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Abstract

We consider the scattering of acoustic perturbations in a presence of a flow. We suppose that
the space can be split into a zone where the flow is uniform and a zone where the flow is potential.
In the first zone, we apply a Prandtl-Glauert transformation to recover the Helmholtz equation.
The well-known setting of boundary element method for the Helmholtz equation is available. In the
second zone, the flow quantities are space dependent, we have to consider a local resolution, namely
the finite element method. Herein, we carry out the coupling of these two methods and present
various applications and validation test cases. The source term is given through the decomposition
of an incident acoustic field on a section of the computational domain’s boundary.

1 Introduction

Acoustics is a well known science and the basics mechanical and thermodynamical notions are well
understood since the 19th century as shown e.g. with the classical books of Lord Rayleigh [40]. For
a modern presentation of various aspects of this science, we refer to Morse and Ingard [36] and to the
contribution of Bruneau et al. [13]. Acoustics can be presented with temporal or harmonic dynamics.
In the first case, acoustics can be viewed as an hyperbolic problem and in the second, the Helmholtz
equation plays a central role.

With direct numerical time integration, finite differences are naturally popular. Even if it has not
be created for acoustics applications, the “Marker And Cell” method with staggered grids of Harlow
and Welch [29] can be used very easily in acoustics. We refer also to the pioneering work of Virieux
for geophysics applications [47]. A finite difference method uses a finite grid in a domain of finite
size. How to express that waves can go outside the computational domain without reflection 7 One
possible solution is to derive appropriate absorbing boundary conditions (see e.g. the book of Taflove
summarized [46]). Another possibility is to add a layer of absorbing material. Efficient absorbing
layers have been first proposed for the vectorial wave equation (Maxwell in electromagnetism) by
Bérenger [8], then applied in acoustics (scalar equation) by Abarbanel et al. [1]. It was adapted by
our group for advective acoustics and staggered grids [24]. However, the adaptation of cartesian finite
differences to complex industrial geometries is a very difficult task and other numerical methods have
been developed in order to guarantee this flexibility. The finite element method is the most popular
in this direction. We refer to the fundamental book of Zienkiewicz [50] essentially for structural
mechanics applications and to Craggs [20] for the acoustics applications. A rigorous mathematical
analysis of the method with Hilbertian mathematical methods is proposed in the book of Ciarlet [18].
The main advantages of these so-called volume methods is the possibility to deal with space dependent
media of propagation.



When the medium of propagation is uniform, the opportunity to represent the field as an integral
representation over a surface of some data on the boundary of the radiating object makes natural
so-called integral methods. The unknown is a field simply located on a finite surface and the three-
dimensional field couples all the degrees of freedom on the surface. The difficulty is to take into account
the fact that waves are radiating from finite distance towards infinity. The radiation Sommerfeld
condition solves this problem and expresses that no wave is coming from infinity [44]. The adaptation
of these ideas to integral methods for exterior boundary-value problems for Helmholtz equation have
been discussed among others by Schenck [43] and Burton and Miller [14]. For a rigorous mathematical
analysis, we refer to Nédélec [38]. The main advantages of these so-called integral methods is the
possibility to deal with large geometries. In particular, in the case of the scattering by two objects,
the size of the numerical problem does not depend on the distance between the objects. Besides, we
have access to the scattered field at any point of the space.

A natural idea to profit from the advantages of volume and integral methods is the coupling between
boundary and finite element methods. The fundamental mathematical work is due to Zienkiewicz,
Kelly, and Bettess [50], Johnson and Nédélec [30], and Costabel [19]. The thesis of Levillain [32] gives
the first numerical applications for Maxwell equations. We refer to Bielak and Mac Camy [9] for fluid
- solid coupling. For other modern developments, we refer to the work of Abboud et al. (see e.g. [2]).

Integral methods have been implemented using Boundary Element Method (BEM) at former Air-
bus Research Center at Suresnes and Toulouse (France) since 2001 [21, 22] and used by Airbus first
for computation of radiated noise outside air inlet than exhaust with the assumption of uniform flow
on whole domain [23].

Several improvements have then been conducted by our team in two main ways : (i) increasing the
number of unknowns - leading to the computation of the acoustic propagation at higher frequencies
- using efficient numerical method such as the Fast Multipole Method [45, 27]; (ii) increasing the
complexity of the flow to deal with more realistic problems. First results for coupled BEM-FEM
with a uniform flow at infinity and potential flow assumption close to the scattering object have been
obtained in an axisymmetric configuration in [25]. Mathematical framework in the 3D case have
been presented in [16]. In this contribution, we present an extension of the previous works in a more
general context closer to applications and taking into account realistic air inlets: our main objective
is to perform a global simulation from a given Mach number in the duct to a different Mach number
in far field with a transitional potential flow between the two zones.

The model coupled problem is presented in Section 2. This problem is transformed by the Prandtl-
Glauert transformation, in order to recover the classical Helmholtz equation in the area where the flow
is uniform in Section 3, leading to a transformed coupled weak formulation. The finite dimensional
linear system is presented in Section 4, and numerical studies are carried out in Section 5.

2 Definition of the model problem

2.1 Context and geometry

The objective of the current work is the computation of the acoustic field generated by a turboreactor
engine in flight condition, especially in take-off and landing phases. We will consider the model
problem presented in Figure 1, where the other parts of the aircraft (engine pylon, wings, fuselage)
are not modeled.

The considered acoustic sources are the inward and outward fans noise. The fan noise frequency
spectrum is characterized by some harmonic peaks at frequencies that are multiple of the rotational
frequency of the blades. For simplicity, we consider a single pulsation wg. Moreover, the fans are
located inside a duct that is relatively deep compared to its width. For these reasons, it is classical to
model the duct by semi-infinite cylinders, and represent the acoustic sources on modal bases functions
defined at the bases of these cylinders, called modal surfaces. As illustrated on Figure 1, two modal
surfaces I'y7, and I'yy, are defined. The other part of the engine boundary is rigid and noted I'.

The complexity of the flow depends on the distance from the engine. For low Mach values, the
flow can be decomposed into three areas with different flow conditions: an uniform flow far from the
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Figure 1: Model problem (without representation of the fan spinner)

engine, a turbulent flow (often non-linear) due to the fans and the boundary layers, and a potential
flow in-between. We use this decomposition in our model, except for the turbulent area.

