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ON NON-REALIZATION RESULTS AND CONJECTURES OF N.
KUHN

NGUYEN THE CUONG, GERALD GAUDENS, GEOFFREY POWELL,
AND LIONEL SCHWARTZ

ABSTRACT. We discuss two extensions of results conjectured by Nick Kuhn
about the non-realization of unstable algebras as the mod p singular cohomol-
ogy of a space, for p a prime. The first extends and refines earlier work of
the second and fourth authors, using Lannes’ mapping space theorem. The
second (for the prime 2) is based on an analysis of the —1 and —2 columns of
the Eilenberg-Moore spectral sequence, and of the associated extension.

In both cases, the statements and proofs use the relationship between the
categories of unstable modules and functors between Fp-vector spaces. The
second result in particular exhibits the power of the functorial approach.

1. INTRODUCTION

Let p be a prime number, U denote the category of unstable modules and K the
category of unstable algebras over the mod p Steenrod algebra A, [Sch94]. The
mod p singular cohomology of a space X is denoted H*X.

In the first part of the paper, the topological spaces X considered are p-complete
and connected. We assume that H*X is of finite type (finite dimensional in each
degree) and, moreover, that Jean Lannes’ functor Ty acts nicely on H*X, in the
sense that Ty (H*X) is of finite type for all V. In order to apply Lannes’ theory
[Lan92] we also suppose the spaces considered are 1-connected and that Ty (H*X) is
1-connected for all V. For the current arguments, the connectivity hypothesis is not
a significant restriction, since it is always possible to collapse the 1-skeleton. The
finiteness hypotheses can be relaxed using methods of Fabien Morel, as explained
by Frangois-Xavier Dehon and Gérald Gaudens [DGO03].

In an earlier papeIE, the second and fourth authors gave a proof of the following
result, Nick Kuhn’s realization conjecture [Kuh95b]:

Theorem 1.1. [GS13] Let X be a space such that H*X is finitely-generated as an
Ap-module, then H*X is finite.

This result is a consequence of the following stronger result, Kuhn’s strong real-
ization conjecture [Kuh95b], which uses the Krull filtration

U U CU,C...CU

of the category U (see Section [2)); in particular, Uy is the full subcategory of locally
finite unstable modules.

This work was partially supported by the VIASM and the program ARCUS Vietnam of the
Région Ile de France and Minisistére des Affaires Etrangeres’.
1[GSI3J was published two years late, due to an email lost by the second of the two authors.
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2 NGUYEN T.C., G. GAUDENS, G. POWELL, AND L. SCHWARTZ

Theorem 1.2. [GS13] Let X be a space such that H*X € U, for somen € N, then
H*X €Uy

The aim of this paper is to extend these results in two directions. The first
exploits the nilpotent filtration (see Section [3)

Z/[:NiloDNill :)Nilz:)...:)./\/ils:)...

of the category of unstable modules.

Here Nily is the full subcategory of nilpotent unstable modules. For p = 2, an
unstable module is nilpotent if the operator Sqq: = — Sqlc”lzzr acts nilpotently on
any element (a similar definition applies for p odd), hence, by the restriction axiom,
a connected unstable algebra is nilpotent if and only if its augmentation ideal is a
nilpotent unstable module.

Recall that an unstable module is reduced if it contains no non-trivial nilpotent
submodule. The following result explains how unstable modules are built from
(suspensions of) reduced unstable modules:

Proposition 1.3. [Sch94, [Kuh95b] An unstable module M has a natural, conver-
gent decreasing filtration {nilsM }s>o with nil,M € Nily and nilgM /nilg 1 M =
Y5RsM, where RsM is a reduced unstable module.

A reduced unstable module M is said to have degree n € N (written deg(M) = n)
if M € Uy, \ Up—_1, otherwise deg(M) = oo. Following Kuhn, define the profile
function wps: N = N U {oo} of an unstable module M by

wp (i) := deg(R; M).

Recall that the module of indecomposable elements QH*X := H*X/(H*X)?,
of the cohomology of a space X is an unstable module. Set wyx := wg~x and
dx ‘= WQH*X -

The following theorem provides a generalization of Theorem and stresses the
relationship between the profile functions wx and gx (which is examined in greater
detail in Section H]). A version of the theorem was announced with a sketch proof
in [GS12]; the current statement strengthens and unifies existing results.

Theorem 1.4. Let X be a space such that H*X is nilpotent. The following con-
ditions are equivalent:

wx = 0,’

(6) wx —Id is bounded.

To see that this result implies Theorem [[2] let X be a space such that H*(X) €
U,,. This condition implies easily (see Sections2land B]) that wsx — Id is bounded,
hence H*(XX) is locally finite, by Theorem [[.4 thus H*X also.

Theorem [[.4] provides evidence for the following:

Conjecture 1. Let X be a space such that H*X is nilpotent. If gx is bounded,
then H*X € Uy.

This should be compared with the following stronger conjecture, which is equiv-
alent to the unbounded strong realization conjecture of [Kuh95b]:
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Conjecture 2. Let X be a space such that H*X is nilpotent. If gx takes finite
values, then H*X € Uj.

