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Density Bounds for some Degenerate Stable Driven SDEs.

Lorick Huang Stéphane Menozzi
Université Paris 7 - Diderot * Université d’Evry Val-d’Essonne T

February 17, 2014

Abstract

We consider a stable driven degenerate stochastic differential equation, whose coefficients satisfy a kind of
weak Hormander condition. Under mild smoothness assumptions we prove the uniqueness of the martingale
problem for the associated generator. Also, in the scalar case we establish density bounds reflecting the
multi-scale behavior of the process.

1 Introduction

The aim of this paper is to study degenerate stable driven stochastic differential equations of the following
form:

ix! = (atl,lth +...+a§v"Xt”) dt + o(t, X,-)dZ, (1.1)
ax? = (@ X+ apn X dt

ax; = (aPXP 4" de

axy = (ap"TXPTN 40P XY dt, Xo = v € R,

where Z is an R? valued symmetric o stable process (a € (0,2)), 0 : Ry x R* — R @ R4 o' : Ry —
RI®@R?, i€ [l,n], j€[(i—1)V1,n]. Observe that X is R"® valued. We will often use the shortened form:

dXt = AtXtdt + BO’(t, Xt* )dZt, XO =T, (12)

where B = (Idxd O(nfl)dxd)* denotes the injection matrix from R into R™® and A, is the matrix :

1,1 1,n
at e e e at
2,1 -, 2.n
Ay . ay
= 3,2 . 3,
Ay 0 a; . a;"
n,n—1 n,n
0 e 0 a a;

The previous system appears in many applicative fields. It is for instance related for n = 2 to the pricing of
Asian options in jump diffusions models (see e.g. Jeanblanc et al [13] or Barucci et al [2] in the Brownian case).
The Hamiltonian formulation in mechanics can lead to systems corresponding to the drift part of (LI (still
with n = 2). The associated Brownian perturbation has been thoroughly studied, see e.g. Talay [32] or Stuart
et al. |22] for the convergence of approximation schemes to equilibrium, but to the best of our knowledge other
perturbations, like the current stable one, have not yet been considered. For a general n, equation (ILI]) can
be seen as the linear dynamics of n coupled oscillators in dimension d perturbed by a stable anisotropic noise.
Observe also that in the diffusive case these oscillator chains naturally appear in statistical mechanics, see e.g
Eckman et al. [9].
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Equation (LJ) is degenerate in the sense that the noise only acts on the first component of the system.
Additionally to the non-degeneracy of the volatility o, we will assume a kind of weak Hérmander condition on
the drift component in order to allow the noise propagation into the system.

A huge literature exists on degenerate Brownian diffusions under the strong Hérmander condition, i.e. when
the underlying space is spanned by the diffusive vector fields and their iterated Lie brackets. The major works
in that framework have been obtained in a series of papers by Kusuoka ans Stroock, [17], [18], [19], using a
Malliavin calculus approach.

For the weak Hormander case, many questions are still open even in the Brownian setting. Let us mention
in this framework the papers [8], [24] and [16] dealing respectively with density estimates, martingale problems
and random walk approximations for systems of type (ILI]) or that can be linearized around such systems. In
those works a global multi-scale Gaussian regime holds. For highly non-linear first order vector fields, Franchi
[10] and Cinti et al. [7] address issues for which there is not a single regime anymore. A specificity of the
weak Hormander condition is the unbounded first order term which does not lead to a time-space separation
in the off-diagonal bounds for the density estimates as in the sub-Riemannian setting, see e.g. [I9], Ben Arous
and Léandre [4] and references therein. The energy of the associated deterministic control problem has to be
considered instead, see e.g. [8]. We have a similar feature in our current stable setting.

In this work we are first interested in proving the uniqueness of the martingale problem associated to the

generator (L;);> of (L)), i.e.

(Ve(r), Bo(t, x)z)
1422

Vo € CLR™,R), Vo € R™, Lio(x) = (Auz, Veo(a))+ /

<w<x+Bo<t,x>z>w<z>
Rd

)y(dz),

(1.3)
under some mild assumptions on the volatility o and the Lévy measure v of Z. To this end, the key tool consists
in exploiting some properties of the joint densities of stable processes and their iterated integrals, corresponding
to the proxy model in a parametriz continuity technique. Following the strategies developed in [3], [24] we
then derive uniqueness exploiting the smoothing properties of the parametrix kernel. Let us emphasize that
the above mentioned densities actually behave as the density of an « stable process in dimension nd with a
modified Lévy measure, where n—1 is the numbers of iterated integrals considered and d is the initial dimension
of the process. They also exhibit different time-scales. Roughly speaking, the typical time scale of the initial
stable process is t'/¢ and t~D+1/* for the associated (i —1)'" integral. Also, the process will deviate from the
transport of the initial condition by the deterministic system, i.e. setting %Rt = A;R;, Ry = I, the mean of
the process is Rz, accordingly to the associated component wise time scales. We establish two sided estimates
for those densities, see Proposition

When turning to density estimates, one of the dramatic differences with the Gaussian case is the lack of
integrability of the driving process. For non-degenerate stable driven SDEs, this difficulty can be bypassed to
derive two-sided pointwise bounds for the SDE that are homogeneous to the density of the driving process,
see e.g. Kolokoltsov [I4], establishing in the stable case the analogue of the Aronson bounds for diffusions,
see e.g. Sheu [28] or [I]. For approximation schemes of non-degenerate stable-driven SDEs we also mention
[15]. In our current degenerate framework, working under somehow minimal assumptions to derive pointwise
density bounds, that is Holder continuity of the coefficients, we did not succeed to get rid of those integrability
problems. For technical reasons that will appear later on, we obtain when d = 1,n = 2 (scalar non-degenerate
diffusion and associated non-degenerate integral) the expected upper-bound up to an additional logarithmic
contribution and the expected diagonal lower bound, see Theorem To this end we use a parametrix ap-
proach similar to the one of Mc Kean and Singer [23]. Working with smoother coefficients would have allowed to
consider Malliavin calculus type techniques. In the jump case, this approach has been investigated to establish
existence/smoothness of the density for SDEs by Bichteler et al. in the non-degenerate case [5], and Léandre in
the degenerate one, see [20],[2I]. Let us eventually mention some related works. Priola and Zabczyk establish
in [26] existence of the density for processes of type (ILI]), under the same kind of weak Hérmander assumption
and when o is constant, for a general driving Lévy process Z provided its Lévy measure is infinite and has
itself a density on compact sets. Also, Picard, [25] investigates similar problems for singular Lévy measures.
Other results concerning the smoothness of the density of Lévy driven SDEs have been obtained by Ishikawa
and Kunita [IT] in the non-degenerate case but with mild conditions on the Lévy measure and by Cass [6] who
gets smoothness in the weak Hormander framework under technical restrictions.

The article is organized as follows. We state our main results in Section In Section Bl we explain the
procedure to derive those results and also state the density estimates on the process in (II) when o (¢, z) = o ()
(frozen process). We then prove the uniqueness of the martingale problem in Section @l Sections [ and [@ are
the technical core of the paper. In particular, we prove there the existence of the density and the associated
estimates for the frozen process and establish the smoothing properties of the parametrix kernel. Appendices



[Al and [Bl are dedicated to the derivation of stable density bounds and kernels following the procedure of [I4] in
our current degenerate setting.

2 Assumptions, and Main Result.

Let (Z¢)i>0 be an « stable symmetric process, defined on some filtered probability space (2, F, (F;)i>o0,P),
that is a Lévy process with Fourier exponent:

Ee!(P:2t) — exp (—t/ |<p;§>|a,u(d§)) , Vp € R%.
Sd—1

In the above expression, we denote by S¢~! the unit sphere in R%, and by p the spectral measure of Z. This
measure is related to the Lévy measure of Z as follows. If v is the Lévy measure of Z, its decomposition in
polar coordinates writes: v(dz) = pfl%ﬂ(dg), where z = ps, (p,s) € Ry x 471 Then, u = Cy.qft ( see Sato
[27] for the exact value of Cy q).

We will make the following assumptions:

[H-1]: (H8lder regularity) 3H > 0, € (0,1], Yo,y € R and V¢ > 0,

lo(t,z) — ot )|l < Hlz —y|".

[H-2]: (Non degeneracy of the spectral measure) 3A1, A> € RY |, Vu € RY,

Ml < [ 19 () < Aalul” (21)
[H-3]: (Ellipticity) 3¢, ¢ > 0, V¢ € R, Vz € R™ and Vt > 0,
clé]? < (€ 00" (¢, 2)€) <TEf*. (2.2)
[H-4]: (Hérmander-like condition for (4;);>0) 3@, a € R%, V&€ € R™ and Vt > 0, af¢? < (a)"7'¢,€) <
al€)?, Vi e [2,n —1]. Also, for all (i,5) € [1,n]?, |la?’| < @.

We say that [H] holds if conditions [H-1] to [H-4] are fulfilled.
Our main results are the following.

Theorem 2.1 (Weak Uniqueness). Under [H], the martingale problem associated with the generator (Ly)i>o,
defined in ([L3), of the degenerate equation (LII):

dXt = AtXtdlf + BO’(t, Xt7 )dZt,

admits a unique solution. That is, for every x € R™, there exists a unique probability measure P on © =
D(Ry x R" R) the space of cadlag functions, such that for all f € C'Ol’l(RJr x R™ R), denoting by (X;)i>o the
canonical process, we have:

t
P(Xo=2)=1 and f(t,X;) f/ (Ou + Lu) f(u, Xy)du is a P- martingale.
0

Hence, weak uniqueness holds for ().
Also, when d = 1 and n = 2 in [[II)) we are able to prove the following density estimates.

Theorem 2.2 (Density Estimates). Assume that d = 1, n = 2. Under [H], the unique weak solution of

(CI) has for every s > 0 a density with respect to the Lebesgue measure. Precisely, for all 0 < t < s and
x € R?,

P(X, € dy|X; = x) = p(t, s,z,y)dy. (2.3)

Also, for a deterministic time horizon T > 0, and fized threshold K > 0, the following upper bound holds:
gy = CGoo([H], T, K) > 1, 5.t. V0 <t <5 <T, V(z,y) € (R*)?,

plt,s,2,y) < Gggpa(t, s,2,y) (1+1og(K V[(T¢_ )™ (y — Re(2))]) , (2.4)



where

det(Tg_,)
To )My — Rse()) [}
Here, R,y stands for the resolvent associated to the deterministic part of (L)), i.e. disR&t = AR, Rt = I,

and Co is s.t. [o Pa(t, s, x,y)dy = 1.
Eventually for 0 <T < Ty :=To([H],K) small enough, the following diagonal lower bound holds:

u

Palt,s,z,y) = Cq KV and Yu € Ry, T¢ := Diag((ul/”‘,ulﬂ/o‘)).

VO <t<s<T, V(z,y) € (R})? s.t. |(TY_,) *(y — Rss(2))| < K, plt,s,x,y) > qﬁdet('ﬂ‘?f,&)_l. (2.5)

Under the current assumptions, Theorem 2] is proved following the lines of [3] and [24]. In the Gaussian
framework, those assumptions are sufficient to derive homogeneous two-sided multi-scale Gaussian bounds, see
[8]. However, in the current context, we only managed to obtain the expected upper bound up to a logarithmic
factor and a diagonal lower bound for d = 1 and n = 2. This is mainly due to a lack of integrability of the
stable process which becomes really delicate to handle in the degenerate case. Indeed, in the non-degenerate
context, Kolokoltsov [I4] successfully gives two sided bounds for the density of the SDE. The technical reasons
leading to the restriction of Theorem 2] will be discussed thoroughly in the dedicated sections (see Sections
and [B]). Let us mention that the above results could be extended to the case of a d-dimensional non-degenerate
stable-driven SDE and the integral of one of its components. We emphasize as well, that our estimates still
hold if we had a non-linear bounded drift in the dynamics of X! if & > 1 (see Remark [5.5). We conclude this
paragraph saying that the uniqueness of the martingale problem and the estimates of Section [l allow to extend
in the non-degenerate case, the stable two-sided Aronson like estimates of [14] for Holder coefficients.

Constants and usual notations:

e The capital letter C' will denote a constant whose value may change from line to line, and can depend
on the hypotheses [H]. Other dependencies (in particular in time), will be specified, using explicit under
scripts.

e We will often use the notation < to express equivalence between functions. If f and g are two real valued
nonnegative functions, we denote f(z) < g(x), © € I C R?, p € N, when there exists a constant C' > 1,
possibly depending on [H], I s.t. C~1f(x) < g(x) < Cf(x), Vo € I.

e For v = (11, ,2,q) € R™ and for all k € [1,n], we define z* := (T(k—1)d+1," " »Tha) € R, Accord-
ingly, z = (zt,--- ,2").

From now on, we assume [H] to be in force.

3 Continuity techniques : the Frozen equation and the parametrix
series.

For density estimates, a continuity technique consists in considering a simpler equation as proxy model for
the initial equation. The prozxy will be significant if it achieves two properties:

- It admits an explicit density or a density that is well estimated.

- The difference between the density of the initial SDE and the one of the proxy can be well controlled.

For the last point a usual strategy consists in expressing the difference of the densities through the difference
of the generators of the two SDEs, using Kolmogorov’s equations. This approach is known as the parametriz
method. In the current work, we will use the procedure developed by Mc Kean and Singer [23], which turns
out to be well-suited to handle coefficients with mild smoothness properties.

We first introduce the prory model in Section Bl and give some associated density bounds. We then
analyze in Sections 3.2] how this choice can formally lead through a parametrix expansion to a density
estimate, exploiting some suitable regularization properties in time. These arguments can be made rigorous
provided that the initial SDE admits a Feller transition function. The uniqueness of the martingale problem
will actually give this property.



