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Alexandre Ern*, Friedhelm Schieweck!

February 17, 2014

Abstract

We analyze the discontinuous Galerkin method in time combined with a finite ele-
ment method with symmetric stabilization in space to approximate evolution problems
with a linear, first-order differential operator. A unified analysis is presented for space
discretization, including the discontinuous Galerkin method and H'-conforming finite el-
ements with interior penalty on gradient jumps. Our main results are error estimates in
various norms for smooth solutions. Two key ingredients are the post-processing of the
fully discrete solution by lifting its jumps in time and a new time-interpolate of the exact
solution. We first analyze the L>°(L?) and L?(L?) errors and derive a super-convergent
bound of order (t*+2 4 h"+1/2) in the case of static meshes for k > 1. Here, T is the time
step, k the polynomial order in time, i the size of the space mesh, and r the polynomial
order in space. For the case of dynamically changing meshes, we derive a novel bound on
the resulting projection error. Finally, we prove new optimal bounds on static meshes for
the error in the time-derivative and in the discrete graph norm.

Keywords: discontinuous Galerkin in time, stabilized FEM, first-order PDEs, graph norm
error estimates, superconvergence, dynamic meshes
2000 Mathematics Subject Classification (MSC): 65M12, 65M60, 65J10

1 Introduction

Our goal is to analyze the discontinuous Galerkin (dG) method in time combined with a
finite element method (FEM) with symmetric stabilization in space to approximate the linear

evolution problem

Ou+ Au=f in Q x (0,7), (1)

completed with suitable boundary and initial conditions, see Section 2. Here, {2 is a domain in
R? d > 1, T some positive final time, f a source term, and A some linear, time-independent,
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first-order differential operator in space. We assume for simplicity that A is an advection-
reaction operator; more generally, A can be a Friedrichs’ operator, whereby (1) is a system
of first-order PDEs endowed with a symmetry and a positivity property [21, 19].

The dG method in time can be used, in the spirit of Rothe’s method, to semi-discretize
in time the evolution problem (1). This method uses piecewise polynomial ansatz and trial
spaces of some order k > 0, whose elements are V-valued functions of time that can be
discontinuous at the discrete nodes defining the time partition; here, V' denotes the graph
space associated with the space differential operator A. The time semi-discrete problem
can then be discretized in space by a stabilized FEM. A relatively wide class of stabilized
FEM is that based on symmetric stabilization, including on the one hand the dG method
in space [30, 29, 16] and on the other hand H'-conforming finite elements with various sta-
bilization techniques, e.g., interior penalty on gradient jumps [6, 9], local projection [4, 34],
subgrid viscosity [22, 23|, or orthogonal subscales [14, 15]. When used to approximate the
steady version of (1), all of these methods lead to quasi-optimal L?-error estimates of order
h"t1/2 where h denotes the size of the space mesh and r the polynomial order in space, and
optimal error estimates in the discrete graph norm. In what follows, we consider a unified
analysis for a discrete differential operator Ay satisfying three design properties (consistency,
stability, and boundedness). These properties cover, as main examples, dG methods and
H'-conforming finite elements with interior penalty on gradient jumps. Minor modifications
are to be included for other (weakly) non-consistent stabilization techniques.

The dG method in time has been extensively studied in [37, 17], see also references therein,
for linear parabolic problems, either as time semi-discretization method in the Hilbert space
H' or combined with H'-conforming finite elements for space discretization. One of the
main results for linear parabolic problems with a symmetric coercive operator A is super-
convergence in L>(L?) (L™ in time and L? in space) and L?(L?) norms of order (t?**+!+p"+1)
where T is the time step and A the space mesh size. Further results on the dG method in
time, combined with dG methods in space, concern the convergence to entropy solutions
for hyperbolic conservation laws [28], the hp-analysis for diffusion and incompressible flow
problems [35, 39], and inviscid compressible flows [38]. L°°(L?) and L?(L?) error estimates
of order (! + A"™) are derived in [20, 10] for nonlinear convection-diffusion problems on
time-varying meshes under the assumption h? < T. Finally, we mention the work [2] for
linear transient convection-diffusion-reaction problems on static meshes where the dG method
in time is combined with local projection stabilization in space for H!'-conforming finite
elements leading to an L>°(L?) and L?(L?) error bound of order (tF+1+A"1/2) if the diffusion

parameter ¢ is less than h.

An alternative approach for discretizating the evolution problem (1) is the explicit Runge—
Kutta (RK) method in time combined with the dG method in space and suitable limiters,
see [13, 12, 11]. Since the time-stepping scheme is explicit, such methods are computationally
effective, but are only conditionally stable, and the error bounds require the application
of the Gronwall argument which implies that the error constant grows exponentially with
respect to the final time 7T". The analysis of explicit RK methods combined with stabilized
FEM entails some subtleties. Error estimates are available for second-order (RK2) and third-
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order (RK3) methods; see [42, 43] for nonlinear conservation laws and dG methods in space
and [8] for Friedrichs’ systems and FEM with symmetric stabilization. The main results are
L*>°(L?) error estimates of order (12 + h"t1/2) for RK2 under a tightened 4/3-CFL condition
(except for piecewise affine polynomials in space where the usual CFL condition suffices)
and of order (t° 4+ h"*1/2) for RK3 under the usual CFL condition. In contrast to explicit
RK methods, the dG method in time is unconditionally stable, and leads, in some cases,
to super-convergent error estimates. The prize to pay is obviously increased computational
cost, although this drawback can be tamed using efficient multigrid solvers, as in [25, 27, 26|
for the heat, Stokes, and Navier—Stokes equations. Antoher advantage of dG methods in
time is that their analysis readily encompasses all polynomial orders k& > 1 in time (the
lowest-order case k = 0, corresponding to the implicit Euler scheme, being slightly different).
In addition, the derived error bounds do not require the Gronwall argument, and the error
constant grows only like 7/2 with respect to the final time 7. Moreover, since they hinge
on the weak form of the evolution problem, dG methods in time can be cast more effectively
into optimization problems constrained by time-dependent PDEs [36, 31, 33]. Finally, we
mention the recent analysis of implicit RK methods in time combined with dG methods in
space for linear Maxwell’s equations, leading in particular to an L°°(L?) error estimate of
order (t5t! 4 h"t1/2) where s is the number of distinct time nodes in the RK method [24].

The main contributions of this paper are as follows. Let u be the exact solution and let
Uy, be the fully discrete solution. We analyze the error between the exact solution and a
post-processed discrete solution ., = Liu, which is continuous in time and is a piecewise
polynomial in time of order (k+1). The operator L., motivated by [32] where the link between
the dG method in time of order k£ and a continuous Petrov—Galerkin method of order (k+ 1)
with reduced integration is explored, is the first key ingredient of our analysis. The second one
is a new time-interpolate R¥*1u of the exact solution u of order (k + 1), which, in particular,
interpolates at the (k + 1) right-sided Gauss—Radau integration points the time-derivative of
a Cl-interpolate of order (k + 2) of the exact solution. Our first main result, which improves
on the current state-of-the-art, are estimates for the error (u — i) in L% (L?) at the discrete
nodes defining the time partition and in L?(L?), both of order (T2 4 h"*+1/2). This result
implies, in particular, a super-convergent estimate of the same order for the error (u —uq,) at
the discrete time nodes. The error estimates are presented first for static space meshes. For
time-varying meshes, there is an additional projection error due to mesh changes, for which
we derive a novel sharp estimate compared to existing results [40, 1, 20, 10]. Our second main
result are estimates on the error derivatives; we focus on static space meshes for simplicity.
To our knowledge, such estimates are not yet available even for static meshes. We emphasize
that their derivation is more delicate than for parabolic PDEs since the differential operator
A is neither symmetric nor coercive in the graph norm. Our idea is to measure the error
in the time-derivative using the post-processed time-derivative of the post-processed discrete
solution, yielding a bound on (dyu — L0 L) of order (tF+T 4 A7+1/2) in L®°(L?) at the
discrete time nodes and in L?(L?). Finally, an optimal bound for the error (u — i) in the
discrete graph norm is derived using the inf-sup stability of the discrete operator Ay,.

The paper is organized as follows. Section 2 presents the continuous setting and Section 3



4 A. Ern, F. Schieweck

the discrete setting in time and in space, including the lifting operator L£;. Section 4 contains
some preliminary results for the error analysis and, in particular, introduces the new time-
interpolate R¥+1y. Section 5 is devoted to the L>(L?) and L?(L?) error estimates. Finally,
Section 6 deals with the estimates on the error derivatives.

2 The continuous setting

Let Q c R%, d > 1, be a domain with Lipschitz boundary T, and let T' be some positive final
time. We consider the model problem: Find u:Q x [0,T] — R such that

Ou+ Au=f in Q x (0,7),
u=20 onI'_ x (0,7), (2)
u = ug on Q x {0},
where the linear first-order differential operator A is of the form Au := 3-Vu+ou, §: Q — R?¢
is a given Lipschitz convection field, o : 2 — R a bounded reaction function, f : 2x[0,7] — R

a source term, ug :  — R a given initial value of u, and I'_ (resp., I';) the inflow (resp.,
outflow) part of the boundary defined as

'y ={xel: £5(z) -n > 0},

with n denoting the outer normal unit vector on I'. We assume that the data 5 and o are
time-independent, and that

o(z) - %divﬁ(x) S >0 Ve (3)

The inner product in L := L?*(Q) is denoted (-,-);, and the norm |v||2 := (v,v);. The graph
space defined as {v € L : §-Vv € L} is a Hilbert space when equipped with the graph norm
vl == wollv]|2 + ||B - Vv||2 (and the corresponding inner product). Assuming that I'_ and
I'; are well-separated, V :={v e L: g-Vv € L, vl[r_ =0} is a closed subspace of the graph
space, and the operator A : V' — L is an isomorphism; see, e.g., [19].

