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Abstract

Let K C R"™ be a regular convex cone, let e1,...,e, € 0K be linearly independent points on
the boundary of a compact affine section of the cone, and let x* € K° be a point in the relative
interior of this section. For k = 1,...,n, let lx be the line through the points e; and =™, let yx be
the intersection point of I, with 0K opposite to e, and let z; be the intersection point of I with
the linear subspace spanned by all points e;, [ = 1,...,n except ex. We give a lower bound on
the barrier parameter v of logarithmically homogeneous self-concordant barriers F' : K° — R on
K in terms of the projective cross-ratios qx = (eg,2”; Yk, 2x). Previously known lower bounds by
Nesterov and Nemirovski can be obtained from our result as a special case. As an application, we
construct an optimal barrier for the epigraph of the || ||oo-norm in R™ and compute lower bounds
on the barrier parameter for the power cone and the epigraph of the || - ||,-norm in R?.

1 Introduction

In modern convex optimization, interior point methods are the primary tool to solve conic programs.
A central role in solution algorithms for conic programs over some regular (with nonempty interior,
containing no lines) convex cone K is assigned to a smooth real-valued convex function F' : K° — R
on the interior of the cone, the barrier. In order to be useful for optimization, the barrier has to satisfy
certain properties [4, Section 2.3]. The second and third derivative have to satisfy the self-concordance
relation

F"(z)[h,h,h] < 2(F"(z)[h,h))*? VazeK° heTl,K°, (1)

with A running through the tangent space at x. The function F' has to tend to infinity as its argument
tends to the boundary of the cone,
lim F(z) = 4o0, (2)
rz—0K

and it has to satisfy the logarithmic homogeneity condition
F(az) = —vloga + F(z) Va>0,zeK°. (3)

A smooth function F : K° — R satisfying conditions (1,2,3) is called a logarithmically homogeneous
self-concordant barrier for the cone K. The real constant v is called the barrier parameter of the barrier
F.

The lower the barrier parameter of a barrier, the faster are the interior point algorithms based on
this barrier. For conic optimization problems over a cone K, it is therefore desirable to have barriers on
K with a barrier parameter as small as possible. We call a logarithmically homogeneous self-concordant
barrier on K optimal if it has the lowest possible barrier parameter.

Optimality of a barrier F' is proven by verifying properties (1,2,3) and showing that the barrier
parameter v of F'is equal to a lower bound v, on this parameter for the given cone. For general cones,
all lower bounds on the barrier parameter which are available today are based on a result of Nesterov
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and Nemirovski [4, Sect. 2.3.4]. Namely, if for some boundary point z € OK of the cone there exists
a neighbourhood U of z and affine half-spaces A,,..., Ay C R" with z € 04;, j =1,...,k, such that
the normals to the half-spaces at z are linearly independent and the intersection U N K equals the
intersection U N A; N --- N Ag!, then a lower bound on the barrier parameter of any self-concordant
barrier on K is given by v, = k. Based on this result, Giiler and Tungel proved that the minimum
over the Carathéodory numbers of all points in the interior of K also is a lower bound on the barrier
parameter [2, Prop. 4.1]. In this way, the standard barriers for the symmetric cones used in linear,
conic quadratic, and semi-definite programming are shown to be optimal. Optimal barriers can be
constructed also for general homogeneous cones, with the barrier parameter equal to the rank of the
cone [2, Theorem 4.1].

In this contribution, we provide a new lower bound on the barrier parameter of barriers on a general
cone (Theorems 4.4, 5.4). For n-dimensional cones, this lower bound is contained in the interval [2,n]
(Corollary 3.2 and Theorem 5.7). From our result, a slightly stronger bound than that in [4, Sect.
2.3.4] follows as special case (Theorem 6.1). In contrast to the previously known bounds, our results
are non-trivial also for "round” cones, i.e., cones with a smooth boundary. The bound is a function of
the projective cross-ratio of geometric objects that are constructed from n boundary points of the cone
in general position and an interior point. As an application, we compute lower bounds on the barrier
parameter for the epigraph of the || - ||o-norm (Corollary 6.2), the power cone (Corollary 7.1), and the
epigraph of the || - ||,-norm in R? (Corollary 7.2).

The remainder of the paper is structured as follows. In the next section we introduce the projective
cross-ratio and consider some of its elementary properties. In Section 3 we prove an auxiliary result,
which essentially applies to 2-dimensional cones. In Section 4 we deduce the lower bound on the barrier
parameter of barriers on general cones and in the subsequent section we investigate its properties. In
Section 6 we deduce the bounds in [4, Sect. 2.3.4] from our result, and in the last section we apply our
results to the power cone and the epigraph of the || - ||,-norm. Finally, in the appendix we construct
an optimal barrier for the epigraph of the || - ||oo-norm.

2 The projective cross-ratio

Let x1,x2, x5, x4 € RU{oo} be four distinct points in the 1-point compactification of the real line. The
projective cross-ratio of the quadruple (21, x2, x3,x4) is defined as the number

(x1 — z3)(x2 — T4)
(z1 — 24) (22 — 73)

(1'1;1'2;1'3;1'4): ER;

where the differences containing the value co are cancelled in the event that one of the points in the
quadruple is co. This function can be extended continuously to a (R U {co})-valued function on the
set of quadruples of points in R U {oco} of which no three coincide.

The projective cross-ratio is invariant under projective transformations of RU {cco}, and can hence
also be considered as a (R U {oco})-valued function on quadruples of points on the real projective line
RPL. Alternatively, it can be considered as a (RU{oo})-valued function on quadruples of 1-dimensional
linear subspaces of R?, as the set of such subspaces is isomorphic to RP?.