3.1 The Frozen Process.

In this section, we give results that hold in any dimension d, and for any fixed number of oscillators n. Let

T > 0 (arbitrary deterministic time) and y € R"? (final freezing point) be given. Heuristically, y is the point

where we want to estimate the density of (LI]) at time 7 provided it exists. We introduce the frozen process
as follows:

dXTv = A, XTds + Bo(s, Re 1 (y))dZs. (3.1)

In this equation, R (y) is the resolvent of the deterministic equation associated, i.e. it satisfies %RS,T =
AsRs 1, with Ry = I,4 in R™ @ R™. Let us emphasize that the previous choice can seem awkward at first
sight. Indeed, a very natural approach for a proxy model would consist in freezing the diffusion coefficient at
the terminal point, see e.g. Kolokoltsov [14]. In our current weak Hormander setting we need to take into
account the backward transport of the final point by the deterministic differential system. This particular
choice is actually imposed by the natural metric appearing in the density of the frozen process, see Proposition
This allows the comparison of the singular parts of the generators of (IT]) and (B applied to the frozen
density, see Proposition and Lemma

Proposition 3.1. Fir (t,z) € [0,T] x R*. The unique solution of BJ) starting from x at time t writes:
xXteTy = R —|—/ R, wBo(u, Ry 1(y))dZ,. (3.2)
t

Proof. Equation (31 is a linear SDE, with constant diffusion coefficient. As such, it admits a unique strong
solution. The representation ([B.2]) follows from Ito’s formula. O

Introduce for all u € RT, the diagonal time scale matrix:

uéld 0
TS = . (3.3)

1
0 u"*1+EId

This extends the definition of Theorem for n = 2. The entries of this matrix correspond to the intrinsic
time scales of the iterated integrals of a stable process with index « observed at time w. They reflect the
multi-scale behavior of our system. We first give an expression of the density of X La. Ty in terms of its inverse
Fourier transform. We refer to Section for the proof of this result.

Proposition 3.2. The frozen process (Xz*z*T*y)szt has for all s > t a density w.r.t. the Lebesgue measure,
that is: ~ ~

P(XTY € dz| XY = ) = pLY(t, s, x, 2)dz.
For 0 <T —t < Ty :=To([H]) <1 there exists a symmetric measure s = pi(t, T, s,y) on S™~1 satisfying
[H-2] in R (non degeneracy of the spectral measure), uniformly in the parameters t,T, s,y, such that:

det (T§_;)

1

~ —1 AP I e T a,

pgvy(t,s,x,z) = —— / e~ U@ (TT_ )" (2= Rs 1 () exp (_/ (g, )] us(dn)) dq. (3.4)
(27T) Rnd Snd—1

Remark 3.1. The above proposition is important in that it shows why the density of a d-dimensional stable
process with index « € (0,2) and its n iterated integrals actually behaves as the density of an nd-dimensional
multi-scale stable process, where the various scales are read through the matrix T¢.

From the previous remark, following the computations in [I4] which are recalled in the appendix, we derive
the following estimates.

Proposition 3.3. Fiz T > 0, a threshold K > 0 and y € R".  For all (t,z) € [0,T) x R", the density
pLlY(t,s,x,2) of the frozen process (Xg*z*T*y)se(t,T] in B2) satisfies the following estimates. There exists
U53:= Ug3 (H-2,H-3,H-4,K)> 1, s.t. for all0 <t <s<T, (z,2) € (R"d)2;

Cﬁﬁa(t, s,,2) < pLY(t, s, @, 2) < Ogapa(t, s, @, 2), (3.5)
where extending the definition of Theorem [2.3, we write:

ot e det(Tg_,)~!
Pall, $,2,Y) = La o _ ndto
{KV(Tg_,) "My — Rse())[ e+




We refer to Section and Appendix [Al for the proof of this result. As a corollary, we have the following
important property.

Corollary 3.4 (“Semigroup" property). There exists g = 33 (H-2,H-3,H-4,K) > 1 s.t. for all
0<t<Tt<s, (z,y) € (R")2:

[ paltria (s, ) < gt

Proof. From the lower bound in ([B3) we get for all (s,y) € R, x R™®:
_a t7 ) ) _Ot ) d < t 7 ) d = 3 e t, 3 3 )
/Rndp(T:cz)p(T ,2,y)dz < CmRnd (t, 7,2, 2)poY (7,8, 2,y)dz qmpa(szy)

because p&¥ enjoys the semigroup property. The upper-bound of (B3] finally yields:

[ paltmi a2 )z < Gt ).

O

Remark 3.2. As an easy corollary of this semigroup property, we derive that for all T, T, T3 > 0, y1,y2, Y3 €
R™ for allt < 7 < s and z,y € R™®:

/ PLUYL(t, T, @, 2)pLr Y2 (T, 8, 2,y)dz < qmpTS Y3 (s, (3.7)
Rnd

The above control reads as a semigroup property on the frozen densities with possible different freezing points.

3.2 The Parametrix Series.

We assume here that the generator (L;)¢>o of (ILI)) generates a Feller inhomogeneous semigroup (P s)o<t<s-
Using the Chapman-Kolmogorov equations satisfied by the semigroup and the pointwise Kolmogorov equations
for the prory model, we derive a formal representation of the semigroup in terms of a series, involving the
difference of the generators of the initial and frozen processes. Let L; (already defined in (I3)) and L]
denote the generators of X* and X**T¥ at time ¢ respectively. For ¢ € C}(R"?,R), denoting by v the Lévy
measure of Z, we have for all z € R™¢:

(Vo(z), Bo(t, x)z)
1422

Liote) = (Vo(o), ) + [ (ol + Bott,2)2) — o) - ) vt

(Vo(z), Ba(t, R,r(y))z)
1+ |22

LY g(x) = (Vo(x), Arz) +/ (d)(x + Bo(t, R (y)z) — ox) — > v(dz).  (3.8)
]Rd

Observe that for X7 defined in B2), its density p- (¢, s, z, -) exists and is smooth under [H] for s > ¢

(see Proposition B.2] above).

Proposition 3.5. Suppose that there exists a unique weak solution (X1%)o<i<s to (LI)) which has a Feller
semigroup (P s)o<i<s- We have the following formal representation. For all 0 <t < T, (z,y) € (R"¥)? and
any bounded measurable f: R™ — R:

Purf(e) =Bl (Xr)| X, =] = [

Rnd

+oo
(Z(ﬁa ® H")(t, T, z, y)) fw), (3.9)

r=0

where H is the parametriz kernel:
VO <t <T, (x,y) € (R™)?, H(t,T,,y) = (L — L{*)pL (¢, T, 2, y). (3.10)

In equation B9), we denote for all 0 <t <u < T, (v,2) € (R")2, po(t,u,z,2) := p?(t,u,z, z). Also, the
notation ® stands for the time space convolution:

T
@ g(t, Toa,y) = / du / dzf(t, w2, 2)g(u, T, 2, y).
t Rnd



Besides, H®) =T and¥r ¢ N, H"(t,T,z,y) = H"Y @ H(t,T,z,y).
Furthermore, when the above representation can be justified, it yields the existence as well as a representation
for the density of the initial process. Namely P[ Xt € dy|X: = ] = p(¢, T, x,y)dy where :

+oo
VO<t<T, (z,y) € R, p(t,T,z,y) = (o @ HO) (T, 2,y). (3.11)
r=0

Proof. Let us first emphasize that the density pL¥(t,s,z,z) of X»®T¥ at point z solves the Kolmogorov
backward equation:

o9

ot (t,s,2,2) = _E?yﬁg’y(ta s,x,z), forall t <s, (z,2) € R™ x Rndv limyqg ﬁg}y(ta $,5,2) =0:(1). (3.12)

Here, EtTy acts on the variable x. Let us now introduce the family of operators (Ist,s)ogtgs- For 0 <t < s and
any bounded measurable function f : R"® — R:

nd

Py sf(x) = AndﬁZ’y(t,T,w,y)f(y)dy :=/]R Pa(t, Ty z,y) f(y)dy. (3.13)

Observe that the family (pt,s)ogtgs is not a semigroup. Anyhow, we can still establish, see Lemma 1] that
for a continuous f:

lim P, o f(2) = f (). (3.14)

This convergence is not a direct consequence of the bounded convergence theorem since the freezing parameter
is also the integration variable.
The boundary condition (3I4]) and the Feller property yield:

(Prr — Pt,T)f(-T) = /tT d“(%{Pt,u(Pu,Tf(x))}-

Computing the derivative under the integral leads to:

(P = Pur) o) = | du{auPt,u(Pu,Tﬂx)) n Pt,mu(Pu,Tf(:c»)}.

Using the Kolmogorov equation (B:12)) and the Chapman-Kolmogorov relation 0, Py y(x) = Pio(Lye(x)), Yo €
CLH(R™,R) we get:

e = P @) = [ auPo(EuPucn) @)~ P ([ 1)L 500. T )0 0,

Rnd

Define now the operator:

Huro(z) = /

nd Qp(y)(Lu - Eg’y)ﬁa(u,T,z,y)dy = / (p(y)H(u,T,z,y). (315)

Rnd

We can thus rewrite:

Porf(z) = Por () + / Py (Mo (1)) ().

t

The idea is now to reproduce this procedure for P, applied to H, r(f). This recursively yields the formal
representation:

T uy Up_1 B
Pt,Tf(ac) = ﬁt,Tf(l') + Z/t duq /t dus . . /t duTPt,uT (,Hur,uT,l 0---0 Hul,T) (f)(.%‘)

r>1

Equation [B3) then formally follows from the following identification. For all r € N*:

T U1 Upr—1 -
/ duy / dus ... / iy By (M, 00 Hr ) () () = / dyf (9)Fa ® HO(8,T, 2,y)dy.
t t t R

nd



We can proceed by immediate induction:

T Ul Up—1 5
/ duy / dus . .. / du, Py, (Hur,u“l 0--+0 HuhT) (N(z)du
t t t
T w1 Upr—1
= / duy / dus . . / dur/ dzHouy upy © 0 0 Hoy () (2)Da(t, tr, x4 2) (3.16)
t t t Rnd
TTo T uy Upr—1
= / dU1 / dU2 <o / du?“ / dZ/ dyHur—17u7‘—2 ©---0 HuhT(f)(y)H(uTa Up—1,%, y)ﬁa(t; Ur, T, Z)
t t t Rnd Rnd

T Ul Upr—2
= / dm/ dus . . / durfl/ , dyHu, 1 ur—s© 0 Huy 7(f)(Y)Pa @ H(t ur—1,2,y).
t t t R™

Thus, we can iterate the procedure from [BI6) with p, ® H instead of p,.
O

Observe that in order to make the identification above, we have exchanged various integrals. Hence, so far
the representation (BI1)) is formal. It will become rigorous provided that we manage to show the convergence
of the series and get integrable bounds on the sum of the series. To answer these queries, one needs to give
precise bounds on the iterated time-space convolutions appearing in the series. Such controls are stated in
Section and proved in Section [l below.

3.3 Controls on the iterated kernels

From now on, we assume w.l.o.g. that 0 < T < Ty := Tp([H]) < 1. The choice of Ty depends on the
constants appearing in [H] and will be clear from the proof of Lemma Bl Theorems [Z1] and can anyhow
be obtained for an arbitrary fixed finite 7' > 0, from the results for 7" sufficiently small. Indeed, the uniqueness
of the martingale problem simply follows from the Markov property whereas the upper density estimate stems
from the semigroup property of p, (see Corollary B4l and Lemma BT for the convolutions involving the
logarithmic correction). From now on, we consider that the threshold K > 0 appearing in Lemma is fixed.

We first give pointwise results on the convolution kernel, that hold in any dimension d, and for any number
of oscillators n.

Lemma 3.6 (Control of the kernel). There exists constants (gg = (gg([H], K), § := 6([H]) > 0 s.t.
for all T € (0,Ty] and (t,z,y) € [0,T) x (R"?)2:

§ Az — Ry p(y)|" M)
|H(t,T,.T,y)|§Ctm T_1

Once integrated in space, this pointwise estimate yields the following smoothing property in time.

Lemma 3.7. There exists (g := (gq([H]. K) s.t. for all T € (0,Ty], (z,y) € (R")?, 7 € [t,T), we have
the estimate

PLY(t, T, 3, y). (3.17)

/ SA |z = Req(y)|" e VpLY(r, T, 2,y)dz < Gg(T — )", (3.18)
]Rnd

/R ) S A |z = Rey (2)[" " DpLY(t 7,2, 2)dz < Ggg(T — £)1(a A, (3.19)

The proof of these results will be given in Section and Appendix [Bl

Remark 3.3. We can now justify from this Lemma our previous choice for the prory model. Indeed, the
contributions |z — R, 7(y)["@"V, |z — R, ;(z)|"®"V) come from the difference of the generators and turn out
to be compatible, up to using the Lipschitz property of the flow, with the bounds appearing in Proposition
for the frozen density. This is what gives this smoothing property and thus allows to get rid-off the diagonal
singularities coming from the bound BI7]).

The technical computations in Section[6 based on the previous controls on the kernel H, yield the following
bound for the first step of the parametrix procedure.

