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multidimensional framework™

Y. Ingster|, B. Laurent, C. Marteau

February 19, 2014

Abstract

This paper is devoted to multi-dimensional inverse problems. In this setting,
we address a goodness-of-fit testing problem. We investigate the separation rates
associated to different kinds of smoothness assumptions and different degrees of
ill-posedness.

1 Introduction

This paper is concerned with an inverse problem model. More formally, given H, C two
Hilbert spaces, our aim is to provide some inference on a function f € H of interest from
an observation Y satisfying

Y =Kf+¢€, (1.1)

where K : H — K denotes a compact operator, € a positive noise level and ¢ a Gaussian
white noise. The model ([I.I]) means in fact that we can observe

(Y,g9) = (Kf,g) + € 9), Vg€ K, (1.2)

where for all 9,91, 392 € ’Ca <€>g> ~ N(O> ||g||2) and E [<€>gl><§ag2>] = <glag2>- Such a
model has been widely studied in the literature. In particular, the estimation issue has

retained a large amount of attention. We mention for instance [6] for an extended review
of existing methods and problematics in a numerical setting (i.e. when ¢ is deterministic
and ||€|| < 1). In a statistical setting, we mention [15], [3] or [5] for a recent survey on
this topic.

*This work was realized during the invitation of Yuri Ingster at the INSA of Toulouse in June and
July 2012. He disappeared a few weeks later. We are very honored to have had the opportunity to work
with him.



In this paper, our aim is not to provide an estimator of f and to study the related
performances, but rather to assess the goodness-of-fit of f with respect to a benchmark
signal fy. More formally, our aim is to test

Hy: f=fo, against H, : f € F, (1.3)

where F C H is such that fy ¢ F. The description of the subset F is of first interest
since it characterizes the detectable functions. This set is not allowed to be too rich since
in this case it will be impossible to separate both hypotheses with prescribed errors. In
the same time, it should not contain signals that are too close of fy. Hence, most of the
alternatives in the literature are of the form

F =0 ={fec0, st. ||f— fol >},

where © denotes a functional space while r describes the amount of signal available in
the observations. Typically, © will be a set of functions satisfying some smoothness con-
straint. Given © and a prescribed level o for the first kind error, the main challenge
in this setting is to describe possible values of r for which the second kind error can be
(asymptotically) controlled. Without loss of generality, we assume in the following that

Jo=0.

In the direct setting (i.e. when K denotes the identity operator), we mention the
seminal series of paper [7], [§], [9] where various situations are considered. We also refer to
[2] for a non-asymptotic study and [I] where adaptation with respect to the smoothness of
the alternative is discussed. In the inverse problem framework, few papers were interested
by the testing issue. We mention [4] in a slightly different framework (error in variable
model), or more recently [12], [13], [11] and [I4] in our context.

All these studies were concerned with uni-dimensional problem, where typically H =
L*(R). Up to our knowledge, the only study in the multi-dimensional case for inverse
problem is provided in [I0]. Nevertheless, the framework is restricted to the Radon
transform operator in dimension 2. In this paper, our aim is to investigate the behavior
of separation rates in a d-dimensional setting, under general assumptions on the operator.

Our paper is organized as follows. In Section 2] we provide a precise description of the
considered inverse problem model. We establish our main theorem, which will allow to
determine the rates in the different considered cases. Section[3]is devoted to a presentation
of the minimax separation rates corresponding to various situations (mildly and severely
ill-posed problems), regular and super-smooth alternatives. All the proofs are gathered
in Section [l



2 A general methodology for testing in an inverse
problem framework

In this section, we will describe more precisely our model and the different related as-
sumptions. Then we establish our main result which is at the core of our analysis.

2.1 Multi-dimensional inverse problems

The inverse model (L)) has been widely investigated in the literature, in particular for
an estimation purpose. Such a model arises in various practical situations and precise
analysis are of first interest. Below, we describe two particular examples of operator and
related applications.

The Radon transform. The Radon transform is one of most popular operator. It is
often involved in medical imaging. Given H the unit disk on R?, the aim is to provide
inference on the spatially varying density f of a cross section D C H of an human body.
This inference is provided via observation obtained by non-destructive imagery, namely
X-ray tomography. In such a case, given a function f € L*(H), one measure Rf(u, )
which corresponds to the decay of the intensity of the X-ray in the direction ¢ when the
receiver is at a distance u. Typically, we have

T V1—u?
Rf(u,p) = —— U COS — tsin(w), usin(y) + t cos dt,
Flunp) = 5= | fucos(io) = tsinfi).usin() + tcos()
for all (u,p) € [0,1] x [0,27). For more details on such an operator, we mention for
instance [6]. Testing issues are discussed in [11].

Convolution operators. The convolution operator K is defined as follows
K: L*R% — L*RY
feKf= | gW)f(—y)dy,

R4

where g € L*(R?) denotes a convolution kernel. The behavior of this kernel (in particular
the spectral behavior) characterizes the difficulty of the related deconvolution problem.
Up to some conditions on this kernel g, the related convolution operator appears to a be
a compact operator. For more details on the associated problem, we mention [6], [5] or
[4] for the testing issue in a slightly different setting.

The aim of this paper is not to concentrate on particular operators, but rather to
describe a general scheme leading to satisfying testing procedures and related separation
rates. Hence, in the following, we will only assume that we deal with the model (L))
where K denotes a compact operator.



In order to determine whether f = 0 or not (see [[J), the main underlying idea is
to construct an estimator of || f||* (or equivalently ||K f||?, see discussion below) from Y
and then to take a decision based on this estimator. Indeed, if the corresponding norm
is large enough with respect to some prescribed threshold, it seems reasonable to reject Hy.

In order to provide an estimator of this norm, we will express our problem in terms
of the singular value decomposition (S.V.D.) of the operator K. This decomposition is
expressed through a sequence (b7, ¢y, ©1)1ena Where the b? correspond to the eigenvalues of
K*K while the ¢; correspond to the eigenfunctions (which are assumed to denote a basis
of H). In particular, for all [ € N¢, we get

{ K¢y = by,
K*p = by,

where K* denotes the adjoint operator of K. Using the previous relationships and (L2)),
we obtain observations as a sequence (y;),ena With

Y= b + &, 1 € N, (2.4)

where for all [ € N¢, 0, = (f, #;) and the & are i.i.d. standard Gaussian random variables.
The model (24)) is usually called the sequence space model. The main advantage of such
a representation is that it provides a simple way to investigate the different interactions
between properties of the function of interest and the related behavior of the operator.
Following [I1]] or [12], we will only deal in the following with the model (2.4]).