To characterize the smoothness of functions ¢ — v(t), we introduce, for a subinterval
J C [0,T], the space C"(J, B) spanned by r times continuously differentiable, B-valued
functions on J, where B denotes a Banach space with norm | - ||p (typically, B € {L,V}).
The space C"(J, B) is equipped with the following norm and semi-norm:

[vllcres) = max su SupHat v®ls, lors) = sup [0/ v(D)]ls-

For a measurable subset J C [0, 7], we also use the Bochner space L?(J, B) defined as

1/2
PUB) = (0T B olpun <} with ol = ([ @)

Now, assuming f € C°([0,T], L) and uy € V, the model problem (2) can be written as the
following linear evolution problem: Find u € C°([0,T],V)N C*([0,T], L) such that
(Gru(t),v) + (Au(t),v) = (f(t),v),  Vvel, Vite(0,T),

u(0) = wp. @)
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The well-posedness of (4) results from the Hille-Yosida Theorem; see, e.g., [41, p. 248] or [18,
p. 313].

3 The discrete setting

We proceed in the spirit of Rothe’s method whereby the evolution problem (4) is first semi-
discretized in time, leading to a sequence of discrete problems in a Hilbert space, which are
then discretized in space. An important ingredient for the time semi-discretization is the
lifting operator L. introduced in Section 3.2. In what follows, for positive real numbers a and
b, a < b stands for the inequality a < Cb with generic constant C' independent of the size of
the space and time meshes, of the final time, and of the exact solution u; the value of C' can
depend on the regularity of the spatial mesh, the polynomial degrees used for space and time
discretization, and the model parameters (including €2 and the constant pg in (3)).

3.1 Time semi-discretization by the dG(k)-method

In order to semi-discretize problem (4) in time, we decompose the time interval I := (0, 7]
into N disjoint subintervals I, := (t,,—1,t,], where n = 1,...,N and 0 = tp < t; < -+ <
ty_1 <ty =T, so that [ = Uévzlfn. Observe that all the time intervals are conventionally
open at the left endpoint and closed at the right endpoint. In what follows, the maximum time
step size T := maxj<,<n T, Where T, := 1%, — 1,1 is used to denote the time discretization
parameter, and the set of time intervals My := {I,...,Ix} is called the time mesh.

We approximate the exact solution u : I — V by means of a function w, : I — V which
is piecewise a polynomial of some order k& > 0 with respect to time. For B € {L,V}, let
Py(Ip, B) i= {w . I, = B : w(t) = Yk Wit Vi eI, WieB, Vj} be the space of
B-valued polynomials in time of order k over I, and let

XMB):={w.: I = B: w|, €Pp(I,B) VI, € M} (5)

i

Then, we seek the time semi-discrete solution u. in the space X¥ (V). It is possible to consider
a polynomial degree k,, specific to each time interval I,,. All what follows extends to this more
general setting.

Let w. be a function in X¥(B). Then, w. can be discontinuous at the discrete times t,,, for
alln =0,..., N, while wy is by definition continuous from the left at ¢,,, foralln =1,..., N,
ie., we(ty) = limyyy, we(t). Moreover, w.(0) has to be specified separately since 0 ¢ I. The
space X¥(B) is a subspace of

C'_I(MT,B) ={w:I = B: w|, € C’O(In,B), wT(t:Lll) exists V I, € M}, (6)

"

with the notation we(t} ;) := limy;, , we(t). Functions in C~1(My, B) are by definition
continuous from the left at all t,, n = 1,..., N, and their value at 0 has to be specified
separately. For all wy € C~1( Mo, B), the jump of wy at t,, for allm = 0,..., N —1, is defined
as

[weln = we(ty) — we(tn). (7)
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The discontinuous Galerkin method of order & (in short, dG(k)) applied as time semi-
discretization of problem (4) reads: Find u. € X¥(V) such that u.(0) = ug and

N N-1
U U, U U v + = v v k
;/]n (at T+A Ty T)L dt‘{‘ngo([ T}nv T(tn))L /Iv(f, T)L dt \v4 TE}/T(L), (8)

with test space YF(L) :={v:1 — L: U’In € Py(l,,L) VI, e M}

Problem (8) can be decoupled into a sequence of local problems by choosing test functions
supported on a single time interval I,,. Then, the time semi-discrete solution u, can be
determined by successively solving a local problem on I,,. Using the known value w(t,—1)

from the previous time interval (and wug for n = 1), the local problem on I, reads: Find
ux|1, € Pp(Ln, V) such that

/] (Opur + Aug,ve) dt + ([uT}n,l,vT(tzfl))L = /] (f,vg) dt Vor € Pp(In, L).  (9)

In practice, the right-hand side of (9) is evaluated by means of some numerical integration
formula. In the context of the dG(k)-method in time, a natural choice is to consider the (k+1)-

point right-sided Gauss—Radau quadrature formula on each time interval I,,. For a function
g€ C7YM,R) and I, € M, this formula takes the form

k+1

Qule) =5 S Bpaltns) ~ [ gtt)ar (10)
p=1 "

where t,, € I, are the integration points and w, > 0 the weights. Note that ¢, 11 = ¢, so
that g(t, x+1) is equal to g(t,) (recall that g is continuous from the left at t,). It is known
that (10) is exact for all polynomials in Poi(/,,). Then, using (10) on the right-hand side
of (9) leads to the numerically-integrated version of (9):

/l (Brtir + Aue,ve)y dit+ (1, 025 1), = Qu((frve)s)  Vor € Py(In, L), (11)

To rewrite (11), we define the Lagrange interpolation operator ISR : CO(I, L) — XF(L) by
means of the conditions

IS%(ty,) = w(tn,), p=1,....k+1, n=1,....N, I%w(0)=w(0), (12)

using the (k+1) right-sided Gauss-Radau integration points ¢, , € I,,. Then, (11) is equivalent
to
/ (Opur + Aux, ve) dt+ ([uT]n_l,vT(t;t_l))L = / ([TGR’f7 vr)r dt Vor € Py(I,,L). (13)
I, I,

Let us briefly look, for example, at the dG(1)-method. Here, we apply the 2-point right-
sided Gauss-Radau quadrature formula with points ¢, 1 = t,,—1+7,/3, tp2 = t,, and reference
weights W = 3/2, wy = 1/2. On the time interval I,,, we have to solve for the two unknowns
U, = ux(tn ;) for j =1,2. The coupled (2 x 2)-block-system for U}, U2 € V reads:

UL+ AU, + ;U2 = ur(tn-1) + 5 f(tn1), 10
~1Un + U BAUY = —ucltno1) + B f (tn2)-



dG-method in time with stabilized FEM in space 7

3.2 A lifting operator

As a key point of our analysis, we introduce the lifting operator
L: XE(B) - XFY(B)nC°(1,B), (15)
such that, foralln=1,..., N,
Lowe(t) := we(t) = [weln19n(t) Vit € Iy = (tn-1,tn], (16)

and Lrw(0) = w(0). Here, ¥, € Piy1(Ln, R) is defined by means of the integration points
tnu of the (k4 1)-point right-sided Gauss-Radau quadrature formula on the interval I, as

L, -
le n n,pn

The continuity in time of Liw. follows from the properties ﬁn(t:_l) = 1 and 9, (t,) =
Un(tnk+1) = 0 together with the definition of the jump [w<],—1. Since 9,,(t) vanishes at the
integration points, we get the property

Liwe(tn) == we(tnu) Vp=1,....,k+1, Vn=1,...,N. (18)

The lifting operator £; can be more generally defined for functions in C~!(Mo, B) and then
maps onto CY(I, B).

3.3 Space discretization by stabilized FEM

In this section, we briefly recall some basic elements on the discretization of the space differ-
ential operator A by means of a stabilized FEM. For clarity, we consider functions depending
only on the space variable, and return to the full space-time setting in Section 3.4.

Let T, be a shape-regular mesh of 2 and let V} be a finite element space built on that
mesh, where h denotes the mesh-size. For simplicity, we assume that the mesh 7} is affine
and that  has a polygonal (d = 2) or polyhedral (d = 3) boundary. To fix the ideas, we
assume that Vj, contains at least piecewise polynomials of order r, yielding the following local
approximation property: For all w € H""1(Q), there exists an interpolate i,w € V}, such that,
for m € {0,1},

jw —ipwlgmr) S PR T wlgray YT E Ty (19)

where hp stands for the diameter of 7' and Ay is a set of mesh elements neighboring 7T'.