Lemma 3.8. There exist (37 = (GR([H], K), w = w([H]) € (0,1] s.t. for all T' € (0,T0] and (t,x,y) €
[0,T) x (R*)2:

|}3(l ® H(tv Ta x, y)| S Cma(tv Ta xZ, y) ((T - t>w + o A |1' - RtyT(y>|n(a/\1)

+log(K v |(T5_,) ™ (y = Bra(2))]))-



Remark 3.4. We point out that this control is not sufficient to establish the convergence of the series ([BIT]).
The additional logarithmic contribution prevents indeed from getting a smoothing effect in time at each itera-
tion. The first term in the above r.h.s. regularizes, the second one also, but at the next iteration step thanks
to Lemma 371 The last one would appear as such at each iteration. Actually, this contribution comes from

the fact that, when the frozen density is in the off-diagonal regime through one of its first ng := no(«,d, n)

[(Rrtx—y)il
(T—H)-D+1/a

the contribution (7' — 7)~! in BID) up to a time 70 = T — |(T$_,) " (Rr:x — y)|” for v > 0 to be specified
later on (see the proof of Lemma [6.2). This is a specific feature of our multi-scale framework. When a slow
component dominates there are cases for which the smoothing effect in time coming from the intrinsic time
scales of the components is not enough to compensate the faster diagonal decay. If a fast component dominates
in |(T$_,) "' (Rrtx — y)|, the analysis is similar to the non-degenerate case of Kolokoltsov [14]. We mention
that this problem occurs when considering the tails of the density and would be very likely to disappear adding
some integrability at infinity considering for instance tempered stable processes.

components, i.e. 3i € [1,ng], s.t. = |(T$_,) Y (Rrtz — y)| > K, we are led to integrate in time

Up to the end of section we restrict to the case d = 1 and n = 2, for which we have been able to refine the
above results and to derive the convergence of ([BIT)). This restriction will be discussed thoroughly in Section
0]

Lemma 3.9 (Control of the iterated kernels). There exist Ggg:= (gg([H], K), w := w([H]) € (0,1] s.t.
for all T <Tpy and (t,z,y) € [0,T) x (R?)?:
P @ HE T2y < Ggm((T - 0*bat.Toa.y) +da(t. T2, y)),
@@ HtTooy)| < G -0 (Palt. To,y) + 4t T2 y)),
where we denoted
(8T, 2,) = 8 A — Reg )" V50, T3, ) (14 Tog(E V() (g — Rra))) )

Now for all k > 1,

[Pa ® HO (8, T, 2, y)| < (40 ™ (T — " (T = )*pa(t, T2, ) + (P + @) (1. To,) ).
e ® HOD(1, T, 2,)] < (4Gg)™ (T = 08 (T — 005550 4 (T — 1) o+ 8e) + 00 ) (T ,9).
The above controls allow to derive under the sole assumption [H] an upper bound for the sum of the
parametrix series (3.I1]) in small time.
Proposition 3.10 (Sum of the parametrix series). Assume [H] is in force. There exists Ty := To([H]) <
To, g1 = Ggqo([H] K, To) s-t. for all T € (0, To] and (t,2,y) € [0,T) x (R?)?:

> o @ HO(t, T 2,y)| < Cis:m(ﬁa(t,T,w,y)+(ia(t,T,z,y)),

r>0

Gamdet(TF_) ™" < Y da @ HO(t, Toa,y), for [(TF_,) " (Rra(x) - y)| < K.

r>0

The proofs of Lemmas and B9 are postponed to Section Using those controls on the iterated
convolutions, we can prove Proposition [3.10i

Proof. Let us write:

D e @ HO|t, Tyzy) = > o ® HPO (T, 2,9)| + Y 1Pa ® HE (T, 2,y)).
r>0 k>0 k>0

Plugging for each sum the corresponding estimate of Lemma yields:
Sl @ O T ay)| < S GT — 0" (T = 0palt. T,z y) + (o + G0) (1. To2,y))
k>0 k>0

- 1 1
pa(ta Ta xz, y)

= g0 + (Pa +Ga)(t, T2, y) 7— (T — 0

IN




> lFa ® HEHO @ T, y)| < S G = 08 (T = )F D50 + (T = 0% (B + da) + o) (LT, 2,)

E>0 k>0

. (T - BT —1)*

pa(tha x y qg (T (pa + qa(t T x y) 1 qg (T _ t)w
CBI9J

Gl

using that %(To)w < 1. To get the diagonal lower bound, we first write:

IN

Jr(ja(t? T’ 'CL" y) 1

D Pa @ HO( T w,y) = pa(t, Tow,y) + [ D Pa @ HP | @ H(, T, 2,y).
k>0 k>0

Now, since

S 1o ® HY (1, T, 2,9)] < Clia + @) (1, T,2.y),
k>0

we derive:

Y Pa@H® | @ H(t, T, 2,y)| < Cl(po + o) ® H(t, T, 2,y)].
k>0

Using once again the first part of Lemma [3.9, we thus get that
Zﬁa ® H(k) ® H(tv Ta xz, y) S C {(T - t)w]a(l(tv Ta xz, y) + q&(tv Ta xz, y) + (T - t)w(]a(l + q&)(ta T7 &£, y)} .
k>0

Now, if the global regime is diagonal, i.e. |(T$_,) " (y — Rr+(z))| < K, the logarithm contribution vanishes in
(a- Observe also that

0N |z — Rt,T(y)|”(O‘M)

IN

O Ry () — g < QYN = 1)1/ (D) (B () — )7
(CK)n(aAl) (T — t)n(l/aAl)_

IN

Hence ‘(Zkzo Pa @ H(k)) ® H(t,T,z,y)| < C(T — t)* det(Tg_,)~. Taking T — t small enough yields the
announced bound. O

The additional logarithmic contribution prevents us from deriving two-sided global bounds as in the non-
degenerate case of [I4]. We conclude anyhow the section stating a Lemma that allows to extend the upper

bound in Theorem 2.2 to an arbitrary given fixed time. The arguments for its proof would be similar to those
of Lemma

Lemma 3.11 (Semigroup property for (ja) With the notations of Proposition [310, for any T € [0,Tp),

we have that there exists CB:D] C[Bjj] ) >1 s.t.:

Y(z,y) € R™, ¥n € N, / Ga(0,nT, 2, 2)Go(nT, (n + 1T, z,y)dz < GaE25(0, (n + 1)T, z, y).
Rnd
Observe now that Theorem 2.1] yields that (X;);>0, the canonical process of P, admits a Feller transition
function. On the other hand, when d = 1,n = 2 we have from Proposition that the series appearing
in equation (39) of Proposition is absolutely convergent. This allows to derive that the Feller transition
is absolutely continuous, which in particular means that the process (X;):>o admits for all £ > 0 a density,
satisfying the bounds of Proposition B.10

4 Proof of the uniqueness of the Martingale Problem associated with
@LI.

In this section, d and n are arbitrary integers. As a corollary to the bounds of Section [3.3] specifically Lemmas
and B (controls on the kernel and associated smoothing effect), we prove here Theorem 211 The existence
of a solution to the martingale problem can be derived by compactness arguments adapting the proof of
Theorem 2.2 from [30], even though our coefficients are not bounded.
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Uniqueness of the Martingale Problem associated with (L3]). Suppose we are given two solutions P! and P?
of the martingale problem associated to (Ls)se[t,T], starting in x at time t. We can assume w.l.o.g. that
T < Ty := To([H]). Define for a bounded Borel function f : [0, 7] x R — R,

T
Sif =E (/ f(s,Xs)ds>, ie{1,2},

where (X) e, ) stands for the canonical process associated with (Pi)ie{l,g}. Let us specify that S*f is a priori
only a linear functional and not a function since P? does not need to come from a Markov process. We denote:

SAf=g8tF—52f.

If fe Cé’l([O,T) x R™ R), since (IP”')Z-E{LQ} both solve the martingale problem, we have:

T
f(t,z) +E (/ (05 + Ls)f(s,Xs)ds> =0, i€ {1,2}. (4.1)
t
For a fixed point y € R™® and a given £ > 0, introduce now for all f € Cé’l([(), T) x R™ R) the Green function:

T
Y(t,z) € [0,T) x R™, G=Y f(t, z) :/ ds/ dzpstev(t, s,z 2) f(s, 2).
t Rnd

We recall here that pte¥(t, s, z, z) stands for the density at time s and point z of the process X5ty defined
in 32) starting from x at time ¢. In particular, e can be equal to zero in the previous definition. One now
easily checks that:

V(t,a,2) € [0,s) x (R")2, (at n z;*avy)ﬁ;ﬁy(t, s.,2) = 0, Em Lt (1 s,2,) = 8a(.). (4.2)
Introducing for all f € Col’l([O, T) x R™ R) the quantity:

T
MiEfta) = [ ds [ dLE s ) (s ), (1.3)
t n

we derive from (£2) and the definition of G%¥ that the following equality holds:
QG f(t,x) + MY f(t, @) = —f(t,2), V(t,x) € [0,T) x R™. (4.4)

Now, let h € Cy'' ([0, T) x R™ R) be an arbitrary function and define for all (¢,z) € [0,T) x R

¢Vt x) =PVt t 4 e @ y)h(s,y), Ue(t, @) ;:/ dyG=¥ (oY) (¢, x).
Rnd

Then, by semigroup property, we have:

T
U (t,z) = /}Rddy/ ds/Rddzﬁifs’y(t,s,x,z)ﬁzﬂ’y(s,s+5,z,y)h(s,y)
n t n

T
= / dy/ dsﬁz+8’y(t,sJrs,z,y)h(s,y).
Rnd  Ji

Hence,

(0 + L)W (t, x)

/R y dy(9; + Ly)(GEY¢=Y)(t, x)
_ / dy{G Y (b x) + M7V (t )
+ / dy{LGYe Y (b w) - MYV (8 w))
D[ e [ LG ) - M2 (o)
_ i -

We now need the following lemma whose proof is postponed to the end of Section

11



Lemma 4.1. For all bounded continuous function f : R™ — R,z € R™*:

[ W Ty — f(@)| o0 (45)

We emphasize that the above lemma is not a direct consequence of the convergence of the law of the frozen
process towards the Dirac mass when T | t. Indeed, the integration parameter is also the freezing parameter
which makes things more subtle. Lemma [ T] yields If = —h(t,z). On the other hand, we have the following

e—

identity:

o= / ds/ dy(L Ls+8)~s+€ Y(t,s+e,z,9)h(s,y)
Rnd

/ ds [ ayt(t.s+ = )h(s.0).
t Rnd

The bound of Lemma .7 now yields:

T
SN |z — Ry spe(y)|7@ND) _
Bl of as [ at RO S el

T
< Ot [ (542 =075 < OB [T = 0) v 1300

t

Hence, we may choose 7" and ¢ small enough to obtain
I75] < 1/2]h|oo- (4.6)

Observe now that (L)) gives SA((G, + L.)\Ilg) = 0 so that |S2(I5)| = |S2(I5)|. From Lemma EI] and (E5)

we derive:

|Sh] = lim [S2IF] = lim [S2I5] < [[S8% [ lim sup [ 5] < 1/2][S2[[h]oe, 52 = sup |52 11
e—0 e—0 £—0

[floo<

By a monotone class argument, the previous inequality still holds for bounded Borel functions h compactly
supported in [0, T') x R™?, Taking the supremum over |h|o < 1 leads to [|S2|| < 1/2||S?||. Since ||S2|| < T —t,
we deduce that ||S2|| = 0 which proves the result on [0, 7]. Regular conditional probabilities allow to extend
the result on R, see e.g. Theorem 4, Chapter II, §7, in [29], see also Chapter 6 in [31] and [30].

O
5 Proof of the results involving the Frozen process.
Introduce for a given ¢ > 0 and all s > ¢ the process:
A = / R Bo,dZ,, (5.1)
t

solving dAy = AsAsds + BogsdZy, Z; = 0, i.e. Ag can be viewed as the process of the iterated integrals of

7 weighted by the entries of the resolvent. In (B, (0u)u>¢ is a deterministic R? ® Re-valued function s.t.

(040 )y>t satisfies [H-3] (uniform ellipticity). It can be seen from Proposition Bl that the frozen process

will have a density if and only if A does for s > ¢. This is what we establish through Fourier inversion. The

structure of the resolvent is crucial: it gives the multi-scale behaviour of the frozen process and allows to prove

in Proposition that the Fourier transform is integrable. Recalling as well that B stands for the embedding

matrix from R? into R™?, we observe that only the first d columns of the resolvent are taken into account in
Ry - R

(&T)). Reasoning by blocks we rewrite: R ; = : . : , where the entries (R?,]z;)(i,j)e[[l,n]]Z belong
Ry - R

to R? @ R,
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5.1 Analysis of the Resolvent.

Lemma 5.1 (Form of the Resolvent). Let 0 <t < s < T < Ty := To([H]) < 1. We can write the first
column of the resolvent in the following way:

R,
1 (S - t)Rs,t

Rs7,t = . , (5.2)
Lt R,

where the (RL ,)icq1,n] are non-degenerate and bounded matrices in R* @ R?, i.e. 3C := C([H], Ty) s.t. for all
£e sl CTP <Rl g <C.