The impact of the viscosity effect and in particular the boundary layers is neglected in this contri-
bution. This assumption is classical in the community of industrial acoustics. In air intake cases (see
e.g. Lidoine [33]), there is no flow separation. The boundary layer remains very thin compared to
the wavelength of interest and is not taken into account for the acoustic point of view. The problem
of thin boundary layers in the duct flow has been studied by Eversman [26]. This question has been
emphasized after the work of Myers [37]. The Myers boundary condition has been improved by Bram-
bley [12]. For an ejection duct, the situation is more complicated because anyway the flow is far from
potential. In particular, a mixing layer containing different jets is present. Moreover, its thickness is
small near the ejection compared to the characteristics lengths of the problem. As a consequence, it
is reasonable to assume that the sound has a negligible influence on the flow.

The interior part of the engine is also supposed to be behind the modal surfaces. We then consider
only two domains: € with a potential flow and Q¢ with an uniform flow. The flow is an input to
the problem. Matching conditions on the flow are supposed at the interface I'sx between these two
domains. Moreover, at I'jy;, and I'py,, the flow is supposed uniform and orthogonal to the surface. It
it also tangent to T'.

2.2 Coupled problem
2.2.1 Convected Helmholtz equation

We note c¢g the celerity, pg the density, My the Mach vector of the fluid. These quantities depend on
the position in Q%

Ve e Q°UT : co(x) = Coos p0(x) = poo, My(z) = Mo
Ve e Ty co(x) = e, po(x) = purs My (x) = Mpy.

We note v and p the acoustic velocity and pressure.

In the interior domain §, the convective flow is supposed to be subsonic, stationary, non viscous,
isentropic, and irrotational. Moreover, the acoustic effects are considered to be a first order perturba-
tion of this flow. With these assumptions, the acoustic velocity v is potential. Hence, there exists an
acoustic potential, ¢, such that v = V. We note by ¢ and ¢’ the acoustic potential respectively
restricted to Q¢ and Q°.



The physical quantities are associated with complex quantities with the following convention on,
for instance, the acoustic potential: ¢ < R (¢ exp(—iwpt)). The same notation is taken for the physical
quantity and its complex counterpart. In what follows, we always refer to the complex quantities. The

wavenumber depends on the position in
ko(2) = koo i= —2 Wz € Q° U T, ko(x) = ky == =2 Ve € Ty,
Coo CM

For simplicity, only one modal surface I'ys is considered in the model problem instead of I'j;, and
I'pz, as presented on Figure 1. Following [42, p.259 eq.F27], and making use of the irrotationality of
the carrier flow, the linearization of the Euler equations leads to

H(p) =0 in Q' UT, UQS, (1)
where H(p) := po (k§p + ikoMo - Vo) + div [po (Vi — (Mo - V) Mg + ikopMp)]. This is the con-
vected Helmholtz equation. We assume that I' reflects perfectly the acoustic perturbations, yielding

Vo-n=0 onl. (2)
We now explain how the problem in €’ is coupled to a problem in Q¢ and a problem beyond I'j; by
means of boundary conditions on 'y, and I'j;.
2.2.2 Coupling by means of boundary conditions

To focus on the coupling between the problem in € and the one in Q€ consider a test case like the
one Figure 1, where some boundary condition is enforced on I'j;:
H(p) =0, in Q' UT, UQE,
Veo-n=0, onl,
p=g, only,
Sommerfeld radiation condition,

3)

where a Sommerfeld-like radiation condition is enforced to ensure uniqueness of problem by selecting
outgoing scattered waves and where g is some nonzero function defined on I'p;. Consider the following
problem

H(p) =0, in Q,
H(p) =0, in Q°,
[lp. =0, onTy,
(Ve = (Moo - Vo) Moo + ikopMoo) - mlp =0, on e, (4)

Ve-n=0, onl,
=g, only,
Sommerfeld-like radiation condition,

where [-]x denotes the jump of a quantity across a surface X.
Property 2.1. Problems 3 and 4 are equivalent.

Proof. If ¢ solves (3), it is clear that ¢ solves (4). Conversely, let ¢ defined in Q¢ U Q€ such that ¢
verifies (4). From [34, Lemma 4.19], since ¢ verifies lines 1, 2, 3, 4 of (4), then ¢ verifies line 1 of (3),
which finishes the proof. ]

Using the transmission conditions of problem (4) on I's, we will write problem (3) in the form of
a problem on ¢’ and a boundary condition on I's,. Consider the following problem in Q¢

H(p) =0, inQ°
¢ =F, on Iy, (5)

Sommerfeld-like radiation condition,

4



where F' is some nonzero function on I's,. With some regularity hypothesis on Q¢ and F', problem (5)
has a unique solution in H}} (Q¢), where H]! (Q°) := {u € H'(K),VK C Q¢ compact}, [34, Theorem
9.11].

Remark 2.1. [34, Theorem 9.11] deals with the classical Helmholtz equations. We will see in Sec-
tion & that the classical Helmholtz equation can be obtained from the convected Helmholtz equation
applying a certain transformation. In particular, the solution functions are changed by an injective
transformation, ensuring existence and uniqueness of problem (5).

Thus, it is possible to define the operator that maps F onto (V¢ — (Meo - V©) Moo + koo Moo ) |-
n, where ¢° is the solution of problem (5). This operator is called the Dirichlet-to-Neumann operator
associated with the exterior problem (5), and is denoted by A. Hence, problem (3) is written

H(e') =0, in &,
(V' = (Moo - V') Moo + ikioop' Moo ) - 1 = Aso(¢"),  on T, (6)
V¢ -n=0, on I,
o' =g, on I'py.

The same reasoning is done on I'p, the following transmission condition holds: [¢]p = 0 and
(Vo — (M - Vo) My + ikyeMag) - n)p,, = 0. Then, we write a coupled problem between Q% and
QM where QM is a semi-infinite waveguide with base I'y; and oriented along the axis of the engine,
see Figure 2. The acoustic problem in s with a Dirichlet boundary condition on I'y; is well-posed,
so that a Dirichlet-to-Neumann operator associated with the problem in €3, can be defined, and is
denoted by Ajs. Hence, using the transmission conditions on I'ys, the boundary condition at I'p; of
the interior problem is (chi — (MM . V@i) My + ikopiMM) -nlp,, = AM(goi|pM).

Figure 2: Model of the engine : a semi-infinite waveguide.

2.2.3 Weak formulation

Finally, the complete coupled problem is written

H(p') =0, in O,
V¢'-n=0, on T,
(V' — (Moo - V') Moo + koo’ Moo) -1 = A (¢"),  on T,

(Vgpi - (MM . chi) Mhpnr + ikMgoiMM) ‘n = AM(cpi), on I'y,.
The weak formulation of the coupled problem is: Find ¢' € H' (Q’) such that V! € H! (Ql),

a(¢’, ") + Io (', ") + I (¢, ") = 0, (8)



with

a(',¢") :/_ m[VsOi'Vsot—kSs@isot

—iko (Mo~ V') ¢ = (Mo - V&) ') = (Mo - V') (Mo w)],

Lo(, o) = — / Aolih) 2. (10)
It oty = =22 [ Ao o (11)
Poo JT

The A, map can be expressed by means of boundary integral operators written on I',. The
problem in the exterior domain depends on M. The next step is to transform (8) in such a way
that the problem in the exterior domain becomes the classical Helmholtz solution. This is of great
interest, since we already dispose of a code evaluating the classical boundary integral operators for
the classical Helmholtz equation.