The second generalization concerns the first and second layers of the nilpotent
filtration. The method of proof is of independent interest and can be applied in
other situations; a generalization of this approach may lead to a proof of Conjecture
itk

The fact that the argument is based upon the Eilenberg-Moore spectral sequence
for computing H*QX from H*X means that the restrictions upon the space X can
be relaxed in the following theorem, in which the prime is taken to be 2.

Theorem 1.5. Let X be a 1-connected space such that H*X is of finite type and
nilpotent. If deg(R1H*X) = d € N then deg(R2H*X) > 2d.

The result proved is slightly stronger, giving a precise statement on the cup
product on H*X (see Remark [6.14)).

The strategy of proof for Theorem is different from that of the previous
results and is related to that of [Sch98]. It depends on an analysis of the second
stage of the Eilenberg-Moore filtration of H*Q.X and using results on triviality and
non-triviality of certain extension groups Ext;—(—, —), where F is the category of
functors on Fa-vector spaces (see Section [2).

The paper is organized as follows. The Krull filtration is reviewed in Section
and the nilpotent filtration in Section B} using this material, the profile functions
are considered in Section [l Theorem [[.4] is proved in Section [ based on Lannes’
theory, which is reviewed rapidly. Section [6lis devoted to the proof of Theorem [L.H]
using the Eilenberg-Moore spectral sequence.

Remark 1.6. A first version of this work was made available by three of the authors
in [NGS14]. The third-named author proposed the current approach in Section

2. THE KRULL FILTRATION ON U

Gabriel [Gab62] introduced the Krull filtration of an abelian category; for the
category of unstable modules, U, this gives the filtration

U U CUs,C...CU

by thick subcategories stable under colimits, which is described in [Sch94].

The category Uy is the largest thick sub-category generated by the simple objects
and stable under colimits, which identifies with the subcategory of locally finite
modules (M € U is locally finite if A, is finite for any x € M). The categories
U, are then defined recursively as follows. Having defined U,,, form the quotient
category U /U,; then U, 41 is the pre-image under the canonical projection U —
U /U, of the subcategory (U /U)o C (U/Uy,) (which is defined as above).

For M an unstable module and n € N, k,, M denotes the largest sub-module of
M that is in U,, (see [Kuhl3], for example).

Proposition 2.1. For M e U, M = U, k, M.

Ezample 2.2. For k,n € N, ¥¥F(n) € U, \ U,_1, where F(n) is the free unsta-
ble module on a generator of degree n. (In the terminology of the introduction,
deg F'(n) =n.)
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Proposition 2.3. ([Sch94, 6.1.4] and [Kuh95b].) If M is a finitely-generated un-
stable module,

(1) there exists d € N such that M € Uy;

(2) for each n € N, R, M is finitely-generated;

(3) the nilpotent filtration of M is finite (il M =0 for s > 0).

There is a characterization of the Krull filtration in terms of Lannes’ T-functor.
Recall that the functor Ty, for V an elementary abelian p-group, is left adjoint
to M — H*BV ® M; Ty, is denoted simply T'. Since H*BZ/p splits in U as
F, ® H *BZ/p, the functor T is naturally equivalent to Id @ T, where T is left
adjoint to H*BZ/p @ —.

Theorem 2.4. [Lan92,[Sch94] The functor Ty is exact and commutes with colimits;
moreover there is a canonical isomorphism

Ty (M, @ Ma) = Ty (M) ® Ty (Ma);
in particular, Ty (XM) = XTy (M).
Theorem 2.5. [Sch94l [Kuh13] The following are equivalent:
(1) M €Uy,
(2) T"HM = 0.
Corollary 2.6. If M € U,, and N € U, then M @ N € Uppyr, .

There is also a combinatorial characterization of modules in U, which are of
finite type. This is stated here for p = 2; there are analogous results for odd
primes. Denote by a(k) the sum of the digits in the 2-adic expansion of k.

Theorem 2.7. [Sch94l [Sch06] For M an unstable As-module and n € N,
(1) if M is reduced, M € U, if and only if M7 = 0 for a(j) > n;
(2) if M s finitely-generated, M € U, if and only if its Poincaré series ¥;a;t"
has the following property: there exits k € N such that, if aq # 0, then
ald —1i) < n, for some 0 <i<k.

Let F be the category of functors from finite dimensional Fp-vector spaces
to F,-vector spaces. There is an exact functor [HLS93] f: U — F defined
by f(M)(V) := Homy (M, H*(BV)) = Ty (M)? which induces an embedding of

The functor T corresponds to the difference functor A : F — F which is defined
on F' € F by

A(F)(V) :=Ker(F(V &F,) — F(V)).
Namely, for M € U, A(fM) = f(TM).

Let F,, C F be the subcategory of polynomial functors of degree at most n, de-
fined as the full subcategory of functors F' such that A"*!(F) = 0. The polynomial
degree of a functor F is written deg F' € NU {oo}.

