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ABSTRACT

This paper aims at obtaining an advanced formulation of the time-domain
Boundary FElement Method (BEM) for two-dimensional dynamic analysis of
unsaturated soil. Unlike the usual time-domain BEM the present formulation applies
a Convolution Quadrature which requires only the Laplace-domain instead of the
time-domain fundamental solutions. The coupled equations governing the dynamic
behavior of unsaturated soils ignoring contributions of the inertia effects of the fluids
(water and air) are derived based on the poromechanics theory within the framework
of the suction-based mathematical model. In this formulation, the solid skeleton
displacements, water pressure and air pressure are presumed to be independent
variables. As there is no analytical solution for the 2D wave propagation in
unsaturated soils in the literature, to verify the accuracy of this implementation, the
displacement response obtained by the boundary element formulation is partially
verified by comparison with the elastodynamics problem.

INTRODUCTION

It has long been recognized that surface topographies can have crucia
influences on damage severity and its spatial distribution during strong earthquakes.
Site response analysis of topographical structures could only be solved accurately,
economically and under realistic conditions, with the aid of numerical methods such
as the Boundary Element Method (BEM).

Unsaturated soils are encountered near the earth’s surface where most
engineering structures are ultimately supported. Saturated and dry soils can become
unsaturated due to seasonal variations. In the current state of the art, it could be
claimed that behavior of the saturated porous media has been well understood.
Conversely, the study of the dynamic behavior of unsaturated porous media is a
relatively new area in the field of geotechnical earthquake engineering.

The BEM is a very effective numerical tool for dynamic analysis of linear
elastic bounded and unbounded media. The method is very attractive for wave
propagation problems, because the discretization is done only on the boundary,
yielding smaller meshes and systems of equations. Another advantage is that this
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method represents efficiently the outgoing waves through infinite domains, which is
very useful when dealing with scattered waves by topographical structures.

This paper aims at obtaining an advanced formulation of the time-domain
Boundary Element Method (BEM) for two-dimensional dynamic analysis of
unsaturated soil. Unlike the usual time-domain BEM the present formulation applies
a Convolution Quadrature developed by Lubich (1988) which requires only the
Laplace-domain instead of the time-domain fundamental solutions.

In this paper first of all, a set of fully coupled governing differential equations
of a porous medium saturated by two compressible fluids (water and air) subjected to
dynamic loadings is obtained. These phenomenal formulations are presented based on
the experimental observations and with respect to the poromechanics theory within
the framework of the suction-based mathematical model presented by Gatmiri et al.
(1998). In this model, the effect of deformations on the suction distribution in the soil
skeleton and the inverse effect are included in the formulation via a suction-
dependent formulation of state surfaces of void ratio and degree of saturation. In this
formulation, the solid skeleton displacements u;, water pressure p,, and air pressure
p. are presumed to be independent variables. Secondly, the Boundary Integral
Equation (BIE) is developed directly from those equations via the use of the weighted
residuals method in a way that permits an easy discretization and implementation in a
numerical code. The associated fundamental solution obtained by Maghoul et al.
(2011) is used in the BIE.

Finally, as it seems that there is no analytical solution for the 2D wave
propagation in unsaturated soils in the literature, to verify the accuracy of this
implementation, the displacement response obtained by the boundary element
formulation is partially verified by comparison with the elastodynamic problem.

GOVERNING EQUATIONS

Governing differential equations consist of mass conservation equations of
liquid and gaseous phases, the equilibrium equation of the skeleton associated with
water and air flow equations and constitutive relation. The assumption of
infinitesimal transformation and incompressibility of solid matrix is considered.

