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Existence and uniqueness of traveling wave
for accelerated Frenkel-Kontorova model

N. Forcadel! A. Ghorbel®>3 S. Walha!-2
2014

Abstract

In this paper, we study the existence and uniqueness of traveling wave solution for the
accelerated Frenkel-Kontorova model. This model consists in a system of ODE that describes
the motion particles in interaction. The most important applications we have in mind is
the motion of crystal defects called dislocations. For this model, we prove the existence of
traveling wave solutions under very weak assumptions. The uniqueness of the velocity is also
studied as well as the uniqueness of the profile which used different types of strong maximum
principle. As far as we know, this is the first result concerning traveling waves for accelerated,
spatially discrete system.

AMS Classification: 35B27, 35F20, 45K05, 47G20, 49125, 35B10.

Keywords: Frenkel-Kontorova models, Traveling waves, Viscosity solutions, Maximum principle, Hull
function.

1 Introduction

In the present paper, we study the accelerated Frenkel-Kontorova model (F-K) which describes
a chain of particles interacting by an harmonic potential. Besides its original aim of modeling
crystal dislocations, the (F-K) model has many applications in physics such as the description of
magnetic domain walls, atoms adsorbed on a crystalline surface or superionic conductors (see for
instance the book of Braun and Kivshar [8] for an introduction to this model). The goal of this
work is to prove the existence and the uniqueness of traveling wave as well as the uniqueness of
the velocity. This work is a generalization of the one of Al Haj et al. [1] in which the authors
study the fully overdamped case.

The study of traveling waves in reaction-diffusion equations has been introduced in pioneering
works of Fisher [18] and Kolmogorov, Petrovsky and Piskunov [28]. Existence of traveling waves
solutions has been for instance obtained in [3, 7, 17, 27]. More generally, there is a huge literature
about existence, uniqueness and stability of traveling waves with various non linearities with
applications in particular in biology and combustion and we refer for instance to the references
cited in [6, 11]. There are also several works on discrete or nonlocal versions of reaction-diffusion
equations (see for instance [4, 5, 9, 10, 12, 14, 16, 24, 26, 29, 30, 31, 32, 33] and the references
cited therein) and on damped hyperbolic equation (see [15, 21, 22, 23, 25]) but, as far as we know,
there is no result concerning hyperbolic discrete in space equations.
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1.1 The Frenkel-Kontorova model

The classical Frenkel-Kontorova (F-K) model describes the dynamics of crystal defects. If u;(t)
is the position of the particle i € Z, then the classical (F-K) models is given by the following
dynamics ,
0% + % = Ujp1 + wi—1 — 2u; — sin(27(u; — L)) — sin(27w L)
dPu; . ) . du; . . )
where —— denotes the acceleration of the ith particle, T is its velocity, mo denotes the mass

of the particles, — sin(27L) is a constant driving force which will cause the movement of the chain
of atoms and — sin(27(u; — L)) describes the force created by a periodic potential whose period is
assumed to be 1. We set

fr(v) = —sin(2n(v — L)) — sin(27L)
and for all i € Z

= (t) = ul(t) + 2mg CZJZ (t)

We replace it in equation (1.2) in order to obtain the following monotone system: for i € Z and
€ (0, 400),

= —(Ei —w)
(1.1) ddEtl 2mo ) B
= 2(uig1 +ui—1 — 2u;) + fro(w) + —(ui — Z5).
dt 2my

We look for particular traveling wave solution of (1.1), which have the form
ui(t) = ¢1(i +ct)

(1.2) { Z:(t) = dali + ct).

If we replace (1.2) in (1.1), then the profile (¢1, ¢2) should satisfy

(13) { C¢' (2) ao(d2(2) — ¢1(2))
' 5(2) = ( 1(z+1) + $1(2 = 1) = 2¢1(2)) + 2fL(#1(2)) + ao(d1(2) — P2(2))

1
with z =7+ ct and a9 = Cr We then have the following result.
mo

Theorem 1.1 (Existence and uniqueness of traveling wave solution for Frenkel-Kontorova model).
There exists a constant &* (which will be made precised later on assumption (A)) such that for all
g > o, there exist a unique real ¢ and two functions ¢1 : R — R and ¢ : R — R that satisfy

et (2) = ao(@2(2) — ¢1(2))
ey (2) = 2(d1(z + 1) + d1(2 — 1) = 2¢1(2)) + 2f(d1(2)) + @o(91(2) — P2(2))

(1.4) b1, ¢o are non-decreasing over R
¢1(—00) =0, ¢1(+00) =1
$a2(—00) =0, ¢o(+00) =1

in the classical sense if ¢ # 0 and almost everywhere if ¢ = 0. Moreover, if ¢ # 0, then the two
profiles are unique up to translation.
1.2 Main results for the general case

We now consider a generalization of system (1.3). Given a function F : [0,1]¥+! — R, we consider
the system

¢ ¢5(2) = 2 F((¢1(2 + 14))i=0,..,N) + ao(¢1(2) — $2(2)).

In order to provide our results, we introduce some assumptions on F'.

{c ¢ (2) = ag(¢2(2) — 61(2))



Assumption (A)
e Regularity of F: F is globally Lipschitz continuous over [0, 1];

e Monotonicity of F: F(Xj,..., Xy) is non-decreasing in X; for i # 0, and

OF
1. 2—— .
(1.5) 59X, +ap >0

We set F(v,....,0) = f(v).

Assumption (B)
e Instability: f(0) =0 = f(1) and there exists b € [0, 1] such that

f0)=0, fion <0, fiea) >0 and f'(b)>0.
e Smoothness: F is C! in a neighborhood of {b}V+1.

We give the first main result concerning the existence of traveling wave.

Theorem 1.2 (Existence of a traveling wave). Under assumptions (A) and (B), there exist a real
¢ and two functions ¢1 : R — R and ¢2 : R — R that solves

¢ 1(2) = ao(d2(z) — ¢1(2))
¢ ¢5(2) =2 F((91(z + 74))i=0.....N) + 0(d1(2) — ¢2(2))

(1.6) o1, ¢2 are non-decreasing over R
¢1(—00) =0, ¢1(+00) =1
¢2(—00) =0, ¢2(+00) =1

in the classical sense if ¢ # 0 and almost everywhere if ¢ = 0.

In order to prove the uniqueness of the traveling waves, we require some additional assumptions:

Assumption (C): Inverse monotonicity close to {0}¥*! and E = {1}*!: There exists
Bo > 0 such that for a > 0, we have

F(X + (a,...,a)) < F(X) forall X, X + (a,...,a) € [0, L[]V T}
F(X + (a,...,a)) < F(X) for all X, X + (a,...,a) € [1 — B, 1]V*!
Assumption (D+)
i) All the r; have the same sign: We assume that r; <0, for all ¢ € {0,..., N}.
ii) Strict monotonicity: F is increasing in X+ with r;+ > 0.
Assumption (D—)
i) All the r; have the same sign: We assume that r; > 0, for all i € {0,..., N}.

ii) Strict monotonicity: F is increasing in X;- with r;— < 0.

We give the second main results concerning the uniqueness of the velocity and of the profile.



Theorem 1.3 (Uniqueness of the velocity and of the profile). We assume (A) and let (¢, (¢1, d2)),
with ¢1,¢2 : R = [0,1], be a solution of

c ¢ (2) = ao(2(2) — ¢1(2))
(1.7) c ¢5(2) = 2 F((¢1(2 + 7i))i=0,...,N) + ao(¢1(2) — ¢2(2))
' $1(—00) =0, ¢1(400) =1
p2(—00) =0, ¢2(+00) = 1.

Then, we have the following properties.
(a) Uniqueness of the velocity: Under the additional assumption (C), the velocity ¢ is unique.

(b) Uniqueness of (¢1,¢2): If ¢ # 0, then under the additional assumption (C) and (D+)1) or
i) if ¢ > 0 (resp. (D—)1i) orii) if ¢ <0), (¢1, P2) is unique (up to translation) and ¢1 and
P2 are increasing.

Remark 1.4. We note that F(Xg, X1, X2) = X7 + X2 — 2Xy — sin(27(Xo — L)) — sin(27L)
satisfies assumptions (A), (B), (C), (D+)ii) and (D-)ii). Then Theorem 1.1 is a direct application
of Theorems 1.2 and 1.3.

For this paper, we define
1. Y= ;
4o = s Il

and we assume that 7* > 0 (otherwise, the system reduce to a single ODE).

1.3 Organization of the paper

In Section 2, we give the definition of viscosity solution and of Hull function. We also recall some
basic results about monotone functions. Section 3 is devoted to the proof of existence of traveling
waves, namely Theorem 1.2. In Section 4, we study the question of uniqueness of the velocity by
proving a comparison principal on the half line. Finally, in Section 5, we prove the uniqueness of
the profile using different types of strong maximum principles.

2 Preliminary results

This section is divided into four subsections. The first one is devoted to the extension of the
function F onto RNY*!. In the second subsection, we give the definition of viscosity solution while
the notion of hull functions is recalled in the third one. Finally, we present some results about
monotone functions in the last subsection.