3 Transformation of the coupled problem

The purpose of this section is to apply a transformation to the weak formulation (8), such that the
Ao map can be expressed in a convenient way. The expression of Ay resulting of the transformation
is also given, to obtained a complete transformed coupled formulation written in the same system of
coordinates.

3.1 Prandtl-Glauert transformation

When the carrier flow is at rest, the acoustic potential ¢° is solution of the Helmholtz equation. The
Prandtl-Glauert transformation was introduced by Glauert in 1928 in [28], to study the compressible
effects of the air on the lift of an airfoil. This transformation was applied for subsonic aeroacoustics
problems by Amiet and Sears in [5] in 1970, by Astley and Bain [6] and more recently by our team in
2002 in [24].

Definition 3.1. The Prandtl-Glauert transformation associated to Moo consists in changing the space

and time variables:
T=x+ Co (Moo - ) Moo,

?:t—i—ﬁMoo - x, (12)
)
where Cyo = M#go (Yoo — 1), with Yoo = 1*1M§o'
We define the spatial transformation L:
RS>z — L(x) := € R, (13)

—1
|Qi)
the inverse of this transformation. Consider an orthonormal basis (z/,y’, 2') of R? so that 2’ = {le=.

In this basis, the jacobian matrix of L|_Qll is

The transformation L. is a dilatation of magnitude voo along Moo. Denote J the jacobian of L

10 0
o1 0|, (14)
00 ~5!
so that Joo = '
From [48, Section 10.3.1], applying the Prandtl-Glauert transformation, the transformed acoustic
potential in the exterior domain f¢ satisfies

Afe +ko2f¢=0, in Qe (15)



where l;; "= Yookoo 18 the modified wavenumber. This is a classical Helmholtz equation. The Som-
merfeld radiation condition .
F<af~ - 'lg;f€> — 0, 7 — +00 (16)
T

is enforced as well to ensure uniqueness of the solution [44].

Remark 3.1 (Coordinate transformations). Other coordinate transformation can retrieve the classi-
cal Helmholtz equation from the uniformly convected Helmholtz equation. For instance, Lorentz-like
transformation are possible, but would lead to frequency dependent meshes, which is not desirable. The
coordinate transformation (12) we used belongs to a general family of transformations proposed in [17].
With (12), the fluz of the Poynting vector is conserved through any surface orthogonal to M .

Remark 3.2. We define a Prandtl-Glauert transformation associated to another vectors v by changing
Mo and My by respectively v and ||v|| in Definition 3.1. In what follows, we note by~ the objects and
operators transformed by the Prandtl-Glauert transformation associated to Moo (normals, geometry,
derivatives).

3.2 Transformation of the volume integral term a (9)

In what follows, the Prandlt-Glauert transformation is carried-out in the interior domain after the
weak formulation has been written. Doing so, the obtained formulation is written in a form that uses
operators that are already implemented in the code ACTIPOLE [21, 22]. Another choice can be to
carry out the Prandlt-Glauert transformation first, and then write the weak formulation. The two
formulations are equivalent, but this last case suits well the study of the existence and uniqueness of
the formulation (see [16]).

Consider the solution function ¢*(t,z) = ¢*(x)e~™“!. Applying the Prandtl-Glauert transforma-
tion (12), this function transforms into gpi(L*I(%))eikm'ygoMOO'L_l(E)e*iw? This motivates the intro-
duction of the function f7, such that fi(x) = ¢'(z)Ex(x), where Exo(x) = eFoer12Mo We define f
from the test function ¢! in the same fashion. This leads to

¢(@) = f'(@)f (@) (17)

The transformation H() 2 ¢!(x) — fi(x)Ex(x) € Hl(ﬁ) is surjective, and therefore this modifi-
cation of test function is still compatible with the weak formulation. The gradients are transformed

to . . . _
VSOZ(iI?) = (sz(m) - ZkoofygoMoofl(m)) goo(m)

V(@) = (VF@) + ik Mo ) (). o
Thus, Equation (9) becomes
a(¢',¢') = / PO (L) - (£4T7) = ST = ko (Mo (£ 1)) TP
Qi Poo B | " | B (19)
~ (Mo (e477)) 1)] - /Q 2 (Mo~ (£-11) (Mo (£477)).

where £4 := V 4 ikoov2 Moo and where we used Ex(x)E00o () = 1.

Then, applying the change of variables and making use of the jacobian J, of L|791i, there holds

e [ 2 (E):(67) -7 (s (€))7

- (bao- (227)) £)] = o [ 22 (oo (1)) (- (247))

(20)



where ENi =V + (COOMOo V£ z‘kooﬁ)) M. Notice that when changing the variables, we wrote
the differential operators in the transformed system of coordination, using

V = V+CooMe My -V, (21)
which is directly derived from the first line of (12).
Remark 3.3. If we impose Mo = M, po = poo and ¢y = ¢ in (20), we find
o) = T [ (91~ k2T, (22)

which is the variational formulation for the nonconvected Helmholtz equation with modified wavenumber
koo = Yookoo 0N f on the transformed geometry and in the transformed coordinates.

Remark 3.4. The expression (20) for the volume integral is more complicated than the expression (9).
However, this will enable us to treat the coupling with the exterior domain in a simple way.