Proof. We are going to prove the result by induction. Let us first consider the case n = 2. We have, for
ie€{1,2}:

d i1 1,1 pl,1 1221 4 21 2,1 pl,1 2,2 2,1

ERs:t =ay stt +ay Rs:tv ERs:t =ay Rs:t +ay Rs:t'
In order to obtain, for ¢ € {1,2}, a semi-integrated representation of the entry Ri’é, we use the resolvent Ffw

satisfying 4T = = al'T" Fiyv = I4. This yields:

du ™ u,v u,v?

s s
1,1 _ 1 1 1,2 p2,1 2,1 2 2,1 pl,1
Rs:t - Fs,t +/ Fs,ua‘u Ru:tdu7 Rs:t */ Fs,u{a‘u Ru:t}du
t t

Hence for all 0 <t < s <T:

s u
i = i [ona{ e e i
t t

S
IRyl < Or(1 +/ |Ryil(s = t)dv) < Cr, |RZ4| < Cr(s — 1),
t
using Gronwall’s lemma for the last but one inequality. This in particular yields

Ri;j:/ 2 a0t Ty, + O((u = t)?))du.
t

s,uu

From the non-degeneracy of a*! (Hormander like assumption [H-4]) and the resolvents on a compact set

we derive that for 7' small enough B2, = (t — s)R2, where R2, is non-degenerate and bounded. Rewriting
Ritl =T%,+ O((s — t)?) we derive similarly that R;tl = R!,, R}, being non-degenerate and bounded. This

S
proves ([B.2)) for n = 2. Let us now assume that (5.2) holds for a given n > 2 and let us prove it for n + 1.
We first need to introduce some notations to keep track of the induction hypothesis. To this end, we
denote by AP := A; and jol := R, the matrices in R4 @ R(HD ag50ciated with the linear system

L Ry = ARsy, Riy = I(u41)a- Observe now that:

where A7 is an R™ @ R™? matrix satisfying [H-4]. Hence, denoting by RY, the associated resolvent, i.e.
LRy, = AR, R}, = Ia, R, satisfies (5.2) from the induction hypothesis, so that

s,t)

(S B t)i71 )

Vie[l,n], VO<t<s<T, (R},)" = WRS’,’Z,

where the (Ri’;)ie[[l,n]] are non-degenerate and bounded. Let us now observe that the differential dynamics of
(Rz—[l)2:n+1,1 = ((R;L7-é-1)2,17 o (RZ;-I)nJrl,l)* writes:
s,t

d . .
E(R?jl)zn-i_l’l _ A';L(R;z’;rl)Zn—i-Ll + Gn+1 Gg:{l — (ai,l(Rg;rl)l,l Onscn - - - Onxn)*a
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where
n+1

(R?jl)l’l _ F';z;rl,l +/ FnJrl 1 Zal 2J Rn‘f‘l J,1 du7 (53)

[7+h1 standing for the resolvent associated with a''. Using now the resolvent RY ;, the above equation can be
integrated. We get:

(REFH> Tt = / R! G du. (5.4)
t

From the above representation, using the induction assumption, (5.3) and Gronwall’s lemma we derive:

(R < O / {1+/ Z| (RYTH) J’1|dv}du

By induction one also derives for all ¢ € [2,n + 1]:

w t—1
iy <or [ g {”/ X1 o
t

up to modifications of Cr at each step. These controls yield that for all i € [2,n], 0 <t <s < T:
[(ReFH =O0((s =) ). (5.5)
Now from (&.4)), (23] and the induction assumption, we obtain, for all i € [2,n], 0 <t < s < T
n+1

ity = [ —(S(;“;) Ry [T ol (R o
¢ : t =

From the non degeneracy of R©~1" a*1 T+l and (53)), we can conclude as for the case n = 2. O

To conclude our analysis of the resolvent R, ;, we give here a technical lemma that will be useful for the
controls of Section

Lemma 5.2 (Scaling Lemma). Under [H-4], the resolvent (Rs1)sep,1), for 0 <t < T associated with the
linear system d%R&T = AR, 1, Ry =1 can be written as

Ry =Tr_ tR (T% D7

where R, is non-degenerate and bounded uniformly on s € [t,T| with constants depending on T .
T—t

Proof. The proof of the above statement follows from the structure of the matrix A; (Assumption H-4), setting
for all u € [0,1], RLT := (T$_,)~ "Ryyu(r—1),rTG_, and differentiating:

OuRLT = (T —t)(TF_ ) " Arrur—t) Reucr—1), 7T,

((T - t)(?r%trlAm(MT%t) RUT = ALTRET

O

Remark 5.1. Let us observe that the scaling Lemma already gives the right orders for the entries (Rili)ie[[l,nﬂ
of the resolvent. However for the analysis of the Fourier transform of A, we explicitly need that those entries
write in the form of equation (G.2]).
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5.2 [Estimates on the frozen density
5.2.1 Existence and first estimates
The main result of this section is the following.

Proposition 5.3 (Existence of the density). Let Ty := To([H]) be as in Lemma [Z1l The process
(As)seft,i+mp)> t =0, defined in BI)) has for all s € (t,t + Ty] a density pa, given for all z € R™ by:

det(To_,)~! o)1)
= —_——— NG\ Ly z _ a5 (d d
pa.(2) L. /W@ exp /SM [ g, m)| s (dn) ) da.

where % = pk(t, T, s,0) is a symmetric measure on S™~1 satisfying [H-2] uniformly in s € (t,t +Tp]. As a
consequence of this representation, we get the following global (diagonal) estimate:

3C == C([H],Tp), Vs € (t,t + Tp), Vz € R™, pp.(z) < Cdet(T )L (5.6)

Remark 5.2. The previous result emphasizes that the process (A)se[s,++7,) can actually be seen as an a-stable
symmetric process in dimension nd, with non-degenerate spectral measure, (left) multiplied by the intrinsic
scale factor (TS_;)seft,t+710] -

Proof. The proof is divided into two steps:

- The first step is to compute the Fourier transform.
Starting from the representation (B.1I), we write the integral as a limit of its increments. Let 7, := {(t:)ico,n];it =
to <ty <--- <t, = s} be asubdivision of [t, s], whose mesh |7, | := max;c[o,n—1] [ti+1 — ti| tends to zero when
n — oo. Write now for all p € R

n—1 n—1

<pa As> = ‘Thllgo <pa Rs,tiBUti (Zt - Zt1>> = ‘ h\Igo <O’ZB*R:7tip, (Zti+l - Zt1)>
toi=0 ™70

i+1

Recalling that p is the spectral measure of Z which has independent increments, and using the bounded
convergence theorem, we get that:

Vp € R™, o (p) := E(e¥PA)) = exp (_ / / |(p, RS7UBUU§>|°“,u(d§)du) . (5.7)
t Sdfl

- The second one is to prove its integrability.

Setting v = (s — u)/(s — t) and denoting u(v) := s — v(s — t), the exponent in (&1) writes:

s 1
[ ] ReBosditutadn= [ [ (s 03 R o) ulds)de,
t Jgd-1 0 Jgd-1

Now, from Lemma [5.1], we have the identity

11 =
(s—t)= Rs,u(v) =TS ,R,,
Ry
_ vR; _
setting with a slight abuse of notation R, = : , where the (Rf) ke[l,n] € R? @ R? are non-degenerate
n—1 =
(=Y

and bounded. The exponent in (B.7) thus rewrites:

s 1
[ oo udde= [ [ 1T b R utds)de,
t Sd—1 0 Jgd-1
From the non degeneracy of p and the uniform ellipticity of o in assumptions [H|, we can conclude that:
1 - 1 - 1
[ ] 1w Reowutdde = € [ o B pido= € [ R;T gl
0o Jsa-1 0 0

The lower bound of the following lemma, whose proof is postponed to Subsection[5.2.3} gives that s, € L*(R™?)
and therefore yields the existence of the density.
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Lemma 5.4. There exists a constant (571 := (5z([H], To) > 0, such that for all s € [t,t + To]:

1
/ RETS pldv > G TS op|°. (5.8)
0

Since p, is integrable, we can write by Fourier inversion that for all z € R™?:

1 . 1 _
— dpe~P:2) — T R, “u(ds)dv | . .
pA.(2) @) /Rnd pe exp( /0 /Sd1 (TS i, Ro0u(n)$)|* pe(ds) v) (5.9)

‘We now define the function
f: [0,1] x84t —  gnrd-l
RvUU(U)C

(’Uvg) — |Rv¢7u(u)§‘7

and on [0,1] x S9~! the measure: B
M (dv, ds) = |Ry0y(v)s|* pu(ds)dv.
The exponent in (B3] thus rewrites:

1 1
/ / (T2, Ruugeys)|*p(ds)dv = / / (T2, £(0,6)) e (dv, d).
0 Sd—l 0 Sd—l

Denoting by u* the image measure of m,, by f (which is a measure on S"¢~1), we have:

1
[ ] @ m Ruousltnt@de = [ (T2 ) ()
0 Sd—1 Snd—1

Symmetrizing p* as follows: u§(A) = W

well, we can write the exponent as:

, and using the fact that n — [(T¢_,p,n)|* is symmetric as

1
/ / (T2 9, Rucuo))|“uds)dv = / (TS, ) |* 5 (d)-
0 Sd—l Snd—l

Lemma 54 directly yields that p} satisfies [H-2]. Plugging this equality into (5.9) and setting ¢ = T¢_,p leads
to the announced expression for the density. The global upper bound then readily follows.
O

5.2.2 Final derivation of the density bounds

Let us fix a threshold K > 0. Starting from the representation formula in Proposition (5.3)), we can derive follow-
ing the computations of [T4] that for (As)sef,t41,), t > 0 defined in ([BJ)), there exists C := C([H], Ty, K) > 1,
s.t. for all z € R™:
C~ldet(T2_,)~! - Cdet (T )7t
TV T yrare =P = Ry e zpaea

For the sake of completeness, we sketch the proof in Appendix[Al The result follows directly from the asymptotic
representation of Propositions [A1] and that respectively give the diagonal and off-diagonal expansions of
the density.

From those expansions, considering for given 7' € (0,Tp],y € R", 0, = o(u, Ry7(y)),u € [t,T] in the
definition of (Ag)sep,r) in (@), we derive from (B.2) that X5 = Rpyx 4 Ap so that pov(t, T, x,y) =
Par (Y — Ry i(x)). The above control then gives the important bounds of Proposition in small time. The
results can then be generalized for an arbitrary fixed T > 0 by convolution arguments. For T = t + 27 we
have:

ﬁg’y(t, t+ 2Ty, z,y) = / ﬁg’y(t, t+ Ty, x, z)ﬁgy(t + To,t + 210, z,y)dz

]Rnd
Prop. det(T§,)~! det(Tg,)"! J
= V4
gra KV [(TE) 71 (Reymy t(x) — 2) "0+ KV [(T,) 71 (Revory t+1, (2) — ) [nd+e
Lo det(Tg,) ! det(Tg,) !

dz

gra KV [(TE) 7 (Reymy t(x) — 2) "0+ KV [(TE,) 71 (2 — Rivmy tam, (y)) "0+
det(Tgy, )"
KV [(TS,) " (Ritmy () — Rigmy tv2m, (y)) "0+
Lem@a det(TgTo )_1
A KV [(Tgg, )~ (Revor, +(x) — y)|dte’

~
=~
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using stable convolution arguments for the last but one equivalence. The result follows by induction.

5.2.3 Proof of Lemma [5.4l

It is enough to show that there exists (57:= Cgz([H], To), s.t. for any 6 € S"¢1, fol |R;0|*dv > (g We
define )
C:= inf / |R:0|* dv.

fesnd—1 0
By continuity of the involved functions and compactness of "¢~ the infimum is actually a minimum. We
need to show that this quantity is not zero. We proceed by contradiction. Assume that C'= 0. Then, there
exists 0y € S™~1 such that for almost all v € [0,1], [R;0| = 0. But since R} is a continuous function in v,
the previous statement holds for all v € [0,1], i.e. 30y € Snd=1 vy € [0,1],|R%0o| = 0, or equivalently, that
30 € S™471 Vo € [0,1], 60 € Ker(R};). Take now arbitrary (v;)ie1,,] in [0, 1]. We have for each i € [1,n]:

0
(RL) wi(R2) - (R ) | ¢ | = O
05
This equivalently writes in matrix form:
R w(B) - (R /o
: : :ORnd.
(RL)" wa(R2) - oS(Rn ) \66

Now, taking v1 — 0 in the first line yields (R} )*05 = Oga. Since the (R!);cp1,,) are from Lemma 1] non
degenerate, we have that 6} = Oga. Hence, the second line becomes:

n
)

P2 \*n2
UQ(RUQ) 90+ + (nfl)'

(Ry) 00 = Oga.

Dividing by va, and taking vy — 0, we get (R2,)*05 = Oga. Hence, 0 = Oga. By induction, we have that all
components 8 = Oga, but this contradicts 8 € S™¢~1. This yields C := (> 0, which concludes the proof.
]

Remark 5.3. In the previous argument, the fact that the powers are increasing plays a key-role. Indeed, we
rely on the multi-scale property reflected by the scale matrix T%.

5.2.4 Proof of Lemma [4.11

Let us write:

S@pe T y)dy — f(x) = / @) (PL 6 Toay) — LT (4 T ) ) dy
R™ R”

[ (O 0T ) )y~ fia),

From Proposition B.2] the second term tends to zero as T tends to ¢. Let us discuss the first term. Define:
= [ (T )~ O 0, T ) ) dy (5.10)
Rnd

For a given threshold K > 0 and a certain 3 > 0 to be specified, we split R"® into D; U Dy where:
Dy = {y € R";[(T_) "' (y — Rru(2))| < K(T — )"},

Dy = {y € R*:[(TF_,) "' (y — Rru(x))| > K(T — )7}

det(TF_,)~"
K V|(Tg_,) " (y — B (x))[d+
is that on D5 they are both in the off-diagonal regime so that tail estimates can be used. On the other hand,

From Proposition B3] the two densities in (B.I0]) are equivalent to . The idea
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we will explicitly exploit the compatibility between the spectral measures and the Fourier transform on D;.
Set for i € {1,2}, Ip, == [, f(y) (~T’y(t T,z,y) — ﬁg’RT’t(z)(t,T,:E,y))dy. We derive:

det(Tg_,) "
p, KV I(TF_,)"Hy — Rr(x))

Thus, for g > 0, Ip, —¢> 0. On Dy, we will start from the inverse Fourier representation of p.'* deriving from

+oo Tnd—l 8
dy=C OO/ — < C(T - t)’®
|nd+a Yy |f| K(T—t)-# KV rnd+a ( )

E9), for z =y or Ry (z). The Fourier exponent writes:

1
Wp.2) € @ P2 == [ [ T3 Reoulo). R ()5 ()i
We thus rewrite:

1 .
“T.y _ =T,Rrq(x) _ —ilpy—Rr1(2)) ((F(0w) _ Fp,Rr.e(z))
(55 =) Toow) = /R pe (¢ ‘ )

1
_ ;d/ dpefup,ymm(z»/ dA(F(p,y)7F(p7RT’t(z»)e(AF(p,y>+<1fA>F<p,RT,t<z>>>,
(2m)"? Jgna 0

The key point is now to observe that from [H-3] and the bound of Lemma [1.4] we have:

Y(p,z) € (R"d)2, F(p,z) < =(gglT7_pl™

Hence, exp(AF (p,y) + (1 — A\)F(p, Ry +(x))) < exp(—(gg|TF_,p|*), independently on \ € [0, 1]. On the other
hand, since ¢ is n-Holder continuous in 1ts second variable (see [H-2]), we have:

|[F(p,y) — F(p, Rre(2))]
<[ L

(TF_ep, Ruo(u(v), Ruw),r (1))|* = (T 0, Roo (u(v), Rugo),¢())$)|* | u(ds)dv
using the Lipschitz property of the flow for the last inequality. To summarize, we get:

< C|T§_,p|*|ly — Rry(x)|" "D,

In| < |f|oo/ dy [P (¢, T2, y) — 55 (1, T, 2, )|

/ dy / dpl TS p|°ly — Ry ()| De™ BATF 1",
D,

Changing variables, and integrating over p yields

IN

Ip,| < Cdet(T§_,)™" / ol — (@)D
{|(T%_ )~ (y—Rr+(x))| <K (T—t)=8}

< C dY|T%,tY|"(O‘M) < O(T - t)n(l/aAl)—ﬂ(ndJrn(aAl)).
{lY|<K(T-t)=F}
Choosing now % > B > 0 gives that |Ip, | T—u> 0, which concludes the proof. O

5.3 Estimates on the convolution kernel H.

In order to derive pointwise bounds on the kernel H(¢,T,x,y) := (L; — LTy)ﬁTy(t T, xz,y), it is convenient,
since p1¥ is given in terms of Fourier inversion, to compute the symbols of the operators Ly, LT’y Precisely,
we denote by I;(p, x) (resp. I1Y(p, x)) the functions of (p,z) € (R")2
1 , R
Vo € C&(R”d), Yz € R™, Lig(x) = W/ ddpexp(—l@,@)lt(?a z)o(p),
RTL

E0w) = g [ dpexol=ito. )T (p.2)0(p).

