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PERSISTENCE OF SOME ADDITIVE FUNCTIONALS OF SINAI’'S WALK

ALEXIS DEVULDER

ABSTRACT. We are interested in Sinai’s walk (Sy,)nen. We prove that the annealed probability
NV

that > 7 f(Sk) is strictly positive for all n € [1,N] is equal to 1/(log N)3 2 5+°(1)7 for a

large class of functions f, and in particular for f(z) = z. The persistence exponent 3_2\/5 first

appears in a non-rigorous paper of Le Doussal, Monthus and Fischer, with motivations coming

from physics. The proof relies on techniques of localization for Sinai’s walk and uses results of

Cheliotis about the sign changes of the bottom of valleys of a two-sided Brownian motion.

1. INTRODUCTION

In this paper we consider random walks in random environments in Z. Let w := (w;);ez be
a collection of independent and identically distributed random variables taking values in (0, 1),
with joint law 7. A realization of w is called an environment. Conditionally on w, we define a
Markov chain (Sy,)nen by So =0 and for n € N, k € Z and i € Z,

wj ifk=i+1,
Pw(5n+1 :k‘|Sn:’L) = l—wi ifk:i—l,
0 otherwise.

We say that (S, )nen is a random walk in random environment (RWRE). This model has many
applications in physics (see e.g. Hughes [18]) and in biology (see e.g. Cocco and Monasson [10]
about DNA reconstruction), and has unusual properties. Moreover, its properties are used to
study several other mathematical models, see e.g. Zindy [32], Enriquez, Lucas and Simenhaus

[14] and Devulder [13].

The probability P, is called the quenched law. We denote by P2 the quenched law for a RWRE
starting at x € Z instead of 0. We also consider the annealed law, which is defined by

P() = / Pu(n(dw).

Notice in particular that (S,)nen is not Markovian under P. We also denote by E, E,, and E* the
expectations under P, P,, and P respectively. We assume that the following ellipticity condition
holds:

e € (0,1/2), neg <wp<1—gp) =1. (1.1)
This ensures that | Iog(%ﬂ is n-a.s. bounded by log(%). Solomon 28| proved that (Sy)nen

is recurrent for almost every environment w if and only if
l-w
/log < 0) n(dw) = 0. (1.2)
wo
Date: March 8, 2015.

2010 Mathematics Subject Classification. 60K37; 60J55.
Key words and phrases. Random walk in random environment, Sinai’s walk, integrated random walk, one-sided

exit problem, persistence, survival exponent.
This research was partially supported by the french ANR project MEMEMO2 2010 BLAN 0125.
1



PERSISTENCE OF SOME ADDITIVE FUNCTIONALS OF SINAI’'S WALK 2

We assume that this condition is satisfied throughout the paper. Moreover, in order to avoid the
degenerate case of simple random walks, we suppose in the following that

o= (/ log? <1;0w°> n(dw)>1/2 > 0. (1.3)

A RWRE (S),)nen satisfying conditions (1.1), (1.2) and (1.3) is referred to as Sinai’s walk. Sinai
([26], see also Andreoletti [2] for extensions) proved that in this (recurrent) case,

2 Sn
913
log“n

—law boo

as n — +00, where by, is a non degenerate and non gaussian random variable and —1,,, denotes
convergence in law under P. We refer to Hughes [18], Révész [21] and Zeitouni [31] for more
properties of RWRE.

Sinai [27] also showed in 1992 that for a symmetric simple random walk (R, )nen, we have
PO Ry, >0Vl <n<N)=x N—1/%* as N — 4o0. In this paper, we are interested in
the corresponding probability for Sinai’s walk (Sy,)nen, and more generally in the one-sided exit
problem for some additive functionals of Sinai’s walk under the annealed law P. We say that
g(x) =0(1) as x — +o00 (resp —o0) if g(x) — 0 as © — 400 (resp —oo). Our main result is the
following.

Theorem 1.1. Let f be a function Z — R, such that f(0) = 0; f(z) > 1 forallx > 0; f(z) < —1
for all x < 0; and |f(z)| < exp(|z|°V) as © — +oo. We consider a RWRE (S,)nen satisfying
conditions (1.1), (1.2) and (1.3), and a real number u < 0. We have as N — 400,

= 1
P> £(SK) > u V1§n§N>: . .
(1; (log N)3 2‘/34-0(1)

Let (A¢)iep be a real valued stochastic process starting from 0, where D = Ry or D = N.
The asymptotic study of the survival function P(Vt € (0,7] N D, A; > z) for < 0, when
T — 400, is called one sided exit problem or persistence probability. This problem is equivalent
to the study of P(T,, > T'), where T}, is the first passage time of the process (—A;); strictly above
the level y = —z > 0. In many cases with physical relevance, the survival function behaves
asymptotically like 1/ 7o) as T — 400, with o > 0. The exponent « is called the persistence
or survival exponent. This problem, which is well known for random walks or Lévy processes, is
less understood for the integrals of these processes, in particular in the discrete case. We refer
to Aurzada and Simon [4] for a recent review on this subject from the mathematical point of
view. Persistence properties have also received a considerable attention in physics, see e.g. Bray,
Majumdar and Schehr [6] for an up-to-date survey.

In our case, the probability we obtain in Theorem 1.1 for the integrals of (f(Sy))» is a power
of log N instead of IV, which is quite unusual and contrasts with all the cases presented in the
review paper [4]. The value of the survival exponent is 3_2‘/3; it does not depend on the function
f for a wide class of functions, and it also does not depend on the law 7 of the environment, as
long as (1.1), (1.2) and (1.3) are satisfied. It is derived from the results of Cheliotis [8] about
the number of sign changes of the bottom of valleys of Brownian motion, and was first stated
in a non rigorous paper of Le Doussal, Monthus and Fisher [16], with motivations coming from

physics.

Before giving some examples, we introduce some more notation. We denote by N* the set of
positive integers, and Z* is the set of negative integers. We define the local time of the RWRE
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(Sn)nen at time n € N as follows:
L(A,n):= Z Tis.eca} L(z,n) := L({z},n)
k=0

for AC Z and x € Z. In words L(A,n) is the number of visits of the random walk S to the set
A in the first n steps. This quantity will be useful in the proof of Theorem 1.1, because

n
> 9(S) =) g(@)L(z,n), neN, (1.4)
k=0 TEZ
for every function g.
It can be interesting to keep in mind the first example:
Example 1. For f(z) = 1(z~0y — Lz<oy, Theorem 1.1 gives

1

P|L(N*,n) > L(Z*,n) V1<n<N|= .
[ } (log N) 372\/5+O(1)

The following example gives for a = 1 the persistence of the temporal average or running
average of Sinai’s walk, that is 1 Y"7'_, Sy, with the terminology of Le Doussal et al. ([16]

Section IV): "

Example 2. Let a > 0, sgn(x) := L0y — Liz<oy for z € R, and f(z) = sgn(x)|z|* for z € Z.
We get for u <0,

- 1
P sgn(Sk)|[Skl* >u V1<n< N) = —
<kZ:O (log N)S 2\/5"‘0(1)

We recall that the corresponding probability for a = 1 for a simple random walk is of order
N~1/4 (see Sinai [27]; see also Vysotsky [30] and Dembo, Ding and Gao [11] for recent extensions).
Example 2 is also, for @ > 0 arbitrary, the analogue for Sinai’s walk of the results obtained by
Simon [25] for some additive functionals of stable processes with no negative jumps. We can also
consider functions increasing more rapidly, such as f(z) = sgn(z)|z|1°8C+1DI* 2 € Z for a > 0.

The rest of the paper is organized as follows. We introduce some notation and basic facts in
Section 2. In Section 3 we build a set B(V) of bad environments, such that in a bad environment,
> r—o f(Sk) is less than u for at least one integer n € [1, N] with a great quenched probability.
To this aim, we approximate the potential of the environment by a two-sided Brownian motion,
and we define strong changes of sign for the valleys of this Brownian motion. We prove that
in a bad environment, the existence of such a strong change of sign forces the walk to stay a
long time in Z* with a large quenched probability, leading to the upper bound of Theorem
1.1. A sketch of this proof is provided in Subsection 3.1. In Section 4 we build a set G(N) of
good environments. We prove, using a mathematical induction, that in such a good environment
Y r—o f(Sk) is strictly positive for all 1 <n < N with a large quenched probability, which leads
to the lower bound of Theorem 1.1. A sketch of this proof is given in Subsection 4.1. Finally,
Section 5 is devoted to the proof of two technical lemmas.

Throughout the paper, ¢;,7 € N, denote positive constants, and log denotes the natural loga-
rithm.
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2. PRELIMINARIES

2.1. Potential. We recall that the potential V' is a function of the environment w, which is
defined on Z as follows:

Sy - if n >0,
V(n):=4¢ 0 if n =0,
- Z?:nﬂ log 1;"1 if n <0.
For p € Z, we define the hitting time of p by (Sy), by:
7(p) :=inf{k € N, S; = p}.

We now recall some basic estimates that will be useful throughout the paper.

Lemma 2.1. (see e.g. Zeitouni [31] formula (2.1.4) p. 196) If p < q < r, then

q—1 r—1 _
Pir(r) < 7)) = (V@) (v ®) (2.1)
k=p k=p
Lemma 2.2. (see e.g. Zeitouni [31] p. 250) If g < h < i,
Brir(g) nr() < S5 SV VO oy oz [gqrgggi_l(‘/(k) —v)|. 22
k=h l=g - T

Proof: This formula (2.2) is proved by Zeitouni [31] p. 250, in the particular case h = 0. Indeed,
Zeitouni uses the notation wl 1= w, pr = (1 — wy)/we, © € Z (see [31] p. 194 and p. 195),
Thyp :=1(a) AT(b") for some af < 0 < by =", and proves in the fourth formula of [31] p. 250
that

pn i—1—a}

J ] ex
EJ[7(a§) AT(0")] = E[Ton] < Z Uiz pice Z Z plV W”. (2.3)

Wij—q—
=1 = i1 k=0 (=al

Since the proof of this formula does not use any property of a§ and " except aj <0 < bfL =",
it is true for any integers aj < 0 < b". The general case (2.2) follows from (2.3) by translation,
since E[1(g9) AT(i)] = E2[r(g—h) AT(i —h)] for g < h < i, with &, := w,y, for every x € Z. O

Moreover, the following estimate can be found in Andreoletti ([1] p. 22) and is in the spirit of
Révész (|21] p278-279).

Lemma 2.3. Ifp<z<g<rorp<qg<z<r,

Pilr(z) <7(p) A7(r)]

Pl AT BT > 7]+ (- e B ) > 7]

(2.4)

For the sake of completeness, we recall the proof:

Proof of Lemma 2.3: By the strong Markov property,

EfL(z,7(p) A7(r)] = EL[L(z,7(0) AT(r) Lz <rp)are}]
= EG[L(z,7(p) AT(r)PElT(2) < 7(p) A7 (r)].
Since L(z,7(p) A 7(r)) is under P? a geometric random variable of parameter w,P>*![r(2) >
7(M)] + (1 — w,) Pz [r(2) > 7(p)], we get (2.4). O
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2.2. z-extrema. We now recall some definitions introduced by Neveu and Pitman [20]. If w is
a continuous function R — R, z > 0, and yg € R, it is said that w admits an xz-minimum at
yo if there exists real numbers a and § such that a < yo < 8, w(yo) = inf{w(y), v € [o, B]},
w(a) > w(yo) + x and w(B) > w(yg) + x. It is said that w admits an z-mazimum at yo if —w
admits an z-minimum at yg. In these two cases we say that w admits an x-extremum at yp.

We denote by W the set of functions w from R to R such that the three following conditions
are satisfied: (a) w is continuous on R; (b) for every x > 0, the set of z-extrema of w can be
written {z(w, z), k € Z}, where (x(w, x))kez is strictly increasing, unbounded from above and
below, with zo(w,z) < 0 < x1(w,z); (c) for all z > 0 and k € Z, xj41(w, z) is an z-maximum if
and only if zx(w, x) is an z-minimum. We now consider a two-sided standard Brownian motion
W. We know from Cheliotis (|8], Lemma 8) that n(W € W) = 1.