3.3 Transformation of the surface integral term I, (10)

3.3.1 Transformation of normals

Consider a closed surface C defined by a function ® by ®(x) = 0, and denote by C the transformation
of C by L. Let x € C, the normal to C at x, n(x), is colinear to V®(x), whereas the normal to C at
x, n(x), is colinear to V®(x). From (21), there then holds

where K () is a normalization factor. Taking the square of the norm of both sides of (23), there
holds 1 = Koo (%)? (1 + (M2C2 +205) (Moo - 71 (5))2), from which we deduce

Koo(@) = \/1+ (oMo - 7.(&))2. (24)

Conversely, to express n (x) as a function of n(x), we consider the inverse spatial transformation
L=, which consists of a contraction of magnitude y' along M. The gradient are then changed as
V > V+CxMy My -V, where Cop = M% (70_01 — 1). Applying this to the gradient of ®(z) = 0,

which defines C. , we deduce
(&) = Koo(x) (n (@) + Coo (Moo - 10 () Moo> , (25)

where f(:o(m) is a normalization factor. Using the normalization condition,

1

Koo(x) = . (26)
V1= (Mu-n(2)?
3.3.2 Jacobian of the spatial transformation restricted to I'
Consider Lr_, the restriction of L to the 2-dimensional manifold I'ss. Let @ € I'ss. Let my 1= AA}I—;’,

. n—(min)my
M2 = Tn—(min)ma]

construction, n = Nmy + v 1 — N2ms. Then, we define t; := —v/1 — N2my + Nmg and to := mg,
see Figure 3. It is direct to verify that (¢1,t2) is an orthonormal doublet, and that t; -n =t3-n = 0.
Therefore, (t1,t2) is an orthonormal basis for the hyperplane tangent to I' in @, and |Jac(Lr )| =
|det (L(t1), L(t2)) |. Since we have identified in ¢; and t2 the components parallel and orthogonal to
M, there holds L(t1) = —7y0V1 — N?2mq + Nmg and L(t2) = ta = mg, because ty is orthogonal
to M. We see that L(t1) and L(t2) are orthogonal, then det (L(t1), L(t2)) = ||L(t1)||||L(t2)|| =

|L(t1)]| = /N2 + 9% (1 — N2) = 7504/1 — (Moo - n)2, from which we deduce |Jac(L|}io)] = Jo K.

and mg such that (mj, mg, mg) is an orthonormal triplet. Let N := n-mj. By

8



Figure 3: Transformation of a local basis on 'y, by the Prandtl-Glauert transformation.

3.3.3 Expression for I,

Consider equation (10) for I, and use the boundary condition line 3 of (7):

Ioo(cpi,cpt) = —/ (Vgpi — (Moo . V(pi) Moo — ikoogoiMoo) ‘n got. (27)

e}

Plugging the changes for order zero (17) and order one (18) terms and making use of the jacobian

Jac(LEX)), there holds

Lo (9", ¢") = —Jos /F~ Ko [(efz‘ _ ikoo%oMoofi)

(4 (Coo = Yo0) (Moo - 1) Mo) + koo f* (Moo 'n)]ft- (28)

Since Cop — Yoo = Co, We recognize the expression of % Reorganizing the terms:

e}

Ioo(()oia‘pt) = _Joo _ efl n F‘i' Joo /N Zk/'oofz ([/(\o/o (Moo : n) - 'YooMoo . ﬁ) F (29)
I'oo ¢S]

Finally, from relation (25), Moo - 12 = % (Moo - 1), and

Ino(¢ ") = ~Joe | _ V"7 fT. (30)
Feo
Remark 3.5. Notice the extreme simplification of the surface integral term (30). The direct coupling
with the BEM is possible thanks to this particular form of the surface integral term. Notice also
that (30) is simply the expression of the surface integral term of the weak formulation (8) after the
Prandtl-Glauert transformation has been applied.

We now need to apply the Prandtl-Glauert transformation in the equation on the exterior do-
main Q¢ and we will see that (30) can be expressed using the Dirichlet-to-Neumann operator associated
to the classical Helmholtz equation.

3.4 Derivation of the transformed /i:o map

The derivation of a Dirichlet-to-Neumann map A for the Helmholtz exterior problem (15) is classical.
The procedure is detailed for instance in [16]. We recall the main steps for completeness of the
presentation. A function is called a radiating Helmholtz solution, if it solves the classical Helmholtz



solution in Q¢ and in R3\Q¢, and if it satisfies the Sommerfeld radiation condition. A radiating
Helmholtz solution v can be represented from the jump of its traces on I' [38, Theorem 3.1.1]

v=-S[Vv-n]+Dv] in Q°UR\QE, (31)

where & and D are the single-layer and double-layer potentials associated with the Helmholtz equation,
defined such that

oG
SN = [ Geanwiy,  Duw) = [ CEV gy, veen uri"
oo o0 Nz
where G(x,y) := % is the fundamental solution to the classical Helmholtz equation with
wavenumber ko If v is a radiating Helmholtz solution, then [38, Theorem 3.1.2]
ir-bo S [v] v
2 T'eo — .
R 1Nl D S

where S, D, D* and N are respectively the single-layer, double-layer, transpose of the double-layer
and hypersingular boundary integral operators defined as, Va € 'y,

0G(x,
s\@) = [ Gz, D) = [ PE8EY) gy
oo Too My
G (z,y) % 0°G(z,y)
D*\x) = ——\y)d N = —_ dy.
@)= [ FE iy, )= S uy)ay
Consider the function u such that u|g: := f¢ and ulg; := 0, where f¢ solves (15), so that u is a

radiating Helmholtz solution in the transformed coordinates and on the transformed geometry.

Remark 3.6. We chose u|§ := 0 to ensure that u|& solves the Helmholtz equation in 2, which is
clearly the case, and to ensure that u is a radiating Helmholtz solution, to apply (32). We could have
chosen any solution to the Helmholtz equation in QO for u|&, but in this case, the relation (32) would
have involve jumps of traces of some function not related to the problem. Our choice is motivated by

the fact that, with u|g: := f¢ and u|g; := 0, [ulg— = f°|f— and [Vu-n]g— = Ve n|g—, so that the

relation (32) only involves the total transformed acoustic potential on f‘;, which will provide a simple
coupling with (30).

Consider the transmission conditions (4), lines 3 and 4. Applying the Prandtl-Glauert transfor-
mation (using the first line of (17) and (18)) and making use of (23), there holds

[fleZ =0,
~ 33
[Vf-ﬁ]mz | (33)
which we can write _ .
‘=f= on 'y,
A (34)
Vi n=Vf-n=Vf n, on 'y
Using (32) with v = u yields
lr-b 8 f 0 —
2+ __ ~ = I
KN [ BT IR

where S , 15, D* and N are respectively the single-layer, double-layer, transpose of the double-layer and
hypersingular boundary integral operators for the Helmholtz equation obtained in the Prandtl-Glauert
transformed space with modified wavenumber k.o:

53@) = [ 6@ @1 Bu(@) = [ 2V ugay,
~ T,y S 2G(z,y
5@ = [ @), Nu(@) = §_ I )i
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oxp (i)

Trla—y] is the fundamental solution to the classical Helmholtz equation with

where G(x,y) :=

modified wavenumber k.
Using the first line of (35), there holds

-~ 1
Vi-n=5"! <D—21> (f). (36)
Then, we subtract V f - 7 from the second line of (35) and inverse the signs to obtain
- - 1 —~\ /s~
Vf-n:—N(f)+<21—D*> (Vf-n). (37)

Injecting (36) into the right-hand side of (37), an expression of the Ase map can be obtained in the
following form:

Vfo7 = A (f) ::—N(f)+<;l—bv>*>§1 (5—;1*) (f). (38)

Notice that other Ao maps can be readily obtained from (35). Our choice leads to a symmetric linear
system (see the matrix (54)), for which computation optimizations can be used.