2.1 Extension of F

To construct the traveling waves, we will use the hull functions constructed in [20]. To do that,
as in [1], we will need to extend the function F' by F which is defined over RN+ and satisfied the
following assumption:

Assumption (A):

a) Regularity: F is Lipschitz continuous over RV*1,

b) Periodicity: F(Xo +1,..., Xnx + 1) = F(Xo, ..., Xn) for every X = (Xo,..., Xn) € RN*1,

¢) Monotonicity: F'(Xo, ..., Xn) is non-decreasing in V; for ¢ # 0 and

OF
(21) 2 6—X0 + ag > 0.

Then, we have the following extension of the function F'.



Lemma 2.1. Given a function F defined over Q = [0,1]N*! satisfying (A) and F(1,...,1) =
F(0,...,0), there exists an extension F defined over RN*1 such that

F‘Q = F and F satisfies (A).

Proof. The construction is made in [1, Lemma 2.1]. The only thing to verify is that F satisfy (2.1)
if F satisfy (1.5), but this is trivial by looking to the way the function F is constructed. O

Remark 2.2.
We remark that, if (¢1,¢s) is a traveling wave for equation (1.6) with F replaced by F, then
(¢1, d2) is also a traveling wave of the same equation. This is a direct consequence of Lemma 2.1
and the fact that

(¢1, ¢2) is non-decreasing over R

$1(—00) =0, ¢1(+00) =1
$2(—00) =0, ¢a(+00) = 1.

Theorem 1.2 is then a direct application of the following result.

Proposition 2.3 (Existence of traveling waves). We assume that F satisfies (fl) and (B). Then
there exist a real ¢ and two functions ¢1, P2 solutions of

¢ ¢1(2) = ap(92(z) — ¢1(2))
c ¢5(2) = 2 F((¢1(2 + 14))i=0,...,N) + ao(¢1(2) — ¢2(2))

(2.2) b1, ¢o are non-decreasing over R
¢1(—00) = 0,¢1(+00) =1
¢2(—00) =0, da(+00) =1

in the classical sense if ¢ #£ 0 and almost everywhere if ¢ = 0.

Proof of Theorem 1.2. The proof of Theorem 1.2 is a direct consequence of Remark 2.2 and Propo-
sition 2.3. O

For simplicity of presentation, we call F as F in the rest of this section and in Section 3.

2.2 Viscosity solution
In this subsection, we give the definition of viscosity solution. We first recall the definition of the

upper and the lower semi-continuous envelopes u* and wu, :

u*(y) = lim sup u(x)

T—yY

ux(y) = liminf u(z).

Ty

Definition 2.4 (Viscosity solution). Let ¢ € R and F be defined over RV*1. Let u; : R — R
and us : R — R be two locally bounded and upper semi-continuous functions. (u1,us) is called a
sub-solution on an open set {2 C R of

(2.3) { ‘ u;;(Z) = go(uz 2) —ui(2))

if for any test function ¢ € C1(Q) such that (u; — 1) (resp (u2 — 1)) reaches a local maximum at
a point z € ) then we have

{c ¥ (2) < agua(z) — ua(2))
(resp. ¢ ¢/ (2) < 2F((u1(z 4 14))i=0,....n) + ao(u1(z) — u2(z))).



Let u1 : R — R and us : R — R be two locally bounded and lower semi-continuous functions.
(u1,u2) is called a super-solution of (2.3) on € if for any test function ¢ € C*(£2) such that (u; —1))
(resp (u2 — 1)) reaches a local minimum at a point z € € then we have

{ Y(2) > ao(ua(2) — ui(2))
(resp. ¢ ¢/ (2) = 2 F((u1(z 4 14))i=0,....N) + ao(u1(z) — u2(z))).

Finally, a locally bounded functions (u1, uz) is called a viscosity solution of (2.3) if ((u1)*, (u2)*)
is a sub-solution and ((u1)«, (u2)+) is a super-solution.

2.3 Hull fonction
We present the notion of hull function for (1.3). This result has been proved in [20, Theorem 1.10].

Proposition 2.5 (Existence of hull functions). Let F be a given function satisfying (A) and let
p > 0. Then there exists a unique A\, € R such that there exists two locally bounded functions
hp R —= R and g, : R — R satisfying (in the viscosity sense):

Aphyp(2) = a0 (gp(z) — hyp(2))

)‘:Dgp(x) = 2F(( (-T +prz))z 0..n) + ao(hp(z) — gp())
. gp($+1):9($)+1
hy,(z) >0
gp(r) > 0.
We then define
p(2) = Ny(p) M
(2.5) { qé(x) — g (pe) and cp = )

We now give some properties of the function (¢, ¢5).

Lemma 2.6 (Properties of (¢, ¢%)). We assume that F satisfies (A). Then the function (¢, ¢5)
defined in (2.5) satisfies in the viscosity sense

cp(dp) = aoldy — bp)
ep(93) = 2F((dp(x + pri)izo,..N)) + ao(dy, — b7)

o, <z+ %) =¢p(x) +1, ¢ <z+ %) =¢2(x) +1

(6p)'(x) = 0, ()" () =2 0

Moreover, if ¢, # 0 then there exists M > 0 independent on p such that

(2.6)

M 1
(2.7) [(#7)] < —| for 0<p<— and i=1,2.
Cp T

Proof of Lemma 2.6. Equation (2.6) is obtained by the change of variables (2.5) in (2.4).
We now prove (2.7). We fix p > 0 such that

>r

=



We first remark that the function ¢ defined by () = ao(¢3(x) — ¢, (x)) is bounded (because 1
is continuous and periodic) then there exists M; > 0 such that

[ip(z)] < M.

This implies that
My

|C;D|.

[(61)'] <

On the other side, since gbé is non-decreasing, we have

|63z +13) — Bh(@)| < |@} (z+ }3) —i@)| =1 im0
‘qﬁé(m +7i)— qbzl)(x)‘ < qbzl, (ac — %) — qbzl,(x) =1 if <0
Moreover, using that F' € Lip(RV*1), we get
1
|F((¢p (2 +70))i=0,..N) = F((¢p())izo,..n)| < L || =: L.
1

On the other hand, f is bounded (because f is Lipschitz continuous and periodic). Therefore

|F((¢p(x +7i)iz0,...N))| < L'+ | f| oo )

and
|2 F ((6p(2))iz0,...n) + a0(d5(2) = ¢ (2))] < 2L + [ f] oo () + M1 =2 Mo.
This implies that

My
[(65)| < —-
g |C;D|
Taking M = max(M;, Ms), we get the desired result. O

2.4 Useful results for monotone functions

In this subsection, we recall some results about monotone function that will be used later for
the proof of Proposition 2.3. We state Helly’s Lemma and the equivalence between viscosity and
almost everywhere solution.

First we recall Helly’s Lemma which gives the convergence of subsequence in the almost everywhere
sense.

Lemma 2.7 (Helly’s Lemma). Let (gn)nen be a sequence of non-decreasing functions on [a,b]
verifying |gn| < C. Then there exists a subsequence (gn;)jen such that

Gn; — g a.ce. on [a,b]

where g is non-decreasing on [a,b] and |g] < C.
Moreover, if (gn)nen is a sequence of non-decreasing functions on a bounded interval I and if

Jn — g a.e. on I
with g constant on ID, then for every closed subset interval I' C ID,

gn — g uniformly on I’



Proof. The first part of this lemma is the classical Helly’s Lemma and a proof can be found in [2,
Section 3.3, p. 70] while the second part is proved in [1, Lemma 2.10]. O

Finally, after the use of Lemma 2.7 we often need to apply the following lemma (which proof is
very similar to the one of [1, Lemma 2.11]) in order to get a solution in the viscosity sense.

Lemma 2.8 (Equivalence between viscosity and a.e. solutions). We assume that F satisfies (A).
Then ¢1 and ¢o are viscosity solutions of

0= ao(P2(x) — d1(x)),
(2.8) { 0=2F((¢1(x 4 74))i=0...~5) + ao(d1(x) — dp2(x))

if and only if o1 and ¢ are solutions in the almost everywhere sense of the same equation.

3 Construction of a traveling wave

This section is divided into two subsections. In the first one, we control the velocity of propagation
and give some properties on the plateau of the profiles. The second subsection is devoted to the
proof of Proposition 2.3.

3.1 Preliminary results

We begin to show that the velocity ¢, is uniformly bounded in p.

Lemma 3.1 (Velocity ¢, is bounded). Under the assumption (A) and (B), let ¢, be the velocity
given by (2.5). Then there exists C > 0 such that

1
< — ) = il -
lep| <C for 0<p< - with — r e |7 ]

Proof. We consider the functions qﬁ; and qﬁz given by (2.5) and satisfying (2.6). Let ¢, be the

1
associated velocity given by (2.5). We assume by contradiction that when p — pg € [0, r_*]

lim ¢, = +o0
P—Do

(the case ¢, — —oo being similar). Let ¢, = ¢} (c, ) and ¢ = ¢2(c, x) solution of

(03) = ao(dp — &3)

31 - - T — _
(3.1) (B2 = 2 F(Bh(x + “))izo..v) + 0(d} — 62).
P

According to (2.7), we have

|(95)'] = |ea(dp)| < M

|(63)'] = len(03)'| < M
for M independent of p. Since (3.1) is invariant by space translation, we assume that

¢y (0) =b—e.

for € small enough. Using Ascoli theorem and diagonal extraction argument, we have, up to
extract a subsequence, that
{qb; - ¢!

o — 7.



