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Abstract

Partial multivariate Bell polynomials have been defined by E.T. Bell in 1934. These polynomials
have numerous applications in Combinatorics, Analysis, Algebra, Probabilities etc. Many of the
formulee on Bell polynomials involve combinatorial objects (set partitions, set partitions into lists,
permutations etc). So it seems natural to investigate analogous formula in some combinatorial
Hopf algebras with bases indexed with these objects. In this paper we investigate the connexions
between Bell polynomials and several combinatorial Hopf algebras: the Hopf algebra of symmetric
functions, the Faa di Bruno algebra, the Hopf algebra of word symmetric functions etc. We show
that Bell polynomials can be defined in all these algebras and we give analogues of classical results.
To this aim, we construct and study a family of combinatorial Hopf algebras whose bases are
indexed by colored set partitions.

Abstract

Partial multivariate Bell polynomials have been defined by E.T. Bell in 1934. These
polynomials have numerous applications in Combinatorics, Analysis, Algebra, Probabil-
ities etc. Many of the formulee on Bell polynomials involve combinatorial objects (set
partitions, set partitions into lists, permutations etc). So it seems natural to investi-
gate analogous formulee in some combinatorial Hopf algebras with bases indexed with
these objects. In this paper we investigate the connexions between Bell polynomials
and several combinatorial Hopf algebras: the Hopf algebra of symmetric functions, the
Faa di Bruno algebra, the Hopf algebra of word symmetric functions etc. We show that
Bell polynomials can be defined in all these algebras and we give analogues of classical
results. To this aim, we construct and study a family of combinatorial Hopf algebras
whose bases are indexed by colored set partitions.
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1 Introduction

Partial multivariate Bell polynomials (Bell polynomials for short) have been defined by E.T. Bell in
[3] in 1934. But their name is due to Riordan [23] which studied the Faa di Bruno formula [10, [11]
allowing one to write the nth derivative of a composition f o g in terms of the derivatives of f and
g [22]. The applications of Bell polynomials in Combinatorics, Analysis, Algebra, Probabilities etc.
are so numerous that it should be very long to detail them in the paper. Let us give only a few
seminal examples.

e The main applications to Probabilities follow from the fact that the nth moment of a proba-
bility distribution is a complete Bell polynomial of the cumulants.

e Partial Bell polynomials are linked to the Lagrange inversion. This follows from the Faa di
Bruno formula.

e Many combinatorial formulse on Bell polynomials involve classical combinatorial numbers like
Stirling numbers, Lah numbers etc.

The Faa di Bruno formula and many combinatorial identities can be found in [6]. The PhD
thesis of M. Mihoubi [20] contains a rather complete survey of the applications of these polynomials
together with numerous formulae.

Some of the simplest formulee are related to the enumeration of combinatorial objects (set par-
titions, set partitions into lists, permutations etc.). So it seems natural to investigate analogous
formulz in some combinatorial Hopf algebras with bases indexed by these objects. Combinatorial
Hopf algebras are graded bigebras with bases indexed by combinatorial objects such that the prod-
uct and the coproduct have some compatibilities. The graduation implies that the Hopf structure
is equivalent to the fact that the coproduct is a morphism for the product.

In fact, most of the identities on Bell polynomials can be obtained by manipulating generating
functions and are closely related to some other identities occurring in literature. Typically, the
relation between the complete Bell polynomials A, (a1, as,...) and the variables aq,as,... is very
closely relatred to the Newton Formula which links the generating functions of complete symmetric
functions h,, (Cauchy series) to those of the power sums p,. The symmetric functions form a
commutative algebra Sym freely generated by the complete functions h,, or the power sum functions
Pn. So, specializing the variable a,, to some numbers is equivalent to specializing the power sum
functions p,. More soundly, the algebra Sym can be endowed with coproducts conferring to it
a structure of Hopf algebra. For instance, the coproduct for which the power sums are primitive
turns Sym into a self-dual Hopf algebra. The coproduct can be translated in terms of generating
functions by a product of two Cauchy series. This kind of manipulations appears also in the context
of Bell polynomials, for instance when computing the complete Bell polynomials of the sum of two
sequences of variables a; +b1, as+bs, . ... Another coproduct turns Sym into a non-cocommutative
Hopf algebra called the Faa di Bruno algebra which is related to the Lagrange inversion. Finally,
the coproduct such that the power sums are group like can be related also to a few other formulae
on Bell polynomials. The aim of Section [2]is to investigate these connexions.

Section 3] is devoted to the study of the Hopf algebras of colored set partitions. After having
introduced this family of algebras, we give some special cases which can be found in the literature.
The main application shows how to factorize the specialization Sym — C through this algebra.
This explains that we can recover some identities on Bell polynomials when the variables are
specialized to combinatorial numbers from analogous identities in some combinatorial Hopf algebras.
We show that the algebra WSym of word symmetric functions has an important role for this
construction. Finally, in Section[d] we give a few analogues of complete and partial Bell polynomials
in WSym, IIQSym = WSym”* and C(A) and investigate their main properties.



2 Bell polynomials and symmetric functions

The aim of this section is to restate some known results in terms of symmetric functions and virtual
alphabets. We give also a few new results that are difficult to prove without the help of symmetric
functions.

2.1 Definitions and basic properties
The (complete) Bell polynomials [6, pl33| are usually defined on an infinite set of commuting
variables {a1, as, ...} by the following generating function:

t" tm
ZAn(a'lv"wapa"')i_eXp(Zami) (1>

nl m!
n>=0 m21

and the partial Bell polynomials are defined by

t 1 tm
> Bl )y = (5 o @

n=0 m2>1
So, one has

An(ar,ag,...) = ZB,L7k(a1,a2,...),Vn > 1 and Ap(ay,as,...) =1 (3)

n
k=1

Let S, 1 denote the Stirling number of the second kind which counts the number of ways to
partition a set of n objects into k nonempty subsets. The following identity holds

Bnx(1,1,...) = Sy (4)

Note also that A, (z,z,...) = Y ;_, Snxz" is the classical univariate Bell polynomial denoted by
¢n(z) in [3]. Several other identities involve combinatorial numbers. For instance, one has

— 1\ n!
Bpp(11,2131,..) = <Z 1) % Unsigned Lah numbers [A105278| in [24], (5)
B, k(1,2,3,...) = (Z) k"% Idempotent numbers A059297 in [24], (6)
B, (01, 11,21, ..) = |sp k|, Stirling numbers of the first kind A048994 in [24]. (7)

We can also find many other examples in [3] 6, 19, 27, [21].

Remark 2.1. Without loss of generality, when needed, we will suppose a; = 1 in the remainder
of the paper. Indeed, if a; # 0, then the generating function gives

a a
Bpklai,...,ap,...) = alanvk (1,2,--~ ,p) (8)
ap ay
and when a; =0,
Oifn<k
BustOom,eonvty )= { WD ) ek ©


http://oeis.org/A105278
http://oeis.org/A059297
http://oeis.org/A048994

2.2 Bell polynomials as symmetric functions

The algebra of symmetric functions [I8, [I7] is isomorphic to its polynomial realization Sym(X)
on an infinite set X = {x1,x2,...} of commuting variables, so the algebra Sym(X) is defined as
the set of polynomials invariant under permutation of the variables. As an algebra, Sym(X) is
freely generated by the power sum symmetric functions p;,(X), defined by p,(X) = >_,, a7 or the
complete symmetric functions h,, where h,, is the sum of all the monomials of total degree n in

the variables x1,xs,.... The generating function for the h,, called Cauchy formula, is
n>0 i>1

The relationship between the two families (p,,)nen and (hy)nen is described in terms of generating
series by the Newton formula:

o1(X) = exp{> pn(X)%}. (11)

n>1

Notice that Sym is the free commutative algebra generated by p1,ps... i.e. Sym = Clp1,po,...]
and Sym(X) = C[p1(X), p2(X), ...] when X is an infinite alphabet without relations on the variables.
As a consequence of the Newton Formula , it is also the free commutative algebra generated
by hi,ho,.... The freeness of the algebra provides a mechanism of specialization: that is, for any
sequence of commutative scalars © = (up)nen, there is a morphism of algebra ¢, sending each
Pn to u, (resp. sending h, to a certain v, which can be deduced from u). These morphisms are
manipulated as if there exists an underlying alphabet (so called virtual alphabet) X, such that
pn(Xy) = uy (resp. hp(Xy) = v,). The interest of such a vision is that one defines operations on
sequences and symmetric functions by manipulating alphabets.