The differential operator A : V' — L is approximated by a discrete differential operator
Ap W+ Vy, =V, where W is a dense subspace of V' used to assert the consistency of Ay
(see (20) below); typically, W = H*(2), s > 1. For the operator Aj, we require the following
properties:

e Consistency: Letting P, : L — Vj, denote the L2-orthogonal projector onto V},,

Apw = PpLAw YVweW. (20)
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e Discrete coercivity and boundedness on orthogonal subscales:

lonll* < (Anvn, vn)z Vup, € Vh, (21)
(An(w = Pyw),vn)p S lw = Phwlly tllonll - Von € Vi, w e W, (22)
where || - || and || - ||, 1 are mesh-dependent norms on (W + V},) satisfying
2
1/2
ol < vl < ol Vo e W+ Vi) (23)

e Discrete inf-sup stability: For all vy, € V},, there exists wy, € V}, such that

lonllf < (Apon,wp)r and Jlwnlly < lonlls, (24)
where || - ||y is a mesh-dependent norm on Vj, such that [|vs|| < [lvpy for all vy, € Vj,
and [|w|y < [|w|w for all w € W. In what follows, | - ||y is termed the discrete graph

norm since it provides a control on the advective derivative.

We now present two examples for the discrete operator A; matching the above framework,
one obtained using the Continuous Interior Penalty (CIP) method based on H!-conforming
finite elements and gradient jump penalty at interfaces and the other obtained using the dG
method (in space) with upwind fluxes. Some slight adaptations of the consistency assump-
tion are needed to handle other stablizations for H!-conforming finite elements (e.g., local
projection, subgrid viscosity, orthogonal subscales). Mesh faces are collected in the set Fp,
split into the set of interior faces, Fi"*, and boundary faces, F2**. For F' € Fi'*, there are
T—,T% in T, such that F = 0T~ NOT T, ng is the unit normal to F pointing from T~ to 7",
and for a piecewise smooth enough function v, we define its jump and mean value at F' as
[v] := v|p— — v|p+ and {v} := F(v|p— + v|p+), respectively. The arbitrariness in the sign of
[v] is irrelevant. Meshes can possess hanging nodes when using dG methods under the usual
assumption that face diameters are comparable to local element diameters. In what follows,
hr denotes the diameter of F' € Fy,, and for R € {T,0T, F'}, (-,-)1 r the L*(R)-inner product
with associated norm || - ||, r.

In the CIP method, see [6, 9, 7], the discrete space V}, is H'-conforming, and, letting
W = H?(Q), the discrete operator Azip is given, for all v € W + V},, wy, € Vj,, by

(APv,wp)r = (v + 8- Vo,wp)p+ > (Bnr) 0, wh)L,r

FeFee
(25)
+ Y (ve[Vol, [Vwn))L
FeFint
where z© := 1(|z| — 2) denotes the negative part of a real number z and vp = oh%|B-np|

with o > 0 a user-dependent parameter. Then, consistency holds. Discrete coercivity holds
with the mesh-dependent norm on (W + V},)

1/2
ol = pollollz + > MBnelolir+ > I *[VollLr, (26)
FeFsxt FeFnt
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boundedness on orthogonal subscales with H]v[”i L = |lv))* + ETGTh{h;lHUH%T + 1vl1% o7t
72 ’ k)

and discrete inf-sup stability with |thW§ = [lonl®* + > e, hrllB- VvhHiT.

In the DG method, see [30, 29, 5, 19, 16], the discrete space V}, is spanned by piecewise
polynomials with no continuity explicitly enforced at interfaces, and, letting W = H' (1), the
discrete operator A(}ilg is given, for all v € W + Vj,, wy, € V3, by

(Afv,wp) = Y (ov+B-Vo,up)r+ Y, ((Bnr) v, wn)Lr

TeTh FeFgt (27)
— > (Bnp)ol fwn e+ > (] [wal)Le,
FeFnt FeFint

where vp = g|8-np| with o > 0 a user-dependent parameter (o = % yields the classical upwind
fluxes). Then, consistency holds. Discrete coercivity holds with the mesh-dependent norm
on (W + V)

1/2
Iol? = pollol? + D= M1Bnel 0} e+ > "Wl (28)
FeFsxt FeFnt
boundedness on orthogonal subscales with |||U\Hi 1 = WI? + Yrer 0ll7 o7, and discrete inf-
72 2

sup stability with |||Uh|||§ = [lonl? + >rer, hrllB - VvthT.
To derive error estimates, we need suitable approximation properties of the L?-orthogonal
projector P, namely

lw = Prwlly 1 + llw = Brwlly < W2 ] e - (29)

Such a property is satisfied for shape-regular meshes and any polynomial degree r for the DG
method since the projector Py, enjoys local approximation properties. For conforming FEM
with CIP, we use the recent result of [3] focusing for simplicity on simplicial meshes. We
assume that to each mesh element T € T,, we can assign a nonnegative integer kr, the level
of T, such that hr ~ 2757 and such that for any two elements sharing a vertex, their level
differs at most by one. We refer to [3] for a discussion on the relevance of this hypothesis in
the context of adaptive and more general nonuniform meshes. Following [3], we also assume
that, for d = 2, » < 12 and, for d = 3, » < 7. In what follows, the above assumptions are
referred to as (H).

Lemma 1 Under Assumption (H), the approximation property (29) holds.

Proof. We only prove the bound on the || - ||, 1-norm; the proof for the other bound is
2
similar. By the triangle inequality, we infer that

hw— Pl s < o — inwlly 3 + IPa(w — i)l 1.
since ipv € V3. The first term on the right-hand side is bounded by h"*1/2|w| Hr1(Q) OWing
to (19). Concerning the second term, we first observe using inverse and trace inequalities
that [|vg]| h,i < |5~ 2wy | 1, for all vy, € Vj,, where b denotes the piecewise constant function
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equal locally to the mesh element diameter. Moreover, the Cauchy—Schwarz inequality implies
16120 < thlvhHlL/QthHlL/Q. Since Lemma 4.1 in [3] shows that ||h~' Pyl < |[b~ 1oL
for all v € L, we infer with v = w — i,w and v, = P,v that

. _ . 1/2 . 1/2
1P — i)l 1 S 16" (e — i) [/ oo — i,

whence the assertion results from (19). O

3.4 Full space-time discretization

In the full space-time discretization, we approximate on each time interval I,, = (t,,—1, t,] the
time semi-discrete solution u; by means of a fully discrete solution wu.j using a finite element
space V' C L resulting from a mesh 7," which can change from one time interval to the next.
The corresponding discrete differential operator is Ay : W +V;* — V;* and satisfies the design
conditions of Section 3.3 uniformly in n. Concerning mesh-dependent norms like || - ||, we use
a subscript n as in || - |, to indicate that this norm is defined using the mesh 7,*. The global
solution space for the fully discrete solution w., is

Xg = A{ven : T = L; vap|, € Pp(Ln, Vi) VI, € Mo} (30)

Let ugp, € V,? be an approximation of the initial condition ug. The initial mesh ’7;10 used to
build V,? can differ from the mesh Thl used in the first time interval I7.

For brevity, we only present the fully discrete problem on each time interval, i.e., resulting
from the space discretization of (11). For alln = 1,..., N, using the known value w(t,—1) €
thfl from the previous time interval (and ug, for n = 1), the local, fully discrete problem
on I, reads: Find |1, € Pr(In, V}") such that, for all vy, € Py(1,, V),

/1 (Orun + Aftie, van) , dt+ ([wen]n—1, ven(t_1)) ;= Qul((fsven)L) - (31)

We now derive a useful result allowing us to rewrite the fully discrete scheme (31) using
the lifting operator £, introduced in Section 3.2.

Lemma 2 Foralln=1,...,N, (31) is equivalent to

/ (atﬁ'ru’ch + AZUTha 'U'th)L dt = Qn((f, UTh)L) Yo, € ]P)k:(lna th)~ (32)
In
Proof. For all n =1,..., N, using integration by parts for the 9,-term, we obtain

/ (atETuTh’ UTh)L dt = / (8tu”th7 UTh)L dt + / ([UTh]nflﬂm atUTh)L dt
In In In

+ ([UTh]n—17 UTh(t:—l))L ’

since ¥y, (tp—1) = 1 and ¥, (t,) = 0. The integrand of the second integral on the right-hand
side is in Pok (I, R). Then, the (k + 1)-point right-sided Gauss-Radau quadrature formula is
exact and the integral vanishes. [J
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4 Preparation for the error analysis

4.1 Basic stability result

To state the consistency properties of the fully discrete problem, it is convenient to define, in
each time interval I,,, n =1,..., N, the bilinear form

Bji(w,v) := Qu((drw, v)1) + Qu((Ajw,v)1), (33)

where v € C71(Mq, L) and w must satisfy the following smoothness conditions, expressed as
w e X with

X = {w:f%L; w(tn,) € W4V, atw‘ln(tnyu) eL,Vu=1,....k+1,n= 1,...,N},

(34)
where ¢, , € I, are the right-sided Gauss-Radau integration points. Note that, although
the function w = Lruq, restricted to I, is in PkH(In,Vh"*l + V}'), this function satisfies
w(tn,,) € V' owing to (18); hence, w € X. The bilinear form E}} is closely related to the
fully discrete problem, as we now show.

