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The presence of spin glass (SG) order in highly geometrically frustrated systems is analyzed with a
cluster SG model. The model considers infinite-range disordered interactions among cluster magnetic
moments and the J1 − J2 model couplings between Ising spins of the same cluster. This model can
introduce two source of frustration: one coming from the disordered interactions and other coming
from the J1 − J2 intracluster interactions (intrinsic frustration). The framework of one-step replica
symmetry breaking is adopted to obtain an one-cluster problem that is solved exactly. As mean
results are build phase diagrams of the temperature T versus intensity of the disorder J , where
the paramagnetic/SG phase transition occurs at Tf when T decreases for high J values. For low J
values, the SG order is absent for antiferromagnetic clusters without intrinsic frustration. However,
the SG can be observed within the intracluster intrinsic frustration regime even for lower intensity
of disorder. Particularly, the results indicate that the presence of small clusters in geometrically
frustrated antiferromagnetic systems can help to stabilize the SG order within a weak disorder.

I. INTRODUCTION

The interplay between geometrical frustration (GF)
and disorder is an interesting problem with many open
questions. For instance, there are several geometri-
cally frustrated magnets that exhibit spin glass (SG)-
like behavior as, Y2Mo2O7,

4,5 Zn1−xCdxCr2O4,
6 and

ZnCr2(1−x)Ga2xO4.
7,8 Nevertheless, the level of disor-

der presented in some of these geometrically frustrated
systems has been estimated to be extremely small.4,7 In
fact, the amount of disorder to stabilize a glassy state in
these real systems is much less than the predicted from
usual mean field theory for SG.5,9 Therefore, a very in-
triguing issue is how a SG-like state is stabilized in these
geometrically frustrated systems with very small disor-
der. This issue is the main subject of the present work.
It should be remarked that there are few theoretical

works to account the interplay between disorder and GF
in systems presenting SG-like state (see, for instance,
Refs. 3 and 10). Nevertheless, these studies do not con-
sider clusters. Therefore, new approaches must be re-
quired in order to understand the low-disorder SG phase
in highly geometrically frustrated systems in which, for
instance, magnetically correlated spin clusters can be
present as in the case of ZnCr2(1−x)Ga2xO4

8.
In this work we present a new approach in which the

presence of spin clusters can be an essential element to
account for the extremely large sensitivity to the effects of
disorder in geometrically frustrated systems. We consider
clusters of spins with non-disordered intracluster spin in-
teractions. The disorder appears only as a quenched ran-
dom magnetic interaction between these spin clusters.
For an appropriated choice of intracluster interactions,
GF can arise leading to a degeneracy of intracluster spins
configurations. In that case, the intercluster random in-
teraction could select from the manifold of spins configu-
rations those ones which not only avoid, for instance, the
fully compensation of the total cluster magnetic moment
but also enhance hugely the spin cluster sensitivity to the

intercluster random interaction stabilizing a cluster SG
order even when the intercluster random interaction is
very weak.

Motivated by the above considerations, we study a sim-
ple cluster spin model in which it is possible to introduce
intracluster frustration and disorder. This model has two
types of interactions: intercluster long-range disordered
interactions and intracluster short-range interactions be-
tween first (J1) and second neighbors (J2) which can be a
AF interaction or a ferromagnetic (FE) one. The short-
range interactions are between Ising spins on a square
lattice that belong to the same cluster. Therefore, the
intracluster interaction is given by the so called J1-J2
model that can introduce frustration by adjusting the
relation between J1 and J2.

