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AN ECO-EVOLUTIONARY APPROACH OF ADAPTATION AND RECOMBINATION IN A LARGE
POPULATION OF VARYING SIZE

CHARLINE SMADI

ABSTRACT. We identify the genetic signature left by a selective sweep in the vicinity of an allele
fixed by positive selection. We consider a sexually reproducing haploid population with non con-
stant population size described by a birth and death process with density dependent competition
between individuals. Parameter K scales the population size, and we study the limit behaviour for
large K. We focus on two linked loci: one under selection and a neutral one. We distinguish soft
selective sweep occurring after an environmental change, from hard selective sweep occurring af-
ter a new mutation. In the first case, we express the variations of neutral allele proportions as a
function of the ecological parameters, recombination probability and solutions of a deterministic
two-dimensional Lotka-Volterra system with competition. In the case of strong selective sweep, we
find two recombination regimes. In the strong one, the recombination probability per reproductive
event is large with respect to 1/1log K and the selective sweep does not modify the neutral propor-
tions. In the weak regime, the recombination probability per reproductive event is of order 1/log K,
and the natural selection on the mutant drives an increase in frequency of the neutral allele carried
by the first mutant. We express this increase as an explicit function of the ecological parameters,
recombination probability and K.

1. INTRODUCTION

There are at least two different ways of adaptation for a population: selection can either act on
a new mutation (hard selective sweep), either on preexisting alleles that become advantageous
after an environmental change (soft selective sweep). New mutations are sources of diversity,
and hard selective sweep was until recently the only considered way of adaptation. Soft selective
sweep allows a faster adaptation to novel environments, and its importance is growing in em-
pirical and theoretical studies (Prezeworski, Coop and Wall [24], Barrett and Schluter [2]). These
distinct selective sweeps entail different genetic signatures in the vicinity of the novely fixed al-
lele, and the multiplication of genetic data available allows to detect these signatures in current
populations as described by Peter and al in [23]. To do this in an effective way, it is necessary to
identify accurately the signatures left by these two modes of adaptation.

In this work, we consider a sexual haploid population with non constant population size, mod-
eled by a birth and death process with density dependent competition. The ability to survive and
reproduce of each individual depends on its own genotype and on the population state. More
precisely, each individual is characterized by some ecological parameters: birth rate, intrinsic
death rate and competition kernel describing the competition with other individuals depending
on their genotype. The differential reproductive success of individuals generated by their inter-
actions entail progressive variations in the number of individuals carrying a given genotype. This
process, called natural selection, is a key mechanism of evolution. Such eco-evolutionary ap-
proach has been introduced by Metz and coauthors in [22] and made rigorous in the seminal
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2 RECOMBINATION AND ADAPTATION

paper of Fournier and Méléard [17]. Then it has been developed by Champagnat [5], Champag-
nat and coauthors [6}7,/8,9], and Méléard and Tran [21] for the haploid asexual case and by Collet,
Méléard and Metz [10] and Coron [IT}[12] for the diploid sexual case. Finally, the recent work of
Billiard and coauthors [4] studies the dynamics of a two loci model in an haploid asexual pop-
ulation. Following these works, we introduce a parameter K, linked to the concept of carrying
capacity which scales the population size, and study the limit behavior for large K. But unlike
them, we focus on two loci in a sexual haploid population and take into account recombinations:
one locus is under selection and has two possible alleles A and a and the second one is neutral
with allele b, or b,. When two individuals give birth, either a recombination occurs with probabil-
ity rx and the newborn inherits one allele from each parent, or he is the clone of one of his parents.

We first focus on soft selective sweep occurring after a change in the environment (new pathogen,
environmental catastrophe, occupation of a new ecological niche,...). We assume that before the
change the alleles A and a were neutral and represented both a positive fraction of the popula-
tion, and that in the new environment the allele a becomes favorable and goes to fixation. We
can divide the selective sweep in two periods: a first one where both the alleles A and a represent
a non negligible proportion of the population and the population process is well approximated
by the solution of a deterministic dynamical system, and a second one where A-individuals are
near extinction, the deterministic approximation fails and the fluctuations of the A-population
size become predominant. We give the asymptotic value of the final neutral allele proportions
as a function of the ecological parameters, recombination probability rx and solutions of a two-
dimensional competitive Lotka-Volterra system.

We then focus on hard selective sweeps. We assume that a mutant a appears in a monomor-
phic A-population at ecological equilibrium. As stated by Champagnat in [5], the selective sweep
is divided in three periods: during the first one, the resident population size stays near its equi-
librium value, and the mutant population size grows until it reaches a non-negligible fraction
of the total population size. The two other periods are the ones described for the soft selective
sweep. Moreover, the time needed for the mutant a to invade the population is of order logK.
We prove that the distribution of neutral alleles at the end of the sweep has different shapes ac-
cording to the order of the recombination probability per reproductive event rg with respect to
1/log K. More precisely, we find two recombination regimes: a strong one were rxlogK is large,
and a weak one were r is of order 1/log K. In both recombination regimes, we give the asymp-
totic value of the final neutral allele proportions as a function of the ecological parameters and
recombination probability rx. In the strong recombination regime, the frequent exchanges of
neutral alleles between the A and a-populations yield an homogeneous neutral allele repartition
in the two populations, and the sweep does not modify the neutral allele repartition. In the weak
recombination regime, the frequency of the neutral allele carried by the first mutant increases be-
cause it is linked to the positively selected allele. This phenomenon, called genetic hitch-hiking
by Maynard Smith and Haigh [26], has been studied by many authors. Maynard Smith and Haigh
[26] and Stephan and coauthors [27] use deterministic models for the change in the frequency of
the selected allele. Kaplan and coauthors [19] and Barton [3] present more precise models taking
into account the randomness of the first and third periods of the mutant invasion. Finally, Durrett
and Schweinsberg [14} 25], Etheridge and coauthors [15], and Leocard [20] describe the popula-
tion process by a structured coalescent and finely study genealogies of neutral alleles during the
sweep. Unlike our model, in all these works, the population size is constant and the individuals’
“selective value” does not depend on the population state, but only on the individuals’ genotype.

The structure of the paper is the following. In Section [Zwe describe the model, review some
results of Champagnat in [5] about the two-dimensional population process when we do not con-
sider the neutral locus, and present the main results. Section[3lis devoted to a semimartingale
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decomposition of neutral proportions, key tool in the different proofs. In Section @ we prove our
result for the soft sweep. Our proof relies on a comparison of the population process with a four
dimensional dynamical system. In Section [5lwe describe a coupling of the population process
with two birth and death processes widely use in Sections [l and [/l Section [6lis devoted to the
proof for the strong regime of hard sweep. The proof for the weak recombination regime is pre-
sented in Section[7]land requires a fine study of the genealogies in a structured coalescent process
during the first phase of the selective sweep. We use here some ideas developed in [25]. Finally in
Appendix we state technical results.

Throughout the rest of the paper we use ¢ to denote a positive finite constant. Its value can
change from line to line but it is always independent of K and €. The set N:= {1,2,...} will denote
the set of positive integers.

2. MODEL AND MAIN RESULTS

We introduce the sets o = {A, a}, B = {by, bo}, and & = {A, a} x {b1, b»} to describe the genetic
background of individuals. The state of the population will be given by the four dimensional
Markov process N&X) = (N;ZI;K) (), (a, B) € &) =0 where N((fﬁK) (t) denotes the number of individu-
als with alleles (a, B) at time ¢ when the carrying capacity is K € N and the initial state is | zK] with
z=(zqp, (@, p) € E) € Rf . We recall that b; and b, are neutral, thus ecological parameters only
depend on the allele, A or a, carried by the individuals at their first locus. There are the following:

e For a € o, f, and D, denote the birth rate and the intrinsic death rate of an individual
carrying allele a.

o For (a1, az) € o/2, Cq, a, represents the competitive pressure felt by an individual carrying
allele a1 from an individual carrying allele a,.

e K e Nis a parameter rescaling the competition between individuals. It can be interpreted
as a scale of resources or area available, and is related to the concept of carrying capacity,
which is the maximum population size that the environment can sustain indefinitely. In
the sequel K will be large.

e rg is the recombination probability per reproductive event. When two individuals with
respective genotypes (a1, 1) and (a2, B2) in & give birth, the newborn individual, either is
a clone of one parent and carries alleles (a1, 1) or (a2, B2) with probability (1 -rg)/2, or
has a mixed genotype (a1, 82) or (a2, f1) with probability rx /2.

We will use, for every n = (nqg, (@, p) € &) € Zf, and (a, B) € &, the notations
(2.1 Ng = Ngp, + Nap,, NE=Nag+ngep, and |n|=na+ng,=n, +nyp,.

Let us now give the transition rates of N @K) when N#K) (1) =ne Zf. An individual can die either
from a natural death or from competition, whose strength depends on the carrying capacity K.
Thus death rate of individuals (a, B) € & is given by:

2.2) dgs() = [Dg + Co,anal K+ Ca,anal K] ngp.

An individual carrying allele a € o produces gametes with rate f;, thus the relative frequencies of
gametes available for reproduction are pog(n) = fanep!/(fana+ fana), (@, ) € & When an indi-
vidual gives birth, he chooses his mate uniformly among the gametes available. Hence the prob-
ability of giving birth to an individual of a given genotype depends on the parents (the couple
(aby, aby) is not able to generate an individual Ab;). We detail the computation of bf by (n):

bﬁbl(n) fAnAbl[pAbl +pAb2/2+pab1/2+ (1 - rK)pabz/Z] +fAnAb2[pAb1/2+ erabl/z]
+falab, [Pap, 12+ kP ab, 21+ falap, (1 — 1K) pap, /12

fanap, + rxfafa(ap, nap, — nap, Nap,) | (fana+ fanag).
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If we denote by @ (resp. ) the complement of a in < (resp. f in 98), we obtain in the same way:
ndﬁnaﬁ - naﬁndﬁ
fana+ fana

The definitions of death and birth rates in and (2.3) ensure that the number of jumps is finite
on every finite interval, and the population process is well defined.

(2.3) bap(m) = fanap+rxfafa , (@, P eé.

When we focus on the dynamics of traits under selection A and a, we get the process
(fo’K) , N&X) 1t has been studied by Champagnat in [5] and its death and birth rates, which are
direct consequences of and (2.3), satisfy:
n
—2lng, b¥m=Y bfﬁ(n) = fala, Q€.

n
4 d¥m=Y d&m= [Da +Con=2 +Cpa
K Pe%B

BeAB K
Champagnat has proved that under some conditions the rescaled population process
(fo’K) 1K, N&® /1K) is well approximated by the following dynamical system,

(2.5) 1 = (fo = Do = Ca,an? = Ca,anP)n$, nP0)=2z4, aed.