We refer to Jacob [12] for further properties of the symbols associated to an integro-differential operator. From

usual properties of the (inverse) Fourier transform and the polar decomposition of the Lévy measure v (see
Section [2]), we derive the following expressions.
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Lemma 5.5. Let (p,z) € (R"®)? be given. Recalling that B stands for the injection matriz of R? into R™, we
have:

. B
lt(p, x) — (p, Aﬂ) +/ e~ Up:Ba(tx)z) _ 1 _ iwy(dz)

o T+ 2P

= oAm) = [ ol ),

1 (p, As) +/ e-itpBott R )z _ g _ ;0 Bol Rur(y)z)

Rd 14|22

= oAw) = [ 10 ol B )9l i)

P, T) v(dz)

From Lemma we rewrite:

T 00) = g [ ape 008 ([ (1 Bot Rer)o)” ~ 0 Bote.0)) | Jutas) )

< exp (— - |<p,R%,'uo<u,Ru,T<y>><>|au<d<>>

- MR o [ peipaennon ([ B R ION Vi Bt
(2m)nd Rnd gd—1 SN |Ryr(y) — 1'|77(a/\1)

T
x exp ( . |<p,R#,'uo<u,Ru,T<y>>g>|au(d<>> ,

if Ry r(y) # =, and where we can chose § := H A 2|0|s (H being the Holder modulus of o, see [H-1]).

Remark 5.4. Observe the interesting fact that since the drift is linear, it disappears in the difference of the
generators.

Recalling that o is a bounded, Holder continuous function of its second variable ([H-1], [H-3]), we also get:

/ |(p, Bo(t, Re,r(y))s)|” — [{p, Ba(t,x)s)|*
gd—1 o N |Rt,T(y) — :C|77(0‘/\1)

plde)| < (T~ Dlp'I*}.

where p! stands for the d first entries of p = (p',---,p") € R". Formally, the contribution (T — t)|p*|* is
homogeneous to the contributions associated with p! in the exponential (see [H-3] and Lemmas 51 E4]). This
explains heuristically why we obtain the control:

§ Az — Ry p(y)|"™D)
T —t

[H(t,T,2,y) < C B (t. T, 2,y).
A precise proof is given in Appendix [Bl The technique is quite similar to the one giving the density bounds on
the frozen density.

Remark 5.5. We emphasize here that we could also consider an additional bounded drift term in the first d
components when o > 1. Denoting this term by b : Rt x R*® — R we could still use the previous frozen
process as proxy. Exploiting the above symbol representation, the additional term coming from the difference
of the generators would write

~ 1 —1 — T
<b(taz)avxlpa(taT7x7y>> = W/]R ddpe (py=Rr.( )><b(t,1'),p1>

xexp ( - |<p,R%,'uo<u,Ru,T<y>><>|au(d<>> ,

where V,, stands for the derivative w.r.t. to the first d components. Following the previous heuristics it can
be observed that |p;|(T —t)*/® is homogeneous to the the contributions associated with p! in the exponential.
This actually yields:

1b]oo

[(b(t, x), Vi, Da(t, T, 2,y))| < (DR

ﬁa(ta T,-T,y);

which for o > 1 gives an integrable singularity in time.
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6 Controls of the convolutions.

In this section we assume w.l.o.g. that T < Ty = Tp([H]) < 1, as in Lemma [5.11 We first prove Lemma B.7]
that emphasizes how the spatial contribution in the r.h.s. of (BI7) yields, once integrated, a regularizing effect
in time.

6.1 Proof of Lemma 3.7

We prove the first estimate only, the other is obtained similarly. Let us naturally split the space according to
the regimes of p1*¥. With the notations of Proposition we introduce the partition:

Dy ={z € R":[(TF_,) "' (y = Rr.r(2)] < K}, D2 ={z € R";|(TF_,)"'(y — Rrr(2))] > K}.

On Dy, the diagonal expansion holds for pI¥, that is, for z € D; and recalling the definition of T _ in
Theorem 2.2}

PLY(r, T, z,y) < Cggdet(TF_,) ™ = gg(T — r)~dn/otnin=1/2),

On the other hand, denoting by || - || the matricial norm, we have:
|2 = Rep(p)["™) < || Rer "M T " CND|(TF_,) ™y = Rrpr (2))[7OND < C(T —7)n/eny),

where the last inequality follows from the boundedness of the resolvent on compact sets and the definition of
T ..

Besides, the Lebesgue measure of the set D; is bounded by Cdet(T$_.), compensating exactly the time
singularity appearing in p1*¥. In conclusion, we obtained on D;:

6 ALz = Reg ()" VL (7, T, 2, y)dz < (T = 7).
Dy
Similarly, for z € D, the off-diagonal bound holds for 1", i.e.:
det(Tg_ )"
(TF_,) = (y — R, (2)) e
From the Lipschitz property of the flow we derive |z — R, r(y)["") < Cly — Ry, (2)["") < C(T —
7)1 EAD|(TS_ )~ (y — Ry, (2))|7@D. Hence setting & := |(T%__ )~ (y — Rr,(2))| we derive

[ 60l = R g Tz <€ [ ([T -y gmen e S (6)
Do E>K

peY(r, T, z,y) < C

Observe now that for n € (0,1), a > n(a A 1). Hence, we directly get f£>K(5 AT — T)”(éﬂ)gﬁ(a/\l)]) e <
1, we

E —
(T — 7)7(aAD Jesk Elwfl% = Cy(T — 7)) When o < n(a A 1), which happens for n = 1, a <
have to be more subtle. We refine the partition introducing:

Doy ={6eR"™ K <E<K(T —7)"Y%), Doy ={cR™; &> K(T —7)" Y}

On Dy 1, writing SA[(T—7)"&ADEN@AD] < (T—7)nG D¢ ) we get: (T—7)1(aM) [ degniert—e—t <
C(T = 7). On Dy, using 6 A [(T — 7)7(a Dgn@AD] < § we derive Jeeps gld% < Cs(T — 7). Plugging the
above controls in (6] yields the result. O

A useful extension of the previous result is the following lemma involving an additional logarithmic con-

tribution which is ezplosive in the off-diagonal regime. This anyhow does not affect much the smoothing
effect.

Lemma 6.1. For a given € € (0,a), there exists (g1 := Ggq([H], To,€) > 0 s.t. for all T € (0,To], (z,y) €
(R)2, 7 € (t,T):

[ 08K VTG0 = R DD{O AL~ Rea @) 0 Tz )de < GpT = 7)==,
Rnd

/ log(K Vv [(T*_,) (2 — RT7,5(90))|){6 Alz— RT,t(ac)|’7(°‘/\1) }ﬁg’y(t, T, x,2)dz < CE:D(T — t)"(alff AL
Rnd

20



Proof. The proof does not change much from the previous one. Observe also that, from the supremum in
the logarithm, the only difference arises for off-diagonal regimes, that is, for z € Dy referring to the partition
in the previous proof. The argument in the logarithm is however the same as the denominator of the off-
diagonal estimate. Now, for any ¢ € (0,a), there exists C. > 0 s.t. for all 7 € (¢,7], (z,2) € (R")2:

g
log(K V |[(Tr—¢) " (z — Rrt(2))]) < Ce (K\/ [(Te_,) "z — RT7,5($))|) . For z € Dy, we get the following bound:

det(T?_,)~"
(T2_¢) 71 (2 = Ry (@)t

This bound allows to proceed as in the proof of Lemma 3.7 O

log(K V [(TF_,) ™' (z = Rra(2)))Ba? (¢, 7,2, 2) <

We now state a key lemma for our analysis. It gives a control for the first convolution between the frozen
density p, and the parametrix kernel H. The result differs here from the expected one: we get an additional
logarithmic factor, w.r.t. the bounds established for this quantity in [§] for the Gaussian degenerate case, or
[14] for the stable non-degenerate case.

Lemma 6.2 (First Step Convolution.). There exist g := (g([H]) > 0, w := w([H]) € (0,1] s.t. for
al T € (0,To), To = To([H]) < 1,(z,y) € R™)?, ¢ €[0,T),

|]§O& & H|(t5 T7 xZ, y) S Cmﬁa(tv Ta xZ, y) ((T - t)w + o A |1' - RtyT(y)V](a/\l)

+log(K V |(T$_,) "y — RTt(z>>|))

Suppose now that n = 2. We can then improve the previous bound and derive:

[pa ® H|(t, T, 2,y) < CIEEI((T = )*Pa(t. T, 2, y) + 4u(t, T, , y))a (6.2)
where we denote:
Ga(t, T2, y) = 5 A Jo = Rur ()" Vpa(t,T,2,) (1+1og [KVI(T§_) " (y = Rra(@)]])

Remark 6.1. The first part of the Lemma gives the bound of Lemma Let us emphasize, as we have
already mentioned in Remark [3:4] that this bound is not sufficient to derive the convergence of the parametrix
series (BI0). The second control of the lemma might be seen as a slight improvement but is actually sufficient
to imply the convergence when d = 1,n = 2. It gives the first statement in Lemma [3.9

Proof. To perform the analysis, we first bound H using (3I7). We thus obtain:

S|z = Re(y)|"
O (7,7 2, ) (6.3)

T
1o ® H|(t, T, 2,y) < C/ dT/ Balt, 2, 2)
t Rnd

For the proof it will be convenient to split the time interval [¢,T] into two subintervals I := [t, #], I, =
[Z£L, T). We observe that for 7 € I;, T — 7 < T — t whereas for 7 € I, 7 —t < T — .

The leading idea for the proof is to partition the space in order to say that one of the two densities involved
in ([G.3)) is homogeneous to the global one p, (¢, T, z,y), and to get some regularization from the other contri-
bution, using thoroughly Lemma 3.7

Diagonal Estimates. When the global diagonal regime holds, i.e. [(T$_,) " (Rr:(z) — y)| < K, we will
prove the following global diagonal estimate:

[Ba ® HI(t, T, ) < C((T = 0% + 0 Ao = Ror ()" )palt, T, 2, ). (6.4)
Indeed, on Iy, if |(T$_. )~ (y—Rr-(2))| < K, from PropositionB3lthe diagonal estimate holds for p, (1, T, 2, ).
Since T'— 7 =< T — t, we have:

Pa(r.T,2,y) < Cdet(Tq )~ < Cdet(T7_;) " < Cpal(t, T, 2,y).
On the other hand, if |(T$_.)~!'(y — Rr-(2))| > K, the off-diagonal expansion holds for (7,7, z,y) and from
Proposition
det(Tg_,)"!

[(TF_, )~ (y — Rrr(2)) "4

LObserve that we could have used here that the diagonal control is a global bound. We introduced the dichotomy on the regime
to emphasize that it is a crucial argument in this section.

Pa(m,T,2,y) < C < Cdet(T§_,) ™" < Cdet(TF_,) ™" < Cpa(t, T,z y)l
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Additionally, the boundedness of the resolvent yields:
|Z - RT,T(y)| < |Z - Rr,t(z” + |R‘r,t(z) - RT,T(y)| < C(|Z - R‘r,t(z>| + |:C - Rt,T(y)D : (65)

Denoting by ®|7, the time-space convolution, where the time parameter is restricted to the interval I, we have

from ([@3), (63) and Lemma BT}
RT,t(x)|n(a/\l)

. - _ ON |z —
|pa ®|I1 H|(t,T,:C,y> < Cpa(thazay)/ dT/ pa(taTazaz) ( |
I Rnd T—1

SAlz—R n(ent)
. |z — R (y) )dz

T —t
s — n(anl)
< Cpalt T [ ar ((r—oytanns g S R
I Tt
< Cpa(t,T,m,y)((T — ) + 5 Az — Ry (y)[" ). (6.6)

Now, when 7 € I, we have p,(t, 7, z,2) < po(t, T, x,y), so that from Lemma BT

oyt

Pa(T, T, 2, y)dz

T

ON |z —
|ﬁa®\]2H|(t,T,x,y) < CpatT$y/d7‘/ |z
Rnd —

IN

Cﬁa(ta Ta Z, y) / dT(T - 7.)77(3/\1)—1 < C(T - t)wﬁoz(ta Ta xz, y)

I

Thus, when the global diagonal estimate holds, the bound is true with w = (< A 1).

