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DEFORMATIONS OF REDUCIBLE REPRESENTATIONS OF
KNOT GROUPS INTO SL(n,C)

MICHAEL HEUSENER AND OUARDIA MEDJERAB

ABSTRACT. Let K be a knot in S® and X its complement. We study
deformations of non-abelian, metabelian, reducible representations of the
knot group 71(X) into SL(n,C) which are associated to a simple root
of the Alexander polynomial. We prove that certain of these metabelian
reducible representations are smooth points of the SL(n, C)-representation
variety and that they have irreducible deformations.

February 18, 2014

1. INTRODUCTION

Let K be a knot in S% and X = 53\ V(K) its complement, where V(K)
is a tubular neighborhood of K. Moreover, let I'x = m1(X) denote the funda-
mental group of X. The aim of this paper is to study deformations of reducible
metabelian representations of Ik into SL(n, C). The metabelian representations
in question where introduced by G. Burde [Bur67] and G. de Rham [dR67]. Let
us recall this result: for each nonzero complex number A € C* there exists a
diagonal representation py: 'k — SL(2, C) given by

A2 () 0
() = ( 0 )\so(v)) :

Here ¢: m(X) — Z denotes the canonical surjection which maps the meridian
wof K to1ie. p(y) =1lk(y,K). Burde and de Rham proved that there exists
a metabelian, non-abelian representation

. ; 1 2 A2 () 0
pi: I' = SL(2,C), pi(y) = (O (17)) < 0 )\—90(7)>

if and only if A\? is a root of the Alexander polynomial A (t).
The question whether or not the representation p3 is a limit of irreducible
representations of I'k into SL(2,C) was studied in [HPSPO1]. Theorem 1.1
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2 M. HEUSENER AND O. MEDJERAB

of [HPSPOI] states that a metabelian non-abelian representation pi: I'x —
SL(2,C) is the limit of irreducible representations if A\? is a simple root of
Ak (t). Moreover, in this case the representation pf is a smooth point of the
representation variety R(I'i, SL(2, C)); it is contained in a unique 4-dimensional
component Ry C R(I'k,SL(2,C)).

This article studies the behavior of the representations in question under
the composition with the n-dimensional, irreducible, rational representation
rn: SL(2,C) — SL(n,C) (for more details see Section ELTl). It is proved in
Proposition [B1] that generically for an irreducible representation p € Ry the
representation p, = r, o p € R(I'k,SL(n,C)) is also irreducible. The main
result of this article is the following:

Theorem 1.1. If \? is a simple root of A (t) and if Ax(A\2F) #0 for2 <k <
n — 1 then the reducible metabelian representation p3 ,, = v 0 p} is a limit of
irreducible representations. More precisely, p3 ,, is a smooth point of R, (Tk); it
is contained in a unique (n+2)(n — 1)-dimensional component Ry ,, C R, (k).

This theorem is somehow complementary to a result of P. Menal-Ferrer and
J. Porti [MFP12] where the authors showed that the conclusions of the above
theorem hold for hyperbolic knots if p5 is replaced by a lift of the holonomy,
hol: 7 (8% N K) — SL(2,C), of the hyperbolic structure of the complement
53\ K. Note that Theorem [[[Tland Proposition 3.1 do apply to non-hyperbolic
knots. Irreducible metabelian representations and their deformations are studied
by Boden and Friedl in [BFO08| [BFTT] [BF12].

This article is organized as follows: in Section [2] we will introduce notations
and recall some facts which are used. In Section Bl we will prove that the repre-
sentation variety R(I'k,SL(n,C)) contains irreducible representation if Ag (t)
has a simple root (see Proposition B.1). Moreover we give a streamlined proof
of a slightly generalized version of the deformation result used in [MFP12] and
[BAHJ10] (see Proposition B3)). In order to prove our main result Theorem [IT]
the necessary cohomological calculations and the basic facts about the represen-
tation theory of SL(2, C) are presented in Section @l Finally, in Section [ some
examples are exhibited.

Acknowledgement. The authors like to thank Michaél Bulois and Simon Riche
for pointing out the references [Ric79] and [Pop0§].

The first author was supported by the ANR project SGT and ANR projet
ModGroup. The second author acknowledges support from the Algerian Min-
istere de I’Enseignement Supérieur et de la Recherche Scientifique.