More precisely Theorem 3 (b) in [5] for every compact subset B € ([RfX%)* x (Rﬁ‘f@)* and finite
real number T, we have for any § >0,

(2.6) lim sup [FD( sup INEO (1)K -nP (1) = 6) =0.
K—oco zeB  ‘o<t<Taes

Moreover, if we assume
2.7) fa>Da, fa>Dg and fa—Dg>(fa—Da).sup {Ca,A/CA,A, Ca,a/CA,a},

then the dynamical system has a unique attracting equilibrium (0, 71,) for initial condition z
satisfying z, > 0, and an unstable steady state (7i4,0) where
(2.8) fza:M>O, aesf.

Ca,a
Hence, Assumption ([2.7) avoids the coexistence of alleles A and a, and 71, is the equilibrium den-
sity of a monomorphic a-population per unit of carrying capacity. This implies that when K is
large, the size of a monomorphic a-population stays near 71, K for a long time (Theorem 3 (c) in
[5]). Moreover, if we introduce the invasion fitness Sy 4 of a mutant a in a population @,

2.9) Saa = fa—=Da—Cqalta, a€,
it corresponds to the per capita growth rate of a mutant @ when it appears in a population & at its
equilibrium density 7iz. Assumption (2.7) is equivalent to
Assumption 1. Ecological parameters satisfy
na>0, n,>0, and Sar;<0<S,4.

Under Assumption [I] with positive probability, the A-population becomes extinct and the a-
population size reaches a vicinity of its equilibrium value 71,K.

Let us now present the main results of this paper. We introduce the extinction time of the A-
population, and the fixation event of the a-population. For (z,K) € Rf x N

@10) T :=inf{e=0, N0 =0}, and Fix®:= {10 <00, NEO(TE) > 0}.

ext ext Xt

We are interested in the neutral allele proportions. We thus define for ¢ = 0,

N(ZyK) (t)

@2.11) pEK (= 9P

e &
. fo’K)(t)’ (a,f)e&,KeN,zeRT,
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the proportion of alleles § in the a-population at time ¢, with the convention 0/0 = 0.

We first focus on soft selective sweep. We assume that the alleles A and a were neutral and
coexisted in a population with large carrying capacity K. At time 0, an environmental change
makes the allele a favorable (in the sense that Sy, < 0 < S,4). Before stating the result, let us
introduce the function F, defined for every (z, 1, t) € (RS)* x [0,1] x R, by

rfafan'?(s) n? W) +nf (w)
fan'2 () + fanP(s) fan'? @) + fan$ (w)

where (n(AZ), n'?) is the solution of the dynamical system (Z5). We notice that F : t € R* — F(z, 1, 1)
is non-negative and non-decreasing. Moreover, if we introduce the non-decreasing function 5 :
(2,1, ) € RE)* x [0,1] xRy — 7 fafa fy 12 ()] (fan? (s) + fani? (s))ds, then

t S
(2.12) F(z,r 1) :f exp(—rfAfaf u)ds,
0 0

t
0<F(z 11 Sf dsh(z,1,s)e MErd) gg = g~ h@n0) _ p=hizn),
0

Thus F(z,r, t) has alimit in [0, 1] when ¢ goes to infinity and we can define
(2.13) F(z,r):= tlim F(z,r,t)€[0,1].
—00
In the case of soft selective sweep, the selected allele gets to fixation with high probability. More

precisely, Champagnat proved the following asymptotic result in [5]: for z € R4*% x (R%*#?)* and
under Assumption/I]

(2.14) lim P(Fix®X) = 1.

K—oo
We consider the soft selective sweep with recombination probability r satisfying:
Assumption 2.

li =rel0,1].
KI_IBOFK rel0,1]

Then we have the following result whose proof is deferred in Section [4}

Theorem 1. Let z be in [fo% X (Rf_x%)* and Assumption[lland[2 hold. Then on the fixation event

Fix®® | the proportion P;Z’blf) of alleles b, at the A-population extinction time T, éj;K) converges in
probability:
(&K) (p(2,K)y _ [ ZAby Zab,
P (10| PEO (15 - —RF@ T 1R, n]|>¢) — 0. ve>o.

The neutral proportion at the end of the soft sweep is thus a weighted mean of initial pro-
portions in populations A and a. In particular, soft sweep is responsible for a diminution of the
number of neutral alleles with very low or very high proportions in the population, as remarked
in [24]. We notice that the variation of neutral proportions only depends on initial state and on
the solution of a two-dimensional Lotka-Volterra competitive system.

Now we focus on hard selective sweep: a mutant a appears in a large population and gets to
fixation. We assume that the mutant appears in an A-population at ecological equilibrium, and
carries the neutral allele b;. In other words, recalling Definition (2.8), we assume:

Assumption 3. There exists zap, €]0, 4l such that NEK) 0) = |z K| with
2% = (2ap,, A= 240, K1, 0).
In this case, the selected allele gets to fixation with positive probability. More precisely, Cham-
pagnat proved the following asymptotic result in [5]: under Assumptions[Iland[3}

_ Saa

2.15) lim P(Fix@"* .
( )=~

K—o00
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In the case of strong selective sweep we will distinguish two different recombination regimes:
Assumption 4. Strong recombination

lim rxlogK = oo.
—00

Assumption 5. Weak recombination

limsup rglogK < co.
K—o0

We have the following results whose proofs are deferred in Sections[6land 7t

Theorem 2. Suppose that Assumption[lland[3 hold. Then on the fixation event Fix*®) and under
Assumption[4 or[3, the proportion P(Z K) of alleles b, at the A-population extinction time T éjtK)
converges in probability. More preczsely, lfAssumptlon [4 holds, then,

I]:"(ﬂ Fix&K

and if Assumption[3 holds, then,

K) ) ZAb
pEl (=P, )——1'>£) — 0, Ve>0,
a,by ext ZA K—oo

P60 (T (20, Ky _ [% N ﬂexp(— farKlogK)”

b1 zZa  za Saa

As stated in [5], the selective sweep has a characteristic time of order log K. Thus, when rglog K
is large, a lot of recombinations occur during the sweep, and the neutral alleles are constantly
exchanged by the populations A and a. As a consequence in the strong recombination case, the
selective sweep does not modifiy the proportion of neutral alleles. On the contrary, when the
recombination probability rk is of order 1/log K the number of recombinations undergone by a
given lineage does not go to infinity, and the frequency of the neutral allele carried by the first
mutant a increases. This phenomenon is called genetic hitch-hiking [26]: the selective sweep
leads to a diminution of diversity around the novely fixed allele.

|]:D(ﬂFix(z'm

>£) —. 0, Ve>0.

K—o00

Remark 1. The limits in the two regimes are consistent in the sense that

. ZA ZA rglogK zZA
lim {—bl 4 ZAb exp(—fa K108 )}= b

rglogK—ool Z»4 ZA Saa ZA
Moreover, let us notice that we can easily extend the results of Theorems[lland[2 to a finite number
of possible alleles by, bs, ..., b; on the neutral locus.

3. A SEMI-MARTINGALE DECOMPOSITION

The expression of birth rate in (2.3) shows that the effect of recombination depends on the
recombination probability rx but also on the population state via the term nggn, 5~ Napngp-
This quantity is linked with the linkage disequilibrium of the population, which is the occurrence
of some allele combinations more or less often than would be expected from a random formation
of haplotypes (see [13] Section 3.3 for an introduction to this notion). Proposition[Istates a semi-
martingale representation of the neutral allele proportions.

Proposition 1. Let (a, z,K) be in o x (R€)* x N. The process (P((f'lf)(t), t = 0) defined in @ZI1) isa
semi-martingale and we have the following decomposition:

¢ (N ZK)N (2,K) N(Z,K)N(_Z,K))(S)
(31) P(ZK (t) P(ZK (0)+M(ZK)(Z.)+rKfAfaf e ab, ab, ( I?)b] ab, o dS,
(N (8) + D(faN 2™ (8) + faNg ™ (5)

where the process (M((f’K ) (2),t = 0) is a martingale bounded on every interval [0, t] whose quadratic
variation is given by 3.7).
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Remark 2. The process Nyp, Nap, — Nap, Nap, Will play a major role in the dynamics of neutral
proportions. Indeed it is a measure of the neutral proportion disequilibrium between the A and
a-populations as it satisfies:

(32) NANu(PA,b1 - Pd,bl) = NdngAbl - Ndb] NAbg

Proof of Proposition[ll In the vein of Fournier and Méléard [17] we represent the population pro-
cess in terms of Poisson measure. Let Q(ds, df) be a Poisson random measure on R2 with inten-
sity dsdf, and (e, 6 (a, B) € &) the canonical basis of R®. According to (2.4) a jump occurs at rate
Z(a’ﬁ)eg(bgﬁ(N) + dfﬁ(N)) = faNg + dX(N) + faN4 + dX (N). We decompose on possible jumps
that may occur: births and deaths for a-individuals and births and deaths for A-individuals. Itd’s
formula with jumps (see [18] p. 66) yields for every function / measurable and bounded on R%:

t
h(N(t)) = h(N(O))+](; L { Z‘Q{(h(N(S_)+eabl)ﬂ0<e_ﬂa=A(faNa(3_)+d§(N(5_))Sb§bl (N(s7))
+ e

+h(N(s™) + eabz)ﬂb{jbl (N(57))<0~Tama(faNa(s™)+dX (N(s7))= fu N (s7)

+h(N(s7) —ean) oo p, N, (5)~Ta=a(fuNa(s7)+d (N(s™)=d¥, (N(s7)

+h(N(s™) - eabz)ﬂd{;bl (N(s‘))<0—faNa(s‘)—ﬂa:A(fuNu(s‘)+d§(N(s‘))sd§(N(s‘)))

(3-3) ~h(N(S N Vg< f, N, (57)+dX N+ faNa(s)+dK (N(s) }Q(ds» ao.
Let us introduce the functions % defined for a € &/ and (s,0) in R, x R, by,
Ngp, ()
a _ ab,
B.4) wg(N,s0) = (Na(5) + DNy (5) 0<0-Te=alfaNa(9)+di (N($)<DY, (N(s)
Ngp, (5)
T Ny (s)+ 1) Ny (s) “bfhl (N(0)<0~Ta=n (faNa () +dk (N(s))< foa Na ()
N(sz (S)
- (Ng(s) — 1) Ny (s) 0<6— fo Ny (S)—ﬂa=A(faNa(S)+d§(N(S))Sdfbl (N(s)
Nabl (s)