Please note that it is also possible to adopt another point of view where one may use
general regularization approaches instead of projecting observations onto particular bases
(here the S.V.D. basis). In the testing issue, this methodology has been investigated in
a uni-dimensional inverse problem framework in [I4]. Nevertheless, such an approach
appears to be more complicated in the multidimensional case and hence will not be
considered in this paper.

2.2 Minimax separation rates

Let
O(re) ={f €0, st. [[f| = re},

where r. denotes some radius, which is allowed to depend on e. The set © is a given
functional space (which will be made precise later on). Our aim in this paper is to test

Hy: f =0, against Hy,_: f € O(r,). (2.5)

For this purpose, we have to propose a test function ¢/ which is a measurable function of
the data with values in {0,1}. By convention, we reject Hy if ©» = 1, and do not reject
otherwise. Given a prescribed level a €]0, 1] for the first kind error, we will deal all along
the paper with level-a tests, namely test functions 1, satisfying

Py (e =1) < a+o(1), as e — 0.

4



Then, we associate to each level-a test function 1), its maximal type II error probability
over the set O(r.) defined as

Be(O(re), Ya) = sup Pf(wa = 0).

1€0(re)

The minimax type II error probability over the set O(r.) is defined as
56(@(T5)7 Oé) = lqilf 65(@(7’5), 'lvba)a
where the infimum is taken over all possible level-a test functions.

Given a test function 1, and a radius r., 5.(O(r¢), 1) hence provides a measure of
the performances of the test. Typically, if this term tends to 1 — « as € — 0, the test 1,
does not separate both hypotheses. On the other hand, given any 8 €]0, 1[, if one can
find a test function 1), such that 5.(0(r.), 1) < S+ o(1) as € — 0, then the hypotheses
Hy and H,,_can be separated with prescribed levels.

For a given radius 7, the term [.(©(r.), o) represents the lowest achievable level for
the type II error probability. Clearly, this quantity is non-increasing with respect to r..
We are therefore interested in the minimal r. for which 8.(O(r.),a) — 0 as ¢ — 0. In
particular, a sequence r* is called a minimax separation rate over the set © if

Be(O(re),a) > 1—a ifr./rr—0 (2.6)
Be(O(re), ) = 0 if re/rf — o0 (2.7)

Hence, from an asymptotic point of view, the term 7’ denotes the order of the delim-
iting separation radius under which testing is impossible (i.e. for which the type II error
probability will be close to 1 — ).

One of the main issue in the testing theory is then to describe as precisely as possible
the (asymptotic) value for the separation rate r* following the smoothness constraints
expressed on the signal. In an inverse problem framework, one want also to take into
account the behavior of the operator when describing 7. In the following, we introduce
our different constraints on both the signal and the operator. Then, we will establish a
general result that will allow us to investigate the asymptotic of r* in different settings.

Following classical results in an inverse problem framework (see for instance [6] or [5]),
the difficulty of the problem will be characterized by the behavior of the sequence (b;);ene.
Indeed, starting from the model (24]), it appears that it will be difficult to retrieve in-
formations on 6 if the corresponding coefficient b; is close to 0. Basically, two different
regimes are considered in the literature.

Mildly ill-posed problems There exists 0 < ¢y < ¢ such that the sequence (b;);ena
satisfies

d d
COH |lj|_tj < |bl| < ClH |lj|_tja VI = (l1>' . 'ald) € Nil,
j=1 j=1

>



for some sequence t = (t,...,15) € RL.

Mildly ill-posed inverse problems correspond to the most favorable cases in the sense
that the sequence (b;);ene does not decrease too fast. On the other hand, severely ill-posed
problems are more difficult to handle.

Severely ill-posed problems There exists 0 < cy < ¢ such that the sequence (by)ena
satisfies

d d
Co H e_tjlj < |bl‘ < C1 H 6_tjlj7 VI = (llv ) ld) S Nilv
j=1 j=1
for some sequence (t1,...,tq) € ]Rﬁlr.

The previous conditions characterize most of the inverse problems encountered in
the literature. Now, we have to introduce smoothness assumptions on our target f. In
the following, given a sequence a = (a;);ene and a positive radius R, we will use the
corresponding ellipsoids © defined as

O =0,z =S vel’(N), Y avf <R

leNd

In particular, two different kinds of behavior for the sequence a = (a;); will be considered.

Given positive numbers (s, ..., sq), we will alternatively deal with sequences a satisfying
d d

al = Zlisj, or al = Z e*ili vl e N (2.8)
j=1 j=1

and sequences a satisfying
d d
al = Hl?sj, or al= H el vl e N (2.9)
j=1 j=1

In the first case (28], the ellipsoid O, r corresponds to a Sobolev space, while in the
second case ([Z9)), we deal with a so-called tensor product space.

2.3 Main result

In this section, we provide a general result that will allow to determine minimax sepa-
ration rates in various situations. As formalized in (23), our aim is to decide whether
there is signal in our observations or not. A natural way to investigate this problem is to
construct a criterion that will measure the amount of signal available in the observations.
In this paper, our test will be based on a estimation of the norm of K f. Indeed, asser-
tions ”||f|| = 07,7 f = 0" and " K f = 07 are equivalent since our operator is injective (we
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mention [I2] for an extended discussion).

First, we can estimate || K f||* using the statistics

T=> wly—€), (2.10)

where w = (wi)ena denotes a filter, i.e. a real sequence with values in [0, 1]. Several kinds
of filters are available in the literature for a testing purpose. We can mention for instance
[2], [12] or [13] where projection filters designed as wy = 14k, <n, . k,<n,} are proposed or
[14] where properties of Tikhonov filters (and more general regularization schemes) are
investigated. From now on, following seminal investigations proposed in [7]-[9], and more
recent results in an inverse problem setting, we will consider filters designed as

b262
Wy, = L vk € N, (2.11)

\Y; 2 ZkeNgZ bi%

where for a given r. the sequence (ék) ¢ is the solution of the extremal problem

1 4 n4 4 n4
ul(rd) = 57 keZNdbkek 264 66@1?15 o Z bio;. (2.12)

In general, a decision rule is based on the following principle. If the norm of the estimator
of Kf is larger than a given threshold, this means that there is probably signal in the
observations and we will reject Hy. On the other hand, if the norm of this estimator is
not large enough, we are observing only noise with a high probability and we do not reject
Hy. Using this principle and (2.10)-(2.11]), we obtain the testing procedure V., defined
as

Ve = 1ypsyy, where T' = Z wi(yp — €%, (2.13)

keNd

for some threshold ¢. In the following, for a given o €]0,1[, we set t = H(®) where H®
denotes the 1 — a quantile of the standard Gaussian distribution. We will prove that the
corresponding test is asymptotically of level o, which means that

Pry (Ve gy = 1) <a+o(l) as e = 0.