By Theorem [Z3] the following holds:

Proposition 2.8. For n € N, the functor f : U — F restricts to an exact functor
U, — Fu.
Corollary 2.9. [Sch94] For M a reduced module, the following are equivalent

(1) M € Uy;

(2) deg(fM) < d;

(3) M7 =0 for all j such that a(j) > d.
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3. THE NILPOTENT FILTRATION

The main results of the paper concern spaces X such that the positive degree el-
ements of the cohomology H*X are nilpotent; by the restriction axiom for unstable
algebras this corresponds to H*X being nilpotent as an unstable module.

For p = 2, the following definition applies, where Sq, is the operator =

Sql®l(x).

Definition 3.1. An unstable As-module M is nilpotent if, for any x € M, there
exists k such that Sqfz = 0.

The archetypal example of a nilpotent unstable module is a suspension and the
following holds for all primes.

Proposition 3.2. [Sch94] An unstable module is nilpotent if and only if it is the
colimit of unstable modules which have a finite filtration whose quotients are sus-
pensions.

The full subcategory of nilpotent unstable modules is denoted Nil; C U and an
unstable module is said to be reduced if it contains no non-trivial subobject which
lies in Aily (this is equivalent to containing no non-trivial suspension).

More generally the category U is filtered by thick subcategories Nil,, s > 0,
where Nils is the smallest thick subcategory stable under colimits and containing
all s-fold suspensions:

U=Nilg DNl DONil, D ...DONilyg D ... .

Proposition 3.3. [Sch94, [Kuh95b| [Kuh13|] The inclusion functor Nils — U ad-
mits a right adjoint nily : U — Nils so that M € U has a convergent decreasing
filtration

... Cnilsg M CnilskMC...C M
and nily Mg /nils 1 M =2 Y°R,M, where Ry(M) is a reduced unstable module.

The convergence statement is a consequence of the fact that, for any unstable
module M, nil;M is (s — 1)-connected.

Proposition 3.4. [Sch94, [Kuh95b, [Kuh13]

(1) The T-functor restricts to T': Nils — Nils and T onily & nilg o T.

(2) The tensor product restricts to @: Nils @ Nily — Nilgyy.

(3) For M a finitely-generated unstable module, the nilpotent filtration is finite
(i.e. nily,M =0 for s > 0) and each RsM is finitely-generated.

(4) An unstable module M lies in U, if and only if R<M € U,, for all s € N.

Proof. The result follows from the commutation of 7" with suspension and the
respective definitions. For the final part, since 7' does not commute with projective
limits in general, in addition the connectivity of elements of Nil, is used. O

Notation 3.5. For K an augmented unstable algebra with augmentatione: K —
Fp, denote by K the augmentation ideal kere and QK € U the module of indecom-
posables: QK := K /(K)?.

Proposition 3.6. [Sch94 Section 6.4] For K an unstable algebra, QK € Nily. If
p =2, QK is a suspension.
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The following result is applied in Section [6} for simplicity only the case p = 2 is
considered.

Proposition 3.7. Let v: M — N be a morphism of unstable As-modules such
that

(1) M € Nilg and N € Nilgy1, for some d € N;
(2) RqM is finitely-generated.

Then there exists a finitely-generated submodule U C M such that

(1) the restriction |y is trivial;
(2) the monomorphism Rqv : RqU — RyM has nilpotent kernel (equivalently
fRa is an isomorphism).

Proof. Tt is straightforward to reduce to the case where M is finitely-generated.
Moreover, without loss of generality, we may assume that 1 is surjective.
For k > 0 (an explicit bound can be supplied), consider the following diagram

7
~
Ok ~
—~
~

YIOkRyM— SeR M

YN

where ® denotes the Frobenius functor and the bottom arrow is the canonical
inclusion (recall that RgM is reduced). The dashed arrow denotes a choice of
linear section oy (not As-linear in general).

By hypothesis, M is finitely-generated, hence so is IV; thus there exists h € N
such that RsN = 0if s € [d+ 1, h]. Moreover, since each R;N is finitely-generated,
Proposition implies that IV is concentrated in degrees of the form ¢ + ¢, ¢ €
[d+1,h] and t € N such that a(t) < D for some D € N. (This argument is related
to the second part of Theorem 27])

Elements of 2¢®*R M lie in degrees of the form d + 2*v, for v € N; hence a
non-zero element in the image of 1oy lies in a degree of the form:

d+2%v=10+1t,

so that t = 2Fv — (¢ — d), where a(t) < D and ¢ —d € [1,h — d], where the values of
D and h are independent of k. If k is sufficiently large, this leads to a contradiction;
thus, for k> 0, Yo = 0.

Finally, consider the submodule U of M generated by the image under oy, of a
(finite-dimensional) space of generators of the unstable module L¢®* Ry M, which is
finitely-generated, since RyM is. The functor R, preserves monomorphisms, hence
R4U C RgM and the conclusion follows. [l

4. KUHN’S PROFILE FUNCTIONS
The profile function of an unstable module is defined using ideas of Kuhn [Kuh95b]:

Definition 4.1. For M € U, the profile function wps: N — N U {oo} is defined
by:
wp (i) :=deg f(R;M) = deg R; M.

Remark 4.2. For M an unstable module, wy; = 0 if and only if M is locally finite
(i.e. M € Uo).
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Notation 4.3. For functions f,g : N — NU {oo} write f < g if f(i) < ¢(i) for
all 4 € N. The inclusion N < N U {oo} is denoted Id.

