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Abstract. A weak odd dominated (WOD) set in a graph is a subset B of
vertices for which there exists a distinct set of vertices C such that every
vertex in B has an odd number of neighbors in C. We point out the connections
of weak odd domination with odd domination, [σ, ρ]-domination, and perfect
codes. We introduce bounds on κ(G), the maximum size of WOD sets of a
graph G, and on κ′(G), the minimum size of non WOD sets of G. Moreover,
we prove that the corresponding decision problems are NP-complete.

The study of weak odd domination is mainly motivated by the design of graph-
based quantum secret sharing protocols : a graph G of order n corresponds to
a secret sharing protocol which threshold is κQ(G) = max(κ(G), n − κ′(G)).
These graph-based protocols are very promising in terms of physical imple-
mentation, however all such graph-based protocols studied in the literature
have quasi-unanimity thresholds (i.e. κQ(G) = n− o(n) where n is the order
of the graph G underlying the protocol). In this paper, we show using proba-
bilistic methods, the existence of graphs with smaller κQ (i.e. κQ(G) ≤ 0.811n
where n is the order of G). We also prove that deciding for a given graph G

whether κQ(G) ≤ k is NP-complete, which means that one cannot efficiently
double check that a graph randomly generated has actually a κQ smaller than
0.811n.

1 Introduction

Odd domination. Odd domination is a variant of domination in which, given
a graph G = (V,E), a set C ⊆ V oddly dominates its closed odd neighbor-
hood Odd[C] := △v∈CN [v] = {u ∈ V, |N [u] ∩ C| = 1 mod 2} defined as the
symmetric difference of the closed neighborhoods N [v] = {v} ∪ N(v) of the
vertices v in C, where N(v) = {u ∈ V, (u, v) ∈ E} is the (open) neighborhood
of v. An odd dominating set is a set of vertices C ⊆ V such that Odd[C] = V .
Odd dominating sets have been largely studied in the literature [1,4] in par-
ticular for their role in the sigma-game [26,25]. It has been noticeably proven
that every graph contains at least one odd-dominating set [26] and that de-
ciding whether a graph contains an odd dominating set of size at most k is
NP-complete [26].

http://arxiv.org/abs/1112.2495v2


Odd domination is a particular instance of the general framework of [σ, ρ]-
domination [8,27]. Given σ, ρ ⊆ N, a [σ, ρ]-dominating set in a graph G =
(V,E) is a set C ⊆ V such that ∀v ∈ C, |N(v)∩C| ∈ σ, and ∀v ∈ V \C, |N(v)∩
C| ∈ ρ. Among others, domination, independent set, perfect code, and odd
domination problems can be formulated as [σ, ρ]-domination problems. In
particular, odd domination corresponds to [EVEN,ODD]-domination4, where
EVEN = {2n, n ∈ N} and ODD = N \ EVEN. The role of the parameters σ
and ρ in the computational complexity of the corresponding decision problems
have been studied in the literature [27].

We consider a weaker version of odd domination which does not fall within
the [σ, ρ]-domination framework. A weak odd dominated (WOD) set is a set
B ⊆ V for which there exists C ⊆ V \B such that B ⊆ Odd[C]. Notice that,
since B ∩ C = ∅, B ⊆ Odd[C] if and only if B ⊆ Odd(C) := △v∈CN(v) =
{u ∈ V, |N(u) ∩ C| = 1 mod 2}. Roughly speaking, B is a weak odd domi-
nated set if it is oddly dominated by a set C which does not intersect B. Weak
odd domination does not fall within the [σ, ρ]-domination framework because,
intuitively, a weak odd dominated set is not oddly dominated by its comple-
mentary set (as it would be in the [N,ODD]-domination) but by a subset of
its complementary set.

We consider two natural optimization problems related to weak odd dom-
inated sets of a given graph G: finding the size κ(G) of the greatest WOD set
and finding the size κ′(G) of the smallest set which is not a WOD set. The
greatest WOD set has a simple interpretation in a variant of the sigma-game:
given a graph G, each vertex has three possible states: ‘on’, ‘off’, and ‘bro-
ken’; when one plays on a vertex v, it makes the vertex v ‘broken’ and flips
the states ‘on’/‘off’ of its neighbors. In the initial configuration all vertices
are ‘off’. The size κ(G) of the greatest WOD set corresponds to the greatest
number of (unbroken) ‘on’ vertices one can obtain.

In section 2 , we illustrate the weak odd domination by the computation of
κ and κ′ on a particular family of graphs. Moreover, we give non trivial bounds
on these quantities, and show that the corresponding decision problems are
NP-complete.