2 This we call intrinsic frus-
tration.

II. GENERAL FORMULATION

The model can be obtained from the Ising spin lat-
tice that is divided into Ncl clusters with ns sites in
each cluster.16 In the present approach the intercluster
interactions are assumed infinite-range and disordered,
while the intracluster interactions are short-range.16 This
model can be described by the Hamiltonian

H = −

Ncl
∑

νλ

JνλSνSλ −

Ncl
∑

ν

ns
∑

(i,j)

Jν
ijsiνsjν (1)

where Jνλ is a random variable that follows a gaus-
sian distribution with mean zero and variance J2/Nns

(N = Nclns). In Eq. (1), Jνλ couples all distinct pairs of
clusters, in which Sν =

∑ns

i siν is the magnetic moment
of cluster ν with siν representing the Ising spin of site i of
cluster ν. The intracluster interaction follows the J1−J2
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model coupling written as

ns
∑

(i,j)

Jν
i,jsiνsjν =

ns
∑

(i,j)1

J1siνsjν +

ns
∑

(i,j)2

J2siνsjν , (2)

where the sum (i, j)1 ((i, j)2) runs over all nearest-
neighbor (next-nearest-neighbor) sites of cluster ν with
a square lattice geometry. In this work is studied two
types of couplings between nearest-neighbor J1 and next-
nearest-neighbor J2. The first one considers J1 and J2
antiferromagnetic (AF), while in the second J1 is ferro-
magnetic (FE) and J2 AF.
The replica method is used to carry out the disor-

der average. The averaged free energy per cluster is
βf = limn→0 (〈Z

n〉Jνλ
− 1) /Nn, where 〈...〉Jνλ

means
the average over the quenched disorder of Jνλ and Zn

is the replicated partition function. This produces an
effective replica Hamiltonian

H = −
βJ2

2Nclns

Ncl
∑

νλ

n
∑

α,γ

Sα
ν S

γ
νS

α
λS

γ
λ −

Ncl
∑

ν

n
∑

α

ns
∑

(i,j)

Jν
i,js

α
iνs

α
jν

(3)
where β = 1/T (T is the temperature), and α and γ are
replica labels.
The four-spin cluster term is decoupled introducing the

replica matrix elements {Q} via Hubbard-Stratonovitch
transformations. The free energy per cluster is then ob-
tained as

βf

Ncl

= lim
n→0

1

n

{

β2J2

2n2
s

∑

αγ

Q2
αγ −

1

Ncl

lnTr exp



β
∑

ν

(
∑

α

ns
∑

(i,j)

Jν
i,js

α
iνs

α
jν +

∑

αγ

βJ2

n2
s

QαγS
α
ν S

γ
ν )











(4)

where the saddle-point equations are used resulting in
Qαγ = 1

Ncl
<

∑

ν S
α
ν S

γ
ν >.

The Parisi’s scheme of 1S-RSB11 is adopted to
parametrize the replica matrix as R = Qαα and

Qα,γ =

{

Q1 if I(α/a) = I(γ/a)

Q0 if I(α/a) 6= I(γ/a)
(5)

where I(x) gives the smallest integer which is greater
than or equal to x. The order parameter R =< Sα

ν S
α
ν >

represents the replica diagonal correlation of the cluster
magnetic moment. Different from the canonical Ising SG
models (where R = 1), here it can range from 0 to n2

s. R
can be interpreted as the intensity of the cluster magnetic
moment.16 Particularly, R is strongly affected by AF in-
tracluster interactions that can introduce compensated
magnetic moments decreasing the intensity of the clus-
ter magnetic moment (R → 0). The replica symmetry
breaking is given by Q1 −Q0, which is the SG order pa-
rameter. The parameter a represents the size of diagonal
blocks of the 1S-RSB solution.

In this approximation, the free energy is obtained as

βf

Ncl

=
β2J2

4n2
s

[

R2 + a(Q2
1 −Q2

0)−Q2
1

]

−
1

a

∫

Dz ln

∫

Dv [K(z, v)]
a
,

(6)

where K(z, v) =
∫

Dξ Tr e−βHef ,
∫

Dx =
∫∞

−∞ dx ex
2/2

√
2π

(x = z, v or ξ) and

Hef = −

ns
∑

(i,j)1

J1siνsjν −

ns
∑

(i,j)2

J2siνsjν − hSν (7)

represents the effective one-cluster model with the 1S-
RSB self-consistent field

h =
J

ns

[
√

Q1 −Q0v +
√

R−Q1ξ +
√

Q0z]. (8)

