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Semiclassical microlocal normal forms and global
solutions of modified one-dimensional KG equations

Jean-Marc Delort
Université Paris 13,
Sorbonne Paris Cité, LAGA, CNRS (UMR 7539),
99, Avenue J.-B. Clément,
F-93430 Villetaneuse

Abstract

The method of Klainerman vector fields plays an essential role in the study
of global existence of solutions of nonlinear hyperbolic PDEs, with small, smooth,
decaying Cauchy data. Nevertheless, it turns out that some equations of physics,
like the one dimensional water waves equation with finite depth, do not possess any
Klainerman vector field. The goal of this paper is to design, on a model equation,
a substitute to the Klainerman vector fields method, that allows one to get global
existence results, even in the critical case for which linear scattering does not hold
at infinity. The main idea is to use semiclassical pseudodifferential operators instead
of vector fields, combined with microlocal normal forms, to reduce the nonlinearity
to expressions for which a Leibniz rule holds for these operators.

0 Introduction

The goal of this paper is to develop a semiclassical normal forms method to study global
existence of solutions of nonlinear hyperbolic equations with small, smooth, decaying
Cauchy data, in the critical regime, and when the problem does not admit Klainerman
vector fields. Let us explain our motivation on a simple model of the form

(1) (D = p(D))u = N(u)

where (t,2) — u(t,z) is a C valued function defined on R x R, D, = 12 D = 1.2

i 0z
p(€) is a real valued Fourier multiplier and N(u) a cubic nonlinearity. If for instance
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p(§) = 1+ &2, the left hand side of (1) is just the half Klein-Gordon operator acting
on u. Such a problem is critical because the best time decay one can expect for the
solution of the linear equation (D; — p(D))u = 0 with smooth, decaying Cauchy data
is ||lu(t, )|z~ = O(t~/2), so that a cubic nonlinearity N (u) will satisfy | N(u(t,-))||z> <
Ct|u(t,-)||z2, with a time factor ¢~! just at the limit of integrability. In the case of the
Klein-Gordon equation p(¢) = /1 + &2, the question of global existence has been settled
long ago. On space dimension larger or equal to 3, Klainerman [18] and Shatah [25] have
proved independently that such equations have global smooth solutions when the Cauchy
data are smooth enough, small enough, and decay rapidly enough at infinity. Klainerman
uses the fact that there is a family of vector fields having nice commutation properties to
the linear part of the equation (i.e. vector fields Z such that [D; — p(D), Z] is a multiple
of D;—p(D)). On the other hand, the proof of Shatah relies on normal forms methods. A
similar result has been proved in two dimensions by Simon and Taflin [26] and by Ozawa,
Tsutaya and Tsutsumi [24]. In one dimension, Moriyama, Tonegawa and Tsutsumi [23]
have shown that solutions exist over time intervals of length e/’ where € is the size
of the Cauchy data, and Moriyama [22] has found special nonlinearities for which global
existence holds true. In [3, 4], a general answer has been given, through the determination
of a null condition under which global existence holds true in dimension one, for small
compactly supported Cauchy data. It is likely that this null condition is optimal, i.e. that
when it is not satisfied solutions may blow up in finite time, but this remains unproved.
One only knows examples of nonlinearities for which some Cauchy data give rise to blowing
up solutions (see Yordanov [36] and Keel and Tao [17]). Let us mention also that, for
one dimensional Klein-Gordon equations with cubic nonlinearities depending only on the
solution (and not on its derivatives), a simpler proof of the asymptotics of the solution
obtained in [3] has been given by Lindblad and Soffer [20]. Moreover, related problems,
including for systems, have been studied by Sunagawa [28, 29, 30, 31].

In all the papers mentioned above concerning one dimensional problems, two tools play an
essential role: normal forms methods and Klainerman vector fields. The latter are useful
since, on the one hand, they commute approximately to the linear part of the equation and,
on the other hand, their action on the nonlinearity ZN(u) may be expressed from u, Zu
using Leibniz rule. This allows one to prove easily energy estimates for Z*u, and then to
deduce from them L*° bounds for u, through Klainerman-Sobolev type inequalities.

It turns out that there are natural equations for which such vector fields do not exist. A
very challenging one is the water waves equation with finite depth and flat bottom. Let us
recall some results concerning these equations. We do not try to give exhaustive references,
and refer to the book of Lannes [19] and to [1, 2] for a more complete bibliography. Local
existence of solutions for the water waves problem with infinite depth and zero surface
tension has been established by Sijue Wu [32, 33]. Similar results in the case of finite depth
and a flat bottom may be found in Chapter 4 of the book of Lannes [19]. Concerning
long time existence with small, smooth, decaying Cauchy data, Sijue Wu proved global
well-posedness in dimension 3 (i.e. for a two-dimensional interface) in [35] and almost
global existence in dimension 2 (i.e. for a one-dimensional interface) in [34] (see also
the recent paper of Hunter, Ifrim and Tataru [14]). The existence of global solutions in



dimension 3 has been established independently by Germain, Masmoudi and Shatah [10].
Finally, global existence in dimension 2 has been proved independently by Ionescu and
Pusateri [16] and by Alazard and Delort [1, 2].

The latter results are shown using in an essential way that the infinite depth water waves
equation admits a Klainerman vector field. This is no longer true for the corresponding
equation with a finite depth flat bottom. Actually, in this case, a simplified model for the
equation may be written under the form (1) with p(¢) = (£ tanh €)'/2 (see section 3.6.2.
in [19]). An idea of the new difficulties one has to face can be easily seen from the study
of the solution of (D; — p(D))u = 0 with u|;—g = ug € S(R) i.e.

&) ult,a) = o [ SO ay(c) de.

2

The critical points of the phase solve tp/'(§) + 2 = 0. Denote by A the set A = {(z,&);z +
P’ (&) = 0} given by the preceding condition at time ¢ = 1. Then A has the following form:

v

Figure 1: A for water waves

It is well-known that the fact that A is a graph above | — 1,1[—{0} implies that if K is
a compact subset of that set, for 2’ in K, u(t, tz") behaves asymptotically as L\%)e“w(f),
with a phase w given by

(3) w(a’) = pde(x')) + 'de(a'),

where ¢ :] — 1,1[—{0} — R is such that A = {(2/,dp(2"));2" €] — 1,1[—{0}}. On the
other hand, because of the vertical tangent at + = +1 in Figure 1, ¢(z’) does not stay
bounded if 2/ — +1, so that, unlike what happens in infinite depth, v/||u(t, )|z~ blows



up when t goes to infinity. This is one the main difficulties one would have to cope with to
prove global well-posedness for the water waves equation for a one dimensional interface,
in the case of finite depth. We do not address this problem here, noticing however that
for other equations for which the set A has the same structure at small frequencies as in
Figure 1, global existence of small solutions is known: we refer to the paper of Hayashi
and Naumkin [12] devoted to modified KdV equations.

The other major difficulty one encounters in the study of an equation of the form (1) with
p(&) = (£tanh €)'/2 is due to the fact that there does not exist a vector field Z with nice
commutation properties with D; — p(D). As already mentioned, the existence of such
a vector field plays an essential role in the proofs of global well-posedness for the water
wave equation in infinite depth.

The goal of this paper is to show how this problem may be overcome on a model equation,
for which there does not exist a Klainerman vector field, but which does not display
the extra difficulty related to points with vertical tangent in Figure 1. More precisely,
we consider an equation of the form (1) where p(§) is a general function such that the
associated set A has the following shape:

v

Figure 2: A for modified KG

We refer to section 1 for the precise assumptions on p. We just notice here that they
hold for any small perturbation of /1 + 2. With such general hypothesis, one cannot
expect to find a vector field commuting to D; — p(D) modulo a multiple of that operator.
A first attempt to overcome this difficulty could be to try to use the analysis of space-
time resonances introduced independently by Germain, Masmoudi and Shatah in [8, 9]
and Gustafsson, Nakanishi and Tsai [11]. We refer to the paper of Germain [6] for a
general introduction to this method. This approach encompasses in some way normal



forms and Klainerman vector fields, but proved to be useful as well when no commuting
vector field exists. This is the case for instance for systems of Klein-Gordon equations
with different speeds in three dimensions, that have been studied by Germain [7] and
Tonescu and Pausader [15]. However, these results hold in high dimension, when solutions
of the linear equation decay at an integrable rate, so that the solutions of the nonlinear
problem will scatter at infinity. This is not the case for our model problem (1). Let us
mention also recent works by Lindblad and Soffer [21] and by Sterbenz [27] dealing with
one dimensional Klein-Gordon equations with non constant coefficients, that make use of
a limited “amount of commutation” between the natural Klainerman vector field and the
coefficients of the nonlinearity.

The strategy we employ in this paper to prove global existence for our model equation (1)
in the absence of commuting vector field relies on the construction, through semiclassical
analysis, of pseudodifferential operators commuting to D; — p(D), that can replace vector
fields when combined with a microlocal normal forms method. This approach is much
related to the ideas underlying space-time normal forms, as is discussed below at the
beginning of subsection 2.1, but replaces integration by parts in Fourier integrals by
systematic use of symbolic calculus for semiclassical pseudodifferential operators — which
is itself a consequence of stationary phase formulas. Let us describe our method on the
example of equation

(4) (D = p(D))u = u® + |uf*u.

We make first a change of variables and unknowns u(t,z) = v(t, %), that allows to

Sl

rewrite (4) as
() (Dy = Opy(A(x,€)))v = h(v* + o[ *v)

with A(x,&) = z€ + p(§) — i%, the semiclassical parameter h being h = 1/t, and the
operator associated to a symbol a being given by

Opy(a)v = o [ ¢ ale, hE)a(e) de.

One first remarks that the operator £ = %Oph (x4 p'(§)), whose symbol vanishes exactly
on the set A of Figure 2, commutes exactly to the linear part of equation (5). On the other
hand, £ is not a vector field, so that no Leibniz rule holds to compute the action of £ on the
nonlinearity from v and Lv. Nevertheless, a Leibniz rule holds for the action of £ on |v[*v.

Actually, since A in Figure 2 is a graph, we may find a smooth function ¢ :] — 1,1[— R
such that A = {& = dy(x)}, so that the quotient e(x,§) = gj;;((i)) is smooth, and |e]

stays between two positive constants when (x, ) stays in a compact subset of | — 1, 1[xR.
Consequently, one may write, using symbolic calculus for semiclassical operators,

£ = 10D, (€€ — dp(x))) = Opy (6) [+ Opy (€ — dp(e))] + Opy (1),

with some other symbol r. If one makes act the main contribution in the right hand side
of the above equality on |v|*v, one gets

0p,()[ (D = 3o(@) ) 1o0)] = Opy(€) 210l (D = 7o) o = v2(D = dol@) o],




that is a quantity whose L? norm may be bounded by C||v||2«||Lv]|z2 (if one re-expresses
in the right hand side (D — idgp(m))v from Lv). In other words, £ obeys a Leibniz rule

when acting on |v]*v, so that, only the contribution »® in the right hand side of (5) is
problematic. The idea is to eliminate this term in a preliminary step by semiclassical
normal forms. One remarks first that if v(x, ) is a cut-off close to A, equal to one on a
neighborhood of A, one may decompose v = Op,,(7)v+ Op, (1 —7)v, and write the second
term, by symbolic calculus, as

O [ (255w + ()]0 = Opale)Op o+ #(E)0 + O
= hOp,(e)Lv + O(h)

3

for some symbol e. If one plugs this decomposition in each factor in v°, one writes

(6) v® = (Opy,(7)v)* + hR(v, Lv)
where R is quadratic in v and linear in Lv. In particular,
L[hR(v, Lv)] = Op,(z + p'(§)) R(v, Lv)

is estimated in L? by C||v||2e||Lv]|z2, i.e. has the same bounds as if Leibniz rule were
holding. Consequently, we just have to get rid of the first term in the right hand side
of (6), introducing a new unknown w = v + Op,(a)[v,v,v], where a is the symbol of a
multilinear semiclassical operator, chosen in such a way that

(Dt — Op,(\)w = hlw|*w + remainders of higher order in h.

In that way, by what we have seen just above, we are reduced to an equation where £
commutes to the linear part, and obeys a Leibniz rule when acting on the nonlinearity.
The construction of a, which is similar to the original normal forms method of Shatah [25],
is made by division by the function p(&; + & + &3) — p(&1) — p(&2) — p(&3), and since, in
the first term in the right hand side of (6), v has been localized close to A, it is enough to
check that the division may be performed when &, &, &3 are all close to dp(z). In other
words, the condition to be checked is that p(3dy(z)) —3p(de(x)) # 0 for any z in | — 1, 1].
Such a property follows from the assumptions made on p, and corresponds to the case
when the space-time resonant set is empty. One may repeat this normal form procedure,
in order to eliminate all terms in the nonlinearity that do not obey a Leibniz rule not only
for £ but also for £2. In that way, one reduces to an equation morally of the form

(7) (Dyw — Op,(A\)w = hlw[*w + h?*|w|'w + O(h?)
from which one deduces applying £? an energy inequality of the form
(8)
t d
1£%w(t, )2 < [l + P/ (D) *w(L, )| +/1 lw (T, )z 1£70 (T, )| 2 7T + remainders.

If one has an a priori estimate ||w(7, )|z~ = O(€), Gronwall lemma provides for the left
hand side of (8) a O(t““’) bound. On the other hand, one can establish from an a priori L?



bound of that type an L estimate for w, using the same method as in [1], i.e. deducing
from (7) an ODE satisfied by w. Actually, if one develops the symbol A(z,&) on A, i.e.
on & = dy(x), one gets, using that g—é(x, de(x)) =0,

Op, (\w = w(@)w + h*Opj, () (L w)

where w is given by (4) and e is some symbol. An a priori assumption of the form
|1L2w(t, )|z = O(h™7) for some small o > 0, together with the semiclassical Sobolev
embedding, allows one to deduce from the preceding equation that ||Op,(A\)w —ww|| e =
O(h277), so that (7) implies that w solves an ODE of the form

1
Dyw = w(x)w + ;|w|2w + time integrable remainder.

The solutions of this ODE corresponding to small initial data being bounded, one obtains
a uniform L* control of w. Putting together these L? and L™ estimates and performing a
bootstrap argument, one finally shows that (5) has global solutions and determines their
asymptotic behavior.

To conclude this introduction, let us mention that in the above outline of proof of our main
theorem, we ignored what happens for large frequencies, which corresponds to points on
A in Figure 2 close to the vertical asymptotic lines. This is because one can combine the
preceding arguments with elementary H*® estimates for a very large s. The contribution
of the frequencies of the solution larger that A", for some small 3 > 0, have O(h") L?
norms if s > N, so that bring just remainders. In that way, most of the analysis may
be reduced to w cut-off for frequencies smaller than h=7.

1 Global solutions of modified Klein-Gordon equa-
tions

1.1 Statement of the main results

As explained in the introduction, the main goal of this paper is to develop an analogous
of the “Klainerman vector fields method” to prove global existence of small solutions for
equations for which there does not exist a Klainerman vector field. We consider a model
problem given by a modified Klein-Gordon equation of the following type. Consider a
strictly positive first order constant coefficients classical elliptic symbol p(§) i.e. a smooth
strictly positive function defined on R, £ — p(§), which has when & goes to +oo an
expansion

(1.1.1) p(§) =ché+ L +ete -
where ¢, are real numbers with ch #0,ct #0. We shall assume

cl = £1 and there is K € N,k > 2 such that

(1.1.2) , | 1
for any —k+2<j<0,ck =0 and ¢;*" #£0.



This assumption means that, when |{| — 400, p(¢) is not equal, modulo O(|¢|™™), to
the symbol |£| of the half-wave equation. In the case of the symbol /1 + &2 of the half
Klein-Gordon operator, assumption (1.1.2) holds with k = 2. We assume also that p
satisfies

& — p'(&) is strictly increasing and

(1.1.3) for any A € Z — {1} for any £ € R, A\p(§) — p(A§) # 0.

Notice that the last condition follows from (1.1.1), (1.1.2) when || — 400, so that it is
actually an assumption for £ in a compact set. It is clear that (1.1.1) to (1.1.3) hold for
any small enough perturbation of /1 + £2. We denote

(1.14) A={(~P(©).;€ R} C T'R

Since p/’ is strictly increasing and p'({) — £1 when & — +oo, there is a smooth strictly
concave function ¢ :] — 1, 1[— R such that A = {(x,dp(x));x €] — 1, 1[}.

Let F' be a polynomial in three indeterminates, with complex coefficients, of valuation
larger or equal to three. We write the cubic part F; of F' as

(115) Fg(Xo,Xl,XQ) = Z aaoalaZXg‘OXf‘ngQ.
|a|=3

We assume that F is real valued on R x (:R) x (iR) which implies that anga,a, is real
(resp. purely imaginary) when o is odd (resp. even). We consider a solution of the
equation

(D} — p(Dy)*)¥ = F (4, Dytp, Dyt))

(1.1.6) Y]i=1 = €ty
aﬂ/f‘tzl = €ty

&L=

where € €]0, 1[, ¥, 11 are smooth enough functions, D, = D,=D=+ az Our goal
is to obtain a global smooth solution when € is small enough, 1y, 1, are smooth enough
and decay rapidly enough at infinity, and when the cubic part (1.1.5) of the non-linearity
satisfies the following “null condition”

9
| 9t
h,

(1.1.7) Aogora, = 0 when g is even.

In other words, we assume that the cubic part of the non-linearity is a combination with
real coefficients of 3, (D)%, (Dyh) (D)), ¥ (Dy1))?. Define a function @ :]—1,1[— R

3. _ 1._ _ 1.
= —p(dyp) " ase — ép(dsﬂ) (dp)arz0 — §p(ds0)(1 — q(dp))*a102

1
—§(1 — q(dy))dpai,



Theorem 1.1.1 There are a large enough integer s, a positive number 6, an element €
of 0, 1] such that, for any real valued couple (1o, 1) in HTH(R) x H*(R), satisfying

(1.1.9) IollEresr + 11l + ll2*toll7n + 2z < 1,

for any € €]0, €], equation (1.1.6) has a unique solution v in the space C°([1, +oo[, H*T1)N
CY([1, +oc[, H®). Moreover, there is a continuous function a. : R — C, depending on e,
uniformly bounded, supported in [—1,1], a function (t,z) — r(t,x) bounded in t > 1 with
values in L*(R) N L>®(R) such that, for any € in |0, €], the global solution 1) of (1.1.6) has
asymptotics

(1.1.10) ¥(t,z) = Re \;Zae(x/t) exp {itw(m/t) + i€?|ac(z/t)|*®(z/t) log tH + t;QT(t, )

where w is the smooth function on | — 1,1[ given by

(1.1.11) w(z) = zdp(z) + p(de(x)).

(Notice that since x + p'(dp(z)) = 0, we have dw = dyp so that we could take w = ¢
modifying ¢ by a constant).

The preceding results hold in particular when p(¢) = /1 + &2 i.e. for the usual Klein-
Gordon equation. In this case, because of the extra symmetries of the problem, one may
replace the null condition (1.1.7) by a weaker one

3ag30 + az10 = 0, 3ap21 + azo1 =0

(1.1.12)
3api2 — az1po = 0, 3agez — a1 = 0.