Lemma 3 The fully discrete solution u.p € th is such that, for allm=1,... N,
Bp (Letien, ven) = Qu((f,ve))  Yom € Pr(Ln, ViY). (35)
Proof. Using definition (33) yields
B (Letiay, ve) = Qn(8:Loctian, ven) 1) + Qu( (AR Lotian, ven)1) -

Since (OpLrtirp, vp)r is in Pox(I,), we obtain Q,((0¢Lrtrh, ven)r) = fIn (OL Ly, vep) 1, dt.
Moreover, using (18) and since (A} uh, vep)r is in Po (I, R), we infer that

(AP Latian, ven) 1) = Qu((Aftien, vep) 1) = / (APugh, ven) dt.
Iy

We conclude using (32). O

The discrete bilinear form E,TL‘ satisfies a basic stability result which is the starting point
of our error analysis.

Lemma 4 (Stability) For given w € CO(I, L)N XY (L)NX, let ISRw € XF(L) be defined
in (12). Then, for alln =1,..., N, the following bound holds:

- 1 1 1
Bjj(w, I7w) > otz = S lhwta)lIE + §H[ITGRUJ]n—1||% +aQu(wll7) - (36)
Proof. Using definition (33) yields

By (w, I8 w) = Qu (9w, I w) 1) + Qu((Apw, I w) L) .
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Concerning the first term on the right-hand side, since the integrand is in Py (1,,, R), we obtain
Qn((atw, ITGRw)L) = fIn (G'tw, ITGRw)L dt. Moreover, since w € Py11 (I, L), we observe that

w(t) = ISRw(t) + dp19n(t)  with  dpy = w(ty_1) — IERw(t! ) = —[I18Rw], 1,

t € I, and ¥, defined in (17). This implies

Qn 8tw,ITGRwL = (Opw,w — dp—19y,); dt
/ L

:/ (8tw,w)Ldt—/ (Oyw, dp—10y); dt
I, I,

1d
:/f 5 ol dt — /I (O w + dn1 0y, dn—19n) , dt

1d
2 2
=[| 5= dt — ||dn— = 9| %dt,
/In 5 lt”wHL t— 1||L/In 5 lt' |

since fln (8tI§Rw,dn_119n)L dt = 0 being the integrand in Py (l,,R) and vanishing at all
right-sided Gauss—Radau integration points in I,,. As a result,

1 1 1
Qu (0w, 9% w)1) = S witn) I} = S lwta-1)I3 + 5 Idn-a 3.

Furthermore, using (21) (discrete coercivity) and since w and ISRw coincide at all t,,,
w=1,....k+ 1, we infer that

Qn((Afw, I w)1) = Qu((AR L w, I7Mw)L) > aQu (117 wll7) = aQu(lwll7) ,

whence the assertion follows. [J

4.2 Construction of a special interpolate in time

In this section, we assume k > 1. Let B be a Banach space, typically B € {L,V}. For
a function u € C*(I, B),, we define a time-polynomial interpolate R¥*1u € C°(I, B) whose
restriction to I, = (tp—1,ty] is in Pg4q (L, B). We first choose a Lagrange/Hermite interpolate
IF+2y € CO(I, B) such that, for all n = 1,..., N, I¥2u|; € Py (I, B) and

I 2u(t,) = u(ty,) and O IFT2u(t,) = dwul(ty,) VYn=0,...,N.

For k = 1, these conditions fully determine I**2u (for k = 0, the above construction is not
possible), while, for & > 2, values at, say, additional Lagrange nodes can be prescribed inside
each I, so that, assuming v smooth enough,

T |ulones (1, ) (37)

+

100 — 0L ull o, 3y

k
107w — 07 I ull oo 7, By

S& I

S
<7t

Hulorss(z, py: (38)
Then, we define R¥u|; € Py (I, B) by means of the (k 4 2) conditions

QR u(ty,) = Ol u(t,,) VYu=1,....k+1, (39)

Riftu(th ) = IFPulty-), (40)

and finally we set R¥1u(0) = u(0) = uo.
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Lemma 5 Assume k > 1. The function RE 1 is continuous in time on I with REu(t,) =
u(ty) for allm=0,...,N.

Proof. The function RF1y is continuous at 0 since REF1u(0F) = IF+24(0) = u(0) =
RM14(0). Let now n = 1,...,N. From (39) and (40), we obtain for an arbitrary time-
independent test function v € L,

<R1§+1u(tn), v)L

(R’;*lu(t;l), u)L + / (c‘) Ry, U)L dt
(If+2u(tn,1),v) + Qn<(3tRk+1u,v) L)
(If”u(tn_l), v) + Qn<<8tlk+2u, v L)

Since 8tIk+2u is in Pgoq (I, B) and k+ 1 < 2k for all k£ > 1, we obtain Qn((8t1k+2u v) ) =
fln (O I8 2, v)  dt. As a result,

(R];H“(tn)’ U>L B (If“u(tn*l)’ U)L * /1 (8tlf+2u, U)L dt = (If”u(tn), U)L ’

n

proving the assertion. [J

Lemma 6 Assumek > 1. Foralln=1,...,N and allu € C*¥*2(I,,, B), the following bound
holds:

k
lu — RE T ullcoz, gy S Tt lulorser, py- (41)

Moreover, the bound ||R’,§+1u||00(ij) < max(L, ) ||ullcr(z, By holds for all u € CY(I,, B).

Proof. See appendix. [

Corollary 7 Assume k > 1. For alln = 1,...,N and all u € C**%(I,,, B), the following
bound holds:

k k
10k — 0:RE ull cor, )y S Tt ulense(r, - (42)

Moreover, the bound ||(9tRIT“+1u||CO(ij) S llulleis,, gy holds for all u € CH(I, B).

Proof. Let L+ be the Lagrange interpolate of u in Py (I, B) based on the (k + 1)
right-sided Gauss-Radau integration points on each I,, and the left endpoint ¢,_;. Then,

10su — O Ry ullcor, ) < 100w — LE ullcor, gy + 10 L5 u — 0 R ull o, )

k -1 k+1 k+1
St ulorrz(r, By + Tn ”L Tu— Ry ulleot,, )

and using the triangle inequality, we infer that

k k: s p p
ILE = R ull oz, gy < L5 w = ulloogr, gy + lu — RE ullcor, py S P lulenser, s
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thereby proving (42). The proof of the stability bound is similar upon observing that
HatR!?HUHCO(I’n,B) S Tﬁl\|R’§+1U—U(tn)HcO(fn,B) < TﬁlHRIﬁIU—UHCO(fn,BﬁTﬁlHU—U(tn)HCO(I’n,B)-
The first term on the right-hand side is bounded by ||u|¢c1(z, ) (see the proof of Lemma 6

in the Appendix using a constant Taylor polynomial) and the second one by |u[c1 (g, p)- This
completes the proof. [J

5 L2-norm error estimates

This section is devoted to the L°°(L?) and L?(L?) error estimates, first for static and then

for time-varying meshes. Our main goal is to estimate the error defined as
é(t) == u(t) — Lougy(t) Vtel. (43)

We observe that the error is evaluated using the post-processed solution L u., and that € is
continuous in time on I and, moreover, é € X , see (34), if we assume for our analysis that
the exact solution u has at least the regularity u € C°(I, W) N CY(I,L). Throughout this
section, we assume k > 1. The case £ = 0 corresponding to the implicit Euler scheme is
briefly discussed in Remark 15. We start with the following consistency result.

Lemma 8 (Consistency) Assume u € CO(I,W)Nn CY(I,L). For alln = 1,...,N, the
following equality holds:
Bl (&,vn) =0 Yoy € X5 (44)

Proof. We recall from Lemma 3 that, for all n = 1,...,N and all vy, € Pr(I,, V3),
B (Lcun, ven) = Qn((f,vwn)r). Moreover, since the exact solution satisfies Oyu(t, ) +
Au(ty,) = f(tny) forall p=1,..., k41, we infer using the consistency of Ay, see (20), that

B (u, va) = Qu((0pu + Ap, va) 1) = Qu((8yu + Au,van) 1) = Qu((fyven)L) »

whence the assertion follows. O

5.1 Static meshes

In the case of static meshes, we drop the superscript n on the mesh 7}, the finite element
space Vp,, and the discrete differential operator A;. Our analysis hinges on the following error
decomposition:

é(t) = (u(t) — P REM u(t)) + (PoRET u(t) — Lounn(t))  VEe, (45)

=m(t) =éxn(t)

observing that both 1 and é, are continuous in time on I. The function 7 is referred to as
the interpolation error. Note that both 1 as well as €, are in the space X, see (34), so that
they can be used as arguments in the bilinear form B}'.
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Lemma 9 (Boundedness) For alln=1,...,N, the following bound holds:

1By (n,0a)| S {(EX () + (ES ()2} {Qu (loanl?) } /2, (46)

with the time and space errors respectively given by

(BT () = Qu (101w — IEF20)|I3 + |lu— REull} ). (47)
(BS(w)? = Qu(I1RE u = PR ul? L ). (48)

Proof. We decompose é,’;‘(n, Urp) as

By (0. ven) = Qu (06l = PaRE ), 0001 ) + Qn ((An(u = RET ), ven). )

+Qn ((Ah(R’;“u — PR y), vTh)L) =Ty + Ty + Ts.

