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~ HETEROGENEITY IN MECHANICS OF COMPOSITE
STRUCTURES

CzESLAW WOZNIAK
Institaie of Fundemental Technological Rescarch, Werssw

The aim of this contribution is to establish the theoretical basis for calcula—
tions and design of macroscopically hetemgdeeneodm composite structures. The

” apparent” properties of such structures on position in the body. The
considerations are carried out for determmmc description of linearly elastic
composites with perfect bonding between material constituents.

1, Intioductiqn

Compaosites on a microscopic scale (but large enongh to apply contmuum me-
chanics) are aggregates comprising two or more distinctly different homogeneous
materials which on a macroscopic scale form together a new medium with "appa-
rent” properties different from those of the individnal constituents. Thus by the
definition every composite is a micro-heterogenecus material continuum endowed
with certain macro-properties. If the macro—properties are constant throughout
the whole structure then the composite under consideration is said to be macrosco-
pically homogeneous. However, in modern engineering systems we also encounter
composite structural elements in which macro—properties ate functions of posi-
tion in the body. This fact leads to a natural definition of macro-heterogeneous
composite structures. They are structures that are not made of one standardi-
zed composite material but possess different desired macro—properties in different
parts. The macro-heterogeneity of the compaosite structure can be establish by

o the curvilinear shape of structural elements such as curved fibrous rods
and/or laminated shells,

' the desired geometrical arrangement of the reinforcement (direction of fibers) |
- in the vicinity of holes and notches of structural elements,

e the variable volume percentage of constituents due to the desxred physxcal .
propert:es in different parts of the structure,



o the complying with the cost constraints by replacing a high—cost fibers or
particles in a common matrix by a low-cost ones in the lower stressed regions
of the structure. ‘

‘Generally speaking, the macro—heterogeneity of a composite structure allows
one to achieve better design specification of this structure than that for a macro-
homogeneous (standardized) composite. This is a global hybridization philosophy
the aim of which is the conjunction of the local macro—properties of the composite
material with the global design of the specific structural element, Thompson [7].

The list of papers and textbooks on micro-macro mechanics of composites is
very extensive and will be not discussed here. The theoretical considerations are
mainly devoted to the macro-homogeneous structures and homogenization theories
(cf Jones [3], Christensen [2], Sanchez Palencia [6]). The aim of this contribution is
to propose a general method of mathematical modelling for macro-heterogeneous
elastic composite structures. The main attention is focused on the formulation
of engineering models for such structures which can constitute a theoretical basis
for both the design processes and numerical calculations. The proposed approach
takes into account certain ideas of the non-standard method of modelling (cf
Woiniak (8]), but emphasis is placed on some heuristic assumptions rather then
on rigorous treatment through the non—standard analysis (<f Robinson [5]), or
the a.ymptotic methods (cf Bensoussan et al. [1]). All considerations are carried
out in the context of the linear elasticity theory, under assumpiion of the perfect
bonding between material constituents of the composite and for the deterministic
description of the spatial distributions of canstituents. We start in section 2 with
the preliminary concepts related to the macro-heterogeneous composites which
enable us to develop the proposed method of modelling. Section 3 is devoted
to the heuristic hypotheses which constitute the basis for modelling. In section
4 we derive the general governing equations for macro-heterogeneous composite
structures. In the last section the obtained results are transformed to the form of
an engineering theory which create a basis for calculations and design of macro—
heterogeneous composites. »

k Notations. Throughout the paper subscripts 4,7,k,l,m,n take the values

1,2,3 being related to the cartesian orthogonal coordinate system 0z;z,z3 in the
referential space. The sub- and superscripts a,b run over 1,..., M if not stated
otherwise and a,f take the values 1,..., N. The summation convention holds for
all aforem=ntioned indices. Moreover, superscripts A, B take the values 1,...,R
and a superscript s run over 1,...,5. The points in the referential space are
denoted by = = (z;), r = (r:), p¥ = (»F), E = 1,..., P. Symbal r stands
for the time coordinate, 7 € [ro,7¢]. By f(-)]I we denote the restriction of
an arbitrary function f(-) to the subdomain II. Function f(.), defined on a
certain subdomain of R3, after translation of R3 by the vector —r, is denoted by
J(r +¢). Symbol 2 has to be read "is a close approximation of”; it is assumed



that from the numerical viewpoint two mathematical entities ¢ and ¥ related
by ¢ = ¢ can be treated, with a sufficient accuracy, as identical. if ¢ and ¢
are differentiable functions then we assume that close approximation ¢ = ¢ also
implies the close approximation of all derivatives of these fields. Moreover, if ¥ is
an argument of a certain function k(-), then ¢ ¥ ¢ implies h(p) = h(%).