One gets:

Theorem 1.1.2 Under the same assumptions as in Theorem 1.1.1 for g, 11 and under
the null condition (1.1.12), the equation

(1.1.13) Yli=1 = ety
&ﬂﬂt:l = ey

has for € €]0, €9] a unique solution v in C°([1,4+oo[, H*™) N C*([1, +oc[, H?). Moreover,
it satisfies (1.1.10) with

w(z) = V1 —a?

(1.1.14) 1 , ,
() = 3 (3asoo + @120)x" — a111% + @102 — 3azeo| (1 — %)

—-1/2

The above theorem has been proved in the more general setting of quasi-linear Klein-
Gordon equations in [3, 4], and in the case of non-linearities depending only on ¢, F' =
F(v) by Lindblad and Soffer [20], but in both cases only for compactly supported initial
data. This restriction was related to the method used in those papers, which was relying
on the use of hyperbolic coordinates. A more recent result of Hayashi and Naumkin [13]
treats the case of a quadratic non-linearity 2, without compact support assumptions on
the Cauchy data.



1.2 Semiclassical pseudo-differential operators

The proof of the main theorem will rely on the use of a semiclassical formulation of
the equation. We give in this subsection the definitions and properties of the classes of
symbols and operators we shall use. A general reference is Chapter 7 of the book of
Dimassi-Sjostrand [5] or the book of Zworski [37].

Definition 1.2.1 An order function on R x R™ is a smooth map from R x R™ to R,
(x,&1,...,&) — M(x,&,...,&,) such that there are Ny in N, C' > 0 and for any

(x, &1,y &), (Yymy ooy 1) in R X R™

(1.2.1) M(y,m,...,m) <Cl{x—y Noﬁ =)V M (&, E)

where (z) = /1 + 22.

For instance, if n = 1, (), (z), (x)(§) are order functions on R x R. In the same way

(1.22) M6 = (2 €6)) (3 )

1<i<j<n

-1

is an order function that is equivalent to the second largest among (1), ..., (&n)-

Definition 1.2.2 Let n be in N*, M an order function on R x R™, § > 0, > 0. Set &
for the n-uple (&,...,&,). One denotes by Ss3(M,n) the space of smooth functions

(‘/Eafla--'?gnah) — a(xaé-l?"'afn?h’)
R x R"x]0,1] — C

satisfying for any ag € N, o« € N, bk, N € N bounds
(1.2.4) 02008 (hoh)*alw, €, h)] < CM (w, R0tV (1 + Bh7Ig)) =

(1.2.3)

Notice that when 3 > 0, our symbols decay rapidly in A°|¢|. This implies in particular
the following inclusion, valid for any > 0,r >0, =1,...,n

(1.2.5) Ss.((&)" m) € W™ S5(1,m)

that will be used systematically from now on. In the rest of this paper we shall not
indicate explicitly the dependence of symbols in h.

If a belongs to Ss55(M,n) for some order function M, some § > 0, 8 > 0, we define the
n-linear operator Op,,(a) acting on test functions vy, ..., v, by

1
(27)"

(1.2.6) Op,(a)(vy,...,v,) = /eix(fl+"'+5n)a(9g,h§1,...,h&n f[ (&) d&, ... dé,.
1

When n = 1, this is just the usual semiclassical pseudo-differential operator with symbol

a. The above classes of operators satisfy the following symbolic calculus properties, whose
proof may be found in [5] if n = 1, and is given in the appendix for general n.

10



Proposition 1.2.3 (i) Let n € N*, M(z,&,...,&,), Mi(z,&) be two order functions.
Let 0 < ¢',6" <1/2,8> 0. Let a be in Sy g(M,n), b in Sgno(My,1). There is a symbol ¢
in Ssg(M(x,&,...,6)Mi(x,&),n) with § = max(d',0"”) such that for any test functions
Viy.ooyUp

Op;,(a)[Opy,(b)vy, . .., v,] = Opy(e)[vr, - .., vp).

Moreover, one has the asymptotic expansion

h Oa ab
(1.2.7) c(x,&1,...,&) = a(z, &, ... &)b(x, &) + ;a—&(as,gl, . ,50%(3;,51)

o U (I ST
for some symbol e in Ssz(M(x,&1, ..., &) Mi(x, &), n).

(ii) More generally, if n,n’ are in N*, § > 0,0 < § < 1/2, and if M(x,&,...,&,) and
M'(z,&,...,&,) are two order functions, if a is in Ssz(M,n) and b is in Sss(M',n’),
there is a symbol ¢ in S5 g(M",n+n' — 1) with

M”(xafiv'"afé’af?a--'agn) :M<ZL',£1++§;/,§2,,5n)M/(.T,§1,,f;/)

/
n'y

(1.2.8) Op,,(a)[Op,(b)(Vy, ..., v5), Ve, - .oy 0] = Opp(e)[v], ...y Ul 2y .o 0]

such that for any test functions vy,..., v, Vo, ..., Uy

(iii) Under the same assumptions as in (i), there is a symbol ¢ in
Ssp(M(x, &1, &) Mai(x, &1+ -+ &), n)
such that for any test functions vy, ..., v,
Opy,(0)[Opy(a)(v1, - -, va)] = Opy(c)(v1, - ., vn)-
Moreover
(1.2.9)  c(z,&1,...,&) = bz, & + -+ &alx, &, ..., &) + BT De(z & o0 €)
for some symbol e in Ssz(My(x,& + -+ &)M(x, &, ..., &), 1)

Let us study the action of the above operators on L? or L™ spaces.

Definition 1.2.4 Let s € R. We define the semiclassical Sobolev space Hj(R) as the

space of families (vp)nejo.1) of tempered distributions such that (hD) vy, o Op,({(€)* vy, is
es

a bounded family of L*(R). For p € N, we denote by W/> the space of families (vy,)n of
elements of S'(R) such that ZZ,ZOH(hD)"’/UhHLoo is uniformly bounded.

For future reference, we write down the semiclassical Sobolev injection

(1.2.10) [vnllwee < Cgh_l/2||vh\|Hp+%+9 for any 6 > 0.
h
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Proposition 1.2.5 (i) Let § € [0,1/2[, a be an element of S5o(1,1). Then for any s in
R, Opy(a) is bounded from Hj to Hj, uniformly in h.

(ii) Let § € [0,1/2[, 5 > 0, n in N*. Set M(&) = 37 (&) and let p be in N, q in [1,00].
Then, for any a in Sss(MP,n), there is a constant C' > 0 such that for any test functions
ViyeoyUp, any j=1,....m

(1.2.11) 10D, (@) (v1, ..., va)|lza < CRT"CHEED T Jlug|| oo 0] 1o
1<t<n
U]

In particular, if a is in S5 3(1,n), one has

(1.2.12) 10Dy (a) (v, - -, o) [l < CRTOH D) TT g | oo
/=1
and if s € N,
(1.2.13) 10D (@)(vr, - -, )|z < CH0+39) Z(kum HHU]-HLOO).

=1 j#L

Assertion (i) of the above proposition follows from the definition of Sobolev spaces, (i) of
proposition 1.2.2 and the L?*-boundedness of elements of Ss(1,1) proved in theorem 7.11
of [5]. We give the proof of assertion (ii) in the appendix.

Point (ii) in the preceding proposition gives only estimates involving a loss of some neg-
ative power of h in the right hand side. This is unavoidable since we get L? estimates
including for ¢ = 1,00. Such bounds will be sufficient for us in most instances, as the
loss will be compensated by some extra positive power of h. Nevertheless, for some L?
estimates, we shall need uniform bounds, up to some new terms in the right hand side.
Before stating them, we prove a lemma that will be used several times in the rest of this

paper.

Lemma 1.2.6 Lety be in C°(R). If the support of v is small enough, the two functions

on R xR

ex(0.8) = TEEEE (07 + p/(20)
(1.2.14) éidz(:t)

bi(z,§) = x+p’(i§)7<<§> (z +p,(i§)))

verify estimates

10200 a(,€)| < Caplg) " ekl

1.2.15
(121 10200 bs(,€)| < Cagle)™ k1P

12



Moreover, if Supp~y is small enough, on the support of ’y((f)ﬁ(:ﬂ + p’(jzf))), one has
(dp) ~ (&) and there is a constant A > 0 such that, on that support

ATHEO T < Hr+1 < A", € = +oo

(1.2.16) N -
AT "< Fr+1 <A™, £ = —x.

Finally, for any k in N
(1.2.17) 0" (dp(w)) = O((dg) ™).

Proof:  We treat the case of the positive sign. By (1.1.3) p’ is an increasing function.
According to (1.1.1) and (1.1.2), it has when £ — %00, an expansion

(1.2.18) P€) ==£1— ™ (k=g + 0] ).

This shows that, when Supp+y is small enough, on the support of the cut-off, A=1(£)™" <
+x 4+ 1 < A(E)7" for some A > 1 when £ — +o00. Since z + p/(dp(x)) = 0, we deduce
from that the equivalence (dp(x)) ~ |1 — a:z\*l/'{ for x €] — 1, 1] and that, on the support
of the cut-off, (dp) ~ (£). Taking derivatives of x + p'(dp(z)) = 0, we obtain (1.2.17).

For (z,¢) staying in the support of 7((5)”(:6 —|—p’(j:£))) and for instance ¢ — +o00, let us
write

E=XT1C o =—14+ Mz

for a parameter A — 0 and (2,¢) in a convenient compact subset K of |0, +oo[?>. The
expansion (1.2.18) implies

(1.2.19) v +p/(§) = N[z — (5 = D)ei™ "+ A (G, )]
for some smooth function 7. Since x + p'(dy(x)) = 0, this gives in particular

(I{ - 1)CIH+1

z

1/k
Ap(—1+ \z) = [ ] +Ara(z, A)

for some smooth function r,. We thus get

(/i o 1)C;H+1

z

1/k
(1.2.20) £ —do(z) =171 [C - [ ] —)\rg(z,)\)].
By definition of ¢, the coefficients of \* in (1.2.19) and of A~! in (1.2.20) are smooth
functions of (z,{) € K, A € [0,1] vanishing at order one on the same submanifold.
Consequently
z+p'(§) 1
—— = N (2, N
e dpla) TN

for some smooth function r that does not vanish on K x [0,1]. As A ~ (£)"", we obtain
the first estimate (1.2.15) when v = = 0. As 0, = A™"0,, 0¢ = A0, the estimates for

-1
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the derivatives follow as well. The second inequality (1.2.15) is proved in the same way.
This concludes the proof of the lemma. O

The precise L*-estimates we shall need will give bounds in terms of the action of some
special operators, that replace Klainerman vector fields in our framework, and that are
defined from the symbols vanishing on A (given by (1.1.4)) or on its antipodal, by

(1221) L=L=30p,(r+p(O), L=

; Oy + 9/(6)).

In the rest of this paper, we shall denote by (6,3, p) — (0,3, p) a function defined on
[0, 1] x [0, +oo[, with values in [0, +-00[ such that

(1.2.22) o is continuous, 0(0,0,p) =0,0(4,5,p) > 0if § + 3 > 0.

The value of ¢ may differ from line to line, and it will be always implicit that the arguments
(0, B) are taken small enough to make o (6, 5, p) conveniently small when p stays in a given
bounded subset. Eventually, we shall write o instead of o (4, 3, p).

Proposition 1.2.7 Let M, be the order function introduced in (1.2.2). Let 0 < n' <n
be two integers with n > 2, p € N*. Let > 0,0 > k3 be small enough positive numbers.
Let m be an element of Sg}g(MéJ_l, n). There is a constant C' > 0 such that for any test
functions vy, ..., vy,

(1.2.23)
n—1
I0my (), vlze < € T el =l
/=1
;o n’ 1 N n 1 N
rente S (X1eule) T odim+ 3 (S0 ul) T1 oim| ol
j=1 “k=0 1<4<n—1 j=n'+1 k=0 1<4<n—1
t#j t#j

where o = o(0,3,p) is as in (1.2.22). A similar statement holds making play the special
role devoted to n above to any other index in {1,...,n}. Moreover, in the special case
p=1, i.e. when m isin S5p(1,n), (1.2.23) holds with ||ve|[wpe in the right hand side of
(1.2.23) replaced by ||ve||p--

Remark: The important point in (1.2.23) compared to (1.2.11) is that the first expression
in the right hand side is not multiplied by a negative power of h.

Proof: Step 1: We prove the last claim in the statement when m is in Ss4(1, n).

Let us assume for instance that n’ > 1. Let v be in C§°(R), equal to one close to zero,
with small enough support. Decompose

(1224) m(a:,fl, c. ,£n) = ml(zafla s 7€n) + mQ(xafla s 7571)(1' +p,<€1))

14



with

ml(x, £17 cee 75”) = m(m, 517 cee 7£n),}/(<£1>’€($ + p/<€1)))

(1.2.25) L (e e e,
o, 1 ) = (a6, ) 7<<§i;<;>p (&)

Using that & > k3, one sees that my is in S5((x)” (£1)",n). Since z + p/(&) is in
Soo({x), 1), (i) of Proposition 1.2.3 shows that the contribution of the last term in (1.2.24)
to Opy,(m)(vy,...,v,) may be written as

(1.2.26) Opy, (m2)[Opy,(z 4 p'(€1))v1, va, . . ., vn] + R7°0p,, (r)[vy, . . ., vy

for some r in Ss55((£,)",n) C h7P"Ss5(1,n) (by (1.2.5)). Notice also that we may
write mo(x, &1, ..., &) = mhy(x, &, ..., E)(&) T for some new symbol m!, belonging to
S5.p((x) (&) n) € kPN S5 5(1,m). By (1.2.21) and (ii) of Proposition 1.2.5, the L2
norm of (1.2.26) is bounded from above by

n—1

(1.2.27) Ch = [|[(hD) ™" Lon|zoe + vallze | TTlvell oo lvnll 22

2
Combining this with the Sobolev injection (1.2.10), we get an estimate by the right hand
side of (1.2.23) with [[ve|lyp replaced by [[ve||ze, for some o satisfying (1.2.22).

Let us study now ||Opy,(m1)(vy, ..., v,)|/z2. By construction, my is in S5 4(1,n) as 6 > k3
and we expand this function along & = dy(z), writing

(1.2.28) my(x, &, .. &) =mi(x, &, . 6) + R0 (x, &, .. ) (& — dp(x))
with
mi(z, &, ... &) = my(x,dp(x), &, ..., &)

(1.2.29) ., L
ml(x7€1> s afn) = /0 h <a§1m1)<x7t€1 + (1 - t)ng(iIf),fg, s 7571) dt

(Notice that by (1.2.16), on the support of m;, = stays in | — 1, 1] so that we may compute
dp(x)). If the support of + in (1.2.25) is small enough, we have on the support of m;
that |z + p'(&)] < (&))" ~ (de(x))™". By the second inequality (1.2.15), it follows
that |§; — dp(z)| < (&1). Combining this, (1.2.17) and the above expression (1.2.29), we
conclude that m{ is in Sy, g(1,n) if & = § + S(k + 1). Moreover, since

['(€1) = /(1€ + (1 = t)dip(2)] = O(|& — dep(2) (&)™) = o((&1) "),

we see that m/ is also supported for |z 4 p/(&)[(£1)" small. Because of that, we may write

mY (2,61, ., &) (6 — dp(x)) = mi (2,61, ..., &)by (2, 6) (2 + ' (61))

with a symbol b, given by (1.2.14) (for a new cut-off 7). By (1.2.15), the preceding ex-
pression may be written as m4(z, &1, ..., &) (z+p/(&1)) with mf in S5, 5((€1) 7 (z) ™, n).
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Consequently, the contribution of the last term in (1.2.28) to Opy(mq)(vy,...,v,) wil
be of the form (1.2.26) (up to multiplication by an extra h=?%), so will be estimated by
(1.2.27) for some new o.

We are left with studying
Opy,(mi(x, &, ..., &) (1, ..., v,) = v10p, (M (2, &, ... &) (V2 .y ),

where in the right hand side we consider m] as an element of S, 5(1,n — 1). We repeat the
preceding argument in one less variable (replacing x + p/(&;) by x + p'(—¢;) when j > n’)
and ¢ replaced by a larger 0;. Iterating the process, we find that ||Op,(m)(v1, ..., vs)| L2
is bounded from above by the right hand side of (1.2.23) (with [[ve||wp replaced by
|vg||Lee) modulo the term ||vy - --v,-10py(€e)(vy)|lr2, where e is an element of Sy 5(1,1)
for some ¢ which is a linear combination of §, 3. If §, 8 are small enough, we may apply
(i) of Proposition 1.2.5 and bound this L? norm by [T} '||vg||ze||vn|/z2. This concludes
the proof in the case p = 1.

Step 2: We treat now the general case m € Ssg(Mg§~",n). Since the order function M
given by (1.2.2) is equivalent to the second largest among (&), ..., (&), it is certainly
smaller than []}Z] (£/). We may write

n—1

M &, &) = Ml &) [ (€ (006 ™)

(=1
where NN is a fixed large enough integer and m belongs to Sss(1,n), so that
Opu(m) (01, -, 0a) = Opy () (B, .., B0)

with 0, = (hD>p_1<h1+5D>_N°vg for¢=1,...,n—1, 0, = v,. By step 1, we may apply
(1.2.23) to m, with in the right hand side [|-[|yy».> replaced by ||-[[r. We get a bound in
terms of

n—1
LT 1ol oo llvnl 2
/=1

1

1_ ~ ~

ne (o055l ) TT oo enllee
k=0

1<t<n-—1
(#j

(1.2.30)

Since pseudo-differential operators of order p— 1 are bounded from W/** to L*°, the first
line in (1.2.30) is bounded by the right hand side of (1.2.23). On the other hand

~ — —N —
[ellzee = 110p, (€)™ (P76) ™ Juell e < CRZH0H g
by (the proof of) (1.2.11) if Ny has been taken large enough (see (A.2)). Moreover

1L<B]l2 < BV [z, Oy (6507 (B265) ™ Vusll e + 10D (€5~ (hPE) ™) Loy 12

which is bounded by Ch=#+V[||Liv;||z2 + ||vjl|r2]. Plugging these bounds inside the
second line of (1.2.30), we get an estimate in terms of the right hand side of (1.2.23) (up
to a modification of o). O
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1.3 Semiclassical reduction of the problem

In this subsection, we shall write equation (1.1.6) under a semiclassical form involving
multilinear operators belonging to the classes introduced above.

Let us write first the equation (1.1.6) in complex coordinates. Set

1 1

B(D) = 5lp(D) +p(=D)],p = 5[p(D) = p(=D)],a(D) = H(D)p(D)~".

For v a real valued function in H*™(R) with 9,1 in H*(R), write

= (D +p(D)e, Y =HD) (M)

2
o === p(-D), D=L gy (A1),
Define
(132) Gl i) = F(5(0) (E52), pa(oy (A2 5) 222 — (o) (B15)),

Then (1.1.6) is equivalent to

(Dy = p(D)pp = G(u, )

(1.3.3) pli=1 = (1 + p(D)) € H*(R, C).

Let us express the nonlinearity G(u, ) in terms of multilinear operators associated to
some (non semiclassical) symbols.