Moreover, by stability of viscosity solutions, ¢' and ¢? satisfy

{<¢1>'<x 0(¢*(@) — (x)) )
(%) (2) = 2 F (8 (2))i=0....) + a0(@' () — 6*(x))

and

P (0)=b—ce.
Since (¢p) > 0, (42)' > 0, we have (¢')' > 0,(¢?)" > 0. This implies that
(@ (@)~ P @) 20
2£(6'(x)) + an(¢'(z) — ¢*(x)) = 0.
Therefore -
2f(¢1(z)) 2 0
In particular, 2 f(¢'(0)) = 2 f(b — &) > 0, which is a contradiction since f(b —¢) < 0 (see

assumption (B)).
|

We continue with some properties on the plateau of the profiles. The following lemma shows that
if one of the profile have a large enough plateau then the other profile has the same plateau.

Lemma 3.2 (Properties on the plateau of the profiles). Let (¢1, ¢2) be solution of
¢ (z) = ao(¢2(z) — ¢1(x))

(3.2) gy (x) =2 F((¢1(x +73))i=0....8) + ao(¢1(2) — d2(2))
¢ 20, ¢5>0.

We assume that there exists a constant C, a point xg € R and a > r* such that
¢1(x)=C Vzr€(xg—a,zg+a) or ¢o(xr)=C Va e (xrg—a,zo+a).

Then
o1(x) = ga(x) =C Vr € (xg —a,z0 + a).

Proof. It ¢1(x) = C Va € (xg — a,x9 + a), then ¢ (z) =0 Va € (z9 — a,z0 + a) and the first
equation of (3.2) implies the result.
Let us then assume that

da(x) =C Vx € (xg — a,z9 + a).
We set

P1(x) = (¢1)«(z +a) = (¢1)"(x —a) and  a(x) = (P2)«(z + a) — (¢2)"(z — a).
Then (¢, 1) is solution of
{ apy(z) = ao(Ya(x) —i(z))
(3.3) > 2]

ey () F(((91)«(x +a+7ri))i=o,..N) = F(((61)"(z — a + 1i))i=o,...N)]
+ag(V1(z) — ha(x)).

Since ¢; and @9 are non-decreasing, we have ¢ > 0 and 19 > 0. Moreover, ¥2(xo) = 0. Hence,
Zo is a point of minimum of ¥ and the second equation of (3.3) implies that

0>2[ (((¢1)x (w0 + a+1i))izo,..n) — F(((¢1)" (w0 — a +1i))i=0,....8)] + cot1(w0)
>2[F(((¢1)" (w0 — a) + P1(20), (¢1)" (w0 — a +74))i=1,...~8) — F(((¢1)" (w0 — a + 74))i=0,...,N)]
+0401/11(500)



where we have used the monotony of F for the second inequality. We set
G(z) = 2F(((¢1)"(zo — a) + 2, (¢1)"(x0 — a +74))i=1,..,n) + Q0.
Then, by assumption (1.5), G is strictly increasing. Using that
0> G(¥1(x0)) — G(0),

we deduce that ¢ (z9) = 0 (recall that 11 > 0). This implies that ¢; is constant over (xo—a, zo+a)
and by the first equation of (3.2), this constant is also equal to C.
|

In the proof of Proposition 2.3, we will need to pas to the limit for ( }D, qﬁz). This is the goal
of the following lemma.

Lemma 3.3 (Passing to the limit for (¢,,¢2)). For every n € N, let (¢", ¢}, ¢%) be a solution of

(3.4) c(on o) T (0 () — ¢ (2))

satisfying

ot(z+1) < ¢i(z) +1

Py (x+1) < ¢y(x) +1

"] < Mo

" (97)'| < My, [c"(¢3)'] < My
where My, My and My are positive constant. We also assume that there exists Ms > 0 and z* € R
such that |oT (x*)] < Ms.

Then there exists (¢, ¢1,p2) such that, up to extract a subsequence, ¢ — ¢, ¢7 — ¢1 and
d8 — ¢9 a.e. and (¢, P1,¢2) is a viscosity solution of

ey (w) = ao(d2(z) — ¢1(2))
(3.5) cpy(z) =2 F((¢1(z +73))i=0,...N) + ao(¢1(z) — ¢2(2))
¢ >0, ¢5>0

Proof. Up to translate ¢, we assume that z* = 0. Since |¢"| < My, up to extract a subsequence,
we can assume that

c"—=c as n— +oo.

We study two cases for c.

Case 1: ¢ # 0. For n large enough, we have |¢"| > % = 0. Hence for n large enough, we have
" 2 My " 2 My
[(¢1)'] < T and  |(¢3)] < B

Using Ascoli’s Theorem and the diagonal extraction argument, we can assume, up to a subse-
quence, that (¢7), and (¢3), converge locally uniformly on R respectively to ¢; and ¢o. By
stability, @1 and ¢ satisfy in the viscosity sense

ey (x) = ag(d2(z) — ¢1())
(3.6) cpy(x) =2 F((¢1(x + 10))i=0,...,N) + o(¢1(z) — d2(x))
¢ >0, ¢h > 0.

10



Case 2: ¢=0. We have ¢7(1 +z) < ¢T(x) + 1. This implies, using the fact that ¢7(0) < M3,
that

(3.7) { (b’f(x §(1+M3 for >0

() > —[lz|]] = M3z for <0

Using also the fact that 0 < |c"(¢})'| < My, we get

¢’21(96)§(1+%+M3 for >0
(3.8) @
o8 (x) > —[|x|]] = M3 for x<0

Using Helly’s Lemma (Lemma 2.7), up to extract a subsequence, we have ¢ — ¢ a.e. and
@3 — ¢2 a.e.. This implies that

{cn o (61 (w)dz = ag f,, (65 () — o1 («))da
¢ 2 (@8) (w)de =2 [ F ¢”(z+n))l 0....N)dx + a [ (67 (x) — ¢5 (2))da

for every by < by. That is

{C"(qﬁ’f(bz) ¢"( >>—ao ot " (05 (x) — o7 (x))da
(@5 (b2) — @5 (b1) =2 [, F((¢}(x +71))izo,....x)dz + g [, (¢F () — 65 (2))dz

We have

ao(@5 (x) — o7 () — ao(P2(x) — 1)) ae.
2 F((o7 (w+n))z ..... N) +ao(df (x) — ¢5(x)) — 2 F((¢1(x +7i))imo,... .N)+
ap(¢P1(x) — ¢a2(z)) ae.

and (because of (3.7) and F' is Lipschitz continuous and f is bounded)

a0 (95 (z) — ¢7'(2))] < My
[F((67 (2 +7:))i=0,..,N)| < C(1 + |z]),

i.e.

[F (07 (z + 7i))i=0,...N) + 0@ () — ¢5(x))] < C(1 + [a]) + M.

Thus, using Lebesgue’s dominated convergence Theorem, we pass to the limit as n — +oo and we
get

{0 Qg fb ¢2 — ¢1(x))dx
0=2 ["F ¢1 &+ 7i))izo,...N)dz + ao [y (¢1(x) — ¢a())da.

which implies that

{0a0<¢2<x>¢1< z)) ae.
0= 2F((¢1(x + 14))ico,...nv) + a0 (é1(x) — ¢a(x)) ae

Since (¢1) >0, (%) >0, we get ¢} >0, ¢4 > 0 and so Lemma 2.8 implies

0= ao(¢2(z) — ¢1(z))
0=2F((¢1(x +74))i=0
¢ >0

¢y >0

39 QT o\ T))i=0..., N) +ag (61(x) — da(z))

in the viscosity sense.
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We finish this subsection with the following proposition which help us to identify the value of
the plateau of the profiles.

Proposition 3.4 (The value of the plateau of the profile are close to the zero of f). We assume
that F satisfies (A) and let a > r*. For every e > 0, there exists 6 = 6(g) such that for all function
(¢, d1, d2) solution of

ey (@ ) ag(¢2(z) — ¢1(z ))

cpy(w) =2 F((¢1( +14))i=0,...,n) + ao(¢1(z) — ¢2(x))
¢ >0, <Z5 >0

d1(z+1) <d1(z) + 1, oz +1) < ¢o(x) +1

|e| < Mo

legi| < M, [edy| < Mo

and for all x¢g € R satisfying

(01)«(20 + @) = (91)" (w0 — @) <6(e) o (Pa)«(x0 + a) — (d2)"(x0 — @) < 4(e),

we have

dist(oq,{0,b} +Z) <& for all oq € [(¢1)«(z0), (1) (z0)]
and

dist(az,{0,b} +Z) < e for all ag € [(¢2)(x0), ($2)" (z0)].

Proof. The proof is decomposed into three steps.