Solid Skeleton. The equilibrium equation and the constitutive law for the soil’s solid
skeleton including the effect of suction are written:

(o — 6ijpa)’j + Pai + fi = piiy (1
(01 = 6ijpa) = (A8ijen + 2uei5) — Fi(pa — pw) (2

where p, A are Lame coefficients, p,-,,, IS the water or air pressure, §;; is the
Kronecker deltaand F;; is the suction modulus matrix:

Ff = Dyjiu(Dji) ™" (3)

in which Dj;, isavector obtained from the state surface of void ratio (e) whichisa
function of the independent variables of (o — p,) and (p, — pPw):

(i) = (9e/((1 +)d@a—pw)))[1 1 0 (4)



The elasticity matrix (D;jy;) can be presented by using the bulk modulus and the
tangent modulus:

Dijii (4, 1) = Dijiy (Ko, Et) = Diji (0 — Pa Pa — Pw) (5)
where E; istangent elastic modulus which can be evaluated as:
E, =E +E; (6)
in which E; isthe elastic modulus in absence of suction and
Es = ms(pq — pw) (7)

mg being a constant, E represents the effect of suction on the elastic modulus. K, is
the bulk modulus of an open system and evaluated from the surface state of void
ratio:

Ko' = (1/(1 +e))de/d(o — pa) (8)

Mass Conservation of Water. The mass of the water in a representative elementary
volume can be written as:

Wzmi = —Swéii + Cuwbw + CuaPa (9)

where C,,,, = (ng, — C,nS,,) and C,,, = —ng;.
In this equation, w;"~""“ is the displacement of water or air relative to solid, Sg—,,q IS
the degree of saturation relative to water or air, C,-,, 4 iSthe compressibility of water

orar Cy=w,aq = dpa/(pPadpe) and g, = dS,,/d(pa — Pw)-

Mass Conservation of Air. With the same approach presented before, the mass
conservation of the air can be written as:

Wi(jli = —=S4&ii + CawPw + CaaPa (10)
where C,, = (ng, — C,nS,) and C,,, = —ng;.
Flow Equation for the Water. Based on generalized Darcy’s law for describing the

balance of the forces acting on the liquid phase of the representative elementary
volume, the water velocity in the unsaturated soil takes the following form:

—DPw,i = pwit; + ngv/kw — Pwdi (11)

in which k,, denotes the water permeability in an unsaturated soil.

Flow Equation for the Air. With the same approach presented for the water based on
generalized Darcy’s law, the air velocity in the unsaturated soil takes the following
form:

—Pai = Pall; + Wia/ka — PaYi (12)
in which k, denotes the air permeability in an unsaturated soil.
Summary of the Governing Differential Equations in Laplace Domain. By
introducing (2) into (1), (11) into (9) and (12) into (10) and by applying the Laplace
transform to eliminate the time variable of partial differential equations, assuming
Ui(t=0) = Wilt=0) = Wi(¢=0) = 0 @ Py (t=0) = Pa(t=0) = 0, we obtain the final set of
governing equations in Laplace transform domain:

Bliz, pw Pal"+I[f, 0 0]"=0 (13)



with the not self-adjoint operator B:
(MA - psz)da/; + (/1 + ﬂ)aaaﬁ Fsaa (1 - Fs)aa
B = —5610p k,A+ Cy\yS CwaS
—56,0p CwaS koA + Chps
where 6; = (S,, — pwkyws) and @, = (S, — pakas).
In equations (13) and (14), a, 8 = 1,2 in two dimensiona problems. Also in (14), the
partial derivative () 4, is denoted by d, and A= 9, isthe Laplacian operator.

(14)

BOUNDARY INTEGRAL EQUATION

The boundary integral equations for this problem will be derived by taking the
fundamental solution as the weighted function and using the method of weighted
residuals, which is essentially an integration by parts technique. In this method, the
integral equation is derived directly by equating the inner product of eq. (13) and the
matrix of the adjoint fundamental solutions G implying that

B'G+I5(x—&) =0 (15)
to a null vector, i.e. fQB [, Pw Pa]TGdQ = 0 with
60((1 U&gﬁ ﬁaw ﬁo‘?
G =|Gug Gwa| = |P3° P¥W  pwA (16)
Gop Gaw Gaa| |PSS P pas

where the integration is performed over a domain () with boundary I' and vanishing
body forces and sources are assumed. In eq. (15), B* is the adjoint operator to B used
for the deduction of fundamental solutions (Maghoul et al. 2011).