Definition 1.3.1 Let n € N*. Denote by g(l,n) the space of smooth functions defined
on R": (&,...,&) = m(&, ..., &) satisfying for all a = (avq, ..., o) € N bounds

(1.3.4) 106" -+ Ogrm(&r, - &)l < Cal€r) ™ o (&)™
If m is in g(l, n) and uy, ..., u, are test functions, we define the multilinear operator
1 ) n
(135)  My(ur, ... up) = —n/emfﬁ“*fn (€0, &) [Lae(€r) dey - - - de,.
(2m) 1

We refer to Proposition A.1 of the appendix for the boundedness properties of these
operators we shall use below.

Let us define for any n in N*

= {(i1,...,5,) € {—1,1}";3In',0 < n' <n, such that iy =1for £ =1,...,7n

1.3.6
( ) andip=—1for {=n"+1,... ,n}.
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If7I=_(i,...,0,)=(1,...,1,—1,...,—=1)is in ', we set |I| = n and we define
—_—— ——o —

M1 =y o1 = [, fir = (,Uznaluzn) = (H?"'auaﬁv"-ala)-
—_——— ——
It follows from the definition (1.3.2) of G and the fact that F' is a polynomial that the
nonlinearity in (1.3.3) may be written

(1.3.7) Glu.p) = > > My, (p)

n>3 Iely,
n finite

for elements m; of S(1,|1]). For further reference, we need to compute when I = (1,1, —1)
the explicit value of m;(dy, dp, —dp). This function is obtained replacing in the cubic
part of G(u,j1) given by (1.3.2), (D)~ (vesp. p(D)~'Dpu, p(D)"'pr, p(D)~ Dp) by
pldp) ' (vesp. p(dp)~'dpp, p(—dp)' i, p(—de)~ (—dp)fi) and retaining only those
terms which are quadratic in g and linear in g. In view of (1.1.5), (1.3.2), we get since p
is even and ¢ is odd

(1.3.8)
3 N _ 1 _ _
m q,—1)(dp, dp, —dp) = gasoop(d@ S+ gamop(d@) Sde
1 . _ 1 . _
+ ga20p(dyp) 2(1—q(dp)) — gz20P(dy) *(dp)?

— Smop(de) ™ (1~ a(do)? — Sanplde) (1~ a(dg)

3 3
— goob(d) *(dp)” = Saompldip) *(dip)*(1 = q(dy))
3 _ _ 3
- gaoup(d(ﬂ) tp(1 — q(dg))? - gaooza(l —q(dyp))’.
Under assumption (1.1.7), we get in view of (1.1.8)

(1.3.9) m 1,1y (de, dp, —dp) = p(de) >®(x).

In the special case of the Klein-Gordon operator i.e. when p(§) = p(§) = 1+ &2,
p&) = q(§) =0, dp = —ﬁ, w = =+1-—122% we have wdp = —x, p(dp)™* = w so

that (1.3.8) simplifies to

w
- {(3%00 + a120)2” — a1117 + (@102 — 3az00)
(1.3.10)

T3

$3(3&030 + as0) — $2(3@021 + aso1) + (3a012 — a210) — (3003 — ag01) |-
Since Ggga,a, 18 purely imaginary when ag is even, we see that (1.3.10) is real valued

under condition (1.1.12) and that (1.3.10) is then equal to p(dy)?®(x) where @ is given
by (1.1.14).

A trivial estimate for the Sobolev norms of the solutions of (1.3.3) is provided by:

18



Lemma 1.3.2 Let p € N*, s € R, s > p. Denote by WP the space of those p in L*>
such that 0%y € L™ for k < p. There is a constant Co > 0 such that for any B > 0, any
€ €]0,1], any (Yo,v1) € H x H® such that ||¢1||5s + ||Yol|5e00 < 1, any T > 1, any
solution p in C([1,T], H*(R,C)) of (1.5.3) satisfying the a priori estimate

(1.3.11) sup [751/2||,u(t7 -)||Wp,oo} < Be <1,
te[1,T)

one has the Sobolev bound

(1.3.12) (2, -)]
for any t in [1,T).

2.2
HStCOB €

we < lp(L, )]

Proof: By (1.3.7), (ii) of Proposition A.1 and assumption (1.3.11), we know that for
some Cy > 0

B2e?
16 s ) (2l < Co——Ilialt, ) -

Since p is real valued, we deduce from (1.3.3) that the energy inequality

t B2
It Yoas < WL e + [ Co=—ln(r, s dr
holds. Gronwall lemma implies the wanted conclusion. O

As is usual in problems of long time existence with small Cauchy data, most of the
difficulty is to show that the a priori L*>-estimate (1.3.11) holds. To do so, we shall
get in a first step L*-estimates for the action of the operator £ defined in (1.2.21) on
(modifications of) the solution. As a preliminary step, we rewrite the problem in the
semiclassical framework. We set

! x ! . 1 o 1 / /
(1.3.13) T =, t'=t, h= o p(t,x) = Wv(t ,x').
Notice that, using the notations of definition 1.2.4,
(1.3.14) s s ~ o s (s lwese ~ VAl ) e,

the equivalence being uniform in A.

We shall fix below some small number 5 > 0 and shall decompose systematically a function
v as

(1.3.15) v = 0p, (x(h7€))v + Op, (1 = x)(h%€))v

where y € C§°(R) is equal to one close to zero. The last term will have nice W}"* upper
bounds if we are given a priori Hj bounds with large enough s. More precisely, by the
Sobolev injection (1.2.10)

10P4 (1 = ) (A7) Jvllwp < Ch72([0p; (1 = x)(RPE) ol o

(1.3.16) \
< ChmzHP6mr D]y

Hp>»
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so that if we have an a priori bound |[v[|z: = O(h~™) and if 3(s — p) > 1, we can
make (1.3.16) O(hY) for any given N. This will essentially reduce us to the study of the
frequency localized contribution Opy, (x(R?€))v, whose derivative (hD)* will have O(h=%%)
bounds, so will grow slowly if 3 is small. This process will in particular allow us to deduce
from (1.3.3) a semiclassical version of the equation, where the nonlinearity will be written
using symbols in the classes Ss55(1,n) of definition 1.2.2 for some small 5 > 0, up to
remainders that will be multiplied by a large enough power of h, assuming some a priori
Hj control.

Proposition 1.3.3 Let p € N, 8 > 0 a small enough number. There is s € N, for any
I €T, 3<n <6, there is a symbol my in Syz(1,|I|), independent of a’, there is a
polynomial map v — R(v) satisfying for some increasing function C' :]0, +00[—]0, +o0|
the estimates

l2* R() |22 < C([[v]lz= + VE]v]l 1

(ol + Vallola;)’
“ (2_: ||(hc)’f’v||L2>, k=012

(1.3.17)

and
_ 2
(1.318)  R()lypezee < B0 (0l + VAl ) (0o + VEl0lla) [0

such that, if p is a solution of (1.3.3) on [1,T] x R, then v solves on the same interval

(1.3.19) (Dy — Op,, (A2, €)))v = Z LTS Opy(my)(vr) + h*7CPP R(v)
Iely,

where

(1.3.20) ML) = 2'€ + p(e) — ;h,

the notation o is defined in (1.2.22), and Op,(m;)(vr) = Op,(mr)(viy,...,v;,) if [ =
(11, yin), V1 =0, V_1 = 0.

Proof: The equation satisfied by p may be written according to (1.3.3), (1.3.7)

(1.3.21) (Dy — p( = 3 3 My, ().

n>3 Iel'y
n finite

The left hand side expressed from v(t', 2’) using (1.3.13) gives the left hand side of (1.3.19)
multiplied by v/h. We have to write the right hand side of (1.3.21) as the product of v/A
with the different contributions in the right hand side of (1.3.19).

e Terms in (1.3.21) corresponding to n > 7.
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For I € I',,, we have by (i) of Proposition A.1

1Mo, () (E @) [ 22z < CUlllwroe) el oo 1]l 2o

from which we deduce
(| M, (pr) (', 8'2) || L2y < th(\/ﬁHvllw}gw)||v||§V;,oo||v||L2<dxf>'

Thus M, (1) may be written as h'/? times h*~? R(v) for an R(v) satisfying (1.3.17) with
k = 0 since, by (1.3.15) and (1.3.16), we may always bound

(1.3.22) [ollyoe < CHP([[0]lze + VAol )

if s is large enough. Moreover, if we take some s’ > p + g and use Sobolev injection and
(A.4) with p = 1, we have

1My, (1)t ) [[woszoe < Cl| My, (1) (2, )]

Expressing v in terms of v, and using (1.3.14) and (1.3.22), we obtain that R(v) satisfies
(1.3.18) if s > s’. We still have to prove that (1.3.17) holds for £ = 1,2. By (1.3.5)

i < Cllpllwro ) |l Nl -

T 1 T
IJMm; (:u]) - ?MMI (:U’I) - %Mam1/6§1 (:U’I) + Mm, (?/"Lil7/’l‘7;27 s 7/’Lin)'

By (i) of Proposition A.1, the L?(dx)-norm of this quantity is smaller than
1 T ne1
ot + [, | i~
and since

i T B .
THin = (t + p’(hD))uil — (11 D) iy

the L?(dxr)-norm of this quantity is bounded from above by h||Lu|lz2 + ||pl/z2. If we
express again p from v, we conclude that

1
oMy, (i)l 20y < B3O (Ve ol (SR 01 )
0

from which an estimate of the form (1.3.17) with k£ = 1 follows for R. The case k = 2 is
similar.

e Terms in (1.3.21) indexed by 3 <n < 6.

Let x be in C§°(R), x = 1 close to zero and denote x;, = xy or x, =1—x, { =1,...,n.
Consider first

(1.3.23) 1= MmI(Xl(hBD)Mm EE 7Xn(h6D):uin)

where at least one of the x}s, say x1, is equal to 1 —y. Let us show that Z generates again
a contribution to the remainder term in (1.3.19). We have to prove that for £ = 0, 1,2
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h= 2|2 | gy = [1(2/1)¥T || 12(am) (vesp. h™'2||Z]lyyp) is bounded from above by the
right hand side of (1.3.17) (resp. (1.3.18)) multiplied by h3~°. To obtain the L?-estimate,
we apply (A.3) with s = 0, putting the L? norm on another factor than the first one. We
get

IZ1 r2am) < Cllullwr)[lellwrse |(1 = X) (R D) pllwre || ol -

The middle factor in the last product is controlled using Sobolev embedding by

Cll(1 = x) (A" Dypll 2 < CHPE2] |

HS.

If s is large enough and if we express u from v, we see that (1.3.23) may be written as
h3R(v) with R(v) satisfying (1.3.17) with k& = 0. One studies (z/t)*Z, k = 1,2, as we
did above when n > 7, writing these expressions in terms of multilinear quantities in
(fiys - - Mi,_y, (/t)*p;, ) and repeating the preceding estimates to get for 2’* R(v) bounds
of the form (1.3.17).

To get (1.3.18) for Z we apply (A.5) with 6 €]0,1[. We get

(1.324) A V2T wrem < Ch1/22[”Xj(hﬁD)u|pr+g,oo TTIhxe(R2 D)l e |
j=1 (£

Consider for instance the first term in the sum. If y; = 1 — x, we use Sobolev injection
to bound the corresponding contribution by

1

_ ne — 14 B(s—p— n—
W2 (0= ) (WD)l mrosa || l[fiitoe < CRT2HPE7270 ||| ke

HS

Taking s large enough and expressing p from v, we obtain using again (1.3.22) that Z
may be written as h3R with R satisfying (1.3.18). If y; = x, there is some j > 1 with
xj = 1 —x. We bound then the term corresponding to j = 1 in (1.3.24) by

W2 (B D)pllworse |l | (1 = x) (A7 D)p o

and we conclude as above, using that || x(h?D)pul|we+s.c < Ch™PPH3)|| |1 and Sobolev
injection to treat the last factor.

Finally, up to contributions to the remainder in (1.3.19), we reduce ourselves to the
consideration of the terms

This shows that the equation satisfied by v may be written as (1.3.19) with

1

which is a symbol in Sp g(1,n). This concludes the proof. 0
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2 L? estimates

The goal of this section is to obtain L? estimates for the action of the operators £ (defined
in (1.2.21)) and £? on the solution of equation (1.3.19). Since £ is not a vector field, it
does not commute to the nonlinearity, so that we cannot expect that ||[L7v(¢, )|z will
have a moderate growth (i.e. a growth in O(#°) for some small § > 0) when ¢ goes to
infinity. Because of that, before performing energy inequalities, we shall apply to the
equation a semiclassical microlocal normal forms method to obtain, for a new unknown
obtained from v, an equation whose nonlinearity has better commutation properties with
L than the one in (1.3.19). This will allow us to get L? estimates with moderate growth
for the action of £ on that new unknown. Repeating the process, we shall get in the same
way L? bounds for the action of £? on another convenient unknown.

As a preparation for these energy estimates, we establish in the first subsection some
technical results that will be used throughout the rest of this section.

From now on, we shall work only with the semiclassical reduced equation (1.3.19). To
simplify notations, we shall denote the variables by x, £ instead of z/,&’.

2.1 Division lemmas

We introduce first a decomposition of the set I';, defined in (1.3.6).

Definition 2.1.1 One denotes by T the subset of characteristic elements of T, i.e. those

I = (i1,...,1,) in Ty, such that Y ,i, = 1. The subset of noncharacteristic elements FECh

is T, — b,

Since an element of '), is of the form I = (1,...,1,—1,...,—1) with 0 < n’ < n, we
a,/_/ ﬁ,/_/

see that I is characteristic if and only if n is odd and n’ = 2. If T = (iy,...,i,) is an

element of I',,, we define a function of n variables
(2.1.1) gr(&, - &) = Y iep(icke) — p&r + - + &)
(=1

Then, if ¢ is the phase introduced after (1.1.4), we have for any z €] — 1,1]

(2.1.2) gi(indp(x), ... indp(x)) = (2n — n)p(dip(x)) — p((2n' = n)dep(x)).

If I is non characteristic (i.e. 2n’ —n # 1), it follows from (1.1.3) that (2.1.2) does not
vanish on | — 1,1[. On the other hand, if I is characteristic, (2.1.2) vanishes identically.

Remark: Let us indicate the relation between the above notion and space-time resonances
in the sense of Germain-Masmoudi-Shatah (we refer to [6] for an introduction to that
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topic). If I = (i1,...,i,) is in I, define the set of time resonances 7; as

7} = {(617‘ N 7511);.91(517' - agn) == 0} C R™.
Generically, this is an hypersurface of R". Introduce the set of space resonances Sy as

9 9
0  O0&s

This is generically a curve in R™. The set of space-time resonances is by definition S;N7;.

Sr= {(51,---,§n);( )gz(&,...,gn) =0,1<¢<n-1}.

Consider the parametrized curve C; of R™: x — (i1dp(z), ..., iydp(x)). The expression
(2.1.1) of gr shows immediately that C; C S;. The points at which (2.1.2) vanishes are
thus the points of C; VT = C; N (T N'Sy). The assumption (1.1.3) says that if I is non
characteristic, this intersection should be empty. On the other hand, if I is characteristic,
(2.1.2) vanishes identically, so that C; = C;NT; = CrN (T NSy) i.e. the set of space-time
resonances is one dimensional.

We shall prove a result of division of symbols by g;(&1, .. ., &,) when [ is noncharacteristic.
Before stating it, let us remark that in such a case, there is a constant ¢ > 0 such that
for any z in | — 1,1]

(2.1.3) lg1(iadip(@), ... indip(@))] = eldp()) ™"

As remarked above, because of (2.1.2), this inequality holds when x stays in a compact
subset of | — 1, 1[ by assumption (1.1.3). We just need to consider the case of + — +£1F
i.e. dp(z) — Foo. But if for instance x — —14+ and A =2n' —n > 2, (1.1.1), (1.1.2) and
(2.1.2) show that the left hand side of (2.1.3) is equivalent to |c;"t*(dp) "1\ — A="+1)|]
whence the claim. If A < 0, (2.1.3) tends to +o0 if x goes to —1, so the estimate is trivial.
Finally, if A = 0, (1.1.3) implies that (2.1.2) is a nonzero constant.

Our division result is the following.
Proposition 2.1.2 (i) Let I = (i1, ...,i,) be in TN, Denote by My the order function

(1.2.2). Let0 < 2k(3 < 6 < 1/2 and let my be an element of Sy 3(1,n) for some 0 < § < 4.
We may find for ¢ = 1,2 symbols

(2.1.4) mi ;€ S5 a(Ma™(z) ™ n), j=1,...,n, ar € Ss5(M§ " {z) ™, n)
such that
mr(x, &, .., &) = g1(&, . &n)ar(z, &, 6n)

30+ i) (o 6rs ).

(=1

(2.1.5)

Moreover, we may assume that ay is supported in

n

(2.1.6) (@, &, &) o+ P/ (i) < €)™}

(=1
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where o > 0 is any given number.

(ii) Assume that I is characteristic and that 0 < (2k+1)8 < 6 < 1/2. We may write for
qg=1,2

m1($7£17 s 7§n) = ml(x7§1> B agn) H’Y(M(?H—H(x +p/('l€€£)))
(2.1.7) !

+ Y (@ + P/ (00&0)) M p(2, 1, &),
/=1

where v € C§°(R) is equal to one close to zero and has as small a support as wanted, and
where m ; are elements of Ss 5 (M) ).

Proof:  Let v be in C§°(R), equal to one close to zero, with small enough support.
Decompose

(2.1.8) mi(z, €y &) = m (@ 60, &) Fml (2,6, 6 (@ D (0060))

where

q ) (1—7) (M(fz(x + p/(ilfl)))
le(x, ST afn) = m[(l’, STERS 7571) (x + p/(ilfl))q

mi (@&, &) = mi(e, & &)y (M 4+ 9 (06)))

where R in an integer to be chosen, R > 2. The function mj, is in S5.p(MI% ()™ n)

if & > Rp, as the factor M[ lost every time one takes a derivative may be traded off for
a O(h~PR) loss. Repeating the above process with m(ll) instead of my, successively with
respect to each variable &, ..., &,, we eventually write m; as the sum in the right hand

side of (2.1.5) plus the symbol

(2.1.9) (z,&,..., & Hv( +p(@e§e)))

We are left with writing this as gra;. Remember that My(§) is equivalent to the second
largest among (1), - .., (§,). Assume for instance || < |&] < -+ < [€,| so that My(§) ~
(€,-1). The last cut-off in (2.1.9) implies that

(2.1.10) [+ P (inn)| < a€ua) ™"

where a > 0 goes to zero when Supp ~y shrinks. If £, ;| stays in a bounded set, (1.1.2),
(1.1.3) imply that p'(i,—1&,—1) stays in a compact subset of | — 1, 1[. Under the condition
v(Mé%(x + p’(in_lén_l))) # 0 and if Supp~ is small enough, this implies that x stays as
well in a compact subset of | — 1, 1], so that (2.1.10) with a small enough « obliges |&,|

to stay bounded. On the other hand, in the regine |, > |£,—1] — +00, the expansion
(1.2.18) shows that

(2.1.11) [P (in&n) F in| = O((§n) "), &n — F00

25



and (1.2.16) implies that on the support of the last but one cut-off in (2.1.9)
(2.1.12) |7 £ in-1| ~ (§um1) "~ Mo()™"

when §,_1 — £oo. We get from (2.1.10) and (2.1.11)

(2.1.13) |2+ | = O(a(én 1)) + O(&) "), & = oo,

Together with (2.1.12) this implies that 4, = 4,1 when we are in the regime |&,| >
€01 — +o0 and ,&, 1 — 400, and that i, = —i,_; if we consider the regime |,| >
|&n—1| — +oo and &,&,-1 — —oo. Plugging this information in (2.1.12), (2.1.13) we
conclude in all cases

(€n-1) ™" ~ Mo(6)™" = O(a(&u1) ™) + O(&) ™), &l = [€na] = +oo.