The following theorem emphasizes the performances of the test ¥.,. We also provide
lower bounds that asses the optimality of this testing procedure.

Theorem 1 Consider the testing problem introduced in (2.2) and the testing procedure
U, defined in (213). Then, given o €]0,1],

1. (a) If u(r.) — 0, then Be(Oqr(re),a) = 1 — as € — 0. In this case, minimax
testing is impossible.



(b) If uc(re) = O(1) and wy = o(1) as € — 0, then the test Wy« is a level-a test
and 1s asymptotically minimaz, i.e.

Be(Oar(re), V. ) = Be(Oar(re), ) +0(1), ase—0.

Moreover, we obtain the sharp asymptotics

B(Our(ry),a) = ®(H —ur))+o(1), ase— 0.

2. If uc(re) — 400, then the family of tests (213) with t = cuc(r.) for some ¢ €]0, 1]
are asymptotically consistent, i.e. B(Oqr(re), Ves) — 0 as e — 0.

For the sake of brevity, we will not provide a complete proof since it follows the same
lines than previous one established in the direct case (see [7]-[9]) or in a uni-dimensional
inverse setting by [I1]. Nevertheless, we will provide the main underlying ideas in Section

41 below.

The main consequence of Theorem [lis that the investigation of the minimax separation
rate associated to the testing problem () reduces to the study of the extremal problem
(ZI2). In particular, the behavior of the term u, will provide meaningful informations on
the difficulty of the testing problem.

In Section [3] below, we investigate the behavior of this extremal problem and related
separation rates for different kinds of smoothness assumptions and different degrees of
ill-posedness.

3 Separations rates

Following Theorem [, it appears that the extremal problem (ZI2)) is of first importance
for a precise understanding of minimax separation rates in this setting. In particular, we
have to make explicit the terms r, for which u. = O(1) as ¢ — 0.

To this end, we can remark in a first time that the solution 6* of (2.12]) is of the form
(05)* = 2204 (1 — Aa})y, Yk € N,

where the terms 2y = 29, and A = A, are determined by the equations

7" —zOJl,
1 —ZSA 1J2,
with
Jio= ) b1 Ad}).

keNd

and J, = A Z azby (1 — Aaj) .

keNd
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Mildly ill-posed Severely ill-posed

d i il
bi| = Hj=1 151" o] = HJ e
4 . .
a%'_'IIJ 1|l|2% €Trer (i) (Z%-hl(zz)> (iii)
al = H;l Leili € (ln(€_1))2?:1(2tj+1/2) (ii) eTFO o (iv)

Table 1: Minimaz separation rates for Tensor product spaces. In the case (i), ¢; =
max,—1_q(1+4t;)/s;; in the case (ii), s; = s for all j € {1,...,d}; in the case (iii), s; = s
and ty > t; and (t1,s1) for all j € {1,...,d}; in the case (iv), t1/s1 > t;/s; for all j > 1.

Mildly ill-posed Severely ill-posed

d 4. 7.
ol =TT 15175 o] = HJ el
(14t,)
(e, s
oy e MR )

Table 2: Minimaz separation rates for Sobolev spaces. In the severely ill-posed case, we
assume that sy = -+ = 84 = s.

In particular,

u(re) = e *25.J/2, where Jy = Z bt (1 — Aa})2

keNd

Using this methodology, we get separation rates over both Tensor product and Sobolev
spaces, when considering alternatively mildly and severely ill-posed problems. These rates
are summarized in Tables[[land2l The formal results, and related proofs are made explicit
in the sections below.

In the following, we use the notation v, ~ w, as € — 0 if there exist two constants cg
and ¢; such that Ve > 0, cow. < ve < crw..

3.1 Tensor product spaces
3.1.1 Mildly ill-posed problems with ordinary smooth functions

In this section, we assume that

d d
b =[] 1517 and af = JJ|0[*, VI € N, (3.14)

=1



In the following, we will deal with the sequence (c;);j=1.. 4 defined as

141,
Cj: +]

, Vied{l,...,d}.

J

The following proposition describes the minimax separation rate in this setting.

Proposition 1 Assume that both sequences a and b satisfy equation (3.14) and that
Cl,...,Cq are strictly ordered : ¢; > --- > cq. Then, we get that

o The minimaz separation rate v} satisfies

4
ri~ et as e — 0.

4
o Ifr. = Ce* e for some positive constant C, then u.(r.) = O(1) as ¢ — 0 and the
sharp asymptotics described in Theorem [1 hold true.

The proof of this result is postponed to Section

Remark that in the particular case where d = 1, we get the minimax rate
Tl = e4$+4Tst+1,

which has been established for instance in [I1] or [I2]. Hence, Proposition [l appears
to be an extension of this classical 1-dimensional case. Nevertheless, remark that the
obtained rate appears to be quite unusual in such a setting: it is governed by the couple
of parameters (t;, s;) for which the associated term ¢; is maximal.

In some sense, the rate corresponds to the worst 1-dimensional rate in each direction.
In particular, a large value for ¢; is more or less associated to high degree of ill-posedness
with a small smoothness index.

3.1.2 Mildly ill-posed problems with supersmooth functions

In this section, we assume that
d
b =[]1;*" and af = [ e*" vl e N, (3.15)
j=1 j=1
In such a setting, we get the following result, whose proof is postponed to Section

Proposition 2 Assume that both sequences a and b satisfy equation (313). Then, we
get that

o The minimaz separation rate v} satisfies

d .
T~ € (ln(e_l))zjzl(tﬁlm as € — 0.

10



d
o Ifr.=Ce (ln(e‘l))zjzl(tﬁIM) for some positive constant C, then u.(r.) = O(1) as
e — 0 and the sharp asymptotics described in Theorem [ hold true.

In this setting, the minimax separation rate is close to the parametric separation rate,
up to a logarithmic term. The power of this log term explicitly depends on the dimension,
and of the degrees of ill-posedness in each direction. Once again, we recover the results
obtained in [I1I] or [I2] in the particular case where d = 1.