The parameters Q1, Q0, R and a are obtained from the
extreme of the free energy (6). The magnetic cluster
susceptibility χ and specific heat cv are derived from Eq.
(6): χ = β(R −Q1 + a(Q1 −Q0)) and cv = −∂U

∂T
where

U = −T 2 ∂(βF )
∂T

.
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FIG. 1: Temperature of maximum value of the specific heat
cv, T

∗, versus J2/J1 for an AF finite-size system with ns = 24
and J = 0 (without disorder). The lattice geometry is showed
at left-bottom panel where is considered periodic boundary
conditions. Inset exhibits the cv behavior for several J2/J1

values. The minimum of T ∗ appears at J2/J1 = 0.5 in the
region of stronger intrinsic frustration.

III. RESULTS AND DISCUSSION

The effective one-cluster problem (Eqs. (6)-(8)) is now
numerically solved by using exact diagonalization. We
consider clusters with ns Ising spins on a bidimensional
lattice with short-range interactions with intensities J1
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FIG. 2: Phase diagrams T/J1 versus J/J1 for several values of J2/J1 with different cluster sizes and antiferromagnetic intra-
cluster couplings. Cluster shapes without periodic boundary conditions are presented in each panel, where black and red lines
represent first and second neighbors interactions respectively. Solid and dotted lines represent PM/SG second and first-order
transitions, respectively. Dashed lines correspond to the maximum of the susceptibility (discussed in Fig. (4)). Inset in (b)
shows the T ∗/J1 vs J2/J1 behavior for J = 0. Inset in (d) shows the order parameter R as a function of J2/J1 within the PM
phase at low T (J/J1 = 1.0 and T/J1 = 0.3 and 0.5). The SG phase is always found when the disorder increases for AF Ising
cluster, but it is stabilized at lower intensities of disorder in the presence of intracluster frutration.

and J2. The analyses are done for two different intra-
cluster J1 − J2 couplings: one with both J1 and J2 anti-
ferromagnetic (section IIIA) and other with J1 ferromag-
netic and J2 antiferromagnetic (section III B). Particu-
larly, the intercluster disorder J results from the 1S-RSB
approximation for the effective field h (Eq. 8). There-
fore, the SG order is characterized by the RSB solution
(Q1 − Q0 > 0). It is also important to point that J is
divided by ns in Eq. (8), in which J is related to the
intensity of the disorder per spin.

A. Antiferromagnetic intracluster interactions

First, we present results for the classical antiferromag-
netic J1 − J2 model in a finite-size system without inter-

cluster disorder (decoupled clusters with J/J1 = 0). For
example, the specific heat cv for a square lattice with 24
spins and periodic boundary conditions (PBC) is showed
in the inset of Fig. (1). The cv curve displays a max-
imum value at temperature T ∗. T ∗ for different ratios
J2/J1 (parameter that controls the intrinsic frustration)
is used to build the phase diagram of Fig. (1), which
presents the behavior expected from this model.13–15 At
temperatures below T ∗, the finite-cluster results suggest
that the Neel and collinear (lines of spins parallel are cou-
pled antiparallel) antiferromagnetic like orders are found
at lower and higher values of J2/J1, respectively.

13 It is
important to observe that T ∗ is minimum at J2/J1 = 0.5,
in which the maximum intrinsic frustration occurs.

The effects of disorder are introduced by considering
the intercluster disorder J 6= 0 for different cluster sizes
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with even numbers of spins and without PBC. For in-
stance, Fig. 2 shows that J is able to introduce the SG
phase, where a second-order transition (solid lines) from
the paramagnetic (PM) phase to the SG order occurs
when the temperature decreases for high J values. As
J diminishes, the transition becomes first-order (dotted
lines), in which a reentrance can appear for J2 = 0 (no
intracluster frustration). This reentrance is associated
with the interesting phenomena of inverse freezing (IF)
that was already pointed in Ref. 12, in which J2 = 0.
Here, the phase diagrams exhibited in Fig. (2) with small
J2/J1 values are qualitatively the same as those ones of
Ref. 12. The IF arises as a consequence of the interplay
between intercluster disorder and short-range AF inter-
actions. The intercluster disorder favors the SG phase
that can present a higher entropic content than a low-
temperature cluster PM phase. This PM phase appears
when the AF interaction is large, in which the intraclus-
ter spins become AF compensated establishing clusters
with low magnetic moments without long-range order.