Concerning T7, we can drop the projection P, and use the property (39) of R¥+! followed by
the Cauchy—Schwarz inequality to infer that

i1 < {@u(iar - 2 2ulE) ) Qu (o))

Concerning Ty, since (u— R¥1u) is in W, the consistency of the discrete operator Ay together
with the Cauchy—Schwarz inequality and the boundedness of A lead to

1| = ‘Qn<(A(u — RFLy), vTh)L)‘
< {Qu(lu— B} Qo))

Concerning T3, we use boundedness on orthogonal subscales, see (22), to infer that

1/2
T3] < {Qu (IR u = PuREl? ) b {Qu(lewl?) } .

Collecting the above bounds yields the assertion since || - || < || - ||, see (23). O

Lemma 10 (Estimates on é;) For allm =1,..., N, the following bound holds:

Ewh (tm)I7 + > Qu(lEwall®) S (Bo)® + Y {(En (w)* + (B (w)*}, (49)
n=1 n=1
with initial error Ey = ||Pyug — uon||r,. Moreover, assuming t, < Tp—1 for allm = 2,..., N
and Ty S 1, the following bound holds:
N
eanlany S (Eo)® + S LB ()2 + (ES ()2}, (50)

n=1
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Proof. Owing to Lemma 8 (consistency) and the error decomposition (45), we infer that
B} (éxh, van) = — B (1,ve), so that using Lemma 9 leads to

By s ven) S {(ET () + (B3 ()2} {Qu (lowll?) } 2.

Setting v, = ITGRéTh and using the stability property of E,T_L" stated in Lemma 4 for w = &y,
together with the continuity in time of €., and a Young inequality, we infer that

St~ Sleen(tn DI+ Qu(1eal?) S (BF @))? + (BS (),

where we have dropped the nonnegative jump term at t,,_; from the stability property. Taking
an arbitrary m = 1,..., N and summing the above inequality from n = 1 to m leads to (49)
since €11, (0) = Ppug — ugp. To prove (50), we start with the estimate

lwell e, py S QullwellL) + Tallw(G_DIZ Ve € Prya(ln, L),

which follows by transformation from I,, to the reference element I = [—1, 1] and application
of a norm equivalence on the time polynomial space Pk+1(f , L). Applying this inequality to
é¢;, which is continuous in time leads to

||éTh||%2([mL) 5 Qn(HéThH%) ‘I'TnHéTh(tnfl)H%'

Summing this bound from n = 1 to N and observing that, for all n > 2, T, ||écn (tn-1)[%2 <
Tn,1||éTh(tn,1)||% < Qn,l(HéThH%) since T, < Tp—1 and ¢, g1 = tp—1, we infer that

N
||éThH%2(I,L) 5 ZQn(”éThH%) +T1||é’th(0)”%a

n=1

whence (50) follows since 11 S 1. O

Theorem 11 (L?-error estimate) Let u be the exact solution and let u, be the fully dis-
crete solution. Assume k > 1 and T, <1 for allm =1,...,N. Assume (H) in the case of
conforming FEM. Then, for the error é(t) defined in (43), the following bound holds for all
m=1,...,N,

etm) 17 S (Bo)? + tm max {CF (e 4+ Ch? ! | + Cr,(wh2D, (51)
with CF (u) := |“‘?IH?’(I‘",L)+|“|ék+2(fn,\/)7 CS(u) = ||u||?)1(l—er+l(Q)), and C! (u) = |u(tm)ﬁf”1(ﬂ)'
Moreover, assuming T, < Tp—1 for alln=2,..., N, the following bound holds:
el aqrry < (Eo)® + T mas {CF (i) 4+ O } (52)

Proof. From definitions (47)-(48) of El (u) and ES(u) for all n = 1,..., N, we infer that

(B ) St (B8l g, ) + 22l )

(Es(u))Q 5 Tnh2r+1||u||é1(ijr+1(Q))a
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where the bound on E; (u) results from (37) with B = L and (41) with B = V, and that
on ES(u) from the approximation property (29) of P, combined with the stability of RF+!
from Lemma 6 with B = H""(Q) and the assumption T, <

~

1. Moreover, recalling the error
decomposition (45), we observe that, for alln =1,..., N,

In(ta)llL = llu(tn) = PaRY  ultn)llr = llu(tn) = Pru(ta)lle S B ulta) et
where we used Lemma 5, and

HWH%Q(LL,L) = Jlu— PhRi?HUH%?(In,L) < 2u— Ph“”%mn,L) + 2[| P (u — R»@HU)H%%I”,L)

< 2llu = Pyull72 g,y + 2llu — R]TCH“”%Q(%L)
<, <h2(r+1)||u||200(ijr+1(Q)) +T721(k+2)’u|20k+2(fn,L)) .

We conclude using Lemma 10 and the triangle inequality, as well as h < diam(§2) < 1 and
[Nz S I [lv for (52). O

Remark 12 (Assumption on the time steps) The assumption T, < Tp—1 is quite mild;
it means that the time step can be increased at most by a uniformly bounded factor. The
assumption T, < 1 is also quite mild; it means that the time steps resolve the fastest time
scale present in the governing equations which is here given by min(uo, Lg) with po from (3)

and Lg the Lipschitz constant of 3.

Remark 13 (Initial error) The initial error Ey vanishes when the discrete initial condition
is chosen to be ugn, = Ppug. Otherwise, this error is typically of order h™1 if uy is smooth
enough.

Remark 14 (Estimate on the error (u — uq,)) Since é(tn,) = u(tm)—Lrtin (tm) = w(tm)—
Urh(tm) for all m = 1,..., N, the right-hand side of (51) also bounds the error |u(tm) —
U (tm) ||, showing that a superconvergent L*-error estimate of order (T8t2 4+ h™+1/2) also
holds under the assumptions of Theorem 11 for the original fully discrete solution u., at the
discrete nodes defining the time partition. Instead, the bound on ||u — w211y s of order
(ThHl 4 h”l/z) which is optimal with respect to T. This bound can be derived from

1% — w2, ) = Qu (1w — uwanll7) = Qu(llell) < QullléwmllZ) + Qn(lnlZ) .

where €, €, and n are defined in (45). The sum over all n = 1,..., N vyields as in the
previous analysis the same upper bound as the right-hand side of (52). Then, invoking the
triangle inequality ||u — uwpllr2rn)y < |lu — ITGR'UHLQ(LL) + | IERy — Urp|| 21,0y yields the
claim. Finally, since [up|n—19n(t) = um(t) — Loup(t) for all t € I, we infer by means of

the triangle inequality the same bound for the jump seminorm (SN || [wen]n_1]/2) /2.

Remark 15 (Implicit Euler) For k = 0, the interpolate R¥*1u is not available since the
construction of Section 4.2 requires k > 1. The analysis proceeds by replacing in the above
proofs REFMu by the piecewise affine Lagrange interpolate of u in time and leads to an error
bound of order (T + hr+1/2) for the error é in the L norm at the discrete times defining the
time partition and in the L*(I,L) norm.
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5.2 Time-varying meshes

Now, we allow that, on each time interval I,, = (t,—1, %], we can have a new mesh 7, which
can be created from the previous mesh 7?*1 by means of local refinements and derefinements.
Therefore, it is necessary to use the superscript n also for the finite element space V}* and the
discrete differential operator A}. By h, we denote the maximum of all diameters hx of the
mesh cells K € 7;". For each n =0,1,..., N, let P' : L — V;* denote the L?-projector onto
V. For a time-dependent function w : I — L, we define its space projection Pyw : I — L as

R e e R

Note that, even for a continuous function w € C°(I, L), its space projection P,w can be
discontinuous in time at the discrete points t,,_1, i.e., P,w € C~Y (Mo, L) with the jump

[Prywln—1 = PRw(tt ) — PP w(ta—1) € Vi + V7L (54)

which is in general non-zero if V;' # V)" L

5.2.1 Error estimates with projection error

Recall the error é(t) defined in (43). In the case of time-varying meshes, the decomposition
(45) of the error é(¢) has to be modified as

é(t) = (u(t) — Lo Py REYu(t)) + (Lo P RM M u(t) — Loy (1)) Viel, (55)

=m(t) =éxn(t)

where the use of the lifting operator in the definition of 7 allows us to recover a continuous
function in time. We can write n(t) for ¢ € I, as

n(t) = (u(t) — BrRy ™ u(t) + [Phuln-19n(t),

=m°ld(t)

where we have used that R¥lu(t, 1) = u(t,_1) and 7°'%(¢) denotes the interpolation error
used for the L?-analysis in the case of static meshes. The part [P,u],_1 leads to an extra term
in the error analysis for time-varying meshes and can be regarded as the projection error for
the time interval I,,. Note that again 7 and &, are contained in the space X defined in (34).
Let Hz_l : Vh”_1 + V= Vh"_1 denote an L?-stable, linear quasi-interpolation operator
satisfying the following properties:

I oy = vy, Vo, € VL (56)

TG onllz S flonlle Von € VP + Vi (57)

Lemma 16 (Boundedness) For alln=1,...,N, the following bound holds:

|BE o) S {(ET @) + (BS ()2} {Qn (lowal2) } 7 + Y )ll[ealallz, (58)
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with B (u) given by (47), (ES(u))? = Qn(mR’T“Hu - P;?R]§+1U\”i 1 n), and the local projec-
19

tion error defined by

(u(tn_1) — P;:_lu(tn_ﬁ, Vhp — HZ_l’Uh)L

v V)Y ||’Uh — HzflvhHL

; (59)

with the convention that the ratio is zero if v, € V,f_l, which means, in particular, that
EP(u) = 0 in the case that V;* C V" 1.