If o has been taken small enough and R > &, we conclude that |£,| < C(&,-1) so that, for
any £ =1,...,n,|&| = O(My(§)) and the cut-offs in (2.1.9) imply that forany £ =1,...,n

@+ p(ie)| = O(alée) ™), l&el — +o0

for some o > 0 going to zero when Supp 7y shrinks. We deduce then from (1.2.14), (1.2.15)
that for £ =1,....n

€ — dedipe(w)] = O((&)" o + P/ (i2€0)]) = O(a(&)™ 7).

Since p is Lipschitz, we deduce also from the definition (2.1.1) of g; that

9161, 60) = 1 (1dp(@), .. indp(@)] = O( 3 I&e = indpu(a)])
1
= O(aMp(¢)" ).

(2.1.14)

On the other hand since, on the support of the cut-off, we have by Lemma 1.2.6 that
(dp(z)) ~ (&) ~ My(€), (2 1.3) implies that on that support

|91 (idp(), .. ., indip(x))] > cMo(€)™F

Taking R = 2k and assuming Supp~y i.e. a small enough, we deduce from (2.1.14) that
on the support of (2.1.9), [gr(&1, ..., &) = $Mo(&) "', We may thus define a; as (2.1.9)
divided by g7, and a; will be a symbol in 5575(M(’f_1, n) if § > 2kF. Since moreover the
cut-offs in (2.1.9) imply that x stays in [—1,1] (see (1.2.16)) for a small enough, we may
replace the weight M}~ by ME~'(z)™" for any N. This concludes the proof of (i) of the
proposition.

(ii) In the above proof, the fact that I is non characteristic has been used only to divide
(2.1.9) by g;. Without this assumption, we may still decompose m; as the sum in the
right hand side of (2.1.7) plus (2.1.9). Taking R = 2k + 1, we get the wanted conclusion.

a
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When [ is noncharacteristic, (2.1.4) shows that a symbol m; may be divided by g;, up
to contributions where (z + p(i&))? is factored out. This is the key point that will
allow us to essentially eliminate nonlinear terms indexed by a noncharacteristic element
I of T',, through a semiclassical normal form method. On the other hand, when I is
characteristic, such an operation is not possible. Nevertheless, in that case, we shall show
that the operator £ = +Op,(z + p/(§)) commutes to the corresponding nonlinear terms.
This is the object of the following proposition.

Proposition 2.1.3 Let

I=(i1,....in)=(1,...,1,—1,...,—1)
——

be a characteristic element of I',. Let 0 < frk < 6 < 1 and let m be an element of

2
Ss.p(1,mn) supported in

n

(2.1.15) N{(@. )il +p'(iee)| < abo(€) >}

(=1

for some small o« > 0. There is a constant C > 0 such that for any w in L* N L™ such
that Lw € L?, one has the estimate

(2.1.16)
1LOp, (M) (w, . .. w, @, ..., @) < C[kuzg(ucwum 0wl
—_— ——

/ /

n n—mn

1_, e
+ 2| Ll o |w]| 72 (1| Lol 2 + |IwHL2)}

where o = (4, 5,0) satisfies (1.2.22).
We first prove a lemma.

Lemma 2.1.4 Under the assumptions of the proposition, there are symbols my, 1 < £ <
n, supported in (2.1.15), and r, belonging to Ssz((x)~>",n), such that if we set w;, = w
fort=1,....n" and w;, = w for {t =n"+1,...,n, then

Opy(x +p'(€)) © Opy (m) (wi, - . wi,) =

2.1.17 n ) _
CLIT) S Oyl -, Oy + 1) i - 105,] + B50D, () w105,
/=1

Proof:  On the support of m, we assume that inequalities (2.1.15) hold. We have seen in
the proof of proposition 2.1.2 that this implies My(§) ~ 1+ > |&]. In particular, (2.1.15)

implies that for any ¢, |z + p/(i&)| = O(a(z <§gl>)*2"‘*1). By (1.2.16) it follows that if
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« is taken small enough, |ipz £ 1] ~ (&)™ when & — +oo and (z,&,) stays in the ¢-th
term in the intersection (2.1.15). We deduce from this that either

& — oo, .. &y = +00,E = —00. ., &, — —00,
or

& — —00, .., &y = —00, &1 — +00. .., & — 00,
or

all & are bounded,

and that (&) ~ (&) for all £,¢' so that (&) ~ My(&) for all £. Moreover, by (1.2.15) and
(2.1.15)
(2.1.18) € — iedip(x)| < Clu+ 9/ (i) (€)™ < CaMy(§)™

Since [ is characteristic, > i, = 1, so that we conclude
(2.1.19) &+ + & — dp(x)] < Cally(§)™"

In particular, if o is small enough, (§ + - - - + &,) ~ (dp(x)) ~ My(§), the last equivalence
coming from Lemma 1.2.6, as My(§) ~ (&) for any £. Let us write

(21.20) (z4+p (& + - +&))mlz, &, &) =

le

me(z,&1, ... ,fn)(fﬂ +Pl(iz&))

~
Il
-

where

TP (§+ -4 &) §—dedo(x)

(2.1.21) me(z, &, .., 6) =m(z,&, 75")51 +-+ & —dp(x) 4 p'(iee)

The support assumption (2.1.15) implies that for any ¢, (z,&,) satisfies the support as-
sumptions of Lemma 1.2.6. Moreover, we have, using (2.1.19)

lz+p' G+ + &) =G+ + &) =P (de)] S CM(E) ™ e+ -+ + & — dp()]
S COJM()(&')_QR_I

so that (z,& +- - -+&,) satisfies also the support conditions in Lemma 1.2.6. We may thus
apply (1.2.15) to the last two factors in (2.1.21) and conclude that my is in S5 g({(z)"", n)
as 0 > k[ (the weight (x)” ™ comes from the fact that m is supported for x € [—1,1]).
We use next (i) and (iii) of Proposition 1.2.3 to deduce by symbolic calculus from (2.1.20)
equality (2.1.17). This concludes the proof. O
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Proof of Proposition 2.1.3: Since Ly = +Op,,(x + p/(££)), we may rewrite (2.1.17) as

L. Op,(m)(w,...,w) = ZOph(mg)[w, o Liw, o ww, . W)
=1
2.1.22 “
( ) + Z Op,,(my)[w, ..., w,w,...,L_w,... 0]
l=n'+1

+ h=°0p,(r)[w, . .., w].
We bound the L? norms of the different contributions to the right hand side. To treat
the two sums, we apply Proposition 1.2.7 with p = 1, making play the distinguished role
devoted to index n in (1.2.23) to the index corresponding to the £ w or L_w factor.
According to the last statement of that proposition, we get a bound by the right hand
side of (2.1.16). The L? norm of the last term in (2.1.22) is controlled by the right hand
side of (2.1.16) using (ii) of Proposition 1.2.5. This concludes the proof. O

We need also an estimate of the form (2.1.16) when we make act two operators instead
of just one.

Proposition 2.1.5 With the same assumptions as in Proposition 2.1.3, there is a con-
stant C' > 0 such that for any w in L?> N L with Lw, L?>w € L?, one has the estimate

1£20py (m)(w, ..., w, @, ... @)z < C|llwl|z=H | L2w]l 2

1_, n—
+he 7wl 32 ([ Lwl 2 + [[wllz2) [ £w]| 2

(2.1.23) S et
+ b w| R LwllFz 4+ B (w72 Lwl| 7.

+ A7 lwl = | Lwllze + 277 w7 |w]

Hy,

if sp is large enough.

Proof:  'We apply twice equality (2.1.17). We obtain that one may write the expression
2
(Oph(m + p/(ﬁ))) [Opy,(m)(w, ..., w)] as the sum of quantities of four following forms:

(2.1.24)  Opy,(mee)wiy, ..., Opy(@ + p'(ieke) )wiys - - ., Opy (@ + p'(i&e))ws, , - . ., w;,]

where myp is in S5 5({(x)">,n), 1 <€ < ¢ <n, supported in (2.1.15);

(2.1.25) Opy, (me)[wiys - - -, Opp(x + p'(i0&e) )iy, - - - w3 ],
with my, in S5 5({x)">,n), 1 <€ <mn, supported in (2.1.15);
(2.1.26) A 20p, (ro)[wiy, - - ., Opy( 4+ P/ (16&0))wiy, - - -, ws, ],

with 74 in S5 5((z) ", n), 1 <L < n;

(2.1.27) h21=90p, (1) [ws,, . . ., w;,]
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with 7 in S5 5({z)"™", n).

Let us estimate the L? norm of the product of each expression (2.1.24) to (2.1.27) by h™2,
writing h'Op,,(z + p/(££)) = L.

e To bound the quantity coming from (2.1.25), we use proposition 1.2.7 with p = 1,
making play the role of the special index n to the argument bearing the action of £%.. We
get a bound by

1o e
Cllwl[F | Lwllze + Chz~ el 32 (I Lwllze + [lwllzz ) 1 £2w]l 2
which is estimated by (2.1.23).

e To study (2.1.26) multiplied by h~2, we apply (ii) of Proposition 1.2.5 and get a bound
in Ch=7||lwl||%='||Lw]| 12, which is again controlled by the right hand side of (2.1.23).

e By (ii) of proposition 1.2.5, the L? norm of the product of (2.1.27) by h~2 is smaller
than Ch~7 ||w]|7<'||w]|z2, so than (2.1.23).

e We are left with studying the product of h=2 by the L? norm of (2.1.24). In that
expression, we decompose

W;, = Oph(X(hﬁgﬂ))wi[ + Op,((1 - X)(hﬁ&))wie

for some x in C§°(R), x = 1 close to zero, and do the same for w;,. The contribution to
(2.1.24) where w;, or w;, has been cut-off for large frequencies may be written using (i)
of proposition 1.2.3 as

Oph(mgg/)[wil, Ce ,u?ié, e ,QI)Z‘Z,, e ,wip]
where rig is in S5 5((z) >, n) and w;, or w;,, is equal to Opy,((1—x)(RP€))w;, or Op,((1—
X)(hP€))w,. It follows from Proposition 1.2.5 (ii) that the product of A2 by the L? norm
of this quantity is bounded from above by

Ch* 7wz 0pa((1 = ) (W€))wllr2 < CHP 7277 [[w]|7=! |w]

Hp>»
so by the right hand side of (2.1.23) if Ss > 2.

We are thus reduced to the study of

h=2||Opy (meer ) [wiy s - - ., Oy (2 + P (16€e) )X (B7E0) Y, . ..

2.1.28
(2.1.28) e Opu( + i) X (B w0 o

Remember that myy is an element of Sss((x) ", n) supported inside (2.1.15). Since we
have seen in the proof of Lemma 2.1.4 that on this set My (&) ~ (&) for any k, we conclude

that mye is supported inside {|x + ' (i&0)| < C’a(ﬁﬁ_“} and the same property with ¢

replaced by ¢'. We define ®,(z,&) = 7((x + p/(iefg))<£g>ﬁ) where v € C§°(R) is such
that &, = 1 on a neighborhood of that set. In (2.1.28), we insert the decomposition
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1 = ®y(x, &) + (1 — Dyp)(x,&) against (x + p'(ie€e)). The contribution corresponding to
1 — &, will give, by symbolic calculus and (ii) of proposition 1.2.5 a quantity bounded in
L? by Cxh" ||w||}=t|w]|z2 for any N. Using again symbolic calculus and the definition of
L, we finally reduce ourselves to the study of

(2.1.29)

Hoph(mﬂ’)[wiu SRR Oph(q)KX(hﬁ&))ﬁiewiw s 7Oph(¢f’X(hﬁ&’))£i5/wi@/7 s 7win] HL2

modulo remainders of the form h~2 times (2.1.26) or (2.1.27). Using (1.2.11), we see that
(2.1.29) is smaller than

Ch™ ||wl]|7=2 | Opy [+ (w, )X (WE)] Lw|| 1w | Opy [Pt (, ) x (R Lo 2,
where @ (z,£) = v((z + p'(£))(€)"). The last factor is bounded from above by C||Lw]|z

by (i) of Proposition 1.2.5. Assume for a while that we have proved

Lemma 2.1.6 With the preceding notations

(2.1.30) 10D, @ (2, OX(WO)Lw] 1 < Ch77 [||L%w]| || Lwl| 5 + || Lol 2]

Then (2.1.29) may be controlled by

o 1/2 3/2
Ch2||wl |72 [ || C2wl| 2 [ Ll + | Lwl3:]
< Cllw|[3= | £L2w] 2 + Ch=* |w|[3:3 | Lw |32 + Ch=2 ||w|[2:2]| L2

which is smaller than the right hand side of (2.1.23) up to a modification of the definition
of o. O

Proof of Lemma 2.1.6:  The symbol ®(z,&)x(h%¢) is in Ss4(1,1) if § > k3 and, by
(1.2.16) is supported in an interval [—1+ ch®, 1 — ch®] for some small ¢ > 0. We may thus
choose a family of smooth functions (6, (z))s, equal to one on this interval, supported in
[—14 £h°,1 — £h°], and which are in the class Ss50(1,1). We write

(2.1.31)  [|Op,[®@4(z, &) x(R*E)] L]z = |le~ /"0, 0p, (@4 (2, &) x (7€) Lw|| L
< ||D[e”*/"0,0p, [ (, &) (hﬂ@]zw]||”2||e—i@/h9h0ph[<1>+<x £)x <h%>]£w||”2

< (0~ % y,00, 10 x| Iwl

By (1.2.17), (1.2.16) with & replaced by dy and the definition of 0y, 0%[0,(z)dp(x)] =
O(h’%’a‘s), so that 0),(¢ — dp(z)) is in h=/%S50((€),1). By symbolic calculus, we bound
(2.1.31) by

1/2

O[h-w Opy 4 (. OXHE)(€ — dp)lCw] |

Ll 2] Icwl
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We are thus left with studying the first term, where the symbol may be written

5_ d(p / /
O, (2, )x (W€ =— = (x +p'(€) = bz, &) (x +p'(€
+(2,E)x( )$+p,(£)( (€)) = b(z, E)( (€))
for a symbol b belonging to S5z((&)* ™ (z)™> 1) C APt S; 5((x) >, 1) according to
(1.2.14), (1.2.15). Writing Op,,(z + p'(§)) = hL and using again symbolic calculus, we
bound (2.1.31) by
Ch=? [ 2wl 2 || Lw]| 157 + || Ll 2]

as wanted. O

2.2 First energy estimate

The goal of this subsection is to obtain L?-estimates for Lw, where w will be defined from
the solution v of (1.3.19). Let us remark that the L? norm at every fixed time of these
quantities will be finite if they are so at the initial time. Since the coefficients of L are
O((z)), we have to see that under conditions (1.1.9) on the Cauchy data, the solution p
of (1.3.3) satisfies ||zu(t, )| L2 < +o0o at fixed ¢. Actually, when ¢ stays in some compact
interval [1, T'| over which the solution p of (1.3.3) exists, it has on that interval uniform H*
bounds. Because of these bounds, if we commute to (1.3.3) the function z60(z/R), where
0 € C3°(R) is equal to one close to zero, we get that z6(x/R)u solves an equation of the
form (1.3.3) where the force term has L? norm bounded by C(1 + ||x0(x/R)u||2), where
C is uniform in R. Applying Gronwall lemma to the corresponding energy inequality
over the interval [1,T] and making R go to infinity, we conclude that zu(t,z) belongs to
L?(dx) for any given t. Expressing v from p by (1.3.13), we see that Lv will be in L? for
every fixed t. The same property will hold for functions deduced from v, like the w that
will be introduced below. A similar statement holds for £%v.

Another remark that will be used frequently in the rest of this paper is the following one:

Remark 2.2.1 Let n > 3, a be an element of Ss3(1,n) for some 6,8 > 0 and I be in

I',. There is 0 = o(6,3,0) of the form (1.2.22) such that R(v) o h?Opy,(a)[v;] satisfies
(1.3.17) and (1.3.18) if s — p is large enough.

Proof: Inequality (1.3.17) with k£ = 0 follows from (ii) of Proposition 1.2.5 (with ¢ = 2).
To prove (1.3.18), we write using (1.2.10) that

1004 (@) (vr) g2 < Ch2Opy (@) (wr) g0

and using (1.2.11) we bound the last norm by the sum for k; + -+ + k, < p+ 3 of
h=° (H?’IH(hD)kvaLoo) |(hD)*v]| 2. The last factor is controlled by [|v]|gs if s > p+3
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and the L norms are bounded, using again (1.2.10), by

I(hD)*v|| e < Ch™"||Opy, (X (A€))v]| 1 + Ch™Y2(|Op, (1 = X)(A7€))v]| o+
< Ch(|[ollz= + Valvl ;)

if (s — p)B is large enough. This implies that estimate (1.3.18) holds for R(v).

(2.2.1)

We still have to prove (1.3.17) for k = 1,2. One may write zOp,,(a)[v;] from the quantities
hOp,,(0a/0&)[vr] and Opy,(a)[zvi,, viy, - .., v;,]. Expressing

zv;;, = Opy (@ + p'(i161))vi, — Opy(p'(1161) v,
= hLl; v; — Oph(p/('ilfl))%

and arguing as in the case k = 0, one gets estimate (1.3.17) for R with k = 1. The proof
in the case k = 2 is similar. O

Recall from Proposition 1.3.3 that the semiclassical version of equation (1.3.3) is

(2.2.2) (D¢ — Opy, (A Ju = Z h'e Z Opy,(my)(vr) + A7 R(v)

Ier,
where my is in Sp (1, |I|) for some small 5 > 0 and R satisfies (1.3.17), (1.3.18). Recall
also that for n = 3,4, I € T™" we may write decomposition (2.1.5) of m;. We use the
symbol a; in the right hand side of (2.1.5) to define a new unknown

(2.2.3) w=uv-— Z h' Zh Opy,(ar)(vr).

The goal of this subsection is to obtain a L? bound for Lw under an a priori assumption
on [[v[[yyree + V|| us, for s, p large enough.

Proposition 2.2.2 Let 9, > 0 be small enough. Set p > 2k+2 and assume that (s—p)S
is large enough. Let By > 0 be a constant. Assume that the solution v of (2.2.2) exists
on some interval [1,T)| and that on this interval the a priori assumption

(2.2.4) sup (4, )z = + VAl Mg | < Bre <1
te[1,T

holds.