The following operations on functions N — N U {oo} are useful:

Definition 4.4. For functions f,g: N — NU {co}, define functions:

(1) feg(i):=sup{f(k) +g(i — k)};

(2) sup{f,g}(i) :=sup{f(i),g(i)} (likewise for arbitrary sets of functions);

(3) 01() 1= sup{0, £(3) - 1}.

(4) [f1(i) := sup{f(5)I0 <i < j}.
Proposition 4.5. For M, N unstable modules,

(1) wpmen < wir @ wy;

(2) wpp = Owpy.
For a short exact sequence of unstable modules, 0 — M; — My — Ms — 0, the
following hold

(1) wp, < WM, ;

(2) WM, < sup{le,st};

(3) Wy < [wMz]'
Proof. For tensor products, the statement holds by the behaviour of the functor
R; with respect to tensor products [Kuh95b, Proposition 2.5]. The statement for
the reduced T-functor is a consequence of the compatibility of 7" with the nilpotent
filtration and the definition of polynomial degree (see Proposition B.4] and [Sch94,
Kuh95b)).

For the short exact sequence, the first two properties follow from the left exact-
ness of the composite functor f o R; [Kuh07, Corollary 3.2] and the fact that F,, is
thick.

For the final point, it suffices to show that X!R;Mj3 lies in Uy, where

d = [wag,)(t) = sup{wa, ()0 < i < 1},
Now XfR;Mj3 is a subquotient of M, /nily1 My and the latter lies in Uy, since each
S R; M, does, for 0 < i < t, by definition of d. O

Remark 4.6. The final statement on wyy, can be strengthened slightly; the current
presentation is sufficient for current purposes.

Ezxample 4.7. Let M, N be unstable modules such that wy; < Id and wy < Id,
then wyrgny < Id. Hence, if T(M) := @; M®® denotes the tensor algebra on M,

For K an unstable algebra, Proposition immediately provides a bound for
wgk in terms of wg; the following provides a converse.

Proposition 4.8. Let K be an augmented unstable algebra such that K € Nil;
(thus K is connected). Then

wg < sup{[wok]*'|t € N}.
Proof. The result follows from an analysis of the short exact sequence
0= (K)? = K—QK—0

together with the surjection K ® K — (K)2. Proposition provides the inequal-
ities w2 < Wrer) < [wg] e [wg], so that wx < sup{wok, [wi] e [wil}
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The hypothesis that K is nilpotent implies that wz(0) = 0 = wqk (0). It follows
that wz e (7) only depends on wg(j) for 0 < j < 4. A similar statement holds for
[wi] e [wg] in terms of [wg].

The result follows by showing by induction on i that [wx](i) < [wok]®* (i) for
1 <t <1i. The cases i € {0, 1} are clear. For the inductive step, as above

[wic](i) < sup{[wek](i), [wi] o [wi](@)}-

Now
wi] e [wg](i) = St;p{[wk](j)Hwk](i—j)}
< sgp{[wQK]'“ () + [wox]*=(i — j)}

by the inductive hypothesis, where 1 < ¢t; < j and 1 < t3 < i — j. One identi-
fies sup,{[wok]® (j) + [wok]**2(i — j)} = [wox]*“72) (i), which concludes the
inductive step, since t1 + to < 1. O

The following is clear:

Corollary 4.9. Let K be an augmented unstable algebra such that K € Nily, then
K is locally finite if and only if QK 1is locally finite; equivalently wix = 0 if and
only if wok = 0.

Corollary 4.10. Let K be an augmented unstable algebra such that K € Nily,
then wi <1d if and only if wor < 1Id.

Proof. The hypothesis wg < Id implies that [wg] < [Id] = Id. The result follows
from the observation that Id e Id = Id. g

Notation 4.11. For X a space, write wx := wg+x and ¢x = wonu~x.

5. PROOF OoF THEOREM [1.4]

We commence by a rapid review of Lannes’ theory, which is the main ingredient
in the proof of Theorem [[.4] and is also the reason for the restrictions imposed on
the topological spaces considered.

Let X be a p-complete, 1-connected space and assume that TH*X is of finite
type and 1-connected. The evaluation map:

BZ/p x map(BZ/p, X) — X

induces a map in cohomology H*X — H*BZ/p ® H*map(BZ/p, X) and hence,
by adjunction, TH*X — H*map(BZ/p, X).

Theorem 5.1. [Lan92] Under the above hypotheses, the natural map TH*X —
H*map(BZ/p, X) is an isomorphism of unstable algebras.

Notation 5.2. [Kuh95b] Denote by A(X) the homotopy cofibre of the map X —
map(BZ/p, X) induced by BZ/p — *.

Theorem [5.] yields the following:
Proposition 5.3. Under the above hypotheses on X, H*A(X) = TH*X, hence

(1) wa(x) = Qwx;
(2) if H*X € Uy, then H*A(X) € Un_1.
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The functor T induces T : K — K, which commutes with the indecomposables
functor for augmented unstable algebras [Sch94, Lemma 6.4.2]: namely, for K an
augmented unstable algebra, there is a natural isomorphism T(QK) = Q(TK).
There is no analogous statement for T; however, if Z is an H-space, there is a
homotopy equivalence:

map(BZ/p,Z) = Z x map,(BZ/p, Z).
For example, this leads to:
Proposition 5.4. [CCS0T] For Z an H-space (also satisfying the global hypotheses)
QH*map, (BZ/p"", Z) 2 T"QH*Z.

