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AN ECO-EVOLUTIONARY APPROACH OF ADAPTATION AND RECOMBINATION IN A LARGE
POPULATION OF VARYING SIZE

CHARLINE SMADI

ABSTRACT. We identify the genetic signature of a selective sweep in a population described by a
birth-and-death process with density dependent competition. We study the limit behaviour for
large K, where K scales the population size. We focus on two loci: one under selection and one
neutral. We distinguish a soft sweep occurring after an environmental change, from a hard sweep
occurring after a mutation, and express the neutral proportion variation as a function of the eco-
logical parameters, recombination probability rg, and K. We show that for a hard sweep, two re-
combination regimes appear according to the order of rxlog K.

1. INTRODUCTION

There are at least two different ways of adaptation for a population: selection can either act on
a new mutation (hard selective sweep), either on preexisting alleles that become advantageous
after an environmental change (soft selective sweep). New mutations are sources of diversity,
and hard selective sweep was until recently the only considered way of adaptation. Soft selective
sweep allows a faster adaptation to novel environments, and its importance is growing in em-
pirical and theoretical studies (Prezeworski, Coop and Wall [27], Barrett and Schluter [2]). These
distinct selective sweeps entail different genetic signatures in the vicinity of the novely fixed allele,
and the multiplication of genetic data available allows to detect these signatures in current pop-
ulations as described by Peter, Huerta-Sanchez and Nielsen [25]. To do this in an effective way;, it
is necessary to identify accurately the signatures left by these two modes of adaptation.

In this work, we consider a sexual haploid population of varying size, modeled by a birth and
death process with density dependent competition. The ability to survive and reproduce of each
individual depends on its own genotype and on the population state. More precisely, each indi-
vidual is characterized by some ecological parameters: birth rate, intrinsic death rate and compe-
tition kernel describing the competition with other individuals depending on their genotype. The
differential reproductive success of individuals generated by their interactions entail progressive
variations in the number of individuals carrying a given genotype. This process, called natural
selection, is a key mechanism of evolution. Such eco-evolutionary approach has been introduced
by Metz and coauthors in [24] and made rigorous in the seminal paper of Fournier and Méléard
[18]. Then it has been developed by Champagnat and coauthors [5, 6, 7, 8, 9], and Méléard and
Tran [23] for the haploid asexual case and by Collet, Méléard and Metz [10] and Coron [11, 12]
for the diploid sexual case. The recent work of Billiard and coauthors [4] studies the dynamics of
a two-locus model in an haploid asexual population. Following these works, we introduce a pa-
rameter K called carrying capacity which scales the population size, and study the limit behavior
for large K. But unlike them, we focus on two loci in a sexual haploid population and take into
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account recombinations: one locus is under selection and has two possible alleles A and a and
the second one is neutral with allele b; or by. When two individuals give birth, either a recombi-
nation occurs with probability rx and the newborn inherits one allele from each parent, or he is
the clone of one parent.

We first focus on soft selective sweep occurring after a change in the environment (new pathogen,
environmental catastrophe, occupation of a new ecological niche,...). We assume that before the
change the alleles A and a were neutral and represented both a positive fraction of the popula-
tion, and that in the new environment the allele a becomes favorable and goes to fixation. We
can divide the selective sweep in two periods: a first one where the population process is well
approximated by the solution of a deterministic dynamical system, and a second one where A-
individuals are near extinction, the deterministic approximation fails and the fluctuations of the
A-population size become predominant. We give the asymptotic value of the final neutral allele
proportions as a function of the ecological parameters, recombination probability rx and solu-
tions of a two-dimensional competitive Lotka-Volterra system.

We then focus on hard selective sweep. We assume that a mutant a appears in a monomorphic
A-population at ecological equilibrium. As stated by Champagnat in [5], the selective sweep is
divided in three periods: during the first one, the resident population size stays near its equilib-
rium value, and the mutant population size grows until it reaches a non-negligible fraction of the
total population size. The two other periods are the ones described for the soft selective sweep.
Moreover, the time needed for the mutant a to fix in the population is of order log K. We prove
that the distribution of neutral alleles at the end of the sweep has different shapes according to the
order of the recombination probability per reproductive event rx with respect to 1/log K. More
precisely, we find two recombination regimes: a strong one were rxlogK is large, and a weak
one were rxlogK is bounded. In both recombination regimes, we give the asymptotic value of
the final neutral allele proportions as a function of the ecological parameters and recombination
probability rx. In the strong recombination regime, the frequent exchanges of neutral alleles be-
tween the A and a-populations yield an homogeneous neutral repartition in the two populations
and the latter is not modified by the sweep. In the weak recombination regime, the frequency of
the neutral allele carried by the first mutant increases because it is linked to the positively selected
allele. This phenomenon, called genetic hitch-hiking by Maynard Smith and Haigh [29], has been
studied by many authors. Maynard Smith and Haigh [29] and Stephan and coauthors [30] use
deterministic models for the change in the frequency of the selected allele. Kaplan and coauthors
[20] and Barton [3] present more precise models taking into account the randomness of the first
and third periods of the mutant invasion. Durrett and Schweinsberg [14, 28], Etheridge and coau-
thors [16], Pfaffelhuber and Studeny [26], and Leocard [21] describe the population process by a
structured coalescent and finely study genealogies of neutral alleles during the sweep. Eriksson
and coauthors [15] describe a deterministic approximation for the growth of the favored allele
frequency during a sweep, which leads to more accurate approximation than previous models for
large values of the recombination probability. Unlike our model, in all these works, the popu-
lation size is constant and the individuals’ “selective value” does not depend on the population
state, but only on the individuals’ genotype.

The structure of the paper is the following. In Section 2 we describe the model, review some
results of Champagnat in [5] about the two-dimensional population process when we do not con-
sider the neutral locus, and present the main results. In Section 3 we state a semimartingale de-
composition of neutral proportions, key tool in the different proofs. Section 4 is devoted to the
proof for the soft sweep. It relies on a comparison of the population process with a four dimen-
sional dynamical system. In Section 5 we describe a coupling of the population process with two
birth and death processes widely use in Sections 6 and 7, respectively devoted to the proofs for
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the strong and the weak recombination regimes of hard sweep. The proof for the weak regime
requires a fine study of the genealogies in a structured coalescent process during the first phase
of the selective sweep. We use here some ideas developed in [28]. Finally in Appendix we state
technical results.

This work stems from the papers of Champagnat [5] and Schweinsberg and Durrett [28]. In the
sequel, cis used to denote a positive finite constant. Its value can change from line to line but it is
always independent of the integer K and the positive real number €. The set N:={1,2,...} denotes
the set of positive integers.

2. MODEL AND MAIN RESULTS

We introduce the sets o = {A, a}, B = {by, b»}, and & = {A, a} x {by, b»} to describe the genetic
background of individuals. The state of the population will be given by the four dimensional
Markov process N@X) = (NéZI;K) (), (a, B) € &) t=0 where N((fﬁK) (t) denotes the number of individu-
als with alleles (a, B) at time ¢ when the carrying capacity is K € N and the initial state is | zK| with
z = (zgp, (@, B)eé) e [Rf’. We recall that b, and by are neutral, thus ecological parameters only
depend on the allele, A or a, carried by the individuals at their first locus. There are the following:

e For a € &, f, and D, denote the birth rate and the intrinsic death rate of an individual
carrying allele a.

e For (ay,az) € &2, Cq, q, represents the competitive pressure felt by an individual carrying
allele a; from an individual carrying allele a5.

e K e Nis a parameter rescaling the competition between individuals. It can be interpreted
as a scale of resources or area available, and is related to the concept of carrying capacity,
which is the maximum population size that the environment can sustain indefinitely. In
the sequel K will be large.

e 1k is the recombination probability per reproductive event. When two individuals with
respective genotypes (a1, 1) and (a2, B2) in & give birth, the newborn individual, either is
a clone of one parent and carries alleles (a1, 1) or (a2, B2) with probability (1 -rg)/2, or
has a mixed genotype (a1, 82) or (a2, f;) with probability rx /2.

We will use, for every n = (ap, (@, Bleé)e Zf, and (a, B) € &, the notations
Ng = Ngp, + Nap,, Np=Nag+Ngs and [n|l=na+ng=np +np,.

Let us now give the transition rates of N @K) when N#K) (1) =ne Zf. An individual can die either
from a natural death or from competition, whose strength depends on the carrying capacity K.
Thus death rate of individuals (a, B) € & is given by:

2.1) dy(n) = [Dg + Cq,anal K+ Co,antal K| ngp.

An individual carrying allele a € of produces gametes with rate f;, thus the relative frequencies
of gametes available for reproduction are Pap(n) = fa naﬁ/(fA na+ fang), (o, B) € £. When an in-
dividual gives birth, he chooses his mate uniformly among the gametes available. Then the prob-
ability of giving birth to an individual of a given genotype depends on the parents (the couple

(ab,, ab) is not able to generate an individual Ab;). We detail the computation of bf by (n):
+funab1 [pAb1/2+erAb2/2] +funab2(1_rK)pAb1/2

fanap, + rx fafa(Map, nap, — Nab, Nap,) ! (fana+ fana).

If we denote by & (resp. ) the complement of @ in o (resp. 8 in 98), we obtain in the same way:
ndﬁnaB - naﬁndﬁ

fana+ fang

2.2) bgﬁ(m = fallap+Tkfafa , (@, p)eé.
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The definitions of death and birth rates in (2.1) and (2.2) ensure that the number of jumps is finite
on every finite interval, and the population process is well defined.

When we focus on the dynamics of traits under selection A and a, we get the process
(fo’K) , N&X) 1t has been studied by Champagnat in [5] and its death and birth rates, which are
direct consequences of (2.1) and (2.2), satisfy:

n n
(23) dym= Y dXym=|Dq +Cypn—2+Coa—2|na, bKm)=Y bYs0) = fana, aest.
PesB K K PesB

Champagnat has proved that under some conditions the rescaled population process
(fo’K) 1K, N&® /1K) is well approximated by the following dynamical system,

(2.4) 1 = (fu = Do — Ca,an'? = Co,an®)n{, n@0) =z, acd.

More precisely Theorem 3 (b) in [5] states that for every compact subset B (Rf_‘x%)* X (IR?_X‘% )*
and finite real number T, we have for any d > 0,

2.5) lim supP( sup INGF@)/K-n (0)]=5)=0.
K—o0 z¢B  ‘o<t<Taces

Moreover, if we assume
(2.6) fA > Dy, fa >D,, and fa —Dg> (fA - DA)-SUP {Ca,A/CA,Av Ca,a/CA,a}»

then the dynamical system (2.4) has a unique attracting equilibrium (0, 7,) for initial condition z
satisfying z, > 0, and an unstable steady state (724,0) where

fa_Da
Caa

»

2.7) Mg = >0, aed.

