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Abstract

In this paper we propose an alternative tensorial decomposition to the Kelvin’s
one (introduced by Kelvin in 1856) for plane anisotropic elasticity using the polar
formalism (introduced by Verchery in 1979). In a first part of the paper, a parallel
between the two approaches is proposed. Thanks to it, some new results are found
; namely, the projectors introduced have a direct interpretation in terms of mate-
rial symmetry and are intrinsic for any type of symmetry considered, i.e. they do
not depend on any elastic modulus for any type of symmetry, unlike in the Kelvin
decomposition. The introduction of what we call, in the paper, the polar projec-
tors, stresses and strains gives a new insight into the polar formalism. The results
proposed in this paper will hopefully be useful in some cases, for example in the
modeling of anisotropic damage evolution in solids.
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1 Introduction

The classical Hooke’s law
oc=Ce (1)

can be written in a matrix form, exploiting the tensor symmetries of o, € and C. We
are concerned in this paper with planar elasticity; using a formalism originally due to
Kelvin, [1], we can write eq. (1) in the form

o11 Cin Cia  V2Cin €1
o = Cii2 Con  V2Cnn &2 . ()
V201, V2Ci12 V2Cni2  2Chn V2er



In this way, o and ¢ are transformed into vectors and C into a square symmetric matrix
of 3. True advantages of the Kelvin formalism on the more used Voigt’s one [2],
are that C and its inverse S are transformed in the same way by a rotation and that the
matrix in eq. (2) algebraically corresponds to a symmetric second rank tensor, [3], [4].

Equation (2), by virtue of the spectral theorem for symmetric tensors, [5], can be
rewritten in such a manner that the matrix becomes a diagonal one. This possibility
was introduced the first by Kelvin as early as 1856, far before the development of
modern tensor algebra. Perhaps because too in advance with time, his pioneer work fell
almost completely in the oblivion, until some researchers reveal it again to the scientific
community in some rather recent works: starting from the eighties, Rychlewsky [6],
Mehrabadi and Cowin [3], Frangois [7], R. Desmorat and Marull [8] and more recently
de Saxcé and Vallée [4], have used the Kelvin decomposition of elasticity to different
purposes.

The Kelvin decomposition of the elastic moduli is particularly important in anisotropic
elasticity. In fact, while all the components of C are frame dependent, i.e. they are not
intrinsic quantities describing the mechanical behavior of the material, the eigenvalues
of the matrix in eq. (2) are tensor invariants (their value, function of the components
of the matrix representing C in a given frame, do not change under a frame rotation),
though, of course, they do not form a complete set of independent invariants (in planar
elasticity, there are five independent invariants of C).

More recently, another representation of planar elasticity has been proposed by
Verchery [9]: the polar formalism. Its very origin is a complex variable transformation,
leading to a method for systematically finding all the invariants and syzigy relations of
a given tensor, so as to find a complete set of independent invariants. Nevertheless, and
unlike in several other approaches that can be found in the literature, all of them are not
polynomial invariants. This fact, contrarily to what can be thought, is not a drawback.
In fact, the very question in anisotropy is: what are the best elastic moduli to be used?
More properly: among the different independent invariants that can be used to repre-
sent a tensor, what have a special and interesting meaning for applications? It has been
shown that the polar invariants introduced by Verchery are directly linked to the sym-
metries of the mechanical behavior and to a particularly interesting decomposition of
the elastic energy. These facts have been widely and successfully exploited in a recent
past, and have brought a new and different insight in the matter of planar anisotropic
elasticity, [10], [11], [12], [13], [14].

It seems natural to compare the two methods above, the Kelvin decomposition and
the polar formalism, which is the topic of this paper. We proceed hence as follows: the
Kelvin decomposition and the main features of the polar formalism are firstly recalled.
Then, the Kelvin decomposition is re-interpreted using the polar formalism and finally
a new elasticity tensor decomposition is proposed, leading to the definition of what can
be called the polar projectors, stresses, strains and energies. A list of the interesting
new properties with respect to the Kelvin decomposition is finally presented in the last
section, and a potential application to damage mechanics is described.