Off-Diagonal Estimates. We consider here the case |(T$_,) " '(y — Rr4(z))| > K, i.e. the off-diagonal
estimate holds for p,(t,T,z,y). In our current degenerate setting, several scales are involved in the term
|(T%_,) " (y — Rrt(z))]. The slow time scales, associated to the first L%WJ components of the pro-
cess, induce in the off-diagonal regime additional time singularities in the density w.r.t. to the non-degenerate
case. We thus need to be very careful when comparing the two densities appearing in the convolution p, ® H.

Observe anyhow from the scaling Lemma that:
(T$_0) "' (y = Rra())] < [(TF_) 7 (y — Rer (2))] + [(TF_,) 7 ( %432’72( T-0) " {2 = Ree(2)})]

(TF_) ™" (y = Rrr (2))] + Cl(TF_,) 7 (2 = Rr(2))]
(TF_) "' (y — R (2))| + CUTT_) 7 (2 = Rey(@))], €= C([H], Tp). (6.7)

IN N

Hence, at least one of the two densities involved in the convolution is off-diagonal. As emphasized below,
the main difficulty w.r.t. the non degenerate case consists in suitably controlling the multi-scale effects that
prevent from handling directly the time singularity of H in the convolution p, ® H, see e.g. Proposition 3.2
in Kolokoltsov [14]. Assume now that the component number k& dominates in the global density p, (¢, T, x,y)
when considering the flow at the current time 7 of the convolution, the off-diagonal estimate becomes:

o Lemma (det('ﬂ‘%ft))_l (T _ t)nd(k—(n+1)/2)+a(k—1)+1
DoV (t, T, 2,y) = a 1 ndto & % T
[(T7_) =" (Rr i — Rr1y)| |R7 (z) — RY p(y)[" oo
According to the sign of the power to T' — ¢, two cases arise. We call fast components those for which the

exponent nd(k — (n +1)/2) + a(k — 1) is non negative. The slow ones are those for which the exponent is
negative. This is the aforementioned slow/fast dichotomy.

- When a fast component dominates, as the off-diagonal estimates are not singular in time anymore, no major
problem arises. We refine (G.7) in the following sense:

)4l
K(T =) "D%a <|RE 1(y) — RE(2)| < |RE7(y) — 2F[ + |28 = RE,(2)].

Thus, at least one of the two densities in (E3)) is off-diagonal through a fast component. On the one hand, if

1/2|R} +(y) — R ()| < |2% — RE ()],

det(T?_‘_t)il (7_ o t)nd(kf(n+1)/2)+a(k71)+1
[(T2_) = (2 = Rr ()| — |2k — RY ((z)[nd+e
(T _ t)nd(kf(nJrl)/Z)Jra(kfl)Jrl
|R% () — RE £ (y)[ndte

ﬁa(t’T’z’Z> S C

IN
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On the other hand, if 1/2|R’7€_1T(y) — RE (2)] < |R’7?T(y) — 2",

1 (T _ T)nd(kf(nJrl)/Z)Jra(kfl) C (T _ t)nd(kf(n+1)/2)+a(k71)+1
ﬁa(T,T,Z,y)SC k k d S k Lk d
|28 = RZ p(y)[n oo T—t |R:p(y) — Ry (z)[ndre

T—71

In both cases, we are in position to apply Lemma B7] directly in the first case, similarly to (66]) in the second
one. The proof is then the same as in Kolokoltsov [T4]. Observe that in the second case, we have compensated
the singularity induced by the kernel H, independently of the position of the time parameter 7.

- We now focus on the second case, that is when the dominating component is such that nd(k—(n+1)/2)4+a(k—1)
is negative. We consider the partition [t,T] = I; U Iy and start with 7 € I5. In this case, we have T —t < 7 — .
In other words, this is the case where the singularity induced by the kernel H is the worst.

We split R™? into

Dy :={z € R";(T = 7)°|(TF_) "' (y — Rra(2))| > (TF_) (2 = Reu(@))]}, (6.8)

Dy = {z € R* (T = 7)°|(TF_,) "' (y — Bre(2)| < [(Tg_y) " (2 — Rre(2))]},

for a parameter 8 > 0 to be specified later on. We define accordingly, for i € {1,2}:

S A |z — Ry p(y)|"@D

Pa @10, [H|(t, T, 2,y) := / dT/ Palt, T, 2) T Pa(T, T, 2,y)dz. (6.9)
I D; -7
Let us first deal with z € Dy. Since 7 € I3, we have:
det(To_,)~! det(TF_,) "

ﬁa(taTava) S c

T2 ) (= — Res@)ire = ¢ (T —7)pndted|(T_,) " (y — Roa(x)) oo

Hence, as we did in the first part of the proof, we take out p, (¢, 7, x, z) off the integral (€9). This is done here
up to the additional singular coefficient (7" — 7)~#("d+)  Still from Lemma B2 we get:

Po @1,,0, |H|(, T, 2,y) < Chalt, T,w,y)/ dr(T — r)nt/er)=pndta) =1,
I

Then, in order to get an integrable bound, we must take:

77(1/04/\1).

0<pB<
h nd + «

(6.10)

On Ds, we have to be more subtle. From the previous partition, the idea is to say that if 7 € [r, T for
To close enough to T, then the diagonal bound holds for the first density on Ds. In such cases we manage to
get the global expected bound in the convolution. However, the previous 79 will highly depend on the global
off-diagonal estimate |(T$_,) " (Rr+(z) — y)|, and for 7 € I, 7 < 79, we did not succeed to do better than
integrating the singularity in (7' — 7)~! yielding the logarithmic contribution.

1
e Let us fix 09 € (0,K). Observe that for fixed (¢t,T,z,y), if 7 > 179 := T — (l('ﬂ'%,t)*l((s;fRT,t(z))\)B then

S0 > (T — 7)P|(T$_,)"Y(y — Rr(z))|. Then, since z € Do, we have 5y > |[(T¢_,)" (2 — R, (z))], and the
diagonal estimate holds for p, (¢, 7, x, z). We write:

g e — ON|z — R, n(anl) ~
o Stz T ) = C/ dr det(Ts_,) 1/ | T ) Pa(T, T, 2,y)dz
Ian{r270} Dy -7
Lemma m
< C dr det(T®_,)~ (T — 7—)77(1/04A1)—1.
I>n{T>70}

Now §54T > (T — 7)P(d+a)|(Tg,_ )~ (y — Rye(2))["*+e, so that:

nd+o
50

Do & 2N{T>T 2 H t,T7$7 S/ dr det(TF_ -1 T—71 n(1/anl)=p(nd+a)—1 .
Do O\ 120n{r>70},D IH|( Y) . (T7—¢) ( ) [(T%_,)~(y — Rrs(x))[nd+e

Thus, as long as § satisfies (610, po @|r,n{r>r0},0s [HI(ET, 2, y) < (T —)“Da(t, T, x,y), w:=n(1/aAnl)—
B(nd + «).
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e Assume now that 7 < 79 =T — ( o )E. The singularity induced by H is then integrable,
(TS _ )~ (y—Rr.(2))]
and yields the logarithmic contribution. Specifically:

dA |z = Rer(y)|”
T—T1

ﬁa ®\Igﬂ{‘r<‘ro},D2 |H|(taTa x, y) S C dTlTSTO/ ﬁa(taTaxa Z) ﬁoz(Ta Ta z,y)dz,
I Do

c | dr 1T<To/ Palt, 7,2, 2)pa (T, T, 2,y)dz
I B Do

Clog(|(TF_,) "' (y — Rra(2)))pa(t, T, 2,y).

IN

IN

To get to the last equation, we used the semigroup property [B.1) in Remark [32] and the expression of 7.
Observe also that since this term only appears when |(T$_,)"'(y — Rr(x))| > K, one can add w.lo.g. a
K V - inside the logarithm. This exactly gives the first control of the current lemma and completes the proof
of Lemma

Let us now focus on the proof of ([6.2)), when n = 2. The key-point to get a smoothing effect is to keep the
S A |z — Ry (y)|"@ ) part in the control of the convolution. In order to keep track of this term, we need to
determine which component dominates in |x — R; 7(y)|. This can be rather intricate in the multi-scale setting.
In the case n = 2, the only slow component is the first one. Saying that it dominates at a given integration
time 7 is asking:

|RZ 7 (y) — R? ()] < (T = )| Ry 7 (y) — Ry y(2)]. (6.11)
Furthermore, we can write:
[Rr4(z) —y'| > |Rr(x) = Rer()l = | R — Il|Rre(2) — Reyr(y)l-
From Lemma 5.l and observing from its proof that we could also establish that 25:1 |(Rr»—1)72||+||(Rrr —
N <C(T —7), C:=C([H],To), To < 1 we get using ([EI1):
[Rp.(z) —y'| = |Rr(2) = Req(y)|(1 - CO(T — 7))

EID
Thus, for T small enough we get: (T'—t)|R},(x) —y'| > T2 RE (2) — RL 1 (y)| >

Tt 3IR2 (@) = B2 7(y)]. We
then derive similarly that:

[R7(@) = RZ ()|l > |IR7,(2) — *| = | Rer = I|||Rra(x) -yl
|RE.(2) — 7

> L C(T = )[Ry (@) — o

This finally yields that

RZ2 (z) —y?
(T~ 1Bk ) — ') > DA V]

= W, (6.12)

that is, the first component dominates in the contribution |[(T$_,)~!(Rr+(z) —y)| appearing in Dy. Write now:
2= Rer(y)| < |2' = R y(@)] + [2° = B2 y(2)| + [Rro(2) — Rer(y)]. (6.13)
o Suppose first that (7 —t)]z' — R} (x)| < |2* — R? ;(2)|. Since z € Dy, we have from (G.I2):
|2* = R ,(2)| < C(r = )(T —7)°| Ry (2) — 9|

Consequently, plugging the last two inequalities into (G.I3]), we get:

p R < (2 1) 12 - R+ IReel) - Rer)
< (14 - 0)T = VIR @) ~ o] + [Resle) ~ Ror (o)
< C’|1' - Rt,T(y)|a

using the Lipschitz property of the flow for the last inequality.
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o Assume now that |2* — RZ ,(z)| < (7 —t)|z' — Ry (z)] < |2' — Ry (). We exploit that z € Dy and (EI2) to
write:

|2t = Rp4(2)| < O(T = 7)°| Ry (2) — v
Plugging the last two inequalities into ([6I3]) yields:

lz— Ry r(y)| < 22" — R, (2)|+ |Rri(z) — R (y)]
< 20(T —7)°|Ryp(x) — y'| + |Rre(2) — Rer(y)| < Clz — Rer(y),

using again the Lipschitz property of the flow for the last inequality.

Thus, in both cases,
2 = Rer(y)| < Cle = Rer(y)] = 6 A |z = Rep(y)|""D < C5 A Jx — R r(y)" . (6.14)

Taking out this contribution from the spatial integral we get:

] 5 & — Ry (y)1@AD
Pa D n{r<ro}.pe [H|(t,Tzy) < C | dr | Tt,Ti )l
I -

< COAlw = Rur()""Vlog (K V [(T5_) " (y = Re(@))|)alt. T, 2,)

1T§TO /ﬁa(t5 T, T, Z)ﬁa(Ta Ta 2, y)dz

using the semigroup property [B7) for the last inequality.

To complete the proof, it remains to consider the case 7 € I;. In this case, T'—t < T — 7, and we have by
triangle inequality:

5 Az — Ry r(y) ") < C (5 Az = Ry ()| L5 A |z — Rt,T(y)|”(aA1)) )
Recalling that 7' — 7 is not singular and splitting p, @7, |H|(t, T, z,y) accordingly yields:

SN |z — Ryr(2)[1@ND)
B @1, |H|(t. T, 2,) < C / ir / depalt, mz, z) LN = Bea DT )
I R

nd T—1

+CO Az — Rer(y)[" " Vpa(t, T, 2, y),

where we used the semigroup property [B.7) for the last term in the r.h.s. Now, for the first term in the
above r.h.s., the previous arguments apply. Similarly to (B1) one of the two terms [(T?_,) Y (R, :(z) — 2)],
|(T%_ )" (Rr,-(2)—y)| is in the off-diagonal regime. If it is the second one, then (7,7, z,y) < Cpa(t, T, x,y)
and we conclude using Lemma .71 If it is the first term, then we can still perform the previous dichotomy
along the dominating component in [(T2_,) (R, :(x) — 2)|. If the fast component dominates, the density is
not singular. When the first component dominates, we modify the previous partition (D;);c{1,2}, considering:

Dy ={z € R" (7 = t)°[(TF_) "' (y — Rra(2))] < [(TF_.) "' (z = Rer ()]},

Dz ={z € R"; (1 = t)°|(TF_,) "' (y — Rra(2))| > |(TF_,) "' (z — Rrz(y))]}-

From this point on, the proof is similar: on Dj, we compensate the singularity, as long as § is like in (G.I0).
When z € Do, we subdivide along o < or > (1 —t)?|(T%_,) "' (y — Rr(x))|. The first case is dealt as above.
In the second case, we can integrate the time singularity.

O

Remark 6.2. The first term in the r.h.s. of (62) yields a smoothing effect in time. The second is similar
to the control obtained in [I4]. However, the very last part is unexpected. The logarithmic contribution is
specific to the degenerate framework. The multi-scale stable process lacks integrability to compensate entirely
the singularities induced by the kernel H.

Remark 6.3. Let us mention that the previous proof still holds for n = 3 if d = 1 for all a € (0, 2).

The convergence of the parametrix series (B.11) will now follow from controls involving the convolutions of
H with the last term g, (¢, T, x,y). The following lemma completes the proof of Lemma 391
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Lemma 6.3. There exist (g3:= (g3([H]) > 0, w := w([H]) € (0,1] s.t. for allT € (0,Ty], To :=To([H]) <
L (w,y) € R™)? te0,7),

o @ HI(t, T, z,y) < O —1t)° (ﬁa(t, T,1,y)
+3 Ala = Rer(y)" log (K V [(T§_) ™ (y = Rra(@))] ) alt. Toz,) ).
Proof. Recall that g, (t,T,x,y) writes as the sum of

qoz(ta Ta €z, y) =9 A |$ - Rt7T(y)|n(a/\1)ﬁa(ta Ta €z, y)

and
palt, T, ,) 2= 0 Az = Rup ()" log (K V [(TF_) ™ (y ~ Rru(@)] ) falt, T,2,9).