3.1.3 Severely ill-posed problems with super-smooth functions

In this section, we deal with severely ill-posed problems and super-smooth functions. In
particular

d d
b = He_tjlj and a; = Hesflf vl € N¢, (3.16)
j=1 j=1

The proof of the following proposition is provided in Section [£4]

Proposition 3 Assume that both sequences a and b satisfy equation (FI16) where

E>QVje{2,...,d}. (3.17)

S1 S;

Then, the minimax separation rate vt satisfies
S1
ri~ et oas e — 0.

The assumption (B.I7)) appears to be necessary since it allows a sharp control of the
terms Jy, J; and Jy introduced above. It could be certainly removed, up to very technical
algebra. In particular, we mention that the detection of super-smooth functions with
severly ill-posed problems is already a very difficult problem in 1-dimensional case. We
also mention that in this particular setting, we do not obtain sharp asymptotics.

3.1.4 Severely ill-posed problems with ordinary smooth functions

In this section, we deal with severely ill-posed problems with ordinary isotropic smooth
functions. In particular

d d
bo=]]e"" and af = []1* Vi € NZ. (3.18)
j=1 j=1
The terms (ti,...,tq) and s denote positive known parameters, that characterize the

problem. The proof of the following proposition is provided in Section

11



Proposition 4 Assume that both sequences a and b satisfy equation [3.18) where
ty >t; Vje{2,...,d}. (3.19)

Then, the minimaz separation rate r¥ satisfies

1 1 —2s
T:N<Ehl<—4)) as € — 0.
1 €

We work in an isotropic context, in the sense that the regularity is the same in all
directions. Provided that property (3.I9) holds, we obtain the same rate that in an
uni-dimensional framework. Then, the minimax separation rates is characterized by the
direction for which the problem is the more difficult, i.e. the direction associated to the
largest indice ;. Once again, we do not get sharp rates in this setting.

3.2 Sobolev Spaces

In this part, we will consider Sobolev smoothness constraints. We will provide some
illustrations of Theorem [ in this context. In both considered cases, we precise the
behavior of the sequence a.

3.2.1 Mildly ill-posed problems

We start our study in this framework with mildly ill-posed inverse problems. In particular,
we assume that

d d
=T and af = 1%, W € N (3.20)
j=1

=1
Proposition 5 Assume that both sequences a and b satisfy (3.20). Then, we have that

e The minimax separation rate satisfies

(1+4tj))
% as € — 0.

4/ (4+Z§l:1

Tl e

(144t )
o Ifr. = ° ) for some positive constant C, then uc(r.) = O(1) as
e — 0 and the sharp asymptotics described in Theorem [ hold true.

d
064/ (4+Zj:1

The proof of Proposition [l is postponed to the Section

In this context, some cases are or first interest. In a first time, we can remark that in
dimension 1, we recover the classical rate

" 4s
roo= €4s+4t+1 .
€

12



We refer for more details to [11] or [I3] (and to the previous section for a related discus-
sion). The other interesting case corresponds to the homoscedastic framework in dimen-
sion d where s; = s and t; =t for all j € {1,...,d}. In such a case, we get that

* 4s
ro=c€ 4s+4dt+d .
€

In this situation, we are faced to the well-known curse of the dimension: minimax detection
rates deteriorate as d increases, even for direct problems (where ¢ = 0).
3.2.2 Severly ill-posed problems

We now turn to the investigation of severly ill-posed inverse problems. We will consider

the case where . . .
by=]]e"", and a; = (Z @-) , Ve N (3.21)
j=1 j=1

In particular, we only deal with homoscedastic problems: the regularity is supposed to be
the same in all considered directions. In this context, we get the following result, whose
proof can be found in Section 7

Proposition 6 Assume that both sequences a and b satisfy (3.21), where t; > t; for all
Jj €42,...,d}. Then, we obtain the following results :

o Ifr.=(Clog(1/€)) * with C > 1/t;, then u?(r.) — 400 as € — 0 and the detection
is possible (see Theorem [l for more details).

o Ifr.= (Clog(1/e))”" with C < 1/ty, then u*(r.) — 0 as € — 0 and the detection is
impossible.

Due to the difficulty of the problem, the minimax separation rate decreases very slowly
and we do not obtain sharp asymptotics in this case. In order to get this result, we have
assumed that the problem is in some sense dominated by one direction: ¢; > t; for all
7 > 2. This assumption can be removed, up to a more technical algebra.

4 Proofs

4.1 Proof of Theorem 1]

The proof is decomposed in two different parts. In a first time, we establish a lower bound
for the term 5.(O(r.), @) and we discuss the possible values of this quantity following the
behavior of the extremal problem (ZIZ). Then, we prove that the test ¥ ) achieves
this lower bound when u.(r.) = O(1) as € — 0.

13



We first focus on the lower bound on 5.(©(r.),«). Let 7 the prior on the set O(r,)
defined as

1
= H T, where 7, = 5(5—bk0k + Op0,) VK € fo, (4.22)

keNd

for some sequence 0 € ©O(r.) which will be made precise later on. Denote by Py (resp.
P,) the measure associated to the observation vector Y when the sequence 6 is equal to
0 (resp. follows the measure 7). Then, following [2], we get that

Be(O(re), ) > 1 — v — % (EO[L?T(Y)] o 1)1/2’

where L,(Y) denotes the likelihood ratio between the two measures Py and P,. Thanks
to ([£22), we get that

Eo[L2(Y H cosh(b707 /€*) < exp Z by | = exp(ul(re)),

kENd keNd

provided 6 is defined as the solution of the extremal problem ([21I2). In this context, we
get clearly that

u(r) = 0= B(0(r),a) =1 —a as € — 0,

which prove item 1.(a) of the Theorem.

Now, we turn to the case where u.(r.) = O(1) as ¢ — 0. In that case, our aim is to
prove that
B(O(re), a) = P(HY —u.) 4 o(1) as e — 0.