2 The Kelvin decomposition

As said previously, the idea of the Kelvin decomposition is basically the diagonaliza-
tion of the matrix representing C in the Kelvin formalism, eq. (2); the problem is hence
the classical one of finding the eigenvalues A’ and eigenvectors E’ of matrix C (here
and in the following, an underlined subscript means no summation):

CE =A'EL, i=LILIIL 3)

Eigenvalues A’ are homogeneous to a modulus while eigenvectors E' to a strain. Let
us call Kelvin basis the set
&= {ELE"E"}. 4)

By virtue of the spectral theorem, & is an orthonormal basis; following the suggestion
of some authors, e.g. Francois, [7], [15], the 2! will be named Kelvin moduli and the
eigenvectors E', Kelvin modes.

Calling Kelvin projectors the fourth-order dimensionless tensors

P =E!®EL, Vie {I,I,I}, (5)

then we get o
C=A"P. ©6)

Each Kelvin projector is represented in the Kelvin formalism by a square singular ma-
trix such that
Pl pl il )

Calling Kelvin strains and Kelvin stresses respectively each one of the tensors
g =Pe, ¢ =Po Vie{LILII}, (8)
by their same construction, Kelvin strains and stresses are mutually orthogonal:
g.e/=0, 6-6/=0Vi#je{lILII}. 9)
The Hooke’s law (1) in the basis & is hence
c=2A¢, (10)
and we get

e =5 0l ol =Alel Vic (LILI), (4o

Let us consider now the strain energy W; stored in an elastic body:
W, = 18 Ce = 17Li8 Ple= 17Lisi g (12)
s 2 - 2 — 2 .

W; can hence be decomposed into three terms W/,

1.
WS’ZE)}ngL Vi € {11,111}, (13)



each one of these three terms being associated to the corresponding Kelvin mode. For
this reason, we will denote them as Kelvin modal energies. The same procedure can be
applied verbatim also to the stress (complementary) energy,

W, = %O‘-SG. (14)

3 The polar method: basic equations

In the polar formalism, the Cartesian components of tensor C, in a frame turned coun-
terclockwise by an angle 6 with respect to the x; axis, are expressed as

Ci111(0) =Ty + 2T, +Rycosd (Py— 0) +4R  cos2 (P — 0),

Cr112(8) = Rosind (P — 6) + 2R, sin2 (P; — ),

Ci122(0) = =Ty +2T1 — Rycos4 (dy — 0), as)
C1212(0) =Ty — Rycos4 (dy— 0),

C1222(0) = —Rpsin4 (Py — 60) 4+ 2R sin2 (P — 0),

C2222(8) = Ty + 2T} + Rycos4 (g — 8) — 4R, cos2 (P — 6).

The polar moduli Ty, T1, Rp and R;, along with the difference &y — P; of the polar
angles are tensor invariants. It appears clearly from eq. (15) that the polar formalism
splits each Cartesian component into its isotropic, 7y and 77, and anisotropic parts, Ry,
R and &y — Py.

By inverting eqgs. (15), the expressions of the polar invariants can be obtained:

To — [C1111(8)=2C1122(6) +4C1212(8) +C2022(6)]
0 8

b

T, = [le(9)+2C11§2(9)+C2222(9)]

)

Ry = \/[Cln|(9)*26'1122(9>*4C|212(9)+8C2222(9>]2+16[C1112(9)*C1222(9)]2

)

)

Ry = YICun(0)-Com (O +4C1112(0)+Crom (O)F (16)
cosd(Py— D) = [C1111(0) —2C1122(0) —4Ci1212(0) + C2222(0)]
{[Clm(@) — o (0)) —4[C1112(9)+C1222(9)]2}+
+16[Cr111(68) — C2222(8)] [CF115(8) — 1y (6)] ;

the above equations show that both the isotropy moduli 7y and 77 are linear invariants,
the anisotropy moduli Ry and R; are the square roots of quadratic invariants while the
angular difference @y — P; is a function of a cubic invariant. Hence, only Ty and T
are polynomial invariants, among the five polar ones.

For the compliance tensor S, the inverse of C, relations similar to those in egs. (15)
and (16) exist; usually, in this case lower case letters are used for the polar parameters

(to, t1, o, 71, Qo and @y).