As can be easily checked, the projective cross-ratio possesses the symmetry

(4)

( ) 1
L1, X25X3,T4) = 7>
(1'2; T1;x3, L]':4)
with the values 0 and oo being considered as reciprocal.
In the next two sections we consider the projective cross-ratio as defined on quadruples of coplanar
lines through the origin, while in the example sections it will be more convenient to consider projective
cross-ratios of quadruples of collinear points.

L Actually, in [4, Prop. 2.3.6] it is required that K is polyhedral, but this is not used in the proof.



3 2-dimensional linear sections

In this section we prove an auxiliary result which essentially provides a construction of the optimal
barrier on a 2-dimensional convex cone under the condition that the direction of the gradient of the
barrier at some interior point of the cone is fixed to some value.

Let K C R™, n > 2, be a regular convex cone, z* € K a point in the interior of K, [ a line
containing z* and intersecting the boundary 0K of the cone in the points e,y. Denote by L the 2-
dimensional linear hull of [ and by [+, lc, [, the 1-dimensional linear subspaces spanned by the vectors
x*,e,y, respectively. Let F': K° — R be a logarithmically homogeneous self-concordant barrier on K
with barrier parameter v, and define p* = —F’(z*). Note that p* is a linear functional on R", located
in the interior of the dual cone K*. The kernel of p* is an n — 1-dimensional linear subspace Ly~ C R",
which intersects K in the origin. Denote the 1-dimensional intersection of L« with the 2-dimensional
subspace L by l,«. Then [+, ¢, [y, I, are four mutually distinct coplanar lines, and we can define their
projective cross-ratio 7 = (le, ly; ly+, I, ). The arrangement of the lines implies that —oco < r < 0.

Lemma 3.1. Assume above notations. Then v is bounded from below by v, = =14

2
1+
max(—r, —r~1).

Proof. Let K, = KNL and let Ff, be the restriction of F' on the interior K¢ of Ky. Then Fp, is a self-
concordant barrier for the 2-dimensional cone K, with the same barrier parameter v as K. Moreover,
the linear functional pj = —F] (z*) is the restriction of the linear functional p* on L, and hence its
kernel coincides with [,«. The assertion of the lemma for the cone K thus reduces to the assertion for
the cone K.

In order to avoid unnecessary notations, we shall assume without restriction of generality that n = 2

and hence K = K. Let v, = \}/u—;fl = V—j%‘ andlet N = —% 44/ ’ij + 1 be the roots of the quadratic

equation A2+, A —1=0. Then —ry2 = (r +1)? and hence r = —# £ Yur/ VTE +1= —()\;‘F)Q. Since
7« > 0, we have A* < —1 and 0 < A% < 1. Therefore r = —(A)%ifr<—landr = —()\1)2 ifr > —1.
Note that in the former case we have (I, le; lp+, lp<) =771 = —(A%)? by (4).

Let us now introduce a coordinate system in R? such that the lines [,«,l, are parallel to the
basis vectors (1,0)7, (0,1)7, respectively. Let further the lines I, [, be parallel to the vectors (1, A%)7,
respectively, if 7 > —1, and to the vectors (1,)\§F)T, respectively, if » < —1. This is always possible
because

% | . ()\j_ —O)()\*_ — OO) _ )\*_;’_ - £\2 (ly,le,lm*,lp*), r < *1,
()\+7)\_707OO) - ()\*7 — 0)(>\i — OO) - E - _()\+) o (lealy;lz*alp*)a r 2 71;

and the projective cross-ratio of a quadruple of distinct lines through the origin of a plane is the only
invariant of the quadruple with respect to the general linear group of this plane. Let us further scale
the coordinates by a homothety such that z* = (1,0)”. In this coordinate system the cone K is given
by the set {z = (z1,22)T |21 >0, M 21 < 22 < Nia1}, and p* = —F'(2*) = (v, 0)” due to the identity
(p*,z*) =v [4, eq. (2.3.13)].

Consider the 1-dimensional Lie group A(t) = exp(t - a) = (1 (1)) generated by the Lie algebra

element a = <(1) 8> Let x(t) = A(t)z* = (1,t)T and consider the scalar f(t) = v~ 1F(z(t)). We
shall now establish a differential inequality which is satisfied by the function f(¢). Formulas [4, eq.
(2.3.12-14)] and its derivatives yield the relations F'(z)[z] = —v, F"(2)[z,:] = —F'(z), F"(x)[z,-,"] =

“2F"(2). At 2(t) = A(t)z* we thus have
F' = AT (—1) (al) P = vAT(—t) ( L 60‘) A(=1),

—Q

F"[A(t)h,-,] = —20AT (—t) [<1a _ﬂo‘) h1 + (_ﬂo‘ i) hg} A(—t) (5)



for some «, 3, € R. Here 3 > a2, because F” = 0, and h = (hy,ho)?T € R? is an arbitrary vector.
Condition (1), applied to the vector A(¢)h, then yields

—h3 4 3ah?hy — 3Bh1h% — ph3 < Vu(h? — 2ahihy + Bh3)3/2.