For each > 0, by (x), also denoted by b(z) when no confusion is possible, is defined on {WW € W}
as
by () 1= xo(W, x) if 2o(W, x) is an z-minimum,
WAL) = x1(W, z) otherwise.

One interesting feature about by is that the diffusion in the random potential W, defined by
Schumacher [23], is localized in a small neighborhood of by (log t) at time ¢ with probability nearly
one (see Brox [7], Tanaka [29] and Hu [17]). Such a diffusion can be viewed as a continuous time
analogue of Sinai’s walk (see e.g. Shi [24]), and a similar localization phenomenon arises for
Sinai’s walk (see Sinai [26], Golosov [15] and more recently Andreoletti [2]).

For > 0 and k € Z, the restriction of W — W (21, (W, x)) to [xx (W, x), xk4+1(W, )] is denoted
by Ti(z) and is called an z-slope. It is the translation of the trajectory of W between two
consecutive z-extrema. If zp(W,x) is an z-minimum (resp. z-maximum), it is a nonnegative
(resp. non-positive) function, and its maximum (resp. minimum) is attained at zx1 (W, z). For
each x-slope Ty(z), we denote by H(T(z)) its height and by e(Ty(x)) its excess height, that is
H(Ti(z)) = Wz (W, z)] — Wz (W, 2)]| > = and e(Ti(z)) := H(Tx(x)) — 2z > 0. We also
define e(Ty(0)) = H(Tr(0)) =0, k € Z.

The point of view of z-extrema has been used in some recent studies of processes in random
environment, see e.g. Bovier and Faggionato [5] for Sinai’s walk, Cheliotis [9] for (recurrent)
diffusions in a Brownian potential, and Andreoletti and Devulder [3] for (transient) diffusions in
a drifted Brownian potential.

3. PROOF OF THE UPPER BOUND

3.1. Sketch of the proof, and organization of this proof. We approximate the potential
V in (3.2) by oW, where W is a suitable two-sided Brownian motion.

In many cases for Sinai’s walk, the environment largely controls the behavior of the random
walk. This is due to the fact that the random walk tends to go to places with a low potential,
and spend a large amount of time around these places. So, heuristically speaking, the idea is to
prove that for most environments, the deepest location (in terms of potential) visited until time
n is < 0 for at least one time n < N, and that the RWRE (Si)r spends a large amount of time
around this deepest location before going back to the positive locations at some time m < N,
making the sum )", f(Si) negative with large annealed probability.

One good candidate for this deepest location visited until time n seems to be b,y (logn), that
is, byw (z) for some x much bigger that 1 and much smaller than log N such that by (z) < 0.
However, the existence of such an x with b,y (x) < 0 is not enough to ensure that with a large
quenched probability the random walk (Sg); will go quickly to this (negative) place and spend
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a great amount of time around it before going back to 0. This is why we introduce, in Definition
3.2 below, the notion of a-strong change of sign for by, in order to push the walk to go quickly
to negative locations and spend a large amount of time there.

We first study the potential in Subsections 3.2 and 3.3. We prove in Lemma 3.4 that with
a very large probability, the environment is what we call a bad environment: it satisfies some
technical conditions, but also, there are many changes of sign X}, of by in [(log N)?, (log N)'~2]
(see (3.3)), and among them, at least one is a "strong" change of sign hy := X}, of by (see (3.4)
and Lemma 3.3), as defined in Definition 3.2 below, with by (X, ,) < 0. A schema representing
the potential V' of a typical "bad environment" is given in Figure 1 page 9.

Then in Subsection 3.4, we consider a random walk (Si)x in such a bad environment w. Due
to the conditions defining our strong change of sign hy, we prove that with a large quenched
probability, the random walk (Sg)r goes quickly to x_1 := x_1(W,hy) < —1 before going to
some vy < xo(W, hy) =: x2 (see Figure 1). Moreover, it stays a long time in Z* before going
back to 0. It stays such a long time in Z*, on which f < 0, that > ;_; f(Sk) becomes < u for
some 1 < n < N, with large quenched probability uniformly on bad environments (see Lemma
3.5), and so with a large annealed probability. This leads to the upper bound of Theorem 1.1.

3.2. Strong change of sign. Let ¢ > 0. Similarly as in Cheliotis ([8] Corollary 2), we denote
by (Xk)r>1 the strictly increasing sequence of points for which by (.) changes its sign in [c, +00).
The proof of the following fact is deferred to Section 5:

Fact 3.1. Almost surely,
X1 = inf{z >¢, e(To(x)) =0},
Xiy1 = inf{z > Xi, e(To(x)) = 0}, k e N*.
Moreover, the sign of byy(.) is constant on every interval [c, X1], (X, Xp11], k € N*.

As a consequence, a.s. for every x > 0, by changes its sign at z if and only if e(Tp(x)) = 0.
We can now define strong changes of sign of by as follows:

Definition 3.2. Consider x > 0. For a > 0, we say that x is an a-strong change of sign of by
if and only if
e(To(z)) =0, e(T-1(z)) > ax, and e(Ti(z))> ax.

In the following lemma, we evaluate the probability that there is no a-strong change of sign =
such that by (z) > 0 in [c, Xogy1).

Lemma 3.3. Fora >0, c>1 and k € N*, we define A(k,a,c) also denoted by Ay, 4. as follows:
Apac:={vie {1,...,2k}, by (X;) > 0= (e(T-1(Xy)) < aX; or e(Th(X;)) < aXy)}.

We have,
k—1

n(Ak,a,c) < n(Al,a,c) (1 - 6—2(1) (31)

The proof of this lemma is deferred to Section 5.

3.3. Bad environments. Let (w;);ez be a collection of independent and identically distributed
random variables satisfying (1.1), (1.2) and (1.3). We now fix ¢ € (0,1/2). Let K > 1. In order
to transfer to our random potential V', with some approximations, some results such as the ones
of Cheliotis [8], which are available for Brownian motion, but unavailable for V' to the extent of
our knowledge, we use the following coupling. According to the Komlés—Major-Tusnédy strong
approximation theorem (see Komlos et al. [19]), there exist (strictly) positive constants C1, Co
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and ('3, independent of K € N*| such that, possibly in an enlarged probability space, there exists
a two-sided standard Brownian motion (W (t), t € R), such that

Bi(K) = { sup }V(z) - UW(@')| <C; logK} (3.2)
—K<i<K
satisfies n([B1(K)]¢) < Co K5,
Throughout the proof, we set a := %exp (\/;; 3). Moreover, for u € R, |u] denotes the
integer part of u. We define for N > 2 the events
B2(N) := {the number of sign changes of by
n [(log N)¢, (log N)'~¢] is at least 2clogy N + 2}, (3.3)
B3(N) = [A(|elogy N, a, (log N)%)|°, (3.4)

where logy  := loglog z for x > 1.

We now introduce, for every continuous process (Z(t), t > 0),

Z(t) = inf{Z(u), 0<u<t}, t >0, (3.5)
dz(r) = mf{t>0, Z(t)—Z(t) >r}, r > 0.
Then we set W+( ) :=W(t) and W~ (¢t) := W(—t) for t > 0, and consider for N > 1:
B4(N) := {d,w+(5log N) < (10gN)4}, Bs(N) := {d,yw-(5log N) < (10gN)4}.
For technical reasons, we also introduce
Bg(N) :={Vk € ZN[-log" N — 1,log* N), Vt € [k, k+1], |[W(t)—W(k)| <log,N}.

This enables us to define the set B(N) of bad environments as follows:

B(N) := Bl[L(logN 203 +4 } ﬂB

We now estimate the probability of bad environments with the following lemma:

Lemma 3.4. If e > 0 is small enough, we have for large N,

n(B(NY?) < 5 (3.6)

(1og )57 =€)
where ¢ is a function (0,1/3) — R such that ((t) —+—0 0 and ((t) > 0 for t > 0 small enough,
which is defined just after (3.7).

Proof: Denote by ky(ef) the number of sign changes of by, in [1,¢f] for t > 0. Cheliotis ([8]
Corollary 5) proves that the laws of ky (ef)/t, t > 0 satisfy a large deviation principle with speed
¢ and good rate function I, defined by I(z) := zlog (2z(z+ /2% 4+ 5/4)) +3/2— (x++/2> + 5/4)
for x > 0, I(z) := +oo for z < 0, and I(0) := (3 —/5)/2. Hence by scaling, for N large enough,

n(Ba(N)) < nlkw (e1722) 082Ny < 3cl0g, N)

< exp{—[I(3e/(1 —2¢)) —€] (1 —2¢)logy N}
— (log N)©—*37, (3.7)

where ((t) := I1(0) — [I(3t/(1 — 2t)) — t](1 — 2t) for t € (0,1/3). Notice that ((t) > 0 for small
t > 0 since 0 < I(u) < I(0) for small w > 0. Moreover, ((t) — 0 as ¢t — 0, t > 0, since I is
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right-continuous at 0. Lemma 3.3 gives since 1 — e~ < t for t € R, for N large enough so that
lelogg N| —1>0,

n[Bs(N)°] = n[A(lelogy N|,a, (log N)F)] < (1 — e~20) £l MImh < (gq) Elom2 M7
So, since 2a = exp ([v/5 — 3]/(2¢)) € (0,1),

o - V53
n[Bs(N)°] < (2a)'°% 72 = [exp ((3 = v/5) /)| (log N) % .
Consequently, for every (fixed) e > 0 small enough so that (&) > 0, we have for N large enough,
exp ((3 = v/5)/e) < (log N)¢©) and then

3-V5

HBs(N)] < (log N)S©-*%. (33)
Notice that for » > 0 and T > 0,
(dw+(r) > T) <9 (WHT) = WHT) <r) =n(IW(T)| <7) < 2/ VT,
since WH(T) — WH(T) =140 |W(T)| (see Lévy’s theorem e.g. in Revuz and Yor [22] th V1.2.3).
This gives
N[Bs(N)] = n[B5(N) < 10/(clog N). (3.9)
Moreover for large N, we get since supg<;<; W(t) =1aw [W(1)| and n[W (1) > ] < e==*/2 for
x> 1,
n(Bs(N)°) < 3(log* N)n( sup [W(t)| > log, N) < 12(log" N) exp(—(logy N)?/2) < (log N) 2.
0<t<1
(3.10)

Combining this with (3.7), (3.8), (3.9) and n(B;1(K)°) < KCC23 proves the lemma. O

3.4. Random walk in a bad environment. In the following lemma, we show that in a bad
environment, the quenched probability that Y, f(Sk) is greater than u < 0 for all n between
1 and N is small:

Lemma 3.5. Let f be as in Theorem 1.1, and u < 0. For large N,

Yw € B(N), P, (Vn € [1,N], i:f(Sk) > u) < 4(log N)™2 (3.11)
k=0

Proof of Lemma 3.5: We assume that w € B(N), and we prove that in such a bad environ-
ment, there exists a time ¢ € [1, N] such that 32} _; f(Sk) < u, with a large enough quenched
probability.
3-V5
First, define Cy := o + 3;8?6& +4C1. Since w € Bs(N) N By [|(log N) % +4H, we have
Vu € [—log* N, log* N], [V(|lu]) — oW (u)| < Cylogy N. (3.12)

Notice that since w € B3(N), there exists ky € {1,...,2]elogy N} such that hy := X}, is an
a-strong change of sign of by and by (hy) > 0, where the (X}); are the ones in Fact 3.1 with
¢ = (log N)¢. Moreover, since w € By(N) N Bz(N),

(log N)* < hy = Xpy < Xiyt1 < Xiyr2 < Xojctog, 42 < (log N)' 72

To simplify the notation, we set z; := z;(W,hy) and y; := |z;] for i € {—2,...,2}. We also
define (see Figure 1)
v_g = max{k€Z, k<y_1, V(k)>V(y)},
ve = min{k € Z, k> y1, V(k) > oW (x0) + (7+ C4) logy N}.
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FIGURE 1. Schema of the potential V' for a “bad” environment w € B(NN) in the
case T_o < V_3

Since by (hy) > 0, z;1 is an hy-minimum for W, and consequently =y and z2 are hxy-maxima
for W and z_; is an hy-minimum for W. Moreover, e(Tp(hy)) = 0, e(T1(hy)) > ahy and
e(T-1(hy)) > ahy since hy is an a-strong change of sign of by. Due to these properties, we
get

W(xg) = sup{W(t), t € [z_1,21]} >0, (3.13)
W(z1) = inf{W(t), t € [zo,x2]} <0, (3.14)
W(xog) —W(x1) = hpy, (3.15)
W(xg) — W($1) > (1 + a)hN, (316)
W(xog) —W(x—1) > (1+a)hy, (3.17)
Wi(x_1) = inf{W(t), t € [x_2,x0]} < W(z1). (3.18)
The following lemma will allow us to apply (3.12) to some z;, y; and v;.
Lemma 3.6. For N large enough,
Yw € B(N), —(logN)4 <V o<r 1 <20 <0< 21 <v3 <9 < (logN)4,
Vw € B(N), vo9+3<y 1 <yy—3<-3. (3.19)

Proof: First, it is clear by definition that z_o < z_1 < 29 <0 < 21 < 9.