The polar anisotropic invariants define intrinsically all the possible symmetries of
the elastic behavior: it is known that the condition for ordinary orthotropy is linked to
a third-order invariant, and in the polar formalism this gets a very simple expression:

(Do—cblzl(g, K=1{0,1}; (17)

the value of the invariant K determines the shape of the ordinary orthotropy, and it has
a strong role in determining the solution in several optimization problems concerning
orthotropic materials. Actually, for the same set of polar moduli 7y, 77, Rg and Ry,
two distinct orthotropic materials can exist, one with K = 0, the other one with K =1,
whose mechanical properties are different.
Besides condition (17), it is simple to check that orthotropy can be obtained in eq.
(15) also when
Ry =0, (18)

or
Ry =0. 19)

Both these cases are special orthotropies, determined by a condition on a quadratic
invariant; in particular, the last condition corresponds to the well known 3D case of
cubic syngony, the so-called square symmetry, characterized by a periodicity of /2 of
the Cartesian components, while the first one is a the so-called Rg-orthotropy, a special
case of orthotropy discovered by the aid of the polar method, [11], in the plane case,
and confirmed by Forte for the 3D case, [16]. We remark that there are five independent
and non null invariants for the K = 1 ordinary orthotropy, four for the K = 0 case and
three for the two special orthotropies.

Finally, isotropy is stated by the two simultaneous intrinsic conditions (18) and (19)
and can be interpreted as the simultaneous presence of two special orthotropies.

The above conditions for the orthotropy of C can be repeated verbatim for S, sim-
ply replacing the uppercase with lowercase letters. Nevertheless, while condition (19)
implies the same for r{, condition (18) does not imply that 7y = 0. This fact, by reci-
procity, implies the independent existence of another case of symmetry of the elastic
behaviour, the rg-orthotropy, concerning S, but not C, [13], just as Ry-orthotropy con-
cerns C but not S. In particular, it can be proved that for ry-orthotropic materials it is

R
Role,Kfl, (20)
so the number of independent non null invariants is four for C, and three for S.

The polar formalism apply as well to tensors of any rank; we are concerned here

also with the polar representation of ¢ and &:

011 =T +Rcos2(P—0), €11 =t+rcos2(p—0),
02 =T —Rcos2(P—0), &y =t—rcos2(p—0), 20
G12 = Rsin2(P — 0), €12 =rsin2(¢p —0);



T and R are invariants, while @ is an angle fixing the frame; their expression is

_ 0)+02,(0
T — oul 2022( )

b

2
R— \/[011(9);622(9)} +0%(0), (22)

_ __2012(8)
tan2¢ = 011(0)—022(0)
Similar results are valid also for the polar parameters of €: ¢, r and ¢. A last remark: it
is apparent from eqgs. (21) and (22) that the polar formalism for second rank symmetric
tensors is nothing but the algebraic translation of the Mohr’s circle.
The strain energy W; takes the following form with the polar formalism, [10]

W, = 4T11% + 8R 1 rcos2 (Py — @) +2[Rocos4 (P — @) + Ty 7> (23)

In this formula, we can see that 77 acts only on the spherical part ¢ of €, Tp and Ry
only on the deviatoric part r, and Ry on both. Using this result, it can be shown that
condition (19) is the minimal requirement for splitting W; into two separated parts,

P! the spherical part, and W the deviatoric one, depending, the first, only upon
the spherical parts of o and € (T and f respectively), the second only upon the deviatoric
parts (R and r respectively).

To end this section, we remark that the above polar invariants (16) are completely
equivalent to those found by de Saxcé and Vallée, following an approach starting from
the Kelvin decomposition. Actually, the invariants given in eqgs. (54) to (59) of [4], can
be shown to be equal to

A=2T—Ty, u="Ty, I3=16R3, I =R3, —taan4(cbo—qs1). (24)

&

4 The Kelvin decomposition with the polar formalism

We use now the polar formalism to express the Kelvin moduli, modes, projectors,
strains and strain energy. The procedure is almost straightforward: relations (15) are
introduced into the matrix in eq. (2) to express the Cartesian components C;; of C by
the polar formalism. Then, the type of symmetry, if any, is introduced using conditions
(17), (18), (19) or (20). The eigenvalues Afand eigenvectors E! of the matrix in eq. (2)
are so calculated and they are of course given as functions of the polar parameters of
C. The Kelvin projectors P, strains £’ and modal energies W' are then computed (the
polar stresses, not given here for the sake of shortness, have the same expression of the
polar strains, and can be obtained simply swapping upper- and lower-case letters for
all of the polar parameters appearing in the expressions of the polar strains). The polar
formalism allows hence to distinguish the results upon the type of the elastic symmetry
and to express all the quantities as functions of intrinsic quantities, the polar invariants.