Hence, Assumption (2.6) avoids the coexistence of alleles A and a, and 714 is the equilibrium den-
sity of a monomorphic a-population per unit of carrying capacity. This implies that when K is
large, the size of a monomorphic a-population stays near 71, K for a long time (Theorem 3 (c) in
[5]). Moreover, if we introduce the invasion fitness Sy 4 of a mutant a in a population @,

(2.8) Sad:fa_Da_Ca,dﬁd» aed,

it corresponds to the per capita growth rate of a mutant @ when it appears in a population & at its
equilibrium density 713. Assumption (2.6) is equivalent to

Assumption 1. Ecological parameters satisfy
na>0, n,>0, and Sar,<0<S,4.
Under Assumption 1, with positive probability, the A-population becomes extinct and the a-

population size reaches a vicinity of its equilibrium value 72,K.

Let us now present the main results of this paper. We introduce the extinction time of the A-
population, and the fixation event of the a-population. For (z, K) € RS x N:

@9 TEO=inf{r=0NFOm =0}, and Fix®0:= {150 <oo, NGO (1) > 0}.

ext ext ext

We are interested in the neutral allele proportions. We thus define for ¢ = 0,

N(Z’K) (t)

2.10) pEK (= 9P

e &
. fo’K)(t)’ (a,p)e&,KeN,zeRT,
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the proportion of alleles § in the a-population at time ¢, with the convention 0/0 = 0. More pre-
cisely, we are interested in these proportions at the end of the sweep, that is at time Te()ng) when
the last A-individual dies. We then introduce the neutral proportion at this time:

ext

(2,K) _ p(z,K)  p(2,K)
(2.11) ‘O}a,b] _Pa,b1 (T ).

We first focus on soft selective sweep. We assume that the alleles A and a were neutral and
coexisted in a population with large carrying capacity K. At time 0, an environmental change
makes the allele a favorable (in the sense of Assumption (1)). Before stating the result, let us
introduce the function F, defined for every (z, 1, t) € (RS)* x [0,1] x R, by

rfafan'? (s)

fan@(s) + fan?

S (2) + (2)
exp(—rfAfaf np W+ na” (W) du)ds,
(8 0

fan'@ @) + fan$ w)

t
(2.12) F(z, 1 1) :f
0

where (nff), nE,Z)) is the solution of the dynamical system (2.4). We notice that F: t e R" — F(z, 1, 1)
is non-negative and non-decreasing. Moreover, if we introduce the function 1 : (z,1,t) € (R€)* x
[0,1] xRy — r fafa fot n(AZ) (s)/(fAn(AZ)(s) + f,n? (s))ds non-decreasing in time, then

t
0<F(z,r1t) sf dsh(z,1,8)e MErs) gg = e~ Man0) _ p=h(znD,
0

Thus F(z, 1, t) has a limit in [0, 1] when ¢ goes to infinity and we can define

(2.13) F(z,1r):= tle F(z,r,1t)€[0,1].

In the case of soft sweep, the selected allele gets to fixation with high probability. More precisely,
Champagnat proved the following asymptotic result in [5]: under Assumption 1,

(2.14) I}i_l};on:b(FiX(Z,K)) =1, Vze fo@ « (RiX%)*~
We consider the soft selective sweep with recombination probability rx satisfying:

Assumption 2.

lim rx=re€[0,1].
Am rx (0,1]

Then recalling (2.11) we get the following result whose proofis deferred in Section 4:

Theorem 1. Let z bein fogg X (Rf_x%) * and Assumptions 1 and 2 hold. Then on the fixation event
Fix®»® | the proportion of alleles by when the A-population becomes extinct (time T éj;K) ) converges
in probability:

ZAb] ZIZ

Fz,r) + 2221~ F(g, r))] | > g) —0, Ve>o0.
ZA Za

; (2,K)
i 25|
The neutral proportion at the end of the soft sweep is thus a weighted mean of initial pro-
portions in populations A and a. In particular, soft sweep is responsible for a diminution of the
number of neutral alleles with very low or very high proportions in the population, as remarked in
[27]. We notice that the weight F(z,r) does not depend on the initial neutral proportions. It only

depends on r and on the dynamical system (2.4) with initial condition (124(0), 7,(0)) = (24, Z4)-

Now we focus on hard selective sweep: a mutant a appears in a large population and gets to
fixation. We assume that the mutant appears when the A-population is at ecological equilibrium,
and carries the neutral allele b;. In other words, recalling Definition (2.7), we assume:

Assumption 3. There exists zp, €10, fial such that N @00 (0) = 12K K] with

2% = (zap,, ia— 24p,, K1,0).
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In this case, the selected allele gets to fixation with positive probability. More precisely, Champag-
nat proved the following asymptotic result in [5]: under Assumptions 1 and 3,

Saa
fa

In the case of strong selective sweep we will distinguish two different recombination regimes:

(2.15) lim P(Fix“"0) =

K—o00

Assumption 4. Strongrecombination

lim rglogK =oo.
K—o0

Assumption 5. Weak recombination
limsup rglogK < co.
K—oo

Recall (2.11). Then we have the following results whose proofs are deferred in Sections 6 and 7:

Theorem 2. Suppose that Assumptions 1 and 3 hold. Then on the fixation event Fix*®) and under
Assumption 4 or 5, the proportion of alleles by when the A-population becomes extinct (time Te(ftK )
converges in probability. More precisely, if Assumption 4 holds,
@®,K) _ ZAb _
lim (10028, > —l>e)=0, Ve>o,
and if Assumption 5 holds,

[ZAb1+ﬂeXp( f“rKIOgK)” ):, Ve >0.

&)
lim P(ﬂle(zK) oK)
ZA ZA

K—oo a,b

As stated in [5], the selective sweep has a duration of order log K. Thus, when rglogK is large,

a lot of recombinations occur during the sweep, and the neutral alleles are constantly exchanged

by the populations A and a. Hence in the strong recombination case, the sweep does not modifiy

the proportion of neutral alleles. On the contrary, when rg is of order 1/logK the number of

recombinations undergone by a given lineage does not go to infinity, and the frequency of the

neutral allele b, carried by the first mutant a increases. This phenomenon is called genetic hitch-
hiking [29]: the selective sweep leads to a diminution of diversity around the selected allele.

Remark 1. The limits in the two regimes are consistent in the sense that
farxlogK ) _
Saa

. ZAb,
lim exp ( -

rxlogK—oo Z4
Moreover, let us notice that we can easily extend the results of Theorems 1 and 2 to a finite number
of possible alleles by, bo, ..., b; on the neutral locus.

3. A SEMI-MARTINGALE DECOMPOSITION

The expression of birth rate in (2.2) shows that the effect of recombination depends on the re-
combination probability rx but also on the population state via the term nggn, f— NapNgp. This
quantity is linked with the linkage disequilibrium of the population, which is the occurrence of
some allele combinations more or less often than would be expected from a random formation of
haplotypes (see [13] Section 3.3 for an introduction to this notion or [22] for a study of its struc-
ture around a sweep). Proposition 1 states a semi-martingale representation of the neutral allele
proportions.

Proposition 1. Let («, z,K) be in of x (Rf)* x N. The process (Péz‘bllo(t), t = 0) defined in (2.10) isa
semi-martingale and we have the following decomposition:

(2,K) 77(2,K) _ A7(2,K) 77(2,K)
Nab1 ab, Nalm Nabz

N + DFANG™ + falNg™ )’

t
(3.1) P& (1) = PE 0+ MPR (0) + ric fa fa f
0 (
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where the process (M((f’K ) (1), t = 0) is a martingale bounded on every interval [0, t] whose quadratic
variation is given by (3.7).

To enlight the presentation in remarks and proofs we shall mostly write N instead N“X,

Remark 2. The process Ngp, Nap, — Nap, Nap, Will play a major role in the dynamics of neutral
proportions. Indeed it is a measure of the neutral proportion disequilibrium between the A and
a-populations as it satisfies:

(32) NANu(PA,b1 - Pd,bl) = NdngAbl - Ndb] NAbg

Proof of Proposition 1. In the vein of Fournier and Méléard [18] we represent the population pro-
cess in terms of Poisson measure. Let Q(d s, df) be a Poisson random measure on IR{%r with inten-
sity dsdf, and (e, 6 (@, pB) € &) the canonical basis of R®. According to (2.3) a jump occurs at rate
Z(a’ﬁ)eg(bgﬁ(N) + dfﬁ(N)) = faNg +dX(N) + faN4 + dX (N). We decompose on possible jumps
that may occur: births and deaths for a-individuals and births and deaths for A-individuals. Itd’s
formula with jumps (see [19] p. 66) yields for every function i measurable and bounded on R%:

t
RN = h(N(O) + fo fR {Zd(h(zv(s—)+eabl)ﬂ0<9_%=A(faNa(S,Hdg(N(s,nsbfbl(NH
+ €

+h(N(s7) + Caby) VK, (N(s)<0~Tama(fuNa(s7) +dE (N (5D fu Na(57)

+h(N(s7) —ean) oo p, N, ()= Ta=a(faNa(sT)+dK (N(s7)=d¥, (N(s7)

+h(N(s™) - eabz)ﬂdf;bl (N(s7)) <6~ fo N, (s‘)—ﬂa=A(faNa(s‘)+d§(N(s‘))sd§(N(s‘)))

(3.3) ~RIN (S N o< f, N, (57)+dX (N5 + faNa(s)+dE (N(s7) }Q(ds, ae).
Let us introduce the functions ,u}'é defined for a € o/ and (s,60) in R; x R, by,
Nyp, ()
a _ ab;
B.4) wg(N,s0) = (N (5) + DNy (5) 0<0-Te=alfaNa(9)+di (N()<DY, (N(s)
Ngp, (5)
T NG () + DN (5) B VD <O=Tam (fuNa (9 +dE V()= fa N
N(sz (S)
- (Ng(s) — )N (s) 0<6— fou Na (3)_ﬂa=A(faNa(s)"'dLI;((N(s))Sdfbl (N(s))
Nabl (s)

1.k K K ,
(Na(5) — 1) Na (s) 55, (V) <0~ fuNa(9)=TamaaNa(s) + a5 (N(s) = (N(5)

with the convention 0/0 = 0. Then we can represent the neutral allele proportions Py j, as,

t
(3.5) Pain(0)=Pan, O+ [ [ pfN,5".000s,d0), 1=0.
0 JR*

A direct calculation gives
Ngp, (8) Nap, (8) = Nop, () Nap, ()
(Na(5) + 1) (faNa(s) + faNa(s)) -
Thus if we introduce the compensated Poisson measure Q(d s,d0):=Q(ds,dO) —dsdf, then
" Nap, Nab, = Nab, Nab,
0 (Ng+1)(faNa+ faNa)
is alocal martingale. By construction the process Py j, has valuesin [0,1] and as rg <1,

r f f fs NdblNabz_NablNdbz
KJAJa | (Ng + 1) (faNA+ faNg)

fo px(N,s,0)d0 =k fafa

t
My (1) = L j;v /J%(N, s‘,@)@(ds, do) = sz,b1 () _Pa,b1 (0)— rKfAfu

(3.6) sup

S<t

s<rxfalt < fot, t=0.
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Thus M, is a square integrable pure jump martingale bounded on every finite interval with qua-

dratic variation

! 2

(Ma); = f f (2 (N,5,0)) dsao
0 Jr+
t Ca,a Ca,d ﬂNazzNa
- fo {Pan (1= Pap)| (D + S Na+ g N Ny
3.7) faNa ] N rk fafa(Nab, Nab, = Nab, Nab,) (1 —2Pq p,) }
' (Na+1)2 (Na"‘l)z(fANA"‘faNa)

This ends up the proof of Proposition 1. O

Remark 3. Let us mention two properties of the functions ug, defined in (3.4), which will be useful
in the sequel. Firstly by definition we have for all (s,0) in Ry x Ry,

(3.8) (N, 5,0) (N, s,0) =0
Secondly, the convention 0/0 = 0 yields the following equality for a € « and all (s,0) in Ry xR,
(39) u%(Nr S)B)ﬂNa(s)El =u%(Nr S)B)

For sake of simplicity we will use more often the second notation, but in Section 6 the first notation
will also be useful.