Moreover, z1 is an Xj,-minimum, whereas z1(W, Xy, +1) is an (X, 41)-maximum because
Xky = hy and Xy, 41 are consecutive changes of sign for byy. So z1 # x1(W, Xi,41). Since
21 (W, Xjy41) is also an X}, -maximum, and x2 is the smallest positive X}, -maximum, we get
zy < (W, Xjy4+1). Now, if 0 <t < x1(W, Xpy41), WT(t) — WH(t) is less than or equal to

W a1 (W, Xy 1)) = W21 (W, Xy 10)] < W (W, Xy 11)] = Wao(W, Xy 11)] = Xy
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Since Xjy+1 < (log N)17¢ < (5/0)log N for N such that 5log N > o(log N)17¢, and w € B4(N),
this yields
0 < 9 < 21(W, Xpp11) < dow+ (5log N) < (log N)*.

Since v > y; = |x1], we have z1 < vy. Moreover, we can now apply (3.12) to x2 together
with (3.15) and (3.16), which gives V (y2) > oW (x2) — Cylogy N > oW (xy) + cahy — Cylogy N,
which is greater than oW (zg) + (7 4+ C4)logy N + 21log[(1 — £0)/e0] uniformly on B(N) for N
large enough. This gives v < yo < x9.

Moreover, v_y < y_; < x_;. Now, similarly as before, xo(W, Xj\12) < xo(W, Xpy41) <
xo(W, X}, ), and since all of them are X}, -extrema, this yields xo(W, Xy, 12) < z_2. Now, we
have W (=20(W, Xy +2)) — W= (~z0(W, Xy 12)) < H(Ty(Xpy12)) = Xy iz < (log N),
which gives as previously x_s > xo(W, Xy 12) > —dgw-(5log N) > —(log N)*.

We already know that xo(W, X 12) < 221 < 0 < 23 < 2q1(W, Xiy41) < 21(W, Xipy+2)s
which leads to Wzo(W, Xj42)] > W(x2) > W(xg) + ahy since xo(W, Xj\42) is an (Xp,12)-
maximum. Applying (3.12) to (W, Xpy12) > —log? N and to zo > xo(W, Xpy42) > —log? N,
this gives V (|zo(W, Xiy+2)]) = oW (2o(W, Xiy+2)) —Calogy N > oW (xg) 4+ Cylogy N > V(yo)
for N such that cahy > 2C4logy N, which yields v_g > |z0(W, Xgy42)] > —(log N)*.

Finally, notice that by (3.12) and (3.17),

Vi(yo) = V(y—1) 2 oW(xo) — oW (x-1) — 2C4logy N = o(1 + a)hy — 2Cylogy N,

which is, for large N uniformly on B(N), strictly larger than —3logeg > 3supyey |V (k)—V (k—1)|
since hy > (log N)¢. This and z_1 < 29 < 0 give the second inequality in (3.19). The first one
is obtained similarly. O

Let
Ey = {1(y-1) < 7(v2)}, By := {L((0,v2], 7(y—1) A 7(v2)) < (log N)18+204e”hN}.
We prove the following lemma:

Lemma 3.7. For large N,
Vwe B(N),  Pu(Ef)<(logN)™?,  P,(E5) < (logN)™>.

Proof: First, due to the previous lemma, —(log N)* < y_; < —3 uniformly on B(N) for large
N, and equations (1.1), (2.1), (3.12) and (3.13) yield

Pu(B) < lya| | max V070D < 1 (10g N exploW (o) = Vi(v2)] < (105 N) 2,

for every w € B(N) for large N, which proves the first part of the lemma.

Thanks to zp < 0 < vy < 22 and to (3.14), we have W(z) > W(xy) for all z € (0,v2).
Moreover, V (k) < oW (xo) + (7 4+ Cy)logy N for every k € [y_1,v2 — 1] by the definition of vs,
(3.13), and (3.12). This, Lemma 3.6, (2.1), (3.15) and (3.12) again give for z € (0, v2),

V(z—1) 5Oecﬂ/V(;r1)—C’4 logy N —ohpy

P Ur(2) > 1(y_1)] = c > > :
w - Z]Zg:;,l eV(k) — 2(log N)460W(mo)+(7+04)10g2N = 2(log N)11+QC4

Applying (2.4) and observing that vo < (log N)*, P,[r(2) < 7(y_1)] < 1 and y_1 < —1, we
obtain for every w € B(N) for large N,

EuL(0. sl m(g) A (o)) < S PuIr(2) < 7{y-1)] L
T = W P (2) > m(w2)] + (1 — wa) P [r(2) > m(y—1)]

IN
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Using Markov’s inequality, we get P, (E$) < (log N)~2 for large N. O

Now, let T := inf{k > 7(y_1), Sk € {v—2,y0 — 1}} be the first exit time from the interval

2 exp(a(l—i—a)hN)J and the

(v_2,y0 — 1) by the random walk S after 7(y_1). We introduce nj := L 5{log N)TF2Ci

events
Es:={T > 1(y-1) +n1}, Ey:={7(y-1) + n1 < N}.
Lemma 3.8. For N large enough,
VYw € B(N), P,(FE$) < (log N)~2 P (E§NE;) < (log N)™2

Proof: Recall that v_9 < y_; < yo — 1 on B(N) for N large enough by (3.19), and that
T(y—1) < oo P-a.s. since (Sp)p is recurrent. We first consider L(y_1,7") and notice that it is
under P,, a geometric random variable of parameter

pro= wy P r(yoa) > 7y — D)+ (1 —wy )P r () > m(vos)]
y0_2 —1 y_l_l -1
_ Wy,lev(y_l)( Z eV(k)) + (1 _wyil)eV(y—1—1)< Z eV(k)>
k=y_1 k=v_o

g0 explV(y-1) = V(yo)]
g% 7O log N2 =
thanks to (2.1) and the definition of v_g, and where the last inequality comes from (3.12) and
(3.17). This ensures that for large N, uniformly on B(N) since hy > (log N)®,
log P,[L(y_1,T) > ni] = (ny — 1)log(1 — py) > —2n1p; > —2n1ps > —(log N) 72
Since 1 — e™t < t for t € R, this yields P,[L(y_1,T) < n1] < (logN)~2. Finally, we have
T > 7(y-1) + L(y-1,T), which gives P,(ES) < Py[L(y-1,T) < n1] < (log N)~2
We now turn to Ey. Notice that uniformly on B(N) for large N, thanks to Lemma 3.6, (3.12),
(3.13), (3.14), (3.18) and the definition of va, we have
VEk € [y—1,v2 — 1], oW(x_1) — Cylogag N <V (k) < oW (zg) + (74 Cy)logg N.  (3.20)
Since H(To(Xky)) = Xky < Xky.y» Zo and 1 are not (X, ,)-extrema. Hence, [x_1,22] C
[2o(W, Xipy+1), 21(W, Xy 4+1)], and then W(ze) — W (z_1) < Xj\4+1. Moreover, logy N = o(hy)
uniformly on B(N) and W (zg) < W(z2) —ahy by (3.15) and (3.16), so (3.20) gives for large N,
max{V(k) — V(0), yoy <0< k<~ 1) < o(W(zo) — W(e_1)) + (7 +2Cs) logy N
< o(W(z2) = W(z_1)) < 0Xpy41 < o(log N)' 2.
This together with (2.2) and |vg —y_1| < 2(log N)* yield E,(t(y_1)1g,) < Eu[r(y_1) AT(v)] <
V/N uniformly on B(N) for large N. Since E,(ni1g,) < v'N because hy < (log N)'~¢ on B(N),
this yields P,(E{N E1) < (log N)~2 for every w € B(N) for large N by Markov’s inequality. [J

<
<

We now consider f satisfying the hypotheses of Theorem 1.1. For every w € B(N), we have
on E1 N Eg and then on Ey := ﬂ?zlEi, since f(x) <0 for every x <0,

va—1
Z 0= 5 ot artn -1 = [ 70 500001 )

T=—00

< [ max f(k:)] (log N)18+2C1gohn (3 97)
k’e(o,vz}

For every A C Z and 0 < s < t, we define L(A,s ~ t) := S} _, 1s,ea}, which is the number
of visits of (Sp)nen to the set A between times s and t.
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For every w € B(N) and each integer k € [7(y—_1), T(y—1) + n1], we have 7(y_1) < k < T on
Es, 50 Sk <yo—1< —1, thus f(Sg) < —1. As a consequence on Ej for large N,

T(y—1)+n1
sexplohy + oa(log N)F]
) E( ) f(Sk) <—nm1—1< —¢5 2(log N)Z+20 , (3.22)
=T\Yy-1

since hy > (log N)¢. Combining (3. 21) (3.22), and maxge (g, f (k) < MaXpe(o,(10g v)4 [ (k) <

exp((log N)*/2) for large N, we get Zk 1)+ f(Sk) < uon Ej for every w € B(N) for large
N. Moreover, 1 < 7(y_1) + n1 < N on E5, hence for large N, for every w € B(N), we have
Es C {3n € [1,N], >p_, f(Sk) < u}. Consequently, the left hand side of (3.11) is less than
P,(ES) < 4(log N)~2 for every w € B(N) for large N by Lemmas 3.7 and 3.8, which proves
Lemma 3.5. U

Finally, integrating (3.11) on the set of bad environments B(N) gives by Lemma 3.4:

P <vn € [LN], ) f(Sk) > u> < /B(N) (Vn € [LN], ) F(Sk) > u> n(dw) + n(B(N)®)
k=0

k=0
3 4
< 4(log N)~* - < —
(log N) ™2~ ~¢©)  (log N) 2~ <)
for large N. Now, let € — 0, so ((¢) — 0. This gives the upper bound in Theorem 1.1. O

4. PROOF OF THE LOWER BOUND

4.1. Sketch of the proof, and organization of this proof. We give in this subsection some
non-rigorous heuristics, for which we invite the reader to look at Figure 2; everything will be
proved in details in the next subsections.

Let N > 2. We build in Subsection 4.2 a set G(IN) of "good environments". We would like
that uniformly on these good environments w € G(N), >, f(Sg) > 0 for all 1 <n < N with
large quenched probability (see Lemma 4.3). To this aim, we first require that the potential V'
of such good environments decreases quickly between 0 and £log, N and then remains low up to
some random 6y, which is the smallest & > 0 such that V (k) < —5h(N) (h(N) being defined in
(4.1) below). We then make a coupling between the potential outside this interval [0, 6], called
V and defined in (4.3), and a two-sided Brownian motion W (see (4.4) below). We then require
that by (z) > 0 for all 1 <x < 5log N, and add some technical conditions. Such environments
are called good environments w € G(N). A schema of the potential of a good environment is
given in Figure 2.