We give here the results for the different types of orthotropies and for isotropy;
the general case of totally anisotropic material can be formulated, but it is not given
here, because of its complexity (the solution of the characteristic equation to find the



eigenvalues is not simple in such a case). For the sake of simplicity, and without loss
of generality, in the following we will put &; = 0 in eq. (2) to fix the frame. Also, in
order to give a simpler form to the results, let us introduce the following two modules,
that are invariants too:

A=Ty—2T +(-1)XRy, B=/16R} +A2 (25)

4.1 Ordinary orthotropy
If eq. (17) is introduced into eq. (2), then we get:

e Kelvin moduli
A'=2[T— (—1)%Ry], A"=A—B+47;, A" =A+B+4T;.  (26)

o Kelvin modes

0
E'={ 0 },
1
B—4R,
A
El= A 1 3, @7)
A24+(B—4R))
0
_BH4R,
A
EI — - \/;\ — 1
+(+ 1) O
e Kelvin projectors
0 0 O
Pl=|0 0 0|,
0 0 1
(B—4R))* A(B—4R;) 0
I _ 1 _ 2
Pl = oy | AB—4R) A 0|, (28)
0 0 0
(B+4R))> —A(B+4R;) 0
Pll= L __ | _A(B+4R)) A? 0
A24(B+4R; ) !
+(B+4Ry) 0 0 0



e Kelvin strains

0
el = ﬁrsinZ(p 0 3,
1

( )i ) Bk
I _ (A+B—4R)t—(A—B+4Ry)rcos2¢
&= A2+(B—4R))? A ) 29
0
B+4R,
elll — (—A+B+4R)t—(A+B+4R|)rcos2¢ _A
A2+ (B+4R,)? 0

e Kelvin modal energies

Wl =2[Ty — (—1)XRy] *sin* 20,

B+4R;)(A—B+4T;
Wit = BHR)A_BHN) (4 B 4R\)1 — (A—B+4R)) reos29]’,  (30)
MHI:%[(_A+B+4R1)t+(A+B+4R1)rcos2<p]2.

e Total strain energy
W, = W+ W Wi = 27012 +4711% +2(—1)XRor? cos 4 + 8R 1 rcos2¢,
€19}

which of course is the corresponding of (23) for the case of ordinarily orthotropic
materials.

4.2 Rp-orthotropy

Inserting condition (18) into eq. (2) leaves unchanged almost all the results found for
ordinary orthotropy; the only changes are:
A=Ty-2T,
Al=21,
Wl =27yr%sin? 29,
W, = 2Tor? +4Tit> + 8Ry 1 rcos 2¢.

Ry=0 — (32)



4.3 rp-orthotropy

If conditions (20) are introduced into eq. (2), then the only changes in the results found
for ordinary orthotropy are

R2
Ro=-1 K=1,
T;
R2
A=Ty—2T, — 71
=0 — ~ (33)
WxI =2 < - Tll) r2sin2¢,
R2
W, = 2Tyr? + 4T +271r2 cos4@ 48R trcos2¢.
1

4.4 Square symmetry (R; =0)

This is a particularly interesting case, because, unlike all the previous cases, the eigen-
vectors E/, and by consequence the Kelvin projectors [P, do not depend upon the elastic
moduli: all the square symmetric plies share the same E/ and /. We list below all the
results for this case:

e Kelvin moduli

M=2(Tp—Ry), A"=2(TH+Ro), AM=41. (34)
e Kelvin modes
0 s | 1
E'={ 0 }, El=— CEM=—0 1 %, (35)
1 V2| o V2o
e Kelvin projectors
0 00 | -1 0 (1 1o
PP=|0 0 0 ,IP’H_E — 0 ,PIII_E 1 10
0 0 1 0 0 00 0
(36)
e Kelvin strains
0 1
e'=v2rsin29p{ 0 3, e'=rcos2p{ —1 3, eM=¢{ 1 3. (37
1 0 0

Kelvin modal energies

W!=2(Ty —Ro) r*sin?2¢, W=2(Ty+Ro)r?cos’2¢, W =412 (38)
e Total strain energy

W, = 2Tyr? +4Ti1% + 2Ror* cos 4. (39)



4.5 Isotropy

Now, conditions (18) and (19) must be inserted into eq. (2); the Kelvin modes, projec-
tors and strains are the same of the previous case, while:

e Kelvin moduli
A=Al =27, AWM =471 (40)