To this end, assume that

In(L.(Y)) = —@ Fuc(r)Ze + 5., (4.23)

where Z, — Z ~ N(0,1) and d. — 0 in Py-probability as ¢ — 0. It is well known that
Be(O(ro), a) 2 Er(1 = ) = Eoe™ =0 (1 —47),

where ¢7 is the likelihood ratio test. In particular, ¥ = 1 if In(L,(Y)) > t, where ¢, is
the 1 — a quantile of In(L,(Y)) under Hy. Thanks to ([£23)), we get

2
ta — uﬁ (TE)
2

+u(r) H® +o(1) as € — 0,

which leads to the desired result, up to some simple algebra. Concerning the proof of
([A.23)), we refer to [11] for more details.
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Concerning the last part of the proof, we first have to compute the expectation and
variance of the test statistics. Using a Markov inequality, it is then possible to prove that

BE(G(TE>7 (I)E,H(a)) — 07

as soon as uc(r.) — +oo as € — 0. In the case where u.(r.) = O(1) as ¢ — 0, the
Central Limit Theorem (with Lyapunov’s condition) indicates that the test statistics 7" is
asymptotically Gaussian. A precise study of its associated variance and expectation leads
to the desired result (see [I1] for a similar study in the 1-dimensional case).

4.2 Proof of Proposition I

Let
d d
=I5 and af = [ 1>, vi e N,
j=1 j=1
Recall that
Jy=2) nt (- AP )

leNd

We set A = R7?% where 5 = 51 + ...+ s45. We define for u = (uy, ...
§= (sla .. .,Sd) € (R+*)d>

S(u,s,R) = > [

en ()" (%) <1

,ug) € (Ry,)? and

Lemma 1 Let forj=1,...d, ¢; = (1 +uy)/s;.
Assume that ¢; > co > ... > cq. Then we have

Rgcl
e jzzé(clsj —u;),

S(U, S, R) ~R—o0
where ((s) = > 5, 17° for all s > 1.

PrOOF OF LEMMA [II We will use the following inequalities

R

R
Vu>0,0< ) 1"~ [ atdw < 2R". (4.24)
=1

S~

=

R
V—1<u<0,0§Zl“§/ 2tdx. (4.25)
=1 0
Indeed, for u > 0,

15



R R R+1
/ ztdr < Z < / x'dr,
0 =1

1
and,
R R R+1
0< Zl“ —/ ztdr < / ztdx
1
< R+1 u+l _ Ru—i—l
— ou+1 [( +1) }
< 2“R“
To simplify the notations, we omit in the sums that {y,...,l; € NI. Now,

s _52 Sd
1 S

RS1 l2 1 l; S1

S(u,s, Ry= Y B2y >

132___l;d§R§ =1
From Equation ([£24]), we have

1 s 52 Csg\ u1tl
0<  S(us,R)— > 1. .1 <u1+1) (Rﬁ12s1...ld”)

l;2 ...lZdSRg

5 -2 _sa\ Wt
<2y 152...l§d<R¥l251...ld31) .

s s =
122...ldd§RS

This leads to

Rcl§
0<  S(us.R) - S e e

l;z...l;dSRg
5 uz2—-2uy ug—Sul
ul R, Wi s1 s1
< 2 R= g Ly . .
122---12d§R§
Note that for all 7 > 2, we have u; — s;c; < —1 since ¢; < ¢;. Hence the series

E l§2—8201 ls(i—sdﬁ

132 "'lfld <R’

converge. This leads to,

d

C(c1s; — uy).
2

Cc1S8 sc1
R Zg2—5201 lud—sdcl ~ R R
g ce 00
u; + 1 d L+ -

s s s
122 "'ldd <RS

16



It remains to prove that
S ug— 2y ud—fdm
Ra™ > 0, o (R, as R — 400,
12 LA<R®
which is equivalent to
ug—2y ug—-dy (e 21
Z l22 Sll...ldd 811:0<R<1 511>),asR—>—|—oo. (4.26)

s s s
122 "'ldd <RS

Since this quantity is positive, we will only give an upper bound. More generally, let us
consider the Property that we denote by P; :

S s .
Ui— — i Ug——20 gy = v
Y= A P (RS(”
> .

S sq _
1 <R

Note that since ¢; > ¢;, we have that ¢; — L=l 5 0.
We want to prove (£26]), namely that P, holds Let us first prove that P; holds, namely

that ‘
S e, <Rs(a—:::)) |

l;dSRE

< —1. Ifvg > —1, we get from ([@24) and

(@23 that
0< Y I

l;d <R’

IN

R§/sd -
/ 2Vdy 4 2Y4R5a"?
0

R (€ 4+ 0(1))
R (C 4 o(1))

. O<Rs(q—t:z;>).

We now assume that P;; holds and we want to prove that P; holds. We have

IN

IN

53 5d
Uj— U1 u

J— j—1 Sj—1

o= Y Ly :

S sq _
17 I <Rs

S -

S SJ
R,

2jt+1
S Sd_y, J v _ ,
D i e A S S
e ]_"_1 ---d ] .
;=1

PO

17



The property P; clearly holds if uj—sj—fluj_l < —1 (in this case, for all [ > j, u; — s;—iluj_l <
—1). If u; — Sj—fluj_l > —1, we use ([£24)) to obtain

s -fL
Siiq s i %9 53 )
Ujp1— ua— 5w L wj— Sy
Y, L. g l, 7’ x’ it dx
j < j+1 sl
LA <RS ’
gt

S Sy, s St s\ Wi Ty w1
c S ot ()
+ j+1 el it el ;

AR

1 g(c._b) U —CiSa Ug—CiS
< RO N e e
1+ U; — s‘iluj_l Si41 teg_ e
J Ui 1 <Rs
_ .. Sj+1 Sd
i(u._iu.il) Ujp1—Uj— Ug—Uj o=
siNd s J J
+C R i E Livy oy .

LA <RT

Since u;y1 — ¢jsj41 < —1, the ﬁrst series converges as & — +o0o and the first term is
5(cj—=a=1) . . Lo

O(R =55 ) which is O(R( %= 1)) since ¢; < ¢;. The second sum is ¥;;; which is
5(c1—=L . .

o(R -3 )) as R — 400 since we have assumed that P;;; holds. We then obtain that

s(c S .
the second term is o( R (=55 )) as R — 400, which leads to the property P;.

Lemma 2 Let

Ji(R)y=2 3" it (1= RER ).

l1,...,lgeNE

where § =81+ ...+ sq. Let for j=1,...d, ¢; = (1 +4t;)/s;.
Assume that ¢y > cy > ... > cq. Then we have

- 251
~R oo 2d sc1 —4t
Ji(R) ~r R ((1+4t1)(1+4t1—|—281 )HC €18;

PRrROOF OF LEMMA 2 The proof follows directly from Lemma [Il and easy computations
by noticing that

Ji(R) =27 (S(4t,s,R) — R™**S(4t + 2s,5,R)) .