After integrating by parts twice over the domain according to the theory of
Green’s formula and using partial integration, the operator B is transformed from
acting on the vector of unknowns [fi; Dy Pq]” to the matrix of fundamental
solutions G. After some algebraic manipulations and using the property of Dirac’s
delta function, we reach the transformed dynamic unsaturated poroelastic boundary
integral representation for the transformed internal displacements and pressures given
in matrix form, i.e,,

Cap 0 0] [Ua
[ 0 ¢ o] I [ﬁw

0 0 cl lbal

Gaﬁ Gaw
~ G.W

w

(17)
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Q

] ar

S

Q

U]
_f T[I’/V QWW QaW [ﬁw dr

F_Téél gwa  (ea Dal
where the traction vector, the normal water flux and the norma ar flux are
respectively:




Ea = OgpNp = [(Aﬁk,k - Fs(ﬁa - ﬁw) + ﬁa)aa/? + .u(ﬁ/?,a’ + ﬁa’ﬁ)]nﬁ (18)
qw = _kw(ﬁw,n + pwszﬁana) (19)

Ga = —kq (ﬁa,n + paszﬁana) (20)
The coefficient ¢;; has avaue §;; for pointsinside Q and zero outside 2. The value of
c;; for points on the boundary I is determined from the Cauchy principal value of the
integrals.
The corresponding 2D fundamental solutions G as well as the TS *, Qs “and

Q=" in Eq. (17) which can be interpreted as the adjoint terms to the traction vector
tq the water flux §,, and the air flux §, were already derived in Maghoul et el.
(2011).
The time dependent boundary integral equation for the unsaturated soil is
obtained by a transformation to time domain:
(21)

t
¢ O D) = fo fr [67(x, &t — )t (1) — Fy; (6, € £ — Dy (a; )] dT

BOUNDARY ELEMENT FORMULATION

Eq. (21) is an exact represent of the dynamic response of a multiphase porous
medium, involving integrations over the surface as well as the time history. For the
practical problem, suitable approximations are needed for both spatial and temporal
variations of field variables. As will be shown, temporal integrations of the time
functions involved will be performed numerically using an operational convolution
quadrature method (CQM), as like as the spatial integration which be evaluated using
numerical techniques. The salient features of the temporal and spatial integrations are
outlined below.

Temporal integration. Since it seems too difficult to obtain the time-dependent
fundamental solution in an explicit analytical form by an inverse transformation of
the frequency domain results, the convolution quadrature method (CQM) proposed
by Lubich (1988 a, b) is used. In this formulation, the convolution integral is
numerically approximated by a quadrature formula whose weights are determined by
the Laplace transform of the fundamental solution and a linear multistep method
(Schanz and Antes, 1997). By applying this method, the convolution integrals
between the fundamental solutions and the nodal values in eq. (21) are approximated
by:
t N
f Gii(x, &t — Dt (g )dr = Z 1(a)fj)N_n+1(x, 1t (x) (22)
0

t N 1 23
[Fee-ou@na=3" @) wogwn &
0 n=1

in which (wg-)N_nH and (wiFj)N_nH are the influence function which are defined
by:



m .'R_m L-1 _ . 2T
(wf) (x,8) = Tzz:o G (x, & 5pe imi] (24)

:R—m L-1 _.2m
(@)@ =) Fygs)e ™ 29
where s; isgiven by s; = y(Re 2"/L) /At.