Because of the existence of a double eigenvalue Al = A it is convenient to
introduce only two Kelvin projectors, two Kelvin strains and two modal energies.

e Kelvin projectors

| -1 0 1 1 1 0
P/ —pl pll — 5 -1 1 0|, P 3 1 1 0 41)
0 2 0 0 0
e Kelvin strains
cos2¢
eM—r! —cos2¢ §, M=y 1 }. (42)
V2 sin2¢ 0

€/ and €™ are nothing else than the deviatoric and spherical parts of the strain
tensor.

e Kelvin modal energies
= ot?, Wt = 4T, (43)

e Total strain energy
W, = 2T0r2 +4T1t2. 44

5 An alternative formalism: the polar decomposition

We introduce now a new formalism for plane elasticity, inspired by the Kelvin decom-
position but based upon the polar formalism. The way we find it is rather easy: eq.
(15) shows that the matrix representing tensor C in the Kelvin formalism, eq. (2), can
be written as

C(6) =To To+ 2Ty T1 + Roc Roc + Ros Ros + 2R Ry, (45)

where, for the sake of simplicity and without loss of generality, we have fixed a frame
choosing @; = 0, and put

Rycosd®y = Ry, Rosinddy = Ry;. (46)

10



It is immediately recognized that Ry, and Ry, are tensor invariants too. If the material
is ordinarily orthotropic, then, see eq. (17) and recall that we have chosen &; = 0,

qvo—@l(:%):KZ,K:o,l & Roe=(—1)XRy, Roy=0,

while the invariant Ry, vanishes whenever

47)
T T
<1§0—<151(:<I>o):§+1<1, keN — Ry.=0. 48)
Finally, the particular case of ro—orthotropy gives, see eqs. (20) and (47),
2
ROc = _?]17 ROs =0.

(49)

Ineq. (45), To, T1, Roc, Ros and R are fourth-rank tensors of G2 of the type of
elasticity, defined by (the set {e;,e,} is an orthonormal basis of R?)

To=(e; Qe —er20e)R(ej Qe —er ey)+
(e1@er+eRe)®(e1Qer+e2®e),

Ti=(e1Re+erRe) R (e; ®e| +e;Rey),

Roe = cal(e1 ®@e; —er ®ep)

R(ejRe; —ery®ey)—
(e1Rey+erRe)R(ejRer+erRe;)|—
sal(er@e—e®e) (e Qe+ e, ®e)+

(e1®ert+e,®e)® (e ®e; —exRey)], (50)
Ros =s4l(e1 e —e20e) (e Qe —erRey)—
(e1Rert+eRe)®(ej®e;+ey®e; )|+
64[(81 Xeq —e2®e2)®(e1®e2+e2®e1)+
(e1®@er+er®e)(

e ey —e2®e2)],

Ri=20c((e1®e)®(e;Re) — (20€) @ (e20e)|+
Sz[(e1 Xeq +e2®e2)

ReRet+e,Re)+
(e1@ertere) R (e e +erRey)],
where, for the sake of conciseness,

¢y =c0s260, s, =sin26,

cq4 =cos40, s4=-sin40.

61y}

Tensors To, T, Ro., Ros and R play a role similar to that of the Kelvin projectors,

i.e.

eq. (6), in the sense that they give a decomposition of the elasticity tensor C. For this
reason we will call them polar projectors and denote them in a general way by P

é)(}l’
]P)iml € {TlvTOaROC;ROs,Rl}. (52)

11



Their matrix form is quite simple:

-1 0 1 1 0 Cq —C4 — 254
To=| -1 1 0|, Ty=|1 1 0], Rope= —cy s V2s4
0 0 2 000 V254 V2si  —2ca
S4 —S4 ﬂ04 2¢) 0 V25
Ros = —54 sa —V2c4 |, Ri= 0 —2c V2s
V2es —V2ec 254 V252 V25 0
(53)

A relation similar to eq. (45) holds also for tensor S, it is sufficient to replace the
polar stiffness moduli by the corresponding compliance ones, in practice, they must be
written with lowercase letters, while the projectors are exactly the same.