We then show in Subsection 4.3 that loosely speaking, the probability of the set of good
environments is [G(N)] > 1/(log N)%*‘O(l),

Finally, we study in Subsection 4.4 a random walk (Sg); in a good environment w € G(N).
We introduce the location 6; ~ inf{k > 6y, V (k) — info<y<x V' (¢) > ih(N)}, @ > 1, which is
approximatively the first location where there is an increase of at least ih(N) for the potential
V restricted to [fg, +00) (see Figure 2, and (4.9) below). We first show in Lemma 4.4 that,
because the potential V' decreases quickly in [0, €log, N] and remains low up to 67 with V' (6;)
much lower than 0, with a large quenched probability the random walk (Sg)i goes to 61 before
going to —1, and then > f(Sk) > f(S1) = f(1) > 0 for all 1 < n < 7(0;). Moreover we

prove that ZT(QI f(Sk) > L(my, 7(=1) A7(81)) > ") /[2(log N)¥] for some v > 0 with large
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quenched probability, that is, the sum of f(S)) has accumulated some large positive quantity at
time 7(61).

We then prove by induction in Lemma 4.5 (see also (4.16)) that for every ¢ > 1 such that
ih(N) < 4log N, with large quenched probability uniformly on all good environments w € G(N),
i f(Sk) > 0forall 1 <n < 7(6;), and the sum of f(S;) has accumulated some large positive

quantity at time 7(6;), that is, 22(206) f(Sk) > ) /[2(1og N)¥].

Assume that this is true for such an 4, and fix a good environment w € G(N). Loosely
speaking, since bow [ih(N)] > 0 and byw[(i + 1)R(IN)] > 0, the deepest location (in terms of
potential) that (Sk); can visit with large quenched probability between times 7(6;) and 7(0;41)
is mip1 ~ Op+x1 (W, (i+1)h(N)) > 6p > 0 (see (4.10) and Figure 2). Moreover, our hypotheses
for V(z), 0 < 2 < 6y have "lowered" the potential V in [fp, +00) compared to the potential V'
in Z* . In particular, the potential V(x) for locations z < 0 that the random walk (Sk); may
visit between 7(0;) and 7(0;41), that is, z € [zo(cW, (i + 1)h(N)), —1], satisfy by definition of
l‘l(O'W, .),

V(z) = oW (x) = oW(z1(oW, (i + h(N))] = V(mir1) = V(bo) = V(miy1) + 5h(N).

Hence, V(m;4+1) is much lower than the potential V' (x) in the negative locations = the random
walk (Sg)r may visit between times 7(6;) and 7(0;+1), so the random walk can go to these
negative locations, where f < 0, but the total amount of time it spends there is small, with large
quenched probability (this is proved in details in the second step of the proof of Lemma 4.5).
Z;(jﬁ;i))_i_l f(Sk)]lf(Sk)<0’ is very small compared to the quite large (positive)
sum Z,‘;(:Hé) f(Sk) > ") /[2(log N)¥] already accumulated by induction hypothesis. This allows
us to prove that Y ;o f(Sg) > 0 for all 7(0;) < n < 7(6;41) (recall that f(z) > 0 for z > 0).
Finally we prove (in the third step) that (S)r spends a large amount of time in the deepest loca-
tion m; 41 between times 7(6;) and 7(6;41). This leads to 22(206“) f(Sk) > etHDAN) /[2(log N)Y|
with large quenched probability, which ends the induction. Since we can choose i so large that
7(6;) > N with large probability, this leads to the lower bound of Theorem 1.1.

Consequently,

4.2. Definition of the set G(N) of good environments. We consider a collection (w;);ecz of
independent and identically distributed random variables, satisfying (1.1), (1.2) and (1.3).

We notice that due to (1.2) and (1.3), there exist v > 0 and § > 0 such that n(—2§ <
log% < —0) =:e77 > 0. We fix ¢ > 0 such that ¢6/4 < 4. Let N € N such that N > 3. In
the spirit of Devulder [12], we first define

Gi1(N) := {Vk: c{l,...,|elogy N|}, —26<log L=wn —5},

Wk

and we introduce

h(N) := (logN)®/32 (4.1)
0o := inf{k > |eloga N|, V(k) < —5h(N)}, (4.2)
Go(N) = {Vke{lelogyN|,...,00}, V(k)<—(0e/2)logy N},
Gs(N) = {6 < |elog, N| + (log N)=*/*}.
We also set » o
Vo= { T Hze (49

By the strong Markov property, V has the same law as V and is independent of (V (i), 0 < i < 6y).
Let K > 1. As before, according to the Komlés—Major—Tusnady strong approximation theorem
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(see Komlos et al. [19]), possibly in an enlarged probability space, there exists a standard two-
sided Brownian motion (W (t), ¢ € R) such that the set

Gu(K) = {—KSEzP<K ‘17(1') - aW(i)‘ < logK} (4.4)

satisfies 7(G4(K)¢) < Cy/K©3. Moreover, we can choose (W (t), t € R) so that it is independent

of (V(i), 0 < i < 6) since V is independent of (V (i), 0 < i < ). In the following, we take
3-v5
K = (logN) 2% 4

. We introduce

G5(N) = {max{dyy+(5log N),dgy-(5log N),d_,y-(5log N)} < (log N)*},
G7(N) := {Vze[l/o,5(logN)/c], bw(z)> 0},

and define Gg(IN) by the same formula as Bg(NV).

| | | -~
IV N | | |
\/ \/ gz \/ \/ 0 \\\\ _____ : : : ! l/_ _I__ 9i+1

—edlogy N+ *\¢ E Lo !
\ ! .
—2edlogg N+ ° ! : ! :
S ¥

1|k | (i + 1)h

FIGURE 2. Schema of the potential V' for a “good” environment w € G(NV) in the
case m; = mj41, where h denotes h(N).

We can now define the set G(N) of good environments as follows (see Figure 2):

G(N) ;:g4[(1ogzv)%§+ﬂm N Gw.

i=1,...,7,1#4

When no confusion is possible we write G instead of G(IN) and G; instead of G;(N), i # 4.
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4.3. Probability of the set G(N) of good environments.

Lemma 4.1. We have for large N,
cielogy N

N)) > . 4.5
n(G(N)) (log N) 372‘/5+8(’Y+5/32) (45)
Proof: First, observe that
n(G1) = (e77)7% N = (log N)~.
We now prove that
delogy N
> o= 4.

for large N. To this aim, we define A := log((1 — €o)/e0), so |[V(k+ 1) — V(k)| < A as.
for every k € Z thanks to (1.1). For a € R and b € R such that a < 0 < b, let Ty =
inf{k > 0, V(k) ¢ (a,b)} < oo a.s. We recall that thanks to the optimal stopping theorem,
nV(Tup) < 0] > b/(b—a+ A) (see e.g. Zindy [32] Lemma 2.1 and apply it to —V). In
particular, we get on G; uniformly for N large enough,

nGa | V(lelogy N)| = delogy N/(20h(N)),

which yields 1(G2|G1) > delogy N/(20h(N)). Moreover, we have on G; by the Markov property
1(G2 NG5V (lslogy N ) < n(V/(|(log N)=/*]) € [~5A(V), 262 log, N])
(VoD s
- o/ [(log N)*/4| = o\/[(log N)*</4]

for N large enough. By Berry-Esseen, we get with Y =, N (0,1),

. 5h(N) c2
n(Ga NG5V (leloga N])) < 7 <‘Y’ < UW) T L(logN)55/4J

11h(N) 265
o2 (log N)%e/8 ~ (log N)%</8
as N — 4o00. Consequently n(Go NG5 | G1) = o(n(G2 | G1)), which gives (4.6) for large N.

=o(n(G2 | G1))

Since W and V are independent of (V (i), 0 < i < 6;), we get
cselogy N

n(G(N)) =n(G1 N G2 N G3)n(Gs) > (log N)=7h(N)

n(Gs) (4.7)

where Gs(N) := G4[(log N)%H]

Theorem 4.2. (Cheliotis [8], Corollary 1)

N(N;=5. 7 Gi(IN). We now need the following result:

n({(t — bw (t)) keeps the same sign in [1,:1:]})/317(73“/‘?’)/2 oo /2 TVE/30 =: ¢y

Hence, 1(G7) ~N—s+oo ¢a/[2(51og N)B3=V5)/2] due to the scaling property of by, that is for fixed
r >0,

(bw(rx), T > O) —law (T2bw($), T > 0).

lggolrgfver, n[Gs] < 30/(olog N) by (3.9), n[(Ga(K))] < C2/ K, and 1[Gs(N)] < (log N)~* by

n(G8) < 1— c5/(log N) 2"
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for N large enough for some c5 > 0, since 37‘[ < 1. Hence, 1n(Gg) > ¢5/(log N ) = for large
N. This, combined with (4.7), gives (4.5). O

4.4. Random walk in a good environment. In this subsection, we prove the following lemma,
and then the lower bound of Theorem 1.1. Notice that we just have to consider the case u = 0.
In all the rest of this section, the function f satisfies the hypotheses of Theorem 1.1.

Lemma 4.3. There exists a constant cg > 0 such that for N large enough,

Vw e G(N), P, (Zn: f(S) >0 Vi<n< N) > c. (4.8)

k=0

Before proving this lemma, we introduce some more notation. We consider N > 3 and a good
environment w € G(N). We introduce for i € N* (see Figure 2),

t; = inf{t >0, oW () — oW(t) > ih(N)} = dyyy+ (ih(N)),
0;, = Lt@J + 6o, (4.9)
m; = inf {k N, V(k)= inf V(E)} (4.10)

where g is defined in (4.2). In particular, oW (t;) = oW(t;) + ih(N) by continuity of W.
Moreover, w € Gz, so xo(cW,ih(N)) = zo(W,ih(N)/o) is an ih(N)-maximum for cW and
x1(cW,ih(N)) an ¢h(N)-minimum for cW for every integer i > 1 such that 1 < ih(N) <
5log N. Consequently for such i, t; > x1(cW,ih(N)), otherwise there would be an ih(N)-
maximum for oW in (0, z1(cW,ih(N))), which is not possible. Moreover, oW [za(cW,ih(N))] —
oWz (eW,ih(N))] > ih(N), which gives t; < zo(cW,ih(N)). Hence,

zo(eW,ih(N)) <0 < z1(cW,ih(N)) < t; < x2(cW,ih(N)), (4.11)
then

inf{W(t), zo(cW,ih(N)) <t <t;} = Wlz1(cW,ih(N))], (4.12)

sup{W(t), zo(cW,ih(N)) <t <t;} = Wlxzo(cW,ih(N))], (4.13)
since oW zo(cW,ih(N))] > oWz (cW,ih(N))]|+ih(N) = oW (t;). We set similarly as in (3.5),

V(n):=inf{V(k), 0<k<n}, nelN

We recall that Cy = o + 32 fC'l + 4C4 and notice that similarly as in (3.12),

Vu € [ — (log N)*, (log N)*], [V (lu]) — oW (u)| < Cylog, N. (4.14)

We also introduce e, (V) := max{i € N, ih(N) < 4log N}. Since €6/4 < 4 and G(N) C
G3(N)NGs(N), we get uniformly on G(N) for large N,

V1 <i<ipmae(N),  0<m; <6; <|dyw=+(5logN)| +6p <2(logN)*;  0<t; < (logN)*
(4.15)
We now define for 1 < i < iy (N), with v := 8 + 2Cy,

F;(N) : {Zf5k>0 Vi<n<r7(f }{Zf _W}. (4.16)

k=0

Our aim in the following is to prove, by induction on i, a lower bound for P, (F;(N)) for 1 <i <
imaz(IN). We also prove that 7(6;) > N for i = i,4,(IN) with high probability. We start with
1=1.
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Lemma 4.4. There exists a constant ¢y > 0 such that for N large enough,
Yw € G(N), P,(Fi(N)) > ¢7 — 4(log N) 6. (4.17)

Proof: Recall that ¢g < V(71 < 51, Moreover, we have for w € G(N), V(k) < —dk for
0 <k < |elogy N|, whereas V (k) < —(0e/2)logy N for |elogs N| < k < 6p, and for Oy < k < 6y,
V(k) =V (8) + V(k —0y) < =5h(N) + oW (k — 6y) + Cylogy N < —4h(N) + Cylog, N,
thanks to (4.14) since t; < (log N)* by (4.15) for N large enough so that i, (N) > 1. Let
cr = eo(eg' +2(1 - 6_6)_1)_1. We have P,[7(01) < 7(—1)] = ev(_l)(zzlz__ll ev(k))_l, which

is, due to the previous remarks, greater than or equal to

|elogy N !