18



Lemma 3 Let

JQ(R) = 2IR=2 Z l‘11t1+251 N 'lstd—l—%d(l o R—2§l%s1 o lczlm)"'“

where § = $1 4+ ...+ sq. Let for j=1,...d, ¢; = (1 4+ 4t;)/s;.
Assume that ¢; > co > ... > cq. Then we have

s 281
Jo(R) ~Royeo 20 R — 4t;)
2(B) ~res ((1+4t1+251)(1+4t1+431 )HC %

Proor or LEMMA [3l The proof follows directly from Lemma [Il and easy computations
by noticing that

Jo(R) = 27R™% (S(4t + 25,8, R) — R™*5(4t + 4s, 5, R)) .
Lemma 4 Let
J(R)=2" Y 0" - RFE P = Ji(R) — Ja(R).

where 5 =s1+ ...+ sq. Let for j=1,...d, ¢; = (1 +4t;)/s;.
Assume that ¢y > cy > ... > cq. Then we have

. 8s2 d
d pscy 1 o )
Fo(R) ~rooe 2°0 <(1+4t1)(1+4t1+2sl)(1+4t1 +431)) g“clsﬂ 4t) -

From the above lemmas, we can derive a separation rate for signal detection in this

framework. Indeed,
']1 (R) R—2§ Dl

J2(R) Dy’
where J;(R) ~r_oo D;R** for i =0,1,2. Then

4 4+c1
ui(r.) = (T—E) Jo(F) =l

R—2§

=

01/2 _4
where C' = 2D2 (g—f) . In particular u?(r.) = O(1) for r. = r* ~ €i*1 as e — 0.
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4.3 Proof of Proposition
We consider the case where
d d
=[] and @y =[] e, VI € NL.
j=1 j=1

Remark that we are in an isotropic framework, i.e. s; = s forall j € {1,...,d}. Asin
the other cases, we start with the computation of .J;. Using our assumption and setting
A = 72" we obtain

Jio= > b1 - Adp),

leNd

_ Z ﬁ[ l?tj (1 — 2 Z?:l slj—28u)+ :

leNd j=1

_ Z ﬁ[ l;ttj (1 . 62 Z?:l slj—2su)+ :

Z?:l lj<u i=1

= Ji— a0

Simple algebra leads to

d
DO | [

Sy lisud=l

. d l 4tj d 1
— i (4t W =
o H <u) H u’

(<1 =1 j=1
) d
= CuXs=(4+D) /Rd H jftjl{2?:1 <nydz(l+o(1)) as u — +oo.

20



Now, we prove that J;” = J; x o(1) as u — +00. Let 0 € (0,1) a term whose value will
be made precise later on. We can write that

d
» oL 45 2 4 sl.—2su
Jl = E Hlﬂ e 25l ,

Z?Zl lj<u =t

d d
) d _ 4
= E | | l?tj 62 Zj:l slj—2su + § | | l?tj 62 Zj:l slj—2su’

S l<ou =l Su<y g ly<ud=1
d d
< es(25u—2u) Z H l?tj 4 Z H l;{ttj ,
2?21 1;<du J=1 5USZ?:113‘SU Jj=1

d d d
-~ —2su(1-05) 4t ati+1 4t
¢ >, 1067 +11w" A7 Ysesa openyd,
j=1 )

Z?:l ljgéu .7:1
= J; xo(1) as u — +o0,
setting for instance 6 = 8, = 1 — u~ /2,

The computation of J; follows essentially the same lines. First remark that

o= Y b - Ad)..

leNd
= ) btAap = > btA%
leNd leNd
!/
= J2 + J2” .

In a first time, we study J5:

d
RS DI | Ut

Y ly<ud=l

u d g
= Z Z (m _ Z lj> H l;ltj €2s(m—u)7
j=2 =2

=0 ~d
m=0 3 li<m

u d l 4t d l 4t 1
=Y e St (1 B _a'> 11 (_]) L
m . m me—

m=0 S, 1y /m<1

_ Ze—2s(u—m)m27=1(4tj+1)_100(m)=
=0

21



where

>4, /m<1 J=2 j=2
d 2 it
4t;
~ / dH(xj) i (1 - Z@) 1{2?:2:cj§1}dxv as m — +00.
R -9 j=1

Then, setting [ = u — m, we obtain

Jé _ Z e—2sl(u o Z)Z?ZI(4tj+1)—lco(u . l),
=0

v d 1)
S (at+1)-1 —2sl l 2o (4t +1)-1
= u~Ii=vy Ze 1—— Co(u—l).

u
=0

It is possible to prove that the sum in the above formula converges as u — +o0o. Using
the same kind of algebra, we can also prove that Jy” = Jj x o(1) as u — +o00. Therefore,
we obtain the following asymptotic

Jy = C’guzgzl(‘“jﬂ)_l(l +0(1)) as u — +oo.
By the way, since Jy = J; — Jo,
Jo = Couzgzl(‘“f“)(l +o0(1)) as u — +oo.

Now, we have got all the required material in order to compute the separation rate
associated to this problem. First remark that there exists a constant C' such that as
e — 0,

J C uzgzl(‘“j"'l)

2 _ A_l 2 _ _1 —2su 1 1
Te Jo < T 026 uZ?:1(4tj+1)—1( +oll),
e ﬁ6_25“u(1 +0(1)),

Cs
Cy
& In(ry) == 1n(u5(1 +o0(1))) — su,
2

The solution of the above equation satisfies u = ln(re_l/s)(l + 0(1)). Then, as € tends to

0,

) = (%) S =00) & (%) S <o),
1

. €
N G%meqrﬁ“%mzoum

d .
& ro~e (ln(e_l))zjzl(tJHM) )
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4.4 Proof of Proposition

In this case, we will assume that

d d
b = He_tjlj and aq; = Hesﬂ'li Vi e N¢.

j=1

Moreover, we suppose that
t
holiye {2,....d}.
S1 S]

We start with the computation of the term J; defined as

Jio= > bt(1- Ad),

leNd

- 2642?21%‘% (1 A2 %‘) 7
+

leNd

— Z A1 tils <1 A2 8;‘%‘) 7

Sy sili<u
setting A = e~2*. Then
i = Z ATl Y Z o= Li(4tj+2s5) . J 4+ Jy
Z?:l sjli<u ZJ 18<u

In a first time, we study .J|. Remark that

Zs]l <u(:>l1<s—1<u—28] )

Jj=2
Hence

VA 44l
Jl — E 627—1 N

d
>=1 85l <u
—1 d
5] (u—Z:j:2 silj)

d
= Z 64 2i—atily E e4t111 ,

Sioasili<u (=0

—1 d
81 (u=325_5 s5l5)
T Tt ) Z 4t (L= (um S50y 5515))
— 32 Jesl Jj=2°7%J e 1 3:2317

oy =0
4t d
u— S
= E A Eima tyls oty (W= 2j= 5ly) (u— E s;l; 51,t1>,
Z?ZQSjljgu
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where
Sl ZB

H(v,81,1) := Z ettrlh=sie) — O(1) as x — 4o0.