2. NOTATIONS AND FACTS

To shorten notation we write SL(n), GL(n) and sl(n) instead of SL(n,C),
GL(n, C) and sl(n, C).
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Let ¢: m(X) — Z denote the canonical surjection which maps the meridian
wof K to1ie. ¢(y) = lk(y, K). We associate to a nonzero complex number
a € C* a homomorphism

a?: T = C*, af: v af0),

Note that a¥ maps the meridian p of K to a. We define C, to be the I'-module
C with the action induced by a®, i.e. v -2 = a?Mz for all vy € I" and all z € C.
The trivial I'-module C; is simply denoted C. With this notation it is easy to
see that a map

. . 1 2 2P () 0
pi: ' = SL(2,C), pi(v)= (0 (17)> ( 0 A@(’Y))

is a homomorphism if and only if the map z: I' — C,2 is a 1l-cocycle i.e.
2(7172) = 2(1) + A2¥0)z(y). Note also that pi is abelian if A = £1. If
A2 # 1 then p3 is abelian if and only if z is a coboundary i.e. there exists an
element z¢ € C such that z(y) = (A\2?(?) —1) 5. The general reference for group
cohomology is Brown’s book [Bro82].

In what follows we are mainly interested in the following situation: let X be
the complement of a knot K C S3 and let A be a 71(X)-module. The spaces X
and 0X are aspherical and hence the natural homomorphisms H*(m(X); A) —
H*(X;A) and H*(m(0X); A) = H*(0X; A) are isomorphisms. Moreover, the
knot complement X has the homotopy type of a 2-dimensional CW-complex
which implies that H*(71(X); A) = 0 and Hy(m1(X); A) = 0 for k& > 3. See
[Whi78] for more details.

The Laurent polynomial ring C| turns into a I'gx-module via the action
yp(t) = t#0) p(t) for all ¥ € I' and all p(t) € C[t*!]. Recall that there are
isomorphism of C[t*!]-modules

H,(Tk; C[t*"]) = H.(X; C[t*"])) = H,(Xo; C)

til]

where X, denotes the infinite cyclic covering of the knot complement X (see
[DK01, Chapter 5]). The module H(T'y; C[t*']) is a finitely generated torsion
module it is called the Alezander module of K. A generator of its order ideal is
called the Alezander polynomial A (t) € C[t*!] of K. The Alexander polyno-
mial is unique up to multiplication with a unit in C[t*!].

For completeness we will state the next lemma which shows that the cohomol-
ogy groups H*(I'; C,) are determined by the Alexander module H; (T'x; C[tT1]).

Lemma 2.1. Let K C S® be a knot and Ty its group. Let a € C* be a
nonzero complex number and let C, denote the I'x-module given by the action
vz =a?Mz.

If « = 1 then C, = C is a trivial Tx-module and H*(Tx,C) = C for
k=0,1 and H*Tg,C) =0 for k > 2. Ifa # 1 then H(Tx,C,) = 0 and



4 M. HEUSENER AND O. MEDJERAB

dim H}(Tk, Cq) = dim H?(T'k, C,). Moreover, H* (T, Cy) # 0 if and only if
AK(OA) =0.

Proof. We have Hy(Xo;C) = C = C[t*!]/(t—1) and Hj(Xo0; C) =0 for k > 2
(see [BZH13| Prop. 8.16]).

First note that for all @ € C* we have an isomorphism C,, = C[t*!]/(t — ).
Recall that the Alexander module Hy('g; C[tT1]) is finitely generated torsion
module and hence a sum of non-free cyclic modules since C[t*!] is a principal
ideal domain. The Alexander polynomial is the order ideal of H;(I'x; C[tT1]).
The lemma follows from the universal coefficient theorem and the fact that
Ag(1) # 0. See [BAOO, Proposition 2.1] for more details. O

2.1. Group cohomology and representation varieties. Let now I' be a
finitely generated group. The set R, (T") := R(T", SL(n)) of homomorphisms of T
in SL(n) is called the SL(n)-representation variety of I' and has the structure of
a (not necessarily irreducible) algebraic set.