The bases of Sym are indexed by the partitions A F n of all the integers n. A partition \ of
n is a finite noncreasing sequence of positive integers (A1 > Ay > ...) such that > . \; = n. The
multiplicity m;j(A) of j in A - n is the number of parts of A equal to j, the length £(\) of X is its
number of parts, and n is the weight || of \. We set also 2y = [, m;(A\)!li™ ). Let py = py, -+ pa,
for any partition A = [Aq, ..., Ag].

Given two alphabets X and Y, we also define (see e.g. [IT]) the alphabet X + Y by:

pn(X + Y) = pn(X> + Pn (Y) (12)
and the alphabet aX (resp XY), for a € C by:
Pn(aX) = ap,(X)( resp pn(XY) = p,(X)pn(Y)). (13)

In terms of Cauchy functions, these transforms imply

ar(X+Y) = 01(X)o(Y) (14)
and L
ot (XY) = Z ZPA(X)pA(Y)tW- (15)
A

In fact the 0¢(XY) encodes the kernel of the scalar product defined by (px,c,) = dx, with

cyx = B2, Notice that ¢, = 2= and
N n

Sym = Cleq, ¢, . ... (16)
From and , we obtain

Proposition 2.2. h, = %An(l!cl,%cz, s



Conversely, Equality (16} implies that the morphism ¢, sending each c; to 7 is well defined
for any sequence of numbers a = (ai)iem o} and ¢q(hn) = Ay (a1, az,...). Let us define also

h%k)(X) = [a*]h,(aX). From 1) and we have

hk) = Z ey = [t"}% Zciti

A=[A1,.., Ak]Fn i1

and so, all works as if we use a special (virtual) alphabet X(®) satisfying ¢, (X(®) = nla,,. More
precisely:

Proposition 2.3.
ha(h)y = BB (x(@)) = n'Bnk(al,...,ak,...). (17)

Example 2.4. Let 1 be the virtual alphabet defined by ¢, (1) = % for each n € N. In this case the
Newton Formula gives h,, (1) = 1. Hence 4,,(01,11,2!,..., (m—1)!,...) =nland B, (0!, 11,2!, ..., (m—

!, ...) = nl[a*][t"] (ﬁ) = Sn.k , the Stirling number of the first kind.

Example 2.5. A more complicated example is treated in [I} [I6] where a; = ii’17 In this case, the
specialization gives 0;(aX(®) = exp{—aW(—t)} where W(t) = 300 (—n)"~'L. is the Lambert

n=1

W function satisfying W (t) exp{W (t)} = t (see e.g. [5]). Hence, oy(aX(®) = (@) . But the

; e (W :
expansion of the series { =) is known to be:

t

(W(t)) = 1+z_:1$10‘(04+n)”‘1(—t)"~ (18)

Hence, we obtain B, x(1,2,3%,...,m™~1 ...) = (k 1) n—k_Note that the expansion of W (t) and
are usually obtained by the use of the Lagrange inversion.

Example 2.6. With these notations we have B, (a1 +b1,...) = %h%k)(x(“) +X®), and classical
properties of Bell polynomials can be deduced from symmetric functions through this formal-
ism. For instance, the equalities ¢, (X(® + X(®)) = ¢, (X@)) + ¢,(X®) and h, (X 4 X®) =
ZiJrj:n hi(X@)h; (X®)) give

Anlar +01,..)= (?)Ai(al,ag,...)Aj(bl,bg,...)

i+j=n
and

Bmk(al—l—bl,... Z Z ( ) 17«al,ag,...)Bj,s(bl,bg,...).

r+s=ki+j=n
Example 2.7. Another example is given by

A, (laiby, 2a2ba, . .., M by, .. ) —n'Zdet
AFn

xdet‘

A)\ —itj al,az, e ) ‘
(A —i+5)!
A)\i—l-i-](blﬂ bg, e )
using the convention A_,, = 0 for n > 0. This formula is an emanation of the Jacobi-Trudi formula
and is derived from the Cauchy kernel , remarking that ¢, (X(WX®)) = nc,, (X(@))c,, (X®) and

ha(X@OX®) = ZSA X(@)5, (X®) Zdet‘h(a oy (X9
AFn AFn

)

’LJrj(

det ‘h(b xb)‘ :



is a Schur function (see e.g.[18]).

where s, = det ‘h it

2.3 Other interpretations

First we focus on the identity (2) and we interpret it as the Cauchy function 0 (kX)) where X(@)
is the virtual alphabet such that h;_ 1( (@) = %. This means that we consider the morphism
¢a : Sym — C sending h; to i+ We suppose that a; = 1 otherwise we use and @) With

(i+1)!
these notations we have

Proposition 2.8.

Bni(ai,az,...) = th R (EX(2)), (19)

Example 2.9. If a; = i we have h;(X(@) = 4 and so 01 (kX(@) = exp(kt). Hence, we recover the
classical result

Bon(1,2,...m,...) = (”)k"—k
k
From h,(X+Y) =3, ,_, hi(X)h;(Y) we deduce two classical identities:

n

ki+k n
< ] 2> nntks (01,02, ...) = > (i>Bi7k1(a1,a2,...)Bn_i7k2(a1,a2,...) (20)

=0

n " m+1
B, b, , Dnttis e | =
k) . (al ' +1z 1< t >a o )
n—=k n
Z (i>Bi7k(a1,a2,. ..)Bi,k(bl,bg,...).
i=k

Indeed, formula is obtained by setting X = k1X(@ and X = k,X(@). Formula is called
convolution formula for Bell polynomials (see e.g. |20]) and is obtained by setting X = X(@) and
Y = X® in the left hand side and X = £X(® and Y = £X®) in the right hand side.

and

—_

Example 2.10. The partial Bell polynomials are known to be involved in interesting identities on
binomial functions. Let us first recall that a binomial sequence is a family of functions (f,)nen
satisfying fo(x) =1 and

fla+0) =Y (1) Ao fuesl0) (22)
k=0

for all a,b € C and n € N. Setting h,(A) := 0 and h,(B) := 28 with these notations
fn(ka) = nlh, (kA). Hence,

Bl ifia (@), ) = (k) = (Z)fnkwa). (23)

— .
Notice that from , fa(k) = { E’“) B (a1, az,...) li n> 8 , is binomial and we obtain
ifn=

() Bug (Leei(5))  Bisig(ar,a,. . ),..n) =

n—ki\ (24)
(:’ﬁkz) Bn—kl,klkg(a17a27~-~)-

Several related identities are compiled in [20].