Though the lines of the proof are similar to those of Lemma [B.2] we treat the two convolutions separately,
to emphasize the difficulties induced by the logarithmic factor. First, for |g, ® H|(¢,T,z,y), we bound |H|
using Lemma B.6] to get:

T
SAlz— R, n(ant)
|qa ® H|(t,T,x,y) < C/ dr SA |z _ RT,t(:E)ln(o‘M)ﬁa(t,T,x,z) |Z ,T(?J)|
t

~o¢ aTa ’ .

The above contribution can be handled as in Lemma B2 in the diagonal case |(T$_,) ' (y — Rr:(z))| < K,
or in the off-diagonal case |(T$_,)"'(y — Rr(x))] > K when for a given integration time 7 € [t,T] the
fast component dominates, i.e. |R2(y) — RZ ,(x)| > (T — t)|R} +(y) — R} (). The only difference is that
we do not need to use the triangle inequality in order to apply Lemma B.7 Indeed, the regularizing terms
SNz — Rer(y)["@M) | 6 A |z — Ry 4(2)]"@") already appear for both densities.

When [(T$_,) "' (y — Rra(2))| > K and |RZ 7(y) — R7 (2)| < (T = t)|R; 7 (y) — Rz 4(x)], we split as in the
previous proof the time interval into Iy U Iy := [t, %] U [%, T]. Suppose T € I, we consider the spatial
partition introduced in (G.8).

For z € Dy, we have pu(t,7,2,2) < (T — 1)~ Pd+e)5 (t,T,x,y). This yields a regularization property
from Lemma B when § satisfies (6I0). For z € Dy and a given 6y > 0, we use again the partition (T —
7)P(T$_,) "y — Rru())| > or < 8. The case (T — 7)?|(T$_,) "y — Rr(2))| < & yields a regularization
in time similarly to the previous proof.

In order for (T — 7)?|(T$_,)~'(y — Rr.4(x))| to exceed dp, we see that 7 must be lower than 79 := T —

5 B . . S . . . . .
(I('ﬂ‘%,t)*l(;* RT,t(z))\) . In that case, the time singularity is still logarithmically explosive but integrable. We

are led to consider:
1
/ clTT—lT<T0 /6 Az = Rey ()" p(t, 7,2, 2)6 A |2 — Ry ()" Vp(7, T, 2, y)dz. (6.15)
I -7
Using iteratively the scaling Lemma we derive:
ly' = Ry (2)| | |y* — R% . (2)]
T—nr | (T-pe
> 07 H{|(TF_) " (Rr (@) — Rer ()] = (TF_¢) ™ (2 — Ree(@))[}
> e2{C(TF_) " (Rre(2) = Rrr(y))| — O~ 1T = 7)°[(TF_y) " (R (@) — y)[}
> e{C7 = (T =) H(TF_ )" (Rri(@) = Rer(y))], 2> 0,C = CO(T) > 1,

> (TS _,) Yy — Ry (2))]

recalling that z € D5 for the last but one inequality. Thus, for 7" small enough and up to a modification of C,

we have either [y! — Rb,_(2)] > C|RY, (@) — B 1(y)], or |y? — R3,,(2)] = C(T — )| RL (2) — RL(y)]. In both

cases, Po (7, T, 2,y) < AT (1)71%1 OIEE which is in dimension one the off-diagonal two-sided estimate for
Tt T

Da(t, T, 2,y). We emphasize that the technical restriction leading to consider the scalar case appears exactly
here. Indeed, for n = 2 and an arbitrary d > 1, when the first component dominates, we have from Proposition
that the two-sided off-diagonal estimate for p, (7, T, z,y) reads:

(T —7)" DR, (2) =yt~ G,

Hence, we can get rid off the remaining diagonal singularity only if d = 1. This yields po (7, T, z,y) <
Da(t, T, 2,y). In our current case, we then derive from (614 that:

o A |Z - RTyT(y)W(a/\l)ﬁ&(Ta T7 Z, y) S 4] A |£L' - Rt,T(y)W(a/\l)ﬁa(ta T7 xZ, y)
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Consequently, we can bound (G.I5]) by:

SAlr—R n(aAl) ~
/ dr(t —t)* | Tt’T(y)| Lr<roba(t, T, 2,y).
I -7

Note that the case 7 € I; could be handled similarly, see Lemma Once integrated in time, the controls
become :

o @ |H|(t, T, 2,y) < C(T — ) (ﬁa(t, T,z,y) + log (K vV |(TS_,) "y — RTyt(z))|)qa(t, T, z, y)) . (6.16)

We point out that the important contribution in the above equation is the factor (7' — ¢)*, whose power will
grow at each iteration. This key feature gives the convergence of the series ([BIT]).
Now, for po, ® |H|(t, T, z,y), we still bound |H| using Lemma 3.6}

T
pa ® |H|(t, T, z,y) < c/ / log (K vV (Te_,) Y (z — RT7t(x))|)6 Az = Ryt(2)|" D po(t, 7, 2, 2)
t Rnd

O ALz = Rep(y) 1D
T—71

(6.17)

ﬁa(T’ T7 Z7y)'

W.r.t. the previous contribution, the main difference comes from the logarithm. However, the lines of the proof
remain the same. Suppose first that |(T$_,) "' (y — Rr+(z))| < K. Depending on the time parameter 7, we can
show that we always have either p,(t,7,x,2) < Cpa(t,T,2,y) or po(7,T, 2,y) < Cpu(t,T,z,y). The second
case occurs when 7 € I;. Using the notations of the previous proof, this yields:

po i [HI6Ty) < CratToy) [ ar [ tog (K V|20 (= = Roel))])
L

“ S A |z — Ry i(z)[7(eND)
T—1

Dalt, T,2,2)dz,

and we conclude by Lemma In the case when p,(t, 7, x, 2) < Cpa(t, T, 2z,y), which happens for 7 € I, we
have:

(T2_) ™ (2= Rre(@))] < CU(TF_y) " (y—Rre(2) [ H(T2_y) " (y—Rrr (2))]) < CE+|(TF_,) ™ (y—Rr.r(2))]).
Plugging this inequality into the logarithm and taking out the first density, we can bound:
pa @1, [H|(t, T, 2, y) < Cﬁa(t,T,w,y)/ dT/IR ,log (K\/ (TF_) " (y — RT,T(Z))I)
I n

" § A |z — Req(y) 7D
T—71

ﬁa (Ta Ta Z, y)dZ,

and once again, we conclude by Lemma [6.Jl Thus, we have so far managed to show that in the global diagonal
regime, po, ® |H|(t, T, 2z,y) < C(T —t)“pa(t, T, x,y).

It remains to deal with the case when |(T%_,)™'(y — Rr+(z))| > K. Suppose first that 7 € I», and that
the first component dominates in the global action |(T$_,)"*(y — Rr(2))|, ie. [(T$_,) 'y — Rr+(z))| =

1 pl
%. We still consider the partition in (G.8]).

When z € D, we can bound
Palt, 7, 2,2) < C(T —7) PCT5(¢, T, 2,y). (6.18)
On the other hand, the triangle inequality and the scaling Lemma yield:
(T2_) 71z = Rea(@))] < C(I(T2_) "y = R ()] + [(T3_) " (y = By ()] )
Consequently, up to a modification of C, we have either:
(Tg_) 7' (2 = Rra(2))| < CITT_y) ™ (y — Rre(@))] or [(T7_) 7' (2 = Rre(2))] < CUTT_,) " (y — Rrr(2))].
Define accordingly,

Diy={z € Dy [(T?_) ™' (2 — Rro(2))| < C[(T7_,) " (y — Rra(2))[},
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Diz={z € Dy |[(T?_) 7' (2 = Rre(2))| < Cl(T7_,) "' (y — Rrr(2))[}.

Observe that with this definition, Dy ; and D > is not a partition of D;. However, Dy C Dy U Dj 5.
When z € Dy 1, we can bound

log (K V[(T5_) (2 = Res(@))]) < log (K V[(TF-0) (v = Rru(@))]) + C.
On the other hand, for 7 € I, we get from the definition of Dy 1:
5 12 = Rea@)"@M) < O A fo — Rur (1))

From (6.18), we thus have:

pa @i1,py, [HI( Tz y) < C (log (Kv|<T%,t>*1<y—RT,t<x>>|) +1) A Jo = R ()"
SAlz— n(anl)
/ dT/ Pa(t, 7,2, 2) 2 = Rrr @)l Pa(T, T, 2,y)d2
Iz Dy 1 Tr—r
< “(pa + q0)(t, T, 2, y),

choosing [ satisfying (6I0).
When z € Dj 2, we can bound:

log (K V[(T¢_) "'z = Rea(@))]) <log (K V(Te_) " (y = Rrs(2))]) +C.
Bounding also roughly 6 A [z — R, ¢(2)|"®") < §, and using the bound (BI8), we can write:

P ®1n.pr o |H|(6 T, 2,) < c/j dT/D ot 7, 2) (log (K\/|( o )~ 1(yfRT,T(z))|) +1)

" SN |z — T,T(y )|7(ent)

Da(T, T, 2,y)dz

T—71

T—71
< Oﬁa(ta Ta €, y)/ dT(T — 7‘)_:6(2+Ot)
Iz
- ON|z— R, n(anl)
X / (1og (K V(T?_,) 1(y — RT,T(z))|) + 1) | ()| a(r T, 2,
Dy 2

Thus, using Lemma [611 we have po, @1, p, , [H|(t,T,2,y) < (T —1)“pa(t, T, 2,y).

We have to deal with z € Dy. In this case, and because d = 1, po (7, T, z,y) < Cpo(t, T, x,y). As above, we
split for a given dp > 0, the time interval Iy in (T'—7)?|(T$_,) "' (y — Rr(2))| > 0o and (T —7)P|(T$_,) "y —
Rr(2))] < do.

Assume first that (T — 7)°|(T$_,) " (y — Rr.(z))| < do. Then, taking dp < K gives that the first density
is diagonal. Hence, the logarithm part disappears, and we have to deal with:

1 ON |z — )|rlent)
Po rL,.py |HI(E, T, 2, y) < / /D —pyelat | T 5 vl Pa(T, T, 2,y)dz
emma 2ta T
L S B] (S / dT(T _ T)n(l/a/\l)—l—B(Q-‘rOz)
(T = )2/ o4 (TG _,) "y — Rral@)) 2T /s

< (T = t)*pa(t, T, 2,y).

Finally, we have to deal with the case (T — 7)?|(T$_,) "' (y — Rr.(z))| > Jo. Observe that, on I, this
imposes that 7 € [132, 7], with 7 defined above. In the considered set, we have from (G.14):

2= Rrr(y)| < |2 = Rrp(@)| + Clz = Rer(y)] < CAL+ (T = 7)°)|x = Rer(y)].
Plugging this estimate into the convolution and recalling for z € Da, po(7, T, 2,y) < Cpa(t, T, z,y), we obtain
from Lemma [6.]]
T0 1
Pa ®12,D2 |H|(t5 T7 xZ, y) S 0(5 A |ZL' - Rt,T(y)W(a/\l))ﬁa(ta T7 xZ, y) / dTT

T+t — T
2

(T —t)“.
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Hence, integrating over 7 yields the logarithmic contribution:
Pa ®I2,D2 |H|(ta Ta Z, y) < C(T - t)wpa(ta Ta Z, y)

In order to complete the proof, we have to specify how to proceed in the remaining cases, that is when
7 € Iy and the second component dominates or when 7 € I;. When a fast component dominates, as we have
seen in the previous proof, we can compensate the singularities brought by the kernel H, and conclude directly
with Lemmas 3.7 and When 7 € I, we can adapt the previous strategy following the procedure described
in Lemma O

Using the previous lemmas, we get the following result.

Corollary 6.4. Let Ty := To([H]) < 1 be as in Lemmal62 There exists (g7 := 4(gqg > 0, s.t. for all
T € (0, Ty, (w,y) € R")2, t€[0,T), Vk € N:

[P © HE (4, T, 2,)| < QT — 0 (T = %pa(t, T,2,9) + (B + G) (1T ,))

[Pa ® HED (1, T, ,9)| < GEHT = 0% (T = D50 + (T = 1) (o + @) + Ga ) (1T, 2, y).

Proof. We prove the estimate by induction. The idea is to use the controls of Lemmas [6.2] and [6.3] gathered
in Lemma [3.9] to get from an estimate to the following one. The bounds may not be very precise, as we will
sometimes bound (7 —#)* < 1, but they are sufficient to prove the convergence of the Parametrix series (Z.ITI).

Initialization:
Since (T — t)“(Pa + Ga) > 0, we clearly have:
[Pa ® H(t,T,z,y)| < Cls:g( “Pa + o+ (T'—t)” (Pa + (Ia))(t,T,x,y)-

Now, using Lemmas and [6.3] we have:

Po ® HO (¢, T y)| < Cgg((T —0°1pe © H| + |30 H)(t,T.2.y)
CB:Q(CB:Q(T £)*ba + Ggg(T — )00 + (T pa+%))(thﬁE,y)
(0T — ) (T =)o + (o + 6) ) (4, T, 2,).

IN

IN

Induction:
Suppose that the estimate for 2k holds. Let us prove the estimate for 2k + 1.