2. Preliminaries

- From the formal point of view by a composite structure we shall mean the
triple S = (2,p(-), aijai(-)) where £ is a regular region in the referential space
occupied by the structure in its undeformed and unstressed state, p(-) is the mass
density scalar field and a;;(-) is the elastic modulae tensor field. The fields
p(+), @ijui(-) are defined almost everywhere on 2 and assumed to be piecewise
constant (constant in all regions occupied by an arbitrary but fixed constituent
of the composite); as a rule they are highly oscillating fields. For the sake of
simplicity by the structure S (or by a structure without the specification) we
shall understand a material body endowed with the composite structure .

A base for the analysis of macro-heterogeneous structures creates a decom-
position of 2 into disjoined volume elements II4 called mezzo volume elements
(m.v.e.): 2 =yll4, A =1,..,R. Every m.vee. should be a small piece of a
structure § in which all micro heterogeneities can be detected but large enough
to represent the "apparent” material properties of the structure in the vicinity
of m.v.e. To this end we have to assume that the adjacent m.v.e. (except those
possibly separated by an interfacial singular surface in §2) have, roughly speaking,
almost identical distribution of material constituents. It has to be emphasized that
the remote m.v.e. can have distinctly different distribution of constituents. Such
situations are typical for many structural elements encountered in engineering and
industry, such as fibrous curved rods or laminated shells. Let r# be a geometrical
center of 114 and define HI(r4) =14, A = 1,..., R. Setting V(r4) = I(r4) - r4
we shall represent the distribution of material properties in every m.v.e. II(r4) by
means of functions p(r? +9), ai;u(r? + y) defined for almost every y € V(r4);
the above functions will be denoted by p(r4 + o)|V(r4), a;;u(r + -)lV(rA),
respectively (cf Notations).

The first step in the proposed line of modelhng is to construct a discretized mo-
del of every V(r#), 4 = 1,..., R. To this end we approximate V(r4) by V!(r4),
and we assume that Vl(rA) is a sum of certain disjoined mezzo—finite elements
and their boundaries. Setting II'(r4) = V!(r4) + +4 and 2! = YII(r4),
A =1, ..., R we also assume that 2' = (2. At the same time we shall approximate
functions p(r4 + o)[V(r4), ai;u(r4 + ¢)[V(r4) by functions p'(r4 + ¢)[V1(r4),



al;u(r® + ¢)|V?(r4), respectively, which are constant in every mezzo-finite ele-
ment of V1(r4). This procedure will be referred to as the mezzo-—discretization.
In order to simplify the subsequent considerations we shall restrict ourselves to
the tetrahedron or triangle finite elements and denote by yrirt),a=1,.., M,
the nods of the triangulation in V'(r4) and by p*(r4),a =M +1,. .M+ T,
the nods on the boundary 8V!(r4). Moreover, for every pair of adjacent m.v.e.
Ti(r4), I(rB) (such that OIi(r4) N AI(rB) # P is not an element of any singular
surface in £2) we have y*(r4) = y*(rB) fora=1,..,.M + T.

Let I be the largest characteristic length dimension of m.v.e. I(r4), A =
1,..,R, and B(r4,l) stands for a ball in R® with center 4 and the radius [.
The next step in the proposed line of modelling is a formal smoothing operation
for these mathematical entities introduced above which are defined on the set of
points r4, A =1,...,R. To this ead for ¢ = 1,..., M + T, let be known a certain
interpolation of the discrete function #*(r!),y*(#?),...,¥*(*®) by a differentiable
function g*(e) defined on {2 and satisfying the close approximation conditions
¥*(z) = y*(r4) for every z € B(rA,1), A = 1,..., R. Let us observe that, for an
arbitrary but fixed » € II, vectors g*(r), a = 1,..., M + T, uniquely determine
the discretized region V1{r) being treated as the triangulation nods; if r = r# for
some 4 = 1,..., R, then this discretization has to be a close appraximation of the
aforementioned discretization of V?(r4). Hence we obtain the piecewise constant
functions p'(r+ y), alj(r + y) defined for almost every (a.e.) y € V(r), which
_constitute the close approximation of the introduced above functions p'(s + ¥),
a'(r* + p) defined for a.e. y € V}(r4), respectively, provided that r € B(r4,1).