Example 2.11. Taking the coefficient of *~*~1 in the left hand side and the right hand side of
the equality £o,((k + 1)X) = (k+ 1) (4£0:(X)) 04(kX), we obtain

n—k

(1 = Wb ((k 4+ DX) = (k1) S kg ()i (X)

i=1

and we recover the identity (see e.g. [7]):

Bop(ar,ag,...) = — nk(") [(k—kl)—?z:ﬂ(i—kl)aiBniyk(al,ag,...). (25)

Example 2.12. Let (ay)n>0 and (b, )n>0 be two sequences of numbers such that a; = b; =1 and
dn = nlD 5, det ‘ INi—idil ‘ det ’ DAi—itit1 | with the convention a_, = b_, = 0 if n > 0. The

(Ai+s+1)! (Ae+g+1)!
Cauchy kernel and the orthogonality of Schur functions give

Bu(dy,da,...) =2 > (ko)™ det

B, —itjiki k(01,02 .) ‘
Arn—k

()\ 7Z+]+k1)
Bii—itjth ki (01,02, .. )
i —i+j+ k)l

9

det ’

for any ki1ko = k. Indeed, it suffices to use the fact that

R (RXOXO) =3 55 (1 X)) 55 (kX))
AFn

The sum X 4+ Y and the product XY of alphabets are two examples of coproducts endowing
Sym with a structure of Hopf algebra. The sum of alphabets encodes the coproduct A for which
the power sums are of type Lie (i.e. A(pp) =pn @1+ 1@ p, ~ pp(X+Y) = pp(X) + pp(Y) by
identifying f ® g with f(X)g(Y)) whilst the product of alphabets encodes the coproduct A’ for
which the power sums are group like (i.e. A'(pp) = pn @ pn ~ Pr(XY) = p, (X)pn(Y)).

The algebra of symmetric functions can be endowed with another coproduct that confers a
structure of Hopf algebra: this is the Faa di Bruno algebra [8],[15]. This algebra is rather important
since it is related to the Lagrange-Biirmann formula. The Bell polynomials appear also in this
context. As a consequence, one can define a new operation on alphabets corresponding to the
composition of Cauchy generating functions. Let X and Y be two alphabets and set f(t) = to+(X)
and g(t) = toy(Y). The composition X o Y is defined by ¢4(X oY) = 1 f o g(t). The relationship
with Bell polynomials can be established by observing that we have

n+1
%fogzz (Z( M e (X )Bn+1,k(1,2h1(Y),3!@(\5{),...)) "

n>0 \k=1 n+ 1!

Equivalently, hy(X oY) = S0 E0 by (X) B yr41 (1, 20 (V), Bha(Y), ...
The antipode of the Faa di Bruno algebra is also described in terms of alphabets as the operation
which associates to each alphabet X the alphabet X(~1 satisfying o, (XoX(~1) = 1. More explicitly

one has
n!

2n+1)l(n+1)
where e, (X) is the elementary symmetric function defined by e, (X)t" = ﬁ(m.

hn(X<71>) = B2n+17n(1,—2!61(X),3!62(X),...), (26>



Example 2.13. Let w(t) = to(X). The Lagrange inversion consists in finding an alphabet X’ such
that ¢(t) = 0+(X’). According to , it suffices to set X' = —X{-1,
Let F(t) = 0+(Y). When stated in terms of alphabets, the Lagrange-Blirmann formula reads
dn—l , (—1) tn
Flw(t)=1 —— o, (Y)o, (—nX ") |u=0—-
@) =1+ 3 G (Dou(nk oy

In other words one has, h,_j(—nX{~1) = %Bmk(l,Z!hl(X),fﬂhg(X),...). So we recover a
result due to Sadek Bouroubi and Moncef Abbas [1]:

(n—1)!

Bmk(l,hl(?X), ey (m — 1)'hm_1(mX), .. ) = m

hn_k(nX).

3 Hopf algebras of colored set partitions

3.1 Colored partitions and Bell polynomials

Let a = (am)m>1 be a sequence of nonnegative integers. A colored set partition associated to the
sequence a is a set of couples

II = {['/Tlail]a [7T2,i2], ) [kaik]}

such that m = {m,...,m} is a partition of {1,...,n} for some n € N and 1 < iy < ay,, for each
1 < ¢ < k. The integer n is the size of II. We will write |II| = n, Il E n and II = 7. We will denote
by CP,(a) the set of colored partitions of size n associated to the sequence a. Notice that these
sets are finite. We will set also CP(a) = |J,,CPn(a). We endow CP with the additional statistic
#II and set CP,, i (a) = {II € CP,(a) : #II = k}.

Example 3.1. Consider the sequence whose first terms are a = (1,2, 3,...). The colored partitions
of size 3 associated to a are

CPs(a) = {{[{1,2,3}, 1]}, {[{1, 2,3}, 2]}, {[{1, 2,3}, 3]}, {[{1, 2}, 1), [{3}, 1]},
{[{1, 25,2, {3}, 13 {[{1, 31, 1], {23, 13, {[{1, 3}, 2], {2}, 1]},
(182,35 1, [y 13 {1{2, 3%, 20 [{g, 1, {[{1 1), [{23, 1], [{3%, 1} -

The colored partitions of size 3 and cardinality 2 are

CP3a2(a) = {12} 1], [{3% 1]}, {[{1,2}, 2], [{3}, U}, {[{1, 3}, 1, [{2}, 11},
{3521 {2}, U3 {12, 35, 10, {1y, 10, {[{2, 33, 2], {13, 1} -

It is well known that the number of colored set partitions of size n for a given sequence a = (ay)n
is equal to the evaluation of the complete Bell polynomial A, (ay,...,an,-..) and that the number
of colored set partitions of size n and cardinality k is given by the evaluation of the partial Bell
polynomial By, (a1,as9,...,am,...). That is

#CPp(a) = An(a1,az,...) and #CP, k(a) = By k(a1,aq,...).

Now, let II = {[m1,41],...[mk,ix]} be a set such that the m; are finite sets of nonnegative
integers such that no integer belongs to more than one 7;, and 1 <i; < ay () for each j. Then,
the standardized std(II) of II is well defined as the unique colored set partition obtained by replacing
the ith smallest integer in the 7; by .

Example 3.2. For instance:

std({[{1,4,7}
{[{1,3,5},1],

1], ({3, 83,11, [{5}, 3], [{10}, 1]}) =
[{2,6},1], {4}, 3], {7}, 1]}



We define two binary operations & : CP,, x(a) @ CPy 1 (a) — CPptns ktir (@),
HWIl = U],
where II'[n] means that we add n to each integer occurring in the sets of II" and
W: CPpk @ CPrr jr — P(CPrsns ktkr) by
MUTT = {TTUTT € CPy i pyr(a) : std(IT) = IT and std(IT') = IT'}.
Example 3.3. We have

{[{1,3}, 5], [{2}, 3]} w{[{1}. 2], [{2, 3}, 4]} = {[{1, 3}, 5], [{2}, 3], [{4}, 2], [{5, 6}, 4]},
and

{[{1},5], {2}, 3]} w{[{1, 2}, 2]} = {{[{1},5], {2}, 3], [{3,4}, 2]},
{[{1},5], {3}, 3], {2,4}, 2]}, {[{1}, 5], {4}, 3], [{2, 3}, 2]},
{[{2}, 5], [{3}, 3], {1, 4}, 21}, {[{2}, 5], [{4}, 3], {1, 3}, 21}, {[{3}, 5], [{4}. 3], [{1, 2}, 2]} -
The operator U provides an algorithm which computes all the colored partitions
aiy ai,,
CPoila)= | U UL ahalb v w{{L,... i}, nl} (27)
i1+ Fig=nj1=1 Jr=1
Nevertheless each colored partition is generated more than once using this process. For a triple
(IL 1", 11”) we will denote by aqj, 1y, the number of pairs of disjoint subsets (II', II") of IT such that
I UTI” =11, std(IT') = IT" and std(IT") = I1”.
Remark 3.4. Notice that for a = 1 = (1,1,...) (i.e. the ordinary set partitions), there is an
alternative simple way to construct efficiently the set CP,(1). It suffices to use the induction

CPo(1) = {0},
CPnia(1) = {rU{{n+1}}:meCPu(1)}U{(r\ {e}) (28)
U{eu{n+1}}:m€CP,(1), ecm}}.