1.k K K R
(Na(5) — 1) Na (s) s, (V) <0~ fuNa ()= TamaaNa(s) a5 (N(s) = (N(5)

with the convention 0/0 = 0. We can represent the neutral allele proportions Py ;, in terms of
Poisson measure as,

t
(35) P(X,b] (t) = P(Z,b] (O) +f f I’l’?((N) S_)H)Q(dsy de)) t= O-
0 JR*

A direct calculation gives
Nap, (8)Ngp, (8) = Nap, (8) Nap, (5)
(Na(8) + D(faNa($) + faNa(s) -

Thus if we introduce the compensated Poisson measure Q(ds, do) := Q(ds,df) — dsdf, we get
that

o0
fo HE(N, 5,0)d0 = ric fafa

t
My (t) := fOpr}'Q(N,s_,H)Q(ds,dH)

" Nap, (8)Nap, (8) — Nap, (8) Nap, (5)
= P, — Py p (0)— a
010 = Pa 0) =Tk Jaf. fo (Ng(s) + D(fANA(S) + faNa(s))

is a local martingale. By construction the process P, j, has valuesin [0,1] and as rg <1,

refaf fs (Nap, (8)Ngp, (8) — Ngp, ($) Ngp, ()
KJAla | (N(8) + D(faNA(S) + faNa(s)

(3.6) sup

S<t

ds| srrfat < fot, t=0.
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Thus M, is a square integrable pure jump martingale bounded on every finite interval with qua-

dratic variation
t 2
Mae = [ [ (ngvis0)) dsa
0 Jr*
- [ Caa Cad o Waw=2Nals)
= fo {Pa,bl(s)(l Pa,bl(S))[(Da+ X Ng(s) + X Na(s)) (Na(5)—1)2
faNa(S) rKfAfa(Ndb1 Nabz - Nab1 Ndbz)(s)(l _zpa,b1 (s)
3.7) ;| z fs
(Na(s)+1) (Ng(8) + 1)2(faNa(s) + faNa(s))
This ends up the proof of Proposition[I] O

Remark 3. Let us mention two properties of the functions ug, defined in (3.4), which will be useful
in the sequel. Firstly by definition we have for all (s,0) inRy xR,

(3.8) LN, s,0)u%(N, s,0) = 0.
Secondly, the convention 0/0 = 0 yields the following equality for a € « and all (s,0) in Ry xR,
(39) u%(Nr S)B)ﬂNa(s)El =u%(Nr S)B)

For sake of simplicity we will use more often the second notation, but in Sectionl@ the first notation
will also be useful.

Lemma[3.I]states properties of the quadratic variation widely used in the forthcoming proofs.
To this aim we introduce a compact interval containing the equilibrium size of the A-population,

(3.10) K= [K(ﬁA—ZE%),K(ﬁA+2€%)],

and the stopping times TX and TX, which denote respectively the hitting time of [¢K| by the
mutant population and the exit time of IX by the resident population,

(3.11) TX :=inf{t >0, NX (1) = |eK]}, TX:=inf{t=0,NX(») ¢ IX}.
Lemma 3.1. For v < oo, there exists a finite C(v) such that (NI(f’K) (t),N,(f’K) (1)) € [0, vK]? implies

d 2 In, (=1
3.12 —(M®K :f a(NER o)) do < C(v) ===, o.
(3.12) T MED = [ (ke )] a0 < cw) NG ac

Under Assumptionslland[3, there exist ko € N, €9 > 0 and a pure jump martingale M such that for
e<egandt=0,

SaA K 5 7K
(3.13) ez NenTe
R+

e 12 Cha) -
HENED, A TEATE 0] d0 < o + 1)C(ﬁA+2g#)MMTKATK,
AA £ €

and
1
<—.
k0+1

Proof. Equation (3.12) is a direct consequence of (3.7). To prove (3.I3) and (3.14), let us first re-
mark that according to Assumption[I} there exists ky € N such that for € small enough and k€ Z.,

falko+k—1)—(Dg+ Caanp+e(Cqq+ 2CA,aCa,A/CA,A))(kO +k+1) - Saa

k0+k—1 2

3.14) [E[Mt/\TgK/\Tf

This implies in particular that for every t < TX A TX,

faNa(t)(Na(t) + kO -1)- du(N(t))(Na(t) + kO +1) - SuANa(t) - SaAﬂNg(t)zl
(Ng(®)+ ko—1D(Ng(t) + kg +1) T 2Ny +ko+1) T 2(kg+1)

(3.15)

)
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where the death rate d, has been defined in (Z.4). For sake of simplicity let us introduce the
process X defined as follows:

X() = Vi=0.

TN, (1)1 ( Saat )
N, (1) + ko 2(kg+ 1)/

Applying Ité’s formula with jumps we get for every ¢ = 0:
(3.16) X(tATKATEY=M@EATE AT+

f”TeKATe" ( San_ faNa($)(Na(s) + ko —1) = dX (N(s)(Na(s) + ko + 1)
0 2(ko+1) (Na(s) + ko —1)(Na(s) + ko +1)

)X(s)ds,

where the martingale M has the following expression:

3.17) M) = +ft O(ds,dO) 1y (sf)>1exp(£)
ko+1 Jo Jr, a = 2(ko+1)
[ Vo< fuNas) | VaNu(s) <02 fuNats ) s V) W02 fuNa(s)+da V)
Ni(s7)+ko+1 Ngi(s7)+ko—1 Nga(s™)+ ko

Thanks to (3.15) the integral in (3.16) is nonpositive. Moreover, according to (3.12)), for ¢ < TgK A Tf ,

CAa)ﬂN(

Saat
Nq (1) ; )

a (NP 0)) e < 2 _Dad?
fw (“K( )) C(”A+ € 2(ko+ 1)

™ < (k0+1)C(nA+2€gT)X(t)e (

which ends the proof. O]

4. PROOF OF THEOREM[II

In this section we suppose that Assumptions[IlandPlhold. For € < Cy 4/Cg,a A2|Sa4l/Ca,q and
zin RA*#)* x (RY*#)* we introduce a deterministic time f.(z) after which the solution (n(AZ), n$?)
of the dynamical system (2.5) is close to the stable equilibrium (0, 73,):

(4.1) te(2):=inf{s 20,V = 5,(n'? (1), nP (1)) € [0,€%/2] x [l — €/2,00)}.

Once (nff) (Z)) has reached the set [0, £2/2] x [, — £/2,00) it no more escapes from it. Moreover,
according to Assumption[Ilon stable equilibrium, #.(z) is finite.

First we compare the population process with a four dimensional dynamical system on the
finite time interval [0, t.(z)]. Then we study this dynamical system and get an approximation of
the proportion of neutral alleles b, at time t.(z). Finally, Lemma 4.2 states that during the A-
population extinction period, this proportion stays nearly constant.

4.1. Comparison with a four dimensional dynamical system. We denote by n® = (na 5 (a,p) €
&) the solution of

n(z) (2) (2)

(2)
a[)’n’B naﬁn‘B

fAnilZ) +fan£12)

(4.2) (Z) (fa —(Dg + Ca,AnE:) + sz,a nng))) (2) + rfAfa

ﬁ ’ (arﬁ) Eéa)

with initial condition 7¥ (0) = z € R%. Then we have the following comparison result:
Lemma 4.1. Let z be inRS. Then

(4.3) lim sup [N®®(s)/K-n?$))=0 as.

K—oo s< te(2)

where ||.|| denotes the L*-Norm on R® .
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Proof. The proof relies on a slight modification of Theorem 2.1 p. 456 in Ethier and Kurtz [16].
The rescaled birth and death rates

Naphyg — NapNgg

, (a,p)e& ne N,
fAnA+fana 'B

1
byp(m) = Ebgﬁ (Kn) = falap+ Tk fafa

and

dep(n) = —dK (Kn) = [Dg +Caq,anta+ Caalta] Nap, (@, €&, ne N%,

are Lipschitz and bounded on every compact subset of N¢. The only difference with [16] is that
bfﬁ depends on K. We have

NG&K) t N@&K) (z,K)
(1) _ LzK] K « (N®B(g)y - (N@K ()
T g M O canll () des (s

where Mar %X is a martingale, and we recall that (e, 6 (@, PB) € &) is the canonical basis of [Rf’. If

we denote by bz% the function
Naplgp—NapNagp
fana+ fang

bz%(n)=fanaﬁ+rfafA , ((x,ﬁ)eéz’,nENg,

we get

n9 ) =z+ft Z eaﬁ(ﬁz%(n(m(s))—Jaﬁ(n(Z)(s)))ds

0 (a,Be&

Hence we have for every ¢ < f.(z),

N&K) (t) B
N0 @] < [ B8 ]y | mar=0 0|+ f Z n9(s)] - 6% [ n@(s))|ds
o] <[] =[5 [y 0)
t 5 - N&K) (s) ~ ~
+f Z bK _dﬁ _bK _d,[)’ n(z)(s) ds,
P CA L R
and there exists a finite constant M such that
N(z,K) t zK)
— O _ n(Z)(t)| +|Mart @O+ 1r - relM1e(2) + Mf |7(s) n(s)|ds.
But following Ethier and Kurtz, we get
lim sup |Mart@®|= a.s.,
K_)OOS<te(Z)
and we end the proof by using Gronwall’s Lemma. U

Once we know that the rescaled population process is close to the solution of the dynamical
system (4.2), we can study this latter.

Lemma 4.2. Let z be in R such that z, > 0. Then n'? (1) and n(z (D have a finite limit when t
goes to infinity, and there exists a positive constant €y such that for everye < &o,

(@) @)
gy (©0) N (1(2)) __2faf?

n9oo) n@t(2) ! MalSaal

Proof. We already know that n(z) (2) goes to 71, at infinity. If we define the functions

(2)

(2)
pll,b]

& acs, and g¥=pP —pp,

/n
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we easily check that ¢ : (n'?) Aby’ (Azl)jz nub , ) (n® a ), nl ,g(Z),p;Z’)bl) defines a change of variables
from (R*)¢ to R2* x] —1,1[x]0,1[, and (@ - ) is equivalent to:
a =a- (Da+CaAn +Caana)))n aecd
(4.4) g(z =g (rfAfa(n(Z) N n(Z))/(fAn(Z) +fan(2) )
p;Z)bl (Z)(rfAfu B 1(fan'? + fan )

Moreover, a direct integration yields

(4.5) p, (0 =p2, ) —(p%, 0 -p, O)F(z,r,0),

where the function F has been deﬁned in 2.I2). According to 2.13), F(z,r,.): t— F(z,r,t) hasa
finite limit when ¢ goes to infinity. Hence p;Z)bl also admits a limit at infinity. Let € < [S44l/Caq A
Caa!/Caa N itgl2, and t.(z) defined in (4.I). Then for #,(z) < ¢,

P (1) = (fa—Da—Caalita—e/2)n? (1) < Saan'? (1)/12 < 0.
Recalling that r <1 and |g(#)| < 1 for all £ = 0 we get:

o  fafany (s)ds £2 2
o) |, o -pl, (rta] < [ A Ia [ eszas< L

l:(2) fAnA (8)+ fany’ (s) ng Jo nalsaA|
which ends up the proof. U

4.2. A-population extinction. The deterministic approximation fails when the A-population
size becomes too small. We will compare N4 with birth and death processes to study the last pe-
riod of mutant invasion. We show that during this period, the number of A individuals is so small
that it has no influence on the neutral proportion in the a-population, which stays nearly con-
stant. Before stating the result, we recall that T efaK) is defined in (2.I0), and we introduce the
compact set ©:

4.7 0:={zeRYZ x RY%)* z,<e® and |z,- iyl <€}
+ +

Lemma 4.3. Let z bein ©. Then under Assumption[ll there exist two positive finite constants ¢ and
&o such that for € < g,

limsup IP( sup P((lzyf)(t) - P;Z’Zlo (O)' > 5) < ce.