1, =0

We obtain

d
t 4t
/ 4Ly d__t. L S5
']1 = € E 642322t7 Z] 2 53l (u— E Sjlj),Sl,tl ,
Yioasili<u =
ts d
4%—1u _423 2 85l; (si_si)
= e 51 E e iJH (U— E Sjlj>7517t1 ’
Z‘;:2 sili<u J=2
ty

= e 1 c(u),

where ¢;(u) = O(1) as u — 4+00. We are now interested in the computation of the term
J1” defined as
J7 o= A Z 62?:1 1;(4t; +25j)’
ZJ 18<u

Sfl(u—Z?:Q sjls)

d
— A § 623‘:2 lj(4tj+28j) E €(4t1+281)ll’

Z?zz silj<u h=0
- A Z oo Li(4tj+255) o (4t14251)s7 " (u=307_5 55l5)
ZJ 2 85li<u

51 (w=30_ 85l5)
> E e(4t1+281)(11—8f1(u—2?:2 Sjlj))’

11=0
o Ae ;u 2u E 62?:2 lj(4tj+28j)e—(4t1+281)8;1 2?22 Sjlj

Yo sili<u
d
X%l (u— E sjlj),sl,tl s
—

where
X

Hi(w,s1,t1) = Z eWat20)li=2) — O(1), as x — +oo0.
=0
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Therefore, since A = e~

d
J7 = 64%u Z 62?:2 lj{(4tj+25j)—(4t1+281)3f15j}7_[1 ((u _ Z Sjlj), 51, t1> ,
=2

d
> j=285li<u
d b d
4ty —42.:25113-(\——\—_)
= e °1 E e ! L% Hl (U— E Sjlj),Sl,tl ,
g sjlj<u =2
45
= e 1 c(u),

where ¢ (u) = O(u) as u — +o00. We finally obtain the asymptotic
gy
Jy~e =1, as u — +oo.
Using the same algebra, we obtain
gty
Jo~Jy~e s as u — 4o00.

We can now study the separation rate associated to this framework. Since J; and J, are
of the same order, we get that A = r2. Then, as € — 0,
Te

w(r)=01) & (

€

= (E)4A25—1“ —0(1),

€

= Te ~ €,

& o~ et

4.5 Proof of Proposition 4

In order to establish the separation rates related to this setting, we first need the following
lemma.

Lemma 5 Let d € N be fized and assume that
t1>tj VJG{Q,,CZ}
Then, there exists a constant Cyq such that

Z A5 til Cae™5(1 +0(1)) as S — 4o0. (4.27)

ITj—1 <8
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ProOF. Clearly, (.217) holds when d is equal to 1. Now, assume that equation (.27
holds for d — 1. In such case, we prove that the same property holds for d, which will
complete the proof of the lemma. In a first time, remark that

ST G
d d—1
§ 6423:1 til; § 6423:1 t;l; % § e4tdld’
I, ;<8 [1j-11<s la=1
d—1 ;-1
d—1 d—1 1 Snj:l lj d—1 1
_ Z A Aty STIZ Z dtg(lg—S It
— e 2371 gty d HJ,1 j X e d(d HJ,1 j )’
1= 158 la=1
d—1
d—1, ;. d—1;—-1 _
_ § 6423:1 t3l3+4tdSHj:1 L X ¢y SH l] 1 ’
My=1y<s i=1
where
U
a(U):= E eMala=t) — O(1) as U — +oo.
lg=1

Then, given a constant v €]0, 1], the sum of interest can be decomposed as follows

d—1
d d—1 d—1 ;-1
§ e4zj:1tjlj _ § 64Zj:1 tjlj+4tdSHj:1 l; X ¢y (SH l]_1>
J=1

[T5-1 ;<8 <[5 <=8

d—1
d—1, ;. d—1 ;-1
+ 2 : €4Zj:1 tili+4ta ST, X (SHZJ'_1>
Jj=1

(1—y)S<TI4Z{ [;<S—VS

d—1
- Z AT il S TIZ 1T o €1 (SHZJ_1> ;
S—VS<IIZ <8 j=1
= T1 + T2 + Tg.

We start we the control of the term 7). Using simple algebra, we get that

d—1
d—1, ;. d—1;-1 _
Tl — § : 6421:1 tili+ataSTI 2 1 X ¢y (Sl |l] 1) ’
i=1

1[I <(1-)S
d—1
< Ce4tdS E 6421:1 t;l; < Ce4tds+4(1—'y)t157

119 < (1-9)8

where for the last inequality, we have used the hypothesis that equation (A.27) holds for
d — 1. Then, we can remark that

Tl — O(e4tds+4(1—’y)t15> — O(€4t15> as S — _'_007
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as soon as

t
At (1 =) S +4t,S <4t S = 1>~ > t_d'
1

Now, we turn our attention to the term T,. Assuming that equation (£27) holds for d—1,
we get that

d—1
d—1, 7. d—1 ;-1 _
T, = 2 : €4Zj:1 tili+4taSTI 21 1 X ¢y (SHlj 1) ’
Jj=1

(1—y)S<IIj=i l<S—VS
Z 49 At (1—)
S C e 2371 73 al ) ,
1<) 1;<8—VS

O EVE)) = o(e™15), as § — +o0.

Once again, if one assume that equation ([£27) holds for d — 1, we obtain that the term
T3 defined as

d—1

d—1, ;. d—1,—1 _

T3 = E 64Zj:1 tjl]+4tdS]_[j:1 lj X c <SH1J 1)
S—VS<IIiZ{ l;<S j=1

can be surrunded as follows

d—1
d—1, 7. _
eta E et 2j=1tili w ¢ <SHlj 1)

S—VS<IYZ] ;<8 J=1

d—1
<Ty < oAtaS/(S—VS) Z €4Zj;;tjlj X ¢y (SHZJ-_1> 7

S—VE<[TiZ ;<8 j=1

& Ty =Che™5(140(1)) as S — +oo.