However, J2 can introduce intracluster frustration ef-
fects on Tf . For instance, the maximum intracluster in-
trinsic frustration appears at J2/J1 = 0.5 for clusters
with PBC (see Fig. (1)), where the number of intraclus-
ter J1 and J2 interactions are the same. Nevertheless, the
PBC are not used for the disordered intercluster prob-
lem. Instead of this the cluster shapes of Fig. (2) are
chosen such that the number of intracluster interactions
between nearest-neighbors and next-near-neighbors are
very close (see red and black lines in the insets of Fig. 2)
in order to explore the property of intrinsic frustration
for J2/J1 very close to 0.5. In this case, the T ∗ depen-
dence on J2/J1 for J = 0 (without disorder) exhibits a
similar behavior as that one of Fig. (1) (see inset of Fig.
2-b). However, the T ∗ is displaced to lower temperatures
and its minimum at J2/J1 = 0.5 is hard to be located
because of the finite size of the cluster.13 Nevertheless,
the more important effect occurs when J > 0, in which
the Tf behavior for J2/J1 near to the intracluster frus-
trated regime can be analyzed. For instance, Tf appears
at lower temperatures when J2 increases, but the more
relevant result is obtained for J2/J1 = 0.5, where the SG
phase occurs at lower intensities of disorder. This result
seems to be independent of the cluster size. It means
that the intracluster intrinsic frustration favors the SG
order, which appears at low disordered regimes.

To analyze this point, the inset of Fig. (2-d) exhibits
the correlation R as a function of J2/J1 for low tempera-
tures in the PM region close to the PM/SG phase transi-
tion. The intracluster frustration causes an increment in
the R curves, which directly impacts on the intensity of
the total cluster magnetic moment. This can contribute
to the intercluster long-range disordered interactions at
the same time that prevents the occurrence of the PM
phase with small cluster magnetic moment. To put in
another way, the cluster magnetic moment is maximized
in the presence of intrinsic frustration and therefore the
sensitivity to intercluster disordered interactions is en-

hanced.
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FIG. 3: Phase diagram Jmin/J1 versus J2/J1 for ns = 16, in
which Jmin is the minimum intensity of intercluster disorder
able to generate the SG phase with AF cluster. The cluster
shape is the same as Fig. (2-b).

The effects of J2/J1 on the intercluster disorder can
also be analyzed in Fig. (3) that exhibits the minimal in-
tensity of disorder Jmin required to get the SG phase, as
a function of J2/J1. This phase diagram shows that the
SG can always be obtained for a certain range of temper-
ature when J > Jmin, while the PM phase is stable in the
whole range of temperature for J < Jmin. The intensity
of this minimum disorder is clearly diminishing as the in-
trinsic frustration increases. For instance, the SG phase
can be obtained for extremely small J as J2/J1 → 0.5.
In other words, the intrinsic frustration potentiates the
intercluster disordered couplings favoring the cluster SG
phase.

Figure 4 exhibits the 1S-RSB order parameters for dif-
ferent rations of J2/J1. It enforces the previous discus-
sion related with the intensity of the cluster magnetic
moment (R), which depends on the temperature, J and
J2. For J2 = 0, R goes to zero as the temperature de-
creases for small J values. It indicates that the cluster
spins become AF compensated affecting the intercluster
coupling, which remains in the PM phase down to zero
temperature. On the other side, the intracluster intrinsic
frustration can bring a new scenario, in which degenerate
cluster spin configurations with uncompensated spins are
thermodinamically favored. It can reflect on the incre-
ment of the magnetic moment of clusters as compared
to other J2/J1 regimes. This increment of R favors the
intercluster coupling that can generate the SG phase at
lower disordered regimes (seeQ1−Q0 > 0 for J2/J1 = 0.5
in Fig. (4)).