Step 1: Construction of a sequence. We assume by contradiction that there exists ¢ > 0
such that for all d,, — 0 and (¢™, @7, ¢3) solution of

c"(91) (x) = ao(dz () — o7 (2))
c"(¢3) (x) = 2F((¢"($+Tz))z ) +ao(d7 (z) — ¢5 ()
510, (@) >0, (@) >0
' ot(x+1) <of(2) + 1, ¢5(z +1) < @5 () +1
[c™| < My

lc"(07)'] < My, [¢"(¢3)'| < M
and there exists (z,,), C R satisfying
(3.11) (¢7)s(@n +a) = (¢7)"(xn —a) < 0p =0 or (¢3)«(zn +a) = (#3)"(2n —a) < 6 — 0
and ' € [(¢7)«(xn), (¢1)" (2n)] such that
(3.12) dist (of,{0,b} +Z) > e >0
or o € [(¢5)«(wn), (¢3)" (25)] such that

(3.13) dist (o, {0,b} +7Z) > e > 0.

Up to translate the profile, we assume that

Tn =0
(3.14) { #1(0) € [0,1) forall n.

12



Step 2: Passing to limit n — +oco. Using Lemma 3.3, we deduce that there exists (¢, ¢1, P2)
such that, up to extract a subsequence, ¢ — ¢, ¢ — ¢1 and ¢5 — @2 a.e. and (¢, ¢1,¢2) is
solution of

cg1(x) = ao(d2(x) — ¢1(z))
(3.15) cpp(z) =2 F((¢1(x + 14))i=0,...,N) + ao(d1(z) — d2())
P >0, ¢5>0

Step 3: Getting a contradiction. We pass to the limit in (3.11) with 2, = 0. This implies
that

(3.16) (¢1)<(a) < (41)"(=a) or (¢2)«(a) < (¢2)"(—a).

Since ¢1 and ¢o are non-decreasing, we have ¢ = Kjon|[—a,a] or ¢o = Kjon[—a,a]. Using
Lemma 3.2 we then get that
¢2 = ¢1 = K1 on [—a, a].

Using (3.15), we deduce that for 2 =0
0= F((¢1(xz +7i))i=0,..n) = F((K1)i=o,...n) = f(K1).

Hence K € {0,b} + Z. Although, since o € [(¢7)«(0), (¢7)*(0)] then of — a1 € {K;}. But,
passing to the limit in (3.12), yields

dist (a1,{0,b} +Z) > ¢ > 0,
which is a contradiction. Similarly, if we pass to the limit in (3.13), we then get
dist (a2,{0,b} +Z) > ¢ > 0,

which is also a contradiction.

3.2 Proof of Proposition 2.3

We are now able to give the proof of Proposition 2.3.

Proof of Proposition 2.3.

Step 0: Introduction. Letp > 0 and ( ;, qbf,) (given by (2.5)) be two non-decreasing functions
solution of

& (81) (2) = ao(62() — 81(x))
(347 { (82) (2) = 2 F((9h(x + 1)) ico,..) + a0(B1(x) — 62(a).
with
(3.18) 9, (z + %) =1+¢)(z) and ¢ (:c + %) =1+ ¢} ().

Up to translate ¢, we assume that
1).(0) <b
(3.19) { pl =y

Our goal is to pass to the limit as p tends to zero.
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Step 1: Passing to the limit p — 0. We want to apply Lemma 3.3. The only thing we have
to show is that ¢,(0) is bounded. From (3.18) and (3.19), we deduce that

b-120) (~5 ) < @0 v @O <6 (5 ) <vrL

Thus
b—1<¢,(0) <b+1.

Using Lemma 3.3, we then deduce that there exists (¢, ¢1, ¢2) such that, up to extract a subse-
quence, ¢, — ¢, qbzl, — ¢1 and qbf, — ¢2 a.e. and (¢, @1, P2) is solution of

e (x) = ao(d2(z) — ¢1(x))
(3.20) cpy(z) =2 F((¢1(x + 14))i=0,....N) + ao(d1(z) — d2(2))
¢} >0, ¢h > 0.

We also note that (¢1).(0) < b and (¢1)*(0) > b.
Step 2 : Properties of the limit (¢!, ¢?).

1

Step 2.1: The oscillation of (¢!, ¢?) is bounded. Let R > 0. For every p such that R < >
p

1 -1
1 1 1 1
Passing to the limit as p — 0, we get

¢'(R)—¢'(-R) < L.

we have

Sending R — 400, we deduce that
¢! (+00) — ¢’ (—00) < 1.
We get in the same way that
¢* (+00) — ¢*(—o00) < 1.
Step 2.2: ¢!(+o0) € ZU (b+Z) and ¢?(+o0) = ¢*(+00). We define
$n() = ' (x—n), and ¢ (2) = ¢*(z —n).

Since (3.20) is invariant by translation, we get that (¢}, $2) is still solution of (3.20). Moreover,
since (¢!, $?) is non-decreasing and bounded, (¢}, ¢?) is also non-decreasing and bounded. Thus
(¢l p2) converges as n — +oo and we denote by (¢'(—00), p?(—o0)) its limit. By stability of
viscosity solution, we then get that

0 = ag(¢*(—00) — ¢'(~00))
0=2F(((¢"(—00))izo....n) + a0(¢! (—00) — ¢*(=00)).
The first equation implies that ¢'(—oc) = ¢?(—o0) while the second implies that f(¢;(—o00)) = 0

and so ¢1(—00) € ZU (b+ Z).
In the same way, we get ¢ (+00) € ZU (b+ Z) and ¢! (+00) = ¢?(+00).
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Step 3: ¢'(+oo) ¢ {b} + Z. Since

¢ (+00) — ¢'(—c0) <1 and { lb)

we obtain that ¢'(—oc) € {b — 1,0,b} and ¢'(+00) € {b,1,b+ 1}. If ¢!'(+00) = b+ 1 then
¢'(—00) = b and if ¢'(—o0) = b — 1 then ¢'(+00) = b. Thus, it is sufficient to exclude the cases
@' (£00) = b. At the end, this will prove that that ¢!(4+00) = 1 and ¢*(—00) = 0 (and so by step
2.2, $?(+00) = 1 and ¢?(—o0) = 0).

By contradiction, we assume that

¢! (+00) = b.

(the case ¢'(—o0) = b being similar). Let zo = 27*, where r* = max |r;]. Since
1=

yeens IV

b=¢'(+00) = (¢')"(0) 2 b
then ¢! (x) = b for all z > 0. Hence
¢ (1) = ¢ (xo £a) =b

for r* < a < 27r*.

Step 3.1: Introduce z, and y,. For any ¢ > 0 small enough (¢ < min(b,1 — b)/2), let
zp and y, € R such that

(3.21) { (ép)+(zp) <bte and { (¢p)+(yp) <b—¢
(¢p)*(2p) > b+¢ (6L)* (yp) > b — <.

Let
by (@) = (9p)(x + @) — (¢,)"(z — a)
Vo) = (¢3)+(x +a) — (6})"(x — a).

Note that ( ;, wz) is lower semi-continuous and solution of

ep(thy) (@) =2 ao(Vy(@) — ¥y())
(322) 4 o) (x) > 2(F ((( ,1,)*(96+a+7"z))z ..... v) = F(((¢p)"(z — a+ri))i=o....v))
+ao (v (2) — ¥3(@)).

Moreover, we have

b+e € [(@p)«(2p), (0p)*(2p)]  such that dist (b+e,{0,b} +Z) >e.
Then there exists §(¢) (given by Proposition 3.4) independent of p such that (for a > r*)
(3.23) Y1(zp) > 6(e) >0 and ea(z,) >6(e) >0

Similarly, we get that

(3.24) P1(yp) 2 6(e) >0 and  ta(y,) = 0(e) > 0

Using the uniform convergence of gb}o to ¢! (see the second part of Lemma 2.7 if ¢ = 0), we also
get that
¢y (o) — b

and
Pp(x0) = (p)«(z0 + a) — (¢p)* (w0 —a) = 0 as p— 0.
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Step 3.2: Equation satisfied by (1!,1?) at its point of minimum. Since

{zp%qtooasp%qtoo

ypSO,

we have x¢ € [yp, zp] for p small enough. We define

mzl, = Ier[lr;i{lzp] wllj(:n) = ’L/le)(l'zl)) > (0 with le, € [yp, 2p)
mi = IEI[Iylil,lzp] wi(z) = 7,/}2(:0129) >0 with :cf, € [yp, 2p]-
Note that
(3.25) m}o = 1/111,(:13119) < w;(xo) —0 as p—0.

Since, by (3.23) and (3.24),

Up(yp) 2 6(e) >0, ¥

we have

and from (3.22), we get that

This gives that

Thus

Using that

we then get

(3.26) 25 € (Y, 2p)-

Then by (3.22), we have
(3.27)
0= Cp(wé):(wé)
0 =cp(v) (27)

ARV

Using that

we deduce that

(Zp) >d(g) >0,

(3.28) 0> F(((¢p)" (2} + a+11))izo,...v) = F(((¢p)" (2} — a +13))iz0,....¥)-
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Step 3.3: w;(xf, +7i) > w;(xll,) = m}o for all . Using (3.26) we get

(3.29) b—e < (6})"(up) < 0h(a2) < (B1)u(() < b+e
Using Lemma 3.3, we deduce that there exists ¢§ and ¢3 such that

gp(xs+) > ¢y and ¢(xr +-) = ¢j ae.on R
and (¢4, #3) is solution of

(3.30) { z< 5)’(z)=go(¢%<z)— 1(2))

Using that
(331)  0< (62).(2 +a) — (62)" (22 — a) = Y2(a2) < ¥2(&]) < Y}(al) =ml 50 asp—0

we deduce that ¢ = K; on (—a,a). Using Lemma 3.2, we deduce that ¢} = Ky on (—a,a) with
Ky e (b—eb+e) (by (3.29)).