" The last step of these preliminary considerations leads to a family of certain
auxiliary composite structures which will be called fine composite structures. To
define such structures we introduce a positive variable parameter &, sufficiently
small compared to 1, 0 < ¢ €« 1. It is assumed that all terms of an order
€ can be neglected in the subsequent analysis. Variable parameter ¢ does not
possesses any direct physical meaning but will play a role of a certain modelling
micro-parameter.

Remark 1. Using the nonstandard analysis (cf Robinson [5]), as a mathe-
matical tool of modelling we postulate that ¢ is not a variable parameter but an
infinitely small constant (cf Wozniak [8]). In the rigorous asymptotic treatment -
(<f Bensoussan [1]), we have to assume that ¢\ 0.

Let us assign to every €, 0 < € € 1, a certain smoothing operation leading
for every r € 2 to a discretized set V?(r) and to piecewise constant functions
p'(r+e), al;,,(r+e) defined almost everywhere on V'(r); for the sake of simplicity
the dependence of V'(r), p*(r +¢), aj;y(r + ), r € 2, on ¢ is not indicated
explicitly but has to be remembered. Now for an arbitrary but fixed ¢ we define



Ve(r) = eVi(r), I(r) = Vi(r) +r,r € 2. Let L* bea discrete set ofpomts
in §2 such that II*(r), r € L%, are dxs_]oxned volume elements and ¢ = {JI*(r),

r € L%, is a closure of a regular region {2¢ which constitutes a close approximation
of 2. These requirements impose the extra conditiars oo the smoothing operation
assigned to the parameter &. Setting

pFr+ey)=pi(r+y) S
aj;u(r+ EI) = aju(r+9) S . (2.1}
for ae. gE€ V‘(r) rel’

we arrive finally at the family of fields p*(e), af;;;(¢) defined a.e. on the reg:on
12*. Hence every triple

Se = (2,05 (o), afjui()) ocect (22

repmaﬁ:ts, from a purely formal point of view, a certain composite stractare which
will be referred to as the fine (or micro) composite structure.

Remark 2. The form of the fine composite structures S, 0 < ¢ < 1,
depends oa the postulated smooth interpolations y*(2), 2 € 2, of the discrete
functions 9*(rd), A = 1,..,R, for a = 1,..,M + T; assigned to every =,
0<e<l. Fa'valn_uof esmnﬂmnghthxsdependmcemmdemtpmnded
that the close appraximation conditions y*(z) = y*(rt), £ € B(r4,i), hold for
every A=1,...,R and every @ = 1,..., M + T. By using the nonstandard analysis
approach, where ¢ is an infinitely small constant, it can be easily shown that
= = JI*(r), r € I, is a fine partitign of 2 into infinite number of infinitely
small volume elements I*(r), r € L¢, cf Robinson 1966.

The formally introduced family of fine composite structures S,, 0 < ¢ € 1,
will play a crucial role in the line of reasoning leading to engineering macro-models
for the structure S under consideration. It has to be emphasized that tke macro-
models of 5 have a physical sense only if the natural decomposition of 2 into
m.v.e. l'IA, , R is, roughly speaking, fine enough”. This requirement
invalves not only tﬁe shape of 2 and the value of the maximum characteristic
length dintension { of m.v.e., but also the characteristic length dimensions related
to the boundary and initial conditions for the structure S under consideration.
In order to specify them we denote by u2(e, ) the boundary displacement fields
defined on the part A of 32 (where mesA > 0),by t/'(e, 1) the boundary loading
fields defined a.e. on I' = 92\A and by uZ(e). v"(o) the initial displacement
and velocity fields, respectively, defined on f2. We shall restrict ourselves to
problems in which the boundary and initial conditions are uniquely determined by



the following three-touple of external agencies
(oo = (uf(e, )t (s, 7)), u(e),v(s)) Aulf=0n (23)

which is assnmed to be known a priori. To simplify the subsequent investigations
we shall also assume that the body forces acting at the structure are described
by the known constant vector b;. The minimum characteristic length dimension
related to (2.3) (i.e. to the geometry of 2, A and I, to the space and time distri-
bution of boundary loadings and displacements as well as to the space distribution
of initial displacements and velocities) will be denoted by L. In the sequel we
shall restrict ourselves to the physical situations in which the ratio A = I/L is
sufficiently small compared to 1, A « 1. In this case the external agencies (2.3)
will be referred to as admissible for the structure S under consideration.