Remark 3.7. Even though it is possible to write integral equations for the uniformly convected
Helmholtz equation (see [7]), the Prandtl-Glauert transformation allows us to write integral equa-
tion that only involves the Green kernel associated to the Helmholtz equation. Hence, we can profit
from our validated code ACTIPOLE developed by our team [21, 22].

3.5 Computation of the coupling integral term I, (11)

The engine is modeled by a semi-infinite waveguide with the classical hypothesis that the flow is
uniform. To simplify the presentation, the waveguide is also supposed to be oriented along the local
axis e, so that I'ys is orthogonal to e, (see Figure 2). More precisely, we suppose here that I'y; is
included in the plane z = 0. The flow is defined by Mjs and is then parallel to e,. A more general
formulation is presented in appendix A.1l.

In Qjy, the acoustic potential is decomposed into an incident and a diffracted potential: ¢ :=

inc

"¢ + 3 hoth solution to the following convected Helmholtz equation:
A(pinc,diff + k%mpinc,diff + 2iky Moy - V(’Dinc,diﬂ — My -V (MM ) V(pinc,diff) —0 in Q. (39)

The incident potential is known, whereas the diffracted potential is unknown. Under these assump-
tions, the following decomposition holds [36, 13]:

(piHC(x’y, Z) = ZOQ UL(fU,y) exp (’Lk‘j_Z) in Qpy,
(v)

@diﬂ(l‘ﬂ Y, Z) = Z BL UL(:E, y) exp (Zk'L_Z) in QM,
(v)

(40)

with ¢ a discrete index and where the incident modal coefficients «a, := fFM "7, are supposed known
(input of the problem) while the diffracted modal coefficients 3, := fFM 015, are some unknowns of
the problem. The basis functions v, constitute a modal basis function chosen to be orthonormal.

For instance for a cylindrical duct of radius R, ¢ corresponds to a couple of indices (m,n) € (ZxN*)
and the functions v, are defined in polar coordinates by [36, 13]

0,(1,0) = vy (r,0) == Vi n I, (Tn;én 7‘) exp (imf) , (41)
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with 7,,, the n-th zero of the derivative of m-th Bessel function of the first kind J,,, Vi, the
normalization factor such that fFIM vfmn =1, and

ar Moy + \/k:]ZM — (1-M2) (T”E")Q

kf=kEf = e for propagating modes (kX € R), (42)
M
—Rym My (1 - MM) R - kM
T e for evanescent modes (kZ, € C),  (43)
M

the wavenumber of each mode. For any (m,n) € (ZxN*), the corresponding mode is either propagating
or evanescent. For any shape of the duct, there exist a finite number of propagating modes and an
infinite number of evanescent modes.

Based on this decomposition, the expression of the Dirichlet-to-Neumann operator Ay is [10, 31]:

(Vo — (Mng - Vo) Mg + ikyoMag) -mo= Ay () := Z (Y, " +BY, )v, onTy, (44)
(1)

where
VE = —i [k (1 — M3)) + kar M| (45)
By definition,
N PM A —
In(p, ¢") = —— m(p) ¢
Poo JT

Z—WZOQYL*/ Wpt_PMZBLyL—/ v .
pOO (L) FM pOO (L) F]u

Notice that since I'j; is included in the plane z = 0 and M is directed along e, then 1:& = T,
and v, = v, on I'j;, where v, is the Prandtl-Glauert transformation of v,. Hence, o, = ff}; fincy, and

B, = ff}? U5, where f¢ and f4f are the Prandtl-Glauert transformation of respectively ¢ and

@M In view of the coupling in the coordinates and geometry transformed by the Prandtl-Glauert
transformation, we can write

(et = =225 (0¥ + BY,) /N i ft (46)

> W Fa

with f* the Prandtl-Glauert transformation of ¢!. Let us define v, by f' = Z YxUr. Then, using the
(%)
orthonormality of the modal basis fF]\J 0,0, = 0,,x, where 6, . refers to the Kronecker delta, we obtain

In (i, ') = —Z—M S (@Y +8Y) (47)
)

To write a direct coupled problem, it is more practical to consider the coefficient of decomposition of
the total acoustic potential. Consider ¢, := fFM pvU, = a, + B, there holds

In (i, ') = —Z—M ST (e (Y -Y) oY) (48)
0!

12



3.6 Transformed coupled problem

To treat the operator inversion in the definition (38) of Moo, we introduce A € H 7%@;) such that
1 ~ 1
A= (S) o ((D - 21) f> , (49)

Ao (f)=—-Nf+ (;I—Z)V*) A,

so that
1 (50)
(D—21>f—5>\:0.

Plugging (50) into (30) and using the expression (48) in (8) leads to the following weak formulation
for the coupled problem: find (f,\) € HI(QZ) x H~ ( ) such that V (f*, X',) € H* () x Hfé(Foo),

(G 1Y) + Jno / NfT+ T /oo(D*—;I)/\ft—ZMZQYL_%

W

= p7M ZCVL (Y;,Jr - Yli) Ve (51)
Poo 45

Joo/ (D—I)f/\t SANE = 0.
\ oo FOO

with ¢, and ~, such that Z o |? ‘Yf‘ < oo and Z .2 ’YLi‘ < oo and with a(f, f!) = a(p, ¢!), where
) (v)

a is defined in (20).

4 Methodologies for the numerical resolutions

The weak formulation (51) has to be solved numerically. To do so, we first introduce an unstructured
volumic mesh V, of the domain ! made of tetrahedrons. The surfacic meshes Sy and Sp, oo are
obtained as the boundary faces of V), associated to I'y; and I's respectively. We denote V! and S}h M

the finite element spaces P! on respectively V}, and Sh,vr, and S,g « the finite element space PV on
Sh,oo- To introduce a numerical approximation, we have to consider a finite number of modes. We
consider then M{2¢ incident modes and Mt/‘oitiff diffracted modes, with Mt/gtiff > Mjne,

We obtain the following discrete conforming approximation of (51): Find (fy, Ap) € Vi x 82700
such that V (f}tl,)\}fl,) € Vh x 89

h,00?

M diff
. 1 - tot B
i)+ e [N R+ d [ (B =31 ) MBI - 2L Y o
Foo RO
A diff
tot 52

I [ (D - z) % [ SN =0,
o0 FOO

with ¢, and ~, such that Z lo.|? ‘Ybﬂ < oo and Z EAR ‘Yf‘ < oo. Notice that since M4 > princ
(v) (v)
then some «, are zero.