Setting h = (o — ﬁ;_“f , )T, we obtain after some calculations

—(® +3a(8 — o®) + n) < (B - a?)*/2, (6)

where v = \;;—_21 Let us compute the derivatives of f(¢). By (5) and using the fact that & = (0,1)7 is

constant, we have
f=vF (2)az] =, f=v 'F'(@)az,az] =06, fO =v 'F"(2)az,az,azx] = 2.
Inserting this into (6), we get
4f% =6 ff + 1O < 29(f = [2)°2. (7)

We would like to bound the function f(t) by the solution of the differential equation which is
obtained when one assumes equality in (7). This is accomplished by introducing the variables ¢4 =

——”ﬁ:ﬂ — f, where Ay = —3 £/ %2 + 1 are the roots of the quadratic equation A\ + v\ — 1 = 0.
These variables satisfy the relation g4 > ¢— and f , f can be recovered from them by the formula

Ay A

- Ay Ao i 2
f= R v s f—)\+7Lq, T (8)

AL — A

We have f — f2 = (quz_%, and hence (f — f2)3/2 = %. A simple calculus then shows that

29(f — 232 —4f3+6ff = —/ﬁi&i ¢+ Af):\, g3 and hence by (7)

. 2 . 2

@)« 24+ 3, 20= 3
[ < VRS L Sl v (9)
Recall that p* = (,0)T and hence f(0) = 0. Hence by (8) we have

A+q-(0) = A_q4(0). (10)

Differentiating the first relation in (8) with respect to ¢t and expressing f by the second relation,
we obtain

)\Jr 2 . _ 2 .
_— ) =0. 11
Differentiating the second relation in (8) and inserting into (9) yields the inequality
)\+ 2 . — 2 .
—q_ ) <0. 12
VR (€2 +4-) /\+7Lq+(q++q+)_ (12)
Combining (11) with (12) yields
)@ i) <0, (e~ g (@ i) <0
)\+_)\_ - + - ) =Y )\+_)\_ - + + +) =Y
which by the relation g > g_ gives
@ +4q->0, ¢i+q¢<0. (13)
The solution of the differential equation ¢®> + ¢ = 0 is given by q(t) = m. The differential
inequalities (13) then yield the bounds
) > — >0 ) > — <0 (14)
q-(t) 2 ———, t=0; q+(t) 2 ———~, t=0.
t+q-(0) t+q;'(0)



By (10) and the condition ¢4 > ¢— we have ¢—(0) < 0 and ¢+ (0) > 0. Note that lim; .+ f(t) = +o0,
hence by convexity of f we have lim;—.x: f(t) = +o0o and lim¢ s ¢—(f) = —oo. The right-hand
side in the first relation in (14) tends to —oo for ¢ — —¢~'(0), and hence A%} > —¢~'(0). Likewise,
limy_,x+ f(t) = +o0, hence lim;_,x+ f(t) = —oo and lim;_,x+ g4 () = +00. The right-hand side in the
second relation in (14) tends to 4o for ¢ — —¢'(0), and hence A* > —¢'(0).

A 1 AT 1 o . . A% AL .
We thus get ﬁ e v ()L Wb () Combining with (10), this yields )\i > y—. Finally,
inserting the values \_ = —y/vr — 1, Ay = \/%, A= =1L, A = ﬁ, we arrive at the desired
conclusion. [l

Corollary 3.2. Let K C R", n > 2, be a regular convex cone, and F' : K° — R a logarithmically
homogeneous self-concordant barrier on K with barrier parameter v. Then v > 2. O

If n = 2 and the bound on the barrier parameter given by Lemma 3.1 is saturated, then A} = A =

—¢~'(0) and A* = A_ = —¢;"(0). Inequalities (14) must be saturated too and f@t) = A—*ﬁ +

TaN A
A . . . . A A
P ——. This can be integrated, yielding f(t) = — v ~5—log(t —Ay) + P log(t — A_) + const,

thus determining the barrier F' up to an additive constant. It is not hard to check that F' is invariant

under the action of the Lie group exp(t - a) generated by the Lie algebra element a = (1) —17>
This group acts transitively on the set of rays constituting the interior of the cone K, and hence the
expression v, in Lemma 3.1 is independent of the choice of the interior point z* in this case.

4 Main result

In this section a lower bound on the barrier parameter v for a logarithmically homogeneous self-
concordant barrier F': K° — R on a given regular convex cone K C R" is obtained from Lemma 3.1
by the following consideration. Let z* € K° be an interior point of K, denote p* = —F’(z*), and let
Lq,..., L, be 2-dimensional linear subspaces containing x*. For fixed p* and for each i = 1,...,m,
application of Lemma 3.1 to the intersection K, = L; N K gives rise to a lower bound v} (p*) on v, and
hence v > max;=1,... m v/ (p*). If m is smaller than the dimension n of the cone K, then for subspaces
Li,..., Ly, in general position p* can be chosen such that max;—i . v (p*) = 2, and no information
is gained with respect to Corollary 3.2. If, however, m > n, then min,- max;,=1 v/ (p*) > 2 in
general, except in the case that K is the Lorentz cone. The goal of this section is to solve the minimax
problem miny max;—1 ... m v (p*) for the case m = n. We will work under the following assumption.

.....

Assumption 4.1. Let K C R" be a regular conver cone, let z* = (af,...,z5)T € K°, and let

Li,...,L, C R™ be 2-dimensional linear subspaces containing x*. Assume that there exist linearly
independent vectors e; € Ly NOK, i =1,...,n, and let y; € L; N OK be such that L; = span{e;, y;},
i=1,...,n. Let Iy be the line through the points ey and yy, and let zx be the intersection point of Iy
with the (n — 1)-dimensional linear subspace Ly spanned by all points e;, | = 1,...,n except ex. Let
ley 1y, 1z, and ly- be the linear hulls of ex,yr, zx, and x*, respectively. Then for each k = 1,...,n
the 4 lines le,,ly, 12, o are in Ly and hence coplanar, and no three of them are identical. Let
qk = [ley s low; Ly, . 12, ] be their projective cross-ratio.