Graph-based Quantum secret sharing. Our main motivation for studying
weak odd dominated sets is not the variant of the sigma-game but their crucial
role in graph-based protocols for quantum secret sharing. A quantum secret
sharing scheme [6] consists in sharing a quantum state among n players such
that authorized sets of players can reconstruct the secret. The protocol admits
a threshold k if any set of at least k players can reconstruct the secret whereas

4 Notice that odd domination is not a [ODD,ODD]-domination because open neighborhood
are considered in the [σ, ρ]-domination instead of the closed neighborhood in the odd
domination.



any set of less than k − 1 players has no information about the secret. Notice
that a direct consequence of the no-cloning theorem [30] is that the threshold
of any quantum secret sharing protocol on n players must be greater than n/2.

In a graph-based quantum secret sharing [17,11] the quantum state shared
by the players is characterized by a simple undirected graph. In section 3, we
show that the threshold of such a quantum secret sharing protocol based on
a graph G of order n is κQ(G) + 1, where κQ(G) = max(κ(G), n − κ′(G)).
Graph-based quantum secret sharing are very promising in terms of physi-
cal implementation [21,29], however all the known graph-based secret sharing
protocols have a threshold n− o(n) (the best known protocol has a threshold
n − n0.68 [11]), where n is the number of players. On the other hand, it has
been proved that the threshold of any graph-based quantum secret sharing
protocol on n players is at least n

2 + n
156 [11].

In section 4, we prove that there exists a family {Gi} of graphs such
κQ(Gi) ≤ 0.811ni where ni is the order of Gi. It crucially shows that graph-
based quantum secret sharing protocols are not restricted to quasi-unanimity
thresholds. We actually prove that that almost all the graphs have such a
‘small’ κQ: if one picks a random a graph G of order n (every edge occurs with
probability 1/2), then κQ(G) ≤ 0.811n with probability greater than 1 − 1

n
.

We also prove that, given a graph G and a parameter k, deciding whether
κQ(G) ≥ k is NP-complete. As a consequence, one cannot efficiently verify
that a particular randomly generated graph has actually a ‘small’ κQ.

Combinatorial Properties of Graph States. The development and the
study of graph-based protocols [17,13,11,23,10] have already pointed out deep
connections between graph theory and quantum information theory. For in-
stance, it has been shown [12] that a particular notion of flow [5,2,19,18] in
the underlying graph captures the flow, during the protocol, of the information
contained in the secret from the dealer – who encodes the secret and sends the
shares – to the authorized sets of players. The results presented in this paper
contribute to these deep connections: we show that weak odd domination is a
key concept for studying the properties of graph-based quantum secret sharing
protocols.

The study of graph-based protocols also contributes, as a by-product, to
a better understanding of the combinatorial properties of a particular class of
quantum states, called graph states [9]. The graph state formalism is a very
powerful tool which is used in several areas of quantum information processing.
Graph states provide a universal resource for quantum computing [22,28] and
are also used in quantum correction codes [24,3] for instance. Moreover, they
are very promissing in terms of physical implementation [21,29]. As a conse-
quence, progresses in the knowledge of the fundamental properties of graph
states can potentially impact not only quantum secret sharing but a wide area
of quantum information processing.



2 Weak Odd Domination

We define one of the central notions in this paper: the weak odd domination.
A set B of vertices is a weak odd dominated (WOD) set if it is contained in
the odd neighborhood of some set of vertices C which does not intersect B:

Definition 1. Given a simple undirected graph G = (V,E), B ⊆ V is a Weak
Odd Dominated (WOD) set if there exists C ⊆ V \B such that B ⊆ Odd(C),
where Odd(C) = {v ∈ V, |N(v) ∩ C| = 1 mod 2}.

Sets which are not WOD sets enjoy a noticeable characterization: they
contain an odd set together with its odd neighborhood (proof is given in
appendix):

Lemma 1. Given a graph G = (V,E), B is not a WOD set if and only if
there exists D ⊆ B such that |D| = 1 mod 2 and Odd(D) ⊆ B.

This is clear from the definition that any subset of a WOD set is a WOD set
and that any superset of a non WOD set is not a WOD set. As a consequence,
we focus our attention on finding the greatest WOD set and the smallest non
WOD set by considering the following quantities:

Definition 2. For a given graph G, let

κ(G) = max
B WOD

|B| κ′(G) = min
B not WOD

|B|

In the rest of this section, κ and κ′ are computed for a particular family
of graphs, then we introduce bounds on these quantities in the general case,
from which we prove the NP completeness of the decision problems associated
with κ and κ′.

To illustrate the concept of weak odd domination, we consider the following
family of graphs: for any p, q ∈ N, let Gp,q be the complete q-partite graph
where each independent set is of size p (the proof is given in Appendix). Gp,q

is of order n = pq.