By the response of the structure § to the agencies (2.3) we shall mean the
displacement and stress fields u;(e,7), 0;;(s, 7), respectively, which have to satisfy
the known boundary and initial conditions determined by (2.3). The response of
an arbitrary structure S, to the same external agencies (2.3) will be denoted by

1(. T)s Ug](. T)s TE [TOva]

3. Basic assumptions and modelling hypotheses

The basis for the mathematical modelling of macro-heterogeneous compasite
structures will be given below in the form of three heuristic hypotheses. The first
and second of them are related to the expected behaviour of the formally introdu-
ced fine compuosite structures S,, 0 < € < 1. The third hypothesis interrelates the
behaviour of the composite structure S under consideration with those of the fine
composite structures §,. The considerations will be carried out for an arbitrary
small enough but fixed ¢,0 < ¢ < 1.

In order to formulate the first hypothesis we introduce the family of functions
Xa{r;#), r € L®, defined and continuous on V1(r), linear in every (tetrahedronal
or triangle) mezzo—finite element of V'(r) and such that

Xs(r; %) = A8 (3.1)

where A is a small parameter introduced at the end of section 2. Every x.(r;e)
will be called the shape function related to the point £ of L. The hypothesis
formulated below is based on the physical supposition that for every fine composite
structure S, and every 7 € [7p,7y], the displacement field uf(e,7) is the sum of
a mean and a highly oscillating part, where the oscillating part of displacements
is due to the highly oscillating material properties of the fine composite structure.
From the formal point of view this hypothesis impose certain constraints on the
displacement fields uf(e,7) and will be referred to as



Fine constraint hypothesis. Displacement fields uf(», r),_.r € [0, 74}, for
an arbitrary structure S, 0 < ¢ < 1, can be assumed in the form

wi(z,7) = Ui(z,7) + exa (1, 2o ) Q2 (=0 )
| o€ (3.2)
z € II*(r) reLf
. where Ui(s, ), Q%(»,7) are arbitrary vector fields defined and continuous
in {2, differentiable almost everywhere in 2 and independent of €.

BRemark. Notice that in Eq (3.2) we deal with displacements depending on
three independent variables: z, 7 and ¢; that is why the right-hand side of Eq

~ (3:2) determines a certain subclass of the displacement fields.

Fanctions U;(s,r) will be called the macro-displacement fields and are as-
sumed to satisfy the known invertibility conditions det (4;; + Uss(=,7)) > 0.
Functions Q%(e,7), @ = 1,..., M, will be called the corrector fields. At the end
of section 4 it will be shown that values of all corrector fields for homogeneous
structures are equal to zero. -

‘In order to formulate the second hypothesxs let us denote by t‘(z,r) =

of;(z,7)nj(2), 2 € (), r € L°, the interactions on the interfaces between
adjacent parts of volume elements II°(r), » € L*. This hypothesis is related fo
the fine constraint hypothesis which implies that the displacements uf(s,T) on
the iterfaces GII*(r) are independent of ¢ (notice that uf(z,7) = Ui(z,7) for
every z € 8II°(r), r € L*). Hence we suppose that also the tractioas t(z,7),
z € 81°(r), r € L, can be assumed as independent of ¢.

Fine interaction hypothesis. Interactions t§(s,T), 7 € [ry, 7y}, on the
imterfaces of volume elements II°(r), r € L°, for an arbitrary structure
S¢,0<£<1,canbea-sumedhxthefqrm

t(2,7) = Tij(#,7) n;(2) zedM(r) relt (33)

where T;j(e,7) are tensor fields defined a.e. on {2  and independent of
€ and nj() is the unit vector normal te JI*(r).