Now let F': K° — R be a logarithmically homogeneous self-concordant barrier with parameter v,
set p* = —F"(z"), and let [x be the 1-dimensional intersection of the plane Ly with the kernel of the
linear functional p*. We shall express the projective cross-ratio ry = [le,, ly,; o=, lPZ]’ which determines
the bound v} (p*) from Lemma 3.1, in terms of the projective cross-ratios g; and the linear functional

*

p*.
Introduce a coordinate system in R™ with basis vectors equal to ej. Let pj be the elements of p*

in these coordinates. Note that p* is in the interior of the dual cone K*, and hence (p*,ex) = pj > 0
forallk=1,...,n.

In each of the planes Ly, consider the affine line I through z* which is parallel to l.,. Introduce
a real parameter A\ on I, putting the number A in correspondence with the point z* + Aex. Then
the intersection point of I with [, is the infinitely remote point and can be assigned the parameter



A\ = 400. The intersection point of I with ;- has parameter value A = 0. The coordinate vector of the
intersection point of I, with l., has a zero at its k-th entry and thus has parameter value A = —zj. Let
A be the parameter value corresponding to the intersection point of I, with ly,. Since the segment of
I corresponding to the parameter values A € [0, 00) lies in the interior of K, we have Ay < 0. Finally,
the intersection point of /; with [, is given by the equation (p*,x* + Aey) = 0, which yields the value
e = f@;’—f*) for the parameter of this intersection point. Note that i < Ak, because p* has to be
positive onkyk. We then obtain the projective cross-ratios

00 — Ak) — T Tk
(00 = o)(Ak M)y he 0t
= leal 711*7l =15 71 R 1
Tk [ e byn pk] (OO k)()\k 70) )\k + p]:)\k ( 6)
from which we get
TE + 1 2pz>\k
=1+ 7
’r‘k — 1 (p*) ‘/L‘*> ( )

Lemma 4.2. The relation 3, ., o qx > 1 holds.

Proof. Let I, = {k|qr >0} and Q1 =3 1/, -
If I, = @, then z* is in the nonpositive orthant by (15). Thus —z* is also in K as a linear
combination of the basis vectors e with nonnegative coefficients. This contradicts the regularity of K.
Hence I, # (. For every k, * + Agey is a positive multiple of y; and hence equals a nonzero

vector in 0K Consider the point s =37, o/ qr(#” + Aper) = (Q4 —1)z* + (:c* = Dker, :E,”;ek), where

the second relation comes from (15). As a linear combination of nonzero elements in K, with positive
coefficients, the point s is also a nonzero vector in K. The vector z* -3 x;ex has only nonpositive
P kely “k

components and is hence in —K. It follows that (Q4+ — 1)z* = s — (:L'* = Dker, :cZek) is a nonzero

vector in K, which implies Q4+ > 1 and proves the lemma.

By Lemma 3 1, the barrier parameter v of the barrier F' is bounded from below by the expression
1,7“‘ This bound still depends on the negative gradient p* of F' at *. A lower bound
T—1

on the barrier parameter of an arbitrary logarithmically homogeneous self-concordant barrier on K is

then given by

2 2

(18)

Vs, — min max
p* k 1— re+1
r—1

re+1 ‘ ’

‘ 1 — min,~ maxy, -

where p* is subject to the constraints (p*,er) > 0, (p*,yx) > 0 for all k = 1,...,n. By (17) this
transforms into

2
Ve = . (19)
1 — min,- maxy ‘1 + o k;)
where the components of p* have to satisfy the requirements p; > 0 and 7(1’;’_{3 = M < i Equiva-
k
1

lently, 0 < <p < T )

Introduce variables o = 1 + éz’“;\f) € (=1,1). These variables have to satisfy the additional

requirement » ,_, an/\ lxz = 1, which by (15) is equivalent to ZZ:1 —2qr, = 1. We shall now solve
the minimax problem

ax € (~1,1), anl_;‘qu:1}. (20)

min {max |k
¥ k=1

|Zk 9k — 2|

Lemma 4.3. The value of problem (20) is given by S aT < 1.



Proof. First note that Y, |gx| > >, qx and hence Y, g —2 < >, |qx|. On the other hand, by Lemma

4.2 we have >, (qx + |qx|) > 2 and hence 2 — 3", qi < >, |qx|- It follows that % €[0,1). Tt is

easily checked that this value is attained by the solution oy, = o, = % sgngqr € (—1,1).

On the other hand, every feasible vector & = (e, ..., a,)7 has to satisfy the constraint Y, argr =
> ok Gk — 2. It follows that (maxy [ax|) Y, [ar] > Dok lowllar| > | 2ok @k — 2|, which yields maxy, oy | >
|Zk q}c_2|

O

ST and thus proves optimality of the solution oy = o.
k

Inserting the optimal value of (20) into (19), we obtain the following theorem.

Theorem 4.4. Under Assumption 4.1, the barrier parameter v of any logarithmically homogeneous
self-concordant barrier F on the cone K is bounded from below by the quantity

2
Vy — —————.
1— |Zka*2|
Zklfbcl

5 Properties of the lower bound

In this section we will consider the bound given by Theorem 4.4 in more detail.

Lemma 5.1. Assume the conditions of Assumption 4.1. Let I C {1,...,n} be such that the vectors in
the set {yx |k € I} U{er |k & I} are linearly independent. Then the bound in Theorem 4.4 is invariant
under an interchange of the points ey, and yy, for all k € I.