0 |egt + Z e % + (8 — |elogy N|)(log N) /2 (6, — 6p)e 4N (log N)©H > ¢,
k=0

(4.18)
for every w € G(N) for large N since y — |elogy N| < (log N)*/* on G3(N) and due to (4.15).

Moreover on G1(N), 81 > my > 0y > |elogy N |, which is greater than 1 for large N, so
f(my) > 1. Observe that on {7(0;) < 7(—1)}, due to (1.4) and since f(m;) > 1 and f > 0 on
N,

T(61) n

> f(Sk) = Lima,7(01) AT(=1)), D f(Sk) = f(1) >0, 1<n<7(6h). (4.19)

k=0 k=0
In order to give a lower bound of L(mi,7(61) A 7(—1)), notice that thanks to (4.14) and since
t; < (log N)* and oW (t1) = oW (t1) + h(N), we have for w € G(N),

V(my —0p) < oW (t1) + Cylogy N < V([t1]) — h(N) + 2C4log, N.
Consequently, uniformly on G(N) for large N, we have m; + 1 < 6 and

9171 —1
P (0)) < r(my)] = ewml)< 3 eV(k)) < V)=V (O=) < =1=h(V) (1gg N)2Cs,
k=m1
mi1—1 —1
Pl (1) < r(my)] = 6V(ml—1)< Z €V(k)) < eV (mi-1)-V(0) < egle—h(N)(logN)w“
k=-1

since V(my) < V(6p) < —=5h(N) < —h(N) + 2Cyslogy N. We know that L(mq,7(—1) A 7(61))
is under PJ" a geometric random variable of parameter PJ"'[1(—1) A 7(61) < 7%(m1)], where
7*(mq) := inf{k € N*, S, = m;} is the first return time to m;. Hence,

e~ 1(lo 205\ ¥
P™M [L(ml,f(—l) AT(61)) > k] > (PZ“[T(—I) AT(61) > T*(ml)])k > <1 — (W)

Taking k = k; := L?ﬁ’(ﬁg%m, we obtain uniformly on G(N) for large N,

log P [L(ml,T(—l) ANT(61)) > k:l] > —Zklz—:ale_h(N)(log N)204 > —(logN)_ﬁ.
Hence,
PI[L(ma, (1) AT(61)) < k1] <1 —exp(—(log N) %) < (log N)~°. (4.20)
Since f(k) > 1 for k > 1 and f(0) = 0, we have, using twice (4.19),

P,[r(01) <71(-1)] = PR, zn:f(sk) >0Vl <n<7(bh), 7(61) < 7'(—1)]
k=0
Po[F1(N)] + Pu[r(61) < 7(=1), L(ma, 7(01) A 7(=1)) < ka.

IA
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We get in particular for large N by the strong Markov property, (4.18) and (4.20),
Ywe G(N), P F(N)] > PRur(6h) <7(=1)] = P [L(m1,7(61) AT(-1)) < k1]
> ¢;— (log N)~°.

This gives (4.17) for N large enough. O

We now set C5 := 11 + 2Cy. By Lemma 4.4, there exists N. € N such that for every N > N,
inequality (4.23) holds for ¢ = 1, (4.15) holds for every w € G(N), |elogy N| > 1, and the
following conditions are satisfied:

YN > N., log N > h(N) > (C5 + 17+ 8Cy) logy N > 4 + 3252, (4.21)
VN > N., i > log? N)#/2") = _eh), 4.22
> N. _min J 2> = exp ((logt N)T/E) = e (4.22)

We prove by induction on ¢ the following lemma:

Lemma 4.5. For all N > N, and for every 1 < i < ipq(N),
Yw € G(N), P,[F;(N)] > ¢7 — 4i(log N)°. (4.23)
Moreover for all N > N¢,
Yw € G(N), Py [7(0;,..(v)) = N] > 1—2(log N)~. (4.24)

Proof: We fix N > N.. We already know that (4.23) is true for i = 1. Now, assume (4.23) is
true for an integer i such that 1 < i < ip,4,(IN) — 1, and let us prove it is true for ¢ + 1. We fix
w e G(N).

We notice that 0; < 6,11. Indeed, if W (t;) = W (t;y1), we have oW (ti11) = oW (t;) + h(N),
which gives, since N > N., V([tiy1]) > V([t:]) + h(N) — 2C4logy N > V([ #:]) by (4.14) and
(4.15), s0 011 # 0;. I W (t;) # W (tit1), there exists u € [t;, ti+1] such that |oW (u) — oW (t;)| >
ih(N), and 0; = 6;41 would imply |u — ;| < |[t;y1 — t;| < 1 and then contradict w € Gg(INV) for
N > N.. So, 0; < 97;+1.

First step : Define (see Figure 2)

0, = max{k €L, k<8, V(k) > V(GZ) + h(N) + Cf5 10g2 N}, (425)
E6,z' = {inf{k > T(@Z‘), Sy = 91‘4_1} < inf{k‘ > T(@i), S = gz}} = {T(0i+1) < T(Hi,gi)},
where

V(a,b) € 7, 7(a,b) := inf{k > 7(a), Sk = b}.
We prove that P, (E§;) < (log N)~S. First, notice that since W (t) < W (t;) for t; < t < t;41,
applying twice (4.14) gives

[emgax | V <V(6;) + h(N) 4 2C4logy N. (4.26)
V141

Hence, applying the Markov property at time 7(6;), we get since 6; .1 < 2(log N)* by (4.15),

P,(ES,) = S, €™ a(log Y201V O HHN)
M) o T S o N

< (log N)~5. (4.27)

Second step : We recall that for every A C Z and 0 < s <t, L(A,s ~ t) = ZZ:S Lis,eny is
the number of visits of (Sp)nen to the set A between times s and ¢, as defined after (3.21). In
this step, we consider

Er; = {L((6;,0),7(6;) ~ 7(0;,6;) A7(0i11)) < exp[(i — 3)h(N)]},
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and we show that
Py (ES,;) < (logN)~™S. (4.28)
We consider separately two cases.

First case: Assume that §; > —1. Then, (0;,0) NZ = (), hence
L((8:,0),7(6:) ~» 7(05,05) AT(0i41)) = 0 < exp[(i — 3)h(N)].

Consequently in this case, P, (E% ;) = P,(0)) = 0 < (log N)~6, which proves (4.28) and then the
second step in this first case. We notice in particular that for i € {1,2, 3}, since V(6p) < —5h(N)
by (4.2) and oW (t;) = oW (t;) + ih(N), using (4.14) applied to t; (because t; < (log N)* by
(1.15)),

V(0;) = V(00 + |t:]) = V(0o) + V([t:]) < —5h(N) + oW (t;) + ih(N) + Cy logy N
Since e W (t;) < 0 and (Cs + C4)logy N < h(N) by (4.21), this gives for i € {1, 2, 3},
V(0;) + h(N) 4+ Cslogg N < (i —4)h(N) + (C5 + Cy)logg N < —h(N) + (Cs + C4) logg N < 0,

and so 6; > 0. So if i < 3, we are automatically in the first case. Heuristically, this is due to the
fact that we have lowered the potential in [fy, +00) by the quantity |V (6y)| > 5h(N), which is

quite large, in our definitions (4.2) and (4.3) of 6y and V.

Second case: Assume that 6; < —1, which implies that i > 4 due to the previous remark.
First, notice that since xzo(cW,ih(N)) is a ih(N)-maximum for oW, we have by (4.14) since
2o(cW,ih(N)) > —d_,yw-(5log N) > —(log N)* (where we used i < 4,,02(N)),
V([zo(eW,ih(N))]) = oWlzo(oW,ih(N))] — Cylogy N
oW lz1(cW,ih(N))] + ih(N) — Cylogy N
[z1( )
)

AVANIY]

Wz (eW,ih(N))] + ih(N) — Cylogy N + 5h(N) + V (6p)(4.29)

i) = oW(t;) + ih(N), and E( i) = Wixi1(cW,ih(N))] due to (4.12). This
14

Moreover, oW (t ,
) and t; < (log N)* (see (4.15)) gives

together with (EL
V(0;) =V (8o) = V([t:]) < oW (t;)+Cslogg N = oW z1 (e W, ih(N))]+ih(N)+Cylogy N. (4.30)
Hence, (4.29) and then N > N. and (4.21) lead to
V(|zo(eW,ih(N))|) > V(6;) + 5h(N) — 2C4logy N > V (6;).

Consequently, [xo(cW,ih(N))] < 0; < 0; < 0;41 by definition of §;. Recalling that 6; < —1 in
this second case, we can consider z € (0;,0) N Z. We get by Lemma 2.3,

01 (5 +(8.) A (0 _ Pli[r(2) < 7(6i+1)]
AR @ Tl = (I T ) 1 (1w P ) > 7(00)
< V() Zil v (k)
< 3gp'(log N)* exp(—V( )—i—[zrrel’?j(l]V) (4.31)

since 0;11 < 2(log N)* by (4.15) and z > 6; > |zo(cW,ih(N))] > —(log N)*. We notice that by
(4.30) and since V(6y) < —5h(N) by (4.2),

V(6;) =V (6y) + 17(91 —bp) < =5h(N) + ocW(z1(cW,ih(N))] +ih(N) + Cylogg N.  (4.32)
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Since —log? N < zo(cW,ih(N)) < 0; < 2z < 0 < z1(6W,ih(N)) < t; < log* N by (4.11) and
(4.15), equations (4.12), (4.14) and (4.32) give

~

V(z) =V(z) > oW[z1(cW,ih(N))] — Cylogg N > (5 —i)h(N) + V(0;) — 2Cylogy N. (4.33)
Moreover by definition (4.25) of §; and (1.1),

max V < V(6;) + h(N) + Cslogy N — log €.
[0:,0:]

Combining this with (4.26), (4.31) and (4.33) gives since N > N,

EY [L(z,7(6;) AT(0i41))] 3¢5 (log N)* exp (= V(2) +V(6;) + h(N) + Cslogy N — log £o)
352 (log V) Co+2Cu+4(i=Dh(N)

(log N) 106 (-=3)(N).

Summing this over z gives E%[L((6;,0),7(6;) A 7(0;+1))] < (log N)6el=3)hN) gince ; >

—(log N)*. We get Py(ES,;) = Pij(E?z) < (log N)™% by Markov’s inequality and property.
This proves (4.28) in this second case, which ends the second step.