Proof. Since ¢, vanishes at the (k + 1) right-sided Gauss—Radau integration points, we can
decompose Bj' (1, vrp,) as

Byt (n, ven) = By (™, ven) + By ([Pattln—10n, vrn)
= (T +To+T3) + Qu(([Prtn—19y, ven) ),

—~

=Ty

where 77 2 3 denote the terms introduced in the proof of Lemma 9. Concerning T}, we exploit
that the integrand is a polynomial in Py (I, R) to infer that

Ty = / ([Phu]n—lq%w UTh)L dt = _/ ([Phu]n—lﬁna atv"rh)L dt — ([Phu]n—h UTh(t;L_,l))L
In In

= ([u — Pru]p— 1,U1h( n— ))L
= — (u(tn-1) = PP "ultn_1), van () D),
u(tn-1), [Vth]n—1

—(ultnr) - )

using that O, (tn,) =0 for p=1,....k+ 1, 9t ) =1, [uln—1 = 0, vau(t) ;) € Vi, and
Vrp(tn—1) € Vh”_l. We use the notation fu;{ = vTh(tI_l) €V and UZ_ =v(tn—1) €V~ L
If v} turns out to be in Vh"_l, then Ty = 0 which obviously satisfies |Ty| < EL (u)]| [vTh]n_lHL.
Otherwise, v, — I}~ Ly i~ # 0 and since, owing to (56),

n—1 7[vTh]

[oenln—1 — I oeplno1 = (o — I 0) — (up ! = I 1ol =1y = of — I
we infer that

Ty = [ (u(tn1) = Py ultn1),vf =T 1oh) |
u(t _1) _Pn—l ( 1) + Hn 1 B
= ‘( - h+ nn 1 + ) ‘H[Urh] 1= 10 Hoenln-1llz
lop =T o |l

< By (w)|[venn—1llz,

where we used (57) in the last bound. Collecting the bounds for 7723 from the proof of
Lemma 9 and the above bound for Ty yields the assertion. [J

Theorem 17 (L2 -error estimate) Let u be the exact solution and let uy, € X be the
fully discrete solution. Assume k > 1 and t, <1 for alln =1,...,N. Assume (H) in the
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case of conforming FEM. Then, for the error é(t) defined in (43), the following bound holds
forallm=1,...,N,

e(tn)l13 S (Eo)? + t max {CT ()2 4 CR@hZ 1+ Cl (D + (Bpyn(w)?,
<n<m
(60)
with CY(u), C5(u) and Cl,(u) defined in Theorem 11 and Eo = || Pug — uop||1, while the
cumulated projection error Epy,(u) is defined as

(Epm(u))? := Z(E};)(u))2 with EY (u) defined in (59). (61)
n=1
Moreover, assuming T, < Tn—1 for alln=2,..., N, the following bound holds:

(el acrzy S (Eo)* + T max {CF )yt + CRhZ ™} + (Bea ()’ (62

Proof. Applying Lemma 8, we again infer that E{f (Exn, V1) = —Eﬁ(n, Urh), so that Lemma 16
leads to

By Eensvan) S LET )2 + (B3 ()2} {Qu (lownll2) Y + EE (w) | [venln-1ll -

Since € (tn,,) € V' for all right-sided Gauss-Radau integration points ¢,, , € I,,, the function
w = &4, satisfies the asumption w € C°(I, L) N X¥*1(L) N X in Lemma 4 (stability property
of B}') so that by setting v, = ITGRéTh € th, we infer the lower bound

~ 1., . 1. . 1 -
By (Exhy ven) > §\|€Th(tn)|l% - §||em(tn_1)H% + §H[UTh]n—1H% + aQn (lExnll?) -

The rest of the proof is similar to that of Theorem 11 and is skipped for brevity. [

5.2.2 Bound on the projection error

Our goal is now to derive estimates on the cumulated projection error Ep,,(u) for all m =
1,...,N. Obviously, Ep,,(u) = 0 if V;* C Vh"_1 for all n = 1,...,m, i.e., if only mesh
coarsenings occur from one time interval to the next one. To treat more general situations,
we introduce some additional notation.

Let n =1,...,N. We denote by 7, the subset of the coarse mesh cells in 7" which
are such that either they are in ’7;1"_1 or they can be decomposed by means of mesh cells from
7,71, and by 7};”’ref the subset of the finer mesh cells in 7;", i.e.,

Tt ={KeT ATCT ™ K= J T} T =T \T (63)

TeT

We denote by Qﬁff the subset of the domain {2 where the mesh 7," is finer than 771"_1, ie.,
Qrel = e eTmret K, and we set Al := max KeTme! hrc, while | Q| denotes the d-dimensional

measure of Qrf,
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We assume that the quasi-interpolation operator HZ_I has the property that
(vn =7 on) |, =0 Vo, €V, VK € T (64)

All the assumptions (56), (57) and (64) are satisfied if we choose for 1T} 'v), the standard
Lagrange finite element interpolate of v, € V,?fl + V;' defined on the mesh 771"*1 in the
case of conforming FEM or the L?-orthogonal projection of vy, onto the space Vh’%1 in the
case of DG methods where piecewise polynomial spaces are used. We first estimate the local
projection error EY (u) defined in (59).

Lemma 18 (Local projection error) The following bounds hold: In the case of DG spaces,

Y () S (022 { ey 1208 5w ) (65)
with C’E’S(u) = |u(tn_1)|Wr+17oo(me), and in the case of conforming FEM, under assump-
tion (H),

EE (1) S (02 { () 17205 S(w) ). (66)

with C > (u) = |u(ty—1)| gr1(q)-
Proof. Owing to (64), we infer that ||v, — H’Z—lvhHLQ(Q\Q%cf) = 0 for all v, € V;". Hence,
P (u) < ultt) — PP ultno1)l 2o
In the case of DG methods, we use the bound
lutn1) = P~ ultn-1) Loy < 1212 ultn1) — P~ ultn-1) e gy

and the local approximation properties of the L?-orthogonal projection in W”l’oo(ﬂfff) to
infer (65). In the case of conforming FEM, we observe that

Ey (u) < (h)Y2 0712 (wlta-1) — By~ ultn-1)ll 2z
< (Y2107 2 (ultn-1) — Py~ ultn-1))ll 20

and proceed as in the proof of Lemma 1 to conclude. [J

Remark 19 (Comparison of (65) and (66)) In both estimates, the term between braces
has the same order as the other terms stemming from space errors. Note, however, that
for DG methods, the constant CE’S(u) and the mesh size depend on Q,Tf only, while this
dependency concerns the whole domain €0 for conforming FEM. Furthermore, the bound on
the local projection error in the case of DG spaces contains the additional factor |Q£€f|1/2. In
practical refinement regimes, a reasonable assumption is that

max || < by, (67)
nE/\/;:ff
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which is mostly due to the fact that singularities or critical parts of the exact solution are
typically located in (d — 1)-dimensional manifolds that are covered by a grid part with d-
dimensional measure of order hiel. In this situation, the bound on EF(u) for DG methods
is improved by a factor (h:ff)l/Q with respect to that for conforming FEM. The price to pay
is a slightly more stringent regularity assumption on the exact solution. If assumption (67)
cannot be exploited, both bounds (65) and (66) exhibit the same asymptotic behavior.

We now estimate the cumulated projection error. We define the index set N™f of those
n < m, where V;" contains some refinement with respect to V}:“l, and the number M, of its
elements, i.e.,

Nt = {ne{l,....m}; VgVt M,, = card(Nh). (68)
A straightforward consequence of Lemma 18 is the following result.

Corollary 20 (Cumulated projection error) The following bounds hold for allm =1, ...
In the case of DG methods,

(B ()] S M2 max {10012 (e 2 { (el 208 S (u) (69)
’ ey

and in the case of conforming FEM under assumption (H),

Epm(w)] S My{? masx { (02 { () 12605 (w) }} (70)
7 nE/\/'a:ff

Remark 21 (Interpretation of Corollary 20) Let Ty 1= %’” denote the averaged time
step in the interval [0,t,,]. Then, owing to the obvious estimate M,, < m, we infer in the
case of DG methods that

1/2
(h)tee
Epm()] S 652 [ 22— ) max {(af)y 2005w} (71)
Tav,m nENﬁf‘f

where h(;{) = MAX ey hﬁef and o = 1 if assumption (67) is valid, while « = 0 otherwise.
This means that the projection error due to dynamic grids only causes a weakening of the
overall order of accuracy if the averaged time step Ty m s strongly less than (h{i{))Ho‘. This
is a mild restriction to practical regimes for controlling the ratio between mesh and time steps.
In the case of conforming FEM, the bound (71) holds with oo = 0 and h,, in place of hel in
the term between braces.