Lemma 3.1 states properties of the quadratic variation widely used in the forthcoming proofs.
We introduce a compact interval containing the equilibrium size of the A-population,

(3.10) X .= [K(ﬁA—Ze%) k(7 A+28§jj)];

and the stopping times TX and TX, which denote respectively the hitting time of [¢K] by the
mutant population and the exit time of IX by the resident population,

(3.11) X =int{t=0, NS (0= lek)}, TX:=inf{r=0,N{(® ¢ IF}.

Lemma 3.1. For v < oo, there exists a finite C(v) such that (N(Z’K) (1), N,(IZ’K) (1)) € [0, vK)? implies

1
Na( n’

(3.12) %(Mff’m)t—f (v, t9)) 40 <) ezl ooy

Under Assumptions 1 and 3, there exist kg € N, €9 > 0 and a pure jump martingale M such that for
e<eyandt=0,

e 2 Cha) -
(3.13) emin NN [, AT TX,0)] a6 < (ko + 1C( 7 Cj’:)MmTfmgv
and

_ 1
(3.14) E| ¥, p 7| < et

Proof. Equation (3.12) is a direct consequence of (3.7). To prove (3.13) and (3.14), let us first notice
that according to Assumption 1, there exists ky € N such that for € small enough and k€ Z.,
falko+k—1)—(Dgy+ Caanpa+e(Cqq+ 2CA,aCa,A/CA,A))(kO +k+1) - %
ko +k-1 T2

This implies in particular that for every t < TX A TX,

faNa(t)(Na(t) + kO -1)- du(N(t))(Na(t) + kO +1) - SuANa(t) - SaAﬂNg(t)zl
(Ng()+ko—1D (N4 () + ko +1) T 2Ny +ko+1) T 2(kg+1)

(3.15)

’
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where the death rate d, has been defined in (2.3). For sake of simplicity let us introduce the
process X defined as follows:

X(1) =

N, (=1 ( Saat ) £20
N, (1) + ko 2(kg+ 1)/ -

Applying It6’s formula with jumps we get for every ¢ = 0:
(3.16) X(tATKATEY=MEATEATE+

ff”f N ( San__ faNa(s)(Na(s) + ko= 1) = df (N(5)) (Na(s) + ko +1)
0 2(ko+1) (Na(8) + ko — 1) (Na(s) + ko + 1)

where the martingale M has the following expression:

)X(s)ds,

~ 1 t ~ SaAS
3.17) M(p)= + ds,d0)n, (s)=1exp|————
81D W)= | Qs doy,izrexp (5044 )
[ Uo<fuNas) | VfaNas)<O2faNaG)+daNs) D02 fuNals) +datN i)
Na(s7)+ko+1 Na(s7)+ko—1 Na(s7) + ko

Thanks to (3.15) the integral in (3.16) is nonpositive. Moreover, according to (3.12), for r < TXATKX,

Caa ) In, (=1

2
3.18 a (N0 10y do < cfiqg+2
(318 f[m(“K( ) (rar2eg )

Caa
_ CAa SaAt
<(kg+1C 2e—— | X (¢ -—
(kp+1) (nA+ ECA,A) ()exp( 2(k0+1))
which ends the proof. U

4. PROOF OF THEOREM 1

In this section we suppose that Assumptions 1 and 2 hold. For e < Cy 4/Cy 4 A2|S44l/Ca,q and
zin ([RfX%) * x ([Rﬁfx‘% )* we introduce a deterministic time ¢, (z) after which the solution (nfqz), nﬁf)

of the dynamical system (2.4) is close to the stable equilibrium (0, 77,):
(4.1) te(z):=inf{s 2 0,Vt = 5,(n'? (1), nP (1)) € [0,€?/2] x [7ig — €/2,00)}.

Once (nff), n'®) has reached the set [0, £2/2] x [fi, — £/2,00) it no more escapes from it. Moreover,
according to Assumption 1 on stable equilibrium, #.(z) is finite.

First we compare the population process with a four dimensional dynamical system on the
time interval [0, #;(z)]. Then we study this dynamical system and get an approximation of the
neutral proportions at time #.(z). Finally, we state that during the A-population extinction period,
this proportion stays nearly constant.

. . . . . (2) — (,,(2)
4.1. Comparison with a four dimensional dynamical system. We denote by n' = (n, 5 (a,p) €
&) the solution of
(2) ,(z2) _ (2) ,(2)
6"~ Mapap
fAnfa‘Z) + fang)

with initial condition @ (0) =z € [Rf’. Then we have the following comparison result:

4.2) nffé = (fa —(Dg + Ca,An(AZ) + Ca,angf))) nffé +71fafa , (@,B)eé,

Lemma4.1. Let z be inRE and e be inR*. Then

(4.3) lim sup [N®®(s)/K-n? =0 as.

K—oo ¢< te(2)

where ||.|| denotes the L*-Norm on R? .
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Proof. The proof relies on a slight modification of Theorem 2.1 p. 456 in Ethier and Kurtz [17].
According to (2.1) and (2.2), the rescaled birth and death rates

ndﬁnalé - I’laﬁl’ldﬁ'
fana+ fang

1
bfﬁ(n) = Ebgﬁ(Kn) = falap + 1K fafa , (a,p)eé& neN?,

and

dep(n) = ﬁ(Kn) [Dg +Ca,ana+Coalta) Nap, (@,P)€E, ne N¢,

are Lipschitz and bounded on every compact subset of N¢. The only difference with [17] is that
bf 5 depends on K via the term rg. Applying Itd’s formula with jumps we get:

. (N@K (g . ([NEK(g
+Mart(Z’K)(t) +f0 (a%"egeaﬁ(bgﬁ(Ts) —daﬁ(TS))dSy

N(Z'K)(t) B |zK| t

K

where Mar t“X) is a martingale, and we recall that (eqp, (@, f) € &) is the canonical basis of RS. If

we denote by 15;% the function

Naphgp— NapNgp

. (a,B) €& neN®,
fAnA+fana IB

lj)zoﬁ(n) = faNap+T1fafa

we get
(Z)(t) =z+f0t ; eaﬁ(ﬁz%(n&)(s))—Jaﬁ(n(Z)(s)))ds
(a,B)EE

Hence we have for every ¢ < 1.(z),

N(z,K) €3

— —n(Z)(t)'S|LZK ' |Mart(ZK)(t)|f

0 (@pes
+f°t(a,p;)eg|(b§ﬁ daﬁ)(@) (s daﬁ)(”(Z)(s))‘dS.

and there exists a finite constant M such that

N(z,K) €3
K

But following Ethier and Kurtz, we get

'b°°( (Z)(s)) bK( (Z)(s))'ds

zK)()

- n(Z)(t)| 'Mart(“o(t)' 17— rilMto(2) +Mf |— n® (s)|ds.

lim sup |[Mart®®| =0,

K—=005<¢,(z)

a.s.,

and we end the proof by using Assumption 2 and Gronwall’s Lemma. U

Once we know that the rescaled population process is close to the solution of the dynamical
system (4.2), we can study this latter.

Lemma 4.2. Letz bein [Rg such thatz, >0 andz,>0. Then n(z)(t) and n(Z) (t) have a finite limit
when t goes to infinity, and there exists a positive constant €y such that for everys <&,

(@) @)
gy (©0) N (1(2)) _ 2faf?

n@oo) n@(t.(2)! " MalSaal

Proof. Assumption 1 ensures that n'? () goes to 71, at infinity. If we define the functions

(2)

(2)
pll,b]

& acs, and g¥=pl —pp,

/n
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we easily check that ¢ : (n'?) Aby’ (Azl)jz,nub , ) (n" a ) n'?, g, pify)b]) defines a change of variables
from (R*)® to R2* x] —1,1[x]0, 1[, and (4.2) is equivalent to:
o =fa— (Da+CaAn +Caana)))n aed
(4.4) g(z =g (rfAfa(n(Z) " n(Z))/(fAn(Z) + fan(z) )
Pan 28(2)(rfAfa D1(fan' + fan )
with initial condition (n? (0), n (0), g (0), p(zb (0) = (24, Za, Zab, | 24 = Zab, ! Za» Zap, | Za)- More-
over, a direct integration yields

(4.5) p, (0 =p2, ) —(pZ, 0 -p) O)F(z,1,0),

where F has been deﬁned in (2.12). Accordlng to (2.13), F(z,r, t) has a finite limit when ¢ goes to
infinity. Hence pif)bl also admits a limit at infinity. Let € < [Sa4l/Ca,a A Cpal/ Ca,a A 1412, and t.(2)
defined in (4.1). Then for t = t.(z),

WP (1) < (fa—Da— Caalita—e/2)n? (1) < Saan'P (/2 <0.
Recalling that r <1 and |g(#)| < 1 for all £ = 0 we get:

(2) 2
©  Jafang  _ fac f oSas/2 g < 2fat?
0

na|SaA|

@6 [p%), 0= p%, (2| < f e
t(2) fan,” + fang Ng

which ends up the proof. U
4.2. A-population extinction. The deterministic approximation (4.2) fails when the A-population
size becomes too small. We shall compare N, with birth and death processes to study the last pe-
riod of mutant invasion. We show that during this period, the number of A individuals is so small

that it has no influence on the neutral proportion in the a-population, which stays nearly con-
stant. Before stating the result, we recall Definition (2.9), introduce the compact set ©:

4.7 0:={z¢€ fo'@ x ([Rf_x'@)*,ZA <& and |z, -7l < e},
the constant M"” =3+ (f,; + C4 4)/ C4, 4, and the stopping time:
4.8) K@) =inf{r=0,NF 0> eK or INFR (1) - 7igK| > MeK}.