Applying this recurrence the set partitions of CPp+1(1) are each obtained exactly once from the set
partitions of CP,(1).

3.2 The Hopf algebras CWSym(a) and CIIQSym(a)

Let CWSym(a) (CWSym for short when there is no ambiguity) be the algebra defined by its
basis (P11)mecp(a) indexed by colored set partitions associated to the sequence a = (am)m>1 and
the product

P = P - (29)

Example 3.5. One has

Dy1(1,3,53,3, 12,4311y (11,25}, 41, ({3}, 1, 14} 21} = P{({1,3,5},3],1{2,4},11,1{6,7,10},4],[{8},11,[{9} .21} -

Let CWSym,, be the subspace generated by the elements ®1; such that II F n.
For each n we consider an infinite alphabet A, of noncommuting variables and we suppose

A, NA,, =0 when n # m. For each colored set partition II = {[m1, 1], [m2,%2], ..., [Tk, ik]}, we
construct a polynomial ®r(Ay,As,...) € C(U, An)
Or(Ar,Ag,.. )= > W, (30)

w=aj...an

where the sum is over the words w = a; ... a, satisfying



e Foreach 1 </¢ <k, a; € A, if and only if j € 7.

o If ji,jo € mp then a;, = aj,.
Example 3.6.

(133300210413 (A A, ) = Y arbajay.
aj,a2€A3
behA,

Proposition 3.7. The family ®(a) := (Pr(A1,As,...))necr) spans a subalgebra of C(J, A,)
which is isomorphic to CWSym/(a).
Proof. First remark that span(®(a)) is stable under concatenation. Indeed,

Dp(Ar, Ag, .. )P (A1, As, ... ) = Prwmr (A, Ag, .. ).

Furthermore, this shows that span(®(a)) is homomorphic to CWSym(a) and that an explicit
(onto) morphism is given by &7 — Pr(Aq, Ag,...). Observing that the family ®(a) is linearly
independent, the fact that the algebra CWSym(a) is graded in finite dimension implies the result.
n

We turn CWSym into a Hopf algebra by considering the coproduct

A(Pn) = § : Pyaqiny) @ Pora(iiy) = § o, m, P, © P, (31)
17 Ul =T1 I, I
NIy =0

Indeed, CWSym splits as a direct sum of finite dimension spaces

CWSym = (§ CWSym,,.

This defines a natural graduation on CWSym. Hence, since it is a connected algebra, it suffices
to verify that it is a bigebra. More precisely:

A(@HCI)H/) = A(q)nwnl)
= Z Pyga(rnywsta(rry) @ Pord(ris)wstd(iy)

1 Ul =T1,11{ UTT, =11’ [n]
Iy NIy =0,11} NI, =0

A(@m)A(@p).

Notice that A is cocommutative.

Example 3.8. For instance,

A(Pusysnizyay) = Pl © 1+ Sqayey © Syt
Priay3y © Pqrr2ysy + 1@ Pyigasy 52303

The graded dual CIIQSym(a) (CIIQSym for short when there is no ambiguity) of CWSym is
the Hopf algebra generated as a space by the dual basis (Yr1)recp(a) of (Pr)ecr(a)- Its product
and its coproduct are given by

VW = E ag/,nu\lln and A(\I/H) = E U @ Uipe.
IIell’uIl” "Il =I1
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Example 3.9. For instance, one has

Yiriey sy Ynaner gy = Y2y slishal ey T Yin,s)e) {240, 1{4).10)
+ WirayaL 24l sy T Y{g2.8).8) {1} 4l {43 1))
+ Wiz,ay,3, 1154018010 + Y{{3.43,3) {1} 4 {23 1])

and

A(Yqgaay,3) 4234, 4an0y) = 1O Wy sy aizyan e + Yy sniezhay @ Yy
+ Wig1,8).81, {23 4014310 © L.

3.3 Special cases

In this section, we investigate a few interesting special cases of the construction.

3.3.1 Word symmetric functions

The most prominent example follows from the specialization a,, = 1 for each n. In this case, the
Hopf algebra CWSym is isomorphic to WSym, the Hopf algebra of word symmetric functions.
Let us recall briefly its construction. The algebra of word symmetric functions is a way to construct
a noncommutative analogue of the algebra Sym. Its bases are indexed by set partitions. After the
seminal paper [26], this algebra was investigated in [?, 4] [I3] as well as an abstract algebra as in
its realization with noncommutative variables. Its name comes from its realization as a subalgebra
of C(A) where A = {ay,...,a, -} is an infinite alphabet.

Consider the family ® := {®,}, whose elements are indexed by set partitions of {1,...,n}.
The algebra WSym is formally generated by ® using the shifted concatenation product: ®,®,, =
® /1) Wwhere 7 and 7’ are set partitions of {1,...,n} and {1,...,m}, respectively, and 7’[n] means
that we add n to each integer occurring in #’. The polynomial realization WSym(A) C C(A) is
defined by ®.(A) = > w where the sum is over the words w = a; ---a, where 4,5 € my implies
a; = aj, if = {m,..., 7} is a set partition of {1,...,n}.

Example 3.10. For instance, one has @11 4172,5,6113,731(A) = D,  cca @bcabbe.

Although the construction of WSym(A), the polynomial realization of WSym, seems to be
close to Sym(X), the structures of the two algebras are quite different since the Hopf algebra
WSym is not autodual. Surprisingly, the graded dual IIQSym := WSym”" of WSym admits a
realization in the same subspace (WSym(A)) of C(A) but for the shuffle product.

With no surprise, we notice the following fact:

Proposition 3.11.

e The algebras CWSym(1,1,...), WSym and WSym(A) are isomorphic.

e The algebras CIIQSym(1,1,...), IIQSym and (WSym(A), LLI) are isomorphic.

In the rest of the paper, when there is no ambiguity, we will identify the algebras WSym and
WSym(A).

The word analogue of the basis (cx)x of Sym is the dual basis (U, ), of (Pr)x.

Other bases are known, for example, the word monomial functions defined by ®, =>"__ , M,
where m < 7 indicates that 7 is finer than 7/, i.e., that each block of 7’ is a union of blocks of 7.

Example 3.12. For instance,

Drr1.4112,5,61{3,71 = My{1,4302,5.61{3,711 + Mi{12,45,6)(3,7 + Mi(1,3.4,71{2,5,6}}
+ Mi1av{2,3,5,6,7 + Mi11,2,3,456711-

11



From the definition of the M, we deduce that the polynomial representation of the word
monomial functions is given by M (A) = > w where the sum is over the words w = a; - - - a,, where
i,j € me if and only if a; = a;, where m = {my,..., 7} is a set partition of {1,...,n}.

Example 3.13. M{{174}{27576}{377}}(A) =5 ab,cchA abcabbc.
a#b,a#c,bF#c
The analogue of complete symmetric functions is the basis (S;), of IIQSym which is the dual
of the basis (M), of WSym.
The algebra IIQSym is also realized in the space WSym(A): it is the subalgebra of (C(A), LLI)
generated by U, (A) = 7!, (A) where 7! = #m!-- - #m! for 1 = {my,..., 7 }. Indeed, the linear
map U, — U, (A) is a bijection sending ¥, ¥, to

> T.(A) = mlmy! > D, (A)

" ’ / I " ’ ’ I
=) Uy, ﬂ1ﬁ7\'2—0 =7y Uy, ﬂ1ﬁ7\'2—0

my=std(w]), mop=std(r}) my=std(w]), mop=std(r))

= mlmel® (A) WD, (A) = Up, (A) LU, (A).