Then for t in the same interval and some constant C' independent of T and B,

t dr
2wt )oe < 2wt Vg + OB [ ul, e

(2.2.5) +CBie /Hw HL2

dT

+C'Ble/1 || Lw(T, ~)||Lz 7

where o is of the form (1.2.22).
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The proposition will be proved applying an energy inequality to the equation satisfied by
Lw. We study first the equation solved by w itself.

Proposition 2.2.3 The function w given by (2.2.3) satisfies an equation

(D¢ = Opy (M, ))w =h 3 Opy(my)(vr)

rerg:
4 n
+ YT Y Y Opy((@+p' (i) mi ) o]
n=3 (=11eTy,
(225) FHT R Oy ) (o)

n=3 IGFn

+ Zh S~ Opy () (vr)

Iely

+ h* 7 R(v)

where ¢ = 1,2, mf, is an element of 55”3(M(§2”+1)q<$)7q,n), where for I € TS, my s
an element of Ssz(1,3) supported in (2.1.15), where my belongs to Sspg(1,|1]), where R
satisfies estimates (1.3.17), (1.3.18), and where o is of the form (1.2.22).

We shall use the following two lemmas in the proof of the proposition.

Lemma 2.2.4 Leti = (iy,...,i,) be in T2 and a; be an element of S5 5(M§™(x) >, n).
Then, there is an element by in Ssz((x)” ", n) such that, with the notation (2.1.1)

Opy,(grar(&1s-- -, &) [vil = —=Opy (€ + p(§)) o Opy,(ar)[vi]

(2.2.7) + zn: Opp(ar)[viys - -, Opp(x€ + iep(iee))viys - - -, V4, ]

(=1

+h1_UOph(bI) [U[].

Proof:  Since € + p(§) is in Spo((z) (&), 1), it follows from (i) of Proposition 1.2.3 that

Opy, (@€ + ieplicke))ar) [vi] = Opy (an)[viy, -, Oy (wele + (i), - - -, i)
= h'°0py(cr)[vi]
where ¢y is in
Ssp({€) My~ ()™, n) C h™P"S55((x) ">, n).

One makes the same reasoning for the symbol z(& + -+ +&,) + p(& + -+ - + &,) instead
of x& + iyp(ie&,). This provides the conclusion since, by (2.1.1)

n

91(&1, - &) = Z(ﬂﬂ& + iep(ie&)) - (if(ﬁl +o &) ol e+ 5n))-

(=1
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Let us compute now the action of D; — Op,(A) on Opy,(as)(vr).

Lemma 2.2.5 Let I = (iy,...,i,) be in T*" and let a; be in Ssg(ME~ (x) "> n). We
may write

(Di = Op,,(N)[Opy(ar)[v1]] = Opy(arg)|vr] + A= Opy, (br) [vi]

6, i
+ Y h T 7 30 Opy(br)[vr] + KT R(v)
=3

I/EFn+n/71

(2.2.8)

where by is in S5p((x) "%, n), by in S5a((x) ", n +n' — 1), R satisfies estimates (1.3.17),
(1.3.18) and o = (0, B, p) satisfies (1.2.22).

Proof: ~ We make act D, in the left hand side of (2.2.8) on each of the arguments
(Viys - .., v5,) in Opy,(ar)[vr]. We replace Dyv;, by the linear part of equation (2.2.2) i.e.

. i
Opy, (& + inplings) - §h) Vi,

according to the expression (1.3.20) of A. The sum of —Op,,(A)[Opy,(as)[vs]] and of these
contributions has the form of the right hand side of (2.2.7), which gives, up to changing
the definition of by, the first two terms in the right hand side of (2.2.8). We consider next
the contributions obtained replacing in Opj,(as)[v;] one of the factors v;, by the nonlinear
terms in the right hand side of (2.2.2). We obtain, when for instance ¢ = 1, the two
expressions

,z,: i > Oph(aI)[Oph(mJ)[vJ],viQ,...,vin]

JEFn/

h*=70p,(ar)[R(v), vy, . . ., 03, ]

Since ay is in Ssg(MEHx) ">, n) C h=""DBSs 5((x) ">, n), we see according to (1.2.8)
that the first line in (2.2.9) gives the sum in (2.2.8). Finally, we have to check that the
second line of (2.2.9) provides the h*~?R(v) term in (2.2.8) (up to a modification of o).
As ag is in h=DBSs 5((x) ™, n), we obtain estimate (1.3.17) for R combining (1.2.11)
(with ¢ = 2,5 = 1) and (1.3.17) with k = 0 for R. Estimate (1.3.18) for R follows from
(1.2.12) and (1.3.18) for R.

(2.2.9)

Finally, the action of D; on the semi-classical parameter in Op, (as)[v;] in the left hand side
of (2.2.8) makes gain one power of h and thus provides a contribution to the Op,(bs)[v/]
term in (2.2.8). O

Proof of Proposition 2.2.3: We compute the action of (D; — Op,(A)) on w given by
(2.2.3). According to (2.2.3), (2.2.8), we obtain the sum of the following contributions

(2.2.10) h Y Opy(mp)[vil,

h
Iery
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(2.2.11) S TS Opy(mr — azgn)vi,

IeInch

_ 4 n—1 4 i(in—1 n—1
—R'7N Rz YT Opy(br)[or] —h D ( 5 )h = Y Opylan)vr]
n=3 IeTnch n=3 Iernch
(2.2.12) e
=> > h =7 > Op,(br)[or],
n=3 n'=3 I'el, 1
6
(2.2.13) ST B Opy(mi)vr]
n=>5 Iely,

and of a term in h*~°R(v). Let us examine the above expressions. By formula (2.1.7),
my in (2.2.10) may be written as the sum of a symbol supported in (2.1.15) and of
contributions that will form part of the second sum in the right hand side of (2.2.6). Up
to a change of the definition of m;j, this gives the first term in the right hand side of
(2.2.6).

Consider (2.2.11). By (2.1.5), this may be written as a contribution to the second sum in
the right hand side of (2.2.6).

In (2.2.12), the first two sums contribute to the third term in the right hand side of (2.2.6).
The last one may be decomposed into those terms for which 5 < n+n’—1 < 6, which give
the fourth term in the right hand side of (2.2.6), and those terms for which n4+n'—1 > 7,
that may be written as h3~° R(v) using Remark 2.2.1.

Finally, (2.2.13) contributes to the last but one term in (2.2.6). This concludes the proof.
(]

We may deduce from (2.2.6) an equivalent form of the equation where the right hand side
is essentially expressed in terms of w.

Corollary 2.2.6 The solution w of (2.2.6) satisfies

(D¢ = Op,,(M)w =h 3~ Opy(my)[wi]

h
Iery

+3 hT En: >~ Opy ((x + /(i) mi o) [wi]
(2.2.14) e Z:“ZGF"
+hT7Y R Y Opy (i) wi]

n=3 Iely,

+ 3BT Opy () [wi] + WP R(v)

n=>5 Iely,
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where mp,mi ,, my, R(v) are as in the statement of proposition 2.2.3. Moreover, (2.2.14)
with ¢ = 1 may be rewritten as

(Dy — Op,(A\)w =h > Opy(my)[w]

Ierg
4 n
n—1

N EDID Oph(m}j) Wiy Liwiy, .o w5,

n=3 (=11IeTy,

(2.2.15) 4
+ RN T Y Opy () wi]
n=3 Iely,

6

£ Y Opy ()] + B R()
n=>5 Iel'y,

for some new my in Ssg(1,n), and (2.2.14) with ¢ = 2 implies
(Di = Opp(N\))w = h Y Opy,(my)wi]

IeTsh
4 n
n—1

+h*Y Rz Y Y Oph<m%7z)[wi1,...,E?Zwiz,...,win]

n=3 (=11Iely,

4 n
o n—1 -
(2.2.16) RIS R Y ST Opy (g ) wiy, - Liywiy, - w;, ]
n=3 (=11€el,

+ RS RT S Opy (i) [wy]

n=3 Iel,

+h S R Y Opy(img)[wi] + h* 7 R(v)

n=>5 Iel'y,

for some new my, in S5.5((x) " m), iy in Ss5(1,n).

Proof: Remember that w is defined from v by (2.2.3), where a; in S5 g( M~ {x)"> n) C
h=(v=DBS;s 5({x)~>°,n). We may use this equality to express v from w, and iterate the
formula to write, using the composition result of (i) of Proposition 1.2.3,

(2.2.17) v=w+ Y h'T > Opylar)wr] + K* 7 R(v),

n=3 IEF%Ch

where R(v) is given by expressions of the form Op,,(cr)[vs] for some ¢; in Ss({x) ", n)
with n = |I| > 5. By Remark 2.2.1, R satisfies (1.3.17), (1.3.18). We plug (2.2.17) in the
right hand side of (2.2.6), and use again the composition results of Proposition 1.2.3 and
Remark 2.2.1, to conclude that one gets the right hand side of (2.2.14), with new values
for the symbols m; and a new remainder. To deduce (2.2.15) from (2.2.14) with ¢ = 1,
we use (i) of Proposition 1.2.3 to write

Oph((x +p,(i€§€))m},€) [wf] = Oph(m},é)[wila AR h‘ciewizv Tt 7win]

(2.2.18)
+h'~°Opy,(e)[w/]
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for some symbol e in S5 g(Mo(€)*,n) C h=2+DBS;s 5(1,n). The last term above con-
tributes to the Opy,(7)[w;] terms in (2.2.15) and the first one provides the second term
in the right and side of (2.2.15).

In the same way, using (1.2.7), we write

Opy, (@ + ' (e60))>m3 o) [wi) = Opy(mi Ywi,, - -, Opy(x + P (i660))*)wi, - - w;, |
+h'=70py (€' (& + ' (ie0)) ) [1]
+h*77Opy, (¢”)[wi]
with e' in S5 5((z) ", n), €® in S55(1,n). The last two terms induce as above a contribution
to the third and fourth terms in the right hand side of (2.2.16). The first one may be

written as contributions to the second, third and fourth terms in the right hand side of
(2.2.16) (see Lemma 3.1.1 below). O

Proof of Proposition 2.2.2: We apply the operator £ to equation (2.2.15). We notice the
fundamental commutation property

(2.2.19) (D, — Op,(\), £] =0

that follows by direct computation from the expression (1.2.21) of £ (one can also see
that in an easier way going back to the non semiclassical coordinates). We obtain the
equation

(2.2.20)
(D¢ — Opy(A)(Lw) = b Y LOpy,(my)[wy]
Iergh
4 n
+ Z h =2 Z Z (hL)Opy, (m}j) [Wiyy ooy Liywiyy o Wy,
n=3 {=11IeTy,

+hC 2_33 h*7 S (hL)Opy, () [w]

Iel'y

I3 3 (W) i) ]

Iel'y

+h* 7 (hRL)R(v) = (1) +--- + (5).

Since Opy, () is self-adjoint on L2, the left hand side of (2.2.5) will be bounded by the sum
of [[Lw(1,-)|zz and of the integral from 1 to ¢ of the L? norm of (1) + - -+ (5). We have
to control these quantities by the right hand side of (2.2.5). We shall see in Lemma 2.2.7
below that (2.2.4) implies that if € is small enough,

(2.2.21) sup |[|w(t, )lwp< + Vhlw(t, )|

H} S;QZglﬁ
te[1,7)

Let us assume that this inequality holds.
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e In term (1), I is characteristic and m; satisfies the assumption of Proposition 2.1.3. By
(2.1.16), we get

1Dl < ChlwlFlLwllz2 + b7 [[w][Fw [[w]| 2
1_, 1.
+ 12wl e [ Ll 72 + B |w] poo |w] 2| Lol 22 |

Using the a priori assumption (2.2.21), we bound the integral of this quantity from 1 to
t by the right hand side of (2.2.5).

e In term (2), we write hL = Op,,(z + p'(€)), with x + p'(§) an element of Syo((x),1).
By (i) of Proposition 1.2.3 and the assumptions satisfied by mj} ,, (hL)Op,(m;],) may be
written as Opy, (1 ,) for some 1y , in S5 5(Mo(€)**, n). We apply next Proposition 1.2.7
with p = 2k + 2, making play a special role to the argument £;,w;,. We get

1)l z2 < Czh g [|w||Wpoc||£@U||L2

n=3

1, —
+ 02wl | Lwll e (Jwl| 2 + || L] 2)

Arguing as above using assumption (2.2.21), we bound the integral from 1 to t of this
quantity by the right hand side of (2.2.5).

e Terms (3) and (4) involve also expressions (hL)Op, (1), except that 7y is here in
Ss,5(1,n). We write again hL = Op,(x+p'(£)). The contributions to (3), (4) coming from
Op,, (p'(€))Op,, (1) (wr) have a L? norm bounded from above by Ch'=7 ||wl|}7=t|w|| 2 by
(ii) of Proposition 1.2.5. After integration, they will be controlled by the right hand side
of (2.2.5). On the other hand, we write by (1.2.7), xOp,,(7)[w;]| from an expression as
above and Opy, (m)[hLi wiy, Wiy, ..., w;,]. By (ii) of Proposition 1.2.5, the corresponding
contribution to (3), (4) has L? norm bounded from above by Ch*~7 |lw||¥= || Lw|| 2> which,
integrated from 1 to ¢, is bounded by the right hand side of (2.2.5).

e To treat term (5), we notice that ||(5)]|z2 is smaller than h%=7 3 0||z*R(v)| 12, that is,
according to (1.3.17), by

(2.2.22) W2=7C([[v]| = + V]|

i3 ) ([0l ;) (ZH (hL) v”ﬂ)

To conclude the proof, we are left with showing that we may replace in the last factor in
(2.2.22) v by w. This is the statement of the following lemma. O

Lemma 2.2.7 Assume that on some interval [1,T] the a priori estimate (2.2.4) holds.
There is €y €)0, 1], depending only on By, such that for any € €]0, e[, any t € [1,T]

1
(2.2.23) Sl wpee < llwlts llwpe < 2lv(t, )llwp=
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my < lw(t, )l < 2[o(, -)lla;

(2.2.24) ;Hv(t, N

1E k ,
52 e < ZH (hL)¥ w(t, )||re < 2D |[(hL)¥v(t, )]l re,
0 0

0<k<2.

(2.2.25)

In particular, (2.2.4) implies if €y is small enough

(2226) sup [[(t, g+ Vilwit, )

te[1,T)

HZ:| S 2B1€.

Proof: By assumption a; € S5z(ME {(z)">°,n) C hPr=DSs5(1,n). We may write
(hD)*Op,,(as) from a linear combination of operators Opj,(aj" " *"&ft -+ - €5n) with s; +
48, < sand a7 in hARYS; 5(1,n). Cutting off the frequencies, sorting out the
cases when the largest one is respectively | ], [€2], . . ., we may write this symbol as a sum
of elements of the form aj'; ™ (£1)°, a7’y """ (£2)°,. . with ayy o in h=P=D S 5(1,n). Ap-
plying the estimate (1.2. 11) with ¢ = 2 puttlng the L? norm on the first, second,. . . factor,

we get
10Dy (an)[vrlllmy < Ch[vllZ=" o]

for some o independent of s. Inequality (2.2.24) follows from that, the definition (2.2.3)
of w and assumption (2.2.4). In the same way, using (1.2.11) with ¢ = oo, we get (2.2.23).
Estimates (2.2.25) are obtained similarly, making act hL on (2.2.3) and noticing that
since ay is in h=#(=1.S5 5((x) 7>, n), its composition at the left with hL = Op,(z +p'(€))
stays in a similar space. O

Hj,

2.3 Second energy estimate

In this subsection, which is parallel to the preceding one, we get L? estimates for £2u,
where u is again another unknown defined from v. We shall construct u in order to
eliminate in the last two sums in the right hand side of (2.2.16) all noncharacteristic
contributions. For each 3 < n < 6 and I € I',, which is noncharacteristic, we apply to
the corresponding symbol m; in (2.2.16) the decomposition (2.1.5) with ¢ = 1 i.e. we find
symbols by in S5 5(M§ " (z)">,n) and m}, in S55(M*(x)"",n) so that

ml(x7£17"'7§n) = 91(517-~-7§n)bl($,§1, cee 7£n)
+ D (@ + (1)) my (. &1 En)

(=1

(2.3.1)

We define next

(2.3.2) u=w—h'" "Zh Z Opy,(br)[wy] = h™° Zh T > Opy,(br)[wi]

n=3 Ianch Iel“nch

40



where ¢ is the one in (2.2.16), so that u is essentially an O(h?) perturbation of w.
The counterpart of Proposition 2.2.2 will be:
Proposition 2.3.1 Let o, > 0 be small enough. Set p = 4k+3 and assume that (s—p)f

is large enough. Let B > 0 be a constant. Assume that the solution v of (2.2.2) exists on
some interval [1,T] and that on this interval, the a priori assumption

(23.3) sup (4, ) lhug= + VIt g < Be <1
te[1,T

holds. Then for t in the same interval and some constant C' independent of T, B

(2.3.4)
t d
22t es < €201, e+ B [ E2u(r, s
t dr
+ 0 ['[Iutr i + BellCutr, s + (BRI Lalr, o] -2

dr

H; 7—1*0

t
CB2 2 .
+CB% [ u(r, )
t ) dr
+CBe [ (lu(r e + I1£ulr, o) 1 £2ur, 2 S5z

where o > 0 is of the form (1.2.22).
As in the proof of Proposition 2.2.2, the key point is to write the equation satisfied by w.

Proposition 2.3.2 The function u defined by (2.3.2) satisfies an equation

(D¢ — Opy(A)u=h Y Opy(my)[wi] +h*7 > Op, (i) [w]

Iergt Iergh
4 n
e n—1 ~
+h2 Zh 2 Z Z Oph(m}a [wil,... ,Eiéwie,...,win]
n=3 (=11IeT,
4 n
2.3.5 n—1
( ) —i—hQZh P Z Z Oph(mig)[wil,...,[,?Zwie,‘..,win]
n=3 {=11Iely,

6 n
+ hl_g Z hT Z Z Oph(ﬁ%h)[wil, e ,Eiéwié, Ce ,win]
n=>5

{=11€el'y

+ ¥ R(v, w)
where for I characteristic, |I| =3 (resp. |I| =5), my (resp. my) is in Ssp(1,n) and is

supported in a domain of the form (2.1.15), where mj, (resp. m3,) is in S5.5((x) ", n)
(resp. S5p(Mi*(x)™> n)) and where R(v,w) satisfies for k = 0,1,2 estimates of the
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form

(2.3.6)
2
J* B, w)le < C (ol + VAllllag + ol ) (ol e + VEllllg + o)
k
< (X (10 sz + 1) wli2) )
k'=0

Proof:  For easier reference in the proof, we denote by (1) + --- + (6) the terms in the
right hand side of (2.3.5). We compute (D; — Op,,(A))u from (2.3.2) and (2.2.16).

Consider first the contribution of (D; — Op,(A))w to (Dy — Opp(A))u , that is the right
hand side of (2.2.16). The first sum in the right hand side of (2.2.16) contributes to (1).
The second and third sums in (2.2.16) contribute to (3)+(4). In the fourth sum, when I is
characteristic, we decompose m; according to (2.1.7) with ¢ = 1 and use (2.2.18). We get
contributions to (1) + (3) 4 (6) according to Remark 2.2.1. When [ is noncharacteristic,
we decompose m; according to (2.3.1). We obtain the sum of

(2.3.7) h'=e Z WT S Opy(grbr)wr]

Ielnch

and of quantities of the form A7 Y1, h"s Oph((:v + p’(z‘g&))m}j) [wy]. Using (2.2.18)
and Remark 2.2.1, we see that this latter term can be written as a contribution to (3)+(6).