Lemma 4.3. Let z bein ©. Then under Assumption 1, there exist two positive finite constants c and
&o such that for € < €,

limsup IP( sup P;Z’Zlo (O)' > 5) < ce.

K_)oo = Text =

Proof. Let zbein ® and Z 1 be a birth and death process with birth rate f4, death rate D4 + (71, —
M"€)Cy 4, and initial state [¢2K]. Then on [0,SX(z)[, N4 and Z! have the same birth rate, and
Z' has a smaller death rate than N4. Thus according to Theorem 2 in [5], we can construct the
processes N and Z! on the same probability space such that:

(4.9) Na(t)< 7}, vi<SK(2).
Moreover, if we denote by T the extinction time of Z!, T} := inf{t = 0, Z} = 0}, and recall that
(4.10) fa—Da—(lg—M"€)Caq=Saa+M"Cpae<Saal2<0, VYe<|Saqll2CM"Cap),
we get according to (A.10) that for z < €2 and L(g, K) = 21og K/|Saq+ M"€C 4 4l,

Prox (TO1 < L(e,K)] > exp ([EZK] [10g(1<2 —1)—log(K% - fa(Da + (fiq - M”g)CA,a)‘l)] ]
Thus:
(4.11) lim Py (73 < Lee,K0) =
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Moreover, Equation (A.4) ensures the existence of a finite ¢ such that for € small enough,
(4.12) P(Le, K) < K@) 2 1-ce.
Equations (4.11) and (4.12) imply
(4.13) liminf P73 < L(e, K) < SK(2)) = 1-ce
K—oo
for a finite c. According to Coupling (4.9) he have the inclusion {T; < L(¢,K) < SX(2)} < {TX, <
L, K) < Sf(z)}. Adding (4.13) we finally get:
(4.14) liminf P(TX, < L(e, K) < SK(2) =1~ ce.
—00

Recall the martingale decomposition of P, 5, in (3.1). To bound the difference |P, p, (£) — P, p, (0)]|
we bound independently the martingale M,(f) and the integral |P, p, (t) — P, p, (0) — M4 (#)|. On
one hand Doob’s Maximal Inequality and Equation (3.12) imply:
4C(fia + M"€)L(g, K)

2K (i, — M"¢)

£ 4
@15 P sup  IM0I> )< SE[(Ma e onstin] <
t<L(e,K)ASK 2) ¢

On the other hand the inequality |Nap, Nap, — Nab, Nap,| < NaN yields for £ =0
|f“\sf(Z) rxfafa(Nap, Nab, = Nab, Nap,) <f“\55(2) faN4
0 (Na+1)(fANA+faNa) —Jo (fla_EMH)K'
Hence decomposition (3.1), Markov’s Inequality, and Equations (4.9), (A.8) and (4.10) yield

€ 2fa€? b s oo 4fase
4.16) P(I|(Pgp, — M) (tASE(2) = Pyp, (0)] > = | = ——— A2 s < :
(4.16) P(I(Pa,5, = Ma)(t A SE (@) = Py, (0] > 5 vl A S e VT
Taking the limit of (4.15) when K goes to infinity and adding (4.16) end the proof. U

4.3. End of the proof of Theorem 1. Recall Definitions (2.9) and (4.1). We have:

PEOTED) - p), (00| <

ext

ext

PER TR - PEO (1(2))| +

PEN (te(2) - p ), (1e(2)| +

P, (t:(2)) = piS) (00)].

To bound the two last terms we use respectively Lemmas 4.1 and 4.2. For the first term of right
hand side, (2.5) ensures that with high probability, N@X)(z,(2)) € © and t,(z) < T%"). Lemma 4.3,

ext
Equation (2.14) and Markov’s Inequality allow us to conclude that for € small enough

T(ZyK)

ext

limsup P(Tgye0 P (

)— pif)bl (00)| > 3¢) < ce,
K—oo ’

for a finite c. It is equivalent to the convergence in probability, which concludes the proof.

5. A COUPLING WITH TWO BIRTH AND DEATH PROCESSES

In Sections 6 and 7 we suppose that Assumptions 1 and 3 hold and we denote by NX the process
NETK) | As it will appear in the proof of Theorem 2 the first period of mutant invasion, which
ends at time TX when the mutant population size hits |¢K], is the most important for the neutral
proportion dynamics. Indeed, the neutral proportion in the a-population has already reached its
final value at time TX. Let us describe a coupling of the process NX with two birth and death
processes which will be a key argument to control the growing of the population a during the first
period. To this aim we recall Definition (3.11) and define for € < S;4/(2C; ACA,a/Ca,a+ Cua),

SaA 2Cu,ACA,a + Ca,uCA,A SaA Cu,A CA,a

(5.1) s_(e)i=——¢ , and s.(€):=— +2¢ .
fa faCA,A " fa faCA,A
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Definitions (2.3) and (2.8) ensure that for t < TX A TX,
dy (N (1))
NX (@)

and following Theorem 2 in [5], we can construct on the same probability space the processes Z_,
NX and Z such that almost surely:

Ca,a

Ca _
(5.2)  fa(l—s4(e) < = fa—San+ K:"(Nf(r)—nAKH e NX < fa1-5_(e)),

(5.3) Z; ()< NKXwy<zH@w), forallt<TKATK,

where for * € {—,+}, Z; is a birth and death process with initial state 1, and individual birth and
death rates f,, and f,(1-s.(¢)). We want to prove convergences on the fixation event FixX, defined
in (2.9). Inequality (A.6) allows us to restrict our attention to the conditional probability measure:

(5.4) PO =P TX < TK).

To study expectations (£) and variances (Var) associated with this probability measure, we express
the event {TX < TX} in a form easier to handle. More precisely, if we introduce the events:
dy (N* (1))

K._
(5.5) ZK:= {fu(l—s+(8))s ~FD

< fal-s- @)Vt =<TE}, #E:=(Nfwelfve=Th,

then we can check that
(TK < TKy = (TK < 00, 2K, 7K.

The term TX < co is due to the almost sure finiteness of TX. Indeed the extinction time of a birth
and death process with competition is almost surely finite.

6. PROOF OF THEOREM 2 IN THE STRONG RECOMBINATION REGIME

We distinguish the three periods of the selective sweep: (i) rare mutants and resident popu-
lation size near its equilibrium value, (ii) quasi-deterministic period governed by the dynamical
system (2.4), and (iii) A-population extinction. First we prove that at time TX proportions of b;
alleles in the populations A and a are close to zp,/ z4. Once the neutral proportions are the same
in the two populations, they do not evolve anymore until the end of the sweep.

Lemma 6.1. There exist two positive finite constants ¢ and € such that fore < gg:

ZAb,

PK, (@ =22+ |PK, (15) - PK, (T5)|}] < ce.

a,b1

limsup E [1] TK<TK {

K—o0 ZA

Proof. First we bound the difference between the neutral proportions in the two populations,
|Pa,p, (£) = Pa,p, (£)], then we bound [P 4, (£) — z4p,/ z4l. For sake of simplicity we introduce:
Nap, (1) Nap, (1) = Nap, (1) Nap, (1)

Na(£)Na(2)

(6.1) G(1) 1= Py, (1) = Payp, (1) = , V=0,

Y (1) = Yny(=1,N, (021 G2 (1) e FUaNDL -y p >0,
Recalling (3.8) and applying Itd’s formula with jumps we get

t

Y(tATEATE) = Y(0) + Mg + rKfo Vyersnix (Fan fa— HO)|Y (9)ds

! 2 2
+f0 “s<TfATg<erK(fAAf“)stfR [(MIXW»S'@)) +(M§(N»Sv9)) ]H{NA(s)zl,Na(s)zl}dev

where M is a martingale with zero mean, and H is defined by

_ zfafANA(t)Na(t) 1 1
oo Hw= JaNa(8) + faNq(1) [NA(r) " N, (1) + 1]’
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In particular we can check that for all s = 0 we have Y (s) H(s) = (faA fz) Y (s). Equations (3.12) and
(3.13) give bounds for the integrals [(uX)?, a € o, and adding (3.14) we obtain:
C(I’lA +2£CA a/CA A)

ElYCATEATEY) < 1+ oK anfat
¢ ¢ rx(fan fa)(ia— ZECAa/CAA)K

+f (k0+1)c(‘
0

rK(fA/\fu)t_'_e rr(fanfa)— k0+1,)t)

(rK fA/\fa kO“’)SdS

) [ SATKATK| €

(6.3) < of1+—

Tk
where c is a finite constant which can be chosen independently of € and K if € is small enough
and K large enough. Combining Equation (3.1), Cauchy-Schwarz Inequality, and Equations (3.12)
and (6.3) we get for every ¢ = 0,

Lzap, K1 H

[EHPA b (EATK A TK) - e

= Tk fa€ !
<E[IMaGATE A TN + f[E[ﬂ x| G(9)]1 |as
IMA(EAT, AT fiA—26CaalCan o s<TXATKIG)NTN, (921, N, (9)21)

t
<F!2 [(MA>MTKATK + chgf [EI/Z[Y(S/\ TX A TEK)] e~ TKUaNSI2 g o
£ £ 0

c(\/t/_K+£ft(rKe klfanfa)s K+e S“AS/Z(’C"”))mds),

0
where c is finite. A simple integration then yields the existence of a finite ¢ such that:

~ |.ZAb t
K Ky _ —1 v
(6.4) [EHPA,bl(If/\ T, AT,) K] ” < c(\/ t/K+£(1 + \/F))
But according to Coupling (5.3) and limit (A.11) we have the asymptotic behavior
(6.5) Jim P(TX > 25,4l0gK|TX < TX) =0,
—00

Hence applying (6.4) at time ¢ = 25,41log K and using (A.3) and (6.5), we bound the first term in
theexpectation. The second bound is obtained in the same way. O

The following Lemma states that during the second period, the neutral proportion stays con-
stant in the a-population.

Lemma 6.2. There exist two positive finite constants ¢ and €y such that for € < €y:

limsup [E[ﬂTngTgK Pa,bl(TgK + tg(N(IZ ) - ZAbl

K—o0

]SCE.