Functions T;j(e,7) will be called macro-stress fields. The fine interaction
hypothesis imply that of;(z,7)n;(z) = Tij(2, T)n;(z), 2 € O%(r), r € L=

The last hypothesis also takes into account the form of the displacement fields
uf(», 1) restricted by Eq (3.2) but is related to the kinematics of the structure §
under consideration. In order to formulate this hypothesis let us observe that Eq



(3.2) can be written down in the form
W(r +3,7) = T (r +9,7) + £xe (r ) qtr+9.7)
(34)
y € Ve(r) rer r € fror74]

Let us also introduce the fields u!(s,r), defined and continuous on 2 and diffe-
rentiable a.e. in 12, given by -

w(r + 9.7) = Udr* + 3,7) + xa(r459) QE(r* + 9,7) as)

yeV(EL) A=1.,R re[-m-,r,]‘

It can be seen that, roughly speaking, fields u}(e,r) are obtained from uf(s, )
by the rescaling of the amplitude 1/e. The hypothesis we are now to formulate
is based on the supposition that for small values of the parameter ), kinematics
of the structure § in every m.ve. I{r4), A = 1,__ F, is similar to that of

structure S, 80 <e <€ 1,in IFF(r), r € L‘:ﬁersmbh&msc:hgndmwﬂd
that r = r4). Hence we arrive at '

Mezzo-micro interrelation hppothesa If the ex&em&l agencies (2.3) are
admissible for the structare S then every displacement field wi(e,7),
7 € [0, Ty] in this strecture is a close of the field x}s,7)

w(e,r) 2 wi(e,7) refory]  (38)

where the nglﬁ—hnd side of Eq (3.6) is determined by the definition
(3.5).

Let us define
C.!,-(""4 +9T)= u%,- J-),(r‘ +9,7)
oh(rt + 97 = am(r? + W) efi(r* + 9,7) (3.7)
ye vt  A=1,.,R  r€n,ml
Then the relation (3.6) also implies (cf Notations)
eijfe,7) = e} ;(e,7) oij(e,7) sb,a‘?j(o,-r) T € [r0,74] (3.8)

Bearing in mind Eq (3.5) we conclude that the displacements, strain and stresses
for the structure S under consideration can be evaluated on the basis of macro
displacement fields Ui{e,7) and corrector fields Q%(s,7). We tacitly assume that

- the mezzo—discretization of every V(r#4), A = 1,..., R, is properly realized and
the external agencies (2.3) are admissible for the structure. The last requirement
is satisfied in most composite structural problems met in engineering and indu-
stry, where the parameter A, from a numerical point of vzew, is neghgxbly ma.ll
compared to 1. '



4. Analysis

- Taking into account the close approximation formulae (3.6), (3.8) and defi-
pitions (3.5), (3.7) it is easy to see that the analysis of a macro-heterogeneous
composite structure S can be reduced to the analysis of fine composite structures
Se, 0 < € < 1. The latter will be based on

(i) Fine constraint and fine interaction hypotheses represented by Eqs.(3.2)
and (3.3), respectively. ’ '
(ii) Principle of virtual work in the form of relations

e+ en, ) S+ e) dela) = § £5(r+ew,7) H(r +ev) daly) +

vi(r) avy(r)
b [ b ) B e+ o9, 650+ 09) dof) (a1)
vig |
relLf s=r+eye T €lm,7y]

which have to hold for every virtual displacement field
e -  m—Ty\A
#(2) = Uif) + exa (n——) @1(2)

€ z-r€Vr) - rels

(4.2)

and where Ui(s), Q¥{s) are arbitrary independent dxﬁ'erenhab&e fields d:ﬁned on
. 2 (except possibly some singular surfaces in 2¢). '
(ii) Stress-strain and stra.m-dxsplacement relations gwen by

oii(2,7) = afju(z) (=, 7) z e T € [n, 4] (4.3)
and
k(2. 7) = iy (2, 7) ze . T € |70, Ty] (44)
respectively.

‘The aforementioned relations have to hold for every parameter ¢, small enough
0 < £ € 1 (for an infinitely small positive constant in the sense of the nonstandard
analysis or for € \, 0 in the asymptotic approach). Hence terms of an order ¢
have to be neglected in all resulting relations.’

Remark. Notice that the first partial derivatives .. ((: -‘-r)/e) of functions

EXa ((z - r)/e) € O(¢) are not of an order ¢ and hence the terms involving ¢ in
Eqgs (3.2), (4.2) cannot be rejected in the course uf the analysis.