By substituting Egs. (22) and (23) into Eq. (21), the time-convoluted boundary
element equation is:

N -n+
Cij(s()ujl'v(f) = Zn=1 <L(wS)N 1(x, it (x)dr
_ fr (0f)" " (x, g)u}l(x)dr)

(26)

Spatial integration. In this section in order to numerically evauate the integrals on
the surface TI' (Eq. (26)), a spatia discretization will be performed. Using
isoparametric quadratic elements and assuming a quadratic variation over both
geometry and field variables, the functions (displacements and tractions) at any point
over an element can be expressed in terms of the noda values as u; = N,,,(n) U},
t; = Ny T, Pw = Nm(n)ow,U Aw = Nm(fl)waw Pa = Nm(n)Pam and qq =

m(ﬂ)Qam wherei = 1,2 for 2D and m = 1,2,3 for a quadratic element and N,,, are
the shape functions in the local intrinsic coordinates (n) of the element. Once the
gpatial discretization process described above has been accomplished, the nodal
guantities can be brought outside the surface integrals of Eq. (26), since now the
integrands contain only known functions. Therefore, the discretized BE equation
corresponding to point ¢ can be written as:

@G ©=y S S| (acs, ) (27)

_( jm) (AFii-m)N n+1]

in which the integrals which have to be evaluated over the isoparametric element T,

can bewritten in intrinsic coordi nates Then:
( N n+1

65, )" " = [ (06)" " 6 Oy @l @)

N n+1

(a75,,) f (@)™ ™" (), N (U Gy (29)

where |J(n)] is the Jacobian of transformatl on.

The usual point collocations scheme, i.e. by allowing point ¢ to coincide sequentially
with all the nodal points of the boundary, is used to establish a set of integrd
equations in order to obtain unknown boundary values. Since there are four degrees
of freedom (i = 4) for each node of the problem [uy, u,, py,,p.]7, there are i = 4
integral equations per location ¢. EQ. (27) can be written in matrix form by replacing
the double sum XEZ3xM=3 by a matrix multiplication, where coefficients are
assembled in asmllar way asin the FEM. Then,



N-1
FlUN — AGlTN + z [AGN_n+1Tn _ AFN—n+1Un] (30)
n=1

VERIFICATION

As explained above, this research is the first attempt to develop BEM
formulations for the problem of 2D wave propagation in unsaturated soils. The
complexity of the coupled hydro-mechanical model in unsaturated porous media,
subjected to dynamic loadings, leads to the fact that no analytical solution is known
in the literature.

Therefore, the results obtained by BEM for the dynamic behavior of
unsaturated soils will be partially verified by comparison with elastodynamic result
which is related to a purely mechanical simulation. In this case, the nodal degrees of
freedom related to water pressure and air pressure are blocked.

A 3m high soil column, meshed by 32 quadratic elements on the boundary and
atotal of 64 nodesis considered (Fig. 1). At the upper surface of the column a sudden
and constant longitudinal pressure, t, = —1kN/m?H(t) which is distributed
uniformly is applied. On the side walls the movements in the horizontal direction are
restricted, while at the bottom surface they are blocked in the vertical direction. In
addition, al the boundaries are assumed to be permeable, i.e. the water pressure is
zero. Also, the air pressure is assumed to be zero.

~1000 N/m2 H(t)

AR

3m

v

T

Im

Figure 1. Unsaturated column of soil.

The hydraulic and mechanical properties of the soil are presented in the table
1.

The result of the numerica calculation by BEM at the central point of the
upper surface is compared to elastodynamic results (Fig. 2). There is a good
agreement between the elastodynamic solution and the numerical results obtained by
the proposed formulation.



Table 1. Hydraulic and mechanical properties of unsaturated column

E(N/mz) KO (N/mz) ae(_) be(_) eo(_) O¢ (N/mz)
2.54 x 101 2.1 x10%° 1.0 0.15 0.73 8.5 x 108

ay (m/s) aw(_) Sru(_) ba (mZ) Uq (Ns/mz) ag (mZ/N)
1.2 x 1078 5.0 0.05 1.0x 1078 1.846x107°> —-5.0x1077
CONCLUSION

In this paper, an advanced formulation of the time-domain Boundary Element
Method (BEM) for two-dimensional dynamic analysis of unsaturated soil is obtained.
Unlike the usual time-domain BEM the present formulation applies a Convolution
Quadrature which requires only the Laplace-domain instead of the time-domain

fundamental solutions.
Time (s)
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Figure 2. Vertical displacements obtained at the central point at the upper
surface
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