IN

IA A

Third step : we define

E&i = {L(mi_,_hT((gi) ~ T(Qi,gi) A\ T(9i+1)) >

exp[(i + 1)h(N)] }
(log N)¥ ’

We prove that
P, (E§;) < 2(logN)~°. (4.34)
To this aim, we first show that
Plilr(miz1) > 7(0:) AT(0:41)] < (log N)~S. (4.35)
This is true if 6; < m;y1 < 6,41 by (4.27). Else, m; = m;y1 < 0; and then oW (t;41) >
oW (t;) —2Cylogy N by (4.14) and (4.15), which leads to
V(0ix1) > V(0;) + h(N) — 4Cylog, N. (4.36)
We get successively, again by (4.14) and (4.15), for every m; < k < 0;,
oW (m; — 8p) < V(mi — 6p) + Cylogy N = infjy |4, V + Cylogy N < oW (t;) + 2C4 log, N,

‘/}(k —6y) < o[W(k —0y) —W(m; —0p)] + oW (m; — 0y) + Cylogsg N
< ih(N)+ oW (t;) +3Cyslogy N = cW(t;) + 3Cylogy N, (4.37)
where we used the definition of ¢; in the last inequality. Using (4.37), then (4.14) and (4.15),
then the definitions (4.3) and (4.9) of V and 6;, and finally (4.36), we get

max V < V(0o) + oW (t;) + 3C4logy N < V(0o) + V([ t:]) + 4C4logy N

[m,0;

= V(Hz) +4Cy 10g2 N (4.38)

< V(9i+1) — h(N) + 8C4 log, N. (4.39)
In particular, (4.38) combined with (4.21) and the definition (4.25) of 6; leads to 6; < m;. Now,
in this case m; = m;1 < 0; < 0;11, we have since N > N, 6; < 2(log N)* by (4.15), and by
(2.1),

Bli[r(miz1) > 7(0:) AT(0i11)] = Plr(mig1) > 7(0i11)]
< 2(log N)*eg'exp | max V — V(0i+1)]7

m;,0;]

which together with (4.39) gives (4.35) since N > N-.
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Moreover, we prove that P"** (E§ ;) < (log N)~°, where
exp[(i + 1)h(N)]
(log N) '

We know that @ < m; < mjiy1 < 011 thanks to (4.38), which is true in every case, as is (4.37).
So, L(mit1,7(0;) A7(0i41)) is under Py"*" a geometric r.v. with parameter

q = meleHlH[ (mz‘+1) > T(9i+1)] + (1 szﬂ)Pml+1 1[ (mi-i-l) > T@z‘)]

< Wmiy € ~1eV(mis1)=V(iv1) 4 (1 = wm;i1)eg 1oV(mis1)— (5"), (4.40)

Egyi = {L(mHl,T(Gi) VAN T(0i+1)) >

by (2.1). Moreover, we obtain successively the following inequalities:
V(mir1) < V() + oW (tis1) + Calogy N = V(6p) + oW (tiy1) — (i + 1)h(N) + Cylogs N
< V(0i11) — (i + 1)R(N) + 2C4 log, N, (4.41)
V(e ) V(o) + oW (ti) — Calogy N = V(o) + oW (t;) + ih(N) — Cylogy N
V(0o) + oW (tir1) +ih(N) — Cyloge N > V(mis1) +ih(N) — 2C4logs N, (4.42)
V(6 ) V(0;) + h(N) + Cslogy N > V(mi41) + (i + 1)h(N) + 111log, N, (4.43)
where we used V(mit1) < V(6o + |zit1]) = V(00) + V(| zit1]) with zi41 € [0,t:41] such that

W(zip1) = W(t z+1) nd (4 14) in the first inequality of (4.41), W (t;) > W (tiy1) in (4.42), and
the definition (4.25) of 6; in (4.43). It follows from (4.40), (4.41) and (4.43) that

a g0 texp(—(i + 1)h(N) + 2C4logy N) =: go.

<
Now, define ngy := LWJ. We have for N > N_,

log P} (Eg ;) = nalog(l — q1) > nalog(l — g2) > —2naga > —(log N)~°
Indeed, g2 € (0,1/2) hence log(l — g2) > —2go. Since 1 — et < t for t € R, this yields
P! (E§,;) < (log N)~6. Hence by the strong Markov property,
Pu(Eg;) P ES;, m(miy1) > 7(0:) AT(0i41)] + PY[ES;, 7(maga) < 7
< PY[r(mig1) > 7(6:) AT(i1)] + PO(ES )
< 2(log N)75,

|

i) AT(0i11)]

where we used (4.35) in the last inequality. This gives (4.34). Moreover, notice that in the
particular case ¢ = ipqqs(N) — 1, we get on Eg; since N > N,

T(ezmaz(N)) 2 L(mimaz(N)7 T(eimaz(N)fl) ~ T(eimam(N)*l’aimaz(N)fl) /\ T(szaz(N))) Z N
(4.44)
This and (4.34) already prove (4.24), since we did not yet use our induction hypothesis.

Fourth step: conclusion. First, let 7(6;) < n < 7(6;11). We have in the case §; < —1,

7(0;)—1
FS) = D> FS)+ [ Do+ D +D | f)L(z7(6:) ~ n). (4.45)

k=0 k=0 2<0; 0;<z<0 220

n

The second sum of the right hand side is 0 on Eg;, and the last sum is at least f(6;) because
f>0onN. Since f <0 on Z* and 0; > —(log N)*, we get on FEg,
n (i)

S r(s) = 3 A+ (| minF)E(E0), 70~ 7(0:8) AT(Bir).

— 4
k=0 k=0 log N)™.0]
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Since for N > Ng, 0 > minj_(jog ny1,0) f > —e"N) by (4.22) and ™) > min{(log N)¥, 4}, we
get on FZ(N) N Eﬁ,i N E7,i,

- exp(ih(N)) ,
> L N — N . 4.4
S fs0) = GRS — explh(N) expl(i — 3)(V)] >0 (4.46)
The proof is similar if §; > —1, since in this case on Es;, for all 7(6;) < k < n < 7(0;41),
Sk > 0;+1 >0 and then f(Sy) > 0, which leads to >__, f(Sk) > 22(206) f(Sk) > % >0
on F;(N)N Es; N E7;, which gives (4.46) also in this case.

We now consider Zgi)“) f(Sk), which is on Fg; equal to (assuming first that §; < —1)

7(0;)—1
SISO+ D+ D+ DL | FEL(T(0) ~ 7(0:,0:) AT(0ir1))-
k=0 2<0; 0;<z<0 z€N—{m;11} z€{miy1}

(4.47)
The potential V' is decreasing on [0, |elogy N |] since w € G1(IV), hence mit1 > |elogy N| > 1
since N > N, and then f(m;+1) > 1. Consequently, the last sum in the right hand side of (4.47)
is at least L(miH,T(Gi) ~ T(Gi,@-) A T(9i+1)). Moreover, the first term is positive on F;(N),
the second one is 0 on Fjg;, and the forth one is nonnegative since f > 0 on N. So, we have on
Fi(N)N Eg; N E7; N Eg; for N > N, since §; > —(log N)*,

1+1

Z f( Sk > L(mi+1,7'(0i) ~ T(Ql,gl) A 7'(0@'4_1))

+<[ (min f)L((gi,O),T(ei) WT(GZ,E) /\7’(91’+1))

- IOgN)470]
This gives on F(N) NFEs; N Er; N Eg; for N> N,

exp[(Z + 1)h(N)]
2(log N)¥

i: £(5) > exp[(i +DA(N)] expl(i — Dh(N)] >

(og V)7 (4.48)

We get (4.48) similarly if §; > —1, since in this case on Fjg Z, f(Sk) > 0forall 7(6;) < k < 7(0i11)
as explained after (4.46), and so Zk biva) ¢ f(Sk) > ZT(Q f(Sk) + L(mig1, 7(6;) ~ 7(65,0;) A
7(6i+1)), which also leads as prev1ously to (4.48) in this case.

Now, (4.46) and (4.48) yield F;(N)NE¢;NE7;NEg; C Fj11(N). Consequently, our induction
hypothesis P,[F;(N)] > ¢7 —4i(log N)~% and inequalities (4.27), (4.28) and (4.34) give for every
w e G(N),

PulFit (N)] 2 PulFi(N)] = Pul(ES,) — Pu(BS,) — PulFS,) > 7 — A(i +1)(log N) ™. (4.49)
This ends the induction for all N > N.. Hence (4.23) is true for every 1 < i < i,q,(N) for each
N > Ng, which ends the proof of Lemma 4.5. O

Proof of Lemma 4.3: Notice that due to (4.23) and (4. 24) of Lemma 4.5, P, [F;, . (v (N) N
4imaz (N

{7(0ir0uvy) = N} > 7 — (log]\([)ﬁ) - (10g2N)6 > cr — for all N > N, and w € G(N).

Consequently, for N large enough,

VYw € G(N), (Z f(Sk) >OV1<n<N>

k=

(10g N )®

v

Pu[ B 0)(N) O {7 (Biai) = NY] 2 5 =t co:
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which proves Lemma 4.3. Il

Now, integrating (4.8) on G(IN) and applying Lemma 4.1 gives

- logy N
P(Y f(S)>0Vi<n<N| > em(G(N)) > — 2C1° 08
k=0 (log N) 2 =+e(y+0/32)

for N large enough. Now, let ¢ — 0; this proves the lower bound of Theorem 1.1 for v = 0 and
then for every u < 0.

5. PROOFS OF FAcT 3.1 AND LEMMA 3.3

5.1. Proof of Fact 3.1. We first study the left continuity of some functions. The following
lemma, is more or less obvious, however we provide a proof for the sake of completeness.

Lemma 5.1. On {W € W}, for all k € Z, the functions xx(W,.), e(Tx(.)) and H(Ty(.)) are
left-continuous on (0,4+00). More precisely, for all realization of W in W, for every n € N*
and x > 0, there exists K, € (0,2) such that all the functions zx(W,.), k € {—n,...,n}, are
constant on Ky, .

Proof: We assume throughout the proof that W € W. Let x > 0. We first notice that
limg 4 o0 |2 (W, 2/2)| = 400, so there is a finite number of (x/2)-extrema on every compact set,
and in particular on [xo(W, x), z1 (W, x)]. Now, we can denote the (x/2)-extrema in this interval
by zo(W,x) = zx,(W,2/2) < --- < xg, (W, z/2) = x1(W, z) for some integers Koy < Kj.

Assume that K1 > Ko+ 1, and let ¢ € {Ko+ 1,...,K; — 1}. We define H; := sup{y >
0, z;(W,z/2) is an y-extremum}. Assume for example that x;(W,z/2) is an (x/2)-minimum
and that xo(W,z) is an z-minimum. There exists an increasing sequence (yy),, converging to
H; as n — +o00, and such that for every n € N, z;(W,z/2) is an yp-extremum, and so an
Yp-minimum. So, W being continuous, there exist o, < x;(W, x/2) < B, such that

Wiz, (W, x/2)] = [aing ]VV, Wi(an) = Wizi(W,x/2)] + yn = W(Bn).

Since zo(W,x) < z;(W,x/2) < x1(W,x), x;(W,z/2) is not an x-extremum, so x > H; > y,. If
an < xo(W, z), then Wz;(W, x/2)] < Wxo(W,x)] so z;(W, x/2) would be an z-minimum, which
is not the case, so ay, € [zo(W,z),z1(W,z)). If W(B,) < W[z (W,z)] and 3, > z1(W,x), we
can replace (3, by another 5, < x1(W,z). If W(8,) > W[z (W, z)] and 3, > z1(W, z), we would
have W(ay,) = W(Bn) > Wz (W, z)], which is the supremum of W in [zo(W, x), z1 (W, x)], and
this is not possible. Hence (ay, 3,) belongs to the compact [zo(W,z), z1(W,z)]?, thus there
exists a strictly increasing sequence n, and (a, 3) € R? such that (Qnys By )p—stoo(c, B). By
continuity of W, Wix;(W,z/2)] = inf|, 5y W, and W(a) = Wlx;(W,x/2)] + H; = W (). Hence
x;(W,z/2) is an H;-minimum. Since z;(W,z/2) is not an z-extremum, this gives H; < x. The
other cases are treated similarly.