With these notations the image of Sy is Sx(A) = >, W (A). For our realization, the
duality bracket ( | ) implements the scalar product ( | ) on the space WSym(A) for which
(S, (A)|[ Mz, (A)) = (D, (A)| U,y (A)) = Oy s

Since the subalgebra of (WSym(A), LLI) generated by the complete functions Sgi,... 31 (A) is
isomorphic to Sym, we define 0" (A) and ¢}V (A) by o}V (A) = Y >0 S({1,nyy (A" and ¢/ (A) =
don>1 @i{Lnb(A)$" 1. These series are linked by the equality

i’ (A) = expy (41" (A)) (32)

where exp;, is the exponential in (WSym(A), L). Furthermore, the coproduct of WSym consists
in identifying the algebra WSym @ WSym with WSym(A +B), where A and B are two alphabets
such that the letters of A commute with those of B. Hence, one has o}" (A+B) = o}V (A)Wo}V (B).
In particular, we define the multiplication of an alphabet A by a constant k¥ € N by

ol (kA) = Sty (kA" = o}V (A)F.

Nevertheless, the notion of specialization is subtler to define than in Sym. Indeed, the knowledge
of the complete functions S¢(y, . ,}}(A) does not allow us to recover all the polynomials using
uniquely the algebraic operations. In [2], we made an attempt to define virtual alphabets by
reconstituting the whole algebra using the action of an operad. Although the general mechanism
remains to be defined, the case where each complete function Sy .. »13(A) is specialized to a sum
of words of length n can be understood via this construction. More precisely, we consider the family
of multilinear k-ary operators Ly indexed by set compositions (a set composition is a sequence

[m1,...,mg] of subsets of {1,...,n} such that {my,..., 7} is a set partition of {1,...,n}) acting on
words by W, ag(al---ah ,....af---ak ) =by---b, with bip = ay if mp = {i] <--- <if }and
Winy,oomg (o --al ..o af - -ak ) = 0if #m, # ny, for some 1 < p < k.

Let P = (P,)n>1 be a family of a homogeneous word polynomials such that deg(P,) = n for
each n. We set S¢1, oy [AP)] = P, and

Stremit (A7) = Winsomd (Sttctinyy [P Stitpmy [6D)).

The space WSym [A(P)] generated by the polynomials S¢r . .} [A(P)} and endowed with the
two products - and LU is homomorphic to the double algebra (WSym(A), -, LU). Indeed, let 7 =
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{my,...,mp} Enand 7' = {x],..., 7.} En' be two set partitions, one has

Wit} fnt1,.mtnry] (Sm [AP)] ’S’T’P[A(P)D )

= Wil ) (Spm) (A0S gy [AP],
Sty AP St ) [A(P)D

= Sﬂ'&Jﬂ" [A(P)}

S, [A(P)] S [A(P)]

and
5, [AP)] W, [4P] = > Wi (e [A7] 50 [a7])
TuJ={1,....n+n’}, INJ=0
P P
= > Wipmr (5{1,..‘,#m} [A( )} sees S ) [A( )}’

Sttty [AD] o Sy (AP]),
where the second sum is over the partitions {7{,..., 7 ..} € 7 U7’ satisfying, for each & + 1 <
i < k4K, std({ny,...,m }) =7, std({m) g, T }) = 7, #m = m;. Hence,

S, [AU’)} LIS, {Auﬂ = Y S [AU))} .
T enyn’

In other words, we consider the elements of WSym [A(P )] as word polynomials in the virtual
alphabet A(P) specializing the elements of WSym(A).

3.3.2 Biword symmetric functions

The bi-indexed word algebra BWSym was defined in [2]. We recall its definition here: the bases
of BWSym are indexed by set partitions into lists, which can be constructed from a set partition
by ordering each block. We will denote by PL,, the set of the set partitions of {1,...,n} into lists.

Example 3.14. {[1,2,3],[4,5]} and {[3,1,2],[5,4]} are two distinct set partitions into lists of the
set {1,2,3,4,5}.

The number of set partitions into lists of an n-element set (or set partitions into lists of size n)
is given by Sloane’s sequence |A000262 [24]. The first values are

1,1,3,13,73,501, 4051, . ..

If 11 is a set partition into lists of {1, ..., n}, we will write IT IF n. Set TIWIT' = TIU{[ly+n, ..., lx+n] :
(l1,..., 1] €I’} I n+n/. Let II' C I1lI- n, since the integers appearing in I are all distinct, the
standardized std(IT') of IT' is well defined as the unique set partition into lists obtained by replacing
the 7th smallest integer in IT by i. For example, std({[5,2],[3,10],[6,8]}) = {[3,1],[2,6], [4,5]}.

The Hopf algebra BWSym is formally defined by its basis (®5) where the II are set partitions
into lists, its product @y Py, = g, and its coproduct

AN
A(Py) = Z Porary © Pogacriiny (33)

A
where the Z means that the sum is over the (IT', ") such that I’ UTI” = II and II' N 11" = 0.
The product of the graded dual BIIQSym of BWSym is completely described in the dual basis

(Va)p of (Pg)g by
m, Y, = > e

1—11/ A U 1’
fomung, of;
std(H/l):Hl, std(H’l):Hl

Y
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Now consider a bijection ¢, from {1,...,n} to the symmetric group &,. The linear map
k:CP(11,21,3!,...) — CL sending

{{te - vin bomal, o [t iR Y ma]) € CPL(10,21,31, .00,

with ] <.+ <, to

.1 .1 4 4
{[ZL,LI(W e ’ZL,Ll(nl)L EER) [wa(l)’ X ’ZL"e(nZ)]}

is a bijection. Hence, a fast checking shows that the linear map sending ¥ to U*( is an isomor-
phism. So, we have

Proposition 3.15.
e The Hopf algebras CWSym(1!,2!,3!,...) and BWSym are isomorphic.
e The Hopf algebras CIIQSym(1!,2!,3! ...) and BIIQSym are isomorphic.

3.3.3 Word symmetric functions of level 2

We consider the algebra WSym,,) which is spanned by the @1 where II is a set partition of level
2, that is, a partition of a partition 7 of {1,...,n} for some n. The product of this algebra is given
by @ = @y where I'[n] = {e[n] : e € II'}. The dimensions of this algebra are given by
the exponential generating function

ti
> b5 = explexplexp(t) = 1) — 1),

The first values are
1,3,12,60,358,2471,19302, 167894, 1606137, . ..

see sequence [A000258 of [24].

The coproduct is defined by A(®) = Z?TCUEC/,:}} Pgia(mry @ Pyacrrry where, if IT is a partition of
a partition of {i1,...,4ix}, std(II) denotes the rs]t:cmdardized of II, that is the partition of partition
of {1,...,k} obtained by substituting each occurrence of i; by j in II. The coproduct being co-
commutative, the dual algebra IIQSym,,) := WSymE‘Q) is commutative. The algebra IIQSym,, is
spanned by a basis (V) satisfying YU =) . Cg:ﬁ,\llnu where CS;{T, is the number of ways
to write II” = AU B with AN B = (), std(4) = II and std(B) = IT".

Let b, be the nth Bell number A,(1,1,...). Considering a bijection from {1,...,b,} to the
set of the set partitions of {1,...,n} for each n, we obtain, in the same way as in the previous
subsection, the following result

Proposition 3.16.
e The Hopf algebras CWSym(by, ba, b3, ...) and WSym, 4 are isomorphic.
e The Hopf algebras CTIQSym(by, by, bs,...) and HQSym s,y are isomorphic.