Let p: T' — SL(n) be a representation. The Lie algebra sl(n) turns into a
I'-module via Adp. This module will be simply denoted by sl(n),. A cocycle
d € Z'(I;sl(n),) is a map d: ' — sl(n) satisfying

d(7172) = d(m) + p(n) d(v2) p(11) ™, V7, 2 €T

It was observed by André Weil [Wei64] that there is a natural inclusion of
the Zariski tangent space T/ (R,(T)) < Z'(T;sl(n),). Informally speaking,
given a smooth curve p. of representations through pg = p one gets a 1-cocycle
d: I' — sl(n) by defining

_ dp(v)

d(v) = = p(")7", Vyer.
e=0

It is easy to see that the tangent space to the orbit by conjugation corresponds
to the space of 1-coboundaries B!(T';sl(n),). Here, b: T — sl(n) is a coboundary
if there exists z € sl(n) such that b(y) = p(y) x p(y)~ — 2. A detailed account
can be found in [LMS85].

Let dim, R,,(I") be the local dimension of R, (I") at p (i.e. the maximal di-
mension of the irreducible components of R, (I") containing p [Sha77, Ch. II}).
So we obtain:

dim, R, (') < dim T/*" (R, (T)) < dim Z"(T'; sl(n),)
and the following lemma follows (for more details see [HPSP0I, Lemma 2.6]):

Lemma 2.2. Let p € R, (') be given. If dim, R,,(T') = dim Z*(I';sl(n),) then
p is a smooth point of the representation variety R, (L) and p is contained in a
unique component of R, (T) of dimension dim Z'(T';sl(n),).
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3. DEFORMING REPRESENTATIONS

The aim of the following sections is to prove that the representation pj ,, from
the introduction is a smooth point of the representation variety. We present a
more streamlined and slightly generalized version of the deformation result from
[HPSPO1l, [HP05, BAHJ10, MFP12] (see Proposition B3). For the convenience
of the reader we recall the setup.

First we will prove that the representation p5, € R,(I'x) is the limit of
irreducible representations if A? is a simple root of of the Alexander polynomial
Ak (t). In what follows a property of an irreducible algebraic variety Y is said
to be true generically if it holds except on a proper Zariski-closed subset of Y,
in other words, if it holds on a non-empty Zariski-open subset.

Let K C S3 be a knot, A\? € C a simple root of Ak (t) and z € Z1(T'k,Cy2) a
cocycle representing a generator of H!(I'k, Cy2). Following [HPSP0OI, Thm 1.1]
the representation p5 € R2(I'k) is a smooth point of the representation variety.
It is contained in an unique irreducible 4-dimensional component Ry C Ra(I'k).
Note that generically a representation p € R) is irreducible.

Proposition 3.1. Let K C S3 be a knot, \> € C a simple root of Ak (t) and
let z € ZY(Tk,Cy2) be a cocycle representing a generator of HY(T' g, Cyz).

Then the representation p3 ,, = rn © p5: [k — By is the limit of irreductble
representation in R,(U'x). More precisely, generically a representation p, =
™m0 p, p € Ry is wrreducible.

Proof. Tt follows from [HPSPO01l, Theorem 1.1] that p§ € Ra(T'x) is the limit of
irreducible representations. Moreover, p5 € Ro(I'x) is a smooth point which is
contained in a unique 4-dimensional component Ry C Ra(T'k).

Let T' be a discrete group and let p: I' — SL(2,C) be an irreducible rep-
resentation. If the image p(I') C SL(2,C) is Zariski-dense then the repre-
sentation p,, := r, o p € R, (") is irreducible. Hence in order to prove the
proposition we show that there is a neighborhood U = U(p5) C R2(I'x) such
that p(I') € SL(2,C) is Zariski-dense for each irreducible p € U. Let now
p: 'k — SL(2,C) be any irreducible representation and let G C SL(2) denote
the Zariski-closure of p(T'x). Suppose that G # SL(2). Since p is irreducible it
follows that G is, up to conjugation, not a subgroup of upper-triangular matrices
of SL(2). Then by [Kov86l Sec. 1.4] and [Kap57, Theorem 4.12] there are, up to
conjugation, only two cases left:

e (G is a subgroup of the infinite dihedral group

Do ={(5 2) Jacc fu{(_ ¢ aecc}.
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e G is one of the groups AEL@) (the tetrahedral group), SEL@) (the octa-

hedral group) or A?L(z) (the icosahedral group). These groups are the
preimages in SL(2) of the subgroups A4, S, A5 C PSL(2,C).