Lemma 2. For any p, q ∈ N,
κ(Gp,q) = n− p and κ′(Gp,q) = q if q = 1 mod 2
κ(Gp,q) = max(n − p, n− q) and κ′(Gp,q) = p+ q + 1 if q = 0 mod 2

We show that the sum of κ(G) and κ′(G) is always greater than the order of
the graph G. The proof is based on the duality property that the complement
of a non-WOD set in G is a WOD set in G, the complement graph of G.

Lemma 3. Given a graph G = (V,E), if B ⊆ V is not a WOD set in G then
V \B is a WOD set in G.



Proof. Let B be a non-WOD set in G. ∃D ⊆ B such that |D| = 1 mod 2 and
OddG(D) ⊆ B. As a consequence, ∀v ∈ V \ B, |NG(v) ∩D| = 0 mod 2. Since
|D| = 1 mod 2, ∀v ∈ V \ B, |NG(v) ∩D| = 1 mod 2. Thus, V \ B is a WOD
set in G. ✷

Theorem 1. For any graph G of order n, κ′(G) + κ(G) ≥ n.

Proof. There exists a non-WOD set B ⊆ V such that |B| = κ′(G). According
to Lemma 3, V \B is WOD in G, so n− |B| ≤ κ(G), so n− κ′(G) ≤ κ(G). ✷

For any vertex v of a graph G, its (open) neighborhoodN(v) is a WOD set,
whereas, according to lemma 1 its closed neighborhood (i.e. N [v] = {v}∪N(v))
is a non-WOD set, as a consequence:

κ(G) ≥ ∆ κ′(G) ≤ δ + 1

where ∆ (resp. δ) denotes the maximal (resp. minimal) degree of the graph G.
In the following, we prove an upper bound on κ(G) and a lower bound on

κ′(G).

Lemma 4. For any graph G of order n and degree ∆, κ(G) ≤ n.∆
∆+1 .

Proof. Let B ⊆ V be a WOD set, according to Definition 1, ∃C ⊆ V \ B
such that B ⊆ Odd(C). |C| ≤ n − |B| and |B| ≤ |Odd(C)| ≤ ∆.|C|, so
|B| ≤ ∆.(n− |B|). It comes that |B| ≤ n.∆

∆+1 , so κ(G) ≤ n.∆
∆+1 . ✷

In the following we prove that this bound is reached only for graphs having
a perfect code. A graph G = (V,E) has a perfect code if there exists C ⊆ V
such that C is an independent set and every vertex in V \ C has exactly one
neighbor in C.

Theorem 2. For any graph G of order n and degree ∆, κ(G) = n.∆
∆+1 if and

only if G has a perfect code C such that ∀v ∈ C, d(v) = ∆.

Proof. (⇐) Let C be a perfect code of G such that ∀v ∈ C, δ(v) = ∆. V \C is
a WOD set since Odd(C) = V \ C. Moreover |V \ C| = n∆

∆+1 , so κ(G) ≥ n.∆
∆+1 .

According to Lemma 4, κ(G) ≤ n∆
∆+1 , so κ(G) = n∆

∆+1 .

(⇒) Let B be a WOD set of size n.∆
∆+1 . There exists C ⊆ V \B such that B ⊆

Odd(C). Notice that |C| ≤ n− n.∆
∆+1 = n

∆+1 . Moreover |C|.∆ ≥ |Odd(C)| ≥ |B|,
so |C| = n

∆+1 . It comes that |B| = |B∩Odd(C)| ≤ ∑

v∈C d(v) ≤ ∆. n
∆+1 = |B|.

Notice that if C is not a perfect code the first inequality is strict, and if ∃v ∈ C,
d(v) < ∆, the second inequality is strict. Consequently, C is a perfect code
and ∀v ∈ C, d(v) = ∆. ✷

Corollary 1. Given a ∆-regular graph G, κ(G) = n∆
∆+1 if and only if G has

a perfect code.



We consider the problem MAX WOD which consists in deciding, given
a graph G and an integer k ≥ 0, whether κ(G) ≥ k.

Theorem 3. MAX WOD is NP-Complete.

Proof. MAX WOD is in the class NP since a WOD set B of size k is a YES
certificate. Indeed, deciding whether the certificate B is WOD or not can be
done in polynomial time by solving for X the linear equation ΓV \B .X = 1B
in F2, where 1B is a column vector of dimension |B| where all entries are 1,
and ΓV \B is the cut matrix, i.e. a submatrix of the adjacency matrix of the
graph which columns correspond to the vertices in V \ B and rows to those
in B. In fact, X ⊆ V \ B satisfies ΓV \B.X = 1B if and only if (X ⊆ V \ B
and B ⊆ Odd(X)) if and only if B is WOD. For the completeness, given a 3-
regular graph, if κ(G) ≥ 3

4n then κ(G) = 3
4n (since κ(G) ≤ n∆

∆+1 for any graph).