Setting Uij(r) = Ui ;(#). r € L*, from Eq (4.2) we obtain

#(r + ey) = Ui(r) + U5(r)y; +_0i(€) »
i ;r+ecy) = Uij(r) + Xug(’) Qi(r)+ Oi5(e) (4.5)
- relLf , fEVl(f\ ' z=r4+cye N

where U; (r), ‘,(r), Q%(r) have to be trezted as arbitrary constants.
Similarly from Eq (3.3) we obtain

ti(r + ey, 7) = |Ti;(r,7) + €Ti50(r, T)ya] nji(r + €9) + o.(e) , (46)
,eavl(r) ' rels r+£1€0‘

Combining Eqs (4.3), (4.4), (32) let us substitute the right-hand side of the resul-
ting formulae for of;(r+¢€p, 7) into Eq (4.1). Let us also substitute the right-hand
sides of Eqgs (4.5), (4.6) into Eq (4.1). This way, after neglecting all terms of an
order &, we arrive at the variational condition which has to hold for every U.(r),

U;;(r) and Q2(r). Setting aside rather long manipulations we Jnmp to the final
result. To this end we define averages :

<frn = mujﬂ (r +3) du(y) re@ @)

where f(r 4+ o) is an arbitrary integrable function defined almost everywhere
on V(r). Using Eq (4.8) it can be proved that the resulting relations can be
represented in the form of the following differential field eqnatmm ‘

Tiji(=, r)+ <p'>{z) b =<p >(z) U.(z,r)

(4.8)
Eij(2,7) = U=, T)
and the linear algebraic equations
Tij(2,7) =<aljy>(2) Eulz,7) <aljyxas>(2) Qf(2,7) 49)

<“}jktxc,i>(3) Ex(2, 7 <aliXe,ixss>(2) Qf(2,7) =0

which have to hold for every z € (2 (except possibly at some singular points, lines
and surfaces in  2) and for every 7 € lro,7s]. The symmetric tensor E;;(z,7)
introduced here will be called the macro-strain tensor. The average <p'>(z) will
be called the macro mass density and the averages <aiju>(2), <@ijuXak>(2),
< @ijkiXa,; Xb) > (2) will be referred to as the macro elastic modulae. From the
known boundary and initial conditions for structures S,, 0 < ¢ < 1, determined



by the external agencies (2.3), using Eqs (3.2), (3.3) and neglecting terms of an
order ¢, we arrive at the following boundary and iritial conditions for the macro-
stresses and the macro—displacements

T:i(z,7)nj(z) = t (z,7) for ae. z€Tl
Ui(z,7) = v®(2,7) zeA T € [r0,74] (4.20)
Ui(z,70) = uf(2) Ui(2,70) = v (2) zen

we have tacitly assumed here that the part I' of the boundary partialf? does not
intersect interiors of regions II°(r) =r + Vé(r), r € L*.

Denote by [f](z)ni(2) a jump of a function f(s) across a surface element
oriented by the unjt normal n;(z) assigned to a point 2z. It is easy to show that
the macro—stress tensor has to satisfy conditions [T;;](®,7)nj(z) = 0 for every
£ € £2; hence from Eq (3.3) it follows that the continuity of stresses o%;(z, 7)n;(z)
on the interfaces between adjacent cells I1¢(p), p € L*, is satisfied. From Eqs (4.8)
we obtain that the macro-stress tensor is symmetric: T;;(=z, 1) = Tji(=,7).

Eqgs (4.8), (4.9) represent what will be called the macro model of the structure
S under considerations. Eqs (4.8) will be referred to as the macro equations of
motion and macro-strain/displacement relations; their form coincides with that
of the well known relations of continnum mechanics for small strains. Eqs (4.9)
will be called macro—constitutive relations (for linear—elastic media); their form
involves correctors. Q%(2,7), a = 1,...,m, which are the extra unknowns governed
by the linear algebraic systems of equations (4.9)2. It can be proved that under
the well known conditions imposed on elastic modulae tensor fields e;jxi(e), every
linear mapping R3™ — R3™ given by Q. =<2} Xa,i X5,0>(%) @} is invertible.
Hence, from a purely formal point of view, correctors Q?(2,7) could be eliminated
from Eq (4.9). Notice, that by means of <x,;>(2) = 0, for micro-homogeneous
structures (a};,, are constant) we obtain <a};;/Xa,;>(2) = 0; hence Egs (4.9),,
due to the invertibility of <a};;;Xa,ixs,.>(2), imply that all correctors are equal
to zero: - Qi(z,7) = 0,z € 2, 7 € [rg,7y); this is a trivial case which reduces
Eqs (4.8), (4.9) to the well known equations of the linear elasticity theory. For
macro-homogeneous (periodic) composite structures all macro—elastic modulae in
Eqgs (4.9)2 are constant; in this case we arrive at the results given by Wozniak (8],
Matysiak and Wozniak [4] and explored in a series of papers.