The proofs is a direct consequence on successive asymptotics of 177, T> and T3.
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Now, we can start the proof of Proposition [ with the control of the term .J;. In a
first time, set S = A~1/2?% and remark that

d
Jl = Z 642721 tily <]_ —A H lj28> )
Jj=1 +

leNd
d —
STI, 1

= Y ¥ Al til (1—AH123>+,

H?:Z ;<8 =1

STl 4
_ Z 642?:2 til; Z 4t111 ( AH l2s> :
-2 1;<8 h=1 -
d
_ Z AT o til+ 4 ST o 17 co (SHZ;I,h) 7
j=2

M. 1,<s

o (R, 1) Ze4t1<l R) < _ (%)2)

et (1 - (1- %)23) :
) 31

—4t1m —4t1\/7
e <R+O< ))—I—O(e ),asR—>+oo

R_l) , as R — +o0.

where

In particular, we have

M=

co(R.t1) =

3
[N

Ms ilMs

Si

Now, we can concentrate our attention on the control of the term J;. The sum in J; will
be decomposed in two terms, namely

d
Jio= Z + Z AT il ST 5 o o <5Hlj_l,t1> ;

1[0, 4,<VS  VE<[T), 1;<8 j=2
= Jii+ Jio.
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Then, using Lemma [Bl, and the fact that the function ¢y is upper bounded,

d

VST, ;<S5 J=2

< (Celh V8 Z ol Yo til

1g1‘[§:2 ;<8

= 0"V x o(e™5) = o(e™5) as § — +o0,

Then
d
d 4 d -1 -
o= Y emtnsiagt g (ST )
d =
j:2lj§\/§ J=2
d
d 4 _
= *UjmtitihS o SHljl,tl ,
=2
d
+ § : 642 tl-|-4t1.§7]_[J 2l >< co SHlj_latl :
2<T1)_, [;<VS J=2
!/
= Jl,l + Jl’lj,.

Then, we can remark that

64t15‘
Ji1=Ciq 3 (1+0(1)), as S — +o0,
while
) d
Jii” = Z 64zj:2tjlj+4tlsng:2 I X o <SHlj_17t1) < C€2t15><0(64t1\/§) _ 0(64t15)7
=2

2<T1Y_, [;<VS

as S — 4o00. Finally,
4t1 8

S

e

Ji=Ciq (14+0(1)) as S — +oo.

Using the same kind of algebra, we can then prove that

4t1 8
Jyi=A Z aiby (1 — Aa})y = CLdeS (I+0(1)) as S — +o0,
keNd
and
e4t15‘
Jo —Zb (1 — Aa})? == Coa——(1+0(1)) as S — +o0,
keNg 52
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for some explicit constant Cg 4.

In order to conclude the proof, we have to determine the minimax separation rate ;.
Thanks to the asymptotics of Jy, J; and J, established above, we get

r2=A= =A(1+0(1)) as A — 0.

Hence, as € — 0,

2 1/2s

ur(r) ~ 1< e JO ~1 e plemthre T o,

. 1 1 —2s
re~ In o as € — 0,
1

but we do not get sharp separation rates.

In particular,

4.6 Proof of Proposition

We here consider the case where

d d
=[5 and e} =Y 157, Vi e N’
j=1

j=1
We begin the proof with the study of J; defined as

d d
> e (-a3)
=1 N

l1,..,lg€Nx j=1

Setting A = R-_zsj forall j € {1,...,d} and D = H;l:l Rj1-+4tj, we get

v s M) (-5()7) 1)

I1,...,lg€N* j=1 j=1

Hence we have
d d
J1 ~Ry,. Ry—oo D2 / H x?tj <1 — Zx?SJ) dxy ...dxg.
(R+)d j=1
+

We set C1 =27 [ 5114 H] LT i — Z;l:l I?Sj)era:l .dzg.

o ay d d 4

25, 25,
||UjJ 1—E v; ”ij dvy .. .dv,
Jj=1

Jj=1 +j:1

1
C, =

S1...54 (R+)d

1

S1...54 de

d 4t;+1
=1

d
v; 4 <1 — Z vj) dvy ...dvg
=1
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where Ty = {(vl, ey 04), 05 >0, Z;l:l v; < 1}. Let us recall Liouville’s formula :

_ F(pl) . 1
S+ ...+ )P ket = JuPr Py,
Ty (01 o) I I(py +. +pd ¢
where p; > 0 for i = 1,...,d and the integral in the right hand side is absolutely conver-

gent. Using this formula, and setting § = Z;l:l(l +4t;)/s;,

C, = HLF(“;—;) /1(1 Yud
R v T AR

d 4tj+1
Hj:lr( 2s; ) 1
s1...840(8) §(5+1)

Now, consider the term J5 defined as
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We set A = Rj_zsj forall j=1,...,d. Setting D = Hj:1 le-+4tj, we have
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we get, using similar computatlons as above
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In the same manner, we have
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Let us now determine a separation rate in this framework.
Ji
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This leads to
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with C' = 2%)2 (%)8 In particular v?(r.) = O(1) for r. =r* = ¢

4.7 Proof of Proposition
In this case, we have

d
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Remark that we consider an isotropic framework: the regularity is the same for all the d
directions.

We start with the computation of J; defined as
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where R := A~'/?5. Setting m = Z?:l lj, we get
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where )
co(m) = Z et j=2 lj(tj_tl), Vm € N.
Z?:z lj<m

Since we have assumed that t; > t; for all j > 2, ¢o(m) = O(1) as m — +o0. Let § € [0, 1]
be a constant which will be made precise later on. We can write that
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Concerning the term 75, using simple algebra, we get that
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In order to compute T, we will use the Taylor expansion
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We obtain

R l 2s
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since A(R,t;) = O(1) as R — +o0. Using the same algebra, we obtain

J1 = 2sA(R, ty) (14 0(1)), as R — +o0,
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Remark that we obtain exactly the same asymptotics for J; and J, which indicates the
presence of sharp separation rates. Concerning the term Jy, we can prove that
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In order to find the corresponding separation rates, we have to solve

4
r?= AL and u?(r.) = fe)" 2o
(2) 37

€

First remark that

Ji
r=A"sr’~rAer?~R ¥ o R~r Ve
J.

Hence

2
4 4 -
(E) ﬁ — T_ﬁe—4t17‘e 1/
e/ 2JF €

Hence, if r. = (C'log(1/€))”* with C' > 1/t;, then u?(r.) — +oo as e — 0. If r. =
(C'log(1/€))™* with C < 1/ty, then u?(r.) — 0.
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