Moreover, according to Corollary 1, κ(G) = 3
4n if and only if G has a perfect

code. Since the problem of deciding whether a 3-regular graph has a perfect
code is known to be NP complete (see [15] and [14]), so is MAX WOD. ✷

Now we introduce a lower bound on κ′.

Lemma 5. For any graph G, κ′(G) ≥ n
n−δ

where δ is the minimal degree of
G.

Proof. According to Theorem 1, κ′(G) ≥ n − κ(G). Moreover, thanks to

Lemma 4, n− κ(G) ≥ n− n∆(G)

∆(G)+1
= n− n(n−1−δ(G))

n−δ(G) = n
n−δ

. ✷

This bound is reached for the regular graphs for which their complement
graph has a perfect code, more precisely:

Theorem 4. Given G a δ-regular graph such that n
n−δ

is odd, κ′(G) = n
n−δ

if

and only if G has a perfect code.

Proof. (⇐) Let C be a perfect code of G. Since |C| = n

∆(G)+1
= n

n−δ
=

1 mod 2, OddG(C) ⊆ C, thus C is a non-WOD set in G, so κ′(G) ≤ n
n−δ

.
Since κ′(G) ≥ n

n−δ
for any graph, κ′(G) = n

n−δ

(⇒) Let B be a non-WOD set of size n
n−δ

in G. ∃D ⊆ B such that |D| =
1 mod 2 and OddG(D) ⊆ B. According to Lemma 3, V \ B ⊆ OddG(D),
so |OddG(D)| ≥ ∆(G) n

n−δ
, which implies that |D|.∆(G) ≥ ∆(G) n

n−δ
. As a

consequence, |D| = n
n−δ

and since every vertex of V \B (of size ∆(G) n
n−δ

) in

G is connected to D, D must be a perfect code. ✷

We consider the problem MIN ¬WOD which consists in deciding, given
a graph G and an integer k ≥ 0, whether κ′(G) ≤ k?

Theorem 5. MIN ¬WOD is NP-Complete.



Proof. MIN ¬WOD is in the class NP since a non-WOD set of size k is a
YES certificate. For the completeness, given a 3-regular graph G, if n

4 is odd
then according to Theorem 4, G has a perfect code if and only if κ′(G) = n

4 . If
n
4 is even, we add a K4 gadget to the graph G. Indeed, G ∪K4 is a 3-regular
graph and n+4

4 = n
4 + 1 is odd. Moreover, G has a perfect code if and only if

G ∪K4 has a perfect code if and only if κ′(G ∪K4) =
n
4 + 1. Since deciding

whether a 3-regular graph has a perfect code is known to be NP complete, so
is MIN ¬WOD ✷

3 From WOD sets to quantum secret sharing

A quantum secret sharing scheme [6] consists in: (i) encoding a quantum state
(the secret) into a n-partite quantum state and (ii) sending to each of the n
players one part of this encoded quantum state such that authorized sets of
players can collectively reconstruct the secret. In [17], Markham and Sanders
introduced a particular family of quantum secret sharing protocols where the
n-partite quantum state shared by the players is represented by a graph (such
quantum states are called graph states [22]). They investigated the particular
case where the secret is classical and they have shown that a set of players
can perfectly recover a quantum secret in a protocol described by a graph G
if and only if they can recover a classical secret in both protocols described by
G and G. In [12], graphical conditions have been proven for a set of players to
be able to recover a classical secret or not. Rephrased in terms of weak odd
domination, they proved that a non-WOD set of players can recover a classical
secret, whereas a WOD set cannot recover a classical secret. As a consequence,
any set of more than κQ(G) = max(κ(G), κ(G)) players can recover a quantum
secret in the protocol described by G since they can reconstruct the classical
secret in both protocols G and G. Moreover, there exists a set of B of players
such that |B| ≤ κQ(G) which cannot recover the secret in G or in G, thus B
cannot perfectly recover the quantum secret. As a consequence, κQ(G) + 1 is
nothing but the optimal threshold from which any set of more than κQ(G)
players can recover the quantum secret in the protocol described by G. To
guarantee that κQ(G)+1 is actually the threshold of the protocol, i.e. any set
of less than κQ(G) players have no information about the secret, a preliminary
encoding of the secret is performed (see [11] for details).

In the following, we prove that deciding, given a graph G and k ≥ 0,
whether κQ(G) ≥ k is NP complete (Theorem 6). The proof consists in a
reduction from the problem MIN ¬WOD, and requires the following two
ingredients: an alternative characterization of κQ in terms of κ and κ′ (Lemma
6); and the evaluation of κ and κ′ for particular graphs consisting of multiple
copies of a same graph (Lemma 7).