Proof. The exchange of yj, and ey, leaves the subspace Ly and the line /,: invariant and hence by (4)

leads to the transformation rj — 7’,;1 in (16). This in turn leads to the transformation %J—% s — Dl

rE—1
The set of constraints (p*, ex) > 0, (p*, yx) > 0 is also left invariant, and hence by (18) the value of v,
is left unchanged. [l

Remark 5.2. The assertion of Lemma 5.1 cannot be easily inferred directly from the explicit expression
of the bound v, in Theorem 4.4, because the exchange of e; and yi for one index k changes the lines
l,, for all | # k and hence all projective cross-ratios ¢; in (15) are changed.

Lemma 5.3. Assume the conditions of Assumption 4.1. There exists a subset I C {1,...,n} of indices
with complement I such that the set {ey |k € I}U{yx |k € I} is linearly independent, and x* is a linear
combination of the vectors in this set with nonnegative coefficients.

Proof. The assertion of the lemma will follow from the statement that we can render all entries of z*
nonnegative by exchanging the vectors ej, and yj, for a number of indices k£ and adapting the coordinate
system accordingly. Let us prove this statement.

Suppose there exists an index k such that x7 < 0. Recall that z; is the unique point on [}, situated
in the linear subspace f/k spanned by all e; except e;. Therefore, linear dependence of the vectors
€ls. -3 €k—1,Yks Ck+1,---,Cxn is equivalent to the relation 2z, = y. Since xj, < 0, the line /.~ intersects
l; in a point opposite to e with respect to zi. But yi is opposite to e, with respect to I« in L, hence
zkx # yk. This proves that we can exchange the roles of e and y; without violating the condition of
linear independence of the points e;.

Assume without restriction of generality that z* is situated on the line segment between e; and
yr. This is equivalent to multiplication of z* by a positive constant and does not change the signs

¥ —xjep

of the entries . We have the explicit expression zp = ——E=, deriving from the condition that
k

zk is the affine combination of e; and z* whose k-th entry vanishes. On the other hand, we have

Y = %, deriving from the condition that yj is the affine combination of e; and z* which is a
multiple of z* + Agey. It follows that
o _ TR+ M) Ae(1 — z}) (14 Ar) Ae e
Tt = 2k = + ¥ —xrek). 21
Ak + z} Y Ak + z} b )\k—l—xz Yk Ak +I;;( k k) ( )



Note that x* — zjex is a linear combination of the points ey, ..., ex—1,€x+1,- .., ey, With coefficients
being equal to the corresponding entries of z*. From (21) it then follows that the coefficients Z; of x*,

when expressed as a linear combination of the vectors ey, ..., ex—1, Yk, €x+1, - --,€n, are given by
e TR+ M) . Ak
k = 7k m 5 Il xl 5 Z 7é k
A + zy, A +x

Since x* is situated between yi and z; on the line [ and is different from these points, we have by

(21) that x’;\(lrgg\’“) > 0, % > 0, and hence also A

of zj for | # k, Whlle 2y, is positive.
As a consequence, exchanging e; and y; has lead to a decrease in the number of negative entries of
z* by one. Repeating this process, we can eliminate all negative entries of z*. O

> 0. Therefore the sign of Z; equals that

Theorem 5.4. In addition to Assumption 4.1, suppose that x* is contained in the simplicial cone
generated by the vectors er,. Then the lower bound in Theorem 4.4 is given by

> .
Vo= Senm Zk® <% (22)
Zk qk Zk qr > 2.

Proof. Choose a coordinate system in R™ with basis vectors ex, k = 1,...,n. Then by assumption of
the theorem all entries of 2* are nonnegative, and by (15) all projective cross-ratios ¢, are nonnegative.
Then the bound in Theorem 4.4 simplifies to (22). O

We now consider the situation when ¢ = 0 for some k. In this case x* = z; is contained in the
(n — 1)-dimensional linear subspace Ly C R™ spanned by all e; except eg. For every | # k, since both
e, " are in Ly, we also have y; € L. We can then apply the construction of the previous section
to the n — 1 2-dimensional subspaces L1, ..., Lx—1, Lit1,..., Ly of the n — 1-dimensional cone K =
K N L. Since all q;, I # k, retain their values in the lower-dimensional space, and Zlnzl a=>, 2k Q5

Yo lal = > 12k |l by @ = 0, Theorem 4.4 will yield the same bound v, for the cone K as it has
for the cone K. In other words, in the case ¢ = 0 the bound given by Theorem 4.4 for the cone K
is essentially a consequence of a similar bound for the cone K, which is a linear section of K with
codimension 1.

Lemma 5.5. Assume the conditions of Theorem 5.4. Then for all k =1,...,n we have qx < 1, and
for all index sets I C {1,...,n} of cardinality n — 1 we have ), . qx > 1.