In the same way, the fifth term in the right hand side of (2.2.16) gives, when [ is char-
acteristic, a contribution to (2) + (5) + (6) using again (2.1.7) with ¢ = 1, (2.2.18) and
Remark 2.2.1. When I is noncharacteristic, we get by (2.3.1) a term in

6

(2.3.8) WSS RS Opy(grbr)w]

n=> IGF%CI]

and quantities in h1=7 320 _, hnT_lOph((x +p’(ig§g))m}ve) [w;] which, again using (2.2.18),
contribute to (5) + (6).

Let us study next the action of (D; — Op,(A)) on the nonlinear terms of (2.3.2) and show
that they compensate (2.3.7), (2.3.8) up to other admissible terms. We get contributions
of the form

(2.3.9) hl‘“;hnzl 3 [Oph()\)Oph(bI)[wI]—Zn:()ph(bf)[wil,...,thiz,...,win]]

I€Tnch =1

and

@310) 17732 HE S (09,00 b)r] = 3 Oy bty D1,

IeTnch =1
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modulo expressions obtained making act D; on the semiclassical parameter, i.e. quantities
of the form of the last two terms in (2.3.2) multiplied by a factor h. Such terms contain
h3~7 in factor and by Remark 2.2.1 will contribute to (6). In (2.3.9), (2.3.10), we express
Dyw;, from (2.2.14). By (1.2.8), the right hand side of (2.2.14) induces contributions of
the form h3~7O0py(€)[w;] or h*~7Op,(€e)[wi,, ..., R(v),...,w;,] for some new symbol e in
Ss.5((x)">,¢). Using Remark 2.2.1 and (ii) of Proposition 1.2.5, we see that these terms
contribute to (6). We are thus reduced to (2.3.9), (2.3.10), in which D;w;, has been
replaced by Opy,(z& + iep(ie€e) — h). By (1.2.7), (2.1.1) and the use of Remark 2.2.1,
we thus write (2.3.9) (resp. (2.3.10)) as the opposite of (2.3.7) (resp. (2.3.8)) modulo
contributions to (6). This concludes the proof. O

Proof of proposition 2.3.1: 'We have seen in Lemma 2.2.7 that assumption (2.3.3) for v
implies inequality (2.2.26) for w. Applying again this lemma for the expression of u in
terms of v, we see as well that

(2.3.11) sup [[lut, ) lwp= + Valu(t, )|

te[1,T]

In the right hand side of (2.3.5), we remark that since hL = Op, (x4 p'(§)), we may write
all multilinear terms as h'=7Op,, (m)[w;] for some symbol m in Ss545(1,n) (using (i) of
Proposition 1.2.3). If we express then w from u by (2.3.2) and use again Proposition 1.2.3
and Remark 2.2.1, we see that we may replace in all multilinear terms in the right hand
side of (2.3.5) wr by uz, up to a modification of the remainder A3~ R(v,w). If we make
act £2 on the resulting equation, we get

(Dy = Op, (N)(L7u) = h D> L*Opy(mi)[us] +h*™7 > L*Opy (i) ur]

rerg: rergh
4 n
+h SRS S (RL)20py (ks -+ Loty -y ]
n=3 Iel'y (=1
4 n
2.3.12 n—1
( ) +> hz Y Z(h[,)QOph(mig)[uil, . ,ﬁfeuie, T
n—3 I€T, (=1
6 n
"’hio. Z hngg Z Z(hﬁf@ph(m}’g)[um Ce ,Eiéuie, Ce ,uin]
n—=>5 I€T, (=1

+h (L)’ R(v,w) = (1) + -+ - + (6).

We have to bound the L? norm of (1) + - - - + (6) integrated from 1 to ¢ by the right hand
side of (2.3.4) under assumption (2.3.3).

For (1) + (2), this follows from (2.1.23) (with w replaced by u).

In term (3), 7y, is in S55((x)~",n) and hL = Op,(z + p/(€)) so that, by proposi-
tion 1.2.3 (i), this term is a sum of expressions

B (RL)Opy (g s -, Lty s, ], > 3,
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with 7, in S55(1,n). We write hL = Op,(z + p/(€)), and commute = to Opy, (1] ,),
putting the weight x on another argument than £;,u;,, say on u;,. We get contributions
bounded, according to proposition 1.2.5 (ii), by Ch'=7||ul|7=" || L 2, whose integral from
1 to t is smaller than the right hand side of (2.3.4) under assumption (2.3.11), and

(2313) h_”+%0ph(m}’z)[h£iluil,uiQ, ce ,Eieui“ ce ,Uin].

Write m}j(m,gl,...,gn) = <£1>_lc(x,£1,...,£n) for some symbol ¢ in Ssz((&1),n) C
h=5Sss(1,n). Using again (ii) of Proposition 1.2.5 and the Sobolev injection (1.2.10),
we bound the L? norm of (2.3.13) by

— — n— 3 o n—
CR*=||{hD) ™ Lu| oo || Luul| g2 |l 222 < Ch27 || Lu| e [lul 77
This quantity, integrated from 1 to ¢ is smaller than the right hand side of (2.3.4).

To bound (4), we notice that since m7, is in Ssa(My™ (x) 7%, n) with p = 4k + 3, and

(hL)? = (Opy,(x+p'(£))? is given by a symbol in Soo((x)?, 1), we may bound the L? norm
of (4) by
h||Opy (m)[wiy, - o, L3 iy, -y u, ] || o2

14
for some new symbol m in S(;,B(Mé’_l, n), again by Proposition 1.2.3. Estimate (1.2.23)
of Proposition 1.2.7 gives a bound in

n— §—o' n—
hlulffypie [£2ull 2 + h2 =7 (2 + | Lull2) | 220l 22 [[ull 7",
whose integral from 1 to ¢ is smaller than the right hand side of (2.3.4).
Term (5) is similar to (3).

Finally, the L? norm of (6) is bounded from above by the product of h'~? and of the right
hand side of (2.3.6) with k£ = 2. If we use (2.3.3), the estimate (2.2.26) it implies for w,
and the fact that Lemma 2.2.7 applied to (w,u) instead of (v, w) allows one to replace
the ||(RL)* v 12, ||(hL)¥ w| 12 terms in (2.3.6) by ||(hL)* u| 12, we finally get an estimates
by

oo (e (310l

whose integral from 1 to ¢ is smaller than the right hand side of (2.3.4). This concludes
the proof. O

3 L™ estimates and proof of global existence

The goal of this section is to deduce from the PDE (2.2.2) satisfied by v an ODE, that
can be thought of as the classical counterpart of the PDE. The remainders generated by
the reduction of the PDE to an ODE will be estimated from the norms || Lw||rz2, ||£%ul| L2
which obey inequalities (2.2.5) and (2.3.4). Studying next that ODE, we shall be able to
obtain L* bounds for v, that will be used to complete the proof of global existence, and
to uncover the asymptotic behavior of the solution.
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3.1 From the PDE to an ODE

From now on, we fix p = 4k + 3, so that p will satisfy the requirements made in Propo-
sitions 2.2.2 and 2.3.1. We take § > 0 a small number and § = Af, where A is a large
enough number, depending only on x. The parameter § will be taken small enough so
that ¢ and the (finitely many) quantities o = o(f3, d, p) of the form (1.2.22) introduced up
to now will be small enough. Finally, we fix an integer s so that (s — p)S is large enough.

Let T" > 1 be some number and assume we are given a function v in L*([1,T], H;) N
L>([1,T], W), solving equation (2.2.2). We rewrite this equation as

(3.1.1) (Dy — Op,,(A)v =h Y_ Opy,(my)[vs] + h%_"r(t, T)

Iel's

where we singled out the cubic contributions, and r is made of the terms of order at least
four and of the remainder. This remainder term satisfies

2
It )l < C(||U||L°° + V|| H;) <||U||L<>o + Vhv] H;) 0] z2
2
(8, Mlpszee < C (0l + VRllollag ) (ol + VRlwlg) [0l + 0]

(3.1.2)

Actually, by Remark 2.2.1, terms of order at least 5 satisfy the above estimates. Quartic
contributions to r satisfy the first inequality (3.1.2) by (1.3.17). On the other hand,
(1.3.18) involves a h~'/2 loss which does not allow to deduce directly the second estimate
(3.1.2) from Remark 2.2.1 for terms homogeneous of degree 4. But by (1.2.12), we may
bound for [ in I'y

10ps (mn) [vrlllyprace < CR™7|v]| 70

which implies the wanted inequality.

Recall that we defined in (2.2.3) the new unknown

1
(3.1.3) w=v—3 1T Y Op,lar)[vs]

n=3 Ieryeh
where a; is in S5 a(M§Hx) ", n) C h PS5 5((x) ">, n), n = |I|, and is supported
inside

(3.1.4) M@ &, &) |z + 0/ (i) < o)™}

(=1

for some small o > 0.

Let £ — X(&) be some smooth function satisfying for some ¢ in Z

(3.1.5) ED()] < Cri©)T™", 1S(E)] = ()",

In practice, we shall take below either X(&) = (€)™ or X(¢) = (€)™ in which case,
g = —1). We define

(3.1.6) v™ = Op,,(X)v, w* = Op,(L)w.
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Since X(€) € Spo((€)%, 1), B(E)™' € Spp((€)7%, 1), the symbols

mr (& &) =mi(lr, . &)D(E + -+ &) [[ B
(3.1.7) !

a%<$a£17 s 7£n) = al(xaé-l) cee 7€n)2(€1 +-+ Sn) HE(S[)_l
1

belong to h=7Sy 5(1,n) and h=7Ss 5((x) ">, n) respectively, for some ¢ depending only on
d,8,q and so on 6, 3,p as —1 < ¢ < p + 1, satisfying (1.2.22). By (i), (iii) of Proposi-
tion 1.2.3, we may write

Op,,(2)0py (m1)[vr] = Opy,(my)[vr ]

Opy(%)Opy(ar)[v1] = Opy(a7)[vr] + k'~ Opy, (br)[vi]

for some b; in h=7S5 5((x) ">, n). As X(hD) commutes to the operator D; —Op,,()) (since
¥ (D) commutes to D; — p(D)), we deduce from (3.1.1) and (3.1.8) that

(3.1.9) (Di = Opy(N)v” = b 3 Opy(my)[of] + b2~

Iels

(3.1.8)

for some new o = (0, 3, p), where

(3.1.10)
2
IZ(RD) (e < C (ol + Vallol ) (lollze + VAol ) ol

2
1=tz < C(I0lle + VAllvllas ) (10l + VRlollms ) [lvllag + lvlle-],

the last estimate following from the boundedness of Y(hD) from W™ to L* since
q < p+ 1. If we apply Op, (%) to (3.1.3) and use (3.1.8), we obtain

(3.1.11) Zh Z Op,,(a7)[vF] + h* 7rF,

IEFnCh

where 77’ may be written as h="Opy, (b;)[v;] for some by in Ss5((x)~>,n). Using Propo-
sition 1.2.5 (ii) and modifying the value of ¢ in (3.1.11), we may thus estimate

K)ri' (8 )llze < Clllvllz=) lolgee o]l 2

[)ry' (¢, iz < Clvllze)lvllZe-

Our goal is to deduce from (3.1.9) an ODE satisfied by v*. In a first step, we shall express

v* from w* given by (3.1.11) through a local formula. Before stating this result, we prove
two preliminary lemmas.

(3.1.12)

Lemma 3.1.1 (i) Let ¢ be a symbol in Ss5(M,1) for some order function M. One may
find symbols e; in 5575(<IB>27€M, 1), £=0,1,2 such that

Opy, (& +p/(9)%e(w, €)) = ihOpy (c(x, P ()

2
n Z h(z_z)(l—é)oph(eé) o [Opy,(z + p'(f))]£~
=0

(3.1.13)
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(ii) Assume that in the preceding statement, c(x, &) = (x+p'(§))c(x, &) with & a symbol in
S5.5((x) "M, 1). Then one may drop the first term in the right hand side of (3.1.13).

(iii) Let a be an element of Ss5o(> <&)Q,1), for some Q@ € N (depending only on p),
X € C(R), equal to one close to zero, v € Cg°(R), equal to one close to zero, with small
enough support. Define for B > 0 such that 6 > (k + 1)

oz, ) = (W)Y ((z + P (©)(©)")alw, €).
There is a family (05 (x))n of C3°(]—1, 1]) functions, real valued, equal to one on an interval

[—1+ chP® 1 — chP¥], satisfying ||0“0n||L~ = O(h™P**) and symbols e, in 5257,3(<x)27€, 1),
¢ =0,1,2 such that

Opy (@ +(9)el(w, €)) = ihOpy, (a(w, dip(2))p" (dp ()0 (2)x (R€) )

2
773 hEO090p, (¢f) o [Opy a + /(€))%
£=0

(3.1.14)

(iv) Let n € N*, a an element of Ss3(X ()9 (x) ", n), I € T,,. There is a symbol ey in
Ss.5(1,n) such that if I = (iy,...,i,) and w; = (w4, ..., w;,) with wy = w,w_; =W
Gi1s)  OP(a@n 8@ PO ] =

Opy (a)[Opy (= + p/ (£61))wiy, Wiy, - ., w3, ] + 177 Opy (eo) [wr].

(v) If I = (i1,...,in) is in [y, denote dpr(z) = (i1dp(x), ..., inde(x)). Let a be in
Ss0(X (€9, n) and x, 7,0y as in (iii) above. Then if

n

o, &1, &) = [T (@ + P (1) (€0)") ) alw, &, -, n)

1

we have
Opy(€)[wr] = Opy [Bn(@)a(e, dor(x)) T x(h7&) | [wi]
(3.1.16) +h™° zn: Opy,(eo)[wiy, -, Opp(@ + p'(06&e))wiyy - - -y wi,

+ h'77Opy (eo) [wi]

where eg is in Sas5(1,n).

Proof: (i) Since x + p'(€) is in Spp((x), 1), formula (1.2.7) shows that we may write

Opy ((z + 1/(€))%c) = ihOp,, (9el(z + p'(£))d])
+ Op; (@ + p(€)c) 0 Opy(x +p'(€))
+ hmf‘;)Oph(eo)
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for some eq in S5 g((z)>M,1). If we use once again the same formula, we get (3.1.13).

(ii) In this case, the first term in the right hand side of (3.1.13) is equal to the operator
ihOp,, (6(:1:, " (&) (x +p’(§))). Repeating the above reasoning, we see that this operator
may be written as contributions to the sum in (3.1.13).

(iii) We replace in the symbol ¢(z, £)p” (§) of the first term in the right hand side of (3.1.13)
c(x, &) by its value, and expand a(z,&)p”(§) at £ = dp(z). We get

(. E)p"(€) = X&)y ((a + P (E)E)") ' (dp)ilx, dg) + (x + 1/ ()bl ©)

where

(3.1.17) b(x, &) = /01 Oc(a(x,  )p") (7€ + (1 — ﬂdso@))dr(i;if((g).

By (1.2.15), (1.2.17) and the fact that (dp) ~ (£) on the support, we see that the product
X(hﬁf)’y((x +p’(§))(§>”)b(z,§) is an element of
W0 Sas5((€)" 9, 1) € RISy (1, 1)

if 6 > (k4 1)5. Consequently, up to en extra h~7 loss coming from the above inclusion,
the first term in the right hand side of (3.1.13) may be written as a contribution to the
sum in (3.1.14) and as

(3.1.18) ihOp, (p"(dp)i(e, dp) X (W) ((x + P ())(€)"))-

By (1.2.16), the symbol in (3.1.18) is supported for = in some interval [—1+ch®® 1—ch*?],
so that we may find 6;, as in the statement which is equal to one on that support. We
may thus write (3.1.18) as the first term in the right hand side of (3.1.14), modulo

ihOp, (p"(d)i(, d)Oh()x (7€) (1 = 7)((z + P ())(€)"))-

According to (ii), this last operator may be written as a contribution to the sum in (3.1.14)
(as (dp(2))?0,(x) = O(h™0) for a convenient o).

(iv) Equality (3.1.15) is just a restatement of (i) of Proposition 1.2.3 (under a weaker
form), using that S5 s(>° (&), n) h=PRSs 5(1,n).

(v) The proof is similar to the one in (iii). Expanding a(x,&) in the expression of ¢ at
¢ = dpr(z), we write Op,,(c)[w,] as the sum of

Opy, (a(@, dpr) [T € (( + P/ (i060)) (€0)"™) ) [d]
and of expressions of the form Op,, (bg(l' + 9 (16&0)) TT(xX (WP (2 +p’(ijwij))<fj)”))) with

b6 = [ @76 + (1= 7)) dm

The product by [T(x(h?&)v((x + p'(i;€;))(&;)")) belongs to h™7Sas5(1,n) if 6 > (k+1)8
and the conclusion follows as in the proof of (iii). O

48



Lemma 3.1.2 (i) Let Q be in N (depending only on p), f >0, 6 > 5(k + @), § small
enough. Let a be a symbol in Sso(3 (€,)¢,n). With the notation (3.1.6), we may write

(3.1.19) Opy, (aﬁ X(hﬁfg)) [w¥] = O,(z)a(z, do; (z))w} + h2~or?

where r¥ satisfies estimates

n—1
17 (¢, e < C(lwllze + VRlwllag) (1£w]ze + wllm;)

(3.1.20) . y el
17 ()2 < CR2(Jlwllp + Valwlla) (1£wlze + [lwl

and where, in the right hand side of (3.1.19), wy stands for w, - - - w? .

in

(ii) Let a be a symbol in S5o({x){(€),1). Then if g—g(x,dw) =0,

i (02a)(x.dy)

(3.1.21)  Opy,(x(h7€)a)w™ = Oy(x)alz, dp)w™ + hby(x) {2 7 (d)

]wz + ha oy
where > satisfies the bounds

2
[Pt o= < C(XNE wlze + wl; )
(3.1.22) =t

2
[Pt ez < CRY2(RNE wloe + g )-

(=1

Without the assumption that Oca vanishes on { = dy, we have instead the equality
(3.1.23) Op, (x(h*€)a)w® = 0, (z)a(z, dp)w™ + hz 7"

where r* satisfies (3.1.22).

Proof: (i) Taking v in C§°(R), with small enough support, v = 1 close to zero, we
decompose a(x, &y, ..., &) 1T x(RP&) = a; + as with

e &) = a8 T (060 (@ + g ) ).

1

We may decompose ay as a sum of symbols a(z +p/(ie&,)) with a$ in the class of symbols
S5.5((X (€)@ (x) ™", n). Using (iv) of the preceding lemma, we may write Op, (as)[w}]
as a sum of expressions

(3.1.24) Opp(as)[w;, ..., hLywy, ... w>] + h'~7Op,(e)[w]].