Pa ® HEHV|(t, Ty 2,y) < (4Ggm) (T — 1) ((T — )" |po @ H|(t,T,2,y) + |(Pa + o) @ HI(t, T,x,y))
< (4G - " (Ggm(T = 0™ ((T = 1)Fa + @) (t, T, 2, y)
+Cag(T = )°Pa + Ga)(t, T, 2, y) + Cgg(T — t)* (Pa +§a)(t,T,w,y))-

Recalling that T — ¢ < 1, we have (T — t)¥*g, < (T — t)“q,. Thus:
o © H V| (8,7, 2, y)
< (4Ggm)™ (T — 0" (T — )"+ VP + 20T ~ 1) (o + @) + i) ) (T, 2, )
< <4qﬂ>2k<2qm><T = 1) (T = 5D+ (T = 1) (o + G) + 4a) ) (4T, 3, ),

which gives the announced estimate.
Suppose now that the estimate for 2k + 1 holds. Let us prove the estimate for 2k + 2.

Pa @ HOF2(4, T, 2, )|

< (4Ggm)™ (T = ) (T = V% o @ H| + (T = )°|(Pa + @) @ H| + |da @ H|) (1. T, ,y)
< (4G (T — 1 (G — 0T — 1) + ]

+@3g(T — ) [{(T = )“Pa + @} + BT — )* (B + da)] + BT — 1) (P + tia)) (t,T,z,y)
< (405g) )22 (T ) (kD ((T H)FHDCG5 4 (B + (ja)) (t,T,x,y),

where to get to the last equation, we used the fact that (7' — t)“fo < P, and (T — )* G, < Ga.
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The following part is rather technical and given for the sake of completeness. The proofs below do not differ
much from those developed in [I4] for the non degenerate case. We refer to that work for further details.

A Proof of the estimates on the frozen density.

In this section we derive the so-called diagonal and off-diagonal expansions for the frozen density. Recall from
Proposition 53] that the frozen density py_ is given for all z € R by:

det('ﬂ‘?ft)_l —i(q,(T_,)"'2)
— NG (st Z — Ty d d .
Pa.(2) (@) /]R e exp /S - Nem®ps(dn) ) dg

The complex exponential can be written as a cosine. Denoting Z the projection of € R on the sphere,
we change variable to the polar coordinates by setting ¢ = |¢|g, where (|¢|,q) € Ry x S™~1. Also, we take
a parametrization of the sphere by setting ¢ = (6, ¢) € [0,7] x S"?~2, along the axis directed by (T%_,)"1z.
Finally, let 7 = cos(6), the density writes:

= et dlql|q]" dr(1 - d
pa.(2) () /0 l4llg] [1 T(1—77)"z /SnH ¢

cosall(rs )iy esn (~la [ e usn). (A1)

The idea is as follows: if [(T2_,)~!z]| is small, we can expand the cosine and show that the first term is pos-
itive, giving the two-sided diagonal estimate. If on the contrary, |(T¢_,)~!z| is large, we set y = |q|[(T¢,) " !z],

which yields:
det(’]I‘o‘ t) +OO d—1 nd—3
_ s " dr(1 — d
PA.(2) (2m)nd|(T2_,) 1z|/ [1 7( T ) 2 /S"d s @

y* Ve
costyr)exp (o [ @ ustan) ) (A2)

and we can expand the exponential, giving the off-diagonal estimate.

Proposition A.1 (Diagonal expansion). For small |(T¢_,)” z|, the following expansion holds:

det (T2_,) - nE o
(2] = Zak (M09 G ) s + R (15 2D

where |(T_,) " 2INRy(|(T2_,) " " 2|) tends to zero as |(T2_,)” 2| tends to zero, and ax((T%_,)"'2) is defined
as:

E— oo [t nd-3 o N
@)= [ dal et [ara -y e [ e (<l [ @ drus@).
0 -1 Snd-2 Snd-1

Also, using Lemmal[5.7] to bound the spectral measure (i, the following estimate holds:

o A oB (a3 k)0 (M) G < (T2 772 < 0t Ao B (dg kg ) (M) g,

where B stands for the B function.

Proof. There is no difference with the non degenerate case for the diagonal expansion. For small |(']T§‘_t)_1

2,
we use Taylor’s formula to expand cos(|g||(T%_,)”'z|7) in equation (AI):

- det (T?,t) Foo nd—1 1 9\ nd—3 N -1
pa.(2) = W/o dlq|lq| /_1d7(1*7) kzzo 2k

. /S do exp (—Ian /S |<q,<>|aug(dg))

det(Tg_,) 7! ¢~ (=1)F e [T ia [
— s T d “+nd 1/ dr(1 — 2 5 2k
S > Gl TR [ il [ ar -y

k=0

< [ aven (<l [ @ arusa@) + Re((m ),

k ~ —
>! Jal*|(T2) ™ 27 + R (|(Ty) 1ZI))
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The estimate on the coefficient also serves to estimate the remainder Ry (|(T® ) 'z|). To bound the
coefficient, we use the bound of Lemma [5.4] to get rid-off the integral on S™?~! in the exponent. The estimate
readily follows form the definition of Euler’s Beta and Gamma function. Note that the coefficient ay((T®_,) ™" 2)
depends on ('H‘?ft)_lz because of the choice of the parametrization of the sphere S™4~2.

O

We now turn to large distance estimates.

Proposition A.2 (Off-diagonal expansion). For large |(T_,)”'z|, the following expansion holds:

ak
. det (71>k+1 1 o 1
PA, (Z) (27-r)nd| |nd Zbk Z) k' <|(T?_t)—lz|> +RN(|(T5—15) Z|)a

where |(']Tg‘_t)_lz|_NRN(|(T?_t)_lz|) tends to zero as |(T®_,) " 'z| tends to infinity.
Also, the coefficients by, is the sum of by + b2, with :

e k+nd—1 e 2\ nd—-3 g
R [Ty [Cemae e [ (] o) @),
0 — 00 S’Vlli*Q S’”’d71

[e'e) 1
R(Te,) 2) = %[eﬂ(“k*’"“ / : dggoktnd=1 / dr(1—72) "7 (1 = x(r))e ™™
0 1—2¢

([ aormsa) ]

—1
where x is a reqular version of the indicator of [—1,1]. Eventually, by((T_,) z) is positive.

bL((Te,) ' 2)

Proof. We start with the expression (A.2) for the density. As we mentioned above, the idea is to expand
the exponential to derive the off-diagonal expansion. To do so, define x : R — [0,1], a regular version of
the indicator of [—1,1], such that x(7) = 1 when |7| < 1 — 2¢, and x(7) = 0 when |7| > 1 —e. We split

pA, = p1(z) + p2(2), with, for k =1, 2:

a -1 +oo 1
pre(z) = det (T5_.,) /o dyy™d—1! [1 dr fi.(7) cos(Ty)

[e} -1 n
(2m)r(T5_y) ™ 2"

R - e
oo ( TSR Jon 09 us<d<>> ,

il
where f1(r) = (1 —72)"2" x(7) and fo(r) = (1 —72)"=" (1 — x(7)).
For p1(z), we can expand the exponential directly. Since x is of compact support, we can write the integral

in 7 as an integral over the whole line R.

= det (T3 )" a1 [ ity
ne = <2w>nd|<?rzt>‘1z|"d%(/o ay /_oo drhi(r)e
—L = o,k
fo d¢exp< S ) Ele R “S<d<>>)
(=11

det T
= b Ta - z A —— - 7ak,
(27T)nd|(’1[‘? |nd Z k s— t ) A |( s— t) |

where

Wy = [k [T [ ([ aaruse) @),

Since f; is of compact support and as a function of 7 the integrand is regular, the function of y defined by

/_:O e i(7) /S ( /S @) dy
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is in the Schwartz space, as the Fourier transform of a function C*® with compact support. Consequently, the

— 1
coefficient b} ((T¢_,) z) is well defined.
For ps2(z), we have to be more subtle, as the previous expansion fails in this case. The function of y defined

by:
1 el
nd—1 _yi _ a %
y [1de2(T) cos(7y) /SnH d¢eXp< T L /SHH (@ <)l us(d<)>,

is holomorphic, and we can show that its integral on the arc yg(t) = Re™",¢t € [0, 5] if € (0,1], and ¢ € [0, &]

' 2a¢
if @ € (1,2), tends to zero as R tends to infinity. Hence, from Cauchy’s theorem, we can rotate the positive
half-line accordingly and expand the exponential (roughly speaking, we change variables to y = —i¢ if a € (0, 1]
and y = {exp(—igy) if @ € (1,2)):

det (T2 )" +oo _ e _
pz(Z) _ ; ( t)71 dgﬁ(/ dé(*l)ndgnd 1/ de2(7_)e TE
(2m)nd|(T_,) 2" 0 1-2¢

[, aoew (mr(% [, la §>|”‘u’fs(d§)> )

detTg t71 2 o 71 ( 1) a —1_|—ak
o (27T)nd|(']rg |nd Zb Ts t Z) k! |(Ts t Z| )

with coefficients defined as:

+o00 1 k
b2 To ~—1 _ 7i%(ak+nd) d ak+nd—1 d —7€ d ( —, @ x(d ) )
() 2 éﬁ[ | et [ arpmee [ ao ([ @) ]

To give an estimate on this coefficient, since the variable 7 is not zero, we can change variables to ¢ = 7€ and
bound [,..-: [(7,)|* 15 (ds) by some constant, so that after integration,

b2((T2_,)  2)| < Co2eT(ak + nd)Ang_1.

As per usual, the estimate on the coefficient serves as an estimate for the remainder. To get the announced
expansion, we define by, ((T2_,) ™" z) = bL((T_,) " '2) + b2((Te_,) ' 2).

It remains to show that the by vanishes. Indeed, to show that b} = 0, we use symmetry arguments. Also
b2 = 0, as it is the real part of a purely imaginary number.

O

B Proof of the Estimates on the Kernel H

In this section, we establish the bound (B.I7) for the convolution kernel H. To this end, we define for a measure
v on S?! not necessarily positive, but such that |v| is finite, the quantity:

K = g [ [t e e (< [ 1w w0 )

The calculations we did on py, can be carried out for ¢} . In particular, we can change variables in the
exponent and define p = (T%_,) " 'q to get

det (T2 )" it (T =1 )
v _ s d i(q,(To_,) " z) oz/ _ ap(d o a/ % (d
o3, (2) 20mi(s =) /Rnd qe lq| i (@, <) D(ds) exp | —|q] i (@, <) ps(ds) |,

with [gna-1 [(¢,$)|*P(ds) = [ga—s [(q1,)|*v(ds). We use the same change of variable as for py, to get:

v _ det (Tg t)_l e n a—1 d;, e -1
5.0 = e [ gl [ a5 o2 )

/Snd 2 /Sn“ ol°w (d<)eXP( Iqla/ ) |<q,<>|au§(d<))

det (TS t)7

= dayy o= 1/ dr(1— 72 it cos(T
27)i(s — D)|(T2 nd/ vy B ( ) (Ty)
s—t

ya =~ (0% *
/Snd . /SM (@, )17 (d<) exp (m/sndl (a, <) us(d§)> .
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As we can see, the only difference between ¢} and pa, comes from the integral [g.._. [(g,<)|*7(ds) and
the additional multiplier |¢|*. Those additional terms will not change much the expansions.

Proposition B.1. For small |(T®_,) " z|, the following expansion holds:

y det T — (-DF o o
.(2) = oty =5 Zak T ) e ) e 4 R (i) ),

where |(T_,) " 2IN Ry (|(T2_,) " 2|) tends to zero as |(T2_,)”"z| tends to zero, and ai((T?_t)flz) is defined
as:

— +OO 1 nd—3
(T2, '2) = / dlqjq?+e+na=1 / dr(1— 72)"5" 72
0 —1

[ ] eorsaes (- [ l@arsa).

Also, the following estimate holds:

— _ 1 1 nd + 2k _ 2kind
((Te ) <at — = = =1
lap((Te_,) " 2)| <« And—2B(d e 2)1“( —= 4+ 1)0 _

For large |(T_,)""z|, the following expansion holds:

det T ,~* 71 (—1)k ( 1 )ak o \—1
bP((T,) = T RN ([(Ts—;) =z,
= (2m)md(s — )|(Te,) ™ 2| = Z T [(T5—)" 2| )

e -1
W tends to zero as |(T_,)” ' z| tends to infinity.

where

Proof. The proof is fairly the same, up to the additional multipliers. For small |(’]I’§‘_t)_1z|, the expansion is
straight forward. To get the estimate, on the coefficient, we observe that fsnd,l [{q,s)|*(ds) is bounded by

some constant, and does not alter whatsoever the boundedness of the integrals. For large |('H‘§“_t)_12:|7 we split
as in the proof of Proposition[A.2], the additional terms do not change the definition of the coefficient. However,
the first term is no more zero, due to the presence of [, [(7,<)|*7(ds) under the integral, even for k = 0. O

Comparing the major term in each expansion on ¢} = to the corresponding term in py_, we get the following
corollary:

Corollary B.2. There is a positive constant C such that, for all s € [t,T], for all z € R™, the following bound
holds:
y C
P45, (2)] < EPAS(Z)-
We now turn to the control of the convolution kernel H. Recall from Section B3] the expression of H:

5 A |Ryz(y) — x| / —ilpy—R
H(t, T = : dpe~UPy—Br.:(2))
(t,T,z,y) @) o e

((p. Bo(t, Rer (1))9)[° — |(p, Bo(t,2)s)]
. </g 1 5 A [Rer(y) — a1@nD “(d§)>

< exp (— - |<p,R%,'uo<u,Ru,T<y>><>|au<d<>> .

Observe that after a change of variables, we can write

/Sd 1 (P, Ba(t,é]%irg;)agaxl|izg;ic)7(t,x)§>laﬂ(d§> :/S(H L, ) [m(de),

where m is a signed measure such that [m]| is finite. Thus, from the above definition of ¢} (2), we have:
H(t,T,z,y) = § A Rer(y) — 2" VR (y — Rr()).
Applying the controls we obtained for ¢}’ , we get the upper bound:

ON |z — Rt,T(y)|n(aA1)
T—1

|H(ﬁ,T,x,y)| <C ﬁg’y(t,T,x,y). (B'l)
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