Let (6;)1<i<p and (1;)1<i<q denote finite element bases for V! and S,?OO

composition of fj € V,% and A\, € 82 - on these bases are written in the form f;, = P | fibi and

respectively. The de-
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)\h = 23:1 )\{(ﬁz Let

tot
PM _ ~
_{ (fi) 1<i<p . — o (VP -Y, )/N 0, 0;
= () 11 , b= Poo ‘s Tar , (53)
vlsisa 1<i<p
(O) 1<i<q
and .
Cij Joo /N (bv* - 21) ;0
A= o — ’ (54)
b [ (D-gt)o0 |~ [ B
with
M
Cz'j ::a(Hj,Hi)—i-Joo N]Vej?—p—M Z Y~ NTZ@Z/NQJTZ (55)
Foo pOO ( ) F]w FM
The linear system resulting from (51) is
Au = b. (56)

The matrix A contains both dense and sparse blocks. By reordering the unknowns in order to
separate the unknowns related to QF and to 'y, (indexed respectively by V and T in the following),

the linear system can be written
Ayv Avr> <Uv> <bv>
= 57
(AFV Arr ) \ur br (57)

with Ayy, Ayr and Arpy being sparse matrices and Aprr a dense matrix.

To solve (57), a block Gaussian elimination, known as the Schur complement [49], is first carried
out on the sparse matrices to eliminate the unknowns of the volume domain. The remaining system
is then

(Arr — Ary Ay Avr) ur = br — Apy Ayyby (58)

This linear system can then be solved either with a direct classical LU solver or an iterative solver.
Moreover in the case of the iterative solver, the fast multipole method (FMM) [41, 45, 27] can be
used to take into account the dense matrix Apr relative to the BEM formulation. The conditioning
of the remaining system is driven by the BEM matrix. The classical SPAI preconditioner for BEM
formulation [15] of matrix Apr is then used to improve the converge of the iterative solver for equation
(58).

These resolution strategies are implemented in the ACTIPOLE software and make use of the
MUMPS solver [3, 4] for the sparse matrix elimination and of an in-house solver with out-core and
MPI functionalities for the remaining system.

5 Numerical results

Even if the test cases are axisymmetric, all the following computations are full-3D computations. They
have been run on a machine with 2x6 intel Xeon “Westmere” processors running at 3.06GHz with
72GB RAM per node and infiniband QDR.

5.1 Zero flow

The first test case is designed to check the validity of the modeling for a non-uniform medium without
flow and of the FEM-BEM coupling. It consists of a sphere of radius 1 m centered at the origin
with different fluid properties: pg = poo, o = 2¢so inside the sphere and poo = 1.2 kg.m ™3, cop =
340 m.s~! outside the sphere. The acoustic potential source is a monopole located outside the sphere
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at (0.,0.,2.5). The observable is located outside the sphere at (0,1.7,0) and the frequency range of
interest is 11 to 500 Hz.

The reference result is obtained by a Mie series and the comparison of the scattered pressure
with the FEM-BEM solution is visible on Figure 4. The volumic domain used for the FEM-BEM
computation is a sphere of radius 1.07 m to ensure the continuity of the speed of sound at I'sx. The
mesh has an average edge length of 85 mm (A/8 for 500 Hz, the highest frequency) and contains 19,494
dofs (80,616 tetrahedrons and 4,672 triangles on I's;). The relative error on the module of the total
pressure is between 7 x 10™* (at 100 Hz) and 3 x 1072 (at 500 Hz).

7T

== Mie series
|| ® FEM-BEM

real part of the diffracted pressure

I | L 1 I | L 1 I | I 1 I | I |
100 150 200 250 300 350 400 450 500
frequency

Figure 4: Zero flow: Real part of the scattered pressure at the sensor in function of the frequency
(validation of the FEM-BEM on the sphere test case).

5.2 Modal test case without flow

Consider a modal cylindrical duct of length L = 1 m and radius R = 0.25 m without flow (Figure
5). The frequency of the source is 2,040 Hz. Three kinds of computation have been performed with
ACTIPOLE: classical BEM formulation, full FEM formulation, coupled FEM-BEM formulation in the
same domain of computation. The iterative solver has been chosen with a tolerance on the residual
of 1078, Comparisons have been carried out on the transmission coefficients between 'y, and T, of

1
Ly Iy 7
—_——— 'r'-'-'-'-'-'-'-'-'-'-'-'-'-'-'-'-'-':- ......... *
ni; Q v 12

Figure 5: Geometry of the modal test case.

the mode m =0, n = 1 (Table 1) and their theoretical values.

20 mm 16 mm 11lm m 8 mm
(A/8) (A/10) (A/15) (A/20)
BEM only, FMM 9.6x 1073 [3.1x1072 ] 1.2x1072 | 2.4 x 107%
FEM-BEM, FMM 0.28 0.19 0.08 4.6 x 1072

FEM only, iterative 0.55 0.36 0.16 0.09

Mean edge

Table 1: Relative error on the transmission coefficient for the mode (0,1).

As expected, due to finite element dispersion, the mesh must be finer in the FEM part than in
the BEM part to have an acceptable error. Moreover the error obtained here by the FEM on the
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transmission coefficient has a linear dependency on the length of the FEM domain and a square
dependency on the size of the elements.

5.3 Modal test case with an uniform flow

Consider the previous modal test case with an uniform flow in the direction of the duct, with a Mach
number of 0.6. The frequency of the source is chosen such that the mean number of elements per
wavelength after the Prandtl-Glauert transformation remains the same as the previous configuration
meshes (without flow) of Section 5.2. We recall that the Prandtl-Glauert transformation consists in
a space dilatation (12) and a frequency change (15). The frequency is then 1305 Hz.

The results on the transmission coefficient for the modes (0, 1) are compared with their theoretical
values. The coefficients for both a propagation with the flow (emission on I'y;,) and against the
flow (emission on I'pz,) are considered. A computation has also been added to the previous tested
configurations. It consists in the case of the full FEM model without any flow in the exterior external
domain (M = 0). The results are presented on Table 2.