Proof. Let us introduce, for z € Rf and € > 0 the set I" and the time t. defined as follows:

6.6) T:= {z€R+,zA€[nA 25% nA+2£— [ 3 ]} tp:= suplte(2), z€ T},
AA

where #.(z) has been defined in (4.1). According to Assumption 1, t; <00, and
I(T' €)= inf inf n?0),n 1)} >0,

and we can introduce the stopping time

(6.7) LX(2) =inf{r =0, (NN (1), N (1) € (1T, ©)K/2, (714 + ) K12}

Finally, we denote by (FX, r > 0) the canonical filtration of NX. Notice that on the event {TX <
Xy, N(TX)/K € T, thus £ (N(TX)/K) < .. The semi-martingale decomposition (3.1) and the
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definition of G in (6.1) then twice the Strong Markov property and the Cauchy-Schwarz Inequality
yield:

N(T

6.8) E[Vrorx

K
Pan, (TE +r (N

)) - Pa,b1

- M,

(TK)
NT TR+t ALK (—5)
< [ Ve[| Mo TE + 2 +faf 61| F1]]

K
- T5K+t€/\Lf(%) 5
Fpe|+ fa/EE UK 2|7}
£ TE £

To bound the first term of the right hand side we use Strong Markov property, Equation (3.12) and
the definition of Lf in (6.7). We get

S[E[HTKsTK{[Em[<Ma> Nk, ~Ma) 7x
= T+ ALK () L

e — (Mo e 7 24, C(7ia+ ig)

6.9) [E[ﬂ K<~K[E”2[<M> F K” <
Te=Ie “rxs s X Te IT,e)K

For the second term, Strong Markov property and Itd’s formula with jumps yield

T gL
1.k K[EI/ZU HentE
T, <T,

. sup E[IG*(tnL(2)- Gz(O)l‘N(O) = 12K | + 17751 G(TE)]

zel t<t,

K)) )
G 'f;TK]

d
s<L§(z)a(Ma>s]ds+1]T€KST€K|G(T§)|-

<2\/t—fz

aedd

Equations (3.12) and Lemma 6.1 finally lead to

)

(6.10) E[HTK<TKE1/2[fT +E ALK ML) GZ'J K” ﬁ(%)meoK(l)

where ok (1) denotes a function of K going to 0 at infinity. Moreover (2.5) ensures that

N(TK N(TK N(TK N(TK N(TK
P15 < TX, LX) < 1. 552)) <P (X2 e 0, L (P02 < 1o (™ )))Kjooo,

where O has been defined in (4.7). Adding Equations (6.8), (6.9), (6.10) and Lemma 6.1, we finally
end the proof of Lemma 6.2. U

Proof of Theorem 2 in the strong recombination regime. Let us focus on the A-population extinc-
tion period. We have thanks to Strong Markov property:

NS
(6.11) P(“N(T5K+tg(N(T5K)/K))e® Pa,b1 (Texd) _Pa,b1 (TgK+ ts(T))' > \/E)

< sup (1P, b, (Text) = Payp, (0)] > Ve[ N(©) = 2K] ).

FAC)

But Equation (2.5) yields P(N(TX + 1 (N(TX)/K))/ K € O|N(TX)/K € T) —» k0o 1, and {TX < TX} <
{N(TX)/K e T}. Adding Equation (A.6) and Lemma 6.2, Triangle inequality allows us to conclude
that for € small enough

ZAby

> \/E|FixK) < ce.

e 7

ab( Xt)

As P(FixX) = koo Saa/ fa >0, itis equivalent to the claim of Theorem 2 in the strong regime. [
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7. PROOF OF THEOREM 2 IN THE WEAK RECOMBINATION REGIME

In this section we suppose that Assumptions 3 and 5 hold. We first focus on the neutral pro-
portion in the a population at time TX. The idea is to consider the neutral alleles at time TX
and follow their ancestral lines back until the beginning of the sweep, to know whether they are
descended from the first mutant or not. Two kinds of event can happen to a neutral lineage: coa-
lescences and m-recombinations (see Section 7.1); we show that we can neglect the coalescences
and the occurrence of several m-recombinations for a lineage during the first period. Therefore,
our approximation of the genealogy is the following: two neutral lineages are independent, and
each of them undergoes one recombination with an A-individual during the first period with
probability 1 —exp(—r f,logK/S,4). If it has undergone a recombination with an A-individual,
it can be an allele b; or b,. Otherwise it is descended from the first mutant and is an allele b;.
To get this approximation we follow the line presented by Schweinsberg and Durrett in [28]. In
this paper, the authors describe the population dynamics by a variation of Moran model with two
loci and recombinations. In their model, the population size is constant and each individual has
a constant selective advantage, 0 or s. In our model the size is varying and the individual’s ability
to survive depends on the population state. After the study of the first period we check that the
second and third periods have little influence on the neutral proportion in the a-population.

7.1. Coalescence and m- recombination times. Let us introduce the jump times of the stopped
Markov process (NX (1), < TX), 0 =15 <18 < .. < T = TX, where JX denotes the jump number

of NX between 0 and TX, and the time of the m-th j ]ump is:

oh =inf{e>78 | NK@0 2 NC@K_ph 1= m< gk

m-1’

Let us sample two individuals uniformly at random at time TX and denote by 8 p and B, their
neutral alleles. We want to follow their genealogy backward in time and know at each time be-
tween 0 and TX the types (A or a) of the individuals carrying Bp and Bg.

We say that §,, and B, coalesce at time 7K if they are carried by two different individuals at time
7K and by the same individual at time T . In other words the individual carrying the allele §,,
(or B4) at time K isa newborn and has 1nher1ted his neutral allele from the individual carrying
allele 4 (or ) at time T 1- The jump number at the coalescence time is denoted by

TCK(B,, Bo) = { sup{m < JK , Bp and B, coalesce at time &y if Bp and B4 coalesce
primq —00, otherwise.
We say that f, m-recombines at time 7%, if the individual carrying the allele 5, at time 7%, is
a newborn, carries the allele a € o, and has inherited his allele §,, from an individual carrying
allele @. In other words, a m-recombination is a recombination which modifies the selected allele
connected to the neutral allele. The jump numbers of the first and second (backward in time)

m-recombinations are denoted by:

TRK(B,) = sup{m < JK, B p M-recombines at time 7K}, ifthere is at least one m-recombination
1 5P —00, otherwise,
sup{m < TRK(B,), B, m-recombines at time 7%}, if there are at least two
TRy (Bp) := m-recombinations

—00, otherwise.

Let us now focus on the probability for a coalescence to occur conditionally on the state of the
process (N4, N,) at two successive jump times. We denote by pgX,, (1) the probability that the
genealogies of two random neutral alleles associated respectively with alleles @ and a3 € o at
time TK coalesce at this time conditionally on (NK (=X 1) Ng K (Tﬁ D)) =ne N? and on the birth of
an individual carrying allele a; € < at time 7X,. Then we have the following result:
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Lemma 7.1. Foreveryn = (na,ng) € N? and a € o/, we have:

rk fana

( B rxfa
Ng(ng+1) fana+ fang

(g + 1)(fAnA+fana) '

(7.1) p,i’f,(n) = ) and p;’;(n) =
Proof. We only state the expression of pg, (n), as the calculations are similar for pgffl (n). If there is
am-recombination, we cannot have the coalescence of two neutral alleles associated with allele
at time Tfn. With probability 1-rg fana/ (fana+ fang) there is no m-recombination and the parent
giving its neutral allele carries the allele a. When there is no m-recombination, two individuals
among those, who carry allele a also carry a neutral allele which was in the same individual at
time 11,7(1_1. We have a probability 2/n,(n, + 1) to pick this couple of individuals among the (4 +1)
a-individuals. O

Remark 4. A m-recombination for a neutral allele associated with an « allele is a coalescence with
an & individual. Thus if we denote by p;* (n) the probability that an a-individual, chosen at ran-
dom at time tX,, is the newborn and underwent a m-recombination at his birth, conditionally on
(NK@X ), NF@K ) = neN? and on the birth of an individual a at time T, we get

nark fa
(g + 1)(fAnA +fana) ’

Moreover, if we recall the definition of IX in (3.10), we notice that there exists a finite constant c
such that for k < |eK],

(7.2) pat(n) = ngpes (n) =

(na k)< sup pX(ng k)< K
nAEIeK k+1

TK .
< inf pX
k+ naelX

(7.3) (1-ce)

7.2. Jumps of mutant population during the first period. We want to count the number of co-
alescences and m-recombinations in the lineages of the two randomly chosen neutral alleles
and f,. By definition, these events can only occur at a birth time. Thus we need to study the
upcrossing number of the process NX before TX (Lemma 7.2). It allows us to prove that the prob-
ability that a lineage is affected by two m-recombinations or that two lineages coalesce, and then
(backward in time) are affected by a m-recombination are negligible (Lemma 7.3). Then we obtain
an approximation of the probability that a lineage is affected by a m-recombination (Lemma 7.4),
and finally we check that two lineages are approximately independent (Equation (7.20)). The last
step consists in controlling the neutral proportion in the population A (Lemma 7.5). Indeed it will
give us the probability that a neutral allele which has undergone a m-recombinationis a b; or a b;.

Let us denote by ¢ I]f the jump number of last visit to k before the hitting of [eK],
(7.4) (K=suptm< J5, NK@K) =k}, 1<k<leK].

This allows us to introduce for 0 < j < k < |¢K] the number of upcrossings from k to k + 1 for the
process NX before and after the last visit to j:

(7.5) U = #m e 0,0 =13, (NG (), Ng (T,)) = (k, k+ 1)},

(7.6) U = #me @F, . 7= 1, (NG (), Ny (15,,)) = (K, e+ D).

We also introduce the number of jumps of the A-population size when there are k a-individuals
and the total number of upcrossings from k to k + 1 before TX:

(7.7) HS =#m <], NX @) =NFak, 0=k,

(7.8) U =URY+ U = #im < T (NE @), N (@h0)) = (k b+ 1)

The next Lemma states moment properties of these jump numbers. Recall Definition (5.1). Then
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Lemma 7.2. There exist two positive and finite constants €y and c such that for € < €y, K large
enoughandl < j < k < |eK|, we have

_ k=j
Lk 12fanaK . (1-s_(e)® A (K122 41,
(7.9) ELH; < st@faj’ T (-s(e)? €D, ElW;7) = sT(e)(1—s4(g)’
A K2 2 o (K2) 17K _ k—j

(7.10) E[(U;)7] = Z0 'Cov(Uj’k U; )' =cle+l-s-(eN™ ),
and

leKl-1 F[UK]
(7.11) K kZ_ falogK| < cCe.

k=1 k+1 SaA

This Lemma is widely used in Sections 7.3 and 7.4. Indeed, we shall decompose on the possible
states of the population when a birth occurs, and apply Equations (7.1) and (7.2) to express the
probability of coalescences and m-recombinations at each birth event. The proof of Lemma 7.2
is quite technical and is postponed to Appendix B.

7.3. Negligible events. The next Lemma bounds the probability that two m-recombinations oc-
cur in a neutral lineage and the probability that a couple of neutral lineages coalesce and then
m-recombine when we consider the genealogy backward in time.

Lemma 7.3. There exist two positive finite constants ¢ and €, such that for K e N and € < €,

p(TRY —oo0| = —— : K K .