The second equation of (3.30) implies that f(K;) = 0, which gives K1 = b. We then deduce
(using the uniform Lipschitz continuity or Helly’s Lemma in the case ¢ = 0), that

sup |pp(x) = b] = 0 for all § > 0,
(z%7a+§,z%+a7§)

which implies
(3.32) (¢p)s(@r +a—36),(dp) (a7 —a+0) —=basp—0
Using (3.21), we deduce, taking 6 small enough (0 < § < a — r*), that
Yp §x12)+ri <z, forall i
which gives that
(3:33) UL@d 4 1) > gh(at) = md,

Step 3.4: Getting a contradiction. In this step, we assume that m}o > 0 and we want to get
a contradiction. Set

((bzlj)*(zg +ri—a)ifr;, >0

b — {((bzlj)*(zgeriJra) ifr; <0

and note that
ki € [(¢p)" (2}, — a), (¢)« (25 + a)]
which implies that k; — b as p — 0 (by (3.32)).
Hence from (3.28),(3.33) and using the monotonicity of F, we get
0> F((ai)i=o,..n) — F((¢i)i=o,..,.N)

where

T kiml i >0
and

C; =

’ k; if r; >0.
Therefore from the fact that k; — b and mll, — 0, we deduce that

a; b and ¢; —b as p—0.
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Since F is C! near {b}" ! and ¢; +t (a; — ¢;) = ¢; + tmzl,, we have

1

al OF
0> [ dt Y (ai—ci) <W(Cj +t(a; — ¢j)j=0,..., N))

0 i

—0
1 N
oF
_ 1( 98 1
- /0 dt ;mp (aXZ_((C] +tmp)g—0,...,zv)).

Using that mll7 > 0, we get

Lo orF
02/0 dt ZaXi((c]—thm;)j:o ,,,,, N)

i=0
1 N N
oF oF
Y . 1 . —
= f(b) +/O dt (?_O aXi((CJ +t my)j=o,..N) ;:0 e (b, ,b))
But Fis C* near {b}"*! and ¢; +tm), — b for all 4, thus
1 N N
0 oF
/0 dt ( ) ((ej+t m;)]_o, N)— E aX_(b, ,b)) —0 as p—0.
i=0 i=0 ‘

This implies that

which is a contradiction with assumption (B).

Step 5: mll7 > (0. We split this step into two cases:

Case 1: F is strongly increasing in some direction. We assume that F satisfies

OF
09X,

(3.34) > 4§ > 0.

We assume by contradiction that m}l7 = 0. Thus

Up(@p) = (d)x (@, +a) = (&))" (w, —a) =

Since qﬁllj is non-decreasing, we get

! = @L(a}) =b.

p‘(mé—a,mé#»a) -

The first equation of (3.17) implies that

2 f—
Plel —a,zl+a)

Let di > xll, + a be the first real number such that
gbllj(dl + 1) > b for every n; > 0.

We choose 0 < 11 < r;, and set
1 =dq +m =1

From the definition of dy, we deduce that

¢119 = qﬁ; = b on a neighborhood of z;.
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hence (qﬁ%)/(xl) = 0. Moreover, we have

Q%(wl +7;) > b forall i # i,
O (@1 +14,) = O(dr +m1) > b for i = i

Thus, the second equation of (3.17) implies that

0=c () (x1) =2F((}(x1 + 7:))iz0.....¥)
>2F(b, ,(,b (1 +7’“) 5 b)
>f(b) + do(dp(di +m) —b)
750(05 (di +m)—1b)>0.

This is a contradiction.

Case 2: Create the monotonicity. In fact, we can always assume (3.34) for a modification
F, of I, where
Fp(Xo,Xl, ceey XN) = F(XQ,Xl, ceey XN) +P(le — XQ)

Then the whole construction works for F replaced by F}, with the additional monotonicity property
(3.34) with 69 = p. Once we pass to the limit p — 0, we still get the same contradiction as in Step
3.4 and we recuperate the construction of traveling wave (¢1, ¢2) of (1.6) for the function F.

O

4  Uniqueness of the velocity c

In the first subsection, we prove a comparison principle on (—oo,7*]) and then another one on
[-7*, 4+00)). These two comparison principles will be used in the second subsection to prove the
uniqueness of the velocity.

4.1 Comparison principle on the half-line

Theorem 4.1 (Comparison principle on (—oo,7*]). Let F : [0,1]NT! — R satisfying (A) and
assume that

there exists Bo > 0 such that if :
(4.1) Y = (Yo, ., YN), Y + (a..oya) € [0, BT
then F(Y + (a,...,a)) < F(Y) ifa > 0.

Let (u1,uz) and (v1,v2) : (—o0,7*]% — [0, 1]? be respectively a sub and a super-solution of

=)
=

¢ uj(2) = ao(uz(z) — ui(2) on (-
(42) { c uy(z) =2 F((ua (Z‘f'?“z))z 0,...N) Fag(ui(z) —ua(z)) on (—

=)
=

We suppose that

uz < fo on (=00, 2]

Then
{ul < v on (—o0,r*]

uz < vy on (—oo,r*].
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Corollary 4.2 (Comparison principle on [ — r*, +00)). Let F : [0, 1]V 1 — R satisfying (A) and
assume that

there exists Bop > 0 such that if :
(4.3) Y = (Yo, o, Y), Y + (@ ooya) € [1 — Bo, 1N+
then F(Y + (a,...,a)) < F(Y) ifa > 0.

Let (u1,uz2) and (vi,vs) : [—1*,+00)? — [0,1]? be respectively a sub and a super-solution of (4.2)
on (0,+00). We assume that

{vl >1— o on [—2r*,+00) and {ul < vy on [—r*,0]

vy > 1= fo on [-2r%,+00) uz < v on [~r*,0].

Then
up < vy oon [—r*, 400
ug < vy on [—r*, 400].

Lemma 4.3 (Transformation of a solution of (4.2)). Let (u1,us), (v1,vs) : (—o0,r*]?> — [0,1]? be
respectively a sub and a super-solution of (4.2). Then

{ﬂl(z) =l-w(-2) {@1(z) =1—v(-2)

Ga(x) =1 —uz(—x Do(x) =1 —va(—2x)

are respectively a super and a sub-solution of (4.2) on (0+ o00) with F, ¢, r; (for alli € {0,...,N})
replaced by F', ¢ and 7, given by

F(Xg,...Xy)=—F(1—Xo,...1 — Xy)
(4.4) é
72

with F: [0, 1]V = R satisfying (A), (B) and (C), where b and f are replaced by

[

=1-0

f)=—=f(1-w).
Proof. Let (u1,uz) : (—oo,7*]?> — [0,1]? be a sub-solution of (4.2) and set
1(x) =1—ui(—x), do(x)=1—uz(—x).

We have

cuf(

(

ao(ua(—z) —ur(—x))
—2 F((ur(—z + 14))i=0,....N) + ao(ur (—z) — ug(—z))

—

cu

—
() ()
S
RS
8 8
I

—z) <
—z) <

o~

thus

o>

{ i) () > ap(@z(z) — a1 (x))
ciy(x) > 2F((1 —dy(x —r;))izo,....N) + ao(tz(z) — 41 (x)).

Hence (41, t2) is a super-solution of (4.2) on (0,400). Similarly, we prove that (91, %s) is a sub-
solution of the same equation on (0, +00).
O

The proof of Corollary 4.2 is now very easy.
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Proof of Corollary 4.2. Let (u1,us), (v1,v2) : [-r*,+00)? — [0,1]? be a sub and a super-solution
of (4.2) on (0,400) such that v; > 1 — By and vo > 1 — By on [—2r*,+00). We set

() =1—ui(—x), d2(x)=1—wuz(—2x), o1(x)=1—wvi(—2x) and ba(x)=1—v2(—2x).

Thus 1,72 < o on (—o0,2r*] and by Lemma 4.3 (i1, @2) and (91,02) are respectively a super
and a sub-solution of (4.2). Since F satisfies (4.3), we deduce that F' satisfies (4.1). By Theorem
4.1, we then get that

This implies that

We now go back to the proof of Theorem 4.1

Proof of Theorem 4.1. Let (u1,uz2) and (vi,v2) : (—o0,7*]> — [0,1]? be respectively a sub and a
super-solution of (4.2) such that

up < fo on (—oo,2r* d up <wv; on [0,r*]
an
uz < fp on (—oo,2r* <

Step 0: Introduction. Let
v = min(vlvﬂo)
U = min(’l)g,ﬂo)

According to (4.1) we have
F(/BOa "'5/80) <0.