K—o0 t<T

e\ct

Proof. Let M" =3+ (fz+ Cg4,4)/Cy q and let us introduce the stopping time:
(4.8) SX(z):=inf{t 2 0, NO (1) > eK or INEF(#) - 71aK| > M"eK]}.

Let zbein ® and Z! be a birth and death process with birth rate fa, deathrate D+ (ig—M"€)Cy 4,
and initial state [¢2K]. Then on [0,SX(z)[, N4 and Z! have the same birth rate, and Z! has a
smaller death rate than N4. Thus according to Theorem 2 in [5], we can construct the processes
N and Z' on the same probability space such that:

(4.9) Na(t) <z}, vi<SK().
Moreover, if we denote by T the extinction time of Z!, T} := inf{t = 0, Z} = 0}, and recall that
(4.10) fa—Da—(lg—M"€)Caq=Saa+M"Cpae<Saal2<0, VYe<|Spql/2CM"Cap),
we get according to (A.10) that for z < €2 and L(g, K) = 21og K/|Saq+ M"€C 4 4l,

Pre(To < Lie, K)) = exp [e2K] | log(K? 1) = log(K? = fa(Da + (a — M"€)Ca0) 1))
Thus:
(4.11) lim Py (73 < Lee,K0) =
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Moreover, Equation (A.4) ensures the existence of a finite ¢ such that for £ small enough,

4.12) P(Le, K) <K (@) 2 1-ce.
Equations (4.1T1) and imply
(4.13) liminf[FD(Tol <L(e,K) < K@) = 1-ce.

According to Coupling (@9) he have the inclusion {T] < L(¢,K) < SX(2)} < {TX,, < L(¢, K) < SX(2)}.

Adding (4.13) we finally get:
(4.14) liminf P(T, K <L, K)<SK(z)=1-ce.

ext

Recall the martingale decomposition of P, ;, in (3.I). To bound the difference | P, p, (£) — Py p, (0)]|
we bound independently the martingale M,(z) and the integral |P, p, (t) — P4 p, (0) — M4 (£)]. On
one hand Doob’s Maximal Inequality and Equation (3.12) imply:
4C(ig + M"€)L(¢, K)

2K (iig— M"¢)

€ 4
@15 B[ sup  IMu(0I> )= SE[(Md) ot | <
t<L(e,K)ASK 2) ¢

On the other hand the inequality |INap, Ngp, — Nab, Nap,| = NaN, yields for £ =0
|f”\sf(z) rk fafa(Nap, Nab, = Nap, Nap,) (s) | - f”\sf(z) faNa(s)ds
(Na(8) + 1)(faNa(s) + faNa(s) 0 (lg—eM"K’
Hence decomposition (3.I), Markov inequality, and Equations (£9), (A.8) and yield

2f€ Siasl2 4fae

4.16) P(|(Pyp — Ma)(tASK - Ol>=|=—"—+ AaSle s <

416) P(|(Pa, ~ M)t A SE @) = Payy 0> 2) = g(na_gM,,) e S
Taking the limit of (4.15) when K goes to infinity and adding (4.16) end the proof. O

4.3. End of the proof of Theorem[I, We have:

TG - p), (00| <

ext

pE), (te(2)) = pi), (00)|.

ext

P(ZK(T(ZK)— ZK)(tg(Z))|

+|PEO (20 - p), (tel2)| +

To bound the two last terms we use respectively Lemmas 4.1l and For the first term of right
hand side, ensures that with high probability, N @K (t.(2)) € ® and t,(z) < TR . Lemmal[4.3]

ext
Equation (2.14) and Markov’s Inequality allow us to conclude that for € small enough

limsup P(Ige0 P50 (Teir ) = pl&, (00)| > 36) < ce,

ext
K—o0

for a finite c. It is equivalent to the convergence in probability, which concludes the proof.

5. A COUPLING WITH TWO BIRTH AND DEATH PROCESSES

In SectionsBland[Zwe suppose that Assumptions[landBlhold and we denote by NX the process
NEB | Ag it will appear in the proof of Theorem [2 the first period of mutant invasion, which
ends at time TX when the mutant population size hits |¢K], is the most important for the neutral
proportions dynamics. Indeed, the neutral proportion in the a-population has already reached
its final value at time TX. Let us describe a coupling of the process NX with two birth and death
processes which will be a key argument to control the growing of the population a during the first
period of the mutant invasion. To this aim we recall the definition of the stopping time TX in
(3.II) and we define for e < S;4/(2C4,4Ca,4/Caa+ Ca,a),

SaA 2Cu ACA a+Cu aCAA SaA Cu,ACA,u

(5.1) s_(e)i=——¢ . ’ ’ —  and s.(€):= — +2e————.
fa faCA,A " fa faCA,A
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Definitions (2.4) and (29) ensure that for r < TX A TX,
aX(n¥ () Ca,a
NK(n K

and following Theorem 2 in [5], we can construct on the same probability space the processes Z_,
NXand Z; such that almost surely:

(5.3) Z;(<NKn<zrw), t<TXATK,

C(l(l

(5.2)  fa(l—s4(e) < = fa—San+ (NK(1) = aK) + ka(t)sfa(l—s_w)),

where for * € {—, +}, Z} is a birth and death process with initial state 1, individual birth rate f,, and
individual death rate f,(1 — s.(€)).

6. PROOF OF THEOREM [2]IN THE STRONG RECOMBINATION REGIME

We distinguish the three periods of the selective sweep: (i) rare mutants and resident popu-
lation size near its equilibrium value, (ii) quasi-deterministic period governed by the dynamical
system (25), and (iii) A-population extinction. First we prove that at time TX proportions of b,
alleles in the populations A and a are close to z4p,/z4. Once the neutral proportions are the same
in the two populations, they do not evolve anymore until the end of the sweep.

Lemma 6.1. There exist two positive finite constants ¢ and €y such that for € < gy:

ZAb, H <ce
ZA - )

limsup [E[HTEKSTSK Pap, (T -

K—o0

Proof. First we bound the difference between the neutral proportions in the two populations,
[Pga,p, (t) = Pa,p, ()], then we bound [Py p, (£) — zap, / z4l. For sake of simplicity we introduce:

Nap, () Nap, () = Nap, () Nap, (1)
Na(t)Nq(1)
Y (8) = W, (218,021 G (D) e KNty >0,
Recalling (3.8) and applying It6’s formula with jumps we get

(6.1) G(t) := Pap, (1) = Pap, (1) =

, Vi=0,

t
Y(ATEATE) = Y(O) + Mg p g + rKfO Versnix (Fan fo) - HO) Y (9)ds

t 2 2
+f0 'ﬂs<T£KAT£KerK(fA/\fa)5dsz [(,LLIX(N,S,H)) +(,LL§(N,S,9)) ]ﬂ{NA(s)zl,Na(s)zl}dey

where M is a martingale with zero mean, and H is defined by
_ 2fafaNa($)Na(s) [ 1 1 ]
JaNa(8) + faNa(s) LNa(S)+1  Na(s)+1
In particular we can check that for all s = 0 we have Y (s) H(s) = (faA f) Y (s). Moreover, Equations
and (3.13) imply the inequalities

(6.2) H(s)

C(nag+ 28CA,a/CA,A)
(ia—26Cx 0/ Ca K’

- 2
f (HEN sATEATE 0)) do <
R.

(SATEATE) -

K K, 7K )2 . -5
A (HEWN,sATE A TE,0))d0 < (ko + 1)CUA+26Caal Cap)e” T M, i k-

Hence using Cauchy-Schwarz Inequality and (3.14) we obtain
N C(iig +_25CA,a/CA,A) eTK(fA/\fa)l‘
rk(fan fa)(ia—2eCa,al Ca,))K

t CAa
+ | (kg+1)Clng+2e——|E
fo 0 ( A CA,A)

ELY(t A TX A TE)

M

s
] rxUfanfa) - 55&5)s
SATKATK| € koD dd

N

S
C(l + LerK(fA/\fu)t + e(rK(fA/\fu)_Z(kgél))t)’

g

IA

(6.3)
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where c is a finite constant which can be chosen independently of € and K if € is small enough
and K large enough. Combining Equation (3.1I), Cauchy-Schwarz Inequality, and Equations (3.12)
and we get for every t = 0,

penonttin 20
Ik fa€

flA—ZECA,a/CA,A

t
S[E[IMA(I/\ TX A TEK)I] + fo [E[1]3<T§AT§IG(S)Iﬂ{NA(s)zl,Na(s)zl}]dS

t

t 1 1/2
< c( t/K+sf (rKe_rK(fA"f“)s tet e‘S‘“‘”Z("O“)) ds).
0

where c is a finite constant. A simple integration then yields

lZap, K]
%” Sc( t/K+£(

1 +L+2(k0+1)))
fA/\fa \/E SaA '

But according to Coupling (5.3) and limit (A.11) we have the asymptotic behavior

6.4)  E[|Pap (tATENTO -

(6.5) I}im P(TX > 28,410gK|TK < TX) =0,
—00
Hence applying attime f =2S,41log K and using (6.5), we end up the proof. g

Remark 4. Using the same arguments (Cauchy-Schwarz Inequality, and ) we also get
(6.6) lim E[17x_7x|G(TX)[] =0.
K—oo = '€=7'¢

The following Lemma states that during the second period, the neutral proportion stays con-
stant in the a-population.

Lemma 6.2. There exist two positive finite constants ¢ and €y such that for € < gy:

N(TX) Zab
K )) - =1

Py, (TX + 1. =

limsup E| T7x < 7x ] < ce.