Proof of Theorem[I-j]} PropositionB.A4limplies that an unstable module M is locally
finite if and only if wy; = 0, which implies the equivalence () < ([2)). Corollary[Z9]
gives the equivalence (@) < (@) and Corollary 10 the equivalence ) < (). The
implications @) = ) and @) = (@) are clear, hence it suffices to establish:

e [0 = [@): if wx —Id is bounded then wx = 0.

For clarity, we first establish (@) = (@) and then indicate how to deduce the
more general result.

Suppose that there exists a space X (satisfying the global hypotheses) such that
0 # wx < Id and H*X € Nily; reductio ad absurdam. The first step is Kuhn’s
reduction [Kuh95b]. For s = inf{i|wx (i) # 0}, the space Y := A¥X()=1 X satisfies

wy(i) = 0,i<s
wy(s) = 1
wy (i) < i—-s+1,i>s.

By collapsing down a low-dimensional skeleton and p-completing, we may assume
that Y satisfies the global hypotheses and that R; H*Y = 0 for 0 < ¢ < s. In order to
work with pointed mapping spaces, consider Z := Q(XX);. By the Bott-Samelson
theorem H*Z = T(H*X) as an unstable module, hence the global hypotheses are
satisfied by Z. Moreover, by Proposition 1.0 one has R,H*Z = 0 for 0 < i < s
and R;H*Z € U;_sy1 for i > s. Thus, by Theorem and the definition of the
nilpotent filtration, T"H*Z is (n + s — 2)-connected.

It follows from [BK72] (in particular using Chapters 6 and 9 to show that there
are no phantom maps) that map,(BZ/p"™, Z) is (n + s — 2)-connected.

By construction, Ry H*Z is a reduced unstable module in U7, hence (by [Kuh95D,
Proposition 0.6], for example) there exists a non-trivial morphism RsH*Z — F(1),
where F'(1) is the free unstable module on a generator of degree 1. Composing with
the canonical inclusion F(1) < H*BZ/p gives

O H*Z - H*Z/nily \H*Z 2 Fo @Y R,H*Z — Fo @Y F(1) C Fo@X*H* BZ/p,

which is a morphism of unstable algebras, by compatibility of the nilpotent filtration
with multiplicative structures.

By Lannes’ theory [Lan92], the morphism ¢* can be realized as the cohomology
of a map ¢s : X*BZ/p — Z, by applying Theorem B.1] together with the Hurewicz
theorem, since map,(BZ/p, Z) is (s — 1)-connected.
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Thus, consider the extension problem

SSBZ/p “’—; z

Y 1K (Z/p,2),

where the vertical map is the (s—1)-fold suspension of the canonical map X BZ/p —
K(Z/p,?2).

Algebraically it is clear that no such extension can exist, since ¢} is non-trivial
in positive degrees (by construction), whereas

Homy (H*Z, H*>* 'K (Z/p,2)) = 0

since H*Z € Nil, and H*Y*~ 'K (Z/p, 2) is the (s — 1)-fold suspension of a reduced
module (H*K(Z/p,2) is reduced by Proposition 5.5l below).

However, obstruction theory shows that one can construct such a factorization,
as follows. Recall that K (Z/p,2) can be built, starting from X BZ/p, using Milnor’s
construction; in particular there is a filtration x = Cy C C1 = XBZ/p C Co C ... C
UnCy = K(Z/p,2) with associated (homotopy) cofibre sequences

S IBZ/pMN — Chy — Oy,

The associated obstructions to extending ¢,: X*BZ/p — Z lie in the pointed
homotopy groups

[E"JFS*Q(BZ/]D)A”, Z] = Tp+4s—2map, (BZ/p/\n, Z)

The groups m,+s—omap, BZ/p"", Z) are trivial, since map, (BZ/p"",Z) is (n+s —
2)-connected, as observed above. It follows that an extension exists, which is a
contradiction to the existence of such a space X, completing the proof of {@) = (2)).

Finally consider (@) = (@). Suppose that X is a space such that wy —Id <
t for some ¢t € N; if £ = 0 then the previous case applies, otherwise consider
A'X. Proposition [.3] implies that wa:tx < Id, so, by the previous argument
(collapsing a low-dimensional skeleton and p-completing as required), watx = 0 so
that wx < t, again by Proposition[5.3l This implies that H*X € U,, by Proposition
B4 and, without significant loss of generality, we may assume that H*X & U;_4.
Suppose that ¢ > 0, then A’”1X (again collapsing a low-dimensional skeleton and
p-completing as required) satisfies 0 # wa:-1x < Id, contradicting the previous
result. Thus t = 0, as required. O

Proposition 5.5. The unstable module H*K(Z/p,2) is reduced.