The polar projectors have some algebraic properties, listed below:

ITi [ =2, [IToll = IRocll = [[Rosl = IRy | = 2v'2,

det (P, ) =0,

P, 'mez =0, VP, # P, € {T1,To,Roc, Ros, Ry } -

(54

So, the polar projectors are singular orthogonal tensors, whose norm is not the unity
and whose sum is not the identity. Actually, they constitute another way to decompose
an elasticity tensor, that has some particular features and links with the material sym-
metries, through the polar invariants. It is worth recalling that the coefficients of the
linear combination giving the elastic tensor, eq. (45), are tensor invariants and that all
the dependence upon the orientation 0 is in the three projectors Ry., Ros and Ry, linked
to the anisotropic part, while the two projectors T and T, linked to the isotropic part,
are insensible to the orientation. Fixing the orientation to zero gives

1 -1 0 0 0 V2 2

0=0— Roo=| -1 1 0|, Ro= 0 0 —v2 |, Ri=1|0
0 -2 V2 =2 0 0

(55)

Some material symmetries, i.e., algebraically speaking, some particular values of
the polar invariants, make one or more anisotropic polar invariants vanish, so eliminat-
ing the corresponding polar projectors from the sum of tensors giving C. Namely, as
already recalled in eq. (47), ordinary orthotropy eliminates Rq,, while condition (48)
eliminates Ro.. Also, Rop—orthotropy, eq. (18), eliminates both Ry, and Ry, while
square symmetry, eq. (19), R; and finally, isotropy eliminates all of them.

Just like for the Kelvin decomposition, let us now introduce the tensors

€hoy =Py, by =Ph,0 Vie{l,. .V}, (56)

that we will call polar strains and polar stresses respectively. Using eq. (21), one gets,

12

SO

)

S O O



for the case of the polar strains,

2rcos2(¢p —0)
811701 =Toe={ —2rcos2(¢p—06) 7,
2v/2rsin2(¢p — 0)
2t
g =Tie=q 2t ¢,
0
2rcos2(@+0)
8117131 =Rg.€ = —2rcos2(¢+0) ,
—2/2rsin2(¢ +6)
2rsin2(¢@+0)
e =Roe =4 —2rsin2(p+06) o,
2v/2rcos2(¢ + 6)
2¢c0820 +2rcos2(¢p —20)
8;/01 =Rie=<{ —2tcos26+2rcos2(¢p—26) .,
2/2tsin26
If one fixes the direction 8 = 0, then the above expressions simplify to
£ —8& 2rcos2¢@
pol =Toe=<¢ —€+& = —2rcos2¢
2¢ 2¢/2rsin2¢
&g +& 2t
po/—Tls_ g+& p=4 2t 5,
0 0
£ —& 2rcos2¢
0=0 g =Roce=q —&1+& p=( —2rcos2¢ 5, (58)
—2¢g —24/2rsin2¢
V2¢g 2rsin2¢
pol — ROsg = _\@86 = —2rsin2g0 s
V2 (e — &) 2v/2rcos2¢
2¢ 2t +2rcos2¢@
8;/01 =Rie=<{ —2& p=< —2t+2rcos2@
0 0

Similar expressions hold also for the polar stresses o

o> LIS sufficient to replace ¢, r

and ¢ by T, R and P, respectively. It is worth noting that, unlike Kelvin strains and
stresses, the polar strains and stresses are not necessarily orthogonal and they do not
decompose strain and stress:

v ) \% .
Ye+e Yo #o. (59)
i=I i=I

13



On the other hand, noticing that

dev ) | sph
spgl 2%, g, =21, (60)

it is possible to decompose strains or stresses with the first two polar strains or stresses:

1

sph d

E = sYI’ .y ev _ E (811701+8[I)lol) 5
(61)

1
__ ~Sph dev __ 1 11
c=0"+0 _E(Gpol+opol).

Unlike the case of ¢ and &, the stored elastic energy can be perfectly decomposed
by the polar stresses or strains. Let us consider, for instance, the strain energy (similar
results exist of course also for the stress energy, it is sufficient to change € with ¢
and switch all the polar components denoted by lowercase letters to capital letters, and
those denoted by capital letters to lowercase letters):

1 1
W= e -Ce= e |Ty To+2Th T + Roc Roc + Ros Ros +2(—1)"R1 Ry | €. (62)