Therefore the constant (y is a super-solution of (4.2) and then (77,72) is a super-solution of
(4.2) on (—00,0) with u1 < 01,us < 2 on [0,r*]. Moreover, since 77 < v; and T2 < wvg, it
is sufficient to prove the comparison principle (Theorem 4.1) between (ui,us2) and (o1, 72) with
uy, 01, ua, V2 € [0, fy]. For simplicity, we note (01, v2) as (v1,v2).

Step 1: Doubling the variables. We assume by contradiction that

M= sup max(ui(x)—vi(z),uz(x) —ve(x)) >0

z€(—o0,r*]

Let 0 < e,a < 1 and we define

and
Ms,a = sup maX(i/fl (SC, y)a 1/}2 (ZL', y))

z,y€(—00,r*]

Since the function v¢; and v are upper semi-continuous and satisfy ¥1(x,y), va(z,y) — —o0
as |(z,y)] — 400, we deduce that 11 and 1) reach their maximum respectively at (z!,yl) and
(22,92) € (—o0,7*]2. We also denote by (xc,ye,ic) € (—o0,7*]? x {1,2} such that

Ma,a = 1/’1'5 (-Taa ys)'
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Moreover, for o small enough, we get that

M
Me o > —
’ 2

> 0.
Using also the fact that uy(z}) — vi(zl) < By and uz(22) — va(22) < By, we get then

|:Cs - ys|2

(4.5) -

—ax. < Bo.

Step 2: for all @ and ¢ small enough, we have z.,y. € (—o00,0). By contradiction, assume
that there exists a small enough and e — 0 such that z. € [0,7*] or y. € [0,7*] and i, = i.
We suppose that z. € [0,7*] (the case y. € [0,7*] being similar). Using (4.5), we deduce that
Je € [—/2(Bo + r*)e, r*]. Then z. and y. converge to zo € [0,7*] as € — 0. We deduce that

M
0< - <limsup(ui(@e) — vi(ye)) < ui(wo) —vi(yo) <0

e—0

which is a contradiction.

Step 3: Viscosity inequalities. Using that x + 11 (z, y!) reaches a maximum at point x!, we
get that

B <M + a> < ag(ua(zl) — ui(xl)).

3

In the same way, we have

. ( = y3> > ap(va(yl) - vr ().

3

Subtracting the two inequalities, we deduce that

(4.6) ca < ag ((u2(2z) = v2(y2)) — (ur(ez) —v(y2)))

In the same way (using ¢2) we get that

(4.7) car 2| (F((un (a2 +7:)izo....) = F(01 (42 +70))io....v)]
+an((un(w2) = 01(42) — (ua(a?) — va(s?))

Step 4: Passing to the limit ¢, — 0. We set

ek _ k
uy =wuj(xl +r;), and v;

e,k

7 ’U(‘TlgC +T1)

The proof is split into two cases:
Case 1: 3¢, — 0 such that i. = 1. In that case, equation (4.6) implies that
Vo2, 92) 2 a(ws,yd) 2 n(at,y2) + — 2 o+ — > —
for a small enough. Hence, using classical arguments, we deduce that

!w—%\

(4.8) ,ar? =0 as g,a— 0.

Moreover, using that (22 + 7, y2 + 1) < ¥1(zl, yl), we have

ugd <OPF +me + 6F
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2 2|2
where m. = u1(zl) —vi(yl), and 65 = lﬁ;—}'— —a(a? +7;) (note that ax! < 0). Since uS,v5F €

ERREK
[0, Bp] and MTI < m. < Py, we deduce that as e, — 0
v;’ik — v’fJ-
Me — Mo = uio — ’Uio
07 — 0

with u* [0 ﬁ0]0<M71§m0§ﬁoand

7,00 _] 7
u?z < vii + my.
Passing to the limit in (4.7) implies that

0 < 2(F((uf)izo,..n) = F((v7;)i0,..n)) + ao((uf g — v7 ) — (U5 o — 3 ).
We define m = mo — (uj g — v{) > 0. Thus, using the monotony (1.5), we get

0<2 (F(Uio +m, (U%z)zzl ..... N) — F((Uii)izo vvvvv N))+ 040((“%,0 - Ui,o) - (ug,o - Ug,o))~

Passing to the limit in (4.6) and using the fact that U%,o — ’U%’O < U%,o — ’U%’O, we get that

040((“%,0 - Uio) - (Ug,o - U%,o)) <0.

Thus, up to redefine uf ; by ufy +m € [0, fo], we get
(4.9) 0 < F(ui, (uf)iz1,...n) = F((v7)i=0,...N)-

1
Wlthu“, 7 €10, Bol, 0 < <mg < B,

2 2 2 2
uy; <vi;+mo and uj,=wvjg+ me.

Case 2: J¢,a — 0 such that i. = 2. Using that ¢ (22 + r;, y2 + i) < ¥2(22,y2), we get that
Uy < op; o+ me + 6
kooek 1
where m. = uz(22) — va(yZ), and 87 = —ary. Since uj;, 05} € [0, o] and M < m. < By, we
deduce that as e, — 0
e,k k
uyy = uf
e,k k
vy = vl
me — mo = u3 o — V3,
07 =0

Wlthu“, 7 €10, Bol, 0<M71§m0§ﬂ0and

uf; <oi;+mo.
Passing to the limit in (4.7) implies that

0<2 (F((U%z)z:ON) - F((’Uii)i:O,...,N)) + CYO((U%,O 0) (Ug,o - U%,o))-

We define m = mg — (u? , — v?,) > 0. Thus, using the monotony (1.5), we get
1,0 — V1,0

0<2 (F(Uio +m, (u%,i)izl,- N) - F((U%i)i—O, N)) + 040((“?,0 - Uio) - (u% 0~ V3 0) +m)

=2 (F(Uio +m, (u%,i)izl,- ((Ul ,i)i=0,.. ))
Thus, up to redefine uf 4 by ui o +m € [0, fo], we get
(4.10) 0 < F((uf ,)izo....v) = F((v] 3)i=0....N)-

1
w1thu“, ¥ €10,80], 0 < M < mg < Bo,

2 2 2 2
uy; <vy;+mo and  uj o =wvjg+ mo.
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Step 5: Getting a contradiction.

(4.11)

and

2 .2 /
uy; + i =vi,; — l; +mo,

We claim that for all 4, there exists [;, I} > 0 such that

-2 2

ul,i = ul,i + lz S BO
-2 . 2 /

V], =0y, — l; > 0.

Recall that for all i € {0, ..., N}, we have

2 2

us ;, vy ; € [0, Bol
2 2

uy; < i +mo

2 2
ui g — 19 =mo < o

If for some 7, u? ; = v}, +my, then it suffices to take I; = I, = 0. Assume then that u? ; < v, +mo.

Case 1: ui;, v}, € (vig,uip). Setl; =ui,—ui, and lj =vi; — 07, Then

2

_2 2 2
{ u; =uy,; i =uig < Po

-2 _ 2 ;2
Vis = V14— ;= Ch 0,
—2 _ -2
and uy,; = vy, + mo.

Case 2: u?, > u?, and v}, > v?,. Since u?, — v}, > my, then there exists I} < v}, —v?,
such that

2 _ .2 /
uy,; =vi,; —l; +mo

and 5?71- = U%,i =1l > U%o > 0. Thus, it is sufficient to take [; = 0.

Case 3: ui,; < uf, and v}; < v7,. This case can be treated as Case 2 by taking I} = 0 and

) 2 9
ll<u17O Uy ;-

Finally, going back to (4.9) or (4.10), since F' is non-decreasing, we deduce that

0 < F((ui,)izo,..n) — F((v7,)i=o.,...N)
< F((@,)izo,..n) — F((73 )i=o0,...N)
= F((U%,i)izo, N) — F((H%z —mg)i=0,....N)
< 0.

Last inequality takes place since F' verifies (4.1) for uj ;, U5 ; —mq € [0, Bo] and mg > 0. Therefore,

we get a contradiction.
O

4.2  Uniqueness of the velocity

In this subsection, we use Theorem 4.1 and Corollary 4.2 in order to prove the uniqueness of the
velocity c.

Proposition 4.4 (Uniqueness of the velocity). Under assumptions (A), we consider the function
F defined on [0,1]N*L. Let (c1,(¢11,¢12)) and (ca2, (¢21,¢a2)) be two solutions of (1.7), with
D11, P12, P21, P22 : R — [0, 1]. If F satisfies in addition (C'), then ¢1 = ca.
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Proof. Assume that (c1, (¢11, ¢12)) and (ca, (¢21, P22)) are solutions of (1.7) and assume by con-
tradiction that ¢; < co. We have

p11(—00) =0, ¢11(+00) =1 and $21(—00) =0, ¢a1(+o0) =1
p12(—00) = 0, ¢12(+00) = 1. P22(—00) = 0, ¢paa(+00) = 1.

We set § = min(fy, i) where fj is given in assumption (C') and up to translate (¢11, $12) and
(21, Pa2), we assume that

d11(x) >1—-6 V a>-2r*
pr2() >1—-6 V a>-2r*

and

This implies that

oo () < d12(x) over [—r* r*].

Moreover, since ¢; < c¢g, we have

{qﬁgl(a})gqﬁu(m) over [—r* r¥]

c1 (¢21) (%) < ca (¢21)'(w) = ao(pa2 () — Pa1(z))
c1 (¢22)' () < e (922)'(2) = 2 F((¢21(% — 7i)im0,...,N) + o(¢21(2) — ¢22(2)).