717 107
Commuting Op,(¥) to £;,, we may rewrite this from w as

hOph(a’g)[wil? R Oph(<€>_1)£izwiw cee 7win]

(3.1.25) s -1
+ hOp,(&)[wiy, - .., Op,((§) ™ wiy, - ., w, |
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for some new symbols a4 in S5 (X (£4))9,n) C hP9"S54(1,n) (for some Q" depending
only on p) and € in h™7Ss5(1,n). By (1.2.11), the L? norm of this quantity is bounded
from above by the right hand side of the second inequality (3.1.20) multiplied by hi=. To
obtain the L* estimate, we use (1.2.11) with ¢ = oo, to bound the L* norm of (3.1.25)
by
Ch'= [lwll<! (110pa((€) ™) Ll + 110pA((€) o]l ).

Using the Sobolev injection (1.2.10), we control this by the product of the right hand side
of the first inequality (3.1.20) multiplied by h3=7.

Consider now the contribution of Opj,(a;)[w¥]. By (3.1.16), we may write this as a term
of the form (3.1.24) multiplied by A~7, that has already be treated, and of

Opy,[0n(w)a(z, dor) T x(W°&0)][w7]
= On(z)a(z, der)wy + Opy[Oh(x)a(z, der) (1 — [T x(A7€))]fwr].
In the last term, one of the frequencies is localized for |&| > ch™”, so that, if B(s — p)

is large enough, its L? norm may be controlled by h™|jw”||7<!||wl|gs. We may always
bound

(3.1.26)

Jwl= < 0P (X(RPE)S(E))w]l 1 + 10pA((1 = X)(HE)S(E)) ]| o
< Ch 7wz~ + CR?|Jw]

Hy,

for large enough A3s, in order to estimate the L? norm of the last term in (3.1.26) by the
right hand side of the second estimate (3.1.20). One argues in the same way for the L
norm using Sobolev embedding (1.2.10). This concludes the proof of (i).

(ii) We study Op;,(ax(h’€))w*. We decompose
a(w, E)X(h°€) = a(z, X (W ((@ + P ())E)") + m(z, )

and we may write a; (z, €)X (&) = ¢(z, &) (x +p'(€))?, where ¢ is in S5 5((z) " (€)"7*T**) and
satisfies the assumptions of (ii) of Lemma 3.1.1 with M = (£)?***** It follows that

2
(3.1.27) 104 (ar)w™ |22 < D h*~°E=9(|Opy () Low]| 2
=0

with ey in Sy 5((z)> ()71 1) € h7855((x)> ", 1). We deduce from that a bound of
|0Op,, (ay)w*|| 12 by h*~° (ZgHﬁngLz) using Proposition 1.2.5. We thus got an estimate

by the product of h3=9 and the right hand side of the second inequality (3.1.22). To get
the L* bound, we use again Sobolev embedding

10Dy (@) w® || < Ch™2||Opy, (a1)w™|

and deduce an estimate by h2~° times the right hand side of the first inequality (3.1.22)
arguing as above, with p replaced by p + 1. We thus reduced ourselves to the study of

(3.1.28) Opy (a(e, X (W€ ((x +p'(©))(&)") )w™.
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The symbol of this operator may be expanded at order 2 on { = dy(z) i.e. using that

g—g(x, dp) = 0, written as

Xy (@ + P (©))(©)")alz, dip) + e, &) (@ + p'(€))?

with c(z,€) = x (W€ ((x + p'(§)(€)")alx, &) and
at,6) = 1( + ) () [ Gt e+ (L= ndpla)(1 - ) e

where ¥ € C§°(R), 4y = 7. Then c satisfies the assumptions of (iii) of Lemma 3.1.1, with

a(x,dyp) = W%(w, dp). According to this lemma, we may write (3.1.28) as the sum
of

Oy (X (W) (( + P (©)(&)")alz, dp) )w”

i Oza(x, dy)
" hOph<2 P'(dy)

3.1.29
(31.26) eh(x)x(hﬁg)>w2

and of terms whose L? norm will be bounded by 4~ times the right hand side of (3.1.27)
(up to a change of ), so that will contribute to the remainder in (3.1.21). We are left
with writing (3.1.29) as the first two terms in the right hand side of (3.1.21), up to new
remainders. We may eliminate the factor fy((x +p (5))(5)”) up to a 6, cut-off as after
(3.1.18). Finally, the cut-off x(h°¢) may be removed as in (3.1.26). This concludes the
proof of (3.1.21). Formula (3.1.23) is shown similarly. O

Proposition 3.1.3 (i) There is a family (6,)n of C§°(R) functions, supported in some
interval [—1 4 chP®, 1 — chP*], with (hoy,)*0, bounded uniformly in h, such that, if a is an
element of S5o((x)(§),1) with Oza(x,dp) = 0, there are a continuous Ry -valued function
C(+) and a constant Cy > 0, so that one may write

s _ 5, hy o (GFa)(w,de)
Op,,(a)v™ = Oy (z)a(z, dp)w +z§9h(x)§p”<—d@)w

+h Z Qh(a:)ﬂfz(x)wfz + ha—opE

Teryeh

(3.1.30)

where vy (x) = a(z, Y iedp)a¥ (x, dor), with aF given by (3.1.7), and where the remainder

o1



r¥ satisfies estimates

7=t Mz < Cl[vllze, [wllzoe, VAllwlm) ([0l + ]|z + VAlwll;)?

2
X(lwllas + >l + [[v]las)

1

2 k

FO (1wl + DL w2 4 (o]l ;)

(3.1.31) !
7=, |z < C([vllzee, ]z, VAwllzs ) (vl + [lwllze + VElw]| ;)2

X ([w]

2
s + O L2 + [[ollas + vl + lwl|z)
1

+Cullalg + 31wl + Lolag)

(ii) Let I be in T, and denote by my the function defined by (1.3.25). Set
(3.1.32) M€ &) = BG4+ EmulEs . &) TTR(E) ™
This is an element of S55(3 (€9, n) for some Q € N. Set
(3.1.33) 7Y (z) = z(gj iedp) T] S(iedip) 'my(depr).
Then
(3.1.34) Opy (m3)[vr] = On(2)7F ()0 () + h2 =1}
where the remainder satisfies

17 (t e < Clwlliss wlloe, VRlwll) (0]l + [l ]z + VAl[w]| ;)

X ([[w]

7t ez < Ol wllze, Vjw]

wy + [ Lwllzz + ol + fJwlz<)
) ([0l + wll e + Vh|wllm)®
my + |Lwl[ g2 + [[vl]22).

(3.1.35)

X ([Jw]

Proof: (i) We start proving the following estimates, when a is a symbol in S5o((z)(£), 1)
and X () satisfies |8§2(§)| — O(()"17h):

(3.1.36) 10D, (@) [Opy (o] 12 < c(;uwc)’“vﬂmfH“Hi;w
(3.1.37) 10p(a)[Op,, (2)v] || < Ch%(zoju(h.c)kvup)%Hva{i%
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To prove (3.1.36), we notice that a(z, €)X(£) may be written as (za'(z, &) +a” (z, €))(€)7 T
with a/,a” in Ss5p(1,1). By (i) of Proposition 1.2.5, and the fact that [z, Op,(a)]
Opy,(ihdea'), we see that (3.1.36) is bounded by ||zv: |2 + ||v1 ]| 22 with vy = Op, ((€)77*)v.
We estimate

1 1 2 Lo
Joevnlla < el peallnl e < C(NBLY0l12) ol v
0

1 1
[orl[z2 < CllollE [0l f2p4s
h
which gives (3.1.36). To prove (3.1.37), we write by Sobolev injection
1
10p,(a)[Opy ()]l < Ch72([Opy(a)[Ops ()] |
and deduce (3.1.37) from (3.1.36) applied with p replaced by p + 1.

To proceed, let us use (3.1.11) to express v* from w™, Op,(a¥)[v¥] and the remainders.

In the multilinear terms, let us express again v> from w*. We obtain

4 7
(3.1.38) v¥ =w"+ 3 = 3 Opylap)wr]+ 3 b= 7 3 Op(b7)[vr] + h*7ry
n=3 n=>5

Ielnch Iel,
where b¥ are some new symbols in Ssg((z) ", n) and where r3 is computed from the
remainder in (3.1.11), and from expressions of the form Op,(a7)[w, ..., ri, ..., w]. As

a¥ may be written from (3.1.7) as a7 [ 3(&) ™" for some a7 in h=7S55({x)">, n), we see
that the L? (resp. L*) norm of the product of (x) by each element of the sums in (3.1.38)
corresponding to some n > 4 is controlled, according to (1.2.11), by

2 o
Clllvllze, lwlz=) vl + llwllz<([vllz2 + [lw]lz2)h?

(resp. C(||v]| g, [[w]l o) [Vl + [[w]z<]?h277). In the same way, using (3.1.12), we
bound |[(z)r¥||z2 and ||(z)r¥| .~ by the same quantities, up to the factor h2. Conse-
quently, we have obtained that

(3.1.39) v =w”+h > Op,la))wy] + hz o

Ieryeh

where r> satisfies

Kz)r=llze < Cllollze, lwlze) (ol + lwlz=)* (o]l 2 + lwll2)

(3.1.40) . ;
)7 llzee < CClvllpee, 1wl ) (0] oo + [lw]]2o)".

Consider now a symbol a in Sso({x)(£),1) and write
(3.1.41) Opy(a)v™ = Opy(ax(h?))v™ + Op, (aS(€)(1 — ) (7€) )v.
If we apply (3.1.36), (3.1.37) with v replaced by Op,((1— x)(h?¢))v, and use the estimate

10pA((1 = X)(W?E))ull g < CHP 0] .
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we see that for (s — p)f large enough, the high frequency contribution in (3.1.41) is
bounded by the last term in the right hand side of (3.1.31) multiplied by h32. We are
thus reduced to the first term which, in view of (3.1.39), may be written

Opy, (ax(h€))w™ + h > Opy, (ax(h7€))Opy(a7) [wy]
(3.1.42) reryer
+h270p, (ax (h€))r®.
As ax(hP€)) is in h=PSs 5({x), 1), it follows from Proposition 1.2.5 and estimate (3.1.40)
that the last term will contribute to the remainders in (3.1.30). The first term is expressed
by (3.1.21) in terms of the first two terms in the right hand side of (3.1.30) and of a

remainder bounded by the last term in each formula (3.1.31). We are reduced to the
study of the middle expression. Using Proposition 1.2.3 we may write

(3.1.43)  Opy, (ax(h7¢))Opy(a])w}] =
Opy (a(e, &+ + &R (& + -+ &))ar (&, -, &) [wr] + B 7O, (br)[wi]

for some b; in Ss55(1,n). The last term will bring a contribution to the remainder in
(3.1.30). The first one may be written, introducing a new cut-off xy; € C§°(R), equal to
one close to zero, with small enough support, as

Opy (alw, & + -+ &)ar (@&, &) T xa (0760 [
+0p(clEr, . EIX(RP(E + -+ €)1 = T xa(h°€)) ) [w])]

for some ¢ in h=7Ss5((x) ", n). By (3.1.19), the contribution of the first term to (3.1.42)
will be of the form

(3.1.44)

ROy (2) 77 (z)wF + ha=op”
with r* satisfying (3.1.31) and 7¥(z) = a(x, Y dedp)a¥(z,dpr(x)). On the other hand
the L? (resp. L) norm of the last term in (3.1.44) is bounded using (1.2.11) by
Ch=7||w||z=[0pA((1 = x2) (WP€))wl|z2 (resp. by Ch=7[lw][7|Op,((1 = x2) (A7€))w| 1)
for some new xy € C§°(R), x2 = 1 close to zero. This term will be thus controlled by
AN ||w || 2t |w] my if sf is large enough relatively to IV, so brings again a contribution to
the remainder.

(ii) We compute Op,(m¥)(vy) expressing v* from w* and higher order terms in v*,

according to (3.1.11). We obtain contributions of the form Op,,(m7)(w¥) which, according
to (3.1.19), have the wanted form, and contributions which, due to the composition result

(1.2.8), may be written
(3.1.45) hOp,,(D)[0F, ..., 0]

rvn

where b is in h™7S;55((x) ", n), n > 3, and ¥} stands for either v or w*. As v* (resp.
w*) may be replaced by v (resp. w) up to multiplication of b by a factor $(&,), which
just changes the exponent o by a multiple of 3, we see using Proposition 1.2.5 that the
LP norm of (3.1.45) is bounded from above by

W=7 C(ollzee + wllzoe) (vl + lwllz=)*(0llze + wllze), p=2,00
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so gives a contribution to the remainder. O

We use the preceding results to derive an ODE from equation (3.1.1)

Proposition 3.1.4 Assume that we are given constants A,B > 0, some T > 1 and a
solution v € L>®°([1,T], H)NL>([1,T],W;"™) of equation (3.1.1), satisfying the following
a priori bounds, for any € €]0,1],t € [1,T]

2
(3.1.46) lo(t, e + lwt, g + DL w(t, )|z < AR
1

(3.1.47) Jeo(t, e + [o(t, |~ < Be

for some o of the form (1.2.22), small enough. Denote by Iy = (1,1, —1) the unique
element of TS". Then, with the notation of the preceding proposition, v* solves the ordinary
differential equation

D™ (t,x) = Op(@)w(@)0™ (t, ) + hoy(w)my, (dory () 2(dep) 20”0
(3.1.48) +hOx(z) > vi(z)op + hgf"rz(t, ),

Ierye

for a new o satisfying (1.2.22), where m; (dp,(x)) is given by (1.3.9), vi(x) is a smooth
function that satisfies estimates of the form |(h0y)*[0n(x)vy (z)]| < Ch™7, and where the
remainder r* is such that

(3.1.49) 7% (t, )| e < C(A, B)e 4+ C Ae
for some continuous function C(-,-) and some constant Cy. If ¥ = O(1), we have also

(3.1.50) 7=(t, )||2 < C(A, B)é® 4 C) Ae.

Proof: 'We make act Op,,(2) on (3.1.1) and write in the right hand side v = Op;, (X 71)v*>.
Since X(£) = O((6)"*), Op,(X) is bounded from W/T** to L, so that the second
estimate (3.1.2) implies that h7Op,(X)r satisfies (3.1.49). When ¥ = O(1), the first
inequality (3.1.2) implies that (3.1.50) holds. Since Op,(X) commutes to the linear part
in (3.1.1), we get

(Dy — Op,(\)0® = b 3" Opy,(m)[wfF] + h2~or}

Iel's

with a new o, ri* satisfying (3.1.49) and (3.1.50), and m7 given by (3.1.32). Applying
(3.1.34) to the first term in the right hand side, we obtain the second term and contri-
butions to the third one in the right hand side of (3.1.48), noticing that when I = I,
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Up () = X(dp) " *my, (der, ), with the last factor computed in (1.3.9). On the other hand,
Op,,(A\)v* may be computed from (3.1.30). One gets

(3.151)  Op,(\o® = u(a)(x - dip + pld))uw® +h 3 Ou(w)7F(e)wf +h3ory

Ieryeh

where 73 satisfies (3.1.31), o7 (z) is of the same form as v7(x) in the statement. We still
need to express the right hand side of (3.1.51) from v. We may do that using (3.1.30) with
a =1, 0 replaced by a function Qh of the same form with eheh = 0}, up to a modification
of the contributions indexed by I € T3 and of the remainder. Since z - dp + p(dy) = w,
we obtain (3.1.48). O

3.2 Uniform estimates and global existence

Let us deduce from the ODE obtained in Proposition 3.1.4 uniform bounds for our so-
lution. Let us rewrite equation (3.1.48) in a more explicit way. The elements I of T3
are (1,1,1), (1,—1,—1), (=1,—1,—1). The corresponding trilinear expressions v¥ are
respectively (v2)3, [v=]*0% (13 ) and the weights v7(x) will be denoted as ®F, ®>,, ®>,.

Moreover, the weight of |v¥[*v¥ is

(3.2.1) Oy (2) = p(dp) @ (2)(dyp)

according to (1.3.
and when ¥(§) =
given by (1.1.14).

9). In particular, since ® given by (1.1.8) is real valued, ®F is real valued
p(&)~!, ®F = . In the special case of the Klein-Gordon equation, ® is

Equation (3.1.48) may thus be written
522) D™ = O (x)w(@)o™ + hoy(x) [0F (v%)* + OF[v™[ 0™ + &%, [0™[*5% + 0%, (57)?]
—l—h%*"rz(t, x)

with still h = 1/t and r* satisfying (3.1.49), (3.1.50).

Proposition 3.2.1 (i) There are a continuous function (A, B) — C(A, B), a constant
C1 > 0, a polynomial Py of valuation at least 2, and a function o satisfying condition
(1.2.22) such that, if v € L>®([1,T], H) N L>®([1,T], W) solves (3.1.1) on [1,T] x R
for some T > 1, and satisfies for any € in an interval |0, ey with e < 1, any t € [1,T],
the inequalities

[v(t, )] ms + ZHE’“ Mz < AR

s —|'— w
(3.2.3) iy + ot

[ (t 7')||L°° + vt )l < Be,
where w is defined from v by (3.1.3), then for any € €]0, €], any t € [1,T], h =1/t,

10p, ((€)" ot )l < (DY 0 (L, Yz + Pa((|Op, ((€)" )0 (t, ) )

(3.2.4) " ;
+Po(I[{D)* o(L,)|[L=) + C(A, B)e” + C1 Ae.
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(i) Moreover, if T' = 400, there is a family of functions (0n(x))n, C*, real valued, sup-
ported in some interval [—1+ ch® 1 — ch*?], such that for any k (h0y)*0,(x) is bounded,
and a family (ac)eo.e) of C-valued continuous functions on R, supported in [—1, 1], uni-
formly bounded, such that, with h = 1/t

~ 1 . t . 9 2 t dr
p(hD) " v(t, x) = ea(x) exp[zw(m)/l 617 (x) dr + ie*|ac(z)] CID(x)/l 01/-(x) T}

(3.2.5)
+t_%+”7"1(t, x)

where supy|[r1(t, -)|[2nr < C(A, Be.

Proof: (i) Let us prove first (3.2.4). Since v is a solution of (3.1.1), v™ with X(§) = (e)r*!
solves (3.2.2). We take 6, of the same form as 6, with 6,60, = 6,. We define

Pt = - 3 S
(3.2.6) ﬁéh(x)q)z (1‘)|UZ($)|21_)Z(IE) + ﬁéh(l’) o> (:p)(z_)E(l‘)))3
2 wz) ! dwl) |

Notice that w does not vanish on the support of 6. Actually w is given by (1.1.11)
w(z) = xzdp(z) + p(de(x)), so that, since z = —p/'(dy), dw = dp and w is a strictly
concave function going to zero when |z| — 1—. Moreover, when |z| — 1—, it follows from
(1.1.1), (1.1.2), (1.2.18), that

w(z) = zdp(z) + p(dp(x)) = —p(de(x))dp(z) + p(dp(x)) = eldp(z)| "

so that, when x stays in Supp 6, w(z) > ch®*~1 by (1.2.16). We notice also that we
may bound

Jo(t, = = 110PA(E) ot )l
< 0P, X (BP0t )l + 10PA ()7 (1 = )RPE) ol oo
< ChPP u(t, )1 + Ch=2[Opy (1 = ) (WE)olt, )2

where we used (ii) of Proposition 1.2.5 to estimate the first term in the middle inequality
and the Sobolev embedding (1.2.10) for the second one. Consequently, if we take v >
B(p+ 3) and sf large enough, we may control

(3.2.7) W= (E e = Olvllze + vl mh?) < C(A, B)e
according to assumption (3.2.3).