Lemma 6. Given a graph G of order n, κQ(G) = max(κ(G), n − κ′(G))



Proof. Lemma 3 gives κ(G) ≥ n− κ′(G). We show that if the value of κQ(G)
is not given by the value of κ(G), we must have the equality between κ(G)
and n− κ′(G). In other terms, we want to show that κ(G) < κ(G) ⇒ κ(G) =
n− κ′(G).

We assume κ(G) < κ(G). There exists a set B ⊆ V of size κ(G) dominated
by some C ⊆ V \B. We claim that |C| = 1 mod 2, otherwise B would be WOD
in G and κ(G) ≥ κ(G). Then the set V \B is non-WOD in G since it contains
C ∪ Odd(C) (see Lemma 1). Consequently, κ′(G) ≤ |V \ B| which can be
written κ(G) ≤ n− κ′(G). ✷

Lemma 7. For any graph G and any r > 0, κ(Gr) = r.κ(G) and κ′(Gr) =
κ′(G) where G1 = G and Gr+1 = G ∪Gr.

Proof.
– [κ(Gr) = r.κ(G)]: Let B be a WOD set in G of size κ(G). B is in the
odd neighborhood of some C ⊆ V . Then the set Br ⊆ V (Gr) which is the
union of sets B in each copy of the graph G is in the odd neighborhood of
Cr ⊆ V (Gr), the union of sets C of each copy of G. Therefore Br is WOD and
κ(Gr) ≥ r.κ(G). Now if we pick any set B0 ⊆ V (Gr) verifying |B0| > r.κ(G),
there exists a copy of G such that |B0 ∩ G| > κ(G). Therefore B0 is a non-
WOD set and κ(Gr) ≤ r.κ(G).
– [κ′(Gr) = κ′(G)]: Let B be a non-WOD set in G of size κ′(G). If we consider
B as a subset of V (Gr) contained in one copy of the graph G, B is a non-WOD
set in Gr. Therefore κ′(Gr) ≤ κ′(G). If we pick any set B ⊆ V (Gr) verifying
|B| < κ′(G), its intersection with each copy of G verifies |B ∩ G| < κ′(G).
Thus, each such intersection is in the odd neighborhood of some Ci. So B is
in the odd neighborhood of

⋃

i=1..r Ci. Consequently, B0 is a WOD set in Gr

and κ′(Gr) ≥ κ′(G). ✷

We consider the problemQKAPPA which consists in deciding, for a given
graph G and k ≥ 0, whether κQ(G) ≥ k, i.e. κ(G) ≥ k or κ′(G) ≤ n− k?

Theorem 6. QKAPPA is NP-Complete.

Proof. QKAPPA is in NP since a WOD set of size k or a non-WOD set of
size n − k is a YES certificate. For the completeness, we use a reduction to
the problem MIN ¬WOD. Given a graph G and any k ≥ 0, κQ(G

k+1) ≥
(k + 1)n − k ⇔

(

κ(Gk+1) ≥ (k + 1)n − k or κ′(Gk+1) ≤ k
)

⇔
(

κ(G) ≥
n − 1 + 1

k+1 or κ′(G) ≥ k
)

⇔
(

κ(G) > n − 1 or κ′(G) ≥ k
)

. In the last

disjunction, the first inequality κ(G) > n − 1 is always false since for any
graph G of order n we have κ(G) ≤ n− 1. Thus, the answer of the oracle call
gives the truth of the second inequality κ′(G) ≥ k which corresponds to the
problem MIN ¬WOD. As a consequence, QKAPPA is NP-complete. ✷



4 Graphs with small κQ

Using lemma A, the graphsG√
n,
√
n (when n = p2) are such that κQ(G√

n,
√
n) =

n−√
n.

In this section, we prove using the asymmetric Lovász Local Lemma [16]
that there exists an infinite family of graphs {Gi} such that κQ(Gi) ≤ 0.811ni

where ni is the order of Gi. Moreover, we prove that for a random graph
G(n, 1/2) (graph on n vertices where each pair of vertices have probability
1/2 to have an edge connecting them) with n ≥ 100, κQ(G(n, 1/2)) ≤ 0.85n
with high probability.

First we prove the following lemma:

Lemma 8. Given k and G = (V,E), if for any non empty set D ⊆ V , |D ∪
Odd(D)| > n− k and |D ∪ (V \Odd(D))| > n− k then κQ(G) < k.