Proof. Assume the notations of the previous section. Since the simplicial cone Kg generated by the
vectors ey, is contained in K, the interval Ig = [ N Kg is contained in the interval Ix = I N K for
every k = 1,...,n. Note that y; is the endpoint of Ix opposite to ex, while z; is the endpoint of Ig
opposite to ex. Hence yy, is situated on [ opposite to e, with respect to 2y (but it may coincide with
zr). Recall that the parameter of the intersection point of l., with Iy was A = 400, the intersection

point of [, with I, had parameter \ = —x7, and the intersection point of [, with I, had parameter
A = Ag. Therefore A\ < —zj, which by (15) yields ¢ < 1.
Let us prove the second part by contradiction. Suppose there exists a subset I C {1,...,n} of n—1

indices such that »,_; qx < 1. For I € I, define a; = > 0. We then have

q1
1= ker 9k

1
¥ + a(l+N)y =« + ¥+ Ne) = ———— | 2" — zie |,
> 21 Zkqu( A S >

lel lel lel

where for the second equality we used (15). The leftmost side is the sum of an interior point of K and
boundary points of K and is hence also an interior point of K. On the other hand, the rightmost side
is proportional to e;, where k is the index missing in I, and is hence a boundary point of K. This
leads to a contradiction, thus proving the lemma. O



Corollary 5.6. Assume the conditions of Theorem 5.4. Then the bound given in Theorem 4.4 satisfies
vs < n. The equality v, = n holds if and only if K is either a simplicial cone with generators ey, ..., en,
or a simplicial cone with generators yi,...,Yn.

Proof. By (22) the first assertion of the corollary is equivalent to the inequalities
n
< <n.
=Y

These can be obtained by summing the inequalities gx < 1, >, ;g > 1 from Lemma 5.5 over all
indices k or all index sets I of cardinality n — 1, respectively.
Assume now that v, = n. By (22) we then have either ), qx = -5 or >, qx = n.

Let us consider the first case. By Lemma 5.5 we have ¢q;, = ﬁ for all k, and hence A\, = —(n—1)z}.
Note that y;, is a positive multiple of the point 2* + Agex, hence y, = B (z* — (n — 1)zjer), Br > 0 for
all k. Let k€ {1,...,n} and I = {1,...,n} \ {k}. Then we have

D Bty =Y (2" = (n— Dajer) = (n = )ate;,

kel kel

and e; is contained in the relative interior of the convex cone generated by the set {yx |k € I}. But
e;, € OK, which implies that this cone is entirely contained in K. Repeating this argument for all 12:,
we see that the boundary of the simplicial cone generated by the yj is contained in 0K . On the other
hand, ") _, ﬂk_lyk => i ("= (n—1)z}er) = 2* € K°, which implies that the points yj, are linearly
independent and that K equals the cone generated by the yy.

We now pass to the case >, gx = n. By Lemma 5.5 we have ¢ = 1 for all k. This is equivalent
to the relations yr = zx, and yj is contained in the cone generated by the set {e; |l # k} for all k.
Moreover, it follows that z; € 0K and hence 2, # x*, which implies z; > 0 for all k. By A\, = —zj,
we then have that y, is a positive multiple of 2* — xjer = Z#k xyer, and yy, is in the relative interior
of the cone generated by the set {e; |1 # k}. As in the previous paragraph, this whole cone must then
be in 0K for all k, and K contains the boundary of the simplicial cone generated by the ex. Thus K
equals this simplicial cone. This proves one direction of the equivalence asserted in the second part of
the corollary.

Let us prove the opposite direction. Assume that K is a simplicial cone generated by either the
vectors ej or the vectors yi. By possibly exchanging the roles of e; and y; for all k, we by virtue
of Lemma 5.1 can assume that K is generated by the e;. The line [ intersects 0K in e, and in the
face opposite to ey, which implies that the second intersection point yi coincides with z;. But then
A = —x; and ¢ = 1 for all k, which by (22) yields the assertion to be proven. O

Theorem 5.7. Assume the conditions of Assumption 4.1. The lower bound v, given in Theorem 4.4
cannot exceed the dimension n of the cone K. The equality v, = n holds if and only if K is a simplicial
cone with generators éi,. .., e, such that & € {eg,yr} for every k=1,...,n.

Proof. The theorem is a consequence of Lemmas 5.1, 5.3, and Corollary 5.6. O

6 Relation with Nesterovs and Nemirovskis bound

In this section we deduce the lower bound of Nesterov and Nemirovski, applied to convex cones, from
our result. Proposition 2.3.6 in [4] states that if C C R"™ is a convex polytope and e, € 9C is a
boundary point belonging to exactly k (n — 1)-dimensional faces of C, such that the normal vectors
to these faces are linearly independent, then k is a lower bound on the barrier parameter of any self-
concordant barrier on C'. We are interested in the situation when C' is a cone and prove the following
slightly stronger result for this case.

Theorem 6.1. Let K C R™, n > 3, be a regular polyhedral convex cone, let epy1 € OK be a nonzero
boundary point belonging to exactly k (n — 1)-dimensional faces of K, 2 < k < n — 1, such that the
normals to these faces are linearly independent. Then v, = k + 1 is a lower bound on the barrier
parameter of any logarithmically homogeneous self-concordant barrier on K.



Proof. By an appropriate choice of coordinates, we can assume that exr; = (1,0,...,0)T, the set
{x = (z0,...,2n_1)T € K |29 = 1} is a compact section of K, and there exists a neighbourhood U of
ex+1 such that r c UNK ifand only if x € U and z; <0, j = 1,...,k. Let us further assume without
restriction of generality that £k = n — 1, otherwise we replace the cone K by the (k 4 1)-dimensional
intersection KNL, where L C R™ is the (k+1)-dimensional linear subspace determined by the equations
Tyl == Tp-1=0.