B(TRE () # ~o0) < gk’ B(o< TRE(B,) = TCX(B), By)) < e K
Proof. By definition, the neutral allele ), is associated with an allele a at time T, K, If there are
at least two m-recombinations it implies that there exists a time between 0 and TX at which g,
has undergone a m-recombination when it was associated with an allele A. We shall work con-
ditionally on the stopped process (N4 (tX), N,(xX)), m < JX) and decompose according to the
a-population size when this m-recombination occurs. We get the inclusion:

K ekl =1 K K K
ITRK(B,) # -0t | U {TR2 (Bp) = m, Nt _ ) = N,o) = k}.
k=1 m=1

We recall the definition of IX in (3.10). Thanks to Equations (7.2) and (7.9), we get:

BIRE(B) % —c0)= 3. sup pS(na WEMHE < 127k AL
—00) < , < - .
2P k=1 nAeEKpA ! K77 sh(e)(ia —26Ca 0l Ca n)?

The Assumption 5 on weak recombination completes the proof of the first inequality in Lemma
7.3. The proof of the second one is divided in two steps, presented after introducing the notations

(aBp)m := {the neutral allele 5, is associated with the allele « at time Tfn}, acst, ms<Jk

(@1Bp, @2Bg)m = (@1 Pp)m N (@2Bm: (a1,a2) €, m=<JX.

First step: We show that the probability that 5, is associated with an allele A at the coalescence
time is negligible. We first recall the inclusion,

lek]-1 JK
ITCX (B, Bg) # —00, (ABp) rcr (s, p,)} kU U {TCK(ﬁp,ﬁq) =m,No(rh_)) =k, (Aﬁp)m},

-1 m=1
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and decompose on the possible selected alleles associated with §, and on the type of the newborn
at coalescence time. Using Lemma 7.1, Equations (7.9) and (7.10), and rx < 1, we get

(7.12) P(TCY(Bp, By) # —00, (ABp) 7K (p,,,)

leK]-1 . . - . e cleKI-1y
< Z [ sup p(na, k)+ sup pi (na, k) |E[H 1+ sup p f (na, K)EIU; ] SE Z X
k=1 }‘ZAEILK nAEng }‘ZAEILK k=1

for a finite ¢, which is of order log K/ K.

Second step: Then, we focus on the case where 8, and 34 are associated with an allele a at coa-

lescence time. The inclusion
K

J
{Na(TI;CK(,Bp,[)’q)—I) =k, (aﬁp'aﬁq)TCK(,Bp,ﬁq)} c nE_ZJI{TCK(,Bp»,Bq) = m,Na(Ti(n_l) =k, (aBp, Clﬁq)m}»

and Equations (7.1) and (7.10) yield for every k € {1, ..., [eK| — 1}:

A . 4
K _ K
P(NQ(TTck(ﬁpyﬁq)_l) =k, (aBp,aBg)rcxp,p,) < Sup Paa(na, KEU}] < L2@Eekk+1)

nAeleK

If B, and B, coalesce then undergo their first m-recombination when we look backward in time,
and if the a-population has the size k at the coalescence time, it implies that the m-recombination
occurs before the { Ik( -th jump when we look forward in time. For k, [ < |eK],

A K _ K K K _

B(Na{Sag ) =10 TREB) = TCX By P Nal ¥, ) = 0By aBprcrin )
2T ALF )

2 ()1 —sy ()

where the last inequality is a consequence of (7.3), (7.9) and (7.10). The two last equations finally
yield the existence of a finite ¢ such that for every K € N:

o A 2ri
< sup p'X (g, D[V EIUK] + 1,4, E[UE D)) < Tpsy +
nAEIZKPa A (k>l ! k<IELWUE ) (l+1)sg(€)(k>l

LK) sy + T ALK

PO < TRF(,BP) < TCK(,Bpqu),(dﬂp»dﬂq)TcK(ﬁp,ﬁq)) < CTKkJZﬂm <crg,

which ends up the proof of Lemma 7.3 with Assumption 5. U

7.4. Probability to be descended from the first mutant. We want to estimate the probability for
the neutral lineage of 5, to undergo no m-recombination.

Lemma 7.4. There exist two positive finite constants ¢ and €, such that fore < gg:

. logK
limsup IP(TRf((,Bp) = —00) —exp(— M)' < ce.
K—oo SaA

Proof. We introduce pX,, the conditional probability that the neutral lineage of Bp m-recombines

at time 75, given (N4(t%), N, (%), n < JX) and given that it has not m-recombined during the

time interval |7, TX]. The last condition implies that 3, is associated with an allele a at time 75,

K._ i 7K (K K. K
Pm = ﬂ{Nf(rﬁ)—Nf(rﬁfl):l}paK (Na (Tp—1), Ng (T3,1))-

We also introduce X, the sum of these conditional probabilities for 1 < m < JX:
]K
K._ K
N = P
m=1
We want to give a rigourous meaning to the sequence of equivalents:

JK JK
P(TRE(Bp) = —00|(NAGE), Na(Th)) ey ) = [[lu—pfni% ljlexp(—p% ~ exp(=Eln*1),
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when K goes to infinity. Jensen and Triangle inequalities and the Mean Value Theorem imply

_ JarglogK

(7.13) [E'u%(TRf(ﬁp)=—oo|(NA(r§),Na(rﬁ))mS,K)—e Soa

=

e _ farklogK

E[B(TRE (By) = —00| (NAWE), Na(rl) ey ) €| +[e 1" — ™ s

+ [E‘n’( - [EnK‘.
We aim to bound the right hand side of (7.13). The bounding of the first term follows the method
developed in Lemma 3.6 in [28]. We refer to this proof, and get

(7.14)

leK]-1 2 7[27'2
~| 4 K _ K K _ K K 2K K
[E|[FD(TR1 B,) = oo’(NA(Tm),Nu(Tm))mSJK) e |s > nil;}zk(pu (n, k) B = o5 5

where I f has been defined in (3.10) and the last inequality follows from (7.3) and (7.10). To bound
the second term, we need to estimate [E[nK ]. Inequality (7.3) implies

lek]-1 K lek]-1 yK

k K k
7.15 1-ce)r —— < <r —_—
( ) ( )Tk gl k+1 1 K o k+1

Adding (7.11) we get that for € small enough,

. log K
(7.16) limsup exp(—[E[nK]) —exp(— M)‘ < cCe.
K—o0o SaA

The bounding of the last term of (7.13) requires a fine study of dependences between upcrossing
numbers before and after the last visit to a given integer by the mutant population size. In partic-
ular, we widely use Equation (7.10). We observe that E[|nX — £nX|] < (Var nX)!/2, but the variance
of K is quite involved to study and according to Assumption 5 and Equations (7.15) and (7.10),
lek]-1 K leKI-1 UK |
Var nX —Var (r —k | < cek|(r —k
v var(re 2 )| = et 2|

k=1
, EKISTE[(U?] + ELWUS)

1 =Cg,
(7.17) ceTk P TESFS <ce

IN

for a finite c. Let k < [ < [¢K], and recall that by definition, U IK =U ,(CKI’D +U ,(CKI’Z). Then we have
. . . 1/2 .
(7.18) |covw, ub)| = (BlwABIwE ) + [ covul, Ul
Applying Inequalities (7.9) and (7.10) and noticing that (1 - s_(g)) < A1/? < 1 (see proof of Lemma
7.2 in Appendix B) lead to
(cav(UK, U,K)| <cAU™P2 4 e (1-s () 7F) = c(AUP12 4 g)

for a finite c. We finally get:
) lekl-1 yK leKI-1 1 leKI-1 Cov(UK, UK)
Var(rK Z —k ) < 2r12< — — ki
o k+1 o k+1 = I+1

leK]-1 1 leK]-1 /'l(l—k)/z
(7.19) €

IN

2 2 1ao?
cry < crigelog®k,

o k+1 = I+1

where we used (7.18) for the second inequality. Applying Jensen’s Inequality to the left hand side of
(7.13) and adding Equations (7.14), (7.16), (7.17) and (7.19) complete the proof of Lemma 7.4. [

We finally focus on the dependence between genealogies of 5, and 4. Following [28] pp. 1622
to 1624 in the case J = 1, we can prove that for d in {0, 1,2},

K—o0

N 2 —farglogK \ d —farglogK\2—d
; =) — _ Sa Sa
(7200 limsup|P(0rgep,z0+ Irpkpzo = D)= | | (L-e” v ) (75 | =ee
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In particular we use here the weak dependence between two neutral lineages stated in Lemma 7.3
and the probability to descend from the first mutant for 5, and §; obtained in Lemma 7.4.

7.5. Neutral proportion at time TX. According to Lemma 7.3 and Equation (7.20), it is enough
to distinguish two cases for the randomly chosen neutral allele §: either its lineage has under-
gone one m-recombination, or no m-recombination. In the second case, , is a by. In the first
one, the probability that 5, is a b; depends on the neutral proportion in the A population at the
coalescence time. We now state that this proportion stays nearly constant during the first period.

Lemma 7.5. There exist two positive finite constants ¢ and €, such that for € < g,
ZAb
<A

limsup IP( sup

K
PA’b1 (r)—
K—o0 t<TK

>\/E,T8K<oo)sw.

Lemma 7.5 whose proof is postponed to Appendix B, allows us to state the following lemma.

Lemma 7.6. There exist two positive finite constants ¢ and €y such that for € < g,

B farKlogK)) ZAb,
SaA

> 81/3) = 081/6.

limsup [ﬁ’(

K—o00

K, (5 = (1-exp

<A
Proof. (B;,i < |eK]) denotes the neutral alleles carried by the a-individuals at time TX and
Af (i) := {B; has undergone exactly one m-recombination and is an allele b,}.

If B; is a b, either its genealogy has undergone one m-recombination with an individual Ab,,
either it has undergone more than two m-recombinations. Thus

© . [eK] [eK]
0= Ng, (Tg) = Zl Tpkpy = Zl VR (B #—o0}-
i= i=

Moreover, the probability of Af (i) depends on the neutral proportions in the A-population when
B; m-recombines. For i < [eK],

<vE.

@21)  |B(AF@)|TRE(B) =0, TRE (B = —o0, f:]§<|P§bl(” B Z;:I | = ve)-(1- ZZ])

Lemma 7.5 and Equation (A.5) ensure that limsupy_. ., P(sup,. X |P§ b, (O = Zap /24l > V) < cg,
and Lemmas 7.3 and 7.4 that |[P(TRX(8;) = 0, TRK(8;) = —00) — (1 — e~ Jax108K/San)| < ce. Tt yields:

|uﬁ>(TR{<(ﬁ,-) >0, TRK(B;) = —o0, s PE, (10— Z;:I ' < V|- (1-exp - %m <cve

for a finite c¢. Adding (7.21) we get:

(7.22) limsup [E[Pflsz(Tf)] — (1 —exp(~ farxlogK/Sa))(1 - zap, /zA)’ <cve.