Proof. Since ∀D ⊆ V |D ∪ Odd(D)| > n − k, κ′(G) > n − k. Let B ⊆ V ,
|B| ≥ k, if B is not WOD then ∃C ⊆ V \ B such that B ⊆ Odd(C), so
(V \Odd(C)) ⊆ V \B which implies |C ∪ (V \Odd(C))| ≤ n− k. ✷

We use the asymmetric form of the Lovász Local Lemma that can be stated
as follows:

Theorem 7 (Asymmetric Lovász Local Lemma). Let A = {A1, · · · , An}
be a set of bad events in an arbitrary probability space and let Γ (A) denote a
subset of A such that A is independent from all the events outside A and Γ (A).
If for all Ai there exists w(Ai) ∈ [0, 1) such that Pr(Ai) ≤ w(Ai)

∏

Bj∈Γ (Ai)
(1−

w(Bj)) then we have Pr(A1, · · · , An) ≥
∏

Aj∈A(1− w(Aj)).

Theorem 8. There exists an infinite family of graphs {Gi} such that
κQ(Gi) ≤ 0.811ni where ni is the order of Gi.

Proof. Let G(n, 1/2) = (V,E) be a random graph. We use the asymmetric
Lovász local lemma to show that the probability that for all non empty set
D ⊆ V |D∪Odd(D)| > (1− c)n and |D∪ (V \Odd(D))| > (1− c)n is positive
for some constant c. This ensures by Lemma 8 that κQ(G) < cn.

We consider the “bad” events AD : |Odd(D) ∪ D| ≤ (1 − c)n and A′
D :

|Odd(D)∪(V \Odd(D))| ≤ (1−c)n. When |D| > (1−c)n, Pr(AD) = Pr(A′
D) =

0, therefore the previous events are defined for all D such that |D| ≤ (1− c)n.

For all D such that |D| ≤ (1 − c)n, we want to get an upper bound on
Pr(AD). Let |D| = dn for some d ∈ (0, 1 − c]. For all u ∈ V \ D, Pr(“u ∈
Odd(D)”) = 1

2 . If D is fixed, the events “u ∈ Odd(D)” when u is outside D are
independent. Therefore, if the event AD is true, any but at most (1−c−d)n ver-
tices outside D are contained in Odd(D). There are (1−d)n vertices outside D,

then Pr(AD) =
(

1
2

)(1−d)n ∑(1−c−d)n
k=0

((1−d)n
k

)

≤
(

1
2

)(1−d)n
2(1−d)nH( 1−c−d

1−d ) =



2(1−d)n[H( c
1−d)−1] where H : t 7→ −t log2(t) − (1 − t) log2(1 − t) is the binary

entropy function.

Similarily, Pr(A′
D) ≤ 2(1−d)n[H( c

1−d )−1].
We consider that all the events can be dependent. For any D ⊆ V such

that 0 < |D| ≤ (1 − c)n, we define w(AD) = w(A′
D) = 1

r( n
|D|)

. First, we

verify that Pr(AD) ≤ w(AD)
∏

D′⊆V,|D|≤(1−c)n(1−w(AD′))(1−w(A′
D′)). The

product of the right-hand side of the previous equation can be written p =

∏(1−c)n
|D′|=1

(

1− 1
r( n

|D′|)

)2( n

|D′|)
=

[

∏(1−c)n
|D′|=1

(

1− 1
r( n

|D′|)

)r( n

|D′|)
]

2
r

. The function

f : x 7→
(

1− 1
x

)x
verifies f(x) ≥ 1

4 when x ≥ 2, therefore p ≥
(

1
4

)
2
r
(1−c)n

=

2−
4(1−c)n

r for any r ≥ 2. Thus, it is sufficient to have 2(1−d)n[H( c
1−d)−1] ≤

1
r( n

dn)
2−

4(1−c)n
r . Rewriting this inequality gives r

(

n
dn

)

2(1−d)n[H( c
1−d )−1]+ 4(1−c)n

r ≤

1. Thanks to the bound
(

n
dn

)

≤ 2nH(
dn
n ) and after applying the logarithm

function and dividing by n, it is sufficient that (1−d)
[

H
(

c
1−d

)

− 1
]

+H(d)+

4(1−c)
r

+
log2 r
n

≤ 0. If we take r = n, the condition becomes asymptotically

(1− d)
[

H
(

c
1−d

)

− 1
]

+H(d) ≤ 0.