Set 2* = (1,—¢,...,—&)T, ¢; = (1,—¢,...,—¢,0,—¢,...,—)T, j = 1,...,n — 1, where the zero
is located at position j. For small enough € > 0 we then have 2* € K° ¢; € 0K, j = 1,...,n.
Let further [; be the line through z* and e; and let y; be the intersection point of [; with 0K
opposite to e;, j = 1,...,n. We then have y; = (1, —¢,...,—¢,—aj,—¢,...,—e)  forj=1,...,n—1,
Yn = (1, —an, ..., —ap)T, and lim._ga; > 0forallj =1,...,n. Fori € {1,...,n}, denote by L; cR"
the (n — 1)-dimensional linear subspace spanned by all e; except e;, and let z; be the intersection point
of L; with the line /;. It is not hard to check that z; = (1,—¢&,...,—&,—Bi,—¢&,...,—e)li=1,...,n—1,
2n = (1, =By .., —Bn)T with 3; = 52—:3, i=1,...,n—1,and 3, = 52:?. For n = 3 the line [; does

not intersect L;, i = 1,2, and we set 31 = (Jo = oo in this case.
The projective cross-ratios (15) are then given by

n—2 Q;
= 0. —e: —qp. — = J i=1,...,n—1;
q_] [ b 57 a]) Enig] (77,72)(0[‘7 75)7 .7 b 7n I
n—2 —ay,
= 0 —E. — — = .
an = [0, =& =, Enfl] (n—2)(ay, —€)
Theorem 4.4 then yields the lower bound
2
YT IR ) o 22|
17 j=1 aj—i QZ‘;E

Jj=1 aj—e

on the barrier parameter of any logarithmically homogeneous self-concordant barrier on K. The relation
lim. g v+ = n completes the proof. [l

Corollary 6.2. Let n > 3. The epigraph of the || - ||oo-norm in R*~1,
Knoo ={(z0, ..., 2n-1)" |20 > |z4| Vk=1,...,n— 1} CR", (23)

cannot have a logarithmically homogeneous self-concordant barrier with barrier parameter less than
Ve = M. O
An optimal barrier for the cone K, o is given by

n—1
F(zg,...,¥pn-1)=— Z log(x3 — %) + (n — 2) log zo. (24)
k=1

For a proof see the appendix.

Note that since every convex quadrangle is projectively equivalent to a square, the barrier (24) for
n = 3 yields an optimal barrier also for an arbitrary regular polyhedral cone K C R? which is generated
by 4 extreme rays.

7 Further examples

7.1 Power cone
The power cone is a 3-dimensional regular convex cone defined by
Ky = {(u,0,w)" [u>0, v >0, u/Po7 > |uwl}, (25)

where p € (2, 00) is a parameter and %Jr% = 1. In [3] Nesterov proposed a logarithmically homogeneous
self-concordant barrier with barrier parameter v = 4 for this cone. In [1] a logarithmically homogeneous

10



self-concordant barrier with barrier parameter v = 3 was proposed and a logarithmically homogeneous
function with homogeneity parameter v = 3 — % was conjectured to be self-concordant. We shall
now give a lower bound on the barrier parameter of any logarithmically homogeneous self-concordant
barrier on K.

Consider the compact section D = {(u,v,w)" € K, |u+v = 1} of K,. Introducing the variable
p=u—v € [—1,1], we can parameterize D by (p, w)?. Inserting the relations u = %p, v= 1;2‘) into the
inequality defining the cone K, we see that D is given by the set {(p,w)” | |p| < 1, (1+p)/P(1—p)!/7 >
2|w|}.

Let now v > 0 be the unique positive root of the transcendent equation

g(1+7719) = p(14+~717). (26)
(1—p3)(1+p2)
(I+p3)(1—p2) "
of pa by p3 = %&:53. Define further wy, = (1 + o) YP(1 = pp)t9, k= 2,3.

Set e1 = (1,007, y1 = (—=1,0)7, e2 = (p2,w2)", y2 = (p3, —ws3)”, e3 = (p2, —w2)T, y3 = (p3, w3)”.
All these 6 points are located on the boundary of D, and the lines Iy, through eg, yr, & = 1,2, 3, intersect
in the common point z* (% 0)”, which lies in the interior of the triangle formed by the eg.
The line I; intersects the line through ez, e3 in the point 21 = (p2,0)”, while I3 intersects the line
through e1, e2 in the point

Choose pa, p3 € (—1,1) such that ps < p3 and v = Then ps can be expressed as a function

by = 1 <p2w3(1 — p2) + w2(2p3 — p2p3 — P2))

(1= p2)(ws + w3) + wa(ps — p2) wa (w2 (1 — p3) +ws(1 — p2))

From this we readily compute the projective cross-ratios

_ 2wa(p3 — p2)
U= A o) (wa( b pa) bl p2)) 27)

wa(1 = p3) + ws(1 — p2)

- 28
= 2w3(1 — p2) (28)
and hence
qulf 21+ ps)(wa(l — ps) +ws(1—pa)) _ 1497
(1= po)(wa(l+ ps) +ws(L+p2))  1+AV7
By (22) we then obtain
_ B L4 Al/P
V**Q1+q2+q371+m. (29)

Corollary 7.1. Let K, C R? be the power cone given by (25) with parameter p > (2,+00). If F is
a logarithmically homogeneous self-concordant barrier on Kp, then its barrier parameter satisfies the
inequality v > 1+ % 1+ 1/q, where v is given by (26) and X + =1. O

In Fig. 1 the lower bound v, as a function of p is deplcted along with the barrier parameters of the
barriers proposed in [3] and [1]2.