It can be proved that, under the known regularity conditions, the boun-
dary value problem described by Eqs (4.8), (4.9), (4.10) has the unique solution
[70,7¢} 3 7 > (Ui(e,7).Q%(e,7)). Suppose that this solution has been caiculated.
Then using equations Egs (3.5), (3.7) we can uniquely determine fields ul(e,7),
e};(s,7), 6;(s,7). After that the close approximation formulae (3.6), (3.8) ena-
ble us to evaluate displacement wu;(s,7), strain e;;(s,7) and stress o;j(e,7)
fields in the structure S under consideration. Thus the derived macro-model
of the structure S plays the fundamental role in the mathematical modelling of



macro-heterogeneous composite structures. On the basis of this model we shali
formulate in the subsequent section an engineering theory for the structures under
consideration. :

5. Results

~ The macro heterogeneity of composite structures implies that the averaged
mass density in Eqs (4.8) and the macro—elastic modulae in Eqs (4.9) are functions
of the pusition. From a calculational point of view the exact (analytical) form of
these functions cannot be derived directly from their definitions. In order to obtain
from Eqs (4.8), (4.9) a basis for numerical analysis we have previously to resnove
this drawback. To this end we introduce a set of paints 5, E = 1,.,P,in 2 -
which are the geometric centers of certain "representative” m.v.e. HBence p', ..., »"
is a subset of r!,.., 7" where P is small compared t6 R. Then we construct
scalar functions Tg(e), defined and continuous on f2, such that

rg(0F) = 6F " E,Fel,..P

which will play a role of smooth interpolation functions. We shall assume that the
postulated a priori form of functions xg(e), E = 1,..., P, leads to the following
close approximation formulae

<p'>(x)= Y xp(x) < >()
E=1
' P
<ajj>(z) = Y *p(z) <aju>(F)
: B=1
P
<ahuxas>(2) 2 Y 7E(s) <ahuxes>(rF) (5.1)
£=1

P
<@uXagXbs>(2) ¥ ) 75(2) <aljuxesxes>PF)
=1
Thus the right-hand sides of the above formulae can be effectively used to de-
termine macro—properties of the macm-hetaogmeous composite structure under
consideration.

Let us decompose region 12 into disjoined regions 2, s = 1,...,5, 2 = J 2,
such that the interfaces between these regions do not intersect any m.v.e. II(rt),
A=1,..,R. Every 2* will be referred to as the macro—element of the structure.
The calculational form of the macro-model of composites will be based on the extra



mmpmatha.ttheﬁdds Q'(or)ofcmecbmtmmtutmmym
element 2* _ .

Qi(=z,7) =(Q)(r) for every zE Q’ s=1,.,5 (52
It has to be emphasized that this assumption does not violate the comtinuity of
the displacement fields u;(s,7) (cf Eq (3.5), where x4(rt,y) = 0 for every
y € dV(rt)). Let us also introduce the finite element approximation for the
macro-displacement fields (macro discretization procedure) by means of

Ui(z,7) = Na(2) U(7) o 2e - (5.3)

where N,(s), @ = 1,..., N, are the known shape fanctions defined and continuous
on {2, assigned to the modal points z* € 2 of the discretization lattice and
hence satisfying conditions * N,(27) = 6. K follows that UP(t) = Ui(2°,7),
a=1,..,N, are displacements at the nodal points.

Remark. The finite elements of the above discretization approach, as a rule,
- do not coincide with the macro elements 24, s =1,..., 22, in Eq (5.2).