In the first case it follows directly from [Nag07] that if p is an irreducible
metabelian representation then the trace of the image of a meridian tr(p(x)) =0
ie. p(p) is similar to +(§ %). Now, tr(pi(n)) # 0 since Ag(—1) # 0 and

Ak (A\*?) = 0. For the second case there are up to conjugation only finitely

many irreducible representations of I'x onto the subgroups AEL(Z), SfL@) and
AS’)L@). Note that these finitely many orbits are closed and 3-dimensional. Hence

the irreducible p € Ry such that r, op is reducible is contained in a Zariski-closed
subset of Ry. Hence generically r, o p is irreducible for p € R). 0

In order to proof that a certain representation p € R,,(T') is a smooth point of
the representation variety we will prove that every cocycle u € Z!(I'g;sl(n),) is
integrable. In order to do this, we use the classical approach, i.e. we first solve
the corresponding formal problem and apply then a theorem of Artin [Art6S].

The formal deformations of a representation p: I' — SL(n) are in general
determined by an infinite sequence of obstructions (see [Gol84, [BA0O, HPSPOI]).
In what follows we let C'(I';sl(n),) := {c¢: I' — sl(n),} denote the 1-cochains
of I with coefficients in sl(n), (see [Bro82, p.59]).

Let p: T' = SL(n) be a representation. A formal deformation of p is a homo-
morphism peo: I' = SL(n, C[t])

Poo(77) = exp <Z tim(v)) p(v), ui € CHT;sl(n),)

such that evg o pos = p. Here evy: SL(n, C[[t]) — SL(n) is the evaluation
homomorphism at ¢ = 0 and C[t] denotes the ring of formal power series.

We will say that po, is a formal deformation up to order k of p if p is a
homomorphism modulo t*+1.

An easy calculation gives that ps, is a homomorphism up to first order if and
only if u1 € Z'(T;sl(n),) is a cocycle. We call a cocycle uy € Z'(I';sl(n),)
integrable if there is a formal deformation of p with leading term wu;.

Lemma 3.2. Let uy,...,u; € CY(T;sl(n),) such that

k
pr(7) = exp (Z tiuz*(v)> p(7)
=1

tk-i—l

is a homomorphism into SL(n, C[t]) modulo . Then there ezists an obstruc-

tion class (i1 = C,gill”"u’“) € H?(T,sl(n),) with the following properties:
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(i) There is a cochain ugy1: I — sl(n), such that

k+1 )
pr+1(7) = exp <Z tlm(v)) p(7)

is a homomorphism modulo t**2 if and only if (k41 = 0.
(i) The obstruction (41 is natural, i.e. if f: Ty — T is a homomorphism then

f*pr := pr o f is also a homomorphism modulo t*+1 and f*(glgillw-,uk)) =

Clgﬂul od ) € H2(F1§5[(”)f*p)~

Proof. The proof is completely analogous to the proof of Proposition 3.1 in
[HPSPO1]. We replace SL(2) and s((2) by SL(n) and sl(n) respectively. O

The following result streamlines the arguments given in [HP05] and [BAHJI0]:

Proposition 3.3. Let M be a connected, compact, orientable 3-manifold with
torus boundary and let p: mi M — SL(n) be a representation.

If dim H'(m1 M;sl(n),) = n — 1 then p is a smooth point of the SL(n)-
representation variety R, (miM). Moreover, p is contained in a unique com-
ponent of dimension n? +n — 2 — dim H° (71 M;sl(n),).

Proof. First we will show that the map i*: H?(m M;sl(n),) — H*(m0M;sl(n),)
induced by the inclusion M — M is injective.

Recall that for any CW-complex X with 71 (X) = 71 (M) and for any m M-
module A there are natural morphisms H*(m; M; A) — H'(X; A) which are iso-
morphisms for ¢ = 0,1 and an injection for i = 2 (see [HP05, Lemma 3.3]). Note
also that M = S1 x S is aspherical and hence H*(m10M; A) — H*(OM; A) is
an isomorphism.

