
+{&nb+6&b+—ﬁ]+h@m{LH%+ -+ 0]}
281 252

m

D P (68)
=1

for every g1, €5 > 0.
From (59) and (4), we get that, for each n >0 and ¢ =1,...,m,

F(u") = F(u" +w™) + pu” + w]™, u")
—p(u" w2 S|P

Using the convexity of F' and the above relation, we have

Fu™h) < (1 - r)Fu®) + % 3" F(u" 4wt < Fu")

roo e r
— SO P+ = Y e 4w ) — (),
=1 =1

Thus, it results

1% > P < Fut) — Fum)
m
=1

—p(u™ + wt ut + W] = (@, ") + (a,u ). (69)
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Similarly with (67), we obtain

TN ol + ) — o  w + wl)
m

IN

m
Shiky Yyl 4wt ol
=1

IN

T > -
" ok (Z o+l an) S et
=1 =1

T 1 R
< —kika(1+ 5 mZHwn+1H2+ Dk, 2 WH al?

for each 3 > 0. In view of (69) and (70), we get
n+11|2
{5 — kiko(1 1 Z [Jw; ]
< — [F") = F(u"™) + p(i,u") — p(i,u™ )]

+k1 2_H~n+1 ﬁ’HQ

for each g3 > 0. If we write

m—r m
015: +C45_7
r r
Coo = & k(1 4+ —)
e — & - )m,
2 7 1R 9,

1+2C,

Cse = % — 500%1 — kiks (Oo + ) - k‘1k2 0457

m

Cye =
! 026

1 2e9
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(71)

3 1+CO(1+L) ks (14 Gy 4 120 . (72)
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then, from (68) and (71), on the condition Cs. > 0, we get
Fu"™) = F(a) + o(i, u"™) = p(i,a) + Caclla — a2
< Cie [Fu") = F(u"™) + p(a, u™) — p(, u" )] . (73)

We can easily see that (5., as a function of £1, €5, and e3, reaches its maximum
value for

kikam
E1 = &9 = &3 = OZL’ (74)
- — klkgm
and this is
o k’lk‘gm
C?)max =5 kleCO - [600 + kle(l + 200>]Oé—
2 5 - klkzm
kyk2m?
—(1+ Co) (B + kiks) 2 .
- — klkzm)2
2
Condition Cs,,4, > 0 is satisfied if
Kk kika o o
(1—0k1k2)o‘ > (14 3C,)—4 - +2(1 4 Cp) i
2V ap” VT kiks VI Ek
2 « 2 «
kik
Writing x = %, we see that equation
1 o Xm im?
(5 _COX)E = (1+3C0) +2(1+Co)4—— (75)
9 xXm (§ - Xm)2

which corresponds to the above inequality, has at least solution in (

0. —
’ 26’0)’
k1 k
and if x¢ is the smallest one, then by taking R X0, we have Cspqp > 0.
o
The value of Cy. for g5 in (74) is

Comax = % <% — k:lkgm) .

Since we can always take Cy > m and the above solution y, of equation (75)

1 kik
satisfies xo < —, then Cy . > 0 if e Xo0-
2m «
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Ci=g—{B[1+

Now, (62) is obtained from (73), where

2 C
m 0 (% + keykom)] +

[ (200 -+ 1) + ]ﬁkgm]}

DO | —
o R

5 _ k1k2m 2k’1k’2m

is the value of C. for €1, €5 and &3 given in (74).

Constant C has a similar expression in the case of Algorithm 4.2. O]

The above general result will be used in a subsequent paper to prove the

convergence of the one- and two-level methods for contact problems with
nonlocal friction. In this case, the constant Cy will be explicitly written in
terms of the mesh parameters.
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