Numerical analysis shows that this condition is true for any c > 0.811
and for all d ∈ (0, 1 − c]. Thus, thanks to the Lovász Local Lemma, for any

c > 0.811, Pr(κQ(G) < cn) ≥ p ≥
(

1
4

)
2
r
(1−c)n

> 0, therefore there exists an
infinite family of graphs {Gi} such that κQ(Gi) ≤ 0.811ni where ni is the
order of Gi for ni ≥ N0 for some N0 ∈ N. ✷

Very recently [23], Sarvepalli proved that quantum secret sharing protocols
based on graph states are equivalent to quantum codes. Combining this result
with the Gilbert Varshamov bounds on quantum stabilizer codes [7], we can
provide an alternative proof of theorem 8. However, we believe the use of the
Lovász Local Lemma offers several advantages: the proof is a purely graphical
proof with a potential extension to the construction of good quantum secret
sharing schemes using the recent development in the algorithmic version [20]
of the Lovász Local Lemma. Moreover, the use of the probabilistic methods
already offers a way of generating good quantum secret sharing protocols with
high probability by adjusting the parameters of the Lovász Local Lemma:

Theorem 9. There exists n0 such that for any n > n0, a random graph
G(n, 12 ) has a κQ smaller than 0.811n with high probability:

Pr

(

κQ(G(n,
1

2
)) < 0.811n

)

≥ 1− 1

n

Proof. The proof of the theorem is done as in the proof of theorem 8, by tak-
ing c = 0.811 and r = 4 ln(2)(1 − c)n2. It guarantees that for n ≥ 26681,



(1 − d)
[

H
(

c
1−d

)

− 1
]

+ H(d) + 4(1−c)
r

+
log2 r
n

≤ 0. Thus, for any D ⊆ V

such that 0 < |D| ≤ (1 − c)n, Pr(AD) ≤ w(AD)
∏

D′⊆V,|D|≤(1−c)n(1 −
w(AD′))(1 − w(A′

D′)). Moreover the probability that none of the bad events

occur is Pr
(

κQ(G(n, 12)) < 0.811n
)

≥
(

1
4

)
2
r
(1−c)n

=
(

1
4

)
1

2n ln(2) = e−
1
n ≥ 1− 1

n
.

✷

Notice that, as we proved that QKAPPA is NP-Complete, one cannot
double check easily whether a random graph generated by this method has
actually a small κQ.

5 Conclusion

In this paper, we have studied the quantities κ, κ′ and κQ that can be computed
on graphs. They correspond to the extremal cardinalities WOD and non-WOD
sets can reach. These quantities present strong connections with quantum
information theory and the graph state formalism, and especially in the field
of quantum secret sharing.

Thus, we have studied and computed these quantities on some specific
families of graphs, and we deduced they are candidates for good quantum
secret sharing protocols. Then we have proven the NP-completeness of the
decision problems associated with κ, κ′ and κQ. Finally we have proven the
existence of an infinite family of graphs {Gi} such that κQ(Gi) ≤ 0.811ni

where ni is the order of Gi, and even that if one picks uniformly at random a
graph G of order n, then κQ(G) ≤ 0.811n with high probability. An interesting
question is to find an explicit family of graphs {Gi} such that κQ(Gi) ≤ cni

where ni is the order of Gi and c a constant smaller than 1.
A related question is also still open: is the problem of deciding whether the

minimal degree up to local complementation is greater than k NP-complete?
This problem seems very close to finding κ′ since it consists in finding the
smallest set of vertices of the form D ∪ Odd(D) with D 6= ∅, without the
constraint of parity |D| = 1 mod 2 as for κ′.

References

1. Ashok T. Amin, Lane H. Clark, and Peter J. Slater. Parity dimension for graphs.
Discrete Mathematics, 187(1-3):1 – 17, 1998.

2. Daniel E. Browne, Elham Kashe, Mehdi Mhalla, and Simon Perdrix. Generalized ow
and determinism in measurement-based quantum computation. New Journal of Physics
(NJP), 9(8), 2007.

3. Salman Beigi, Isaac Chuang, Markus Grassl, Peter Shor, and Bei Zeng. Graph concate-
nation for quantum codes. Journal of Mathematical Physics, 52(2)(022201), 2011.

4. Y. Caro and W. Klostermeyer. The odd domination number of the odd domination
number of a graph. In J. Comb. Math Comb. Comput., volume 44, pages 65–84, 2003.

5. Vincent Danos and Elham Kashe. Determinism in the one-way model. Physical Review
A, 74(052310), 2006.



6. Daniel Gottesman. Theory of quantum secret sharing. Phys. Rev. A, 61:042311, 2000.

7. Keqin Feng and Zhi Ma. A finite Gilbert-Varshamov bound for pure stabilizer quantum
codes. IEEE Transactions on Information Theory, 50, pp 3323 - 3325, 2004.
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A Appendix

Proof of Lemma 1:

Lemma 1. Given a graph G = (V,E), B is not a WOD set if and
only if there exists D ⊆ B such that |D| = 1 mod 2 and Odd(D) ⊆ B.