We compute the equation satisfied by f* from (3.2.6) and (3.2.2). We obtain that f*
solves

Dyf* = 0() [w(a) + hOT () | f2(t, 2) | 2t %) + WPy (0™, 177%)

(3.2.8)
+h%_grz(t, )
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for some small v > 0, independent of all parameters, where Ps is a polynomial, vanishing
at least at order 2 at zero, whose coefficients are bounded by C(A, B)e, according to
(3.1.49), (3.2.7) and the fact that the functions ®} are O(h~?) on the support of 6, by
Proposition 3.1.4. Since ®7 is real valued we conclude, using equation (3.1.49), that

¢ d
2 < 1)+ [l T e s

+C(A, B)é® 4 C, Ae

(3.2.9)

for some new continuous increasing function C(-). Expressing f* from v* in (3.2.9) and
using (3.2.7), we conclude that we have the bound

0¥ (t,2)] < [v¥(1,2)| + Pajv™(t,2)]) + Pa(v™(1, 2)]) + C(A, B)e® + C1Ae

for some new polynomial P, of valuation at least two, with coefficients independent of
the solution. This gives (3.2.4) taking into account the definition of ¥.

(ii) We take now (&) = p(§)~
(3.2.3), which holds now on [1
(3.1.49), we may rewrite (3.2.

1 so that v* = p(hD)~!v. The second a priori assumption
, +00[, implies that v* is uniformly O(e). Since r* satisfies
8)
(3.2.10) Dif* = 0n(x) [w(x) + h®(@)| 2 (1, 2) "] 2 (L x) + h2 g (L, x)

with sup,-|lg(t, )|z~ = O(e), and ®3 replaced by ® according to (3.2.1). Moreover,
because of (3.1.50) and of the a priori L? estimate for v> coming from the first inequality
(3.2.3), we have as well sup,~,||lg(t,")||zz2 = O(e) (modifying eventually o). As (3.2.10)
shows that 0] fE|2 decays at an integrable rate, there is a continuous function x —
|a(z)| such that when t goes to infinity, || f*(t, x)\z — |a(z)]*| = O(et~2"). Plugging this
expansion inside (3.2.10), we get

(3.2.11) Dyof® = () [w(x) + hd(@)|a(x)*| 5 (¢ x) + h>~73(t, z)
for some ¢ with sup,>,||gl[z2nz~ = O(€). This implies that there is a O(e) continuous

function a such that

dr

fZ(t,z) = a(x) exp {zw(m) /j 61/ (x) dr + i|&(a:)|2(I>(x) /lt 01 /-(x) T}

(3.2.12)
gt 2)

for a new g. Since (3.1.30) with a = 1 shows that v™(¢, z) vanishes when ¢ goes to +o0o and

x ¢ [—1,1], we get that a is supported in [—1, 1]. Finally, as (3.2.6) and assumption (3.2.3)

imply that || f* — v*||2nr= = O(eh'™7), we deduce from (3.2.12) the wanted asymptotic

expansion for p(hD)'v = v*. This concludes the proof as the O(¢) bound of ||[v*(¢, )| L

allows us to write a = ea.(z) for a bounded a, as in the statement. a

We are now in position of proving the main theorem.
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Proof of Theorem 1.1.1: Let us prove that for small enough initial data, the solution
is global. At the beginning of subsection 1.3, we reduced equation (1.1.6) to (1.3.3)
and then, in Proposition 1.3.3, we showed that v solves equation (1.3.19). To prove
global existence, we just need to propagate convenient estimates for v i.e. to show that
if s > p > 1 are integers, we may find constants A, B > 0, ¢y €]0,1] and some o > 0
small enough such that, if (1.3.19) has a solution v defined for ¢ in some interval [1, 7],
belonging to L ([1,T], Hi)NL>®([1,T], W[™), that satisfies for h=! =t € [1,T], € €]0, €]

ot )y < Ak, [ (kDY o(t, )|l 1= < Be

(3.2.13) A .
| Lw(t, )|z < Aeh™ 7 ||L5w(t, )| 2 < Aeh™7,

where w is defined from v by (2.2.3), then for ¢ in the same interval [1, 7], one has actually

[o(#,-)]

A A
HEU)(t, ')HLZ < 5611720, HEQw(t, ‘)HLQ < 56}1780.

A B
e < —eh 7 |(RDY ot )| e < e
"2 2
(3.2.14)

Notice that (1.1.9) and the expressions (1.3.1) of x in function of ¢ show that at t = 1,
the quantities (3.2.13) are finite. We may thus choose A and B large enough relatively to
the left hand side of (3.2.13) taken at ¢t = 1. We assume also that A/B and ¢, are small
enough so that

B
(3.2.15) Bey < 1, CoB%* < 0, C1A < 3
where Cj is the constant in the statement of Lemma 1.3.2 and C is defined in Proposi-
tion 3.2.1. It follows from (1.3.12) that the first inequality (3.2.14) will hold.

We use next Proposition 2.2.2. By (3.2.13), assumption (2.2.4) holds for some constant
By depending on A, B. Moreover, the expression (2.2.3) of w in terms of v, Propo-
sition 1.2.5 (ii) and assumptions (3.2.13) imply, for ¢ small enough, the inequality
|lw(t,-)||z2 < 2Aeh™?. Plugging these informations in (2.2.5), we get

A ACB?
[ Lw(t, |2 < e+ 3——Lh% + 80 B, A%
4 20
for some universal constant C| if A has been taken large enough relatively to ||Lw(1,-)|| .z
and 40 small enough relatively to 1/4. If €, is small enough, this is smaller than %eh_za,

as wanted in (3.2.14).

To obtain the wanted bound for ||£L2w(t,-)||z2 in (3.2.14), we use Proposition 2.3.1. We
notice first that ||£2u(t, )|z satisfies an estimate similar to the one for ||£%w(t,-)||z2 in
(3.2.13). Actually, the expression for u — w coming from (2.3.2) contains at least h?~°
in factor. Since £ = h™*Op,(z + p'(£)) and b; in (2.3.2) is in h™7Ss5(1,n), L*(u — w)
may be written from h™2?Opy,(c;)[w;] for some ¢; in Ss55(1,n), so that Proposition 1.2.5
implies that

(3.2.16) 1£2(u = w)llz2 < B C([Jw] g ) llwl] [ w] -
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The uniform estimate for w coming from the one assumed on v in (3.2.13) implies then
|1L2%u(t, )|z < 2Aeh™8 if €y is small enough. Similar properties hold for |[Lu(t, )|z,
Ju(t, )|z, and for [lu(t,-)||m: (see Lemma 2.2.7). Plugging these bounds in (2.3.4), we
obtain,

A
|£%u(t, )iz < Fe+ Cu(A, B,o)eh™

if A has been taken large enough relatively to ||£*u(1,)||z2, o much smaller than 1/4, and
where C(A, B) depends only on A, B,o. Taking ¢, small enough we get || £L2u(t, )| 2 <
4eh =8, which implies the wanted conclusion || L2w(t, -)||z2 < §€h™5 according to (3.2.16),
reducing eventually €. Finally, if we plug the second estimate (3.2.13) inside (3.2.4), and
take € small enough, we obtain |[(hD)"*'u(t,-)||p~ < Be/2, if B has been taken large
enough so that ||(D)*™v(1,-)||z~ < Be/4, and if we make use of the last inequality
(3.2.15). This shows that (3.2.14) holds, and thus concludes the proof of global existence.

Let us prove the asymptotics. Take again X(&) = (é”)p+1 and write p(hD) lv(t, ) =
Op,, (5(&)"1E) P Hu>(t, ). We may apply the analogous of (3.1.30) to symbols such that
da/d¢ does not vanish necessarily. Using the uniform estimate of |[v¥(¢, )|/~ obtained
in (3.2.14), we conclude that

Opy, ((€)71€) 1) v® = () (Bd) M) ™ )w® + Ope (el ).

Since w* is bounded as v* is, we conclude that the limit @ = ea, of p(hD) v(¢t,-) when ¢
goes to +oo satisfies |a(x)| < Ce(dp) ">, If z €] — 1, 1] satisfies (dp) > ah™?, we obtain
that |a(z)| = O(eh?*2)), so that the corresponding contribution to the right hand side
of (3.2.5) is O(et~™in(o+28.~+0) iy [ [2.

Consider now x for which (dy) < ah™" and assume that the cut-off §, in (3.2.5) has been
chosen to be equal to one on some interval [—1 + 2ch®® 1 — 2ch*?]. Write

/1t Orjr(w)dr =1 —1+ /:00(91/7(5") —1)dr — /;00(91/7(:(;) —1)dr.

On the support of 6;,-(z) — 1, we have either < —1 + 2c77*% or z > 1 — 2¢77", so
that 7 < C[min(1 — x,x + 1)]7'/%. The last integral in thus taken on a finite interval
for any 2z in | — 1,1[ and since |z &+ 1| ~ |dp(z)|”" when 2 — +1 by (1.2.16), we have
7 < C{dp)"? which contradicts ¢ < 7 as we assume (dp) < ah ™ with a small enough .
Consequently, the last integral vanishes identically and in (3.2.5), we may write

t . .
CLE({E) €xp |:ZCU([L’) / 91/7— ([L’) dT:| = ae(l‘)ew(x)enw(m)
1

for some real valued continuous function on | — 1, 1]

/1+°°(91/T(m) ~1)dr — 1}.

In the same way, for x satisfying (dp) < ah™ we write

g(x) = w(x)

</1t 01/-() Cf) Iae(m)l%(x) = |a€(x)|261>(x) logt + §(z)
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for some other real valued continuous function §. Modifying the value of a. by a factor
of modulus one, we deduce from (3.2.5) that

(3.2.17) p(hD) " u(t, z) = eac(x) exp|itw(z) + i(logt)e*|ac(z) | ®(z)| + t~Or(t, x)

for some 6 > 0 and ||r(¢,-)||z~ uniformly bounded by O(e). We have also a similar
bound for [|r(¢,-)||z2 since this was true for the remainder in (3.2.5) and a, is in any case
supported in [—1, 1]. Expansion (1.1.10) follows from the expressions (1.3.1) of ¢ in terms
of pand (1.3.13) of p in terms of v.

A Appendix

This appendix is devoted to the proof of several technical results. We show first the
statements concerning symbolic calculus of subsection 1.2.

Proof of Proposition 1.2.3: (i) An immediate computation shows that

Opy,(a)[Opy,(b)v1, va, . . ., ]

1 , -
= /e”(§1+"'+5”)6(96, hér, .- h&a) [105(&) déy -+~ dés
(2m)" 1
with 1
C(l’, 517 s 7671) = % / e—iZCa(x’ 51 - \/EC7 Sl)b(x - Z\/E, gl) dng
where & = (&,...,&,) and where the integral should be interpreted as an oscillatory

integral. Actually, making integrations by parts using 11_ :Z[;C, 1; fgz and using (1.2.1),

(1.2.4) and the fact that ¢’,6"” < 1/2, we obtain for some integer Ny and all N, N" in N

|C($,€17 cee ;5n)| S CM(xvgb cee 7€TL>M1(‘T7€1)
< [0 VRO W)™ (L (e — Vi) + 1) dad

If N has been taken large enough, this is bounded by

CM(w, &1, &) Mi(, &)1 + RN

Derivatives are studied in the same way. To get (1.2.7), we expand under the integral
giving ¢, the symbols a(x, & — VA, €) (resp. b(z — 2v/h, &)) at ¢ = 0 (resp. z = 0) at
order 2. We obtain the right hand side of (1.2.7) with e given by the integral remainder
of Taylor formula. One checks that e lies in the wanted symbol class, as it has been done
for c above.
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(ii) is proved in the same way.

(iii) The proof is similar, except that c¢ is given here by

c(z,&,....6) = ;ﬂ/e_izcb(x,fl + 4 & — \/ﬁ()a(x —2Vh, E1y. ., &) dzdC

and that we make the expansion only at order one. a

We give now the proof of the action properties of the preceding classes of operators on L?
spaces.

Proof of (ii) of Proposition 1.2.5: With the notation of the statement, write

n

al@ &1, 6) =l & &) TLEY 0°6) 7).

J=1

Then by definition of the classes of symbols, @ belongs to Sss(1,n). Let us prove first
(1.2.11) with a replaced by @ and the exponent 5(p + 3) replaced by £ i.e.

n—1

(A1) 10D (@) (w1, -, va)l[ze < CRT" O T [fuj | oo fvnl -

j=1

We may write

_ 1 r—y T—Yn\ 1
Oph(a)(vl,...,vn):hn/Kh<x, - 1,..., - )ij(yj)dyl...dyn

1
ifz1&1++2znénl 5 L. d&q ... d§,.
o) e 061 ) 06y

It follows from the definition of S5z3(1,n) that

Kp(x,z1,...,2,) =

Kz, 21,20 < CO T (1 4+ 00)50)
1

from which one deduces immediately (A.1).

To prove (1.2.11) in general, we notice that (A.1) implies

n—1
0Py (@) (vr, - va)l|ze < CH" O T (AD)” (7 D)™ v v

1
| (hDY (KB DY " 20, || .

Notice also that, since by(€) = (hP€)7(€)7"7? satisfies for any k € N, 0D (€)] <
Ch Ptk (€)™ the kernel ky(z) = [e™b,(£)d¢ is such that ||ku| L = O(h=Pe+2),
It follows that

(A.2) [{RDY (4P D) ]| 10 < CH=P0* oy 1a,

62



which implies the wanted estimate.

The bound (1.2.12) follows from (1.2.11) with ¢ = oo applied to the derivatives of
Opy(a)(vy, ..., v,) up to order p.

To prove (1.2.13), we have to bound ||Op,({¢)*)Op,(a)(vy,...,v,)|r2. Using Propo-
sition 1.2.3, we reduce ourselves to the study of ||Op,(b)(v1,...,v,)||L2 for some b in
Ss.5((&1+ -+ &)°,n). We may decompose b = 3>}, by, where on the support of by, &
is larger than c(Ej# ]é}]) for some ¢ > 0, so that by is in S5 5({&)°,n) and thus may be
written as b)(§)” for some b, in Sss(1,n). Applying (1.2.11) to a = b, ¢ =2, p = 0, we
obtain the wanted estimate (1.2.13). O

We study now the action of the multilinear operators introduced in (1.3.5) on several
spaces.

Proposition A.1 Let p be a nonnegative integer, s a nonnegative real number, 6 €0, 1].

(i) Assume s < p. Let m be an element of the space S(1,n) of Definition 1.3.1. Then the
associated operator M, defined by (1.3.5) is bounded from WP x ... x WP x H* to
H?. Moreover, one has the estimate

n—1
(A.3) 1Mo (- wn) s < C T ugllwese e e
1
The same result holds making play the role of n to any other index in {1,... ,n}.

(ii) Assume s > p > 0. Then M, is bounded from [} (H®* N W#>®) to H® and satisfies a
bound

(A1) M)l < €3 (elle TT Nl ).
j=1 1<¢<n
t#j

(7it) For 0 €0, 1], denote

2 or —or
lullenss = 3 0¥ ull e + sup 1224 = Oulw)],
k=0 a7y |z — |

Then M, is bounded from (CP)™ to WP with the estimate

(A5) [Mo(ar, o)l < €3 (Heglleo TT llulles)-
j=1 1<0<n
t#j

Proof: (i) We denote by 1 = x(§)+3 1>1 ¢(27%¢) a Littlewood-Paley partition of unity on
R and decompose each u; as 3= >0 ¢x,; (D)u; where ¢o(D) = x(D) and ¢y, (D) = #(27%i D)
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for k; > 0. In that way
(A.6)

My (ur, . oyup) = > 0 Y /Kklmkn(x—yl,...,x—yn)H(qSkj(Dyj)uj(yj)) dy; ...dy,

k1>0 kn>0 J
where, with some cut-offs ¢, satisfying op; o, = o,

1
(2m)"

(A7) Kok (orsoo ) = e [ @02 [ G (6 ymlr, o &) de . d6,
J

By integrations by parts, one checks immediately using (1.3.4) that for any NV in N

n

(A.8) | EKhy ko (21, o 20)| < O 2800 TT(1 + 2% 2]) V.

1
Writing

(D) My (ur, . un) = Y+ D0 G(D) M (Sry (D), - .., O, (D))

one gets from (A.6), (A.8) that

(A9)  ¢e(D)Mp(us, ... un)lle <C Y- Y nﬁ||¢kz(D)W||L°°||¢kn(D)un||L2-

E1>0  kn>0 0=1

Moreover, the sum may be restricted to those ki, ..., k, satisfying max(ki,...,k,) >
k — Ny for some large enough Ny by the spectral localization of the cut-offs. If we sum on
the indices for which kq,...,k,_1 is smaller than k, — Ny, we get that only those terms

for which k — Ny < k,, < k 4+ N; contribute to the sum for some fixed N;. Plugging the
standard estimates

1@k (D)ugl| e < C277% |ty | ronos

[0k, (D)l 2 < Ce, 278 |ug| s

with some ¢? sequence (cg, )1, in (A.9), and using that p > 0, we conclude that we obtain
a contribution to (A.9) which is O(c;27%) for a new (2 sequence (cg ).

Consider now the sum in (A.9) for those indices satisfying max(ky, ..., kn—1) > k, — No.
Then there is ¢, 1 < ¢ <n — 1 with k, > k,, — Ny, ky > k — 2Ny, for instance ¢ = 1. We
bound the corresponding contribution to (A.9) by

n—1
H ||ue||W”’°°||un| Hs Z 2_pk1_8knckn
1

k1>k—2Ny
kl Zk'n_NO

for some (*-sequence (cx,)i,. As p > s > 0, this gives again a O(27%%¢;) bound for an
(*-sequence (¢)r. This implies an estimate of the form (A.3).
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(ii) We write again (A.9) and consider the contribution to the sum corresponding for
instance to those ky for which k,, > ki, ..., k,_1. As we have seen after (A.9), this implies
k, > k — Ny for the contributions that are not identically zero. As p > 0, we get a bound

Hs ( Z Ckn2_5kn>

kn>k—No

n—1
C T luellweoe [l
1

for some (2-sequence (g, )x,. As s > 0, we obtain the needed 27" bound for another
such sequence (¢)y.

(iii) We write

(A.10) 164(D) Myt . 1) < ckz--zﬁu%(mueum

kn 1

again from (A.6) to (A.8). Using that for p’ €]0, +o0o[—N, the C*" norm is equivalent to
supy (287 || ¢ (D)u|| ) and that, in the right hand side of (A.10), we may reduce ourselves
to indices satisfying kq, ..., k,_1 < k, for instance, we bound (A.10) by

n—1

ITluellcollunllgore D> 27 Rt

1 kn>k—Ng

This implies that the C?*Y norm of M,,(us,...,u,) is bounded by the right hand side of
(A.5). As CP*? C WP we get the conclusion.
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