6 Estimates on error derivatives

This section is devoted to estimating the time-derivative error in the L-norm and the error in
the discrete graph norm. Throughout this section, we consider static meshes for simplicity,
so that we drop the superscript n on the mesh 7, the finite element space V},, the discrete
differential operator Ay, and the L2-orthogonal projector P, onto Vj,. In what follows, we
assume that the exact solution u has the regularity u € CY(I, W) N C?(I,L) (so that f €
C1(I,L)). Moreover, we assume k > 1 as in Section 5.
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6.1 Time-derivative error estimates

Our main idea is to derive a time-derivative error estimate by comparing the time-derivative
of the exact solution with the post-processed time-derivative of the post-processed discrete
solution. Since L ur, € XF1(V3) N CO(1, V), the time-derivative of Lruy, is well-defined in
the interior intervals (t,—1,t,) and can be continuously extended from the left at all ¢, by
setting

O Lru (ty) == llegn O Lrup (t) VYn=1,...,N. (72)

This defines the piecewise polynomial function 0;L-u, over I, and at ¢t = 0, we define
Ly (0) := Prf(0) — Apum(0). (73)
The function 0;L .y, is now defined over I, and 9;Lup, € th.
Lemma 22 The fully discrete solution uy is such that
O Lo (t) + Apuey(t) = PLISR (1) Vtel, (74)
where the time-interpolate ISR f of f is defined as in (12).

Proof. Recalling (32), we obtain, for all n =1,..., N and all vy, € Pi(I,,, V4),

/ (Ot Loy, + Aptian, ven) 1 dt = Qu((f,vn)L) = / (IER f o) dt = / (PR IER £ 00 dt.
Iy I In,

Hence, (74) holds in the interior of all time intervals. Moreover, (74) holds by definition at
t =0, see (73), and at all t,, for all n = 1,..., N, owing to (72) since both Apu., and P, ISR f
are continuous from the left at ¢,. O

The error on the time-derivative can now be defined as
e(t) == Ou(t) — L0 Lougy(t)  VEE L (75)
We observe that € is continuous in time on I.

Lemma 23 (Consistency) Assume v € CY(I,W) N C?(I,L). For alln = 1,...,N, the
following identity holds:

Eﬁ(a UTh) =Qn ((atf — 8tL,’§+1f, UTh)L) Vg, € X!lfha (76)

where L]T“Hf!f is the Lagrange interpolate of f in Pyi1(In, L) based on the (k+1) right-sided
Gauss—Radau integration points on each I, and the left endpoint t, 1.

Proof. Since d?u(t) + Adwu(t) = 0,f(t) for all t € I, applying this equation at the
(k + 1) right-sided Gauss—Radau integration points in I,, and using the consistency (20) of
the discrete operator Ay, it is inferred that

Eﬁ(&tu, UTh) = Qn((atfa UTh)L) .
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Moreover, applying the linear operator L. to (74) yields
L0 Loy (t) + ApLoumn(t) = L Po IV f(E) - Ve,

where we have used that L Apu,(t) = ApLruqy(t). Taking the time-derivative, we infer that,
forall u=1,...,k+1landalln=1,...,N,

atﬁﬂratﬁﬂru'th(tn,u) + atAh‘CTUTh(tn,,u) = atETPhISRf(tn,u)a

where we have taken the limit from the left at ¢, ;41 = t,. Recalling the definition (33) of
the bilinear form By, we obtain

Bi (L Ltich, ven) = Qn (9L Ltia, + ApLedLtich, ven)r)
= Qn((OtLxOt Lxtiap + ApOtLotian, Von)L)
= Qn((OtLxOt Lty + OpApLotian, Ven) 1)
= Qn((OLePuIT ™ f vmn)1) = Qu((OLaLT™ frven) 1) |
where we have used (18) on the second line to drop the L£; operator after Ay, the fact that
Ay, is time-independent on the third line, and dropped the projector P} on the last line since
P, commutes with the operators £ and 0;. To conclude, we observe that L’TCJrl f= £TITGR f

since the restrictions of both functions to I,, are in Py1(l,, L) and coincide at (k+2) distinct
points of I,,. 0O

Our analysis hinges on the following error decomposition:

€(t):<8tu(t)—ETPh&gR’T"’“u(t))+<£TPh8tR’§+l (t) — L0y Loan(t )) viel, (77)

=:7(t) =:€rn(t)

where to define £.P,0;REF1u(t) on the first time interval, we define 9; RE*1u(0) := 9;u(0).
We observe that both 7 and ey, are continuous functions in time on I.

Lemma 24 (Boundedness) For alln=1,...,N, the following bound holds:

i ~ 1 2

By o)) S {BT@)? + (B3} {Qulval?)} (78)
with the time and space errors respectively given by

(Bx ()? = Qu (110w = REF )| + 07w — 1E2u) ) (79)

(5 () = Qu (0 REu — PhatR’;“unﬁLé) . (80)

Proof. We decompose Eﬁ(ﬁ, Urp) as
Byt (i, ven) = Qu (0100w — LPaORE ), vy )
+ Qu ((An(Ou — RS ), vn) )

+ Qn ((Ah(atRl,§+1u — PhatR’,jHu), UTh)L) =T + 15 + T3,
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where we have used Qy, ((ApLPrORE T u,ve) 1) = Qn ((AnPrOy RE T u, ve) 1) owing to (18).
We first bound 75 and T3. Since (Oyu — 9;R¥ 1) is in W, the consistency of the discrete
operator Ay, together with the Cauchy—Schwarz inequality lead to

To] = | Q@ (A — O:RE ), vTh)L)]
1/2
< Qo — B )} {Qu (lomil) ) 2.
For T3, we use boundedness on orthogonal subscales (22) to infer that
15| < {Qu(I0RE 0 = PRl ) b {Qu(lowl )}
Finally, concerning 77, we observe that
= Qn((af(u — IF ), UTh)L) + Qn ((&t{atffHU — L PO, RE T}, UTh)L) =:Tia+ Thp.
The term 717 ; can be simply bounded as
1/2
711l < {@u(102 — 223V {@u (e} } 2.

Turning to 7T} 2, we can drop the projection Pj, and since both arguments of the L2-inner
product are in Py(7l,,, L), we infer that

T172 = / (8t(6tlf+2u — ETatR,1§+1u), UTh)L

In
tn
- / (O IE 20 — L0 RET w, o) 1 + | (O IF 2w — L0 RE v 1 .
In n—1

The first term on the right-hand side vanishes since the integrand is in Poy(7,,) and vanishes
at all the right-sided Gauss—Radau integration points by construction. The contribution of
the second term at ¢, vanishes for the same reason. Finally, the contribution of the second
term at t:{fl also vanishes since

at[f”“(t:ﬂ) - ﬁxatR’EHU(t?il) = 8tlf+2u(t;ll) - 8tRI§+1u(tn,1)
= Btlf”u(t:{_l) — 875[,’:—’_2’&(75”_1) =0.

Collecting the above bounds yields the assertion. [

Lemma 25 (Estimates on ey;) For allm =1,..., N, the following bound holds:

e (tm) 12+ D QulEwml®) S (Eo)” + > _{(Ey (w)* + (ER(w)* + (EX())*}, (81)
n=1 n=1

with right-hand side error (/E\};{(f))2 = Qu(l0f — OLETF|3) and initial error (Eg)? :=
< 1,1 and 11 S 1, the following bound holds:

~

| PrAug — Apuon)||2. Moreover, assuming T,

lEehlZaqr r) < (Bo) +Z{ BT () + (BS () + (R (). (82)
n=1
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Proof. Owing to Lemma 23 (consistency) and the error decomposition (77), we infer that

By @ van) = —Bii (i, ven) + Qu (00 = HLE frow) ).

The first term on the right-hand side is bounded using Lemma 24 and the second one using
the Cauchy—Schwarz inequality, yielding

By @, ve) S { (BT () + (BS(@))? + BRNY " {Qu(lvad®) )

Setting vy, = ITGRgTh and using the stability property of f?,’f stated in Lemma 4 for the
time-continuous function er, together with a Young inequality, we infer, as in the proof of
Lemma 10, that

2w (tn) 2 2 Eenltn- 1)+ QulEwll?) < (B ) + (BSw))” + BR())

Moreover, the initial discrete error is ey, (0) = Pr0u(0) — 0¢Lrurp(0) = —PrAug + Apuop.
We conclude as in the proof of Lemma 10. [J

Theorem 26 (Time-derivative error estimate) Let u be the exact solution and let up,
be the fully discrete solution. Assume k > 1. Assume (H) in the case of conforming FEM.
Then, for the error e(t) defined in (75), the following bound holds for allm =1,..., N,

~

[Etm)I} S (Bo)? + t max {CF (u, /YwitD 4 CB)n |+ G (w20 +D, - (83)

1<n<m
with 6g(u, f):=Cr(u )—Hf|ck+2 L) , CT(u) and C3(u) defined in Theorem 11, and @’n(u) =
|8tu(tm)\§ﬁ+1(m. Moreover, assuming T, < Tp—1 for all n = 2,...,N and 11 < 1, the

following bound holds:

(€1 21y S (Eo)* + T max { O (u, e 4+ OR ™ } (84)

Proof. We infer that, for alln=1,..., N,

) k k

|Eg(u)]2 N (Ti( +1)|u|%k+3(jn’L) +T721( +1)’u|ék+2(jmv)> )

73S

ER @) < wh® M ulEs g, gy

R k

B, (f)‘z N TnT?@( +1)|f|ék+2(1’mL)-
using (38) with B = L and (42) with B = V for the time error, the approximation prop-
erty (29) of P, combined with the stability of RE*! from Corollary 7 with B = H™+(Q) for
the space error, and the approximation properties of the Lagrange interpolate L’T”'1 for the

right-hand side error. Moreover, recalling the error decomposition (77), we observe that, for
alm=1,..., N,

17(tm)l|z = 10¢u(tm) — Prdeultm)llz S B |0pul grin o),
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since ¥, (t;,) = 1 and Oy RET u(t,,) = Oyu(t,,). In addition, using the definition of £, and the
triangle inequality, we infer that

171725, .1y < 2010 — PadRE  ulTa g, gy + 20 PalORE 190127, 1) = 1+ T

Using again the triangle inequality, the fact that P} is a projection, and (42) with B = L
leads to
1| S [10su — PudsulZaqp, 1y + 105 — O RE 2, 1y

<, (h2(r+1 4 Ti(kﬂ

2 2
)|U’01(I_n7Hr+1(Q)) )’u|Ck+2(I_n,L)> 5

while using the regularity of u, the fact that 9, RE* u(t,_1) = dyu(t,_1), and (42) with B = L
leads to

IT2| S tall DR ulna|l7 = Tall OB u(ty_y) — Opultn-1)II3
< 0w — RS ulZor, 1y S Tt [ulga g, g

We conclude using Lemma 25 and the triangle inequality, as well as h <1 and || - ||z S - [|v
for (84). O

Remark 27 (Initial error) The initial error Eq vanishes when the discrete initial condition
is chosen as the solution of the steady transport problem Apugn = PpAug. Otherwise, this

error is typically of order h™ if ug is smooth enough.