The well known finite element procedure results in the following system of

[/ <“$;u>‘Na.jNa.kd”] vir) + | / <P'> NoNpde| 0F(r) +

+Z[/ <¢:_,HX¢,I:> Na.;dV]( (T)*/t.rN ﬁ+/<ﬂ > Nodob;
=1 ne
- (5-4)

1 / <8}3Xa,iXb4> d] (Q;*)’(r)+ [ / <8}uXai> Napdo| UF(r) =0
o ) _ Y/ L
s=1,. S : TE [To,‘rf]

All terms in the parenthesls are the known constant coefficients. Rearranging those
coefficients to the matrix form and representing UP(7), (Q2)*(7), s = 1,..,8, by
the column vectors U(7), @°(7), respectively, we shall transform Egs (5.4) and
obtain finally

| KU(r) + m"f(r) +H'QY () 4 .. + W5Q5(7) = R(r)
LQ(r)+HTU(r)=0 (5.5)
s=1,..,8 TE [To,ff]

1t is easy to see that K and M are the global stiffness and mass 3N x 3N matrices,
respectively, U(7) isthe 3N column vector of nodal macro—displacements U, 2(7)



and R(r)is the 3N column vector of external forces. The heterognne.lty characte-
ristics of the composite structure are contained in the non singular macro-stiffness
20 X 3M matrices L%, s = 1,...,5, and in the macro-heterogeneity 3N x 3M
matnces H?, s = 1,..., S (for homogeneous structures every H’ is a zero matrix, cf
section 4). At last Q*(r)are 3M column vectors of correctors (QF)*(r) assigned
to the pertinent macro elements §2¢, s = 1,..., 5.

Egs (5.5), (which are a matrix form of Dqs (5.4)), together with the initial
conditions U{rp) = Uy, U(ro) = Vo (where Ug, Vi have to be consistent with
Eqs (4.10)2) and Egs (3.5) + (3.8) represent an engineering model of macro-
heterogeneous composite structures. The accuracy of this model depends on the
choice of discretizations and interpolations leading to Eqs (5.5) both on the mezzo-
and macro-levels. In arder to formulate Egs (5.5) for the composite structure § =
(2 n(o), a;jki(#)) wnder consideration we have to fulfill the following reqnnemsentt

e To establish a system of the "representative” m.v.e. I(pF), E = 1,...,P
and a system of macro elements 2%,s=1,...,5. -

o To discretize every m.ve.. II(pF), E = 1,.., P, and hence to determine
functions p'(pF + o), ,Jk,(pE + o) defined almost everywhere on  V(pF)
(mezzo—discretization procedure).

¢ To introduce the interpolation functions xg(e), £ = 1,..., P.

¢ To introduce the finite element approximation of the region 2 and establish
the shape functions N,(s) (macro-discretization procedure).

e Using the close a.pproaumatlcm formulae (5.1) to calculate all integrals in Eqs
(5.4) and then to represent the obtained results in the final matrix form
(5.5). I the solution U{(1), (Q?)*(r) to the initial value problem for Eqs
(5.5) is obtained then we have

- to determine the macro displacefnent fields U;(e,7) and corrector fields
@Q%{e,7), on the basis of Eqs (5.3) and (5.2), respectively,

- using Egs (3.5),(3.7), and remembering formulae (3.6),(3.8), to evalu-
ate the displacements, strains and stresses in particular m.v.e. of the
macro-heterogeneous composite structure under consideration.

The above procedure is characteristic for calculational research of the known
composite structures. More involved are problems related to the design of macro—
heterogeneous composite structures. In these problems we do not deal with one
standardized composite material and desired macro-heterogeneity allows better
tailoring of both micro- and macro-properties of a composite in order to derive
better design specification of the structure. The results given above also can



constitute the theoretical background for the numerical analysis of such problems.
More detailed investigations rclated to the applications and verification of the
‘proposed engineering approach to macro-heterogeneous composite structures wiil
be presented separately.
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Niejednorodnoéé w mechanice kompozytéw

Streszczenie

Celem pracy jest zbudowanie podstaw teorii pozwalajacej na obliczanie i konstruowan:«
makroskopowo niejednorodnych kompozytéw. Efektywne wlasnoéci takich struktur zalezs
od umiejscowienia. Rozwazono deterministyczny model liniowo-sprezystych kompozytsw
przy doskornalym sklejeniu poszezegdlnych skladnikdw materialowych.
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