The cluster magnetic susceptibility χ can also be ex-
plored to clarify the low disorder regime (see inset of
Fig. 4). χ shows a Curie-Weiss like behavior at high
temperature cluster PM phase. However, as previously
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(J/J1 = 2.0), several J2/J1 values and ns = 16 with the same
AF cluster shape as Fig. (2-b). Inset exhibits the susceptibil-
ity as a function of the temperature. The intrinsic frustration
can increase the intensity of the magnetic moment of clus-
ters R favoring the occurrence of cluster SG phase at lower
disorder.

discussed, one can found a low temperature PM phase, in
which χ decreased by diminishing T from a certain value
T ∗
χ (temperature of the smooth maximum in χ). In this

case, low magnetic moment clusters characterize the PM
phase that arises as a consequence of the strong short-
range AF interactions without long-range order. The lo-
cation of T ∗

χ in the phase diagrams of Fig. (2) is given
by the dashed lines, that show clearly the dependence of
T ∗
χ on the short-range interactions. Particularly, the in-

tracluster frustration can eliminate the low temperature
PM and the system presents SG with the susceptibility
weakly dependent on temperature (see χ for J2/J1 = 0.5
in Fig. (4)).

B. Ferromagnetic and Antiferromagnetic

intracluster interactions

Now, ferromagnetic and antiferromagnetic intraclus-
ter interactions are considered between first and sec-
ond neighbors, respectively. For ferromagnetic clusters
(J2/J1 < 0.5), the phase diagrams exhibit the SG order
even for lower values of J/J1 (see Fig. (5-a)). When
J2/J1 increases (J2/J1 > 0.5), the antiferromagnetic
short-range intracluster interactions become stronger and
the SG phase is only observed for higher intensities of
disorder. Furthermore, a reentrant first-order PM/SG
transition appears. Particularly, at J2/J1 very close to
0.5 (see inset of Fig. (5-a)), the intracluster intrinsic
frustration occurs and the SG phase is found at J → 0.
As in the case of AF J1 − J2 interactions, the results
for other cluster sizes explored (ns = 12, 18 and 20) are
qualitatively the same.
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FIG. 5: Results for FE and AF intracluster interactions with
ns = 16 and the same cluster shape as Fig. (2-b). (a) Phase
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Order parameter R as a function of J2/J1 for lower temper-
atures. Inset exhibits the behavior of T ∗/J1 as a function of
J2/J1 for J = 0.

The behavior of R in Fig. (5-b) shows two different in-
tracluster regimes: one for lower J2/J1 (where R is maxi-
mum) and other for higher J2/J1 (R is minimum). It can
help to explain the presence of the cluster SG phase for
lower J when the ferromagnetic intracluster interactions
are dominant. In this case, the intercluster disordered
couplings are enhanced by the large cluster magnetic mo-
ments. On the other hand, intracluster AF compensation
makes the clusters less propense to the intercluster dis-
ordered interactions. Therefore, the SG phase can not
be found at lower intensities of J when J2 is higher. Fig.
(6) also enforces this behavior, in which FE clusters are
able to present the cluster SG order within a very small
disordered regime, while AF clusters require higher dis-
order to show the SG phase. In addition, the effects of
intrinsic frustration are less pronounced than in the case
analysed in section IIIA.
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IV. CONCLUDING REMARKS

Summing up, we studied the interplay between intrin-
sic frustration and quenched disorder in a cluster spin

glass model that considers intracluster interactions fol-
lowing the J1−J2 like model for finite clusters and long-
range disordered intercluster interactions. The mean-
field replica method is used to obtain an effective one-
cluster model, which is computed by exact diagonaliza-
tion. The results make evident that the presence of AF
clusters with intrinsic frustration is able to bring the SG
order for lower disorder intensities. In other words, the
intracluster frustration can increase the intensity of clus-
ter magnetic moment favoring the intercluster SG order
even in a weak disorder. Although the conclusions are
obtained from a particular model, they indicate that the
presence of small clusters in geometrically frustrated sys-
tems can help to stabilize the SG order within very small
disordered regimes.
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