Thus (c1, (¢21, ¢22)) is a sub-solution of (1.7). Using Corollary 4.2, we deduce that

{92521 < ¢11 over [—r*, 400)

$22 < p12 over [—r*, +00).

Similarly, using Theorem 4.1, we get that

{¢21 < ¢11 over (—oo,1%]

P22 < @12 over (—oo, ]

Therefore
¢21 < ¢11 over R
{¢22 S ¢12 over R.
We set
ul(t,x) = ¢11(l‘ + Clt)
Ug(t, .T) = ¢12(l‘ + Clt)
us(t, ) = ¢a1(x + cat)
ug(t, ) = oo + cat)

Then fori =1, =2 and i = 3,j = 4, we have

Opui(t, x) = ap(uj(t,x) — ui(t, x))
(4.12) { Duus(t,2) = 2 F({us(t, 7+ 19))1oy..x) + a0 (us(t, 2) — ¢, 2)).

Moreover, at time t = 0,

(4.13) { u1(0, ) i¢11($) i ¢21(m§ =
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Then, applying the comparison principle for equation (4.12), we get

ulz’U,gthOVZ'ER
Uy > ug Vit >0Ve e R.

Taking x =y — c; ¢, yields
o11(y) > ¢y + (c2—c1)t) VE>0,¥yeR
$12(y) > da2(y + (c2 —c1)t) VE>0,Yy € R.

Using that ¢; < co and passing to the limit ¢ — 400, we get

D11(y) > do1(+00) =1Vy € R
012(Y) > daa(+00) =1 Vy € R.

But ¢11(—00) = 0 and ¢12(—o0) = 0, hence a contradiction. Therefore ¢; > c¢o. Similarly, we

prove that co > ¢1. Thus ¢; = cs.
O

5 Uniqueness of the profile

This section is devoted to the proof of the uniqueness of the profiles (under assumption (D))
using tow different types of strong maximum principle.

5.1 Different types of strong maximum principle

Lemma 5.1 (Half Strong Maximum Principle). Let F : [0, 1]V ! — R satisfying assumption (A)
and let (P11, d12) and (P21, daa) be respectively a wviscosity sub and super-solution of (1.7), with
D11, P12, P21, P22 : R — [0, 1]. We assume that

¢21 > 11 on R
@22 > P12 on R
$21(0) = $11(0)
$22(0) = ¢12(0).

If ¢ > 0 (resp. ¢ <0), then

0)
0).

0 (resp.x

< >
< >

¢12 = ¢oa  forall =z

$11 =21 forall z
0 (resp.x

Proof. We do the proof in the case where ¢ > 0. By contradiction, assume that there exists zo < 0
such that
$21(z0) > d11(x0) O  P22(20) > P12(20).
Let wi(x) = ¢o1(x) — ¢11(x) and wa(z) = Paa(x) — P12(x). A simple computation gives that
(5.1)
{ cwy(r) >
>

cwh(x)

ag (w2(x) — wi(2))
2(F((¢21(x 4+ 73))i=0,..N) — F((p11(z +73))i=0,...N) + a0 (w1 (x) — wa(z)) .

Using that I is non-decreasing w.r.t. X; for all i # 0, we get

cwi(z) > ag(wz(r) —wi(x)),
cwy(z) = 2(F(dn () +wi(@), (d11(x +7i))i=1,..8) — F(P11(2), (¢1(x + 7i))i=1,...n))
+ag (wi(z) — wa(z))
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Let w(x) = wy(x) + wa(z). Then

cw'(z) > 2 (F(¢p11(x) + wi(z), (p11(z + 7i))iz1,.. .n) — F(d11(x), (P11 (2 4+ 75))i=1,...N))
Since F' is globally Lipschitz continuous (we denote by L its Lipschitz constant), we have

(5.2) w'(z) > —% wy(z) > —% w(z).

We note that y(z) := w(xzg) exp (— satisfied (5.2) for all zp € R. Using the

2L (x— o)
¢
comparison principle, we deduce that

2L (z— xo)
c

(5.3) w(z) > w(zo) exp (— ) for all z > .

Since wy(xg) > 0 or wa(zg) > 0, we have
w(xg) > 0.
This implies that
w(z) >0 for all z > xo.

In particular, for z = 0, we get
w1(0) >0 or we(0) >0,

- $21(0) > 611(0) or  22(0) > 12(0),

which is a contradiction.
O

We now use Lemma 5.1 in order to get a Strong Maximum Principle under assumption (D=+)
).

Lemma 5.2 (Strong Maximum Principle under (D4) i4)). Let F : [0,1]¥+1 — R satisfying (A).
Let (11, P12) and (P21, P22), with P11, P12, 21, P2z : R — [0, 1], be respectively a viscosity sub and
super-solution of (1.7) such that

¢21 > 11 on R
¢22 > p12 on R
$21(0) = $11(0)
$22(0) = ¢12(0).

a) If F is increasing w.r.t. X;, for a certain ig # 0 then

P21 (k 7“1'0) = ¢11(k 7“1'0) forall keN
G2 (ki) = p12(kriy) forall ke N.

b) If we suppose moreover that F satisfies (D+)it) if ¢ > 0 or (D—)ii) if ¢ < 0 then

do1(x) = ¢11(x) forall xz€R
D22 () = d12(x) for all x €R.
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Proof. a) We assume for simplicity of notation that i = 1. As in the proof of Lemma 5.1, we
define wy () = P21 () — P11(x) and wa(x) = Paa(x) — P12(x) which satisfy

(5.4) { cwy(z) = ag(wa(x) — wi(z))
cwhy(x) > 2(F((¢a1(x +14))i=0,....8) — F((d11(x + 74))i=0,....N)) + o (w1 (x) — wa(x)).

Using that w1(0) = 0,w2(0) = 0 and w;,ws > 0 on R (hence 0 is a point of minimum of w; and
wa), we deduce that

{0 > ap(w2(0) — w1 (0))
0> 2(F((¢21(rs))i=o,...8) — F((¢11(r:))i=0,....n)) + ao(w1(0) — w2(0)).

Thus

Since F' is increasing w.r.t. X, we deduce that

$21(r1) = d11(r1),
i.e. wy(r1) = 0. Hence 7 is a point of minimum of w;. The first equation of (5.4) then implies
0 Z ’LUQ(?“l) — wl(rl) = ’LUQ(?“l).

Since we > 0, we deduce that wo(r1) = 0, i.e.

Ga2(r1) = P12(r1).

Repeating the above argument replacing 0 by r1, we get that

¢21 (k 7’1) = ¢11(l€ Tl) and ¢22(k 7’1) = ¢12(l€ Tl) forall k € N.

b) We assume that ¢ > 0 and that F' satisfies (D+) ii) (the other case where ¢ < 0 being similar).
By contradiction, we suppose that there exists x € R, such that

$21(x) > ¢11(z) or ¢aa(x) > dr2(x).
Let k € N big enough such that kr;, > 2. Using Lemma 5.1, and the fact that

dr1(kri,) = dpar(kriy)
¢12 (k 7"14) = ¢22(k 7’14)-

We get that
$21(z) = $11(7)
P22(7) = P12(7).

which is a contradiction.
O

Lemma 5.3 (Comparison Principle under (D+) i)). We assume that ¢ > 0 (resp. ¢ < 0) and
let Fsatisfying (A) and (D+) i) (resp. (D—) i)). Let (¢11,d12) and (¢a1,p22) be two solutions of
(1.7), with ¢11, P12, P21, 22 : R — [0,1]. We assume that ¢11, ¢21 € C? and ¢12, ¢22 € C' and
that

$11(0) = $21(0) and  ¢12(0) = ¢22(0).
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Suppose moreover that

¢21(x) > P11(x) on [—r*,0] (resp. on [0,r*])
Po2(x) > P12(x) on [—r*,0] (resp. on [0,r*])

then

{(bgl(z) > d11(x)  forall x > —r* (resp. x < 71¥)
).

<
Goa(x) > ¢12(x)  for all x > —r* (resp. v <

Proof. We assume that ¢ > 0 (the case ¢ < 0 being similar). We define the functions wy(z) =
¢11(SC) — ¢21 (ZL') and wo (ZL') = ¢12(1‘) — ¢22 (ZL') which satisfy

55) {cwi(w) = ag(ws(x) —wn ()
cwy(z) = 2(F((d11(x +14))i=0,...n) = F((d21(x + 14))i=0,..,n)) + a0(w1(z) — wa(z)).

By the first equation, we then deduce that

&

/ ! 7

Wy = Wy + —wy .
(7))

The second equation then implies that

2

;—Owa' + 2cw), = 2(F((¢u1(x + 74))imo,...n) — F((d21(2 + 7:))ico....n)).