We will make use of a result of Richardson [Ric79, Thm. C]. Richardson
proved that the representation variety R,(Z @ Z) is an irreducible algebraic
variety of dimension (n + 2)(n — 1). It follows from Poincaré duality and the
Euler characteristic that for every p € R,(Z ® Z)

dim H'(0M;sl(n),) = 2dim HY(OM;sl(n),) > 2(n — 1). (3.1)

Hence ¢ € R, (Z®Z) is a smooth point if and only if the dimension of s{(n)
HY(Z®Z;sl(n),) is minimal i.e. dim H°(Z®Z; sl(n),) = n—1 (see also [Pop08]).
The exact cohomology sequence of the pair (M,0M) gives

Z0Z _
4

— HY(M,0M;sl(n),)
— HY(M;sl(n),) % HY(OM;sl(n),) & H2(M,0M;sl(n),)
— H2(M;sl(n),) “> H2(0M;sl(n),) — H3(M,0M:;sl(n),) — 0.
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Poincaré—Lefschetz duality implies that o and 8 are dual to each other. There-
fore we have

n—1=dim H (M;sl(n),) > rk(a) = %dimHl(aM;sl(n)p) >n—1

and Equation (3] together with Richardson’s result imply that i*p = poiy €
R, (OM) is a smooth point of the representation variety (here i: OM — M is
the inclusion). Note also that S is surjective and hence

s H?(M;sl(n),) — H?(0M;sl(n),)

is injective. The following commutative diagram shows that i*: H?(m M;sl(n),) —
H?(m0M;sl(n),) is injective:

H2(M:sl(n),) —— H2(0M;sl(n),)

T -

H2(m M;sl(n),) ——s H2(m0M;sl(n),).

In order to prove that p is a smooth point of R, (m1 M), we show that all
cocycles in Z'(m M, sl(n),) are integrable. In what follows we will prove that
all obstructions vanish, by using the fact that the obstructions vanish on the
boundary. Let uq,...,ux: m M — sl(n) be given such that

k
pr(7) = exp (Z tiUi(7)> p(7)
=1

is a homomorphism modulo t**1. Then the restriction i*py : w1 (OM) — SL(n, C[[t])
is also a formal deformation of order k. Since ¢*p is a smooth point of the rep-
resentation variety R, (Z @ Z), the formal implicit function theorem gives that
i*pi, extends to a formal deformation of order k+1 (see [HPSP01l, Lemma 3.7]).
Therefore, we have that

_ ATt ug) ek s (ueug)
0= Crps =1"Cppy

Now, 7* is injective and the obstruction Cliill’""uk) vanishes.

Hence all cocycles in Z!(T',sl(n),) are integrable. By applying Artin’s theo-
rem [Art68] we obtain from a formal deformation of p a convergent deformation
(see [HPSPO1, Lemma 3.3] or [BAOO, § 4.2]).

Thus p is a smooth point of the representation variety R, (w1 M). Hence,
dim H'(m M;sl(n),) = n — 1 and the exactness of

0 — H(m M;sl(n),) — sl(n), — B (71 M;sl(n),) =0
implies

dim Z' (71 M;sl(n),) = n* + n — 2 — dim H°(m M;sl(n),) .
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O

Proposition 3.4. Let K C S be a knot, A € C* and n > 3. Suppose that \?
is a simple root of the Alexander polynomial Ak (t) and let p5: T — Bs be a
non-abelian representation as in the introduction.

If Ag(N*) # 0 for 2 <i <n—1 then for Pin ="Tnopi: I' = By C SL(n)
we have

dim H' (C;sl(n)p: ) = (n—1) and H*(Tg;sl(n)z ) =0.
Proof. A proof of the cohomological calculation will be given in Section[d O

Proof of Theorem [1.1. It follows directly form Propositions[3.3and B.4that p5 ,,
is a smooth point of R, (I'x) which is contained in a unique component R) ,, C
R,(Tk), dim Ry, =n%+n—2.

That p3 ,, is the limit of irreducible representation which are contained in the
component Ry, follows from Proposition B.11 O

4. COHOMOLOGICAL CALCULATIONS

For the convenience of the reader we recall some facts from the representation
theory of SL(2). The general reference for this topic is Springer’s LNM [Spr77].

4.1. Representation theory of SL(2). Let V' be an n-dimensional complex
vector space. In what follows we will call a homomorphism r: SL(2) — GL(V)
an n-dimensional representation of SL(2). The vector space V' turns into a
SL(2)-module. Two n-dimensional representations r: SL(2) — GL(V) and
r’: SL(2) — GL(V’) are called equivalent if there is an isomorphism ¢: V. — V'
which commutes with the action of SL(2) i.e. 7' (A) ¢ = ¢r(A) for all A € SL(2).
It is clear that equivalent representations give rise to isomorphic SL(2)-modules.