K—o0

Proof. Let us introduce, for z€ R and £ >0

C C £ €
L & P Aa - A,a - —
(6.7) I':= {Z€R+,ZA€ [nA ZgCA,A’nA+2£_CA,A]'Za€[2'32]}’ te :=supit:(2),z €T},

where #.(z) has been defined in (4.I). According to Assumption[l] #; < oo, and

I(T,¢) := inf inf (n? (1), nP (1)} >0,
zel t=t,

and we can introduce the stopping time
LY (2 =inf{t =0, (NPX (), NEX (1) € (1T, 0)K /2, (7a + 72 K1}

Finally, we denote by (%, t = 0) the canonical filtration of the process N. Notice that on the event

~ K
{(TK < TK}, N(TX)/K € T. Thus tg(N(I? )) < t,. The semi-martingale decomposition stated in @.I)

and the definition of G in then twice the Strong Markov property and the Cauchy-Schwarz
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Inequality yield:
(6.8) [E[ﬂTgKSTgK Pu,b1(TgK+tg(N(; )) LK(N(T )))_Pa,bl
N(TK)
TX+t AL (—F)
< E[ 1o [ | Ma 5 + 1 B A X AGE) - M +faf G(s)1ds|F x|

N(TK)

JTK]+fa\/t_g[E1/2[fT Kt ALK (S )GZ(S)dS‘%g]}]-

< E[lpope {E? (M)

Ky —(Mg) rx
X+t /\LK(N(T YL
To bound the first term of the right hand side we use Strong Markov property, Equation (3.12) and
the definition of Lf in (6). We get

e — (Mo e 7 24,C(7ia+ 7ig)

6.9) [E[ﬂ K<~K[E”2[<M> F K” <
fe=te “Crxs s X fe I(T,e)K

For the second term, Strong Markov property and Itd’s formula with jumps yield

. TX+t.n LK(
HTK<TK[E [f

. sup E[IGP(tnL(2)- G2(0)|’N(0) = 12K | + 1771 G(TE)]

zel t<t,

’<)

) Gz(s)ds‘fJTex]

da
s<L§(z) a(Mah] ds+ ﬂTgKST€K|G(T§)|

<2\/t_82

acsd

Equations 3.12) and (6.6) finally lead to
K
1)
TX+ 1. ALK ( ) 8t.C(7 ji.,)\1/2
6.10)  E[p. TK[EWU © GA(9)ds|F x| | sﬁ(%) +ox(1)

where ok (1) denotes a function of K going to 0 at infinity. Moreover (2.6) ensures that

p(1X < T, LK) < 1. M) < p (M0 e 0, LK (M) < 1, M) o,

K—oo
where © has been defined in (4.7). Adding Equations (6.8), (6.9), (6.10) and Lemmal6.1] we finally
end the proof of Lemmal6.2l O

Proof of Theoreml2 in the strong recombination regime. Let us focus on the A-population extinc-
tion period. We have thanks to Strong Markov property:

K N(TF)
(6.11) P(HN(TfH‘g(N(Tf)/K))E@ Py p, (Text) = Py p, (T + te( K ))' > \/E)

< sup (1P, b, (Text) = Payp, (0)] > VE|N(O) = 2K]).
z€®
But Equation yields P(N(TX + t.(N(TX)/K)) /K € OIN(TX) /K € T) = g0 1, and {TX < TK}
{N (TgK )/K € T'}. Adding Equation (A7) and Lemmal6.2] Triangle inequality allows us to conclude
that for € small enough

limsup IP( sup {

K—oo

a,b ( Xt) Ab]|}>\/E|FiXK)SC€,
ZA

which is equivalent to the claim of Theorem 2]in the strong recombination regime. g
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7. PROOF OF THEOREM [2]IN THE WEAK RECOMBINATION REGIME

In this section we suppose that AssumptionsBlandGlhold. We are interested in proving a con-
vergence on the fixation event FixX, defined in @I0). Inequality (A7) allows us to restrict our
attention to the conditional probability measure:

(7.1) PO =PUTK < TK),

where TX and TX have been defined in 3I1). £ and Var denote the expectation and variance
associated with this probability measure. When we do not mention the initial state, we consider
that (N4(0), N,(0)) = (124K, 1). Else, P(y, n,) (tesp. P, ».)) denotes the probability P (resp. P)
when (N4(0), N4 (0)) = (14, n4) € Z2.

Here again we distinguish the three periods of the selective sweep, but we will see that the neu-
tral proportion in the a population has already reached its final value at the end of the first period
(time TX). Thus we focus on the first period and are interested in the proportions of neutral alle-
les by and b, in the |eK] individuals of the a population at time TEK . The idea is to consider the
neutral alleles at time TX and follow their ancestral lines back until the beginning of the sweep,
to know whether they are descended from the first mutant or not. Two kinds of events can hap-
pen to a neutral lineage: coalescences and recombinations (see Section[Z.I)); we will show that we
can neglect the coalescences and the occurrence of several recombinations for a lineage during
the first period. Therefore, our approximation of the genealogy will be the following: two neutral
lineages are independent, and each of them undergoes one recombination with an A-individual
during the first period with probability 1 — exp(—rk fzlog K/S;4). If it has undergone a recombi-
nation with an A-individual, it can be an allele b; or b,. Otherwise it is descended from the first
mutant and is an allele b;. To get this approximation we follow the line presented by Schweins-
berg and Durrett in [25]. In this paper, the authors describe the population dynamics by a vari-
ation of Moran model with two loci and recombinations. In their model, the population size is
constant and each individual has a constant selective advantage, 0 or s. In our model, the size
fluctuates over time and the individual ability to survive depends on the population state. More-
over, the mutant population size is no more Markovian and it is necessary to consider both A and
a-population sizes to get a Markov process.

7.1. Coalescence and m- recombination times. Let us introduce the jump times of the stopped
Markov process (NX (1), 1 < TX), 0 =: 1§ <18 < .. < T = TX, where JX denotes the jump number

of NX between 0 and TX, and the time of the m-th j ]ump is:

oh =inf{e>78 | NK@0 # NC@K_ph 1= m< .

Let us sample two individuals uniformly at random at time TX and denote by f3 p and B, their
neutral alleles. We want to follow their genealogy and know at each time between 0 and TX the
types (A or a) of the individuals carrying P and .

We say that §,, and 4 coalesce at time 7K if they are carried by two different individuals at time
7K and by the same individual at time r . In other words the individual carrying the allele §,,
(or B4) at time 7X isa newborn and has 1nher1ted his neutral allele from the individual carrying

allele g, (or ) at time T ,- The jump number at the coalescence time is denoted by

sup{m < JX, B, and B, coalesce at time 7X}, if §,, and B, coalesce

—00, otherwise.

TCX (B, Bg) := {

We say that ,, m-recombines at time 7K if the individual carrying the allele Bp at time 7K is

a newborn, carries the allele @ € o, and has inherited his allele §,, from an individual carrying
allele &. In other words, a m-recombination is a recombination which modifies the selected allele
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connected to the neutral allele in the newborn individual. The jump numbers of the first and
second (backward in time) m-recombinations are denoted by:

TRK (B = sup{m < JK, B m-recombines at time Tln{l}, if there is at least one m-recombination
LRI —o0, otherwise,
supi{m < TRf(,Bp), fp m-recombines at time Tlni}, if there are at least two
TRf Bp) = m-recombinations

—00, otherwise.

Let us now focus on the probability for a coalescence to occur conditionally on the state of the
process (N4, Ng) at two successive jump times. We denote by pgX,, (1) the probability that the
genealogies of two random neutral alleles associated respectively with alleles @ and a; € o at
time Tfn coalesce at this time conditionally on (Nf (Tln{l_ N, 5 (Tﬁ_l)) = n € N? and on the birth of

an individual carrying allele a; € <f at time 7K.

Lemma 7.1. Foreveryn = (nus,ng) € N2 and a € of, we have:

rkfanla

( B rkfa
ng(ng +1) fana+ fung

(ng + 1)(fAnA +fana) .

Proof. We only state the expression of p&%, (n), as the calculations are similar for p;’fi (n). If there is
am-recombination, we cannot have the coalescence of two neutral alleles associated with allele a
attime Tfn. With probability 1-rx fang/(fana+ fang) there is no m-recombination and the parent
giving its neutral allele carries the allele @. When there is no m-recombination, two individuals
among those, who carry allele a also carry a neutral allele which was in the same individual at
time Tfn_l . We have a probability 2/ nq (14 + 1) to pick this couple of individuals among the (1, +1)
a-individuals. U

720 p(n)= ] and p° (n)=

Remark 5. A m-recombination for a neutral allele associated with an a allele is a coalescence with
an @ individual. Thus if we denote by p,¥ (n) the probability that an a-individual, chosen at ran-
dom at time TI,,(1, is the newborn and underwent a m-recombination at his birth, conditionally on
(NK@X ), NK@K _)) = neN? and on the birth of an individual a at time T, we get

nark fa
(g + 1)(fAnA +fana) '

Moreover, if we recall the definition of IX in BI0), we notice that there exists a finite constant c
such that for k < |eK],

(7.3) pas(n) = ngp(n) =

8¢ . r T Ik
< inf K(ng k) < su K(ng k) = ——.
k+1 " pperc T4 nAeII)gK Pa i k+1

£

(7.4) (1-ce)

7.2. Jumps of mutant population during the first period. We want to count the number of co-
alescences and m-recombinations occurring in the lineages of the two randomly chosen neutral
alleles B, and ;. By definition, these events can only occur at a birth time. Thus we need to
study the upcrossing number of the process NX before TX (LemmalZ.2). It allows us to prove that
the probability that a lineage is affected by two m-recombinations or that two lineages coalesce,
and then (backward in time) are affected by a m-recombination are negligible (LemmalZ.3). Then
we obtain an approximation of the probability that a lineage is affected by a m-recombination
with the A-population (LemmalZ.4), and finally we check that two lineages are approximately in-
dependent (Equation (Z.ZI)). The last step consists in controlling the neutral proportion in the
population A (Lemmal[75). Indeed it will give us the probability that a neutral allele which has
undergone a m-recombination with the A population is a b; or a b».

Let us denote by ¢ I]f the jump number of last visit to k before the hitting of [eK],
(7.5) (K =supim=J5,NX@K) =k}, 1<k=leK].



18 RECOMBINATION AND ADAPTATION
This allows us to introduce for 0 < j < k < |¢K] the number of upcrossings from k to k + 1 for the
process NX before and after the last visit to j:

(7.6) URY = #m e 10,0 =13, (NG (1), Nj (7,10 = (k, k+ D},

(7.7) U = #me 0f, ., 7 1, (NG (), Ny (7,0)) = (K, k+ D).