Proof. (This result is well known to the experts, and holds for H*K(Z/p,n) for
any n € N. As we do not know a convenient reference, we indicate a proof.)
The cohomology H*K (Z/p,2) is isomorphic (with the usual notation) to

F, [z, BP" B(a)] ® B(P"B()) = Fyla,ansh > 1] @ E(ye; £ > 0)

with |z| = 2, I, = (P4, p"2,....,p,1), h > 1, and B(x) = vyo; in particular,
B(yn) = zp, h > 1. Tt is enough to show that, for any non zero element z €
H*K(Z/p,2), there exists an operation 6 such that 8(z) € Fp[z, z5] and 6(z) # 0.

Any element z can be written as a sum > o, , > (2, ) ® Ly j(ye). If 2
has degree 2n, and in such an expression there is a non-trivial term with exterior
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part of degree 0, a straightforward application of the Cartan formula shows that
6 = P™ suffices, since the reduced powers act trivially on the exterior generators.
For a general element, one reduces to such elements by applying operations which
decrease (non-trivially) the length of the exterior factors that occur. Consider
amongst the exterior factors a term L; ; of minimal length, and the minimal ¢ for
which y, occurs in it. Let @; be the usual Milnor derivation at an odd prime. The
element [3, Q;] is also a derivation; it acts trivially on the xp, sends z to y;11, and

2
ye to ¥, 4+1- Using a standard lexicographic order argument, one can see that this
operation does the job for ¢ large enough. (|

6. USING THE EILENBERG-MOORE SPECTRAL SEQUENCE

In this section, the prime p is taken to be 2 and the space X is 1-connected such
that H*X is nilpotent and of finite type.
The object of this last section is to prove the following:

Theorem 6.1. Let X be a space such that H*X is of finite type and is nilpotent.
Ifwx(1) =d €N then wx(2) > 2d.

The interest of the result is to give some control on RoH*X, starting from
information about Ry H*X. See Remark [6.14] for a slightly refined version of this
theorem.

Remark 6.2. This theorem is proved only for p = 2; the difficulties that occur in
the odd primary case in [Sch98| [Sch10] also arise here, but look more manageable.

The method was originally suggested by the following observation:

Proposition 6.3. Let M be a connected, reduced unstable module such that deg(fM) =
d € N. Ifd > 0, then the unstable module T(M) = @, M®" does not carry the

structure of an unstable algebra.

Remark 6.4. This result is a special case of a general structure result for reduced
unstable algebras. The idea, from the point of view of this paper, is that cup
products of classes in M should appear in M ® M whereas the restriction axiom
for unstable algebras implies that cup squares occur in M. Thus, the triviality of
the extension between M and M ® M is incompatible with an unstable algebra
structure.

The proof of Theorem [[Hlis based on the analysis of an Extlf group, playing off
the following non-splitting result against a vanishing criterion.

Recall from Section[Zthat F denotes the category of functors on Fo-vector spaces;
a functor of F is finite if it has a finite composition series. As usual, S™ denotes
the nth symmetric power functor and A™ the nth exterior power functor.

Lemma 6.5. For F' € F a non-constant finite functor, post-composition with the
short exact sequence 0 — S* — S% — A% — 0, where S — S? is the Frobenius
x — 22, induces an exact sequence

0 ——=F ——= S%(F) ——= A*(F) ——=0
which does not split.

Proof. Follows from [Kuh95a, Theorem 4.8], since 0 — S — S? — A2 — 0 does
not split. (I



12 NGUYEN T.C., G. GAUDENS, G. POWELL, AND L. SCHWARTZ

Notation 6.6. For F € F a finite functor of polynomial degree d, set F :=
ker{F — qq—1F}, where gq_1F is the largest quotient of degree < d — 1.

LemmalG.5 will be played off against the vanishing result for Ext) in the following
statement.

Lemma 6.7. Let F be a finite functor of polynomial degree d, G4 of degree < d,
G <24 of degree < 2d and G<q4 of degree < d. Then

(1) Homf(z, Gea) =0; B
(2) Hom].-(_F ®_F, G<2d) =0= HOHl]:(A2(F), G<2d),‘
(3) Extx(F® F,G<q) = 0.

Proof. The first statement is a consequence of the definition of F.

The second is similar and follows from the compatibility of the polynomial fil-
tration of F with tensor products, which implies that F ® F has no quotient of
polynomial degree < 2d. The second equality follows from the fact that the functor
A2(F) is a quotient of F ® F.

The result for Ext! is proved as follows. Using dévissage it is straightforward
to reduced to the case where G<4 is simple. Since a simple functor of polynomial
degree n embeds in the nth tensor functor 7" : V s V®"_ which is finite and has
polynomial degree n, using the previous statement for Hom, it suffices to show that
Ext%(F ® F,T") = 0 for n < d. This follows by the standard methods introduced
in [FLS94], exploiting the tensor product on the left hand side. O

Using these results in conjunction with the Eilenberg-Moore spectral sequence,
we prove Theorem[I5 For relevant details (and further references) on the Eilenberg-
Moore spectral sequence computing H*QX from H*X, see [Sch94l Section 8.7].
Note that the hypothesis that X is simply-connected ensures strong convergence of
the spectral sequence.