7.2 Epigraph of the || - ||, norm

Next we consider the epigraph of the || - ||,-norm in R? for 1 < p < oo, i.e., the 3-dimensional cone
Kz p = {(wo,21,22)" |20 > (Jz|" + |22[P) /7). (30)

In [3] Nesterov proposed a method to construct a logarithmically homogeneous self-concordant barrier
with barrier parameter v = 20 for this cone if a logarithmically homogeneous self-concordant barrier
for the corresponding power cone K, is available which has barrier parameter 7. In [1] the universal
barrier [4, Sect. 2.5] for K3, was computed and a barrier parameter v = 3” (p > 2) for this barrier

2As noted by an anonymous referee, expression (29) can be rewritten as 2 + (1 — q/p)’yl/p.
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Values of the self-concordance parameter

45+ -
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Figure 1: Barrier parameters of barriers for the power cone and lower bound

was conjectured on the basis of randomized numerical experiments. We shall now give a lower bound
on the barrier parameter for any logarithmically homogeneous self-concordant barrier on K3 p,.

For p = 2, K3, is the 3-dimensional Lorentz cone, whose optimal barrier parameter is 2. For p =1
and p = 0o K3, is a polyhedral cone with 4 extreme rays. This case was considered in the previous
section, where it was established that the optimal barrier parameter equals 3.

Let us consider the case 2 < p < oo. Let v € (0,1) be the unique solution of the equation
(1- %)fyl_l/p +(1— %)71_2/1’ — 5 = 0. Note that this definition coincides with (26). For § € (0, 1), set

P2 = 1- 67 pP3 = 1- 755 W2 = (1 - pg)l/p7 w3 = (1 - Pg)l/p (31)

Consider the compact section D = {(p,w)T | (1, p,w)T € K3} of the cone K3, and let ey, ea,e3 € D,
z* € D° be as in the previous subsection. Then the projective cross-ratios q; will be given by the same
formulas (27), and

w3 (1 = p3) —wi(1 — p3)

G +q+g3=2+ . 32

LR s =2 T ) (a1 + pa) + (1 ) 32)

Now note that % is a strictly monotonely decreasing function for « € (0, 1), hence 1;—;5 < 1;—53
z 3 2

and g1 + g2 + g3 < 2. By (22) we then get the lower bound

L _@tata w3(1—p3) —wi(1—p3) —as (ws/w2)*(2 = §) — (2 — 79)
g teta—1 wa(1 + p3)[ws(1 — p2) +wa2(1 — p3)] (2 = 70)(ws/wa +7)
We have y 1
N O T e C T ) O R AT € o 1) L N
W (%li% 1-(1_4) =\ T = - (33)
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and therefore
72/p —v Vl/p _ 71—1/1)

71/P+f}/_ T ]_+f}/1*1/17

)

limv, =2+
5—0

which, remarkably, coincides with (29).
Let us now consider the case 1 < p < 2. Let v € (0,1) be the unique solution of the equation
(% —1)y/P 4 %72/1”71 —(1- ;1)) = 0. For 6 € (0,1), define pa, p3, we, w3 by (31) and let e1, es,e3 € D,

1—a? :
W 1S NOW a

x* € D° be again as in the previous subsection. Then we again obtain (32), but =

2 2
strictly monotonely increasing function for « € (0,1). Hence % > 122 and q1+q2+q3 > 2. By

w3
(22) we then get the lower bound

(wa/w3)*(2 = 70)y — (2 -9)
(2—90) +wp/w3(2 —~5)

Ve =q1+q+q3 =2+

As in (33) we get lims_o %2 = ~~ /P, which yields

w3
N1=2/p B A=/ A1/p

%E%V*:2+ 11 ~-1/p =2+ 1+~1/p

Note that this again coincides with (29), but with p and ¢ interchanged.
Combining these results, we get the following lower bound.

Corollary 7.2. Let K3, C R® be the epigraph of the || - ||,-norm given by (30) with parameter

p € [l,00]. Setc= min(%, 1- %) €10,3] and let v € [0,1) be a solution of the equation (1 —2c)y*~¢+

(1 —c)y'72¢ —c = 0. If F is a logarithmically homogeneous self-concordant barrier on K, then its

barrier parameter satisfies the inequality v > 1+ 1}:;?;. O
As already noted, as functions of p the lower bounds given in Corollaries 7.1 and 7.2 coincide.

Remark 7.3. The choices of the points e, and z* in Subsections 7.1 and 7.2 are optimal, i.e., the bounds
in Corollaries 7.1 and 7.2 are the best possible which can be obtained with our method.
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A Self-concordance of function (24)

In this section it is proven that the function F' given by (24) is a self-concordant barrier for the
cone K, o defined in (23). The proof is due to an anonymous reviewer. It replaces the much more
complicated proof from the first version of the paper.

Consider the positive orthant Ri_l with its optimal barrier FRi—l(y) = - 2;11 logyr. As a

homogeneous cone, it has rank n — 1. From this cone we construct [2, Sect. 3] (see also [4, pp. 165—
166]) a homogeneous cone of rank n and dimension 2n — 1,

SCRY ™, B) = {(y,z,m0) e R" ' x R" ' x R|z >0, zoy — B(z) e R '},
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where B : R"~! — R’ is a symmetric vector-valued bilinear form given by B(z) = (23,...,22_;)T.

y¥m—1
An optimal barrier for the cone S C’(R’_fl, B) with barrier parameter n is given by [2, Theorem 4.1]

n—1
FSC(RleB)(y, x, o) = FRi—l (y — 25 ' B(z)) —logzg = — Z log(zoyx — 1) + (n — 2) log xo.
k=1
Now the intersection of the cone SC' (Ri_l, B) with the linear subspace given by o =y1 = -+ = yn—1

is isomorphic to the cone K, ~, and the restriction of the barrier FSC(]Rnfl B to this intersection
T
induces the function F' on K,, . This proves that F' is actually a self-concordant barrier.
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