Propagation with the flow (emission on modal surface Ty, , reception on Ty, )

20 mm 16 mm 11 mm 8 mm
(A'/8) (X'/10) (N'/15) (A'/20)
BEM only, FMM My =My =0.6 12x1072[42x103 [ 1.6x1073 | 5.5 x 1074

Mean edge

FEM-BEM, FMM My = M, =0.6 0.31 0.21 0.09 0.05
FEM only, iterative My = My, = 0.6 0.61 0.40 0.17 0.10
FEM only, iterative My = 0.6, My =0 0.0163 0.010 0.0045 2.5 x 1073

Propagation against the flow (emission on modal surface Iy, , reception on Ty, )

20 mm 16 mm 11 mm 8 mm
W/8) | (N/10) | (V/1s) | (v/20)
BEM only, FMM My =My =0.6 12x1072[42x103[1.6x1073 | 5.6 x 1074

Mean edge

FEM-BEM, FMM My = M, =0.6 0.31 0.21 0.09 0.05
FEM only, iterative My = My, = 0.6 0.61 0.40 0.17 0.10
FEM only, iterative Mjy; = 0.6, Mo =0 2.00 1.60 0.48 0.02

Table 2: Relative error on the transmission coefficient for the mode (0,1), My; = 0.6

We can see in the first three lines of each array of Table 2 that the errors are very similar to the
previous case without flow. The small differences are due to the fact that even if the size of mesh is
adapted to the Prandtl-Glauert transformation, the mesh is slightly distorted by the transformation
(the dilatation factor in the direction of the flow is 1.25). Moreover, with the Prandtl-Glauert transfor-
mation the error is identical whether the mode propagates with or against the flow. As expected, if the
flow outside the duct is zero (fourth line of the arrays of Table 2), the accuracy is different whether the
wave propagates with or against the flow inside the duct (with respectively large or small equivalent
wavelengths). Then if the potential flow is close to the flow at infinity, by using the Prandtl-Glauert
transformation, a better control on the mesh size and the accuracy can be obtained.

5.4 Toward engineering applications
5.4.1 Rigid sphere into a potential flow

The next test case is the case of a rigid sphere of radius Ry = 0.6 m in a flow. The acoustic source
consists of a potential monopole at a frequency of 1133 Hz and a distance of 1.2 m from the surface

of the sphere, defined by
) etkr
(plnC (59)

= dnr

We consider two configurations:

1. an uniform flow defined by My, = 0.4e,. There is no interior domain ¢, and the boundary
conditions at I' are clearly violated,
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2. an incompressible analytic potential flow around the sphere (Equation (60) for » < R.) com-
bined with an uniform flow far from the sphere (My, = 0.4e, for r > R.,) with a supposed
continuity of the flow at the interface. For that we choose Roo = 2Rs; = 1.2 m (Figure 6).

In spherical coordinates, the potential flow in €2 in spherical coordinates is such that

1 (Rs\*
14 ==
(%)
The flow is then tangent to I', but the continuity condition of the flow through I's is not strictly
obtained for a finite value of R.

R

3
Mo(r,0,¢) = My cos(0) [1 - (—) er — My sin(6) ep. (60)

r

mach Magnitude

04

Figure 6: Analytic flow computed around the sphere.

A mesh with an average edge length of 25 mm is used. That represents 6.7 x 10° degrees of freedom
in the volume and 10° on the surface. The computation took 7 h on 60 processors for the direct solver
and 2 h on 24 processors and 568 iterations for the FMM solver for an achieved residual of 1075,

Figure 7 illustrates that the presence of the potential flow around the sphere has modified the
acoustic potential map. Local acoustic velocity and pressure magnitude have increased, as well as its
magnitude in the shadow zone. This is also visible on Figure 8, that shows some radiation patterns for
the total pressure on a circle of radius 10 m for 3 positions of the emitter ( (0.,0.,1.8), (0.,0., —1.8) and
(—1.8,0.,0) respectively). Figure 7 shows that first the radiation pattern is modified by the hypothesis
on the flow, and second that this modification is different whether the acoustic waves propagate with
or against the flow, with respectively lower and higher level of pressure for the potential model in the

shadow region.

Figure 7: Rigid sphere: real part of the total acoustic pressure for an emitter located at (0.,0.,1.8)
(left: uniform flow BEM, right: potential flow FEM-BEM).

5.4.2 Simplified engine

The next test case is more realistic. It consists of a simplified engine with modal surfaces orthogonal
to e to model the upstream and downstream fans (see Figure 9). The far field flow is defined by
M, = —0.3e,. Three different configurations are considered: an uniform flow defined by M, and
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Total pressure (dBc)a(emitter Z=+1.8) Total pressure (d%) (emitter Z=-1.8)

90° |- 270° 90° |-t

o } o o .
— Uniform flow — Uniform flow - =
«— Potential flow 180° «— Potential flow 180°

Total pressure (dB) (emitter X=-1.8)

90° |-

o ! o
— Uniform flow
+—e Potential flow 180° R

Figure 8: Rigid sphere: acoustic total pressure in dB radiated on a circle at » = 10 m for different
positions of the emitter .

potential flows computed such that the Mach number at the upstream modal surface I's is 0.3 and
0.42.

1Y, 1Y,

Figure 9: Cut of the mesh of the simplified engine.

First, the potential flow is computed using an in-house software based on a fixed-point algorithm
[39, 25]. The potential flow obtained when M); = 0.42 at the upstream modal surface is plotted on
Figure 10.

We now consider the upstream fan modal source model at the frequency of 200 Hz. The mean
size of the mesh elements is 83 mm. The model contains 1.2 x 10% dofs and 11.8 x 10° tetrahedrons.
At this frequency and for this flow, there are three to four propagating modes. To be compared, the
intensity on each mode is set to 100 dB, following Morfey’s convention [35].

The pressure obtained in the vicinity of the modal surface is shown on Figures 11 and 12. For
each mode, the top part of the Figure is the pressure obtained with the uniform flow model and the
bottom part of the Figure the pressure obtained with the potential model with a Mach number at
the modal surface of 0.3 or 0.42. Small variations are observed with the M;; = 0.3 condition. The
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Figure 10: Simplified engine: computed potential flow such that My, = 0.42 and My, = 0.3 (left:
Mach number, right: density).

differences are higher when the flow at the modal surface is higher.

—0 n= 1 Pressure m=1n= 1 Pressure

H II|||IIM HH‘HH

Figure 11: Simplified engine: comparison of the pressure for the uniform model and the potential
model with My, = Mj; = 0.3.

Potential flow Uniform flow

Figure 13 shows the pressure in dB obtained on a circle at a distance of 20 m from the center of
the modal surface, for different values of Mj;. Significant change in the amplitude are obtained for the
different modes by taking into account the potential flow. For instance for the mode (1, 1) and for the
same flow at the modal surface, the amplitude predicted for the potential flow is approximately 1 dB
lower in the axis direction than the amplitude predicted by the uniform flow model. By increasing the
flow through the upstream modal surface, the difference with the uniform flow model is higher and
observed for all the radiation directions.