Recall that the (—2)-layer of the Eilenberg-Moore filtration F_%* on H*QX is
an extension in unstable modules between the column E_'* desuspended once and
the column E_?* desuspended twice:

0— X'E M — F2 — NT2E 2 — 0.
The term EZ* is a quotient of QH*X = E, " by a submodule in Nily, by
Sch94, Theorem 8.7.1]. Similarly, EZ>* is a quotient of Tor;%  (Fy,Fy) (which
o] H*X

belongs to Nily by [Sch94, Theorem 6.1]), by a submodule in Nil3 by [Sch94,
Proposition 8.7.7]. (Here Nil3 is generated by Nils and Uy - see [Sch94, Section

6.2].)
Thus, applying the exact functor f : U — F yields the short exact sequence:
(6.1) 0— fRIQH*X — fFL%* — fRoTorg? x(Fa,Fa) — 0

and, moreover, fRIQH*X = fR;H*X. This allows arguments to be carried out
in the category of functors F.

Notation 6.8. Write
R o= fRIH*X = f(S'ELYY)
F2 . f(Fo?)27*)7

so that Fy/F) = fRyTory? y (F2,F2) by (G.1).
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Remark 6.9. With this notation, the short exact sequence (G.I) represents a class
[Fy] € Exte(Fy/F1, F1).

The compatibility of the cup product with the Eilenberg-Moore spectral sequence
gives a morphism S?(F;) — F, which gives a morphism of short exact sequences

0 —F ——= S*(F) ——= A%(F}) ——=0

L

O F1 F2 F2/F1 %O

so that the right hand square is a pull-back.

By hypothesis, the functor Fy is of degree d; the inclusion F; C F; induces
inclusions S%(Fy) C S%(F1) and A%2(Fy) C A%(F)) which fit into the following
diagram of morphisms of short exact sequences:

(6.2) O%-E—>S2(ﬁl)ﬁ/&2 E)—>O

(
|

0 F E A2(E)—>O

l

0 ——=F —— S?(F) ——= A*(F})) ——=0

l

O Fl FQ FQ/Fl —>O

in which the second row can be viewed either as the pushout of the top row or the
pullback of the second. Moreover, the first and third rows are not split, by Lemma
[6.5] hence the bottom row is not split.

Lemma 6.10. If Fy is non-constant the short exact sequence
0= F = E—A(F)—0
does not split.

Proof. Consider the long exact sequence for Ext’> induced by the defining short
exact sequence Fy — Fy — gq—1F1, which gives the exact sequence:
Hom(A*(FY), ga—1F1) — Bxtx=(A%(Fy), F1) — Ext:(A*(Fy), F1)
in which the first term is zero, by Lemma Thus the second morphism is
injective. o
The top row in diagram (6.2 represents a non-trivial class in Ext'(A2(F), F1),

by Lemma [6.5] hence pushes out to a non-split short exact sequence represented
by a non-zero class in Ext(A%(Fy), F1). O

Proposition 6.11. The morphism A?F, — F,/Fy does not factor over FioF:
AFy——=FQF

F/F.
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Proof. The non-trivial extension of Lemma is the image of the class [Fy] €
Extx(Fy/Fy, F1) under the morphism induced by A%(F)) — Fy/F;. Hence there
can be no factorization across the group EXt}:(F@F, F), which is trivial by Lemma
0.7 ]

Proposition 6.12. Assume that H*X is nilpotent and of finite type.
If deg(fR1H*X)=d € N and deg(fR2(H*X)) < 2d, then

(1) there is an inclusion F1 @ F} — ngTorI_{%X(IE‘g, Fy) & Fy/Fy with cokernel
of degree < 2d; o
(2) the morphism A*(Fy) — Fy/Fy factors across F{@F; — ngTor;ﬁX(Fg, Fsy).

Proof. The cup product of H*X induces a morphism H*X @ H*X — nilbH*X,
since H*X € Nily, hence in F

Fi® F = leH*X ®fR1H*X — ngH*X

Restricting to Fi ® Fi C Fi @ F; this morphism is trivial, by Lemma [6.7] since
deg fRoH* X < 2d, by hypothesis.

Lift F; to a submodule M of H*X (so that fRyM corresponds to Fy) and
consider the restriction of the product. By construction this gives:

M @M —nilsH* X

with M ® M € Nily. Moreover, it is easily checked that the finiteness hypothesis
required to apply Proposition B.7]is satisfied, hence there exists a finitely-generated
submodule U ¢ M C H*X such that fRU = fRiM = F, and the cup product
restricts to a trivial map U @ U — H*X. (This is a slight extension of Proposition
B using the fact that the choices in the proof can be taken to be compatible with
the tensor product M ® M.)

The calculation of Torl_{%  (F2,F2) using the bar construction then implies that
there is an inclusion F} ® F] — ngTor;ﬁ < (F2,F3). Moreover, by the definition
of Fy C Fi, it is clear that the cokernel has degree < 2d.

Finally, again by Lemmal[6.7] there is no non-trivial map from A2(Fy) to a functor
of degree < 2d, which gives the factorization statement. O

Remark 6.13. The appeal to Proposition B.7] can be avoided so that the argument
is carried out entirely within F.