We also introduce the number of jumps of the A-population size when there are k a-individuals
and the total number of upcrossings from k to k + 1 before TX:

(7.8) HY :=#m < J, NS (xy) = NX () = kb,

(7.9) U =URY+ UL = #im < T (NG (@), Ny (T,,1)) = (k b+ 1)
The next Lemma states moment properties of these jump numbers. Recall Definition (5.I). Then

Lemma 7.2. There exist two positive and finite constants €y and c such that for € < €y, K large
enoughandl < j<k<|eK],Ae:=(1-s_()3(1 -s.(e))"2€(0,1),

_ k-j
N . 244K . 41

1 Eruk)?) < EHK < =242 proRVy2 e — 22
(7.10) W= G B =0 B I= ot
(7.11) 'cav(U;fjc’Z),Uf)' <cle+1—s_(e)k )y,
and

leKl-1 F[UK]

(7.12) rx k _falogK <ce

=1 k+1 Saa

This Lemma is widely used in Sections[/.3land[7.4] Indeed, we shall decompose on the possible
states of the population when a birth occurs, and apply Equations and (Z3) to express the
probability of coalescences and m-recombinations at each birth event. The proof of Lemmal(7.2]
is quite technical and is postponed to Appendix[Bl

7.3. Negligible events. The next Lemma bounds the probability that two m-recombinations oc-
cur in a neutral lineage and the probability that a couple of neutral lineages coalesce and then
m-recombine when we consider the genealogy backward in time.

Lemma 7.3. There exist two positive finite constants ¢ and gy such that for K e N and € < €,

P(TRX(B,) # —00) < @, and B0 <TRX(B,) < TCK(B,, Bo) < @.
Proof. By definition, the neutral allele 8, is associated with an allele a at time TX. If there are at
least two m-recombinations it implies that there exists a time between 0 and TX in the genealogy
of B, at which 8, has undergone a m-recombination when it was associated with an allele A.
We shall work conditionally on the stopped process ((N4(tX)), N,(zX)), m < JX) and decompose
according to the a-population size when this m-recombination occurs. We get the inclusion:

lek]-1 JK
ITRE B # -0k | U {TRf(ﬁp) = m, NaoK )= Na(K) = k}.
k

=1 m=1
We recall the definition of I f in (3.10). Thanks to Equations (Z3) and (Z.10), we get:

leK] -1

P(TRX(B,) # —o00) < sup p'%(n4, KEHK] < — .
2 By kgl nAeII)pr 4 K27 s4(e) fa(fia—26Caal Ca,0)?

24I’KflAfaE
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The Assumption 5l on weak recombination completes the proof of the first inequality in Lemma
[7.3] The proof of the second one is divided in two steps, presented after introducing the notations

(@Bp)m := {the neutral allele ,, is associated with the allele « at time 11,7(1}, acod, ms<]Jk,

(@1Bp, @2Bg)m = (@1 Bp)m N (@2Bm (a1, a2) €, m=JK.
First step: We show that the probability that 5, is associated with an allele A at the coalescence
time is negligible. We first recall the inclusion,

leK]-1 J¢
(TCX (B, Bg) # =00, (B rerp,ppt € U U {TCK By, By) = m, Nalth 1) = K, (ABp) i},

k=1 m=1

and decompose on the possible selected alleles associated with §, and on the type of the newborn
at coalescence time. Using Lemmal[7.1} Equation (7Z.10) and the inequality rx < 1, we get

(7.13) P(TCX(Bp, By) # —00, (APp)rcx (s, 8,)

leK]-1 c leKl- 11
< ) | sup pK(nak)+ sup P (na, k) |ELH] + sup pK (na, OEUE ]_— Z
k=1 ~nueIX naelk naelk

for a finite ¢, which is of order log K/ K.

Second step: Then, we focus on the case where 8, and (4 are associated with an allele a at coa-
lescence time. The inclusion
K

J
Na(Tycx, p)-1) = K> (@B, aBg) Tex p,,p,} Ul{TcK(ﬁp,ﬁq):m,Nawi;_l):k,mﬁp,aﬁq)m},
m=

and Equations and (ZI0) yield for every k€ {1,..., [eK] — 1}:
4

P(Na(‘[ Ulf] < m

Tk By p-1) = K (@Pp aPg)rcr(p,p,) < SUP  Paa(na, kE(
nAGI

If B, and 4 coalesce then undergo their first m-recombination when we look backward in time,

and if the a-population has the size k at the coalescence time, it implies that the m-recombination

occurs before er when we look forward in time. For k, [ < |eK],
k

a0 K _ K K K —
P(NQ(TTR{((ﬁp)) =1,0< TRK(,) < TC (ﬁp,ﬁq)|Na(rTcK(ﬁp’ﬁq)_l) =k, @By, aPg)rcr,.p,)

21k ( N 2T ALK )
I+ D2\ P S @)1 —s,(e))

< sup pif(na, DU iE1UF) + U EIUES ) <
AEI
where the last inequality is a consequence of (7.4) and (Z.I0). The two last equations finally yield
the existence of a finite c¢ such that for every K e N:

LK) s + T ALK

PO < TR{(Bp) <= TCN(Bp,By) @By aPydrcrp,p,)) < €Tk ).

— =% < crg,
Y k(k+ DI+ D) K

which ends up the proof of Lemmal[Z.3lwith Assumption[5 O

7.4. Probability to be descended from the first mutant. We want to estimate the probability for
the neutral lineage of §,, to undergo no m-recombination.

Lemma 7.4. There exist two positive finite constants ¢ and €, such that fore < ggp:

: log K
limsup |P(TRK(B,) = —oc) - exp - L1K128K

sy SaA )' < CE.
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Proof. We introduce pX,, the conditional probability that the neutral lineage of Bp m-recombines

at time Tﬁ, given (IV, A(T1n< ),Na(rl,f), n < JX) and given that it has not m-recombined during the

time interval ]7X , TX]. The last condition implies that f, is associated with an allele a at time 7X,.

K._ ric A7K (K K K
Pm = VN k) - NE@K_y=1yPa (Na (T 1), Ng (T 1)).

We also introduce nK , the sum of these conditional probabilities for 1 = m < J K.

]K

=3 o
m=1
We want to give a rigourous meaning to the sequence of equivalents:
Jx J*
B(TRI(B) = —00| (NAG ), Na( ) meyr ) = Hl(l — oK)~ 1‘[1 exp(—pX) ~ exp(~ElnXD),
m= m=

when K goes to infinity. Jensen and Triangle inequalities and the Mean Value Theorem imply

_farKlogK

(7.14) [E'u%(TRf(ﬁp)=—oo|(NA(r§),Na(rﬁ))mS,K)—e Soa

=

e farglogK

[E|ﬂ3’(TR{<(ﬁp)=—oo|(NA(T£<n),Na(T§1))m51K)—e_"K‘+‘e_[E'7 e S

+E|p¥ - En|.
We aim to bound the right hand side of (Z.14). The bounding of the first term follows the method
developed in Lemma 3.6 in [25]. We refer to this proof, and get

(7.15)
Ala eK]-1 2. a2r2
[E’P(TRf(ﬁ,,):—oo (NA(T{;),Na(r’,;))mgk)—e‘"K < Y sup (p;K(nA,k)) Fluk < —X,

k=1 nuelf 6s-()

where [ f has been defined in (3.10) and the last inequality follows from (Z.4) and (Z.10). To bound
the second term, we need to estimate [E[nK 1. Inequality (Z4) implies

lek]-1 yK lekl-1 K

k K k
7.16 l1-ce)r E —— < <r —_—.
( ) ( )Tk o k+1 n K o k+1

Adding we get that for £ small enough,

(7.17) limsup exp(—[E[nK]) —exp(—w)' <ce.

K—o0 Saa
The bounding of the last term of (7Z.14) requires a fine study of dependences between upcrossing
numbers before and after the last visit to a given integer by the mutant population size. In particu-
lar, we widely use Equation (Z.IT). We observe that E[|n% —EnX|] < (Var )2, but the variance of
nX is quite complicated to study and according to Assumption[5land Equations and (710D,

leK]-1 UK leK]-1 UK 2
K k : _k_
Var n* —Var (rK kZ:‘i _k+1)’ < C&‘[E[(rl( = k+1) ]
leK]-1 E[(UK)2] + E[(UK)?]
(7.18) < e . — =ce

ko1 (k+1)(I+1)
for afinite c. Let k < [ < |eK], and recall that by definition, UlK = U,(CKI'D + U,(CKI'Z):
- . . 12 .
(7.19) ICovUE, U < (BLWOHHEIWE ) +1CovwUE, Ui,

Applying Inequalities (ZI0) and (Z.IT) and noticing that (1—s_(¢)) < A}/? < 1 (see proof of Lemma
[72lin Appendix[B) lead to

ICov(UE, U= e ™ e+ (1 —s- ()™ = cA T +g)
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for a finite c. We finally get:

17K _ 1 eno(7K 17K
P S U N 3 1+1

leKl-1 4 LEKJ—1/1(l—k)/2+
(7.20) £

IA

2 2 2
cry < crgelogk,

o k+1 = I+1

where we used (Z.19) for the second inequality. Applying Jensen’s Inequality to the left hand side of
(Z14) and adding Equations (Z.I5), (ZI7), (Z.I8) and (7.20) complete the proof of Lemmal[7.4l [

We finally focus on the dependence between genealogies of , and 4. Following [25] pp. 1622
to 1624 in the case J = 1, we can prove that for d in {0, 1,2},

. ~ 2 —farglogKyd —@-dfarglogk
(7.21) limsup [PV g, )20 + Trrf (20 = D) = | (1 —e Sa ) e e |sce
In particular we use here the weak dependence between two neutral lineages stated in Lemmal(7Z.3]
and the probability to descend from the first mutant for 5, and ; obtained in Lemmal[7.4l

7.5. Neutral proportion at time TX. According to Lemma[Z3 and Equation (Z2I), it is enough
to distinguish two cases for the randomly chosen neutral allele §: either its lineage has under-
gone one m-recombination, or no m-recombination. In the second case, 8, is a b;. In the first
one, the probability that 5, is a b; depends on the neutral proportion in the A population at the
coalescence time. We now state that this proportion stays nearly constant during the first period.

Lemma 7.5. There exist two positive finite constants ¢ and &y such that for € < g,
ZAb,
ZA

(7.22) limsup IP( sup

K—oo t<TK

PX (0= =2 > Ve, TN < oo] < ce.

The proof of Lemma [Z.5]is quite technical and is postponed to Appendix[Bl This allows us to
focus on the neutral proportions in the a-population at time TX.