Using eqgs. (56) we can get:

s = Z { pol- 63)
with
Wsipol =€ ﬁpol vot VEAL.VE =
W, o = 38 Togy, = 570 [(81 —g8)? +26§] =27y 12,
1 1 2 2
W pot = 2€ 2 Ti€l ol_Tl (e1+ &) =4T t*, o
Wlhor = 3 RocEpg = 1Roc {(31 — &)’ - 2862} = 2R 1> cos 4@,
Wslzol = %8 Rosg, pal = V2R, (€1 — &) € = 2Ro; 1 sind g,
vapoz = %8 2Rg), pol = =2R (81 —82) = 8Rt rcos20,

where we have indicated by B’ol any one of the polar invariants; the values of the BI’;OZ
are apparent from eq. (64). The different terms W’ ol AT the polar strain energies;

each one of them is linked to a polar modulus and to a part of the strain tensor: WS ol

w1, and WY, depends upon the deviatoric part of &, W', upon its spherical part
and stpol on both of them. The sum of the terms in (64) is of course equal to the
expression of Wy given in (23), how it can be easily checked.

The above polar energies can be further decomposed. Recalling (61), we get

. 1 "
¢ pot = 5 (&7 " ety Blel, =Wl L Wi T e {1, V), (65)
where
i1 1 1
sphi __ h 11 d. _ d
VV& pol — E e’ ﬁ 8pol - 18 pol7 Ws ;‘tj)ll - 2 < [3 8pol 78 ﬁ pol” (66)
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The total number of non null Wflj(l)li and W:’;Zli is not of ten, as one could expect, but

only of six; this happens because, as can be easily checked using eq. (57), it is

Epot €y =0 Vie {LILIV}, & ey =0. (67)

We can hence find

sph 1 _ devl _ywl  _ 2
Wspol_07 Wspol_vvspol_ZTOr’

sph Il _ yll 2 dev Il _
W =W 4 Tt Wspol =0,

s pol s pol —
sph 1L _ dev TII _ yyII 2
W, vol = 0, Wi ol = Wy por = 2 Rocr cos4 o, (68)

sph IV _ devIV _ ywIV _ 2 o
Wspol =0, Wspol —Wspgl—ZRgsr sin4@,

hV _yrdevV _ lypV
VVA'SI])JOI - WS‘ ;1;1 - EWS pol — 4 Ryt rcos2¢.
The only polar energy to have both the spherical and deviatoric part non null, and
identical, is stpo ;- This term is more properly a mixt energy because always depending
on both the spherical and deviatoric parts of €. Also,

I il I v

Ws pol > WS‘ pol» VVs pol > Ws- pol v {rv (P}, (69)
because it is always Ty > Rg, [10], and hence, a fortiori, Ty > Ro. and Tp > Ry, €q.
(46).

6 Conclusion

The main properties, with respect to the Kelvin decomposition, of the new tensorial
decomposition based on the polar formalism introduced in this paper are :

e Similarly to the Kelvin decomposition, the polar decomposition introduces iden-
tical polar projectors when considering the stiffness tensor C or the compliance
tensor C~1.

e The polar decomposition has a direct interpretation in terms of material symme-
try, which is not the case for the Kelvin decomposition outside the isotropic and
square symmetry cases.

o The projectors are intrinsinc in the polar decomposition for any type of symmetry
considered. More precisely, the polar projectors do not depend on any modulus
for any type of symmetry. This is true in the case of the Kelvin decomposition
only for isotropy and square symmetry.

e The dependence of the polar projectors with any global frame considered is ex-
plicitly given by the angle 0.

e Two polar projectors are found to be constant with respect to any material be-
haviour, i.e. to any polar moduli and to the global frame considered.
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e [n the isotropic case, the Kelvin and polar decomposition are identical and the
projectors are found to be constant.

o [n the square symmetry case, only one Kelvin and polar projector is identical.
For the Kelvin decomposition, the associated Kelvin stresses and strains are the
spherical part, the diagonal of the deviatoric part and the out of diagonal of the
devitoric part. For the polar decomposition, the associated polar stresses and
strains are the spherical part, the deviatoric part and the deviatoric part with an
opposite sign for the out of diagonal terms.

e For any considered symmetry, two of the polar strains (or stresses) are equal to
twice the spherical and deviatoric parts, which results in the fact that the strains
(or stress) is equal to the sum of the first two polar strains (or stresses).

o If we introduce another decomposition of ¢ that can be obtained using eq. (45)
and the Hooke’s law (1):