Proof. We express this lemma in the following way:
Given a graph G = (V,E), for any B ⊆ V , B satisfies exactly one of the
following properties:
i. ∃D ⊆ B,D ∪Odd(D) ⊆ B and |D| = 1 mod 2
ii. ∃C ⊆ V \B,Odd(C) ∩B = B

For a given B ⊆ V , let ΓB be the cut matrix induced by B, i.e. the sub-matrix
of the adjacency matrix Γ of G such that the columns of ΓB correspond to
the vertices in B and its rows to the vertices in V \ B. ΓB is the matrix
representation of the linear function which maps every X ⊆ B to ΓB.X =
Odd(X)∩ (V \B), where the set X is identified with its characteristic column
vector. Similarly, ∀Y ⊆ V \B, ΓV \B .Y = Odd(Y )∩B where ΓV \B = Γ T

B since
Γ is symmetric. Moreover, notice that for any set X,Y ⊆ V , |X ∩Y | mod 2 is
given by the matrix product Y T .X where again sets are identified with their
column vector representation. Equation (i) is satisfied if and only if ∃D such

that
(

BT

ΓB

)

.D =
(

1
0

)

which is equivalent to rank

(

BT

ΓB

)

= rank

(

BT | 1
ΓB | 0

)

=

rank

(

0 | 1
ΓB | 0

)

= rank(ΓB) + 1. Thus (i) is true iff π(B) = 1 where π(B) :=

rank

(

BT

ΓB

)

− rank(ΓB). Similarly equation (ii) is satisfied if and only if ∃C
such that ΓV \B .C = B if and only if rank(ΓV \B |B) = rank(ΓV \B). Thus (ii)
is true if and only if π(B) = 0. Since for any B ⊆ V , π(B) ∈ {0, 1} it comes
that either (i) is true or (ii) is true. ✷

Proof of the Lemma 2:

Lemma 2.

For any p, q ∈ N,
κ(Gp,q) = n− p and κ′(Gp,q) = q if q = 1 mod 2
κ(Gp,q) = max(n − p, n− q) and κ′(Gp,q) = p+ q + 1 if q = 0 mod 2



Proof. f q = 1 mod 2
– [κ(Gp,q) ≥ n− p]: The subset B composed of all the vertices but a maximal
independent set (MIS) – i.e. an independent set of size p – is in the odd
neighborhood of each vertex in V \B. Therefore B is WOD and |B| = n− p.
Consequently, according to the previous definition, κ(Gp,q) ≥ n− p.
– [κ(Gp,q) ≤ n − p]: Any set B such that |B| > n − p contains at least one
vertex from each of the q MIS, i.e. a clique of size q. Let D ⊆ B be such a
clique of size |D| = q = 1 mod 2. Every vertex v outside D is connected to all
the elements of D but the one in the same MIS as v. Thus Odd(D) = ∅. As a
consequence, B is non-WOD.
– [κ′(Gp,q) ≤ q]: B composed of one vertex from each MIS is a non-WOD set
(see previous item).
– [κ′(Gp,q) ≥ q]: If |B| < q then B does not intersect all the MIS of size p, so
B is in the odd neighborhood of each vertex of such a MIS. So according to
Definition 1, B is WOD.

f q = 0 mod 2

– [κ(G) ≥ max(n − p, n − q)]: For κ(G) ≥ n − p, see previous lemma. The
subset B composed of all the vertices but a clique of size q (one vertex
from each MIS) is in the odd neighborhood of V \ B. Indeed each vertex
of B is connected to q − 1 = 1 mod 2 vertices of V \ B. So, according to
Definition 1, B of size n− q is WOD, as a consequence κ(G) ≥ n− q.

– [κ(G) ≤ max(n− p, n− q)]: Any set B such that |B| > max(n− p, n− q)
contains at least one vertex from each MIS and moreover it contains a MIS
S of size q. Let D ⊆ B \S be a clique of size q−1 = 1 mod 2. Every vertex
u in V \B is connected to all the vertices in D but one, so Odd(D) ⊆ B.

– [κ′(G) ≤ p + q − 1]: Let S be an MIS. Let B be the union of S and of a
clique of size q. Let D = B \ S. |D| = q − 1 = 1 mod 2. Every vertex u in
V \B is connected to all the vertices of D but one, so Odd(D) ⊆ B.

– [κ′(G) ≥ p+ q− 1]: Let |B| < p+ q− 1. If B does not intersect all the MIS
of size p, then B is in the odd neighborhood of each vertex of such a non
intersecting MIS. If B intersects all the MIS then it does not contain any
MIS, thus there exists a clique C ⊆ V \ B of size q. Every vertex in B is
in the odd neighborhood of C.

✷
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