We let SL(2) act as a group of automorphism on the polynomial algebra
R =CI[X,Y]. If (2%) € SL(2) then there is a unique automorphism r(2Y) of
R given by

r(et)(X)=dX —bY and r(28)(Y)=—cX +aY.

We let R,,—1 C R denote the n-dimensional subspace of homogeneous polyno-
mials of degree n — 1. The monomials el(nfl) = X!=lyn=l 1 <[ < n, form a
basis of R,,—1 and 7“( a Z) leaves R,,_ invariant. In what follows we will identify
R,,_1 and C" by fixing the basis (egnfl), . ,e%"*”) of R,,—1. We obtain an
n-dimensional representation r,,: SL(2) — GL(R,—1) = GL(n).

The representation 7, is rational i.e. the coefficients of the matrix coordinates
of 7, (A) are polynomials in the matrix coordinates of A. We will make use of
the following theorem.
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Theorem 4.1. (1) The representation ry, is irreducible i.e. there is no SL(2)-
stable invariant subspaces V, {0} €V C R,_1 and any irreducible ra-
tional representation of SL(2) is equivalent to some r,.
(2) For an arbitrary rational representation r: SL(2) — GL(V) the SL(2)-
module V' is isomorphic to a direct sum of Ry,

v@r".
d>0

Proof. For ([{l) see Lemma 3.1.3 and Proposition 3.2.1 of [Spr77]. O

It is easy to see, and it follows also from the general theory, that r,, maps
an unipotent matrix (§¢) and (1 9) onto an unipotent element of SL(R,_1).
Moreover, an explicit calculations shows that the image of a diagonal matrix
is the diagonal matrix r, (diag(a,a™')) = diag(a™*,a"3,... a7 " a7t
Hence the image of r,, is contained in SL(R,,—1) 2 SL(n).

Ezample 1. The representation r1: SL(2) — SL(1) = {1} is the trivial represen-
tation. The representation r2: SL(2) — SL(2) is equivalent to the identity:

n(t o)=L D=0 SEDE )

Moreover, it is easy to see that the adjoint representation Ad: SL(2) — Aut(sl(2))
is equivalent to 3.

The Lie algebra sl(n) of SL(n) turns into an SL(2)-module via Ad or, where
Ad: SL(n) — Aut(sl(n)) denotes the adjoint representation. For this action we
have the classical formula of Clebsch—Gordan:

n—1

Ado Tn = @TQH_l . (41)

i=1

Let B,, C sl(n) denote the Borel subgroup of upper triangular matrices. The
vector space R, _1 turns into a Bo-module via restriction of 7, to By. An explicit
calculation gives

-1
-1 n—1 n— 1 l -1 n—1
ra(AATE) el = A Z(-b)ﬂ( e (4.2)
— J
j
Hence r,(Bz) is contained in B,, C SL(n) and the one-dimensional vector space
(e{" My is B, invariant: () ’\)\illb).egn_l) = A1e{""Y For a given integer
1 € Z we let x;: By — C* = GL(1, C) denote the rational character given by

WA =X
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Now C turns into a Bz-module via y; i.e. (3 ’\Aillb).x = Nz for x € C. We will

denote this By-module by C,,. It follows that the By-module <e§"71)> eER, 1
is isomorphic to C,,,_, and we obtain a short exact sequence of By-modules

0—-Cy, , > Ry1—=Ry1—1 (4.3)

where R,_1 denotes the quotient R,,_ 1/<e§n_1)> For a given element x € R,,_1

we let € R,,_1 denote the class represented by x i.e. T = x + (e} (n= 1)>

For abbreviation, we will drop the representation 7, from the notation and
write for z € R,, 1

(6\’\ b) x instead of 7, (g‘)‘Aillb).:zr.

Lemma 4.2. The linear map ¢p—3: Rp—3 — R._1 defined by

n— 1 (-
P 3(( 3))— lel(+11)’ l=1,...,n—2,

is an injective Ba-module morphism i.e. for all x € R,,_3 we have
-1
(0 A~ 1)¢n 3( ) ¢n 3((0 - 1b).(E).