Now, let H! := maxg,<i<x, Hi; we have ©/2 < H! < z. For y € (H,,x), the only possible
y-extrema in (zo(W, z),z1 (W, z)) are the (z/2)-extrema, that is the xz;(W,z/2), Ky < i < Kj,
but they are not y-extrema since y > H;. So, there is no y-extrema in (xo(W, x), z1(W, x)), and
then zo(W,y) = xo(W, z) and z1(W,y) = x1(W, z), for every y € (H.,z). This is also true with
H! = x/2 in the case K1 = Ky + 1. Hence in every case, for every x > 0, there exists H < z
such that the functions zo(W,.) and 1 (W, .) are constant on [H/, x], and consequently, they are
left-continuous. More generally, we prove similarly that for all n € N*, there exists K, € (0, z)
such that all the functions xzx(W,.), k € {—n,...,n} are constant on [K,,,z]. Hence all the
functions xx (W, .), H(Ty(.)) and e(T%(.)), k € Z are left-continuous. O
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Proof of Fact 3.1: Let ¢ > 0. Assume that we are on {W € W}, and let z > 0. We saw in
Lemma 5.1 that there exists an interval [y, z] with 0 < y < x such that zo(W,.) and z1(W,.) are
constant on this interval, and so is b(.), therefore b(.) does not change its sign on [y, z].

Define Hyq, = | Y0 ( DFH(Ty(c ’ for p < gand H = {Vp < ¢ < r < s, Hy, #
H, .} n{W € W}. Slnce the r.v. H(Ty(c)), k € Z are independent (see [20] Proposition of
Section 1) and have a density (see [8] (8) p. 1768 and (11) p. 1770), it follows that the r.v.
H,,— H,s, p < q<r < s also have densities, thus n(H) = 1. Moreover, for every trajectory
W e W, every x > ¢ and m < n, there exist p < ¢ < r < s such that H(T,,(z)) = Hp, and
H(T,(z)) = Hys. Consequently, on #, for every x > ¢, all the H(T;(z)), i € Z are different.

Now, assume we are on H. Let © > ¢. The e(T;(x)), ¢ € {—3,...3} are all different, so for
¢ > 0 small enough, at most one of them is less than €. As was shown in the proof of Lemma 2
of Cheliotis ([8] p. 1772), for such € > 0, b(z) and b(z + ¢) have a different sign iff e[Tp(x)] < .
So, if e(Tph(z)) > 0 (resp. e(Tp(x)) = 0), there exists € > 0 such that the sign of b(.) in (z,z + €]
is the sign of b(z) (resp. of —b(x)).

Hence on #H there is a change of sign of b at z iff e(Tp(x)) = 0, which proves Fact 3.1. O

5.2. Proof of Lemma 3.3. We consider a two-sided Brownian motion W defined on a proba-
bility space (€2,.4,7n). We know that n(H N {W € W}) = 1. This enables us to replace, in the
rest of the paper, Q by QNH N {W € W}.

We denote by F, the completion of the o-field a( (8) L2 (W) <s<a1(Wa)}s S € R) for z > 0,
and by Fy and Fo the completions of o(0) and (W (s),s € R) respectively. For 0 < y < z,
[xo(W,y), z21(W,y)] C [zo(W, ), 21 (W, z)] and zo(W,y) and z1(W,y) are Fp-measurable (Whlch
we prove in details in Lemma 5.5 in Subsection 5.3 Appendix), so F, C F,. Hence (Fz)z>0
is a filtration. Notice that W is not adapted to (Fz)z>0. Moreover, for k € Z, z — e[T;(z)]
is left-continuous by Lemma 5.1, but it is not right-continuous, and (F;);>0 is not the natural
filtration of one of these processes. We now give an elementary proof of Lemma 3.3. We start
with the following lemma.

Lemma 5.2. For every k > 1, Xy, is a (Fyz)z>0-stopping time.

Proof: Instead of trying to prove whether the filtration (F,), is right-continuous, we give an
elementary proof. Notice that e[To(y)] = (supg — infr)(W1iy,wy) . (wy)]) — ¥ is Fy-measurable
for every y > 0, that means, the processes (e[Tp(y)])y and then (H[Ty(y)]), are adapted to the
filtration (F,),. Moreover, the function e[Ty(.)] has a jump at y € [c, 2] if and only if xo(W,y)
or x1(W,y) is a y-extremum but is not a z-extremum for z > y, and in this case the number
of z-extrema in [xo(W,x),z1(W,x)] decreases by at least 1 between z = y and every z > y.
So, the number of discontinuities of e[Tp(.)] in [c,z] is less than the number of c-extrema in
[xo(W, z), z1 (W, x)], which is finite on {W € W}.

Hence, the process e(Ty(.)) is left-continuous with a finite number of discontinuities in [c, z],
is nonnegative, and it is strictly decreasing between two consecutive discontinuities and then
has right limits. Moreover on {W € W}, H(Ty(.)) is nondecreasing and so only has positive
jumps, and then e(Tp(.)) also has only positive jumps. As a consequence, e(7Tp(.)), which is
left-continuous with right limits, is lower semi-continuous on (0, 4+00).

Recalling that {X; <z} = {3y € [¢,z], e[To(y)] = 0} by the proof of Fact 3.1 since Q C H, we
claim that for z > ¢,

{Xi <z} = Mpew{3y € [, 2], e[To(y)] <1/p} (5.1)

= MpeN* Uye(leana)uer 1e[To(y)] < 1/p}. (5.2)
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Indeed for the first line, inclusion C is clear. For the inclusion D, on the event in RHS of
(5.1), where RHS stands for right hand side, there is a sequence y,, € [c,z], n € N* such that
e[To(yn)] < 1/n for n € N*. Since [c, x] is compact, there exists a subsequence (yp, )n, which
converges to an y € [c,z]. Hence, 0 < e[Tp(y)] < liminf, 1 e[To(yp,)] = 0 by lower semi-
continuity, which proves the inclusion. For line (5.2), inclusion (RHS of (5.1)) D (RHS of (5.2))
is clear, whereas inclusion C follows from the left-continuity of e(7p(.)).

Hence {X; < z} € F, forevery z > ¢, and {X; <z} =0 € F, for 0 <z < ¢, s0 Xy is a
(Fz)z>0-stopping time. Let k£ > 1. Since lim,_, x, u>x, €[Zo(u)] > 0 because e[Tp(Xy)] = 0 and
so there is a positive jump at x for e[Ty(.)], we show similarly that for z > ¢,

Xy <zh = { Xk <z} NMpen{Fy € (Xi, 2], e(To(y)) < 1/p}
= { Xk <2} N Npen+ Uye((eaine) {y > Xi} N {e(To(y)) < 1/p}.
Hence it follows by induction that Xy is a (Fz)z>0-stopping time for every k& > 1. O
We can then consider the o-fields Fx, for k > 1.

We now fix £ > 1. First, we notice that Ay 1, = ALLG’C U A,;H#m, where Ak++1,a,c =
Akt N {b(e) > 0F and A o i= Agg1a.c N {b(c) < 0} We start with A,‘;_l w.cr and notice
that

AL ae = Akae N1 {(X1) > 0} N [{e(T-1(Xop11)) < aXopp1} U{e(T1(Xary1)) < aXopyr}]-

(5.3)
Let ng € N*. We define a sequence (R, )n>n, by induction as follows:
R’no = 27n0(|\2n0X2kJ —+ 1)]]'{X2k+1>27n0(L2n0X2kJ+1)}’
R, == 27" LQnH[TO(Rn—l)H1{X2k+1>2_”0(L2"0X2kJ+l)}7 n > ng.
In particular, we have ¢ < Xg;, < R;,, < Xog+1 on B;ﬁoa o= A X1 > 270([2"0 Xy, + 1)} =

{Ry, # 0}. Moreover R,, € (27"N) for all n > ng. We have R,, < H[To(R,-1)] < R, +27" on
B,Lﬁ?w and R, =0 on (B,j_ﬂ?a’c)c for n > ng. We now prove the two following lemmas:
Lemma 5.3. The sequence (Ry,)n>n, is nondecreasing. It converges a.s. to a r.v. R, and

Roo = Xop11 gng
k+1,a,c

Proof: Since H[Tp(x)] > x for every z > 0 and (2"R,,—1) € N for n > ng, we get on B:ﬁ“ac,

R, 1=2"" L2an_1J < 27" \_2nH[T0(Rn_1)H = R,, n > ng.

So, (Rn)n>n, is a nondecreasing sequence on Bl:ﬁo > and also on (Bl:rqo )¢ on which R, =0

for every n > ng. Hence, it tends a.s. to Ry = limps100 Ry € [Ry,, +00].
Let n>ng+1. If R,_1 < x < Ry, then R, # 0 and we have
elTo(z)] = H[To(z)] — x> H[To(Rp-1)] —x > R, — 2z > 0. (5.4)

Assume that R,, # 0 and that there exists n > ng such that e[Tp(R,)] = 0, and let n; denote
the smallest such n. Then, H[To(Ry,)] = Rn, + €[To(Ry,)] = Ry, so

Ryyr =27 D 2P HITY (R, )] = 27D 2R, | = Ry,

since R,, € 27™N. We prove similarly by induction that R, = R,, for every n > nq, so
R = Ry, and then e[Ty(Rs)] = 0. Moreover, by (5.4), e(Tp(.)) > 0 on (R, Rso). Furthermore
we know that on B,;ﬁ?aﬁ, Xok < Rpy < Xogt1, so e(To(.)) > 0 on (Xog, Ry,] by Fact 3.1 and
then on (Xok, Roo). Hence Roo = inf{x > Xoi, e[To(z)] = 0} = Xar41 in this case.
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Else, assume that R,,, # 0 and e[Ty(R,,)] # 0 for every n > ng. Then (R),)n>n, is a nondecreasing
sequence such that e[Tp(.)] > 0 on each interval (R,—1, Ry,), n > ng by (5.4), and then e[Ty(.)] > 0
on [Ry,, Rx). As in the previous case, we get e[Tp(.)] > 0 on (Xog, Reo). Since e[Tp(Xog41)] =0
and Xop < Xog41, this yields Roo < Xop41 < 00.

Moreover in this case, as explained before Lemma 5.3, 0 < e[Ty(Rp—1)] = H[To(Rn-1)] — Rn—1 <
R, + 2" — Ry—1 —no+too 0 as., because R, =100 Roo. Since e[Tp(.)] is a left-continuous
function on W and (R,), is nondecreasing and converging to R, < 00, this gives e[Tp(Reo)] =
limy,— o0 €[To(Rpn—1)] = 0. As in the previous case, we conclude that Ry, = Xox41. Since R, =0

Vn > ng if Ry, = 0, that is, on (B:ﬁoa C)C, this proves the lemma. O
Lemma 5.4. For alln > ny,

VmeN*,  {R,=m2""} € Frpn. (5.5)

Proof: We prove this lemma by induction. We start with R,,,, and observe that for m € N*,
{Rno = m2_”°} = {X2k+1 > Q_RO(LQnOXQkJ + 1)} N {L2n0X2kJ =m — 1}
= {Xopr1 >m27"}IN{(m—1)27" < Xop, < m27 "0}

which belongs to F,,,5-ne since Xo and Xop11 are (Fy)z>o-stopping times by Lemma 5.2. This
gives (5.5) for n = ng. Now, assume that (5.5) is true for some n > ng. Then for m € N*,

{Rn+1 = m2—(n+1)} = {LQH_HH[TO(RH)U = m} N Blj—&ﬁ?a,c

Upen-{ Ry = p27", [2" T H[Ty(R,)]| = m}
= Uperv p-nzma-ooen [{Bn = p27"} N {[2" T H [Ty (p27)]) = m}].

The second equality comes from {R,, # 0} = {Rp4+1 # 0} = B:ﬂoa .» Which itself is a consequence

of R, > Ry, > X9, > c>0on B,;’ﬁoa . The third one is a consequence of R, < R,q. If
0 < p2~" < m2~*+D our induction hypothesis gives {R, = p27"} € Fpo-n C F9-(n+1), and
{[2"T H[To(p27™)]] = m} € Fpg-n C Fppg-nsny since (H[Ty(y)], y > 0) is adapted to (F)y>o.