3.3.4 Cycle word symmetric functions

We consider the Grossman-Larson Hopf algebra of heap-ordered trees GSym [I2]. The combina-
torics of this algebra has been extensively investigated in [I3]. This Hopf algebra is spanned by the
®, where o is a permutation. We identify each permutation with the set of its cycles (for example,
the permutation 321 is {(13), (2)}). The product in this algebra is given by ®,®, = ®; [, where
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n is the size of the permutation ¢ and 7[n] = {(i1 + n,é2 +n,...,ix +n) | (i1,...,ix) € 7}. The
coproduct is given by

A(®,) = Z Psta(olr) ® Psta(ols)s (34)

where the sum is over the partitions of {1,...,n} into 2 sets I and J such that the action of o lets
the sets I and J globally invariant, o|; denotes the restriction of the permutation o to the set [
and std(o|r) is the permutation obtained from o|; by replacing the ith smallest label by 4 in ;.

Example 3.17.
A(P3241) = P3241 @ 1 + D1 ® Pagy + Poz1 @ D1 + 1 ® Psags.

The basis (®,) and its dual basis (¥, ) are respectively denoted by (S7) and (M, ) in [I3]. The
Hopf algebra &Sym is not commutative but it is cocommutative, so it is not autodual and not
isomorphic to the Hopf algebra of free quasi-symmetric functions.

Let ¢, be a bijection from the set of the cycles of &,, to {1,...,(n — 1)!I}. We define the bijection
k: 6, < CP(O112!,...) by

"i(0’> = {[support(cl), L#support(std(cl))(cl)]a ceey [support(cl), L#support(std(ck))(ck)]}7

if o =cy...ck is the decomposition of o into cycles and support(c) denotes the support of the cycle
¢, i.e. the set of the elements which are permuted by the cycle.

Example 3.18. For instance, set
11(1) =1, ¢3(231) =2, and 13(312) = 1.

One has
#(32415867) = {[{2}, 1], [{1, 3,4}, 2], [{5}, 1], [{6, 7, 8}, 1]}.

The linear map K : &Sym — CWSym(0!,1!,2!,...) sending ®, to ®,(,) is an isomorphism
of algebra. Indeed, it is straightforward to see that it is a bijection and furthermore (o U 7[n]) =
k(o) W k(7). Moreover, if o € &,, is a permutation and {I, J} is a partition of {1,...,n} into two
subsets such that the action of o lets I and J globally invariant, we check that (o) = II; U Il
with II; NIy = 0, std(I1;) = k(std(o]|r)) and std(Ils) = k(std(a|s)). Conversely, if k(o) = 113 UIl,
with Ty NIy = () then there exists a partition {7, J} of {1,...,n} into two subsets such that the
action of o lets I and J globally invariant and std(II;) = «(std(o|;)) and std(Ilz) = x(std(c|s)).

In other words,

A(Py(r)) = Z Qi (std(o]r)) @ Pr(std(ols)>

where the sum is over the partitions of {1,...,n} into 2 sets I and J such that the action of o lets
the sets I and J globally invariant. Hence K is a morphism of cogebras and, as for the previous
examples, one has

Proposition 3.19.
e The Hopf algebras CWSym(0!,1!,2!,...) and &Sym are isomorphic.
e The Hopf algebras CIIQSym(0!,1!,2!,...) and GSym™ are isomorphic.

3.3.5 Miscellanous subalgebras of the Hopf algebra of endofunctions

We denote by End the combinatorial class of endofunctions (an endofunction of size n € N is a
function from {1,...,n} to itself). Given a function f from a finite subset A of N to itself, we
denote by std(f) the endofunction ¢o f o1, where ¢ is the unique increasing bijection from A to
{1,2,...,card(A)}. Given a function g from a finite subset B of N (disjoint from A) to itself, we
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denote by f U g the function from A U B to itself whose f and g are respectively the restrictions
to A and B. Finally, given two endofunctions f and g, respectively of size n and m, we denote by
f o g the endofunction f U g, where g is the unique function from {n+1,n+2,... ,n+ m} to itself
such that std(g) = g.

Now, let EQSym be the Hopf algebra of endofunctions [I3]. This Hopf algebra is defined by its
basis (V) indexed by endofunctions, the product

U, = > Vi (35)
std(f)=f,std(§)=g,fUgEENd

and the coproduct
AR = > U@, (36)
feg=h
This algebra is commutative but not cocommutative. We denote by ESym := EQSym™ its graded
dual, and by (®s) the basis of ESym dual to (¥¢). The bases (®,) and (¥,) are respectively

denoted by (S7) and (M) in [13]. The product and the coproduct in ESym are respectively given
by

b, = By, (37)
and
A@n) = Y Puar) © Pura(y)- (38)
fUg=h

Remark : The ¥, where f is a bijective endofunction, span a Hopf subalgebra of EQSym obviously
isomorphic to GQSym := GSym*, that is isomorphic to CIIQSym(0!,1!,2!,...) from (3.3.4).

As suggested by [13], we investigate a few other Hopf subalgebras of EQSym.

e The Hopf algebra of idempotent endofunctions is isomorphic to the Hopf algebra CIIQSym(1,2, 3, ...

. The explicit isomorphism sends Wy to W sy, where for any idempotent endofunction f of
size n,

o) ={[r e s n|isisnso o) o
e The Hopf algebra of involutive endofunctions is isomorphic to
CIIQSym(1,1,0,...,0,...) <= [IQSym.
Namely, it is a Hopf subalgebra of GQSym, and the natural isomorphism from GQSym to
CIIQSym(0!, 1!, 2!, . ..) sends it to the sub algebra CIIQSym(1,1,0,...,0,...).
o In the same way the endofunctions such that f3 = Id generate a Hopf subalgebra of GQSym —
EQSym which is isomorphic to the Hopf algebra CIIQSym(1,0,2,0,...,0,...).

e More generally, the endofunctions such that f? = Id generate a Hopf subalgebra of ©QSym <
EQSym isomorphic to CHQSym(7(p)) where 7(p); = (i — 1)!'if i | p and 7(p); = 0 otherwise.

3.4 About specializations

The aim of this section is to show how the specialization ¢, — 74 factorizes through IIQSym and
CIIQSym.

Notice first that the algebra Sym is isomorphic to the subalgebra of IIQSym generated by
the family (W1, n}1)nen; the explicit isomorphism « sends ¢, to Wi . n33. The image of
hn is Sg{1,...n}} and the image of cx = Frea, -+-cx, is 3.y ¥r where 7 F X means that m =
{m1,..., 7} is a set partition such that #m = Ay, ..., #7 = A\ and \' = Arde — [T, ms(A)!

ZX
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where m; () denotes the multiplicity of ¢ in A. Indeed, ¢y is mapped to %\Ij{{l,.‘.,)\l}} W)
and Wi xgy Py = A e Uns
Now the linear map S, : IQSym — CIIQSym(a) sending each ¥, to the element Z Uy is
=7
a morphism of algebra and the subalgebra Haé?m := B, (IIQSym) is isomorphic to IIQSym if and
only if a € (N'\ {O})N.
Let v, : CIIQSym(a) — C be the linear map sending ¥y to ﬁ We have

Ya (¥, Vi1, ) = > Ya (V).