Proof. The linear map ¢,,_3 is injective since the vectors él(n_l), 2 <[ <n, form
a basis of R,,_1. Now

l
_ L1 "
(3A70)- dumalef™™) = 72715 37 (b () Gl
j=0

Since () (1 —j) =1(*}") and &{" "V = 0 it follows

-1
. o . =1\ 1
(3A0)-bnosle" ™) = An=22H1y (—b)J( : )lfjez(ai)l
£

J

J
= oua((3320)- ).
Hence ¢,,—3 is a Bs-module morphism. g

Lemma 4.3. There is a short exact sequence of Bs-modules

Pn—3

0> R, 35 —%R, 1—=C — 0. (4.4)

X—n+1

Proof. Again the lemma follows from Equation ([€2l):

(6‘ A/\:llb).e;"_l) = )\_""’1651"_1) mod (egnfl), A nn]1)> . O
Let us fix a representation p5: I' = By. Then R,, turns into a I'-module and
the exact sequences [@3)) and ([@4]) are exact sequences of I'-modules. Note that

C,, = C, since for all v € I" and k € Z the equation x (p3 (7)) = Nee() holds.
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Lemma 4.4. Let A € C*, A\ # 1, and n > 3 be given. If Ax(A\"~1) # 0 and if
AL £ 1 then
H*(Tk; Rp1) = H* (P Rn—3) -

Proof. The long exact cohomology sequences [Bro82, II1.§6] associated to the
short exact sequences (@3] gives:

H*(Ty;Cyn1) = H*Tg;Ry1) = HY (D Ry 1) = H Y (Tg; Cann)

is exact for k = 0,1,2. Now H°(T'g; Cyn-1) = 0 since \» ! # 1 and for k = 1,2
the group H*(T'x; Cyn-1) = 0 since Ag(A""1) # 0 (see Lemma 2.1]). Hence

H¥(Tg; Ru_1) = H*(Cg; Rp_y)  for k=0,1,2.

Finally, the short exact Sequence (@4, Lemma 2.1 and the assumptions
A (A1) # 0 and if \*~! # 1 give that

H*(Tx; Rp_s) = H*(Cg; Rp_y)  for k=0,1,2.
are isomorphisms (note that Ak (t) is symmetric). O

Proposition 4.5. Let A € C*, Ag(A\?) =0, n > 3 and p5: I' — By be given
as in the introduction. If Ax(A2*) #0 and \2* # 1 for 2 < k <n —1 then for
Pin =rnopx: I' = B, CSL(n) we have

dim H*(T'k;8l(n)p: ) = (n—1)dim H*(T'k; Ra) .

Proof. Tt follows from (1)) that we have an isomorphism of I'-modules:

n—1
si(n),, = @D Rax.
k=1

Now Lemma .4l implies that dim H*(T', Ray,) = dim H*(T', R) since Ag (A?*) #
0 and A% # 1 for 2 < k < n — 1. Hence the assertion of the proposition
follows. |

Proof of Proposition[3} Let A € C* and n € Z, n > 3. Suppose that \? is
a simple root of the Alexander polynomial Ag(t) and let p5: I' — By be a
non-abelian representation as in the introduction.

In order to apply Proposition we have to show that A% #£ 1 for 2 < k <
n — 1. Suppose that there exists k € Z, 2 < k < n — 1, such that A\?* = 1.
Next note that A=2 = A2*=2 is a root of the Alexander polynomial since A (t)
is symmetric. Therefore the assumption of the proposition implies that k£ = 2
i.e. A* = 1 and hence A\ = £1. On the other hand, 41 is not a root of A (t)
since Ag (1) = +1 and Ag(—1) is an odd integer. This gives a contradiction
and hence A\?* #£ 1 for 2 < k < n — 1. Therefore, Proposition @5 implies that

dim H*(T'g;5l(n),: ) = (n—1)dim H*(C'k; R2) .
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Finally, observe that sl(2),: = Ry (see Example[I)) and dim H'(T'g; Rg) = 1
follows from [HPO05, Corollary 5.4] or [HPSPO1L 4.4]. Tt is easy to see that
H°(T'g; Re) = 0 since p3 is non-abelian. |

5. EXAMPLES

Let K C S® be a knot and A\? a simple root of A (t). Theorem [[LT] implies
that if Ax(A?%) # 0 for all k € Z, k # =+1, then the for all n > 2, n €
Z, the representation space R, (') contains a component Ry, of dimension
n? +n — 2. Moreover, Ry ,, contains irreducible representations and generically

a representation p € R, is irreducible (this follows for example from [NewT7§|
Prop. 3.8)).

Corollary 5.1. Let K C S be a knot with the Alexzander polynomial of the
figure-eight knot.