6.2 Discrete graph norm error estimates

Lemma 28 (Graph norm estimate on é,) For all m = 1,...,N, the following bound
holds:

Y Quleml?) S (Bo)®+ > _{(Ey (w)*+(Ey(w)*+ (Eq (w)*+ (B35 (w)*+ (EX(£))*}. (85)
n=1 n=1

Proof. Owing to the discrete inf-sup condition satisfied by Ay, see (24), we know that,
foralln=1,...,N and all p=1,...,k+ 1, there is w,, € V}, such that

|8 < llewn () lls-

Let wq, be the function in th uniquely defined by wep(tn,,) 1= Wy, foralln =1,..., N
and all u=1,...,k+ 1. Then, we obtain

Qn(lewmlf) < Qu((Aneon,wan)r)  and  Qu(llwnll?) < Qn(léwmllf) -

lewn (tn )l < (Anérn(tng)wnp)r  and  flwn,l

Using the definition of E;L‘ and consistency (Lemma 8), we obtain
Qn((Anlrh, wen)1) = Byl (Exn, wen) — Qn((Geen, wen) 1)

= —Eﬁ(n,wm) — Qn((Orlrn, wrn)rL)

= —ég(n, ’wTh) - Qn((é\l‘ha wTh)L) )
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since it is readily deduced from (45) and (77) that e (tn, ) = LcOlh(tny) = Orn(tn,) for
allm=1,...,Nandall u =1,...,k+ 1. The first term on the right-hand side is bounded
using Lemma 9 and the second term using the Cauchy—Schwarz inequality, yielding

Qu(lleanl?) S {(EX @) + (ES ) + QulEwl?) ' {Qu (lwal®) } 2.

Observing that Q ([lwew|?) < Qn <|Hw1h H|§> < Qn(”’érh |||§>, we obtain by Young’s inequality

Qn(lecullf) < (B (w)? + (B, (w)® + Qu(|[enllZ) -

We conclude summing from n = 1 to m, and using Lemma 25 to bound Q,, (|[éx[7). O

Theorem 29 (Graph norm error estimate) Let u be the exact solution and let u, be
the fully discrete solution. Assume k > 1 and T, <1 for alln=1,...,N. Assume (H) in
the case of conforming FEM. Then, for the error é(t) defined in (43) and allm =1,..., N,
the following bound holds:

> Qu(lEll) S (Bo)? + tm max {CF(u, £ye2®) 4 CHwpp? 1}, (86)
n=1

1<n<m

where CT (u, f) := |u]ck+3(1n —Hu\ck+2 W) —Hf\ckﬂ 7,.1) and CS(u) defined in Theorem 11.

Proof. Recalling the error decomposition (45) and using the triangle inequality, we
need to bound Y ", Qp (H]ém ]”%) and >, Qp <\H77m§) For the first term, we use Lemma 28
together with the bounds on the various errors derived in the proofs of Theorems 11 and 26 to
infer that Y " | Qn <\H Exh ]”?) is bounded by the right-hand side of (86) (observe in particular

for the time error that || - |y < || - [lw so that CT(u, f) < CT(u, f)). Concerning the second
term, we use the triangle inequality, Lemma 6 (with B = W), the fact that ||wls < [lw|w
for all w € W, the approximation property of P, in the || - [|;-norm, and the stability of R¥*!
(with B = H"1(Q2)) to infer that

Qu () < 2Qu (Il = REFul) +2Qu (IR w — PRE ul)

2(k+2 2 2r+1 2
< Tn( + )|u|ck+2 (I, W) + R ”uHc'l(fn,HTH(Q))'

Summing over n and recalling that T,, < 1 yields the assertion. [

~

7 Appendix

Proof of Lemma 6. Let I := [—1,1] denote the reference time interval and T}, : I — I,, the
affine reference mapping with ¢ = T,,(£) := (t,—1 +tn)/2 + 2. We assign to u € C*%(I,,, B)
a reference function @ € C*2(I, B) defined by a(f) := uly, (T}, (£)) for all £ € I, where we take
the right-sided limit w(t;” ) for £ = —1. Then, for m = 1,...,k + 2, we infer that

opa(d) = ou(m@) (5)" viel
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where for boundary points ¢ = +1 the one-sided derivatives of u are taken that come from
interval I,,. The idea of the proof is to construct an interpolation operator ]:Elf.*l Ot (f ,B) —
Piy1(I, B), which is related to RE+! by

R = R ()  viel, t=T,#), (87)
and satisfies the properties

RFFp =5 Vp € Peya(1, B). (88)
IRE ]| o gy < Ml nspy Vb€ CHILB). (89)

Let p € Pry1(I, B) be the Taylor polynomial p(f) := Z;Hé % 8] (0)#. Since 9;p is the Taylor
polynomial for 9;u of order k, we infer that

1 Th+2

1t = pll o (I,B) = mwckw(] B) = m’u‘C’“r?(fn,B)
Then, using (88) and (89) leads to

k ~ Dk ~ ~ ~ Hk ~ N
lu— Rl ooz, ) = i = RE a7y < 16— Bllgogs ) + 1 RET 5 — Dllgogs

<+ M)l =Pl g < T ulora, B,

yielding (41), while the stability of R¥*! results from (89) and the use of the reference map-
ping. It remains to construct the operator RE*! and to verify (87), (88), and (89). Let
;€ Piio(I), 7 =0,...,k+2, denote the basis functions of the Lagrange/Hermite interpo-
lation with respect to the nodal points —1 = 39 < .-+ < §; = 1 such that the interpolate
IF424 € Py o(1, B) verifying I¥420(3;) = @(3;), j = 0,..., k, and 9;(IF+20)(£1) = d;a(+1)
has the representation

k
P20 =" a(5))@; + 0pie(—1)Prr1 + Opi(1) G-
J=0

This representation implies the stability estimate

k+2

HIkHUHCl(I By < Milal o (1,B) with M, := Z 125l i) (50)
=0

Moreover, [¥+24(f) = I¥+2u(T,, (1)) for all i € I. Now, let ¢; € Pp(I), j=1,...,k+1, denote
the basis functions of the Lagrange interpolation with respect to the right- s1ded Gauss—Radau
integration points t e I, w = 1,....k + 1, satisfying the property qu( u) = 0j, for all
g e{l ... k+ 1} where 9; , denotes Kronecker symbol. Using these basis functions, we
define functions ﬁj € Pk+1(f), j=0,...,k+1, by means of

~ A ~Aa EA
Po(t) =1, Y;(t) == /_1¢j(s)ds Vi=1,...,k+1
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These functions satisfy the properties 851[@ (ty) =d;,forallj =0,... . k+landp=1,... k+1
as well as 1%-(—1) = 0j0 for all j =0,...,k+ 1. Therefore, the functions zﬁj form a basis of

Py11(f) and the interpolate

k+1
REP o= TEPPa(=1)ho + Y 018 % a(t;) i (91)
j=1

satisfies the conditions
REFLG(—1) = [F20(-1),  9;REPYa(t,) = 00k a(t,) Ypu=1,... k+1.

This shows that (87) holds since the polynomial RF+1w(T,()) is also in P4y (1, B) and
satisfies the above conditions owing to (39)-(40). Applying the definition (91) to an arbitrary
W e CY(I, B), we obtain by means of (90) the stability estimate

k+1

Ak+1 k2 ; "
||RT+1w"CO(f7B) < ||IT+2w|‘Cl([A7B) Z H%’HCO([‘,R) < M||w||cl(j73)a
=0

where M = M, Zfié 5] co(i.g) Which proves (89). Finally, to prove (88), we observe that

an arbitrary polynomial p € P11 (I, B) has a basis representation of the form

From the properties of the basis functions @Z;j, we obtain p(—1) = po and 9;p(t;) = p; for
all j = 1,...,k+ 1. Since I**2 leaves P, (I, B) invariant, we infer that p = p(—1)

k+1 N > ~
Zji1 Op(tj); = R§+1p- 0
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