Lemma 7.6. There exist two positive finite constants c and g, such that for € < g,

limsup@('Pibz(TgK) -1 —exp(—farKlogK/SaA))zAbz/zA| > 51/3) < cell®

K—oo
Proof. We denote by (B;,i < |€K|) the neutral alleles carried by the a-individuals at time TX and
introduce the notation
A§ (i) := {B; has undergone exactly one m-recombination and is an allele b,}.
If B; is a b, either its genealogy has undergone one m-recombination with an individual Ab,,
either it has undergone more than two m-recombinations. Thus

e kK |eK]
0= Ng, (Tg) = Zi Tpkpy = Zl VR (B #—o0}-
i= i=

Moreover, the probability of Af (i) depends on the neutral proportions in the A-population when
B; m-recombines. For i < [eK],

(723)  [B(Af )| TRE(B) =0, TRE (B1) = —00, sup

t<TK

z z
PX, (0= < V) - (1- 222 )| < Ve,

»y U1 ZA ZA
Lemma[Z.5land Equation (A.6) ensure that limsup_.., P(sup,. TSKIPf b, () = 2ap, 124l > VE) < cé,

and Lemmas[Z.3landZ4lensure that |P(TRK(8;) = 0, TRX(B;) = —00)— (1-exp(— fark 10g K/ Sq.4))| <
ce. Ttyields:

|uﬁ>(TR{<(/3,-) >0, TRX(B;) = —o0, sup PE, (- 22:1 ' < V) - (1-exp(- %m <cvVe
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for a finite c¢. Adding (7Z.23) we get:

(7.24) limsup |E[PX | (TX)] = (1-exp(~ furk10gK/Sa)) (1 - 2ap, / 24)| < cVE.

K—oo
In the same way, using the weak dependence between lineages stated in (Z.2I), we prove that
limsupg_ I[E[(bez)z] (TEK) —(1—e faTx108K7San)2 (1 —ZAb, /z4)?| < ¢v/€. This implies, adding (Z.24)
that limsupg_, o V?zlr(P(Il< by (TX)) < ¢\/e. We end the proof by using Chebyshev’s inequality. O

7.6. Second and third periods. Now we prove that during the second period the neutral propor-
tion in the a population remains nearly constant. This is due to the short duration of this period,
which does not go to infinity with the carrying capacity K.

Lemma 7.7. There exist two positive finite constants ¢ and &y such that for € < g,

1/3

(7.25) limsup Iﬁ’( > 81/3) <ce '’

K—o0

K K K K
Pu,b1 (Text) _Pa,b1 (Te )

Proof. Let us introduce the stopping time UX:
US = inf{t>0,50p, <, qeur| Na(TE + 1)/ K = ng VT (1)) > £},

Recall the definition of z. in and that (%, t = 0) denotes the canonical filtration of N. Strong
Markov property, Doob’s Maximal Inequality and Equation (3.12) yield:

P(7X < TX, sup MK (TX + 1 A US) - ME(T)1 > V)
t<t,

= E[17x 5P (sup MK (TX + e AUS) - ME(TF) > Va1 |

t<te
cle)t,
ek’

< %[E[HTEKsT!‘(<Mﬂ>TEK+mU§ - <M“>T5K)] =

where c(¢) is finite. But according to Equation (2.6) with § = €3 lim SUP koo P(Uf <t TK<T SK ) =
0. Moreover, Equations (3.I) and imply for every t = 0

sup |PX, (TSN + 10— PX (TS <sup My (TS + 1) — My (T + rcte fa.
t

t<t, <t,

As ri goes to 0 under Assumption[5] we finally get:

(7.26) limsup P(sup|PX, (T +1-PX, (TX)1> Ve, X < T =0.
K—o0 1<ty '
Adding Lemmal4.3lends the proof of Lemmal[7.7] g

7.7. End of the proof of Theorem [2]in the weak recombination regime. Thanks to Lemmas
and[Z.7lwe get that for € small enough,

limsup P (

K—o00

Pgbz(Tert) -1 —exp(—furKlogK/SuA))zAbz/zA’ > 281/3) < cel’8.

Moreover, (A.7) ensures that liminfx_.., P(TX < TSK |FixX) = 1 - ce, which implies

limsupP (ﬂFiXK

K—o0

Pin(TeIf(t) -Q1 —exp(—farKlogK/SaA))zAbz/ZA' > 251/3) <cel’S,

This is equivalent to the convergence in probability and ends the proof of Theorem[2l
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APPENDIX A. TECHNICAL RESULTS

We first present some results stated in [5]. We recall Definitions 2.9), 2.10), (4.7), @.8), 3. 11D
and and that the notation .X refers to processes that satisfy Assumption[3l Proposition2lis a
direct consequence of Equations (42), (71)-(72) and (74) in [5]:

Proposition 2. There exist two posivite finite constants M; < oo and €y such that for every e < gg

AD  lim P(|NETE) - KA,
K—o0

S
>£K‘FixK):0, and limsup IP(TgK<oo)—fLA < Me.

K—oo a

Moreover there exists M, > 0 such that for every € < €y, the probability of the event

(A.2) EX = (1K < TX NK(TX + 1) < €K12,INK(TK + 1) — 2 K| < eK 12}
satisfies
(A.3) lim inf P(FX) = Syal fa— Mae,

—00

and if z € ©, then there exist V > 0 and ¢ < oo such that:

(A.4) liminfP(SX(z) > eV*) = 1 - ce.
K—oo
Remark 6. From Equation (A1), we deduce that for e < /2

(A.5) limsup P(T{ = colFix) < lim P(INK(TE) - Kol > EK‘FixK) =0,
—00

K—o0

and adding Equation (A3) we also obtain the existence of a finite c such that for € small enough,
(A.6) P(TX <00, TK > TK) < ce.

Let us notice that TEK is almost surely finite. Hence (TK < T}K, TgK <oo}={TK < TgK} a.s. and adding
(A.B) and (A.6), we get the existence of a finite c such that

(A7) liminfP(TX < TX|Fix®) = 1 ce.

K—oo
We also recall some results on birth and death processes which proofs can be found in Lemma
3.1in [25] and in [1] p 109 and 112.

Proposition 3. Let Z = (Z;) =0 be a birth a death process with birth and death rates b and d. For
i€ 7" wedefineT; =inf{t =0, Z, = i} andP; (resp. E;) the law (resp. expectation) of Z when Zy = i.
Then

e ForieNandt=0,
(A.8) E;[Z,] = iel~DL,
e For(i,j, k)€ Z3 suchthat j € (i, k),

(A.9) P (T <T.)—L/b)j_i
' SRS T L drpRi
e If0<d<b, foreveryieZ, andt=0,
d(l - eld=-br1y,;
(A.10) Pi(To<1)= (m) .
e If0 < d < b, on the non-extinction event of Z, which has a probability1—d/b, the following
convergence holds:

(A.11) Tn/logN — (1-d/b)~}a.s.
N—oo
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Let us now state two technical results. The first one is necessary to get Lemmal[7.5l The proof
is left to the reader. The second one helps us to control upcrossing numbers of the process NX
before reaching the size |¢K]. We introduce for 0 < 51,55 <1and 0 < j, k < |eK], the quantities

(s1) K|—7
(A.12) q(n,sz) . |]:Dk+1('l'£K <Tg) _ $1 1—(1—sp)leKl=J 0<sp s <1
. .,k . _ 3 ) )

g P (rex<7) 1= (1=spleKImk 1- (1 —sp)F+1-J

whose expressions are direct consequences of (A.9), and get

LemmaA.l. ¢ LetD, €, F,% and /€ be measurable events such that% c € c %. Then
PAN(EULG)-P(AND) =P(F)-PD)+P(EG\¥).

e Fora€l0,1/2], (s, s2) € [a,1—al?>,0< j< k<1< |eK],

(51 AS251V52) 1 1 2(1+1/sp) (1-s)l¥1-k

> —
Ao 1 >s51AS and [$2— 1]+ 3
2

(A.13)

— <
(51,52) (2,50 1 7 g2|log(l — a)|e
Y dii llog(1 ~a)l

Proof. The first part of (A.I3) is a direct consequence of Definiton (A.I2). Let a be in ]0,1/2[ and

consider functions f, g: x— (1-x%)/(1 - xP), (a, f) eN?, x € [a,1 - a). Then for x € [a,1 - al,

(A.14) I3 plloo < 2(ea®lIn(1 - @)~

From Equation (A9), we getforO<s<land0<j<k< |eK],

(1-(1-9NA-9"F - -glkkh
(1-(1-9)EK=R) (1 - (1 - 5)lekl~))

(1 _ S)l+l_ks_2.

’ngl (Tlek) <Tk) — PE“_?I (Tlek) < Tj)’

(A.15)

IA

Triangle Inequality leads to:

’ 1 1 |P§j_2}(T£K<Tk) Pﬁii(rquj)'
(S,S)_ (82,81) - (s1) T (s)
i) i P Tex<1) P2 (Tex <T))
1 1
| (s1) TS |P§izi(T£K<Tk)
PGk <t) P2 Tk <T))
1
I 11 O 7)) _ m(s2) ]
+P(52)(TK<Tl)|Pl+1(TgK<Tk) Pl+1(TgK<T])|
I+1'\"€
1
- (51) Y (82) X
+[FD(52)(T K<Tl)|Pl+1(T3K<TJ) |]:Dl+1(T£K<T])"
I+1'\" €

Noticing that IPE“E (Tex <T)) = ngi (Too <T]) = |]3>(152)(TOO < T¢) = $, and using (A.I15) and the Mean

Value Theorem with (A.14), we get the second part of (A.13). O

APPENDIX B. PROOFS OF LEMMAS[7.2]AND [7.5]

Proof of LemmalZ2 In the whole proof, the integer n4 denotes the state of Nf at some time
smaller than TX and thus belongs to IX which has been defined in .10). We introduce for u € R,
the hitting time of [u] by the process Nf :

(B.1) X = inf{r =0, N () = [u)}.

Moreover, for 0 < s < 1, if Z) denotes a random walk where up jumps occur with probability
1/(2 - s) and down jumps with probability (1 - s)/(2 - s). We denote by P{” the law of Z) when
the initial state is i € N and introduce for every a € Z, the stopping time

(B.2) T.:=inflnez,, 7" = a}.

The event {TX < TX} has two implications on the law of NX on the time interval [0, TX]:



RECOMBINATION AND ADAPTATION 25

(1) Firstly, as TX is almost surely finite, {TX < TX} implies that TX is almost surely finite.
(2) Secondly it implies that the law ¢X of the jump process NX belongs to a family of laws £X
defined as follows: X € £X if and only if for every ¢ < TX,

P(NE(t+dD) = NS (1) + 1|N{f(t)) = LNK(ndt+o(dp),

CA,aCa,A

K
M) NXwydt+owdr).

|P(N{f(t+dr) = Nf(r)—1|N§(r))—(fa—saA+ N{f(r)dt| <2¢

AA

Let (i, j, k) be in Z3 with j < k < |€K]. During ](f, TX[ the process N, necessarily jumps from
k to k + 1. Hence, either it reaches |eK] before k, either it again jumps from k to k+ 1 and so on.
Thus we approximate the probability that there is only one jump from k to k + 1 by comparing
U](.'Ifc’z) with geometrically distributed random variables.