O = Lo +2 Mpoy + My + Hpor +2 Mo (70)

where I I I 1 il il
Aupol = TO gpal’ 'upol =T £p017 'upol = ROC gpol’
v _ v vV o_ \%
‘u'pol = Ros spol’ 'upol =R 8pol'
It follows immediately that, unlike for the Kelvin decomposition, eq. (11), a
polar stress can never be proportional to its corresponding polar strain; in fact,
if one considers for instance the case of G,Imz and 8117 itis

(71)

ol>
I 1 1
Opot = Hpot = To gpol I oc=Te, (72)

which can never be true, also in the isotropic case, by virtue of (45), because the
polar isotropic moduli 7y and 77 are strictly positive, [10]. This explains also,
mechanically, why the polar stresses cannot decompose o, eq. (59). A similar
result is valid, of course, also for the polar strains.

In several cases considered in the past, the polar formalism has proved to be an
effective method for handling problems concerning bi-dimensional anisotropy; some
new phenomena and results have been obtained thanks to its use (for instance, the exis-
tence of the special Ry-orthotropy [11], the special orthotropy of paper [13], the pioneer
theoretical work on anisotropy of complex bodies [14], the unexplored phenomena of
interaction between geometry and anisotropy [17]).

As it has been recognized by de Saxcé and Vallée in [4], this has been the true
leading method in the last decade for the analysis of plane anisotropy, and the results
found thanks to the polar formalism have, at least in part, motivated a new interest in
the study of bi-dimensional anisotropic elasticity, as the work of de Saxcé and Vallée
shows. Nevertheless, the polar formalism has been applied to the study not only of
elasticity, but also of piezoelectricity [18], of strength [19] and of complex bodies [14].
This has not yet been done with other theoretical approaches, while the results found
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with the polar formalism have, in some cases, motivated similar studies also in three-
dimensions, as for instance in the case of Ry-orthotropy in R, whose existence has
been confirmed by S. Forte [16], as said above, or the invariants of a third-order piezo-
electric tensor, generalized to the 3D case by F. Ahmad, [20].

Of course, other approaches and formalisms exist for describing an anisotropic
tensor and the polar method is not the oldest one. Some other approaches can be cited,
besides the most recent one, the already cited work of de Saxcé and Vallée: the very
classical formalism of Stroh [21], the works of Forte and Vianello [22], of Rychlewsky
[6] and, for those who are familiar with the mechanics of composite materials, the
so-called parameters of Tsai and Pagano [23].

A comparison between these last and the polar formalism has been already pro-
posed in [10], while the comparison with the Stroh formalism, the works of Forte and
Vianello or the representation of Rychlewsky is still to be done. Nevertheless, some
points are intrinsic to the polar formalism and constitute, to the opinion of the authors,
the key of the success of this approach in dealing with some problems, like those men-
tioned above or more generally in several works concerning the optimization of lami-
nated anisotropic structures appeared in the last few years, see for instance [24], [25],
[26]. To this purpose, it seems to the authors that the polar formalism has found much
more and different applications to engineering problems than, for instance, the param-
eters of Tsai and Pagano, whose use is rather bounded to a certain class of problems,
exclusively concerning the elasticity of laminates.

Namely, at its true origin the polar method is a mathematical technique to find the
invariants of a tensor of any order in R?, so it is not at all bounded to the study of the
elasticity tensor. A second fundamental point, distinguishing the polar formalism from
other approaches, is that it does not makes use of only polynomial invariants: unlike
other methods, the polar formalism looks for invariants linked to the direction. Its true
peculiarity is to be based upon a representation of a tensorial quantity by modules and
angles, for any tensorial order.

In this way, the direction enters directly and explicitly in the expression of the phys-
ical quantities, which is not the case with any of the other approaches mentioned above.
The utility of such a result whenever the phenomenon to be described is direction-
dependent, which is of course always the case in anisotropy problems, is evident by
itself.

Perspective: application of the polar decomposition to damage mechanics. The
Kelvin decomposition has recently been used to define damage models using the Kelvin
stresses as multiple effective stresses [8] or using the Kelvin decomposition of a fourth-
order damage tensor [15]. One difficulty in such approaches is that for orthotropy, the
Kelvin projectors cannot be defined independently of the material moduli. In this case,
the polar decomposition could advantageously be used in 2D models for Ry-orthotropy,
ro-orthotropy and ordinary orthotropy (or even anisotropy) in order to define new dam-
age models. That was the objective that mainly motivated the present research; this
paper contains its first paths, hopefully preparing some new results to come.
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