K—oo
In the same way, using the weak dependence between lineages stated in (7.20), we prove that
limsupg_ I[E[(bez)z] (TEK) —(1—e faTx108K1San)2 (1 —ZAb, /z4)?| < ¢y/€. This implies, adding (7.22)

that limsupg_ o V%lr(P‘Il< by (TX)) < ¢\/e. We end the proof by using Chebyshev’s Inequality. O

7.6. Second and third periods. Now we prove that during the second period the neutral propor-
tion in the a population remains nearly constant. This is due to the short duration of this period,
which does not go to infinity with the carrying capacity K.

Lemma 7.7. There exist two positive finite constants ¢ and €, such that for € < g,

1/3

(7.23) limsup I]ﬁ’( > 81/3) <ce '’

K—o0

K K K K
Pu,bl (Text) _Pa,b1 (T£ )
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Proof. Let us introduce the stopping time VX:
VE = inf{£20,50p <, qesINa(TX + 01K = ng VIO 1)) > £},

Recall the definition of ¢, in (6.6) and that (54}1( .t = 0) denotes the canonical filtration of NX,
Strong Markov property, Doob’s Maximal Inequality and Equation (3.12) yield:

P(TX < TX, sup MK (T + e A VE) - ME (T > Ve
<1,

- [E[ﬂTeKSTf[P’(sulef(TgK+ t A VEY - MK(TEK)| > \/E@Tf)]
<t

ce)te

ek
where c(¢) is finite. But according to Equation (2.5) with § = &3, limsup_. ., P(VK < t|TX < TX) =
0. Moreover, Equations (3.1) and (3.6) imply for every ¢ = 0

< E[E[HTfsiK“M“)TJ(HAVgK ~ (M) TK)] =

)

sup|Py, (T + 1) = PX | (TN < sup My (TX + 1) = MY (TS| + ricte fa
t<te =t

As ri goes to 0 under Assumption 5, we finally get:

(7.24) limsup IP(suplebl(TgK+ 1) —bel(TgKn > /€, 7K < TgK) =0.
K—o0 1<ty '
Adding Lemma 4.3 ends the proof of Lemma 7.7 U

7.7. End of the proof of Theorem 2 in the weak recombination regime. Thanks to Lemmas 7.6
and 7.7 we get that for € small enough,

limsup P (

K—o00

PE, (T&) = (1 = exp(= fark1og K/ Saa) zan, /24| > 26'1%) < e

Moreover, (A.6) ensures that liminfyx_., P(TX < TX|FixX) = 1 - ce, which implies

limsupP (ﬂFiXK

K—o0

Pgbz(Tgf(t) -(1- exp(—furKlogK/SaA))zAbz/zA’ > 281/3) < cel’8.
This is equivalent to the convergence in probability and ends the proof of Theorem 2.

APPENDIX A. TECHNICAL RESULTS

We first present some results stated in [5]. We recall Definitions (2.8), (2.9), (4.7), (4.8), (3.11)
and (6.6) and that the notation .X refers to processes that satisfy Assumption 3. Proposition 2 is a
direct consequence of Equations (42), (71), (72) and (74) in [5]:

Proposition 2. There exist two posivite finite constants My and €y such that for every e < &g

AD  lim P(|NETE) - KA, < Me.
K—o0

S
>£K'FixK):0, and limsup IP(T€K<oo)—fLA

K—oo a

Moreover there exists M, > 0 such that for every € < g, the probability of the event

2
- e“K eK
A.2) FK = {Tf < TX NK (1K 4+ 1) < T,INf(TEK+ 1) — figK| < 7}
satisfies
3 S
(A.3) liminf P(TX < TX) = liminf P(EX) = 222 — Mye,
K—o0o K—oo fu

and if z € ©, then there exist V > 0 and c < co such that:

(A.4) liminf P(SX (2) > e"X) =1 - ce.
K—o00
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Thanks to these results we can state the following Lemma, which allows us to focus on the event
{TX < TX} rather than on FixX in Section 7.

Lemma A.1. There exist two posivite finite constants ¢ and € such that for every e < &g

(A.5) limsup P(TX <00, TX > TX) < ce,
K—oo
and
(A.6) limsup |P(TX < TX\ FixX) + P(Fix \(TX < Tf})] < ce.
K—o0

Proof. From Equation (A.1), we deduce that for € < 71,/2

(A7) Jim P(TX = co|FixX) sI}i_IEO[P( NK(TK) - K7,

> eK'FixK) = 0.
Adding (2.15) we get that limg_.ooP(T, SK = 0o, FixK) = 0. The equality
P(TX <00, TX > TK) = P(TX < 00) + P(TX > TX) - P(TX = 00, FixK}©)

with Equations (A.1) and (A.3) ends the proof of (A.5). From Equation (2.14) we deduce that
limg o P(FixX| TX < TX) = 1. We end the proof of (A.6) thanks to Equations (A.7) and (A.5). [J

We also recall some results on birth and death processes which proofs can be found in Lemma
3.1in [28] and in [1] p 109 and 112.

Proposition 3. Let Z = (Z;) =0 be a birth a death process with birth and death rates b and d. For
i€z, Ti=inf{t =0, Z; = i} and P; (resp. E;) is the law (resp. expectation) of Z when Zy = i. Then

e ForieNandt=0,
(A.8) E;[Z,] = ie~Dt,
e For(i,j, k)€ Z3 suchthat j € (i, k),

(A.9) Pj(Te<Ty) = M.
1—(d/b)k-i
e If0<d<Db, foreveryieZ, andt=0,
d(l—eld=-br1y.;
(A.10) Pi(To=1)= (m)

e If0 < d < b, on the non-extinction event of Z, which has a probability 1 — (d/b)?, the
following convergence holds:

(A.11) Tn/logN — (1-d/b) % a.s.
N—o0
For 0 < s < 1, if Z) denotes a random walk with jumps +1 where up jumps occur with prob-

ability 1/(2 - s) and down jumps with probability (1 - 5)/(2 - 5), we denote by P\ the law of Z')
when the initial state is i € N and introduce for every a € R, the stopping time

(A.12) T.:=infine 7., 7% = |al}.
We also introduce for € small enough and 0 < j, k < |eK], the quantities
(s1) —j
P (Tex <Tgk) S 1=(1=s,)EKl=J
(A.13) g\ = f+)1 £ - ! — ( Z)k —, 0<s;,5<1,
I P,:frl(rgK<Tj) 1—(1—sp)Ekl=k 1 — (1 - sp)k*1-J

whose expressions are direct consequences of (A.9). Let us now state two technical results. The
first one is necessary to get Lemma 7.5. The second one helps us to control upcrossing numbers
of the process NX before reaching the size |eK].
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LemmaA.2. ¢ Let D, €, F,%4 and A be measurable events such that 29 c € < %. Then we have
P(AANEUYEG)—P(AND) <P(F)-P(D)+P(4\F).
e Forac€l0,1/2[, (s1,s2) € [a,1 — al?, and 0 < j<k<l<|eK],

1 1 2(1+1/sp) (1—sp)lt1-k
‘70 ;6“2’ sivs) o SINSy and TSI <— ] z |$o— s1] +2—3.
et 90 ea”llog(l-a)l 52

(A.14)

Proof. The proof of the first result is left to the reader. The first part of (A.14) is a direct conse-
quence of Definiton (A.13). Let a be in ]0,1/2[ and consider functions fy g: x — (1 —x%)/(1 -
xP), (@, B) e N?, x € [a,1 — a]. Then for x € [a,1 - al,

(A.15) I3 5loo < 2(ea®llog(1 —a)) ™",
From Equation (A.9), we getforO<s<land0<j< k< |[eK],

(1-Q1-9) (A -H1F -1 -gleki-k
(1-(1-s)leKI=ky(1 - (1 - s)leKI-))

'Pﬁ)l(ﬂgm <Tk)-— Pﬁ)l(ﬂgm < Tj)'

(A.16) < (Q-s)tks2
Triangle Inequality leads to:
’ 1 1 B |PE?1(T£K<TI¢) Pl+1(TgK<T])’
v g P (tex<7) P (Ter <)

1 1
P2 ek <)

|P§§:1(T5K <7 ngl(TsK <7

1 | (52)
+——— P (T <Tp) — (T <Tj)
1+11 ek S Tk l+1 k=1
P (rex < 7))
1

(2)—||P§ili(‘rgl< <) P (rx < rj)'.

P2 (Tek <T1)

Noticing that IP(SZ) (Tex <T)) = IP( 2) |(Too <T7) = U:D(SZ)(TOO < Tp) = s, and using (A.16) and the Mean
Value Theorem Wlth (A.15), we get the second part of (A.14). [l

APPENDIX B. PROOFS OF LEMMAS 7.2 AND 7.5

Proof of Equation (7.10). In the whole proof, the integer n4 denotes the state of N4 at some time
smaller than TX and thus belongs to IX which has been defined in (3.10). P, n,) (tesp. P(.,.n,))
denotes the probability PP (resp. P) when (N 4(0), N4(0) = (na,n,) € Zi. We introduce for u € R,
the hitting time of [u] by the process Ng:

(B.1) X :=inf{t =0, N (1) = [u]}.

Let (i, j, k) be in Z3 with j < k < |eK]. Between jumps Cf and JX the process N, necessarily
jumps from k to k+ 1. Then, either it reaches |¢K] before returning to k, either it again jumps
from k to k+1 and so on. Thus we approximate the probability that there is only one jump from k
to k+1 by comparing U](i’z) with geometrically distributed random variables. As we do not know
the value of N4 when N, hits k + 1 for the first time, we take the maximum over all the possible
values in IX. Recall Definition (5.5). We get:

@(U}fjf) =1|Uf=0) < suII)Kn%(,,A,kH)(TK <ofITS <of, Ul =1i)
na€

sup Py, k+1)(T; <0k|TK<0 UK—l K 75).
naelk
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The value of UJI.( is correlated with the value of Ny when N, hits k+ 1. But here we take the

maximum over all the possible values of N4. Hence the value of U]I.( has no influence on the last
probability and we can ignore it. We thus obtain the inequality:

P = 11U = i) < sup Py k(e <O 125, 77)
K2 )UK = i) < .
J ! naetE Ping s (T <051 LK, 75

Definition (5.5) allows us to compare these conditional probabilities with the probabilities of the

same events under P¢-©) and pGs+©) namelysupnAGIKIP(nA ke (TK < GKISZEK,JfK) < nglgg))(rgK <
1), andinf,, ¢ kP, ka1 (TX <ot K1 2K, 7265 2 PP (1. < 7). Recall (A.13). Then
(s+(£))
Peet ek <78 _ (s.005-0)

PP =11Uf =)< :
.k )
J chi_if)) (TSK < T]) J
In an analogous way we show that IP(U K.2) — IIUK =i) = q €5+ We deduce that we can
construct two geometrically dlstrlbuted random Varlables Gl and Gy, possibly on an enlarged

space, with respective parameters q(s+ ©5-E) A 1 and q(s ©.5+() guch that on the event {U]{< =i},
(B.2) G =U/” <G