=11} UIT}, 1T} NI15=0
std (1] )=T1y ,std(I1})=IIg
From any subset A of {1,2,...,|II;| 4+ |[IIz|} of cardinality n, one has std(II}) = Iy, std(IT5) = IIy
and IIf NI, = (), where II} is obtained from II; by replacing each label i by the ith smallest
element of A, and IT} is obtained from II5 by replacing each label ¢ by the ith smallest element of

{1,...,|1] 4+ |} \ A. Since there are ( |H1|‘1:I|— IHQ‘ ) ways to construct A, one has
1
1 T | + H2|) L
U ¥m,) = ———+ = ———— = %,(¥m )7 (¥Ym,).
Y ( I Hz) (|H1|+|H2|)'( |H1| |H1MH2|' 0 ( Hl)’y ( Hz)

In other words, v, is a morphism of algebra. Furthermore, the restriction 4, of 7, to IIQSym
is a morphism of algebra that sends 34,(¥(1,...n}}) to %. It follows that if f € Sym, then one has

FX@) = 3o (Bala( 1)) (40)
The following theorem summarizes the section:

Theorem 3.20. The diagram

CTIQSym(a) ~<—1Qym <———— MQSym

So b T

C = Sym[X(®»)] <—— Sym

is commutative.

4 Word Bell polynomials

4.1 Bell polynomials in [IQSym

Since Sym is isomorphic to the subalgebra of IIQSym generated by the elements Wy . .3y, we
can compute An (Y31, Yiq,213 - Y{{1,....m}}> - - - )- From (32, we have

An(ll\l/{{l}},2!\lf{{112}},...,m!\If{{l _____ m}},) :n'S{{l ,,,,, n}} :n!Z\IJW' (41)

TEn

Notice that, from the previous section, the image of the Bell polynomial A, (¥ 1133, Yig1,21)5 -5 Ugqa,m}ys -+ )
by the IIlOI‘phiSm vy Sending \If{{17.._,n}} to # is V(An(lllll{{l}}, 2!\11{{172}}, e ,m!\I/{{L_“’m}}, e )) =
b, = An(1,1,...).

In the same way, we have

Bn’k(l!\ll{{l}}, 2!\11{{172}}, N ,m!\I/{{L___7m}}, N ) =n! Z \Ifﬁ. (42)
TEn

#r=k
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If (F,), is a homogeneous family of elements of IIQSym, such that |F,,| = n, we define

1
An(Fl,FQ, . ) = ﬁAn(llFl,Q'FQ, e ,m!Fm, . ) (43)

and 1
Bn,k(Fla FQ, .. ) = ﬁBn,k(llFla 2!F2, e ,m!Fm, AP ) (44)

Considering the map 8,0« as a specialization of Sym, the following identities hold in CIIQSym(a):
Al D0 Yons Y Yapanaos Do Y mbayes | =2 ¥n
1<i<a, 1<i<as 1<i<am TEn
and
Brk Z Y1) Z Yig,2riys - Z Vit ombiyr - | = Z Y.

1<i<a 1<i<as 1<i<am Me=n

Example 4.1. In BIIQSym ~ CIIQSym(1!,2!,...), we have

Bk (‘I’{[ll}a‘I’{ua]}+‘I’{[2,11}~~-, > ‘I’{[o]}a---> = Uy,

eSS, IEn

#T=k

where the sum on the right is over the set partitions of {1,...,n} into k lists. Considering the
morphism sending Y¢(5,, . 5.1} tO %, Theorem allows us to recover B, (1!,2!,3!,...) = Ly 1,
the number of set partitions of {1,...,n} into k lists.

Example 4.2. In [IQSym ) ~ CIIQSym(b1, bs, ... ), we have

By i (‘1’{{{1}}}’ Yoty Ve ) Y ) = > Y,
TEmM I partition of wkn
#T=k

where the sum on the right is over the set partitions of {1, ...,n} of level 2 into &k blocks. Considering

the morphism sending ¥} to % for m E n, Theorem |33|allows us to recover B, ;(b1,b2,bs,...) =

ST(lQ])C, the number of set partitions into & sets of a partition of {1,...,n}.

Example 4.3. In GSym™ ~ CIIQSym(0!,1!,2!...), we have

Bk | Y, Yz, Yi2,3,0 + Y32, Z Ui, | = Z U,
cES, cEGy
o is a cycle o has k cycles

where the sum on the right is over the permutations of size n having k cycles. Considering the

morphism sending ¥, to % for o € G, Theorem allows us to recover B,, (0!, 11,20, ...) = s, 1,

the number of permutations of &,, having exactly k cycles.
Example 4.4. In the Hopf algebra of idempotent endofunctions, we have
Bk (\ijl,17 \Ilf2,1 + Vs, \IIfS,l + Wy, + \ij:s,s? R Z?:l \Ilfn,i’ .. ) =

Uy,
| fl=n,card(f({1,...,n}))=k
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where for ¢ > j > 1, f; ; is the constant endofunction of size ¢ and of image {j}. Here, the sum on
the right is over idempotent endofuctions f of size n such that the cardinality of the image of f is
k. Considering the morphism sending ¥ to % for | f| = n, Theorem (33| allows us to recover that
B 1(1,2,3,...) is the number of these idempotent endofunctions, that is the idempotent number
() k"=F [14, 25).

4.2 Bell polynomials in WSym

Recursive descriptions of Bell polynomials are given in [9]. In this section we rewrite this result and
other ones related to these polynomials in the Hopf algebra of word symmetric functions WSym.
We define the operator 0 acting linearly on the left on WSym by

k
10 = 0 and @{Wh,_m}a = Z (D({ﬂ-l7,,.,7rk}\7'ri)U{TriU{n+1}}'

i=1
In fact, the operator 0 acts on ®, almost as the multiplication of My on M. More precisely :

Proposition 4.5. We have:
d=¢ topogp—up,
where ¢ is the linear operator satisfying Mr¢ = ®, and p is the multiplication by ®((1yy.
Example 4.6. For instance, one has
Py (2410 = Prrisyeap (07 pe — p)
= Myusy2anid — sy 2anh

= (Mygsshzan + Ms a5  Mi(1s)02,4.(511)¢

=P 11,3} {2,4}.{5}}
= Qngsqzan + P 245 T P13y {240.051)

= @13} {2,4}.(51}
= Qgshqean T Py 2450}

Following Remark we define recursively the elements 2, of WSym as
Ao =1, Apy1 = mn(é{{l}} + 8) (45)

So we have
A, = 1(Pyy +0)". (46)

Easily, one shows that 2l,, provides an analogue of complete Bell polynomials in WSym.

A, = Z@W.

TEn

Proposition 4.7.

Noticing that the multiplication by ® ¢}y adds one part to each partition, we give the following
analogue for partial Bell polynomials.

Proposition 4.8. If we set
Bk = [tF11(tP g1y + )", (47)

then we have By, ), = Z D

TEn

#r=k
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Example 4.9. We have

1ty +9)* = '@y (21,030, a1y + 2 (Pri1.2,03), 041y + P(1.3).42), 441}
45‘1’{{1},{2,3},{4}} + Py 20,80 T Pri 24,81 T Pray2n 3.t

(P 13.ap 421 T Pp128n (4 T Ppnzaysn + Loy san + Qs
+P 14y, 42,31 + Pria42,3.41) TRy (3} 041 020} -

Hence,
Biz = Prusanfeyy T Qu2shany T Q2481 T Pe12)34))
+Pe13),4241) + Peirarg2.8 + Pryyq2san-

4.3 Bell polynomials in C(A)

Both WSym and IIQSym admit word polynomial realizations in a subspace WSym(A) of the
free associative algebra C(A) over an infinite alphabet A. When endowed with the concatenation
product, WSym(A) is isomorphic to WSym and when endowed with the shuffle product, it is
isomorphic to IIQSym. Alternatively to the definitions of partial Bell numbers in IIQSym and
in WSym, we set, for any sequence of polynomials (F;);cy in C(A):

Wk
ZBn,k(Fl,...,Fm,...)t :k'<ZFt> (48)

n>0

and

An(Frye o Py ) =Y Bu(Fry o Fy ). (49)
E>1

This definition generalizes and in the following sense:
Proposition 4.10. We have

Bk (Wi (A), - Wi mpy (A), ) = B e (U (A), - Wi myy (A), )

and

Bn,k(q){{l}}(A)v ) (p{{l,“.,m}}(A)a s ) - %nyk(A)

Proof. The two identities follow from

U, (AT, (A) = > U (A).