Proof of Theorem [6]l. Suppose that deg(fR2H*X) < 2d, then Proposition
provides a factorization

A2(ﬁ1) — E@E — FQ/Fl.
This contradicts Proposition [6.11} O

Remark 6.14. The result proved is slightly stronger, without supposing wx (2) < 2d.
Namely the argument shows that the composite:

OF CF ®F — fRH*X,

where the second morphism is induced by the cup product of H* X, is necessarily
non-trivial.



[BK72]

[CCS07]
[DGO3]
[FLS94]
[Gab62]
[GS12)
[GS13]

[HLS93]

NON-REALIZATION RESULTS 15

REFERENCES

A. K. Bousfield and D. M. Kan, Homotopy limits, completions and localizations, Lecture
Notes in Mathematics, Vol. 304, Springer-Verlag, Berlin-New York, 1972. MR 0365573
(51 #1825)

Natalia Castellana, Juan A. Crespo, and Jéréme Scherer, Deconstructing Hopf spaces,
Invent. Math. 167 (2007), no. 1, 1-18. MR 2264802 (2008k:55021)

Francois-Xavier Dehon and Gérald Gaudens, FEspaces profinis et problémes de
réalisabilité, Algebr. Geom. Topol. 3 (2003), 399-433. MR 1997324 (2004g:55015)
Vincent Franjou, Jean Lannes, and Lionel Schwartz, Autour de la cohomologie de Mac
Lane des corps finis, Invent. Math. 115 (1994), no. 3, 513-538. MR 1262942 (95d:19002)
Pierre Gabriel, Des catégories abéliennes, Bull. Soc. Math. France 90 (1962), 323-448.
MR 0232821 (38 #1144)

Gérald Gaudens and Lionel Schwartz, Realising unstable modules as the cohomology of
spaces and mapping spaces, Acta Math. Vietnam. 37 (2012), no. 4, 563-577. MR 3058663
, Applications depuis K(Z/p,2) et une conjecture de N. Kuhn, Ann. Inst. Fourier
(Grenoble) 63 (2013), no. 2, 763-772. MR 3112848

Hans-Werner Henn, Jean Lannes, and Lionel Schwartz, The categories of unstable mod-

ules and unstable algebras over the Steenrod algebra modulo nilpotent objects, Amer. J.
Math. 115 (1993), no. 5, 1053-1106. MR 1246184 (94i:55024)

[Kuh95a] Nicholas J. Kuhn, Generic representations of the finite general linear groups and the

[Kuh95b]

[KuhO7]
[Kuh13]

[Lan92]

[NGS14]

[Sch94]

[Sch9g]
[Sch06]

[Sch10]

Steenrod algebra. I, K-Theory 9 (1995), no. 3, 273-303. MR 1344142 (97¢:55026)

, On topologically realizing modules over the Steenrod algebra, Ann. of Math. (2)
141 (1995), no. 2, 321-347. MR 1324137 (96i:55027)

, Primitives and central detection numbers in group cohomology, Adv. Math. 216
(2007), no. 1, 387-442. MR 2353262 (2008i:20061)

N. J. Kuhn, The Krull filtration of the category of unstable modules over the Steenrod
algebra, arXiv:1306.6072 (2013).

Jean Lannes, Sur les espaces fonctionnels dont la source est le classifiant d’un p-groupe
abélien élémentaire, Inst. Hautes Etudes Sci. Publ. Math. (1992), no. 75, 135-244, With
an appendix by Michel Zisman. MR 1179079 (93j:55019)

T. C. Nguyen, G. Gaudens, and L. Schwartz, Around conjectures of N. Kuhn,
arXiv:1402.2617 (2014).

Lionel Schwartz, Unstable modules over the Steenrod algebra and Sullivan’s fixed point
set conjecture, Chicago Lectures in Mathematics, University of Chicago Press, Chicago,
1L, 1994. MR 1282727 (95d:55017)

, A propos de la conjecture de non-réalisation due a N. Kuhn, Invent. Math. 134
(1998), no. 1, 211-227. MR 1646599 (99j:55019)

, Sur lanneau de Grothendieck de la catégorie des modules instables, Comm.
Algebra 34 (2006), no. 5, 1825-1845. MR 2229493 (2007£:19002)

, Erratum to: La conjecture de mon réalisation due & N. Kuhn [mr1646599],
Invent. Math. 182 (2010), no. 2, 449-450. MR 2729273 (2011h:55029)

LIA CNRS FORMATH VIETNAM
E-mail address: nguyentc@math.univ-parisi3.fr

LAREMA, UMR 6093 CNRS ET UNIVERSITE D’ ANGERS
E-mail address: geraldgaudens@gmail.com

LAREMA, UMR 6093 CNRS ET UNIVERSITE D’ ANGERS
E-mail address: geoffrey.powell@math.cnrs.fr

LAGA, UMR 7539 CNRS ET UNIVERSITE PARIS 13.
E-mail address: schwartz@math.univ-parisi3.fr



	1. Introduction
	2. The Krull filtration on U
	3. The nilpotent filtration
	4. Kuhn's profile functions
	5. Proof of Theorem 1.4
	6. Using the Eilenberg-Moore spectral sequence
	References