For the same reasons we obtain dj (s @5 (e < IP(U K2 — 1) < q(s* 5 A1, and again we can

construct two random variables G} d Gy and G, d G, such that
! (K,2) !
(B.3) Gy <UL <Gy

Recall that U (K 2 = UK Hence taking j = 0 and adding the first part of Equation (A.14) give the
first 1nequal1ty of (7. 10) According to Definition (5.1), for € small enough, |s, () — s_(g)| < ce for
a finite c. Hence Equations (B.2), (B.3) and (A.14) entail the existence of a finite ¢ such that for
€ small enough I[AE[U](.’I;Z)IU]K =1i]- [AE[U](.ﬁC’Z)]I <ce+(1-s_(e)**17/s3 (). Thus according to the
first part of Equation (7.10),

~ (K,2) y7K 77K _ | e (K2 77K s g rK2)
Cov(U'k; ,Uj)| < %fP(Uj —l)|[E[Uj,k UK = i1 - U2
2 (1-s_(e)k+1-i
B.4 ,
(B.4) s%(e)( s3(e) )
where we use that UJK < (U]K)Z. This ends up the proof of (7.10). [l

Proof of Equation (7.9). Definitions (2.3) and (5.5) ensure thatif n4 € If ,

R Py i (TK <oolNy(dt) = k+1, LK, 7#K) K oK
P (N,dt)=k+1) = A P (N,(dt) = k+ 1L, 70)
(na,k)\UVa [p)(nA,k)(TgK <OO|$8K,¢7£EK) (na,k)\UVa € €

PY-E) (7,x < 70)
> kel ERE 0 pdr s o(dD)

|]:|)(5+(£)) (TEK < TO)

1—(1—s_(e)k! 1= (1 -5, ()€K
- 0 s @ T—(=s.@F fak(dt+o(dt)
> s2(e)fak(dt+o(dr)),
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and

P ek < 10)

P, 0(Naldt) #na) < P, 0 (Na(dt) # nal LXK, 75

P @ex <70)
(1+ C£)2fAflAK(dl' +o(dp)).

IN

for a finite ¢, where we use (A.9) and that Dy + Ca 4724 = f4. Thus for € small enough:

2 (e) fuk

P(N,(TX ) # N, GE)IN,TK) = k) = TN

If DI,C( denotes the downcrossing number from k to k — 1 before TX, then under the probability
P, we can bound U ,f + Dllf +H ]f by the sum of U ]f + Dllf independent geometrically distributed
random variables GlK with parameter s2 (&) fak/3fanaK and H]f < leisU]§+D]’f(GlK —1). Let us
notice thatif k = 2, Dllf =U 15—1 —1, and Df = 0. Using the first part of (7.10) twice we get

)k,

LN R [Erra:

4

s2 (¢)
which ends up the proof of the first inequality in (7.9).
As the mutant population size is not Markovian we cannot use symmetry and Strong Markov
property to control the dependence of jumps before and after the last visit to a given state as
in [28]. Hence we describe the successive excursions of NEI,( above a given level to get the last in-
equality in (7.9). Let f]](.l])c be the number of jumps from k to k + 1 during the ith excursion above
j- We first bound the expectation [AE[(ﬁj(.il)c)z]. During an excursion above j, N, hits j+1, but we do
not know the value of N4 at this time. Thus we take the maximum value for the probability when
n4 belongs to IX, and [P’(UJ(.f])c >1) <sup,, e PijrinyOf,, < a§<|o*§.< < TX). Then using Coupling
(5.3) and Definitions (5.4) and (5.5) we obtain

P(j+1,n) (TK <ocoloX < 05.( < Tf,zf,%fm(jﬂm(af <TKioK < af,fﬁf,;ﬁf)

[ﬁ)(ﬁ(i) - 1) < sup k+1 k+1
Ik naelk |]:l>(j+1,nA)(TgK <00|0'§< < Tf»xf»%g()ﬂm(j+l,n,q)(o'§< < T§|$€K,=]£8K)
K K K K
'P(j+1,nA)(O-k+1 < O'j |$€ ,ejfg )
(s4 (&) (s-(&) (54 (&)
3 [F"js+ Paex <To)P V(1)< TsK)Pjsjlg (Tr+1<Tj)

(s-(e)) (s+(8))
P Tek <TOP )7 (T < Tex)

Adding Equation (A.9) we finally get

. (l—s_(e))k+1_j
(i) - -
(B.5) P( ik = 1) = s_(e)(1—s4() '

Moreover if (7](.’3C =1, N, necessarily hits k after its first jump from k to k + 1, and before its return

to j. Using the same techniques as before we get:

ps-©)
J

P}s* O (Tex < TO)P;:’ ©) (Tj <Tex)

(Tex < TP (1) <Tps)

B(7d — ~(i)>)>- f K_ K | K_ 7Ky
B0 =109 =1 z Inf Piu, (0 <of o) <18 =

which yields

1 —s+(£))k—j - S%(&‘)(l —s+(£))k—j'

A ~ (l
(B.6) n»( . e
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Furthermore, given that U](.i;c is non-null, (7](.’3c is smaller than a geometrically distributed random

variable with parameter g = s% (€)[(1 - s, (€))/ (1 — s_(€))]¥7J. In particular,

(i oy 2 2 (1—s_(g)\2k-)
E[(TY)?2 10V >1|<= = — .
[( Uik q* s‘i(e)(l—8+(£))

Adding Equations (B.5) and recalling that |s. (¢) — s_(€)| < ce for c finite and € small enough yield
k=j _ 3

T e g UZE@

s2(e)(1 - s+ (€) (1—-s:(e))

Using that for n € N and (x;,1 < i < n) € R", (X1<j<, Xi)* < nY¥1<j<p X and that the number of
excursions above j before TX is UJK -1, we get

o] -

k-j k-j
. N 21 42
Bl ®D? | <EluK-1 £ < € ,
[( Jk ) ] [ J ]si(e)(1—5+(€)) sT(E)(1—s4(e)
where we use the first part of Equation (7.10). This ends the proof of Equation (7.9). [l

Proof of Equation (7.11). Definition (A.13), Inequality (B.3) and Equation (A.9) yield:

leKI-1 F[yK leKl-1 _ _
rK U] >rg ). [(k+1)q(()sl*€(€)’s'(8” ' ri(A-B) =
o1 k+1 k=1 : s+(©) (1= (1-s_(e)eK])
with
|_£KJ—11_ 1-— k+1 leK]-1 1—(1- k+1
Aem Z (1-s5_(¢)) and B:=(1—s, (&)X Z (1-s_(g)) .
=1 k+1 ’ = U -sa @)k +1)

For large K, A =log(eK) + O(1). Moreover, Lemma 3.5 in [28] ensures that for u > 1 there exists
D(u) < oo such that ZLSKJ uk/(k+1) < D(wu'sX!/|eK]. This implies that B < ¢/ |eK] for a finite c.

k=1
Finally, by definition, for € small enough, |S,4/ f, — s+ (€)| < ce for a finite constant c. This yields
leKI-LE[U] log K
r'K k- > (1-cg) 7rKf“ o8
=1 k+1 Saa

for a finite ¢ and concludes the proof for the lower bound. The upper bound is obtained in the
same way. This concludes the proof of Lemma 7.2. U

Proof of Lemma 7.5. We use Coupling (5.3) to control the growing of the mutant population dur-
ing the first period of invasion, and the semi-martingale decomposition in Proposition 1 to bound
the fluctuations of M 4. The hitting time of [¢K| and non-extinction event of Z are denoted by:

TN =inf(e=0,7} (0 = eK)}, and F!={Z (0)=1¥1=0}, xe(-+.

From (5.3) we get @ = {F-,TK < TK} ¢ ¢ = {TK < 00, TK < TK} ¢ & = (T}X < 00, TK < TK}.
Lemma A.2 with & = (T} > TS} U{T, = oo}, and # = {sup . rx |Pa p, (1) = 2ap, | 24l > V/€} yields:

(B.7) P, F,, TK < TX) —P(#, TK < 00)| < IP(THK < 00) — P(F.)| +P(TX < 00, TK > TK).

But thanks to Equation (A.9) we get that P(T, "X < c0) =P(F) = s, (6)/(1 — (1 — 5, (£))¥K)) — s_(e),
and (5.1) and (A.5) lead to:

(B.8) limsup [P(T; X < 00) = P(E, )| + P(TX <00, TK > TK) < ce.
K—o0
It allows us to focus on the probability P(#, F;, TX < TX). We recall that [N ap, Nap, — Nap, Nap, | <
N4Ng, and that Assumption 5 holds. Then (3.1) and (3.11) imply for £ small enough
z Ng(t i faeTK ceTK
sup |Pap, (1) — Ab; —MA(D)| < rgfuTX sup { al )}S - KfatTe <——£.
t<TKNTK ZA 1<TKNFK Ny (1) nA—ZECA’a/CA,A IOgK
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Moreover, F; n{TX < TXy c F- n{TX < T;%}. Thus we get

VE Kk _ sk ceT " -
_MA(t)‘>7,F€,T€ < T! )SP(W>\/E/2,F€).

ZAb

P(sup

t<TK

Py p, (1) -

<A

Finally, Equation (A.11) ensures that limg_.o, T Ky logK = s_ ()71 a.s. on the non-extinction
event F, . Thus for € < s_(g)/2c,

ZAby

(B.9) lim [P’( sup

K=oo Yyopk

& _ ~
PA,bl(t)— —MA(I,‘)'>§,FE,TEKS TEK):O-

To control the term | M 4|, we introduce the sequence of real numbers tx = (2 f;10g K)/S 4 4:

E ~ E
P(sup IMa(D)] > £,F8 1K < TX) <P(sup|Ma(0)| > Ve

; K= TEN tie) + PTE > ti Fy).
t=TK

t=TK
Equation (5.1) yields for € small enough, tx.s_(¢)/log K > 3/2. Thus thanks to (A.11) we get,

lim P(TX > tx, F7) < lim P(T.X > 1, F2) =0.
K—o00 K—o00

Applying Doob’s maximal inequality to the submartingale | M 4| and (3.12) we get:

P(sup |IMa(t)] > Vel2, TX < TX A1) < P(supIMa(t A TX A TE) > Ver2)
ISTEK t=tg
4 clg
< E[E[<MA>tKATEK/\T5K < ?,
which goes to 0 at infinity. Adding Equation (B.9) leads to:
. ZAD, \/E - K _ &K
lim P sup [Py, (- =22 > 5 B, K < TX) =0,
dim P{sup [P, (0= Zh| > G Fo T < T
Finally, Equations (B.7) and (B.8) complete the proof of Lemma 7.5. O
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