Then the representation variety R, (T'x) contains an (n?+n—2)-dimensional
component and the irreducible representations form an Zariski-open subset of this
component.

Proof. The Alexander polynomial of the figure-eight knot is A(t) = ¢ — 3t + 1
and its roots are A*2 = 3/2 + /5/2 and no power A\*?* k £ +1, is a root of
A(t). O

The situation for the trefoil knot 3; is more complicate since the roots of its
Alexander polynomial As, (t) = t?> —t + 1 are the 6-th roots of unity A\*? =
e*™/3. Hence R, (T'3,) contains an (n? +n — 2)-dimensional component Ry ,, for
n € {2,3,4,5} since e*™/3 is a simple root of Az, (t) and since Az, (e**7/3) #£ 0
for k € {2,3,4}. Let us study the case n = 6: the group I's, is free product with
amalgamation

T3, = (S, T | STS =TST) = (z,y | 2> = y°) 2 (x| =) *(c|—y (Y| —)

where x = STS, y = TS, and ¢ = 2% = y3 generates the center of I's,. Note
that a meridian p of 3; is represented by the Wirtinger generator p = S = xy~*.
Let p: I's;, — SL(n) be an irreducible representation. Since p is irreducible the

generator of the center 2 = ¢ = y3 has to be mapped into the center
k
Cp :={exp(2n—)I,, | 1 < k <n} C SL(n)
n

of SL(n). It follows that if R C R,(I's,) is an irreducible component of the
representation variety then the conjugacy classes represented by the elements
ple), p(x), p(y) in SL(n) do not vary with p € R. Now let A = €™/ be a primitive
12-th root of unity. A cohomological non-trivial cocycle z € Z1(T'3,; Cy2) is given
by z(S) = 0 and z(T) = 1. Therefore the representation p5: I's, — SL(2) is
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given by

2 A0 » ATt
pA(S) = (O /\—1> and  pX(T) = (O /\—1> :
Hence

. i A1 . A2 A2 .

= (o ) o= (% a) md sE=-n
Proposition B.I] implies that p3, = r, 0 p5 is a limit of irreducible represen-
tations. Computer supported calculations show that dim H'(T'x; Rip) = 3

and Lemma 4] implies that dim H'(T'x; Ro) = dim H*(T'g; Rg) = 1 for k €
{2,3,4}. Hence Formula 4] implies that

dim H'(Tg;sl(6)) =7 ie. Z'(Tg;sl(6)) =42.

In order to see that p3 ,, is contained in a 42-dimensional component of R6(I'x)
we proceed as follows: let A = pf\n(:ﬂ) and B = p5 ,(y) denote the image of =
and y respectively. Notice that the matrices A and B are conjugate to rg (6 _OZ-)

and r6(>(‘; )\92 ). Hence
) 0 -1 0
) -1
7 A2
A~ i and B ~ 22
—1 /\72
0 —1 0 A2

Further note that a choice of eigenspaces Ea(i), Ea(—i), Eg(—1), Eg(\?),
Ep(A2) such that E4(i)®E4(—i) & C% and Ep(—1)®Ep(A\?)®Ep(A\~2) = C°
determines a representation p: I's, — SL(6) completely.

Let Gr(p,n) denote the Grassmannian which parametrizes all p-dimensional
subspaces of C™. Hence the choice of two elements in Gr(3, 6) in generic position
determines A and the choice of three elements in Gr(2,6) in generic position
determines B. The representation will be irreducible if the eigenspaces of A and
B are mutual in general position and reducible if not.

It is well known that dim Gr(p,n) = p(n — p) and hence

dim (Gr(3,6) xGr(3,6)) =18 and  dim (Gr(2,6)x Gr(2,6)xGr(2,6)) = 24.
Therefore, we constructed a 42-dimensional component of representations C' C

Rg(I'3, ) which contains p5 4 = 76 o p3 and which contains irreducible represen-
tations. Note that6™6 — 2 = 40 < 42. In conclusion we have:

Corollary 5.2. The representation variety Re(I's,) contains a 42-dimensional
component C. The generic representation of C irreducible and p3 ¢ € C' C
Rs(T's,) is a smooth point.
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Proof. Computer supported calculations give that dim Z!(I'k,sl(6)) = 42. On
the other hand, we constructed a 42-dimensional component C' containing p3 g.

Now, the assertion follows from Lemma O
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