7r:7r'1 U7T/2, wﬁ ﬂﬂé:@
:;td(7ri)=7r1, 5td(7ré)=7r2

Equality allows us to show more general properties. For instance, let A’ and A” be two
disjoint subalphabets of A and set

S (A") = Stap (W) WS 1.1y (A”).
Remarking that
> B k(SE(AY), ... Sk (AY), . )" =

Syt (AL Q- Sty (ANEWE = 550y, iy (A7) Wa” (kA”),

n>0

we obtain a word analogue of :
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Proposition 4.11.

Bn’k(Siy (AH), ey Sﬁ; (A//), )= S{{l}y__”{k}}(A/) LUS{{17,”7n,k}}(kA//).

For simplicity, let us write Bﬁ:k(A”) =Bk (SE (A, ..., SA(A"),...).
Let k = k1 + ko. From

k
Sttty A WSy ey (A) = <k1>5{{1},--47{k}}(A')

and

Siq1,m—kyy (RA") = Z Stit,.iyy (B1A") WS,y (k2A”),
i+j=n—*k

we deduce an analogue of :
Corollary 4.12. Let k = k1 + ko be three nonnegative integers. We have

k
<k1>B" L(A) = ZB (A")LUBA, | (A"). (50)
Example 4.13. Consider a family of functions (fy), such that fi : N — C(A) satisfying
fo=1land fo(a+8)= Y fila)llf;(8 (51)
n=i+j

From , we obtain
Bus(fol@) o fra(@) )" = Y (@l W (a)

Tirteeip=n—k
Hence, iterating (51f), we deduce

Buk(fola)s - fno1(@), ) = 1 fo (e,

Set fn(k) = k'BA/ R(A”) and fo(k) = 1. By , the family (f,)nen satisfies l) Hence we
obtain an analogue of .
K1!By i, (1, kQ'Bm L (A7), ) = (k1ko)!BS_ kl Kk (A7),

Suppose now A” = A} + Af.

By Siq1,..npp (A7) = 300 S, (AY) WS, i3 (AY), Proposition allows us to
write a word analogue of the convolution formula for Bell polynomials .

Corollary 4.14.

S{(1y,....kyy (A LUBA  (A”) = ZB (AY)LUBA, (AD). (52)

1=0

Let k1 and ks be two positive integers. We have

A A’
ZBnJﬂ (Broy kg (A), By 1y (A7), =
n

Wk
1 / ”
T Bl 1.ks (A1 = t" S} hakr yy (A W)Y (kykp A”).
1 m>1
Hence,
Proposition 4.15.
By ks (Bﬁg,k‘g (A7), ... 7B§§Q+mf1,k2 (A"),...) = Bﬁfk1+k1k2,klk2 (A"). (53)
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4.4 Specialization again

In 2] we have shown that one can construct a double algebra which is homomorphic to (WSym(A), ., LLI).
This is a general construction which is an attempt to define properly the concept of virtual alphabet
for WSym. In our context the construction is simpler, let us recall briefly it.

Let F = (F(A))x be a basis of WSym(A). We will say that F' is shuffle-compatible if

Fiapomy ) = Wiey g (Fropmy (A Frin,gmy ()

Hence, one has

Fr (AW F,,(A) = > Fr and Fy (A).Fr,(A) = Fr,ur, (A).
m=mfunh,miNwh=0

std(ﬂ"l):ﬂl,std(ﬂ'é):ﬂ'g

Example 4.16. The bases (S;(A))x, (P-(A)), and (¥,(A)), are shuffle-compatible but not the
basis (M (A))x.

Straightforwardly, one has:

Claim 4.17. Let (Fr(A))r be a shuffle-compatible basis of WSym(A). Let B be another alphabet
and let P = (Px)kso be a family of noncommutative polynomials of C(B) such that deg P, = k.
Then, the space spanned by the polynomials F{m,.-.,frk}[AEt«“P)] = Wy ] (P s - -5 Py
is stable under concatenation and shuffle product in C(B). So it is a double algebra which is
homomorphic to (WSym(A), ., LL). We will call WSym[A%P)] this double algebra and f[A%P)] will
denote the image of an element f € WSym(A) by the morphism WSym(A) — WSym[A%P)}
ding F to F g
senaing {71'1,~-~77Tk} ] {771’”.77%} rF -

With these notations, one has
Buk(Pr,. .o, Pry...) = B [AL)].

Example 4.18. We define a specialization by setting

@{{17___77@}[6] = Z bg[l] .- -bcr[n]a

cEGH
o1=1

where the letters b; belong to an alphabet B. Let o € &,, be a permutation and 0 = ¢ 0---oc¢y its
decomposition into cycles. Each cycle ¢(9 is denoted by a sequence of integers (n(ll), . ,nZ)) such
that ngi) = min{ngi)7 . ,nZ)). Let c() € &, be the permutation which is the standardized of the

sequence ngi) . ng). The cycle support of o is the partition

1 1 k k
support(o) = {{ng ), ... m&%}, A {ng )7 ... ,né(g)}}.

We define w(cV] = b 5y P

{ngz), .. .,n%)} for each 1 < i < k.

For instance, if ¢ = 312654 = (132)(46)(5) we have w[(132)] = bibsby, w[(46)] = bibs, w[(5)] =
b1 and w[o] = b1b3b2b1b1b2.

So, we have

] and wlo] = uj[mwmk](w[c(l)],...,w[c(k)]) where m; =

Bnyk((I){{l}}[G},...,@{{1’___,m}}[6],...) = %n,k[S] = E CI)W[G] = E U/[O’]
TEn cEGy,
#r=Fk #support(c)=k
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For instance

B4,2(b17 bi1ba,bibobs + b1bsba, bibabsbs + b1bsbabs + bibabsbs + bibsbabs + bibsbabz + b1bsbsbe,. .. )
= (13,2341} (6] + Pg2),11,3,413 [6] + Pyysy.1,2.413 (6] + Prqay (1.2,313[6] + yya.2),43,413 6]+
11,812,411 (6] + Prq1.43,(2.31 (6]

= 2b1b1b2b3z + 2b1bibsba 4 bibabibs + bibzbabi + bibabsbi + bibsbabi + bibabiba + 2bibibabs.

Notice that the sum of the coefficients of the words occurring in the expansion of B, ,[6] is
equal to the Stirling number s,, . Hence, this specialization gives another word analogue of formula

(7).

5 Conclusion

In brief, we have shown that many identities on Bell polynomials come from algebraic and cogebraic
structures. The algebra of symmetric functions provides an interesting frame for the study of the
Bell polynomials. Indeed, the mechanism of specialization makes it possible to reinterpret some
classical formulee. Three coproducts p, — pn(X) + pn(Y), pn = pu(X)p,(Y) and h,, — h,(X oY)
have been investigated in this context. Each of them makes it possible to prove and understand a
lot of formulae.

The mechanism of specialization has been described in other combinatorial Hopf algebras in order
to obtain some equalities on word Bell polynomials with no multiplicities by manipulating directly
the combinatorial objects. These formule project on known identities. Analogues of the first
coproduct and its consequences on word Bell polynomials have also been studied. It remains to
investigate word analogues of the other two coproducts. In particular, it should be interesting to
define a word Faa di Bruno algebra.
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