Since ¢11 < ¢o1 on [—r*,0] and r; < 0 for all i # 0, then for all z € [0,1_1;2(1)1(77’1')], we have
d11(x +13) < dor(x + 1;) for i # 0. This implies that

2

;—Ow’l’ + 2cw] <2(F(¢21(x) + w1 (x), (p21(x + 1i))iz1

2L |wa ()|

where L is the Lipschitz constant of F. Moreover, w;(0) = 0, w}(0) = <2 (w2(0) — w1 (0)) = 0 and

y = 0 is a solution of ;—iy” + 2cy’ = 2Ly, then using the comparison principle, we deduce that

wy; <0 for all xemggkmﬂ

i.e.
¢11 < o1 forall z e [0’12251(_”)]-

Using the second equation of (5.5) and the fact that ¢11(z + ;) < ¢o1(x + 1;) for i # 0 for all
x € 0, n;i(l;l(—ri)], we deduce that

cwé(z) <2(F (21 (x) + wi(x), (P21 (x +74))i=1....N) — Fp21(x), (p21(x 4+ 7:))i=1,...N))
+ ap(wy (z) — wa(x))
=G (w1 (z)) — G(0) — apwa()

where G(t) = 2F (¢o1(x) +1t, (P21 (x +74))i=1,... n) + ot. Using that G is non-decreasing (see (1.5))
and wy (z) < 0, we deduce that
cwy(x) < —apws(z).

@

Using again that w2(0) = 0 and y = 0 is a solution of w'(x) = =F2wy(x), we deduce by the
comparison principle that

qmgObmnxepggqm
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We repeat the above argument several times, each on the new extended interval. We deduce that

011 < ¢pg1 forall x> —r*
G123 < pop  for all x> —r*.

O

We use Lemma 5.1 and Lemma 5.3 in order to prove the Strong Maximum principle under
(D+) 9).

Lemma 5.4 (Strong Maximum Principle under (D+) i)). We assume that ¢ > 0 (resp. ¢ <0)
and F satisfies (A) and (D+)1) (resp. (D—)1i)). Let (¢11,d12) and (¢21, d22) be respectively a
viscosity sub and a super-solution of (1.7), with ¢11, 12, P21, P22 : R — [0,1]. We assume that
P11, d21 € C* and ¢r2, ¢22 € C and that

¢21 > ¢11 on R
¢22 > 12 on R
$21(0) = ¢11(0)
$22(0) = ¢12(0).

Then

d11(x) = ga1(x) forall =z in R
d12(x) = gaa(x) forall = in R.

Proof. Let ¢ > 0 . Using Lemma 5.1, we deduce that

011 = o1 forall =<0
P21 = oo forall z <0.

By Lemma 5.3, we then deduce that

011 > ¢o1 forall x> —r*
$12 > oo forall x> —r*.

which gives the result.
O

Lemma 5.5 (Ordering two solutions of (2.3) up to translation). We assume that ¢ # 0 and let
F:[0,1]V*! = R satisfiyng (A) and (C). Let (¢11, d12) and (o1, da2) be respectively a viscosity
sub and super-solution of (1.7), with ¢11, P12, d21, 2o : R — [0,1]. There exists a shift a* € R and
some xg € [—1*,1*] such that
¢3 > du on
¢35 > do1 on
%1 (z0) = b1 (o

(20)
$%2 (0) = $12(x0),

R
R

where

0% (2) = poa(z + a*).

Proof. The idea of the proof is to translate (¢a1, ¢pa22) and then to compare it with (¢11, P12).

{asgi () = ¢or(w + a¥)
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Step 1: Family of solutions above (¢11,$12). For a € R, we define

$51(x) = ¢a1(z +a)
$52(x) = ¢aa(z +a).

For some a > 0 large enough, we have

#% > P11 on  [—2r* 2r*] forall a@a>a
¢34y > 12 on  [—2r* 2r*] forall a > a.

Using the comparison principle (Theorem 4.1 and Corollary 4.2 ), we deduce that for all a >
we have

3 > ¢11 on R
¢32 Z ¢12 on R.

Step 2: There exists a* such that ¢, and ¢;; touch at ¢ € [—7*,7*] , $% and ¢, touch
at zp € [—r*,r*]. Let

Ql
V
IS

—

ai =inf{a € R, ¢3; > ¢11 on R for all
ay=1inf{a € R, ¢ > ¢12 on R for all

1

V

IS
—

We set a* = max(a},a3). We define ki (x) = ¢%; (2) — ¢11(x) and ko (x) = ¢% (z) — ¢12(2) which
satisty

cki(z) > ao(ke(z) — ki (2))
(56) { ky(x) > 2(F((¢%; (z +713))i=0,..x) — F((¢11(z +74))i=0,....n)) + ao (ki () — k2 ().

We now prove that a3 = aj. By contradiction, assume that a3 # aj If a3 > aj, we have
¢51 () > du1 ()

05 (x) > ¢1a(2)
0%, (x0) = d12(w0).

Since F is non-decreasing in X; for i # 0, we have

F((¢%) (x +74))i=o0,...n) >F (% (), (¢11 (2 +77))i=1.....¥)
F(¢p11(z) + ki(z), (P11 (x +75))i=1,...,N)

Thus (since z¢ is a point of minimum of ke and k2(xg) = 0)

(6.7) 0> 2(F(¢11(x0) + k1(x0), (P11(x0 + 74))i=1,...8) — F((é11(x0 + 73))i=0,....N)) + a0k (z0)

We define G : R — R by

(5.8) G(y) =2 F(¢11(x0) + v, ($11(x0 + 74))i=1..N) + @0 Y.

Then
0= (G(k1(z0) — G(0)).
But k1 (z0) > 0 and, by assumption (1.5), G’(y) > 0, so we get a contradiction.
If a7 > a3, then
5 (2) > d12(2)
¢31(2) = ¢ ()
$31(z0) = ¢11 (o).
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Since ki (x0) = 0 and kq(x) > 0, we deduce that xg is a point of minimum of k1 and so by the first
equation of (5.6), we get
0> ap kg(xo) >0

wich is a contradiction.

Thus a] = a3 = a* and so

51 (¥) > ¢11(7)
52 (2) > ¢1a(x)
51 (x0) = ¢11(x0)
82 (20) = ¢12(x0).

O

Lemma 5.6 (Monotonicity of the profiles). Assume that ¢ > 0 (resp. ¢ < 0) and let F :
[0, 1]V — R satisfying (A), (C) and (D+) i) or ii). Let ¢1, ¢2 : R — [0,1] be a solution
of (1.7). Then ¢1 and ¢o are increasing on R.

Proof. Assume that ¢ > 0 (the proof when ¢ < 0 being similar) and let (¢1, ¢2) be a solution of
(1.7).

Step 1: (¢1,¢2) are non-decreasing. The goal is to show that ¢1(z 4+ a) > ¢1(z) and ¢o(x +
a) > ¢2(x) for all @ > 0. As in the proof of Lemma 5.5, we deduce that for a > 0 large enough
and for all @ > a, we have

¢1(z) == d1(x +a) > ¢1(x) and  ¢3(x) := da(z +a) > ¢2(x) on [-2r",2r"].

Thus using the comparison principle (Theorem 4.1 and Corollary 4.2), we deduce that for all
a > a, we have B 3

¢ (x) = ¢1(x) and ¢f(z) = d1(z) on R.
Let

Ql

a}

a}.

As in the proof of Lemma 5.5, we can prove that a] = a5 = a*. We want to prove that a* = 0. By
definition of a*, there exists some zy such that

ai =inf{a € R, ¢3; > ¢11 on R for all
ay=1inf{a € R, ¢ > ¢12 on R for all

Ql
(AVANAY]

¢ >¢1 on R
$¢ > ¢y on R
% (z0) = ¢1(x0)
03 (z0) = (o).

Then, using the Strong Maximum Principle Lemma 5.2 or Lemma 5.4 (note that, since ¢ # 0,
¢1, 2 € C! and so the first equation of (1.7) gives that ¢y € C?, then we can apply Lemma 5.4),
we get that ¢¢ = ¢y, i.e., ¢1 is periodic of period a*. But ¢;(—o00) = 0 and ¢;(4+00) = 1, thus
a* =0.

(5.9)

Step 2: (¢1,¢2) are increasing. Let a > 0, we want to show that ¢1(z 4+ a) > ¢1(z) and
¢2(x + a) > ¢2(x). From Step 1, we have ¢1(z + a) > ¢1(z) and ¢2(x + a) > ¢2(x). Assume that
there exists xg such that

$1(z0 +a) = ¢1(x0) or ¢a(wo + a) = ¢a(wo).

As in the proof of Lemma 5.5, we can prove that

#1(z0 +a) = ¢1(v0) and  P2(z0 + a) = ¢2(w0).
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Using the Strong Maximum Principle (Lemma 5.2 or Lemma 5.4), we get that a = 0, which is a
contradiction. Thus

p(r+a)>¢1(x) and ¢o(x+a) > da(xr) on R forany a>0.
O

Proof of Theorem 1.3. The proof of the uniqueness of the velocity is a direct consequence of Propo-
sition 4.4. For the uniqueness of the profiles, it suffices to use Lemma 5.5 and the Strong Maximum
Principle (Lemma 5.2 or Lemma 5.4). Note that, since ¢ # 0, ¢1, ¢ € C* and so the first equation
of (1.7) gives that ¢; € C2, then we can apply Lemma 5.4. Finally the strict monotonicity of ¢;
and ¢o follows from Lemma 5.6. O
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