Figure 14 illustrates the influence of the relative residual of the iterative solver on the diffracted
pressure field. Results for relative residuals of 1073 and 107, and with or without a Schur complement
on the volume part of the matrix are presented. From these results, it appears that a convergence
with a tolerance of 1073 is not sufficient for a solution without a Schur complement on the volume
part of the matrix.

In that case, for a mesh containing 4.7 x 10° dofs and 25.8 x 10° tetrahedrons, the computation took
1.5 h on 160 processors and 231 iterations for the FMM solver without using the Schur complement
and 6.5 h on 120 processors and 204 iterations with for an achieved residual of 1076.

6 Conclusion

In this work, we derived a direct coupling method to compute the acoustic propagation of the noise
generated by a turboreactor in a flow that is potential in a bounded domain containing the object,
and uniform elsewhere. This approach, that decouples the movement of the fluid and the acoustic
effect, and uses a simplified model for the flow, enabled noticeable improvements.

Mathematical justification of the well posedness of the continuous and discretized formulations can
be found in [16]. In particular, the formulation that we used is not invertible at some frequencies of
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Potential flow Uniform flow

Figure 12: Simplified engine: comparison of the pressure for the uniform model (My, = My = 0.3)
and the potential model (My = 0.3 and M)y, = 0.42).

Total pressure (dB) forgm_inf=0.3 - mode (0,1) Total pressure (dB) forgBﬂ_inf:OB - mode (1,1)

1B [1omimmessdsmese i i

— Uniform
~— Potential M_M=0.3
+— Potential M_M=0.42

— Uniform
~— Potential M_M=0.3
+— Potential M_M=0.42

Figure 13: Simplified engine: pressure in dB on a circle at » = 20 m for M, = 0.3 and some values
of Mjs (mesh size 7bmm).

Total pressure (dB), Usﬂ’form flow - mode (0,1) Total pressure (dB), Uggform flow - mode (1,1)

180° 0° || 02

— BEM
=— FEM-BEM r=1e-3
+— FEM-BEM r=1e-6 e— FEM-BEM r=1e-6
+— FEM-BEM Schur r=1e-3 +— FEM-BEM Schur r=1e-3 |
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Figure 14: Simplified engine: influence of the convergence criteria and on the pressure in dB on a
circle at » = 20 m for an uniform flow defined by My = M, = 0.1.
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the source. These resonant frequencies are not physical, since the considered boundary value problem
always has a unique solution. A combined field integral equations method can be derived to recover
well-posedness at all the frequencies. Such a method has been implemented in our code [16].

The method has been implemented for generic 3D configurations. Complementary tests have to
be conducted to catch the limitation of the potential assumption. However, now that the coupling
has been carried out, and considering that the uniform flow assumption is reasonable far from the
object, we can easily enrich the physics of the problem by considering more complex flows in the
interior domain (e.g. rotational flow leading to the Galbrun equation [11]), or other boundary condi-
tion. Measurement campaigns are under analysis, and comparisons with our numerical model will be
presented as soon as possible in collaboration with the team responsible for these measurements.

A Appendix

A.1 Alternative computation of the coupling integral term [, (11)

In the same fashion as the exterior problem, it is possible to transform the modal problem (39) to
recover the classical Helmholtz equation by introducing a Prandtl-Glauert transformation associated
to Mps (this is the case in ACTIPOLE).

Remark A.1. In what follows, we note by ~ M the objects and operators transformed by the Prandtl-
Glauert transformation associated to My (normals, geometry, derivatives).

The waveguide is still supposed oriented along a local axis e,,, and with the uniform flow Mjy.

. —_ — M .
As T’y is orthogonal to ez,,, we suppose zyr,, = 0. The flow Mpy is then parallel to e,,,.

—M
In Qp; , the transformed acoustic potential is decomposed into an incident and a diffracted

- —M ——M )
potential: oM := pinc 4 pdiff  hoth satisfying

gM(pinc,diffM I @M%inc,diﬁM —0, inQa. (61)

The incident potential is known, whereas the diffracted potential is unknown. The following
decomposition holds [36, 13]:

—M o~ ~ _ M . —~—M
pine ( M M Z M M MyM)eXp (Z]{ILJF ZM> in O 7

—=M - ~M __ —~M
(,Ddlff ( M M M Z M’yM) exp (ZkL ZM) in QM ,

with ¢ a discrete index and where @, and BLM are the incident and diffracted modal coefficients. The
basis functions 17LM constitute an orthonormal modal basis function.

For instance for a cylindrical duct of radius R, ¢ corresponds to a couple of indices (m,n) € (ZxN*)
and the functions 3, are defined in polar coordinates by [36, 13] by

oM (?M,gM) :%M (?M,gM) = mMJm (n]n%n ?M> exp <im§M), (63)

—

with 7, , the n-th zero of the derivative of m-th Bessel function of the first kind J,,, Vp,,  the
normalization factor such that fva oM =1, and
M

~M —M M2 N —
kE =kt, = :l:\/(kM ) — (TR ) , for propagating modes (k?fm € R), (64)
~M —M 2 M2 —
kE =k, = :EZ\/<TmRn> — (k:M ) , for evanescent modes (kﬁm € C). (65)

21



—M
Based on this decomposition, the expression of the Dirichlet-to-Neumann Ay, operator is [10, 31]:

~ M — NM —
VM(ﬁM = AM ( M) Z <04LMY+ + BLM ) v, on FMM, (66)
()

—M ~M
with V;¥ = —ik . Similarly to Section 3.3, by using the Prandtl-Glauert transformation associated
to Mz, we infer

~ M ~ — —
IM(SOl’ Spt) = _JMf)iM vl Vo M SOMt (67)
o0 M
—M ~ —
- _‘]MgiM A <301 > @Mt (68)
o

Then, using the Dirichlet-to-Neumann operator (66), we obtain
. MNM M=
Du(e o) = I S [y s BT [ M (69
oo r
(L) M

However, to carry out a coupling between unknown functions written in the same variables, the in-
tegral Ij; must be expressed in terms of quantities transformed by the Prandtl-Glauert transformation
associated to M. Using the results obtained in Section 3.3, we have that

M (@M M (M) = L x) h(x) = 7Joof(\;@)~w h
@ ) /F ) o /m )

M —
where Ky and Ko are defined in equation (26).
Equation (69) becomes

Im

. - —M ~M/\jM [f(\o/oi ~ =
T (') = —Jo” MZ[aLMYﬁ +8,. Y, } Nmiﬂi)wt. (70)
pOO (L) FA{ KM (%)

If Mp; and M are colinear, there holds

Ko  [1-M3
—M 2
oy \/ 1= 012,

and otherwise, denoting o = Mo - Ny,

e [0+ Coon + G a)] + 202082, - ).
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