Consequently, {Rn+1 = m2_(”+1)} € F,9-(n+1) for every m € N*, which ends the induction. [
In view of (5.3), we define for n > ny,

Ot o= Apae N {B(X1) > 0} N [{e[T_1(Ry)] < aRn} U {e[Ty(Rn)] < aRn}].

Assume that we are on Bl:rﬁ(,)a,c N AL_LW. There exists ¢ € {—1,1} such that e(T;(Xog4+1)) <
aXopt1, that is H[T;(Xok11)] < (a+ 1)Xoky1. On the one hand, R, —n—st00 Xokt1, Bn <
Xoky1 by Lemma 5.3, then by Lemma 5.1, for n large enough, R, € [Kx,, 2, Xor+1], then
zj(W,Ry,) = x;(W, Xop41) for —1 < j < 2 and so H[T;(R,)] = H[T;(X2k+1)]. On the other
hand, (a + 1)(Xok4+1 — Ry) tends to 0 as n — oo by Lemma 5.3 and then is strictly less than
(a+ 1)Xoky1 — H[T;(Xok+1)] > 0 for n large enough. So for large n,

H[Ti(Rn)] — (a+ )Ry = (a + 1)(Xog+1 — Rn) — [(a + 1) Xog 1 — H[T;(Xok+1)]] <0,

and so e[T;(R,)] < aR,. Then for large n, Lptng oim =1
k+1,a,c k+1,a,c
Hence, in every case, Loptng ut < liminf, 10 Tpeno qetm - Then by Fatou’s lemma,
k+1,a,c k+1,a,c k+1,a,c k+1,a,c
B A < (hm infl ., )d <liminfn(B2™ NG ). (56
77( k+1,a,c chrl,a,c) = o \ n—too Bk-o-q?a,cmclj-ﬁ,a,c n= n%«#oon( k+1,a,c k+1,a,c) ( )

+,n0
k+1,a,c’

+, +, +, +, -
n(Bk—l-q(,)a,c N Ck—l—?,a,c) = Z n(Bk—l-q(,)a,c N Ck—l—q,a,c N {Rn = m2 n}) : (57)

meN, m>c2n

Let n > ng. We now have to estimate, recalling that R,, > R, > Xor > c>0on B
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+,n0

For m > ¢2™, we have, since m > 0 and then {R,, = m2™"} C By e

+, +, _
N(Betae N Crilae N {Bn =m27"})

= 77(0:—;-7;,&,0 N{R, = m27n})

= n([Ak,a,C N {b(Xl) > 0} N Ui:il{e[Ti(Rn)] < aRn}] N {Rn = ’I’)’L2_n})

=n(Akq.cN{blc) >0} N{Xa, <m27 "} N{R,, = m27"} NUj=x1{e[T;(m27")] < am2_"(}), )
5.8

+,m0
k+1,a,c’

For ¢ > 1, we have on {X, < z}, [x_1(W, Xy), x2(W, X)] C [xo(W, z), z1 (W, z)] since xo(W, Xy)
and z1 (W, Xy) are not z-extrema on H due to H[Ty(X,)] = Xy < x. Hence, the random variables
e[Ti(Xy)], ¢ € {—1,1} are measurable with respect to Fx,4 = {A € Fs, Vo >0, AN{X, <
x} € Fy} (this is proved in details in Lemma 5.6 in Subsection 5.3 Appendix). As a consequence,
Ak.a.c € Fx,+ for every k> 1. which gives in particular [A 4. N {Xop < m27"}] € F9-n for
every m € N.

Moreover, let m € N such that ¢ < m2™". We have {b(c) > 0} € F. C F,,9-n. Since {R,, =
m27"} € Fo-n by Lemma 5.4, we get [Ag o N {Xop <m27"} N {b(c) >0} N{R, =m27"}] €
Fina-n. But e[T1(m27")], e[T-1(m2™")] and F,,2-» are independent by Neveu et al. ([20],
Proposition of Section 1), so

RHS of (5.8) = n[Agacn {bc) >0} N{Xap <m2 "} N{R, = m27"}]
xn(Uizx1{e[Ti(m2™")] < am2™"})
= (1—e ) n[Agacn{b(c) > 0} N{R, = m27"}] (5.9)

since e[T;(m27™)]/(m2™"™), i # 0, are independent exponential r.v. with mean 1 (also by Neveu
et al. [20], prop. 1) and X9 < R,, on {R,, # 0}. So, (5.7), (5.8) and (5.9), give

(B eNCiltee) = =€) > plApacn{blc) >0} N {R, =m27"}]

meN, m>c2n
< (L= )m[AfL)-
Consequently, (5.6) leads to
N(A1ae) S N(AL 1 0e N B0 e) + (BT < (U= e 04, ] +n[(B.0) -
But ¢ < Xo, and Xop11/Xor > 1 a.s., so
77[(3;471?@,0)6] <[ Xopy1r < Xop +277°] <[ Xopg1/Xok <1+27"0/¢] —nystoo 0.

As a consequence,

where the last equality comes from Xy < Ry, < R, on {R,, >0} = B

U(A;ctrl,a,c) < (1 - e_QG)n(A—l:,a,c)'
We get similarly n(Al;qu,a,c) < (1 — 6*2“)77(14_

k,a,c
(1 — 6*2‘1)77(14;67@,0). Using this last inequality, we obtain (3.1) by induction on k, which proves
Lemma 3.3. O

). These two inequalities yield n(Ag41,4,c) <

5.3. Appendix : measurability. We fix x > 0. We define

Z(s) = W(S)]l{xo(W7x)§s§x1(W,x)}7 (5.10)
so that F, is the completion of o(Z(s), s € R). For the sake of completeness, we prove in this
appendix the measurability of some random variables. We start with the following lemma, which
is used before Lemma 5.2 to prove that (F),>0 is a filtration.

Lemma 5.5. If 0 <y < x, then zo(W,y) and x1(W,y) are Fy-measurable.
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Proof: Let 0 < y < z, and
20 = z0(y) :=1inf{t € R, Z(t) # 0} = xo(W, x), Zoo ;= sup{t € R, Z(t) # 0} = z1(W, z).
This already proves that xo(W,x) and x;(W,z) are F,-measurable. We define recursively for
k € N, (with inf ) = 400 and sup ) = —o0)
ugk+1(y) :=1nf{t > 201 (y), Z(t) — inf{Z(u), 226(y) < v <1} > YH(7(20)> 2 (200)}

+inf{t > 201 (y), sup{Z(u), 226 (y) < u <t} — Z(t) > Y} (2(20)<Z(200)}»
2ok1(y) =[inf{t > 291(y), Z(t) = inf{Z(u), 206(y) < u < uzp11(Y)}} A 20l L 2(20)> Z(200)}

+ [inf{t > 201 (y), Z(t) = sup{Z(u), z2k(y) < u < u211(Y)}} A 200 L{2(20)< Z(200)}»
ugpy2(y) :=inf{t > 20141(y), sup{Z(u), z2k11(y) < u <t} = Z(t) > Y 2(20)>Z(200)}

+inf{t > z0541(y), Z(t) —inf{Z(u), z2511(y) < u <1} > Y 70:0)<Z(200)}
zok+2(y) =[inf{t > 20641(y), Z(t) = sup{Z(u), 22k+1(y) < v < uak2(Y) 1} A 200] L2 (20)> 2 (200)}

+ [inf{t > 20641(y), Z(t) = Inf{Z(u), 22141 < v < ugk2(Y) }H A 20l L 2(20) < Z(200)}-
Consequently, all these r.v. z;(y), i > 0 are F,-measurable and so are the r.v. Z(z(y)),

k € N. Moreover it follows from the definition of y and y-extrema that the y-extrema in
[zo(W,x), 21 (W, z)] are exactly the zx(y), k& € N (with repetitions at z.). In particular,
20W.y) =3 hen 2k (W)L () 0<as1 ) a0 21 (W) = 3 pen 241 (9) L (g) <0< )} A1€ Fa-
measurable. g

We now prove the following lemma, which is useful in the proof of Lemma 3.3 between equa-
tions (5.8) and (5.9), in particular to show the independence used in (5.9):

Lemma 5.6. For k > 1, the random variables e[T;(Xy)], i € {—1,1} are measurable with respect
to Fx,+, where Fx, 4+ ={A € Fo, Yo >0, AN{X} <z} € F,}.

Proof: We use the same notation as in the previous proof. Let £k > 1 and 0 < y < . We
define K(y) = > pen MLz (y)<0<zii ()} 50 Ti(W,y) = zg(y)1i(y) for every i € Z such that
(W, y) € [xo(W, ), z1(W, )], and K(y) is Fy-measurable. For i € Z (with z;(y) := 20(y) for
j <0),

hi(y) = |Z 2k +i(W) — Z (2K (g)+im1 (W) | = ZH{K it Z (2h4i(W)) — Z (2ktita (v))| (5.11)

keN

is also F-measurable (for every 0 < y < x). And h;(y) = H(Ti(y)) if the support of the
slope T;(y) is included in [xo(W, 2), 21 (W, )], since in this case, Z(zx(y)4i(y)) = Z(2:(W,y)) =
W (zi(W,y)) and Z (2 () 4i+1(Y)) = Z(xia(W,y)) = W (zi1 (W, y)).
We first prove that H(T1(X})) is (Fx,4)-measurable. Let a € R; we have to prove that
{H(T1(X})) < a} € (Fx,+), which means that {H(T1(Xy)) < a} N {Xy < z} € F, for ev-

ery x > 0. This is obvious for 0 < x < ¢ since X > ¢ a.s. We now fix x > ¢ and define for
p > 1/c (hi(u) is defined in (5.11) for 0 < u < x, and we set hq(u) := 0 if u < 0)

Dy() := Y ha(@ = i/p)Ljoca—ifp) La—ifp<xi) Ly <o (i-1)/p}-
=1

which is F,-measurable. Moreover, on {Xj < x}, there exists a unique (random) j = j(p) > 1
such that z — j/p < Xy <x—(j—1)/p < z, and then x — j/p > 0 since X > ¢ > 1/p. We have

[$*1(W7$ —J'/P)ai@(Wv-’E _]/p)] - [x*I(W> Xk)7x2(m Xk)] - [l‘o(W, x)7$1(W> l‘)] (5'12)

Indeed, the last inclusion comes from the fact that Xy is a change of sign of b(.), and = > Xj,
so e(Ty(Xk)) = 0 and zo(W, X) and 21 (W, X) are not z-extrema



PERSISTENCE OF SOME ADDITIVE FUNCTIONALS OF SINAI’'S WALK 29

Let yp := (v —3j(p)/p)Lix, <2} Soon { Xy <z}, Dp(x) = h1(yp) = H(T1(yp)) (see the comments
after (5.11) since the support of slope T’ (y,) is included in [xg(W, z), z1 (W, z)] by (5.12)). Since
p € (X — 1/p, Xk], ¥p —potoo Xk on {Xj < z}, and since H(Ti(.)) is left-continuous on
(0,400) on W by Lemma 5.1, H(T1 (X)) = lim,—, 400 H(T1(yp)) = limy—, 40 Dp(z) on {Xj < x}.
Hence,
{H(T1(Xk)) < a}n{Xp <z} ={ lim Dy(z) <a}N{X; <z}

p—r—+o00
Since limy, 1 o Dp(z) is the limit of a sequence of F,-measurable r.v., it is also F,-measurable,
and then {lim,,,~ Dy(z) < a} € F,. Since { X}, < x} € Fy, we get {H(T1(Xy)) <a} N{X} <
x} € Fy, and this is true for every > 0. So {H(T1(Xx)) < a} € Fx,+ for every a € R.

Hence H(T1(X})) and then e(T(X})) are (Fx,+)-measurable. Finally, we show similarly that
H(T_1(X}))) and then e(T_1 (X)) are (Fx,+)-measurable. O
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