&rr(K,2) _ K _ A K K, K K 17K _
IP(U].’k —1|Uj =i) = sup Py, k(T <0'k|T£ <0j,Uj =1

naelk
Pk (T8 <0 lU} =) (5:(0),5(©)
< sup TN e <q;
Ke LK naeIk l]:D(nA,k+l)(Tg <O']|U] =1) I

where we use Definition (A.12) for the last inequality. In an analogous way we show that [° (U](.ch,z) =

1|U]I.< =i)= q;.s%(g)‘s* € We deduce that we can construct two geometrically distributed random

(s+(€),5-(€))

variables G; and G», possibly on an enlarged space, with respective parameters dix Aland

(s-(€),s+(€))

q;’ such that on the event {U]I.( =i},

(B.3) G =U” <G

For the same reasons we obtain q}sl‘c(g)’s* @) < |]3>(U](.I§c'2) =1) < q}sz(g)’s‘(g)) A1, and again we can

. d d
construct two random variables G’1 =Gy and Gg = G, such that
! (K,2) !
(B.4) G =U}\? <G,

Taking j = 0 and adding the first part of Equation (A.I3) give the first inequality of (ZI0Q). Accord-
ing to Definition (5.I), for € small enough, |s; () — s_(€)| < ce where c is a finite constant. Hence
Equations (B.3), (B.4) and (A.I3) entail the existence of a finite constant ¢ such that for £ small
enough I[AE[U](.{E’Z) IUJK =i]- [E[U;{fc’z)]l <ce+(1-s_(€)**17/s3(€). Thus according to the first part

of Equation (Z.10),

Covu P ub)| < )2 iBWUf = e uf = i -Eu?)
=
2 (1—s_(g)kt1-J
B.5 ,
(B.5) s%(s)( s3 (&) )

which ends up the proof of (Z.I1).

Now we focus on the number of jumps for the process N,. Definitions (Z4), the definition of £X
and the inequality s_(g) < s.(¢) ensure thatif ny € 15 ,

IP(S’ (€))

3 k+1
P, (Na(dt) = k+1)
! P ek <70)

1-(1-s_(e)k+! 1—(1—s+(e))L8KJf
1-(A-s_ (@)K 1-(1—-s,(e)k '*

(Tex <To)

v

fakdt+o(dt)

kdt= s* () fakdt+o(dp),



26 RECOMBINATION AND ADAPTATION

and
N _ CA,a _ CA,u
Bon, iy (NAD #ng) < (fA+DA+CA,A(nA+2s—)+CA,as)(nA+2s—)Kdr+o(dt)
Can Caa
C
_ (2fa+3cA,ag)(ﬁA+2g A’“)Kdt+o(dt).
Caa

Thus for € small enough:

s2(e)k

P(N,(X ) # N G)IN,(7X) = k) = K"

If D1k< denotes the downcrossing number from k to k — 1 before TX, then under the probability
P, we can bound U ,f + Df +H f by the sum of U f + Df independent geometrically distributed
random variables G with parameter s° (e)k/67.4K and Hy® <¥,_;yx,pr (G —1). Let us remark
thatif k=2, Df = U,f_l —1,and Df = 0. Using the first part of twice we get

614K
-1 — ,

s2(e) )(sg(e)k )

which ends up the proof of the second inequality in (Z.10).

Bl <

As the mutant population size is not Markovian we cannot use symmetry and Strong Markov
property to control the dependence of jumps before and after the last visit to a given state as
in [25]. Hence we describe the successive excursions of Nf above a given level to get the last in-
equality in (Z10).

Let Exc(j) be the number of excursions above j and U]“;C the number of jumps from k to k+1
during the ith excursion above j. We first bound uniformly in i the expectation [E[(ﬁ](f;c)z]. During
an excursion above j, N, hits j + 1, but we do not know the value of Ny4 at this time. Thus we
take the maximum value for the probability when 7,4 belongs to IX, and on the random event
{i < Exc(j)}, [@(flj(.f])c = 1) <sup,, kPt 0F,, < a§<|o*§.< < TX). Then using Coupling (5.3) and
Definition (Z.I) we obtain

K K K o 7K 7K
P+1,n0 (0, <07,07 <Tg, Ty <o0)

(i i'7
IP(U(.’) > 1) < sup
Ik tKe LK naelk P(i+1,m4) (Uf <TX,TKX <o0)
(s+(€) A=) (s+(8))
- IP’].+1 Tr1 <THPL (T <T£K)|]:Dj (Tex <To)
Pin? @ < 1P e <10)

j+1
Adding Equation (A.9) we finally get

(1—s_(g)kt1-J
< - 0~

S (i)
(B.6) P(Uj,k = 1) T s (e)(1-s.(e)

Moreover if (7](.’3C =1, N, necessarily hits k after its first jump from k to k + 1, and before its return
to j. Using the same techniques as before we get:

P @) < 1P (@er < 70)

(7l (i : 73 K K K K
P00 =100 21)2 inf (P, 00k <of, 10X <15} =

L na€l; [FD;:*(E)) (Tj < TgK)P;s+(£)) (TgK < Tp) ’
which yields
N e 1-—s,(e)\k-j 1—s,(e)\k-Jj
i) _ 0] + 2 =
(B.7) IP( =1 j’kzl)zs_(e)s+(8)(1_s_(£)) 23_(8)(1_8_(8)) .



RECOMBINATION AND ADAPTATION 27

Hence, given that U](.i;c is non-null, U](.i;c is smaller than a geometrically distributed random vari-
able with parameter g = 5% (€)[(1 — s, (€))/(1 — s_(£))]*~/. In particular,
pr o 2 2 (1—-s_(g)\2k-)
(D)2, 77D =
[E[(Uj’k) IUj’kzl < 7 s‘i(s)( ) .

1-s.(¢)

Adding Equations (B.6) and recalling that 0 < s_(¢) < s (€) < 1, we get for every i < Exc(j)

k—j 3
2 1-s_
Ae where A, := (1-s-()

& ()2
[E[(U.k) ]s 5 TR

u GIIEENG)E
Finally, noticing that

Exc(j) . oL
Ueacpo UKD < Uil Zl E| O] < Veregp-1PE[ O3],
i=
that Exc(j) = UJI.( —1 and recalling that [AE[(U]K)Z] < 2/s% (¢) end the proof of Equation (ZI0).
We end with the proof of (Z.I2). Definition (A.12), Inequality (B.4) and Equation (A.9) yield:

leK]-1 F[UK] leK]-1 _1 re(A—B
Core Y [+ g @ = A
k=1 ’

Tk

1 kel s+@(1—(1-s_(e)eKly’
with
L&KJ—ll_(l_S_(g))k+l leK]-1 1_(1_5_(5))k+1
A= , d B:=(Q1- LeK] .
,C; k+1 an (1=s.(e) k; (-5, @)kk+1)

For large K, A =log(eK) + O(1). Moreover, Lemma 3.5 in [25] ensures that for u > 1 there exists
D(u) < oo such that Z,LC‘E:KIJ w /(k+1) < Dw)uXl/|eK]. This implies that B < c¢/|eK] for a finite c.
Finally, by definition, for € small enough, |S,4/ f; — s+ (€)| < ce for a finite constant c. This yields

r LSKJ_I[AE[Ulf] > (1-ce¢) 'k falogK

for a finite ¢ and concludes the proof for the lower bound. The upper bound in obtained in the
same way. This concludes the proof of Lemmal[7.21 g

Proof of LemmalZ.3 We use Coupling (5.3) to control the growing of the mutant population dur-
ing the first period of invasion, and the semi-martingale decomposition in Proposition[Ito bound
the fluctuations of M 4. The hitting time of |¢K| and non-extinction event of Z are denoted by:

TN =inf(e=0,7} (0 = eK)), and F!={Z 0 =1¥r=0}, xe(-+).

From (5.3) we get @ = {F-, TK < TK} c ¢ = {TX < 00, TK < TK} ¢ & = {T}X < 00, TK < TK}.
Lemma [A.Jlwith ¢ = {TSK > TgK} U {TSK = oo}, and A = {suptsTgKlPA,bl(t) — Zap,/zal > €} then
yields:

(B.8) |P(A,F., TX < TX)—P(#, TK <o00)| < IP(TF K < 00) = P(E, )| + P(TX < 00, TX > TK).

But thanks to Equation (A.9) we get that IP(T;’K <o0)—P(F;)=s4(e)/(1—-(1—s4 ekl —s_(e),
and (5.I) and (A.6) lead to:

(B.9) IP(THK < 00) = P(FD)| +P(TX < 00, TX > TK) < ce.

It allows us to focus on the probability P(A, F,, TgK < Tf). We recall that |Nap, Nyp, — Nap, Nap, | <
N4N,, and that Assumption[Gholds. Then (3.I) and (3.I1) imply for € small enough

{Na(t) } ri fa€ TX - ceTK

< .
NAGIE flA—ZECA,a/CA’A B IOgK

ZAb,

sup |Ppp, ()= ———"—— SrKfaTEK sup
t<TKATK za— My(1) t<TKATK
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Moreover, F; n{TX < TXy c F- n{TX < T;X}. Thus we get

Zab, Ve

csTg_’K
_— | >
za— My (1) 2

P sup D, TE < TX) < P(m > VEI2, F7 .

t=<TK

PA,b] (t) -

Finally, Equation (A.I1I) ensures that limg_.o T A /logK = s_(g)~! a.s. on the non-extinction
event F; . Thus for € < s_(g)/2c,

(B.10) Jim P(sup . px|Pap, (1) = Ma(8)] > Vel2, F;, TX < TK =o.
—00 £

To control the term | M 4|, we introduce the sequence of real numbers fx = (2 f;log K)/S 4 4:

& ~ € ~
P(sup IMa0)] > %,F;, TX < TX) < [P’(sug(lMA(t)l > ‘/7— TE < TE A 1) +P(TE > 1, 7).
t<T}

t<TK
Equation (5.1) yields for € small enough, tx.s_(€)/logK > 3/2. Thus thanks to (A.I1) we get,
lim P(TX > tx, F7) < lim P(T.X > 1, F2) =0.
K—oo K—oo
Applying Doob’s maximal inequality to the submartingale |[M 4| and (3.12) we get:

P(sup IMa(D] > Vel2, TR < TX A tg) < PsupIMa(t A TE A TE) > Vel2)

1<TK r<ty
(B.11) < é[E (MAY s ATKATK Sﬂ.
c KATEAT %
Combining Equations to (B.II) completes the proof of LemmalZ.5l O
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